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Abstract

In this thesis, we mainly consider Mobius transformations and the Cassinian met-
ric in the complex plane. In view of the importance of the hyperbolic metric on
the unit disk, we have focused on some results associated with Mobius transfor-
mation, the Cassinian metric and the hyperbolic metric.

The concept of inverse (or symmetric) points in circles plays a crucial role
in Mobius transformation setting. Some of the basic results such as Ptolemy’s
identity, characterization of disk automorphism, finding Mdbius transformations
from a pair of circles onto concentric circles, are proved using the concept of
inverse points in circles.

The construction of the Cassinian distance between two points in a subdo-
main of the complex plane is studied in two ways: (i) identifying the maximal
Cassinian ovals inside the domain with the two points as its foci, and (ii) com-
puting the Euclidean distance between the inversions of those two points in the
unit circle circle centred at the boundary point at which the maximal Cassinian
oval meets. Various classical properties of the Cassinian metric are presented.

Some of them are listed below:



e The Cassinian metric defines a complete metric in bounded domains.

e The Cassinian metric is not Mobius invariant, however, it is Mobius quasi-

mvariant.

e The geodesics of the Cassinian metric, if exist, are nothing but part of some

circular arcs.

Note that the hyperbolic metric is M6bius invariant whereas we already stated
that the Cassinian metric does not satisfy the Mdbius invariant property. There-
fore, it is important to investigate how these two metrics are comparable. The
thesis is ended with such comparisons followed by some problems for future di-

rections.
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CHAPTER 1

Introduction

This thesis comprises of six chapters. The present chapter is of introductory
type. The second chapter contains certain elementary properties and examples
on Mocbius transformations. The Cassinian metric, with it computations and
several basic properties, is considered in Chapter 3. Most of the main results
that we wish to highlight are covered in Chapter 4. The Poincare’s hyperbolic
metric of the unit disk, which got special attention in Chapter b5, is compared
with the Cassinian metric. Finally, the last chapter concludes the thesis.

The Mobius transformation is one of the important mappings in complex
analysis. This map is composed with certain elementary transformations such
as translation, rotation, magnification, inversion. The concept of cross ratio and
inverse (or symmetric) points play crucial roles in Mobius transformation setting.
Both the concepts have interesting geometric behaviours. For instance, a Mobius
transformation carries circles onto circles. Here, a circle with infinite radius is

treated as a straight line. Also, the classical Ptolemy’s identity which states that



the product of two diagonals in a quadrilateral equals the sum of product of its
two opposite sites provided the four vertices lie on a circle. This can also be
proved by using the idea of symmetric points in a circle. One of the important
applications of the classical symmetric principle is that it characterizes the most
general Mdbius transformation of the unit disk onto itself and to half-planes.
Moreover, reflection of a circle in another circle can also be computed. This idea
also helps us to find Mobius transformations from a pair of circles onto concentric
circles.

The Cassinian metric [5] was introduced by Ibragimov in 2009 and it was fur-
ther considered later in different prospectives (see [4, 9]). The classical Cassinian
ovals play important roles in computing the Cassinian metric. The Cassinian
ovals are very important in real life problems (see [7, 10]). Some of the applica-
tions are listed in Chapter 3. It defines a complete metric in bounded domains.
This metric is not M6bius invariant, however, it is Mobius quasi-invariant. The
geodesics of the Cassinian metric, if exist, are nothing but part of some circular
arcs. One may ask a question about how the Cassinian metric is compared with
the Poincare’s hyperbolic metric [8] on the unit disk. Note that the hyperbolic
metric is Mobius invariant whereas we already stated that the Cassinian metric
does not satisfy the Mobius invariant property. Therefore, it is important to in-
vestigate how these two metrics are comparable. The thesis is ended with such
comparisons followed by some problems for future directions.

We now list some of the common notations that are used in this thesis. The
symbols R and C respectively stand for the real line and complex plane. The
extended complex plane or the Riemann sphere is denoted by C,, = C U {o0}.
The disk centered at a with radius r is denoted by D(a,r) and its boundary
circle is denoted by S(a,r). We denote by D := (0, 1), the unit disk, and by
S :=S(0,1), the unit circle.



CHAPTER 2

Mobius Transformation

2.1 Definition

A Mébius transformation (linear fractional transformation or bilinear transfor-

mation) is a rational function of the form

az +b
T(z) = —— d—>b
(&) =g ad—be#0,
where a, b, ¢, d are complex numbers. In general, it is a function 7" : C,, — C,
defined by
(a2 +0b
e C\ {—d/c};
—— 2eC\{~d/g
_Ja
T(z) =< - 2= oo
c
d
00, z=—=
\ c




where a,b,c,d € C with ad — be # 0. The Mobius transformation 7'(z) is well-

defined and bijective. Indeed, we have
az1+b  azm+b

T(z1) =T(2) < P R ——

< acz129 + adz; + bezg + bd = aczyzo + bezy + adzy + bd
<= (ad — bd)z; = (ad — bc) z
> 21 = 29,

since ad — bc # 0. This shows that T is well-defined and one-one.

Secondly, w = T'(z) has exactly one root and we have

dw —b
z:Tfl(w):w—, ad — be # 0.

—cw =a
Thus, T is also onto.

The following elementary transformations are nothing but special cases of

Mobius transformation:
e Translation: 7'(z) = z + b;
e Dilation/Magnification: 7'(z) = az, a # 0;
e Rotation: T(z) = az,|a| =1 or T(z) = €z for some 6 € R;
e Inversion: T(z) =1/z.

Proposition 2.1.1. [11, pp. 66-68] A Mdébius transformation is the composition

of elementary transformations.

2.2 The Cross Ratio

Given three distinct points 29, 23, 24 in C,, there exists a transformation 7" which

carries them into 1,0, 00 in this order. Such a transformation is represented in



terms of cross ratio defined by

(z — 23)(22 — 24)
(2_24)(22 —2’3)’ 22723,Z47£OO;
Z — Z3
— Zg = OQ;
T(Z) = (2722723724) — z 4
22 — 24
e > ) z3 = OQ;
it
Z — Z3
24 = OQO.
\ 29 — 23’ 4

We now present some well-known results which are indeed used in the thesis.
The cross ratio is invariant under Mobius transformations. More precisely, we

have

Theorem 2.2.1. [1, p. 79] If 21, 29, 23, 24 are distinct points in Cy, and T(z) is

a Mébius transformation, then (T'zy,Tzo, Tz3,Tz4) = (21, 22, 23, 24)-

The following theorem describes the positions of the four distinct points if

their cross ratio is real.

Theorem 2.2.2. [1, p. 79] The cross ratio (21, 22, 23, 24) is real if and only if the

four points lie on a circle.

Proof. Let S(z) = (z,22,23,24) be a Mdbius transformation. It follows that
z = S7Y(z, 29, 23, 24) and hence we have
S™HR) = {z € C: (2, 29, 23, 24) € R}.

We shall prove that this collection is a circle. In fact, we are proving that image
of the real axis under any Mdobius transformation is a circle. Let w = S™!(R).
Since Mobius transformation are bijective, there exists a point z € R such that
S~1(z) = w. Thus, S(w) € R. This is equivalent to S(w) = S(w). Since S(w) is
of the form (aw + b)/(cw + d), the identity S(w) = S(w) is equivalent to

(at — ac)|w|® + (ad — be)w + (be — ad)w + (bd — bd) = 0,



which represent a circle. Indeed, after a simple computation we obtain
ad —¢b ad — bc

ac — ca ac — ca

z+ =

)

which is the equation of a circle. Taking z = z;, we conclude that z; lies on
the circle. By considering M(z) = (z1, 2, 23, 24), one can similarly verify that the
collection

N R) ={z€C: (2,2 2314 €R}

describe a circle. Choosing z = z3, we show that z; lies on the circle. Similarly,

we can see that z3 and 24 lie on the circle. This completes the proof. O

We next provide a very important geometry of Mobius transformations.
This can be proved by a general technique, however, here we provide its proof

using the concept of cross ratio. Indeed, we use Theorems 2.2.1 and 2.2.2.

Theorem 2.2.3. [1, p. 80] A Mébius transformation carries circles onto circles.

Proof. Consider a circle containing the three distinct points 2o, 23, 24. Let 2z be an
arbitrary point on that circle. Let S(z) be a Mobius transformation. By Theorem
2.2.1, we know that the cross ratio is invariant under Md&bius transformations.
Then, we have
(2, 22, 23, 2) = (5(2), 5(22), 5(23), 5(24))-

Since z, 29, 23, 24 lie on a circle, by Theorem 2.2.2, the cross ratio (z, 29, 23, 24) €
R and hence (S(z),S(22),5(23),5(24)) € R. This implies that all the points
S(z),S(z2), S(23),S(z4) lie on a circle. Since S(z) lies on a circle and z was an

arbitrary point on the circle, conclusion follows. [

As an application of Theorems 2.2.1, 2.2.2 and 2.2.3, we now provide a proof

of the classical Ptolemy’s identity (see [1, p. 80, Exc. 3]).

Theorem 2.2.4 (Ptolemy’s Theorem). If the consecutive vertices zy, zo, 23, 24 0f

a quadrilateral lie on a circle, then

|21 — 2z3]|22 — 24| = |21 — 22|23 — 24| + |22 — 23|21 — 24].

6



If the vertices of the quadrilateral do not lie on a circle, then the inequality
|21 — 2z3]|22 — 24| < |21 — 2al|23 — 24| + |22 — 23|21 — 24].

holds.

zZ)

\ )

Figure 2.1: A cyclic quadrilateral

4

Remark. In the above inequality, the equality may also hold for some choices of
points 21, 2o, 23, 24 not lying on a circle. Indeed, one can find four such complex
numbers. However, at this moment, we do not have a specific choices on this.
Proof of Theorem 2.2.4 Let C' be the circle passing through z7, 25, 23, 24. Let
T be the Mobius transformation such that
T(z) =1, T(z3) =0, T(2z4) = 00.

Since the Mobius transformation 7" preserves C' (see Theorem 2.2.3) and also all
the four points lie on C, by Theorem 2.2.2 it follows that 7'(z;) = a (> 1) € R.
Then the invariance property of the cross ratio under a Md6bius transformation

(Theorem 2.2.1) yields

(22,78, 71, 2) = (T(2), T(29), (), T(a)) = (1,0,0,00) = T2 >0
Taking modulus on both sides, we have
(20 — 21)(23 — 24)] a—1
|(22, 23, 21, 24)| = =) (=) =— (2.1)

Further, we have

(22, 21,23, 24) = (T(22),T(21), T(23),T(24)) = (1,0a,0,00) = é,



and thus
(22 — 23)(21 — 24)
(22 — z1)(21 — 23)

Adding the expressions in equations (2.1) and (2.2), we get

1
=

|(227Zh Z3, Z4)| —

a—1 1
= +-=1
a a

(22 — 23)(21 — 21)

(22 — 24) (21 — 23)

(22 — 21)(23 — 24)

(22 — 24)(23 — 21)
This implies that

(22 — 23)(21 — 24)

(22 — 24)(21 — 23)

(22 — 21)(23 — 24)

(22 — 24)(23 — 21)

and hence
(22 - 21)(23 - 2’4)

(22 — 24)(23 — 21)
Equivalently, we finally obtain

(22 — 24) (21 — 23)| = [(22 — 23) (21 — 24|
(22 — 24) (21 — 23)|

|21 — 23||22 — 24| = |21 — 22|23 — 24| + |22 — 23]|21 — 24
For the inequality, we consider the vertices z1, 29, 23, 24 as complex numbers.

Then applying the triangle inequality to the simple identity

(21— 23)(22 — 21) = (21 — 22) (23 — 21) + (22 — 23) (21 — 24),
we get the required inequality. U
Ptolemy’s Theorem can also be proved using the inverse point technique,

however, we skip that method of proof.

2.3 Inverse (or Symmetric) points

In order to generate the idea of inverse points with respect to a circle (which is
not a line), we need to initiate the concept of inverse points with respect to a

line.

Definition 2.3.1. (Symmetric/Inverse points with respect to a line) Let L be
a line in C. Two points z and z* are called the inverse points (or symmetric
points) with respect to L if L is the perpendicular bisector of |z,z*|, the line

segment joining z and z*.



Definition 2.3.2. (Reflection/Inversion with respect to a line) The mapping
which carries z onto its tnverse point z* with respect to the line L is a one-one
correspondence. This correspondence is called a reflection/inversion with respect

to L.

Example 2.3.3. The points z and z* = Z are the inverse points with respect to
the real axis. So, the correspondence f(z) = Z is the reflection/inversion with

respect to the real axis.
Using a simple high school geometry, one can easily show that

Lemma 2.3.4. Fvery circle passing through the inverse points z and z* with

respect to L intersects L at right angles.

Definition 2.3.5. (Inverse points with respect to a circle) Two points z and z*
in C are said to be inverse points with respect to a circle I' C C if every circle

passing through z and z* intersects I' at right angles.

The following lemma says that a and 1/a@ are inverse points with respect to

the unit circle.

Lemma 2.3.6. [1, Exc. 5, p. 17] All circles that pass through a and 1/a intersect

the unit circle |z| = 1 at right angles.

Proof. Let |z — a| = r be an arbitrary circle that pass through a and 1/a. We
need to show that |z — a| = r and |z| = 1 are orthogonal, i.e. |a|*> =1+ 172, By
the assumption, we compute

la —al =r < |a|* + |a|* — 2Re[aa] = r?
and
1

- —

=r < 1+ |a*|a]* — 2Reaa] = r*|al?.
a

Solving these two equations, we obtain the required orthogonality conditions:

] =1+ 12 O



Geometric view of the inverse points in a circle goes like this. Let I" be a
given circle centred at zy. If 2 is a point inside I', then the point z* can be located
outside I' lying on the line L passing through 2y and z. The construction follows
like this: take a line perpendicular to L at z. This meets I' at a point, say, P.
Then z* is obtained by the point of intersection of the tangent line at P and L.
See the figure below.

Figure 2.2: Construction of inverse points

For the detailed discussion about the geometric view of the inverse points z
and z* in a circle, first we provide a characterization which helps us to compute

z* when 2z is given.

Theorem 2.3.7. [11, p. 78] Let T := {{ € C: |( — 20| = R} be a circle. Two
points z and z* are inverse points with respect to I' if and only if the following

two geometric properties hold
(i) z and z* are collinear with center zy;
(ii) |z — 20||2* — 20| = R%.

Proof. By Definition 2.3.5, every circle passing through z and z* is orthogonal
to I'. In particular, the line passing through zy, z and z* is also orthogonal to I'.

Thus, z and z* are collinear with the center zy, proving (i).

10



For the proof of (ii), cosider the circle
[":={CeC: |(—z|=R}
passing through the inverse points z and z* which is orthogonal to the circle I’
such that zg, z, 2, z* are collinear (see the figure in the next page).

Thus, it has the orthogonality condition:
|20 — 20| = R* + R*.
This, along with a simple geometry, yields
|2 = z0l2" = 20| = (|20 — 2| — R')(|z0 — 2| + R)
= |20 — 2" = R* = R?,
the relation (ii).

For the converse part, we provide two techniques.

Figure 2.3: Construction of inverse points

Method-1: We require to show that any circle passing through z and z* is

11



orthogonal to T, i.e. to show the orthogonality condition |z — c|*> = r* + R%.

Here, two cases arise.

Case-1: z = z*.

By the given condition, the points z and z* lie on the circle | — zo| = R,
and the circles passing through them merge into the line passing through z, and
z. Trivially, this is orthogonal to I'. So, there is nothing to analyse in this case.

Case-2: z # z*.

We refer to the figure below. On the one hand, the cosine rule for the
triangle Azyzc produces

2 = |z — 20|* + |20 — ¢|* — 2|z — 20|20 — | cos Lzzge. (2.3)
On the other hand, the cosine rule for Azyz*c gives
r? = 2" — 2> + |20 — c|* = 2|2* — 20||20 — | cos L2 zc. (2.4)
Solving the expressions obtained in (2.4) and (2.3), we obtain
0=z — 2> — |2" — 20|> + 2 cos Lz*zc |20 — c|(|2* — 20| — |2 — 20]),
because Zzzgc = Lz*zyc. This implies
|2* — 20]® — |2 — 20|* = 2cos £2*20¢ |20 — c|(|2* — 20| — |2 — 20]),
and hence
2% — 20| + |2 — 20| = 2cos Lz"2pc |20 — .
Squaring both sides and using Theorem 2.3.7(ii), we have
|2* — 202 + |2 — 20* + 2R? = 4 cos® L2*zpc |z — | (2.5)
Also, Theorem 2.3.7(i) says that the points 2, z, z* are collinear. It follows that
|20 — 2%| = |20 — 2| + |2 — 27
Squaring both sides, Theorem 2.3.7(ii) produces
|z — 22 = |20 — 2" + |20 — 2|* — 2R%. (2.6)
Solving the equations (2.5) and (2.6), we have
|z — 2*|* + 4R?

(2.7)

— 2 — .
|70 = el 4 cos? Lz*zyc

12



Applying the sine rule for the triangle Azyzc, we have

sin Zzpze  sin Zzzge

|20 —c| r
A simplification after squaring it leads to

r?sin? Zzozc

120 = 6‘2 - sin? Zzzgc (28)
Again the cosine rule for the triangle Azz*c gives
12 = |z — 2P + 1% + 2r|z — 2| cos(m — Lzpzc).
This simplifies to
0=|z—2"(]z — 2"| + 2rcos Lzyzc) = |z — 2¥| + 2rcos Lzgzc = 0,
since z # z*. An easy simplification leads to
|z — 2*|?
r?sin’lzgzc = r* — —
Substituting this in (2.8) and simplifying, we obtain
|z — 2*]2 = 4r? — 4]z9 — c|*sin*Lzzge. (2.9)

Eliminating the term |z — 2*|? from (2.7) and (2.9), we have
4129 — c|? cos® ZLzzge = 4r® — 4|zp — ¢|* sin® Lzzoc + 4R,
By a simple calculation, the required orthogonality condition
|20 — ¢|* = r* + R?
follows.
Method-2: This method is based on the geometric view of the inverse points
in a circle explained above (see Figure 2.2). In Figure 2.2, the line PQ is the
tangent to the circle and it passes through z*. Denote line which is joining the
points P and z by Pz. Now to prove that the points z and z* are inverse points
with respect to the circle, it is sufficient to prove that the line Pz is perpendicular
to the line zpz*.
From the hypothesis (ii) we have

|z — 2z0||2* — 2| = R

13



Since |29 — P| = R, it simplifies to

|z — 20| |20 — P|

Pl = T (2.10)
Now we consider the two triangles APzyz* and APzyz. Since the angles /Pzyz*
and ZPzyz are common to both the triangle, considering (2.10), the SAS prop-
erty suggests that the triangles APzyz* and APzyz are similar. It follows that
/2*Pzy = ZzyzP. Since P(Q is the tangent at P and zyP is a radius, the
Lz2*Pzy = 7/2 = ZzpzP. That is, the line Pz is perpendicular to the line

zoz*. This completes the proof. ]

One of the importances of Theorem 2.3.7 is to compute z* if 2 is given to
us. Since z and z* lie on the same ray through zg, it follows that
Arg (2" — z9) = Arg(z — z9) = 0 (say).
Then the relation |z — 29||2* — 20| = R? is equivalent to
R R? R?

2f—zp=——¢" = — = =
7 12— 2| re=®  zZ—2

if z =29+ re?, r < R. This brings the concept of inversion in a circle.

Definition 2.3.8. [1, p. 81] The inversion in the circle | — zo| = R is a trans-
formation i : Co, — Cy defined by
(

R2
Zo + ) ZfZ % 20,
Z— 20
i(2) = 00, if 2= 2
20 if z = o0.
\

Note that i(¢) = (. We next discuss a result describing the inverse points

in a circle in terms of the equation of the circle.

Theorem 2.3.9. [11, Theorem 3.25, p. 80] Two points z and z* are inverse

points with respect to the circle

QW + fw + fw+v =0

14



in Cy if and only if
azz* + Bz + B +7=0

Now we see that Theorem 2.3.9 plays an important role in the proof of the
next important result, namely, the symmetric principle. This says that a pair
of inverse points in a circle are sent to a pair of inverse points under a Mdbius

transformation.

Theorem 2.3.10 (Symmetry Principle). [I, Theorem 15, p. 82] If a Mdébius
transformation carries a circle Cy into a circle Cy, then it transforms any pair of

symmetric points with respect to Cy into a pair of symmetric points with respect

to CQ .

Proof. Let the equation of the circle C be
ayw Wt + frwy + frwog + 1 =0, (2.11)
and z; and 2z be a pair of inverse points with respect to C;. Then by Theo-

rem 2.3.9, we have

04121Z_T+E21 +512_ik+71~ (2.12)

Let S be a Mobius transformation which caries C7 onto Cy. Then we prove that

S(z1) and S(z]) are inverse points with respect to Cy. Let

aw +b
C:S(w)zcw+d, ad —bc # 0
Then, we have
wzs—l(g):M ad — be # 0.
—cC +a

If ¢; = S(wy), then by (2.11), we obtain the equation of the circle Cy as
arSTHC)(SH)(G) + B1STHG) + AS~HG) +v = 0.

This is equivalent to - -
d¢ —b d¢ —b d¢—b dc —b
al(—CC+a) (—cé+a) 0 (m) +51<m) +7 = 0.

15




A simple computation takes the equation of the circle Cs to the form

a2G1G1 + Bali + Bali + 72 = 0,
equivalently,

@S (wy)S(wr) + BaS(wn) + B2S(w) + 75 = 0.

That is

aw, +b\ saw; +b aw; +b awy +b
=0.
Q2(zw1 + d) (cw1 + a) - Bz(cwl + d) - 52<cw1 + d) M

This is of the form

Then by (2.12), a similar calculation can yield
Az 25 + Bz + B2+ D = 0.

Simplifying back to the form (2.13), we obtain

az +b\ sazi +b az +b azi +b
a2<czl + d) <czi" + d) s (021 + d> - 62(0,2{ + d) 72 =0.

This is equivalent to

a25(21)5(21) + B2S(21) + B2S(z) + 72 = 0,

(2.13)

leading to the conclusion that S(z;) and S*(z1) are inverse points with respect to

(5. This completes the proof.

]

With the help of Theorem 2.3.10, we now very easily characterize the most

general Mobius transformation that takes the unit disk onto itself. This is also

used in the later chapters.

Theorem 2.3.11. [11, Theorem 3.21, p. 77] The most general Mébius transfor-

mation that takes the unit disk D onto itself is of the form

zZ— 20

S(z) = e for a € R and z, € D.

pu—

1—2p2
Proof. One can easily verify that the function
zZ— 20

T(z) = eD
(Z> 1 _ 2—027 z Y
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is a Mobius disk automorphism of the unit disk . By Lemma 2.3.6, we know
that zy and 1/Z; are inverse points with respect to the unit circle |z| = 1. By
the symmetric principle (Theorem 2.3.10), 0 = T'(zp) and oo = T'(1/Z;) are also
inverse points with respect to the image circle |w| = 1. Tt follows that the most
general equation of the required Mobius transformation is of the form

S(z) = K(Z_Zf) :A( Z_zo) _ AT(2), A = —K7,

1—"22

o
for some complex constant K. Since |S(z)| = 1 for |z| = 1, in particular for

z =1, we too have |S(1)| = 1. A simple computation yields [A| =1, i.e. A= ¢
for some a € R. Thus, S(z) has the required form. This completes the proof. [

We next provide two examples that are nothing but applications of the

symmetric principle.
Example 2.3.12. [1, Ezxc. 2, p. 83] Reflect the line y = x and the circle |z| =1

in the circle |z — 2| = 1.

Proof.  We first reflect the line of x = y in the circle |z — 2| = 1.
Let 2 = z +1y. Then we obtain z = x + iz and hence Z = —iz. Now by

Definition 2.3.8, the inversion in the circle |z — 2| = 1 produces

2" =i(z) = +2. (2.14)

After simplification we get

22 -3 — 27 43
—iz = = z=(————1)i
= Z (—z*+2>l

Since —iz = Z, it follows that

22 — 3 =2z + 3.
= i
z*—2 —zF 42
This simplifies to

e 4—3i L3 3 — 4 N 6i — 6 0
—24+2i —2 42 —24+92 ) 7

which represents a circle.

Secondly, we deal with the reflection of |z| = 1 in the given circle.
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By the above simplification of (2.14), we get

2zF =3
1=z = |22 2|
z*—2
After simplification we get the circle
., 4 1
2f— ==z
3 3
and the solution is complete. ]

Example 2.3.13. [1, Ezxc. 7, p. 83] Find a Mébius transformation which carries
the circles |z| =1 and |z — (1/4)| = 1/4 onto concentric circles. What is the ratio

of radii?.

Proof. Let

S(z) = —, O<a<l, (2.15)

be the Mdbius transformation which carries the circles C; : |z| = 1 onto itself
and Cy : |z — (1/4)| = 1/4 onto |w| = r.

By Lemma 2.3.6, we know that a and 1/a = 1/a are inverse points with
respect to C7. We choose 1/4 < a < 1 in such a way that a and 1/a are also
inverse points with respect to Cy. By Theorem 2.3.7(ii), we have

1\ /1 1\ 1
“T1)\a 1) 16
Solving this quadratic equation in a, we get a = 2 — /3, since we have chosen
1/4 < a < 1. Therefore, from (2.15), we obtain
z—(2—+/3)
C1-(2-V3)2

Now we go for finding the ratio of radii: 1 : r. Since 0 and co are inverse

S(2)

points with respect to the circle C, so S(0) and S(co) are inverse points with

respect to the image circle C;. This implies
1S(0)[]S(c0)| = 1. (2.16)
Again since 1/4 and oo are inverse points with respect to the circle Cy, so S(1/4)

and S(oco) are inverse points with respect to the image circle |w| = r. This implies
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1S(1/4)]|S(c0)| = r°. (2.17)

Solving the equations (2.16) and (2.17), we have
[SO)][S(e0)| 1

[SA/4)[[S(0)] 12

Thus, the ratio of radii becomes

1 JS(O) J 1
T \ISW/4A)] - \7-4/3

completing the solution. O]
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CHAPTER 3

The Cassinian metric

3.1 Cassinian ovals

A Cassinian oval is an algebraic curve of degree four in the plane. Geometrically,
it is a locus of points P(x, y) with foci Fj(a,0) and F»(—a, 0) such that the product
of the distances |P — F}| and |P — Fy| is a positive constant b* (see Figure 3.1).

Thus, its mathematical representation becomes

py)

Figure 3.1: Cassinian oval: |PFy| X |PFy| = b? for any location of P on the curve.

(@ —a) +7)[(z +a)* +y°] =V = (2% +y* +a”)" — da’a® ="
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In polar form, after substituting x = r cosf and y = rsin 6, it reduces to
[(rcos @ — a)? + (rsin 6%][(r cos § + a)* + (rsin§)?] = b*,
equivalently,

r* + a* — 2a*r? cos(26) = b*.

The Cassinian oval’s shapes depend on the parameters a and b, and they
are generally categorized by evaluating the ratio a/b. In Figure 3.2, a family of

Cassinian ovals is drawn for a fixed a on the left and a fixed b on the right.

O alb=0
—ap<Eh CD alb<V3/2

\ ««H_)J_ﬁ(nfb(l 3 .\5/24af{.b<1

S woe
&46 afb>1

Figure 3.2: A family of Cassinian ovals

The form of the ovals can be characterized as follows:

e For a/b < v/2/2, the curve is a single loop that looks like an ellipse and
intersects z-axis at x = £+v/a? + b°.

e For v/2/2 < a/b < 1, the oval attains a dent on top and bottom or peanut
shape or dog bone shape.

e When a/b =1, the curve is a Lemniscate of Bernoulli which has a point of
self intersection. This shapes pass through the origin and has shape similar

to the oo symbol.
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e For a/b > 1, the curve splits into two mirror-imaged disjoint ovals and there

are two additional real z-intercepts at r = ++v/a? — b2.

The Cassinian ovals are extensively used in real life problems (see [7, 10]).

Some of the applications are listed below.

e Model to determine Earth’s orbit.

— (Cassinian ovals were first studied in 1680 by Giovanni Domenico Cassinian
as a model to determine Earth’s orbit. After discovering few satellites,
he rejected the theory of Kepler ellipses and discovered the Cassinian
ovals suggesting that stellar bodies followed paths traced out by one

of these curves.
e Modelling population growths.

— Growth of population between the two metropolitan cities, Beijing
and Tianjin of China, is modelled by the a/b characteristic index of
Cassinian ovals. In the study when a/b > 1, the population density is
more than 3000 persons/km?. When a/b = 1, the population density
is about 3000 persons/km?. For v/2/2 < a/b < 1, the density is
between 500 — 3000 persons/km?.

e Human red blood cell is treated using the Cassinian ovals for modelling its

profile.

e Simulating light scattering by small particles.

3.2 The Cassinian distance

Let 21,29 € D C# C be a pair of distinct points. The Cassinian distance between
them can be defined through two concepts: (i) the maximal Cassinian ovals, and

(ii) inversion formula.
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(i) The maximal Cassinian oval approach. For a finite number k£ > 0, let
C(z1, z9; k) be the Cassinian ovals
{z €R": |21 — 2||z2 — 2| = k*}
with foci z; and 2. Since D is open, the Cassinian ovals C/(z1, z9; k) is contained
in D for a small enough k. As the boundary 0D of D contains at least two points,
there exists a largest number k& with the property that C'(z1, 20; k) N 9D # 0 and
that the interior of C'(z1, 29; k) is contained in D. Let p € C(z1, z2; k) NOD. Then
k* = |z = pllz2 — p| = min{|z1 — ql[z2 — q| : ¢ € 9D}

This generates a maximal Cassinian oval in D with foci 21,20 € D and it is

denoted by C(z1, 22; k(21, 22)). Using this notion, the Cassinian distance is first

defined as follows (see [5]):
_ |21 — 2o _ |21 — 2o
k*(z1,22) |z —pllea —pl

cp(z1,22) -

Alternatively,
21 — 2| 21 — 2|

cp(z1, 29) = — =m )
Pl 2) = T —dlla—dl 4€ 0D} 4 o — dlla 4l

In particular, for each 21,29 € D, there exists a point p € 0D such that

|21 —Z2|

CD(ZDZQ) B |21 —szz —P|'

(ii) The inversion formula approach. Suppose that p € 9D such that
|21 — 2

cp(21, 22) =
|21 — pl[22 — pl

holds. Then geometrically the Cassinian distance between z; and 2, is nothing

but the Euclidean distance between the inversions of z; and 2 in the unit circle

S(p, 1) centred at p. Indeed, if the inversion in the circle S(p, 1) is denoted by 1,

it =iteal = | (r+ 5 ) - (4 55|

_ 21 — 2|
|21 = pll22 — pl

then we have

= CD(ZhZQ);

for all z1,29 € D.
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Note that the Cassinian distance is easy to compute, which can be seen
from the following observations and examples.

Observations. If z5 — oo, then we see that

cp(z1,00) = Zlgnoo cp(z1, 22)

‘ |Zl - 22‘
= lim max
22—00 pEOD |Zl —pHZz _p|

= lim max -
2200 pedD | 29|21 — p|[1 — Z—2|

1
= lim max
z9g—00 pEAD ‘Zl — p’

= 1/5(21)7
where (z;) := dist (21,0D) = min{|z; — p| : p € 0D}.
If D=C,=C\{p},p # oo, then

|21 — 2]
eolen,22) = |21 = pllz2 — p|
If 21,20 € D, :={2 € D :6(2) = |2 — p|} for some p € 0D, then
|21 — 2
eolen,72) = |21 = pllz2 = p|

The next two examples compute the Cassinian distance between points in

a punctured disk and a half-plane, respectively.
Example 3.2.1. Find cp(z1, 22) on the domain D ={z € C:0 < |z] < k}.

Solution. Let a point ( € 0D, where boundary 0D = {0, |z| = k}. By the
definition of the Cassinian distance, we have

|21 — 2 |21 — 2

cp(z1, 22) = max - ’
p(21,22) ¢edD |z1 — (||zo — €|  min |z — (|22 — (|
¢€aD

Since |z1 — | > [|z1] — €] and |29 — | > ||2z2| — [C]|, for all 21, 29, ( € C, it follows
that

21 = Cllz2 = €| = lz1] = [CIH]22] = IC]]-
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It implies that

i — — (| > mi — — ||| 3.1

min 21 — Cllz2 — (| 2 min lz1] — [C]}{]22] — IC]] (3.1)

In right side of the inequality (3.1) if we take boundary point as ¢ = 0 then
it becomes |z||z9| and if we take boundary point as |(| = k then it becomes
||21] — K| ||22] — k| = ||21]|22] = k(|21] + |22]) + k?|. Now when |21| + |22] > k, then

minimum occurs for |(| = k and when |z1| + |23] < k, then minimum occurs for

¢ = 0. i.e., right side of inequality (3.1) becomes

. |21]|22], 21| + 22| < k5
ggé%”zﬂ — ¢l |[22] = [K]| =
[21] = K[ [|z2] = K[, [21] + [22] > k.

So equation (3.1) becomes

. |21]|22], |21] 4 22| < K
min |z — (|[z2 — (| >

oD
« 22 = Kl llz2] = kI, |21 + |22] > k.
Thus
|Zl —Z2|
B |21 — 22| 21]22] |21] + |22 < K
cp(z1,22) = — <
crgé%|zl_g||z2_<| |21 — 2]
s |Zl|+|22| > k.
|[21] — K[ |[22] — |
(3.2)

This is the upper bound of ¢p in a punctured disk with radius k. Now we are
interested to find a lower bound of ¢p. Since |21 — (| < |z1| + [¢] and |z — (] <
|z2] + ||, it implies that
|21 = Cllz2 = ¢ < (lza] + (€1 (Iz2] + [CD)-
It implies that
i — — (| < mi . .

min |21 — Cf[z2 — ¢| < min(]z] + |C))(lz2] + [C]) (3.3)
In right side of equation (3.3) if we take boundary point as ¢ = 0 then it becomes
|21]|22| and if we take boundary point as || = k then it becomes

(2] + B) (|22l + k) = |z1][z2] + k((l21] + [22]) + K),

where £ > 0, then one can easily see that minimum occurs for ¢ = 0 in right side
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of (3.3). So (3.3) becomes

min |2 — ([zp = (] < |z ]z].

CEHD
Thus
( ) ‘21—22| |Zl—22| (3 4)
Cpl?1,22) = : = . .
gé%\zl—f\\@—f\ 21| 22
From (3.2) and (3.4), we have
o= 1] + 2] < K
2 — 2 — 21| + |z < K
fa =l < ep(a, ) < 1Al (3.5)
|21H22’ |Zl — 22| | | | ‘ i
, |2 | z2| > K.
B ’
This establishes
2 — 2
CD(Zl,ZQ) = M lf ’21| + |22| S l{?
|21 |22

However, for |z;| + |z2| > k, we fail to compute the Cassinian distance exactly.
Moreover, we see that when k& — oo, the punctured disk is converted to the
punctured plane. In this limiting situation, the Cassinian distance is coinciding

with the case of the punctured plane. U
Example 3.2.2. Find cp(z1,22) on the upper half-plane D = {z : Tm z > 0}.

Solution. Let z; = x; + iy, and 2z = x5 + iys € D. We discuss the precise
formula for c¢p(z1, 22) in two situations: (i) when the two points lie on a vertical
line, (ii) when the two points lie on a horizontal line.

Case (i): z; = zo.

We have z; = 1 + iy; and zo = x1 + 1y3. Now Let a point { € dD, where
boundary 0D = {z : J(z) = 0}. By the definition of Cassinian distance, we have

( ) |21 - 22’ ‘21 - 22|
cp(21, 29) = max = — .
PV =2 ™ ¢e0b |21 — (|22 — (| min |21 = ¢lfz — (|
Now

|21 — 22| = |21 + 11 — 21 — iy2| = |iy1 — iy2| = |1 — Yol

Let the maximal Cassinian oval touch at the point ( = ¢ on the z-axis with
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|t| < 2y, then

min |23 —t|]z2 — | = min \/((xl — )2+ ) (v — )2 + y3).

—r1<t<z1 —x1<t<z1

Consider the function

f) = ((x1 =) +47)((m1 — £)* + 3).

Differentiation of it gives

’

F(#) = (@1 = 1) +53)(=2(z1 — 1)) + (21 — 1) + 1) (=221 — 1))

= =2(x1 = t)(2(x1 — 1)* + yi +y3).
For finding the minimum value of f(¢), we make f'(t) = 0 i.e., =2(x; —t) = 0 or
(2(x1 — )2+ y7 +y3) = 0. Since (2(z; — t)* + 3?2 + y3) = 0 is not possible so we
have —2(x; —t) = 0 i.e., at x; = ¢, f(t) gives its minimum value. Then minimum
of f(t) at z; =t is yiy3. ie.,

min_ [o—tllm—t = min /(o — 02 4y (0 - 02 +3) = \JuRE = e

—x1<t<z1 —x1<t<z1

Therefore, finally we have

(20, 7) |21 — 22 Y1 — y2l
Cp\?z1,%2) == — =
Join |21 — Cl]22 — (] Y1Yo

Case (ii): y1 = ¥o.

Without loss of generality one can assume that z; > 0 and 29 = —x;. Then
z1 = x1 +1y; and 2o = —x1 + 1y;. By the definition of Cassinian distance, we
have

(1. 2) |21 — 2o |21 — 2o
cp(z1, z2) = max = — .
Ve =l = minfe =l =]
Now

|21 — 22| = |x1 + 11 + 21 — dy1| = 224,

Let the maximal Cassinian oval touch at the point ( = ¢ on the z-axis with

|t| < a1, then

min |zl —f = min /(02 yd) (- 02+ ).

—x1<t<z —x1<t<z1
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Consider the function
g(t) = ((z1 + 1) + y1) (21 — )" + 97)-
We need to find minimum value of above function for ¢ so find its derivative i.e.,
g(t) = 4t(t* +yi — 27).

’

g(t)=0 ie, t=0 or t*=2a] —y;.
Now we have to find its double derivative i.e.,
g (t) =4 +yi — x7) + 8¢°.
The function g(t) achieves its minimum value when g" (¢) > 0 i.e.,

(23 +y1)?, w1 > @

min t) =
—r1<t<z:1 g( ) 2 9
dryyy, 1 < o7
Therefore, finally we have
21’1
’2’1 — 22| 2 2 n > L5
CD(Z1,Z2) = — =& T
min |z; — (|22 — (] 1
¢edD
) U1 S €1
n
This obtains the desired formula. [l

3.3 Basic Properties

This section is devoted to some elementary properties of the Cassinian distance.
The first property confirms that the Cassinian distance defines a metric on a

domain D C C.

Theorem 3.3.1. [5, Lemma 3.1] The distance function cp defines a metric on

D.

Proof. Clearly, cp(z1, 22) is symmetric, cp(z1, 22) > 0 and ¢p(z1,29) = 0 if and

only if z; = 29. It remains to prove the triangle inequality. For this, consider the
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three arbitrary points 21, 2,20 € D. Let p € 0D be such that

(1) = 2
Cpl\Z21,%2) = .
’ |21 — pl|22 — p
Then
|21 — 2| |z — 29|
cp(z1, 2) + cp(z, 22) = max + max

medD |21 — pif|lz — 1| p2€0D |2 — pa|z2 — pof

|21 — 2| |z — 29|

> —+
Vr—ﬂk—p||z—ﬂkm—ﬂ
1 |21 = 2|[p — 2| + |2 — 22||p — 21
|z —pllz — bl |z —pl
|21 — 22|z — D

~ |z = pllz2 = pllz — pl
where the last inequality is nothing but Ptolemy’s inequality (see Theorem 2.2.4).

= CD(217Z2)7

This completes the proof. ]

Corollary 3.3.2 (Monotone property). [5, Corollary 3.2] The Cassinian metric
is monotonic with respect to domains. That is, D C D' implies cp/(z1,22) <

cp(z1,22) for all zy, 29 € D.

Proof. For 21,29 € D the Cassinian distance is defined by

|21 — 2]

ep(z1,22) = peoD |21 = pl[22 — p|

By geometry (see Figure 3.3), for all 21,20 € D C D’ we have

. _ o < . _/ o /.
2%15”21 pllz p|_p,ﬂéllgl,|21 Pllze — P

This implies that
|21 — 22 |21 — 2]

max > max ,
peoD |21 — pl[z2 — p| — weoD [z — p'l|z2 — p/|

equivalently, we have

cp(z1, 22) > cpi(z1, 22).

This completes the proof. O
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Figure 3.3: Comparison of |z; — p||z2 — p| and |z; — p/||ze — /| for 21,20 € D C D’

Next we discuss the completeness property of the Cassinian metric.

Lemma 3.3.3. [5, Lemma 3.11] If D is a domain with co ¢ 0D, then the

Cassinian metric space (D, cp) is complete.

Proof. Generally, the Cassinian metric is not complete. Here we have to prove
if oo ¢ 0D, then (D, cp) is complete. First we see what happen if co € 9D. For
this we let D = C\{0} i.e., 9D = {0, 00} and consider the sequence {z,} = n?.
For any 2z, we have

Ees] 1

cp(2zn, 00) = max = max ———.
D( n ) pedD |Zn_p|‘oo—p‘ peEOD |Zn_p|
That is,
1
— pP= O;
CD(ZTLJOO) = max |Zn|

0, p = 00.
i.e., cp(n? 00) — 0 as n increases. This shows that z, converges to oo in the

Cassinian metric. This implies that z, is a Cauchy sequence. Also by explicitly
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calculation we can show the sequence {z,} is Cauchy. i.e.,

|20 — 2ml
¢p(Zn, Zm) = sup , pe€aD.
pedD |20 — pllzm — |
ie.,
1 1
o o p= 07
cp(Zn, 2m) = max g |7 M
0, p =00
1 1
Therefore, cp(zn, 2m) = |—5 — —5| — 0 as m,n — oo. This implies that the
n2 m

sequence {z,} = n? is Cauchy. But it is converging to oo which is outside the
domain D = C\{0}. i.e., (D = C\{0}, ¢p) is not complete. Now we comeback to
our main proof. Since oo ¢ dD. This implies that D is a bounded domain. To
prove (D, cp) is complete, by definition, it is required to show that every Cauchy
sequence in D is converges in D. Now two scenarios arise:
(i) Sequence of points approaching to a boundary point:these kind of sequence
are not Cauchy sequences (so, they are not convergent) as they are not even
bounded. Let z, be the sequence approaches to ¢ € D then

min [z — pllzn = pl < |20 — qllzn — ql-
This implies that

’ZO_Zn| |z0_2n|

cp(20, 2n) = —— 120 — pll2a — 2| = |20 — ql|20 — 4
pEAD

as D is bounded domain i.e., |29 — 2z,| < k, for some k and if n — oo then

the points of z, will be approaches to ¢ i.e., |z, —¢q| — 0. This implies that

|20 — 2zn|

| T ‘ — 00 i.e., ¢p(z0, z,) is unbounded. So the sequence {z,} is not a
20 — 4[|An — ¢
bounded sequence and hence it is not a Cauchy sequence.

(i) Sequence of points not approaching to a boundary point:Let {z,} be a Cauchy

sequence. Now we wish to show it is convergent in D. Since {z,} be a Cauchy
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|2n — Zm

sequence then cp(zy, z,) = — 0 if n,m — oo. Since {z,} is

min [z, — pl[zm = p|
not approaching to any boundary points so, ;gé% |20 — pl|zm — p| # 0 as n — 0.
This implies |z, — z,,| — 0 as n,m — oo. i.e., the sequence {z,} approaches to
some point, say z in D (as it is not approaches to some boundary point). Thus

|20 — 2m|

cp(2n, 2m) = — — 0 as n— co.
min |z, — pl|z — p|
pEOD

Hence the sequence {z,} converges to z € D. This completes the proof. ]

Next we investigate about the Mobius invariance property of the Cassinian

metric.
Lemma 3.3.4. In general, the Cassinian metric cp is not Mobius invariant.

Proof. We prove our assertion in the unit disk D. Let 2z, 25 € D. We show that
crmy(f(z1), f(22)) # cp(21, 22) under a Mdébius transformation f : D — f(DD).
Take f(z) = az,a > 0. This implies f(D) = {z: |2| < a}; 9f(D)={z:|z| =a}
also f(z1) = az; and f(22) = azy also there exists p € {z : |z| = 1} such that
§ =ap={z: |2 = a}. Now

|f(z1) = f(z2)]
veosm) [F(z) = P17 () — ]

lazy — az

cim)(f(=21), f(z2)) =

= max - -
peafm) lazy — p'||azy — p'|

alzy — 2|

= max 3
apedf(D) a?|z; — p||z2 — p|

1 |21 — 22|

— max
a apedf(D) |21 — p||z2 — |

1 |21 — 2]
= —max
a pedDd |z; — pl|z2 — p|
1
= ECD(Zl,ZQ).
Thus cp is not a Mobius invariant. This completes the proof. O
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CHAPTER 4

Main Results

This chapter is highlighted on some of the important results concerning the
Cassinian metric. Mainly, the Mobius quasi-invariance property in the unit disk

and the geodesic properties of the Cassinian metric are presented.

4.1 Mobius quasi-invariance property

In Lemma 3.3.4, we have shown that the Cassinian metric is not necessarily a
Mobius transformation. However, one can show that the Cassinian metric is
Mobius quasi-invariant. This property is already proved by Ibragimov in the
higher dimension [6, Theorem 4.1], however, looking into different nature of the

proof, we state and prove the following in the plane.

Theorem 4.1.1. Let ¢ be a Mébius transformation with ¢(D) =D. Then
1 —1(0)] 1+ [¢(0)]

I cp(z1, 22) < ep(P(21), 9(22)) < —=7 ep(21, 22)

1+ {6(0 1—[¢(0)]

for all zy, zo € D.
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Proof. Consider any Mobius transformation of the form
z+a

Also consider another Mobius transformation of the form

o(z)

Now we define the composition of these two Mobius transformation which is also

Z—a

=1 = with o(a) = 0.

a Mobius transformation like

cod(z):D— D such that oo¢(z) =€z with oo ¢(0)=0.

Now
z+a
#(2) —a ——a  z+4a—a—|a?*z
70 p(z) = . _ l+az _ I
1 —ag(z) g 1ta—az+la?
l—a——
1+az
2(1—1af?)
TR al? z.
Next
21— a Zo9 — QA
|U(Zl) B 0-(22> n 1— 621 B 1-— EZQ
2 —a—anz+|al*20 — 20 + a+ @220 — |al?z
N (1 —621)(1 —622>
(21 — 22)(1 — [af?)
(1 —@z)(1 —aze)
Similarly

(21— 22)(1 = |af?)
(14+az)(1 +az)

zZ1+a 2o+ a
6(21) ~ 0(2)| = [T~ T e

Let n € S, the unit circle. Then we have
(21 = n)(1 = [al?)

where ¢(n) = ll_r}% ¢(z). Now we have

(22 = n)(1 = [af?)
(1+az)(1 +an)

and [¢(z2) — ¢(n)| =

(22 = n)(1 — lal?)
(1+az)(1+an)

(21 = n)(1 = |al?)

6(21) — @(l|B(22) — d(n)| = (1+az0)(1 +an)
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This implies

[6(21) = o()|o(22) — d(n)| (1—laf?)

Now we compute

(21 = m)(22 = )] (1 +521)(1+5Z2)2(1 +an)’| (42)

1 —|al?||éd(z1) — o2
\z1—22|:|a(¢(z1))—a(¢(zQ))|:I |al*] [¢(z1) — o( )|'

This implies

|1 —62’1| |1 —6z2|

(1 —az)[[(1 —az)|
|¢(Zl) - ¢(22)| = |1 _ |a|2|

Divide both sides by |¢(z1) — ¢(n)||¢(22) — ¢(n)|, we have

|Zl—22|.

|6(21) — ¢(22)] @ =az)li(t - az) T
6(21) — d()[|d(22) — d()| — [d(21) — d()[[o(22) — o(m)|" ™
121 —22\ 121 —77HZ2—77|

[z — nllze — nl]é(z1) — o(m)[o(z2) — o(n)]
(1 —@p(21))]|(1 — ag(22))|

1 —laf?|
Also
z+a
1—agp(z) =1 _a(l—{—dz)
1+az—az—|al?
a 1+az
1 — |af?
T d+az
Therefore,
|6(21) — d(22)] |21 — 20| |14+ @z1||1 + az||1 + an|

[6(z1) — d)[[6(z2) — d)|  [21 — 1][22 — 1] (1 —lal?)?
(1 —1al*)(1 — |a]?)
114+ @z ||1 4+ azs|(1 — |a|?)

21—z [L+anf
21 = |22 — 0l (1 — |al?)

Now

(1 —lal)* < [1+anf® < (1 +al)*.
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This implies
(1= lal)? (1+ |a])?

1_—|a|20D<21, 22) < ep(@(21), P(22)) < 1——|a|QCD(Z1’ Z).
This implies
e (o1 20) < en(8(a0), 62 < (i )
———p(21,22) < ¢ 21), 9(22)) < ————cp(21, 2
1+ | D21, 22 D 1 2 1—\a]D 1, 22
and the proof is complete. ]

4.2 Cassinian geodesic

This section characterizes Cassinian geodesics in some domains. For such char-
acterizations, the concept of maximal Cassinian ovals are used associated with
Euclidean disks. In this regard, the following lemma is recalled from [5] without

it proof.

Lemma 4.2.1. [5, Lemma 3.3] Let C be the interior of a Cassinian oval
{PeC:|P-F|P—-F =0t}
with foci Fy = (a,0) and Fy(—a,0),a > 0. Then
D(Fy, Va2 + b2 — a) UD(Fy,Va® + b2 —a) C C
and
C' C D(Fy,b) UD(Fy,b).
Moreover, if b > a, then

C cC D(Ql,T) U D(QQ,T‘) C D(Fl,b) U D(Fg,b),

a2 2

a
where v = b?/\/a? + b2, - and _ _
/ o s Q@2

Va2 + b2
Definition 4.2.2. An arc v C D is said to be a Cassinian geodesic if
cp(z1,29) = cp(z1, 2) + ep(z, 22)

for all ordered points z1, z, 29 € 7.
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Lemma 4.2.3. [5, Lemma 3.7] For z1, 2,20 € D, we have cp(z1,2) +cp(z,22) =
cp(z1, z2) if and only if there exists a point p € 0DNC (21, 2z2; k(z1, 22))NC (21, 25 k(z1, 2))N

C(z, z2; k(z, 29)) such that the points p, z1, z, z9 lie on a circle in C™ in this order.

Proof. We first deal with the proof of necessary part.
The necessary part. For z1,2,2, € D, it is given that c¢p(z1, 2) + cp(z, 22) =
cp(z1, 29)-
We show that there exists a point p lying in the intersection
0D N C (21, 29, k(21, 22)) N C(21, 25 k(21,2)) N C(z, 29, k(2, 22))
such that the points p, 21, z, 25 lie on a circle in C.
Let p € 9D be such that cp(z1,22) = |21 — 22|/(|21 — p| |22 — p|). For the

same p, since
|21 — 2| |2 — 29|

cp(z1,22) = cp(z1, 2) + ep(z, 20) > ;
|21 = pllz —pl |2 = pll22 — pl

it follows that
|21 — 2| |21 — 2| |2 — 2|
|zt = pllea—pl — [z —pllz —pl |z = pllz2 = pl
However, the reverse inequality also holds as described in the proof of Theo-

rem 3.3.1. Therefore, for the same p € 0D, we have the equality

cp(z1, 22) = cp(21,2) + ep(z, 22)
|21 — 29| _ |21 — 2| |z — 22|
|21 = pll22 —p|l |21 —pllz —p| |z —pll22 — p|

<~
Hence, we obtain
|21 = 2[[p = 22| + [ = 22[|p — 1] = |21 — 22]|2 — p|
for some p € 0D. By the definition of the Cassinian metric, it implies that
p € 0DNC(z1, 225 k(z1, 22) )NC (21, 2; k(21, 2) )NC(2, 22; k(z, 29) ), and by Ptolemy’s
Theorem (see Theorem 2.2.4), the last equality implies that the points p, z1, 2, 22
lie on a circle in this order.

The sufficient part. For z;,z,20 € D it is given that there exists a point

p € 0D N C(zy, 29, k(21,22)) N C(21, 23 k(21,2)) N C(z, 295 k(z, 22)) such that the
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points p, z1, 2, 29 lie on a circle in C". It implies that
|21 = 2|lp — 22| + |2 — 22[lp — 21| = |21 — 2l[z — pl.
Dividing by |21 — p||z2 — p||z — p| on both sides, we get
|21 — 2| |z — 29| B |21 — 22

2= pllz=pl 2 =plla—pl 2= pll2 —p|
From the hypothesis we finally get

cp(z1, 2) + cp(z, 22) = cp(z1, 22),

This completes the proof. O

We next discuss another useful characterization of the Cassinian geodesic.
For this, we use the following notation. [z1, 25],: the line segment in C, joining
the points 21, 2o € C, which is the arc of the unique circle in C passing through

the points 21, 29, p and not containing p.

Theorem 4.2.4. [5, Theorem 3.8/ An arc v C D joining the points z; and zy is

a Cassinian geodesic if and only if there exists p € 0D such that

v = 21, 22)p N Dp.

Proof. The necessary part. For an arc v C D joining the point z; and 2, is a

Cassinian geodesic. We will show that there exists a point p € 9D such that
v = 21, 22)p N Dp.
For this, let a, b, ¢ be any triple of ordered complex points on 7. By hypoth-
esis we have

cpla,c) = cpla,b) + cp(b, c).

By Lemma 4.2.3 there exists a point p € 0D so that the points p, a,b, c lie on a
circle in C"in this order. In particular, v is a subarc of this circle, i.e.,y C [21, 2a].

Also, by Lemma 4.2.3 we have
p € C(a,b;k(a,b)), Va,be .

In particular, if we let b — a we obtained that d(a) = |a — p|. Since a € 7 is

38



arbitrary, we obtainy C D,. Since v is an arc, we have

v = 21, 22]p N Dp.
The sufficient part. There exists a point p € 9D such that

v = |71, 22)p, N D,
We require to show that the arc v C D joining the point z; and 2z, is a Cassinian
geodesic, i.e. we have to show

cp(a,c) = cpla,b) + cp(b,c)

for all ordered points a, b, c. i.e., we have to show there exists p € 0D such that
the points p, a, b, ¢ lie on a circle in C in this order. This is nothing but the direct

consequence of Lemma 4.2.3. This completes the proof. ]

39



CHAPTER b

Comparison with the hyperbolic metric

5.1 The hyperbolic metric

In this chapter we consider the hyperbolic metric of the unit disk and compare it

with the Cassinian metric.

Definition 5.1.1. The hyperbolic metric pp of the unit disk D = {z : |z| < 1}

s given by

' 2|dz|
P]D)(thz) = lnf/y]_——|z|27

v

where the infimum is taken over all rectifiable curves C ID joining z, and zs.

As noted in [8, Section 2.1.1], the hyperbolic geodesic from the origin to
any point zo € D is the line segment [0, 25| joining 0 and z. More precisely, we

have
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Lemma 5.1.2. [8, Section 2.1.1] Let zo € D be arbitrary. Then we have

/ 2|dz| / 2|dz|
- S -

0, L= 1212 7 J, 1 =122

for all rectifiable curves v C D connecting 0 and zs.

Lemma 5.1.3. [2, p. 12/] For the unit disk D,0 < r < 1, we have

147
1—7

pp(0,7) = 2tan"'(r) = log

Proof. By Lemma 5.1.2, it follows that

2|dz|
po(0,7) = / i
[

1—[z[*
0,r]
Let z(t) =t, d.e., d(z(t))=dt, 0<t<r. Then

ro2dt ) vl 1 147
0,r) = = 2tan'(r) = [ [——+——)at=1
po(0,7) /0 1— 2 an”(r) /0 (1+t+1—t> BT p

completing the proof. O

Lemma 5.1.4. [2, p. 125] Let M : D — D be a Mébius transformation, then for
any z1, 2o € D, we have
|21 — 20| | M (21) — M(z2)[*

(I =lz) (T = =2l) (1= [M(z)P) A = [M(z)]?)

Proof. Consider any Mobius transformation of the form

M(z):ew(z_a), feR. (5.1)

1—az
Now we compute

o - (2 (755) ()

b (1~ 7172 —a+ lal?ze — 29 + @2120 + a — |al?21\ 2
— ( (1—az)(1 —az) )
(1 —al?)*(z1 — 22)?
=e (5.2)

(1—a2)2(1 —azn)?

Now we have to find

’

M (z) = ¢ =




Therefore,

1—af o 1—ap
and M (22) = ¢ m

Also, we have

et - () (1) ()

= (M(z1) = M(z))".

Also we find
L=
|1 —az|?

1 —az]*>— |z —al?

- 11 —az|?

1+ |a?|z|* — 2Re (az) — |2]* — |a|* — 2Re (az))

11 —az|?
(A=) = al?)
|1 —az|?
Now by the help of equation (5.4) we write
L—la*  1—[M(z)P

frnd — 2: — 2
1
|1 —az| 1 — |z

M (=)

which implies
| M (z1)] 1
L= |M(2)P 1]z

Similarly one can obtain
| M (22)] 1
L= M)~ 1 [
Therefore, by the help of equations (5.5), (5.6) and (5.3), we write
|21 — 2f? (M ()] M (22)]

TP =P 2T B = )P
M(z1) - M(z)P
- PIEP0 — @)

This completes the proof.
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An useful formula for the hyperbolic metric can now be derived as follows

(see [3, p. 131] and [8, Exc. 2.11]).

Lemma 5.1.5. For all z1, 20 € D, we have

pp(21, 22) |21 — 22|
sinh = 5.7
( 2 ) V(A= z2) (1 = [2]?) =

Proof. Consider any Mobius transformation of the form

M(z):ew(z_a), 0 R

1—az

with z; — 0 and 29 — r. From Lemma 5.1.4, we have

|21 — 22]? |M (z1) — M(2)]?

(1= [2a)A = 2P) (1= [M(z0))(1 = [M(2)]?)
By the above argument this can be written as

1 1
= sinh? (épD(O,r)) = sinh? <§p]D)<Zl7ZQ)).

|21 — 29 r
(I—=]z1)(1 — 2>  1—r2
This implies that

p]D)(ZhZ2) 121 - Z2|
sinh =
( 2 ) V(=212 = [2f?)

Hence the result.

Now we have to verify the equality ; _7“r2 = sinh*(2pp(0,7)). From Lemma
5.1.3, we have
147
pn(0,7) = log 11—
That is,
sinh? (%pD(O,T)) = sinh? (log it:)
1+r 1—r\’
- ( 1—r V14 7’)
, 2
- (ﬂ - r)
2
T 12
This completes the proof. ]
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Using Lemmas 5.1.4 and 5.1.5, we now conclude that the hyperbolic metric

is Mobius invariant.

Corollary 5.1.6. Let M : D — D be a Mobius transformation. Then for any
21,29 € D, we have

p (21, 22) = pp(M(21), M(22)).

Proof. By Lemmas 5.1.4 and 5.1.5, we see that

sinh (M) - V=221 = [22[?)

| M (z1) — M (2)] , (PD(M(Zl)a M(Zz))>
: :

|21 — 22|

= = sinh
V(= [M (1)) (1 — [M(22)]?)

Thus, the conclusion follows. O

In the next section, we compare the hyperbolic metric with the Cassinian

metric.

5.2 Comparison with the Cassinian metric

Theorem 5.2.1. [6, Theorem 3.1] For z1,z € D, we have

PD(Zl, 2’2)
sinh (T) < cep(z1, 22).

Here, the equality holds for zo = —z;.

Proof.  Without loss of generality we consider |z3| > |z].
Case-1: z5 = 0.
In this case, Theorem 5.2.1 trivially holds as z; = 0 as well.

Case-2: 2z, # 0.
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For this, we compute

. ) )
_ _ < _ _
zler(l?fD|Z1 ZH’Z? Z| = |Z1 |22|HZ2 |22|’
22
et _—— 1 —_
|Z1 ’2’2|( |ZQ|)

< ([l + 1)1 = [22])

<V = [aP) (==,

Verification of last inequality: let it be true, then

(Ja] + DA = |22)) < V(A = [2a) (1 = [22]?).

Squaring both sides and expanding, we obtain

L+ ]2 + 2l (1 + |2 = 2|2]) < (1= |21 = |22l + |21 "] 22[*).
After some simplification, we get
(2] = l2a])” + (l22] = |2a]) (|2l ]22] = 1) <0,
equivalently,
(lz2] = [21]) (2] = [21] + |z1]]22] = 1) <O
equivalently,

(22| = |z D) (2] = D(lza| + 1) <0

Since |z9| > |z1| then, |z5| —|z1| > 0. it implies that |z;| < 1, So the last inequality

is true. Thus

in |z — 2 < V= 4 - |22
min |21 — 2[|2 2 <V =21 - [2P)

That is

|21 — 22| |21 — 22|

min [z = 2llz =21 = /T = [ P)(1 - [2P)

cp(z1, 22) > sinh (

This completes the proof.
For the equality, take zo = —z;. Then we see that

2
21| = sinh(pp(z1, —21)/2),

ol —2) = 75
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using Lemma 5.1.5. UJ

Corollary 5.2.2. [6, Corollary 3.3] For z1,z, € D, we have the following sharp
inequality

po(21, 22) < 2ep(21, 22).

Proof. We know that
sinh(t) > ¢, forallt > 0.

This leads to

) pp(21, 22) pp(21, 22)
sinh 5 > 5

By Theorem 5.2.1, we have

po(21, 22)
cola1, 22) 2 ——5—
and hence
po (21, 22) < 2ep(z1, 22),
completing the proof. O
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CHAPTER 6

Conclusion

6.1 Overview

This thesis comprises of six chapters. The first chapter is of introductory type.
The second chapter contains certain elementary properties and examples on
Mobius transformations. The Cassinian metric, with it computations and several
basic properties, is considered in Chapter 3. Most of the main results that we
wish to highlight are covered in Chapter 4. The Poincare’s hyperbolic metric of
the unit disk, which got special attention in Chapter 5, is compared with the

Cassinian metric.

6.2 Future Direction

Recall from complex analysis that the density of the chordal metric on the Rie-

mann sphere generates the spherical metric. This is computed by taking the limit
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of the ratio of the chordal metric and the Euclidean metric between two points,
when they are nearer. In a similar manner, we here compute the density of the

Cassinian metric.

Lemma 6.2.1. [5, Corollary 3.6] For a proper subdomain D of C and for z € D,

the density Tp(z) of the Cassinian metric cp at z is given by

Proof. For z,w € D, we have

cp(z,w) 1 1
7p(z) = lim ———— = lim — — — = — —.
wz |z —w|  wszmingeop [z — pllw —p|  mingeop |z — p|
It follows that
1
TD(Z) = (5(2))2a
as required. O

Let 21,29 € D. As in [5], considering this density function, the inner

Cassinian metric is defined by
¢p(z1,22) = ir;f/v%,

where the infimum is taken over all the rectifiable curves v C D joining z; and z,.
This metric is further considered in [6]. However, only a few elementary results
concerning this are studied therein. Therefore, as a future scope in this direction,
many open problems connected to the inner Cassinian metric may be investigated.
For instance, one can ask questions about characterizations of certain domains
having nice geometric properties in terms of inequalities in the Cassinian and its
inner metrics. Secondly, comparisons of it with the hyperbolic and other related

metrics can also be studied.
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