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Abstract

This thesis discuss the rare decays b — s¢*¢~ which shows significant devi-
ations from Standard Model predictions. Here, we discussed the Standard
Model, Flavour Structure, Neutral currents, Charged currents, and possi-
bilities of FCNC at tree level and loop levels. We try to reproduce the
Standard Model prediction of Ry values. We try to understand statistical
methods to understand data and graphs of experiments of Ry.

The LHCb detector at CERN collected in beauty quarks decays, R — Ry«
measurements show the violation of lepton universality and 3.1¢ deviation
from standard model prediction. Further experimental runs give us more
confidence in the search for the Beyond Standard Model.
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Chapter 1
Introduction

We always desire to find a simple and elegant theory to explain every pro-
cess in the universe; Einstein’s general theory of relativity describes the idea
of Gravitation and quantum mechanics, which leads to Quantum Field The-
ory, then to Standard Model explains strong, weak, and electromagnetic
interaction of elementary particles. The Standard Model(SM) develop in
the 1960-70s through many experimental observations which explain ele-
mentary particles and their dynamics. Higgs boson predicted by SM which
was found in 2012, results in near completion of SM theory. Some recent
experiments, the Anomalous magnetic dipole moment of the muon, Rare
decays experimental results point toward failure of SM, which motivate us
to look at physics Beyond the Standard Model. Hierarchy problem and
other theoretical concepts also indicate there is physics beyond the stan-

dard model.

As for now, we don’t have observe a direct indication of BSM, so we can
speculate that BSM occurs in a high energy scale that cannot be reached
right now with present experimental technology or that BSM has very
weak coupling strength. Studies of rare decays open up a window to look
for BSM; small effects of BSM could be hidden away in SM in abundant
decays, that’s why looking for rare decays. Also, in rare decay experi-
ments, we are testing the compatibility of experimental results with stan-
dard model predictions, and these rare decay experiments can be performed

right now with the present level of technology. If rare decay experiment



hints for BSM, we can then invest money and efforts to find a direct search.

In rare decays, in this thesis, we look for B — K{T¢~ (b — slT(7) de-
cays, the LHCb detector at CERN collected in beauty quarks decays |,
Ry — Rg, measurements show the violation of lepton universality and 3.1c
deviation from standard model prediction. Further experimental runs give

us more confidence in the search of BSM.

In SM, different leptons have the same interaction strength except for the
lepton-Higgs interaction, which gives leptons different masses. In the stan-
dard model, strong force doesn’t couple with lepton; therefore, Bt —
K*tete™ and BT — Ktu*p~ decays identically, giving Ry nearly equal
to 1. Beyond SM predicts new virtual particles which can interact non
universally to leptons which can explain experimentally found branching
fraction of BT — KT¢*{~. Based on data collected in LHCb, CERN there
is lepton universality violation in beauty-quark decays.
Br(B— Huu™)

= 1.1
Ra Br(B — Hete™) (11)

For H = KT ratio denotes R}, and for H = K* ratio called Ry

Measured Ry, values

Ri(1.1 < ¢* < 6.0 GeV?/c') = 0.846771055 70015 [3]

SM expectation is Ry = 1.0040.01. [3]

The discrepancy of 3.1c with SM [3], gives evidence of a violation of lepton

universality.



Chapter 2

Standard Model

The standard model(SM) of Particle Physics is a theory of elementary par-
ticles and their behavior. SM consist of 12 elementary particles (Fermions)

- 6 Quarks.

t
! ) ¢ ) and uRadRacRasRatRabR
d S b

and 6 leptons as

() (5 )0), = @i

Chirality of lepton arises due to weak interaction in SM. SM’s interac-
tions/Forces carriers (Boson) are Gluon, Z Boson, W Boson, Photon, and
Higgs Boson. Massless photons and gluons ignore the Higgs field, whereas
quarks, leptons, and particles interact with the Higgs field; because of this
interaction, these particles have mass. SM can accurately anticipate the
results of many collider experiments and has predicted the existence of sev-

eral elementary particles before they were discovered.
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Figure 2.1: Standard Model of Elementary Particles
source:https://en.wikipedia.org/wiki/Standard_Model
In the Standard Model, we have to following gauge group [1] :
SU(3). x SU(2), x U(1)y, (2.1)

where SU(3). is the Quantum chromodynamics or QCD gauge group and
SU(2) x U(1)y is the electroweak part. After spontaneously symmetry

breaking, this symmetry ends up into,

Here Y and Q denote the weak hypercharge and the electric charge gen-
erators, respectively. The QCD part describes the strong interactions of
particle physics. Strong interactions are mediated by eight gluons G,. The
SU(2)p x U(1)y is called the electroweak part of the Standard Model and

describes both electromagnetic and weak interactions. These interactions
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are mediated by Photon(y),W Boson(W<*), Z Boson(Z,) and the neutral
Higgs boson H.

Quantum number of SU(3),. called color, SU(2);, called weak isospin, and
U(1)y is called hypercharge. The Gell-Mann-Nishima relation gives electric
charge Q.

Q = T3+§ (2.3)

where T3 is the third component of weak spin and Y is hypercharge.

Let’s look Standard Model Lagrangian, the first kinetic term of fermions

'C?é\;[mion = Z z]ZmLJ + ER]-ZIDGR]- + GjZlDQ]
j=1,2,3
+Ug,ilPur, + dg,ilDdg, (2.4)
where ) = D"

Covariant derivatives are given as
For LH lepton doublets L;

a

. .ot
D, = 8u—zleBu—2927WM (2.5)

For RH lepton singlets eg;

D, = 8,—igYB, (2.6)

For LH quarks doublets Q;

. 0t . A .
D, = 8#—zg1YBu—2927Wu—zgngu (2.7)

For RH quarks singlets ug, , dg,
. A .
D, = 0,—1iq.YB, — zgngu (2.8)

11



here, Y denotes hypercharge, Pauli matrices denoted by ¢* and Gell-Mann

matrices by A%

Kinetic term of gauge boson is as follows :

1 1 1
SM _ a v,a a v,a v
£gauge - _ZG#VGH - ZW'LWWM - ZLBW,BH (29)
where,
Gh, = 0.Gy = 3,G), + g, [ GG, (2.10)
Wi, = 9W; = 0,Wi+ g™ WiWy, (2.11)
B,, = 0,B,—09,B,. (2.12)

Mass terms of both fermions and gauge bosons are not allowed in SM. To
resolve this issue, we turn to the Higgs mechanism. Therefore, Higgs dou-

blets ® is also part of Lagrangian :

Lo = (D,®)(D'®) — V(D) (2.13)

Yukawa sector of SM describes the coupling of Higgs doublets to fermions.
It determines the flavor structure of SM. Lagrangian of Yukawa part is given
by:

Ly = —Q®YPdp—QoYYup — LOY ey + h.c. (2.14)

where ®¢ = gy ®*.

12



Therefore, Total SM Lagrangian is given by adding eqn. 2.4,2.9,2.13,2.14.

’CSM = ’C?g{mion + ‘Cgujb\?{ge + ‘C‘I) + ‘CY (215)

LM = Z LilpL; + ERjiweRj + @ﬂﬁ@] + ﬂRjiDuRj + EZRjilﬁde

§=1,2,3

1 a v,a 1 a v,a 1 174
— GG — W W — B, B
+(D,®)'(D"®) — V(@)

—QdYPdp — Q2YYup — LOYFep + h.c. (2.16)

13



Chapter 3

Flavor structure of SM

3.1 Quark Sector

Yukawa Lagrangian for quarks can be written as [1]

Ly = —(Y{Qi @din+Y5Q Pdog + Yi50Q,,dsg + Y5 Qo Pdip + Vo5 Qyp Pilap
Y35 Qo s + Y] Qup Py + Yo Qyp o + Va5 Qu, Pdsr
+YHQ1 9k + Y5Q,,PUsp + Yi5Q,,Pusp + Yo Qo Purn + Vi Qoy Pusp
Y53 Qop @ us + Y31 Qs P urg + Y33 Qs Pusp + Yy Q3 Ousp + hoc.) (3.1

where Q is SU(2);, doublet ,

Qi = <Z:j> (3.2)

Using spontaneous symmetry breaking and taking ® to be ;

Quarks mass terms be ;

14



v

ﬁmass =
V2

+Ys5dor Pz + Vi ds Py g + Yy dsp Pdog + Y dsp Pdsp
YU U g + YU, P Usp + Vg Pusp + Yo Uor Purg + Yol Pusp

+§/égE2L(I>CU3R + Y;{EquDCulR + Y3gE3L<I>CUZR + YggﬂquDCugR + hC) (34)

(Ylll)aqu)le + Ygam‘bdm + legc_ZlL(I)d:SR + }/éll)aqu)le + }égaqu)ng

Above equations can be written in matrice form

Yy Y5 Y\ [du

v — — _
D%mass: _E (dlL dQL d3L> YVQZID YV212) YQ? d2L
Vil Y Yis) \dae
) RIRAN
_ﬁ (leL Uoy, 1_L3L> )/2%7 Yég Yélgj UoJ, + h.c. (35)
Vi Y Vi) \uar
Here,
(R v (Y Y v
My=—72 | Yy Yy Y|, Mu=—5|Yy Yy Yy (3.6)
\/§ D D D \/5 U U U
Yaii Vi Y Y Ya Y

M, and M, are mass matrices for down-type quarks and up-types quarks.
These matrices are not diagonal, so fields u; and d; do not represent physical

particles. We have to diagonalize these matrices to get physical fields.

15



Bi-unitary Transformation : For any matrix A, we can find two uni-
tary matrices Uy, and Ug such that U LAU}Tz is diagonal, with real positive
entries.

Bi-unitary transformation signifies that the left-chiral and right-chiral fields

change differently when unitary transformation. Therefore,

ma = Ul . m%9 Ug (3.7)

The left-handed down-type fields transform as

dir, dr,
dar, =U£ s | = (dlL dar, d3L>:(dL St bL> U, (3.8)
dsr, br,

Similarly, for the right-handed down-type field

dir dr
d2R = U}; SR . (39)
d3R bR

And for the left-chiral up-type fields,

Uir ur,
Uy, :Vg cy, — (alL UgJ, ﬂ3L>:<ﬂL Cr, EL> VL (310)
usL tr

Right-chiral field transforms as

U1R UR
wr | =Viler| . (3.11)
U3R lr

16



The mass terms for the down-type and up-type quarks can then be

rewritten as

dp
gmass = <CZL SL 6L> UL : Md : U]T% SR
br

<ﬂL cr, L?L> VL . Mu . Vg CRr + h.c. (312)

Here, Dy = Uy, - M, - U}; and D, =V, - M, - Vg are diagonal matrices.

17



3.2 Lepton Sector

Yukawa interaction Lagrangian for the lepton sector [1]:

Ly = _(Yllliqu)elR + YllgleL‘I)ezR + }qlgiqu)€3R + YgllfzzL‘bem + }/QIQI/ZL(I)€2R
+}/213L2L(I)63R -+ }/;311E3L(I)61R + }/;312i3L(I)62R + 1/3217‘/3[/(1)63}3 + h.C), (313)

where L is the SU(2), doublet of the form

L = ("”). (3.14)

After spontaneous symmetry breaking, using 3.3, the mass terms are

(%
l = l = l = = l >
_E(Ynemem + }/12€1L€2R + }/1361L63R + YVQIGQLelR + }/QQGQLGQR

jmass

+}/;352L63R —+ Y},llégLelR + ifngégLegR -+ nglgégLegR + hc) y (315)

3
Z = —% S (Viewesn +he). (3.16)

2,j=1

In the generation indices Y'! is a matrix. We can redefine our fields in a

way such that the matrix Y becomes diagonal.

el er, €1 €R
€9 = 62 Mr y €9 = EL UR . (317)
€3 I TL €3 R TR

Here, e, u and 7 represent physical fields. After changing the basis, the

mass terms are written as

€Rr
v
gmass - _E (éL ﬂL 7_—L> GL.Md.GJI[% HR + h.c.. (318)

TR

As we can see, there are no mass terms for neutrinos because right-handed
neutrinos do not exist in the Standard Model. There is only one kind of

mass term, and those are for the charged leptons as given in 3.18. We could

18



work on the basis of generations where these terms are diagonal.
There was no need to write the lepton fields; we could have started with
the physical fields.

19



3.3 Spontaneous Symmetry Breaking in SM

In SM,Higg field breakdown electroweak to electromagnetic gauge symme-
try [1];

SU@). x ULy — U(L)em (3.19)

To derive mass of My, and My , we see,

a

. .ot
D, = 8“—zleB“—zg2—Wu

2
- m _ . .
\g/_%[lu nY ﬂ_%”g

where W,»* replaced by Wy

1
W = —(Wl}+z’W5),W+:[W*]T:

1 Y172
p % p P Wr—iW?) (3.21)

ﬁ(u Ju

which are eigenvectors of T3 and Q due to Y = 0;

W 0 -1 0\ (W1 [—iw?
T Wj =41 0 O Wi = le} (3.22)
Wi’ 0 0 0 Wj 0
Therefore,
LWy =QW,  =£W; (3.23)

which means Wj have electric charge 1 , whereas Wj’ and B, are elec-
trically neutral.

Due to mixing between Wi’ and B, they can not be physical mass eigen-

20



states. Therefore we do an orthogonal transformation with one mass-less
state A, and a second one massive Z,,.

Orthogonal transformation characterized by Weinberg mixing angle 6,

A,\ [ cosb, sinb, B, (3.24)
Z, ~ \—sind, cosf, w2 .

or its inverse be;

B,\ [cos, —sinb, A, (3.25)
w2 ~ \sing, cosd, Z, .

After inserting back the value of B, and Wj’; we can get the following re-

given as:

lations;

tanf,, = &, e = gosinf,, = gy cos b, (3.26)
g2

The boson mass can be calculated from;

1 1
(D,®) Dre = M2 W, WH* + G M52, 2" + 5, A, A (3.27)

@v o g
27" T 9080,

My = =0 (3.28)

. M
My =2y, =920, = 92 ,/gg+gg,ﬁwzcosew (3.29)
Z

21



3.4 Neutral Currents

To derive couplings of quarks and leptons to photon and z-boson [1] , we

need covariant derivatives
For LH lepton doublets L;

. .ot
D, = 8#—zg1YBu—zg2?WM

For RH lepton singlets eg;

D, = 8,—igYB,

For LH quarks doublets Q);

)\CL
Ga

. Lot L
D, = au_291YBu_1927Wu_ng? "

For RH quarks singlets ug,, dg;
. A .
D, = 0,—iqYDB, — 1957(;#

we put A, and Z, in above equations; or we can directly

equation for doublets with proper value of Y;

. ot
D, = 0,—iqYDB, — zgggwﬂ
= Ou _
BN aVB- W)

22
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(3.32)

(3.33)

use following

) (3.34)



For lepton doublets L; , we get

K, K
D, =0, —ic (K“ K”) ,
21 ILo2
where,
1 2Y tan?6,, — 1
Ky = (Y+-2)A,— v Z
11 ( +2> e ( Ztanﬁw u)
1
K, = ———
1 2sin 6, cosf, "’
1
Ky = ——W,
2 V2sin6, "
1
Ky = ——W_,
2t V2sing, *
1 2Y tan?6,, + 1
Ky = (Y —2)A, — Z
22 ( 2) n 2tan 6, v
—sin?0,, + 1
Koy — —A M O%wT5,
22  sin#,cosf, "
above , we put the value of Y = —% for LH leptons.
For RH lepton singlets eg,,
D, = 0,— Z'LY(COS 0 A, —sinb,2,)|y=—1

cos 6,
= 0O, +ieA, —ietant,Z,

23
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The couplings to neutral bosons be;

,C?M D) Z Z]ZEL] +ERji]DeRj

Jj=123
E € 7 2 Y21 H
D) S 5 VLY Z,uVLj — €eer;Y A,ueLj
3. 2sin 6, cos 8,
j: <

e 1 .
(== +sin® 0, )er; V" Zer;

—eéRj’y“A#eRj + 9

sin 6,, cos 6,

€ . —
m Sln2 QweRj'YMZ;LeRj (341)

We can conclude that photons couple similarly with LH and RH particles.
We can do the same calculation for quarks too, and we can come to the

following conclusion;

e

£5M 5 (Ty — sin® 0,Q) 1" Z,f +eQiFr"Auf  (3.42)

sin 8, cos 6,

where f denotes fermions (leptons or quarks) with weak isospin T3 (T3 = 3
for LH fermions and 73 = 0 for RH fermions ) and @) is electric charge in
unit of electron charge (e). Eq.(3.42) is valid for all three generations; the
CKM matrix (we will discuss later) does not occur in photon and Z boson
interactions. Due to the unitarity of the CKM matrix , for V, = Z,, G, or
A, neutral currents does not change flavor on rotation from flavor state to

mass eigenstates:

D dowdiVE = Y ey (Ve Vera) e yudicV* - (3.43)

j=1.2,3 jk=123

=0k

The above result is called Tree-level GIM (Glashow, Iliopoulos, and Ma-
iani) mechanism, and it’s a significant result.

Due to the unitarity of the CKM matrix, there are no flavor-changing neu-
tral currents (FCNCs) at the tree level in SM. GIM mechanism gives the

24



possibilities of FCNCs in loop level but not in tree-level within SM.

3.5 Charged Currents

As discussed in Sec.3.1 , the matrix M, and M, are not necessarily be di-
agonalized by same matrix. Cabibbo gives the mismatch between the LH
up-type and down-type quark sector-Kobayashi-Maskawa(CKM) matrix.

For charged current interactions. [1];

£ = g,y Whtdy;. (3.44)

V2

After field rotation;

£°° = (@ vy, Wrtuldy), (3.45)

(@ VL ULy, WHEdy), (3.46)

mg|m§lm
S N

= =@ Voruy,Whdy) (3.47)

N~

CKM matrix may also refer to as the quark mixing matrix because the
charged current interactions couple any up-type quark to a down-type
quark of any generation. The above section shows that the mixing does
not appear in neutral currents involving the Z boson. The neutral current
interactions do not change quark flavor. There are no flavor-changing inter-
actions in the SM in the lepton sector because we don’t have any rotation
matrices for leptons.

The CKM matrix is given as

Vud Vus Vub
Vexkm = Vi - U£ = Vea Ves Va | - (3.48)
Viae Vis Vi

25



Chapter 4
Lepton Flavour Universality

SM lagrangian states that leptons don’t interact with gluons, which implies
leptons don’t take part in strong interactions. Electromagnetic and weak
interaction also doesn’t have different interactions for different generations
(flavor) of leptons. In SM, different leptons have the same interaction
strength except for the lepton-Higgs interaction, which gives leptons differ-
ent masses. Lepton Flavour Universality (LFU) is an essential feature of
SM.

Couplings of the Z boson, W boson, and photons have been probed di-
rectly Large Electron-Positron Collider (LEP) experiments, via precision
measurements and the ratios of these partial widths, are in good agreement

with unity, which implies these interactions are flavor universal.( [21]- [25])

F _
—Z2uTH 10009 4+ 0.0028; (4.1)
FZ*)6++€_
F _
“Zontr 10029 + 0.0032; (4.2)
FZ—>’7'++7'7

Measurements also exist (at LEP and LHC) comparing the W + decays:

B(W~ — e 1)
BW= — pm,)

= 1.004 % 0.008 (4.3)

LFU holds in the limit of mass-less leptons as mass enters the phase-space

factor. In reality, corrections due to non-zero lepton masses have to be

26



applied. Usually, these corrections are minor for electrons and muons,
which are light but can be large for the heavy tau lepton. LFU can be tested
not only directly by studying couplings of leptons to the gauge bosons but
also in the decays of hadrons. For example, a charged pion decay, mediated

by a weak charged current, can be used to measure the following ratio:

Lot _ (1.230 + 0.004) x 10~ (4.4)
Lo Sproy
which is in a good agreement with the SM prediction of (1.235240.0001) x
10~%.1t should be noted that LFU does not imply the ratio to be equal to
unity in this particular case.
LFV may insist there is some part of SM we still didn’t discover, or the
standard model is not a complete theory; we look for BSM to resolve issues
with SM. Recent rare decay experimental results show deviation from SM

predictions maybe suggest physics beyond SM.
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Chapter 5

Ry — Ryex (b— slT47)

In SM, different leptons have the same interaction strength except for the
lepton-Higgs interaction, which gives leptons different masses. In the stan-
dard model, strong force doesn’t couple with lepton; therefore, Bt —
K*tete™ and BT — Ktu*p~ decays identically, giving Ry nearly equal
to 1. Beyond SM predicts new virtual particles which can interact non
universally with leptons which can explain experimentally found branching
fraction of BT — KT/T¢~. Based on data collected in LHCb, CERN, there
is lepton universality violation in beauty-quark decays.
Br(B— Hu*u™)

p— -1
R Br(B — Hete™) (5.1)

For H = K7 ratio denotes R, and for H = K*° ratio called Ry

Measured R;, values

Ri(1.1 < ¢* < 6.0 GeV?/c") = 0.846701055 0015 3]

SM expectation is Ry, = 1.00+0.01. [3]

The discrepancy of 3.10 with SM, gives evidence of a violation of lepton

universality.
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Figure 5.1: Rj measurements. [3]
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Chapter 6

Standard Model Calculation

6.1 Effective Hamiltonian

The basic starting point to do phenomenology of weak decays of hadrons

is the effective Hamiltonian which has the following generic structure [11],

Hepr = G—\/g Z VermCi(p)Oi (1) (6.1)

Here G is the Fermi coupling constant, Vo, are the Cabibo-Kobayashi
and Maskawa(CKM) matrix elements, O;(u) are the four-quark operators,
and C;(p) are the corresponding Wilson coefficients at the energy scale p.
Now the amplitude for the decay of meson M to a final state meson F' can

be written as

AM — F) = (F|Hep| M) (6.2)
- %Zvémci(m (FIOW M) (63)

Wilson coefficients give the short distance effects, whereas the long-distance
effects involve the matrix elements of the operators in Eq.(6.2) between
initial and final state mesons. The explicit form of the operators, which
are sandwiched between the initial and final state meson, can be written

as
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Current Current Operators

01 = (Eabﬁ)V—A(gﬁcQ)V—A (64)
0Oy, = (Eb)V,A(EC)V,A (65)
QCD-Penguins

O3 = (sb)y_a Z (qq)v-a (6.6)
q=i,d,s,c,b

Oy = (Eabﬁ)V—A Z (qﬂQa)V—A (6-7)
q=t,d,s,c,b

Os = (B)y_a Y, (@@via (6.8)
q=i,d,s,c,b

06 = (gabﬁ)va Z (QBQa)V+A (69)
q=t,d,s,c,b

Electroweak penguins

S
I

SEWV-A D mudsen €@ vea
Oy = % (Sabs)y 4 quu,d,s,c,b (qﬁqa)v-i—A
Oy =3 v-u 2y gser €a(@2)v -2

O =35 Babp)y 4 2Xgia.., (@B)v_a

Magnetic Penguins

077 = S%mbéaaf“’ (1 -+ ’75) baF,uu (614)
Osc = gamypBaot (1+7°) T2bs G2, (6.15)

Semileptonic Operators

Oy = (b)y_a(ll)y (6.16)
O = (8b)y_a(ll)4 (6.17)
Org = (8b)y_a(ov)y_a (6.18)
Ou = (Bb)y_a(l)yv_a (6.19)

The above set of operators characterizes the interplay of QCD and elec-
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troweak effects. As already mentioned earlier, this thesis deals with rare
decays of B mesons into a final state hadron with lepton-antilepton pair,
so the operators responsible for these decays are electromagnetic penguin
operator Oz, given in Eq.(6.14) and the semileptonic operators given in

Eq.(6.16).

6.2 Calculation

Figure 6.1: Feynman Diagram

Effective Lagrangian is

L = C7pso" PrbF,, + C7 50" PLbE), (6.20)
+Cipbo™ PpsFE,, + Cigbo PrsF,, + iehy" A,

Ly = Crpso" Prb(0,A, —0,A,), (6.21)

Ly = C750" Prb(0.9va — Ovgua)A® (6.22)

Using Feynman Convention , we can derive the vertex term for vertex « in
7?7 and other vertex is QED vertex therefore, we can write the Feynman

Amplitude as follow,

_iqoB
_ . g _ .
M = g, (p1)(—ila)us(p) 7———5 sy (P3) (—i€75) Vs, (p2) ,  (6.23)
(p—p1)
where vertex term for vertex « is ,
(<iTa) = —i{{Cno™ Pp+ Cr10" Py ikygua — ikigua} | -(6.24)
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then Feynman Amplitude be,

af
M= et (p)Taus(p) LT (3130 (p) - (6.25)
Reduction of 3 index by ¢*” gives
o L a
M = ze[usl(pl)Faus(p)]m[us?, (p3)Y*vsy(p2)] . (6.26)

Now we find the value of M* (Introducing 3, p, d as indices so we can not

confuse it with indices of M)

M = el ) ()] o ) )] (627

p—p1)

It is easier to calculate complex conjugate of QED vertex; now we find
[u51(p1)rﬁu8(p)]*

) (Te)'(4°) (ul, ()

[@s, ()T sus(p)]” = (us(p))

) ({Crro” Pr + Crro® PL}{ikygss — iksg,s})'(7°)T ((ul, (p1))T,
(
(

= (us

(
(
ul(p)({Crro™ Pr + Cr0™ PLY{ik,g955 — iksgos}) T (7°) Tus, (p1)

(p)
_ T —ik ik c* PT péT o PT p(ST 0\t
ul(p)({—ik,gss + iksgpp }{ CrpPro™ + C7 PL o™ })(7") us, (p1)

Projection operator and Sigma matrices

Pr = (1+9°))/2 (6.28a)
P, = (1-79%)/2 (6.28b)
AT = 4P (6.28c¢)
Pl = Py (6.28d)
Pl = P (6.28¢)
(") = A0gHq0 (6.28f)

Using definition of Projection operator and Sigma matrices, we get

[, (p1)Tpus(p)]” = ul(p)({—ikpgsp + iksgos} {CinPr" 0”7 + Ci Py} (7°) Tus, (p1)
= U(p)({—ik,gss + iksgps }{CinPrLo™ + Cip Pro” }us, (p1)
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We used following gamma matrices relation to solve above equation ;

AT =49, (6.29a)
(") =1, (6.29b)
(v’ =0, (6.29¢)

Now,|M|? is absolute square of the Feynman amplitude suitably summed

and averaged;

1 1 .
MP =33 IMIP = 53, (630

spin spin

1 c 1 Lo ‘ 1 —_ . . vk y v )
5 D oIM|? = 3 > {- “f'["sz(PQ)W'st:s(P:s)]m [“S(P)({_’]"ng + iksgps H{C7rPLO™ + C7 Pro™ })us, (p1)

spin spin

o ~ y . " . . 1 _ o ]
{m[“-ﬂ(1’1)({(‘7170“1 Pr + Cqpot PL}{I‘}"II.(IU(\ - ‘I"I/.(//ln})“5(1))]—)2[“515 (P3)7 " vsy ([)2).

(p—m

Using T, FL we can simplify,

1 ) e? _ o -
5 Z [M]" = W X Z[U53(P3)’Y USQ(Pz)][UsQ(M)Vﬁuss(pz)]

spin 52,53

% > [ )Tty (1) s (p)Tatts(0)] (6.31)

81,8

where,

Fa = {C7R0'MVPR + C7LUMVPL}{'éknga - Z‘k,,g,m} (632&)
T, = {—ikygss + iksgps HCipPLo® + C3 Pro™} . (6.32b)

Doing spin sum ,

D[ (93)7 s (2)] 02 (027 00 (03)] = D [a (93)7°] D [060 (2) T (p2)] 7100 (p3)]

82,83 S3 52
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Using Spin sum of Dirac Spinors ,

S [0 (p2) s ()]

52

D sy ()7 s (02)] [Vsy (p2) 7 1154 (p3)]

52,83

(P, — e )y

D[y (93)7 Vs (02)] [0 (2)7 1154 (p3)]

52,83

Z [us3 (p3)ﬂ53 (p?:)]

53

Z [ﬂss (p3)7a7]82 (pQ)] [652 (p2)7Bu83 <p3>]

52,53

(p, —mis). (6.33)

Z[ﬂsa (p3)7°1(p, — ) [V s (p3)]

S3

Q. (6.34)
D [ty (p3)): Qi [y (p3));

S3

Qij Z [U53 (p3)ﬂs3 (p3)]ji )

S3

(py +mu-). (6.35)
Qij(Py +1u-)ji s

Tr(Q(p, + m-)],
Tr[y*(p, — mu )7V (p, + )] (6.36)

After doing the above calculation now problem finding spin sum change to

calculation of trace,

D [y (3)7*Vss (02)] [V, (2)7 11y (p3)]

52,53

Triy (9, — i)y (p, + )] (6.37)

Similarly as above we can solve and find the following equation,

>~ [B )t (p1)] [y (p)Tatts ()]

$1,8

Now solving eq.6.37,

Triy*(p, — i)V (py +mu-)] = Trly* (Y pau — mus )Y’ (7 pay + my-)]

Tr[Th(p, + mo)Ta(p +mu)] (6.38)

(6.39a)

- TT[7a7“p2u7ﬂ’YVp3u - 7a’76 (ml+)(mlf)] (639b)
= pzupsuTThaW“va”} — Tr[y*y°](my)*. (6.39¢)

Used above trace of odd gamma matrices is zero.
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Using Trace of gamma matrices as following,

Tr[,ya,yufyﬁ,yl/] _ 4(gaugﬁll _ gaﬁgw/ + gaz/gyﬁ) ’ (6.40&)
Triy*y’] = 4¢°°. (6.40D)

eq.6.39¢c becomes,

Triy®(p, — mu )V (P +mu- )] = 4poupsn(9™g™ — g g™ + g°7g") — 4g°° (my)?
= A(p3ps + p5ps — 97 [pa-ps + mj])

We can find trace of gamma matrices using FeynCalc in Mathematica (A.1).
To solve Tr of eq.6.38 , first we simplify the I', and I‘L

r. = {{C7RU“VPR + C7L0“VPL}{Z']€HQVQ — ikygua}} ) (6,41)

Using definition of o**,

v Z v v
ot = S =" (6.42)
I', becomes,
—1
I, = 7{{071%{7“7” — "} Pr + Cop "y — vy Pk pGve — ]gygw}} ,
_1 . . ) }
- 7{[0”3(7”7 kuGva = 7V kuua) Pr — Crr(V*Y Koo — 77" ki Gpua) Pr

+[CYL<’Y#’7Vkugua - Vyvukugua)PL - C?L(V”YV/%QW - /VVrY#ng,ua)PL]} y
—1
= 5{Conlbra = 1ak)Pr — Crnlrak = ¥70)Pr + Crulbra = 7ak) P

~Crnl(vak = #ra)PL}
-1

-9 {2 Crr(FYa — Yak) Pr +2 Crr(Fya — Wé)PL} ’

Iy = (CirPr+ CioPp)[vak — vl
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Using eq.6.28a,6.28b;

r, = [C?R + C7L:| [C?R ; C7L:|75}<7ak ~ Hva).
To = (A+B7)(Yak = Fra).

where, A = [071% + O?L]
B = [073 — C?L] .

Similarly,

I = ({=ikygss + iksgps HCirPro™ + G5, Pro®})
- _71({_]%956 + ksgps)) [CorPL{n™y® — 1297} + Ci Pr{n™y® —v%97Y] |
- _71 [ksgps Cin PL{v*y® — ¥4} — kpgss Cin PLin™Y" — 777}
Vhsgps Car PRIV’ — 2"} — ko955 Co Pr{v"y° —4°4}] |
= 2 ChaPL sk — #15) — CinPul/k35 = 25K) + i Paak — ko)
—C7 Pr(kys — k)]
- _71{2 CirPr(vsk — Fvs) +2C7, Pr(vsk — M})} ,
= (CEnPL+ CiPr)(Fvs — vsh)
B = { [;R+C;L1 + [#] 75}(%% — k)

Ty = (M+N7)(kvs — 15K) (6.43)

where,
- [%} (6.44)
No= [%} (6.45)
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Tr of eq.6.38 becomes,

Tr[Th(p, + mo)Ta(p+ms)] = Tr{(M + Nv*)(Fvs — vs8) (p, + ms)
X (A4 BY)(Vak — Fva) (P + ms)]  (6.46)

Tr of eq.6.46 from FeynCalc (A.2),

In[13]:= Tr[C2.bk.(p1ls +ms).Cl.ak.(ps + mb)]

out13)- lG(AMmbms%Z?B—ZAME’ﬁ(P;J)(F@+ AME G P (p-pl)- AMmbms K ¥’ -

AME PPPT" - AME 77 p1P + AMK pT” (k-p)+ AMK' PP (k-p1)- AMK" ¥’ (p-p1) +
AMP PT" (k-P) + AMK ¥ (k-pT) —i ANK P ¥PPL 4 j ANTP e kPPT _

i AN & PPP_2; AN(K-pT) e P¥P 4 Bmbms NK° @ P + 2 BN P (k-p) (k-pI) -
BNEF P (p-pl) - i BME" PP 4 pMTP e kPPT _ ppgiPer PP
2iBM(k-)e #¥PT _ Bmbms N&* ¥ + BNE 7 pTI” + BNK 5 pI¥ - BNK pT? (k-7) -

BNE P (k-p1)+ BNK' ¥’ (p-p1) - BNK pT" (k- ) - BN® 7" (k- pI))

Detour:- Muon Decay

Using Decay calculation of Muon Decay , we need to solve

2

07 = SELTrW 4 mor (L~ 29 (1 )]

XTrigra(l =)+ m)rs(l =)} (647)

Comparing from Sec.(7.2.2) of A First Book of Quantum Field Theory by
Amitabha Lahiri, Palash B. Pal [2] where ,

ki=pk=p . q1 =k, =k. (6.48)
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Using FeynCalc we find the solution of eq.6.47,
We get

n[10 Simplify[Contract[Tr[(k2s+me).a.L.qls.b.L] Tr[(g2s).a.L.(kls +mu).b.L]]]

o~ | 256 (k1-q1) (k2 - q2)

M2 = 64G%(ki.q1)(k2-q2) (6.49)

Above result is same as eq.(7.49) of A First Book of Quantum Field Theory
2nd Edition by Amitabha Lahiri, Palash B. Pal [2] .

Now coming back to our problem,

%Z IMIP = gy X TH(M + N9 (k35 = 2503, + m)
X (A+ BY)(Yak — Fva) (p + M)
xTrly*(p, — my+ )y” (py + mu-)] (6.50)
Mass of particle and antiparticle is same ( mg+ = m;- = my ).

We can directly solve the following eq.(6.51) in FeynCalc (A.4),

Tr{(M + Ny*)(Evs — va8) (p, + ms) (A + BY°) (b — Kva) (p + ms)]
xTrly*(p, — mﬁ)’Yﬁ(?g + my-))] (6.51)

We get,

32 (~(p~PD)® ((C7L + C7R) ((p-PT) (mP” - P2 -53) + 2((p-P3) (PT- P2) + (- B2) (BT - 3)) +
mb ms (C7LR + C7RL) (p2 - p3 + 3 ml?)) -
2((p-pL)-p2)(((p-p1)-p3) ((C7L + C7R) (p- pl) + mb ms(C7LR + C7RL)) -
(C7L + C7R) (p-p3) ((p-pI)- p1))+ 2(C7L + C7R) (p-(p - p1))
(2mP ((p-pI)-pI)+(pL-p2)((p-pl)-p3) + (pI-p3)((p-p1)-p2)) +
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Now to calculate decay width , we put value of |M|? in decay width

formula

dpf 44
r = (2m)%0 i M|?
T /H g, )0 | pim pr [M2

1 d*py d’ps d3p3 4
I = 2m)tot (p —
2F, / (27)32E, / (27)32E, / DT A

After doing the phase space integral, we should get

T(b — s707) o |Crgl? + |Crp |

which is same as seen in literature ,

(b — stt07) oc |Cq?

(p1 +p2+p3)) | M|?

(6.52)

(6.53)

Phase space [16] integration could not be done so far. I am still working

on phase integration and further calculations. So right now, I assume the

ratio Ry is one as stated in the literature; on completing the math, I can

clearly say that this is true.
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Chapter 7

Understanding the data

The statistical analysis of data is important part of research. In here we
discuss the data from [4] to get the value of Ry and Ry~. We extract the
data using https://automeris.io/WebPlotDigitizer of fractions of can-

didate to the value of ¢?. Below are the plots from which data is extracted.

7.1  Ay? analysis in Mathematica

Br(B — Kup*tup™)
= A
Rk Br(B — Kete™) (7.1)

Taking Ry aszand B — Kutu~ , B — Kete™ as x,y respectively.

x
Y
Propagation of Error be
of\? or\’
2 _ (9] 2 9] 2
ol = <8x) oL+ <8y> o, (7.3)
_of 1
_of o«
fy = EY Y (7.5)

We here discuss Ax? graphs of data and then compare our results with the

research paper [4].
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First we define x? function;

) _ |R—-R1” |R—R2> |R-R3° |R- R4
R A B B
IR—R5° |R—R6|> |R—R7> |R—R8[
+ 2 + 2 + 2 + 2
05 O¢ o7 08
R— R9”> |R— RI10)?
. - ] - | (7.6)
09 J10

here, R1,R2.... represents the values Rx we get from data, o represents

the uncertainty in values of Rk.

AX’(R) = X*(R) — Xoin(R) (7.7)
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We perform all the calculations and plot the data with the help of mathe-

matica.

7.1.1 For low-¢* value

T T T T T T

) n ]
S 05F LHCb . 0.045<¢2<1.1 [GeV¥cY]
§ C B’ K Voctoc 77 Data — Simulation .
S 04fF  B-KTete Data — Simulation 3
T b z
8 03 ZY .
[T = u
o) R ]
g 02p | -
g 0l SN2 S

" 2 4

0 . " M " 1 " M i . 1

q° [GeV¥/c?]

Table of ©.045 < g < 1.1 GeV?

S.No.| ¢? (cevl) B- Ke™ e |Mean (y) | bin (oy) | B> Ku™ u* |Mean (x) |bin (oy)
1 0.045-0.15| 0.191-0.295 0.243 +0.052 |0.276-0.341| 0.3085 (+0.0325
2 0.15-0.25 | 0.069-0.138 | 0.1035 | +0.0345 |0.116-0.158( ©0.137 +0.021
3 0.25-0.36 |0.0817-0.155| 0.11835 |+0.03665|0.055-0.086| 0.0705 |+0.0155
4 0.36-0.47 | 0.047 - 0.106 0.0765 +0.0295 (0.070-0.106| ©0.088 +0.018
5 0.47 -0.57 | 0.064 -0.130 0.097 +0.033 |0.076-0.114| 0.095 +0.019
6 0.57-0.68 | 0.072-0.141 0.1065 +0.0345 (0.051-0.082| 0.0665 |+0.0155
7 0.68-0.79 | 0.019 - 0.059 0.039 +0.02 0.046-0.075| 0.0605 |+0.0145
8 0.79-0.89 | 0.020-0.063 | 0.0415 | +0.0215 |0.053-0.082| 0.0675 |+x0.0145
9 0.89-1 0.039-0.091 0.065 +0.026 |0.019-0.040| 0.0295 (+0.0105
10 1-1.1 0.070-0.139 0.1045 +0.0345 |0.054-0.087| 0.0705 |x0.0165
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T (B Kyu ')
r(B-» Ke e)
BoKu 4
BoKe e
x
z="Ff(x,y) = -
y
2 [of)z 2 [af]2 2
o2 = [=] o?+ (=] oy
ax ay
f o1 fo-x
fx=—z = ,fy= — = —
ax y ay y?
Table of 0.045 < q* < 1.1 GeV?
S.No. |Mean (B Ku u*) x |Mean (B> Ke™e*) y R= i fx fy x2 fy? oy o o o2 op? or
1 ©.3085 6.243 1.269547325 |4.115226337 | -5.224474589 | 16.93508781 | 27.29513473 | £0.0325| +6.052 |0.00105625| ©.002764 |0.09169373681 |6.3028697271
2 ©.137 6.1035 1.323671498 |9.661835749 | -12.7890966 |93.35107004 | 163.5609917 | £0.621 | +6.0345 | 0.000441 | 6.00119025 | 0.2358462923 |0.4856400851
3 0.0705 0.11835 0.5956907478 | 8.449514153 | -5.033297404 | 71.39428942 | 25.33408276 |+0.0155 [+0.03665 | 0.00024025 |0.0013432225 |0.65118178801 |0.2262339232
a ©.088 6.0765 1.156326797 |13.67189542 | -15.0369516 | 170.87445 |226.1099134] :0.618 | £6.06295 | 0.000324 | 6.00087025 | 0.2521354739 |0.5021309331
5 ©.095 6.097 ©.9793814433 | 16.30927835 | -10.09671591 | 166.2812201 | 101.9436722 | £6.619 | +0.033 | 0.600361 | 6.001089 | 0.1493841795 |0.3865624961
6 ©.0665 6.1065 ©.6244131455 | 9.389671362 | -5.86303423 | 88.16592828 | 34.37517039 | £0.0155 | +6.0345 |0.00024025| 6.00119025 |0.06209691082 |0.2491925176
7 0.0605 0.039 1.551282051 |25.64102564 | -39.77646285|657.4621959 [ 1582.166997 |+0.0145 +0.02 0.00021025 0.0004 ©.7710982255 (0.8781219878
B ©.0675 6.0415 1.626506024 |24.69638554 | -39.19291624 | 580.6357962 | 1536.084684 | 0.0145 | £0.6215 |0.00021025 | 6.00046225 | 0.8321338212 |0.9122136927
B ©.0295 6.065 ©.4538461538 | 15.38461538 | -6.982248521 | 236.6863905 | 48.7517944 |0.0105| +0.026 |0.00011025| 6.000676 | 0.05905088757 | 6.2430038839
10 ©.0705 6.1045 ©.6746411483 | 9.56937799 |-6.455896156 |91.57299512 |41.67859518 | 0.0165 | +0.0345 |0.00027225| 6.00119025 |0.07453869584 |0.2730177574
In[1]:= Clear["Global "]
In[2]:= R1 = 1.269547325
R2 = 1.323671498
R3 = 0.5956907478
R4 = 1.150326797
R5 = 0.9793814433
R6 = 0.6244131455
R7 = 1.551282051
R8 = 1.626506024
R9 = 0.4538461538
R10 = 0.6746411483
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Values of op

In[12]:= 021 = 0.3028097271
022 = 0.4856400851
023 =0.2262339232
024 = 0.5021309331
025 = 0.3865024961
026 = 0.2491925176

027 = 0.8781219878
028 = 0.9122136927
029 = 0.2430038839
020 = 0.2730177574
2 functi
Y~ function
o || 2wy e (Abs[R-R1])2 . (Abs[R-R2])2 . (Abs[R-R3])2 . (Abs[R -R4])2 . (Abs[R-R5])2 . (Abs[R-R6])2 . (Abs[R-R7])2 . (Abs[R-R8])2 . (Abs[R-R9])2 . (Abs[R - R10])2

0212 0222 0232 0242 0252 0262 0272 0282 0292 0202

ifea= | x2min = NMinValue [{x2[R], 05 R < 2}, {R}]

Jutj23)= 9.30991

ifedi= | NMinimize [(x2[R], 85 R < 2}, {R}]

Julzd- | {9.30991, (R ©.773868))

s | AX2[R_] = x2[R] - x2min;
plotl = Plot[ax2[R], {R, ©, 2}]

140

120

uti2s]=
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Ax? graph

s~ | plotl = Plot[(ax2[R], 1, 4}, (R, ©, 2}, Axes - False, FrameLabel » ("R", "ax2"}, BaseStyle - { (+Bold,+) FontFamily » "Times", («Italic,«)FontSize » 24}, PlotTheme - "scientific",

Plotstyle - (ColorData["HTHL"] ["Mediunorchid"], Opacity[0.6]}, - 100, yle » {(xBold,x) y -+ "Tines", (sItalic,+)Fontsize »24}, PlotTheme - "scientific",
Labelstyle - Directive [Black, 40],

Labelstyle » Large, Background - Transparent] ,

FrameTicksstyle » k, 351, [Fontopacity - 6, Fontsize » 0]}, lack, 351, -0, Fontsize »0]}}, (800, 800), o

Background - Transparent,, Framestyle » Directive [Black, Thick]]
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Extracting values of 1o and 20 region using https://automeris.io/
WebPlotDigitizer

S0f
40

3ot | |

Ay2

20

0.0 0.5 1.0 1.5 2.0
R

lo points (R = 0.6713483146067415, Ax? = 0.9874326750448787)
and (R = 0.8792134831460675, Ax?* = 0.9874326750448787)

20 points (R = 0.5674157303370786, Ax? = 4.075403949730699)
and (R = 0.9803370786516853, Ax?* = 4.003590664272885)
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7.1.2 For central-¢> value

Fraction of candidates [%]

0.4
0.35

I
w

wllllllllllllllllllllll
N

0.25

e
B

0.15

o

0.05

——T———r————T——————

LHCb 1.1<¢%<6.0 [GeV?/c4]
B'—K Vxctoc 7 Data — Simulation
B’—K Cete Data Simulation

lllllIllllllllllllllllllllll
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Table of 1.1 < q2 < 6.0 GeV?

S.No Gev? e et Mean bin u ot Mean bin
al 1.1-1.6 |0.047-0.099( 0.073 | +0.026 |0.127-0.168 (0.1475|+0.0205
2 1.6-2.1 |0.145-0.228|0.1865|+0.0415|0.092-0.128| 0.11 +0.018
3 2.1-2.6 0.07-0.13 0.1 +0.03 |0.057-0.086|0.0715|x0.0145
4 2.6-3.1 (0.045-0.095| 0.07 | x0.025 (0.081-0.114|0.0975(+0.0165
5 3.1-3.6 (0.104-0.176| 0.14 +0.036 |0.056-0.085|0.0705|+0.0145
6 3.6-4.05 |0.085-0.151| 0.118 | +0.033 |0.092-0.129|0.1105|20.0185
7 |4.05-4.55|0.083-0.148|0.1155(+0.0325|0.078-0.111|0.0945|+0.0165
8 4.55-5 0.027-0.069| 0.048 | +0.021 |0.097-0.135| 0.116 | +0.019
9 5-5.55 0.057-0.113| 0.085 | +0.028 |0.076-0.108| 0.092 | +0.016
10 5.55-6 [0.033-0.078|0.0555|+0.0225|0.066-0.098| 0.082 | +0.016



Table for Rx and op

Table of 1.1<q” < 6.0 GeV?

S.No. |Mean (B~ Ku u') x |Mean (B Ke™e*) y R = i fx fy fx2 fy? oy o o2 o2 or? oR
1 0.1475 0.073 2.020547945 |13.69863014 | -27.67873898 |187.6524676 | 766.1125913 | +0.0205| +0.026 (0.00042025| 0.000676 0.5967530612 |0.7724979361
2 0.11 6.1865 ©.5898123324 | 5.361930295 | -3.162532614 | 28.75029649 | 10.00161253 | 20.618 [£0.0415| 0.0600324 |0.060172225|6.02654037325 | 0.1629121642
3 ©.0715 0.1 6.715 10 -7.15 160 51.1225 |:0.0145| 6.03 |0.00021025| ©.0009 | 0.067063525 |0.2589116645
4 0.0975 0.07 1.392857143 |14.28571429 | -19.89795918 | 204.0816327 [395.9287797 |+0.0165| +0.025 (0.00027225| 0.000625 0.3030167118 (0.5504695376
5 0.0705 0.14 0.5035714286 | 7.142857143 | -3.596938776 |51.02040816 |12.93796855 |+0.0145| +0.036 |0.00021025| 0.001296 |0.02749464806 | 0.165815102
6 ©.1105 6.118 6.936440678 |8.474576271 | -7.935937949 | 71.81844298 |62.97911113 |:0.0185| £0.0633 |0.00034225| 6.001689 |6.09316411413 |0.3052279707
7 ©.0945 6.1155 ©.8181818182 | 8.658008658 | -7.083825266 | 74.96111392 | 50. 18058039 | 0.0165 | +6.0325 | 0.00027225 | 000105625 | 6.07341140131 | 0.2709453844
8 0.116 0.048 2.416666667 |20.83333333 (-50.34722222|434.0277778 (2534.842785| +0.019 | +0.021 0.000361 0.000441 1.274549696 1.128959564
9 0.092 0.085 1.082352941 |11.76470588 [-12.73356401|138.4083045|162.1436525| +0.016 | +0.028 0.000256 0.000784 0.1625531495 (0.4031788059
10 0.082 6.0555 1.477477477 | 18.61801862 | -26.62121561 | 324.6489733 | 708.6891312 | 20.6016 |20.6225| 0.600256 |0.00050625 | 6.4418840098 | 0.664743567

Clear["Global "]

R1 = 2.020547945
R2 = 0.5898123324
R3 = 0.715

R4 = 1.392857143
R5 = 0.5035714286
R6 = 0.936440678
R7 =0.8181818182
R8 = 2.416666667
R9 = 1.082352941
R10 = 1.477477477

Values of R
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Values of op

021 = 0.7724979361
022 = 0.1629121642
023 =0.2589116645
024 = 0.5504695376
025 = 0.165815102
026 = 0.3052279707
027 = 0.2709453844
028 = 1.128959564
029 = 0.4031788059
020 = 0.664743567

x? function

(Abs[R-R1])2 (Abs[R-R2])2 (Abs[R-R3])2 (Abs[R-R4])2 (Abs[R-R5])2 (Abs[R-R6])2
. . . . . .

(Abs[R-R7])2
.

(Abs [R - R8])2
.

(Abs [R-R9])2
.

(Abs [R - R10])2

x2[R_] :=
0212 0222 0232 024% 0252 0262

027%

o282

029%

020%

x2min = NMinvalue [{x2[R], @< R < 2}, {R}]

11.6682

NMinimize [{x2[R], @< R s 2}, {R}]

(11.6682, (R—0.723793}}

ax2[R_] := x2[R]-x2min;
plotl = Plot[ax2[R], (R, 0, 2}]
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Ax? graph

Plot [{ax2[R], 1, 4}, (R, 0, 2}, Axes - False, FrameLabel - ("R", "4x2"}, BaseStyle » {(FontFamily - "Times", FontSize » 24}, b yle - { r T g 61},
100, - y - "Times", Fontsize » 24}, b0 0], L [Black, Large, Background » Transparent] ,
FrameTicksStyle » ({ 351, o, Fontsize - 0]}, 351, { pacity » 0, Fontsize »0]}}, (800, 800}, A
ker = P » yle [Black, Thick]]
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Extracting values of 1o and 20 region using https://automeris.io/
WebPlotDigitizer

70
60
50; |\ /

40

Y2

<130 ‘ /
20 \

10

0.0 0.5 1.0 1.5 2.0
R

lo points (R = 0.638176638176638, Ax? = 1.0579345088161176)
and (R = 0.8148148148148148, Ax? = 1.0579345088161176)

20 points (R = 0.5498575498575498, Ax? = 4.080604534005033)
and (R = 0.9031339031339031, Ax? = 4.080604534005033) .
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Ry~ value for low-¢? value found to be 0.771510 from Ax?(R) data anal-

ysis which is in region of 1o of stated value 0.660 5+ 4= 0.03 [4] in research
paper.

Similarly for Rg- value for central-¢® value found to be 0.727093 which is
nearly same to the stated value 0.697551 % 0.05 [4].

The given data from [4]

low- ¢? central- ¢°

R0 | 0.6670tL £0.03 | 0.69134L 4 0.05
95.4%CL | [0.52,0.89] [0.53,0.94]
99.7%CL | [0.45,1.04] 0.46,1.10]

Calculated data from Ax?(R) graphs (7.1.1,7.1.2)

low- ¢> | central- ¢°

R0 0.771010 | 0.727008
95.4%CL | [0.67,0.87] | [0.63,0.81]
99.7%CL | [0.56,0.98] | [0.55,0.90]
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Chapter 8
Conclusion and Future Plan

Recent experimental results encourage us to look more closely at rare decay.
Significance deviation of 3.10 with SM of current data leads us to look for
BSM interactions to explain this discrepancy. In this thesis, we look closely
at the Standard Model, its flavor structure, and the Rg experiment, which
help us to get to the result that SM may not give us the complete picture
of nature. We will try to complete the missing calculations and look for a

new kind of interaction that can describe the Lepton Flavour Violation.
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Appendix A

FeynCalc in Mathematica

A.1 Trace of gamma matrices
[13]
Calculation of traces in FeynCalc;

Procedure to install FeynCalc in Mathematica,
Simply type below textin Mathematica,

Import["https://raw.githubusercontent.com/FeynCalc/ feyncalc/master/install.m"];

InstallFeynCalc|]

After installation of FeynCalc, you can find traces using FeynCalc,

Whenever you start new Mathematica session you need to load FeynCalc first,

You can find FeynCalc guide here:- http://www.feyncalc.org/documentation/FCGuide-pre4.2.0.pdf,
Notations and how to use FeynCalc given in guide.

<< FeynCalc"

FeynCalc 9.3.1 (stable version). For help, use the
documentation center, check out the wiki or visit the forum.

To save your and our time, please check our FAQ for answers to some common FeynCalc questions.

See also the supplied examples. If you use FeynCalc in your research, please cite

* V. Shtabovenko, R. Mertig and F. Orellana,
Comput.Phys.Commun. 256 (2020) 107478, arXiv:2001.04407.

* V. Shtabovenko, R. Mertig and F. Orellana,
Comput.Phys.Commun. 207 (2016) 432-444, arXiv:1601.01167.

* R. Mertig, M. Bohm, and A. Denner, Comput. Phys. Commun. 64 (1991) 345-359.
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Tr[DiracMatrix[a].DiracMatrix[u].DiracMatrix[B].DiracMatrix[v]]

4@ g+ -2 ")

Tr[DiracMatrix[a].DiracMatrix[B]]

ag'?

We can directly solve for the Tr of leptons using Dirac slash and Dirac matrices notations in FeynCalc,

Tr[DiracMatrix[a].(DiracSlash[p2] -ml).DiracMatrix[B].(DiracSlash[p3]+ ml)]

-4 (m*g"# + ¢ # (p2-p3) - p2 p3" - p2" p3”)

A.2 Trace of eq.6.46

(xHere DiracSlash[pl] means yAu.pl_p , DiracMatrix[a] means y*a ,
DiracMatrix[5] means yA5 , Cl = A+By”5 , C2 = M+Ny?5 ,
ak= (y*a y*u.k_p - yru.k_pyra) , similarly for bk x)
pls = DiracSlash[p1];

ps = DiracSlash[p];

ks = DiracSlash[k];

a = DiracMatrix[a];

b = DiracMatrix[B];

Cl=A+BxDiracMatrix[5];

C2 = M+N=* DiracMatrix[5];

ak =a.ks - ks.a;

bk =ks.b - b.ks;

p2s = DiracSlash[p2];

p3s = DiracSlash[p3];
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A.3 Muon Decay

We can also directly find traces of matrices and contract them in FeynCalc

, here shown the trace contraction of muon decay,

In[2 kls = DiracSlash[k1];

q2s = DiracSlash[q2];
k2s = DiracSlash[k2];

qls = DiracSlash[ql];
a = DiracMatrix[a];

b = DiracMatrix[g];

L = 1-DiracMatrix[5];

In[g Contract[Tr[(k2s +me).a.L.qls.b.L] ~ Tr[(g2s).a.L.(k1ls +mu).b.L]]

o | 28 (T aT) (2 @) + 128 (- K2) @ 02) + 64 (2 i1 ) (2 -02) - 2 (T - 2) (T - 2)

n[10 Simplify[Contract[Tr[(k2s+me).a.L.qls.b.L] Tr[(g2s).a.L.(kls +mu).b.L]]]

o~ | 256 (k1-q1) (k2 - q2)
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A4 M?*of b— st

Contract[Tr[C2.bk.(pls+ms).Cl.ak.(ps +mb)] « Tr[a.(p2s -mlp).b.(p3s +mlm)]]

~192 AMmb mlm mlp ms ¥ - 64 AMmbms ¥ (p2 - p3) - 128 A Mmb ms (k- p2) (k- p3) -
64 AMmlmmlp & (p-pI) + 256 A Mmlm mlp (k- p) (k- p1) - 128 AME (p- p3) (pI-p2) -
128 AMK (p-p2) (pI-p3) + 64 AMK” (p-pI) (p2- p3) - 128 AM(k- p2) (k- p3) (p-pI) +
128 AM(k-p1) (k-p3) (p- p2) + 128 AM (k- p1) (k-p2) (p- p3) +
128 AM(k- ) (k-p3) (p1- p2) + 128 AM (k- p) (k-p2) (p1 - p3) - 192 Bmb mim mlp ms NK* —
64 Bmbms NK (p2-p3) - 128 Bmbms N (k- p2) (k- p3) + 64 Bmlm mlp N X (p-p1) -
256 Bmim mip N (k- p) (k-p1) + 128 BNK" (p-p3) (p1 - p2) + 128 BN K (p-p2) (p1 - p3) -
64BN (p-p1) (p2-p3) + 128 BN(k-p2) (k- p3) (p- p1) - 128 BN(k-p1) (k- 3) (p-p2) -
128 BN (k- p1) (k- p2) (p- p3) - 128 BN (k- p) (k- p3) (p1 - p2) - 128 BN k- p) (k- p2) (p1 - p3)

Simplify[Contract[Tr[C2.bk.(pls +ms).Cl.ak.(ps +mb)] « Tr[a.(p2s -mlp).b.(p3s +mlm)]]]

-64 (2((k-p2) (k- p3) ((p-p1) (AM - BN) + mbms(AM+ BN)) + (k-p1) (p-p3) (BN - AM)) -
(k-7 (4 - 5.9 (2 i (k-1 + - 53) (1 52) + (- 52) (1 73) +
(E-p1) (F-53) (5-p2) (BN~ AM) +
¥ ((p-P1)(AM - BN) (mlm mlp - p2- p3) + 2 (p-p3) (p1- p2) (AM - BN) +
AMmbms (p2 - p3) +2 AM(p-p2)(pl- p3) + Bmbms N(p2 - p3) -
2 BN(p-p2)(pl-p3) + 3 AMmb mim mlp ms + 3 Bmb mlm mlp msN))
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After above simplification we change back to previous convection,

Now,

AM — BN
BN — AM
AM + BN

AM

BN =

New notations used for,

A — (Crr + Crr)
2

B — (Crr — Cr1)
2

M - (C7r £+ C71)
2

o (o)
2

(ICor|? + |Cor )

2 M
—(|Crg|* + |Crrl?)

2 )
(CrrC7p + CrCrR)

2
(ICor|? + |Crr|* + CrrCiy + Cr1.Ciy)

4
(— |Crr)? = [Crr|* + CorCip + CrrCip)

4

IC7r)° = CTR
ICo|? = CTL
C7rCi, = CTRL
CrCtn = CTLR

39

(A.1a)
(A.1b)
(A.lc)

(A.1d)

(A.2a)

(A.2b)

(A.2c)
(A.2d)

(A.2e)



In{19] Simplify[
-64 (2 ((ScalarProduct[k, p2]) (ScalarProduct[k, p3] ((ScalarProduct[p, p1]) (C7TR+C7L)/ 2 +
mb ms (C7RL + C7LR) / 2) - (ScalarProduct[k, p1] - ScalarProduct[p, p3]
(C7TR + C7L)/ 2)) - (ScalarProduct[k, p]) ((C7TR +C7L)/ 2)
(2ml A2 (ScalarProduct[k, p1])+(ScalarProduct[k, p3])(ScalarProduct[pl, p2])+
(ScalarProduct[k, p2]) (ScalarProduct|pl, p3])) -
(C7TR + C7L)/ 2 (ScalarProduct[k, p1])(ScalarProduct[k, p3])
(ScalarProduct[p, p2])) + (ScalarProduct[k, k])
((ScalarProduct[p, p1]) (C7TR+C7L)/ 2 (mL*2 - ScalarProduct[p2, p3])+
2 (ScalarProduct[p, p3])(ScalarProduct[pl, p2])(C7TR+C7L)/ 2 +
(C7TR+ C7L+C7RL+C7LR)/ 4 mbms (ScalarProduct[p2, p3])+
2(C7R +C7L+ C7RL+C7LR)/ 4 (ScalarProduct[p, p2])(ScalarProduct[pl, p3])+
(-C7R-C7L+ C7RL +C7LR)/ 4 mbms (ScalarProduct[p2, p3])-
2(-C7R-C7L+ C7RL+ C7LR)/ 4 (ScalarProduct[p, p2]) (ScalarProduct[pl, p3])+
3(C7TR +C7L+C7RL+C7LR)/ 4 mbmsmlA2 + 3 (~C7R - C7L+C7RL + C7LR)/ 4 mbms mlA2))]

32(~K* ((C7L + CTR) (p-p1) (ml* - p2-p3) + 2 (CTL + C7R) (p- p3) (p1 - p2) +
2C7L (p-p2) (p1- p3) + C7TLR mb ms(p2 - p3) + 2 C7R (p- p2) (p1 - p3) +
C7RL mb ms (p2 - p3) + 3 C7LR mb mI* ms + 3 C7RL mb mI* ms) -
2(k-p2)((k-p3) ((C7L + C7R) (p- p1) + mb ms (C7LR + C7RL)) - (C7L + C7R) (k- p1) (p-p3)) +
2(C7L + CTR) (- ) (2 mi? (%- 1) + (K - p3) (pT-2) + (k- p2) (T -53)) +
2(C7L + C7R) (k- p1) (k- p3) (p- p2))

In all the calculation we didn’t put the value of k£ , from vertex a we

can see k = (p — p1) Here we substituting value of & ,
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FullSimplify[
-64 (2 ((ScalarProduct[k, p2])(ScalarProduct[k, p3]((ScalarProduct[p, p1])(CTR+C7L)/2 +
mbms (C7RL + C7LR)/ 2) - (ScalarProduct[k, pl1] ~ ScalarProduct[p, p3]
(C7TR+C7L)/ 2)) - (ScalarProduct[k, p]) (CTR+C7L)/ 2)
(2mlA2(ScalarProduct[k, p1]) + (ScalarProduct[k, p3])(ScalarProduct[pl, p2])+
(ScalarProduct[k, p2]) (ScalarProduct[pl, p3])) -
(C7TR+C7L)/ 2 (ScalarProduct[k, p1]) (ScalarProduct[k, p3])
(ScalarProduct[p, p2]))+(ScalarProduct[k, k])
((ScalarProduct[p, p1]) (C7TR +C7L)/ 2 (ml~2 - ScalarProduct[p2, p3])+
2 (ScalarProduct[p, p3]) (ScalarProduct[pl, p2]) (CTR+C7L)/ 2 +
(C7TR+C7L+ C7RL + C7LR)/ 4 mb ms (ScalarProduct[p2, p3]) +
2 (CTR+C7L+C7RL +C7LR)/ 4 (ScalarProduct[p, p2])(ScalarProduct[pl, p3])+
(~=C7TR=C7L+C7RL+ C7LR)/ 4 mbms (ScalarProduct[p2, p3])-
2(-C7R-C7L+C7RL+C7LR)/ 4 (ScalarProduct[p, p2]) (ScalarProduct[pl, p3])+
3(CTR+C7L+C7RL+C7LR)/ 4 mbms mLA2 +
3(-C7R-C7L+C7RL+C7LR)/ 4 mbmsmlr2))] /. {k=> (p-pl)}

32 (~(p- p1)? ((C7L + C7R) (- pI) (mP? - p2-3) + 2 ((p-p3) (T - p2) + (- p2) (BT - p3) +
mb ms (C7LR + C7RL) (p2 - p3 + 3 mI%)) -
2((p-p1)-p2)(((p-pl)-p3) ((C7L + C7R) (p- p1) + mb ms (C7LR + C7RL)) -
(C7L + C7R) (p-p3) ((p-p1) - pl)) + 2 (C7L + C7R) (p-(p-p1))
(2m* ((p~pD)- p1) + (pT-p2) (P~ PT)-P3) + (PT-3) (- P1)- P2)) +
2(C7L +C7R) (p-p2) ((p~p1) - p1) ((p~p1) - p3))
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