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Abstract

I know that the Schrodinger equation is solvable for simple systems
like particle in a box, harmonic oscillator and hydrogen atom. But,
solution of the Schrodinger equation for complex systems is a non-
trivial problem. Our main objective in the thesis is to solve the
Schrodinger equation by using numerical methods for One and Two
dimensional systems. In our project, I have implemented two dif-
ferent type numerical methods one is Numerov and the other one is
Finite-difference method. Firstly, I employed both these methods to
solve the Schrodinger equation for Harmonic potential well. T have
compared the results with analytical solution and it is found that
the our results for Harmonic potential well is quite accurate. So in
the next we employed the above numerical methods for the Gaus-
sian potential well to get the eigenvalues and eigenvectors. This
project has taken as a prototype for typical machine learning prob-
lems. I have automated this scheme to generate wave functions and
densities for 10000 random potentials.
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Chapter 1

Introduction

1.1 Overview

The Schrddinger equation[7] is a one basic differential equation in
quantum mechanics known as the wave equation, describing be-
haviour of subatomic particles like electrons. In chemistry, the
Schrodinger equation have various application in computational chem-
istry, chemical bonding, spectroscopy and quantum chemistry. There
are two forms of Schrodinger equation such as time-dependent and
time-independent. It play crucial role in understanding the evolves
and behaviour at atomic and molecular level. We present the time-
independent Schrodinger equation that does not contain time as a
variable. Solution of time-independent Schrodinger equation is gives
stationary state wave functions and corresponding allowed energy
level for a systems. So, the time-independent Schrodinger equation
confined a quantum particle is,

h?
—— V% 4+ = By (1.1)
2m
Where V2 is given by,
For 1D,
. A
V= s With, ¢(—o0) = 1p(c0) =0
For 2D,
2 2
V2 = @+8_y2 With, ¢(z, £00) =0, —o00 < z < 00

and, ¥(+oo,y) =0, —co <y < 00

As we know that the solving Schrodinger equation for complex sys-
tem is a non-trivial problem. So, we can used approximation meth-
ods such as numerical, variational method.... etc.

In this work, we used Numerical methods to solve the time-independ-

ent Schrodinger equation. We will disclose two powerful numerical
technique for solving differential equations such as Numerov[7, 2]
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and Finite-difference methods[10] applied it to time-independent
Schradinger equation. Using numerical methods, we calculated eigen-
values and eigenvectors for various potential like harmonic, gaussian
and double-well potential. The parameters needed for the solu-
tion of Schrodinger equation using Numerov and Finite-difference
method will be in the respective sections. We found that the Nu-
merov method is more specialized and excel in quantum mechanics,
where it offer high accuracy.

1.2 Motivation

1. To make various potentials wave functions and densities data
easily available for ML methods.

2. To enhance the accuracy, effectiveness and efficiency of eigen-
value and eigenvectors calculation.

3. To decrease the computational cost and complexity.

1.3 Objective

The main aim of the thesis is numerical solve time-independent
Schrodinger equation for One and Two dimensional systems. In the
study, we use the Numerov and Finite-difference numerical method
for solve the time-independent Schrodinger equation. We consider
time-independent Schrodinger equation for gaussian potential well.
Since, the time-independent Schrodinger equation in gaussian po-
tential well no genelalised analytical[%] solution. We use the Nu-
merov and Finite-difference method for numerically solve to calcu-
late eigenvalues and eigenvectors.

So, Gaussian potential formula is:
For 1D,

For 2D,
832 (y—5:)2
(2=p)? | (w=3;) )

3 _;(7
v(z,y) = Z%’e NG %
i=1

1.4 Organization of the Thesis

The work done in the present thesis is organised in four chapters.
The present chapter gives brief overview about the Schriodinger
equation and Numerical methods. Further it discusses the moti-
vation towards numerical solution of Schrodinger equation. This



chapter also discuss the different types of numerical methods such
as Numerov and Finite-difference method.

e Chapter 2, presents the theory and methods behind the
work.

e Chapter 3, sumarises the work done in the thesis.

e Chapter 4, presents the conclusion of whole work and de-
scribe the future scope.






Chapter 2

Theory and Methods

There are various methods available to solve the Schrodinger equa-
tion. Here are some key methods,

Analytica
Methods

Numerica
Methods

Numerov
Method

I. Analytical Method: An Analytical solution involves framing
the problem in a well-understood form and calculating the exact
solution.

II. Numerical Method: A Numerical solution is an approxima-
tion of the solution of a mathematical equation, often used where
Analytical solution are complex to find.

We used two Numerical methods to solved Schrodinger equation for
One and Two dimensional systems.



2.1 One-dimensional System

2.1.1 Numerov Method

The Numerov is a numerical method used to solve second-order lin-
ear differential equations in which first order term does not appear.
The time-independent Schrodinger does not involves first derivative.
So, Numerov method is a suitable algorithm for the Quantum me-
chanics.

From Schrodinger equation,

d*y
Y 4 k2 ()wta) = 0 2.1)
Where,
2
K*(2) = 3B - V()] (2:2)
From Numerov method,
V() = flz) () (2.3)
Let initial condition is,
¢($n) =ty
V' (w,) = P,

Taylor series of expansion of 1(xy) at xp £ s is,

2 3 4
—> (zpts) = w(mn)isw’(:cn)+%w"(xn)j:%w"’(:vn)+;—4w”"(xn)

(2.4)
Where, s is a arbitrarily small quantity.
On adding ¢ (z, + s) -
w n T —2¢ n"—w n 2d2 "
) S(f ) F ol =s) (1+f—2@) " (2,) (2.5)
- ¢(xn + 5) — 2¢£jn) + @/J(% B S) _ —K2(:L'n) % ¢(xn) o %
y [Kz(xn + 8)U(z, + 8) — 2K2(xp) Y (xy,) + K* (2, — 8)U(2,, — S)]
2
’ (2.6)

Regrouping the terms,

2[1 - %KQ(%)W(%) - [1 + %Kz(‘xn - 3)]1/)(5571 - 3)
1+ %KQ(xn + s)]

=> (x,+s) =

(2.7)
For eigenvalue calculation,



Bisection Method

This method[!1] is primarily used for finding eigenvalue based on
the iterative methods value property.

Let us consider f(x) is continuous function lies between a and b,
with f(a) is (-)ve and f(b) is (+)ve.

Then, the approximation of eigenvalue is intermediate value,

Then, the first approximation of

root lies within
¥ a5 this interval the I‘OOt,
.
1) positive T a + b
H cel =
guess 1 | 2
T - - 5 » X axs .
: A If f(x1) =0, then z; is root of
: root lies within o
- : this interval ( >_
(%) negative
r

Figure 2.1: Graphical representa-
tion of Bisection Method.

Otherwise, the root lies between a and x; or z; and b depending on

f(x1) is positive or negative.

Then, we bisect the interval as before and continue the process until
the root is found.

2.1.2 Finite-difference Method

The Finite-difference methods are numerical technique used for solve
differential equations by approximating derivatives with finite dif-
ferences. This allows for the differential equation to be transformed
into discrete wave functions,

From Schrodinger equation,

d*p(x) 2
e + K*(x)Y(z) =0 (2.8)
where,
2m
K*(z) = X [E = V() (2.9)
Then, on putting x=yL to make equation dimensionless quantity,
1d?
S ) - PEOG) (210

Where, L is the length of bounded.



The second derivative is approximated as,

PY(x) g — 2P + i — 1
dz? (Az)?

(2.11)

Here, Az = Spacing between the point.
After some manipulation,
1
——=Y; —_— L2 i)W — ———=Wi— :LQE i 2.12
i+ (G + L — gatie = DPBY (212)

Now, the One-dimensional time independent Schrodinger equation
can be written matrix equation i=1 to i=N,

1 1
Ay —1_1[/2”1 1_W2 01 X
| Tme mptlv mye
. . . o
0 0 —sap ap + Ll
1 (0
R T (2.13)
¢N—1 77Z)N—1

The matrix problem solved using computer, and we get eigenvalue
and eigenvectors.
For example, i=1, 2 and 3

1 1
= —— — + L? - = L°F 2.14
TN Vo + (Ay2 + L7vy1)1y AN Yo Y1 (2.14)
S Y3 + (—1 + L?vy)1p L Y = L°Eyy  (2.15)
_— —_ U - - .
INT 3 Ay 2) V2 INT 1 2
oL Vs + (—1 + L?v3)9 L Vo = L?Evps  (2.16)
—> — v — = .
INT 4 Ay 3)Vs3 YN 2 3
The matrix equation i=1 to i=3 is:
A%ﬂ —|—1L2v1 1_2Aly2 01 (8 (0
=> T2A2 Az T L?v, T3Ay7 X |Ya| = L°E |4y
0 —3ap  agp + L V3 Vs

(2.17)



2.2 Two-dimensional System

2.2.1 Numerov Method

2.2.1.1 Linear Numerov Method:

The linear Numerov is a numerical method used to solve second-
order ordinary differential equations.

From Schrodinger equation,

h2 82 82
> g (G + ) V) Fol )i = Bblg) (219
We know,
U(z,y) = v(x) - d(y) (2.19)
And, E=E,+E, (2.20)
Then, the equation 2.18 is separated into two parts,
h? [ d?
g (g @) (0) = B (2.21)
_ d?z:(? + K2 (x)(z) = 0 (2.22)
Where,
K*(z) = %[Em —V(z)] (2.23)
h? [ d?
Md, = g () ) o = Ew) (221)
2
— T o)~ 0 (225)
Where,
2
K2(y) = 25 1B, = V(y) (2:26)
From Numerov method,
P(z) = f(x) - Y(2) (2.27)
For x-direction,
Let initial condition is,
@D(l“n) = 1y,

Taylor series of expansion of ¢(x,) at z,, + s is -

2 3 4
=> (wats) = () £ (@) + S0 ()£ G0 (@) + 370" ()
(2.28)



Where, s is a arbitrarily small quantity.

On adding ¥(z,, £ s),

—> Y(xn +s) — Q@Z);xn) + (zn — ) —(1+ %%) X " ()
(2.29)
—~ ¢($n + 3) — 2¢£§n) + ¢($n — 8) _ —K2(In) x 1/1(3%) _ f_Q
y [K2(xn + 8)(x, + 5) — 2K ()0 (2n) + K2 (2 — 8)¢(), — s)]
’ (2.30)

Regrouping the terms,

201 — 3 K2 @) (ea) = [+ BE @, — 8l — 9)

=> YP(z,+s) = 1+ f—;KQ(xn + 5)]

(2.31)
Similarly,

For y-direction,

2[1 - %Kg(yn)]w(yn> - [1 + %K2(Z/n - 5>]w(yn - S)
[1+ S K2(y, + s)]

=> w(yn‘{'s) =
(2.32)
From equation 2.19,
2[1 - %KQ(xnﬂ@b(xn) - [1 + %Kz(xn - S)W)(xn - 5)
14 %KQ(mn + 3)]

2[1 - %K2<yn)]¢(yn) - [1 + %KQ(yn - 3)]¢(yn - 5)
[1+ S K2(y, + s)]

w(fUn‘i‘S, yn+$) =

X

(2.33)
In Linear Numerov method, we used bisection methods for eigen-
value calculation.

2.2.1.2 Matrix Numerov Method:

The matrix-Numerov is a numerical method used to solve second-
order partial differential equations.

From Schrodinger equation,

s (6‘9_ ; a%) b(a,y) + v, ), y) = Bbr,y)  (2.34)
> (g + g5 ) =~ 1B — ool
= (5 + ) Vo) = ~faolog)  (239)

10



With,

2m

f(x,y) = ﬁ[E - U(*qj?y)]

Adding four Taylor series of expansion of ¥(x,,y,) at x, + s and
Yn £ s,

=>P(xp + 8, Yn + 8) + V(T + 8, yn — 8) + V(T — S, yn + 5)+

0? 0? 52
— — — 2 _ E— R
V(@0 — 8, Yn — 8) = 4(Tn, yn) + 25 (axg + ay2) Y (@n, yn) +

84 84 34 .

Where, s is a arbitrarily small quantity.

Let ¢($n> yn) = wxn,yn and Qﬂ(ﬂfn + S, Yn + S) = ¢xi,yi

From equation 2.35,

0*(f) My o
T o2 8x4+8x28y2 (2:37)
Similarly,
82 @4 @4
Bl _ [0 o s
Oy? 0x20%  Oy*
4
Now, we will evaluate 8x2—8y2’
1 -2 1
0*Y 1 [-2 4 =2
Towop TS [1 -2 1 (2:39)
On putting equation 2.37, 2.38 and 2.39 in 2.36,
1 4 1 '(ﬁ(xf,yf) 82 0 f(m_’y) 0 1/}(5677317)
4 -20 4 L =g e 8ew fawn :
L4 1 ¢(x+ Y+) 0 f(”“r’y) 0 ¢(r+,y+)
After some manipulation,
hQ 1 4 1 0 V(zy,y) 0 010
',—@ 4 =20 4| + U(z,y_) 8’U(I,y) U(z,yy) =F|1 81
1 4 1 0 U(mﬂy) 0 010
(2.40)

11



2.2.2 Finite-difference Method

The Finite-difference is a numerical method used to solve second-
order partial differential equations.

From Schrodinger equation,

h? < 0* 0

Sy . @> la,y) + v,y y) = Bb(a,y)  (241)

2m

The state representation 2D is as a grid.

¢11 77Z}12 R wlN

YNt YNz ... UNN
The matrix 2.42 is converting vector is to take each row and stack
them up,

(2.43)

Here, N row and each row has N length. i.e., total size of length is
N2,

For example,

Let us consider 3 point in x-axis and 3 point in y-axis,

Yay Va2 Yas)
=> Ve Ye2 Yes) (2.44)
770(3,1) ¢(3,2) ¢(3,3)

The matrix equation 2.44 is converting vector is to take each row
and stack them up,

V(1,1
()
YP(1,3)
¢(271)
= 77/)(272) (2.45)
V(2,3)
(LERY
Y(3,2)
(V3,3 ]

—_
[\



Here, the grid has 3 row and each row has 3 length. i.e., total size
of length is 9.

The second derivative along x-direction is approximated as,

d?1); iy — 20+ i

dax? (Ax)? (2.46)

Fori=1, 2 and 3,

d*iy e — 291+

dz? (Ar)? (247)

By s — 2Py + Uy

de? (Az)? (248)
And,

d?s Yy — 293+ o (2.49)

de? (Az)?
Now, the approximation is written in matrix equation i = 1 toi =
3,
-2 1 0

L 10 9 (2.50)

*Dar = 372

Similarly, the approximation along y-direction is,

1 -2 1 0
Dy, = 1 -2 1 (2.51)
v (Ay)? 1 -9
Assume that,
(2, y)
=> o2 Dyih(,y) (2.52)
Also, x and y are swapped that T (z,y) represent ¥ (x,y)
(2, y)
= T T Dy, 0" (z,y) (2.53)
In the end,
Ph(z,y)  PP(z,y)
*Y(z,y)  0*Y(z,y)
22 g =18 Dut Dy®l (2.55)

Where, I is identity matrix. The Laplacian is the Kronecker sum of
two sparse matrices D,, and D,,.

The term I ® D,, and D,, ® I can be written as,

1 0

ooy

0
D
0

!

13



2 1 O 0 0 0 0 0
1 =21 0 0 0 0 0 0
O 1 -2 0 0 0 0 0 0
. O 0 0 -2 1 0 0 0 0
2 d@Dp=r5 0 0 0 1 =21 0 0 0
Bz 10 0 0 0 1 -2 0 0 0
O 0 0 0 0 0 -2 1 0
o 0 0 0 0 0 1 -2 1
00 0 0 0 0 0 1 -2
(2.57)
And,
L [0
=> D, @1 = S| 1 —2r 1r (2.58)
By | o 11 —or
20 0 1 0 0 0 0 0]
O -2 0 0 1 0 0 0 0
O 0 -2 0 0 1 0 0 0
. 1 0 0 -2 0 0 1 0 0
D, ®I= o 1 0 0 -2 0 0 1 0
” Byl 0 1 0 0 -2 0 0 1
O 0 0 1 0 0 -2 0 0
o 0 0 0 1 0 0 -2 0
00 0 0 0 1 0 0 -2
(2.59)

The potential energy also a grid we stretched out along that diago-
nal,

vy O O 0O 0O 0O 0 0 0
0 way O O O 0O 0O 0 0
0 0 wagy O O 0 0O 0 0
0 0 0 wey O 0 0 0 0
=0 0 0 0 way O 0 0 0
0 0 0 0 0 wvesy O 0 0
o 0 0 0 0 0 wgy O 0
0O 0 0 0 0 0 0 wvgy O
0 0 0 0 0 0 0 0 gy
(2.60)

Therefore, the Schrodinger equation is,

<_%(D$m ® D,,) + v(x,y)]) W(z,y) = Ev(z,y) (2.61)

.. The dimension of E is 81 and 9 for ¢(x,y).
Similarly, For N points along x and y direction, dimension of E is
N? x N? and N? for ¢(x,y).

14



Chapter 3

Results and Discussion

We have numerically solved the Schrodinger equation using Nu-
merov and Finite-difference method for One and Two ddimensional
systems. We calculated potential, eigenvalues, eigenfunctions and
densities for Harmonic and Gaussian potential systems.

3.1 One-dimensional System

3.1.1 Numerov Method

ALGORITHM 1: Find the eigenvalues and eigenvectors for sub-
atomic particles.

e Step 1: Start.

e Step 2: Read value xmin, snare, nodes and e.

e Step 3: Set grid spacing.

e Step 4: Start loop i = -snare-1 to snare.
output x(i) and v(i).

e Step 5: Set the upper and lower energy.

e Step 6: Set the classical inversion point.

e Step 7: Start loop i = -snare-1 to snare.
output f(i).

e Step 8: Collecting no. of sign changing at classical inversion
point.

e Step 9: Check,
if ilimit > snare—2.
stop.
else if ilimit < 1.

stop.

15



end if.

set the initial condition of f, y, y(-snare), y(-snare-

1) and nswim.

e Step 10:

e Step 11:
e Step 12:
e Step 13:

e Step 14:
e Step 15:

e Step 16:
e Step 17:

e Step 18:
e Step 19:
e Step 20:
e Step 21:

e Step 22:

Start loop i = -snare to ilimit-1.

output p(i).
Collection no. of sign changing at p(i) to p(i+1).
Set the iteration for bisection method.

Check,
if iteration > 1. then go to step 14.

If nswim # nodes. then go to the step 15.

If nswim > nodes. then,
upper energy = e.
otherwise,

lower energy = e.
Set the p(snare) and p(snare-1).

Start loop i = snare-1 to ilimit-+1.

output p(i).

Rescale function to match classical turning point.
Normalize the wave function.
Open a file to write the values x(i), p(i) and v(i).

Start loop i = -snare to snare.
output x(i), p(i) and v(i).
Stop.

FLOWCHART 1: Find the eigenvalues and eigenvectors for sub-

atomic particles.

s

set grid
spacing

l
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—

-snare-1

i1=9+1

set eh &
el energy

set 1limit

1 =
—snare—l

1 =
snare

=1+ 1

Yes
O

No

Ewem

No

Yes

Nol

set f, p,
p(-snare),
p(-
snare+1)
& nswim

1=-snare

l

=

ilimit-1 No
Yes
1 =1+ 1
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11

12

13

pilimit =
pilimit
p(ilimit)
Yes No
normalized
e = wave
L .
eh=e z(eh+ el=e function
el)
1 = -snare
1 = snare-1
1 =
snare

=
ilimit-+1

2 =1+ 1

@ [ }—

. C Code for One-dimensional system wave functions and energies:

H =

include <stdlib.h>
include <stdio.h>
include <math.h>

int main() {

double sqrt(double);
int snare, i, ilimit;
int nodes, nswim, kk, n_iter;

double xmin, s, dsl2, stand, pilimit,

double el, eh, e;
double *x, *v, *xf, *p;
char output [50];

FILE *out;

18

dup;




15

36

printf ("Minimum value of x(typical value: 10)
> ")y
scanf ("%1f", &xmin) ;
printf ("Number of snare points(typically a
few hundreds) > ");
scanf ("%d", &snare) ;

/* Allocate arrays x*/

x = (double*) malloc(2 * (snare + 1) * sizeof
(double));

v = (double*) malloc(2 * (snare + 1) * sizeof
(double));

f = (double*) malloc(2 * (snare + 1) * sizeof
(double)) ;

p = (double*) malloc(2 * (snare + 1) * sizeof
(double));

s = xmin / snare;

ds12 = s *x s / 12.;
/* Set the potential */

for (i = -snare-1; i <= snare; ++i) {

x[i] = (double) i * s;

// v[i] 0.5 x x[i] * x[i];

// vI[i] = (-3.3663525186199528*exp (-0.5%pow
(((x[1]1-0.17414787183635361)
/1.6551400298191712) ,2)))
-(7.8403723246565304*%exp (-0.5*pow (((x[i
1-0.25716093609048035) /1.9364915388178923)
,2))) - (5.7377190919155829%exp (-0.5%pow ( ((
x[1]-0.28340217582377836)
/2.1894828763818577) ,2)));

v[i] = -1.1687*exp(-pow (((x[i]+2.2670)/
1.5946), 2))+ 1.0378%exp (-pow (((x[i
1-0.2930) /0.3315) ,2)) -0.7423*xexp (-pow (((x[1i
1+0.9267)/1.2013) ,2))+1.4192*exp (-pow (((x[i
1-0.3000)/0.6005) ,2) ) -10.6312%exp (-pow (((x
[i1-0.5275)/2.7498) ,2));

/* Read input data x*/

printf ("Output file name > ");
scanf ("%50s", output) ;
out = fopen(output, "w");

for (;;) {

printf ("Number of nodes(type -ve value to
stop) > ");
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scanf ("%d", &nodes) ;
if (nodes < 0) {
fclose (out) ;

exit (0);
}
eh = v[snare];
el = eh;
for (i = -snare-1; i <= snare; ++i) {
if (v[i] < el)
el = v[il;
if (v[i] > eh)
eh = v[i];
}
printf ("Trial energy(O=search with bisection)
> ")
scanf ("%1f", &e);
if (e == 0.) {

e = 0.5 x (eh + el);
n_iter = 1000;

}

else {
n_iter

}

1;

for (kk = 1; (kk <= n_iter) && (eh-el >
1.e-10); kk++) {
ilimit = 1;
for (i = -snare-1; i <= snare; ++i) {
f[i] = 2 * ds12 * (v[i] - e);
if (£[i] == 0.) {
f[i] = 1e-20;

}
if (£[i] != copysign(£f[i], f[i
-11)) A
ilimit = 1i;
}
}

if (ilimit >= snare-2) A
fprintf (stderr ,"Error: last change of
sign too far");
exit (1) ;

if (ilimit < 1) {
fprintf (stderr, "Error: no classical
turning point");

exit (1) ;

}

for (i = -snare-1; i <= snare; ++i) {
fLi] = 1. - £[il;

}
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for (i = -snare-1; i <= snare; ++i) {

plil = 0.;

}
pl-snare - 1] = 0.;
pl-snare] = s;
nswim = 0;

for (i = -snare; i <= ilimit-1; ++i)

{

pli + 11 = ((12. - 10. * f[i]) * pl[il]
- f[i - 1] *x pli - 1]1) / £f[i + 1];
if (pl[i] !'= copysign(p[il, pl[i +

11))

++nswim;
}
pilimit = p[ilimit];

if (n_iter > 1) {
if (nswim != nodes) {
printf ("%5d%25.15e%5d\n",
kk, e, nswim) ;

if (nswim > nodes) {

eh = e;
}
else {
el = e;
}
e = 0.5 x (eh + el);
}
+
else {

printf ("%25.15e%5d%5d\n", e,
nswim, nodes);

}
if (n_iter == 1 || nswim == nodes
) A{
plsnare] = s;
plsnare - 1] = (12. - 10. * f[
snare]) * plsnare] / f[snare
-11;
for (i = snare-1; i >= ilimit+1; --i)
{
pli - 11 = ((12. - 10. * f[i]) * p
(il - £[i + 1] * p[i + 1]1) / f[i
- 1]1;
}
pilimit /= pl[ilimit];
for (i = ilimit; i <= snare;
++i) {

21




pli]l *= pilimit;
133 }

135 stand = O0.;
136 for (i = -snare; i <= snare; ++i) {
137 stand += pl[i] * pl[i];

139 stand = s * (stand + p[-snare-1] =
pl-snare-1]1);
140 stand = sqrt(stand);

141 for (i = -snare; i <= snare; ++i) {

142 p[i] /= stand;

143 }

144 if (n_iter > 1) {

145 i = ilimit;

146 dup = (pli + 1] + pl[i - 1]
- (14. - 12. x £[i]) * pl
il) / s;

147 printf ("%5d%25.15e%5d%14.8f\n" ,kk,e
,nodes ,dup) ;

148 if (dup * p[i]l > 0.) {

149 eh = e;

150 }

151 else {

152 el = e,

153 }

154 e = 0.5 *x (eh + el);

15 +

56 }

157 }

158 fprintf (out, "# x y (x) y(x
)72 vin") ;

160 /* Write value of eigenvectors and
densities in a file */

162 for (i = -snare; i <= snare; ++i) {

163 fprintf (out, "%7.3f%16.8e%16.8¢e%16.8e
\n",

164 x[i], P[i], p[i]*p[i],

v[il);

165 }

166 fprintf (out, "\n\n");

167 }

168 free(x); free(v); free(f); free(p);

2. Fortran Code for One-dimensional system wave functions and
energies:

r
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program potential
implicit none

integer , parameter :: er =
selected_real_kind (14,100)

integer :: snare, i, ilimit

integer :: nodes, nswim, kk, n_iter

real(er) :: xmin, s, dsl2, stand, dup,
pilimit

real(er) :: eh, el, e

real(er), allocatable :: x(:), v(:), £(:),
pC:)

character (len=50) :: output

write(*," (’Minimum value of x(typical value
10) > ’)", advance = ’no’)

read (x,*) =xmin

write (*," (’Number of snare points(typically
a few hundreds) > ’)", advance = ’no’)

read (*,*) snare

allocate(x(-snare-1:snare), v(-snare-1:
snare), f(-snare-1:snare), p(-snare-1:
snare))

s = xmin / snare
ds12 = s *x s / 12.0_er

! Set the potential

do i = - snare - 1, snare
x(i) = float(i) * s
I v(i) = 0.5_er * x(i) * x(i)

I v(i) = (-3.3663525186199528%*exp
(-0.5%x(((x(i)-0.17414787183635361)
/1.6551400298191712) ) *%x2)) -&

1 (7.8403723246565304*exp (-0.5x(((x (1)
-0.25716093609048035)
/1.9364915388178923) ) **2)) -&

1 (56.7377190919155829*exp (-0.5* (((x(1i)
-0.28340217582377836)
/2.1894828763818577) ) *x*x2))

v(i) = -1.1687*exp(-((x(i)+2.2670) /
1.5946) x*2) +&

1.0378*xexp (-((x(1)-0.2930)/0.3315) *x%x2)
-0.7423*exp (-((x(i)+0.9267)/1.2013) *x*2)
+&

1.4192xexp (-((x(i) -0.3000)/0.6005) **2)
-10.6312*exp (-((x(i) -0.5275) /2.7498)
*%2)

enddo
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! Read input data

write(x," (’0Output file name > ’)", advance
= ’no’)

read(*,’(a)’) output

if Coutput /=’ ’) &
open(l, file = output, status = ’unknown

> form = ’formatted’)

do

write (*," (’Number of nodes(type -ve value
to stop) > ’)", advance = ’no’)

read (*,*) nodes
if (nodes < 0) then
close (1)
deallocate(x, v, £, p)
stop
endif
eh = maxval(v(:))
el = minval(v(:))
write (*,"(’Trial energy(0 = search with
bisection) > ’)", advance = ’no’)
read (x,*) e
if(e == 0.0_er) then
e = 0.5_er * (eh + el)
n_iter = 1000
else
n_iter
endif

I~

I
-

do kk = 1, n_iter

ilimit = 1

do i = -snare-1, snare
f(i) = 2.0_er * ds12 *x (v(i) - e)
if(£(i) == 0.0_er) f(i) = 1.d4-20
if (£(i) /= sign(£(i),f(i - 1)))

ilimit = i
enddo
if (ilimit >= snare - 2) then

deallocate(x, v, £, p)
print*, ’Error: last change of sign
too far’
stop 1
elseif (ilimit < 1) then
deallocate(x, v, f, p)
print*, ’Error: no classical turning
point’
stop 1
endif

f = 1.0_er - £
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p = 0.0_er

p(- snare - 1) = 0.0_er

p(- snare) = s

p(- snare + 1) = ((12.0_er - 10.0_er =x*
f(- snare)) * p(- snare) - f(- snare
- 1) * p(- snare - 1)) / f(- snare +
1)

nswim = O

do i = - snare + 1, ilimit - 1

p(i + 1) = ((12.0_er - 10.0_er * f(i)
) * p(i) - £(i - 1) * p(i - 1)) / £

(i + 1)
if (p(i) /= sign(p(i), p(i + 1)))
nswim = nswim + 1

enddo
pilimit = p(ilimit)

if(n_iter > 1) then
if (nswim /= nodes) then
print’(i5, f25.15, i5)’, kk, e,
nswim
if (nswim > nodes) then

eh = e
else
el = e
endif
e = 0.5_er x (eh + el)
cycle
endif
else
print*, e, nswim, nodes
endif
p(snare) = s
p(snare - 1) = (12.0_er - 10.0_er * f£(
snare)) * p(snare) / f(snare - 1)
do i = snare - 1, ilimit + 1, -1

p(i - 1) = ((12.0_er - 10.0_er * f(i)
) * p(i) - £(i + 1) * p(i + 1)) / f
(i - 1)
enddo
pilimit = pilimit / p(ilimit)
p(ilimit:) = p(ilimit:) * pilimit

stand = 0.0_er

do i = -snare, snare

stand = stand + p(i) * p(i)

enddo

stand = s * (stand + p(-snare-1) * p(-

snare-1))
p = p / sqrt(stand)
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if(n_iter > 1) then
dup = (p(ilimit + 1) + p(ilimit - 1)
- (14.0_er - 12.0_er * f(ilimit))*
p(ilimit)) / s
print °’(i5, £25.15, ib5, f14.8)°, kk,
e, nodes, dup
if (dup * p(ilimit) > 0.0_er) then

eh = e
else

el = e
endif

e = 0.5_er * (eh + el)
if(eh - el < 1.d4-10) exit
endif
enddo

write(1, > ("# x p(x) p(x)~2 v(x)")’
)

! Write value of eigenvectors and
densities in a file

do i = - snare, snare
write(l, ’(£f8.3, 3e16.8, f12.6)°’) &
x(1), p(i), p(i) * p(i), v(i)
enddo
write(1,’(/)’)
enddo

close (1)
deallocate(x, v, f, p)
endprogram potential

A. Harmonic potential:

1
v(x) = —ka?
2
/
: Sr | Nodes Energy(E,)(a.u.)
/ No. | (ng) | Analytical | Numerov
7 1 0 0.5 0.5000
=/ 2 1 1.5 1.5000
a 3 2 2.5 2.5000
4 3 3.5 3.5000

Table 3.1: Represents state and

energy of 1D Harmonic potential.
Figure 3.1: 1D Harmonic poten-

tial with wave functions and den-
sities.
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B. Gaussian potential:

3 (o=
v(x) = — Z ae i
=1
N
N\ /
\ / Sr No. | Nodes(n;) | Energy(E,)(a.u.)
\ / i 0 -15.9042
) A\ / 2 1 -13.8855
e A 3 2 119753
L s A 4 3 -10.1770

|

Table 3.2: Represents state and

energy of 1D Gaussian potential.

Figure 3.2: 1D Gaussian poten-
tial with wave functions and den-
sities.

3.1.2 Finite-difference Method
ALGORITHM 1: Find the eigenvalues and eigenvectors for sub-

atomic particles.

e Step 1: Start.

e Step 2: Set the condition N, dy & y.

trix.

Step 6: Stop.

Step 3: Set the condition for potential.

Step 5: Output eigenvalue and eigenvectors.

Step 4: Set the main and 2 off diagonals for tridiogonal ma-

FLOWCHART 1: Find the eigenvalues and eigenvectors for sub-

atomic particles.
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set set d & e
condition for TDM

N,dy &y

set con-
dition of
potential

1. Python Code for One-dimensional system wave functions and
energies:

import numpy as np

import matplotlib.pyplot as plt

from scipy.linalg import eigh_tridiagonal
from scipy.integrate import quad, simps
import math

N = 201
dy = 10/(N-1)
y = np.linspace(-5, 5, N+1)

# Set up the potential

def mL2V(y):

# return 0.5%xy**x2

# return (-3.3663525186199528%*np.exp (-0.5%(((
y-0.17414787183635361) /1.6551400298191712))
x%2)) - (7.8403723246565304%np.exp (-0.5%(((
y-0.25716093609048035) /1.9364915388178923))
¥%2)) - (5.7377190919155829%np.exp (-0.5% (((
y-0.28340217582377836) /2.1894828763818577) )
*%2) )

return -1.1687*np.exp(-(((y-(-2.2670))/
1.5946) *x2))+1.0378*np.exp (-(((y-(0.2930))
/0.3315) *%2)) -0.7423*np.exp (-(((y-(-0.9267)
)/1.2013) **2))+1.4192*np.exp (-(((y-(0.3000)
)/0.6005) **2) ) -10.6312*np.exp (-(((y
-(0.5275))/2.7498) *x*2))

d = 1/dy**2 + mL2V(y) [1:-1]
e = -1/(2xdy**2) *np.ones (len(d) -1)
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w, v = eigh_tridiagonal(d,e)
ground_state_psi= v.T[0]

s|ground_state_psi /= np.sqrt(np.trapz(

ground_state_psix**2, y[1:-1]))
first_excited_state_psi = v.T[1]

|first_excited_state_psi /= np.sqrt(np.trapz(

first_excited_state_psix**2, y[1:-1]))
second_excited_state_psi = v.T[2]
second_excited_state_psi /= np.sqrt(np.trapz(

second_excited_state_psix*2, y[1:-1]1))
third_excited_state_psi = v.T[3]
third_excited_state_psi /= np.sqrt(np.trapz(

third_excited_state_psix**2, y[1:-1]))

ground_state_density = ground_state_psix*x*2
first_excited_state_density =
first_excited_state_psi**2

;) second_excited_state_density =

second_excited_state_psi**2
third_excited_state_density =
third_excited_state_psix**2

V=mL2V (y)

print ("GS energy:", wl[0])
print ("FES energy:", w[1])
print ("SES energy:", wl[2])
print ("TES energy:", wl[3])

# Plots the eigenvectors

slplt.plot(y, V)
| plt.plot(y[1:-1],ground_state_psi, label=’GS’,

color=’orange’)

/lplt.plot(y[1:-1],ground_state_density, color=’

orange’)

plt.plot(y[1:-1] ,2+first_excited_state_psi, label
=’FES’, color=’green’)

plt.plot(y[1:-1] ,2+first_excited_state_density,
color=’green’)

plt.plot(y[1:-1] ,4+second_excited_state_psi,
label=’SES’, color=’red’)

plt.plot(y[1:-1] ,4+second_excited_state_density,
color=’red’)

plt.plot(y[1:-1] ,6+third_excited_state_psi, label
=’TES’, color=’blue’)

ssiplt.plot(y[1:-1] ,6+third_excited_state_density,

color=’blue’)

55/ plt.ylabel (PE(x) )
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56| plt . xlabel (’x’)
s71plt.legend (edgecolor="black", loc=0)
55| plt . show ()

A. Harmonic potential:

1
v(x) = 5/%2
— Sr | Nodes Energy(E,)(a.u.)
No. | (ng) | Analy- Numerical
- tical NM FDM
B 1 0 0.5 0.5000 | 0.4974
2 1 1.5 1.5000 | 1.4921
3 2 2.5 2.5000 | 2.4865
— 4 3 3.5 3.5000 | 3.4806
’ Table 3.3: Represents state and

Figure 3.3: 1D Harmonic poten- energy of 1D Harmonic potential.
tial with wave functions and den-
sities.

B. Gaussian potential:

3 _(z—ﬁi)Q
v(z) = — Z e 27
i=1

— Sr | Nodes | Energy(E,)(a.u.)

No. | (na) NM FDM
E 1 0 -15.9042 | -15.9096
2 1 -13.8855 | -13.9015
3 2 -11.9753 | -12.0018
4 3 -10.1770 | -10.2135

S 7 7 7« 7 7 "7 Table 3.4: Represents state and

Figure 3.4: 1D Gaussian poten- energy of Gaussian potential.

tial with wave functions and dnsi-
ties.
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1. Numerov Method: 2. Finite-difference Method:

In harmonic potential, we randomly change force constant value
between 1.0-2.5 for 10000 potentials.

E(x)

E(x)

Figure 3.5: 1D Harmonic po- Figure 3.6: 1D Harmonic po-
tentials with wave functions and tentials with wave functions and

densities. densities.

In Gaussian potential, we randomly change three parameters «;, 5;
and ; value between 1.0-2.5, 0.1-0.6 and 1.5-2.5 for 10000 potentials.

E(x)

Figure 3.7: 1D Gaussian po- Figure 3.8: 1D Gaussian po-
tentials with wave functions and tentials with wave functions and

densities. densities.
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3.2 Two-dimensional System

3.2.1 Numerov Method

3.2.1.1 Linear Numerov Method

ALGORITHM 1: Find the eigenvalues and eigenvectors for sub-

atomic particles.

Step 1: Start.
Step 2: Read value hmin, snare, nodes_x, nodes_y and e_x.
Step 3: Set grid spacing and classical inversion point.
Step 4: Set the condition x, y, v.x and v_y.
Step 5: Start loop i = -snare-1 to snare.
output x(i) and v_x(i).
Step 6: Start loop j = -snare-1 to snare.
output y(j) and v_y(j).
Step 7: Start loop i = -snare-1 to snare.
output f x(i).
Step 8: Set upper energy and lower energy.

Step 9: Collecting no. of sign changed at classical inversion
point along x-direction.

Step 10: Check,
if limit > snare-2.
stop.
else if limit < 1.
stop.
end if.

set the initial condition fx, p_x, p_x(-snare-1),
p_x(-snare) and nswim.

Step 11 Start loop i = -snare to limit-1.
output p_x(i).

Step 12: Collecting no. sign changed at p_x(i) to px(i+1).
Step 13: Set the iteration for bisection method.
Step 14: Check,

if iteration > 1, then go to step 14.
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Step 15:

Step 16:

Step 17:

Step 18:

Step 19:
point.

Step 20:

Step 21:

Step 22:

If nswim # nodes_x. then go to step 15.

If nswim > nodes_x. then,
upper energy = e_x.
otherwise,

lower energy = e _x.
Set the p_x(snare) and p_x(snare-1).

Start loop i = snare-1 to limit+1.

output p_x(i).

Rescale function p_x to match classical turning

Normalize the p_x wave functions.

Start loop j = -snare-1 to snare.

output f_y(j).

Collecting no. of sign changed at classical inversion

point along y-direction.

Step 23:

Check,
if limit > snare-2.
stop.
else if limit < 1.
stop.
end if.
set the initial condition of f.y, p_y, p_y(-snare-1),

p_y(-snare) and nswim.

Step 24:

Step 25:
Step 26:

Step 27:

Step 28:

Step 29:

Start loop j = -snare to limit-1.

output p_y(j).

Collecting no. of sign changed p_y(j) to p_y(j+1).
Set iteraction for bisection method.

Check,
if iteration > 1, then go to step 28.

If nswim # nodes_y. then go to step 29.

If nswim > nodes_y. then,

upper energy = e_y.

otherwise,

lower energy = e_y.
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e Step 30: Set the p_y(snare) and p_y(snare-1).
e Step 31: Start loop j = snare-1 to limit+1.
output p_y(j).

e Step 32: Rescale function p_y to match classical turning
point.

e Step 33: Normalize p_y wave functions.

e Step 34: Open a file to write the value of x, y, p_x, p_y, VX,
V_y.

e Step 35: Start i and j is -snare to snare.
output px(i), p-y(j), v-x(i) and v_y(j).
e Step 36: Stop.

FLOWCHART 1: Find the eigenvalues and eigenvectors for sub-
atomic particles.

set h

& limit

&)= i=it+1&
—snare—1 f=gl
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eh x,
el_X, eh_y,
& ely

—snare—1

Nol

set f_x,
px, px(-
snare-1),

p-x(-snare)

—snhare

Yes

35

nswim >
nodes_x No

_:c =
eh-x+
el_a:)

No

el x=e_x

set
p-x(snare),
p_x(snare-

1)

1 = snare-1

®



Yes

1=1—1

p_xlimit =
p_xlimit
p-z(limit)

normalized
p-X wave
functions

-snare-1

j=j+1

No

36

set f_y,
Py, p-y(-
snare-1),

p_y(-snare)

j = -snare

l

Yes

i=i+1

iteration
> 1

nswim #
nodes_y




pylimit =
pylimit
nswim > p-y(limit)
Yes nodes_y No
normalize
p-y wave
eh_y=c_y el.y=e_y functions
1& j =
set snare — 1
p_y(snare),
p_y(snare- l

1)

<,

Yes

i=itl&
j=j+1

J=J-1
; stop

1. Fortran Code for Two-dimensional system wave functions and

energies:

1 program potential

2 implicit none

3 integer , parameter :: er =
selected_real_kind (14,100)

4 integer :: snare, i, j, limit

5 integer :: nodes_x, nodes_y, nswim, kk,
n_iter
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real(er) :: hmin, h, dhl12, stand, dup_x,
dup_y, p_xlimit, p_ylimit

real(er) :: eh_x, el_x, e_x, eh_y, el_y,
e.y

real(er), allocatable :: x(:), y(:), v_x(:)
, vey (), £ox (), f_y(:), p_x(:), p_y(:)

character (len=100) :: output

write (*,"(’Minimum value of snare points(
typical value: 10) > ’)", advance = ’no’)

read (*,*) hmin

write (x," (’Number of snare points(typically
a few hundreds) > ’)", advance = ’no’)

read (x,*) snare

allocate (x(-snare-1:snare), y(-snare-1:
snare), v_x(-snare-1:snare), v_y(-snare
-1:snare), &

f_x(-snare-1:snare), f_y(-snare-1:snare),
p_x(-snare-1:snare), p_y(-snare-1:snare))

h = hmin / snare
dh12 = h * h / 12.0_er
limit = 1

! Set the potential

do i = - snare - 1, snare

x(i) = float(i) * h

v_x (i) 0.5_er * x(i) * x(i)
enddo
do j = - snare - 1, snare

y(j) = float(j) = h

v_y(j) = 0.5_er *x y(j) * y(j)
enddo

! Read input value

write(*," (’0Output file name > ’)", advance

= ’no’)

read(*,’(a)’) output

if (output /= ’ ’) &
open(l, file = output, status = ’unknown

> form = ’formatted’)

do

write (*," (’Number of nodes in x-axis(type -
ve value to stop) > ’)", advance = ’no’)

read (x,*) nodes_x

write (x," (’Number of nodes in y-axis(type -
ve value to stop) > ’)", advance = ’no’)

read (*,*) nodes_y

38




if ((nodes_x < 0 .and. nodes_y < 0) .or.
nodes_x < 0 .or. nodes_y < 0) then
close (1)
deallocate(x, y, v_x, v_.y, f_x, f_y, p_x,
p-y)
stop
endif
eh_x

maxval (v_x(:))
el_x minval (v_x(:))
eh_y maxval (v_y (:))
el_y = minval(v_y(:))
write(*,"(’Trial energy (0 = search with
bisection) > ’)", advance = ’no’)
read (* ,*) e_Xx
e_y = e_x
if(e_x == 0.0_er .and. e_y == 0.0_er)
then
e_x = 0.5_er * (eh_x + el_x)
e,y = 0.5_er * (eh_y + el_y)
n_iter = 1000
else

I
[y

n_iter
endif

do kk = 1, n_iter

do i = -snare-1, snare
f_ x(i) = 2.0_er * dh12 *x (v_x(i) -
e_x)
if (f_x(i) == 0.0_er) f_x(i) = 1.d4-20
if (f_x(i) /= sign(f_x(i),f_x(i - 1)))
limit = i
enddo
if (1limit >= snare - 2) then
deallocate(x, y, v_x, v_.y, f_x, f_y,
P_X, P_y)
print*, ’Error: last change of sign
too far’
stop 1

elseif (1limit < 1) then
deallocate(x, y, v_x, v_.y, f_x, f_y,

P-X, p_y)
print*, ’Error: no classical turning
point’
stop 1
endif
f_x 1.0_ - f_x
_x = 0.0_
p_x(- snare - 1) = 0.0_er

)
p_x(- snare) = h
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nswim = 0
do i = - snare, limit - 1
p_x(i + 1) = ((12.0_er - 10.0_er =
f_x(i)) * p_x(i) - f_x(i - 1) * p_x
(i - 1)) / f_x(i + 1)
if(p_x(i) /= sign(p_x(i), p_x(i + 1))
) nswim = nswim + 1
enddo
p_xlimit = p_x(limit)

if(n_iter > 1) then
if (nswim /= nodes_x) then
if (nswim > nodes_x) then
eh_x = e_x
else
el_x
endif
e_x = 0.5_er * (eh_x + el_x)
cycle
endif

]
o
|
o]

else
endif
p_x(snare) = h
p_x(snare - 1)
f_x(snare))
- 1)
do i = snare - 1, limit + 1, -1
p_x(i - 1) ((12.0_er - 10.0_er x*
f_x(i)) p_x(i) - f_x(i + 1) * p_x
(1 + 1)) / f_x(i - 1)
enddo
p_xlimit = p_xlimit / p_x(limit)
p_x(limit:) = p_x(limit:) * p_xlimit

(12.0_er - 10.0_er *
p_x(snare) / f_x(snare

*

*

stand = 0.0_er

do i = -snare, snare

stand = stand + p_x(i) * p_x(i)
enddo

stand = h * (stand + p_x(-snare-1) *

p_x(-snare-1))
p_x = p_x / sqrt(stand)
if(n_iter > 1) then
dup_x = (p_x(limit + 1) + p_x(limit -
1) - (14.0_er - 12.0_er * f_x(
limit))* p_x(limit)) / h
if (dup_x * p_x(limit) > 0.0_er) then

eh_x = e_x
else
el _x = e_x
endif
e_x = 0.5_er * (eh_x + el_x)
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163

164

165

166

167

168

if(eh_x -
endif
enddo

do kk = 1, n_i

el_x < 1.d-10) exit

ter

do j = -snare-1, snare

f_y(j) = 2
e_y)
if (f_y(j)
if(f_y(j)
limit
enddo
if(limit >=
deallocate

.0_er *x dh12 * (v_y(j) -

= 0.0_er) f_y(j) = 1.d-20
/= sign(f_y(j),f_y(j - 1)))
=]

snare - 2) then
(x, y, v_x, v_y, f_x, f_y,

p-x, pP_Yy)

printx*x, ’E
too far

stop 1
elseif (1limit
deallocate

rror: last change of sign
J

< 1) then
(x, y, v_x, v_y, f_x, f_y,

p_-x, p_y)

printx*x, ’E
point’
stop 1
endif

f_y
p-y

|
o
o
0]
H

p_y (- snare
p_y (- snare)

nswim = 0
do j = - sna
p_y(j + 1)
f_y(3))
(3 - 1
if (p_y (j)
) nswim
enddo
p_ylimit = p

if(n_iter >
if (nswim /
if (nswim
eh_y
else

el_y
endif

e_y =

cycle

rror: no classical turning

-1

=~

re, limit - 1
= ((12.0_er - 10.0_er *
* p_y(j) - f_y(j - 1) * p_y
) / f_y(j + 1)
/= sign(p_y(j), p_y(j + 1))
= nswim + 1

_y(limit)
1) then

= nodes_y) then
> nodes_y) then

e_y
e_y

0.5_er * (eh_y + el_y)
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190

191

192

193

194

endif
else
endif
p_y(snare) = h
p_y (snare - 1)

(12.0_er - 10.0_er =

f_y(snare)) * p_y(snare) / f_y(snare
- 1)

do j = snare - 1, limit + 1, -1
p_y(j - 1) = ((12.0_er - 10.0_er =

f_y(j)) * p_y(j) - f_y(j + 1) * p_y
(3 + 1) / f_y(G - 1)
enddo
p_ylimit = p_ylimit / p_y(limit)
p_y(limit:) = p_y(limit:) * p_ylimit
stand = 0.0_er
do j = -snare, snare
stand = stand + p_y(j) * p_y(j)
enddo
stand = h * (stand + p_y(-snare-1) x*
p_y(-snare-1))
p_-y = p_y / sqrt(stand)
if(n_iter > 1) then
dup_y = (p_y(limit + 1) + p_y(limit -
1) - (14.0_er - 12.0_er * f_y(
limit))* p_y(limit)) / h
if (dup_y * p_y(limit) > 0.0_er) then

eh_y = e_y
else

el y = e_y
endif

e_y = 0.5_er *x (eh_y + el_y)
if(eh_y - el_y < 1.d-10) exit
endif
enddo

write(*," (’Energy = ’)", advance = ’no’)
write (*,’(2f18.12)’) e_x + e_y

write(1, > ("# x p(x) p(x)~2 v(x)")’
)

! Write value of eigenvectors and
densities in a file

do i = - snare, snare
do j = - snare, snare
write(l, ’(2£f8.3, 6el16.8, 2f12.6)’) &
x(i), y(3), p_x(D)*p_y(j), +p_x(i)=*
p_x(i)*p_y(j)*p_y(j), v_x(i)+v_y(
j)
enddo
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enddo
write(1,’(/)?)
enddo

close (1)
deallocate(x, y, v_x, v_.y, f_x, f_y, p_x,

p-y)
endprogram potential

A. Harmonic potential:

1
o(e,y) = (e +17)

G5
FES

. . Figure 3.10: Wave functions and
Figure 3.9: 2D Harmonic poten- Densities of 2D Harmonic poten-
tial. tial.

FES
SES

Sr | Nodes Energy(E,)(a.u.)

: No. | ng | ny | Analytical | Numerov
1 0] 0 1 1.0000
2 110 2 2.0000
3 0|1 2 2.0000
4 1 1 3 3.0000

Table 3.5: Represents state and

f2D H i tential.
Figure 3.11: Wave functions and energy o armonic potentia

Densities of 2D Harmonic poten-
tial.

3.2.1.2 Matrix-Numerov method

ALGORITHM 1: Find the eigenvalues and eigenvectors for sub-
atomic particles.

e Step 1: Start.

e Step 2: Set the condition 2D system in cfg file.
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e Step 3: Output is eigenvalue and eigenvectors.

e Step 4: Stop.

FLOWCHART 1: Find the eigenvalues and eigenvectors for sub-

atomic particles.

Set
condition
in cfg file

1. Python Code for Two-dimensional system wave functions and
energies:

import numpy as np
import subprocess

;) import sys

import os

5| import os.path

from ConfigParser import SafeConfigParser

from 1lib.NuSol_cfg_obj import NuSol_cfg_ob]

from 1lib.NuSol_matrices import NuSol_matrices

from lib.NuSol_version_checker import
NuSol_version

from scipy.linalg import solve

import scipy.optimize as op

import scipy.sparse as sp

# Read config.cfg file

ilclass numerov () :

def __init__ (self,cfgname):
cfg = SafeConfigParser ()
cfg.read(cfgname)
cfg = NuSol_cfg_obj(cfg)
NuSolM = NuSol_matrices(cfg)

if cfg.METHOD == ’numerov’:
if cfg.NDIM == 2:
print (’Creating 2D grid -- %dx%d=%d
points [XY] -- grid spacing %f Bohr’ ¥
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5| 1f name__ == " m

(cfg.NGRIDX ,cfg.NGRIDY,cfg.NGRIDX*cfg.

NGRIDY,cfg.h))
A,M = NuSolM.Numerov_Matrix_2D ()
if cfg.USE_FEAST == ’true’
if os.path.exists("%s/NuSol _FEAST"%(cfg.
FEAST_PATH)):
n = subprocess.Popen(’ldd %s/
NuSol _FEAST| grep "mnot found" | wc
>% (cfg.FEAST_PATH) ,shell=True,
stdout=subprocess.PIPE, stderr=
subprocess.STDOUT)
libsloaded = int( n.stdout.readlines ()
[0].strip(’\n’) )
if libsloaded == O:
p = subprocess.Popen(’%s/NuSol_FEAST
%t %f hd %hs %hs %s’ % (cfg.
FEAST_PATH ,cfg.FEAST_E_MIN,cfg.
FEAST_E_MAX ,cfg .FEAST_M,cfg.
FEAST_MATRIX_OUT_PATH,cfg.
EIGENVALUES_OUT ,cfg.
EIGENVECTORS_QUT) ,shell=True,
stdout=subprocess.PIPE, stderr=
subprocess.STDOUT)
for line in p.stdout.readlines():
print (line,)
retval = p.wait ()
else:
sys.exit ()
BlLEG ¢

# Write value of eigenvales and
eigenvectors in a eval.dat and evec.dat
file respectively

eval ,evec = sp.linalg.eigs(A=A,k=cfg.
N_EVAL ,M=M,which=">SM’)
cfg .WRITE_EVAL_AND_EVEC (eval,evec)

'n n .

o
[

if len(sys.argv) == 2:
NuV = NuSol_version ()
res = NuV.version_check ()
if res == True:
if os.path.isfile(sys.argv[1]):
numerov (sys.argv [1])
else:
print (’%s not exist’ % (sys.argv[1]) )
sys.exit ()
else:
print (’exiting..’)
else:
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58 sys.exit (1)

A. Harmonic potential:

1
o(a,y) = Sk +17)

GS
FES

. . Figure 3.13: Wave functions and
Figure 3.12: 2D Harmonic poten- Depsities of 2D Harmonic poten-

tial. tial.

FES
SES ©

Sr | Nodes Energy(E,)(a.u.)
j No. | n, | ny | Analytical | Numerov
1 0 0 1 0.9999
2 110 2 1.9999
3 0 1 2 1.9999
4 1 1 3 2.9989

Table 3.6: Represents state and
Figure 3.14: Wave functions and “M€T8Y of 2D Harmonic potential.

Densities of 2D Harmonic poten-
tial.

B. Gaussian potential:

)2 —5.)2
@=g? | =00

v(x,y):iaie_é( i o )
i=1
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Figure 3.16: Wave functions and

Figure 3.15: 2D Gaussian poten- Densities of 2D Gaussian poten-

tial.

tial.
‘ﬁ Sr No. | ng | ny | Energy(E,)(a.u.)
. 1 0 0 0.2659
T— 2 [ L]0 0.3058
3 0 1 0.3281
— = 4 1 1 0.4089

Table 3.7: Represents state and

. . energy of 2D Gaussian potential.
Figure 3.17: Wave functions and

Densities of 2D Gaussian poten-
tial.

3.2.2 Finite-difference Method

ALGORITHM 1: Find the eigenvalues and eigenvectors for sub-
atomic particles.

e Step 1: Start.

e Step 2: Set the N, L, d, X and Y.

e Step 3: Set the condition of potential.

e Step 4: Set the condition of diagonal.

e Step 5: Set the main and off diagonal in matrix D.
e Step 6: Reshape the potential N2.

e Step 7: Set the Hamiltonian.

e Step 8: Output is eigenvalue and eigenvectors.

e Step 9: Stop.

FLOWCHART 1: Find the eigenvalues and eigenvectors for sub-
atomic particles.
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start

Reshape
set N, L, .
potential
set
condition Set the
Hamil-
v & .
diagonal ol
& off
diagonal

& i |

1. Python Code for Two-dimensional system wave functions and
energies:

import numpy as np

from scipy.sparse.linalg import eigsh
from scipy.sparse.linalg import eigs
import matplotlib.pyplot as plt

from scipy import sparse

from scipy.signal import square

from scipy.integrate import trapz

filel = open("ground.dat", "w"
file2 = open("first.dat", "w")
file3 = open("second.dat", "w"

file4d = open("third.dat", "w")
fileb = open("poten.dat", "w"

= 201

= 10

L/(N-1)

= np.linspace(-L/2, L/2, N)
= np.linspace(-L/2, L/2, N)
, X = np.meshgrid(x,y)

<< XM o=
I

# Set up the potential

| def get_potential(X,Y):

# return (X**2 + Y*x%x2)/2
return 6.8422439315313168*np.exp (-0.5*%(((X
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33| H

~7.7536955648400463E-002)
/0.67191003547625294) **2 + ((Y
-7.5807538318280493E-002)
/0.58102442458601489) **2)) +
7.3665089077098562%np.exp (-0.5% (((X
~5.0472449790760050E-002)
/0.82306070065133252) **2 + ((Y
~7.6467498056468242E-002)
/0.57741901026136055) **2)) +
1.6189654779676654*np.exp (-0.5%(((X
-3.9395674140487003E-002)
/0.86843269402942580) **2 + ((Y
-4.5752897234166159E-002)
/0.72697115586723582) *%2))

diag = 1/d**2x*np.ones ([N])

diags = np.array([diag, -2*diag, diag]l)

D = sparse.spdiags(diags, np.array([-1,0,1]), N,
N)

T = -1/2xsparse.kronsum(D,D)
U = sparse.diags(get_potential (X,Y).reshape (N*%*2)
, (0))
= T+U
5| eigenvalues, eigenvectors = eigsh(H, k=10, which=
’SM,)

print (eigenvalues [0])
print (eigenvalues [1])
print (eigenvalues [2])
print (eigenvalues [3])

def get_v(n):
return eigenvectors.T[n].reshape(N,N)

ground_state_psi = get_v(0)

s|ground_state_psi /= np.sqrt(np.trapz(np.trapz(

ground_state_psi**2, X, axis=0), Y))
first_excited_state_psi = get_v (1)
first_excited_state_psi /= np.sqrt(np.trapz(np.

trapz(first_excited_state_psi**2, X, axis=0),

))
second_excited_state_psi = get_v(2)
second_excited_state_psi /= np.sqrt(np.trapz(np.

trapz(second_excited_state_psi**2, X, axis=0),

Y))
third_excited_state_psi = get_v(3)
third_excited_state_psi /= np.sqrt(ap.trapz(np.

trapz(third_excited_state_psi**2, X, axis=0),

))

ssifor X1, Y1, gsp in zip(X, Y, ground_state_psi):
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84

X $
slax.set_ylabel(r’ $ Y $ )
E $

for X1, Y1, gsp in zip(X1, Y1, gsp):
print("%2.5f %2.5f %2.10e" %(X1, Y1, gsp)
, file=filel)
for X1, Y1, fesp in zip(X, Y,
first_excited_state_psi):
for X1, Y1, fesp in zip(X1l, Y1, fesp):
print("%2.5f %2.5f %2.10e" %(X1, Y1, fesp
), file=file2)
for X1, Y1, sesp in zip(X, Y,
second_excited_state_psi):
for X1, Y1, sesp in zip(X1l, Y1, sesp):
print("%2.5f %2.5f %2.10e" %(X1, Y1, sesp
), file=file3)

ol for X1, Y1, tesp in zip(X, Y,

third_excited_state_psi):
for X1, Y1, tesp in zip(X1l, Y1, tesp):
print("%2.5f %2.5f %2.10e" %(X1, Y1, tesp
), file=file4)

s|for X1, Y1, v in zip(X, Y, get_potential (X,Y)):

for X1, Y1, v in zip(X1, Y1, v):
print ("%2.5f %2.5f %2.10e" (X1, Y1, v),
file=fileb)

# Plots of the potential and eigenvectors

fig = plt.figure(l,figsize=(8,6))

ax = fig.add_subplot (111, projection=’3d’)

ax.plot_surface(X, Y, get_potential(X,Y), cmap=’
plasma’)

ax.set_xlabel(r’ $

ax.set_zlabel(r’ $
plt.show ()

fig = plt.figure(2,figsize=(8,6))

ax = fig.add_subplot (111, projection=’3d’)

ax.plot_surface(X, Y, ground_state_psi, cmap=’
plasma’, color=’orange’, label=’GS’)

ax.plot_surface(X, Y, ground_state_psi**2, cmap=’
plasma’, color=’orange’)

ax.plot_surface(X, Y, 1+first_excited_state_psi,
cmap=’plasma’, color=’green’, label=’FES’)

ax.plot_surface(X, Y, 1+first_excited_state_psi
**2, cmap=’plasma’, color=’green’)

5|lax.set_xlabel(r’ $ X $ )
|ax.set_ylabel(r’ $ Y $ )

ax.set_zlabel(r’ $ E $ )

slax.set_zticks ([])

plt.legend ()
plt.show ()
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51 aX .

ax

ax.

ax.
ax
ax.
ax.

| plt
3 plt

= plt.figure(3,figsize=(8,6))
= fig.add_subplot (111, projection=’3d’)

cmap=’plasma’,

.plot_surface(X, Y, second_excited_state_psi,

color=’red’, label=’SES’)

plot_surface(X, Y, second_excited_state_psi
**2, cmap=’plasma’, color=’red’)

cmap=’plasma’,

.plot_surface(X, Y, 1l+third_excited_state_psi,

color=’blue’, label=’TES?’)

plot_surface(X, Y, 1+third_excited_state_psi

**2, cmap=’plasma’

set_xlabel (r’

.set_ylabel (r’

set_zlabel (r’
set_zticks ([])
.legend ()
.show ()

color=’blue’)

$ X% )
$ Y $ )
$ E$ )

A. Harmonic potential:

1
o(z,y) = k(e +17)

Figure 3.19: Wave functions and

Figure 3.18: 2D Harmonic poten- Densities of 2D Harmonic poten-

tial.

tial.
Sr | Nodes Energy(E,)(a.u.)
No. | ng | ny | Analy- Numerical

“ tical NM FDM
1 010 1 0.9999 | 0.9998
2 1 0 2 1.9999 | 1.9995
3 0 1 2 1.9999 | 1.9995
4 1 1 3 2.9989 | 2.9980

Table 3.8: Represents state and

Figure 3.20: Wave functions and energy 2D of Harmonic potential.
Densities of 2D Harmonic poten-

tial.
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B. Gaussian potential:

o—B;)2 —5;)2
( >+<y92>>

3 _;(
U(a:,y):Zae A ;
i=1

Figure 3.21: 2D Gaussian poten- Figure 3.22: Wave functions and
tial. Densities of 2D Gaussian poten-
tial.

= sEs
. TES

Sr | Nodes | Energy(F,)(a.u.)
NM FDM
0.2659 | 0.2659
0.3058 | 0.3057
0.3281 | 0.3281
0.4089 | 0.4089

Z
o
S
8
3
<

e E=l ) K]
e el =] R =]

Table 3.9: Represents state and

Figure 3.23: Wave functions and energy of 2D Gaussian potential.

Densities of 2D Gaussian poten-
tial.
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Chapter 4

Conclusion and Scope

In this project, we have successfully designed a code for numerical
solution of One and Two dimensional Schrodinger eqution by using
Numerov and Finite-diifence method. We have solved Schrodinger
eqution for different type of symmetric and asymmetric potential
wells. We have compared the eigenvalues and eigenvectors for Har-
monic potential well with the analytical results and our results are
quite similar. We found that Numerov and Finite-difference meth-
ods is suitable for various potential such as Gaussian potential and
Double-well potential. Also we have generate 10000 wave functions
and densities for Harmonic, Gaussian and Double-well potentials.
The various symmetric and asymmetric potentials showed clear re-
semblance with the actual potentials given in text books. And
through these exercises, I have been able to visualise the theories as
well as apply those theories with the help of coding.

In machine learning models such as ANN required large data sets
to avoid the overfitting, optimize the learning parameters effectively
and training models that can generalize well to unseen data system.
This is important to predicting the properties or behavior of new
quantum system. A larger data sets adequately sample high dimen-
sions space and learn meaningful patterns. The quantum system
extremely complex chemistry applications and the researchers di-
verse wave function required for studying exotic quantum systems.
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Appendix A

Double-well Potential

Here, we calculate potential, eigenvalues, eigenfunctions and densi-
ties for Double-well potential systems.

1
v(x) = §a(3c2 —b)? —cx

A.1 Numerov Method

Sr No. | Nodes(n;) | Energy(E,)(a.u.)

1 0 -9.1717
2 1 -8.4669
3 2 -6.8829
4 3 -5.8053
\ /
T (‘] ‘: : Table A.1: Represents state and
) energy of 1D Double-well poten-

tial.
Figure A.1: 1D Double-well po- @

tential with wave functions and
densities.

%)




A.2 Finite-difference Method

— EE% Sr | Nodes | Energy(E,)(a.u.)
No. | (ng) | NM | FDM
- 1 0 -9.1717 | -9.1744
£ 2 1 | -8.4669 | -8.4767
3 2 -6.8829 | -6.8998
N 4 3 -5.8053 | -5.8292
\\/‘ \\_//
= 4 5 = a9 iz 5w s Table A.2: Represents state and

energy of 1D Double-well poten-
Figure A.2: 1D Double-well po- tia].

tential with wave functions and
densities.

1. Numerov Method: 2. Finite-difference Method:

In Double-well potential, we randomly change three parameters a, b
and c value between 1.0-1.5, 0.0-1.5 and 0.0-2.0 for 10000 potentials.

Figure A.3: 1D Double-well po- Figure A.4: 1D Double-well po-
tentials with wave functions and tentials with wave functions and
densities. densities.
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