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ABSTRACT

In the AdS/CFT correspondence, we try to answer questions about bulk
physics by reconstructing bulk fields in terms of boundary CF'T operators.
We develop the representation of spin one bulk gauge fields in anti de-Sitter
space in Rindler lightcone coordinates, as non-local observables in the dual
CFT. After studying the bulk reconstruction of scalar fields in Rindler co-
ordinates, we employ a similar method to obtain the bulk reconstruction
of spin one gauge fields in Rindler coordinates. Finally, we use these re-
sults to obtain the representation of bulk Wilson lines extending from one
boundary of the Rindler patch to the other in terms of the CF'T spin one
currents on both the boundaries. We also find the bulk reconstruction
for scalar fields in Rindler coordinates whose boundary counterpart (scalar

conformal primary) has conformal dimension A = d — 1.
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Introduction

Our understanding of one of the four fundamental forces of nature
gravity is based on Albert Einstein’s general theory of relativity, which
is a classical theory. However, although general relativity has been the
most successful in describing gravity, this description is incomplete. For
instance, the space-time curvature at the center of a black hole diverges,
which indicates the breakdown of the general theory of relativity and the
need for a theory that goes beyond general relativity into the quantum
realm, a quantum theory of gravity. A theory of quantum gravity seeks
to describe gravity according to the principles of quantum mechanics. By
far, most promising candidate for a theory of quantum gravity is “String

Theory”.

One of the most remarkable developments in the field of quantum
gravity in the past few decades is the relation between gravity theories
in asymptotically Anti de-Sitter space-times and conformal field theories
living in the boundary of the AdS space-time. This is the AdS/CFT cor-
respondence which was conjectured by Juan Maldacena in his paper [1] in
1997. He proposed that large N limits of certain conformal field theories in
d dimensions can be described in terms of super-gravity (and string theory)
on the product of d+1-dimensional AdS space-time with a compact mani-
fold. One of the most prominent examples of the AdS/CFT correspondence
is the AdS;/CFT, correspondence (which was studied in [1]) which relates
N = 4 Super Yang-Mills theory in 3+1 dimensions and IIB superstring
theory in AdSsxS°. Within this duality, the string theory is defined on the



product of AdS5xS® involving five-dimensional Anti-de Sitter space and a
five-dimensional sphere. The type IIB superstring theory is the AdS side of
the AdS/CFT correspondence while N' = 4 Super Yang-Mills theory, which
is a conformally invariant theory, is the CF'T side of this correspondence.

A review of Maldacena’s original work can be found in [2].

The AdS/CFT correspondence helps us to answer questions about
bulk physics in AdS space-time by studying the boundary conformal field
theory. In principle all bulk observables are encoded in correlation func-
tions of local operators in the CFT. In practice, however, many of the
quantum gravity questions we would like to address are not simply related
to local boundary correlators. Thus, in [3], the authors Hamilton, Kabat,
Lifschytz and Lowe developed a set of tools for recovering bulk physics from
the boundary CFT. This formalism is known as the HKLL prescription of
bulk reconstruction from boundary CFT named after the authors. The
results obtained in this paper by the authors were generalized for higher
dimensions in Poincaré, global and Rindler coordinates in [4] and in [5] the
authors obtained the smearing function with compact support by working
in complexified spatial boundary coordinates. In [5], it was also shown that
scalar smearing functions in Rindler coordinates can only be constructed by
analytically continuing the boundary coordinates to complex values, since
the naive expression derived from mode sums (given in [4]) was divergent.
Some interesting reviews on the HKLL prescription of bulk reconstruction

are [6], [7] and [8].

The main purpose of this thesis is to find expressions for smearing
functions for gauge fields and Wilson lines in Rindler AdS; and AdSg,.
A general outline of this thesis is a follows. In chapter 2, we introduce
some basic concepts like AdS space-time, different coordinate systems of
AdS space used in this thesis and review the AdS/CFT duality. Chapter
3 is dedicated as review of scalar field bulk reconstruction in Poincaré co-
ordinates as done in [3], [4]. We then study how scalar conformal primary
operators transform under conformal transformations and use this relation

and the transformation relations between Poincaré coordinates (¢, x, z)
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and Rindler coordinates (£, r, ¢) to obtain a relation for scalar smearing
function in Rindler coordinates. Similar result was obtained by the authors
in [5] but while working in (£, 7, ¢) Rindler coordinates. In [5], however, the
bulk reconstruction for scalar fields with boundary counterpart having con-
formal dimension A = d — 1 was not done, so in section 3.2.1 we obtain
this trivial yet new result. Chapter 4 starts with the review of gauge field
reconstruction in Poincaré coordinates as done in [9]. However, we find
that it is easier find the relation between Poincaré boundary current and
Rindler boundary current in lightcone coordinates, so we work in lightcone
coordinates from this point onwards and in section 4.2 we write expres-
sions bulk reconstruction of gauge fields in Poincaré lightcone coordinates.
Then, in section 4.3 we use the transformation relation between Poincaré
boundary current and Rindler boundary current in lightcone coordinates
and relations between Poincaré lightcone coordinates and Rindler light-
cone coordinates defined in (4.13) to obtain expressions for gauge fields
Altindler T section 4.4, we use the expressions for the representation of
all the components of bulk gauge fields at all wedges in Rindler lightcone
coordinates in terms of boundary spin one primary operators, to find the
expression for a Wilson line which connects the left boundary of the Rindler
patch with the right boundary. In appendix A, we show the relations be-
tween Poincaré coordinates and Rindler coordinates. Appendix B presents
an alternate derivation of bulk reconstruction for scalar fields in Rindler
coordinates as done in [5]. Finally, in appendix C, we derive expressions
for bulk reconstruction for gauge fields in Rindler coordinates but not in

lightcone coordinates (w*, w™, r), but in Rindler coordinates (£, r, gg)



Basic concepts

2.1 AdS (Anti de-Sitter) space-time

AdS space-time is a maximally symmetric solution of Einstein’s equa-
tions of general relativity with a negative cosmological constant. AdS
space-time has a constant negative curvature, which means it is a hyper-
bolic space and has many of the same properties of two dimensionless hy-

perbolic plane.
(d + 1)-dimensional AdS space-time is represented by hyperboloid
d
Xo+ X5, - > X) = R (2.1)
i—1

(with R being the AdS radius) embedded in a (d+ 2)-dimensional flat space
(R%%) with the metric

d
ds® = —dX§ —dX3,, + > dX? (2.2)

i=1

An AdS invariant distance function is provided by

1
o(z|x') = ﬁXuXm (2.3)



Figure 2.1: Image of (1 + 1)-dimensional anti-de Sitter space embedded in
flat (1 + 2)-dimensional space (Source [10]).

2.1.1 Coordinate systems

Since, all calculations throughout this thesis would be carried out
either in Poincaré or Rindler coordinates or both, so, the following subsec-
tions are dedicated as an introduction to Poincaré and Rindler coordinates

of AdS space-time.

Poincaré coordinates

The Poincaré coordinates (z,t, ) with z > 0, ¥ € R¥"! are parame-

terized by:
1 2 2 =2 2
X0=§[z + R+ 7 — 17 (2.4a)
x, = B (2.4b)
z
]- —
Xo = 5 [2* — R = & — 7] (2.4¢)
Rt
Xd+1 = 7 (24d)

where, 1 = 1,2,.....d — 1.
Using these coordinate relations between the embedding coordinates and

the Poincaré coordinates, we get the (d + 1)-dimensional AdS metric in
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Poincaré coordinates as the following:

2

ds® = % (—dt® + dz® + dz2*) (2.5)

which can also be written as

2
ds* = % (Nuwdadz” + d2?) (2.6)

where, 7, is the Minkowski metric and p,v = 0,1,.....,d — 1. For d = 2,
the AdSs metric in Poincaré coordinates is
, R 2 2 2
ds* = = (—dt* + dz* + dz*) (2.7)
Using (2.3), we can calculate the AdS invariant distance in Poincaré co-
ordinates. The AdS invariant distance between (z,Z,t) and (Z/,2Z’,t') in
Poincaré coordinates is

24— - (t—t)?

o(z, @t 2 1) = 5o

(2.8)
The invariant distance diverges as z’ — 0. So, we can define a regulated

bulk-boundary distance as

2+t —d P (t—t)?
2z

(02") 0 =

(2.9)



Rindler coordinates

Rindler coordinates of AdSs (t,r, ¢) are parameterized as the follow-

ing:
Rr rig
X9 = — cosh — 2.10
0= cosh — (2.10a)
[ r? et
X1 =R E —1 Slnhﬁ (210b)
Rr  r
Xy = Zsmh% (2.10¢)

| r? rit
Xg =R E -1 COShﬁ (210(1)

Figure 2.2: A slice of constant ¢ in AdSs, drawn as an AdS, Penrose
diagram. The four Rindler wedges are separated by horizons at r = r,.
Here, 1 is the future Rindler wedge, 2 is the Right Rindler wedge, 3 is the
past Rindler wedge and 4 is the left Rindler wedge.

So, the induced metric is

2

2
A Y 2 232
dt” + dr® + red¢ (2.11)
R? r? —r?

2

ds? = —



Here, —0 < t,¢p < w and r, < r < . r = r, is the position of the

Rindler horizon. Re-scaling the coordinates as

R? R
we get the AdS; metric as the following:
R2 7”2 R
ds® = o i (r* — r?)dt* + ﬁdr2 + r?dg? (2.12)
+ +

However, we find that for most of our cases it is easier to work with (, 7, gz~5)1

coordinates where = Rf and ¢ = RgE, which gives our AdS; metric to be:
1 R?*r? -

ds* = —{ — (r* —r?)dt* + B r2d¢2} (2.13)

2 2 _ 42
T e —ri

(2.13) is the AdS3 metric in Rindler coordinates, the AdS,;; metric is thus:

2,.2
Rors

2 _ 2
e —r{

1
ds® = —2{ — (r* —r?)dt* +

L=

dr® + erQ?l_l} (2.14)

Using (2.3) the AdS invariant distance between two points in the right
Rindler wedge for the metric (2.13) is found out to be

~ ~ 1 1 ~ ~
rr! o ¢ r? z (' 2 t ot
while for a point (¢, 7, gg) inside the future Rindler wedge 1 in figure 2.2 and
a point (#,r,¢) in the right Rindler wedge 2, the AdS invariant distance
is

rp’ Qg d;/ r2
OIR = Ecosh(}—z - E) - (1 - —2>

T

NI

2 % g 7
(T—Z - 1) sinh(}% - %) (2.16)

T

similarly, for a point (Z, 7, qg) inside the future Rindler wedge 1 in figure 2.2
and a point (7, r, @) in the left Rindler wedge 4, the AdS invariant distance

1This is because the coordinates (%, d;) are dimensionless, whereas the new coordinates
(t, ¢) are of one length dimension.
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rr’ (5 (Z;/ r? 2 r'? 2 . t
orr, = ECOSh(E—E)—F <1—E) <E—1 Slnh(ﬁ—ﬁ) (217)

The AdS invariant distance for the metric (2.12) is the following:

, R ~ 2 % 12 % R N
o= % cosh (¢ — ¢') — <7“_2 — 1) (7"_2 — 1) cosh (t = t') (2.18)

s

2.2 Conformal field theory

Most quantum field theories have Poincaré symmetry, i.e they are
invariant Lorentz transformations (z# — z* = A#z") and translations

(xF — 2t = x# 4+ a*). Any QFT which in addition to Poincaré symmetry

is also invariant under dilations ( z# — 2* = Az*) and under special con-
. Mgt 2 .
formal transformation <x“ — = %) is known as a conformal
+2a,z¥ +ax

field theory. We know under the transformation of x — 2z, the metric

g () transforms as

_ ox® oxP
o Oxm Oxv

gur () = g, (2) 9o () (2.19)

For conformal transformations, the metric remains invariant up to a scale
change,

G () = G (&) = Qgap(2) (2.20)
We employ the jacobian,

6_:70’
ox

1
- (2.21)

det(g/,,)

to describe conformal transformations.

2.3 AdS/CFT duality

In 1997, Juan Maldacena in his paper [1] proposed that large N limits

of certain conformal field theories in d dimensions can be described in terms



of super-gravity (and string theory) on the product of d+1-dimensional AdS
space with a compact manifold. In other words any theory of quantum
gravity in the bulk (M or AdS space) can be corresponded to a quantum
field theory with conformal symmetry in the boundary (0M) having one
less number of dimensions. This is the well known “AdS/CFT correspon-
dence”. AdS/CFT duality is also known as holographic duality. The basic
idea of this duality is that a gravity theory in AdS space is equivalent to
a quantum field theory with conformal symmetry on the boundary of that

space. There are several advantages to embracing the AdS/CFEFT approach.

2.3.1 AdS/CFT dictionary

The map between observables on both sides of the AdS/CFT duality
is known as AdS/CFT dictionary. The most basic way to view this du-
ality is an isomorphism between the Hilbert spaces: ¢ : Haqs — Horr.
Another way to view the AdS/CFT duality is the extrapolate dictionary
[11], [12]. According to the extrapolate dictionary, for scalar field in d+1

dimensions in pure AdS we have:

lim TnA <¢(7"1, tl) Ql)(b(rg, tQ, Qg) ....... ¢(7”n, tn; Qn)> = <0 ‘ O(tl, Ql)

7—00

Ot Qo) O, ) [0) (2.22)

Here, O is the scalar primary with conformal dimensions A which is

dual to the bulk scalar field ¢ with mass m, with A = g + %\/ d? + 4m?2.

10



Bulk reconstruction of scalar fields

Any local bulk field can be expressed in terms of non-local operators
in the boundary. Bulk scalar field ¢(t, 7, z) in Poincaré coordinates is
related to the boundary scalar field ¢q(t, Z) as:

bolt, T) — lim — (¢, 7, ) (3.1)

z—0 ZA

Here, z is the radial coordinate that vanishes in the boundary.

AdS/CFT correspondence imply that the boundary behaviour of the field
corresponds to an operator of conformal dimensions A in the CFT (¢q(x)
< O(x)). This implies a correspondence between local fields in the bulk
and non-local operators in the boundary CFT with conformal dimensions

A, which is given as follows:
o(t, T, 2) = J dt'dTVEK (7 |t 2) O T) (3.2)

This is the HKLL prescription of bulk reconstruction given in literature [3],

14].

3.1 Scalar field reconstruction in Poincaré

coordinates

A scalar field of mass m satisfies the Klein-Gordon equation, which is

(C0— m?)¢ = 0. In Poincaré coordinates, the box/d’Alembertian operator

11



1s:
2

2
2 2
= ﬁn‘“’é’“&y + 02— (d—1)

z
¢ =, (3.3)

R2”
This gives the scalar field equation in an AdS;,; background in Poincaré

coordinates as:

22 n2 ’Z2 2 z 2 =
ol 0u0y + ﬁﬁz —(d— 1)§8Z —m* | o(t, 7, z) = (3.4)

Doing Fourier transform on ¢(¢, %, z), we can write
o(t, 7, z) = de dd_llgaw,g it ikE i(2) (3.5)
Using (3.4) in (3.5) we obtain,

() + (L= d)=f/(2) + (@ = [F2)22 = m?| £(2) = 0 (3.6)

2F"(2) + (1 — 2;) z2f'(z) + {(w2 — |k?)2? - (m2 + d;) + d;}f(z) =0

(3.7)
We know the conformal dimension A of the CFT operator is related to
dimension d and mass m of the bulk scalar field ¢(¢,Z,z) as A = £ +

VLM Thus we can write % +m? = (A — £)2. The equation (3.7) then

becomes,
2 it d / 2 112\ 52 d ’ d?
22f"(z) + 1—25 2f'(2) + < (W — |k|7)2" — A—§ + f(z)=0
(3.8)
A Bessel’s differential equation of the form:
2w (2) + (1 = 28)z2w'(2) + [@* 2% — v°r® + s*Jw(z) = 0 (3.9)

has the solution w(z) = C12°J,(az") + C92°Y, (az"). Comparing equations
(3.8) and (3.9), we get r = 1,5 = 4 a? = (W - K2), v = (A — 4.

This gives the solution of the radial part of the scalar field equation (] —

12



m?) ¢(t, %, z) = 0 in (d+1)-dimensional AdS in Poincaré coordinates to be:

f(z) = Ch22J, (\/w2 — |E|22) + Ch22Y, (\/uﬂ - |E|22) (3.10)

Withl/ZA—g.

For v > 1, only Bessel’s function of the first kind J,(x) is normalizable
i.e. any arbitrary well behaved function f(x) can be expanded in a Bessel

series. Therefore,

o(t, T, 2) = f dw dd_llgaw,; et ¢ihT L5 T, (\/wQ - ]IZ|22> (3.11)
|w[> ||

Using the expression of the bulk field obtained in (3.11) in the bulk-

boundary correspondence (3.1), we get:

]_ — —
¢o(t, ) = lim —AJ dwdka, ;e ™ M2t g, (\/w2 — |l{:|2z)
#2022 Jjwl> )
(3.12)

We use a few identities of Bessel’s functions and hyper-geometric functions:

J,(x) = %oﬂ (;V — 1;—322) (3.13)

where, 0F1(;a;2) = Y, ai—kk, is the hyper-geometric function of the

first kind.

1 - v
111% oF1 (;V - 1; —A—l(wQ — |k]*)z = 1) (3.14)

Using (3.13) and (3.14) in (3.12), we obtain:

1

bo(t, ) = —J dwd®ka_ze~ e Z’“C( — k%)% (3.15)
QVF(V + 1) |w|>\k\ wk
Performing inverse Fourier transform on (3.15) gives the mode coefficients

to be,

€
Eo

(V+1) d 1= zwt —ikd —
a ;= —,j Te oo(t, T) (3.16)
(w? — []? >J i

13



Using (3.16) in (3.11), we obtain the representation of bulk scalar field
¢(t, 7, z) in terms of boundary field ¢o(¢, %) as

o(t, T, 2) = f dtd* 2K (V7 |t, &, 2) o (', ) (3.17)

where

2T'Nv + 1 - N T
K, 2Z|t,7,2) = —(éy)d ) J dw 9=V em =) R (@=T) 5
@ || > k|

is the scalar smearing function in Poincaré coordinates. Following cal-
culations along the lines of [3], [4], one obtains a smearing function with
support on the entire boundary of the Poincaré patch, however by complex-
ifying the boundary spatial coordinates one can obtain a smearing function
with compact support. By representing bulk operators as operators on the
boundary with compact support in fact with support that is as small as
possible — we can have bulk operators whose dual boundary operators are
spacelike separated. Such bulk operators will manifestly commute with
each other just by locality of the boundary theory. In the following sub-
section, we discuss how to find scalar smearing function by complexifying

the boundary spatial coordinates as done in [5].

3.1.1 Scalar smearing function

The bulk scalar field ¢(t, %, z) can also be written as

o («/uﬂ - |l§]2z)
o(t, @, z) = 2”F(y—|—1)f dwd® e etk 13

]| (w2 _ ,;‘5‘2) ?

do(w, k)

(3.18)

We use two identities of Bessel’s polynomials:

27 -
(27T)%J0 (Tm> _ f deefih?]wsinOfk.rcos@

0

14



J d ! g
2770w = S+ () = f rdd (1 — r?) =2 gy (br)
0

Using these two identities we get,

o (o) |
P v = dt/dd—ly—‘/
(O)2 - |]{:|2)5 (22>V7T%F(V — %l + 1) J;’2+|37|’2<z2
(2=t 4 g2yt e T (3.10)

Since v = A — £, therefore I'(v + 1) = I'(A —
(A —-d+1).
Using (3.19) in (3.18), we obtain the following expression for bulk field

(IS

+1)and (v —£+1) =

) A—d
¢(t a—:» Z) _ F<A_%l+1 J dt/dd—ly—i(z2_t/2+ |y|/2)
o W%F(A —d+ 1) Jirqgr<s z

Go(t +1. 7+ i) (3.20)

The Poincaré AdS invariant distance (2.8) with boundary coordinates @’ =
T+ and t' =t +t' and 2/ = 0 becomes lim,/_, <20(z, T, b2, 7, t’)z/> =

2412 4|72
2T Thus,

NA-4+1 Ad
o(t, T, 2) = 2 f dt'd*'¢ lim (202 ¢o(t+t', T+1y
W) = ot tim (20)> % )
(3.21)
However, for the case of conformal dimension A =d—1, '(A —d+ 1) is

undefined. Using an integral representation for Bessel function,

B .
J,(a) = 2) J dne "
= A D Vel
we obtain:
Jy (y/cﬂ — |l§|2z) A\
— _ y (5) J dtdd_lge_iWZt_ZE'g (322)
(w? — [K[?)2 T (4) Vol(S%1) iz 21
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Thus, the bulk reconstruction for a scalar field when A =d — 1 is

1

gb(t, f, Z) = W

f QA G ot + 5+ i) (3.23)
24|72 =22

The integral is over a sphere of radius z on the complexified boundary,
with the center of the sphere located at (¢,Z). This can be written in the

covariant form using the regulated bulk-boundary distance (2.9) as

1

o(t, @, z) = Vol(571)

j o T T ) (320
24|12 =2

Thus for general A # d—1, the reconstructed bulk field in terms of bound-

ary field is given by (3.20) with scalar smearing function

K{t+1t,Z2+iyt,7,2) =

NA-24+1 22y g2\ A
mz[(A—d+1) z
While for A = d—1, the reconstructed bulk field in terms of boundary field

is given by (3.24) with scalar smearing function

1

3.2 Scalar field reconstruction in Rindler co-

ordinates

Under global conformal transformations, scalar quasi-primary oper-

ators of conformal dimensions A; transform as the following:

/ oz’ Aol / —Aj/2 /
¢5(x) = ¢j(x) = || ¢i(a’) = Q77 ¢;(2) (3.27)

Using the value of conformal factor 2 from (A.14) in going from Poincaré

boundary coordinates (t,x) to Rindler boundary coordinates (¢, ¢), the

boundary scalar operator transforms as

o R\2 .. o
¢50@ncare(t’x) = lim <T+ ) (I)%zndler(t7¢) (328)

r—0 rz
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We know the transformation between bulk scalar fields ¢pFo"car¢(z) and ¢ftindler ()
and boundary behaviour of bulk scalar field in Poincaré coordinates to be

the following:

1
= lim — t,z, )

028 | (3.29)
¢P02ncare (13) _ ¢Rzndler (I/)

Poincaré (t, l’)

: ¢P0incaré(

Using the relations in (3.29) and the relation between boundary scalar oper-
ators ¢} °mearé and ¢fndler given in (3.28), we have the boundary behaviour

of bulk scalar field in Rindler coordinates to be the following:

A
¢Rindler (7’57 r, QZB) = lim (%) é%indler (7’57 Qg) (330)

r—00 T

From here onwards, we will be working in AdS;/CFTy. Setting d = 2 in
(3.21), we obtain the bulk reconstruction of scalar fields in AdS; in Poincaré

coordinates

A—1)2872 -
o(t,z,2) = (—>J dt'dy’ lim (02')>?
™ 12 4y/2 <22 @0 (3.31)

OPainca’/‘é (t + t/, x+ Zy,)

From (A.13) we have the boundary change of coordinates to be:

2
dtdz = lim (%) di dé (3.32)

r—00 7“+

Using the relations (3.28) and (3.32) (and using primed coordinates for
boundary) in (3.31), we obtain

o(t,7,9) = WJ lim ( e ) dt'dd’ lim (02')2 2
>0 R

s r’—o0 \ T4 z'—0

oo (3.33)

A—-2

Y\ L -~ -
lim (r R> gzndleT(t'i‘t/,QS-i-iqb/)
+
R

T - \ 7’

_ A— N
= ¢(i,r,$) = (a-12>= J di'dd lim | =
o>0

(IJ%indler(f_i_ t,, + ZQB,>

17



where as 1’ — o the AdS-invariant distance (2.15) becomes

T R rr’ & r 2 i
0(t,r,¢\t+t’7r,¢+z¢’)zg COSE—( 2 COShE (3.34)

and the integration is over space-like separated points on the boundary and
o > 0. A similar result but while working in Rindler coordinates (f,r, ¢Z)
was also obtained in [5] and we show this derivation in appendix B. These
results can also be obtained in a similar way as in [4] alternatively starting
from Rindler mode sum and defining it via an analytic continuation, or

alternatively from a de Sitter Green’s function.

Scalar fields in the future Rindler wedge

But if we consider a scalar field at a point inside the Rindler horizon
i.e. in the wedge 1 of figure 2.2, the smearing function extends outside the

Rindler wedge, and covers points on the boundary which are to the future of

-

the right Rindler patch!, so [5] uses an antipodal map, A : t — t+im,

¢ + im under which the AdS invariant distance transform as o;p(z|Az’) =
—orr(z|2') and the boundary fields transform as ¢f(Ax) = (=1)2¢%(z) to

find the bulk reconstruction of a scalar field inside the Rindler horizon,

T r’—o0

A A — 1)248-2 - A-2 o
o(f,r¢) —L2Z VX l J aidd tim (Z)T o T 1,6+ id))
O’[R>0 r

~ _ A—2 ) . -
+J df’d(b’ lim < :/IL) (_1)A é?mdle'r,L(t_’_t/,gb_i_iqﬁ/)]
o, <0

r’'—o0

(3.35)

Here as r — o0, the AdS invariant distance (2.16) and (2.17) both become,

R I e ' | o |2 ' 7\ |
orr(t,r, ot +t,7r, ¢ +1id) = =) oS <§> + T—; — 1sinh (}—%)

T T B AN S AN
oiL(t,r, ot +t,r ¢ +i¢) = E cOs <§> A\ 1sinh =

(3.36)

ITo visualize this we can choose a bulk point in the future Rindler wedge of figure
(2.2) and follow the light rays to the right Rindler boundary.

18



3.2.1 Rindler smearing function when A = d—1=1

Scalar field reconstruction in Poincaré coordinates when boundary
scalar primary has conformal dimensions A = d — 1 is given by (3.25),

putting d = 2 i.e. A =1 there we obtain:

1

oty z,x) = —f dt'dy’ §(cz")po(t, x) (3.37)
2 Lyr2—52

2m
Putting A =1 in (3.28) we have,

r R
rz

(I)Doincare(t’ .T) = lim (

7—00

) afirei. o (3.38)

Using the relations (3.32) and (3.38) in (3.37) (and using primed for bound-

ary coordinates) we have the following:

g 7 1 TIZ/ ? T+R N\ L Rindler (7, 71 1, 1/
o(t,r,¢) = %J dt'd¢’' lim ( R) ( )5(02’ )lon (t+t', p+id)

=00 \ T4 r' !
= o, d) = — f afdd tim (D) 6 (DT grner (i 7 Gy i)
T o r—o \ 7. R r 0
Using a property of d-function which is §(azx) = \lelé () in the above ex-

pression, we get
o(t,r,d) = —J dt'd¢/ 5( rat )d)gﬁ"dl”(ﬂi”,&ﬂé’) (3.39)

here, the region of integration S is cos % =,/1— % cosh %.
For a bulk scalar field at the point inside the Rindler horizon, we use the

same antipodal mapping used in the above section to obtain the result

(3.35) and obtain,

o(t,r,¢) = o lf dt'dd 5 (ﬂ013> gindlerB(f L 1 6 +id) —

M (3.40)
f di'dd’ 6 (“—m) oM b+ i)
Sa
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here, the regions of integration S; and S, are respectively

QNS/ 7“2 ' E/
Sl:cos(§>=—ﬂr—;—1smh I
' Q;/ r2 ' E/
Sy 1 cos (E) = “7“_; — 1sinh <§)
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Bulk reconstruction of gauge fields

4.1 Gauge field reconstruction in Poincaré

coordinates

In [9], the authors reconstructed the bulk Maxwell field Ay (z, z) in

terms of boundary current j,(z), via a kernel of the form
Awl,2) = | da' Ky (a2l (4.1)

Thus, bulk gauge field can be represented in terms of a non-local operator

in the dual CFT.

4.1.1 Gauge smearing function in Poincaré coordi-

nates

The source free Maxwell equation in the bulk is
VMY =0 (4.2)

In the holographic gauge we set A, = 0 and use a residual gauge transfor-
mation to set d,A* = 0.

The remaining Maxwell equations then simplify to

0u(n*0,) A, + 2773 (Z dl_gaZAy> =0 (4.3)
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Defining ¢, (z, z) = zA,(z, z), one finds that
22(0,m"°0,) by + 22020, — (d — 1)20,¢, + (d — 1)¢, =0 (4.4)

Equation (4.4) is just the scalar field equation ((]1—m?)¢ = 0 with the AdS
radius R = 1 in the box operator (3.3) and mass term m? = 1 — d. Using
A =g 4 YEHM we obtain, A = d— 1. Thus, bulk field ¢,(z, 2) is related

to boundary current j,(x) (according to (3.1)) as

¢lljoincaré($’z) ~ Zd—ljl];oincaré(x) as 2z — 0
Since the field ¢, (x, 2) satisfies the scalar field equation and A = d — 1,
we obtain the reconstruction of bulk field in terms of boundary current
by (3.23) and thus Afomca’"é(t,f, z) can be written in terms of boundary

current jrOmee(t + ', T + iff') as

APozncare t. 7 _ dt/dd_l — - Poincaré ¢ t/ - . —y
zA, (t,Z,2) VoIS T J;’2+|7j|’2—z2 Y, (t+t',2+1y)
(4.5)
In the covariant form (3.24), we have
ZAPoincaré(t Tz Z) _ ;J\ dt/ dd—lgﬂ/ (5(02/)
" VOl(Sdil) P24 |52 =22 (46)

jfoincaré(t + t/,f—F Z:’j/)

§(a2")

Thus, the gauge smearing function is TVol(5T) -

4.2 Gauge smearing function in AdS; Poincaré

lightcone coordinates

Since, we are working in AdS;/CFTy, we find that it is easier for
us to work with Poincaré and Rindler lightcone coordinates to obtain a
simpler boundary current transformation between Poincaré and Rindler

coordinates. We define Poincaré lightcone coordinates as x*+ = x +¢. Thus
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the bulk AdS3 metric in Poincaré lightcone coordinates is:

2

ds* = U (dztdz™ + dz?) (4.7)

22

And the boundary CFTs metric in lightcone coordinates is
ds® = dxt'ds™’ (4.8)

Putting d = 2 in (4.5), we get the bulk reconstruction of gauge fields in

AdS3 in Poincaré coordinates as the following

1

Poincaré _
ZA, (t,z,2) = o

: Poincaré .
f dt'dy'j,, (t+t,x+1) (4.9)
t/2+y/2:22
Now, on going from (t,y’) coordinates to (™', x~") in the boundary, we

have the following jacobian of transformation

1
dt'dy’ = §dx+'d:c” (4.10)

We can also write the boundary spin-one primary jf oincaré alternatively as

gPeinearé(p+ x7) (there may be some overall, convention dependent con-

stant factors between j/ "¢ and jFo*¢(z+ 27), but in our case that is
not that important). Thus in Poincaré lightcone coordinates the expres-

sions of bulk reconstruction of gauge fields are the following:

1

Poincaré +/ 3,.—! ;Poincaré .+ ,.—/
dA T w2 2) = dada™" jPemearé g+ )
T Jat? 4 p—12=2,2
(4.11)
. s 1 . ) -
zAffZ"C“”e(:c+,x_,z) — 4_ d$+/dl’ /jf:)zncare<x+/7$ /)
T Jp+r? pg—r2=2,2
(4.12)
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4.3 Bulk reconstruction of gauge fields in

AdS; Rindler lightcone coordinates

In Rindler coordinates, the boundary conformal metric is ds? =
—di? + d¢*. We can forget about the conformal factor, as the theory is
invariant under an overall conformal factor (as the theory is conformal

itself). We define lightcone Rindler coordinates as:

5
|
2
[+
Spat!

(4.13)

thus, the Rindler boundary conformal metric in the lightcone coordinates

is then ds? = dw™dw™".!

4.3.1 Poincaré to Rindler transformation of bound-

ary current

The transformation relations between the Poincaré lightcone coordi-

nates (z*, 27, 2) and Rindler lightcone coordinates (w*,w™,r) are:

. rsinh (wlﬁ.{“_) —+// = Lsinh (wﬁw‘)
) {fCOSh (w tw) + /72 — 1cosh (w —u) } (4.14)

. R{ 7 sinh <w++w ) + /72 — 1sinh Ew+2Rw 2 } (415

€T frnd
7 cosh ( ) + /72 — 1 cosh w+2R
R
z = — (4.16)
7 cosh (w tw ) + 4/7? — 1 cosh (w —_ )
where, 7 = % In the limit r — oo in the above relations we obtain

the transformation relation between the boundary lightcone coordinates

(z™,27") and (w™,w™’) to be the following:

— Rlog (W - R) (4.17)

' + R

'Primed quantities are used to represent the boundary coordinates to be integrated
over.
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w™' = Rlog (%) (4.18)

Thus, the jacobian of transformation between the boundary coordinates is

+7 —
dw*'dw™" = (dw ) <dw/) de*'dzr™’ (4.19)

dxt’ dz

From [13], we know that the transformation relation of spin-s primary

operator j(z, z) with conformal dimension A is

i — (2)( (f) ). 72 (4.20)

where, h = %(A +s)and h = $(A —s). In our case, z = 2™,z =
z and f(z) = w?, f(z) = w'. For jPomearé(z+' x7') we have A =
1, s = 1thus, h = 1, h = 0 and jFomearé(z 27'), we have A = 1, s =

—1 thus, h = 0, h = 1, hence the transformation of ]P oincaré ijdle’" are

as follows:
. Poi 5 — dw™’ - Rindler -
Jffmcare<x+/’x /) — (W) ]5+ dl (w+/7w /) (421)
dw™"'
jfomcare<m+/’ ZE_/) _ ( dZ]_, ) jgmdler (w'H’ w_,) (422)

We know A,,’s are bulk spin-one gauge fields and should transform as vector

under Lorentz transformation from Rindler to Poincaré coordinates i.e.

as Aftindler (1) — L2Z APoincaré - Thus, we can write AZPer in terms of
Afgincare as
+ —
indler oincaré oincaré
ARindler _ ox" p L 0x~ ,p 3
owt " owt T
+
ARZ’_ndler _ gj; Do §$_ApozncaTe (423)
ARindler _ &x APozncare 81‘ APO’LnC(lTe
or or
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Using the transformation relations (4.14) and (4.15) in (4.23), we obtain

1

2{fcosh (w W )+\/ — 1cosh (w W )}

ARmdler _

| Apomeert 1 (272 14 27V — T cosh (w™/R) ) Aemere|

R

2{7’cosh (er“” ) + /72 1cosh(
|2 Afomeert o (272 — 14 277 — Tcosh (™ /R) ) zALemer|

(4.24)

— Agindler _

We can write (4.24) as the following expression

1 o
ARmdler _ 6 [ZAfﬁ)mcaTe + (27:2 -1+ 27:\/m cosh (w_/R>>

ZADPmeare] (4.25)

where, C' = 2R< 7 cosh <“’ tw ) + 4/72 — 1 cosh <“’ —w )} Similarly, we

can write Aﬁz_”dler in terms of Af omeare and Af OIMeare ag:

Afinater — = [zAffmm + (2f2 ~ 1+ 277 — 1 cosh (w* /R))

2 APemeare] - (4.96)

Using (4.19) and (4.21) in (4.11), we have

Pozncare 1 1 +/ —/ dw+/ - Rindler +7/ —1
ZA = 47T de dw At Jw+ (w , W )
(dx*’) (dm*’)
1 1
ZAPomcare _ _ dw+/dw_,jRindler (’UJ—H w—/)
4 dw—’! w )
TJs ( dx—' )

) ) 1 w~'/R __ 1)2 )
ZAfinncare _ E JS der/dwf/ [(6 26w,,/R ) ] jﬂ]?indler(,er/’w—/)

(4.27)
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Similarly, we find

. , 1 (@w+l/R — 1)2 .
Poincaré __ +7 —1 - Rindler +7 —
zA° = JS dw™' dw [—2€w+//R Jo @ (wr w™) (4.28)

Thus, the representation of bulk field A% (w* w™, r) in terms of bound-

: Rindler (u]+/7 w—/) is

Rmdler(,w+/’w—/) and ]

ary spin-one conformal operators j

Rindler + - +/ -/ (eer//R — ]‘>2 - Rindler —/
AR (w T wT,r) = de dw —oeetE | Jun (w™ w™)

4 C
+(%ﬁ—1+2ﬁﬁﬁ—1mﬁmw7R»

R 12|
J:g dwt dw™’ [(62674)—_//1%)] jgindler(w-i-/’w_/)]

(4.29)

Similarly, the representation of bulk field AZnder (™ = r) in terms of

boundary spin-one conformal operators j e (wt ™) and jEnder (Wt ™)

is

Altindler y ap_r) =

w'/R __ 1)2
JS dw-‘,—/dw—/ [(6 26107//}2 ) ] ]findler(w-i-/’ w—/)

47 C

+<2 — 14 2772 — 1 cosh (w, /R)

wt’'/R 1)2
J:g dwt dw™' [(62611]—+//R)] jgmdler(w LW / ]

(4.30

where, the region of integration S is cos (w+22w7> v/1 —72cosh ( T ) .
The expressions (4.29) and (4.30) give the bulk reconstruction of bulk gauge
fields AZindler (y+ 4~ r) which are inside the right Rindler wedge in Rindler
lightcone coordinates. As shown in figure (4.1), these bulk fields are recon-
structed in terms of only right Rindler boundary currents. Even though we
have AFindler the radial component of bulk gauge field in Rindler coordi-
nates, but a deeper look in the holographic gauge condition AZ°mearé = ()

in Poincaré coordinates reveals that Afmder is dependent on A%indler and
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Aﬁi”dl” as:

ow™t ow™—
Rindler __ 0z Rindler 0z Rindler
Ar = — ? Aw+ + (?w_+ Aw*
0z 0z

Thus, by finding the bulk reconstruction of Afirdler and Afindler - we can

find the bulk reconstruction of Aftindler,

r=0

Figure 4.1: Diagram of a gauge field inside the right Rindler wedge repre-
sented by the black dot and its support on the boundary.
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r=20

Figure 4.2: Diagram that shows how the smearing function support on
the boundary changes for gauge fields inside the Rindler horizon when we
impose an antipodal mapping.

Gauge fields inside the Rindler horizon

For bulk gauge fields inside the Rindler horizon (r = r), we im-
pose an antipodal mapping A which acts on w™ and w™ as A : w' =
wt +2ir and w~ = w~. Fields with integer conformal dimension A

transform simply under the antipodal map as,
jRindler,R(Al,) _ (_I)AjRindler,L(l,) (431)
Thus, in our case we have,

jRindler,R(Ax) _ —jfindleT’L(l‘) (432)

wt
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This gives the bulk reconstruction of gauge field A I) Rindler )+ = r) in-

side the Rindler horizon to be

A(I) Rzndler(
wt’
10 [J dw-Hdw_/ [(6 - Zi;Rl) ] jﬂl?indler,R(w-&-/?w—/)
S1

wt'/R _ 1)2 .
+/ — e’ -Rindler,L +7 —/
L2dw dw [ YT ]]w (w™ w™)
+ (2% = 1+ 20V = Teosh (w™ /7))
w™' /R __ 1)2 )
+7 —/ (6 ) - Rindler,R +7/ —7
| [—26w, /R ] R (0 )
— (2% = 1+ 27V = Teosh (w™ /)

w™'/R _ 1)2 ]
J:g der/dwf/ [(6 26w_//R ) ] jfindler,L(er/, w/)] (433)

(I) Rindl o
) Bindler (4, w_, 1) inside

Similarly, the bulk reconstruction of gauge field Al

the Rindler horizon is

A( ) Rzndler(

1 (e wR 1) Rindler,R
+7 —/ - Rindler, +/ —/
inC [Ll dw™ dw [w—_lm Jw+ (w™, w™)

/R _ 1)2 .
ev
d +/d — - Rindler,L +7 —
LQ o [ 2cw~'/R ]Juﬁ (W™, w™)
+ <2f2 — 1+ 27/ — 1 cosh (w* /R))
_ (ew+’/R - 1)2 . Rindler, —
J dw™ dw™’ Togu R ]57 R(w+/7w )
51 €

- (2%2 — 1+ 27"/ — 1 cosh (w_ /R)>

wt/R _ 1)2 ]
JS der/dw—/ [(6 26w+//R ) ] jgz_ndler,L(er/’ w/)] (434)
2

The regions of integration Sy is oz = 0 or cos (%) = —/r2-1

sinh ( i ) and Sy is oy = 0 or cos <w+2§”7> = /72 — 1sinh <w+2;2w7>,

2R
Thus, we obtain the representation of bulk field present at a point in the
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future Rindler wedge inside the Rindler horizon in terms of spin one confor-
mal operators jﬁi"dler’R(w’” ,w™'), jgf"dler’R(w+’ ,w™") on the right bound-
ary and spin one conformal operators jfi"dler’L(w“ ,w™'), jﬁfﬂdleT’L(w“ ,w™)
on the left boundary. In (4.11) and (4.12), we see that AF¢incaré and
APoincare

are represented in terms of jf oincare and jf oincare regpectively, but

Rindler Rindler
ARér ABir

in Rindler light-cone coordinates both and are represented
as a function of both jfndler and jiindler a5 gseen in (4.29), (4.30), (4.33)
and (4.34). This is because the authors in [9] worked in the holographic

AZP oincaré — () but in our case in Rindler

gauge in Poincaré coordinates i.e.
coordinates we have not chosen any gauge to work with. Also, while work-
ing in Rindler lightcone coordinates we can obtain the bulk reconstruction
for light-like components of the bulk gauge fields only. We will be working
in Rindler coordinates (£, , é) in appendix C to resolve this limitation and

to represent the space-like and time-like components of bulk gauge fields

in terms of space-like and time-like boundary spin one conformal operators

(Jg and jp).

4.4 Bulk reconstruction of Wilson line

In [14], [15], the authors suggested that in the presence of two bound-
aries, the expression for a charged operator inside the Rindler horizon in
the future Rindler wedge must contain a contribution from a new gauge
invariant operator which is a boundary-to-boundary Wilson line Wy, in
addition to well known smeared boundary operator contributions. In this
section, we want to find the representation of this new operator Wi in
terms of spin one operators in both the boundary CEFTs. Alternately, we
can also study Wilson lines which connect charged scalar operators in the
right /left Rindler wedges of the bulk to points in the right/left boundary to
make the entire thing a gauge invariant bulk operator (but we will not fo-

cus on these Wilson lines in this section). Wilson loops are gauge invariant
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operators which are defined as:

W] = exp (@ L Audm“) (4.35)

where, 7 is a closed loop. Wilson lines can be defined in a similar fashion
where the start and end points of the loop ~ are not the same, thus Wilson

lines are defined as

Wles ] = exp (z J N Audx“) (4.36)

Ty

Let us consider a Wilson line Wrr = WJ[A, E] going from the left
CFTy boundary of the AdS; Rindler patch to the right CFTy boundary.
Since, we know representation of all the components of bulk gauge fields of
all wedges in Rindler lightcone coordinates in terms of boundary spin one
primary operators, we can easily obtain the representation of Wilson lines

in terms of these boundary operators.

.
Il Al
'\/\/\/\/\/\/\/\/\/\/\/\/\/\

Figure 4.3: Wilson line going from a point A on the left CFTy boundary
of Rindler patch to a point E on the right boundary. The dotted lines
represent the Rindler horizon at r = r,.

From the point A on the left CFTy boundary of the AdS; Rindler
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patch to the point B on the left Rindler horizon, we have

WA, B] = lim {exp( f f1( Rmdler7 AEUL_)Rz‘ndler> dr)} (4.37)
T4

here, f; is a function of the light-like components of a bulk gauge field in
the left Rindler wedge. Using (4.29) and (4.30), we can express W|[A, B

- Rindler,L -Rindler,L

as a function of spin one conformal operators j and j ' on the

left boundary.

Again from B to C and from C to D, we have,

W[B,C] — lim {exp( J f2< Rzndler’ Angindler> dr)}
r—7r4

W[C, D] — lim {exp( f f3< Rzndler’ Angindlm) dr)}
r—Ty

here, fy and f3 are two different functions of the light-like components of a

bulk gauge field in the future Rindler wedge. Using (4.33) and (4.34), we

(4.38)

can express W[B, Cland W|[C, D] as functions of both spin one conformal

operators jRi"dlerL and ijdl”L on the left boundary and spin one con-
formal operators ijdl”R and ijdl”R on the right boundary. Similarly,

from a point D on the right Rindler horizon to a point E on the right CFT,
boundary of the AdS3 Rindler patch, we have,

W[D,E] = lim {eXp< f f4( R)Rzndle'rj AEﬂ]%_)Rindler) d?”)} (439)

rT—Tr4

here, f; is a function of the light-like components of a bulk gauge field in

the left Rindler wedge. Using (4.29) and (4.30), we can express W[D, E|

. Rindler,R -Rindler,R

as a function of spin one conformal operators j, - and j, = on the

right boundary.

Thus, using the expressions for WA, B], W[B,C], W|[C, D], and
WD, E] from (4.37), (4.38) and (4.39) in (4.36), we can find the expres-
sion for the entire Wilson line W[A, E] which connects the left boundary
of the Rindler patch with the right boundary. Thus, we have an expres-

sion for the representation of a Wilson line that stretches between the two
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boundaries of the Rindler patch in terms of some functions of spin one

CFT operators of the right boundary of the Rindler patch ( jfi"dler’R and

jfindzerﬁ) and spin one CF'T operators of the left boundary of the Rindler
patch ( jfi”dle’%L and jqfindler,L).
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Summary and outlook

In this thesis, we found out expressions for the representation of
bulk gauge fields in Rindler lightcone coordinates (w*, w™, r) in terms
of boundary spin one conformal operators jﬁ”dl". In chapter 4, we started
with the revision of bulk reconstruction of gauge fields in Poincaré coor-
dinates as done in [9] in section 4.1. Then, we define Poincaré lightcone
coordinates as x* = x +t and obtained the bulk reconstruction result
for gauge fields in Poincaré lightcone coordinates as given in (4.11) and

(4.12) of the section 4.2. Since in [9], the authors used the holographic

APoincaré
z

gauge conditions in Poincaré coordinates i.e. = (, we can see

in (4.11) that AL¢meré ig represented only in terms of jT"™¢ and simi-

larly in (4.12), APemearé is represented only in terms of jFomcaré. In sec-

tion 4.3, we define the Rindler lightcone coordinates w* = gz~5 + ¢, where
6 is the Rindler spatial coordinate and ¢ is the Rindler temporal coordi-

nate. Equations (4.14), (4.15) and (4.16) are the relations between the

J’_

Poincaré lightcone coordinates (z*, 7, z) and Rindler lightcone coordi-

nates (w*, w™, ). Using these coordinate transformation relations and the

relation between Poincaré boundary spin one conformal operators jf “oincaré

and Rindler boundary spin one conformal operators jmder given in (4.21)
and (4.22), we obtain the representation of both the light-like components
of bulk gauge field in Rindler coordinates in terms of Rindler boundary spin
one conformal operators. (4.29) and (4.30) are the expressions which repre-
sent bulk fields in the right/left Rindler wedge A%ndler and Altindler i terms

of combinations of j&ndler and jhindler - Similarly, (4.33) and (4.34) are ex-
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(I)Rindler
wt

pressions which represent bulk fields in the future Rindler wedge A

Ag}Rindler -Rindler,L.  -Rindler,R jRindle'r,L and jqfindler,R. Un-

and in terms of j ' s Jopt s Jope
like in Poincaré coordinates, we find that in Rindler light-cone coordinates
both Aftindler and Afindler are represented as a function of both jfnder and
jff”dle’", this is because unlike in Poincaré coordinates we have not worked
with any particular gauge in Rindler coordinates. Finally in section 4.4,
we try to find the representation of a Wilson line (figure 4.3) that stretches
from the left CF'Ty boundary to right CF'Ty boundary of the AdS3 Rindler
patch in terms of boundary spin one operators using (4.29), (4.30), (4.33)
and (4.34).

In [14], Harlow suggests that cutting of Wilson lines requires the

existence of bulk fields of fundamental charge. These oppositely charged

Figure 5.1: Cutting a Wilson line by a pair of oppositely charged fields.

fields are related to “edge modes” [16]. As possible future work, we want
to check for the existence of these edge modes. We want to develop a full
mathematical formulation of this cutting of Wilson lines. We want to check
while cutting the Wilson line W[A, E] which connects the left boundary of
the Rindler patch with the right boundary, whether the bulk reconstruction
result obtained in the previous section reduces to bulk reconstruction of

gauge fields coupled with charged scalar fields as done in [17].
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Poincaré to Rindler transformation

(t, z, z) are the Poincaré coordinates and (%, r, QAS) are the Rindler
coordinates of AdSs;. The coordinate transformation between these two
sets of coordinates is given the following relations:

RA/72 — 1 sinh(f)

= V72 =1 cosh(f) + 7 cosh(¢) (A1)

~

- R sinh(d)
o V72 =1 cosh(f) + 7 cosh(¢) (4-2)
z = R (A.3)

V2 =1 cosh(f) + 7 cosh(q)

where, 7 = .
T+

These coordinate transformations in the boundary where r — o reduces

to the following relations between the (¢, ) and (£, ¢) coordinates.

L RA sinh(?) i (AA)
cosh(t) + cosh(¢)
L Rsinh(¢) (A5)

cosh(f) + cosh(¢)
The jacobian of transformation between Poincaré boundary coordinates to

Rindler boundary coordinates is the following:

dtde = |% %\ dide
dz  dy
dt  d¢
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which gives,

2
dtdr = lim (E) df dé (A.6)

r—00 7”'+

However, while doing the bulk reconstruction for scalar and gauge fields in
Rindler coordinates, we find that it is easier to work with dimension-full
coordinates defined as { = Rt and ¢ = R(ﬁ, as this makes the conformal
factor {2 in the transformation from Poincaré to Rindler coordinates di-
mensionless. The the coordinate transformation relations (A.1), (A.2) and

(A.3) then becomes,

R\/72 — 1 sinh(¢/R)

T Tcosh(i/R) 1 7 cosh(3/R) (A7)
B R7 sinh(¢/R)

T VP —Lcosh(i/R) + 7 cosh(d/R) (A.8)

z = i (A.9)

V72 —1cosh(t/R) + 7 cosh(¢/R)
and, the boundary coordinate transformation relations (A.4) and (A.5)

then becomes,

R sinh(4
- sinh(z) (A.10)
cosh(£) + cosh(%)
R sinh(%
= sinh(R) (A.11)
cosh(%) + cosh(%)
The Poincaré boundary metric is ds®> = —dt?> + da?.
Using the transformation relation g, (z) — g, (z') = %gg—/ﬁgag(x) and
(A.10) and (A.11), we get,
. 1 -1 0
G () = 5 (A.12)

Tl

[cosh(}%)—kcosh( )] 0 1

1
[cosh(%)ﬂ:osh(%)]2 .
nate relations (A.10) and (A.11) the Jacobian of transformation between

Thus, the conformal factor is 2 = Using the coordi-

Poincaré boundary coordinates to Rindler boundary coordinates is the fol-
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lowing;:

dt dt

dtde = | %) did
# s
which gives, ,
dt dz = lim (Z> df do (A.13)
r—o \ry R
And, conformal factor €2 can be written in terms of r, z, r,, R as the
following;:
1 ) rz\°

[cosh(}%) + cosh(

Tl
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Alternate derivation for bulk reconstruction of

scalar fields in Rindler coordinates

In this appendix, we obtain the representation of bulk scalar fields
in Rindler coordinates (f, T, gg) in terms of scalar primary operators in
the CFTy boundary of the AdS; Rindler patch by using the coordinate
transformation relations between the Poincaré coordinates (¢, z, ) and
Rindler coordinates (%, r, qg) as done by the authors in [5]. According to
the HKLL prescription [5], we can express the value of bulk field anywhere
in the right Rindler wedge in terms of data on the right Rindler boundary.
We define the boundary field in Rindler coordinates as

~

oo "ML, §) = lim r® o(E, 7, §) (B.1)

r—00 right boundary

B.1 Rindler smearing function

We start with the bulk scalar field reconstruction in Poincaré coor-

dinates (3.21) and set d = 2 for AdS; and obtain

A-1 _
o(t,z,2) = f dt'dy’ lin% (202) 2ot +t',x +iy) (B.2)
P2 4yl2 <22 2 —

™

The right boundary field in Rindler coordinates given by (B.1) is related
to the Poincare boundary field (3.1) as

o " (E @) = lim (r2) R gf et 2) (B.3)

r—00
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We also have the boundary change of coordinates from (A.6)

2
dtdv = lim (E) df do (B.4)

r—00 T’+

Using the relations (B.3) and (B.4) in equation for bulk field (B.2)

Lo (A_1)2A72 ; 212 331 17 A-2 1: 1 .
¢(t,7’, ¢) = TZI}E) r'? dt’d¢’(0‘z/> Tll_l)réo o

0Rindler,R(£+ f/’qg_’_ ZQZAS/>

PN A —1)282 A A2
= o(t,r,9) = (Clu i 2 f df'd$’ lim (5>
Ty Spacelike r'—o \T

(B.5)
¢0Rindler,R(£+ 5/7<5 + Z(%/)

where as 1’ — o the AdS-invariant distance (2.18) becomes

n NF L 7 VAN rr’ o o T?k o
o(t,r,plt +t',r,¢ +i¢') = — | cos ¢ 1 — — cosht (B.6)
e r

and the integration is over space-like separated points on the boundary and

o > 0. This result in these coordinates was obtained by the authors in [5].

B.1.1 Scalar fields inside the Rindler horizon

For scalar fields inside the Rindler horizon we impose an antipodal

mapping: A : t — ¢ +im, and ngﬁ — ¢ + im, under which the AdS

invariant distance transform as org(x|Az’) = —o(x|2") and the boundary
scalar primary transform as ¢f """ (Ax) = (=1)2¢f" " () to find the

bulk reconstruction of a scalar field inside the Rindler horizon,
. A —1)2572 - A-2
o(i,r.g) = B 12T U avdg im (ZF)
7TT+ O’]R>0 T/ —00 r
QS(I){indler,R(tA + lf/) QZA) + ’ngl)

. _ A—2
+f df'dd’ lim ( ”,“)
O'IL<0

r/—o0 r

(B.7)

(_1)A é%indler,L(tA_i_tA/’(%_i_Z—Qg/):l
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where, as r — o0, the AdS invariant distance o in (¢, 7, ¢) coordinates

P S VA, rr’ - r? .
orr(t,r ot +t,rd+i¢d) = = [COS ¢+ A/ —; -1 sinht’] (B.8)
r2 r

~ ~

and the AdS invariant distance oy, in (¢, r, ¢) coordinates is:

rr’ 5 r? Ly
— —A/— — 1sinht B.
= [cos ¢ — A/ = sin (B.9)

is:

>
_I_
T
=
>
+
-~
S
I

O-IR(t: T, (/B|

B.2 Rindler smearing function when A = d—

1 =1

Scalar field reconstruction in Poincaré coordinates for bulk scalar
fields whose boundary counterpart has conformal dimensions A = d—1 is

given by (3.25), putting d = 2 i.e. A =1 there we obtain:

27

o(t,z,x) = if dt'dy’ 6(c2")po(t, x) (B.10)
21 yr2=52

Using the relations (B.3) and (B.4) in equation for bulk field (B.10),

we obtain,

7 in 1 7 7 N ~ A A ~
o(t,r,¢) = f dt'd¢’ lim r'2'6(02") pfm e (t + 1, ¢ + id)
s

-~ 2mr? r/—0

~ A 1 A r 4 o A
¢<t7r7 (b) = J dt/d¢/ llm ’]"/Z/5 <%) (I)%zndler(t + t/,(b + Z¢/)
S

-~ 2mr? 7’0

00,0) = ooy | aadts (5) ofmieri 4 ¥4+ id) (B

/
2mry r

(B.11) above represents the bulk reconstruction of scalar fields ¢(Z, r, ¢) in

the right Rindler wedge with conformal dimension A = d — 1, where, the
N -2 N
region of integration S is o = 0 or cos¢’ = /1 — % cosht'.

For a bulk scalar field at the point inside the Rindler horizon, we use the

same antipodal mapping used in the above section to obtain the result
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(B.7) and obtain,

7 N 1 I z Rindler,R (7 A SN
oltr.8) =gy | [ a5 (5) e #6460

J:g df/dqglé (;_/0) ORindler,L(lf + f/) gg + wg/>:|

(B.12)

where, the regions of integration S; and S, are respectively,

Sy: cosd = — — 1sinh?#

Sy: cosd = + 1sinh#

—

= =
ﬁ ﬁ
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Gauge field reconstruction in Rindler

coordinates (i, r, §)

In this appendix, we want to find the representation of the time-like
and space-like components AF"¥¢" and Agmdl” of bulk gauge fields in the
AdS; Rindler patch in terms of boundary spin one conformal operators
jtﬁmdl" and jgmdle". In section 4.3, while working in Rindler lightcone
coordinates, we obtained only the expressions for bulk reconstruction of
light-like components of bulk gauge fields in Rindler coordinates. This
method is useful to find the representation of a Wilson line that stretches
between the two boundaries of the Rindler patch in terms of functions of

the time-like and space-like components of spin one CFT operators of the

boundary.

From [9], we know that bulk gauge field A" satisfies the follow-

ing equation
(O—m?)zA7™ =0 with, m* =1—d (C.1)

and, the boundary behaviour of bulk gauge field Afj oincaré i the following:

7 A—1 :Poincaré
= lim 27777,

APoincaré
K z—0

or, ZAlljomcare = lim ZAjiozncare

z—0

Thus, it can be interpreted that z A} hehaves like a scalar field ¢/ "

with a boundary counterpart O,, which behaves as a scalar primary with
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conformal dimension A =d—1and O, = jP oincaré  From (3.27), we know
how scalar primary operators transform under conformal transformations
and using the value of conformal factor €2, we find the relation between

Jiozncare and j/]jindler to be

: Rr indler 7
]5ozncar6(t’ x) = lim ( +) - Rindl ( ¢) (02)

r—oo \ 72

For AdS3, we have d = 2 and A = 1, thus

r—oo \ 12!

: Rr -Rindler (7 71
]lljozncare(t’x) — lim ( +)j5 dl (t, ¢) (03)

which can be interpreted as j,(z) = ?i—;ja(x’), thus
m

rz

. Rr - Rindler Rindler 7
i () i)

- Poincaré . Rr -Rindler (7 1 indler 7
i) =t ( ,t){ﬁ der (7 G jindtr ¢>}
(C.4)

]fozncare (t, ZIS')

r’—ow \ T2

Putting d = 2 in (4.5), we get the bulk reconstruction of gauge fields in

AdSj3 in Poincaré coordinates as the following

1
— f dt'dy'6(cz')j " (t+t', x +iy') (C.5)
t’2+y/2722

Poincaré
zA, (t,z,z) = o

Using (C.4) and (A.13) in (B.4), we get:
. , 1 -~ . - o~ ~
ZAfozncare@’x’Z) _ _J dt/d(blé (RT+ 0_) [j{Rmdler(t + t/, (b + Z¢/) +
21 Js r!

jgindler(i’ + E/’ (ZB + Z&/)]

) , 1 - ~
ZAfozncare@’ z, Z) _ 2 J dt/d¢ 5 (RT+ ) [JRzndler(t t 7¢ + qu/) +
T™Js r!

We know A,,’s are bulk spin-one gauge fields and should transform as vector

under Lorentz transformation from Rindler to Poincaré coordinates 1i.e.

as Aftndler(g7) — L2Z APoincaré - Thus, we can write A%”dl” in terms of
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Ai’gzncare as

ot ox

A?indler _ gAfoincaré + gAfoincaré
A{%zndle’r _ _~APoznca7‘e _~APozncm’e
1) 0 ¢ t P ¢ T

Using the transformation relations (A.7) and (A.8) in (C.7), we obtain

. 1 - ~ o
A?mdl” = ﬁ{ <f2 — 1+ /72 — 1 cosh ({/R) cosh (¢/R)> APoinearé
~ (PVi® = Tsinh (i/R) sinh (9/R) Afomcaré}
(C.8)
and,
Agmdler = %{ (772 + 772 — 1 cosh (£/R) cosh (é/R)) Aloincare
(C.9)

~ (P = Tsinh (i/R) sinh (9/R)) Afm‘wé}

where, D = /72 — 1 cosh ({/R) + 7 cosh (¢/R). Using the expressions of
bulk gauge fields Afomearé and ALeincaré from (C.6) in (C.8), we get the
representation of bulk gauge field A?mdle’" in terms of boundary spin-one

currents jf e and jgmdl”

o 1 i—¢
Aiﬁzndler(t, T Qb) _ ﬁ{fz —1 —+ f\/ﬁ cosh ( Qb) }
+
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Similarly, we have,

, - 1 {— o
Rindler _ ~2 a2 .
A; (t,r,0) QWD{T + VT 1cosh< I )}
[ arais (%a) [t et g +idy+ (G
o

jgindler(t~+ 7 gz~5+ léf;/)]

with D = /72 — 1 cosh (£/R) + 7 cosh (¢/R) and the region of integration
(3) is cos (‘%) = \/@ cosh (t—I;) Thus, we find that the reconstructed
expression for both the time-like and space-like components of bulk gauge
field Aftindier( r, ) and Agm‘”e’"(f, r, @) respectively depends on combina-
tions of both the time-like and space-like components of the spin one bound-

ary conformal operator jfmdler (¢, $) and jgmdle’"(f, ).

Gauge fields inside the Rindler horizon in the future Rindler

wedge

For a bulk gauge field at the point inside the Rindler horizon, we use
an antipodal mapping A : t — t +im, and q% — qg + 47, under which
the AdS invariant distance transform as o7p(z|Az’) = —orp(z|2’) and the
boundary spin one primary transform as j#"4rf(Ax) = (—1)2jndent ().

For our case of AdS;/CFTy we have:

»ERindler,R(A l’) _ _jERindler,L(x)
é%indler,R(A l’) _ _jgindler,L(l,)

Thus, the expression for bulk field AEI)Rmdler(f, r,¢) in terms of boundary

spin one CF'T operators is:

(D) Rindler (7 = 7\ _ L), oA i—¢ — ¢
A; (t,r,0) _27TD{T 1+ 772 — 1 cosh ( 7

[ avais (R:f m) [ 4 PGy i) 4 R PGy id))]
¥

o~ R ) -~ ~ ) o~ -
_f dt/d¢/5 ( :/-i— UIL) [j;%mdler,L(t + t/,¢ + Z¢/) + jgmdler,L(t + t/7¢ + Z¢/>]
P
(C.12)
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and, the expression for bulk field Ag)Rmdler(tN, r,¢) in terms of boundary

spin one CF'T operators is:

2w D
J di'd <;~5' 5 <R:, + > [thmdlerR( L7 gz~5 (/5) RmdlerR(
P

7 371 Rr -Rindler 7 7 -7 indler,L /7 71 -7
7f dtdqsé( r/*aIL) [gf WL E TG+ i) + G L(t+t,¢+z¢)]
P

wndler 7 ]- ~ ~
Aé)R dl (t,r,¢) = —{r2—1+7’\/7’2 1cosh<

H—z

:U
%\z
N~
——

Sk
+
R
-
+
~.
ASR
.

Here, the regions of integration ¥; and X, are respectively:

2
—«/T—Q—lsmht
r
~ 7"2
Yo: cos¢ = + ﬁ—lsmht

In the bulk reconstruction for gauge fields Poincaré coordinates as done in

i cosd

Il

[9], the authors used holographic gauge i.e. AF°M<ré = () due to which they
found the representation time-like and space-like components of the bulk

gauge field in Poincaré coordinates in terms of the time-like and space-like

: Poincaré

components of the boundary spin one conformal operators j, and

gPeincaré yegpectively. However, in our calculations in Rindler coordinates
we haven’t used any particular gauge choice, thus we can see from (C.10),
(C.11), (C.12) and (C.13) that the representation of the time-like and space-
like components of bulk gauge fields of any wedge of the Rindler patch

depends on combinations of both the time-like and space-like components

s Rindler Rzndler

of the boundary spin one conformal operators j; and Jg

48



References

J. Maldacena, “The large-n limit of superconformal field theories and

supergravity,” International journal of theoretical physics, vol. 38,

no. 4, pp. 1113-1133, 1999.

O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri, and Y. Oz,
“Large n field theories, string theory and gravity,” Physics Reports,
vol. 323, no. 3-4, pp. 183-386, Jan. 2000. por: 10.1016/s0370-
1573(99)00083-6. [Online]. Available: https://doi.org/10.10167%
2Fs0370-1573%2899%2900083-6.

A. Hamilton, D. Kabat, G. Lifschytz, and D. A. Lowe, “Local bulk
operators in AdS/CFT correspondence: A boundary view of horizons
and locality,” Physical Review D, vol. 73, no. 8, Apr. 2006. DOI: 10.
1103/physrevd.73.086003. [Online|. Available: https://doi.org/
10.1103%2Fphysrevd.73.086003.

A. Hamilton, D. Kabat, G. Lifschytz, and D. A. Lowe, “Holographic
representation of local bulk operators,” Physical Review D, vol. 74,
no. 6, Sep. 2006. DOI: 10 . 1103/ physrevd . 74 . 066009. [Online].
Available: https://doi.org/10.1103}2Fphysrevd.74.0660009.

A. Hamilton, D. Kabat, G. Lifschytz, and D. A. Lowe, “Local bulk
operators in ads/cft: A holographic description of the black hole in-
terior,” 2006. DOI: 10 . 48550/ ARXIV . HEP-TH/0612053. [Online].
Available: https://arxiv.org/abs/hep-th/0612053.


https://doi.org/10.1016/s0370-1573(99)00083-6
https://doi.org/10.1016/s0370-1573(99)00083-6
https://doi.org/10.1016%2Fs0370-1573%2899%2900083-6
https://doi.org/10.1016%2Fs0370-1573%2899%2900083-6
https://doi.org/10.1103/physrevd.73.086003
https://doi.org/10.1103/physrevd.73.086003
https://doi.org/10.1103%2Fphysrevd.73.086003
https://doi.org/10.1103%2Fphysrevd.73.086003
https://doi.org/10.1103/physrevd.74.066009
https://doi.org/10.1103%2Fphysrevd.74.066009
https://doi.org/10.48550/ARXIV.HEP-TH/0612053
https://arxiv.org/abs/hep-th/0612053

[10]

[11]

[12]

N. Kajuri, “Lectures on bulk reconstruction,” SciPost Physics Lecture

Notes, Feb. 2021. poI: 10.21468/scipostphyslectnotes.22. [On-

line]. Available: https://doi.org/10.21468%,2Fscipostphyslectnotes.

22.

D. Harlow, Tasi lectures on the emergence of the bulk in ads/cft, 2018.
arXiv: 1802.01040 [hep-th].

J. Penedones, “TASI lectures on AdS/CFT,” in New Frontiers in
Fields and Strings, WORLD SCIENTIFIC, Nov. 2016. DOT: 10.1142/
9789813149441 _0002. [Online]. Available: https://doi.org/10.
11427%2F9789813149441_0002.

D. Kabat, G. Lifschytz, S. Roy, and D. Sarkar, “Holographic rep-
resentation of bulk fields with spin in AdS/CFT,” Physical Review
D, vol. 86, no. 2, Jul. 2012. por: 10.1103/physrevd . 86 .026004.
[Online|. Available: https://doi.org/10.1103%2Fphysrevd. 86.
026004.

Wikipedia contributors, Anti-de sitter space — Wikipedia, the free
encyclopedia, [Online; accessed 11-May-2023], 2023. [Online]. Avail-
able: https://en.wikipedia.org/w/index .php?title=Anti-
de_Sitter_space&oldid=1153047383.

V. Balasubramanian, P. Kraus, and A. Lawrence, “Bulk versus bound-
ary dynamics in anti—de sitter spacetime,” Physical Review D, vol. 59,
no. 4, Jan. 1999. por: 10. 1103/ physrevd . 59 . 046003. [Online].
Available: https://doi.org/10.1103%2Fphysrevd.59.046003.

V. Balasubramanian, P. Kraus, A. Lawrence, and S. P. Trivedi, “Holo-
graphic probes of anti—de sitter spacetimes,” Physical Review D, vol. 59,
no. 10, Apr. 1999. por: 10.1103/physrevd. 59 .104021. [Online|.
Available: https://doi.org/10.1103%2Fphysrevd.59.104021.

P. Ginsparg, Applied conformal field theory, 1988. arXiv: hep-th/
9108028 [hep-th].


https://doi.org/10.21468/scipostphyslectnotes.22
https://doi.org/10.21468%2Fscipostphyslectnotes.22
https://doi.org/10.21468%2Fscipostphyslectnotes.22
https://arxiv.org/abs/1802.01040
https://doi.org/10.1142/9789813149441_0002
https://doi.org/10.1142/9789813149441_0002
https://doi.org/10.1142%2F9789813149441_0002
https://doi.org/10.1142%2F9789813149441_0002
https://doi.org/10.1103/physrevd.86.026004
https://doi.org/10.1103%2Fphysrevd.86.026004
https://doi.org/10.1103%2Fphysrevd.86.026004
https://en.wikipedia.org/w/index.php?title=Anti-de_Sitter_space&oldid=1153047383
https://en.wikipedia.org/w/index.php?title=Anti-de_Sitter_space&oldid=1153047383
https://doi.org/10.1103/physrevd.59.046003
https://doi.org/10.1103%2Fphysrevd.59.046003
https://doi.org/10.1103/physrevd.59.104021
https://doi.org/10.1103%2Fphysrevd.59.104021
https://arxiv.org/abs/hep-th/9108028
https://arxiv.org/abs/hep-th/9108028

[14] D. Harlow, “Wormbholes, emergent gauge fields, and the weak gravity
conjecture,” Journal of High Energy Physics, vol. 2016, no. 1, Jan.
2016. DOI: 10.1007/jhep01(2016) 122. [Online]. Available: https:
//doi.org/10.1007%2F jhep01%282016%29122.

[15] M. Guica and D. Jafferis, “On the construction of charged operators
inside an eternal black hole,” SciPost Physics, vol. 3, no. 2, Aug.
2017. por: 10.21468/scipostphys.3.2.016. [Online|. Available:
https://doi.org/10.2146872Fscipostphys.3.2.016.

[16] A. Blommaert, T. G. Mertens, H. Verschelde, and V. I. Zakharov,
“Edge state quantization: Vector fields in rindler,” Journal of High
Energy Physics, vol. 2018, no. 8, Aug. 2018. DOI: 10.1007/jhep08(2018)
196. [Online|. Available: https://doi.org/10.10077%2Fjhep087
282018%29196.

[17] D. Kabat and G. Lifschytz, “CFT representation of interacting bulk
gauge fields in AdS,” Physical Review D, vol. 87, no. 8, Apr. 2013.
DOI: 10.1103/physrevd . 87 .086004. [Online]. Available: https :
//doi.org/10.1103%2Fphysrevd.87.086004.

[18] T. Banks, M. R. Douglas, G. T. Horowitz, and E. Martinec, “Ads
dynamics from conformal field theory,” 1998. DOI: 10.48550/ARXIV.
HEP-TH/9808016. [Online|. Available: https://arxiv.org/abs/
hep-th/9808016.

[19] T. D. Jonckheere, Modave lectures on bulk reconstruction in ads/cft,

2018. arXiv: 1711.07787 [hep-th].


https://doi.org/10.1007/jhep01(2016)122
https://doi.org/10.1007%2Fjhep01%282016%29122
https://doi.org/10.1007%2Fjhep01%282016%29122
https://doi.org/10.21468/scipostphys.3.2.016
https://doi.org/10.21468%2Fscipostphys.3.2.016
https://doi.org/10.1007/jhep08(2018)196
https://doi.org/10.1007/jhep08(2018)196
https://doi.org/10.1007%2Fjhep08%282018%29196
https://doi.org/10.1007%2Fjhep08%282018%29196
https://doi.org/10.1103/physrevd.87.086004
https://doi.org/10.1103%2Fphysrevd.87.086004
https://doi.org/10.1103%2Fphysrevd.87.086004
https://doi.org/10.48550/ARXIV.HEP-TH/9808016
https://doi.org/10.48550/ARXIV.HEP-TH/9808016
https://arxiv.org/abs/hep-th/9808016
https://arxiv.org/abs/hep-th/9808016
https://arxiv.org/abs/1711.07787

	Acknowledgements
	Abstract
	List of Figures
	Introduction
	Basic concepts
	AdS (Anti de-Sitter) space-time
	Coordinate systems
	Poincaré coordinates
	Rindler coordinates


	Conformal field theory
	AdS/CFT duality
	AdS/CFT dictionary


	Bulk reconstruction of scalar fields
	Scalar field reconstruction in Poincaré coordinates
	Scalar smearing function

	Scalar field reconstruction in Rindler coordinates
	Scalar fields in the future Rindler wedge
	Rindler smearing function when =d-1=1


	Bulk reconstruction of gauge fields
	Gauge field reconstruction in Poincaré coordinates
	Gauge smearing function in Poincaré coordinates

	Gauge smearing function in AdS3 Poincaré lightcone coordinates
	Bulk reconstruction of gauge fields in AdS3 Rindler lightcone coordinates
	Poincaré to Rindler transformation of boundary current
	Gauge fields inside the Rindler horizon


	Bulk reconstruction of Wilson line

	Summary and outlook
	Poincaré to Rindler transformation
	Alternate derivation for bulk reconstruction of scalar fields in Rindler coordinates
	Rindler smearing function 
	Scalar fields inside the Rindler horizon

	Rindler smearing function when =d-1=1

	Gauge field reconstruction in Rindler coordinates (,r,)
	Gauge fields inside the Rindler horizon in the future Rindler wedge


