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ABSTRACT 

Concrete is one of the most widely used materials in the construction of 

civil and protective structures. In the present era, these structures might 

be exposed to extreme loading events during their lifespan. Distinctive 

examples in various areas range from: aircraft landing on runways, 

rockfall protection structures subjected to impact of falling rocks in 

mountainous regions, vehicular collision with transportation structures. 

Other examples include: industrial buildings subjected to accidental 

drop of heavy loads, offshore structures subjected to ship or ice impact, 

civil structures subjected to projectile impact or blasting events. 

Although, concrete is capable of withstanding quasi-static loading 

conditions, its performance under extreme loading is debatable due to 

its heterogeneous and brittle nature, as well as low tensile strength. 

Therefore, it has become important to explore for new techniques in 

order to improve the safety and response of concrete under such loading 

events. The focus of this research is to thoroughly investigate and 

analyze new methods and material configurations in order to advance 

towards impact resistant concrete structures.  

In this study, the response of concrete under low velocity impact is 

examined by conducting a comprehensive parametric investigation. The 

influence of several parameters is determined, and the obtained results 

have been used to recommend a desirable set of values of each parameter 

which could be useful for enhancing the response of concrete under low 

velocity impact. The numerical investigation results show that the 

recommended set of parameters have a potential to marginally improve 

the low velocity impact response and energy absorption capacity of 

concrete. Further, with the aim of attaining an enhanced impact 

resistance, the influence of crumb rubber as partial sand replacement on 

the low velocity impact response of concrete is studied by conducting 

detailed experimental, numerical, and analytical investigations. It is 

observed that the use of crumb rubber enhances the ductility and energy 

absorption capacity of concrete. Also, the obtained results have been 
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used to propose simple design guidelines which could be utilized for 

selecting optimum rubber content in concrete. 

In addition, the recent major catastrophes associated with terrorist 

attacks include bombing of civil structures. Among the different type of 

structures, the subsurface reinforced concrete (RC) tunnels have become 

the most preferred targets for terrorist attacks. Considering the strategic 

importance and susceptibility of tunnels in case of internal explosion, 

their blast mitigating design has become very critical. Hence, in the 

present study, the effectiveness of glass fiber reinforced polymer 

(GFRP) as a protective layer over typical subsurface RC tunnels has 

been investigated under internal explosion. The analysis is done using 

explicit 3D-Finite Element (FE) method. It is observed that the 

application of GFRP layer reduces the displacement and stress values at 

key points (crown of tunnel and top soil surface).  

Further, while analyzing the blast response, it was found that the use of 

numerical techniques is a complicated task with high computational 

expenses. Also, it is not feasible to conduct sensitivity analysis, and 

parametric studies using numerical techniques. Thus, there is a need for 

a predictive methodology for analyzing the blast response of subsurface 

RC tunnels. In this study, artificial intelligence (AI) models have been 

explored by utilizing several input parameters. The performance of these 

models is evaluated using several assessment metrics. Results show that 

the prediction models are stable and have high R2 values and low root 

mean square error (RMSE) and mean absolute error (MAE) values. 

Thus, the prediction models could be utilized for quick damage 

assessment as well as blast resistant design of subsurface RC tunnels, 

and prove to be a good competitor to the existing numerical methods.    

Keywords: Low velocity impact, Cement concrete, Impact energy 

absorption, Crumb rubber, Finite element analysis, Impact ductility, 

Blast loading, Subsurface tunnel, Protective layer, Damage prediction, 

Artificial intelligence. 
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1. Chapter-1 

Introduction 

1.1 Background and Motivation 

Concrete is the second most utilized material throughout the globe 

following water, and is the most widely used construction material. It is 

used in the construction of civil as well as protective structures which 

might be exposed to extreme loading conditions due to intentional or 

accidental events during their lifespan [1–5]. Distinctive examples in 

various areas range from: aircraft landing on runways, rockfall 

protection structures subjected to impact of falling rocks in mountainous 

regions, vehicular collision with transportation structures. Other 

examples include: industrial buildings subjected to accidental drop of 

heavy loads, offshore structures subjected to ship or ice impact, civil 

structures subjected to projectile impact or blasting events (See Figure 

1.1). Although, concrete can sustain quasi-static loading conditions, its 

performance under extreme loading is debatable due to several reasons.  

 

When a concrete structural element is subjected to extreme events such 

as impact or blast loading conditions, excessive stresses are transferred, 

and compression waves are generated on the impacted side of the target. 

These compression waves traverse towards the distal side and get 

reflected as tension waves in an extremely short duration of time. Thus, 

tensile stresses are a direct and predominant consequence of impact or 

blast loading [6]. Since, the tensile and flexural strength characteristics 

of concrete are considerably low as compared to that of its compressive 

strength, an extreme event may affect the overall integrity of structure. 

Also, concrete has poor energy absorption capability due to its 

heterogeneous and brittle nature. This significantly affects the ability of 

concrete to safeguard its integrity under extreme loads resulting in 

sudden failure and inevitable casualties. Thus, the contemporary strive 

for enhanced performance under extreme events explains the demand 

for development of novel techniques and methodologies that can assure 
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the safety of concrete structures under such loading conditions. 

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

Figure 1.1 Various cases of structural damage due to extreme loading conditions (a) aircraft 

landing on runway (b) rockfall protection structure subjected to falling rocks (c) (d) 

transportation structures including bridge columns subjected to accidental impact of vehicle (e) 

civilian structure subjected to projectile impact (f) underground tunnel subjected to internal 

explosion [7–11] 

Previously, several techniques have been explored to improve the 

response of concrete under impact loading. Most of these studies were 

mainly focused on the use of strengthening techniques such as addition 

of steel fibers [12, 13], polypropylene fibers [14, 15], carbon fibers [16], 
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and rubber fibers [17, 18]. The external bonding of steel, and fiber 

reinforced polymer (FRP) materials have also been found to enhance the 

impact response of concrete structural elements [19, 20]. Apart from 

this, researchers have also investigated the use of reinforcement and pre-

stressing in concrete for enhanced impact resistance [21–23]. Out of the 

different methods, the addition of fibers has been widely adapted due to 

their easy incorporation in the concrete mix. Among the different types 

of fibers, the use of crumb rubber in concrete imparts several 

environmental benefits. It reduces the demand for mineral aggregates, 

and offers an alternative method of disposing off worn-out tires [24]. 

Hence, crumb rubber may be considered a valuable addition to concrete. 

Additionally, in order to enhance the performance of concrete under 

impact loading, a comprehensive understanding related to the influence 

of several parameters is necessary. 

 

In the past few decades, significant attention has been given towards 

issues related to dynamic loading. The impact and earthquake loading 

related issues are relatively old, the dilemmas related to blast loading 

are new. Due to the recent accidental and intentional episodes across 

the globe, the studies related to the response of structural components 

against blast loading have drawn the attention of researchers. 

Conventionally, the structural components are not designed for 

resisting blasting events. However, in the recent times, engineers are 

progressively looking for blast resistant design of critical structures.  

Several terrorist events such as the bombings of Chennai Airport 

(1984), Brahmaputra train (1996), US Embassies, World Trade Center 

(1993), and subways of different cities such as London (2005), Moscow 

(2010 & 2004), Belgium (2016), and Saint Petersburg (2017) have 

raised the concern for the safety of structures. Among the different 

types of structures, the subsurface RC tunnels have become the easiest 

and most preferred targets for terrorist attacks. Due to huge patronage 

and hindered boundaries in a confined space, an explosion inside a 
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subsurface tunnel is more detrimental as compared to that at ground 

surface. Also, it may result in degradation of tunnel structure and 

contribute towards several types of geotechnical hazards such as rock 

fault, liquefaction, and reduced soil shear strength resulting in possible 

loss of human lives and huge infrastructural damage.  

 

In order to reduce the potential damage of tunnels in case of an internal 

explosion, some studies have explored few mitigation techniques 

involving the use of a sacrificial cladding layer. Some examples 

include: mild steel cladding [25], aluminium foam panel [26], 

aluminium alloy or annealed mild steel sandwich panels [27]. 

Additionally, the external bonding of fiber reinforced polymer (FRP) 

materials has been verified to be a successful strengthening technique 

for improving the strength, stiffness, impact resistance, and ductility, of 

various structural elements [19, 28]. Also, the use of carbon fiber 

reinforced polymer (CFRP) as protective shield has been found to 

improve the performance of tunnel against blast loading [29]. Although, 

among the different FRP materials, glass fiber reinforced polymer 

(GFRP) is the most economical [30], with low conductivity and high 

thermal insulation properties, thus making it suitable for strengthening 

the structural components against blast.   

 

The full-scale experimental studies related to blast loading on 

subsurface RC tunnels are not feasible from socio-economic 

considerations. Also, the analytical methods developed for the analysis 

of blast response till date are based on simplified assumptions, resulting 

in reduced accuracy. With the recent advancement in computational 

techniques and evolution of new material constitutive models, 

numerical methods such as finite element (FE) offer a good opportunity 

to perform dynamic analysis of complex problems. Due to this, the blast 

analysis of subsurface RC tunnels has been well studied using 

numerical techniques. However, the numerical techniques offer various 

challenges such as: the consideration of effects of post peak dynamic 



 

5 

 

behavior, mesh dependency, contact interaction between two surfaces, 

immense modeling work, and computational expenses. In short, the 

numerical blast analysis of RC tunnels is a complicated task with high 

computational expenses. Also, it is not possible to conduct sensitivity 

analysis, and parametric studies if wide range of input variables are 

present. Thus, there is a need to establish a predictive methodology with 

the accuracy of numerical methods and low computational expenses of 

semi-empirical methods which could be utilized for detailed blast 

analysis of subsurface RC tunnels.  

 

Artificial Intelligence (AI) is suitable for accomplishing the objective 

discussed above. Fully trained AI models are very useful for rendering 

and establishing highly complex problems with numerous parameters 

and have the capability to give new predictions and perform a detailed 

analysis. Nowadays, AI is being widely utilized in civil and 

infrastructural engineering [31–33], as it demands lesser effort, easier 

implementation, and low computational expenses from the user. Hence, 

it may be considered a good contender for predicting the response of 

subsurface RC tunnels under internal explosion.  

 

1.2 Research Objectives 

Based on the above discussion, this thesis involves the following 

objectives: 

• To carry out a comprehensive parametric investigation for 

identifying the desirable set of values of each concrete 

parameter which could be used to improve its response under 

low velocity impact. 

• To investigate the influence of crumb rubber on the low 

velocity impact response of concrete by performing detailed 

experimental, numerical, and analytical investigations.  

• To investigate the effectiveness of GFRP as a protective 

covering over underground RC tunnels against internal 
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explosion. 

• To explore AI models for predicting the blast induced peak 

displacement at the crown of subsurface RC tunnels and 

compare its performance with the existing numerical 

techniques. 

1.3 Organization of the Thesis 

This thesis is organized into seven chapters which are as follows: 

• Chapter 1: Presents the significance of the study on the response 

of concrete against extreme loading events such as low velocity 

impact and explosions. The research background, objectives, and 

thesis organization are also discussed. 

• Chapter 2: A review of the previous studies and research outcomes 

related to the behavior of concrete against extreme loading events. 

Different methodologies used for analyzing the response of 

concrete under such loading conditions are discussed concisely 

along with their applicability and limitations. 

• Chapter 3: Discuss the low velocity impact behavior of concrete, 

emphasizing the application of CDP model for analyzing the 

response of concrete. The effect of various parameters is studied, 

and the desirable set of values of each parameter for attaining an 

enhancement in the impact resistance are determined. 

• Chapter 4: Investigated the low velocity impact behavior of 

concrete with crumb rubber as partial replacement of sand by 

performing detailed experimental, numerical, and analytical 

techniques. The correlation between macroscopic and 

microscopic attributes of rubberized concrete are also established 

and simple design guidelines are presented for the use of crumb 

rubber in concrete. 

• Chapter 5: The response of subsurface RC tunnels utilized in 

underground metro system is investigated against internal 

explosion using numerical techniques. The influence of different 

governing parameters is studied and the effectiveness of GFRP as 
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protective shielding material over underground RC tunnel is 

explored. 

• Chapter 6: Different AI models such as artificial neural networks 

(ANN), support vector machines (SVM), and random forests (RF) 

are utilized for predicting the blast induced peak displacement of 

underground RC tunnels. The performance of each model is 

evaluated using several statistical parameters, and the most 

efficient model is presented for the damage assessment of RC 

tunnels. 

• Chapter 7: This chapter presents and draws the conclusion of the 

overall study. 
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2. Chapter-2 

Literature review 

The design of concrete structures is typically carried out by considering 

the ultimate limit state criteria under static loading conditions which 

includes dead loads and live loads [34]. While, the dead loads on 

structures (such as: self-weight, floor finish etc.) are usually static in 

nature, the intensity of live loads (such as crane load, vehicular traffic 

load, pedestrian load etc.) may vary immensely with time. In most of the 

cases where the rate of loading is comparatively small, the live loads 

may be postulated to be quasi-static since they result in development of 

low strain rates (a typical range of strain rates for various loading 

scenarios is shown in Figure 2.1). However, in case of an extreme 

loading event (including impact or blast loading conditions) such 

postulations could be substandard and may be detrimental for the 

structure. Thus, the need for impact resistant design of concrete 

structures is a comprehensive domain. Till date, researchers have 

explored several techniques in order to improve the response of concrete 

against extreme loading conditions. This chapter provides a brief 

discussion and a comprehensive review related to the previous studies 

performed in this area. This chapter also presents a detailed review on the 

different methodologies other than experimental techniques, which could 

be used to model the response of concrete under extreme loading 

conditions. The different phenomenon such as strain rate effects, salient 

attributes of explicit analysis, and materials constitutive models available 

in ABAQUS/Explicit [35] have also been discussed.  

 

 

Figure 2.1 Range of strain rates for various loading conditions 
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2.1 Low velocity impact loading on concrete structures 

The low velocity impact loading (impact velocity < 10 m/s) may be 

considered a typical accidental loading scenario for civil engineering 

structures. Common cases include: vehicular accidents, aircraft 

accidents, offshore accidents, accidents at construction site resulting in 

falling/swinging objects, human activities, rockfall in mountainous 

areas, etc. [1]. Although, concrete can sustain normal (static) loading 

conditions successfully, it is not capable of withstanding extreme 

loading conditions developed in case of accidental events due to brittle 

nature and low energy absorption capability. Due to this, several 

investigations have been performed in order to improve the response of 

concrete under such loading conditions [3, 12–18, 21, 23]. Most of these 

studies were mainly focused on the use of internal strengthening 

techniques involving the addition of different types of fibers (such as 

steel, carbon, polypropylene, rubber, etc.) in the concrete mix. 

Siddique et al. [36] used fine bone china ceramic aggregate as fine 

aggregate replacement in different proportions and found that an 

increase in impact resistance, compressive strength, split tensile 

strength, and flexural strength is achieved. Al-Tayeb et al. [37], [38] 

used crumb rubber as partial sand replacement and observed an 

enhancement in the impact resistance with reduced compressive strength 

and tensile strength. Pham et al. [39] developed rubberized concrete 

beams and observed a reduction in the compressive strength with an 

increase in impact energy due to increase in rubber content. Saxena et 

al. [40] utilized shredded Poly Ethylene Terephthalate (PET) bottles as 

fine and coarse aggregates and observed an improvement in the ductility 

and energy absorption with a reduction in the compressive strength. Foti 

and Paparella [41] used PET layers as a replacement of steel bars and 

concluded that its use is beneficial for airport taxiway pavements as it is 

less corrosive and economical as compared to carbon of glass mesh. Al-

Tayeb et al. [42] used plastic waste as partial replacement of sand and 

observed an improvement in the impact resistance with poor 

compressive strength and workability of concrete. Mohammadhosseini 
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et al. [43, 44] used waste polypropylene carpet fibers and waste 

metalized plastic films in concrete and observed an improvement in the 

impact resistance, tensile strength, and energy absorption characteristics 

with a reduction in the compressive strength. Several studies used steel 

fibers in concrete and observed a marginal improvement in the ductility 

and energy absorption capacity of concrete [45–48]. Naraganti et al. [15] 

used sisal fibers, polypropylene, and steel fibers in concrete in different 

percentages and observed an increase in compressive strength and 

impact resistance. Similar studies were also conducted by Mo et al. [49], 

and Yoo et al. [50]. Aliabdo et al. [12] compared the performance of 

steel and polypropylene fibers and found that steel fibers are superior as 

compared to polypropylene fibers in terms of improved impact 

resistance and compressive strength characteristics. Apart from this, 

several studies have also investigated the influence of reinforcement and 

pre-stressing on the impact response of concrete [3, 21, 23]. 

Additionally, the external strengthening techniques involving the 

external bonding of high tensile strength materials such as FRP and steel 

have also been studied [51–54].  

 

Out of the above discussed techniques, the use of fibers in concrete has 

been widely adopted due to several advantages: (1) they can be easily 

incorporated in the concrete mix, (2) they excellently upgrade the impact 

resistance properties, (3) most of the fibers are economical. Among the 

different types of fibers, the use of crumb rubber in concrete provides 

several environmental benefits [55]. It reduces the demand for mineral 

aggregates, and offers a method for disposing off waste tires [24]. Also, 

due to its elastic nature, crumb rubber enhances the ductility and energy 

absorption capacity of concrete. Hence, crumb rubber may be 

considered a valuable addition to concrete in order to enhance its impact 

resistance properties.   

 

Till date, many studies have explored the possibilities and advantages of 

using crumb rubber in concrete [24, 38, 56–64]. Additionally, its 
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suitability for use in concrete crash barriers and railway sleepers has 

been proven as well [65, 66]. Khaloo et al. [24] examined the effects of 

different types and proportions of rubber particles as alternatives to 

aggregates and concluded that the rubber content in concrete reduced 

brittleness and compressive strength. Similarly, Sukontasukkul and 

Chaikaew [56] observed that the inclusion of crumb rubber in concrete 

enhanced the flexibility, energy absorption capacity, and toughness 

while causing a reduction in the compressive and flexural strength. Xue 

and Shinozuka [61] reported an increased energy dissipation capacity 

and reduced modulus of elasticity due to use of crumb rubber as a coarse 

aggregate replacement. Li et al. [62] performed a detailed investigation 

on the compressive stress-strain response of concrete employing crumb 

rubber as sand replacement (6 - 18 % by volume). Similarly, 

Abdelmonem et al. [67] investigated the response of high strength 

concrete with crumb rubber, and observed that rubberized concrete 

displayed good workability with a marginal reduction in the density.  

The low velocity impact response of rubberized concrete has been 

investigated by a few studies. Some of them utilized simplified test 

setups, which did not reflect the detailed response. For example, Taha et 

al. [57] used chipped and crumb rubber as aggregate replacement in 

different volume proportions and performed impact tests using a drop 

hammer rig. The beam specimens were impacted by 10 kg weight from 

60 mm elevation and the number of blows for first crack and failure were 

recorded. It was noted that the employment of crumb rubber improved 

the impact resistance and energy absorption capacity of concrete beam. 

In another study, Atahan and Yucel [60] used coarse and fine crumb 

rubber as aggregate replacement and performed drop impact tests on 

cylindrical specimens. Al-Tayeb et al. [38] carried out experimental and 

numerical studies to analyze the low velocity impact response of 

concrete beams in which sand and cement was partially replaced by 

crumb rubber. In their study, drop impact tests were performed on beams 

of size 400 mm × 100 mm × 50 mm. The specimens were subjected to 
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an impact of 20 N weight from 300 mm elevation. They observed that 

the peak impact and bending force increased with the increase in rubber 

content. Although, several studies have been performed on rubberized 

concrete, the detailed experimental investigations including the time 

histories of impact force, displacement, and the fracture energy values 

for rubberized concrete against low velocity impact are lacking. Also, 

the design guidelines for using crumb rubber in concrete are not 

available.  

Further, the influence of several types of fibers on the microstructural 

attributes of concrete has been well investigated [68–71]. It has been 

reported that the hydrophobic nature of synthetic fibers causes a weak 

interface with the cement paste in concrete [72]. Also, the 

microstructural analysis of rubberized concrete has been inspected by 

some studies [73–76], its influence on the low velocity impact response 

remains unexplored.     

In order to improve the low velocity impact response of concrete, a 

comprehensive understanding regarding the influence of several 

parameters is necessary. This could be achieved by performing detailed 

parametric investigations. The experimental studies are not feasible for 

performing detailed parametric analysis of material parameters, due to 

involvement of high costs and considerable time requirement. Also, the 

analytical methods are very complex and have several limitations. With 

the recent evolution in numerical approaches, and establishment of 

material constitutive models, the utilization of numerical simulation 

methods for non-linear dynamic problems have become more reliable. 

Due to this, the Finite Element (FE) based numerical techniques have 

been commonly utilized for investigating the response of concrete under 

several loading scenarios [2, 77–80]. Thus, the numerical methods are 

suitable for performing the detailed parametric analysis of material 

parameters.  

The numerical response of concrete can be modeled using several 

simplified and advanced constitutive models. Some of the examples are: 



 

13 

 

smeared cracking model, Concrete Damaged Plasticity (CDP) model, 

brittle cracking model, Holmquist-Johnson-Cook (HJC) model, and 

Johnson-Holmquist-2 (JH-2) model [23, 81–83]. However, smeared 

cracking and brittle cracking models are not suitable for modelling the 

response of concrete under impact loads [81]. These models assume that 

the compressive behavior of concrete is always linear elastic which is 

not the actual phenomenon in case of low velocity impact loading. Also, 

the use of HJC model and JH-2 model involves complexities associated 

with the determination of several parameters. The CDP model has been 

successfully used to model the low velocity impact behavior of concrete 

[2, 47, 83], and thus considered suitable for performing detailed 

parametric studies. 

In the past, several studies have investigated the influence of CDP 

parameters on the response of concrete [84–87]. Hafezolghorani et al. 

[85] found that the increment in dilation angle of concrete resulted in 

higher flexibility. Demir et al. [87] concluded that the use non-zero 

values of viscosity parameter may lead to doubtful results. However, 

these studies were mainly focused on quasi-static loading conditions. 

The only available parametric studies on low velocity impact were 

conducted by Othman and Marzouk [2, 47]. In a part of their study, they 

performed parametric investigations on some CDP parameters for 

calibrating the FE model against experimental results. Although, the 

detailed parametric studies related to the influence of all CDP material 

parameters on the low velocity impact response are not available. 

2.2 Blast loading on subsurface tunnels 

Subsurface tunnels are substantially used for various utilities in 

metropolitan cities. However, they have become easy targets for terrorist 

attacks. The recent explosive events on subways of different cities have 

brought attention towards the blast resistant design of subsurface 

tunnels. An internal explosion may not only result in possible loss of 

human lives but also cause huge infrastructural damage and drastic 

financial losses. The damage induced in subsurface tunnels due to 
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explosion depends on the tunnel lining material, quantity of explosive, 

and the neighboring geological condition [88, 89]. Thus, to reduce the 

potential damage of tunnels, it is necessary to explore for blast 

mitigation methods utilizing new materials as protective layer instead of 

designing an uneconomical rigid structure. 

 

In the past, several experimental studies have investigated the response 

of reinforced concrete (RC) structural elements against blast loading 

[90–92]. Wang et al. [90] performed scaled blast studies on one way RC 

slabs, and observed that the scaling phenomenon has no effect on the 

macrostructure damage of the slab. Although, there is a reduction in 

local damage due to use of small-scale factors. Similar blast experiments 

have also been performed in other studies [91, 92]. However, the 

experimental studies related to internal blast loading on subsurface 

tunnels are not viable from socio-economic and political point of view. 

Since, the tunnel sections have considerable cross-sectional dimensions 

and complicated reinforcement arrangements, the experimental testing 

would require huge costs. Also, the blasting experiments must be 

performed with due care in a remote area due to the association of high 

risks, thus causing political issues. Due to this, the literatures related to 

internal explosion tests on tunnels are very scarce. The only available 

study was performed by Zhao et al. [93], in which they carried out full-

scale internal explosion tests. This study was focused on the 

determination of critical points which control the response of tunnels as 

well as the damage and failure mechanisms which take place in case of 

an internal explosion. The drawback of this study was that the 

experimental blast tests were performed on vertically assembled tunnel 

linings, in which the cross-section of tunnel was kept horizontally on the 

ground. Hence, the effect of overburden pressure of soil lying above the 

tunnel surface in the practical case was not reproduced.  

Apart from the experimental studies, analytical methods could also be 

utilized for the analysis of RC structural elements against internal blast. 
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However, the analytical methods evolved till now are based on 

simplifications, such as conversion of a problem to single degree of 

freedom (SDOF) or multiple degree of freedom (MDOF) system. The 

use of such simplifications for complicated subsurface structures such 

as circular tunnels may not reflect the actual scenario in case of internal 

blast. Hence, the analytical methods are not very accurate and remain 

unsuitable for the internal blast analysis of tunnels.  

With the current progression in numerical methods, and evolution of 

material constitutive models, the reliability of numerical techniques for 

dynamic problems have increased. Therefore, the numerical 

investigation of tunnels subjected to internal explosion is very 

significant and can be carried out well using sophisticated FE packages. 

Previously, several numerical studies have been executed to investigate 

the dynamic response of underground structures and soil exposed to 

blast loading. Rigas and Sklavounos [94] generated blast wave using 

computational fluid dynamics (CFD) in a scaled model of a tunnel. They 

concluded that the space confinement provided by the tunnel section 

promotes the shock wave propagation and results in aggravation of the 

blast effects, while, in an unconfined space, the shock waves are easily 

deteriorated in a short span. Thus, a confined space is vulnerable to 

higher damage in case of blast generated shock wave propagation. CFD 

was also utilized by Chakraborty et al. et al. [88], and Chaudhary et al. 

[95] for performing a comparative study of different lining materials 

such as plain concrete, steel fiber reinforced concrete, steel, and various 

sandwich panels against blast loading. They found that the performance 

of sandwich panels is superior due to absorption of energy by foam. 

Also, the box shape tunnels are highly vulnerable to blast loads, and the 

tunnel linings suffer higher damage (displacement of tunnel crown) in 

case of rectangular shaped tunnels compared to that of circular tunnels. 

Gui and Chien [96] performed blast analysis for a reinforced cement 

concrete (RCC) tunnel passing below Taipei Shongsan airport using a 

finite difference program based on Fast Lagrangian Analysis of 
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Continua. This study concluded that the impact of weapon 

characteristics such as blast load intensity and crater size is much more 

profound compared to the soil characteristics, and a shielding layer must 

be used to absorb the blast energy instead of a costly structure.  

 

Apart from these, several researchers utilized coupled 3D-FE analysis 

such as coupled Euler Lagrange (CEL) and Arbitrary Lagrangian 

Eulerian (ALE) techniques for studying the response of underground 

tunnels against explosive loading [97–100]. The use of CEL technique 

is advantageous in modeling the blast response of tunnels as it considers 

the different phenomenon such as reflection and focusing of shock 

waves developed in case of internal explosion accurately. However, due 

to the complex nature of the problem, the coupled analysis demands 

rigorous modeling efforts and hefty numerical simulations [101]. On the 

other hand, the uncoupled 3D-FE analysis methods (such as CONWEP) 

for modeling the blast loading are simpler and provide a good balance 

between computational expenses and accuracy. This tool neglects the 

effects of reflection. However, the validity of CONWEP tool for 

modeling the blast response of underground tunnels has been verified by 

many studies [5, 102–107]. Liu [102], Verma et al. [106], and Goel et 

al. [5] have analyzed the response of RC tunnels against internal 

explosion. Additionally, the CONWEP tool has been successfully used 

to study the blast response of steel tunnels [104].  

 

Due to the strategic importance of underground tunnels, several studies 

have explored different techniques for blast mitigation and anti-blast 

design of underground tunnels. The idea for utilization of a sacrificial 

cladding layer is found to be a good option for blast resistant design [25, 

108]. Guruprasad and Mukherjee [25] utilized layered mild steel 

cladding for dissipating blast energy. Hanssen et al. [109] used 

sacrificial layers of aluminum foam panel. Mandal et al. [110] utilized 

porous concrete, polymeric syntactic foam and closed cell aluminum 

foam as energy absorbing materials. Ma and Ye [111] performed an 



 

17 

 

analytical investigation using rigid-perfectly plastic-locking foam 

model for investigating the performance of foam claddings under blast. 

Theobald and Nurick [112] performed experimental investigations for 

studying the response of tube core claddings composed of sandwich 

panels made of 6063-T6 aluminium alloy, or annealed mild steel. Zhao 

et al. [113] utilized foamed cement based sacrificial layers composed of 

expandable polystyrene (EPS) particles and cement matrix for blast 

mitigation of tunnel structures and concluded that the utilization of 

sacrificial layer reduces the stresses and velocity values for the tunnel 

structure in case of blast loading. Tarlochan et al. [114] studied the 

possibility of utilization of claddings manufactured from epoxy resin, 

polystyrene foam, and glass fiber using quasi-static compression tests 

on specimens.  

 

The external bonding of fiber reinforced polymer (FRP) materials has 

been verified to be a successful strengthening technique for improving 

the strength, stiffness, impact resistance, and ductility, of various 

structural elements including columns, walls, beams, and slabs. It has 

gained high popularity due to its excellent properties, high tensile 

strength, and outstanding resistance to corrosion [115]. The use of FRP 

has been verified to improve the blast resistance of RC slabs [19, 116, 

117]. In addition to this, it has been found to effectively strengthen the 

beams, columns, and masonry infills against impact loading [116]. Also, 

the use of carbon fiber reinforced polymer (CFRP) as protective shield 

has been found to improve the performance of tunnel against blast 

loading [29]. However, among the different FRP materials, GFRP is the 

most economical, with low conductivity and high thermal insulation 

properties which makes it suitable for strengthening the structural 

components against blast.  

 

Although, the blast analysis of subsurface tunnels can be performed well 

using numerical techniques, it offers various challenges such as the 

consideration of effects of post peak dynamic behavior, mesh 
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dependency, contact interaction between two surfaces, immense 

modeling work, and computational expenses. In short, the numerical 

blast analysis of RC tunnels is a complicated task with high 

computational expenses. Also, it is not possible to conduct sensitivity 

analysis, and parametric studies if wide range of input variables are 

present. Thus, there is a need to establish a predictive methodology with 

the accuracy of numerical methods and low computational expenses of 

semi-empirical methods which could be utilized for detailed blast 

analysis of underground RC tunnels.  

 

Artificial Intelligence (AI) is suitable for accomplishing the objective 

discussed above. Fully trained AI models are very useful for rendering 

and establishing highly complex problems with numerous parameters 

and have the capability to give new predictions and perform a detailed 

analysis. Nowadays, AI is being widely utilized in civil and 

infrastructural engineering [31–33, 118, 119] as it demands lesser effort, 

easier implementation, and low computational expenses from the user. 

It has been used for optimization of parameters in infrastructural 

applications [120], as well as for detection of clogging in pipejacking 

operations [121]. Additionally, it has been utilized for forecasting the 

slump values and compressive strength of concrete [122], shear strength 

of SFRC, and RC [123, 124], deflection of RC beams [125], impact 

force due to drop weight in RC beams [126], and crack detection in 

concrete [127]. Recently, AI techniques have also been investigated for 

predicting the performance of RC structural members against blast 

loading. Shishegaran et al. [128] analyzed the performance of RC panels 

subjected to blast loading in terms of peak displacement. They used FE 

analysis and four subordinate models: multiple linear regression (MLR), 

multiple Log natural equation regression (MLnER), gene expression 

programming (GEP), and a combination of former three models. 

Almustafa and Nehdi [129] developed a machine learning (ML) model 

using Random Forests algorithm and a hybrid classification-regression 

Random Forests algorithm for predicting the maximum displacement of 
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RC slabs under blast loading considering ten input parameters. 

Additionally, some researchers have also contributed towards the 

exploration of novel methodologies for solution of different boundary 

value problems involving partial differential equations (PDE). Anitescu 

et al. [130] used a new mesh-free collocation method to improve the 

robustness as well as computational efficiency of artificial neural 

networks (ANN). Samaniego et al. [131] explored the possibility of 

utilization of deep neural networks (DNN) as an alternative to solve 

PDE involving applications in computational mechanics. They 

concluded that the energy approach could be effectively used for solving 

mechanical problems. Thus, from the comprehensive literature review, 

it was found that the use of AI has been widely explored for different 

engineering applications. Although, its use for predicting the response 

of subsurface RC tunnels under internal explosion remains unexplored. 

 

2.3 Finite element analysis 

The finite element method stands out as a highly efficient and precise 

numerical technique for simulating the dynamic response of structural 

components under extreme loading conditions [132]. Such an analysis 

could be performed using two softwares: ABAQUS and ANSYS. 

However, ABAQUS has a more powerful material library which also 

contains the basic structural components such as concrete, soil, and 

reinforcement. Further, ABAQUS offers better meshing capabilities for 

complicated structures and is superior in handling non-linear problems. 

ABAQUS has inbuilt Implicit/Explicit configurations which could be 

easily switched between steps. However, ANSYS relies on LS-DYNA 

for the explicit analysis. Hence, in this study, the finite element analysis 

is conducted utilizing the general-purpose software ABAQUS/Explicit 

[35]. This segment discusses the salient features of ABAQUS including 

the geometric modelling, and constitutive material modelling. 

2.3.1 ABAQUS finite element software  

ABAQUS is a commercial finite element software which is a widely 
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renowned program, offered by Dassault Systems. It is a comprehensive 

three-dimensional package that encompasses advanced modeling 

capabilities. It incorporates an extensive library of elements and material 

constitutive models, facilitating the simulation of various materials with 

diverse geometries. ABAQUS is offered in three distinct products: 

Standard, Explicit, and CFD. Among these, ABAQUS/Standard and 

ABAQUS/Explicit are the two primary products employed for structural 

modeling applications. 

 

ABAQUS/Standard can be used to solve an extensive array of linear and 

nonlinear problems using implicit integration algorithm including heat 

transfer, mass diffusion, acoustic behavior, as well as load/displacement 

analyses. The implicit integration method involves solution of a set of 

equilibrium equations for every time step, making it a direct-integration 

approach. In other words, implicit analysis demands the solution of 

complete global stiffness matrix, thus making this approach 

computationally expensive. Also, ABAQUS/Standard may not be able 

to provide efficient solutions for discontinuous problems, including 

sudden impact scenarios.  

 

On the other hand, ABAQUS/Explicit has been specifically designed to 

effectively handle discontinuous problems including impact and blast 

loading scenarios. It utilizes an explicit integration algorithm in which 

the equations for current time step are used to determine the solutions 

for next time step by utilizing extrapolation techniques. Thus, the 

explicit method is efficient and demands lesser computational efforts. 

More information about ABAQUS/Explicit and its integration algorithm 

can be found in the ABAQUS User Manual [35].  

2.3.2 Geometric modeling  

In order to reproduce the real-world scenario, the geometric modeling 

of structural components should be done as accurately as possible. For 

extreme loading conditions, a three-dimensional finite element (3D-FE) 
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modeling approach is preferred as it allows the consideration of crucial 

aspects such as confinement effects, shear, and concrete dilation. The 

geometric modeling of concrete can be done using tetrahedral or 

hexahedral elements utilizing first or second-order elements with 

reduced or full integration schemes. First-order elements employ linear 

interpolation techniques and only have nodes at the corners. While, 

second-order elements include a centroidal node and employ quadratic 

interpolation. The reduced integration method employs lesser 

integration points as compared to the full integration. Also, the first-

order reduced-integration elements can be highly efficient and thus 

widely used for several type of problems in ABAQUS/Explicit [35].  

  

Steel reinforcement can be modeled as a smeared reinforcement, or one-

dimensional element inside concrete. While, thin FRP materials could 

be modeled using two-dimensional shell elements. The last method 

involves utilization of three-dimensional solid elements, which may be 

essential for concrete. However, the three-dimensional modeling of thin 

FRP materials or steel reinforcement would make the FE model highly 

complex. 

2.3.3 Constitutive material modeling of concrete  

In this study, the response of concrete structural components is modeled 

using concrete damaged plasticity (CDP) model. CDP model is one of 

the most assuring constitutive models utilized for simulating the 

response of concrete [133]. It was initially developed for monotonic 

loading by Lubliner et al. [134], later modified for dynamic loading by 

Lee and Fenves [135], and implemented in commercial 3D-FE software 

ABAQUS/EXPLICIT [35]. Also, it has the capability to represent the 

effects of strain rates. Thus, it is suitable for modeling the behavior of 

concrete under low velocity impact. 
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2.3.3.1. Uniaxial response 

The typical uniaxial compressive and tensile stress-strain characteristics 

of concrete are shown in Figure 2.2. In uniaxial compression, the 

response of concrete is modeled in three stages. The first two stages 

represent the ascending response: linear elastic till initial yield stress 

(𝜎𝑐0) and plastic hardening till ultimate stress (𝜎𝑐𝑢). The third stage 

represents the softening response (See Figure 2.2(a)). In case of uniaxial 

tension, response of concrete is linear elastic till failure stress (𝜎𝑡0), 

followed by softening response (See Figure 2.2(b)). The progression of 

yield or failure surface which represents the damage initiation is 

governed by two parameters: 𝜀𝑐̃
𝑝𝑙

 and 𝜀𝑡̃
𝑝𝑙

. These two parameters are the 

compressive and tensile equivalent plastic strains, respectively which 

are also called as the hardening variables. These are responsible for 

degradation of elastic stiffness.  

 

Figure 2.2 Uniaxial stress-strain characteristics in CDP model [35] 

In ABAQUS, the uniaxial compressive and tensile characteristics of 

concrete are described as a tabular input in the form of stress-

inelastic/cracking strain. The inelastic/cracking strain values can be 

calculated by the user by eliminating the elastic response of concrete as 

shown below: 

                       𝜀𝑐̃
𝑖𝑛 = 𝜀𝑐 − 𝜀𝑜𝑐

𝑒𝑙 = 𝜀𝑐 −
𝜎𝑐

𝐸0
                                     (2.1) 

          𝜀𝑡̃
𝑖𝑛 = 𝜀𝑡 − 𝜀𝑜𝑡

𝑒𝑙 = 𝜀𝑡 −
𝜎𝑡

𝐸0
                                      (2.2) 
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where, compression and tension are represented as c and t respectively, 

𝜀𝑐̃
𝑖𝑛 and 𝜀𝑡̃

𝑖𝑛 are the inelastic strain values, 𝜀𝑐 and 𝜀𝑡 are the total strain 

values, 𝜀𝑜𝑐
𝑒𝑙  and 𝜀𝑜𝑡

𝑒𝑙  are the elastic strain values, 𝜎𝑐 and 𝜎𝑡 are the values 

of stresses, and 𝐸0 is the elastic stiffness of concrete in undamaged 

condition. The elastic stiffness degradation is considered using damage 

variables (𝑑𝑐, and 𝑑𝑡). The values of these damage variables may vary 

from zero to one. Where, zero depicts undamaged material, while the 

latter denotes complete damage of material.  

The user defined input stress-inelastic/cracking strain values are 

automatically converted to stress-plastic strain values by ABAQUS 

using the provided damage variables and the stress-strain relationships 

are formulated as shown below: 

                                         𝜎𝑐 = (1 − 𝑑𝑐)𝐸𝑜(𝜀𝑐 − 𝜀𝑐̃
𝑝𝑙)                           (2.3) 

                            𝜎𝑡 = (1 − 𝑑𝑡)𝐸𝑜(𝜀𝑡 − 𝜀𝑡̃
𝑝𝑙)                            (2.4)  

 

2.3.3.2. Yield surface and flow potential 

When the concrete material is loaded beyond elastic limit (yield load), a 

part of deformation exists even after the removal of load which 

represents permanent material damage. The value of this yield 

load/stress is governed by a 3D yield surface. In CDP model, the yield 

surface is a modified Drucker-Prager model [134, 135] (See Figure 

2.3(a)). The yield surface is a function of effective stress values as 

shown below: 

                  𝐹 =
1

1 − 𝛼
(𝑞̅ − 3𝛼𝑝̅ + 𝛽(𝜀𝑝̃𝑙)〈𝜎̂̅𝑚𝑎𝑥〉 − 𝛾〈−𝜎̂̅𝑚𝑎𝑥〉)

− 𝜎𝑐(𝜀𝑐̃
𝑝𝑙) = 0                                                              (2.5) 

In the above equation, the various parameters are: 

                       𝛼 =
𝜎𝑏𝑜 − 𝜎𝑐𝑜
2𝜎𝑏𝑜 − 𝜎𝑐𝑜

=
(𝜎𝑏𝑜 𝜎𝑐𝑜⁄ ) − 1

2(𝜎𝑏𝑜 𝜎𝑐𝑜⁄ ) − 1
                            (2.6) 
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                       𝛽 =
𝜎𝑐(𝜀𝑐̃

𝑝𝑙)

𝜎𝑡(𝜀𝑡̃
𝑝𝑙)

(1 − 𝛼) − (1 + 𝛼)                                   (2.7) 

                           𝛾 =
3(1−𝐾𝑐)

2𝐾𝑐−1
                                                               (2.8) 

                      𝑝̅ = −
𝐼1

3
= −

1

3
trace(𝜎)                                            (2.9) 

                     𝑞̅ = √3𝐽2 = √
3

2
𝑆̅: 𝑆̅ = √

3

2
trace(𝑆̅𝑇𝑆̅)                       (2.10)  

                           𝑆̅ = 𝑝̅𝐼 + 𝜎                                      (2.11) 

                         𝐾𝑐 = 𝑞̅𝑇𝑀 𝑞̅𝐶𝑀⁄                                                        (2.12) 

                           𝜎𝑐 =
𝜎𝑐

1−𝑑𝑐
= 𝐸𝑜(𝜀𝑐 − 𝜀𝑐̃

𝑝𝑙)                                   (2.13) 

                           𝜎𝑡 =
𝜎𝑡

1−𝑑𝑡
= 𝐸𝑜(𝜀𝑡 − 𝜀𝑡̃

𝑝𝑙)                                       (2.14) 

where, 𝛼 and 𝛾 are the dimensionless constants, 𝑝̅ is the effective 

hydrostatic pressure, 𝑞̅ is the effective Mises stress, 𝜎𝑐 and 𝜎𝑡 are the 

effective stress values in compression and tension respectively, 𝜀𝑝̃𝑙 is the 

equivalent plastic strain, 𝜎̂𝑚𝑎𝑥 is the maximal effective principal stress, 

〈〉 is the Macaulay’s bracket which is defined as 〈𝑥〉 = (|𝑥| + 𝑥) ∕ 2. 𝜎𝑏𝑜 

and 𝜎𝑐𝑜 are the initial biaxial and uniaxial yield stresses in compression 

(failure compressive stress) respectively, 𝐼1 and 𝐽2 are the first and 

second stress invariants of stress tensor respectively, 𝑆̅ is the deviatoric 

portion of effective stress tensor (𝜎), 𝐼 is the identity matrix, 𝑇 represents 

the Transpose. 𝑞̅𝑇𝑀 and 𝑞̅𝐶𝑀 are the effective Mises stresses in tensile 

and compressive meridian respectively. The tensile meridian (TM) may 

be defined as the locus of stress conditions which fulfill the criteria: 

𝜎̂𝑚𝑎𝑥=𝜎̂1 > 𝜎̂2 = 𝜎̂3, while the compressive meridian (CM) is the locus 

of stress conditions satisfying: 𝜎̂𝑚𝑎𝑥 = 𝜎̂1 = 𝜎̂2 > 𝜎̂3, respectively, 

where, 𝜎̂1, 𝜎̂2, and 𝜎̂3 are the eigen values of effective principal stress 

tensors. 

The shape of yield surface in deviatoric plane is governed by shape 

parameter (𝐾𝑐) which is represented in Figure 2.3(a) in which 𝑆1, 𝑆2, and 
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𝑆3 are the principal deviatoric stresses. The value of 𝐾𝑐 may range from 

0.5 to 1. For 𝐾𝑐=1, the yield surface takes a circular shape as in case of 

the classical Drucker Prager theory. While, the CDP model incorporated 

in ABAQUS recommends use of 𝐾𝑐 = 2/3.  

  

                                (a) (b) 

Figure 2.3 Yield surface and flow potential of CDP model in (a) deviatoric plane (b) 

meridional plane 

CDP model considers a non-associated flow potential which is shown in 

Figure 2.3(b). The equation for flow potential is shown below: 

                                       𝜀𝑝̇𝑙 = 𝜆̇
𝜕𝐺(𝜎̅)

𝜕𝜎̅
                                                  (2.15) 

where, 𝜀𝑝̇𝑙 is the plastic strain rate, 𝐺 is the potential function, and 𝜆̇ is a 

hardening parameter. The potential function in the meridional plane (p-

q) is given as: 

                             𝐺 =  √(𝜀𝜎𝑡0tan𝜓)2 + 𝑞̅2 − 𝑝̅tan𝜓                       (2.16) 

where, 𝜓 is the dilation angle which is computed in the meridional (p-

q) plane (See Figure 2.3(b)). It is the angle at which yield/failure surface 

is inclined with respect to hydrostatic axis. 𝜎𝑡0 is the value of failure 

stress in uniaxial tension. 𝜀 is the eccentricity parameter which governs 

the rate at which the yield surface advances asymptote in meridional 

plane (See Figure 2.3(b)). The default value of eccentricity parameter as 

recommended by ABAQUS is 0.1. 𝜀𝜎𝑡0 is the length of segment along 

hydrostatic axis between the vertex of hyperbola and the intersection 

point of asymptotes. Compressive biaxial to uniaxial yield strength ratio 
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(𝜎𝑏𝑜 𝜎𝑐𝑜⁄ ) is another important CDP parameter describing the response 

of concrete material. Its default value as recommended by ABAQUS is 

1.16. The four parameters 𝐾𝑐, 𝜎𝑏𝑜 𝜎𝑐𝑜⁄ , 𝜓, 𝜀, along with the damage 

parameters and the stress-strain behavior of concrete constitute the 

complete input characteristics for CDP model. The CDP model does not 

include the effects of strain rate by itself. Hence, modified stress-strain 

curves as function of inelastic/cracking strain must be provided as an 

input in tabular function by the user.  

2.3.3.3 Effects of strain rate 

The effects of strain rate are commonly accounted using Dynamic 

Increase Factor (DIF). It is the ratio of dynamic to static strength of 

material. In the literatures, various DIF models have been reported. 

However, the DIF formulas presented in CEB-FIP [136] model code are 

the most thorough formulations and have been successfully utilized by 

several researchers for modeling the behavior of concrete at high strain 

rates [2, 47, 137, 138]. One of the main advantages of using this model 

is that it can be utilized for concrete having compressive strength up to 

120 MPa as well as for a maximum strain rate value of 300 s-1. The DIF 

formulations for concrete at higher strain rates are shown Appendix 1.  

Since, CDP model utilizes a non-associated flow potential, it demands 

solution of unsymmetric equations. This is carried out in ABAQUS, 

which harmonizes the complete model using backward Euler method in 

which a material Jacobian consistent with integration operator is used 

for carrying out iterations [35], and finally the results are obtained as per 

the applied loading and boundary conditions. 

2.3.4 Constitutive material modeling of GFRP 

The constitutive modeling of GFRP can be carried out using 

macroscopic or microscopic models. Among these, the macroscopic 

models are preferred due to their easy application. However, these 

models fail to predict the failure mode initiation. The microscopic 

models reported in Hashin et al. [139, 140] consider the failure mode 



 

27 

 

initiation accurately and are also capable of reflecting the different 

failure modes. Hence, in the present work the mechanical behavior of 

GFRP layer is simulated using anisotropic Hashin damage model [139, 

140]. This model is based on the average stress-strain method.  

 A₁J₁ + B₁J1
2 + A₂J₂ + B₂J2

2 + C₁₂J₁J₂ + A₃J₃ + A₄J₄ = 1 (2.17) 

Where J1, J2, J3, J4 are invariants which are given by,  

 

 

 

      

 

 

And A1, A2, A3, A4, B1, B2, and C12 are the constants determined for 

different states of stress.  

 

Eqn. 2.17 can be rewritten as  

 

 

Also, the 

matrix failure mode can be denoted as 

 

           J1 =  𝜎₁₁    (2.18) 

           J2 =  σ₂₂ + σ₃₃     (2.19) 

J3 = 𝜎₂₃
2 − 𝜎₂₂𝜎₃₃ (2.20) 

J₄ = σ₁₂2 + σ₁₃2 (2.2) 

A₄ =
1

𝜏𝐴
2 (2.23) A3 =

1

𝜏𝑇
2  (2.22) 

Af𝜎₁₁ + 𝐵f𝜎11
2 +

1

𝜏𝐴
2 (σ₁₂

2 + σ₁₃2) = 1        (2.24) 

Am(σ₂₂ + σ₃₃) + 𝐵𝑚(σ₂₂ + σ₃₃)
2 +

1

τT
2
(𝜎₂₃2 − 𝜎₂₂𝜎₃₃)

+
1

𝜏𝐴
2 (σ₁₂

2 + σ₁₃2) = 1 

  

(2.25) 
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Here, Af, Bf, Am, Bm represent the coefficients of the failure criteria, and 

𝜎 represents the stress.  

2.3.5 Modeling of blast loading 

In this study, the spherical TNT explosive is modeled using CONWEP 

tool. It is based on the studies of the U.S. Army Corps of Engineers 

(USACE) [141]. In CONWEP, pressure-time plot is assumed to take a 

triangular shape and its time period is determined using the reflected 

pressure diagram. It is an empirical model based on the experimental 

results. In this model, the characteristic explosive parameters are used 

to determine the shock-wave overpressure and its velocity. According 

to this model, the wave propagates spherically from the point of 

detonation and impinges the elements of a structure. The equations used 

in CONWEP tool as reported in ABAQUS user manual [35] are as 

follows:  

P̅(t) = Pincident(t) + [1 + cos θ − 2cos
2θ]

+ Preflect(t)cos
2θ       for cosθ ≥ 0            (2.26) 

                   P̅(t) = Pincident(t) for 𝑐osθ < 0                             (2.27) 

Where, P̅(t) is the total pressure due to explosion, Pincident(t) is the 

pressure due to incident wave, Preflect(t) is the pressure due to reflected 

wave, and θ is the angle of the line normal to the loading surface with 

respect to the line connecting it to the point of explosion.  

The incident overpressure peak (Pincident) and reflected pressure 

(Preflect) is evaluated using equations given by Karlos and Solomos 

[142] as shown below: 

Pincident(t) = exp(0.14 − 1.49lnZ − 0.08ln
2Z −

                                             0.62sin(lnZ)) (1 +
1

2e10Z
)   (2.28) 

Preflect(t) = exp(1.83 − 1.77lnZ − 0.1ln2Z −

                                             0.94sin(lnZ)) (1 +
1

2e10Z
)        (2.29) 
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                 Z =
R

√W
3                 (2.30) 

Where, Z is the dimensional scaled distance, R is the distance of the 

point of detonation from the point under consideration, W is the mass of 

explosive in kg, 𝑃𝑜 is the ambient pressure around explosive.  

2.4 Artificial intelligence (AI) 

2.4.1 Artificial Neural Network (ANN) 

ANN is a computational tool developed to analyze and process complex 

data which can solve most real-life problems. The foundation of AI is 

mainly based on ANN and it has the capability to solve complex 

problems in lesser time and low computational cost [143]. One of the 

most intriguing aspects related to ANN is its capability to mimic human 

brain by admitting self-organization, adaptive learning, and fault 

tolerance qualities. With minimum human programming, ANN models 

can learn as well as enhance their performance while producing high 

quality outcomes. The intelligence factor associated with ANN along 

with the speed, latency, accuracy, convergence, and volume makes it a 

desirable model for several applications [144]. 

 

ANN has numerous artificial neurons (processing units) connected by 

nodes which form a massive, interconnected structure. It is a data driven 

modeling approach in which an approximation function is used to 

predict the output of the system. Several types of neural networks 

(NN’s) are available, however, the multilayer NN (See Figure 2.4) is the 

most widely adopted and also used in the present study. It has several 

numbers of layers with a dense interconnection as well as back 

propagation between each layer. The equations for ANN with one and 

two hidden layers are as given below: 

v = f2 [w2∑f1(w1yi + b1) + b2

n

i=1

] (2.31) 
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v = f3 [w3∑f2 (∑f1(w1yi + b1) + b2

n

i=1

) + b3] (2.32) 

where, v is the output, yirepresents the input parameters, w1, w2, and 

w3 are the weights connecting the different layers, f1, f2, f3 are the 

transfer functions, b1, b2, b3 are the biases in different layers. 

 

Figure 2.4 General formulation of ANN 

2.4.2 Support Vector Machines (SVM) 

SVM is a binary learning machine algorithm which can be used for 

solving classification as well as regression problems. In SVM each data 

point is plotted in a n-dimensional space and a hyperplane is constructed 

which acts as a decision surface such that the two different types of 

samples are well separated. It is a direct learning algorithm in which 

kernel functions are utilized to transform nonlinear relationship to a 

linear relationship. This method maps the dataset to a higher 

dimensional space such that the nonlinearities in the dataset are curbed 

to form a linearly separable set of data with a specific weight. The 

prediction of peak displacement of RC tunnel crown is done using 

regression algorithm of SVM. The algorithm develops an estimation 

function based on the dataset of peak displacement as shown below: 

g(x) = wMθ(x) + ε (2.33) 

where, x is the input vector; w is the vector weight, w ϵ Sn; M is the 

intercept; θ(x) is the mapping of x, x ϵ Sn. 

2.4.3 Random Forests (RF) 
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Random Forests is an ensemble machine learning algorithm which has 

numerous discrete decision trees which form a forest such that the 

characteristics of sample data could be predicted. It is fast, accurate, 

simple, and flexible and can be used for solving classification, prediction 

as well as regression problems. In this algorithm, each decision tree 

gives a prediction, and the result is taken as the average or the decision 

with the highest number of votes (See Figure 2.5). This model is based 

on the idea that a family of non-related but numerous decision trees will 

perform better than the individual decision-making models. Since, the 

trees are very sensitive, each one is free to arbitrarily select the data from 

dataset with the capability of replacement which is also known as 

bagging in this algorithm. RF works in such a way that the variance as 

well as bias in prediction is low. Also, this model utilizes a cross-

validation technique during training and helps in preventing overfitting 

of data [145].  

In this model, the probability of non-selection of a data by any sample 

of the tree is given as (1 − 1 n⁄ )n, where n is the number of data points 

available in training phase. As the value of n advances infinity, the 

probability of non-selection of a data becomes approximately 0.37 

[146]. This data is also known as out of the bag data which is used for 

internally validating the model during training phase and evaluate the 

performance and accuracy of RF algorithm utilized. 



 

32 

 

 

Figure 2.5 Typical random forests algorithm 

2.4.4 Performance indices for AI models 

The performance of AI models is evaluated using five assessment 

metrics: root mean square error (RMSE), coefficient of determination 

(R2), mean absolute error (MAE), mean absolute percentage error 

(MAPE), and variability account for (VAF). These are calculated using 

Eqns. (2.46) - (2.50), and used to select the model exhibiting best 

performance. The details and significance of statistical parameters used 

as performance indices in this study are shown below: 

RMSE = √
∑ (yi − yî)2
n
i=1

n
 (2.34) 

R2 = 1 −
∑ (yi − yî)

2
i

∑ (yi − y̅)2i
  

(2.35) 

MAE =
1

n
∑ |yi − yî|

n

i=1
 

(2.36) 

VAF = (1 −
var(yi − yî)

var(yi)
) × 100 

(2.37) 

MAPE =
1

n
∑ |

yi − yî
yi

|
n

i=1
× 100 % 

(2.38) 

In these equations, n is the total number of samples, yi, yî, and y̅ are the 
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actual, predicted, and mean values of peak displacement respectively. A 

complete idea regarding the error distribution is provided by RMSE 

[147], R2 is a correlation measure and gives an idea about the fit of the 

data, MAE is the average magnitude of errors and represents the model 

stability. MAPE is the mean of absolute percentage errors of forecast 

and it measures accuracy of a predictive model in terms of percentage. 

VAF tells whether the model accurately predicts the actual data. For an 

ideal model, RMSE and MAE should be 0, while R2 should be 1, MAPE 

should be 0 % and VAF should be 100 %.    
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3. Chapter-3 

Comprehensive parametric investigation on 

the low velocity impact behavior of concrete 
 

3.1 Introduction 

Concrete structures such as bridge columns, containments, precast piles, 

offshore structures, railroad sleepers, and industrial buildings are 

susceptible to impact loads resulting from accidental events. Most of the 

accidental events are associated with low velocity impact (≤ 10 m/s) [2, 

148]. Different real-life examples include: aircraft landing on runways, 

rockfall protection structures subjected to impact of falling rocks, 

vehicular collision with transportation structures, industrial buildings 

subjected to accidental drop of heavy loads, offshore structures 

subjected to ship or ice impact, civil structures subjected to projectile 

impact or blasting events. Typically, the concrete structures are designed 

to satisfy the ultimate limit state criteria considering quasi-static loading 

conditions. However, their performance under low velocity impact may 

be unsatisfactory.  

When a concrete structural element is subjected to low velocity impact, 

extreme stresses are transferred, and compression waves are generated 

on the impacted side. These compression waves travel towards the far 

side and get reflected as tension waves in a short duration of time. Thus, 

tensile stresses are produced due to impact loading. Since, the tensile 

and flexural strength characteristics of concrete are considerably low as 

compared to that of its compressive strength, an extreme event may 

affect its overall performance. Also, concrete has poor energy 

absorption capability due to its heterogeneous and brittle nature. This 

significantly affects the performance of concrete under low velocity 

impact. 

Till date several studies have explored different methods for improving 

the ductility and energy absorption of concrete [3, 12–16, 18, 23, 38, 

149]. These methods include: the utilization of fibers in concrete, use of 
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reinforcement and prestressing in concrete, and external bonding of high 

strength materials. The above discussed methods can beneficially be 

utilized for improving the response of concrete under impact. However, 

these methods may have their own drawbacks. For example, the 

utilization of fibers in concrete may adversely affect the workability, 

especially when rubber and steel fibers are used [150, 151]. Also, the 

weak intermolecular bond between cement matrix and rubber fibers may 

affect the compressive strength and elastic modulus of concrete [73]. 

Despite the small drawbacks most of the above discussed methods are 

very useful. Although, it is necessary to develop a comprehensive 

understanding regarding the effects of several parameters on the low 

velocity impact response of concrete, such that an improved 

performance could be achieved.   

The experimental studies related to detailed parametric analysis of 

material parameters are not feasible due to involvement of high costs 

and considerable time requirement. Also, the analytical methods are 

very complex and have several limitations. With the recent evolution in 

numerical approaches, and establishment of material constitutive 

models, the utilization of numerical simulation methods for non-linear 

dynamic problems have become more reliable. Due to this, the Finite 

Element (FE) based numerical techniques have become a favorable 

choice for investigating the response of concrete under several loading 

scenarios [47, 77, 80]. Thus, the numerical technique incorporating 3D-

FE method has been considered for carrying out the detailed parametric 

investigation in this study. 

Although, the numerical modeling of concrete may be carried out using 

different simplified and advanced constitutive models [23, 81, 149, 

152]. The use of CDP model has gained the attention of researchers in 

the recent time. Also, CDP model has been found to be suitable for 

modelling the low velocity impact behavior of concrete [2, 153], and 

thus given consideration for performing detailed parametric 

investigation in this study. 

Previously, some studies have investigated the influence of CDP 
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parameters on the response of concrete [2, 47, 84–87]. However, most 

these studies were mainly focused on quasi-static loading conditions. 

The most closely related work in the context of the present study is the 

research carried out by Othman and Marzouk [2, 47]. They performed 

parametric investigations on some CDP parameters. However, the 

detailed parametric studies related to the influence of all CDP material 

parameters on the low velocity impact response are not available.  

In this work, a 3D-FE approach is used to determine the desirable set of 

values of CDP model parameters which could be beneficial in improving 

the response of concrete under low velocity impact. Further, the 

influence of compressive strength and longitudinal reinforcement is also 

studied experimentally as well as numerically. In order to achieve this 

objective, a detailed parametric investigation is performed for a concrete 

beam which is impacted by 6 kg drop weight from a height of 500 mm. 

The response of concrete is simulated using CDP model, and the values 

of stress-strain characteristics of concrete at higher strain rates are 

developed using dynamic increase factors. The material parameters of 

concrete beam are varied over an extensive range of values and their 

influence on the response of concrete beam is investigated. Finally, the 

desirable value of each parameter resulting in improved response of 

concrete beam are sought.  

3.2 Proposed methodology 

In this work, a 3D-FE approach incorporating CDP model is used to 

develop a set of parameters which could be utilized to improve the 

response of concrete under low velocity impact. The flowchart of the 

proposed approach is displayed in Figure 3.1. A FE model of the 

concrete beam is developed in order to analyze its response. The model 

is validated against experimental investigations and the default values 

of CDP parameters reproducing the actual response of concrete beam 

are established. Different FE simulations are carried out in order to 

analyze the influence of CDP parameters [e.g., 𝐾𝑐, 𝜎𝑏𝑜 𝜎𝑐𝑜⁄ , 𝜓, 𝜀, Gf 

(Fracture energy), and stress-strain response of concrete under 
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compression]. The parameters are varied over a broad range (see Figure 

3.1) and the performance of concrete beam is investigated. The response 

of concrete beam is quantified in terms of energy absorption capacity, 

which is determined as the area under impact force vs displacement 

curve. Finally, the desirable value of each CDP parameter resulting in 

an improved response of concrete beam are sought and thus a new set of 

parameters are recommended.  

 

 

Figure 3.1Flowchart of the proposed methodology 

3.3 Numerical modeling 

3.3.1 Geometric modeling 
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The FE analysis is carried out using ABAQUS/EXPLICIT [35]. A 0.5 

meter long concrete beam with square cross-section of 100 mm × 100 

mm is modelled. The concrete beam is impacted by 6 kg drop weight, 

freefalling from 500 mm height. The mass of impactor (drop weight) 

considered in this study represents a typical loading scenario of a small 

scale rockfall or accidental impact, which is in accordance with the 

impact loading conditions considered in the previous studies carried out 

on similar concrete beams [154, 155]. The geometric and meshing 

details of the various components are shown in Figure 3.2. The 

supporting arrangement consists of two cylindrical supports, each 

having a diameter of 15 mm (See Figure 3.2(d)). The supports are 

provided at a spacing of 400 mm. The beam is placed over cylindrical 

supports such that an overhang of 50 mm is obtained on each side of the 

beam as shown in Figure 3.3. The flat nose impactor has a diameter of 

15 mm and its height is 30 mm. The size of the impactor is kept fixed 

and its density is altered in order to achieve 6 kg mass.  

The geometric model of beam is developed using 3D deformable solid 

component and meshed using eight node hex dominated reduced 

integration solid elements (C3D8R) based on Lagrangian assumption. 

The reinforcement is modelled as a 3D deformable truss and meshed 

using 2 node truss elements (T3D2). While, the drop weight (impactor) 

and supports are modelled using discrete rigid components and meshed 

using 3 node rigid triangular (R3D3) and 4 node rigid quadrilateral 

(R3D4) elements, respectively. In order to reproduce accurate shape of 

components, the deviation of internal angles of an element with respect 

to regular shaped elements should be negligible [156]. Hence, the drop 

weight and supports are meshed using sufficiently fine elements such 

that accurate geometry is achieved. Since, it is observed in the 

experimental studies that the drop weight and supporting system do not 

undergo any plastic deformation during the impact experiments, hence 

they are modelled using elastic material properties of steel (see Table 

3.1). Also, the reinforcing steel is modelled using elastoplastic 
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properties of Fe500 structural steel, which are taken from Iqbal et al. 

[22].   

The interaction between beam and drop weight, as well as between beam 

and supports are defined using general contact algorithm. The general 

contact algorithm can be used to replicate 3D edge to surface contact. 

However, the surface-to-surface contact can be used to model contact 

between two surfaces only. Due to the curved shape of cylindrical 

supports, general contact algorithm is preferred in this work. The normal 

direction response reflecting the pressure behaviour of contact 

interaction is modelled as hard contact, which restricts the transmission 

of tensile stresses across the interface. The frictional behaviour between 

contact surfaces is modelled using isotropic penalty function 

formulation. The friction coefficient value is selected as 0.4 [157]. In 

order to reduce the computational time, the bottom portion of drop 

weight is kept very close to the beam with an offset of 1 mm above the 

beam surface. The velocity of drop weight is obtained from 

experimental investigations and provided as an input predefined field in 

the load module of ABAQUS/EXPLICIT. The supporting systems are 

provided with fixed boundary conditions in all directions using 

ENCASTRE option in LOAD module of ABAQUS/EXPLICIT. While, 

the boundary condition for drop weight is kept such that it is allowed to 

move freely in vertical direction only and the displacements as well as 

rotations in all other directions are constrained.  
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(a) 

 

(b) 

 

(c) 
 

(d) 

Figure 3.2 Geometric and meshing details of (a) plain concrete beam, (b) RC beam, (c) impactor, 

and (d) cylindrical supporting arrangement 

Table 3.1 Elastic properties of supporting system and drop weight 

Component Elastic properties Value 
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Supporting 

system 

Modulus of elasticity (GPa) 210 

Density (kg/m3) 7850 

Poisson’s ratio 0.3 

Drop 

weight 

Modulus of elasticity (GPa) 210 

Density (kg/m3) 1131770 

Poisson’s ratio 0.3 

 

 

Figure 3.3 FE model of the drop impact test 

 

3.3.2 Material constitutive modeling 

The constitutive modelling for concrete is carried out using CDP model. 

The initial values of input parameters for M50 grade concrete are taken 

from previous literatures [158, 159]. These, values are used to perform 

FE simulations and the obtained results are compared with the 

experimental counterparts for accurate calibration of the FE model. 

Lastly, the values of parameters reflecting the actual response of 

concrete beams are established and these values are termed as “Default 

parameters”. Table 3.2 lists the values of default parameters which are 

used for subsequent parametric investigations. The uniaxial 

compressive stress-strain behavior of concrete is developed using 
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piecewise linear models utilizing the experimental stress-strain data 

reported in Jankowiak and Lodygowski [158]. While, the tensile 

behavior of concrete is modelled using post-peak tensile stress-crack 

width characteristics, rather than stress-strain characteristics to avoid 

mesh sensitivity. The post-peak tensile stress-crack width model 

employed in this study is presented in Figure 3.4. This model utilizes a 

bilinear curve which is modified version of Hillerborg’s crack model 

[160]. The Hillerborg’s crack model allows full damage of material 

which may critically affect the convergence of solution [35]. Hence, it 

is modified in order to avoid full damage. It is known that the 

progression of crack width results in reduction of tensile yield stress. For 

example, when the value of crack width becomes 
0.8𝐺𝑓

𝑓𝑡
, the remaining 

tensile strength is only one third of the ultimate tensile strength. Where, 

Gf represents the fracture energy, while ft represents the ultimate tensile 

strength. The quasi-static uniaxial compressive and tensile response of 

concrete is presented in Figure 3.5. 

Table 3.2 General, elastic material properties and default CDP model parameters of concrete 

Property Value 

Density, ρ (kg/m3) 2,489 

Unconfined compressive 

strength, fc’ (MPa) 
48 

Elastic modulus, 𝐸𝑐  (GPa) 29.955 

Fracture energy, Gf (N/m) 112a 

Poisson’s ratio, ν  0.19 

Dilation angle, 𝜓 20º 

Shape parameter, 𝐾𝑐 0.67 

Flow potential eccentricity, 𝜀 0.1 

Biaxial to uniaxial yield 

strength, 𝜎𝑏𝑜 𝜎𝑐𝑜⁄  
1.16 

Viscosity parameter, µ 0 

aBased on Ulfkjaer and Brincker [159] 
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Figure 3.4 Modified Hillerborg's crack model for post-peak tensile response of concrete 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 3.5 Uniaxial response of concrete utilized in CDP model (a), (b) compressive parameters 

(c), (d) tensile parameters 

Since, low velocity impact problems are associated with development of 

high strain rates which eventually result in magnification of mechanical 
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properties. Hence, in this work, the effects of strain rate are accounted 

using mathematical models of DIF reported in CEB-FIP [136] model 

code. A strain rate of 10 s-1 is considered which satisfies the defined low 

velocity impact range [47, 161]. Also, since the ratio of fracture energy 

to the tensile strength of concrete remains constant for strain rates less 

than 80 s-1 [162], the crack width is same for both the strain rates. 

3.3.3 Mesh convergence  

The mesh convergence study is performed to ensure the methodology 

used for modelling the low velocity impact response of concrete is stable 

and accurate. It is necessary to adapt an optimum mesh size such that 

accurate FE results are obtained in optimum computational time. The 

convergence study is carried out by analyzing the influence of mesh size 

on the peak impact force. In this work, the beam is meshed using cubic 

elements with unit aspect ratio, as the use of aspect ratios larger than one 

often result in mesh sensitivity [35]. The influence of mesh size is 

observed and the obtained results are compared with the actual values 

acquired from the experimental investigations. The beam is meshed 

using explicit hex dominated C3D8R elements with enhanced hourglass 

stiffness control to minimize the zero stress nonphysical deformation 

modes. Previous investigations have reported that the use of first order 

elements (for example C3D8) do not experience shear and volumetric 

locking [163]. However, the use of linear elements in accordance with 

the reduced integration method (such as C3D8R) lead to formation of 

nonphysical zero energy/stress modes (hourglass problem) which results 

in extreme mesh distortions with no resisting stresses [35]. Thus, in 

order to solve this problem, hourglass stiffness control is utilized which 

imparts artificial stiffness to the elements such that the analysis could be 

performed accurately.  

A total number of five different seed sizes of 20 mm, 10 mm, 5 mm, 2.5 

mm, and 2 mm consisting of 625, 5000, 40000, 320000, and 625000 

elements, respectively are checked for investigating the convergence of 
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solution. For each mesh size, the FE analysis is performed and the peak 

impact force values are compared with the experimental results. The 

results of convergence study are displayed in Figure 3.6. For a better 

representation, results are normalized with respect to finest mesh size of 

2 mm. It is observed that the refinement of mesh size results in 

convergence towards a particular value. The correct prediction of peak 

impact force is obtained for mesh size of 2.5 mm. Based on the 

convergence study, a mesh size of 2.5 mm is found to be appropriate for 

producing stable and accurate solutions as the difference of results 

between mesh sizes of 2.5 mm and 2 mm is negligible. The selected 

mesh size and enhanced hourglass stiffness technique are further 

validated using principle of energy balance. In order to get a stable 

solution in ABAQUS/EXPLICIT, the following conditions should be 

satisfied: first, the fluctuation in total energy should not be more than 

1% throughout the complete analysis, second, the artificial hourglass 

energy developed should be minimum [47]. The energy time histories 

for coarse meshing of 20 mm and the adapted meshing of 2.5 mm are 

presented in Figure 3.7. 

 

Figure 3.6 Mesh convergence study for different size of elements 
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(a)  

 
(b) 

Figure 3.7 Energy-time histories (a) 20 mm mesh (b) 2.5 mm mesh 

From the energy time history analysis, it can be observed that for both 

mesh sizes, the variation in total energy is less than 1% throughout the 

analysis. However, for coarser meshing (See Figure 3.7(a)), the artificial 

energy is found to exceed 40 % of internal energy, which represents 

excessive mesh distortions and hence considered to be unacceptable. On 

the other hand, the use of 2.5 mm mesh size produces lower values of 

artificial energy (see Figure 3.7 (b)) and satisfies the energy balance 

criteria. Hence, the selected mesh size (2.5 mm) and the enhanced 

hourglass stiffness technique are validated.   

3.4 Experimental studies  

The objective of the experimental programme is to determine the 

influence of compressive strength and reinforcement on the low velocity 

impact response of concrete beams. In addition to this, the results from 

experimental studies are also utilized to validate the FE model and 

establish the default values of CDP parameters which reflect the actual 



 

48 

 

response of system. The validated model is then used for carrying out 

the parametric investigations.  

For the plain concrete beams, three concrete mixes of characteristic 

compressive strength 50 MPa, 40 MPa, and 30 MPa are designed as per 

IS 10262-2019 [164]. While, the Reinforced Concrete (RC) beams are 

provided with two Fe500 grade longitudinal steel bars. The influence of 

reinforcement ratio is studied by varying the diameter of steel bars (8 to 

16 mm). The other parameters for the design mix are as follows: OPC 

43 grade cement, 0.36 water cement ratio, Zone II sand, and coarse 

aggregates with nominal maximum size of 20 mm. The specific gravity 

and normal consistency of cement is 3.038 and 29 percent respectively. 

The water absorption of fine and coarse aggregates is found to be 3 

percent and 0.85 percent, respectively. While, their density is 2645 

kg/m3, and 2831 kg/m3, respectively. The desired workability of fresh 

concrete is achieved by using liquid Masterpolyheed 8385 

superplasticizer procured from BASF. The mix design adopted for three 

different grades of concrete is shown in Table 3.3. The slump values of 

the concrete are obtained in the range of 75 - 110 mm as per IS 1199-

1959(R 2018: Part 2) [165].  

The low velocity impact tests are performed utilizing an instrumented 

drop impact test setup as per ACI 544.2R-89 [166]. The actual test setup 

is shown in Figure 3.8(a). For a better representation of various 

components, the schematic of drop impact test setup is also presented 

which is shown in Figure 3.9. The impact testing setup comprises of a 

flat nose impactor of mass 6 kg which can be dropped from variable 

heights (100 – 1400 mm). The concrete beam specimens have a length 

of 500 mm and cross-section of 100 mm × 100 mm. The specimens are 

placed over cylindrical supports such that the supported span is 400 mm 

with 50 mm overhangs on each side (Please see: Figure 3.8(b)). During 

the tests, the impact force time history is recorded using dynamic load 

cell provided at the top of impactor (See Figure 3.8(c)). While, the mid-

point displacement of concrete beam specimen is recorded using Linear 
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Variable Differential Transformer (LVDT) provided below the mid-

point of bottom surface of the specimen. The additional instrumentations 

include velocity sensors and data acquisition system. The output from 

load cell, and LVDT, is recorded at 0.11 millisecond intervals. 
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Table 3.3 Mix proportion of various components for 1 m3 of concrete 

Concrete 

Mix 
Cement (kg) Water (kg) 

Aggregate 
Super-plasticizer 

(kg) 
w/c ratio 

Fine Aggregate (kg) Coarse Aggregate (kg) 

M50 442 160.25 635 1281 1.65 0.36 

M40 431 158 786 1115 1.32 0.36 

M30 418 160 790 1120 1.25 0.36 
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(a) 

 

(b) 
 

(c) 

Figure 3.8 (a) Drop impact test setup (b) Supported span of specimen (c) Load cell and 

impactor 
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Figure 3.9 Schematic of the drop impact test setup 

A total of 12 beam specimens for drop impact test, 18 cube specimens 

(100 mm size) for compressive strength test, and 18 cube specimens 

(150 mm size) for split tensile strength test are casted and retained for 

wet curing after a period of 24 hours at a temperature of 25 – 30 º C.  

3.5 Experimental results and validation of Finite Element model   

The concrete cubes are tested under uniaxial compression at a strain rate 

of 2.2 × 10-5 s-1 and the 28-day compressive stress-strain curves are 

obtained as shown in Figure 3.10. Also, the 28-day split tensile strength 

of M50, M40, and M30 grade concrete are found to be 3.33 MPa, 2.82 

MPa, and 2.26 MPa, respectively. Further the low velocity impact tests 

are performed on plain and reinforced concrete beam specimens and 

their results are presented in subsequent subsections.   
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Figure 3.10 Stress-strain curves for different grades of concrete 

3.5.1 Plain concrete beams 

The plain concrete beams are impacted by 6 kg drop weight freefalling 

from 500 mm height. For each grade of concrete, three specimens are 

tested and the response of beam is recorded in terms of: impact force 

time histories, and impact force vs mid-point displacement curves as 

displayed in Figure 3.11. The results obtained from FE investigations 

are also plotted in order to have a better comparison. Additionally, the 

validation of FE model is done using the experimental results and the 

default values of CDP model parameters are established. The damage 

contours for different grades of concrete beam obtained from 

experimental and numerical investigations are shown in Figure 3.12.  

In the experimental investigations, when the drop weight comes in 

contact with the concrete beam, the inertial resistance offered by the 

beam results in a sudden rise in the impact force values. The impact 

force then attains a peak value when the concrete beam is completely 

damaged. However, after complete damage, the concrete beam 

undergoes post peak reduction in the impact force values. However, in 

numerical investigations due to absence of the actual inertial resistance 

of the concrete material, resistant forces are developed after a time lag 

due to which the delayed response of impact force time histories is 

obtained. 
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(a) 

 

(b) 

Figure 3.11 (a) Impact force vs time (b) Impact force vs displacement for plain concrete beams 

 

 

(a) 

 

(b) 
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(c) 

Figure 3.12 Damage contour of plain concrete beams Experimental and Numerical study (a) 

M30 grade (b) M40 grade (c) M50 grade 

The use of higher grade of concrete offers increased resistance against 

external loading due to its dense nature and higher internal bond 

strength. Hence, the reaction forces developed inside the beam are 

higher and consequently increased impact force values are obtained for 

the same drop height. Additionally, the response of different grades of 

concrete are also compared in terms of energy absorption capacity which 

is determined as the area under the impact force-displacement curve. 

The values of energy absorption capacity are shown in Table 3.4. It is 

evident that the use of high strength concrete enhances the energy 

absorption capacity of beams under low velocity impact loading. 

From Figure 3.12, it can be noticed that the plain concrete beams 

undergo failure under flexural mode. The flexural cracks originate from 

the extreme bottom fibre of concrete beam and propagate vertically 

upward towards the zone of impact. The use of higher grade of concrete 

results in reduced damage under low velocity impact. Also, the flexural 

failure of concrete beams obtained from the experimental investigations 

are accurately predicted by the FE simulations. The damage of concrete 

beam is quantified by measuring the horizontal width of crack at the 

mid-section of front face as explained in Figure 3.13. In the 

experimental investigations, the crack width is measured using digital 

imaging. The values of crack width obtained from experimental and FE 

investigations are shown in Table 3.5. It can be observed that for M30 

grade concrete, slightly higher impact force values are obtained in the 

experimental studies. Hence the M30 grade concrete modelled using FE 
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method offers slightly lower resistance to the drop weight. Also, the 

displacement values are higher in the FE model, thus concluding that the 

concrete beam modelled using FE method has slightly weaker impact 

resistance as compared to that of experimental model. Thus, the M30 

grade concrete modelled using FE method shows 20% higher crack 

width values. Also, The use of higher grade of concrete produces lesser 

crack width due to reduced damage and higher internal bond strength of 

concrete. It can be observed that the FE model accurately depicts the 

impact force vs displacement curves as well as the damage contours. 

Also, the peak impact impact force values are predicted with a minimal 

error. Hence, it is concluded that the results obtained from FE 

simulations are in good correlation with the experimental results. Thus, 

the numerical simulation approach adopted in the current study is 

validated and found to be suitable for carrying out the parametric 

investigations.     

Table 3.4 Energy absorption capacity for different grades of concrete 

Grade of Concrete Energy absorption capacity (N-m) 

M30 1.84 

M40 2.1 

M50 3.5 

 

Table 3.5 Values of crack width obtained at mid-section of beam 

Grade of 

Concrete 
Experimental (mm) 

Numerical 

(mm) 

M30 1.82 2.21 

M40 1.663 1.71 

M50 1.3635 1.267 
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Figure 3.13 Measurement of crack width at front face of concrete beam 

3.5.2 Reinforced concrete beams 

The RC beams are impacted by 6 kg drop weight freefalling from 1.2 m 

height. A total number of three specimens are tested. Each specimen had 

two 12 mm diameter steel bars (reinforcement ratio of 2.26 percent). The 

main objective is to determine the influence of longitudinal 

reinforcement on the response and failure pattern of the concrete beams 

against low velocity impact loading. The beam response is quantified in 

terms of: impact force time histories, and impact force vs mid-point 

displacement. 

The FE model for RC beams is validated using the experimental results 

which is subsequently utilized for investigating the effects of 

reinforcement ratio (RR). In the FE investigations, three different 

reinforcement ratios are considered: 1 percent, 2.26 percent, and 4 

percent. The response as well as the damage contour of concrete beam 

obtained from experimental and FE investigations are plotted in Figure 

3.14 and Figure 3.15 respectively. 
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(a) 

 

(b) 

Figure 3.14 (a) Impact force vs time (b) Impact force vs displacement for RC beams 

 

Figure 3.15 Damage contour of RC beams obtained from experimental and FE analysis 

The RC beams undergo an overall flexural failure with higher impact 

force values compared to plain concrete beams. The origination of minor 

flexural cracks is observed near the bottom portion of RC beam in both 

the experimental as well as FE investigations. At the sections away from 

mid-span, the cracks are inclined towards the point of load application. 

The provision of reinforcement prevents localized failure and dissipates 

the impact energy throughout the concrete beam due to which the 

performance of RC beams is superior as compared to that of plain 
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concrete beams. Also, the RC beams suffer much lesser damage 

compared to plain concrete beams, although the imparted energy is 

much higher in case of RC beams. The energy absorption capacity for 

RC beams with different reinforcement ratios is presented in Table 3.6. 

The increase in reinforcement ratio enhances the impact energy 

absorption capacity of RC beams. From this analysis, it is concluded that 

the provision of longitudinal reinforcement results in an improved 

performance of concrete beam under low velocity impact. 

Table 3.6 Energy absorption capacity for different reinforcement ratios 

Reinforcement ratio, 

RR (%) 

Energy absorption 

capacity (N-m) 

1  4.126 

2.26  4.367 

4  4.839 

 

 

3.6 Results of parametric studies on Concrete Damaged Plasticity 

(CDP) model parameters  

The low velocity impact response of a concrete beam is directly related 

to the parameters of CDP model. Hence, a parametric investigation has 

been carried out in order to search for a desirable set of parameters. This 

objective is achieved by varying the CDP parameters over a range of 

possible values. The various parameters of CDP model considered in the 

present study include: dilation angle (ψ), deviatoric plane shape 

parameter (Kc), ratio of compressive strength in biaxial state to uniaxial 

state (σbo/σco), flow potential eccentricity (ɛ), fracture energy (Gf), and 

compressive stress-strain characteristics of concrete.  

3.6.1 Dilation angle 

The dilation angle (𝜓) is the angle at which yield/failure surface is 

inclined with respect to hydrostatic axis in meridional plane. In physical 

terms, this parameter governs the evolution of volumetric strain in case 
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of plastic shearing. Hence, it may also be termed as the ratio of 

volumetric to shear strain. For traditional concrete, its value ranges from 

20 to 45 degree [85, 157, 167]. In this work, the value of dilation angle 

is varied from 20 to 45 degree at 5 degree intervals, and the parametric 

investigation is performed taking default values of other parameters. The 

effects of variation of dilation angle on the response of concrete beam is 

displayed in Figure 3.16. The impact force time history of the concrete 

beam which represents the force imparted by the impactor on beam 

specimen is shown in Figure 3.16(a). While, Figure 3.16(b) represents 

the impact force vs displacement response of concrete beam which is 

subsequently used for determining the energy absorption capacity. 

 

(a) 

 

(b) 

Figure 3.16 Influence of dilation angle on the response of concrete beam (a) Impact force time 

history and (b) Impact force vs displacement 

The response of concrete beam against low velocity impact is 

considerably affected by the variation in dilation angle. The increase in 

dilation angle results in a slight increment in the impact force values 

while, there is a significant enhancement in the ductility. In other words, 

the use of higher dilation angle enhances the deformation capability 
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which eventually results in higher energy dissipation. The energy 

absorption capacity (area under impact force vs displacement curves) of 

concrete beam for different values of dilation angle is shown in Table 

3.7. The increase in dilation angle improves the impact energy 

absorption capacity of concrete beam, which reflects superior 

performance under impact loading. Thus, a higher value of dilation 

angle (say 45º) is suitable as it improves the energy absorption capacity 

by approximately 33%. It can also be concluded that the enhancement 

in flexibility of concrete improves the response under low velocity 

impact. In practice, this result can be used to design a relatively flexible 

concrete mix by improvising the use of different type of fibers or plastic 

waste.  

Table 3.7 Energy absorption capacity of concrete beam at various dilation angles 

Dilation angle, 𝜓 Energy absorption (N-m) 

20º 2.266 

25º 2.398 

30º 2.613 

35º 2.89 

40º 3.014 

45º 3.6 

 

3.6.2 Deviatoric plane shape parameter 

Shape parameter (𝐾𝑐) governs the profile of yield surface in deviatoric 

plane. This parameter is used to modify the yield surface in order to 

consider different values of tri-axial tensile and compressive yield 

stresses. In physical terms, this parameter is the ratio of second stress 

invariant in tension to that in compression for the same value of 

confining pressure. For the yield surface to have a convex shape, 𝐾𝑐  

should lie between 0.5 and 1. In this work, three different values of shape 

parameter (0.5, 0.67, 1), have been studied and their effect on the impact 

response is displayed in Figure 3.17.   
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(a) 

 

(b) 

Figure 3.17 Influence of shape parameter (Kc) on response of concrete beam (a) impact force 

vs time (b) Impact force vs displacement 

The variation in shape parameter (𝐾𝑐) has negligible influence on the 

impact force time histories, as well as the impact force vs displacement 

curves. Consequently, the energy absorption capability of concrete 

beams also remains unaffected. Hence, it is concluded that 𝐾𝑐 has no 

significant influence on the low velocity impact response of concrete 

beam. Since, in the present case of loading, damage is mainly induced 

due to tension resulting from bending in the concrete beam. However, 

the shape parameter 𝐾𝑐 takes effect only under triaxial compression. 

Thus, no variations are observed in the response of concrete beam. 

Hence, the default value of 𝐾𝑐=0.67 is selected as the recommended 

value of shape parameter.  

3.6.3 Flow potential eccentricity 

Eccentricity parameter (𝜀) is the rate at which flow potential advances 

asymptote. When compressive loading is applied to concrete under low 

confining pressure, the volume expansion is high. In order to consider 
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the high values of volume expansion, flow potential eccentricity (𝜀) is 

used to increase the value of dilation angle such that the actual response 

of concrete is captured by the model. Its value may be taken as the ratio 

of tensile to compressive strength of concrete [158]. In this work, five 

different values of ɛ (0, 0.05, 0.1, 0.25, and 0.5) have been considered. 

The effects of variation of 𝜀 on the low velocity impact response of 

concrete beam is shown in Figure 3.18.  

 

(a) 

 

(b) 

Figure 3.18 Influence of flow potential eccentricity (ɛ) on response of concrete beam (a) 

impact force vs time (b) impact force vs displacement 

The flow potential eccentricity (𝜀) has negligible effect on the impact 

force time histories and the impact force vs displacement curves of the 

concrete beam. Eventually, this results in no variations in the energy 

absorption capability. Thus, it is concluded that the influence of flow 

potential eccentricity (𝜀) on the low velocity impact response of concrete 

beam is insignificant. This, response is expected since the eccentricity 

parameter specifies change in volume at low confining pressures, and 

impact problems mostly involve stress state at high confining pressures. 

Also, the damage initiation follows immediately after yielding of 
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concrete in tension. However, the eccentricity parameter is only 

predominant in the flow potential, which eventually results in an 

insignificant influence on the low velocity impact response of beam. 

Therefore, the default value of eccentricity parameter i.e., ɛ = 0.1 is 

selected as the recommended value.    

3.6.4 Ratio of biaxial to uniaxial yield strength 

Strength ratio parameter is the ratio of initial biaxial to the initial 

uniaxial yield stress in compression (i.e., σbo/σco). When concrete is 

subjected to equal biaxial compression, its strength may be around 16% 

higher as compared to its uniaxial strength due to the effect of poisson’s 

ratio [167]. Thus, this parameter represents the yield strength of concrete 

under biaxial state of loading. Its value may range from 1.1 to 1.2 [85].  

In this work, six different values of σbo/σco (1.1, 1.12, 1.14, 1.16, 1.18, 

1.2) are considered, along with the default values of other parameters. 

The effects of variation of σbo/σco on the response of concrete beam is 

displayed in Figure 3.19.  

 

(a) 

 

(b) 
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Figure 3.19 Influence of strength ratio parameter on the response of concrete beam (a) impact 

force vs time (b) impact force vs displacement 

The variation in strength ratio (σbo/σco) has negligible influence on the 

on the low velocity impact response of concrete beams. In such loading 

cases, the damage is mainly induced in concrete due to tensile bending. 

However, the strength ratio parameter is associated with the response of 

concrete under biaxial and uniaxial compressive loads. Hence no 

influence of this parameter is observed and the default value 

(σbo/σco=1.16) is considered as the recommended value.  

3.6.5 Fracture energy 

Fracture energy (Gf) may be defined as the energy needed to generate a 

unit area of cracked surface in tension. For plain and fiber reinforced 

concrete, it may be calculated as the area under stress-crack width 

displacement curve in the post-peak response of concrete under uniaxial 

tension. In this work, five different values of fracture energy (100 N/m, 

112 N/m, 200 N/m, 300 N/m, 325 N/m) are considered. The value of 

fracture energy is varied by changing the crack width while keeping 

tensile strength to be constant. The different cases of fracture energy 

considered in this study are shown in Figure 3.20, and their influence on 

the response of beam is shown in Figure 3.21.  

 

(a) 
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(b) 

Figure 3.20 Different cases of fracture energy considered in this study (a) tensile yield stress vs 

crack width (b) damage parameter vs crack width 

 

(a) 

 

(b) 

Figure 3.21 Influence of fracture energy on the response of concrete beam (a) impact force vs 

time (b) impact force vs displacement 

The low velocity impact response of concrete beam is found to be 

considerably affected by the variation in fracture energy. The increase 

in fracture energy results in a slight increment in the impact force values, 

while the ductility is significantly improved. The enhanced ductility 

eventually results in higher impact energy absorption capacity of 
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concrete beams (See Table 3.8) and improved performance under low 

velocity impact. Thus, in this work a value of Gf = 325 N/m is considered 

as the recommended value as it enhances the energy absorption capacity 

of concrete beam by approximately 42% as compared to the default 

value of fracture energy. Although, a further increase in fracture energy 

would improve the performance of concrete, this study helps in 

comprehending the improved response of concrete which is obtained 

due to a certain increase in the fracture energy properties.  

Table 3.8 Energy absorption capacity of concrete beams at different values of fracture energy 

Fracture energy, Gf  (N/m) Energy absorption (N-m) 

100 3.35 

112 3.5 

200 3.8 

300 4.15 

325 4.79 

 

3.6.6 Uniaxial stress-strain behavior in compression 

The compressive stress-strain curve reflects the response of concrete 

under uniaxial compressive loading. In this work, the influence of 

different compressive stress-strain models on the low velocity impact 

response of concrete beams is analysed. A total of six different models 

are considered. Among these models, the first three account for the 

effect of descending slope of stress-strain curve while keeping the strain 

values to be constant (Model M1, M2, M3)). In the remaining models, 

the strain values are varied while keeping the stresses to be constant 

(Model N1, N2, N3). The different stress-strain models are shown in 

Figure 3.22, and the influence of utilization of these models on the 

impact response of concrete beam is shown in Figure 3.23. Since, the 

strain values in the Models M1, M2, and M3 are kept constant, the 

damage parameter curves remain the same for these models.  
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 3.22 Different cases of uniaxial compression (a), (b) Model M1, M2, M3, (c), (d) 

Model N1, N2, N3 
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(a) 

 

(b) 

Figure 3.23 Influence of compressive stress-strain relationship (a) impact force vs time (b) 

impact force vs displacement 

The use of Models N1, N2, and N3 with variations in strain values do 

not affect the impact force time histories and the impact force vs 

displacement curves of the concrete beam. Consequently, the influence 

on energy absorption capacity of beam is also negligible. Hence, it is 

concluded that the Models N1, N2, and N3 have insignificant influence 

on the response of concrete beam. However, the Models M2, and M3 

produce considerable enhancement in the impact force, and 

displacement values of the concrete beams. Thus, the use of Models M2, 

and M3 eventually improve the energy absorption capability. This is 

observed due to higher compressive strength of concrete, which offers 

an increased resistance to the applied loading. The energy absorption 

capacity of concrete beam utilizing different stress strain models is 

presented in Table 3.9. The concrete beam utilizing Model M3 dissipates 

the highest amount of energy (27.6 % higher compared to default 

model). Hence, Model M3 is considered as the recommended model for 



 

70 

 

improving the response of concrete beam under low velocity impact 

loading.  

Table 3.9 Energy absorption capacity of concrete beams for different compressive stress strain 

models 

Compressive 

stress-strain model 
Energy absorption (N-m) 

Default model 3.5 

Model M1 3.68 

Model M2 3.744 

Model M3 4.084 

Model N1 3.617 

Model N2 3.622 

Model N3 3.766 

 

3.7 Beam response utilizing recommended CDP parameters 

In order to check the performance of concrete with recommended CDP 

parameters (as obtained in the previous subsection), a FE analysis has 

been carried out. The comparison of the response of concrete beam 

utilizing recommended and default values of the CDP model parameters 

is shown in Figure 3.24. The damage pattern of concrete beam with 

recommended parameters represented as color map of DAMAGET is 

shown in Figure 3.25.  

 

(a) 
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(b) 

Figure 3.24 Response of concrete beams with default and recommended parameters (a) impact 

force vs time (b) impact force vs displacement 

 

Figure 3.25 Damage contour of concrete beam with recommended material configuration for 

present loading condition 

The use of recommended parameters results in superior performance of 

concrete beam under low velocity impact. The ductility as well as peak 

impact force values of the concrete beam are enhanced, which 

eventually results in an increased energy absorption capacity (~112 % 

increment). The improved performance of concrete beam can also be 

observed from the damage contour. The beam with recommended 

parameters suffers lesser damage as compared to default concrete 

beams. It is thus concluded, that the use of recommended parameters 

effectively reduces the damage and cracking of concrete beam and 

results in an improved response under low velocity impact.   

3.8 Summary 

This work takes an important step towards understanding the importance 

of various governing parameters which could be used for designing a 

concrete mix with impact resistant properties. This objective is achieved 

by carrying out a parametric investigation in ABAQUS/EXPLICIT. A 

3D-FE model of the concrete beam is developed which is impacted by 

6 kg drop weight from a height of 500 mm. The experimental 

investigations are performed to validate the FE model as well as to 
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establish the default values of CDP model parameters. In the parametric 

studies, the values of CDP model parameters are varied over a broad 

range and their influence on the response of concrete beam is 

investigated. Finally, a set of values are recommended which can be 

utilized to improve the response of concrete under impact loading. 

Additionally, the influence of compressive strength of concrete and the 

provision of longitudinal reinforcement are also examined.  

The recommended values of CDP parameters for plain concrete beam 

against low velocity impact loading are determined as: dilation angle 

(ψ)= 45º, fracture energy (Gf)= 325 N/m, and Model M3 for uniaxial 

compressive stress-strain response. It is concluded that the dilation angle 

(ψ), fracture energy (Gf), and uniaxial compressive stress-strain 

response inputs in CDP model can be considered as predominant 

parameters influencing the response of plain concrete beams against low 

velocity impact. Also, it is found that the shape parameter (Kc), ratio of 

biaxial to uniaxial yield strength (σbo/σco), and flow potential 

eccentricity (ɛ) can be considered insignificant in the 3D nonlinear FE 

analysis of concrete beams against low velocity impact. 

The results obtained from 3D-FE analysis show that the use of 

recommended material parameters improve the energy absorption 

capacity by 112.62% with reduced damage and cracking of concrete 

beam. However, it must be noted that these material parameters are 

hypothetical and might not exist. The use of higher grade of concrete 

results in an improved performance with reduced damage and higher 

energy absorption capacity under low velocity impact. Also, the 

provision of reinforcement in concrete results in globalization of overall 

damage which eventually causes reduced cracking and higher impact 

energy absorption in comparison to plain concrete beams.      

  



 

73 

 

4. Chapter-4  

Influence of crumb rubber as partial sand 

replacement on the low velocity impact 

response of concrete 
 

4.1 Introduction 

Concrete structures are susceptible to low velocity impact loading 

resulting from several unprecedented events. Thus, the concrete used for 

such applications should have relatively high energy absorption 

capacity, ductility, fracture toughness, and impact resistance [168]. Till 

date, several studies have explored the possibilities and advantages of 

using crumb rubber in concrete [38, 56–62] In general, crumb rubber 

has been found to enhance the ductility and energy absorption capacity, 

while reducing the compressive strength. Furthermore, the use of crumb 

rubber in concrete provides several environmental benefits. It reduces 

the demand for mineral aggregates, and offers an alternative method of 

disposing off worn-out tires [150]. Hence, crumb rubber may be 

considered a valuable additive for enhancing the impact resistance of 

concrete. 

In the past, only a few studies have investigated the low velocity impact 

response of rubberized concrete [38, 57, 60]. Taha et al. [57] utilized 

chipped and crumb rubber as partial aggregate replacement in concrete 

and observed an improvement in the impact resistance and energy 

absorption capacity. Atahan and Yucel [60] utilized coarse and fine 

crumb rubber in cylindrical concrete specimens and observed similar 

results. However, these studies utilized simplified test setups which did 

not record the impact force, displacement time histories, and fracture 

energy values and only captured the response at a material level. Thus, 

the detailed structural response of concrete structural elements was not 

covered in these studies and are still lacking in literatures. The only 

available literatures in this area include the study performed by Al-

Tayeb et al. [38]. However, the design guidelines for using crumb rubber 
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in concrete are not available in literatures.  

In this work, detailed experimental investigations are performed to 

analyze the influence of crumb rubber as partial sand replacement on the 

low velocity impact response of concrete beams. The results obtained 

from experimental investigations are compared with those of 3D-FE 

simulations and analytical method. The main contributions of this work 

are the followings: first, the influence of crumb rubber on the response 

of concrete beams against low velocity impact has been studied by 

conducting detailed experimental investigations; second, the 

macroscopic low velocity impact response of rubberized concrete is 

linked with the microscopic properties; third, an analytical and a 3D-FE 

model has been developed for investigating the low velocity impact 

behavior of plain and rubberized concrete beams and finally, design 

guidelines have been proposed for the selection of optimum rubber 

content in concrete.  

The proposed approach used for this work is shown in Figure 4.1. 

Initially, several concrete mixes are prepared by varying the proportion 

of crumb rubber as sand replacement. The concrete mix specimens are 

tested using a low velocity impact test setup. The response of concrete 

beams is assessed in terms of energy absorption capacity, which is the 

area under load vs displacement curve. The cause of variation in the 

response of rubberized concrete at a macroscopic level is also assessed 

by performing microstructural analysis. Finally, the results of quasi-

static tests and energy absorption capacity are used to develop a design 

guideline chart. This chart could be used to select an optimum rubber 

content in concrete such that a desired minimum compressive strength 

is achieved with the enhancement in energy absorption capacity.  
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Figure 4.1 Flowchart of the complete methodology for analyzing the low velocity impact 

response of rubberized concrete 

4.2 Details of experimental program 

For the proposed experimental program, the following properties of 

concrete mix have been considered: characteristic compressive strength 

of 50 MPa, and water/cement ratio of 0.36. OPC 43 grade cement 

adapting to IS 8112-1989 [169] with a specific gravity 3.038, and 

normal consistency of 29% is used for casting the specimens. The 

nominal maximum size of coarse aggregate is 20 mm with a specific 

gravity of 2.831 and water absorption of 0.85%. Zone II sand with a 

specific gravity of 2.645 and a water absorption of 3% is used. Crumb 

rubber of size 0.2-4.75 mm is used as partial sand replacement in various 

volumetric proportions of 5-30% at intervals of 5% (designated as CR5 

– CR30). The specific gravity of crumb rubber sample, and fine 

aggregates is determined using pycnometer test and found the be 0.9 and 

2.645, respectively. The sample of crumb rubber and zone II sand used 

in this work is shown in Figure 4.2. The sieve analysis for sand and 

crumb rubber is presented in Figure 4.3. The desired workability of fresh 
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concrete is attained by using liquid BASF Masterpolyheed 8385 

superplasticizer. The mix proportions for plain and rubberized concrete 

are determined as per IS 10262-2019 [164]. The quantities of cement, 

water, and coarse aggregate are found to be 415 kg, 161 kg, and 1281 

kg respectively for 1 m3 of concrete. While, the fine aggregate, crumb 

rubber, and superplasticizer content for the several concrete mixes are 

shown in Table 4.1. In this table, ‘CM’ represents the control mix with 

no rubber content, while ‘R’ represents the concrete mix with crumb 

rubber. The concrete mixes ‘R1’ to ‘R6’ represent increase in crumb 

rubber content from 5 to 30 % at 5 % intervals. The slump values of all 

concrete mixes are checked as per IS 1199-1959 (R 2018: Part 2) [165] 

and obtained in the range of 75 – 110 mm.  

 

 

 

(a)                                            (b) 

Figure 4.2 Sample of (a) crumb rubber and (b) Zone II sand employed in this study 

 

Figure 4.3 Particle size distribution of crumb rubber and fine aggregates (Zone II sand) 
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Table 4.1 Mix proportion for 1 cubic meter of concrete 

Concrete 

Mix 

Fine 

Aggregate 

(kg) 

Super-

plasticizer 

(kg) 

% crumb 

rubber 

[by 

volume] 

Fiber  

(kg) 

CM 635 1.65 0 0 

R1 603 1.65 5 13.2 

R2 571 1.65 10 26.4 

R3 540 2.47 15 39.6 

R4 508 2.47 20 52.8 

R5 476 2.47 25 66 

R6 444 2.47 30 79.2 

 

For each mix type, six cubes of size 100 mm and 150 mm each have 

been casted for assessing the quasi-static properties. The compressive 

strength of concrete cube specimens (100 mm) is determined as per IS 

516 (Part 1/Sec 1):2021 [170]. Tests are conducted at 7 and 28 days on 

three specimens each. For the flexural impact loading test, three beams 

measuring 500 mm × 100 mm × 100 mm are cast for each mix. All the 

specimens are subjected to wet curing for 28 days.       

The drop impact tests are conducted using an instrumented test setup as 

per ACI 544.2R-89 [166]. The test setup is the same as that used for the 

previous objective. The schematic figure and the actual test setup are 

shown in Figure 3.8 and Figure 3.9 in the previous section. In the present 

work, a drop height of 500 mm is considered. Moreover, strain gauges 

SG1 and SG 2 (See Figure 4.4) are installed at the top and bottom face 

of concrete beam, respectively to record the compressive and tensile 

longitudinal strains in concrete beam specimens. The concrete beam 

specimen instrumented with strain gauge on the compressive face is 

shown in Figure 4.4. The data from all instrumentations are recorded at 

an interval of 0.11 milliseconds. 
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(a) 

 

 
(b) 

Figure 4.4 (a) Schematic representation of strain gauge instrumentation (b) strain gauge 

installation on compressive face of concrete beam 

4.3 Numerical modeling 

The 3D-FE model used for the previous objective is used for analyzing 

the low velocity impact response of rubberized concrete beam. The 

geometric and material modeling details have already been discussed in 

Section 3.3. The material parameters for rubberized concrete mixes such 

as density (ρ), compressive stress-strain response, tensile strength and 

elastic modulus (Ec) are determined from the experimental tests. The 

tensile behavior is modeled using modified Hillerborg’s model (See 

Figure 3.4). The effects of high strain rates are incorporated using DIF 

(Dynamic Increase Factor). In this work, we have used the mathematical 

DIF models reported in CEB-FIP model code [161]. These models are 

applicable for plain concrete as well as several fiber-reinforced 

cementitious materials including crumb rubber concrete. The DIF values 

obtained from the mathematical models are multiplied with the 

respective quasi-static values in order to modify the compressive and 
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tensile response models of plain or rubberized concrete. A strain rate of 

10 s-1 is considered as an upper bound for satisfying the low velocity 

hard impact strain rate range [163]. The modified compressive and 

tensile response models used for simulating the behavior of plain and 

rubberized concrete are shown in Figure 4.5. The dilation angle for plain 

concrete is taken as 10 degrees. The remaining CDP model parameters 

for M50 grade concrete are taken from Jankowiak and Lodygowski 

[158]. The CDP parameters for rubberized concrete are calibrated using 

experimental results. Since, the use of crumb rubber mainly affects the 

flexibility of concrete, its influence is considered by varying the dilation 

angle and fracture energy. Due to lack of testing facilities, the fracture 

energy values for plain and rubberized concrete are obtained from Raj 

et al. [171, 172]. The remaining material parameters are the same for 

plain and rubberized concrete as shown in Table 4.2. The complete 

meshing details of the individual components of FE model are shown in 

Figure 4.6. 
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Figure 4.5 Adapted uniaxial relationships of plain and rubberized concrete for CDP model: (a), 

(b) compressive parameters (c), (d) tensile parameters 
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Table 4.2 CDP model parameters for plain and rubberized concrete 

Poisson’s ratio (ν) Kc ɛ σbo/σco 

0.19 0.67 0.1 1.16 

Mix CM R1 R2 R3 R4 R5 R6 

ρ (kg/m3) 2490 2471 2453 2435 2417 2398 2390 

fck (MPa) 58.9 50.3 45.8 41.2 38.8 32.9 30.2 

Ec (MPa) 36283 34470 30480 29030 27940 27210 26120 

Gf (N/m) 148 157.5 165 171 177 187.5 196.5 



 

82 

 

 

Figure 4.6 Meshing details of various components (a) impactor [(i) front view (ii) front isometric view] (b) concrete beam (c) supporting system 
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4.4 Experimental test results, numerical results, and a comparison 

This section demonstrates the findings of experimental, and numerical 

analysis performed in the present work. The influence of partial 

replacement of sand by crumb rubber has been discussed in detail, and 

the response of concrete beams obtained from the two investigation 

methods has been compared.  

4.4.1 Quasi-static test results 

Quasi-static tests are conducted in order to characterize the developed 

concrete mixes and to compare their general mechanical characteristics. 

The average uniaxial compressive relationships for various concrete 

mixes are shown in Figure 4.7. The addition of crumb rubber improves 

the ductility of concrete as it allows the concrete specimens to withstand 

compressive loading up to higher strain values. The values of average 

compressive strength, and modulus of elasticity for various concrete 

mixes are shown in Table 4.3. It is found that the replacement of sand 

by crumb rubber reduces the compressive strength of concrete by 15, 22, 

30, 34, 44, and 49% while, the modulus of elasticity reduces by 5, 16, 

20, 23, 26, and 28% for 5, 10, 15, 20, 25, and 30% rubber replacement, 

respectively as compared to plain concrete. The results obtained from 

the present study are in concordance with the previous investigations in 

[38, 150].  

 

Figure 4.7 Average 28-day compressive relationships for different concrete mixes 
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Table 4.3 Quasi-static test results for different concrete mixes 

Concrete 

mix 

Average compressive 

strength (MPa) 

Average modulus 

of elasticity (MPa) 

CM 58.9 36283 

R1 50.3 34470 

R2 45.8 30480 

R3 41.2 29030 

R4 38.8 27940 

R5 32.9 27210 

R6 30.2 26120 

 

4.4.2 Low velocity impact test results 

The results of impact force time histories obtained from experimental 

and 3D-FE simulations for plain and rubberized concrete are shown in 

Figure 4.8. The impact force attains a peak value suddenly which is 

obtained due to inertial resistance, followed by damage induced 

softening of the curve. The time period of impact event ranges from 1.5 

ms to 1.78 ms. The increase in crumb rubber content in concrete results 

in an increment in the peak impact force values (See Table 4.4), which 

is consistent with the results of Al-Tayeb et al. [17]. Also, the contact 

time between drop weight and specimens is higher for rubberized 

concrete specimens. These trends are observed due to flexible nature of 

rubberized concrete beams which is obtained due to high plastic energy 

capacity of crumb rubber. The presence of crumb rubber enhances the 

impact strength, and the ability of concrete beams to resist higher impact 

loads. At 30% replacement level, the peak impact force value is 

increased by approximately 23%. It is also observed that the developed 

3D-FE model reproduces the impact force time histories with reasonable 

accuracy. The use of higher values of dilation angle and fracture energy 

results in an enhancement in the flexibility, plastic energy absorption 

capacity, strength, as well as resistance to crack development [85, 173]. 

Hence, crumb rubber concrete displays higher peak impact force values 
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in the FE analysis. The peak impact force values are predicted with a 

maximum error of 4.6% with respect to the experimental results.  

 

 

Figure 4.8 Experimental and predicted impact force-time histories for different mixes 

Table 4.4 Peak impact force values for plain and rubberized concrete mixes obtained from 

experimental and 3D-FE analysis 

Concrete 

Mix 

Experimental results 
Predicted results by 3D-

FE method 

Peak impact  

force (N) 

(1) 

% increase 

w.r.t. CM 

Peak impact  

force (N) 

(2) 

% error 

w.r.t. (1) 

CM 10212 0 10681 4.6 

R1 11057 8.27 11159 0.93 

R2 11081 8.5 11239 1.42 

R3 11403 11.66 11437 0.29 

R4 11669 14.27 11547 1.05 

R5 12249 19.94 12411 1.32 

R6 12547 `22.86 12663 0.93 
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The displacement time response of plain and rubberized concrete beams 

obtained from experimental and 3D-FE simulations is shown in Figure 

4.9. As the impact force is applied to the specimens, the displacement 

magnitude increases. However, it is observed that as soon as the 

specimens reach peak impact force, the displacement values start 

increasing at a higher rate until the impact force becomes zero. The 

provision of crumb rubber enhances the flexibility of concrete beams, 

which is reflected in the displacement time histories of various concrete 

mixes. This trend is observed due to higher plastic energy absorption 

capacity and flexibility of crumb rubber. The 3D-FE model reproduces 

the experimental results with a good accuracy. The peak displacement 

values for various concrete mixes obtained from experimental and 

numerical investigations are presented in Table 4.5. The increase in 

percentage of crumb rubber results in an increase in the peak 

displacement values. At 30% replacement, the peak displacement value 

is increased by approximately 71%. The developed 3D-FE model 

reproduces the peak mid-point displacement values with a maximum 

error of 11.3% with respect to the experimental results.   

 

Figure 4.9 Mid-point displacement time histories for different mixes 
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Table 4.5 Peak displacement values for plain and rubberized concrete mixes obtained from 

experimental and 3D-FE analysis 

Concrete 

Mix 

Experimental results 
Predicted results by 3D-

FE method 

Peak mid-

point 

displacement 

(mm) 

(1) 

% 

increase 

w.r.t. 

CM 

Peak mid-

point 

displacement 

(mm) 

(2) 

% 

error 

w.r.t. 

(1) 

CM 0.919 0 0.85 7.5 

R1 0.967 5.2 0.89 7.86 

R2 1.13 22.96 1.02 9.7 

R3 1.29 39.9 1.19 7.46 

R4 1.42 54.3 1.28 9.76 

R5 1.5 63.2 1.33 11.3 

R6 1.57 70.84 1.393 11.3 

 

The load (impact force) vs displacement curves for various concrete 

mixes obtained from experimental and 3D-FE simulations are displayed 

in Figure 4.10. The energy absorption capacity is evaluated as the area 

under the load vs displacement curve. The values of energy absorption 

capacity for different concrete mixes are presented in Table 4.6. With 

the use of crumb rubber as 10, 20, and 30% replacement of sand, the 

energy absorption capacity increases by 49, 71, and 98% respectively. 

Thus, it can be concluded that the use of crumb rubber significantly 

enhances the energy absorption capacity of concrete, which is a 

desirable trait for the case of concrete safety and protection barriers. 

Also, the load-displacement curves obtained using 3D-FE analysis agree 

with the experimental load-displacement curves. The energy absorption 

capacity is well predicted by the FE analysis with a maximum error of 

25%.  
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Figure 4.10 Load vs displacement curves for different mixes 

Table 4.6 Energy absorption capacity of different concrete mixes 

Concrete 

Mix 

Experimental results 
Predicted results by 

3D-FE method 

Energy 

absorption 

(N-m) 

(1) 

% increase 

w.r.t. CM 

Energy 

absorption 

(N-m) 

% 

error 

w.r.t. 

(1) 

CM 3.5 0 3.16 9.7 

R1 4.26 21.7 3.33 21.8 

R2 5.19 48 3.86 25.6 

R3 5.69 62.6 4.65 18.3 

R4 5.99 71.2 5.21 13 

R5 6.44 84 5.33 17.3 

R6 6.93 98 5.52 20.3 

 

The strain-time histories obtained at the compressive and tensile faces 

of different concrete beams are shown in Figure 4.11. SG1 represents 

compressive strain values at the top surface of concrete beam near the 
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point of impact, while SG2 represents tensile strain values at the bottom 

face. The magnitude of strain at top as well as bottom face increases as 

the beam deformation occurs due to the application of impact force. The 

concrete beam attains a maximum strain value when the peak impact 

force is reached. This is followed by crack initiation, which eventually 

reduces the resistance of concrete beam and results in decreased impact 

force values. The reduced resistance of concrete beam causes a 

relaxation in the strain values. As the complete failure of concrete beam 

occurs, the impact force as well as strain values also become zero. The 

provision of crumb rubber results in an increase in the peak strain values 

which is attributed to improved flexibility and deformation capacity of 

crumb rubber concrete. 

 

(a) 

 

(b) 



 

90 

 

 

(c) 

 

(d) 

 

(e) 
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(f) 

 

(g) 

Figure 4.11 Strain time histories for different mixes (a) Control mix (b) R1 (c) R2 (d) R3 (e) 

R4 (f) R5 (g) R6 

The typical failure pattern for all concrete mixes is shown in Figure 4.12. 

The plain as well as rubberized concrete beams exhibit flexural failure 

mode. The initiation of flexural cracks occurs on the lower surface of 

concrete beam, propagating vertically upwards towards the zone of 

impact. The 3D-FE model accurately reproduces the failure mode of 

concrete beams. Furthermore, the damage resulting from low velocity 

impact on plain and rubberized concrete beams is quantified in terms of 

crack width. Prior to the complete failure of specimens, the horizontal 

crack width is measured at the middle section on the front face with the 

help of digital imaging (See Figure 4.13). The tests are recorded using 

slow motion digital imaging. The stage before which concrete 

completely splits off and separates into two different components is 

captured. A total number of three specimens are tested, and the average 
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of this data is used to evaluate the crack width. The values of crack width 

for different concrete mixes are presented in Table 4.7.  It is evident that 

the increase in percentage of crumb rubber results in a nominal reduction 

in the crack width. This is observed due to the bridging action and crack 

arresting properties of crumb rubber. 

 

 

Figure 4.12 Failure pattern of concrete beams 

 

Figure 4.13 Crack width measurement at frontal face of concrete beams 

Table 4.7 Results of crack width for plain and rubberized concrete specimens 

Concrete Mix Crack width 

(mm) 

% reduction w.r.t. 

CM 

CM 1.363 0 

R1 1.26 7.59 

R2 1.22 10.52 

R3 1.218 10.67 

R4 1.168 14.32 
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R5 1.159 15.03 

R6 1.156 15.2 

 

4.5 Analytical investigation 

In this work, a methodology has been derived for estimating the peak 

displacement of concrete beams, which is based on mass, energy and 

momentum conservation. From the experimental investigations, it has 

been observed that the flexural failure of concrete occurs with negligible 

or no fragmentation. Hence, the mass of beam remains constant during 

impact testing. The concrete beam is considered to be impacted by a 

drop hammer, which has an initial velocity of 𝑣𝑜 (See Figure 4.14). After 

impact, the velocity of hammer becomes 𝑣𝑡, and the beam also starts 

moving downward.  

 

Figure 4.14 Impulse and momentum change of drop hammer 

The initial velocity of drop weight may be given as: 

                                           𝑣𝑜 = 𝛼√2𝑔ℎ                                                             (4.1) 

where, ℎ is the drop height, 𝑔 is the acceleration due to gravity, 𝛼 is the 

ratio of actual impact velocity to the free fall velocity. The factor 𝛼 

considers frictional losses between the steel frame and impactor 

arrangement. 

According to the principle of momentum conservation, the change in 

momentum of drop weight must be equal to the impulse (S) produced by 

the reaction force from the concrete beam. Hence, 

                                  𝑆 = 𝑀ℎ𝑣𝑡 −𝑀ℎ𝑣𝑜                                                         (4.2) 

where, 𝑀ℎ is the mass of drop weight. 
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Since, the impulse (S) is the area under load time history plot. Hence, 

Eqn. (4.2) may be written as: 

                            ∫𝑝(𝑡)𝑑𝑡 = 𝑀ℎ𝑣𝑡 − 𝑀ℎ𝑣𝑜                                     (4.3) 

By rearranging Eqn. (4.3), the final velocity of drop weight may be 

written as: 

                                 𝑣𝑡 = 𝑣𝑜 −
1

𝑀ℎ
∫𝑝(𝑡)𝑑𝑡                                                   (4.4) 

Based on the principle of energy conservation, the change in kinetic 

energy of drop weight must be equal to the energy imparted on the 

concrete beam. Hence, 

                        
1

2
𝑀ℎ(𝑣𝑡

2 − 𝑣𝑜
2) = 𝐸𝑎𝑏𝑠 + 𝐾𝐸𝑏𝑒𝑎𝑚                               (4.5) 

where, 𝐸𝑎𝑏𝑠 is the energy absorbed/dissipated by the concrete beam, 

𝐾𝐸𝑏𝑒𝑎𝑚 is the kinetic energy of beam. 

Substituting the values of 𝑣𝑡 and 𝑣𝑜 from Eqns. (4.1) and (4.4) to Eqn. 

(4.5), we have: 

1

2
𝑀ℎ [(𝛼√2𝑔𝐻 −

1

𝑀
∫𝑝(𝑡)𝑑𝑡)

2

− 2𝑔𝐻𝛼2] = 𝐸𝑎𝑏𝑠 +
1

2
𝑀𝑏𝑒𝑎𝑚𝑉𝑏𝑒𝑎𝑚

2      

                    (4.6) 

Now, it is assumed that the velocity of concrete beam at its center point 

is equal to the initial velocity of the impactor (𝑣𝑜). Since, the exact 

velocity profiles of concrete beams under low velocity impact are 

unavailable in the literatures. Hence, two different velocity profiles are 

assumed i.e., parabolic, and sinusoidal (See Figure 4.15), and the 

average beam velocity is calculated. The average beam velocity is then 

used to determine the kinetic energy of the beam. The energy absorbed 

by the concrete beam is calculated as: 

   𝐸𝑎𝑏𝑠 =
1

2
𝑀ℎ [(𝛼√2𝑔𝐻 −

1

𝑀
∫𝑝(𝑡)𝑑𝑡)

2

− 2𝑔𝐻𝛼2] −
1

2
𝑀𝑏𝑒𝑎𝑚𝑉𝑏𝑒𝑎𝑚

2     

                      (4.7) 
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(a) 

 

(b) 

Figure 4.15 Assumed velocity profiles for concrete beam (a) parabolic (b) sinusoidal 

Now, the momentum conservation principle is used to convert the 

impact load history to an equivalent static load value (𝑃𝑠𝑡𝑎𝑡𝑖𝑐) 

throughout the loading period (See Figure 4.16).  

 

 

Figure 4.16 Idealization of drop impact force to equivalent static force 

According to principle of energy conservation, the energy absorbed by 

beam should be equal to the work done by equivalent static load in 

producing a displacement ‘u’. Hence, the displacement ‘u’ is determined 

as: 

                                             𝑢 =
𝐸𝑎𝑏𝑠

𝑃𝑠𝑡𝑎𝑡𝑖𝑐
                                            (4.8) 

The peak displacement values for various concrete mixes are calculated 
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using Eqn. (4.8), and compared with the experimental values as shown 

in Table 4.8. It is evident that the results obtained using the proposed 

analytical equation have a good correlation with the experimental 

counterparts. A maximum deviation of 0.106 mm with an error of 11.2% 

is observed. Additionally, the energy absorption capacity is also 

compared in Table 4.9. The proposed analytical method predicts the 

energy absorption capacity of concrete beams with a maximum 

deviation of 13.8 %. 

Table 4.8 Comparison of peak displacement values obtained from the proposed analytical 

method 

Mix 

Peak displacement (mm) 

Exp. 

[a] 

Using assumed velocity 

profiles and Eqn. (4.7) and 

Eqn. (4.8) 

Using load-

displacement 

curve and Eqn. 

(4.8) 

Par. velocity 

profile 

Sin. velocity 

profile 

Value 

% 

error 

w.r.t. 

[a] Value 

% 

error 

w.r.t. 

[a] 

Value 

% 

error 

w.r.t. 

[a] 

CM 0.919 0.816 11.2 0.898 2.3 0.813 11.5 

R1 0.967 0.945 2.6 1.05 8.2 0.989 1.96 

R2 1.13 1.12 0.89 1.245 10.2 1.206 6.7 

R3 1.29 1.23 4.6 1.332 3.3 1.323 2.56 

R4 1.42 1.345 5.3 1.456 2.5 1.393 1.9 

R5 1.5 1.38 8.1 1.489 0.74 1.497 0.2 

R6 1.57 1.425 9.2 1.533 2.36 1.61 2.5 

Exp.=Experimental 

Table 4.9 Comparison of energy absorption capacity using experimental and analytical method 

Mix 

Experimental results 

With par. velocity 

profile and Eqn. 

(4.7) 

With sin. velocity 

profile and Eqn. 

(4.7) 

Energy 

abs. (N-m) 

% 

increase 

Energy 

abs. (N-m) 

% 

error 

Energy 

abs. (N-m) 

% 

error 
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(1) w.r.t. 

CM 

w.r.t. 

(1) 

w.r.t. 

(1) 

CM 3.5 0 3.36 4 3.86 10.3 

R1 4.26 21.7 4.35 2.1 4.85 13.8 

R2 5.19 48.3 5.61 8.1 5.82 12.1 

R3 5.69 62.6 5.76 1.2 6.26 10 

R4 5.99 71.1 5.97 0.33 6.47 7.4 

R5 6.44 84 6.16 4.3 6.65 3.3 

R6 6.93 98 6.41 7.5 6.9 0.44 

 

4.6 Microstructural analysis 

Microstructural investigation of plain and rubberized concrete 

specimens has been carried out using SEM (Scanning Electron 

Microscopy) imaging. The tests are performed on cuboidal cores of size 

1 cm × 1 cm × 0.8 cm, which are extracted from the concrete cube 

specimens. The surface of the cores is polished using abrasive grit 

papers (silicon carbide) of grades 200, 400, 600, 800, 1200, 2000, and 

2500 µm. The surface is then polished with diamond paste of three 

different micron sizes (1, 2, 3). Finally, the specimens are oven dried 

and polished with a gold coating to prevent any charge collection during 

the investigation. The SEM images of plain as well as rubberized 

concrete (20% crumb rubber replacement) specimens are shown in 

Figure 4.17. The various microstructural characteristics such as C-S-H 

(Calcium-Silicate-Hydrate), C-H (Calcium Hydroxide), E (Ettringite), 

and interfacial transition zone are clearly visible in these Figures. For 

the plain concrete specimens, the dense interfacial zones are attributable 

for the superior mechanical properties (compressive strength, split 

tensile strength, and elastic modulus). While, in case of rubberized 

concrete specimens, the interfacial zones between crumb rubber and 

cement matrix consist of gaps, which reflects a weaker bond of crumb 

rubber with the cement matrix due to its hydrophobic character. This is 
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responsible for reduced denseness of interfacial zones, which 

consequently affects the mechanical properties. However, the presence 

of crumb rubber acts as a bridge in arresting crack propagation and 

reduces the crack velocity due to its elastic nature, which eventually 

results in an improved response of concrete under impact loading. The 

presence of elastic crumb rubber as well as gaps/microcracks in 

rubberized concrete also behaves as a toughening mechanism, and may 

also be responsible for the improvement in the performance of 

rubberized concrete under impact loading. 

 

(a) 

 

(b) 

Figure 4.17 SEM image of (a) plain concrete at 5,000x magnification and (b) rubberized 

concrete (20 % crumb rubber) at 5,000x magnification 

 4.7 Design guidelines for selection of optimum rubber content 

This section presents the design guidelines for selection of optimum 

rubber content as partial sand replacement in concrete. Compressive 

strength and energy absorption capacity of concrete are taken as the two 
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main parameters. The energy absorption capacity is calculated as the 

area under load vs displacement curve. However, this value is not an 

absolute measure of the absorbed energy, as it depends on the loading 

conditions, rate of loading, geometry and weight of specimen. Based on 

the previous studies carried out by Pham et al. [39] and Hu et al. [174], 

a specific energy value (SEV) parameter is taken, which is an absolute 

measure of the energy absorbed by concrete. SEV parameter is a 

dimensionless number which may be calculated as: 

                              𝑆𝐸𝑉 =
𝐸𝑛𝑒𝑟𝑔𝑦 𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 

𝑉×𝑓𝑐𝑘
                              (4.9) 

where, 𝑉 is the volume of the concrete specimen tested under low 

velocity impact, 𝑓𝑐𝑘 is the static compressive strength of concrete. 

The proposed design guideline chart for M50 grade concrete is shown 

in Figure 4.18. This chart represents the values of compressive strength 

and SEV for different proportions of crumb rubber in concrete. The 

following chart can be utilized to select an optimum rubber content such 

that a desired minimum compressive strength is achieved with the 

enhancement in impact resistance and SEV of concrete. The SEV value 

determined from this chart can then be utilized for determining the 

energy absorption capacity based on the size and compressive strength 

of the concrete.  

The design guideline chart has several limitations. It could be utilized 

for M50 grade concrete only. Also, this chart is valid for the specific 

particle size distribution of crumb rubber. A larger deviation in particle 

size distribution may result in reduced accuracy. Hence, further 

experimental studies are suggested for development of thorough design 

guidelines considering a range of parameters.  
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Figure 4.18 Design guideline chart for selection of rubber content 

4.8 Summary 

In this work, detailed experimental investigations have been performed 

to analyze the influence of crumb rubber as partial sand replacement on 

the low velocity impact response of concrete beams. Further the 

macroscopic response of concrete is linked with its microscope 

attributes by conducting SEM analysis. Various proportions of crumb 

rubber as partial replacement of sand (0 – 30%) are considered. The 

response of concrete beams is also investigated numerically and 

analytically. Further, an effort has been given to link the macroscopic 

response of plain and rubberized concrete with the respective 

microscopic attributes by conducting microstructural investigations.  

The addition of crumb rubber enhances the peak impact force values of 

the concrete beams. At 30% replacement, the peak impact force is 

increased by approximately 23%. The developed 3D-FE model predicts 

the peak impact force values with a maximum deviation of 4.6%. Also, 

the crumb rubber has been found to increase the ductility and energy 

absorption capacity of concrete beams, which is observed due to higher 

plastic energy absorption capacity of rubber. This is a desirable trait for 

concrete safety and protection barriers. At 30% replacement, the peak 

displacement of concrete beam is increased by approximately 71%, 

while the energy absorption capacity is increased by 98%. The 3D-FE 
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model as well as the proposed analytical method reproduce the peak 

displacement values with a maximum deviation of 11.3% and 11.5%, 

respectively. While, the energy absorption capacity of concrete beams 

is predicted with a maximum deviation of 25% and 13%, respectively. 

The presence of elastic crumb rubber as well as the gaps/microcracks in 

rubberized concrete promote toughening mechanism leading to 

improved impact resistance. Also, the presence of crumb rubber imparts 

bridging action which eventually arrests the crack development. 

Although, the presence of gaps/microcracks between crumb rubber and 

cement matrix results in a weak interfacial zone, which is mainly 

responsible for the reduction in the quasi-static mechanical properties of 

concrete. Finally, simple design guidelines have been proposed for M50 

grade concrete which could be utilized for selecting optimum rubber 

content such that the desired minimum compressive strength is achieved 

with improved impact resistance properties. 
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5. Chapter-5  

GFRP as a protective covering over 

subsurface Reinforced Concrete tunnels 
 

 

5.1 Introduction 

Subsurface tunnels are substantially used in metropolitan cities as rapid 

transit system for masses. However, the recent terrorist attacks on 

subways of different cities such as London (2005), Moscow (2010 & 

2004), Minsk (2011), Istanbul (2015), Belgium (2016), and Saint 

Petersburg (2017) have raised the concern for the safety of tunnels in 

case of an internal blast [95]. An internal blast may result in 

development of circumferential faults and fractures which can merge 

together and degrade the tunnel structure. Also, it may contribute 

towards several types of geotechnical hazards such as rock fault, 

liquefaction, and reduced soil shear strength. The above discussed 

consequences may not only result in possible loss of human lives but 

also cause huge infrastructural damage and drastic financial losses. The 

damage induced in underground tunnels due to explosion depends on 

the tunnel lining material, quantity of explosive, and the neighboring 

geological condition [88, 89]. Thus, to reduce the potential damage of 

tunnels in case of internal blast loading, it is necessary to explore for 

blast mitigation methods utilizing new materials as protective layer 

instead of designing an uneconomical rigid structure.  

Previously, several experimental studies have investigated the response 

of structural elements such as RC slabs against blast and impact loading 

[3, 23, 82, 90–92, 175–177]. However, the experimental studies related 

to internal blast loading on tunnels are not viable from economic and 

political point of view. Since, the tunnel sections have considerable 

cross-sectional dimensions and complicated reinforcement 

arrangements, the experimental testing would require huge costs. Also, 

the blasting experiments must be performed with due care in a remote 
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area due to the association of high risks, thus causing political issues in 

any area. Due to this the literatures related to internal explosion tests on 

tunnels are very scarce. The only available study has been performed by 

Zhao et al. [93], in which they carried out full-scale internal explosion 

tests. This study focused on the determination of critical points which 

control the response of tunnels as well as the damage and failure 

mechanisms which take place in case of an internal explosion. The 

drawback of this study was that the experimental blast tests were 

performed on vertically assembled tunnel linings, in which the cross-

section of tunnel was kept horizontally on the ground. Hence, the effect 

of overburden pressure of soil lying above the tunnel surface in the 

practical case is not reproduced. 

Apart from the experimental studies, analytical methods could also be 

utilized for the analysis of tunnels against internal blast. However, the 

analytical methods evolved till now are based on simplifications, such 

as conversion of a problem to single degree of freedom (SDOF) or 

multiple degree of freedom (MDOF) system. The use of such 

simplifications for complicated subsurface structures such as circular 

tunnels may not reflect the actual scenario in case of internal blast. 

Hence, the analytical methods are not very accurate and remain 

unsuitable for the internal blast analysis of tunnels. 

With the current progression in numerical methods, and evolution of 

material constitutive models, the numerical techniques such as 3D-FE 

methods have become more reliable for solution of complex dynamic 

problems. Thus, the numerical blast investigation of tunnels is highly 

preferrable and can be carried out well using sophisticated FE packages. 

Several numerical studies have utilized different methods to investigate 

the dynamic response of underground structures and soil against blast 

loading. Some common methods include: computational fluid dynamics 

(CFD) [88, 95], coupled Euler Lagrange (CEL) and Arbitrary 

Lagrangian Eulerian (ALE) [97–100], and CONWEP tool [5, 102–107]. 

Among the different methods, the use of CEL and ALE techniques are 
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highly advantageous in modeling the blast response of tunnels as they 

accurately consider the different phenomenon such as reflection and 

focusing of shock waves developed in case of internal explosion. 

However, due to the complex nature of the problem, the coupled 

analysis demands rigorous modeling efforts and hefty numerical 

simulations [101]. On the other hand, the uncoupled 3D-FE analysis 

methods (such as CONWEP tool) are simpler and provide a good 

balance between computational expenses and accuracy. Due to this, 

uncoupled analysis method utilizing CONWEP tool has been given a 

consideration in this work. 

Due to the strategic importance of subsurface tunnels, several studies 

have explored different methods for the mitigation of blast effects and 

the anti-blast design of tunnels. The idea of utilizing a sacrificial 

cladding layer for absorption of blast energy is found to be a good option 

for blast resistant design [25, 108]. Among the different sacrificial 

materials, the external bonding of fiber reinforced polymer (FRP) has 

been verified for improving the strength, stiffness, impact resistance, 

and ductility, of various structural elements including columns, walls, 

beams, and slabs. It has also gained high popularity due to its excellent 

properties, high tensile strength, and outstanding resistance to corrosion 

[115]. Also, the use of carbon fiber reinforced polymer (CFRP) as a 

protective shield has been found to improve the performance of tunnel 

against blast loading [29]. However, among the different FRP materials, 

GFRP is the most economical and has a low conductivity and high 

thermal insulation. Thus, GFRP is a highly suitable material for 

strengthening the structural components against blast. However, its 

utilization as a sacrificial layer over RC tunnels against internal 

explosion remains unexplored.  

In this work, the blast effectiveness of GFRP as a protective covering 

has been explored over typical subsurface RC tunnels utilized in Indian 

Underground Metro System [Delhi Metro]. The response of 

underground tunnels with two different surrounding soil mediums 
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(saturated and unsaturated) and additional protective layer of 20 mm 

thick GFRP blanket against different explosive charges is investigated 

in detail. Considering the context of metro tunnels, they are more likely 

to be subjected to lower explosive charges of 10 to 50 kg [102]. 

Additionally, higher explosive charges have also been assessed to check 

the efficiency of protective layer. The FE investigations are performed 

using ABAQUS/EXPLICIT [35]. The influence of high strain-rate is 

incorporated by utilizing strain-rate dependent material properties for all 

the components. The behavior of concrete, soil, GFRP and steel bars has 

been modeled using Mohr-Coulomb plasticity, concrete damaged 

plasticity (CDP), Hashin damage, and Johnson-Cook models, 

respectively. The blast loading has been simulated using CONWEP tool. 

The performance of these tunnels is quantified based on the 

displacement, von-Mises stress-time histories, damage, and plastic 

strain values.   

5.2 3D Finite Element Modeling 

In this work, a segment of 300 mm thick RC tunnel having 2.7 m internal 

radius is considered as a representative of the RC tunnels utilized in the 

Indian Underground Metro system [Delhi Metro]. This section 

elaborates the establishment of FE model used for analyzing the efficacy 

of GFRP as a protective cover over underground RC tunnels exposed to 

different intensities of internal blast loading. 

5.2.1 Modeling of RC tunnel, soil, explosive and GFRP layer 

The 3D model of underground tunnel is created using 

ABAQUS/EXPLICIT [35] as shown in Figure 5.1(a). A tunnel section 

measuring 20 m in length, 2.7 m internal radius and thickness of 300 

mm is neighbored by the soil medium of size 20 m × 26 m × 26 m (See 

Figure 5.1(b)). Considering a typical context of metro tunnels, the center 

point of tunnel is kept 13 m below the ground surface. A sacrificial 

GFRP layer of thickness 20 mm is considered to cover the inner walls 

of the tunnel. The longitudinal and transverse/confining reinforcement 
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consist of 10 mm diameter Fe-415 steel bars. The confining 

reinforcement rings in transverse direction are spaced at 300 mm center 

to center distance. The rings are provided in two layers with a thickness 

of 120 mm in between them. The longitudinal reinforcement along the 

circumference of each transverse ring consists of 20 bars. The 

reinforcement detailing and spacing data typically used for metro tunnel 

linings in Delhi Metro, India are simplified and adapted as per previous 

literatures [5, 100] as shown in Figure 5.1(c). In order to prevent the 

reflection of blast waves from the soil boundaries, non-reflecting type 

boundary conditions have been used using acoustic impedance 

technique in ABAQUS.  

 
(a) 

 
(b) 
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(c) 

Figure 5.1 Details of FE model (a) Geometry in XY plane (All dimensions are in m) (b) 

Isometric view of model (c) Complete reinforcement details of RC tunnel 

The FE meshing details of soil domain, tunnel lining, and GFRP layer 

are displayed in Figure 5.2. The concrete and soil components are 

modeled as 3D solid deformable parts and meshed using eight-node 

linear elements (C3D8R) with reduced integration, hourglass, and 

distortion control. Since, explicit method is utilized for the FE analysis, 

the first-order elements such as C3D8R can provide accurate results. 

The reinforcement bars are modeled as 3D deformable wires and 

meshed using two-node truss elements (T3D2). Embedded constraints 

are used between concrete lining and reinforcement bars to model 

perfect bond between the guest elements and host elements. The 

interaction between concrete lining and soil is simulated using general 

contact in ABAQUS/EXPLICIT [35]. The interaction behavior in 

normal direction is specified as hard contact and a penalty value of 0.2 

is used for frictional contact in tangential direction. GFRP blanket is 

modeled using hexahedral continuum shell elements (SC8R). The 

interaction between GFRP and RC lining is modeled using cohesive 
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behavior option in surface-to-surface contact algorithm. It is evident that 

in case of blast loading on GFRP strengthened RC structures, the failure 

takes place at concrete stratum instead of adhesive layer due to inferior 

properties of concrete under tension and shear [178]. Hence, the strain 

rate dependence of the adhesive layer has not been considered. The 

cohesive behavior of adhesive is modeled using the properties as given 

in Table 5.1. The base of soil medium is provided with fixed boundary 

conditions while, the vertical surfaces of soil medium are restrained 

against displacements normal to the surface. The blast loading is 

modeled using CONWEP tool in the interaction module of 

ABAQUS/EXPLICIT [35]. The CONWEP pressure is applied to the 

inner walls of tunnel. The inner face of tunnel is categorized into 

different regions. The first region near the point of explosion has a length 

of 1 m in longitudinal direction from the point of explosion. In this 

region, the pressure is applied as a normally reflected pressure. The 

subsequent regions have length of 1 m, 4 m, and 4 m respectively. The 

pressures acting in these regions are calculated based on angle of 

incidence of the line joining the point of explosion and the central point 

of each region. 

Mesh convergence study is performed for the FE model as displayed in 

Figure 5.3(a). The number of elements in Figure 5.3(a) represent the 

total number of finite elements in the different components (soil, RC 

tunnel, steel reinforcement inside RC tunnel, and GFRP) as shown in 

Figure 5.2. For the mesh convergence study, the number of elements is 

increased by dividing the FE components into higher divisions, for 

example, in Figure 5.2(a) the number of elements along the cross-section 

of tunnels is changed from 50 to some other value. Higher number of 

elements are provided in every single trial and the influence of this 

refinement on the response (displacement) of tunnel is analyzed. Finally, 

a mesh configuration is selected such that further refinement has no 

significant influence on the accuracy of results. In this work, a higher 

mesh density is provided in the zone near to the point of explosion in 
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order to attain desired accuracy. The mesh density is reduced away from 

the detonation center to assure the computational efficiency of FE 

model. The position of explosion and the key analysis points are 

displayed in Figure 5.3(b) and Figure 5.3(c) respectively. The values of 

displacement, velocity, and stress obtained at the specified points on the 

crown of tunnel lining, and top surface of soil domain are considered for 

comparative studies.  

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 5.2 Meshing details of (a) Soil domain [Isometric view] (b) Soil domain [Front view] 

(c) RC tunnel and (d) GFRP blanket 

Table 5.1 Adhesive properties for cohesive interaction between GFRP and RC tunnel 

Properties Value 

Modulus of Elasticity 12.7 GPa [42] 

Modulus of Rigidity 0.665 GPa [43] 

Thickness (t) 0.1 mm (Assumed) 

Coefficient of Thickness 

Knn= 1.724 × 1014 N/m3 

Kss= 6.65× 1012 N/m3 

Ktt= 6.65× 1012 N/m3 

Cohesion 6 MPa [44] 

Shear strength 2.84 MPa [43] 

Fracture energy 900 N/m (Estimated) 
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(a) 

 
(b) 

 
(c) 

Figure 5.3 (a) Mesh convergence study (b) Location of explosion inside tunnel (c) Key 

observation points for analysis 

5.2.2 Constitutive material modeling 

5.2.2.1 Constitutive model of concrete 

In the present work, the M50 grade concrete for tunnel lining has been 

modeled using CDP criteria. The details for this model have already 

been discussed in Section 2.3.3. The elastic properties of M50 grade 

concrete including the elastic modulus, poisson’s ratio, and density 

value are taken as 35.36 GPa, 0.19, and 2400 kg/m3 respectively. The 

yield function and the material parameters of CDP model are taken from 

Jankowiak and Lodygowski [158]. The uniaxial compressive as well as 
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tensile input constitutive relationships of concrete for CDP model are 

shown in Figure 5.4. Since, in case of blast loading, structural elements 

including concrete show higher strength compared to static loading. The 

strain rate dependence of concrete is incorporated by defining the 

dynamic increase factor (DIF) under compression and tension. In this 

work, the DIF value in compression have been calculated using CEB-

FIP Model Code [161] formulations, while the tensile DIF is calculated 

using the modified formulas of Malvar and Crawford [179]. The use of 

these two models have been found to produce accurate response of 

structural elements under blast loading in some studies [29, 180, 181]. 

A strain rate value of 100 s-1 is considered to prevent overestimation of 

strain rate effect [100, 180]. The DIF values are calculated as 2 and 6 

respectively for compression and tension. These values match well with 

the values of DIF obtained using Bischoff and Perry [182], and UFC 

code [183] for a strain rate value of 100 s-1. Additionally, the above 

obtained values have also been found to accurately predict the dynamic 

response of underground RC tunnels against blast loading [5, 100]. 

Hence, these values have been utilized for modifying the uniaxial 

compressive and tensile constitutive relationships of concrete.  

5.2.2.2 Constitutive model of steel 

The elastic-plastic behavior of steel is simulated using Johnson-Cook (J-

C) model. The material parameters for Fe415 steel including the yield 

strength, density, elastic modulus, and poisson’s ratio are taken as 415 

MPa, 7800 kg/m3, 200 GPa, and 0.3 respectively. The effects of 

temperature on the material properties are not considered. The effects of 

strain rate for J-C model have been adopted based on the test results 

reported in Goel et al. 2012, 2020 [5, 184]. The values are taken as 

A=360 MPa, B=635 MPa, n= 0.114, C= 0.075. 
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Figure 5.4 Uniaxial response of concrete in compression [a, c] and tension [b, d] for CDP model 
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5.2.2.3 Constitutive model of soil 

In this work, the response of saturated and unsaturated clay has been 

modeled using Mohr-Coulomb plasticity model. These properties are 

obtained from Amli et al. [185], and Goel et al. [5]. For saturated soil, 

the elastic modulus, poisson’s ratio, and cohesion values are taken as 40 

MPa, 0.49, and 50 kPa respectively, while the friction and dilation angle 

are taken as 0º. For the unsaturated soil, the above values are 50 MPa, 

0.3, 90 kPa, 20º, and 0º respectively. 

5.2.2.4 Constitutive model of Glass Fiber Reinforced Polymer 

The mechanical behavior of GFRP layer is simulated using anisotropic 

Hashin damage model. The properties of GFRP material are taken from 

Bhatnagar et al. [186], and Caliskan et al. [30], enlisted in Table 5.2. It 

is evident that the Hashin damage model is strain rate independent, 

however, blast loading phenomenon may result in development of high 

strain rates typically above the order of 1000 s-1 [187]. Hence, the effects 

of strain rate in GFRP material are accounted by using the dynamic 

increase factors. These enhancement factors have been obtained from 

the experimental results reported in previous literatures. The values of 

enhancement factors for tensile strength, and elastic modulus are 

considered close to 2 and 3 respectively [188, 189], while that for 

compressive strength, and shear strength are taken close to 1.30 and 1.37 

[190, 191], respectively.  

Table 5.2 Properties of GFRP material 

Material properties 

Values  

Goel et al. 

[30, 186] 

Present 

study 

Elastic modulus in longitudinal direction, 

E11 (GPa) 
48 138 

Elastic modulus in transverse direction, 

                        E22 = E33 (GPa) 
10 10 

Shear modulus, G12 = G13 (GPa) 6 6 

Shear modulus, G23 (GPa) 3 3 

Poisson’s ratio, υ12 = υ13 0.3 0.3 
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Poisson’s ratio, υ23 0.42 0.42 

Tensile strength in longitudinal direction, 

XT (MPa) 
988 2004 

Compressive strength in longitudinal 

direction, XC (MPa) 
800 1197 

Tensile strength in transverse direction, YT 

= ZT (MPa) 
59 59 

Compressive strength in transverse direction, YC 

= ZC (MPa) 
128 180 

Shear strength in longitudinal direction, SL 

(MPa) 
92 137 

Shear strength in transverse direction, ST 

(MPa) 
25 42 

Fiber volume 54 % 54 % 

 

5.2.3 Validation studies for 3D FE model 

The validity of CONWEP tool utilized for modeling the blast response 

as well as the FE methodology incorporating CDP model for the analysis 

of internal blast loading on RC tunnels is verified. This is done by 

comparing the results with the (1) Experimental results of GFRP 

strengthened RC panels [192], (2) Numerical simulation results of blast 

analysis of RC tunnels reported by Goel et al. [5], and (3) Numerical 

simulation results of Phulari and Goel [29].  

5.2.3.1 Validation of current FE methodology for modeling blast 

response of GFRP strengthened RC members using results of 

Tanapornraweekit et al. [192] 

Tanapornraweekit et al. [192] performed experimental investigations for 

studying the response of GFRP strengthened RC slabs measuring 2000 

mm × 1000 mm × 75 mm against blast loading. They considered a 0.45 

kg explosive charge at a standoff distance of 0.5 m. GFRP sheets of 

thickness 2 mm are used at the top and bottom surface of RC slab to 

develop a sandwich scheme. The concrete utilized in RC slabs has a 

compressive strength of 32 MPa while the steel material utilized as 

reinforcement has a yield strength of 356 MPa. The GFRP laminates 
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have an elastic modulus of 75.6 GPa, and tensile strength of 1330 MPa. 

The GFRP laminates are bonded to RC slab using epoxy material. In the 

current validation study, the RC slab, and GFRP laminates have been 

modeled using the same geometry, material properties, explosive 

charge, and standoff distance. The behavior of concrete is simulated 

using CDP model, reinforcing steel is modeled using J-C model, and the 

GFRP laminate has been modeled using Hashin damage model. The 

interaction between GFRP laminates and RC slab (epoxy) has been 

modeled using surface to surface contact algorithm utilizing the 

properties of epoxy material. The blast loading is simulated using 

CONWEP tool. All the components are meshed using 10 mm elements. 

The displacement time histories of non- and GFRP sandwiched RC slabs 

obtained from the present study are compared with the results of 

Tanapornraweekit et al. [192] as shown in Figure 5.5. The comparison 

of peak and residual displacement of RC slabs is presented in Table 5.3. 

The damage profiles for the two types of slabs are also compared with 

the experimental damage profiles as shown in Figure 5.6 and Figure 5.7. 

The size of crater on the bottom face of RC slab is 197 × 281 mm, which 

is close to the crater size (200 × 300 mm) reported in experimental 

studies. Overall, the results from present validation study are in good 

agreement with the results of Tanapornraweekit et al. [192]. Hence, the 

current FE methodology utilized for modeling the response of GFRP 

strengthened RC members is considered to be validated.   

 

(a) 
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(b) 

Figure 5.5 Displacement time histories for (a) RC slab (b) GFRP sandwiched RC slab 

 

(a) 

 

(b) 

Figure 5.6 Damage pattern of RC slab (a) Tanapornraweekit et al. [192] (b) Present validation 

study 
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(a) 

 

(b) 

Figure 5.7 Damage pattern of GFRP sandwiched RC slab (a) Tanapornraweekit et al. [192] (b) 

Present validation study 

Table 5.3 Comparison of peak displacement values with the results of Tanapornraweekit et al. 

[192] 

Slab type 

Peak displacement 

(mm) 

Residual 

displacement (mm) 

Tanapornr

aweekit et 

al. [192] 

Present 

validation 

study 

Tanapornr

aweekit et 

al. [192]  

Present 

validation 

study 

RC  

slab 
47.6 45.4 31.5 31.3 

GFRP 

sandwiched 

RC slab 

27.3 29.1 6.1 5.4 

 

5.2.3.2 Validation of current FE methodology for modeling blast 

response of underground RC tunnels using numerical simulation results 

of Goel et al. [5] 

Further, the validity of FE model for solving complex problems related 

to internal explosion inside an RC tunnel is verified by comparing the 

results from present modeling approach with the numerical simulation 

results of Goel et al. [5]. Herein, a 20 m long circular RC tunnel with an 

internal diameter 5.4 m is considered to be embedded at a depth of 10 m 
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inside soil domain measuring 20 × 26 × 26 m. The RC tunnel is 300 mm 

thick and surrounded by two different types of soil medium (saturated 

and unsaturated) and subjected to internal explosion of 100 kg at the 

center of tunnel. The RC tunnel comprises of M50 grade concrete and 

Fe-415 steel. For saturated soil, the elastic modulus, poisson’s ratio, and 

cohesion values are 40 MPa, 0.49, and 50 kPa respectively, while the 

friction and dilation angle are 0º. For the unsaturated soil, the values are 

50 MPa, 0.3, 90 kPa, 20º, and 0º respectively. The response of concrete, 

steel and soil is simulated using CDP model, J-C model, and Mohr 

Coulomb model, respectively. The blast loading is modeled using 

CONWEP tool. In the present study, similar geometric and material 

properties of soil domain and RC tunnel as well as the FE methodology 

are considered. The response is quantified in terms of displacement, 

velocity and stress values at concerned points. The displacement, stress, 

and velocity time histories at the crown of RC tunnel as well as the top 

middle node of soil surface obtained from present validation study and 

results of Goel et al. [5] are compared and the same is shown in Figure 

5.8 and Figure 5.9. Also, the comparison of peak displacement and stress 

values obtained at crown of RC tunnel and soil top surface are shown in 

Table 5.4. The time histories of displacement, velocity, and stress 

obtained in the present study for two different soil conditions comply 

well with the numerical simulation results. Also, it is observed that the 

peak values of displacement and stresses are predicted with a mean 

absolute error of 6.95 % and 14.2 %, respectively. Thus, the numerical 

simulation approach utilized in this work is considered to be validated.
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Figure 5.8 Comparison of displacement [(a), (b)], stress [(c), (d)], and velocity time histories [(e), (f)] at crown of RC tunnel with the results of Goel et al. [5] 
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Figure 5.9 Comparison of displacement [(a), (b)], and stress time histories [(c), (d)] at top middle node of soil surface with the results of Goel et al. [5] 
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Table 5.4 Comparison of peak displacement and stress values with the results of Goel et al. [5] 

Soil type 

Peak displacement (mm) Peak Mises stress (Pa) 

Tunnel crown Soil top surface Tunnel crown Soil top surface 

Goel et 

al. [5] 

Present 

study 

Goel et 

al. [5]  

Present 

study 

Goel et 

al. [5] 

Present 

study 

Goel et 

al. [5] 

Present 

study 

Unsaturated 13.9 12.49 5.83 5.67 5971449 5910370 71820 72114 

Saturated 9.93 10.65 2.11 1.955 4719404 4522040 10080 8920 
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5.2.3.3 Validation of current FE methodology for modeling blast 

response of CFRP strengthened RC tunnels using results of Phulari and 

Goel [29] 

The FE methodology used for solving complex problems related to 

internal explosion inside a shielded RC tunnel is further verified by 

comparing the results from present modeling approach with the 

numerical simulation results of Phulari and Goel [29]. In this work, a 

100 mm thick and 4 m long box shaped tunnel is considered to be 

embedded in soil bed at a depth of 1.5 m. The walls of tunnel are 800 

mm apart. The RC tunnel comprises of a Fe-300 steel mesh having 8 

mm diameter at 10 mm c/c spacing embedded in M20 grade concrete. 

The TNT explosive of 1.63 kg is used at a depth of 2 m below ground 

surface and at a horizontal spacing of 4 m from the tunnel wall. A 100 

mm thick CFRP layer is used as a shielding over the tunnel wall. They 

have modeled the explosive charge using Jones-Wilkins-Lee (JWL) 

method, while the concrete and soil is modeled using CDP and Mohr-

Coulomb model respectively. The CFRP material is modeled using 

strain cutoff failure criteria. The geometrical properties of the 

components are taken to be the same in the present validation study. 

Similar, to the work of Phulari and Goel [29], the response of concrete, 

and soil is modeled using CDP and Mohr-Coulomb model. However, 

for a better accuracy the response of CFRP material is simulated using 

Hashin damage model and its properties have been taken from Patnaik 

et al. [115]. Also, the blast loading is modeled using CONWEP tool 

considering a spherical type of explosive. The remaining properties have 

been used similar to those of Phulari and Goel [29]. The acceleration 

time histories obtained at the center of unshielded tunnel wall and the 

displacement profile of unshielded and shielded tunnel walls is shown 

in Figure 5.10. It can be observed that the acceleration values as well as 

the displacement profile obtained from the present validation study is in 

accordance with the numerical simulation results of Phulari and Goel 

[29]. Also, the peak values of acceleration and displacement at the center 

of tunnel are reproduced with an error of 11.63 % and 16 %, 
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respectively. Thus, the current FE methodology used for simulating the 

response of FRP shielded underground RC tunnels under explosive 

loading is considered to be validated. 

 

(a) 

 

(b) 

Figure 5.10 Comparison of (a) acceleration time histories and (b) tunnel displacement 

5.3 Results of Finite Element Analysis 

In this work, the blast investigation of subsurface RC tunnels is carried 

out by considering different cases which include: RC tunnel lining with 

and without GFRP protective layer, two different soil conditions 

(saturated and unsaturated), and three different explosive charge weights 

(10, 50, 100 kg). In order to study the response as well as to check the 

stability of tunnel in the surrounding soil medium, the analysis is done 

for an explicit time of 100 ms.  

The displacement, stress, and velocity time histories at point 1 (crown 

tunnel, refer Figure 5.3(c) for TNT weights of 100 kg, 50 kg, and 10 kg 

are shown in Figure 5.11, Figure 5.12, and Figure 5.13, respectively. 

With the detonation of explosive charge, the velocity of tunnel increases 
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suddenly and attains a peak value at about 1 millisecond, followed by 

tunnel displacement, development of stresses, and vibrations. The 

vibration of tunnel lining is not clearly observable from the plotted 

displacement time histories due to the consideration of large analysis 

duration and lower amplitude of tunnel vibrations. However, the tunnel 

vibrations are detectable by analyzing the noticeable fluctuations in 

stress values at the crown of tunnel. It can be clearly noted that the 

provision of GFRP layer curbs the fluctuation of stress values for 

different explosive charges which consequently results in reduced 

vibrations and damage of tunnel lining. The values of displacement, 

stress, and velocity at tunnel crown for saturated soil are lower with 

respect to unsaturated soil for all the considered explosive weights. This 

is due to the lower density, and higher angle of internal friction and 

cohesion of unsaturated soil. Also, the fluctuation of stress values in 

tunnel lining are lower for saturated soil. The peak displacement values 

of RC tunnel in saturated soil are approximately 15%, 30%, and 46% 

lesser with respect to that in unsaturated soil for 100 kg, 50 kg, and 10 

kg explosive charges respectively. As a result, in the event of an internal 

blast, the RC tunnel surrounded by saturated soil will sustain lesser 

damage as compared to that in unsaturated soil. It is also observed that 

the provision of GFRP as protective layer curbs the displacement, stress, 

velocity values and the vibrations of tunnel due to dissipation of blast 

energy.  
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Figure 5.11 (a) Displacement (b) stress and (c) velocity time histories for RC tunnel against 100 kg explosive charge 
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Figure 5.12 (a) Displacement (b) stress and (c) velocity time histories for RC tunnel against 50 kg explosive 
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Figure 5.13 (a) Displacement (b) stress and (c) velocity time histories for RC tunnel against 10 kg explosive 
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The time histories of displacement and mises-stress at point 2 (ground 

surface, refer Figure 5.3(c) for 100 kg, 50 kg, and 10 kg TNT charges 

are shown in Figure 5.14, Figure 5.15, and Figure 5.16, respectively. 

The propagation of stress waves in soil mass due to explosion inside 

tunnel results in long-term geotechnical effects such as liquefaction, and 

reduced soil shear strength around the foundation of a superstructure. 

This may eventually cause excessive settlement and damage of 

superstructure. Also, it may lead to complete failure due to footing 

rotation and bearing capacity failure. However, the GFRP layer 

effectively dissipates a high fraction of blast energy as a result of which 

the magnitude of pressure waves propagating in soil medium are 

reduced and hence lower values of stresses and displacements are 

observed at the ground surface. Also, the provision of GFRP protection 

effectively reduces amplitude of vibrations at the ground surface. Thus, 

the current methodology of utilization of GFRP as a protective covering 

over RC tunnel helps in improving the integrity of soil mass near ground 

surface in case of an underground explosion. Also, it reduces the risk of 

severe damage of the superstructure lying directly above the point of 

explosion at ground surface.  

In addition to this, it can be noted that for the saturated soil, pressure 

wave reaches soil top surface earlier as compared to that in unsaturated 

soil. This is due to higher density of saturated soil. The peak 

displacement is also achieved earlier in saturated soil, however, the 

magnitude of displacement and stress is lower. The peak displacement, 

and peak stress values in saturated soil are approximately 60 % and 85 

% lesser compared to that in unsaturated soil. A timelag is observed 

between the peak displacement values at crown of RC tunnel and the 

soil top surface. This timelag represents the time taken by pressure 

waves to traverse the soil medium.   
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Figure 5.14 Time histories of (a) displacement and (b) stress at top middle node of soil surface due to 100 kg TNT explosion 
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Figure 5.15 Time histories of (a) displacement and (b) stress at top middle node of soil surface due to 50 kg TNT explosion 
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Figure 5.16 Time histories of (a) displacement and (b) stress at top middle node of soil surface due to 10 kg TNT explosion 
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5.4 Effect of GFRP layer on the response of RC tunnel under blast 

loading 

5.4.1 Performance of RC tunnel under different explosive charges 

5.4.1.1 100 kg explosive 

The blast response of RC tunnel is quantified in terms of peak values of 

displacement, and Mises-stress at the crown of RC lining. The peak 

displacement contours, peak values of displacement and Mises stress for 

RC tunnels due to 100 kg explosive charge are shown in Figure 5.17. 

The Mises stress criteria has been used with equivalent stress in the 

element to check whether the concrete is fulfilling the resistance 

requirement on the application of load as suggested in previous 

literatures [115, 152, 193, 194]. It is observed that the higher tensile 

strength of GFRP layer results in absorption of blast energy 

consequently leading to reduced damage of RC tunnel. The use of GFRP 

layer reduces the peak displacement by 18 % and 20 % respectively for 

saturated and unsaturated soil, while the peak Mises stress value is 

reduced by 23.15 % and 30 % respectively for 100 kg TNT explosive.  

The damage assessment of shielded and unshielded RC tunnels 

subjected to internal explosion is done using Equivalent plastic strain in 

tension (PEEQT) parameter. PEEQT is a scalar measurement which 

represents the plastic deformation of material in tension. Value of 

PEEQT greater than zero represents that the tensile yielding of material 

has already occurred. The PEEQT contours can be used to analyze 

which regions of concrete have failed/cracked in tension [195], as this 

parameter represents the initiation of plastic flow of the material. Figure 

5.18 shows the PEEQT contours of RC tunnel without GFRP and with 

GFRP layer near the cross-section at the point of explosion at 1, 2, 5, 

and 10 ms. With the detonation of explosive charge, irregular peak 

displacements are observed and the propagation of stress wave starts in 

tunnel near the point of explosion which results in development of 

tensile stresses in tunnel lining consequently resulting in damage. These 

stress waves propagate longitudinally and simultaneously the damage 
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propagation of RC tunnel also occurs. In addition to this, a portion of 

stress waves also push the soil in upward direction. Due to this the waves 

propagate through soil mass towards the ground surface, thus resulting 

in irregular peak displacement of ground surface. The sacrificial 

cladding layer of GFRP has a high tensile strength and energy 

dissipation capacity due to which it absorbs a major portion of blast 

energy before getting completely damaged and thus lower values of 

peak displacement are observed in the shielded tunnel linings. It can also 

be observed that strain values in RC tunnel decreases when GFRP layer 

of thickness 20 mm is used as shield over RC tunnel. The use of GFRP 

efficiently reduces the damage of RC tunnel and improves its 

performance under internal explosion. 

The performance of RC tunnel with and without GFRP layer is further 

quantified by comparing the response of surrounding soil. The peak 

values of displacement and Mises stress at ground surface (point 2, refer 

Figure 5.3(c)) for 100 kg explosive is shown in Figure 5.19. The use of 

GFRP layer over RC tunnel lining dissipates a higher amount of blast 

energy as a result of which the magnitude of stress waves propagating 

in soil medium is reduced and lower values of stresses and 

displacements are observed at the ground surface. With the inclusion of 

GFRP protection, the peak displacement value at soil top surface is 

reduced by 29% and 31% respectively for saturated and unsaturated soil 

whereas, the peak Mises stress value is reduced by 16% and 30% 

respectively for the two types of soil.  
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(a) 
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(b) 
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(c) 

 

(d) 

Figure 5.17 Peak (a) Displacement contours of tunnel, (b) Mises stress contours of 

reinforcement (c) Displacement and (d) Mises stress at RC tunnel crown for 100 kg explosion 

 

RC tunnel 

 

RC tunnel with GFRP shield 

t = 1 ms t = 1 ms 
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t = 2 ms t = 2 ms  

t = 5 ms  t = 5 ms  

t = 10 ms  t = 10 ms  
Figure 5.18 PEEQT contours of RC tunnel against 100 kg explosive 

 
(a) 
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(b) 

Figure 5.19 Peak values of (a) Displacement, (b) Mises stress at soil top surface for 100 kg 

explosion 

5.4.1.2 50 kg explosive 

The peak displacement contours, and the values of maximum 

displacement and Mises stress at the tunnel crown subjected to explosion 

of 50 kg are displayed in Figure 5.20. The use of GFRP layer reduces 

the peak displacement values by 34 % and 39 % respectively for 

saturated and unsaturated soil while the values of peak Mises stresses 

are reduced by 22 % and 28 % respectively for the two types of soils. 

The PEEQT contours of RC tunnel without GFRP and with GFRP 

protective layer at different time steps are shown in Figure 5.21.  

The peak displacement and Mises stress values at ground surface (point 2, 

refer Figure 5.3(c)) due to 50 kg explosive are shown in Figure 5.22. The 

dissipation of a portion of blast energy by GFRP layer, reduces the peak 

displacement values at ground surface by 41% and 38% respectively for 

saturated and unsaturated soil, while the peak Mises stress values are 

reduced by 30% and 40 % respectively for the two types of soil 

considered.  
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(a) 
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(b) 

 
(c) 

Figure 5.20 Peak (a) Displacement contours, (b) Displacement, and (c) Mises stress at RC 

tunnel crown for 50 kg explosion 

RC tunnel 

 

RC tunnel with GFRP shield 

t = 1 ms  t = 1 ms  

t = 2 ms  
t = 2 ms 
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t = 5 ms t = 5 ms 

t = 10 ms t = 10 ms 

Figure 5.21 PEEQT contours for RC tunnel against 50 kg explosive 

 
(a) 

 
(b) 

Figure 5.22 Peak values of (a) Displacement, (b) Mises stress at soil top surface for 50 kg 

explosion 

5.4.1.3 10 kg explosive 

The peak displacement contours as well as the values of maximum 

displacement and Mises stress at tunnel crown subjected to 10 kg 

explosion is shown in Figure 5.23. The utilization of GFRP protection 
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curbs the peak displacement values by 46 % and 34 % respectively for 

saturated and unsaturated soil while the peak Mises stress values are 

reduced by 15% and 36% respectively for the two types of soils. The 

PEEQT contours of RC tunnel close to the point of explosion at different 

time instances for explosive charge of 10 kg are shown in Figure 5.24. 

The use of GFRP layer enhances the performance of RC tunnels 

subjected to 10 kg internal blast which is justified by the reduced values 

of plastic strains obtained near the point of explosion in shielded RC 

tunnels.  

The peak values of displacement and stresses at point 2 (refer Figure 

5.3(c)) of soil surface are shown in Figure 5.25. For 10 kg explosion, the 

peak values of displacement at soil top surface are reduced by 46% and 

62% respectively for saturated and unsaturated soil while the peak 

values of Mises stress at soil top surface are reduced by 41% and 39% 

respectively for the two types of soil due to the presence of GFRP 

protective layer.  
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(a) 
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(b) 

 
(c) 

Figure 5.23 Peak (a) Displacement contours (b) Displacement and (c) Mises stress at RC 

tunnel crown for 10 kg explosion 

RC tunnel 

 

RC tunnel with GFRP shield 

t = 1 ms 
t = 1 ms 

t = 2 ms 
t = 2 ms 
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t = 5 ms 
t = 5 ms 

t = 10 ms t = 10 ms 

Figure 5.24 PEEQT contours for RC tunnel against 10 kg explosive 

 
(a) 

 
(b) 

Figure 5.25 Peak values of (a) Displacement, (b) Mises stress at soil top surface for 10 kg 

explosion 

5.4.2 Peak displacement at crown of RC tunnel for different 

explosive charges 
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The variation of peak displacement values obtained at the crown of RC 

tunnel are shown in Figure 5.26, which evidently illustrates the 

importance of charge weight on displacement of tunnel lining. The peak 

displacement value increases by approximately 800% as the explosive 

charge is increased from 10 kg to 100 kg. Considering, the damage 

which could be imparted by TNT explosive on the RC tunnel, the 

provision of GFRP shield is incorporated in the present study. The 

GFRP shielding reduces the peak displacement value by approximately 

14% for 100 kg explosive, 35 % for 50 kg explosive, and 40% for 10 kg 

explosive.  

 

(a) 

 

(b) 

Figure 5.26 Variation of peak displacement in RC tunnel for different explosive weights (a) 

unsaturated soil (b) saturated soil 

5.5 Summary 

In this work, a novel concept has been proposed involving the use of 

GFRP layer as a protective shield for strengthening the RC tunnel lining 

against the impact of internal blast explosion. To this end, 3D nonlinear 

FE analysis of RC tunnels have been performed in two different types 
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of surrounding soil medium, and subjected to three different TNT 

explosive charges of 10 kg, 50 kg, and 100 kg. The soil medium as well 

as RC tunnel is modeled using Lagrangian elements, while the internal 

blast is simulated using CONWEP method in ABAQUS/EXPLICIT.  

The use GFRP layer as protective shield reduces the peak displacement, 

and stress values in RC tunnel. The peak values of displacement are 

reduced by approximately 14% for 100 kg explosive, 35% for 50 kg 

explosive, and 40% for 10 kg explosive. Also, the peak stress values are 

reduced by approximately 25% for 100 kg and 50 kg explosive, and 35% 

for 10 kg explosive. It curbs the fluctuations of stresses as well as the 

vibrations of tunnel due to propagation of stress waves produced by 

internal TNT explosion. Also, the use of GFRP shield curbs the damage 

and plastic strains induced in tunnel due to TNT explosion. Thus, it may 

be concluded that the provision of GFRP layer enhances the blast 

resistance of RC tunnel lining. The shielding effect of GFRP layer of 20 

mm thickness is more significant for lower explosive charges. 

Considering the context of metro underground tunnels, they are more 

likely to be subjected to internal explosion of low explosive charges 

such as 10 kg which may be easily carried by terrorists inside the subway 

system. Thus, the present methodology can be easily utilized in metro 

underground tunnels for substantially improving safety and reducing the 

damage in case of an internal explosion.  

Compared to conventional RC tunnel lining, GFRP shielded RC lining 

dissipates a higher proportion of blast energy due to which the 

magnitude of pressure waves traversing in soil medium are reduced and 

hence lower values of stresses and displacements are observed at the top 

surface of soil. Consequently, it also reduces the risk of long-term 

geotechnical effects such as liquefaction, and reduced soil shear strength 

around the foundation of a superstructure which may be responsible for 

excessive settlement, damage, and complete failure of superstructure. 

The values of peak displacement and stresses in RC tunnel surrounded 

by saturated soil media are lower with respect to that in unsaturated 
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medium. Thus, the surrounding soil medium considerably affects the 

blast response of RC tunnel. Also, the peak values of displacement and 

stresses at top surface of soil are obtained earlier in saturated soil 

compared to that in unsaturated soil. However, the magnitude of peak 

displacement and stresses is higher for unsaturated soil. 
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6. Chapter-6  

Artificial Intelligence (AI) in the prediction 

of blast induced damage in subsurface 

Reinforced Concrete tunnels 
 

6.1 Introduction 

Underground structures such as tunnels, pipelines, basements, bunkers, 

etc play a key infrastructural role in the present era. Among the different 

types of underground structures, tunnels are widely utilized as public 

transport subway system. However, due to huge population in a limited 

space, these are highly prone targets to terrorist attacks. The recent 

explosive events in underground subways of different cities have 

brought attention towards the damage forecasting and remedial 

measures necessary for reducing the consequence of such events. Till 

date, several studies have carried out damage assessment and dynamic 

analysis of underground structures and soil against blast loading [5, 88, 

95–97, 102, 103, 107]. Additionally, some of the studies also focused 

on exploration of methods through which safety of tunnels could be 

improved. In general, the use of a sacrificial layer has been found to 

reduce the stresses and velocity of tunnel linings in case of blast loading 

[25, 108].  

With the recent advancement in computational techniques and 

evolution of new material constitutive models, numerical methods such 

as finite element (FE) have been widely used to perform dynamic 

analysis of complex problems. Although, the blast analysis of 

subsurface tunnels can be performed well using numerical techniques, 

they offer several challenges such as the consideration of effects of post 

peak dynamic behavior, mesh dependency, contact interaction between 

two surfaces, immense modeling work, and computational expenses. In 

short, the numerical blast analysis of RC tunnels is a complicated task 

with high computational expenses. Also, it is not possible to conduct 

sensitivity analysis, and parametric studies if wide range of input 
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variables are present. Thus, there is a need to establish a predictive 

methodology with the accuracy of numerical methods and low 

computational expenses of semi-empirical methods which could be 

utilized for detailed blast analysis of subsurface RC tunnels.  

Artificial Intelligence (AI) is suitable for accomplishing the objective 

discussed above. Fully trained AI models are very useful for rendering 

and establishing highly complex problems with numerous parameters 

and have the capability to give new predictions and perform a detailed 

analysis. Nowadays, AI is being widely utilized in civil and 

infrastructural engineering [31–33, 118, 119] as it demands lesser effort, 

easier implementation and low computational expenses from the user. It 

has been used for optimization of parameters in infrastructural 

applications [120], as well as for detection of clogging in pipejacking 

operations [121]. Additionally, it has been utilized for forecasting 

different parameters in civil engineering applications [122–127]. 

Recently, AI techniques have also been investigated for predicting the 

performance of RC structural members against blast loading [128–131]. 

Thus, the use of AI has been widely explored in the literatures.      

Despite a lucid application of AI, its use for predicting the response 

of subsurface RC tunnels under internal explosion remains unexplored. 

In this work, Artificial Intelligence (AI) models have been explored for 

predicting the maximum displacement at the crown of RC tunnels under 

internal explosion. In order to achieve this objective, a 3D-FE model is 

developed using ABAQUS/EXPLICIT [35]. GFRP is used as a 

protective layer over RC tunnel in order to minimize the blast induced 

damage. The results of FE simulations obtained by varying the 

parameters are used to build datasets which are consequently used for 

establishment of prediction models. Since, the input and output 

correlations are highly non-linear and the dataset related to these 

problems may be scattered. Hence, in the current study, artificial neural 

networks (ANN), support vector machines (SVM), and random forests 

(RF) prediction models are utilized. These models have the capability to 

solve highly sophisticated non-linear problems with scattered datasets 
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[126, 129, 146]. The performance of these models is evaluated using 

statistical parameters such as Root Mean Square Error (RMSE), 

Coefficient of Determination (R2), Mean Absolute Error (MAE), Mean 

Absolute Percentage Error (MAPE), and Variance accounted for (VAF). 

Finally, an efficient machine learning model is selected which can be 

used for damage assessment as well blast resistant design of RC tunnels. 

6.2 Proposed methodology 

The present work has been divided into two phases: in the first phase, a 

3D-FE model of underground RC tunnel is developed in 

ABAQUS/EXPLICIT [35]. GFRP material is considered as a protective 

layer in order to improve the blast resistance of underground RC tunnels. 

The response of different components is simulated utilizing separate 

material models while the blast loading is simulated using CONWEP 

tool. Several input parameters such as GFRP thickness, characteristic 

compressive strength of concrete, yield tensile strength of steel, TNT 

charge, RC tunnel thickness and surrounding soil parameters such as 

modulus of elasticity, cohesion, and friction angle are considered. These 

parameters are varied discretely for each sample and a total number of 

192 samples of RC tunnel with and without GFRP layer are generated. 

The output (peak displacement at tunnel crown) for each sample is 

determined using FE analysis. The flowchart of the proposed approach 

is shown in Figure 6.1. 

In the second phase, the generated database is used to develop three 

AI models (ANN, SVM, and RF) for predicting the peak displacement 

values at the tunnel crown. The performance of these models is 

evaluated using five assessment metrics: root mean square error 

(RMSE), coefficient of determination (R2), mean absolute error (MAE), 

mean absolute percentage error (MAPE), and variability account for 

(VAF) which are calculated using Eqs. (2.46) to (2.50). Finally, the 

model exhibiting best performance is selected which could be 

effectively utilized for quick damage assessment as well as blast 

resistant design of underground RC tunnels. 
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Figure 6.1 Flowchart of the proposed approach for development of AI prediction models 

6.3 Case study 

In this work, the blast analysis has been performed for underground RC 

tunnels utilized in Delhi Metro, India. The specifications of RC tunnel 

along with the typical reinforcement detailing are the same as discussed 

in the previous chapter.  

6.3.1 Development of Finite Element Model 

The 3D-FE model utilized for the blast analysis of unshielded and GFRP 

shielded subsurface RC tunnels in the previous chapter is used here. The 

details for the same along with the mesh convergence and validation 

studies can be referred in Section 5.2 of this thesis.  

6.3.2 Development of AI prediction models 

6.3.2.1 Simulated data for RC tunnels 

In order to establish accurate and reliable prediction models, it is 

important to develop a sufficiently large database which reflects the 

possible range of variations of the considered parameters. Based on the 

previous literatures, it is discovered that the parameters such as 
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geometry of tunnel lining [107], material properties of tunnel lining [95], 

TNT charge [100, 196], and surrounding soil properties [5, 107] 

dominantly govern the peak displacement values of RC tunnel in case 

of an internal explosion. Hence, in the present study, the following 

parameters are considered: concrete characteristic compressive strength, 

steel yield tensile strength, thickness of RC tunnel, TNT charge, and 

surrounding soil. Additionally, from the numerical analysis in the 

previous chapter, it is observed that the application of GFRP as a 

shielding material over RC tunnel effectively reduces the peak 

displacement values. Hence, GFRP thickness is also considered a major 

parameter influencing the output. The complete details of input 

parameters and their range of variations is shown in Table 6.1. The 

selected values of parameters for concrete and steel are the values 

generally utilized for underground RC tunnels. It should be noted that 

the range of input parameters for RC tunnel, soil, and TNT explosive are 

selected based on previous studies [5, 88, 95, 102, 105, 107]. Three 

different GFRP thicknesses which could be effectively utilized for blast 

resistant design have also been considered. The values of input 

parameters are varied discretely in each sample. A total number of 192 

non- and GFRP strengthened RC tunnel samples are generated (Please 

see Table 6.2) and the output (peak displacement) for each sample is 

determined using FE analysis. The database is then used for developing 

AI models for predicting the peak displacement at the crown of RC 

tunnel under internal explosion.   

Table 6.1 Input parameters and their range 

Input parameter Unit Symbol Selected values 

GFRP thickness mm t 0, 10, 20, 30 

Explosive charge kg T 10, 50, 100 

Characteristic 

compressive 

strength of concrete 

MPa fck 50, 80 
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Thickness of RC 

tunnel 
mm tt 300, 500 

Yield tensile 

strength of steel 
MPa fy 415, 600 

Type of soil - - Saturated, Unsaturated 

 

Table 6.2 Possible dataset combinations for development of AI models 

Dataset  

No. 

GFRP  

thickness 

Explosive  

charge 
fck 

Thickness 

of RC 

tunnel 

 

fy Type of soil 

1 0 10 50 300 415 Saturated 

2 10 10 50 300 415 Saturated 

3 20 10 50 300 415 Saturated 

4 30 10 50 300 415 Saturated 

.. .. .. .. .. .. .. 

.. .. .. .. .. .. .. 

.. .. .. .. .. .. .. 

189 0 100 80 500 600 Unsaturated 

190 10 100 80 500 600 Unsaturated 

191 20 100 80 500 600 Unsaturated 

192 30 100 80 500 600 Unsaturated 

*fck = Concrete characteristic compressive strength,  

  fy = yield strength of steel 

6.3.2.2 Artificial Intelligence models 

In order to develop the AI models for predicting peak displacement at 

the crown of tunnel, the database is first pre-processed by randomly 

splitting it into two or three parts. This ensures arbitrary sampling of the 

dataset. The first part is used as a training dataset for training the 

prediction models. The remaining parts are used for validation or testing 

purposes. For the ANN model, the database is split randomly in order to 

reduce the bias in selection as well as to ensure equal consideration to 

each variable during training phase. The database is split into three parts: 
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training, validation, testing. In the present study, 70 % of the total 

database (~136 samples) is considered as the training dataset, 15 % of 

the total database (~28 samples) is considered as validating dataset, and 

the remaining 15 % of the total database (~28 samples) is considered as 

testing dataset. The ANN model is developed in Matlab version R2015a 

using a sigmoid function. The sigmoid function is a mathematical 

function which is monotonous, continuous, and differentiable in nature. 

It is an activation function which is necessary for training NN’s utilizing 

gradient descent optimization algorithm [197]. Herein, a non-linear 

optimization Levenberg–Marquardt algorithm is used for training the 

model [198]. A general ANN model consists of three layers: input layer, 

hidden layer, and output layer. Each hidden layer has neurons which 

have different jobs. It is important to select an adequate number of 

neurons as too large number of neurons may lead to overfitting of the 

data, while insufficient number of neurons may not consider the 

relationship between variables adequately [199]. Similarly, an increased 

number of hidden layers will result in increased computational time and 

cause underfitting or overfitting of data [119]. In this work, three hidden 

layers have been selected. In order to select the number of neurons in 

hidden layer, a trial-and-error analysis is performed in which the number 

of neurons is varied from 1 to 20. The test R score and MAE score values 

are selected as the performance measures for this analysis. The results 

of this analysis are shown in Figure 6.2. On this basis, 5 number of 

neurons are finalized for the model.  

For the SVM model, the radius basis function (RBF) has been used for 

training the model in RStudio software and the model is developed using 

linear regression function. The database is divided into two parts: 70 % 

(136 samples) of the total database are utilized as training database, 

while the remaining 30 % (56 samples) are utilized as testing database. 

A total number of 10,000 models are developed using this algorithm for 

the training dataset. The performance of these models is evaluated by 

using the testing database. The model which displays best performance 
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in terms of maximum NSE (Nash-Sutcliffe Efficiency) value is selected. 

In the present study, model_1042 is selected as the best performing 

model giving NSE values of 0.99 and 0.98 for training and testing 

database respectively.  

The random forests algorithm is utilized for developing a prediction 

model in RStudio software using linear regression function. A filter in 

the package “randomForest” is used for performing the regressions. 

Similar to the SVM model, the total database is divided into two parts 

(70:30) for training and testing purposes (136 and 56 samples 

respectively) and a total number of 10,000 models are generated. The 

performance of these models is evaluated based on NSE (Nash-Sutcliffe 

Efficiency) value. In the present study, model_286 is selected as the best 

performing model giving NSE values of 0.98 and 0.98 for training and 

testing database respectively. In order to finalize the number of trees, a 

trial-and-error analysis is carried out in which the number of trees is 

varied from 1 to 20. The R and MAE values obtained for different 

number of trees are shown in Figure 6.3. Based on the hyperparameter 

tuning, a total number of 5 decision trees are selected.   

There are some significant differences in the working of ANN, SVM, 

and RF models. ANN has numerous parameters in the form of number 

of layers, while SVM has two parameters i.e., w, and M, while the depth 

of forest and number of trees are the two parameters in RF model. In 

ANN and SVM model, input data is mapped to a higher dimensional 

space in order to assign a decision boundary. The ANN model has a non-

linear decision boundary, while SVM model consists of a linear decision 

boundary. In RF model, the decision trees are a group of non-linear 

datasets. The optimization algorithm used in SVM and ANN are 

minimum sequential algorithm and gradient descent algorithm 

respectively, while no optimization algorithm is utilized in RF model. 

However, ANN requires larger number of dataset for achieving a desired 

precision, while SVM and RF could work with fewer data.  
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(a) 

 
(b) 

Figure 6.2 Hyperparameter tuning for ANN (a) Test R score (b) Test MAE score 

 

(a) 

 
(b) 

Figure 6.3 Hyperparameter tuning for RF (a) Test R score (b) Test MAE score 
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6.4 Results and discussions 

The proposed approach discussed in previous sections is applied and a 

total number of three AI models are developed for predicting the peak 

displacement of subsurface RC tunnel against internal explosion. In this 

section, the results of prediction models are discussed and the performance 

of each model is compared based on several performance metrics. 

6.4.1 Artificial Neural Networks 

The values of peak tunnel displacement predicted by ANN model are 

compared with the actual peak displacement values obtained from FE 

simulations as shown in Figure 6.4(a). The square error for each ANN 

model prediction is shown in Figure 6.4(b). A maximum square error of 

27 is obtained for the ANN model. These figures are divided in three 

parts: training, validation, and testing. In the training phase, the model 

is trained to predict the peak displacement values which is then validated 

and tested using separate databases. The detailed results of training, 

validation, and testing data for the ANN model are shown in the scatter 

plots of actual and predicted peak displacement values in Figure 6.5, 

while the R2 values for different datasets are shown in Table 6.3. It can 

be observed that most of the points are scattered very close to the ideal 

line. Hence, a good fitness of data for the ANN model is obtained. Also, 

the R2 values for testing and validation datasets are lesser compared to 

that of training dataset, which shows that the overfitting of data has been 

avoided. Although it is desirable to carry out a detailed k-fold cross-

validation along with overfitting calculations, the main aim of this work 

is to testify the use of different AI models for predicting the response of 

underground RC tunnels against blast loading similar to the work of 

Dennis et al. [200] for blast load prediction. Hence, the overfitting 

analysis has been performed using R2 values for testing and validation 

datasets.  
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(a) 

 

(b) 

Figure 6.4 (a) Comparison of peak displacement value obtained by FE model and ANN model 

(b) square error for ANN model predictions 

Table 6.3 R square values for different prediction models 

Prediction 

model 

R2 values 

Training Testing Validation 
Average of testing 

and validation 

ANN 0.942 0.939 0.9364 0.9377 

SVM 0.9371 0.936 - 0.936 

RF 0.955 0.937 - 0.937 
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Figure 6.5 Scatter plots for the ANN prediction model for various phases (a) training (b) validation (c) testing (d) complete database 
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6.4.2 Support Vector Machines 

The comparison of SVM model predictions and actual peak 

displacement values obtained from FE simulations is shown in Figure 

6.6(a). The square error for each SVM model prediction is shown in 

Figure 6.6(b). A maximum square error of 24 is obtained for the SVM 

model. These figures are divided in two parts: training, and testing. The 

training dataset is used to train the SVM model for the prediction of peak 

displacement value. The trained model is then tested utilizing the testing 

database. The scatter plots of actual and predicted peak displacement 

values for training, and testing phases for the SVM model are shown in 

Figure 6.7. It can be observed that most of the points are scattered very 

close to the ideal line with R2 values more than 0.936 for all the phases.  

 

(a) 

 

(b) 

Figure 6.6 (a) Comparison of peak displacement value obtained by FE model and SVM model 

(b) square error for SVM model predictions 
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Figure 6.7 Scatter plots for the SVM prediction model for various phases (a) training (b) validation (c) testing (d) complete database
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6.4.3 Random Forest 

The peak tunnel displacement predictions made by RF model are 

compared with the actual peak displacement values obtained from FE 

simulations as shown in Figure 6.8(a). The square error for each 

prediction is shown in Figure 6.8(b). A maximum square error of 21 is 

obtained for this model. The scatter plots of different phases for the RF 

model are displayed in Figure 6.9. It can be observed that a good 

agreement between the actual and predicted values is obtained. The R2 

values are more than 0.937 for all the phases.  

 

(a) 

 

(b) 

Figure 6.8 (a) Comparison of peak displacement value obtained by FE model and RF model 

(b) square error for RF model predictions 
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Figure 6.9 Scatter plots for the RF prediction model for various phases (a) training (b) validation (c) testing (d) complete database
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6.4.4 Performance of prediction models 

The performance of trained AI models is evaluated using the testing 

databases. The values of performance metrics such as RMSE, R2, MAE, 

MAPE, and VAF are determined using Eqs. (2.46) to (2.50). The results 

are summarized in Table 6.4. It can be observed that the R2 values range 

from 0.936 to 0.9368 and the RMSE and MAE values range from 0.925 

to 1.041 and 0.588 to 0.775 respectively. The developed models perform 

well and could be utilized for prediction of peak displacement values of 

underground RC tunnels subjected to explosive loading conditions. 

Also, the MAE values suggest that the models are very stable. However, 

it is notable that the performance of RF for predicting the peak tunnel 

displacement is superior compared to the other two prediction models. 

Thus, it can be considered the best model for peak displacement 

prediction of RC tunnels under blast loading.   

Table 6.4 Performance of AI models for predicting the peak tunnel displacement 

Prediction 

model 
RMSE R2 MAE MAPE VAF 

ANN 1.023 0.9364 0.63 10.751 93.31 

SVM 1.041 0.936 0.775 30.46 93.644 

RF 0.925 0.9368 0.588 12.339 93.682 

 

6.5 Summary 

In this work, artificial intelligence (AI) models are explored for 

predicting the peak displacement of underground RC tunnels against 

internal explosion. The database of 192 points used for development of 

prediction models is generated using FE simulations in which the values 

of governing parameters are varied. For the database development, a 

combination of six governing parameters is considered as the input, 

which include: concrete characteristic compressive strength, steel yield 

tensile strength, TNT charge, surrounding soil, thickness of RC tunnel, 

and GFRP thickness. Among the several governing parameters, the use 



 

167 

 

of GFRP as a protective layer is found to profoundly reduce the damage 

as well as vibrations of tunnel lining and improve the performance of 

RC tunnels against internal explosion. Thus, it is concluded that the 

GFRP layer could be effectively utilized as protective covering over 

underground RC tunnels in order to improve their safety in case of an 

internal explosion. 

Further, three AI models are explored which include: ANN, SVM, and 

random forests. The performance of these models is evaluated based on 

several performance metrics. Results show that the developed prediction 

models are stable and have high R2 values and low RMSE and MAE 

values. Among the three models, RF exhibited the best performance for 

peak displacement prediction with the performance MAE value of 

0.588, R2 value of 0.9368, and RMSE value of 0.925. The prediction 

models could be utilized for quick damage assessment as well as blast 

resistant design of underground RC tunnels. However, the AI models 

have some limitations, the models are completely data driven processes. 

Also, the output values may be critically affected by the significance of 

input data points, and the models do not provide simplified empirical 

equations for predicting the response of tunnels. In order to carry out 

any further analysis, models would have to be developed again by the 

user. Also, the optimal accuracy in prediction may not be obtained due 

to overfitting assessments. Overall, it is concluded that the AI models 

could be effectively used for peak displacement prediction of RC tunnel 

under internal blast loading and prove to be a good competitor to the 

existing numerical methods.  

  



 

168 

 

7. Chapter-7  

Conclusion and scope for future work 
 

7.1 Summary and conclusions 

Concrete is one of the most widely used materials in the construction 

sector. It is used in the construction of protective structures as well as 

numerous structural elements that might be exposed to extreme loading 

events during their lifespan. However, due to its low tensile and flexural 

strength, brittle nature, and heterogeneous structure, concrete exhibits 

poor performance under such loading conditions. Thus, in the present 

work, a comprehensive study has been carried out to explore several 

methodologies in order to improve the response of concrete under 

extreme loading events. Further, to reduce the dependency of the 

parametric investigations and analysis proceedings on the experimental 

and numerical techniques, AI models are developed for predicting the 

response of concrete structural elements under extreme loading 

scenarios. Based on the presented work, the following conclusions were 

made. 

A set of CDP parameters were recommended which could be utilized to 

enhance the response of concrete under low velocity impact. These 

values were determined as: dilation angle (ψ)= 45º, fracture energy (Gf)= 

325 N/m, and Model M3 for uniaxial compressive stress-strain response. 

Further, the dilation angle (ψ), fracture energy (Gf), and uniaxial 

compressive stress-strain response inputs in CDP model may be 

considered as predominant parameters governing the low velocity 

impact response of concrete, where the tensile mode of failure is 

expected. Shape parameter (Kc), ratio of biaxial to uniaxial yield strength 

(σbo/σco), and flow potential eccentricity (ɛ) can be considered 

insignificant in the 3D nonlinear FE analysis of concrete beams against 

low velocity impact loading. The efficacy of recommended parameters 

was verified by performing a 3D-FE analysis which showed an 
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enhancement in the energy absorption capacity by 112%, and reduced 

damage and cracking of concrete beam. 

Later, the effectiveness of utilization of crumb rubber in concrete was 

investigated. To this end, detailed experimental investigations were 

conducted to analyse the influence of crumb rubber as partial sand 

replacement on the low velocity impact response of concrete beams. 

Various proportions of crumb rubber as partial replacement of sand (0 – 

30%) were considered. The use of crumb rubber in concrete was found 

to enhance the peak impact force, ductility, and energy absorption 

capacity of concrete beams, which is observed due to higher plastic 

energy absorption capacity of rubber. This is a desirable trait for 

concrete safety and protection barriers. At 30% replacement, the peak 

impact force was increased by approximately 23%, while the peak 

displacement and energy absorption capacity of concrete was increased 

by approximately 71%, and 98% respectively. The presence of elastic 

crumb rubber as well as the gaps/microcracks in rubberized concrete 

promote toughening mechanism leading to improved impact resistance. 

Also, the presence of crumb rubber imparts bridging action which 

eventually arrests the crack development. However, these 

gaps/microcracks between crumb rubber and cement matrix result in a 

weak interfacial zone, which is mainly responsible for the reduction in 

the quasi-static mechanical properties of concrete. The 3D-FE model as 

well as the proposed analytical method reproduce the peak displacement 

values with a maximum deviation of 11.3% and 11.5%, respectively. 

While, the energy absorption capacity of concrete beams is predicted 

with a maximum deviation of 25% and 13%, respectively. Also, the 3D-

FE model predicted the peak impact force values with a maximum 

deviation of 4.6%. Finally, this study proposed simple design guidelines 

for M50 grade concrete which could be utilized for selecting optimum 

rubber content such that the desired minimum compressive strength is 

achieved with improved impact resistance properties. 



 

170 

 

In the past few decades, significant attention has been given towards 

issues related to dynamic loading. The impact and earthquake loading 

related issues are relatively old. However, due to the recent accidental 

and intentional episodes across the globe, the dilemmas related to blast 

loading are relatively new for the structural engineers and researchers. 

Among the different types of structures, the subsurface RC tunnels have 

become the easiest and most preferred targets for terrorist attacks. Thus, 

in the present work, a novel concept involving the use of GFRP layer as 

a protective shield for strengthening the RC tunnel lining against the 

impact of internal blast explosion has been introduced. The use GFRP 

layer as protective shield reduced the peak displacement, and stress 

values in RC tunnel by approximately 14% and 25% for 100 kg 

explosive, 35% and 25% for 50 kg explosive, and 40% and 35 %, 

respectively for 10 kg explosive. Also, the use of GFRP layer curbed the 

damage and plastic strains induced in tunnel as well as the stresses and 

displacements at the top surface of soil. Consequently, it reduced the 

risk of long-term geotechnical effects such as liquefaction, and reduced 

soil shear strength. Thus, it may be concluded that the provision of 

GFRP layer enhanced the blast resistance of RC tunnel lining. The 

shielding effect of GFRP layer was found to be more significant for 

lower explosive charges. Since, the metro underground tunnels are more 

likely to be subjected to internal explosion of low explosive charges 

such as 10 kg, which may be easily carried by terrorists inside the 

subway system. Thus, the present methodology can be easily utilized in 

metro underground tunnels for substantially improving the safety in case 

of an internal explosion.  

Further, in order to reduce the dependency of researchers for performing 

the blast analysis of subsurface RC tunnels on the sophisticated 

numerical techniques, AI models were explored. The database of 192 

points used for development of prediction models was generated using 

FE simulations. A total of three AI models were developed which 

include: ANN, SVM, and RF. The performance of these models was 
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evaluated based on several performance metrics. Results showed that 

the prediction models were stable and had high R2 values and low RMSE 

and MAE values. Among the three models, RF exhibited the best 

performance for peak displacement prediction with the performance 

MAE value of 0.588, R2 value of 0.9368, and RMSE value of 0.925. 

Thus, it was concluded that the prediction models could be utilized for 

quick damage assessment as well as blast resistant design of subsurface 

RC tunnels.   

7.2 Future scope of work 

As discussed previously, the present research is dedicated to identify and 

check potential methods which could be utilized for enhancing the 

response of concrete under extreme loading conditions. However, there 

are still many challenges that exist in this field. Hence, the following 

would be future research work. 

• The desired material configuration with recommended CDP 

parameters (ψ= 45º, Gf= 325 N/m, and uniaxial compressive 

stress-strain Model M3) obtained from the parametric studies 

can be achieved by modifying the mix design. In order to achieve 

the complete material configuration, the utilization of rubber 

fibers, silica fume, and superplasticizers may be incorporated. 

However, further experimental trials are needed for achieving 

the desired objectives. 

• Although, rubberized concrete displayed better performance as 

compared to plain concrete in case of impact loading. The weak 

bond between crumb rubber and cement matrix was found to be 

responsible for the reduction in the quasi-static properties of 

concrete, thus restricting the use of crumb rubber at locations 

where high compressive strength is a necessity. The surface 

treatment of crumb rubber using chemical or thermal treatment 

methods could be utilized. This can be helpful in improving the 

bond between cement matrix and rubber, such that crumb rubber 
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could be effectively utilized in concrete without compromising 

the compressive strength.  

• Optimization of GFRP thickness could be carried out in order to 

maximize the performance of RC tunnel in case of internal 

explosion. 

• Advanced AI and hybrid models could also be useful for 

predicting the damage of subsurface RC tunnels against internal 

explosion. 
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APPENDIX 

1. The DIF formulations for concrete at higher strain rates are 

shown in this Appendix. In Table A.1, 𝑓𝑐𝑑 and 𝐸𝑐𝑑 are the 

compressive strength and compressive modulus of elasticity at 
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strain rate 𝜀𝑐̇, 𝑓𝑐 and 𝐸𝑐 are the compressive strength and 

compressive modulus of elasticity at reference strain rate 

(30 × 10−6 𝑠−1), 𝑓𝑡𝑑 and 𝐸𝑡𝑑 are the tensile strength and tensile 

modulus of elasticity at strain rate 𝜀𝑡̇, 𝑓𝑡 and 𝐸𝑡 are the tensile 

strength and tensile modulus of elasticity at reference strain rate 

(1 × 10−6 𝑠−1). 
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Table A.1 DIF formulations for concrete [123] 

Parameter Formula Strain rate range Eqn. 

Compressive 

strength 

 

DIF𝑓𝑐 =
𝑓𝑐𝑑
𝑓𝑐
=

{
 
 

 
 (

𝜀𝑐̇
30 × 10−6

)
0.014

 

0.012 (
𝜀𝑐̇

30 × 10−6
)
1 3⁄  

 

𝜀𝑐̇ ≤ 30 𝑠−1 

30 < 𝜀𝑐̇ ≤ 300 𝑠−1 
(2.17) 

Modulus of 

elasticity in 

compression 

 

DIF𝐸𝑐 =
𝐸𝑐𝑑
𝐸𝑐

= (
𝜀𝑐̇

30 × 10−6
)
0.026

 

 

30 × 10−6 ≤ 𝜀𝑐̇ ≤ 300 𝑠−1 (2.18) 

Strain at peak 

compressive 

strength 

 

DIF𝜀𝑐 = (
𝜀𝑐̇

30 × 10−6
)
0.02

 

 

30 × 10−6 ≤ 𝜀𝑐̇ ≤ 300 𝑠−1 (2.19) 
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Tensile 

strength 

 

DIF𝑓𝑡 =
𝑓𝑡𝑑
𝑓𝑡
=

{
 
 

 
 (

𝜀𝑡̇
1 × 10−6

)
0.018

 

0.062 (
𝜀𝑐̇

1 × 10−6
)
1 3⁄  

𝜀𝑡̇ ≤ 10 𝑠−1 

10 < 𝜀𝑡̇ ≤ 300 𝑠−1 
(2.20) 

Modulus of 

elasticity in 

tension 

 

DIF𝐸𝑡 =
𝐸𝑡𝑑
𝐸𝑡

= (
𝜀𝑡̇

1 × 10−6
)
0.026

 

 

1 × 10−6 ≤ 𝜀𝑡̇ ≤ 300 𝑠−1 (2.21) 

Strain at peak 

tensile 

strength 

 

DIF𝜀𝑡 = (
𝜀𝑡̇

1 × 10−6
)
0.02

 

 

1 × 10−6 ≤ 𝜀𝑡̇ ≤ 300 𝑠−1 (2.22) 
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