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Abstract

o 1
n=1 ns

Understanding the nature of the particular values of the infinite series )
has always been a difficult problem in number theory. Euler gave an elegant
formula for even zeta values which implies that even zeta values are not only
irrational but also transcendental. Nevertheless, the nature of odd zeta values
remains open. An interesting formula for odd zeta values can be found in page 319
of the lost notebook of Ramanujan. In the same page, Ramanujan mentioned that
the formula for odd zeta values can be obtained from one of his partial fraction
decompositions of cotangent function and cotangent hyperbolic function. In this
thesis, we study a few partial fraction decompositions for trigonometric functions
given by Ramanujan. Utilizing these partial fraction decompositions and Cauchy
integration technique, we establish Dirichlet character analogue of the formula

for odd zeta values.
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CHAPTER 1

Introduction

For (s) > 1, the Riemann zeta function ((s) is defined as the infinite series
Yoo, n~®. Euler, in 1734, gave a direct formula for ((2m). For any natural
number m, Euler showed that

C(2m) = ¢, ™™, (1.1)

m+122""1B5,,

)| and B; denotes the i-th Bernoulli number. Since

where ¢, = (—1)
all Bernoulli numbers are rationals, from (1.1) we can conclude that {(2m) are
transcendental in nature. However, we do not know till date any such explicit
expression for ¢(2m+1). We also do not know much about their algebraic nature.
Unexpectedly, Roger Apréy [1, 2] in 1959, showed the irrationality nature of {(3),
but nothing much is known about its algebraic nature. Zudilin [27], in 2001, came
up with a brilliant idea to show that at least one of ((2m + 1), for 2 < m < 5,
is irrational. Quite amazingly, Rivoal [25], Ball and Rivoal [3] showed that there

are infinitely many odd numbers for which ((s) gives irrational values, but their

result does not say much about the nature of a special odd zeta value. These are



the best known results till date.
Interestingly, Ramanujan gave the following identity for {(2m + 1) in his
lost notebook [24, p. 319, Entry (28)]. For any non-zero integer m, we have

erl J lB B
J’_'m — 25 22m+2-25
(@) = (-1 +; 29 2m +2 — 2j)!

Qmt=igs (1.2)

—2m—1

where F,, () = (4z)™™ { C2m4+1)+> 7 bt } and a8 = 7 with o, 8 > 0.
The above identity can also be found in his second notebook [23, p. 173, Ch. 14,
Entry 21(i)]. At a first glance, it may look the above identity is not as elegant
as of Euler’s identity (1.1) and also it does not provide information whether odd
zeta values are algebraic or transcendental. But it is indeed a remarkable formula
as it gives transformation formula for the Eisenstien series. One can read more
about its significance in a survey article by Berndt and Straub [8]. Over the
time, many mathematicians extended this formula in different directions. To
know more readers can see [4, 5, 6, 7, 8, 9, 10, 13, 14, 15].

A formula for ((4m + 3) given by Lerch can be obtained from (1.2) by
substituting o« = m = [ and substituting m to be 2m + 1. Thus, for m € N, we

get
2m+2

B, B |
4 3 4m+324m+2 1 27 4m+4+25
Clm +3) = > ( >(2j) | (4m + 4 — 27)!

J=0
2 N ! 1
o Z pAm+3 (g2 _ 1) (1.3)
n=1

Ramanujan mentioned that (1.2) can be obtained using a partial fraction expan-
sion of cot (mz) coth (7y), but there was an error. The partial fraction decompo-
sition offered by Ramanujan [23, p. 171, Ch. 14, Entry 19(i)], [24, p. 318, Entry
(21)] is the following identity:

n coth (T2 th (T
( )—27m:yznco 2 ),

w2y cot (mx) coth (my) = 1 + 27z
y cot () coth (my) yz o -

(1.4)

where both the infinite series diverges individually. R. Sitaramachandrarao [26]

established a corrected form of the above partial fraction decomposition formula



given as:
2
m2xy cot (mx)) coth (7y) = 1 + %(gf —z?)

Yy Coth(’”m) x coth(”my)
-2
nyZ( (m? + y?) +m(m2—x2)

(1.5)
The identity (1.2) can be obtained from (1.5) by substituting 7z by /wa and

7y by v/wf and then comparing the coefficient of w™, for m > 1. Grosswald [16]
in 1972 gave an noteworthy extension of the Ramanujan’s formula (1.2). For any
non-zero integer m, define o,,,(n) = 3, d™ and Fy(z) = 3272, 0 n(n)e*™* for
z € H. Then we have
Forny1(2) — 2™ Fopia (—2) :%C(Qm +1)(2*™ — 1)
(2mg)2m+t e

By Bomso-
om—+2-21 21 2m+2-21
2t 20! (2m + 2 — 20)

1=0

(1.6)

The identity (1.2) can be obtained from (1.6) by substituting z = %, af =

72 where o, 3 > 0 . Recently, Chourasiya, Jamal and Maji [11] obtained a

Ramanujan-type identity for ((2m + 1). The identity is as follows. For m €
Z — {0}, we have

Gm(@) = (=1)"Gm(P)

@ By Bomio
+ Z l 1 22l 1)(22m+2—2l o 1) 21 2m+2—21 am-i—l—lﬁl’ (17)
=1

20! (2m + 2 — 20)

where

n=0

S

and off = %2 with «, 8 > 0. To obtain (1.7) Chourasiya et al. [11] used the

following partial fraction decomposition given by Ramanujan [23, p. 171, Ch.



14, Entry 19(iii)]:
©  tanh <(2k: + 1)ﬂ>
ztan<7m>ta h( ) yzz 2
4 2 — (2k + 1){(2k + 1) + y?}
tanh (2k+1)22
+x Z )Qr) ,
2k + D){(2k + 1) — 22}
where z,y € C such that (%) # 0. Choura81ya et al. [11] also gave a more

(1.8)

general form of (1.7), namely, for Dirichlet L-function L(x,s). For any prime

number ¢, define

1, i ged(n, 0) = 1,
. if ged(n, £) (1.9)
1—¢, if ged(n,0) =L

Then for m € Z\{0}, we have
Hon (@) +(=1)" " Hon (B)

> ) . . B, B ) o

1 j—1 62_7 -1 £2m+272_y . 2j 2m+-2—-27 m+1—j ],
> - ) T e

(1.10)
where
—m f -1 > Xl(d> onx
Ho(z) = (4z) TL(Xl, 2m +1) — Za” prEs o2 7
n=1 dln

where «, 8 > 0 such that af = 7;—22, X1 denotes the principal Dirichlet character
modulo £.
In the second notebook [23, p. 171, Ch. 14, Entry 19(iv),19(v)] Ramanujan

provided the following partial fraction decompositions:

o sech (2l+1)7r3:> sech ((2l+1)7ry>

T ™ Yy 1 ( 2y 2x

T o (™Y sechy <_> — SN (D20 +1 ,
4S€C<2>Sec 2 ZO( A NGRS | TR e

(1.11)

00 (201+1) 7z () lry
- - Ty 1 . coth 5 sech =~
— cot, (—> sech <_> =Y E (_1> (2l+1)2—|—y2 _xz (2[)2_172'
1=0 =1

(1.12)

In this thesis, we analyse these two partial fractional decompositions.



CHAPTER 2

Preliminaries from Number Theory

2.1 Dirichlet characters

Let N,q € N. A Dirichlet character modulo q is a homomorphism y : (Z/qZ)* —
C* satisfying the following properties:

(i)x(a+q) = x(a), Va €N,

(17)x(ab) = x(a)x(b), ¥ a,b € N.

The character x; = x1,, defined by

17 Zf (m7 Q) = 17
x1(m) = (2.1)
0, elsewhere,

is known as the principal character modulo q. The conductor c, of a Dirichlet
character y is the least positive integer ¢ such that y can be generated from
(Z/cZ)*. We say a character is primitive if its conductor is equal to its period.
If x(—1) = 1 we say character x is even character and if x(—1) = —1 we say it

to be of odd character.



2.2 Bernoulli polynomials

Definition 2.1. The generating function for the Bernoulli polynomial B,,(z) is

defined as
text e tm
= > B () —.

0

The mth Bernoulli number is given by B,,(0) = B,.
Remark 2.1. By,,.1 =0 for all m € N.

Definition 2.2. A character analogue of Bernoulli number B, is defined by

: te" o tm
z;x(n) 1 z:gBm,x%v (2:2)

where x 15 a primitive character modulo q.

Note that if x is odd, B, , = 0 for every even n. In general, B, ,=0, for

n = 1 modulo 2, with the single exception of B;; = %

Definition 2.3. The sequence of Euler polynomials E,,(z) satisfy the following

generating function

et+1
The mth Euler number E,, is defined as 2" E,,(1/2).

tert 0 tm
m=0
Remark 2.2. It can be shown that Es,,, 1 =0 for allm € NU{0}.

2.3 Gamma function

Definition 2.4. Let s € C. This function is defined as
[(s) :== / e " dr, R(s) > 0. (2.4)
0

Remark 2.3. I'(s + 1) = sI'(s).



Proposition 2.1. T'(s) is never zero for any s € C.

Proposition 2.2. The singularities of I'(s) occurs at negative integers including

(_l)nL '

0 and are simple in nature. Let m € NU {0}, then the residue at —m is *—

Lemma 2.3. The Gamma function satisfies the below property
2s5—1

I(2s) Qﬁ I(s)T (s 4 %) | (2.5)

2.4 Mellin Transform

Definition 2.5. The Mellin transform of g(t) is defined by
M(g;s) = / g(t)t*~tdt.
0

If [t~ g (t)| = t"7|g(t)] is integrable on (0,00) for ¢ < o < d, then M(g; s)
can be defined and is absolutely convergent on ¢ < R(s) < d and uniformly on

its compact subsets. Thus, it is holomorphic in ¢ < R(s) < d.

Proposition 2.4. The Gamma function is the Mellin transform of e=*, that is,

F(s):/ tletdt,  for R(s) > 0.
0

2.4.1 Inverse Mellin transform

Definition 2.6. If M(g,s) is analytic in the strip ¢ < R(s) < d, and if for any
c < R(s) =a < d as|3I(s)| = oo, M(g,s) tends to zero uniformly. Then, the

wnverse Mellin transform is defined as
1 a+i0o
t) = — M(g; s)t™%ds.

a—100

Example 2.1. For R(t) > 0, one has
1 a-+100
et=—— L(s)t™%ds, forany a>0.
2mi

a—100



CHAPTER 3

Well known results on ((s) and L(s, x)

One can easily show that the Riemann zeta function ((s) = > >~ n~® converges
uniformly and absolutely if ¢ > 09 > 1, where s = o + it. By Weierstrass’s

theorem, ((s) is holomorphic for o > 1.

Definition 3.1. Let x(m) be a character modulo q. Then, for R(s) > 1, the
Dirichlet L-function is defined by

L(s,x) == Z X(m). (3.1)

mS

m=1
Since, the character y(m) is bounded by 1, the above L-function converges
absolutely and uniformly if ¢ > oo > 1. Therefore, L(s, ) is holomorphic for

o> 1.



3.1 Functional equation

Riemann proved that ((s) satisfies the functional equation
s

C(s) = 2°7°710(1 — s) sin <7> C(1—s). (3.2)

The Gauss sum associated to the character x modulo ¢ is defined as

q
2mir
T(x) ==Y _x(r)e s . (33)
r=1
Let
C1—x(-1) 0,1f x 1is even, (3.4)
2 1,if x is odd.

Now if y is any primitive Dirichlet character modulo ¢, then for any s € C,

L(s,x) = {(X)sts_lq%_s sin (g(s + a)) ['(1—s)L(1—s,Y%), (3.5)

a :

where

_ )
€00 =5 (36)

is an algebraic number of absolute value 1.

3.2 Important properties of ((s) and L(s, x)

Theorem 3.1. ((s) is never zero for R(s) > 1.

Proposition 3.2. Forl € NU {0},
B
) = (-1)' = (3.7)
Since Byy1 = 0 for all 1 € N, ((s) vanishes at —2l. These are known as the

trivial zeros of ((s).

Proposition 3.3. Let x be a primitive character modulo q, with ¢ > 1.

(1) If x 1is even primitive character, then {—2n|n € NU{0}} are the trivial zeros
of L(s,x).

(1) If x is odd primitive character, then {—(2n+ 1)|n € NU{0}} are the trivial
zeros of L(s,x).

Note that all of these trivial zeros are simple.

9



Lemma 3.4. Let s = o+iR € C. Then for any oo < o < b, 3 a constant A(oy),
such that

IL(s,x)| < |R|*) (3.8)

as |R| — oo.

Proof. One can find a proof of this result in [18, p. 97, Lemma 5.2] ]

10



CHAPTER 4

Main Results

With all the prerequisites mentioned in the earlier chapter, now we are ready to
state our main results of the thesis.
The partial fraction decomposition (1.11) produces the following interesting iden-

tity.
Theorem 4.1. Let o, 8 > 0 with o = w2. For any n € Z, we have

n—1

Fole) = (' F() + 31 e @)

0 (_1>m 92n+1

Folx)=a'™" Z

(2m+1)z —(2m+1)z
m=0 (2m + 1)2n—1 (e 2 4e 2 ) T

Remark 4.1. This identity has been mentioned by Ramanujan in his lost note-
book [23, p. 173, Ch. 14, Entry 21(ii)]. Malurkar [20] first proved this identity
and later by Nanjundiah [22], and Bruce berndt [7] also gave an alternative proof

for this. Note that, in the above identity, for non positive integer n, one should

11



consider the finite sum involving Euler number’s as an empty sum.

Remark 4.2. Theorem 4.1 can also be written in the followmg form:

o i xa(m)sech (72) 227 2 pp i Xa(m) sech (%2) 2%

m2n 1 T m2n 1 T
n—1
2: z+1 n E2l Eon—a1—2 alﬁnflfl
D!'(2n — 20 — 2)! ’

) (4.2)

where x4 denote primitive Dirichlet character modulo 4.

An application of (4.2) provides an exact evaluation for some infinite series

related to the sec-hyperbolic function.

Corollary 4.2. For any n € N, we have

i xa(m) sech (™) _ io: (—1)*sech ((2k 4+ 1)%)

— m4n+1 — (2k + 1)4n+1

4n+1 2n E E
2l 4n—21
4.3
= s Z (n a0y (43)

Forn =0,n =1and n = 2 of (4.3) we get special values that are mentioned
in [23, p. 180] as Entry 25 (vii), (viii) and (iz).

The partial fraction decomposition (1.12) gives us an interesting identity.

Theorem 4.3. Let a, 8 > 0 be such that a8 = *. For n € NU {0}, we have

o0 m o0

1 (—1)™
—{52 2m+12n+z 2m+12n (2m+1)a_1)}

0

VB el

=5 Y {mZ G (e + e mﬂ)}
VB 1 m Bom  Eon—om m (B Znom

+ Yy {Z (—1) 5 (20) (§> } (4.4)

—

s ~ (2m)! (2n — 2m)!

12



Remark 4.3. An alternate form of the above theorem is the following:

,n+2 < 2” X4 + Z mzn €am _ >>
(=gt i 1
22n+1 — m?2m cosh Bm

E2m B2n—2m _ 41
n—m Qom 4'5
T3 Z 22m Gm) @n—2m)® P (4:5)

where x4 s primitive chamcter modulo 4.

Remark 4.4. Chowla [12, Eq. (1.2)] gave the first published proof for the Theo-
rem 4.3. Berndt [7, Eq. (3.20)] also gave a proof but unfortunately there was an
error in the Equation (3.20); replacing (g)k by gk,—tf at the end of (3.20), we can
obtain Theorem (4.3).

Quite interestingly, we observe that Theorem 4.1 can also be obtained using
contour integration technique and during the process we derive a more generalized

form of it. Here we give the generalized version of Theorem 4.1.

Theorem 4.4. Let ¢ € N and «o,8 > 0 with af = 4(1%2. Let x be the primitive

Dim’chlet character modulo q. For any r € Z , we have

o ZX n)o_i_g-(n)e " — (—1)"1%¢ ZX n)o_1_or(n )#LB

27”+1
X)L(2r +1—1,x)a™",  (4.6)

where a = 0 or 1 accordingly as X 15 even or odd.

Remark 4.5. When r is a negative integer, the finite sum in the right hand side

of (4.6) must be considered as an empty sum.

Depending on the nature of the primitive Dirichlet character y, we derive

interesting corollaries of Theorem 4.4.

13



Corollary 4.5. If x is even, then we have
al " ZX n)oy_gr(n)e " 4 (—1 Z n)oy—ap( e "f
n=1 n=1

X )= 1 l Boiyax  Bor—aix 142 05
— S 4.7
2 @it —an” "’ (4.7)

where B,,, denotes as the generalized Bernoulli number defined in (2.2).

Corollary 4.6. If x is odd, then we have

a'” TZX n)oi_gr(n)e " — (-1 51 TZX n)o1—on( e P
r—1
7(X) 7”—1< q > | Bariy  Baroiiy 41 e
— —1 i _1 ) 2 .
> VT G 2TV ayie g

(4.8)

Remark 4.6. In particular, when x is a non principal character modulo 4, we

can derive Theorem 4.1.

14



CHAPTER b

Preliminaries

In this chapter, we present a few results that will be needed in deducing our main
conclusions. First, we state a result which gives behaviour of T'(s) as |s| — oo.
For s = c+ 1R with a < ¢ < f3,

IT(c+iR)| = V2r|R|c1/2emIRI/2 (1 +0 (L)) . as |R| —oo.  (5.1)

|R|
One can find this result in [17, p. 492, A.7 (A.34)].

Lemma 5.1. For any r € Z, one has

V(s,x) = (=1)"" € (x)V(=s — 2r,X), (5.2)
where V(s,x) = T'(s)L(s,x)L(s +2r + 1, x).

Proof. Employing the functional equation (3.5) for L(s, ), and the identity
(2.3), Lemma (5.1) can be obtained.
[

Lemma 5.2. Let x be any primitive Dirichlet character modulo q. Then for

15



R(s) > max{l, 2r} one has

Z x(m)o-1-ar(m) = L(s,x)L(s+ 1+ 2r, ). (5.3)

Proof. For R(s) > max{l, —2r}, we can write

L(s,X)L(s +1+2r,x) = ( N stbi%) (Z x( ms )

||
Mgﬁ
=_
2
3
=
2

(5.4)

mS
In the second last step, we have used completely multiplicative nature of the

Dirichlet character. O

Lemma 5.3. Letn € N and x be a character of conductor L with x(—1) = (—1)".

Lin,x) = (~1 1 T <@) Bux

Then we have

2 L n!
By,
L(1—n,x)=——2%. (5.5)
n
Proof. Proof of it can be found in [21]. O

For a special case of y we have an interesting identity involving Euler numbers

which we state below.

Lemma 5.4. If x4 denote the primitive Dirichlet character modulo 4, then we

have
1 E2m B2m+1 X4
- S ’ 5.6
2 (2m)! 2m+ 1)V (5.6)
where E,, and B, ,, denote as the Euler number and generalized Bernoulli number,
respectively.
Proof. Proof of it can be found in [21]. O

16



CHAPTER 6

Proof of main results

Proof of Theorem 4.1. Let a, 8 > 0 satisfying a8 = w2 Substituting o=
Vwa and B = y/wf in (1.11), we get

- o0 a sech (@) [ sech (M)
7 5ec (vwa) sech (v/wf) = Z(—l)l(Ql +1)

— a2l+1)2+w * BRL+1)2—w

(6.1)
Now using the definition of sech, we can write
(=12l +1 o 1 1
S L (10
1=0 Oé(?l + 1) + 4w 2
- i 1) L { 2 }
B @D — it )a
T D (14 qgty) LT 5 e
_ii (—1)f ( —4dw )m{ 2 } 62)
1=0 m=0 <2l + 1) Oé(2l + 1)2 6(2“;1)0 L e—(?l;—l)a s .

17



for |w| < §. Similarly, |w| < Z B one can show that
oo

—D'2l+1)p (20+1)p
Z;mm+1y—4w%m( 2 )

_ — <_1)l 4w m 9
N lz:;mz:o (ZZ + 1) (5(2[ =+ 1)2) {6(21-;1)[3 N e—(2l2+1);3 } . (63)

In view of (6.2) and (6.3), we collect the coefficient of w™ from the right hand
side of (6.1):

22+l (_ o) Z (—1)! 1
21 + )2"+1 6(2"J2rl>a 4 67(2n2+1)a

=

! 1
+ 22n+1/8 ) { 2n+1 —(2n+1 } ‘ (64)
Z 2[ _|_ )2n+1 6( ; )B te ( 2+ )B

Now let us look at the expansmn of the Laurent series for sec z and sech z around

z=10. For 0 < |2] < 7,

sech z = ZE ZEzn T

o 2n
z
secz = sechiz = E (—=1)"Eyp—.
|
— (2n)!

Use the above series expansions in the left-hand side of (6.1), then it becomes

T > E2m m_m - EQm m Qm
1 (;(_1)m(2m)!w @ ) (Z 2m)" p ) (6.5)

0 m=0
TR\ E2l Eom—21 | pmet m
o Z Z Z 2m 21) o g™, (6-6)
0 1=0
Now equating coefﬁc:le nts of ) and (6. 6) we arrive at
2n+1 —-n
2 Z (21 _|_ 1) 2n+1 { Grfle ~ ~0r il }
1=0
2n+1 —1)" 1
-+ 2 5 Z 2[ + 2n+1 {e(%;lw + 642”;1)/3 }
T« Eo Eon_o
=D (-1F ‘Bt 6.7
12V G s (6.7)
1=0
After simplifying one can derive Theorem 4.1. [

Proof of Corollary 4.3. Putting a = m# = [ and substituting n by 2n + 1 in
Theorem 4.1, one can obtain (4.3). O
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Proof of Theorem 4.3. Replacing & = y/wa and 5! = wf with af = 72 in
(1.12), we get

%cot (vVwa) sech (\/w_ﬁ) =

00 (2141
T 2\/w52 ! coth =~

4y/wa ™ (20 +1)2 + éiﬂ;v_f
2\/woz sech lﬁ
Z — g (6.8)

s

For |w| < §, we can write

(21+1)
2\/ Z 1 I COthT

(20 +1)% + 22

0 (2(511)11)2 ((%;4211;2&)”1 (1 + m) : (6.9)

Similarly, for |w| < 8, we can write

2@ sechlﬁ 2\/M " 2
Z ~amm ZZ P <2z 26) (ewﬂ_w). (6.10)

In view of (6.9) and (6.10), the Coefﬁment of w2 for the right-hand side expres-

sion of (6.8) will be
2 don_pyn )Ly~ (D) N (=1
Zrar(-1) {5%@*2<2z+1>2n<e<zl+na_1>}

=0

2n pi-n - 1
— 2% 32 {;(2”% (el6+e—lﬁ)}‘ (6.11)

Now let us look at the Laurent series expansions for cot z and sech z around z = 0.

For 0 < |2| < %

- n BQn n _2n—
cot z = Z(—l) (2n)!22 22t
n=0

sech z = ZE ZEQn ) (6.12)
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Use above series expansions to see that

m ., B FEo,_ 1 1
_ -1 l22l 2l 2m—2l m—s m—z mfl. 1
1 2 2V g e e (6:13)

Now equating coefficients of w™ 2 in (6.11) and (6.13), we arrive at

s B Es, 1
o —1 1221 2[ 2n—21 1_5 n—l1
1 lz;( ) (2l)!(2n—2l)!a P

oo

1 - 1)l
:22n - -

=0

nalon )N 1
- 28 {;(25)2n(elﬁ+ew)}'

Simplifying further, we complete the proof of Theorem 4.3. O]

Proof of Theorem 4.4 . We use (2.1) and Lemma 5.2 to see that, for (s) =
v > max{l, —2r},

[e8) Y4100

S X0 1 oD =3 XD 1 (1) I(s)(la)~*ds
2

=1 =1 Y

™ —1400
1 [ — X(Do_1-9:(0)
= — r e
27 o () lzl T
1 y+ico
=5 I'(s)L(s,x)L(s+2r+1,x)a *ds. (6.14)
™ Y—100
Now we have to calculate the following line integral:
1 y+ioco
Iy = — T(s)L(s,x)L(s +2r 4+ 1, x)a *ds.

270 )y —ioo

We define our integrand function as

g(s) :=T(s)L(s,x)L(s+2r+1,x)a™*°
First, we shall look for the poles of this integrand function. We know about the
trivial zeros of L(s, x) from Proposition (3.3). Hence in general, L(s, x) has simple
zeros at —2n —a, n € NU{0}, where a = 0 and a = 1 according to even and odd

character, respectively. Now let us build an appropriate rectangular contour €
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comprising of the vertices vy —i¢P, y+iP, A—iP, A+ P with positive orientation.
Here P > 0 is chosen to be a big positive number and v > max{1, —2r}, and A is
cleverly selected in the open interval min{—1, —2r — 2} < A < min{0, —2r — 1}
in order to get all the poles of g(s) inside the contour € . Now making use of the

Cauchy’s residue theorem, we observe that

1 ~+iP A+iP A—iP y—iP "
— +/ +/ +/ )g(S)dSZ R (6.15)
211 (/yip N+iP A+iP A—iP 12:1:

where R, denotes the residue at the pole s = p. We now assess the residual term
Rp_l, i.e.,

R, = (_Z‘DIL(—Z, X)L(2r —1+1,x)a. (6.16)

Hence, summing all the residues, we get
2r+1

—1)
R = Z (l—!>L(—l, X)L(2r — 1+ 1,x)a.
1=0

Now using Stirling’s formula (5.1) for I'(s) and estimate (3.4) for L(s, ), the
contribution of the horizontal integrations can be shown to be vanishing as P

goes to infinity. Thus, letting P — oo in (6.15), we arrive at

1 y+ioco 1 A+ioco
— ds = — ds + R. 6.17
i |, s =5 | alsas (6.17)
Now we would like to simplify the integral
1 A+ioco
Jp = — ['(s)L(s,x)L(s+2r + 1, x)a *ds. (6.18)
2mi A—100
Applying Lemma 5.1, we obtain
1 ot 2s+2r
Jk; = 5 (_1)T+a€2(X) — F(_S - QT)L(l - S, X)L(_S - 27", X)O'/_Sd87
211 () q

(6.19)
where () denotes the straight path from v —ioco to v+ ioco. To write this integral

in form of an infinite series, replace s by —s — 2r, and we obtain

T = (—1) €2 (y) ((z;)_r % /(_Hr) T(s)L(s + 2r + 1, Y)L(s, ¥) (i—gz) s
(1)) (f :;)T :1 L)1 _an(n)e . (6.20)

To obtain the last equality, we have used (6.14) and the fact that —\ — 2r >
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max{1, —2r} as we have considered A < min{0, —2r — 1}. Substituting o = qu,

we get

Jo = (—1) gy ()Zx n)o 1o (n)e . (6.21)

Substituting (6.21) in (6.17) and together with (6.14), and collecting residue terms
the result follows. O

Proof of Corollary 4.5 . If x is an even character modulo ¢, then substituting

a = 0 in Theorem 4.4, we get

a'™r ZX(Z)Ul—m«(l)e*la + (=108 x(Dorar (e

r—1

— (20 + 1), x)L(2r — 21, ) 372",

M

an 21 +1)!
(6.22)

Finally, using Lemma 5.3 and 5.4, and simplifying we get the desired result. [J

Proof of Corollary 4.6. 1f x is odd character modulo ¢, then substituting a = 1

in Theorem 4.4, we get

al™r Z x(D)oy_gp (et — (=1)" Z Yo1_gn(1)e™?
=1 —1

—21,x)L(2r — 21 — 1, x)a® ", (6.23)

MH

:0(

Finally, using Lemma 5.3 and 5.4 and simplifying we get the desired result. [
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CHAPTER [/

Concluding Remarks

Table 7.1: Verification of Theorem 4.4: To obtain this numerical data, we used

Mathematica software.

T | Xag | | B Left-hand side Right-hand side

10 | x23 | ™ %r 0.006715783766287... 0.006715783766287..

10 | x23 | 5 %’T 0.001818862168468... 0.001818862168468...

10 | x23 | 1 % 0.244728419776567.. 0.244728419776568...

20 | x23 | ™ | 4 | 0.002384485442980364... || 0.002384485442980369...

4.226525632874012...

4.226525632874011...

9
s
10 | x24 | ™ | &
™
4

20 X2,4 s

47.32434875687574...

47.32434875687568...

10 X3,5 ™ %

—160.14199212537..

—160.141992125369...

20 | x35 | T é—g

—155527.4059713702...

—155527.4059713692...

U | O | O | W W W | Ww

4 2
10 X3,5 1 %

0.200811020360...

0.2008110203605503...
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