Zeros of Koshliakov Zeta Functions

M.Sc. Thesis
by

Yashovardhan Singh Gautam

DEPARTMENT OF MATHEMATICS

INDIAN INSTITUTE OF TECHNOLOGY INDORE
MAY 2024






Zeros of Koshliakov Zeta Functions

A THESIS
Submitted in partial fulfillment of the requirements for the award of the degree of

Master of Science

by
Yashovardhan Singh Gautam
(Roll N0.2203141008)
Under the guidance of
Dr. Bibekananda Maji

DEPARTMENT OF MATHEMATICS

INDIAN INSTITUTE OF TECHNOLOGY INDORE
MAY 2024






INDIAN INSTITUTE OF TECHNOLOGY INDORE
CANDIDATE’S DECLARATION

I hereby certify that the work which is being presented in the thesis enti-
tled “Zeros of Koshliakov Zeta Functions” in the partial fulfillment of the
requirements for the award of the degree of MASTER OF SCIENCE and
submitted in the DEPARTMENT OF MATHEMATICS, Indian Insti-
tute of Technology Indore, is an authentic record of my own work carried
out during the time period from July 2023 to May 2024 under the supervision
of Dr. Bibekananda Maji, Assistant Professor, Department of Mathematics,
ITT Indore. The matter presented in this thesis by me has not been submitted
for the award of any other degree of this or any other institute. I-) Cfp:}am

qﬂdb\wdhln
3 [o5 o4

Signature of the Student with date
(Yashovardhan Singh Gautam)

This is to certify that the above statement made by the candidate is correct

Bobobnrands M’d‘ 30/05/2024

Signature of Thesis Supervisor with date

(Dr. Bibekananda Mayji)

to the best of my knowledge.

Yashovardhan Singh Gautam has successfully given his M.Sc. Oral Exami-

nation held on 27th May, 2024.

Bebekarands Mej

Signature of supervisor of M.Sc Thesis Signature of Convener, DPGC
Date: 30/05/2024 Date: 30/05/2024






Dedicated to my
family and teachers






Acknowledgements

I want to express my deep gratitude to Dr. Bibekananda Maji, my supervisor,
for his incredible help and guidance during my M.Sc. program. His support was
essential in helping me complete my M.Sc., and his way of solving problems has
inspired me to see things from different angles. Thanks to him, I've become much
better at math.

I also want to thank Dr. Swadesh Kumar Sahoo, who led the committee,
and all the committee members, along with Dr. Niraj Kumar Shukla, the HOD,
for their contributions and support. I appreciate all the teachers for their helpful
suggestions and support. I would also thank to the Department of Mathematics
at II'T Indore for providing excellent facilities, such as the Bhaskaracharya Lab
and the board room, which have been invaluable for my work and discussions
with colleagues, seniors, and juniors.

A special thanks to Dr. Saurav Mitra for his support and encouragement.
I'm also grateful to Ph.D. scholars Archit Agarwal, Meghali Garg, Diksha Rani
and Rahul Som for patiently answering my questions about my thesis, studies,

and personal life, even with their busy schedules.

11



My heartfelt thanks go to my family, whose constant support has been my
rock throughout this journey. Their love and encouragement mean everything to
me.

I also want to acknowledge the amazing people I've met during this time, like
Kanchan, Shubham, Madhurima, Krishna, Uttam, Mohit, Vipin, Rahul, Pragya,
Debdeep, Aniruddha, and many others, including my juniors whose friendship

has had a lasting impact on me.

111



Abstract

This thesis investigates the properties of zeros associated with the Riemann zeta
function ((s) and the Hurwitz zeta function ((s,a). The thesis builds upon the
work of N. S. Koshliakov [11, Chapter 1, 3], analyzing the properties of (,(s) and
np(s) alongside their analytic continuations with the relationship between (,(s)
and 7,(s). The research then delves into explicit formulas for the summation of
specific infinite series. A key contribution of this thesis is the identification of a

zero-free region for ,(s) within the right half-plane.
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CHAPTER 1

Introduction

The investigation of the zeros of the Riemann zeta function and the Hurwitz zeta
function has been a fundamental topic in number theory and analytic number
theory. The Riemann zeta function, ((s), is defined for s € C with R(s) > 1 by
the infinite series Y -, #, plays a crucial role in various mathematical disciplines,
including complex analysis, number theory, and physics. The non-trivial zeros of
the Riemann zeta function, ((s), are found within the critical strip 0 < R(s) < 1.
It is conjectured that these all zeros lie on the critical line R(s) = %, a hypothesis
that holds great importance because of its profound connection to the distribution
of prime numbers.

Furthermore, the infinite series » -, m for s € Cand 0 < a < 1 with
R(s) > 1, known as Hurwitz zeta function ((s,a), generalizes ((s). Spira [14]
showed that all the non-trivial zeros of ((s,a) do not lie on half-line as well as

he explored zero free region of ((s,a). Recently, Dixit and Gupta [3] explored

the Koshliakov’s manuscript [11]. The manuscript contains two generalizations



of ((s) which are ¢,(s) and n,(s). We are interested to study zero free regions for

Cp(s) and np(s).



CHAPTER 2

Riemann zeta function

The Riemann zeta function is the complex function defined on the half plane
= 1
((s) = ; - for R(s) > 1. (2.1)
This series converges absolutely for R(s) > 1 and converges uniformly on any
compact subset within this region and hence establishes an analytic function
within this domain.
((s) can be analytically extended to the entire complex plane, excluding a
pole at s = 1 of order one. The functional equation for ((s) by Riemann [13] is

given by:

7S/ (g) C(s) = n-(=9)/2p (1 S 3) C(1—s). (2.2)

Here, we use the reflection formula of the gamma function I'(s),
T

[(s)I'(1—s) = , SE7.

sin(ms)
to rewrite the functional equation in the following asymmetric form

C(1— 5) = 2(27)~°T(s)C(s) cos (%3) . (2.3)



((s) also has a product representation known as Euler’s identity or Euler’s

product defined as:

=TI u_—lp_s), for R(s) > 1. (2.4)

From Euler’s formula one can say, ((s) is non-vanishing for R(s) > 1. Ac-
cording to the results established by Hadamard [4] and Vallée-Poussin [12] in the
late 19th century, ((s) is non-vanishing for R(s) = 1.

The symmetric form (2.2) for the ((s) implies that {(s) remains non-zero
for R(s) < 0, except for the trivial zeros occurring at negative even integers.

So the remaining region 0 < R(s) < 1 is the critical region for ((s), in this
region, all the non-trivial zeros of ((s) are found.

Riemann’s conjecture, as proposed in his work [13], states that all non-trivial zeros

of ((s) are located on the critical line R(s) = %, known as Riemann hypothesis.



CHAPTER 3

Hurwitz zeta function

The Hurwitz zeta function [9] for 0 < a < 1 is defined as :

o0

((s,a) = Z:O & j e for R(s) > 1. (3.1)

The series converges absolutely for ®(s) > 1 and converges uniformly on any

compact subset within this region and hence establishes an analytic function
within this domain. The ((s,a) generalizes ((s) for a =1 i.e. ((s,1) = ((s).
The functional equation of ((s,a) [9] for 0 < a < 1 and R(s) > 1 is given
by,
TS s = tan
(1 —s,a) =2I'(s) cos (7) (2m) Z

n=1
Spira [14], explored the zero-free region of the Hurwitz zeta function. Ad-

(%) sin(2mna) + cos(2mna)

nS

(3.2)

ditionally, he analysed the pattern of non-trivial zeros for the specific cases at

1 — 2
a—ganda—g.



3.1 Zero free region in right half plane

In the following theorem, Spira [14] showed that the ((s,a) is non-vanishing for
R(s) > 1+a.

Theorem 3.1. Let s = o + it. We have ((s,a) #0, if R(s) > 1+ a.

Proof. From (3.1), we have

nz% n+a

Y 1
20N

n=1
© 1
v [
1 (n+a)
1 l1-0o
—a " (1+a) — %
For a= — (1+a)™" — &9 " > 0 weneed (1+ )7 > 14 2L, By the binomial

theorem we know (1 + 5) > 1+ 2. So, this will give 1 +2 > 1+ %} Hence the

condition follows if we have o > a + 1. O

3.2 Zero free region in left half plane

Unlike ((s), the functional equation of ((s, a) is not symmetric, hence we can not
say that it is non-vanishing in R(s) < —1 — a. In this context, Spira showed that
for R(s) < —1 and |3(s)| > 1, the {(s, a) is non-vanishing.

Theorem 3.2. If [t| > 1 and 0 < —1, then ((s,a) # 0.
Proof. From the functional equation (3.2) of ((s,a), we have

2I°(s) T\ = COS2TTMa . (T \ w= sin27ma
l—s,a)=——=3 (— > E — <— ) E —
¢(1—s,a) (27?)5 [cos 5 2 +sin { o —

m=

i cos zs— 27rma)
e .

m=1



Now separating the first term, we get

['(s)cos (Zs — 2ma 2. cos (25— 2mma) 1
C(l—s,a): () (2 ) 1+Z (2 )_
(2m)® £~ cos (§s —2ma) m*
Now, for [t| > 1, one can have the following inequality:

it ™
< et 41 < em+1
et —1 " em—1

cos (%3 — 27rma)

< 1.09.

cos (%s — 27ra)

Then,
_ |T(s)cos (55 — 2ma) = cos (s —2mma)
61 =s,0)l = (2m)* bt 232 cos (25 — 2ma) "
. I'(s) cos (55 — 2ma) - io: cos (§s — 2mma) -
(2m)* “— | cos (s — 2ma)
I'(s) cos (55 — 2ma) =
> 1—-1.09 m-=7 ».
- (2m)° ng

Now, we need 1 — 1.09(¢(c) — 1) > 0 so, (o) < 1.917.
But we already have ((0) < ((2)(~ 1.6449) for 0 > 2. Also, I'(s), (27)~® and

coS (%5 — 27ra) are all non-zero in |t| > 1,0 > 2, hence the theorem holds. ]

3.3 The trivial zeros

In the next theorem, Spira [14] proved that if the real part £(s) < (4da+1+2[1—

2a)), then only zeros are trivial zeros, with an imaginary part 3(s) < 1.

Theorem 3.3. If 0 < —(4a+ 1+ 2[1 — 2a]) and |t| < 1, then ((s,a) # 0 except

for trivial zeros on the negative real axis, one in each interval
[—2n —4a — 1, —2n — 4a + 1],

forn >1-—2a.

Proof. To prove this theorem, we will use Rouche’s theorem. Let

u(s) = 2I(s)(2m)~° cos <gs - 27ra> :



and

o(s) = u(s) Z cizs(gs — 27Tma) i

— (gs — 27ra) ms
Considering the rectangle with the four vertices 2n + 1 4+ 4a + 1 £ 4, and taking

2n 4+ 4a > 2, on the horizontal boundary, one can get:

‘Z COS — 27rma) L < i

cos 58— 27m) ms —~

< 1.09(¢(0)) < 1.

1

mO’

cos (ﬁs — 27Tma)

2
cos ( s — 27ra)

On the vertical edges, one can get the following:
cos (2(2n + 4a + it) — 27rma)
cos (2(2n + 4a + it) — 2ma)

1/2
| cos® (5(2n + 4a) — 27ma) + sinh® 5t / o1
B 1 + sinh? 5t S

So, |v(s)| < Ju(s)][(¢(2) — 1) < |u(s)| for o > 2. Given the symmetry properties,

the single zero of ((s,a) within this rectangle resides on the real axis. O]

3.4 The non-trivial zeros of ( (3, %) and C(S, %)

Spira [14] found the zeros of ¢ (s, %) and ( (s, %) He calculated the non-trivial
zeros in the region —1 <o < 2, 0 <t < 100. He used the regula falsi method to
calculate the zeros.

One of the theorems by Davenport and Heilbronn in [2] tells that ¢ (5, %)
and ¢ (s, %) will be zero for R(s) > 1 but Spira [14] did not get any zeros with
R(s) > 1 in his calculation. The following two tables by Spira represent non-

L 2 with some error.

trivial zeros of Hurwitz zeta function at a = 3, 3



Re
-3.356739
-1.411510

431293
-.159430
342658
241817
-.036837
591803
193280
127972
.334406
429111
462075
-.147835
506383
AT72657
151364
.343298
093732
622256
442315
159285
140729
580453
.322000

Table 1

Zeros Of ((s,1/3)

Im

0.0

0.0

0.0

7.184833

11.431373
15.189346
17.768793
20.690440
23.897873
25.706324
28.524914
30.646264
33.643477
35.008686
37.571524
39.696042
42.257863
43.633735
46.080690
47.737933
50.224064
52.406133
53.307053
56.035147
57.568636

Re
382710
297271
087972
457258
563711
483299
-.067285
401279
.328136
520017
330148
495597
-.147097
579068
.533603
332095
185455
.350208
293221
414854
542324
A78417
-.016600
316376

Im
59.883303
61.558057
63.133469
65.195474
66.783468
69.515697
70.180061
72.270589
74.292420
75.643415
77.920206
79.533738
80.830920
82.764724
84.515894
86.302724
88.479212
88.904925
91.542684
92.638777
94,468657
96.639483
97.910995
99.026723



Re
-4.582225
-2.629836

-.534265
166871
570050
002611
.850931

-.113795
721490
365790
460172
.203952
197874
.356658
127852
595766
684428
235421
775805

Table 2

Zeros Of ((s,2/3)

Im
0.0
0.0
0.0
10.821929
16.605888
20.525222
24.340409
28.078257
30.792111
34.136686
37.583838
39.160036
43.008712
45.347383
47.671788
50.633212
52.731898
55.856118
57.447893

10

Re
658788
136371
694397
145692
510215
799305
-.085295
459084
745029
430076
163703
.288050
766662
533808
014239
718618
348818
.359310
742946

Im
60.192874
62.718934
65.153529
66.578130
69.521528
71.819557
73.824766
75.622482
78.673253
79.806836
82.879125
84.291484
86.328553
88.742453
91.063946
92.638399
94.360457
97.077760
98.666525



CHAPTER 4

The manuscripts of N. S. Koshliakov

Recently, Dixit and Gupta [3] have uncovered a manuscript that was overlooked
after World War II. The manuscript, authored by Nikolai Sergeevich Koshliakov,
a distinguished Russian mathematician, contains significant contributions to dif-
ferential equations and analytic number theory. The challenging circumstances
under which Koshliakov wrote this manuscript and how it became known to the
mathematical community are detailed in an article [1].

During the 1930s and even after World War 11 began, scholars in Leningrad
faced repression. In 1942, during the blockade of Leningrad, Koshliakov and oth-
ers were arrested on false charges and sentenced to 10 years of hard labor. After
the verdict, Koshliakov was exiled to a camp in the Urals due to his health issues,
including severe exhaustion and pellagra. Despite harsh conditions and a severe
paper shortage, Koshliakov managed to write two lengthy memoirs “Issledovanie
nekotorykh voprosov analyticheskoi teorii rational nogo i kvadratichnogo polya (A

study of some questions in the analytic theory of rational and quadratic fields)”

11



and “Issledovanie odnogo klassa transtsendentnykh funktsii, opredelyaemykh obob-
shchennym yravneniem Riemann [11] 7 between 1943 and 1944. Unfortunately,
the first memoir was lost while being transferred from jail to the mathematical
community. However, it is believed that Koshliakov recreated its contents in three
subsequent papers after his release from jail.

The second memoir, authored under the name N. S. Sergeev (Koshliakov’s
patronymic name ), attracted the interest of renowned mathematicians I. M.
Vinogradov, S. Bernstein, and Yu. V. Linnik, who recommended its publication.

A problem in heat conduction [10] serves as the basis for this analysis. Let
us consider a sphere with radius R,. Imagine heat radiating outward from its
surface r = Ry into a surrounding medium at zero temperature. The sphere
starts with a uniform temperature of zero u = 0. Now, suppose there are internal
heat sources distributed throughout a spherical region of radius R; (where 0 <
Ry < Ry). The total rate of heat generation within the sphere is denoted by @,
then the problem involves determining the sphere’s temperature at time ¢t > 0.
Assuming the material properties are characterized by thermal conductivity k,
surface emissivity h, specific heat ¢, and density p, the relevant heat equation for
this scenario is:

o ,0% c
5 =% 0= \/k::p;
V|p=o = 0, %L«RQ + (H — Ri2) Vlpepg, =0, H = %

Using the separation of variables method, one can easily confirm that the
characteristic solution to the given system is:

peos i+ psinpg =0, where p= Ry H — 1 and p is its eigenvalue. (4.1)

Hamburger [5] obtained the following characterization of ((s).

Theorem 4.1. Let

F(s) = Z% and G(s) = Z b<n),

nS

g

n=1 n=1
be two Dirichlet series absolutely convergent for large R(s), and suppose that F(s)

12



can be analytically extended except for finitely many poles and obeying

73T (g) F(s) =7 2T <1 S 3> G(1—s),

then F(s) = G(s) = C((s), where C is some constant.

Hamburger’s research [5], [6], [7], and [8] interests include the analytical
behaviour of functions defined in the following equation.
For a Dirichlet series F'(s) that is valid in a certain right half-plane, the
generalized functional equation links F'(s) with G(s) as
F(1—s) = 2(2m) " cos (g) D(s)G(s), (4.2)
where G(s), in general, need not be a Dirichlet series.
Hamburger did not give any examples of such G(s) and F'(s). It is important

to consider Hurwitz’s formula, valid for R(s) > 1 and 0 < a < 1, given by

C(1 = s,a) = 2(2m)~ cos (%5> I'(s) Z (cos(2mna) + te;r: (Z2) sin(27ma)’

where ((s,a) is the Hurwitz zeta function.

The left-hand side represents a Dirichlet series, while the right-hand side
does not. However, it is important to note that this relationship is not universally
valid for all s € C. Koshliakov introduced such pairs of functions F(s) and G(s)

exhibiting similar characteristics.

13



CHAPTER b

Koshliakov's Generalizations of Riemann zeta function

Koshliakov [11, Chapter 1] studied the properties of (,(s) and 7,(s). In this
chapter of thesis, I am presenting the the chapter 1 of Koshliakov manuscript
[11].

In (4.1), replacing p by wA and p by mp respectively, one gets the following
equation:

psin(mA) + Acos(mA) = 0, p > 0. (5.1)

Let Ay, A9, A3, - -+ represent the positive roots of the given transcendental
equation (5.1) in increasing order.

Koshliakov considered the following Dirichlet series:

2 2
PPN
s::E — for R(s) > 1.
) Srlr ) FATN )

The series (,(s) converges absolutely for R(s) > 1 and converges uniformly

on any compact subset within this region and hence establishes an analytic func-
tion within this domain.

Koshliakov explored an alternative generalization of the Riemann zeta func-

14



tion, namely,

np(s) = Z (8’22—3%)]6 for R(s) > 1,
k=1

(5, vk)p = 1 /°° . (kv —x k —1g
S,V k'_F(s) i e o x xT.

The non-Dirichlet series, 7,(s) converges absolutely for R(s) > 1 and converges

where

uniformly on any compact subset within this region and hence establishes an
analytic function within this domain.
In two limiting cases p — 0 and p — oo, the roots \; of the equation (5.1)

will be j — % and j respectively (j € N). Hence, one can easily confirm,
Jim Gy(s) = ¢(s),  lim mp(s) = ((s);

lin () = (2 = 1)C(s), limnp(s) = (21 = 1)C(s).
To study the properties of (,(s), Koshliakov [11] considered a complex val-
ued function with the help of which he showed the analytic continuation of ¢,(s).

The function is given by,

1
_ 5.2
o(z)er= — 1’ (52)
where
_pt=
o(z) = P

The following corollary provides an alternate representation of equation (5.2) with

which one can easily identify the poles of this equation.

Corollary 5.1.
1 1 1 pcosh(rz) + zsinh(7z)

o(z)e? = — 1 = 2" zcosh(mz) + psinh(rz)”

15



Proof. From (5.2), we have

1 n r p—z n 1
o(z)e2 —1 2 (p+2)e¥™—(p—2) 2
(p—2z)e ™ 1

- 4=
(p+2)em™ — (p—z)e ™ 2
B 2p677rz — Dy TE +p6wz 4 oze™ — pefwz 4 oze ™
2((p +2)em™ = (p = 2)e™™)
1 pcosh(nz) + zsinh(7z)

~ 2 zcosh(nz) + psinh(nz)’
O]

The function in (5.2) has infinite number of simple poles located at points z = 0

and z = £\, with residues

11 1 PPN

SoT T 1 +i\; = 5= T .

27T1+7r_p J 27Tp(p—|—7—r)—|—)\j2.

Now by partial fraction decomposition by residue method, one gets the

0:

following equation
1 1.1 1 1 =z i P+ 1
T p(p—ir%)—i—)\jzz?—l—)\?'

c@em -1 2 wmi+Lz
In the two limiting cases p — 0 and p — oo, (5.3) gives the following

(5.3)

j=1

classical Euler’s formulas respectively,
1 1z i 1
2z 1 9 o o 2
errl 2 7TJ=1’22+(]_%)
1 1 11 =z 1
a1 e Rl
By using these formulae, one can have the following well-known relations:

= L @n)* 27r 2k
Z G-H* TCT A Z 7 P

where k is a positive integer and By, By, B3, - -+ are Bernoulh numbers.

Let,

00 2 2
+ A7 1
o =Y LR e k=1,2.34,--

16



From (5.3) one gets
p—z 1 1 »p > p? + M

z
- —— 4= ’
(p+2)e*™ —p+ 2z 2 2mzp+ 1 szlp(p—i—%)jL)\?
o 1 1
22
()
J
—2)2 = PP+ A3
N (p 22) T 1+2zzzpl—32
(p+ 2)e?™ —p+ 2 p+1i jzlp(p;)Jr)\j
22k (1)
x (Zw—y
k=0 "1 J
—TZ e 2 2
(p— z)2mze P pe+ A

+ 7z = z —
GraemtGope™  prl SN

— )2 ze— ¢ s 2 4 \2
(p— 2)2mze s P 4 QZQZ p r
(p+2)e™ + (z — p)e~™= p+ =

(p — z)2mze™™ p k-1 _(p) 2k
_ 23 (-1 .
b2t (e—pe™ T oxI T (=17 o7z

Thus, upon using the Maclaurian series of e* in the left hand side, one gets the

following equation,

.3 .5 oo
7rpz—|—(7rp—|—27r)2+(7rp+47r)4‘+-~ {p—l—— Z 2’“}

3! 5!

Comparing coefficients of the same powers of z on both sides of the equation

{(Wp+1)z+(7rp+37r) 3-|—(7Tp+57r) 5—1— }

17



yields the expansion for J%p ), ng )...., and so on. In particular,

3 1
® w_“ﬂ—p(lﬂ—p)

01 = 2 )
6 1
(1 + W—p)
6 5 1
O-(p)_,n._4 1+7r_p+7'r2p2 (1+ﬂ'—p)
™

In general, we have

o0 2 2 2k
) pTEA 1 @2n)* _y
o® — = BY k=1,234,.- 5.4

j=1
where B,(f ) exhibits a kind of polynomial behaviour. The first two such polynomial

values, B and BY", are given by

w 1 1 1 1 +1
1 — a 2 95 1 97
6<1+7%p) 21+7r_p 2
1 1 7 1 1 1
Bép)z—g—ﬁﬁ 2 1oL Ty
<1+Wip) (1+ﬂlp> T

5.1 The analytic continuation of (,(s)

Koshliakov’s work [11, Chapter 1, p. 17, Equation (16)] established the analytic

continuation of (,(s) across the complex plane, except a simple pole at s = 1.

Theorem 5.2. The function (,(s) can be extended analytically to the entire com-

plex plane, with the exception of simple pole at s = 1. It can be shown that
1-s

Gls) = ——+ / T gl / o & (55)
S) = — 0 5. - dz . z .
: s=1 "/, o(iz)e?mz — 1 N o(—iz)e 2z — 1

where

p+z
p—z

O0<a<A, and o(z) =

1
» o(iz)e? T —1

Proof. As a function of complex variable z = T' + it has the pole of

order one at z = 0 and z = \; with residues
1 1 1 PPN
2mi (1 N i)’ 2mip (p+ 1) + A
™
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respectively. Consider a closed loop in the complex plane. This loop has four
sides and resembles a rectangle with height 2h. The rectangle is centered on the
real axis i.e. it is perfectly symmetrical with respect to the real axis. The sides
of the rectangle intersect the real axis at points a and (.

Here, = n € N and 0 < a < A;. For all the roots of (5.1), one has to take
B — o0.

By the Cauchy residue theorem, one gets the following equation for R(s) >

1,
_ oo 2 2
s + A\ 1

lim -ZTO‘ZZZ - REEvSYL

B—=oo Japcppra 0(12)e*™# — 1 = P (p + ?) + >‘j )‘j
since

1 B 1
oiz)e? = —1 o(—iz)e 2mz — 1

If we subdivide the original contour, ABCDEFA, into two smaller contours,
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—S

ABCD and DEFA, we obtain the following equation,
Z*S

s) = lim ——————dz+ lim —dz
ls) oo Japep o(iz)e*™* — 1 oo Jppra o(12)e™ — 1

z

. Z_S . 1 dZ
= lim ————————dz + lim -1 - : : e
8= JaBcD U(Zz)€27rzz —1 B— JpEFA J(_Zz)ef%mz -1 e

_ dz , z~°
= (p(s) = lim — + lim —— 4z
oo Jappp 2% B=oo Japop 0(12)€*™* — 1
. z°
+ lim , e dz.
B—}OO AFED 0'(—22’)6_ mZ — 1

The integrals along the segments BC' and F'E are examined by

—s B d
/ S — Y Me_2"h/ =
po 0(iz)e?m= — 1 o |z —ihle

Here, M is a finite value that depends on h and 3. Because of this, the right-hand

side of the equation can be made arbitrarily small for any value of 3 as long as
h is sufficiently large. As h approaches positive infinity, the integral along the
segment BC necessarily tends towards zero for any value of 5. The same logic
can be applied to show that the integral along the segment FE also tends to zero
as h approaches infinity for any value of .

For sections CD and DE, we can easily derive the following inequality,

58 [e's] e—27rt
———dz| < N ———dt.
/cp o(iz)e —1 /0 (82 +t2)7

Here, N represents a finite value independent of 5. As [ approaches positive

infinity, the right-hand side of the inequality tends to zero. This behaviour can
also be verified for the integral along path DE. Consequently, we arrive at the

following equation

dz a—100 58 a—+ioco s

B P — o ——————dz. (5.6

CP(S) /AFE'D 5 +/{l O_(Z'Z)€27r7,z 1 z +/a U(iz)e%”z 1 z ( )
For the integral [ AFED % take the quadrilateral AFEDA and apply the Cauchy
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residue theorem over z7°. One can get the following equality

/ dz / dz
Sl S0
AFED %° DA ?°
/ dz B / dz
AFED %° AD %°

, dz *dz  al"®
= lim — = — = .
B—oo Jupgpp #° o ~° s—1

Thus from (5.6), one can get

al—s a—100 Pt a+ioco 58
=S S — .
G(s) s—1 +/a o(iz)e? = — 1 : +/a o(—iz)e 2miz — 1

which proves (5.5) and gives analytic continuation of (,(s) in the whole complex

plane except for a pole of order one at s = 1.

5.2 The relation between (,(s) and 7,(s)

]

Koshliakov [11, Chapter 1, p. 20, Equation (30)] showed that (,(s) and n,(s)

follow the Hamburger’s functional equation (4.2). If we take o approaching to

zero, then we have to restrict ourselves to the region R(s) < 0. We obtain the

equation from (5.5) given by,

Gp(s) = 2sin (g) /000 de.

Thus (5.7) implies that ,(s) vanishes at the points s = —2, -4, —6, - - -

From (5.7) one gets the following equality:
s—1

Cp(l—s)—2008<7;8>/ %dx, R(s) > 1.
0o Olx)e™ —
For x > 0, we know
p—x
ptw

< 1.

Thus one can write

1 — U( _ —2nkx
o(x)e™ —1 1 —og(—x)e 2 Z (p + x> ’

and hence one gets the following representatlon of (5.8),

2 COS 2kmp — '\ " 1
1—s)= —_— .
Gl Zk/ (2k7rp+x> vod

21
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Now, let us take the integral from the right hand side of (5.9)

o A—z\"
] — —T s—1 1
s(A) /0 e ()\+$) ¥ dx, R(x) <0, (5.10)
where k € NU {0}.

The given integral representation is the gamma function
L(s) :/ e " x* dx, RN(s) > 0.
0

Consider the integral of the form

A [ e, g0
0

We now proceed by integrating each term on the right-hand side of the equation

successively k times with respect to £ over the interval (£, 00). Next, we multiply

the resulting expression by e%¢ and differentiate it with respect to & a total of k

times. This sequence of operations lead us to the final result,

F(S)Dék){622£ /5 /§ /5 eﬁttSdtdg---dgkl}
k—1 1

k
:/ e(%_x)f (A—kx) .
0 A+ kx
Putting € = k to get

[(s)DF < i / / / e~ dtde - dgyy
3 Ek—1 &1 =k
[e’e) k
_ / e(éx)k(k—kﬂf) s,
0 A+ kx

Hence by (5.10), we obtain the following equation

1(\) = D()k*e*DP { i€ / / / e Hrdtde - dg b
¢ Joo  Ja -

The multiple integral within the curly brackets can be transformed into a single

integral using the formula,

00 oo 0o g ) (t . S)kfl L
N ktSdtdgl---dgk_lz/ L TS) oFysgy,
/f /€k1 /51 3 (k=1

Thus, one gets the following representation of I(\)

_ sorp® § me [T oy
I;(\) =T (s)k’e™ " D¢ {e* —————eF 't °dt :
¢ (k—=1) -

Koshliakov introduced a new function in his analysis (s, A),. This function de-
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pends on two complex variables, s and A, and is defined by

00 t — k—1 dt
(s, Ak = k:se*ADék) {6225/ e’%t—( ) ' —} :
¢ (k=18 ¢ ),

Thus, we obtain

L,(A) = T(s)(s, M-

We can now express equation (5.9) in the following form:

2cos () [(s) X (s, 21pk)y,
G(l—3s) = 2 : (5.11)
P (2m)s ; ks
We know that,
(s, k) 1 /°° e (A =2\
= T — = dx. A2
ks L'(s) Jo c Atz) (5.12)

Consider Koshliakov’s second generalized Riemann function [11, chapter 1, p. 20,

Equation (29)], symbolized by 7,(s). This function is defined by an infinite series:

[ee]

mols) = 30 2R iy (5.13)

ks
k=1
The function 7,(s) is absolutely and uniformly convergent in R(s) > 1. Based on

(5.11), we derive the following equality:

Gp(l—s) = 2cos (%;2):)55)%(8>. (5.14)

The restriction requiring $(s) > 1 in the proof can actually be relaxed. This

is because both sides of equation (5.14) demonstrate analytic behaviour with
respect to the variables, except for a few isolated points. These isolated points
are the singularities occurring at s = 0.

To analyze the singularities of the function 7,(s), let us consider (5.12). We arrive

oo o0 z \ k
1 / Ze‘km (p—— ?) 2 Ndx
s)Jo = P+t

I
1

:@/o TEe i RO

Now consider the Hankel integral under the assumption that R(s) > 1,

(0+) (—Z)S_ldz
/Oo o (%) e —1
The integration contour avoids all the poles of the integrand function. These

at the following equality:

Np(s) =

,—m < arg(—=z) < 7. (5.15)
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poles are located at £2mi)\;, (j = 1,2,...), and hold for R(s) >

/(+0) ( z)s ' Y dz= {eﬂ'zs 1) —7rz(s 1) }/ z® ldx
0o 0(2 )ez— el’—l

From Euler’s reflection formula, one gets the the following 1ntegral representation

of the function 7,(s):
I'(1—s) (—z)5!
= — dz. 5.16
7p(s) 2mi /C o(z)er—1 : (5.16)

AT
k/

Consider the integration contour C it starts at infinity, circles around z = 0 in a
positive direction, and then returns to its starting point. Because integral (5.16)
defines a single-valued analytic function of the variable s for all its values, the
singularities of 7, (s) must coincide with the singularities of I'(1 — s), which occur
at s = 1,2,---. However, we previously presented that 7,(s) is also an analytic
function of s for (s) > 1. Therefore, the only remaining singular point of 7,(s)

within this region is s = 1. From (5.16), it follows that

lim 1p(s) _ _L dz
s—>1 (1 —s) 2mi CU( )ez—l
The expression on the right-hand side represents the residue of the integrand at

the pole z = 0. Using (5.3), Koshliakov determined that this residue is equal to

T + . Consequently, the function 7,(s ) possesses a single singular point at s = 1.

1+—
that the functional equation (5.14), previously established for R(s) > 1, remains

valid for all values of s except for the isolated points mentioned earlier. Some
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proven properties of (,(s) and n,(s) are given by:

)
G0) = 5 wl0) = —3;

1+ 2’

1
P
. ]- /

il_rg {Cp(s) — :} = ¢+ log 27 + 2n,(0);

1 1
lim {np(s)

_1+$s—1

s—1

} = C +log 2w + 2¢(0);

G(—2k)=0; n,(—2k)=0 ,k=1,2,...;

(27T)2k

kB(p)

BY, n(—(2k— 1)) =TI

In particular,

5.3 Asymptotic estimations of Koshliakov zeta
functions

Koshliakov [11, Chapter 1, p. 24, Equation (43)] gave an asymptotic estimation
of functions (,(s) and 7,(s) for s = o + it and for large values of |¢|.

To arrive at this estimate, we analyze two separate cases.

1) 0 > 0 and

2)o <0

For R(s) > 1, the following equality holds

o =c)+ {5 -5} -2 L1 s

Wj:lp(p+%)+/\j2)\_?

Let us take ((s) in the following form of series

(s) = L N+ > fals), (5.18)

(n+1)s s—1
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£.(5) 1 1 1 N 1 /" u-n

w(s) = - =3 ————du.
s—1{(n+2=" (n+1)71]  (n+2) w1 (w 1)+

Equation (5.18) is known to provide an analytic continuation of ((s), for values

of ¢ > 0. This is because the infinite series Y~ f.(s) converges absolutely
and uniformly in the region ¢ > §, where (§ > 0), and its terms are analytic
functions in that region. Consequently, for o > 0, equality (5.17) can be adopted
as the definition of a new function, denoted by (,(s). To prove it, one can use
the following inequality

/1 1 = [ du
S v < |s] / 1
> (-3 <wx [

Jj=m

where j — % < Aj < j. Since,

/ du </ﬂ' du _j—X _1 1
Y wuotl N )\q+1 - )\}7-‘,-1 2)\?—&-1’

it is clear that the series,

will be uniformly convergent for o > §; (6 > 0). Similarly, it follows the same for

the series
o

>
p(p+3) +AT A

j=1

which proves the statement that the series (5.16) is valid in R(s) > 0.

As the absolute value of |¢| increases, estimating the value of (,(s) becomes
increasingly similar to estimating the value of the Riemann zeta function. This
makes sense because both the functions share the same singularity at s = 1, as
demonstrated in equation (5.18).

For the second case, when o < 0, we need to use the functional equation
G(s) = 2(2m)" (1 = s)sin () my(1 = s),

where



The series will converge absolutely and uniformly for ¢ < —§; (§ > 0). This
property implies that
G(s) = O (|t|%*") . o <. (5.19)

Thus the desired asymptotic estimation of function ¢,(s) turns out to be the same

as for the ordinary Riemann function,

Cp(s):O(|t|Alog|t|), at t — oo, (5.20)
where ] ]
)\25—0, (O’<O),)\:§, (0< A< 1/2);
1
A=1l-0, (;S0<1);A=0, (1<0),

5.4 Series representation of (s, \);

Koshliakov [11, Chapter 1, p. 25, Equation (50)] gave the series representation
by the help of which he studied some properties of (s, A);. The function 7,(s) as
an infinite series (5.13), involves the function (s, A\k); at A = 27p > 0. We can

compute these functions either using the following formula

oo k-1
_ 15, —-Mkpnk) ) 2x¢ alt=9) ﬁ
(S,)\k)k = ke Df {6 /5 € (k’—]-)' s £_k7

or by formula

00 0O oo e—)\t
(S, )\k)k _ k’se_)\kDék) {GQAE/g /; ... /5 t_sdtd§7 R dgk—l} . (521)
%] k—1 1

Consider a k-dimensional integral on the right-hand side of the equation. If we

differentiate this integral using Leibniz rule, we obtain
k

(k) _ k! (r),,(k—r)
Dy [u.v]—;—r!<k_r)!u A

Substituting our functions into u and v:

[e's) 00 00 e—)\t
u = 62>\§, V= / / M / _Sdtdgldgk—l
13 Erk—1 31 t
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Then by Leibniz rule, the given equation holds

o = 1y Y SOV T

e t<?) dtd§1 dgk—l (522)

After evaluating the multiple integrals on the right-hand side, we arrive at the

following result

k:—i—r _ \r—1 s
(5, \E) = (— Akz k' 2)\) /}c . At(t(r——k)l)! (é) d.

By substituting appropriate Values, we can rewrite the integral on the right-hand

side in terms of incomplete gamma function,

Q.(s) :/ e "t*7ldt, p>0.
I

Hence, the following equation holds,
kor-1 k+r+qk|2r(>\k)q+s
(M= 33 @l —a = 9) + (1)
r=1 q=0

In particular,
(5, )1 = 2e*X°Qx(1 — 5) — 1,

(5,M)2 = 4e*2X°Qor (2 — 5) — 4e**2X° Qo (1 — 8) + 1.

5.5 Properties of (s, \);

Koshliakov gave some necessary properties of the function (s, Ak), given by:
Property 1: For A >0
(0, \k)p =1 (5.23)

A straightforward approach to proving this statement involves utilizing the for-

mula (5.21). Applying this formula, we obtain the following equation

(0, Mg = e DL {2”5 / / - / e-”dtdél---dskl}
k-1 &

1
Mk kE_—Me _
—)\k)\ e =1.
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Property 2: For A > 0, we have

2
(—L k) =1+ 7. (5.24)

Furthermore, based on the same formula (5.21) and the equality,

00 o) 00 A
206 ¢ A+ k)
A A A

&1
we have (=1, \k) = e_,:k Dék) {e&/\(;\ffk)} =1+
¢=k
Property 3: At A >0

>

(S, —)\),k = (S, )\)k (525)

We obtain this property by examining the following representation of the function

(5, )i, ) k
(5, \), = r(ls)/o e® (i;i) 2 da = (s, —\)_p. (5.26)

Property 4: At A > 0,

1
li AR = ——.
S
We rewrite formula (5.26) as follows:

(s, \k)p = F(ls) /000 e’ (1 - %)k (1 + %) - ¥z,

and because,

(5.27)

T k —x Xz —k —x
lim (1 — —) =er; lim (1 + —) =e>,
k—+00 k—r+00 Ak

hence, we get,

1 o x x
lim (s, A\k)g :—/ e Te xe xx*ldx
0

:—1 / e_w(lJ’%):cs_ldx
0

Hence the property follows.

Property 5: The following equality holds, when —1 < x < 1,

Z(n + 1, \k)pa" = {4 )\(Ii(i;))\))k (5.28)

n=0
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From the integral representation of (s, A), one gets the following
Then we have

gt e A—a\"
1 — —kx ndr.
(n+ 1, \k) o /0 e ()\+:z:) a"dx

00 A—t\"
1K) 2" = k —kQ=a)t (2 ) g
Z(n+ , ARk /0 e N

n=0
1 /°° o (ML= 2) — ’“du (LR = M)
11—/, Me(1—2) +u B (1—x)
Therefore, we get the formula (5.28).

Property 6: For A > 0 the given relation holds,

l(n—r)! A = (n—q)! n!

A s )

Koshliakov demonstrated this formula by the properties of (s, A); and utilizing a
specific relation,

Qr+1) =e N +rXN T r(r DN 2 p(r—1)--2- 1}
After evaluating the sum on the left-hand side of formula (5.29), we obtain the

following summation

(r—1)" I (x—=1)"
QZZ r—q'n—r)')\q_ n!

quO

n T

_ ) 1 (z—1)"
222 (r—q)! n—r)')\q_ n!

q=0 r=q
On the right-hand side, we substitute the variable r with a new variable s, defined

as s = r — ¢. This substitution gives the following equation

n—q (_1>q+sxn—q—s . (.CU _ 1)n—q

D I e T

s=0
This result leads directly to the formula (5.29).

Property 7: For x > 0 the following formula turns out to be valid,

me1) [ (8, Mz + k) o1 L(m+s—=1)(m+s—1, Az + k)
D BT | = o R

(5.30)
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To demonstrate this, we differentiate the expression (m — 1) times with respect

to the variable =

(57 /\(ZL’ + k))k _ 1 /OO 6—(z+k)t A=t kts—ldt
(x 4+ k)* T'(s) Jo A+t '

Then one gets,
(s Az + kD _ (0™ (M k) )Ty
{ (o + ) }‘r<s><x+k>m/o ’ ( ) .
Hence, (5.30) follows directly.

In particular, we obtain,

1 meny [ (LA +E) L (D)™ m, M + k)
(m—l)!D”(” ){ x+k }_ (x + k)™ '

Property 8: This equality holds for ®(s) > 1,
(s, A k 1 -1, k
/ (57 (l’ + ))kdX _ _ Dg(gl) (S ) (‘T + ))k ' (531)
. (x + k)* s—1 (x 4+ k)1
To establish this formula, we use formula (5.30) by taking m = 2 and substituting

s with s — 1. Hence, the following equation holds,

Azt Rk ~1 0 [(s— LA+ k)
@+ k) _8_119;){ @+ k)t }

Integrating both sides of this equation, we arrive at the equation (5.31).

Property 9: The following equality holds for x > 0,

/Ox de — log (1 + %) + DM {(s, M) — (5, A& + E))i}o_y - (5.32)

We demonstrate this statement by utilizing the formula (5.26). This formula

gives
T T _ k _ ,—at
/ (1’/\(m+k))kdx:/ e,gt(/\ t) 1—e d&t
0 (x+k) 0 A+t t
_ (8, Ak (s, A(x + k)
= g L(e) { e @+ ke J
where,
(s, M) = (0, Mk)i + { DM (s, k)i } s+

=1+ {Dgl)(s, /\k)k}szos +e
(5, Mz + k). = (0, M@ + k)i + { DM (s, Mz + k). }

=14+ {DM (s, \Nx+ k) },_ 5+

8203+...
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and

k" =1—logks+-, (z+k) " =1—loglz+k)s+ .
Therefore,
T, Mz +k _
/0 %d“’ = lmD(s + 1) [{ D (s, M)
k
DY (s, Mz + k)i },_, + log L Z ] ,

Based on the above steps, we obtain relation (5.32).

In particular, we have:
FLA@+ 1)) . 0
/0 de =log(l+x)+2 {e)‘( OQx112)(0) — e’\QE\ )} .
From the formula of (s, \)y, it follows that
Dgl) {(87 )‘>1 - (87 )\(ZE + ]‘>>1}s:0

PR
s=0

s
But,
(1 —5)=0Qx\(1)—Q(1)s+---;
(I+z)=1+log(l+z)s+---;
therefore,

Or(1—s)—(1+ ZB)SE/\xQ,\(1+$)(1 —s)

= =2 LQN(1) + e log(1 + ) — Qi imy (D)} s+ -
where, Q) (1) = log Ae™ + Q,(0),
Let us make sure that

DI A{(s, M1 = (5, Mz + 1)1}, = 2{"Qr140)(0) = *Q1(0) }.
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Property 10: The following equality holds for « > 0 and n > 1,
1 a+100 (S,)\k))k} (:L‘>s+nd
5

27 Jo e S(s+1).. (s+n) \k
0, at k > x;
= (=D*(z—K)"
k™n!
Mok (CDMTRIEA)T pe g (a—t)" (t—k)" !
HE e e e € ot at k<

(5.33)

To demonstrate this formula, let us consider the equality (5.22). Applying this,

we will arrive at

1 /‘”‘”OO (5, \k)k <§>S+n ds

omi Jo i s(s+1) .. (s+n) \k
1 fetiee (5" : KI(2)"
— (-1 k_— k d Ak -1 k+r
( )27rz'/oé_ioo s(s+1)...(s+n) ste ;( ) rl(k —r)!
) n - r—1 a+ioco z s+n
y / e (L) =R v / (3) dsdt.
k k (r—1) 27 Jo_ oo S(s+1)...(s+n)
(5.34)
To proceed, we examine each of the two cases individually
1) z < k and
2) x> k.

In this first case, when we evaluate the double integral on the right-hand side of
equality (5.34) with respect to the variable ¢, we find that the integration range
is limited to ¢ > k. Consequently, for this specific case, we have t > x. We can

then utilize the following well-known property:
1 / R ) R (5.35)
270 Jorioo S(s+1)--+(s+n) '
from which we will get the following equality:
1 atioo S, Ak T\ 5tn
%/a_m S+ 1)(§+2)>. () 20 ke
Now, we consider the case where = > k. We analyse the double integral (5.34) by

splitting the integration interval into two parts over ¢: (k,z) and (z,00). Within
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the first interval (k,z), we find that:

! /°° (5™ (5-1)

— ds = . 5.36
2710 Jo—ino S(S+1)---(s+n) ° n! (5.36)

For the second interval, we have ¢ > x. In this case, equality (70) holds true.

This leads to:
1 a+100 (8, )‘k)k: <x>s+n
ds

2_7”: a—ioco 8(8—|—1)<S+Tl> k
_ N\k( _ 1\n YL -1 k-H“k.! 2)\T T _A\n (+ _ 1.\n—1
LWy g OO e iy
kmn! kn ri(k —r)! & n! (r—1)!
m—+1

Thus formula (5.33) is proved.

The first chapter of Koshliakov’s manuscript [11] introduced the results
we discussed previously. The subsequent chapter explores “Generalized Bernoulli
polynomials of the first kind”. In the following chapter of my thesis, I will present
a series formula from the third chapter of his manuscript, titled “About the

. 2 2
summation formulas for sums of the form > 7%, (P++1)J+12 F).
Top\pTn )T
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CHAPTER 6

00 p2+)\?

Sums of type ijl Wf (A))
m J

The functions (,(s) and o,(z), are some particular cases of sums of the form:
[e.e]

AN ) (6.1)

et +X

In Koshliakov manuscript [11, Chapter 3|, he studied functions that are special

cases of (6.1). He was interested to find an explicit formula of (6.1). Given a
predetermined function f(x), Koshliakov aimed to transform (6.1) into a defi-
nite integral. This transformation led to the derivation of several summation
formulas, which are highly valuable in the context of Koshliakov’s manuscript.
Koshliakov derived these formulas using two methods, contour integration and
Mellin transform. Here, we present the proof using contour integration.
Consider a holomorphic function F(s) = F(o + it), where s is a complex
variable. Koshliakov analyzed this function within a domain defined by the fol-
lowing inequalities:
—a<o<fB+1, O<a<l, B>0. (6.2)

Suppose that the F'(s) function has a pole at s = 0 which is simple. Addition-
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ally, for all sufficiently large values of |J(s)(= t)|, the function follows certain

asymptotic behaviour:

F(s)=0 (e’g‘t| It ). (6.3)

Here, parameter A must satisfy the condition A > 1 for all values of o within the
set defined by formula (6.2). Let us consider a function, f(x). Koshliakov defined

this function for all positive x values using the following integral:

]“(:E):L_/TﬂoO Faf )ds O0<7T<fB+1 (6.4)

21 S i

The following infinite series converges absolutely, which can easily verified,

2+ A
y oty 1 (6.5)

Hrptz)+A A

on the straight line with abscissa 8 + 1, and the convergence of the integral

JZ |F(B+ 1 +t)|dt also follows by estimate (6.3).
Koshliakov wanted an integral representation of (6.1). Hence by (6.1) and (6.4)
we get the following equality:

oo o0

2 2 2 2 ;
p*+ A2 1 P A /T““’F(S)
i) = — J ds.
e R ) e E A T

=1 —100 J

The interchange of summation and integration is justified because (6.5) is abso-

lutely convergent for R(s) = 5+ 1, so we get

[e.e]

p _|_>\2 1 /6+1+ioo p2+)\2 1
\; — F(s J___— |ds
Z +A2f( )= o Br1i =) Zp(p+%)+A?A§

+1—ioco j=1

1 B+1+i00

=5 i F(s)¢(s)ds. (6.6)
We now evaluate the integral of F'(s)(,(s) along the closed contour of a quadri-
lateral. The quadrilateral vertices are:
A(B+1—iT), B(B+1+iT),C(~a +iT), D(—a — iT).
The function F'(s)(,(s) has poles at s = 0, 1 both of which lie inside the contour.
If Ry and R; denote the residue of integrand F'(s)(,(s) relative to its poles at

s =0 and s = 1, then by the Cauchy residue theorem, we have
1 BH1+iT —a+iT —a—iT BH1—iT
o ([ [ [ [ ) R s = Rt
2w \Jgy1-ir BH1+iT —a+iT —a—iT
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because estimate (6.3) guarantees that the integrals along segments BC and DA

vanish as T — +o00. We now obtain the following equality

a—100 B+1+ic0
([ reseass g [T R es) <ok R

2mi a+ioco 2 B+1—ioco
Utilizing (6.6), we have

o0 a—l—wo

S oSt =Rt it [ R 6)

J:lp(p+71r)+>\2 a—100
where Ry and R; denote the residue of the function F'(s)(,(s) relative to its poles

at s =0 and s = 1. To determine the residue Ry, we consider the integral of the

( )

function along the contour indicated in the above quadrilateral ABCD. As T

approaches positive infinity, by estimate (6.3), we arrive at the following equality,
flz) =R+ 0(z%), 0<a<l,
where R is the residue of the function F'(s) relative to its pole at s = 0.

It follows that R = f(0) and thus,
= 6(0)f(0) = =5 =/ f(0). (6.8)

To find the residue R;, we use equation (6.6) and Mellin’s transformation, to

- /OO f(z)z* da,
0

We want to transform the integral term in equality (6.7). One can easily verify

obtain

that, due to (6.3) the definition of function f(z) can also be defined for complex

values of x with positive real part. Indeed for any x € C, we have

X |.T|13 3 2 +2 ( )

—a+zooF
/ ()ds < |x|/ e2 | F(—a +it)|dt.
_ s

a+1i00

Hence, it is clear that the integral [~ atico F (S

ds will be convergent, and therefore,

f(x) will be regular for all values of 0 lylng in the region (6.2), as a result of which
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one can write the following equation from (6.4):

fliz) — f (—iv) _ _L /BHHOO F(s)sin (?) % x>0
B

21 270 J 541 —ico xs’
1 —a+100 d
S F(s)sin (13> oo (6.10)
21 J o ino 2/ xs

Multiply both sides of the equation by and integrate over the interval

x)e27rac 1
from x = 0 to x = 400. Then rearranging the orders of integration based on
Jordan’s theorem and by the functional equation of (,(s), one has

TS < x7de
e () [T g <o
Gls) S /0 o(x)e? @ — 1 ()

By the above functional equation, one get the following equation

—atioco ® flix) — f(—ix x
L Pl s)s = - [T IS IS0 oy

270 ) ioo o(x)e? > — 1
Therefore, from (6.7) and the above equation one obtains the following relation
N 1
2 ( )+A2f(”: 21+ e
=1 P\P+%

f(ix) i) dz
) 2/ ra)e 1

Koshliakov [11, Chapter 3, p. 54-56] utilized Melhn transforms to gave
alternative prove for the formula we discussed earlier. He also explored specific
examples of functions, f(z), that can be employed within the infinite series. In the
next chapter of my thesis, I will take a different direction, focusing on analysing

zero-free regions for the function (,(s) within the left half-plane.
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CHAPTER [/

Zero-free region for (,(s)

In his work, Koshliakov did not address the zero-free regions for the functions (,(s)
and 7,(s). Inspired by Spira’s paper [14], we aim to identify the zero-free region
and the critical region for these functions. Like the Hurwitz zeta function, where
some non-trivial zeros lie outside the half-line and even lie outside of 0 < R(s) < 1,
we are curious to see if the same holds for the Koshliakov zeta function. The next
theorem scrutinizes the area within the right half-plane where (,(s) does not have

any zeros, referred to as its zero-free region.

N»—‘\_/

then (y(s) # 0

Theorem 7.1. If o > 1+ %,
Proof. From definition, we know for R(s) > 1,
00 2 1 \2
p°+ A7 1
Cpls) = ISV
jzlp(p+%) +ATAS
By taking absolute value on both sides, we have

P +/\2 1
|CP Z +)\2 )\s

1
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o)

pPP+A 1 3 PN
p(p+2) + 47 A ]

= [G(s)| = v
' plp+3)+ MM o

Use triangle inequality to see that

2 2
p°+ A 1
s)| = —| =
Gl plp+1)+A A

> PPN 1
1 s
jzzp(p+%) +)‘§ )‘j

P2+ A2 1 PN
s)| = ‘o
() p(p+3)+ A AT ;P(Pﬂﬁ)ﬂ”?

(7.1)

1
A7

. p2+A2 .
Since p? —1—)\]2 <p (p + %) —l—)\? — m < 1, then by equation (7.1) we get
p?+ A2 1
S)| >
G0 > Ty ZXT

2 1 00
p@+;)+1 Lo

()
=17 (0~
plp+z)+1 l-o

PP+ L]
plptz)+l 1-o

We have to find p such that
P+ L]
plptz)+1l 1-0
P+ 1
e
p(ptz)+1
W
p(pty)+1
we have (,(s) > 0 ie., (,(s) # 0. Hence the theorem

>0

=(c—1) >

=o0>1+

So, when o > 1+u,

IS N

1
b3
+

is proved. [

7.0.1 Non-trivial zeros of (,(s)

Now we mention a few non-trivial zeros of the Koshliakov zeta function ¢,(s). We

used Newton-Raphson numerical method to find these non-trivial zeros of (,(s).
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We utilized Theorem 5.2 in Mathematica software to obtain the below table for
different values of p and 0 < a < %
For p=2and a=04

Re Im
0.500606 + 20.3221
0.584657 + 13.7578

For p=2 and a =0.15

Re Im
0.500606 4+ 20.3221
0.584657 + 13.7578

For p=4 and a =04

Re Im
0.526852 + 14.0575
0.505677 + 20.8458

For p=5 and a =0.2

Re Im
0.516232 +14.0916
0.504739 + 20.9185

For p=7 and a = 0.25

Re Im
0.507009 + 14.1175
0.502791 4+ 20.9784

For p =13 and o =0.12

Re Im
0.501282 + 14.3182
0.500664 4+ 21.0142
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For p =100 and a = 0.2

Re Im
0.500003 + 14.1347
0.500002 4+ 21.022

For p =200 and o = 0.2

Re Im
0.5000003 + 14.1347242
0.5 4+ 21.0220396

For p =300 and a = 0.2

Re Im
0.5 + 14.1347
0.500002 4+ 21.0220396

For p =400 and o = 0.2

Re Im
0.50000039 + 14.1347242
0.5 4+ 21.0220396

Here we would like to mention that the first two non-trivial zeros of ((s) are
0.5+1 14.1347 and 0.5 47 21.022. From the above table, one can clearly observe
that the first two non-trivial zeros of (,(s) are converging to the non-trivial zeros

of ((s) as we know (,(s) becomes ((s) when p — occ.
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CHAPTER 8

Conclusion

Based on the above numerical evidences of the non-trivial zeros of the Koshliakov
zeta function (,(s), we can clearly see that (,(s) does not obey the Riemann
hypothesis, that is, there are non-trivial zeros that are not lying on the line
R(s) = 1/2. In our investigation, we attempted to locate non-trial zeros in the
left half-plane R(s) < 0. While unsuccessful in finding zero-free region in the
left half-plane, this work led us to formulate conjecture about the location of

non-trivial zeros of (,(s).

e Conjecture 1: The Koshliakov zeta function (,(s) possesses only trivial

zeros in the left half-plane R(s) < 0, which occur at negative even integers.

e Conjecture 2: In Theorem 7.1, we have shown that (,(s) has no zero in
1

the right half plane R(s) > 1 + %. Moreover, we feel that all the

4

non-trivial zeros of the Koshliakov zeta functions (,(s) will lie in the region

0<R(s) <1
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