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Abstract

Euler’s famous formula for even zeta values immediately points out that they
are irrational. Nevertheless, the arithmetic nature of odd zeta values remains a
mystery. Roger Apéry [1], in 1978, made a breakthrough by proving that {(3) is
irrational. Over the last four decades, many mathematicians have given different
proofs of Apéry’s theorem. The proof that Apéry presented was quite intricate
however, Frits Beukers [4] gave an elementary proof for the same using the definite
integrals. In this thesis, motivated by the elementary proof of irrationality of
¢(2) and ¢(3) due to Frits Beukers, we generalize some of the important lemmas,
which played a crucial role in the Beukers’ proof. We also investigate some
expressions (multiple integrals) that seemingly look quite promising but lack the
ability to prove the irrationality of some zeta-value. In this thesis, we generalize
Beukers’ proof to present a new proof of the irrationality of ((s) at s =2,3. We
also mention a conjecture in which the integral expression is actually promising,
proof of which may lead to the conclusion that all positive integer zeta-values are

irrational.
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CHAPTER 1

Introduction

Amongst the most popular special functions in mathematics is probably the Rie-
mann zeta function due to the extremely challenging problem associated with
it, namely, the Riemann hypothesis. The Riemann zeta function is denoted by

Greek letter “¢” and is defined as:
o
¢(s) == Zn_s, for R(s) > 1,
n=1
and it has analytic continuation elsewhere, except at s = 1, where it has a simple

pole. Before Riemann, Euler studied ((s) for even positive integers. In 1735, the

following explicit formula was established by Euler for even zeta values:

((2m) = —%(m)?m (Z"n";!, Vv meN, (1.1)

where Bs,,, denotes the 2mth Bernoulli number. The set of Bernoulli numbers is

a subset of rational numbers, defined as for |z| < 27,

o0 k

z z
= By—.

er — 1 ;;% Rl




The Euler’s formula (1.1) immediately concludes that even zeta values are all
transcendental due to the presence of some power of m multiplied by some al-
gebraic number. Although Ramanujan gave the following formula for odd zeta

values as: For o, 8 > 0 with a8 = 72 and m € Z, m # 0,
m—+1

F(o) = (-1)"F(8) = 2" 3 ¢

(_1)jB2jB2m+2—2j m+1—j6j
2j)!(2m+2—2j)! ’

where
1 >, p2m-l
F(z)=a™™ {5((2m—|— 1) +nzlem—_1} .

But unlike Euler’s formula, this formula does not say much about transcendence
or irrationality of ((2m + 1). Many mathematicians put a lot of effort in the
direction of knowing whether the odd zeta values are algebraic or transcendental
but none of them succeeded, although it is a widely believed conjecture that all
odd (-values are transcendental. Even the question that whether the odd zeta
values are rational or irrational is still open except for ((3), proved by Roger
Apéry [1]. After that Rivoal [5] and in 2001, Rivoal and Ball [3] proved a ground
breaking result in which they were able to prove the existence of infinitely many
irrational zeta values at odd positive integers. Wadim Zudilin [7] by almost the
same time showed that among ((5), ((7), ((9) and ((11), at least one number
should be irrational, which is the closest we have reached in this direction.

In 1978, Roger Apéry [I] gave an exceptional proof that ((3) is irrational
after which, many proofs and expositions were given by different mathematicians
like, F. Beukers [4], although the idea was motivated from the Apéry’s proof.
In this thesis we primarily study the Beukers’ proof of irrationality of {(3), in
which double and triple integrals are used, however, its idea is inspired by Apéry’s
formulas. Interestingly the technique is also good enough for proving the irra-
tionality of ((2) like in Apéry’s proof, although from Euler’s formula it is clear
that ¢(2) is irrational.

We would like to investigate many multiple-integral expression sequences



which result into the expression of the form of
Py + Qu((K)
R, ’
where n, K € N and P,, ,, and R,, are sequence of integers. The reason to search

for such integral expressions is that if the integrand tends to zero fast enough as
n — 00, then we would be able to conclude the irrationality of that zeta-value.
We also generalize the Beukers’ proof of irrationality of ((2) and ((3), giving the
family of integral expressions good enough to prove their irrationality. Finally
we give two conjectures, one of which is very promising when it comes to proving

the irrationality of all (-values on natural numbers greater than 1.



CHAPTER 2

Preliminaries

In this chapter, we define some important relevant functions and the theorems
related to them. We also collect some essential results which will play crucial role
in the Beukers’ proof [4] of irrationality of ((2) and ((3). Let us first define the
prime counting function followed by one of the important theorems related to it

namely “The prime number theorem” (without proof).

Definition 2.1 (Prime Counting Function). Given x € R, we define

m(z) :=#{p € N:pis a prime and 2 < p < [z]}.

Theorem 2.1 (Prime Number Theorem). As x — 0o, we have

w(z) ~ —

- loga’
An important characterization of rational numbers and a criteria for irra-
tionality is mentioned below.

A number f is rational if and only if for ,m € Z (m > 0) and § # %, there



exists an integer mg > 0 such that

5oL

m

1

mmg

> (2.1)

On the other hand, for an irrational number « there are always infinitely many

% € Q such that
1

m2’

l ‘
a—— | <
m
which yields the following criterion for irrationality. Suppose for a sequence {z—:}

of rational numbers with z—: #a and § > 0,

T
a— 2 <
Yn

n=12-,

)
yn1+6

then « s irrational.

Lemma 2.2. Let K € RT, ¢ € R, and (A,, B,,) be a sequence (with B, # 0) in
Z2. If 0 < 6 < 1, such that

0 < |A, + Butb| < Ko™,

for sufficiently large n, then 1 is irrational.

Proof. Given that
0<|A, + B < Ké". (2.2)

Therefore, the expression in the modulus sign can be made arbitrarily small for
sufficiently large n. Now on contrary let ¢ be a rational number say § then by

([2.1), for every n € N we will have

A 1 1
()i
5, ) 2P B T

for some ¢ € N. This is a contradiction to ([2.2)). O

|An + Bnlm = ‘Bn’

Throughout this thesis [, denotes the LCM] 1,2,--- ,n].

Lemma 2.3. For any positive integer n € N, we have

L= I PlEEs) < I1 plots = ) (2.3)

p: prime p: prime
p<n p<n

Furthermore, n™™ < 3™ for sufficiently large n.



Proof. Let n be a fixed natural number. If p is a prime such that

p"| l,, and p™*' fl,, for some m € N,

then
p"™ <n=m <logn/logp = m = [logn/logp|.
Therefore,
I = H plosn/logp] H plosm/lop (2.4)
e e

Now consider the right side expression,

II = er= ] expllogn)= J[ n =n"". (2.5)

p: prime p: prime p: prime
p<n p<n p<n

This completes the proof of (2.3). Now, from the prime number theorem, we

know
L () log(n)
n—oo n

=1
Thus for any € > 0, one can find S(¢) € N such that
(1—¢)n/logn <m(n) < (1+e€)n/logn,
for all n > S(e). Choose ‘¢’ such that 1+€ =log3, so 3 K € Nsuch that Vn > K
m(n)logn < nlog3 = n™™ < 3", foralln > K. (2.6)

This finishes proof of the lemma. ]

Remark 1. Instead of 37 in “I+€ = log3” any number a € R such that a > e

can be chosen. Then we will have n™™ < a™ for sufficiently large n.

Now we mention an important lemma, due to Beukers, which played an

important role in proving the irrationality of ((2) and ((3).

Lemma 2.4 (Beukers). For r,s € NU{0}, we define two definite integrals

(2 rys 2 _
By, s] ::/ i dy, Bi|r,s] ::/ ﬂxrys dx dy. (2.7)
oy L=y oq 1=y

1. Then for r > s, we have

Bolr,s] = 2, (2.8)
q1



where p1,q1 € Z,q1 # 0. Moreover, ql}lf.

2. Forr > s, we have

Bilrs] = 22, (2.9)
q2

with qg}lg’, where pa, g2 € Z and gz # 0.

3. Forr = s, we have

Bolr,r] = ((2) — . , (2.10)

4. Forr =s, we have

i=1

Bilr,r] = 2 (g(g) = Z%) | (2.11)

Next, we establish the following simple generalization of Lemma [2.4

Lemma 2.5. Forr,s,m € NU{0}, we define

(2) —1)™(] m
Bp[r, s] := / (=1)"(log ry) x"y® dx dy. (2.12)
[0,1] 1 —wy
Forr > s, we have
P
B, s] = —, (2.13)
Q

with Qm”“, where P,Q) € Z and Q) # 0. Again, when r = s, we have

Bofrr] = (m + 1), (C(m—i—?) = Z,m1+2>. (2.14)

=1

Remark 2. In case r = 0, the finite sum > ;_,i"™ 2 is assumed to be zero.

Remark 3. One can clearly observe that the particular cases, corresponding to

m = 0,1, of the integral (2.12) have been studied by Beukers in (2.7)).

Proof. For o > 0, we define

(2) xr—i—ays—i-a
Slr,s; o] = / ———— dz dy. (2.15)
[0,1] 1 -y
Expanding (1 — zy)~! as a geometric series and performing integration, we get
- 1
Slr,s; 0] = (2.16)

—~ (o+it+r+1)(oc+its+1)

(2



For r > s, the above sum can be written as

=1 1 1 1 1 1
3 L _ PP
—r—s oc+1+s+1 c+1+r+1 r—s\o+s+1 o+r

(2.17)

Therefore, we get
T—S8

1 1
S .
Irys30] = r—sza+s+z

Now, differentiating both sides of the above equation with respect to ‘o’ m-times

and substituting o = 0 and utilizing the definition (2.12)), we obtain

m! e 1
Bm 5 = ; .
[r:s] r—s;(s+@)m+1

As (r — s) | I, and LCM[(s + 1)™* ... pm ]| [mH Ds0 claim (2.13)) becomes

obvious.

If r = s, then by (2.15)) and ({2.16]),

o0

Slr,r;o] = Z ( , ! . (2.18)

o+i+r+1)?2

If we differentiate ([2.18]) m times with respect to 0. Then we obtain

(2) o+r(] 00 1)!
/ (2y)”" " (logzy)™ dy = (—1)" Z (m +
[0,1] 1—ay (c+i+r+1)mt+2

=

= (=1)™(m +1)! ( ¢(m+2,0) ; zm+2> . (2.19)
And putting ¢ = 0 in , we get
1
Bu[r,r] = (m + 1)! (C(m—i—?) - Z,m+2>. (2.20)

=1

This proves (2.14) and consequently Lemma O




CHAPTER 3

Beukers' proof of irrationality of ((2) and ((3)

Theorem 3.1 (Euler). The constant ((2) is an irrational number.

Proof. The idea of this proof is due to Beukers. Here we explain all the details

of the proof. For n € N consider the integral

@ 1) F (r
In] = /[O ) ulyi)—x‘];l()dxdy, (3.1)

where the symbol f[(()kl)] means fol - fol k-times, and f,, () is an n-degree polyno-
mial defined by

falz) = —=—{2"(1 —2™)}. (3.2)
Note that f,(x) € Z[z]|. If we write (1 — y)"f,(x) in the expanded form, the
numerator of the integrand in (3.1) will have the terms of the form of KxPy?

where p,qg € N, K € Z, and 0 < p,q < n. Now distributing the integral makes

it clear form Lemma that the integral (3.1) equals
Po + @n((2)

i

(3.3)



for some P,,Q,, € Z. Now we write the integral (3.1]) in the following way

W [ 10 4 (g
I[n] = / ( Snlz) dx) (1—y)"dy. (3.4)

[0,1] o1 1 —xy
Now to simply the middle integral, we perform integration by parts n-times with

respect to the . Finally, upon simplification, it becomes

(2 n
zm}:(—iyi/' 9@ 9" 4 ay, (3.5)
o1 +— Y
where
z(l—a)y(l —y)
= ) 3.6
9(z,y) — (3.6)
Using multi-variable calculus, it can easily be verified that, for 0 < x,y < 1,
5
V5 —1
g(z,y) < < 5 : (3.7)
Therefore,
n 5n
V5 —1 /<2> 1 V5 —1
In|| < dr dy < C(2). 3.8
|HI< ) L — @ 69

As (3.5)) is non-zero, so using (3.3)) and (3.8)), we finally have
5n
( (H<( (@

2 2

0<

This implies

0<|Pn+@nc<2>|<li<ﬁ_1> @) <o (E> (2, (39)

2 2
for sufficiently large n. In the last inequaltiy, we have used Lemma Since
5
9- (%) < 1, hence the irrationality of ((2) follows by Lemma . O

Theorem 3.2 (Beukers). The constant ((3) is an irrational number.

Proof. For any n € N, let us define
@) _logzy
o= [ ) ) i dy, (3.10)
[0,1] -y
Here f,(z) is same as we defined in (3.2)). Now writing the expansion of f,,(z) f,.(vy)

and distributing the integral, and utilizing Lemma [2.4], we can write

Jin] = Lot @nC3))

L

(3.11)

10



for some P,, (), € Z. Note that

(1) 1 1
/ S P (3.12)
01 1— (1 —=zy)z 1—ay

Therefore, the above integral J[n] can be written as

@ _h@)f) 0 )
T (1 —ay)e W= - dx | fuly) dy dz.
/[o,u - (1 —aye Y /[0,1] /[0,1} (=™ fuly) dy dz

(3.13)

Using integration by parts n-times with respect to =, with riwy)z as the first

function and f,(z) as the second function, one can verify that
1) (1) n(l — )"
/ B C) N / (zy2)"(1 — ) — (3.14)
o 1= (1—1zy)=z o (1= (1 —ay)z)"
Substituting (3.14]) in (3.13)), we get

O (H(z,y,2)) faly) v du d»
J[n]—/[oﬁl] (1—(1—ay)z) o dy dz.

where
xyz(1 — z)
H ="
Now we make a change of variable, namely,
1—w TYZ
‘ 1—(1—-a2y)w v 1—(1—zy)z
One can verify that
dz dw

1—(1—xy)z 1-(1—azy)w
Under the above substitution, the integral (3.14)) changes into

(3)
J[n] = —/[ (1—2)(1 - mw% dz dy dw.

0,1] (1—ay)
Again invoke integration by parts n-times with respect to y, to see that
@ (@ n
Jn] = —/ (G, y, w)) dx dy dw. (3.15)
[0,1] (1—(1-2yw)

where
_ayu(l—n)(1l- (-
R (e ey R

One can verified that the maximum of G occurs for x = y and w =

22 (1—x2)2
(1+z)?

1
142

acts as a bound for G with maxima at z = v/2—1in0 < z < 1. Therefore,

. Therefore,

Gz, y,w) < (V2-1) ¥V 0<uzyw<l. (3.16)

11



Thus, utilizing the above bound, we have

|J[n]] < (V2 —1)*" /(3) ! dz dy dw

[0,1] (1= (1—-ay)w)

= (V2 -1yt / Y Zlosen) g,

[0,1] I —uay
=2(vV2 - 1)"((3).
= 0<|P+QuC3)|L 2 <2¢(3) (V2 - 1)*

Employing the above bound and using the expression (3.11)) for J[n|, we arrive
at

0 < |P, +QnC(3)] <203, (V2 —1)*" < L(27(vV2 = 1)Y)",

for sufficiently large n, where L = 2¢(3). As 27(v/2 — 1)* < 1, therefore, by
Lemma [2.2] irrationality of ((3) follows. O

12



CHAPTER 4

Some relevant integral expressions

In this chapter, we give some expressions which result in the expression of the

form

Py + Qn( (k)

R, ’
where P,,Q,, R, € Z and k > 1 is some fixed natural number. Although con-
cluding the irrationality of the corresponding zeta value from such expressions is

difficult or not at all conclusive. Let us first prove some important lemmas in

this direction. In the proof of irrationality of ((3), Beukers used the following

/(1) 1 log xy
—_——dz = — )
01 1— (1 —=zy)z 1—ay

Here we mention a simple one variable generalization of the above identity.

identity:

Lemma 4.1. Forn € NU {0}, we have

/(” (log (1 = (1 —ay)2))" , _ —1 (logay)"*!
0,1] 1—(1—2y)z n+l l—xy

13



Proof. Substitute
log(1 — (1 —2y)z) =t,
the left hand side of (4.1)) becomes,

-1 log zy
/ t"dt
1—2y /)y

~ —1 (logzy)"*!
Cn4+1 l—azy

The next lemma gives a one variable generalization of Lemma [2.4]

Lemma 4.2. Let r,s,t € NU{0}. We define

(3) r, st
Dir, s, ] ::/ Ty dxdydz.
0,1] 1 —zyz

Forr > s >t, we have

L
Dir,s,t] = i

and M|I2, where L,M € Z. If r = s =t, then
~ 1
Dl =@ -2 5
If r =s>t, then

P +Q¢(2)
Dir,r,t] = — 5

where P,Q) € Z. If r = s < t, then
 RH+5¢(2)

Rlr,r,t] = 3 ,
t

where R, S € Z.

(4.4)

(4.5)

(4.6)

Proof. Write ; into geometric series, and interchange the integral and sum-
Yz

1—
mation to get
> e
Dir, s, t] = Z/ 2"y dr dy dz
i=0 7 [0.1]
- 1
(r+i+1)(s+i+1)(t+i+1)

o

i=

14

(4.7)



Assume r > s > t, then we can write (4.7)) as

o)

1 1 1 1
07’—1—2’—1—1 s—t\t+i+1 s+i+1

oo

1 1 1
T st (Z (rt+it1)(t+i+1) _;(r+z‘+1)(s+z’+1)>

1 1 1 1 1 1
G0 (t+1 +”'+F) TG0 (s+1 +"'+F)'
Since (s—t), (r—t), (r—s), LCM[(t+1),--- ,r] and LCM[(s+1),--- ,r] all divide

I, so this proves (4.2)). Now we assume r = s = t, then from (4.7) we have

1=

o0

[e.9]

1
Dir,r,r] = -
P (r+i+1)3
1 1
— (@) -
This proves (4.4). Now if r = s > ¢, then from (4.7]) we obtain
1

Dir,r,t] =

NE

(r+i+1)(r+i+1)(t+i+1)

.
[e=]

_i 1 1 1
_2:0r+z+ r—t\t+i+1 r+i+1
1 > 1 > 1
-5 (S S
> 1 1 1 1
= — 2) - — ...
t(lor—t t+i+1 r+z’+1> (C() 12 7’2)>

= ! +- +1 PRI B C)
_T—t r—t t+1 12 r2 r—t

From the above calculation (4.5)) follows immediately as the denominator of the
above expression is divisor of [3. Similarly one can do for (4.6). This completes

proof of the lemma. [

Now following assertions, mentioned as remarks, can be inductively concluded

from the above lemma. Let rq,79,--- 7 € NU{0}.

Remark 4. Ifry > ry > -+ > 1y, then

(k) TLp T2 ... Tk P
/ L T drydzy - - doy, = — (4.8)
01 1 —T1Te- T Q

15



and Q|lr1, where P, Q) € 7.
Remark 5. Ifry=ry, =--- =1 =71, then
() JI{CUQT"'ZL’kT 1 1
drydry---dry, =((k) — — -+ — —. 4.9
/[0,1] =y g m = (k) 1 rk (4.9)

In particular, if we put r =0, we obtain

(k) 1
/ dry dzy - - - dry = ((k). (4.10)
[

071] ]_ — T1To T}

If we define

1 Tk xs3 x2 1
= dxy dxy - - - dxy. 4.11
[ o ey

Substitute x1 = xoy1, the above integral changes into

1 Tk T3 1 1
// / / dyy iy -+ - d,
o Jo 0 0 (1—y1I2)933"'96k

Similarly substituting ro = x3ys and so on upto rp_1 = TrYr_1, then we obtain

(k) 1
I —/ } 1— y1y2 yk Tk dyl dy2 dyk,ldxk. (412)

Finally, from (4.10) , and | we conclude

Tk
_ des die - - - da
/0/0 /0 /0 (1—351)952"'% L ;

1
// (1_$1)$2x3.._xk dxy dxy - - - dxy,. (4-13)

k-times
O<zi<z2< <zp<1

Remark 6. Ifri=ro=--- =71, =7 > 7"y, > - >7rg, where m < k then
(k) o T T T TmAl ..., Tk
/ 21" T2 Ty Tppgt Ty diy dvy - - iy
[0,1] 1 =229+ 74
P+ P((2) + - + Pul(m)
= Tz , (4.14)
where Py, Py, -+, P, € 7.
Proposition 4.3. For n € N, we have
@ (zy(1 —z)(1 —y))" P, 2
[P, P Q)
[0,1] I —xy l5,
for some P,,Q, € Z.
Proof. Consider the integral
@ (zy(1 —2)(1 —y))"
S[n] ::/ (zy(t = 2)(1 = y)) dx dy. (4.15)
0,1] I —xy

16



Note that the numerator of the integrand is a polynomial of two variables with

degree 2n. Therefore, Lemma immediately tells that (4.15]) is of the form
P+ @a((2)

2
l2n

Now we will show that this does not suffice to show the irrationality of ((2).

Using some basic calculus one can see that

ry(l—2)(1—y) < =

TR V O0<z,y<l1. (4.16)

Therefore,
@ (@(1 —a)y(1 —y)" L\" @ 1 1"
drdy.| < (—) / dr dy = <—) ((2).
/[071] 11—y 24 1] 1 — 2y 24 2)

Since (4.15)) is non-zero, so using the remark of Lemma , we have

o< i+ @i <8(5) <@ < () o
(e+

for sufficiently large n and some ¢ > 0. Clearly, (1—5)4> > 1 so we are inadequate

to say anything about the irrationality of ((2). ]

Proposition 4.4. For n € N, we have
@ (z(1 = 2)y(1 —y)2(1 — 2))>+ P, 2
[ I, P Q)
[0,1] 1 —ayz nio
for some P,,Q, € Z.

Y

Proof. Define the integral as follows:
(3) 1 — 1 — 1— 2n+1
Jn] = / (z(1 = 2)y(l = y)2(1 = 2)) dx dy dz. (4.17)
0,1] 1 —zyz
Employing Lemma in (4.17)), it follows that
Jin] = Put Qu(2) + RiC(3)

lzn+2
where P,, @Q),, and R, € Z. Now we prove that R, = 0 for all n € N. We write

1
l—zyz

Do [ A a0 P 2 e dy d
i=0 7 [0,1]

o0 1) , ’
— / x2n+z+1<1 o iL')szrldQ? )

i=0 \”[0:1]
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as the geometric series, then J[n] can be written as



2n+1

Performing integration by parts 2n+1 times, with (1—z) as the first function

and 22" as the second function, we get
(e.)

. 1
Il = (@n + 1)1 ;<(2n+z‘+2)(2n+z‘+3)---(4n+z‘+3

Using partial fraction decomposition, we can write
1 — Al 4+ 4 M
Cn+i+2)2n+i+3)---An+i+3) 2n+i+2 dn+i+3’
where

))3. (4.18)

1 1 1 1

A:— A:——--- ATL :—’An = -
T e ) T (2n) 0 T T ) T T (204 1)
One can see that A; = —Ag,.3; also the terms are even in number, so the

terms in (4.18) which produces the coefficients of {(3), will get cancelled, that is,

R,, = 0. Hence
_ P+ Qu((2)
li)n+2

Unfortunately here also we show that we can not conclude the irrationality of

¢(2). Since

J[n] (4.19)

1
zyz(l—z)(1 —y)(1 —2) < % forall 0<uz, y, 2 <1
Therefore,
3) _ _ — ))2ntl
LS TRV LS UM R i
[0,1] 1 —ayz Uint2

1\ 2+
< (@) ¢(3).
Using remark of the Lemma [2.3] we have
1 2n+1 e+ e 6\ 2n+1
Pl < B (5) o< (“5T) @

(e+e)8
26

for sufficiently large n and for some ¢ > 0. Clearly, ( > > 1 and thus we can

not conclude that ¢(2) is irrational. O

Proposition 4.5. For n € N, we have
[0 g, Pa Q)
[0,1] 1 —ayz lin
Proof. Define the integral
®) 1—2)(1—y)1—2)>
H{n] ::/ (zy2(1 = )1 = y){d = 2)) dx dy dz. (4.20)

[0,1] 1 —zyz

18



As the numerator of the integrand is a polynomial of degree 4n, so we have from

Lemma [4.2] that
_ Pt Q) + Ri((3)
lin ’
where P,,Q,, and R, € Z. Now we prove that ),, = 0 for all n € N. Writing

1
l—zyz

H{n]

as the geometric series, then H|[n| can be written as,

> (3) , . '
H[n] = Z /[O , x2n+l<1 _ I)2ny2n+z(1 . y)2n22n+z(1 o Z)Qn dx dy dz
=0 )

© [0 ’
= Z / 2?1 —z)*dx | .

Doing integration by parts 2n times, we have
o0

3 1 ’
Hin] = ((2n)!) ZZ;((Qn—l—1+i)(2n+2+z’)---(4n+1+i)) '

Using partial fraction decomposition, one can write
1 Ay Agni1

Cniltd@nt21d)  @niltd) 2ntilti i
where

(4.21)

1 1 1 1
A= —— Ag=m —— Ay = Ay =
YTen) TP 2n—1) T 2n =1 T T (2n)]

Clearly A; = Agpyo—; where j € {1,2,---,2n + 1}. Therefore, the right hand
side of (4.21)) becomes
- A A Agp ’
((2n)!)32(( S 2 p.g >> L (422)

—~\(2n+1+4)  (2n+2+1) (An+1+1
The only terms in the expansion of (4.22)) which contribute a value of ((2) are of

the form
oo 2
e I
— (2n+j +i)*(2n+k +1)’
where j, k € {1,2,---,2n+ 1} and j # k, also we have even number of such

19



terms. Now without loss of generality, for a given j and k with j > k,
> A?Ak
«(2n+j+i)*(2n +k + 1)

i=

_i 1 1 1
N n+j+i j—k\2n+k+i 2n+j+i

_°° AZ Ay, 1 1 = ATA, 1
_Z(j—k) In+k+i 2m4j+i _;j—k(2n+j+z’)2

_ ok LTk ), 4.23
Oin -k (2) (4.23)
where Pj, Qjr € Z with Q5 # 0. Similarly using the fact that A; = Ag,yoj,
we have
- A3 o Armyan AR Paniajontok

. - . 2 )
“(2n+2n+2-j+1)*Cn+2n+2-k+i) j—k 2) Q2nt2—j2n+a—k

7=

(4.24)
where Popyo_jonto—ks Qonto—jonto—k € Z with Qaopyo_jonya—r 7# 0. As coefficient
of {(2) in and is same with opposite sign. Therefore, for all 7, k €
{1,2,--- ,2n+ 1} and j # k, we have

| © L
Cn+i+7)2Cn+1i+k)

itk

a rational number. Hence we have then
P, + R,((3)
3 ‘
The effort here are also in vain as we show that it does not imply the irrationality

of ((3). Since

H[n] =

1
a:(l—x)y(l—y)z(l—z)g%forallo<x<1, 0<y<l1l 0<z<1.
Therefore,

/(3) (=) =)z =)™ |

0,1] 1 —zyz

P, + R,((3) ‘
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Using the remark of Lemma [2.3] we have

P+ RC(3)] < I, ( : >2n<<3> < ((e s €>6)2n<<3>,

26 26
for sufficiently large n and for some € > 0. As <(e;—§)G> > 1, hence we can not
draw the conclusion that {(3) is irrational. O

Now we mention an identity which is a natural generalization of the expressions
used by Frits Beukers [4]. However, concluding from it, the irrationality of zeta-
values greater than 3 is difficult. If f,(z) is defined the same way as in Theorem

[L.1] then using Lemma we have for m € NU {0},

@) (—1)m xy)™ m
[y ey = DEDEED (g
[0,1] I —uxy L2

Employing Lemma in (4.25), we obtain

) (log (1 = (1 — zy)z))™ 1
m(-ay [ CEC I ) e dya

P+ Qu¢(m +2)
o lz@JrQ :

(4.26)
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CHAPTER b

A new generalized proof

5.1 A new idea for the irrationality of ((2) and
¢(3)

In this chapter, we show that the expression used by Frits Beukers [4] for proving
the irrationality of ((2) and ¢(3) is not unique. In fact a whole class of expressions
(generalized expression) can be used to conclude that ((2) and ((3) are irrational.
In the next chapter, we will also mention a conjecture regarding a general expres-
sion which has a potential of proving the irrationality of all (-values at positive

integers greater than or equal to 4.

Theorem 5.1. Let k € NU{0} be a fized number and n € N, then we have

[0 R
[0,1] (1 —azy)" Lovok

where P,,Q, € Z. Furthermore, the upper bound of the integrand tends to zero

(fast enough) as n — oo consequently showing that ((2) is irrational.
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Proof. For a given k € N, define
1 d"

fn,k(x) = adxnanrk(l . x>n+k7 (5.1)
and "
fun(@)y* (1 —y)*+n
In, k| := : dx dy. 5.2
ok o= [ L (5:2)

Since the terms in the numerator of integrand in ([5.2)) are of the form of KaPy4,
where K € Z and k < p,q < n+ 2k. So employing Lemma [2.4] it follows that

(5.2) is of the form of

A, + Bn((2
I k) = 2ot P

n+2k
where A,,, B,, € Z. Performing integration by parts n-times, one can verify that
/(1) fn,k(x) dr — (_1)” /(1) ynxn—i-k(l o x)n—i—k . (53)
[0,1] I —uay [0,1] (1 —ay)+t
Utilizing (5.3)) in (5.2)), we have
Y L E T SR S (o)
[0,1] (1 —azy)" Lok

where P, = (—=1)"A, and @, = (—1)"B,,. Now using bounds (3.7, (4.16)), and
Lemma [2.3] we have

P, + Q,¢(2) ’ B
12 N

n+2k

(2) . . k+n
[,
0,1] (1 —ay)"

\/5 . 5(n+1) 1 k—1
= ( 2 ) (1_6>
= [P+ QuC(2)] < 124 <\/52— 1) <1_16) 7 (ﬁ; 1>

e (B2 () (45

for sufficiently large n. Here in the last line we have used the bound ({2.3]). Hence,

5 n
V5 —1
2 )

0<|P,+Qu((2)<L- 9( (5.4)

for sufficiently large n, where
5 _
pogr (VA1) (1N
2 16 '
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5
As 9 (@) < 1, so employing Lemma in (5.4), it becomes clear that ((2)

is irrational. O

Theorem 5.2. Let k € NU{0} be a fized number and n € N, then we have

JCLE L)l LT PR X 5
0,1] (1= —zy)w)"+ oo
where P,,Q, € Z. Furthermore, the upper bound of the integrand tends to zero

(fast enough) as n — oo and hence proving the irrationality of ((3).

Proof. Let f,r(x) be defined as in (3.2) and let us consider

2) 1
[0,1] (1—ay)
Note that f, x(x)fnr(y) is a polynomial in Z[z,y| of degree n + 2k and each

monomial is of the form KaPy9, for some K € Z and k < p,q < n + 2k, so using
Lemma 2.4] it follows that

B+ @n¢(3)
J[n7 k] - lv?)—‘
n+2k
Now applying Lemma {4.1]in (5.5) we get
@ fok (@) k()
Jn, k ——/ n’k—n’dmdydz. 5.6
. H) o1 1 — (1 —2y)z (56)

Performing integration by parts n-times with respect to x, one can check that
(1) (1) n .n+k 1 — n+k
/ @) / w2)"e ]~ o) —dz. (5.7)
[0,1] 1—(1—-ay)z [0,1] (1= (1 —axy)z)"*
Applying (5.7) in the right hand side of (5.6 becomes
(3) n,.n+k 1— n+k
J[n, k] = _/ (y2)"=""(1 — z) {’;’“@) dz dy dz. (5.8)
[0,1] (1= —zy)z)"
Now we make a change of variable, namely, replace

1—w
7=——
1—(1—2zy)w
TYZ
>1l-w=—
- (1 —=zy)z
Under the above substitution, the above integral changes into
(3) .k 1— n+k 1 — n
Jn, k] = —/ v = @) (1= w) fuly) dz dy dw. (5.9)
[0,1] 1—(1-zy)w
Again, use integration by parts n-times with respect to y to see that
(3) 1— 1— n+k 1— n
Jln, k] = _/ (z(1 —2)y(1 ~y)) “”il " 4 dy dw (5.10)
[0,1] (1 =1 —zy)w)"
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This proves the first part of the theorem. We now use the bounds (3.16|) and
(4.16)) to derive
1

k< (V2= 0" () )
1
6

have used the bound ([2.3)). As 27(v/2—1)* < 1, so applying Lemma in (5.11]),

it immediately follows that ((3) is irrational. O

)k cB3) < L (27(\/5 . 1)4>n (5.11)

)k ¢(3). Here in the final inequality we

:mﬁﬂmwzmﬂﬂ—w%

for sufficiently large n, where L = 27% (
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CHAPTER 6

A few conjectures

In this chapter, we look at some multi-integrals which are conjectured to yield

the expression of the form of

P+ QnC(k)
Ch ’
where k =2,3,---.
Conjecture 1. For k = - andn €N,
(z1( 1 —x9) -+ (1 —xp))" B A,
/ / / / (1— I1)$2 T doy doz - dow = (k) B,’

where A,, B, € Z and B,, # 0.
We prove the above conjecture for k = 2.

Proof. For k = 2 and n € N, replacing x; by x and x5 by y we need to prove

// 1_y dxdy:g‘(Q)—g—:, (6.2)

26
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where A,,, B,, € Z. Note that the numerator of integrand in (6.2)) is either of the
form of ™ or, z™y", Where 1<r<n. Soit sufﬁcient to prove that

// 1—2)y dzd’y*// 1_33 dxdy:C(Q)—%, (6.3)

where P,, (), € Z. Now consider

n]:/ol/oyy(lx—ix)dxdy.

Writing 1/(1 — z) in geometric series and interchanging integration and summa-

tion, we get

0 1 ry . nti
In| = // dx dy
") ;0 o Y
:i/‘l yn-i-i y
i—0 0p+l+1 ’
- 1 1 1
;(HHUQ (2) - 5 — (6.4)

Now let

Jn,r] // 1—35 dx dy. (6.5)

Again, in a similar way, writing 1/(1 — z) in geometric series and performing the

integration term by term, we get

oo 1y ‘
r] = Z/ / 2"y da dy

n+r+z
:E:/in+z+1
> 1
—~(n+it+tl)(n+tr+i+l)

=1 1 1
=> - — - : . (6.6)
—r\n+tit+l ntr+i+tl
Since the series is telescopic and hence a rational number. Therefore, the
result together with (6.4) becomes obvious. O

Next we are going to establish a conjecture which is very promising for proving

the irrationality of zeta-values. The following integral is considered by Buekers
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[4] for the proving irrationality of (2):
@) (1 =)

[0,1] I —xy

which upon performing integration by parts n times, becomes
o (O —nya—y)
(_1> _ n+1 ray.

[0,1] (1—azy)

In a similar manner for ((3), instead of considering the integral in (3.10]), we can

consider the following integral
(3) 1 — ) (1 — 2)™
[0,1] 1—(1—ay)z
which upon performing integration by parts n times, changes into
@ (2(1 — 2)y(1 —y)z(1 — 2))"
J ST ELE TP

[0,1] (1= (1 —azy)z)"

The above triple integral is same as the integral in (3.15]) obtained by Beukers.

So we can conclude that
@ (1 —y)™(1 - 2) Lo+ M,((3
[0,1] 1—(1-my)z L
Note: One can replace x by 1 —x in for the integral to look more symmetric

as the value of the integral will remain unchanged. Based on the integral in (|6.7))

we are going to state the following conjecture.

Conjecture 2. For k,n € N and k > 4,

B ) ) (1) _ Aut BiG(K)
/[o,u T— (1= (1= (1= a@)zs) - ) dxy - dzy = —E (6.8)
Or equivalently
/[0,1] (I1-1—=(1—=---(1—z29)H3) - - * )))"H! dy-- - drg
A, + B((k
:_;%Tgl' (6.9)

Let us analyze this conjecture for £ = 4. Assume that the conjecture is true

for k = 4, then
e e L Rt R
Hin) = /H A= (= (1—ap)auyr rdd
_ At Bug(4)

ln

(6.10)
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Using “Mathematica software”, we see that
(1 —2)y(l —y)z(1 — 2)w(l —w)
1—(1—=(1—2ay)2)w

<0.0063, V O<uzy,z,w<l1

So, we have

- (0.0063)"%M>.

|R[n]| < (0.0063)" dx dy dz dw

(4) 1
/[0,1] 1=(1—=(1==zy)2)w
Hence from Lemma and , we get
0 < | A, + BaC(4)] < ;181”(0.0063)%(4),
for sufficiently large n. Thus, we have
|A, + B,((4)| < L(0.52)",

for sufficiently large n, where

Therefore, using Lemma the irrationality of ((4) follows.

Remark 7. Using “Mathematica software” we have verified for 5 < k < 20 that
r1(1 —21)xe(1 —29) - - 2 (1 — xy)

1—(1—(1—---(1 —xy@9)3) - - - )},

This indicates that if the conjecture is true, it will immediately follow that all zeta

B <1,V 0<my,xe, e a < 1.

values at positive integers are irrational. So, indeed Conjecture[d looks promising.
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