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ABSTRACT

In the context of holography in string theory we study AdS/CFT which is the best candi-
date for quantum gravity and it gives a concrete theoretic realization to it. In AdS/CFT
the extrapolate dictionary can be understood as the bulk fields being reconstructed from
modular flow of boundary operators which reduces to OPE block reconstruction of bulk
fields. Then we compute various OPE blocks with different spins in 2 and d dimensions
and show that OPE blocks in 2 dimensions are Fourier modes of the modular Hamiltonian.

Thus OPE blocks can be used as CFT input for bulk reconstructions.
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Acronyms and Nomenclature

AdS:- Anti-de-sitter

CFT:- Conformal field theory

RT:- Ryu-Takayanagi

OPE:- Operator product expansion

Bulk:- The AdS space

Boundary:- The CF'T space

(L,R):- corresponds to subregion of left and right endpoints of the causal diamond.

(T,B):- corresponds to subregion of top and bottom endpoints of the causal dia-

mond.

H,,0q:- modular Hamiltonian



Chapter 1

Introduction

All of physics is about studying interactions among different entities and the forces re-
sponsible for them. At present, the universe’s functioning can be described by four forces:
Gravitational force, Weak force, Electromagnetic force, and Strong Nuclear force, in the
order of weakest to strongest. Even though we have achieved some breakthroughs in un-
derstanding the other three forces, gravity still remains a puzzle. Gravity, even if weak,
must apply in the microworld. The theory of general relativity by Einstein was a turning
point in the field, because of which we understand gravity at a classical level. However,
still, it is not successful in explaining gravity at a quantum level. It is possible to embed
the curved geometry of general relativity into how quantum field theory deals with space
and time. Nevertheless, that approach completely fails when you have strong gravita-
tional effects on the more minor scales of space and time, like the central singularity of
the black hole or at the instant of the Big Bang. For that, you need a true quantum
theory of gravity. General relativity and quantum mechanics seem to describe all of ob-
servable reality. However, it is not easy to merge them. We were able to formulate a
quantum field theoretical description for the other three forces in which the fundamental
object we consider is a 0 - dimensional point particle. Nevertheless, this approach was
not successful in formulating a theory of quantum gravity.

However, if we consider a one-dimensional string as the fundamental object, we achieve a
consistent formulation of quantum gravity. This theoretical model is called string theory.
Quantum gravity in string theory incorporates the principles of both GR and QFT and

can describe spacetime’s microstructure at Planck’s scale. In this, the gravitational waves



themselves are quantized.

We live in a universe with three dimensions of space and one temporal dimension.
Up, down, left, right, forward, back, past, future. 341 dimensions, or so our primitive
Pleistocene-evolved brains find it helpful to believe. Moreover, we cling to this intuition,
even as physics shows us that this view of reality may be only a very narrow perception.
One of the most startling possibilities is that our 3+1 dimensional universe may be better
described as resulting from a spacetime one dimension lower — like a hologram projected
from a surface infinitely far away. In recent years, string theory and quantum field theory
have been studied together in the form of holography, which connects quantum gravity in
a specific (d+1)-dimensional spacetimes with corresponding (conformal) field theories on
a d-dimensional flat spacetime. These developments and connections have deepened our
understanding of quantum gravity, cosmology, particle physics, and intermediate-scale
physics, such as condensed matter systems, the quark-gluon plasma, and disordered sys-
tems.

Leonard Susskind laid out the first steps towards how this could be achieved using string
theory, which is traditionally interpreted as a realization of a vague "holographic princi-
ple" according to which quantum gravity in bulk spacetimes is controlled, in one way or
other, by "boundary field theories" on effective spacetime boundaries, such as event hori-
zons. but ultimately, it was Juan Maldacena who figured out a concrete string theoretic

realization of the holographic principle with AdS/CFEFT correspondence.

In the next chapter, we will be seeing what the AdS/CFT duality is, the extrapolate
dictionary, and various metrics and coordinate systems used in this thesis. The third
chapter deals with a literature review of some of the past works like the HKLL prescription
[1, 2, B, 4], OPE blocks and the intersecting modular Hamiltonian. The final chapter
interprets the extrapolate dictionary as bulk reconstruction from boundary modular flow
and shows how the bulk fields can be constructed from the boundary OPE blocks of

different spins. Thus OPE blocks can be used as CFT input for bulk reconstruction.



Chapter 2

Duality in field theory

We know a great deal about conformal field theory, and ever since the revolutionary
work by Juan Maldacena [5], recovering AdS (or bulk) physics from the boundary CET
to understand quantum gravity has been our primary goal. So, if you take a cylinder
the volume inside the cylinder is a 3 dimensional space whereas the boundary is like a
2 dimensionalspace, if the AdS sits in the volume or bulk of the cylinder the CFT is
on the boundary of it. In itself, the boundary CFT isn’t a string theory instead, it is a
quantum field theory like the ones that give us our standard model of particle physics. It
is invariant to the scaling of grid sizes. Due to the duality say the boundary 2 dimensional
space becomes a 3 dimensional space. While the original space is flat, the new space has
negative curvature — it is a hyperbolic, anti-de Sitter, or AdS space. The conformal field
theory in the original space does not include gravity, but in the higher-dimensional space,
it becomes a complete quantum theory of gravity. This is AdS/CFT duality.

In [5] the authors claim that any conformal field theory on R x S?~! is equivalent to a
theory of quantum gravity in an asymptotically AdS,,; spacetime. This brings us to the
question of how the observable on both the sides (boundary and bulk) are mapped. The
answer is the AdS/CFT dictionary, which is still a work in progress but many things are

known about it. It can be viewed as an isomorphism between the Hilbert spaces:

¢ Hrags — HrT
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where ¢ is the map between the bulk and the boundary. This gives us the extrapolate
dictionary

lim 72 ¢i(r,t, Q) = O;(t,Q)

7—00

where r is the radial bulk direction, A; is the scaling dimension of conformal primary &;.
This can be interpreted as we are approaching the boundary from the bulk limit, which is
the extrapolate dictionary formalism. One such extrapolate dictionary formalism is the
HKLL prescription in which a bulk field is equal to a boundary operator being smeared
over a causal diamond using a kernel. We will discussing more about HKLL in the later

sections.

We will now be taking a digression and talking about the different metrics in which the

HKLL prescription is usually written down. The general CFT,; metric is
ds® = —dt* + dr* + r* dQ5_, = g,, dz" da” (2.1)

and then via the coordinate transformations

sinh p sinh y ) R
=R t=R Qq—2 = Qq- th Q=
" (cosh p + cosh )’ (coshp + cosh y)” =2 W (cosh p + cosh x)
(2.2)

where R is the radius of the spherical sub-region that we are considering in the boundary.
The causal diamond of the sub-region R is mapped to

R2

ds® =
° (cosh p + cosh x)?

(=dx* 4+ dp® + sinh® p dQ_,) = Q* gf}, daty dafy . (2.3)

However, later on we will be using lightcone coordinates consisting of » and ¢ . So we
coordinate transform to Poincaré and Rindler lightcone coordinates as (z, z) = (r—t,r+t)

and (w,w) = (p — x, p+ x) respectively. Then z and w relate to each other as

w=p—x=f(z)=log I = Jog Zt&

(2.4)

w=p+x=[f(z) =log FE = log 2L




In these coordinates, the CFT metrics in (2.1)) and (2.3) take the form

_\ 2
ds® = dz dz + (z ; 2) 02,

(2.5)
and
ds* = 0 (dw di + sinh? (“’ "; “’) d93_2) . (2.6)
Now, talking about the bulk metric, The metric for the AdS space is
ds* = —dU* — dv® + dX? + dY? (2.7)

along with the constraint —U? — V2 + X2 +Y? = —R? ..

Then going to the Rindler patch which is a space of all the space-like connected points
from a bulk field the metric becomes

% 2 Rigs o 2 172
dtR—Fde +r dq§

If we perform the following coordinate transformations

AT p_mqﬁ X_r+tR
— T - ) - b}
T4 Raas R s

the metric for the Rindler patch becomes

2 _ p2 =2 2, 2 g2, dF
ds® = Roys | —(7° — 1) dx* + 7 dp* +

o (2.9)

In what follows unless otherwise specified we will be writing the equations in the above
mentioned metrics.



Chapter 3

AdS/CFT dictionary

In this chapter we will be discussing bulk reconstruction via ‘HKLL’ prescription, OPE

blocks and intersecting modular Hamiltonians.

3.1 HKLL prescription

We start with a particular boundary to bulk map known as the HKLL prescription
[1, 2, B3, 4]. This is a Lorentzian AdS/CFT correspondence in which we construct local
operators in the bulk from non local operators in the boundary using a kernel, which is
also known as the smearing function. The conformal primary is smeared over a region on
the boundary which consists of all the points that are spacelike separated from the bulk
field. This region is the causal diamond.

Now, the bulk field ¢ in (x, p) coordinates can be written using the HKLL prescription

as

dp’ dx’' (JE{; K(7,x, 7, x + X' p+ p’)) Oalx +X'sp+ip)
(3.1)

¢Rindler(f7 X P) - CA/

>0



where 7 is a bulk parameter (not to be confused with r which is a boundary parameter)

and K is the smearing function and which is given by

7 —00

7 —00

(3.2)

The dictionary consists of natural boundary operators whose duals are simple, diffeomorphism-

invariant bulk operators.

3.2 OPE blocks

We will look at a certain boundary quantity known as the OPE block. It was shown in
[6] that the OPE blocks are dual to integrals of bulk fields along a minimal surface area
(a geodesic in AdS3) in the AdS;; ;. We are interested in one of the application of this in

particuar in the studies of the modular Hamiltonian.

Now,we will define the modular Hamiltonian briefly. Consider a time slice and two points

21 and x5 on the boundary

Figure 3.1: Two boundary points x; and x5 on a time slice.

these two points form a causal diamond on the boundary as shown in figure

8



CFT,

<>

Figure 3.2: A causal diamond of two points (z1,z3) on the boundary.

Now, consider a subregion on the causal diamond whose density matrix p,, ., is defined
as —log p = 2nH,,,q where H,,,q is the boundary modular Hamiltonian. The line in the
bulk connecting the points x; and x5 denotes the minimal surface area in the bulk of the
corresponding causal diamond in that time slice. The boundary modular Hamiltonian is
an OPE block, and in case of the stress tensor OPE block commutes with the bulk fields

on the minimal surface area in the bulk.

Now we come back to OPE blocks. In CFT, primaries €;(0) and their descendants
0,0, ...0;(0) form a complete basis of states [6]. Consider a product of two scalar

boundary operators which can be expanded (around z=0) in this basis as
Oi()0;(0) = > Cijpc |24 (14 5120, + bpa’a" 9,0, +...) Ox(0) . (3.3)
k
In more general terms, we get
Oi(21)0;(w2) = |1 — wo| 7% ZC’ijk BY (x1,23) . (3.4)
k

The sz (1, x9) is known as the OPE block. Expressing it in lightcone coordinates ({2.5))
and applying the initial conditions (in CFTy), we write it in terms of kinematic boundary-

to-bulk propagators and get [6]

o) - LR [ wan () ()

where (u,u) are also Rindler lightcone coordinates. In this way the product of scalar
operators O;(z1)0;(z2) can be expanded in terms of quasiprimary operators (in CFTy)

that are smeared over the causal diamond. This can also be shown in a different way

9



relating to shadow operators, in which the OPE block (in CFT,) becomes
B (21, x2) o /ddz 1 — 22|89 (Oy(21)O;(2) O (2))OF(2) . (3.6)

This way of writing the OPE block in terms of correlation functions is known as shadow
operator formalism [7] in which @k,w(z) is the shadow operator of O/ (z). The di-
mensions of the shadow operator is (d — A) where A is the dimension of the boundary
operator O0}”(z). Here the OPE block is of O;(z;) and O;(z2) in the O} (z) channel.
This is better suited for higher dimensional cases. In case of two dimensions the OPE

block can be written in terms of the boundary stress tensor, in which case (3.5 becomes

B(zy,x2) = 6/22 dw (22 = w)(w = zl)T(w) . (3.7)

21 22 — Z1

Here the OPE block is in stress tensor channel. The stress tensor OPE block is identical
to the modular Hamiltonian, and therefore gives the commutation relation between the

OPE block and the modular Hamiltonian. We will use this observation later in the thesis.

3.3 Bulk physics from intersecting modular Hamiltoni-

ans

In this section we discuss the method of reconstructing the bulk from intersecting mod-

ular Hamiltonians as shown in [8] and also from the OPE blocks.

We start with an ansatz (3.8]), where ®(X) commutes with the bulk modular Hamil-
tonian. Which is particular to AdS;/CFTs.

d(X) = /dt’ dy'" g(p,q) O(q,p) (3.8)

Then, we demand two such modular Hamiltonians for the same bulk field where the Ryu-

Takayanagi surfaces (minimal area surfaces in AdS;) of both the modular Hamiltonians

10



are intersecting at the ®(X) field point A as show in figure . We thereby get the
commutation of both the H,,,; with the ®(X) as

Hilii? (6,)] = 0. [Hy™ 2(5,9)| = 0 (3.9

where Hyo4,8 = Himod,B — Hpmod, -

X2

X1’

X1

Figure 3.3: The intersection point is where the bulk field ¢ is

From [9] we know that the boundary modular flow is dual to the bulk modular flow

and thereby reconstruct the bulk scalar field ®(X) from boundary operators and get

®(Z,Xy) = ca / dt' dy' (2% —t* — y’Z)A*2

$2 +y/2 <Z2

Ot Xo+iy) . (3.10)

Which is indeed what we obtain from the HKLL prescription [1] 2, 3] [4] .

In the next chapter we will see how the OPE blocks in two dimensions are related to
the bulk fields in AdS3; which will then generalize to higher dimensions. We will then
discuss some of the ongoing works in which we consider the higher dimensional case of the
OPE blocks where the CFT operators may have spin. We will also be discussing some of
the future prospects of this project which include finding the commutation between two
different types of OPE blocks, reconstructing the bulk field from OPE blocks for higher

dimensional cases with spin.

11



Chapter 4

Bulk reconstruction from OPE blocks

4.1 Rindler HKLL prescription

In order to reconstruct the AdSs bulk from the boundary CFTy OPE blocks, we start
with the HKLL prescription (3.1). And for a given subregion (say [L,R]) the modular

Hamiltonian is given by

Hmodzzn{/LRdszz(z)@_z)(R_z) +/LRdszz(z)(L_§>(R_z)} (4.1)

L—-R L—-R

which generates a modular flow in the y direction.
Writing the HKLL prescription with the boundary operator O in real space flowing under
the action of the H,,q

¢R1ndler r=1 y X ,0)

im/2 _ ’L(H mod ,pSptH mod SX)
= —iCx / ds, / ds,, (cosh sp) e 2 Oa(x, p)

/2

(Hmod X+H mod péP

iH mod psp

im/2 0o mo o0 ,
= —zCA/ dsp/ ds, (coshs,)> > o Oa(X+ Sy, p) e 2= (4.2)

i /2

where we have taken the 7 = 1 limit, with s, = x’ and s, = ip/

And then by taking ‘w, " to be the Fourier mode of ‘s,” and a separate Fourier mode ‘k,’

12



of “x. So, we have

o0

Oa (p,x +5y) = / dws, e " (ctsx) @0 (p,ws,, X) (4.3)

[e.o]

Then by doing the s, integral w, goes to 0 and (72) becomes

5 . Z71—/2 A—2 —iH 04 ’pp/ +iH 0d PSP
GRindler (T =1, x,p) = —ZCA/ ds, (cosh s,) e 2 Oa (wsy =0,p,x) € 2 )

—im/2
(4.4)
Then we take the Fourier mode of p as k,
¢R1ndler( 1 » X p)
= / dl{?p 6ikpp ¢Rindler (f - 17 Wsy, = 07 kpa X)
o0 ) i7r/2 A2 iH 0d PSP iH mod ,pSP
= _Z'C’A/ dk, e*er / ds, (cosh s,) e o Oa (st =0, kp,x) e or
—o0 —im/2
3 (A=t o0 .
By A -
2 —0o0
The corresponding Fourier mode of x is ky, so, we have
+o0o )
O(ws, = 0,kp, x) = / dky, e X O(w,, =0, ky, ky)
1 [t ,
O(ws, = 0,ky, ky) = g / dy eThx O(ws, =0,x,k,) (4.6)
T

Taking an inverse Fourier transformation of (4.5) we get

1
O(ws. = 0.k, x) = [ 4772 r(27) AR -
Ws, = U, va) =|4n Ca F(é) dp e d)RindleT(T = 11X7p)
) —00
(47)

substituting (4.7)) in to (4.6) we get
INE=Y e . +00 ‘
O(ws, = 0,kp, ky) = (8#/2 Ca Ay ) / dx et / dp e~ kor
2 —00

¢Rindler (f = 17 X

S
~—
—~
e
0¢]
~—

13



Now going back to OPE blocks, a more generalised form of (3.5)) which for scalar exchange

becomes

<<z ~R)(L - z>>’“ (49)

where |L,R] is the boundary sub-region with L and R as the horizontal endpoints of the
boundary causal diamond, D.; is the boundary domain of dependence of the sub-region

[L,R] and Cy is the normalisation constant.

As discussed earlier L and R are the two endpoints of the causal diamond at which
the corresponding CF'T operators are of which the OPE block we have considered. The
condition of 7 = 1 where 7 is a bulk parameter, ensures that the bulk field is on the Ryu-
Takyanagi surface. Therefore we can write the OPE block in terms of the correlation

functions after which (4.9) takes the form

Co

CthR@

Bay(L, R)" = /_Oo /_oo dx dp (O, (0, —00) O, (0,00)Ox (X, p)) Oalx. p)

(4.10)
where C), ;5 is the OPE coeflicient that appears in the conformal 3 point function. This

is also known as ‘Shadow operator formalism’ of writing the OPE block [7]. Therefore,

(4.10) becomes
By (L, R = Co / / dx dp e %" Oa(x, p) = 47* Co O(k, = 0,k,)  (4.11)

Now, for Bf e in (L,R) case ([1.8) is the zero x mode i.e. k, = 0 so, we have

—00

F(b) U oo ,
O(WSX = 07 kpa kX = O) = 47T5/2 CA F(i) / dp eimﬂp (bRindler(f = 17X7 )0)
2
(4.12)
Now, comparing (4.11]) and ([{.12) with a zero™ x mode i.e. k, = 0 we have

1
47T2C(9

F(A—l) -1 +o0 A
B?A,l) (L7 R) = 47T5/2 CA F(i> / dp e_kap gbRindleT(f = 17 X)p) (413)
) —o0

14



which is OPE blocks without spin in scalar channel as bulk fields integrated over the ‘RT’
surface. This can be thought of as the Rindler HKLL prescription at a given time slice
but we have derived this from the boundary OPE blocks. In the next sub-section we will

be discussing different OPE blocks with spin.

4.2 OPE blocks with different spins and dimensions

In this section we will be discussing the OPE blocks of the conformal spinning pri-
maries. Since we will be considering the case of higher dimensions [10], instead of taking
the boundary operators at the sides of the causal diamond, we will be considering the
boundary operators at top and bottom positions of the causal diamond. The generalised

expression then is

BfA,@) = Od/ V=g dt dr dfdq <JZ§3;;B (B)OAT,KT:O(T)@A,e:o(x)> One=o()
D

CaC 06 (Z’“ .. ZMB _ traces ) Op—o(X)
|(x — B)|As+A-Ar—tp|(y — T)|Ar+A-Ap+ls|(B — T)|As+Ar—A—tp

(4.14)

= / V—g dt dr dQg_s
D

Here we have taken the bottom CFT operator to have spin and the top CFT operator to
be a scalar but both are in higher dimensions. The second line of (4.14]) has the expansion

of the 3 point function.

We can write the correlator in (4.14) between a higher spin conserved current and two
scalars in a different way where the indices of the higher spin conserved current are

contracted by a null vector n#. (4.14)) then becomes

B?A,Z) = Cd/ \/ —g dt d'r de72 <JAB7ZB (B)OAT,ZT:0<T>@A,Z=O('T)> OA,E:O('%)
D
CaCloo (M 2")'" Onp=o(X)

= / V=g dt dr dQg_»
D

|(x — B)|AB+A—AT—ZB|(x _ T)’ATJFA—ABMBKB _ T)|AB+AT—A—€B

(4.15)
with
n-xrp n-xrpr
ZM = £ — : 4.16
T Ty 10



Then finally doing a coordinate transformation of (4.14]) from (r,¢) coordinates to (x, p)

Rindler coordinates we get

B?Al) = Ca Cj00 /D V—g(w) dw dw eX\‘o+Ars)
[/ Ay (ZM ... ZM — traces)] O p—o(w, w, ¢)
= Ca CJOO/ Vv —gf dp dy eX\s+irs)
D

{/ dQg_o (ZM ... ZF — ftraces )} On=o(p, X, ¢) -

(4.17)

similarly (4.15) becomes

Biry = Cq CJoa/ V—g® dp dy eXrtars) [/ d€q—» (TLHZ“)ZB} Onv=0(p, X; ) -
D
(4.18)
We see that the n,Z" part takes care of the spin.

4.2.1 OPE block of (T,B) in d dimensions in case of scalars at

‘T’ and ‘B’ in scalar channel: Booo

We had shown the scalar OPE block in scalar channel for the (L,R) case in (4.11). Now
we will compute it for the (7,B) case. We start with the general expression of the OPE
block

By g = Ca /D V=g dt dr d0_o <(9AT(T)OAB(B)(§ A,ez=o($)> Oatso()
Now, coordinate transforming to lightcone coordinates (22.5)) (z, z) we get

_ oy / V=4(2) dz dz d90 > (On, (T, T)On, (B. B)Os , _o(r.7)) O t.olz,7)
D

V/ 5 Coo69a =0, T)
= Cd/D —9(2) dz dz dq 2 AptAp—Ag Ar+A—A, AptA—Arg
(B=T)" =2 |-T)" = [(=-B)|" =
1
_ _ Apt+Ap—Ay —  Ap+A-Ap _  Ap+A-Arp
(B-=T)" = |@-T) = [(@-B)| =
=0y COO@/ \/ —g(z) dz dz dQg_o 11 I OA’gm:()(aZ,.f) (4.19)
D
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where

lpg—A

I lw—T|lz—Bllz—T|lz—B]\ > [0z 0z
b \B—T||B—T| “\ow ow
I, — (2= Bllz - Bl _ xArs

x — Tz —T]

—Ap-A

Here a factor of (|B—T||B—T|)~ = = is absorbed in Cj.

(4.20)

Now, using the following relations we will transform it to Poincaré coordinates (w,w)

and then to Rindler coordinates (p, x).

—g(w) 2 cosh¥ cosh ¥
. [0z 9z\!
A
0z 0z\?
Ona=o(w, W, ¢) = <8_57 : 8_57) On,i=o0(2, 2, ¢)

1 4 9z d 1 4 0z
— n — = — —
COShZ% B —T ow cosh? £ T-B ow

we get,

R d—2 07
=4 Coco [ T i () (2
D

QCosh%’cosh% Ow

eXATB) O\ 1o (w, @, B)

Biay = Ca Coo@/ V—g(w) dw dw dQq_p XA Op_o(w, w, §)
D

da—2

Here the factor (%) s equal to 1.

(4.21)
(4.22)
(4.23)
(4.24)

(4.25)

(4.26)

0z -3
. 8w)

(4.27)

The OPE block of (7, B) in d dimensions in case of scalars at ‘7" and ‘B’ in scalar channel

in Rindler coordinates is

Biay = Cq C@o@/ V—gB dp dx dQ_s eXATE) Op_o(p, X, D).
D
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4.2.2 OPE block of (T,B) and (L,R) in 2 dimensions with a stress

tensor as one of the operators in scalar channel: B3

If we specify the case of two dimensions but with operators inserted on top and bottom

points of the causal diamond then the conformal spinning primary is the stress tensor.

Therefore, we can write the OPE block in terms of the stress tensor

Br.'60 = C2 Crog /D V=gt dp dx XPTETE [(Zm 70 — traces )] O e=o(p, X, 0)
=, C’TO@/ v —gf dp dx e T (2t Ars) (62w) On=o(p, X, 9)
D
= C, CTOO/ V—gE dp dy "7 e T A0, 4 o(p, X, 9)
D

=C, CT@(j/ V=gl dp dx € X278 Op —o(p, X, @) -
D

(4.29)
in (4.29) we have used T, similarly if we use T; we get

B%igf) =Cy Crop /D v =g dp dx‘eX(erATB) [(ZF ... ZMe — traces )] Oa—o(p, X, ®)
= Croo / V=gB dp dy "7 CFATE) (e727) Oy oo(p. X, B)
D

= ég CTOO/ vV —gR dp dX 672'0 eXATB OA,Z:O(p7X7 ¢) :
D

(4.30)
Similarly for the (L,R) case we have
B:]Eié’f) = Ch CTOO/D vV —gh dp dy X e PR Oa—o(p, X, 9) (4.31)

Bi];gigf) = (b CTOO/ V—gB dp dx e X e P2ER O 1o(p, X, D) (4.32)
D

We have now computed the expression of the OPE blocks for two dimensional case
with one operator having spin.
We see that the expression of the OPE block in two dimensions in case of higher spins is
trivial as the relevant components are either zz...z or Zz...Z components. Then the trace

part becomes zero as the metric is again ¢, or gs; and finally we will get [z powers of Z,

18



or Z;. The final expression for (T,B) case is then

B]}zgfcgo = Ch CJOO/D vV —g® dp dx e*'PT eXATB Op y_o(p, X, D) (4.33)
Bizgff()oo = C, CJOO/D V—gR dp dy e PET eXATE Op 1 o(p, X, @) (4.34)

And for (L,R) case is

Bﬁzgﬁ%o = Crop /D vV —gB dp dy eX'rr eT PRI Op o o(p, X, ) (4.35)
Bﬁz(Lf()OO = (b CJ(’)O/D V—gB dp dx e Xer e AR O 4 o(p, X, @) (4.36)

4.2.3 OPE block of (T,B) in d dimensions in case of scalar at ‘T

and a stress tensor at ‘B’ in scalar channel: BTO@

Now, we are going to compute the OPE block in higher dimensions but with the bottom
(or can take top) operator to be the stress tensor (2 spin operator) in a scalar CFT
operator channel as for more than 2 dimensions the (L,R) case becomes invalid because
say in 3 dimensions the causal diamond is like two cones stuck together along their bottom
circular plane and we have only two endpoints which are the top and bottom endpoints.

The metric for higher dimensional CF'T is

ds? = dz dz + (z _g Z>2 02, (4.37)
The expression for the OPE block is then
B%ZO(’) = Cy Croo /D \/—_gR dp dy e%r eXAre (/ de_2> Ons—o(p,x,0) (4.38)
and
Bf..00 = Ca Crop /D V—gR dp dy e eixArs ( / de_z) On=o(p, X, ¢).  (4.39)

But in case of more than two dimensions we have the ¢ component along with z and z

which gives us more spin parts such as that of (T;,,00) , (T3,00) and (T,,00). To
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calculate the OPE block of each of these components we need the respective spin parts

which are .
(T22:00) | spin part = Z: 7= — 7 9= z?
(Ts6O0) |spin part = ZpZp — é oo 2° (4.40)
(T3600)|spin part = Z:Zs
(T2 OO0) | spin part = Zz24
where
7P =gz BP0 + oz ZP 27 + gop 2°7° (4.41)

The Z, goes to zero as the bottom point is a pole for the ¢ component, thereby the OPE
blocks for (T55,00) and (T.,O0) becomes zero
Now, the first line of (4.42)) becomes

(T2 00 o s = e (1 (4.42)
2z spin part — (ZBT)2 4 Qd .

and the corresponding OPE block is

e (1 1
Boo = C2 CTOO/D V=g dp dy XCFATs) [ (Z - Zl)] (/ de—Q) On=o(p: X, 9)

(257)?
(4.43)
The second line of (4.40) also simplifies to
1 zr7Z
(L6000 spinpare = = 90 Z°Z
(4.44)

1zt 2 e
N d 2 (Z BT)2
and the corresponding OPE block is

1 R -4 sinh 2 o2
e o e ] ()

2(2 cosh p 4+ cosh x 2pr)?

OA,K:O(pa X ¢) (445)
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4.2.4 OPE blocks with spin as bulk fields integrated over the
RT surface weighted with appropriate momentum in two

dimensions

We have calculated the OPE block of (7,B) subregion with a stress tensor at ‘B’. Now
we will see the corresponding bulk field which will be nothing but a bulk field integrated

over the ‘RT surface’ of the Rindler causal wedge with appropriate momentum.

Now, let’s first take B, oo ([£29) in (T,B) case in two dimensions where we have a
non zero x mode for the bulk field integrated over the RT surface (4.8). We begin with
the OPE block

B:lﬁzzoo =, Cros /D V—g® dp dx o2P oXATs Oniolp, X, d) (4.46)

Defining —lrp = —ik, , Arp = ik, we get,

Bﬁzoo =Cy Cros /D vV —g® dp dx e P e™X O 1—o(p, X, @)

Bizoo = C~(2 OTOO O(km kx) (4‘47)

The constants were absorbed in Cy. Equating ([#.47) and (&.8) we get

+o00 ) 400 )
B:IEZOO:[CWSMMS---]/ dx ’f/ dp e P Spiaier(F = 1,x,0)  (448)

—0o0 —00

upto a factor of some constants. Similarly for BY. ,, we will define —lpp = ik, and

Arp =ik, we get,

400 +o0
BCIE-EOO = [constants...] / dy e X / dp €% ¢pinaier(T=1,%,p) (4.49)

—00 [e.e]

Which is the OPE blocks with spin in scalar channel as bulk fields integrated over the
RT surface with appropriate momentum as k, in two dimensions.

In higher dimensions the OPE blocks are not equal to the bulk field integrated over the
RT surface.
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4.3 Modular Hamiltonian and OPE blocks

In this section we establish the relation between H,,,q and scalar OPE blocks in stress
tensor channel and then see the commutation of H,,,q and Hy,eq, with spinning OPE
blocks in scalar channel.

Where

Hnoa = Hrlr%wd + H

mod
i (L—2)(R - 2) R (L—2)(R-2)
=27 / dzT,.(z +/ dzT55(Z } 4.50
{ [ o200 [ B =20 (4.50
which creates a modular flow in “x’ direction and
Hmod,p = Hriod - Hrewd
R (L—2)(R—-=z) i (L—2)(R-2)
{ [ 2070 [Caere =20 (451

which creates a modular flow in ‘p’ direction.

4.3.1 OPE block of (L,R) in 2 dimension in stress tensor channel

and it’s similarities with modular Hamiltonian: BOOT

Here we are trying to prove that scalar OPE block in stress tensor channel is equal to
modular Hamiltonian. It was already done in [6] but we are doing it in the ‘Shadow
operator formalism’ and for both (L,R) and (7,B) cases. We start with the general
expression of the OPE block

Blir gy = Cs /D =g dtdr <0AR(R)OAL(L)TMZ:2(Q;)>TA,,ZFQ(;C)

e /D V=9() dz dz (O (R, R)On, (L, D)Ts 4, (2, 7)) T py=s(a, 7)

_ CoyniAp :2(1',j)
:C’z/ V—9(z) dz dz < - QOT~ 2w = _
RHAL—A+ey Ap+A—Ap—ty Ap+A—tz—Ap
b (L —=R)[ 2 (R =)~ ((z = L)~
1
— —  ARtAL—Agt+le — O ARFA-Ap—ty — ApL+A—tz—Ap
(L = R 2 [(R—z)[~ (@ - L)7 >
=y COOT/ \/ —g(z) dz dz I I TA’gng(x,i) (4.52)
D
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where

lz—A

I - |R—x||a:—LHR—:EH:f—E]
e L — R||L — R

_ ALR
IR —z||R —Z|\ ?
[2: — —
|x — L||z — L|

Ap+Ap

Here a factor of (|L — R||L — R|)~ 2 ~ is absorbed.

(4.53)

Say in time slice t = 0 the coordinates are as follows:

=L . o _ 2-R

[L(z),L(z) = (R,—R) ; [R(2), R(2)] = (—R,R) and e* = 2L ; ¢¥ = =4

Here the spin parts do not appear as in other OPE blocks because of the stress tensor

being the channel operator and not the OPE operator. Therefore the OPE block becomes

the sum of two components where one component is the 7). part,

_ _ lz—A
[|R—z||z— LI|R—z||z—L|]
B’“~:CC~/\/— ddl —
0O0T.. 2 oot [ 9(2) dz Z{ |L — R||L — R|
R—|[R— 3] %"
— Z — Z
- T.. 4.54
Lz—f:nz—m] (454

and the other component is the T%; part

— — _lz—A
‘ [IR—zllz— L||R - 2|z~ L]
Bhon, = Coor [ V=) de a2 (P27 =

[\R—ZHR—EW%R T.. (4.55)
|z — L||z — L] = '
Therefore the OPE blocks is:
Pl Pbor, = Cs Coor /=303 o o= [ = =g
{|R—z||R—_ZI]A§R{T LT (4.56)
|z — L||z — L] = s '
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Now, if we absorb y/—g(z) = % in constants, put A =0, App =0, [, = 2 and integrate

— . k . k
out the dz in BO(ﬁu part and dz in 300T22 we get

k k |R—z||z — L|
B(’)(’)Tzz + Boofﬁ = (Y Coof{ [/ dz (—L 5 T,.
D | |

e )} (457)

This is similar to the expression of the modular Hamiltonian in (4.50)).

4.3.2 OPE block of (T,B) in 2 dimension in stress tensor channel

and it’s similarities with modular Hamiltonian : B(’)OT

We start with the general expression of the OPE block in (7,B) case

Bliy g = Cs /D =g dtdr <(’)AT(T)(’)AB(B)TAVZI:2($)>TAygzzg(:z:)

e /D V=9(2) dz dz (Or, (T, T)Or, (B, B)Ts 4, _y(2)) T (. 7)

_ C i Ay :2(2,2)

= 02/ V—9(z) dz dz < - QOT— 20w = _

AR —A+ily Ap+A—Ap—{g Ap+A—tz—Ap

P ((T"— B)| 2 (T = 2)] 2 (z = B)| 2
1
_ — Ap+AR—Atly L Ap+A-Ap—ty _  Ap+A—tly—Ap
(B =T 2 (T = 2)| 2 [(z - B) 2
=Y COOT/ \/ —g(z) dz dz I I TA[QC:Q(Z,E) (4.58)
D

where

_ _ I—A
<|T—z||z—B||T—Z||z—B|>2
11:

T — B||B—T|
7 - (4.59)
T — 2||T — z|\ ?
Lh=—F7—— )
z — B||z — B|

A+

Here a factor of (|7 — B||T — B|)~ z " is absorbed.

Say in time slice ¢ = 0 the coordinates are as follows:

[T(2),T(z) = (—R,R) : [B(2), B(2)] = (R, —R) and ¢ = =L . ¢® = Z=

B—z T-z°

(o]

|

Here also as in the (L,R) case the spin parts do not appear. Therefore the OPE block
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becomes the sum of two components where one component is the T, part,

lz—A

L [T —2||z— B|IT — ||z — B|] *
Boor., =C2 COOT/D VvV —g(z) dz dz l T BT B

Arp

|T—zHT—Z\ 2
— T, 4.60
{v—fMZ—B| (4.60)

and the other component is the T%; part

— _ _lg—A
Koo |IT = =llz = BIIT - Z[|z = B[] *
Booi.. = Co COOT/D V—9(z) dz dz { T—B|T—B|

Arp
2

T — zHT —Z|
— Tss. 4.61
Lz—mu—Br (4.6

Therefore the OPE blocks is:

— _ _le—A

|[|T —z||z— B||T — z||z — B|| ?
Bt 4Bk —(C,C ~/\/—zdzdz[’ ==
00T, OO0T:z 2 Yoor D g( ) |T—BHT—B‘

{|T—z||T—2|

2
D, T22 Tzz . 4.62
e TGRS (46

Now, if we absorb /—g(z) = % in constants, put A =0, Apg =0, I, = 2 and integrate

k -~
OOng

Bbos +Bbos =0y ooof{ { / dz ( ) 1)
D | |

L () = ) (4.63

which is the modular Hamiltonian up to a constant factor.

— . k .
out the dz in BOOTZZ part and dz in B we get
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4.3.3 Commutation of modular Hamiltonian with spinning OPE

blocks in 2 dimensional CFT

In this sub-section we see the commutation relations between H,,,q and different OPE

blocks. We begin with commutator of H,,,q and a boundary primary field [8]

[H{2 02, 9)] = O((= = T)(B - 2); BinT) [W(B+T —22) + (2= T)(B — 2)0.]0(=, 2)
(4.64)

B 0(2,2)] = —6((T - 2)(2 — B)) (TQi”B) (W(T + B — 22) + (T — 2)(z — B)3:] Oz, 2).
(4.65)

Then by using (4.64) we start with the commutation of H,,,; and spinning OPE blocks

in scalar channel in two dimensions for (T,B) case

[H ok BE 0] =

- - (Z—T)B—Z) h—1 (T—Z)(Z—B) h—1

o [P (B2
(B-2E-B\" =T Vo o
<(Z—T)(T—2) ((B—z)(B—T)) [Hnow O(2,2)]

— (B2iiT)éTO@LdZdZ(W>h1 (W)hl

_ Arp+ip
2

((B—z)(Z—B)>
(z=T)T -72)
h+1— TB+lB (B - Z)h_3+%(f _ Z)E_l_ATBQ‘HB

- (B )h+2 TOO/ dZ dZ (T _ B)}_Lfl
h—

e =) 2 — ez zZ = -z Z,Z
X((B 2)(B - T)> [M(B+T = 22) + (2 = T)(B = 2)2:]O(z, 2)

x (= BYF TR (B 4 T — 22) + (2 — T)(B — 2)0.] O(, 2)
T V- L ) i
)h+2 Croé zaz (T — B)—1
. Arp +1
x (2 — Byf—1+ TR [h(B ST —22) 4+ (T.D.) = h(B+T —22) — (2 — %JFB)(B — )]
x O(z,2)
— i Crop [ dzdzE Ty TR (B — ) R (L g T
- (B _ T)h+1 [0]0) D (T _ B)FL—I
- Arp +1
(- B)“HATB%ZB(%” ~2)0(z, 2)
Arp +1
= 2 (%J“B ~2) BI%, (4.66)
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Similarly by using (4.65) we get

Arp+l1B ) p(TB)

L T B )
[H( ) Bé“zzo)o] = 2mi ( T..00

mod’

and for Brg;f,))@

L T,B . Arp+lp T,B
[Hr(no)de(ngo)o] = 2mi ( 9 -2) B’EFZZO)O
R T,B . Arp+lp, (1.B
[Hq(no)de(ggo)o] = 2mi (42 ) B(TZZO)O
Therefore
[Hmods B(TZ;?))O] = 2mi Arp Bg;g)o
[(Hmod, Bé«z;g)o] =27 Arp Béﬂ:;_g)o
and

[(Hmod,p, BT..00] = —2mi lpr BT, 00

[Hmod,pyB EEOO] = 27TZ lBT B 2500

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

(4.73)

The commutation of H,,,q and spinning OPE blocks in scalar channel in two dimensions for

(L,R) case

[H(R) BB | = 2ri BB 2+ ArLr — lLR)

mod’ ~T,,00 T,.00 9
L L.R (LR ALR— LR
[H’r(no)d’ B(Tzzo)o] = —2mi B(Tzzo)o(i)

2

and for Bg;lgo

(H B BER 1 or; gER) (M)

mod’ ~Ts:00 T..00 5
L L,R . L.R ALR - lLR
Therefore
(Hmod; B (TZI(%O)O} =2mi IR B(Tf;g)o
[Himoa, B(TZI(%D)O} = —2mi LR B(Té;g)o

27

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)



and

[Hmod,pa Bé‘f;?))o] =27 ALR Béﬂig)o (4.80)
[Himod,p: B’EF];}(?O] =2mi AL B(TI;;%)O (4.81)

We see that in two dimensions the spinning OPE block is a eigenmode of H,,,q . In higher
dimensions the OPE blocks do not commute with the H,,,q which also explains why the OPE
blocks in higher dimensions were not equal to the bulk fields integrated over the RT surface as

the Hnoq and ¢pyx commute with each other [9].
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CONCLUSION

In this thesis, we have discussed a particular boundary operator OPE block and its usage in
constructing the bulk. In we interpret the extrapolate dictionary as the bulk field equal
to the modular flow of the boundary operator in the y direction and is equal to different
boundary operators as different modes of the integrated bulk field where the zero mode is on
the RT surface. Then in we show that the scalar OPE block in the scalar channel is
equal to the bulk field integrated over the RT surface as the zero x mode. We compute OPE
blocks in higher dimensions with a stress tensor as one of the operators in section [£.2.3 where
we show different components of the OPE block. Though the OPE blocks in higher dimensions
are not modes of the bulk field integrated over the RT surface, they will definitely be some bulk
fields in the Rindler wedge from the extrapolate dictionary. This might be a future prospect
of this project to find the corresponding bulk fields of higher dimensional OPE blocks. Then
in [4.2.4 we find that in two dimensions the OPE block with spin is the bulk field integrated
over the RT surface but with an appropriate momentum as k,. This might be the bulk field
spread out over the light sheet covering the entire Rindler wedge in the bulk, which gives us
a different perspective of the bulk reconstruction. Then finally from to we see
that OPE blocks with spin are eigenmodes of modular Hamiltonian in two dimensions, which
was indicative when OPE blocks were equal to the bulk field integrated over the RT surface or
vice-versa as the bulk fields commute with modular Hamiltonian [9]. These results show that
OPE blocks are a suitable candidate for CFT inputs in bulk reconstruction and thereby helps

us in developing and better understanding the extrapolate dictionary.
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