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Abstract

In mathematics, evaluating an integral in terms of well-known constants is always a
fascinating and challenging task. Recently, Choie and Kumar [I] extensively studied
the Herglotz-Zagier-Novikov function F(z;u, v). It is defined as the following integral:

1 z

log(1 — ut
F(zu,v) := / g(Tt)dt, for Re(z) > 0, (0.1)

0 voo=
where v € L and v € L. They obtained two-term, three-term and six-term functional
equations for F(z;u,v) and also evaluated special values in terms of di-logarithmic
functions. Motivated from their work, in this thesis, we study the following two
integrals, for Re(z) > 0, and any natural number k,

"og(1 — ut?) log(1 — wt”)

F(z;u,v,w) ::/ - dt, (0.2)
0 v —1
1 k z
1—wut
Fulzu,0) = / log (1-uth) 4 (0.3)
0 v —t

where u € L and v € . For k = 1, the above integral (0.3 reduces to (0.1)). This
allows to recover the properties of F(z;u,v) by studying the properties of F(z;u,v).
One of the main aims of this thesis is to evaluate special values of these two integrals

in terms of poly-logarithmic functions.
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Chapter 1

Introduction

Zagier’s [2] ground breaking exploration of the Kronecker limit formula for real
quadratic fields has ignited considerable interest among number theorists. Novikov
[3], building upon Zagier’s work introduced a novel function within the Kronecker
limit formula paradigm. Recently, Choie and Kumar [I] introduced the following
function F(z;u, v), named as Herglotz-Zagier-Novikov function.(Throughout the the-

sis, we use H-Z-N function rather than Herglotz-Zagier-Novikov function)

Definition 1.1. For Re(z) > 0, it is defined as
1 z
log(1 — ut
F(z;u,v) = / Mdt, (1.1)
0 v —1
where u € L and v € L,

Choie and Kumar studied properties inherent within F(z;u,v). This function
serves as a unified framework encompassing three distinct functions extensively stud-
ied by Herglotz [4], Zagier [2], and Muzaffar Williams [5]. These functions are indi-
vidually defined as follows:

For Re(z) > 0,
VA 1 dy
]:z::/ (——I——)logl—yz =,
) o \1—y logy ( ) y

1 z
J(z) ::/ log(1+¢)
o 1+t

The function F(z) is encountered in Herglotz’s [4] work related to the Kronecker limit
formula for real quadratic fields. Its analytical continuation can be achieved using
the expression [7, equation(1.2)]:
Y(nx) — log(nx)
F(x) = C\ (—00,0
0 =3 re T (50,0
where 1)(z) := I''(z)/T'(x) is the digamma function.

Recently, Radchenko and Zagier [7] conducted an extensive study of the functions
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F(z) and J(x). They uncovered connections to Stark’s conjecture, Hecke operators,
and the cohomology of the modular group PSLy(Z). Additionally, they identified a

relationship between the functions F'(z) and J(zx) [7].
2

J(2) = F(22) — 2F(2) + F (g) + 55
In their paper, the function F(z) is termed the Herglotz function, while Masri [§]
refers to it as the Herglotz-Zagier function. Expanding on these connections, we in-
troduce the function F(z;u,v) as the Herglotz-Zagier-Novikov function, as it emerges
in Novikov’s work and also converges to F'(x) as the limits of u and v approach 1.
In addition to F'(z), the function J(z) can also be derived from F(z;u,v) by putting
u=v=—1
Radchenko and Zagier [7] have derived special values of F'(z) at positive rational and
quadratic units, which enable them to calculate value of J(x). For instant :

J(A+V17) = —%2 + %log2(2) + %log(Q) log (2 (4 + \/1_7>> ,

2 17 3. o [(VE+1
J(Z) = 2 log? (2) — 21 .
(5> 210 T 1108 (2~ 2los ( 2

Earlier Herglotz [4],and Muzaffar and Williams [5], had computed such integrals, but

specifically for .J(n 4+ v/n® — 1). For example, Herglotz showed:

J(4+V15) = _;T_; <\/1_5 - 2) + log(2) log <\/§ + \@) + log (@) log(2 + V/3).

Chowla [15, p 372] remarked on the difficulty of direct evaluation of such integrals,
noting their complexity and the necessity of methods from both analytic and algebraic
number theory.

In this thesis, we first find a generalization of duplication formula ,
for any natural number n (instead of 2) for the case of F(z;u,v). Furthermore, we
extend the domain of J(z) (an special case of F(z;u,v)) to cover any z € C.

By multiplying another log term in the numerator, we defined an analogue of
F(z;u,v), namely,

F(zu,v,w) := /1 log(1 = ujz)llogfl — wtz)dt, Re(z) > 0,
0 _

where u,w € L and v € .. We have studied the similar properties for our analogue

function F(z;u,v,w) throughout the thesis.



Chapter 2
Preliminaries from Number Theory

First, we define an important function, namely, polylogarithm function Liy(z), which

will be useful in the later part of the thesis.

2.0.1 Polylogarithm function

Definition 2.1 (Polylogarithm function). The polylogarithm function, denoted
as Liy(z), represents a fundamental mathematical concept with a dual representation:
it can be expressed both as a power series in z and as a Dirichlet series in s. It is
defined as

Liy(2) == ) z—n (2.1)

This definition holds true for every complex order s and for any complex argument z

where |z| < 1; analytic continuation allows it to be extended to |z| > 1.

Another way to describe this function is as a repeated integral of itself.

Liy(z) == /0 Lias(®) oy (2.2)

t

Properties and some special values

The polylogarithm function has numerous unique qualities and values, but in this

thesis, we will focus on a few key characteristics and values.

1. The polylogarithm function’s derivative can be expressed as follows:
aLls('z) Lis—l(z)

= ) 2.3
0z z (23)

2. For s =1, the polylogarithm function simplifies to the natural logarithm:
Li; (2) = —log(1 — 2). (2.4)

7



3. When z = 1, the polylogarithm function simplifies to the Riemann zeta function
¢(s)
Li,(1) = ¢(s), Re(s)> 1. (2.5)



Chapter 3

Well known results on F(z;u,v)

Recall that, the definition of the H-Z-N function (|1.1]), that is,
"og(1 — ut®
F(zyu,v) = / Mdt, Re(z) > 0,
0 v —1
where u € L and v € .

3.0.1 Characteristics of F(z;u,v)

Here, we will note down some properties of F(z;u,v) which were proved by Choie

and Kumar [IJ.

Theorem 3.1. For |u| <1 and |U| <1, .7:(Z'u v) can be expressed as

F(zu,v) = — Z m(mz £ 1)’ z# —g where p,q € N. (3.1)

m=1 n=1

This gives analytic continuation of F(z;u,v) for any complex z except at neg-

ative rational number.

Theorem 3.2. (Duplication formula). For u € E, v,v* € E' and Re(z) > 0,
F (22,0 v) = F(z;u,v) + F(z; —u,v), (3.2)
F (g, u, U2> = F(z;u,v) + F(z;u, —0v). (3.3)

Theorem 3.3. F(z;u,v) fulfils two and three-term functional equations as shown

below:

1. For u,v € E', we have
1
F(zyu,v) + F (—; v,u) = —log(1l — u)log(1 —v). (3.4)
z

9



/
2. For u,v,uv € E', we have

F(zu,v) — F(z + Luv,v) — F ( : 1;u,uv) = log(1 — u) log(1l — uv) + Liy(u)
z

_l_
v U U — v 1 1
Ly (2 ) 4 2L, () — Li . — )L
2 (v—l)+ 2 (u—l) 12(1—1}) (z+1 2) b {w)
) 3 ..
u + Juve™ v+ Juve™
— Liy, | ——— | - Liy [ ————— | . 3.5
jzl 12( u—1 ) 12( v —1 ) (3.5)

Additionally, Choie and Kumar [1, Theorem 2.3] provided a siz-term functional equa-

tion for F(z;u,v). They [1, Theorem 2.5] also provided an explicit expression for

z € Q.
Theorem 3.4. Assume p,q € N and (u,v) € E x E. For z = E, the function
F(z;u,v) can be calculated as

F (g;u,v) = %Lig(u) + Z Z Liy ( Blzﬁ ) — Li, <M) .

1 1
e Bur — 1 1 — Bui

One can evaluate F(n;u,v) directly by entering p = n and ¢ = 1. Similarly,

F (%, u, v) can be obtained directly by entering p = 1 and ¢ = n.

3.0.2 A particular case of F(z;u,v)

Herglotz in 1923 studied a function J(z), which is interestingly turns out to be a

particular instance of F(z;u,v). For QRe(z) > 0, we have
Flz;—1,—-1) = —J(2).
Properties of the function J(z)

Choie and Kumar [I] studied properties of J(z) as a particular case of their function

and gave the following two term functional equation for J(z).
Theorem 3.5. Let Re(z) > 0, then we have

1
J(2)+J (2) = log®(2). (3.6)
Letting u = v = —1 in (3.4]) gives (3.6)).

They also evaluated J(z) at z = % and z =m for m € N.

Theorem 3.6. For any natural number m, one has
2

_m (1 062 (1 73 (2+1)
J(m) = 3 (m m)+2log (2)+;L12(2 (1+e ) . (3.7)

10



and from equation (3.6), we have

J (%) - 7;—; (m - %) + (1 . %) log?(2) — gLiQ (% (1 + eZ(QjH))) . (3.8)

11






Chapter 4

Main Results

We highlight the major points of this thesis in this chapter. The equations (3.2,
(3.3) illustrate the duplication formula for F(z;u,v) provided by Choie and Kumar.

Inspired by this, we obtained a generalization of the duplication formula of F(z;u, v).

4.1 Generalization of Duplication Formula for HZN

function

Theorem 4.1. For any natural number n, we have

F(nz;u",v) Z}"zuav (4.1)
.7:< ) Z}"zuva (4.2)

Remark 1. Putting n = 2, we get the duplication formula (3.2)) and (3.3|) by Choie
and Kumar [1)].

4.2 Extended domain for J(z)

Radchenko and Zagier defined Herglotz function J(z) for Re(z) > 0, but we find that
the integral in J(z) is defined for any z € C. This is because whatever ¢ we choose
between 0 to 1, arg(1 +t*) # —mn, hence

Uog(1 +t7)
Jz)= [ 2Tl
)= [ E

is valid for any z € C.

13



Theorem 4.1. For any z € C, we have

Using equations (3.7]), (3.8) and the above theorem, one can directly evaluate
J(—m) and J (—1).

4.3 Analogue of H-Z-N function F(z;u, v, w)

Recall that our analogue function F(z;u, v, w) is given as

1 . z o z
F(z;u,v,w) :/ log(1 — ut )1ogt(1 wt )dt, Re(z) > 0, (4.1)
0 v

_1_

where u,w € L and v € L.

4.3.1 Properties of F(z;u, v, w)

Note that the function F(z;u,v,w) is defined for Re(z) > 0. However, we extend its

domain by analytical continuation.

Theorem 4.1. (Analytic Continuation) For non-zero complex numbers u,v, and w

such that |u] < 1, |v| < 1, and |w| < 1,
o [o.¢] [o¢] m n k;
u"w"v
. 4.2
Flaiu,v,w) mz:l;;mnmz+nz+k) (42)
This holds for any complex z such that pz 4+ q # 0 for any p,q € N.

We have also found the following multiplication relations for F(z; u, v, w) similar
to the formula in Theorem {.1] for F(z;u,v).

Theorem 4.2. (Multiplication formula) Take u,w € E, v,v" € E' and Re(z) > 0

then for any given natural number n, we have

F(nz;u" v,w") = Z Z F(z;ua, v, wp). (4.3)

a"=18"=1

]:< su, v w) Zfzuvaw (4.4)

a"=1

In the next section, we are going to explore a few particular values of F(z; u, v, w)

for z € Q.

14



4.3.2 Special Evaluations of F(z;u, v, w)

Theorem 4.3. Let w € E,v € E,w € E and p,q € N. Then]—"( uvu) can be

given as
.7:< uvu) ZZZFlupﬁ via upv) (4.5)

al=1pP=1~4"=1
We can evaluate F(z;u, v, w) on two different arguments using above theorem,

one by putting p = n,q = 1 and another with p =1,¢ = n.

Corollary 4.4. For any natural number n and u,v, € & we have

F(n;u,v,u) ZZ]—"luavuﬁ)

a"=18"=1

Corollary 4.5. For any u,v € E such that u # v,u # 1 and v # 1,

F (%uv"u) =) —log? (1 —u)log (“S_;;;)) —2log(1 —u)

n

a =1

Li, <W> 9L, <Owo‘f u) + 9Lig (%) . (4.6)

Letting u tends to 1 and v € E\ {1}, we have

]—“(%;l,vn,l) Z 2Li, (M_l) (4.7)

When n is any even natural number. Lettmg u tend to 1 and v € E\ {—1,1} in
equation .7, we get

1
—1,9™1
f(n, LU, ) Z2L13 (av—l)

Again when n is any odd natural number. Lettmg utend to 1 and v € E\ {1} in
R 3" 2Ly [ —
— 10 . i
na ) ) — 3 v

)
On putting v = —1 in above equation, we get

]—‘(%;1,(—1)",1) :—JZ:lzLig (ail). (4.8)

One can evaluate value of F (}1, 1, -1, 1) for any odd natural number directly using
equation 1.8 For n = 1, one gets

1
F(1;1,—1,1) =2 Lig <§> .
Theorem 4.6. For any u € E such that u # 1,

1
F(Lu,u,u) = -3 log” (1 —u). (4.9)

equation .7, we get

15



Our next corollary illustrates that a certain combination of F(z;u,v,w) can

also be represented in terms of the tri-logarithmic function only.

Corollary 4.7. Forn € N and v € E' we have

1 1
F(—;l,v,l) +]—"(—;1,—U ,1)
n n 1l—wv

:_QZng <—11> _2ZL13 O‘(ﬂl)%

14+ avn

1.

2. For 0 < Re(v) < 1, one has

(a)
1 1
f(—;l,v,l) —i—]:(—;l,l—v,l)
n n

:—ZZLi?,(A)—QZh( afl—v)" )

o 1+ avn

3. For Re(v) < 0, we get

(a)
P (L) (B
n n 1—w

:—QZL13< vt )—2;Li3 a(ﬁ)f

a"=1

1 1 1
]:(—;1,1—1),1) —i-]:(—;l,—,l)
n n 1—wv

(b)

16



Chapter 5

Important Lemmas

In this chapter, we will look at a few important lemmas that will help us to prove

our main results.

Lemma 5.1. For any u,v € C such that u # v,u # 1 and v # 1, we have

F(1;u,v,u) :/o w

= —log*(1 — u)log (u — uv) — 2log(1 — u)Li, (uv — U)

u—"v u—"v
+2Li3<v_w) —2Li3< ! ) (5.1)
vV —U V—Uu

Proof. We know that

dt,

1y..2
1 1 —ut
F(Lu,v,u) = / Mdt.
o (v 1)
On integrating, we have

_ 1 ot
F(Lu,v,u) = —10g2(1 ~ u)log <u uv) _2/ 1 U tlog(l—ut)log (u UV )dt.
0 —Uu

u—v u—v

Using the relation

d . Liy(z)
Goen(e) = — =, (5.2)
we have
F(liu,v,u) = —10g2(1 — w)log (U - UU) ~ 2log(1 — u)Li, (uv — v>
u—v u—v

1
t—

—2/ “ Lig(”” U)dt,
o 1 —ut u—0

17



F(Lu,v,u) = —log*(1 — u)log (u - uv) 9 log(l — u)Li, <uv — v)

u—v uU—v
+2Li3<”_”“>—2m3< v )
v—u v —1U

Lemma 5.2. For any u,v € C such that u # v,u # 1 and v # 1,
"og"(1 — ut
fk(l;ujy) ;:/ M

—1
0 v —t

— VU — VU k!
= (=1)og" (1 — w) Li; - ‘ )
JZ:;( ) 0og ( U) L U — (l{?—i-l—j)'_'—( )

Ll <v E u) ' (5.3)

Proof. 'We have

dt

Hogh(1 —
]-"k(l;u,v):/ Mdt
0 _

v
On integrating, we get

1-— 1 .
Fr(Liu,v) = — 10g’f<1 —u) log (%) _ k,/o 1ng71(1 . ut)l _UUt log (’LL uvt) .

u—v

Using the relation

d_. Li,(2)
g Hen(2) = ——, (5.4)
we have
Fr(Lu,v) = — logk(l —u)log (u — uv) B klogk_l(l W)L, (Uu — v>
u—"v U —0
1 t—1)
-1 1 k—2 1— u Li U(u
+ k(k )/0 og" (1 —ut)s—— 12( =),
Fi(lu,v) = —log"(1 — u) log (“ — m’)) — klog" ™! (1 — u)Li <”“ — ”) +k(k — 1)
u—v U —0
_ k! 1 ulogk—S(l — ut) v(ut — 1)
log" (1 — u)Liy | ——2 ) — / ’ »
Og ( U,) 13('[},—”{) (k’—3>‘ o 1—ut 13 " — v ,

— -1
= —log"(1 — u)log (uu li]v) — klog" (1 — w)Li, (M) h. .

u—v

+ (1M Lig, (“(u“__ 1)) + (1) kI Li, (U__“ > :

v v

- j ; VU — v k! y
= Z(—l)jfl 1ng+17](1 —u)Li; ( ) ( : o+ (_1)k+1 K Lig,, <v v ) ‘

U —v kE+1—7) w

]

18



Chapter 6

Proof of Main Results

This chapter is dedicated to presenting the proofs of the main results outlined in this

thesis.

Proof of Theorem[4.1] From equation (1.1]), one has
"og(1 — u"t™)

Pt — [ L),
0 (% —t
We know that
1—2"=(1-2)1-2z2a)1—za%)...(1—za"""), (6.1)

where « is a primitive n'" root of unity. Hence
Uog(1 — ut®)(1 — aut®)...(1 — o™ 'ut?)

F(nz;u",v) = / — dt,
0 v —t
1 Za":I log(l — ozutz)
- %5 dt.
0 v —1

On swapping the order of summation and integration, one can directly get the result.
Again from equation (1.1)), we have

F (%;u,v”) = /01 o8 (1 _ U(t)%> dt.

vt —t
Making the change of variable t = e~ in above equation, one obtains
—tz
5 . o log (1 —uen >
.7:<—;u,v ) = Pap— dt.
n 0 ev  —1

Now substituting ¢ = ny and using the relation

qg 1
=2 T — (6.2)

1—y ot

This proves the theorem. O

we obtain,
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Proof of Theorem[£.1] Substituting —z in place of z in J(2) we get,

"og(1 +t°7
0

1 z 1 z
:/ Mdt_/ log(*")
o L1+t o 1+
11 z
:/ og(1+t)dt_z/ og(t) .,
o L1+t 0 Tt

We know that

Hence, we have

This completes the proof of theorem. n

Proof of Theorem [4.1] Using the series expansion of logarithm and ﬁ around ¢t =

0, we reach
1 o0 z\ym 0 z\n o0
t %)
Flauow) = [ Wy RS et
0 m=1 m n=1 k=0
:ZE n (v )(mz+zn+k+1)’
m=1 n=1 k=0

k
:Zzzmn umziz +k:). 27&—2 for any p,q € N.

m=1n=1 k=
This series represents an analytlc function in u, v, w. It decays for the specified values

of u, v, and w, suggesting that the series is uniformly convergent for any complex
z other than a negative rational number. As a result, the function F(z;u,v,w) is

analytic.

]

Proof of Theorem[£.2] From equation (4.1]), we get
1 nynz nynz
log (1 —u"t")log (1 —w"t
F(nz,u",v,w") :/ og (L —u"t™)log (1~ w >dt.
0

-1
vo—1
Using equation ([6.1)) one obtain,
1 n_, log(l — uat® n_ log(1 — wpt?
F(?’LZ,Un U’wn) :/ ZO& =1 g( )IZ[Z =1 g( )dt
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On interchanging sum and integration,

F(nz, 0" v, 0") Z Z / log(1 — uat® )log(l —wpt* )

a"=18"=1
= Z Z F (7 uo, v, wp) .
a"=18"=1
Again from equation (4.1)), we have

5 1 log (1 — ut%> log (1 — wt%>
F (—;u,v",w) :/ - dt. (6.3)
n 0 v = t
Making the change of variable t = e " in equation , one obtains
- ~ log (1— ue )log(l—we sz)
F(—;u,v",w) :/ — dt.
n 0 v — 1
Substituting ¢t = ny and using relation (6.2]), we gets

]—"(%;u,v",w) = Z F(z;u, Bv,w).
B =1

Hence the proof. O

Proof of Theorem . From equation (4.4)), we have

p 1
Fl=u,v,u| = F(p;u,via, u).
(i) = - 70 )

al=1

Again using equation (4.3)) for F(p;u u, via ,u), we get

#(! uu) S0 S Furs vha uin).

af=1p8P=1+"=1
F(1;¢x,y,0x) is well defined and value of this integral can be found using integration

by parts. O]
By putting ¢ = 1 and p = n, one can directly get Corollary [4.4]

Proof of Corollary[d.5 Using duplication formula (4.4) for F ( cu, " u) we get

1
—: " = 1: .
F <n,u,v ,u) gl./—-( U, U, u)

Use equation (5.1)) for v = va to get result. O

Proof of Theorem 4.7, Using duplication formula (4.4)) for F (%, 10", 1), we get

1
F _715 nal = F 1a17 71 9
(n v ) nz_l ( av, 1)

Using equation (4.7]) for awv in place of v one can directly get result. O

21



Proof of Theorem[£.6, We know that
"log? (1
}'(l;u,u,U):/ log” (1 +ut)

1
0 0

dt.

On integrating, one gets

F (Lu,u,u) = —log® (1 +u) — 2F (1;u, u, u)

1
F(Lu,u,u) = —glog3 (1—wu).
Hence the proof.

Proof of Corollary[d.7  The result follows directly from (4.7).
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Chapter 7

Generalization of H-Z-N function

We define another function which is a generalization of the H-Z-N function as follows.
1 k z
1 1—ut
Fr(zyu,v) == / Mdt, for any £ € N and Re(z) > 0, (7.1)
0 voo=
where u € L and v € L.
For k =1, it is same as H-Z-N function F(z;u,v). Below we show the analytic

continuation of Fj,(z;u,v) to C except at negative rationals.

Analytic Continuation for Fj(z;u,v)

Theorem 7.1. For |u| < 1 and |v| < 1, we have

0 ms 1
fk<Z;U,U>:H m.

u v
i=1m;,l=1 "

p
, 2 here p,g e N.
Gl Tt Tm v °7 g Uhererd

This result gives analytic continuation of F,(z; u,v).

Multiplication Formula for F,(z;u,v)

Theorem 7.2. Tuke u,w € E, v,0" € E', and Re(z) > 0, then for any given natural

number n, we have

Fe (%;u,v") = Z fk(z;u,va_l). (7.2)

a =1

Special Values for F(z; u, v)

In the next theorem, we give the explicit evaluation of Fj, (1 ;u, v) for any n € N .

n?
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Theorem 7.3. For any u,v € E such that uw # v and u # 1,

Fel iy ) = 22 20 o1 - w) L, E ) G

o1 =1 u—a our

-1 L
+ (=1)F kI Liy,,, (_Oi—“) . (7.3)

o Tvr —u

We take limit u tends to 1 in the above Theorem to have one more special

case.
1 . ailv%
fk (E’ 1,’0) _ Z (_1)k+1 k! L1k+1 (1—1> . (74)

o1 a vr —1
Next theorem consider u = v to give the following result.
Theorem 7.4. For any u € E such that u # 1

Fi (L;u,u) = — R (1 —w). (7.5)

1
1+k 8

The function Fj(z;u,v) satisfies the following functional equation similar to

that of F(z;u,v,w) given in Corollary

Corollary 7.5. For any natural number n and v € E', we have

1 1
Fi (—;m) + F (—;1, - )
n n v—1

1 1 1w V=
k+1 7 : alon : a 1(1}—1)
= E (=" k! | Ligyy | ————= | + Ligs )

o —1+a ton +a! (L)%

1.

2. Let Re(v) € (0,1). Then

(a)

1 1
Fi <—;1,v) + F (—;1,1 —v)
n n

1 L -1 1
o 1—o)n
= (_1)k+1 K| Ligyq = r | + Lijgy o (1-v) i ,
n —1+a tun —l4+at(1—v)
a =1

(b)
]—“k<l;1,1—v)—|—}"k(l;1, Y )
n n v—1

—1 1 —1 v %
—_— n a{

a"=1

3. For Re(v) < 0,
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1 1 1
fk( 717—)+~Fk(_a17v>
1-— n
-1 L 11 \n
a un o T
= ( )kﬂk' Lik+1< — 1>+Lik+1 (111)) T
a"=1 —itaoer —1+a ()"
(b)
1 1 1
() ()
n n 1—w
o (1 v)" o ()
= (=) K | Lipyy _1 T | + Ligy . T
o —1+a (1—wv)n 1+« 1;)”

Table containing special values of Fj(z;u,v)

As Herglotz, Radchenko and Zagier have discovered evaluations for the functions
J(x), Muzaffar and Williams also provided evaluations of J(x). Choie and Kumar
provide special value of J(x). In the tables below, we present some special values of

function F;,(z; u, v) using our Theorem [7.3] for different value of k.

Table 7.1: Special values of F,(z;u,v)

k| (z,u,v) | value of F(z;u,v)

1] (1,2, -1) | —log2log3 + Li, (2) — Li, (2)

1](1,3,-1) | —log2log4 + Liy (3) — Li, (5)

1](1,4,-1) log2 log 5 + L12 (D —Li, (%)
BRI ENERENCE

IS ENERENES

1 (%’ 1, _1) 5 10g422

2 [(1,1,-1) | 2L, ()

2 [ (1,-2,-1) | —log4log®3 — 2log 3Liy(—3) — 2Lis(—1) + 2Lis(—3)
2| (1101) |2

2 | (12,1) | 7’log (g) — 2miLi, ( ) 2L12 (1) + 2L, (3)
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Chapter 8
Proof of results for Fp(z;u,v)

We are going to present the proofs of the results for Fj,(z;u,v) in this chapter.

Proof of Theorem[7.1] Using ﬁ as the series expansion around ¢ = 0 and expand-

ing the logarithm as series, we get

Fi(zu,v) = /<Z:1< >;v”1t dt
ut”® 2 (ut?)™ & 1
<30 R S L 5 RS

On switching the integration and summation order, it gives

k SIS umi 1
I+1 !
Fk(z;u,v) _ H § : § : v + / tzm1+zm2+ +zmy+ dt,
=1 m—1 10 Y 0
=1m;=1 |=
oo umi ’Ul+1

[
::»
hE

m; (2(my +mg +mg + - +my) + 14+ 1)

=0

@
Il
=
3
&
I
—

m; 'Ul

m; (2(my +mg +mg + - +my) + 1)

—
NE
Dﬂj

=1

@
[
s
3
&
I
-

Proof of Theorem[7.2l From equation (7.1]), we have

Fi (— U, v ) = /01 log <1 _ Utz)dt. (8.1)

vt —t
in the above equation yields,

Changing the variable t = e*

x (_ - ) _ /Ooo log" t(l— ue_ﬁz) "

ev " —1
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Making the change of variable t = ny and using the relation

q 1
1—yq_zl—ay

=1

in above equation, one obtains

Fie <§;u,v") = anzl fk(z;u,ozn_lv).

Proof of Theorem[7.3, From multiplication formula ([7.2)), we have

1 11
Fi (ﬁ;u,v) = Z Fi(Lu, o tom).
a =1
Substituting value of Fj,(1;u, a_lv%) from equation ([5.2)), one can directly obtained
the result. O

Proof of Theorem[7.4, We know that

"log" (1 — ut
]:k(l;u,u):/ log” (1~ ut) tu)dt.
0 o

On integrating, one gets
Fi (L;u,u) = —log"™ (1 —u) — kF (1;u, u)

Fi (Liu,u) = — longrl (1 —u).

E+1

Proof of Corollary[7.5. The result follows directly from (7.4]). O]
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Chapter 9

Concluding Thoughts

Throughout this thesis, our primary focus has been to study the properties of the
H-Z-N function and to prove some of these properties for our newly defined analogue
function. Additionally, we have discovered a generalization of the H-Z-N function.
While it is quite challenging to identify all similar properties for our generalized
function, we have successfully proven several of them. Furthermore, when v = w
in our analogue function, it reduces to a special case of our generalized function
for n = 2. Investigating other properties of this generalized function would be a
compelling direction for future research. Additionally, we plan to prove a three-term

functional equation for J(z).

29






Bibliography

1]

2]

3]

[4]

[10]

[11]

Y. Choie and R. Kumar, Arithmetic Properties of the Herglotz-Zagier-Novikov
function, Adv. Math. 433 (2023), 109315.

D. Zagier, A Kronecker Limit formula for Real Quadratic Fields, Math Ann. 213
(1975), 153-184.

A. P. Novikov, Kronecker’s limit formula in a real quadratic field, Math. USSR,
Izv. 17 (1981) 147.

G. Herglotz, Uber die Kroneckersche grenzformel fir reelle, quadratische Korper.
I, II. Berichte iiber die Verhandl. Sachsischen Akad. der Wiss. zu Leipzig, 75,
(1923), 3-14.

H. Muzaffar, K.S. Williams, A restricted Epstein zeta function and the evaluation
of some definite integrals, Acta Arith. 104, (2002), 23-66.

D. Zagier, “The dilogarithm function, Frontiers in number theory, physics, and
geometry II, Springer, Berlin, Heidelberg, (2007): 3-65.

D. Radchenko, D. Zagier, Arithmetic properties of the Herglotz function, J.
Reine Angew. Math. 2023(797), 229-253.

Masri, Riad. The Herglotz—Zagier function, double zeta functions, and values of
L-series, Journal of Number Theory 106(2) (2004) 219-237.

L. Lewin, Polylogarithms and associated functions, New York: North-Holland
1981.

S. Anthony and N. Batir, Parametrized families of polylog integrals, Constructive
Mathematical Analysis, 2021, 400—419.

M. Abramowitz and I.A. Stegun, eds., Handbook of Mathematical Functions,
Dover, New York, 1965.

31



[12] A. Y. Brychkov, Handbook of special functions: derivatives, integrals, series and
other formulas, CRC Press, 2008.

[13] 1. S. Gradshteyn and 1. M. Ryzhik, Table of Integrals, Series, and Products, Tth
ed., Academic Press, San Diego, 2007.

[14] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, C. W. Clark (Eds.), NIST Handbook
of Mathematical Functions, Cambridge University Press, Cambridge (2010).

[15] S. Chowla, Remarks on class-invariants and related topics, 1963 Calcutta Math.
Soc. Golden Jubilee Com-memoration Vol. 1958 /59, Part II, Calcutta Math.
Soc., Calcutta, 361-372.

32



	List of Symbols
	Introduction
	Preliminaries from Number Theory
	Polylogarithm function

	Well known results on F(z;u,v)
	Characteristics of F(z;u,v)
	A particular case of F(z;u,v) 


	Main Results
	Generalization of Duplication Formula for HZN function
	Extended domain for J(z)
	Analogue of H-Z-N function F(z;u,v,w)
	Properties of F(z;u,v,w)
	Special Evaluations of F(z;u,v,w)


	Important Lemmas
	Proof of Main Results
	Generalization of H-Z-N function
	Proof of results for Fk(z;u,v)
	Concluding Thoughts



