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ABSTRACT

Saddle point problems (SPPs) have gained significant attention due to their diverse ap-
plications in computational science and engineering domains. This underscores the need
for their efficient and robust solution methods. However, round-off and truncation er-
rors in existing numerical approaches restrict solutions to approximations, raising critical
concerns about their accuracy, sensitivity and reliability. To overcome these challenges,
this thesis introduces preconditioned iterative methods for solving SPPs efficiently and
employs perturbation analysis to assess the sensitivity and stability of the computed so-
lutions. We specifically focus on two types of SPPs: the generalized saddle point problem
(GSPP) and the double saddle point problem (DSPP).

Firstly, this thesis focuses on the development of novel iterative methods and pre-
conditioners for DSPPs characterized by three-by-three block structures. Specifically, we
propose two classes of shift-splitting iterative methods along with corresponding precondi-
tioners tailored for DSPPs. A comprehensive convergence analysis is provided to establish
the theoretical foundations of these methods. Additionally, we conduct a spectral analysis
of the preconditioned matrices to better understand their efficiency and effectiveness. To
evaluate the efficiency of the proposed preconditioners, we apply them to DSPPs arising
from PDE-constrained optimization problems and Stokes equations.

Next, in this thesis, we address several fundamental questions: How sensitive is the
solution when structure-preserving perturbations are applied to the coefficient matrix of
GSPP or DSPP? Does a backward stable algorithm for solving the GSPP or DSPP also
exhibit strong backward stability? What is the nearest GSPP or DSPP for which the
approximate solution becomes the exact one?

To address these questions, in this thesis, we study structured backward errors (BEs)
and structured condition numbers (CNs) for the GSPP and DSPP. We derive struc-
tured BEs for the GSPP and DSPP by preserving key properties of the block matrices
of coefficient matrices, such as sparsity and linear structures (e.g., symmetric, Hermitian,
Toeplitz, and circulant) within the corresponding perturbation matrices. Through this
analysis, we demonstrate that a backward stable algorithm for solving an SPP may not
always exhibit strong backward stability. Since the sensitivity of individual solution com-
ponents in SPPs can vary significantly, we investigate partial normwise condition number
(NCN), mixed condition number (MCN), and componentwise condition number (CCN)
for both the GSPP and DSPP to evaluate the conditioning of each component indepen-
dently. Furthermore, we examine structured CNs for both GSPPs and DSPPs by applying



structure-preserving perturbations to the block matrices, thereby capturing the impact of
inherent structural properties on the stability of the solutions. We also introduce partial
unified CNs for DSPPs, which encompass traditional NCN, MCN, and CCN, and reveal
the sensitivity of individual components.

By leveraging the connection between SPPs and various least squares (LS) prob-
lems—such as weighted regularized least squares (WRLS) and equality-constrained in-
definite least squares (EILS) problems—we apply our developed frameworks for CNs and
BEs to derive explicit expressions for CNs and BEs in these contexts.

Finally, we extend our investigation to structured CNs for LS problems and the Moore-
Penrose inverse, particularly when the associated matrices are rank-deficient with specific
rank structures. To address this, we develop a general framework for computing the upper
bounds of the MCN and CCN for rank-deficient structured matrices. This framework sig-
nificantly improves the efficiency of calculating upper bounds for structured CNs, enabling

faster and more accurate computations.
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CHAPTER 1

Introduction

Numerical approximation methods serve as a cornerstone in science and engineering,
translating complex real-world problems into systems of linear equations. Consequently,
the ability to efficiently solve these systems serves as a linchpin of computational science,
driving advancements in fields ranging from physics and engineering to machine learning
and finance. A system of linear equations is generally defined as finding a solution x for

a given matrix A € C™*" and a vector b € C™, such that

Ax = b.

Of particular significance are cases where m and n are large, and A exhibits sparsity—a

structure that arises naturally in many real-world problems.

Linear systems frequently arise from differential equations and optimization problems
involving infinite degrees of freedom. Through appropriate discretization methods, these
continuous problems are transformed into algebraic systems with a finite number of de-
grees of freedom. To construct realistic numerical models, these discrete systems often
involve millions of variables, making their solution computationally demanding. A sub-
stantial portion of simulation time is dedicated to solving such large-scale linear systems.
The associated coefficient matrices are typically sparse, containing a small fraction of
nonzero elements, often exhibiting structured patterns. Efficient numerical linear algebra
algorithms are crucial for solving these systems with minimal computational cost and
memory usage. As scientific computing advances, the demand for robust solvers grows,
driving progress in numerical analysis, large-scale simulations, and data-driven applica-
tions.

Linear systems in saddle point form have received significant attention owing to their
extensive applications in partial differential equation (PDE)-constrained optimization
problems [115], computational fluid dynamics [34, 59], least squares estimation problems
29, 30], liquid crystal director models [111], optimal control [110], Maxwell’s equations
[45], and so on. These systems often manifest in diverse forms, with their coefficient
matrices typically exhibiting two-by-two or three-by-three block structures and referred

to as saddle point problems (SPPs).



In the following, we explore two important classes of SPPs that have garnered con-
siderable attention in the literature.
Generalized saddle point problem (GSPP): The GSPP is represented by a two-by-

two block linear system of the form:

A BT| |u
C D||p
AeCv B, CeCm™ DeC™m feC"and g € C™ are the known vectors;
u € C" and p € C™ are the solution vectors. The block matrices A, B,C and D

f
g

Muv =

] —: b, (1.0.1)

satisfy some special structures, such as B = C, symmetric, Toeplitz, or have some other
linear structures [11, 26]. The GSPP in (1.0.1) encompasses several important cases: the
standard SPP (A = AT, B = C, D = D7) and the real GSPP (A € R*™" B,C €
R™m D e R™™ f € R" and g € R™) [26].

The GSPP or its special cases originate from a wide range of applications. For exam-
ple: (i) The Karush-Kuhn-Tucker (KKT) system (A = AT, B = C, and D = 0) is one of
the simplest versions of (1.0.1) and arises from the KKT first-order optimality condition
[28] in constrained optimization problems [26, 129] given by

muin %UTA’U, — fTu

subject to Bu = g.

(ii) The system (1.0.1) also comes from the finite element discretization of time-harmonic
eddy current models [9]. (iii) GSPPs emerge in the weighted regularized least squares
(WRLS) problem [24] arising from image restoration and reconstruction problems [106].

Double saddle point problem (DSPP): A general form of the DSPP, also known as
three-by-three block saddle point problem, can be written as:

A BT 0] |= f
Bw:=|F -D CT| |y|=|g| =:d, (1.0.2)
0 G FE| |z h

where A € R™" D € R™"™ FE € RP*P, B, I € R™", and C, G € RP*™. The vectors
x € R" y € R", and z € RP are unknown, while f € R", g € R™, and h € RP are known
vectors. Let [ =n + m + p and we refer 28 as the double saddle point matrix.

In many applications, DSPPs commonly arise with B = F or C' = G. Additionally,
a special case of the DSPP frequently appears with D = 0 or E = 0, referred to as the

unregularized form, in various contexts.



The structure and properties of SPPs in (1.0.1) and (1.0.2) make them a critical
focus in numerical linear algebra, particularly for developing efficient, robust, and scalable
solution methods tailored to their unique characteristics. However, a key challenge arises
from the indefinite nature or poor spectral properties of the coefficient matrices M and
B, which significantly complicates the task of numerically solving the systems (1.0.1) and
(1.0.2). Furthermore, the coefficient matrices are generally sparse and large; therefore,
iterative methods become superior to direct methods. The Krylov subspace method is
preferable among other iterative methods investigated widely in the literature due to their
minimal storage requirement and feasible implementation [139]. Slow convergence of the
Krylov subspace methods is a major drawback for a system of linear equations of large
dimensions. Moreover, the saddle point matrices M and B can be very sensitive, which
leads to a significant slowdown in the solution algorithm. Therefore, it is important to
develop novel, efficient, and robust preconditioners for the fast convergence of the Krylov
subspace method, which can handle the sensitivity of the problem (1.0.1).

Iterative methods for the classical GSPP are well-established, and over the years,
considerable attention has been devoted to developing its numerical solution techniques.
These include Uzawa methods [12, 158], Hermitian and skew-Hermitian splitting (HSS)-
type methods [10, 13], successive overrelaxation (SOR)-type methods [15, 64], null space
methods [65, 126], and shift-splitting (SS)-type strategies [37, 40, 124], etc. For a com-
prehensive survey of applications, algebraic properties, and iteration methods for GSPPs,
we refer to [11] and reference therein.

The DSPP (1.0.2) can be converted into the GSPP (1.0.1) by considering the following

partitions:
A BT
A= .B=J0o ¢],C=]0 G] mdD=E, (1.0.3)
or
B F -D C*T
A=A B-= , C = and D = o Bl (1.0.4)
0 0

The first partitioning reveals that (1.0.2) possesses a double saddle point structure, as the
(1,1) block itself represents the coefficient matrix of an SPP. Consequently, the system
in (1.0.2) is also referred to as a DSPP. On the other hand, the second partitioning
demonstrates the same with (2,2) block having saddle point structure. However, the
properties of the submatrices in (1.0.3) and (1.0.4) are different from the standard two-

by-two block SPP. Notice that the leading block is not symmetric positive definite (SPD)
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in the first partitioning. The second partitioning highlights that the (1,2) block is rank
deficient and the (2, 2) block is indefinite. In contrast, in the standard SPP, (1, 2) block is
full row rank, and the (2, 2) block is generally symmetric positive semidefinite. Therefore,
the existing literature for solving the DSPPs (see [26]) may not be applied to solve (1.0.2)
directly and it is essential to develop new preconditioners for DSPPs that exploit the
specific structure of the double saddle point matrix B, which is sensitive in nature.

The invertibility conditions for the coefficient matrix in (1.0.2) with F = B and
G = C are analyzed in [20]. Furthermore, bounds on the eigenvalues of the double
saddle point matrix B are discussed in [33]. Recently, several iterative methods and
preconditioning techniques have been developed in recent times for solving DSPPs. Block
diagonal (BD) and inexact BD (IBD) preconditioners have been explored for various forms
of the DSPP (1.0.2) in [21, 33, 75]. Additionally, iterative methods and preconditioners
based on alternating positive semidefinite splitting (APSS) have been studied in [43, 125].
Moreover, SOR-type and Uzawa-type methods have been investigated in [74, 77, 76].

Recently, various studies have been done for SS-type preconditioner for the DSPP
(1.0.2) with F = B,G = C, D = 0, and E = 0; see [37, 92, 134, 156]. However,
these preconditioners have notable drawbacks, including inefficiency in performance. They
lack the ability to outperform state-of-the-art preconditioners, such as the widely used
BD-type preconditioners, and need further improvements. More importantly, SS-type
preconditioners remain largely unexplored for cases where D and E are nonzero or when
the diagonal block matrices are non-symmetric. Furthermore, the spectral distribution
of SS-type preconditioners has not been thoroughly studied. This thesis aims to bridge
these gaps, enhancing the effectiveness of SS-type preconditioners and unlocking their full
potential in solving DSPP efficiently.

When applying numerical or iterative methods to solve a problem, machine round-off
errors and truncation errors inevitably result in approximate solutions rather than exact
ones. This approximate nature raises several critical questions: Are these computed
solutions reliable? Are the numerical algorithms stable which are used to compute the
solution? For which problem the obtained approximate solution is exact? How does
a small change in the input data affect the output of the problem? Addressing these
questions is crucial, as neglecting them could lead to results that are meaningless or
irrelevant to the original problem.

In the realm of numerical analysis, perturbation theory is extensively used to examine

the quality of the computed solution using some numerical methods [73]. The concepts of
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condition number (CN) and backward error (BE) are the two most important tools since
they are widely employed in assessing the sensitivity and stability of an approximate so-
lution; see [73]. The CN measures how sensitive, in the worst-case scenario, a problem is
to a slight change in input data. On the other hand, the BE is used to find a nearly per-
turbed problem with minimal magnitude perturbations so that the approximate solution
becomes an actual solution of the perturbed problem. The minimal distance between the
original and perturbed problem is referred to as the BE. We can estimate the forward
error (difference between a computed solution and the exact solution) of an approximate
solution by combining the BE with the CN.

Most likely, for the first time, Rice [116] introduced the classical theory of CNs. In
accordance with [116], the normwise condition number (NCN), which has been extensively
considered in the literature, quantifies the input and output data errors using the norms.
A notable drawback associated with NCN lies in its inability to capture the inherent
structure of badly scaled or sparse input data. Consequently, even minor relative norm-
wise perturbations can have a disproportionate impact on entries that are small or zero,
thereby potentially compromising data sparsity. Consequently, the NCN occasionally
overestimates the true conditioning of the numerical solution. To address this challenge,
mixed condition number (MCN) and componentwise condition number (CCN) have seen
a growing interest in the literature [63, 118, 127]. The MCN measures the input perturba-
tions componentwise and the output error using norms, whereas the CCN measures both
the error in output data and the input perturbations componentwisely. The BE analysis
proposed by Wilkinson [143], has several key applications: for example, BEs are often
employed as a stopping criterion for iterative algorithms when solving a problem. For a
given problem, if the computed BE of an approximate solution is within the unit round-off
error, then the corresponding numerical algorithm is considered backward stable [73].

In many applications, the coefficient matrix blocks of systems (1.0.1) and (1.0.2)
exhibit linear structures, such as symmetric, Toeplitz, or symmetric-Toeplitz patterns
(32, 60, 124, 163]. This naturally raises an important question: How sensitive is the
solution when structure-preserving perturbations are applied to the coefficient matrix
of GSPP or DSPP? Moreover, a numerical algorithm is considered strongly backward
stable if the computed solution corresponds exactly to the solution of a nearby structure-
preserving problem [35, 36]. This leads to a fundamental inquiry: Does a backward stable
algorithm for solving (4.3.1) also exhibit strong backward stability? To address this

question, the notions of structured CN and BE are introduced specifically for problems



with special structural properties, where both CN and BE are analyzed under structure-
preserving constraints imposed on the perturbation matrices.

Higham and Higham [72] explored the CN and BE analysis for approximate solutions
of linear systems involving both structured and unstructured matrices. Recently, the
investigation of structured BEs and CNs in SPPs has shown significant development. For
GSPPs, CNs and perturbation bounds have been examined in [100, 138, 147, 151, 153],
focusing on the solution v = [u”, p’]T and its individual components u and p. However,
the sensitivity of each solution component can vary; hence, analyzing the sensitivity of the
individual solution components of v in (1.0.1) or w in (1.0.2) becomes crucial [38]. The
traditional CNs lack the ability to reveal the conditioning of a specific part of the solution.
Thus, it is crucial to evaluate their individual conditioning properties. Moreover, both
structured and unstructured CNs for DSPPs remain largely unexplored in the literature,
presenting an avenue for further research. To tackle this situation, in this thesis, we
investigate the structured NCN, MCN, and CCN of a linear function of the solution by
introducing a matrix L of the GSPP and DSPP. This kind of CN is referred to as partial
CN. Different choices of L provide the flexibility to determine the CNs of various solution
components of w. For example, by selecting L = I, [I,, Onxq—n)], or [0 I, Opxpl, we
can determine the CN of w = [z, yT, 27| x, or y, respectively.

On the other hand, many research has been conducted on both unstructured and
structured BE analysis for GSPP and DSPP [44, 129, 146, 162]. However, these stud-
ies often fail to preserve for the inherent sparsity patterns of the coefficient matrix in
SPPs. Moreover, the existing techniques are not applicable when the block matrices have
circulant, Toeplitz, or symmetric-Toeplitz structures and do not even provide structure-
preserving minimal perturbation matrices for which the BE is attained. Furthermore,
due to the special block structure of the double saddle point matrix, these investigations
do not provide exact structured BEs for the DSPP (1.0.2). Recently, structured BEs for
DSPP have been investigated in [95, 96, 98]. However, these studies do not preserve the
symmetric structures and sparsity pattern of the block matrices. This thesis explores the
structured BEs for GSPPs and DSPPs, focusing on preserving the sparsity pattern and
the inherent block structure of the coefficient matrices in the perturbation matrices.

The above-discussed linear systems consider the coefficient matrix as nonsingular.

Next, consider the problem of finding a solution x for the system of linear equations:

Ax = b, A € C™" b ¢ R(A); i.e., the system is inconsistent. In such cases, the



objective is to determine X that minimizes the residual in the least squares (LS) sense:

min [|AX — blf.. (1)
This formulation seeks the best approximate solution and is known as the LS problem.
The unique minimum norm least square (MNLS) solution to the LS problem is given by
A™h, where AT denotes the Moore-Penrose (M-P) inverse of A.

Over the years, several generalizations of LS problems have been studied to address
challenges such as ill-conditioning or rank deficiency of the matrix A. Techniques like
Tikhonov regularization, WRLS, and indefinite least squares (ILS) have been developed
to stabilize solutions. These generalizations achieve stabilization by introducing regular-
ization terms or weighting matrices, effectively mitigating issues related to ill-posedness
and numerical instability. Recently, structured CNs of these problems, including the M-P
inverse, LS problem, WRLS problem, and Tikhonov regularization, have garnered sig-
nificant attention [50, 51, 152]. However, structured CNs for LS problems, where A is
rank-deficient and possesses special structures, such as low-rank patterns, remain largely
unexplored. Thus, the development of structured BEs for these problems requires further
refinement. In this thesis, we address the problem of structured CNs for the M-P inverse
and LS problems associated with rank-deficient matrices. Furthermore, leveraging the
intrinsic connection between LS problems and SPPs, we extend our developed framework
to analyze structured BEs and CNs for these classes of LS problems.

The outline of the of the thesis is as follows. In the remaining part of this chapter,
we discuss some applications that lead to GSPP and DSPP, key conceptual ideas that
are used throughout the thesis, and essential preliminaries. Additionally, an overview of
stationary iterative methods, Krylov subspace methods, and preconditioners are provided.

In Chapter 2, we propose the parameterized enhanced shift-splitting (PESS) iterative
method and preconditioner for solving the equivalent nonsymmetric DSPP (1.0.2) with

F=B,G=C,D =0, and F = 0, formulated as:

A BT 0

x /
Au=|-B 0 -C7T yl = |—g| = a (1.0.5)
0 C 0 z h

The coefficient matrix A exhibits key properties essential for the convergence of the SS-
type iterative method. Specifically, A is semipositive real, satisfying u’ . Au > 0 for all
u € R', and positive semistable, with all eigenvalues having nonnegative real parts. We

also propose the local PESS (LPESS) preconditioner, a localized variant of the PESS
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preconditioner, enhanced with a relaxation mechanism. This chapter provides a compre-
hensive convergence analysis of the PESS iterative method and a spectral study of the
PESS and LPESS preconditioned matrices, including detailed spectral bounds to evaluate
their effectiveness.

In Chapter 3, building on the framework from Chapter 2, we proposed generalized
shift-splitting (GSS) preconditioners for the DSPP when F'= B, G = C, and D = 0, in
the following form obtained by reordering (1.0.2):

A 0 BT |=x f
Bw=0 E C]||z|=|nl. (1.0.6)
-B -CT 0| |y g

This formulation arises in applications such as PDE-constrained optimization problems
[115]. The GSS preconditioner accommodates both symmetric and nonsymmetric A and
E. To improve its efficiency, we introduced two relaxed versions, along with detailed
spectral analyses of the preconditioned matrices.

In Chapter 4, we analyze structured BEs for the GSPP (1.0.1) and DSPP (1.0.2)
under perturbations that respect sparsity and specific matrix structures, including sym-
metric, Hermitian, circulant, Toeplitz, and symmetric-Toeplitz. The minimal pertur-
bation matrices are constructed to preserve these structural properties. The developed
framework is applied to compute BEs for WRLS problems, supported by numerical exper-
iments that validate the findings and highlight their effectiveness in evaluating the strong
backward stability of numerical algorithms.

In Chapter 5, we explore unstructured and structured partial NCN, MCN, and CCN
for the GSPP (1.0.1) and the DSPP (1.0.2). A general framework is developed to measure
the structured CNs of individual components of the solution of the GSPP by preserving the
symmetric, Toeplitz, and more general linear structures of block matrices. Furthermore,
we introduce the concept of unified partial CNs for the DSPP, which incorporates the
traditional NCN, MCN, and CCN into a single framework. Sharp upper bounds for partial
CNs are provided, which are free from expensive Kronecker products. Applications of the

derived frameworks include:

e To derive structured CNs for the WRLS and Tikhonov regularization. These stud-
ies also retrieve some previous studies in the literature [101].
e By leveraging the relationship between DSPP and equality-constrained indefinite
least squares (EILS) problems, we derive partial CNs for the EILS problem.
8



In Chapter 6, we analyze the structured MCN and CCN for the M-P inverse and
MNLS solutions of rank-structured matrices, including Cauchy-Vandermonde (CV) and
{1, 1}-quasiseparable (QS) matrices. A general framework is developed to efficiently com-
pute upper bounds for MCN and CCN of rank-deficient parameterized matrices, enabling
faster computation to estimate the structured CNs for CV and {1, 1}-QS matrices.

In Chapter 7, we provide a summary of the thesis and a few potential directions for
future research.

This thesis aims to address existing research gaps by achieving these objectives. By

doing so, it contributes to advancing knowledge in the field.

1.1. Applications Leading to the Saddle Point Problems

This section explores various applications that give rise to the GSPP and DSPP. These
problems commonly emerge in areas such as fluid dynamics, PDE-constrained optimiza-

tion, and finite element discretizations of PDEs.

1.1.1. Equality-Constrained Quadratic Programming Problems

One of the main application areas leading to SPPs is the equality-constrained convex

quadratic programming problems (EQPPs). Consider the following EQPP is defined by:

) 1
min_ —z’Ax +rTx+¢" 2
xR zeRP 2

subject to Bx + CTz =,

where A € R™*" B e R™" C' € RP*™ bhe R™ r € R" and q € RP. Let A € R™ be the
Lagrange multipliers, then the KKT [28] conditions applied to the following Lagrangian:

1
L(x,z,A) = §wTA:1: +rle 4+ ¢z + AT (Bx + CTz —b),

yield:
Vol(x,z,\) = Ax+ B"X+r =0,
V.L(x,z,\) =q+CA=0,
VaL(z,2,\)=Bx+C"2—-b=0.

9



The symbol V, represents the gradient operator with respect to the variable . The above

equation leads to the following DSPP:

A BT 0 T —r
B 0 CTl(X]l=1|b
0O C 0 z —q

1.1.2. PDE-Constrained Optimization Problems

The Poisson control problem: Consider the distributed control problem defined by:

Igifn sl —allZ, 0 + 5117,
subject to —Au = f in €, (1.1.1)
u =g on 0,

where u is the state, and @ is the desired state, f is the control, Q = [0, 1] x [0,1] is the
domain with the boundary 92, A denotes the Laplacian operator in R? and 0 < v < 1
is the regularization parameter. By discretizing (1.1.1) using the Galerkin finite element

method and then applying Lagrange multiplier techniques, we obtain the following system:

BM 0 K| |u 0
o M —M||[f|l=|0b], (1.1.2)
K M 0 || —d

where M € R™"™ and K € R™" are SPD mass matrix and discrete Laplacian, respectively.
Note that by setting A =vM, B= K, C =—M, and d = [0, b*, —d”]", (1.1.2) can be
expressed in the form of the DSPP (1.0.2), where n = m = p.

1.1.3. Augmented Systems in Least Squares Problems

Weighted and regularized least squares (WRLS) problems: Given K € R"™*"
(m > n), a SPD weight matrix W € R"*" and a vector f € R", we consider the WRLS

problem [24] arising from image restoration and reconstruction problems [62, 106] of the

form:
in |[My — d|2 1.1.3
min [My —d|fz, (1.1.3)
Wl/QKT » W1/2f
where M = e Rimtmxm g — € R™"™ and X\ > 0 is the regulariza-
VAL, 0

tion parameter. Then, the minimization problem (1.1.3) can be expressed as the following

10



augmented linear system:

al] =P -1

where r = W (f — KTy). The equivalent augmented system (1.1.4) possesses the GSPP of
the form (1.0.1) where A is symmetric and B = C as a Toeplitz (or symmetric-Toeplitz)
matrix.

Equality-constrained indefinite least squares (EILS) problems: The EILS prob-
lem is an extension of the famous linear least squares problem, having linear constraints

on unknown parameters. It can be expressed as follows:

min (b — My)"J (b— My) subject to Cy =d, (1.1.5)

yeRm
where M € R™™(n > m), C € RP*™ b € R" d € RP and the signature matrix J given
by
I,, O
0 -1,
When rank(C) = p and y? (MTJM)y > 0 for all nonzero y € null(C), the EILS problem
(1.1.5) has a unique solution. The solution of the EILS (1.1.5) problem also satisfies the

, Ny +ng = n. (1.1.6)

following the augmented system [137]:

A o o C]l [\ d
Blel =10 1 M||z|=1|b], (1.1.7)
y ot MT o] |y 0

where = Jr, r = b— My and A\ = (CCT)~'CM™ Jr is the vector of Lagrange multipliers
[31]. Note that the system in (1.1.7) can be equivalently transformed into

J M 0 T b
MT o 7| |ly| = |o| =d (1.1.8)
0 C 0] |x d

1.1.4. Discretization of Equations from Physics

The Stokes equations: The (steady-state) Stokes problem, which models the flow of a
viscous fluid, is represented by the following system of PDEs:

—vAu+Vp = F in Q,
V-u = 0 in Q, (1.1.9)
u = 0 on 0,

11



where Q C R? (d = 2,3) is the domain, yu is the viscosity, u : @ — R? the velocity field
and p : Q — R is the pressure field, and F : Q — R? is a given body force. Here, V
denotes the gradient and V- is the divergence.

Discretization of the Stokes equation (1.1.9) using finite differences or finite elements
results in GSPP of the form (1.0.1), where u represents the discrete velocities and p the
discrete pressure.

Maxwell’s equations: Discretization of Maxwell’s equation in electromagnetics also

leads to SPPs. Consider the following time-harmonic Maxwell’s equations:

([ AxAxu—ku+Vp = F in O

V-u = 0 in ),

uxn = 0 on 0,
p = 0 on 09,

(1.1.10)

\

where ) is a subset of R or R? and Ax denotes the curl Discretization using Nédéléc

finite elements for w4 and nodal elements for p results in a linear system of the form:

=1

where A is the discrete curl-curl operator, B is the negative discrete divergence operator,

A—kM BT
B 0

M is the finite element mass matrix, and g € R" represents the load vector associated
with F.

1.2. Iterative Methods and Preconditioning for Linear Systems

SPPs that arise from real-world applications are typically sparse (containing many
zero entries) and are of very large dimensions. Direct methods based on matrix factor-
izations, such as Gaussian elimination and QR decomposition, perform well for small
and medium-sized problems; however, for large problems, they start to struggle. More-
over, these decompositions may introduce a large amount of nonzero entries, which are
problematic because of high computational costs.

Iterative methods generate successive approximations that converge to the exact so-
lution. These methods are particularly useful for large systems where direct methods
are computationally expensive. Next, we give some overview of commonly used iterative

methods.
12



1.2.1. Stationary Iterative Methods

Consider the linear system Aw = d, where we aim to compute a solution using iter-
ative methods. Stationary iterative methods, among the simplest, are based on splitting
the coefficient matrix A into two matrices such that A = M — N, where M is nonsingular.

Then, the iterative method is defined as:

The matrix M is chosen based on the specific splitting method employed. For instance,
in the Jacobi method, M corresponds to the diagonal part of A, while in the Gauss-
Seidel method, M is the lower triangular part of A. Other prominent stationary iterative
methods include the SOR and Richardson methods (refer to [122]). The convergence of
these types of methods depends upon the spectral radius of the iteration matrix 7 =
M-IN.

Lemma 1.2.1. [122] Any stationary iterative methods of the form (1.2.1) converges to
the unique solution of the linear system Aw = d for any initial guess wy if and only if the

spectral radius of the iteration matriz T = M 1N is strictly less than one, i.e., 9(T) < 1.

The main disadvantages of these types of iterative methods are slow convergence and

fixed storage cost at each iteration.

1.2.2. Krylov Subspace Methods

In this subsection, we discuss Krylov subspace methods for solving sparse linear sys-
tems of the form Aw = d, where A is nonsingular matrix and d is the right hand side
vector. The Krylov subspace iterative method is preferable among other iterative meth-
ods investigated widely in the literature due to their minimal storage requirement and
feasible implementation [139].

Let wy be an initial guess vector and the initial residual vector defined as ry = d—Awy.
Then, Krylov subspace methods are the iterative solvers where kth approximate solution

satisfies the following:
wy € wy + Ki(A,rg), k=1,2,..., (1.2.2)
where K1, (A, 1p) is the k™ Krylov subspace generated by A and ry and defined as

Ki(A,ro) := span {ro, Arg, . .. ,.Ak_lro} .
13



To make the iterate wy unique, the residual vector satisfies the condition rp = d — Aw;, L
L., where Ly, is called the constraint space. Based on the choices for the L, various classes

of Krylov subspace methods have been developed. For example:

o L = Ki(A,rg) gives orthogonal residual methods such as conjugate gradient (CG)
methods for SPD linear systems.

o L = AK(A, ry) gives minimal residual (MINRES) method and generalized min-
imal residual (GMRES) method to solve symmetric and nonsymmetric linear sys-

tems, respectively.

1.2.3. Generalized Minimal Residual (GMRES) Method

The GMRES method is prominently one of the most useful Krylov subspace methods,
which was first discussed by Saad [122] for solving a linear system Aw = d, where B is
nonsingular. By selecting the constraint space £, = AKg(A,ro), which is equivalent to
minimizing the norm of residual at each iteration, i.e., the approximate solution at kth
iteration satisfies

min |d — Aw||2.
wewo+Ky(A,ro)

The GMRES uses the Arnoldi method to obtain an orthonormal basis for the Krylov
subspace (A, ).

The first vector in the Krylov subspace is rg, and the first orthonormal vector v; =
ro/||ro||2- Next, we take Av, and orthonormalize it against v;. After subsequent iterations,
we obtain v,,,; by othonormalize Awv,, against previous vectors. This gives the following

matrix relation:
Avm - Vm+1Hm, (123)

where V,,, € R™™ consist of v; as columns and H,, € Rm+hxm

is an upper Hessenberg
matrix. Since V}, is orthogonal, we have VI AV, = H,,, where H,, consist of first m rows
of H,,.

In the mth step of the Krylov subspace method, the approximate solution is of the

form w,, = wg + V,,,y. Then, the residual r,, :== d — Aw,, satisfies
[Tmllz = |d = Awy |2 = [[d — Awo — AViuylla = |V,) 1 1r0 — Huylla = [|Boer — Hamylla-

Thus, y is chosen to minimizes = ||Boer — Hpy||o.
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Algorithm 1.2.1 GMRES

Choose an initial guess vector wy, compute ro = d — Awy;

1: By = [[rolle; v1 := 10/ Bo;
2:forj=1,2,...,do

3 : compute u; 1= Av;;
4:fori=1,2,...,7,do
5: hy = (uy,v;);

6 : uj = u; — hyvy;

7 : end for

8t hjiry = [luglle;

9: vj1 = /g y;

10 : end for

11 : Define the (m + 1) x m Hessenberg matrix H,, = [hy];

12 : Compute the minimizer ¥, of ||foe; — H,nyl|2 and form the solution

Wy, = Wo + VinYm.-

1.2.4. Preconditioning

A major drawback of iterative solvers is their slow convergence and lack of robust-
ness, particularly when the coefficient matrix of the system is ill-conditioned. To accel-
erate the convergence speed and increase the robustness of the Krylov subspace methods
by applying suitable preconditioners. The term preconditioning refers to the method of
transforming the linear system Aw = d into an equivalent system that possesses more
favorable properties for iterative solution methods. A preconditioner is a nonsingular ma-
trix &2 that serves as a suitable approximation of A, designed to improve the convergence
properties of the chosen Krylov subspace method. When the preconditioner is multiplied

from the left side leads to the following left preconditioned system:
P Aw = 27d.
Alternatively, a preconditioner can be applied from the right side as well, which leads:
AZ7 ' =d, u:= Pw.

If a preconditioner is available as a factored form as & = &, %5, two-sided precondition-

ing leads to the following preconditioned system:

PIAP = 27Md, u = Pyw.
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When a Krylov subspace method, such as GMRES, is applied to the preconditioned
system, it is referred to as the preconditioned GMRES (PGMRES) method.

In general, a preconditioner aims to enhance the spectral properties of the precon-
ditioned matrix 2271 A (or AP~ !). For symmetric problems, the convergence rate of
Krylov subspace methods, such as CG and MINRES, is governed by the distribution of
eigenvalues or spectral condition numbers. In the case of nonsymmetric problems, the
situation becomes more complex, especially for methods like GMRES. However, when
the eigenvalues of the preconditioned matrix are clustered, the convergence rate of the

method improves significantly.

1.3. Preliminaries

This section provides fundamental definitions and key results that will be applied

throughout this thesis. For the matrix A = [ay, as,...,a,] € C"™*" where a;, € C™, i =
1,2,...,n, the linear operator vec : R™*™ — R™" is defined by vec(4) := [al,al, ... al]"
C™". The vec operator satisfies |[vec(A)||sc = ||Al|r. The sparsity pattern of a matrix

A = [a;;] € C™*™ is defined as © 4 := sgn(A) = [sgn(a;;)]. where

17 Qij 07
sgn(a;;) = 17
O, Q5 = 0.
The Hadamard product of A, B € C™*" is defined as A ® B = [a;;b;;] € C™*™. For any

vector x € C™, ®, is the diagonal matrix defined as ©, := diag(z) € C"™*™.

Definition 1.3.1. Let A = [a;;] € C™*" and B = [b;;] € CP*9. Then, the Kronecker
product of A and B is denoted by A ® B and defined as follows:

CLHB e alnB
AQB:=| : | e gmexna, (1.3.1)

amB ... an,B

The Kronecker product of matrices satisfies the following properties [66, 84]: For
AeCrm X eCm™" BeCP Y € CP*, and Z € C"*P  we have

vee(XZY) = (YT @ X)vec(Z),
X)) =XTeYT,
X eY]=[X]eY],

| (AeB)(X®Y)=AX ©BY.
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Definition 1.3.2. Let A € C"™*™. The M-P inverse is the unique matriz' Y € C**™ that

satisfies the following conditions:
(1) AYA=A, (2) YAY =Y, (3) (AY)! = AY (4) (YA =Y A. (1.3.3)
The M-P inverse of a matrix A € C™*" is always uniquely exist and denoted by AT.

Lemma 1.3.1. [133] Consider the system of linear equations Ax = b, where A € C™*" b €
C™. The following results hold:
(1) The linear system is consistent if and only if AATb = b. Furthermore, when the

system is consistent, the solution with the minimum norm is given by A'b.
(2) The MNLS solutions of the LS problem min ||Ax — b||y is given by ATb.

Definition 1.3.3. [117] Let T be an approximate solution of the linear system Ax = b.

Then, the normwise unstructured BE, denoted by n(T), is defined as:

[AAllF  [|AY]F
[Allr [lblle

where F = {(AA, Ab)|(A+ AA)T =b+ Ab}.

n(T) =

Y

2

(AA, Ab)eF

Rigal and Gaches [117] provided explicit expression for the BE defined above, which

is given by

— b= Azl
(@) = 2 17112 2

VAT + [1o]3
When n(7) is sufficiently small, the approximate solution = becomes the exact solution

to a slightly perturbed system, (A + AA)Z = b+ Ab, where both ||AA|r and ||AD]2

are relatively small. A numerical algorithm to solve a problem is backward stable if the

(1.3.4)

approximate solution of the problem is always the exact solution of a nearby problem [73].

For any matrix A = [a;;] € R™*", we set |A| := [|a;;|], where |a;;| denotes the absolute
value of a;;. For two matrices A, B € R™*", the notation |A| < |B| represents |a;;| < |b;j]
forall 1 <i<mand 1 <j <n. According to [51, 88|, we define the following notations.

The componentwise distance between two vectors a and b in R? is defined as:

a—>b B ’@z_bz’
b wm_ﬂﬁfm{ 1b,] }' (1.35)

Let u € RP and n > 0, consider the sets: Bi(u,n) = {x € R? : ||z — ul|s < nl|ull2} and

d(a,b) =

By(u,m) ={z € R? : |z; —w| <nlu|,i=1,...,p}.
With the above conventions, next, we present the definitions of NCN, MCN, and CCN

for a mapping ¢ : R? — R? as follows.
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Definition 1.3.4. [51, 63] Let ¢ : RP — RY be a continuous mapping defined on an open
set Q, CRP, and 0 # u € Q, such that p(u) # 0.

(1) The NCN of ¢ at u is defined by

o) — tim sup 12 =@/ le@lls

[ U—— lz — ull2/||ull2
z€Bq(u,n)

(i7) The MCN of ¢ at u is defined by

i e — e
A= T T . dw )

z€ B (u,n)
(iii) Let o(u) = [@(u)1,...,(u)]" be such that ¢(u); # 0 for i = 1,2,...,q. Then,
the CCN of ¢ at u is defined by

C(p,u) = lim sup 10 )

z€Bg(u,n)

Next, we present the definition of the Fréchet derivative, which serves as the foun-

dation for deriving expressions of the CNs.

Definition 1.3.5. [46] Let ¢ : R? — R? be a mapping defined on an open set Q, C RP.
Then @ is said to be Fréchet differentiable at uw € Q, if there exists a bounded linear
operator de : RP +— R? such that

iy NP(ut+h) — p(u) —dephl]
h0 7]

0,
where || - || denotes any norm on RP and RY.

When ¢ is Fréchet differentiable at u, we denote the Fréchet derivative at u as
de(u). The next lemma gives closed-form expressions for the above three CNs when the

continuous mapping ¢ is F'réchet differentiable.

Lemma 1.3.2. /51, 63/ Under the same hypothesis as in Definition 1.3.4, when ¢ is

Fréchet differentiable at u, we have

()l el el
Al ==l 0 Y= o, 0 M Ele) ’ o)
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CHAPTER 2

A Robust Parameterized Enhanced Shift-Splitting

Preconditioner for Double Saddle Point Problems™*

This chapter proposes a novel parameterized enhanced shift-splitting (PESS) pre-
conditioner to solve the DSPP by considering ' = B, G = C, D = 0, and £ = 0.
Additionally, we introduce a local PESS (LPESS) preconditioner by relaxing the PESS
preconditioner. Necessary and sufficient criteria are established for the convergence of the
proposed PESS iterative method for any initial guess. Furthermore, we meticulously in-
vestigate the spectral bounds of the PESS and LPESS preconditioned matrices. Moreover,
empirical investigations have been performed for the sensitivity analysis of the proposed
PESS preconditioner, which unveils its robustness. Numerical experiments are carried out
to demonstrate the enhanced efficiency and robustness of the proposed PESS and LPESS

preconditioners compared to the existing state-of-the-art preconditioners.

2.1. Background

We consider the DSPP of the following form [75]:

A BT 0 T f
Au=|-B 0 —C7| |y|=]|-g| =4, (2.1.1)
0o C 0 z h

where A € R"*" is a SPD matrix, B € R™*" and C' € RP*™ are the full row rank matrices.
Here, f € R", g € R™ and h € RP are known vectors. Under the stated assumptions on
block matrices A, B and C, A is nonsingular, which ensures the existence of a unique
solution for the system (2.1.1).

After an appropriate partitioning of the coefficient matrix A, the linear system (2.1.1)
can be recognized as a standard two-by-two SPP. Over the past few decades, significant

efforts have been devoted to developing numerical solution methods for standard SPPs

*S. S. Ahmad and P. Khatun, “A robust parameterized enhanced shift-splitting preconditioner for three-by-
three block saddle point problems.” Journal of Computational and Applied Mathematics, 459:116358, 2025.



[26]. However, due to the distinct properties of the submatrices, these methods cannot
be directly applied to solve the DSPP (2.1.1).

Recently, various effective preconditioners have been developed in the literature for
solving the DSPP (2.1.1). For instance, Huang and Ma [75] have studied the exact BD

and IBD preconditioners &#gp and &;gp in the following forms:

A0 0 A0 0
Ppp=10 S 0 and Pigp= [0 S 0 ) (2.1.2)
0 0 CS'CT 0 0 CS-'CT

where S = BA™'BT, A and S are SPD approximations of A and S, respectively. Al-
though the spectrum of the preconditioned matrices Z51 A and ;5 ,A have good clus-
tering properties, these preconditioners have certain shortcomings, such as they are time-
consuming, expensive, require an excessive number of iterations and CNs are very large.
For more details, see the paper [75]. Inspired by the HSS iteration method [13], Salkuyeh
et al. [125] split the coefficient matrix A and presented the APSS iteration method. They
proved the unconditional convergence of the iteration method and proposed the corre-
sponding APSS preconditioner to solve the system (2.1.1). Moreover, to improve the
effectiveness of the APSS preconditioner, many relaxed and modified versions of APSS
have been designed; see [43, 150, 89]. For instance, by relaxing the (1, 1) block and intro-
ducing a new parameter 5 > 0 in the APSS preconditioner, Chen and Ren [43] proposed
the following modified APSS (MAPSS) preconditioner:

A BT —iBTCT
Pryarss = |—B al -CT ; (2.1.3)
o Cc gl

where a > 0 and [ stands for the identity matrix of the appropriate dimension. Motivated
by the work in [39] and by incorporating the ideas of shifting and the BD preconditioner,
the authors in [18] proposed two preconditioners along with their inexact variants. One

of these preconditioners is given by:

A BT 0
Psp=|-B CTC 0f. (2.1.4)
o O I

Three block preconditioners are developed by Xie and Li [148] for the system (2.1.1) with

the equivalent symmetric coefficient matrix. It is also demonstrated in [148] that the
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preconditioned matrices possess no more than three distinct eigenvalues. Huang [74] pro-
posed a variant of the Uzawa iterative method for the DSPP by introducing two variable
parameters. Additionally, Huang et al. [76] generalized the well-known Uzawa method to
solve the linear system (2.1.1) and propose the inexact Uzawa method. In addition to
the preconditioners discussed above, recent literature [1, 136, 19] have introduced several
other preconditioners to solve the DSPP (2.1.1).

The SS preconditioners were initially developed for a non-Hermitian system of linear
equations by Bai et al. [16] and later for two-by-two block SPPs [40, 124, 41]. Recently,
Cao [37] enhanced this idea and introduced the following SS preconditioner Zsg and
relaxed SS (RSS) preconditioner Prgg for the DSPP (2.1.1):

al+A BT 0 A BT 0
1 1
Pss=5| —B ol —CT| and Pprss = 5 |—B of -cT|, (2.1.5)
0 Cc ol 0 C ol

where o > 0 and verified unconditionally convergence of the associated SS iterative
method. Wang and Zhang [134] generalized the SS preconditioner by introducing a new
parameter 5 > 0 in the (3,3) block. By merging the lopsided and shift technique, a
lopsided SS preconditioner is presented by Zhang et al. [160]. Further, Yin et al. [156]
developed the following extensive generalized SS (EGSS) preconditioner:

aP+A BT 0
Prass = % -B  pQ -CT (2.1.6)
0 c AW
for the DSPP (2.1.1), where «, 5,7 > 0 and P,Q, W are SPD matrices and investigated
its convergent properties. By relaxing the (1,1) block and eliminating the prefactor 1/2,
Liang and Zhu [92] have proposed relaxed and preconditioned generalized SS (RPGSS)

preconditioner
A BT o0
Prpass = |—-B pQ —CT|, (2.1.7)
0o C AW

where @) € R™*™ and W € RP*P are SPD and 5,v > 0.

Despite exhibiting favorable performance of SS, RSS, and EGSS preconditioners, they
do not outperform BD and IBD preconditioners. Therefore, to improve the convergence
speed and efficiency of the preconditioners Psg, Prss and Prass, this chapter presents

a PESS preconditioner by introducing a parameter s > 0 for DSPPs. As per the direct
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correlation between the rate of convergence in Krylov subspace iterative methods and the
spectral properties of the preconditioned matrix, we perform in-depth spectral distribution
of the PESS and LPESS preconditioned matrices. We summarize the main contributions

of this chapter as follows:

e We propose the PESS iterative method along with its associated PESS precon-
ditioner and its relaxed version known as the LPESS preconditioner to solve the
DSPP (2.1.1).

e General framework is given on necessary and sufficient criteria for the convergence
of the PESS iterative method. These investigations also encompass the uncondi-
tional convergence of other exiting SS preconditioners in the literature [37, 156].

e We have conducted a comprehensive analysis of the spectral distribution for the
PESS and LPESS preconditioned matrices. Our framework allows us to derive the
spectral distribution for the existing SS and EGSS preconditioned matrices.

e We empirically show that our proposed preconditioner significantly reduces the CN
of the ill-conditioned saddle point matrix A. Thereby establishing an efficiently
solvable, well-conditioned system.

e Numerical experiments show that the proposed PESS and LPESS preconditioners

outperform all the compared baseline preconditioners.

The structure of this chapter is as follows. In Section 2.2, we propose the PESS iterative
method and the associated PESS preconditioner. Section 2.3 is devoted to investigating
the convergence of the PESS iterative method. In Section 2.4, we investigate the spectral
distribution of the PESS preconditioned matrix. In Section 2.5, we present the LPESS
preconditioner. In Section 2.6, we discuss strategies for selecting the appropriate param-
eters for the proposed preconditioners. In Section 2.7, we conduct numerical experiments
to illustrate the computational efficiency and robustness of the proposed preconditioner.

In the end, a brief summary remark is provided in Section 2.8.

2.2. The Proposed Parameterized Enhanced Shift-Splitting (PESS)

Iterative Method and Preconditioner

In this section, we proposed a PESS iterative method and the corresponding PESS

preconditioner. Let s > 0 be a real number. Then, we split the matrix A in the form

A=3E+sA)— (X—-(1-39)A) =t Pprss — Qprss, where (2.2.1)
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A +sA sBT 0

Pppss = | —sB Ay —sCT|,
0 sC' A3
A —(1—5)A —(1-3s)BT 0
QpEss = (1-s)B Ay (1-s)07|,
0 —(1-3s)C As

¥ = diag(Aq, Ao, A3) and Ay, Ag, A3 are SPD matrices. The matrix Zpggs is nonsingular
for s > 0. The special matrix splitting (2.2.1) leads us to the subsequent iterative method
for solving the DSPP given in (2.1.1).

The PESS iterative method. Let s be a positive constant and let A; € R"*", Ay €

R™ ™ and Az € RP*? be SPD matrices. For any initial guess ug € R*™™*P and k =

0,1,2..., until a specified termination criterion is fulfilled, we compute
Ugt1 = Tuk +c, (222)
where vy, = [25, 9L, 2F|T,c = Pphged and T = PriesQprss is called the iteration

matrix for the PESS iterative method.

Moreover, the matrix splitting (2.2.2) introduces a new preconditioner Ppggg, iden-
tified as the PESS preconditioner. This preconditioner generalizes the previous work in
the literature; for example, refer to [37, 134, 156] for specific choices of A, Ay, A3 and s,
which are listed in Table 2.2.1.

Table 2.2.1: Pppss as a generalization of the above SS preconditioners for

different choices of A;, Ay, A3z and s.

QPESS A1 A2 A3 S memno
Pss 37 | sal | sal | tal |s=1 a>0
Pass [134] %Oé] %Oé] %B[ s = % a, >0

Prass [156] | saP | 16Q | AW | s=1 P.Q,W are SPD
matrices and «, 5,y > 0

In the implementation of the PESS iterative method or the PESS preconditioner to
enhance the rate of convergence of the Krylov subspace iterative method like GMRES, at

each iterative step, we solve the following system of linear equations:

PpEssw =T, (2.2.3)
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where r = [T vl rIT € R™™P and w = [w!,wl, wl]T € R"™™P. Specifying X =
Ay 4 2CTA;'C and A = Ay + sA + s2BTX 1B, then Ppggs can be written in the

following way:

I sBTX! 0 A0 0 I 0 0
Pppss= |0 I —sCTA;'[ |0 X 0 |-sX'B I 0f.(224)
0 0 I 0 0 A; 0 sA;'C T

The decomposition (2.2.4) leads us to the following Algorithm 2.2.1 to determine the

solution of the system (2.2.3). The implementation of Algorithm 2.2.1 requires to solve

Algorithm 2.2.1 Computation of w from Ppggsw = r

1: Solve )/(\vl =1y + sCTA;'rs to find vy;
. Compute v = r; — sBTvy;

. Solve Zwl = v to find wy;

2
3
4: Solve Xvy = sBw; to find vy
5: Compute wy = v1 + vo;

6

. Solve Asws = r3 — sC'wy for ws.

two linear subsystems with coefficient matrices X and A. Since Ay, Ao, As, X and A are
SPD and s > 0, we can apply the Cholesky factorization to solve these linear subsystems

exactly or inexactly by the preconditioned conjugate gradient method.

2.3. Convergence Analysis of the PESS Iterative Method

In this section, we investigate the convergence of the PESS iterative method (2.2.2).
To achieve this aim, the following definition and lemmas are crucial.

Definition 2.3.1. A matriz A is called positive stable if R(A\) > 0 for all X € o(A).

Lemma 2.3.1. [37] Let A € R™"™ be a SPD matriz and let B € R™*" and C € RP*™ be

full row rank matrices. Then, the saddle point matriz A is positive stable.

Lemma 2.3.2. Let A € R™™ be a SPD matriz and let B € R™™ and C' € RP*™ be full

row rank matrices. Then S™'A (or ©™2AS"2) is positive stable.
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11
Proof. Since £~z = diag(A; 2, A, 2, A ?), we obtain

ATZANE ATEBTASR 0
NEASTE = |AJPBAE 0 ASEOTAE| (23.1)
0 AT ECA;? 0

Given that the matrlces Al, Ao and Az are SPD, then A, 2AA is SPD. Furthermore, the
matrices Ay 2 BA; and Ay : CA, : are of full row rank. Consequently, the block structure
of A and the matrix ©~2.A% "2 are identical. Then by Lemma 2.3.1, A is positive stable
implies that the matrix Y2 AX"z and consequently, X714 is positive stable. B

By Lemma 1.2.1, the stationary iterative method (2.2.2) converges to the exact so-
lution of the DSPP (2.1.1) for any initial guess vector if and only if [J(7)| < 1, where
T is the iteration matrix. Now, we establish an if and only if condition that precisely

determines the convergence of the PESS iterative method.

Theorem 2.3.3. Let A € R™™™ be a SPD matriz, and let B € R™*™ and C' € RP*™ be
full row rank matrices with s > 0. Then, the PESS iterative method (2.2.2) converges to
the unique solution of the DSPP (2.1.1) if and only if

(25 — D|uf +2R(1) > 0, Yy € (724D 2). (2.3.2)
Proof. From (2.2.2), we have
T = PppssQpuss = (X +sA)7H(E — (1 - 5)A), (2.3.3)
where 3 = diag(A1, A2, Az). Given that Ay, Ay and Az are SPD, then
T =Y 2(I+s52AS2) (] — (1 — )L 24D 2)58. (2.3.4)
Thus, (2.3.4) shows that the iteration matrix 7 is similar to T, where
T =([+sS2AS ) (I — (1 — )0 245 2).

Let 6 and u be the eigenvalues of the matrices T and E_%AZ_%, respectively. Then, it is

easy to show that
g — 1—(1—=s)u
 14sp

Since ¥ 2 AY " is nonsingular then p # 0 and we have

6] = 1= =s)pl _ \/(1 — (L= s)R(u)? + (1 — 5)°I(w)*

|1+ sul (1 + sR(1))2 + 2S()? (2.3.5)
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From (2.3.5), it is clear that |#] < 1 if and only if

(1= (1= $)R()* + (1 — 7S (0)” < (1+ sR(n))* + S ().

~

This implies |#] < 1 if and only if (2s —1)|u|* 4+ 2R(r) > 0. Since, I(T) = I(T), the proof
is conclusive. W
Using the condition in Theorem 2.3.3, next, we present two sufficient conditions that

ensure the convergence of the PESS iterative method. The first one is presented as follows.

Corollary 2.3.1. Let A € R™"™ be a SPD matriz and let B € R™™ and C € RP*™ be
full row rank matrices and if s > %, then 9(T) < 1, i.e., the PESS iterative method always

converges to the unique solution of the DSPP (2.1.1).

Proof. By Lemma 2.3.2, £~z AX"2 is positive stable, implies that R(x) > 0 and |u| > 0.
Thus, the inequality (2.3.2) holds if s > % This completes the proof. B

Remark 2.3.4. By applying Corollary 2.5.1, the unconditional convergence of the ex-
isting preconditioners, namely Pss, Pass and Prass can be obtained from Pprss by

substituting s = 1/2.

Next, we present a stronger sufficient condition to Corollary 2.3.1 for the convergence

of the PESS iterative method.

Corollary 2.3.2. Let A € R™™ be a SPD matriz and let B € R™" and C € RP*™ be

full row rank matrices, if

W(EH (A 4 AT)E
S > max 1 1—)\mm(2 (;44—,41)2 ) 00,
2 (X2 AX2)2

then the PESS iterative method is convergent for any initial guess.

Proof. Note that, as (p) > 0, the condition in (2.3.2) holds if and only if § — % < s.

Let p be an eigenvector corresponding to p, then we have

p (73 (A+ AT)S2)p
2pfip

R(p) = > %Amm(z—é(/t + AT)x9),

Since || < 9(X72.A%72), we obtain the following:

1 Aan(E72(A+AT)E3) J1 R

2 20(L 2 AL 2)?

2 |pP

If we apply s > 0, then we get the desired result from (2.3.6). B

(2.3.6)
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The sufficient condition on Corollary 2.3.2 is difficult to find for large A due to the
involvement of computation of Ayim(X72(A + AT)S"2) and (X247 2)2 Thus, we

consider s > % for practical implementation.

2.4. Spectral Distribution of the PESS Preconditioned Matrix

Solving the DSPP (2.1.1) is equivalent to solving the following preconditioned system

of linear equations:
PppssAu = Pppgsd, (2.4.1)

where Pppss serves as a preconditioner for the preconditioned GMRES (PGMRES)
method. Since preconditioned matrices with clustered spectrum frequently culminate in
rapid convergence for GMRES, see, for example, [26, 122], the spectral distribution of the
preconditioned matrix @EESSA requires careful attention. As an immediate consequence

of Corollary 2.3.1, the following clustering property for the eigenvalues of 9}};5544 can
be established.

Theorem 2.4.1. Let A € R™™™ be a SPD matriz and let B € R™*"™ and C' € RP*™ are
full row rank matrices. Suppose that X is an eigenvalue of the PESS preconditioned matriz

PppssA. Then, for s > %, we have

IA—1] <1,

i.e., the spectrum of WEESSA entirely contained in a disk with centered at (1,0) and

radius strictly smaller than 1.

Proof. Assume that A and 6 are the eigenvalues of the PESS preconditioned matrix
PrpssA and the iteration matrix 7, respectively. On the other hand, from the ma-

trix splitting (2.2.1), we have
PrpssA= Pppss(Press — Qrpss) =1 —T.

Then, we get A = 1 — 6. Now, from Corollary 2.3.1, it holds that |0] < 1 for s > % Hence,
it follows that, [A\—1] <1 for s > 3, which completes the proof. W
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Let (\,p = [u?,vT,wT]T) be an eigenpair of the preconditioned matrix 5} ¢qA.

Then, we have Ap = APprssp, which can be written as

Au+ BTv = A(A; + sA)u + sABv, (2.4.2a)
—Bu — CTw = —sA\Bu + AMyv — sACTw, (2.4.2b)
Cv = sA\Cv + AM\jw. (2.4.2¢)

Remark 2.4.2. Notice that from (2.4.2a)-(2.4.2¢c), we get X\ # 1/s, otherwise , p =

[ul, o7 W) =0 € R P which is impossible as p is an eigenvector.

Proposition 2.4.3. Let A € R™™" be a SPD matriz and let B € R™*™ and C' € RP*™

be full row rank matrices and s > 0. Let (\,p = [ul, v, w?]T) be an eigenpair of the

preconditioned matriz @1;11255-’4- Then, the following holds:
(1) u 0,
(2) when X is real, X > 0,
(3) R(p) >0, where = A/(1 — sA).

Proof. (1) Let u = 0. Then by (2.4.2a), we get (1 —s\)BYv = 0, which shows that v = 0,
as B has full row rank and A # 1/s. Furthermore, when combined with (2.4.2¢) leads to
w = 0, as A3 is SPD. Combining the above facts, it follows that p = [u?, 0T, w?]" = 0,
which is impossible as p is an eigenvector. Hence, u # 0.
(2) Let p = [uT,vT,wT]" be an eigenvector corresponding to the real eigenvalue A. Then,
we have P, 1goAp = Ap, or Ap = A\Pppss p. Consequently, A can be written as

p’Ap +p"A'p
2(p" Pprssp + PT PhpssP)

_ ul Au =0
- 2(suT Au + uT Aju + T Agv + wT Azw) ’

A:

The last inequality follows from the assumptions that A, A;, A and A3 are SPD matrices.
(3) The system of linear equations (2.4.2a)-(2.4.2¢) can be reformulated as

Au+ BTv = (M\/(1 — s\))Au,
—Bu — CTw = (A\/(1 = s\))Agv, (2.4.3)
Cv = (N/(1—s\))Asw.

The system of linear equations in (2.4.3) can also be expressed as Ap = uXp, or Y1 Ap =
up, where g = A\/(1 — s)\). By Lemma (2.3.2), we have ¥71 A is positive stable, which

implies R(p) > 0, hence the proof is completed. B
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Remark 2.4.4. From Proposition 2.4.3, it follows that when X\ is real, then p > 0.
Furthermore, the values of X lies in (0,1/s) for all s > 0.

In the following theorem, we provide sharper bounds for real eigenvalues of the PESS

preconditioned matrix. Before that, we introduce the following notation:
gmax = >\max<A1_1A)7 gmin = Amin(Al_lA)y Nmax = Amax(AngAl_lBT)a (244>
Nin := Amin(Ay P BAT'BT) and Opax := Amax (A5 TCTAZTCO). (2.4.5)
Theorem 2.4.5. Let A € R™™ be a SPD matrix and let B € R™" and C' € RP*™ be full

row rank matrices and s > 0. Suppose X\ is a real eigenvalue of the preconditioned matriz

PopssA. Then

gmax j|
\e (0, _ Smax | 2.4.6
1+ S&max (246)
Proof. Let p = [ul,vT,w?]T be an eigenvector corresponding to the real eigenvalue .

Then, the system of linear equations in (2.4.2a)-(2.4.2c) are satisfied. First, we assume

that v = 0. Subsequently, (2.4.2a) and (2.4.2c¢) are simplified to
Au= AA; +sA)u and AAzw =0, (2.4.7)

respectively. The second equation in (2.4.7) gives w = 0, as Az is SPD. Premultiplying
by ul to the first equation of (2.4.7), we get

ul Au ot
uTAyu+ suTAu 1+ st’

ul Au
where t = > (0. Now, for any nonzero vector u € R", we have
uI'Au
TAu  (ARu)TATZ AN ZAZ
N (AP AN By < AW AT AN FAT i aaE) (2s)

= T T
ulAgu (A7u)TAZu
Since A; 2 AA, ? is similar to A]'A and the function f : R — R defined by
f@t) :=t/(1+ st),

where s > 0, is monotonically increasing in ¢ > 0, we obtain the following bound for A :

& <A< ﬂ (2.4.9)

1+ Sémin 1 + ngax
Next, consider v # 0 but Cv = 0. Then (2.4.2¢) implies w = 0 and from (2.4.2b), we get

1
v=——A;'Bu. (2.4.10)
o
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Substituting (2.4.10) in (2.4.2a) yields

(1 —s))
u
Premultiplying both sides of (2.4.11) by u”, we obtain

Au= ANy + sA)u + BTA; ' Bu. (2.4.11)

Mt Au = Nu"Au + s\ Au+ (1 — s\)?u” BTAS! Bu, (2.4.12)

which is further equivalent to

2 t
PR W s a =0, (2.4.13)
s2g+st+1  s2g+st+1
"BTA;'B
where ¢ = ﬁ By solving (2.4.13), we obtain the following real solutions for A:

2sq +t+ /B — 14
P 7 (2.4.14)

2(s%2q + st + 1)
where t2 — 4¢ > 0. Consider the functions ®;, ®, : R x R x R — R defined by
2sq +t+ \/t? — 4q
(I)1<t7 q, S) = 2
2(s2q+ st + 1)

25q +t — /12 —4
(I)2<t7Q7S>: d 1

2(s2q+ st + 1)

Y

Y

respectively, where t, s > 0, ¢ > 0 and t? > 4¢q. Then ®; and ®, are strictly monotonically
increasing in the argument ¢ > 0 and ¢ > 0, and decreasing in the argument ¢ > 0 and
t > 0, respectively. Now, using (2.4.8), (2.4.14) and monotonicity of the functions ®; and
®,, we get the following bounds:

M =®(t,q,8) < P1(Amax(AT1A),0, 8), (2.4.15)
Py Amax(A71A),0,8) < A~ = Dy(t, q, 5). (2.4.16)
Combining (2.4.15) and (2.4.16), we get the following bounds for A:

gmax
At _— 2.4.1
0< M\ < T st (2.4.17)

Next, consider the case Cv # 0. Then from (2.4.2c), we get w = LA;*Cv. Substituting
m

the value of w in (2.4.2b), we obtain

1— s\
(1— s\)Bu + (M—S)CTAglOv — Ao (2.4.18)
Now, we assume that
gmax
A>— 2.4.1
e (24.19)
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By Remark 2.4.4, we get 1 — s\ > 0 and the above assertion yields p > .« Hence, the

matrix pA; — A is nonsingular and (2.4.2a) gives
u=(uhy — A" BTw. (2.4.20)

Substituting (2.4.20) into (2.4.18), we obtain

(1 —s\)B(uAy — A" BTo+ @CTA;CU = —A\\y. (2.4.21)
Note that, v # 0. Thus, premultiplying by v? on the both sides of (2.4.21) leads to the
following identity:
(1 —s))
Cu
On the other hand, puA; — A = Aj(t — Amax(A™'A))T = 0 and hence is a SPD ma-
trix. Consequently, the matrix B (uA; — A)_1 BT is also a SPD matrix and this implies
V"B (uAy — A" BTy > 0 for all v # 0. This leads to a contradiction to (2.4.22) as

vTCTA;'Cv > 0. Hence, the assumption (2.4.19) is not true and we get

(1 —s\oTB (uAy — A) ' BTo + T Apw = — v CTASOw. (2.4.22)

gmax
A< —" 2.4.2
ST st (24.23)

Again, we have A > 0 from (1) of Proposition 2.4.3. Combining the above together with
(2.4.9) and (2.4.17), we obtain the desired bounds in (2.4.6) for A. Hence, the proof is
concluded. W

Since the preconditioners Yqg and Hrggg are special cases of the PESS precondi-
tioner, next, we obtain refined bounds for real eigenvalues of the SS and EGSS precondi-

tioned matrices from Theorem 2.4.5.

Corollary 2.4.1. Let Pgs be defined as in (2.1.5) with o > 0 and let X\ be an real
eigenvalue of the SS preconditioned matriz PgyA. Then

2Kmax

2.4.24
poral £ (2.4.24)

Ae(&
where Kmax = Amax(4).

Proof. Since Pgg is a special case of the PESS preconditioner Pprgg for s = 1/2 as
discussed in Table 2.2.1, the bounds in (2.4.24) are obtained by substituting A; = %oz]
and s = 1/2 in Theorem 2.4.5. B

In the next result, we discuss bounds for the real eigenvalues of the EGSS precondi-

tioned matrix Zp}¢qA.
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Corollary 2.4.2. Let Prgss be defined as in (2.1.6) with a > 0 and let \ be an real
eigenvalue of the EGSS preconditioned matriz P tqqA. Then

2~max
= (0, _Zmax

2.4.25
(67 + "imax ( )

Y

where Fmax = Amax(PLA).

Proof. Since Prgss is a special case of the PESS preconditioner Pppgs for s = 1/2 as
discussed in Table 2.2.1 and the bounds in (2.4.25) are obtained by substituting A; = %ozP
and s = 1/2 in Theorem 2.4.5. B

The following result shows the bounds when A is a non-real eigenvalue.

Theorem 2.4.6. Let A € R™™"™ be a SPD matrix and let B € R™*" and C' € RP*™ be full
row rank matrices. Let s > 0 and X be a non-real eigenvalue of the preconditioned matrix
P g A with S(N) # 0. Suppose p = [ul, o7, wT]|T is the eigenvector corresponding to \.
Then the following holds:

(1) If Cv =0, then X\ satisfies

1 + ngin + S27]max

(2) If Cv # 0, then real and imaginary part of \/(1 — s\) satisfies

Emin Mmin ( A ) Emax ( A )
=% S d | < /N + O
2( 2ax T Nmax + 9max) B 1—s\/ = 2 an > 1—sA - g T

max

where Emaxs Emin, Mmaxs Tmin ANd Onax are defined as in (2.4.4) and (2.4.5).

Proof. (1) Let A be an eigenvalue of P554sA4 with S(A) # 0 and the corresponding

eigenvector is p = [u?,vT, w?]?. Then, the system of linear equations in (2.4.2a)-(2.4.2¢c)
holds. We assert that, v # 0, otherwise from (2.4.2a), we get Au = AA; + sA)u,
which further implies (A 4+ sA) "2 A(A; + sA)"2a = A, where @ = (A 4+ sA)2u. Since

(A1 +sA)"2A(A; +5sA)"2 is a SPD matrix and by Lemma 2.4.3, u # 0 and thus we have

, W

@ # 0. This implies A is real, leading to a contradiction to J(\) # 0.

Initially, we consider the case C'v = 0. The aforementioned discussion suggests that
Au # M(Ay + sA)u for any u # 0. Consequently, (uA; — A) is nonsingular. Again, since
Cv = 0, from (2.4.2¢) and following a similar method as in (2.4.10)-(2.4.12), we obtain
quadratic equation (2.4.13) in A, which has complex solutions:

\E 2sq +t £iy/4q — 2 (2.4.26)
2(s%q+ st +1)
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for 4¢ > t2. From (2.4.26), we get
P p— — 2.4.27
A s2q+st+1 ( )
Now, consider the function ¥; : R x R x R — R defined by

q
s2q+st+1’

‘Ill (ta q, 8) =
where t,q,s > 0. Then ¥, is monotonically increasing in the argument ¢ > 0 while
decreasing in the argument ¢ > 0. Due to the fact that ¢ < Apax(A7'BTAS'B) = Nmax,
we get the following bounds:

)\ii 2 _ U, (t <y min; Jmax = max ' 24.28
A 11,4 5) < Ur(&min, Thnax; ) 1 + S&min + 5%Mmax ( )

Again, considering the condition ¢ > (t?/4), (2.4.27) adheres to the inequality (¢/(2 +
st)) < |A*i|. Notably, the function ¥, : R — R defined by Wy(t) = t/(2 + st), where

t, s > 0, is monotonically increasing in the argument ¢ > 0, we obtain the following bound:
] = Wa(t) > W) = =0 (2.4.29)
B 2+ S’Smin
Hence, combining (2.4.28) and (2.4.29), proof for the part (1) follows.

(2) Next, consider the case Cv # 0, then (2.4.2c) yields w = ﬁAgle, where 1 =
A/(1 — sA). Substituting this in (2.4.2b), we get

1
Bu+ ~CTAJ'Cv = —phyv. (2.4.30)
i

On the other side, nonsingularity of (uA; — A) and (2.4.2a) enables us the following
identity:
u = (uA; — A) BT, (2.4.31)
Putting (2.4.31) on (2.4.30), we get
1
B(uh; — A)7'BTv + ~CTA;'Cv = —phyv. (2.4.32)
0
As v # 0, premultiplying by v on the both sides of (2.4.32) yields

1
v B(uhy — A) BTy + =" CTAS Ov = — v Ao (2.4.33)
i

R |
Consider the following eigenvalue decomposition of A; * AA; *:

ATTAN T = VDV,
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1
where D = diag(f;) € R™", 6, € o(A;?AA, ?) with 6; > 0, for i = 1,2,...,n, and

V € R™™ is an orthonormal matrix. Then, (2.4.33) can be rewritten as
1 1 1
v BA 2V (ul — D) 'VIA 2 BTo + =" CTAS Cv = — v Ao (2.4.34)
I

Since (ul — D)™ = ©1 — i3()O4, where ¢ denotes the imaginary unit and

R(p) —0; _ dia 1
(R(p) — 6:)> + %‘(W) » Oz = ding ((?R(u) —0;)% + %(M)Q)’

from (2.4.34) and the fact (u) # 0, we get

O, = diag (

UHBA;%V@J/TA;%BTU + STIET? vICT A Cv = —R(p)v Ago, (2.4.35)

1 1 1
v BA;PVO,VTA 2 BTy + WUHCTAglCU = v Ay. (2.4.36)

Observed that, ﬁ] = ©,, then from (2.4.36), we obtain

1<

1 (vHBAl_lBTU UHCTAgle)
()2 v Ayu v Ayv '

Therefore, we get

S ()| < v/ Mhmax + Omax- (2.4.37)

Furthermore, notice that ©; = (R(¢) — &max) O2, then from (2.4.35), we deduce

UHBA;%V(—')QVTA;%BTU N R(p) v CTAT Cv

_ > — 4.
R(p) > (R(1) — Emax) ST Aos W oAy (2.4.38)
Using (2.4.36) to (2.4.38), we get
Emax VICT A Cv
2 < — < : 2.4.
R0 < G — T S G (2.4.39)
Hence, (2.4.39) yields the following bound:
R(p) < 5“;“‘. (2.4.40)

On the other side, from (2.4.35) and (2.4.36), we deduce that

 WHBA PV (R(1)O, — ©,)VTA, BTy VT BATTVXVTATE BTy

2§R > min )
(1) v Ayv = v Ayv
(2.4.41)
1
where X = diag ( ) .
(R(p) — 0:)? + S()?
Note that
1 1




Now, using Proposition 2.4.3 and (2.4.40), we get

0, < R(p) — 0; < 5“;‘"

_ Qi’
which further yields (R(x) — 6;)* < max { (%3 — ;)" 02} . Hence, we get
max(R(1) — 0;)* = max{(R() — &min)”, (R(1) = Emax)}
< max {(@g - smm)Q , m} —e.. (2.4.42)

Therefore, by (2.4.42) and from the bound in (2.4.37), we obtain
I

- . 2.4.43
o 121'1ax + Tmax + emax ( )
Combining (2.4.41) and (2.4.43) leads to the following bounds:
gmin 'UHBAIIBTU gminnmin
2R(p) > > : 2.4.44
(1) 2 max T Mmax + Omax v Agv T &rax T Tmax T Omax ( )

Hence, the proof of part (2) follows by merging the two inequalities of (2.4.37) and
(2.4.44). m

Remark 2.4.7. From the bounds in (2) of Theorem 2.4.6, we obtain

1 (2( Gt +1)<1_%(A)§%<5mx+1)

|T|2 max + Nmax + Qmax) s/ s |2 2 S

and

1
|%(>‘)| S ——V TImax + emaxa

STT

where T = sy + 1. Thus, the real and imaginary parts of the eigenvalues of the precondi-
tioned matriz WISESSA cluster better as s grows. Therefore, the PESS preconditioner can

accelerate the rate of convergence of the Krylov subspace method, like GMRES.

Utilizing the established bounds in Theorem 2.4.6, we derive the subsequent estima-

tions for non-real eigenvalues of SS and EGSS preconditioned matrices.

Corollary 2.4.3. Let Pgs be defined as in (2.1.5) with o > 0 and let X\ be a non-real
eigenvalue of the SS preconditioned matriv Pgg A with () # 0 and p = [ul, 0T, wT]"

15 the corresponding eigenvector. Then,

(1) If Cv =0, X satisfies

2/imin S |)\| S - 47—max .
200 + Kmin QO + QKmin T Tmax




(2) If Cv # 0, the real and imaginary part of A\/(2 — \) satisfies
'%mln Tmln ) S §R ( >\ > < /imax and ‘C\‘ ( A ) ‘ S \Y Tmax + 5max

20{( max+TmaX+5maX 2—-)N 7 2« > 2— A o
where Rmin = )\min(A)a Tmax — )\maX(BBT)7 Tmin = )\min(BBT) and Bmax - Amax(CTC)-

)

Proof. Since Pgg is a special case of Pprgg for s = 1/2 as discussed in Table 2.2.1,
then desired bounds will be obtained by setting Ay = Ay = A3 = %oz] and s = 1/2 into
Theorem 2.4.6. W

Corollary 2.4.4. Let Prass be defined as in (2.1.6) and let P,Q and W are SPD
matrices with «, 3,7 > 0. Let A be a non-real eigenvalue of the EGSS preconditioned
matriz PpisgA with I(\) # 0 and p = [u?,vT, wT)? is the corresponding eigenvector.

Then

(1) If Cv = 0, X satisfies

2"£m1n 4Tmax
T SIS - —
20 + Kmin Oéﬂ + B"'ﬁmin + Tmax
(2) If Cv # 0, the real and imaginary part of A\/(2 — \) satisfies

'%min 7~—min A "%max
= <R < and

‘ ) \/ ﬁfmaﬁ 5max,

where Fmin = Amin(P7A), Tmax = dmax(Q 'BPIBT), Tt = Auin(Q*BP~'BT) and
/Bmax = >\max<CTC)-

Proof. Since Ppgss is a special case of Pppgs for s = 1/2 as discussed in Table 2.2.1,
then the desired bounds will be obtained by setting Ay = 1P, Ay = %BQ, Ay = 39W
and s = 1/2 in Theorem 2.4.6. B

2.5. Local PESS (LPESS) Preconditioner

To enhance the efficiency of the PESS preconditioner, in this section, we propose a
relaxed version of the PESS preconditioner by incorporating the concept of RSS precon-

ditioner [37]. By omitting the term A; from the (1,1)-block of Ppggs, we present the
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local PESS (LPESS) preconditioner, denoted as &1pgrgs, defined as follows:

sA sBT 0
Prppss = |—sB Ay —sCT|. (2.5.1)
0 sC Ag

The implementation of the LPESS preconditioner is similar to the Algorithm 2.2.1.
However, there is one modification in step 3, i.e., we need to solve a linear subsystem
(sA + s2BTX1B)w; = v instead of Aw, = v.

To illustrate the efficiency of the LPESS preconditioner, we study the spectral distri-
bution of the preconditioned matrix 2} },qs.A. To achieve this, we consider the following

decomposition of the matrices A and &1 prss as follows:

A= £ and P, ppss = LD, (2.5.2)
where
I 00 [ A'BT 0
g=|-BA' T o|l,4=|o T o,
0 o0 I 0 0 I
0 sA 0 0
D=0 O —-CT|.D=|0 Ay+sQ —sCT
0 0 sC' A3

and Q = BA™1BT. Using the decomposition in (2.5.2), we have

s 0
PheeA=U! s, 2.5.3
LPESS 0 MK ( )

Ay + —sCT =
where M = |7 CSQ Z ] and K = g ] . Since, P} ppgsA is similar to

S 3 0
s 0 4 : : o .
vl P ppgsA has eigenvalue 1/s with multiplicity n and the remaining
0 -

eigenvalues satisfies the generalized eigenvalue problem Kp = AMp.

Theorem 2.5.1. Let A € R™" Ay € R™™ and A3 € RP*P be SPD matrices and let
B € R™" gnd C' € RP*™ be full row rank matrices. Assume that s > 0, then LPESS
preconditioned matriz P} ppegA has n repeated eigenvalues equal to 1/s. The remaining

m + p eigenvalues satisfies the following:
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(1) real eigenvalues located in the interval
|: . { ﬁmin émin } ﬁmax i|
min R :
1+ Sﬁmin’ ﬁmax + Semin ’ 1+ Sﬂmax
(2) If X is any non-real eigenvalue (i.e., () # 0), then
D 0 1 1 2
_Tmin oy < mx _ gnd <<
2+ s0mim A< \/1 + $Umin + $20max S(14 5V 0mnax) | Sl = 5(2 4 sUmin)

where Ymax = Amax(A5Q); Ymin = Amin(A51Q) Omax = Amax(A3 'CAICT) and Oy =
Amin(A5'CASTCT).

Proof. Observe that,

MK =F 'M'KF, (2.5.4)
I 0| —~ |[A cr ~ cT

where F = , = | Qs and K = @ . Hence, M—'K is
0o —1I —sC A3 -C 0

similar to M~1K. Now, MK is in the form of the preconditioned matrix discussed in
[135]. Therefore, by applying the Corollary 4.1 and Theorem 4.3 of [135], we obtain the
desired bounds in (1) and (2). H

2.6. The Strategy of Parameter Selection

It is worth noting that the efficiency of the proposed PESS preconditioner depends on
the selection of involved SPD matrices Ay, As, Az, and a positive real parameter s > 0. In
this section, motivated by [135, 79, 80], we discuss a practical way to choose the parameter
s and the SPD matrices for the effectiveness of the proposed preconditioners.

It is well acknowledged that the optimal parameter of the PESS iteration method is
obtained when ¥(7") is minimized [79]. For achieving this, similar to the approach in [80],
we first define a function ¢(s) = ||Qpgss||% depending on the parameter s. Our aim is to

minimize ¢(s). Then, after some straightforward calculations, we obtain
(s) = | Qrass|r = tr(QppssQrrss)
= [AdllE + [[Aallf + 1As[l7 + (s = DJANE +2(s — 1)tr(Ar4)
+2(s = 1?||BIIF) +2(s = 1)|ICI%).

Now we choose the parameter s and SPD matrices Aj, Ay and Az to make (s) as small

as possible. Since ||A||%, || B||%, ||C||% and tr(A;A) are positive, we can select s = 1, then
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o(s) = [[AL||% + ||As]|% + ||As||%. Thus if we choose |A1||r, ||Asllr, [|[As]lr — 0, we have
©(s) — 0 and consequently, Qpgss — O.

On the other hand, motivated by [144, 124], we discuss another strategy for choosing
the parameter s. Notice that in Algorithm 2.2.1, we need to solve two linear system
with coefficient matrices X — Ao + SQCTAglC and A = A+ sA+ s2BTX B. Similar to
(144, 124], we choose s and ||Az||2 as follows:

S = —EAQ_% and [|Aglls = ||_113||3 1 (2.6.1)
ICTA5"Cll. 4|CTAF Clll Al

which balance the matrices Ay and CTA;'C in X and the matrices A and CTA;'C in

A. In this case, we denote s by s.y and ||Az|l2 by Ses. Numerical results are presented

in Section 2.7 to demonstrate the effectiveness of Pprgg for the above choices of the
parameters.
In the sequel, we can rewrite the PESS preconditioner as Pppgg = s@/pEsg, where
INMN+A BT 0
Pppss=| —-B Ay —C7
0 C A
Since the prefactor s has not much effect on the performance of PESS preconditioner,
investigating the optimal parameters of Zppgs and @JPESS are equivalent. A general
criterion for a preconditioner to perform efficiently is that it should closely approximate
the coefficient matrix A [26]. Consequently, the difference ﬁpEsg —A= EZ approaches
zero matrix as s tends to positive infinity for fixed A;, Ay and Ag. Thus, the preconditioner
PESS shows enhance efficiency for large values of s. However, s can not be too large as the
coefficient matrix A of the linear subsystem in step 3 of Algorithm 2.2.1 becomes very-ill
conditioned. Similar investigations also hold for LPESS preconditioner. Nevertheless, in
Figure 2.7.9, we show the adaptability of the PESS and LPESS preconditioners by varying

the parameter s.

2.7. Numerical Experiments

In this section, we conduct a few numerical experiments to showcase the superiority
and efficiency of the proposed PESS and LPESS preconditioners over the existing precon-
ditioners to enhance the convergence speed of the Krylov subspace iterative method to
solve DSPPs. Our study involves a comparative analysis among the GMRES method and

the PGMRES method employing the proposed preconditioners #pggs and &1 pgrss and
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the existing baseline preconditioners Pgp, Lrep, Prarss, Psr, Pss, Prss, Prass
and Prpass. The numerical results are reported from the aspect of iteration counts
(abbreviated as “IT”) and elapsed CPU times in seconds (abbreviated as “CPU”). Each
subsystem involving X and A featured in Algorithm 2.2.1 are precisely solved by ap-
plying the Cholesky factorization of the coefficient matrices. For all iterative method, the
initial guess vector is ug = 0 € R"*™*P and the termination criterion is

k1 _ g
S .= | Au [E <1076,

~

]2
The vector d € R™™*? is chosen so that the exact solution of the system (2.1.1) is
u, = [1,1,...,1]7 € R"™*P_ All numerical tests are run in MATLAB (version R2023a)

on a Windows 11 operating system with Intel(R) Core(TM) i7-10700 CPU, 2.90GHz, 16
GB memory.

Example 2.7.1. Problem formulation: We consider the DSPP (2.1.1) taken from [75]
with
IRG+GRI 0

A= ER¥ B=|loF Fol| € R"¥ (=
0 IG+G®I
EQF € R"*” where G = e tridiag(—1,2,-1) € R, = ;L tridiag(0,1,—1) €

R>™! and E = diag(1,1+1,...,1> =1+ 1) € R For this problem, the size of the matrix
A is 412,

Parameter selection: Following [75], selection of Aand S (SPD approximations of A

and S, respectively) for IBD preconditioner are done as follows:

where L is the incomplete Cholesky factor of A produced by the Matlab function:
ichol(A, struct(‘type’, ‘ict’, ‘droptol’, 1e-8, ‘michol’, ‘off?)).

For the preconditioner Zy;4pgs, we take o = 4/ %TCTC) and 8 = 107 as in [43].
We consider the parameter choices for the preconditioners Pss, Prss, Prass, PRrrGss,

Pprss and P ppss in the following two cases.

e In Case I: @ = 0.1 for g5 and Prss; a =0.1,4=1,vy=0.00l and P =1,Q =
[,W = I for gZEGSS and f@RPGSSQ and A1 = I,A2 = I,Ag = 0.0011 for QZPESS

and Z1pgss.
40



e In Case II: a = 1 for X5 and Prss; a =1, =1,7=0.001 and P = A,Q =
[,W = CCT for yEGSS and prgss; and A1 = A, A2 = [,Ag = 0.001CCT for

Pppss and Prppss.

The parameter selection in Case II is made as in [156].

Table 2.7.1: Numerical results of GMRES, BD, IBD, MAPSS, SL, SS, RSS,
EGSS, RPGSS, PESS and LPESS PGMRES methods for Example 2.7.1.

method l 16 32 48 64 80 128
size(A) 1024 4096 9216 16384 25600 65536
1T 865 3094 6542 —— —— ——
GMRES CPU 0.6607 101.7659 989.0242 2116.1245 3755.9251 8694.5762
RES 8.2852¢ — 07  9.9189¢ — 07 9.8389¢ — 07 1.0813¢ — 03 1.9862¢ — 03 0.0037
IT 4 4 4 4 4 4
BD CPU 0.0611 2.3135 17.0971 105.4514 337.4322 1355.6953
RES 1.2728¢ — 13 1.7577e — 13  6.6653e — 13  6.0211le — 12 2.6610e — 12 6.4572¢ — 07
1T 22 22 21 21 21 27
IBD CPU 0.0702 1.1711 9.9850 44.2197 141.1108 3064.8487
RES 4.0221e — 07 4.6059¢ — 07 9.1711le — 07 7.8518e — 07 6.8357e — 07 9.8667e¢ — 07
1T 5 5 6 6 6 7
MAPSS CPU 0.21299 1.2038 8.0537 36.5074 116.7495 514.1132
RES 4.6434e — 07 9.0780e — 07 3.8651le — 07 3.8350e — 07 4.3826e — 07  2.4983e — 07
1T 6 6 5 5 5 4
SL CPU 0.19624 1.0819 6.3741 30.6976 102.0981 481.7656
RES 2.5612¢ — 08 7.4194e — 08 9.4761le — 08 3.7303¢ — 09 1.7982¢ — 09 6.1568¢ — 08
Case 1
1T 4 4 4 4 4 4
SS CPU 0.2415 1.3375 6.7059 33.6902 111.3118 439.1221
RES 7.7528¢ — 08 5.5120e — 08 4.5134e — 08 3.9157¢ — 08 3.5073¢ — 08 2.7836e — 08
1T 4 4 4 4 4 4
RSS CPU 0.2776 1.0467 6.5207 32.4428 110.4587 432.6755
RES 8.0898¢ — 08 6.0033¢ — 08 4.9839¢ — 08 4.3510e¢ — 08 3.9097¢ — 08 3.1111le — 08
1T 4 4 4 4 4 4
EGSS CPU 0.3061 1.2771 6.9552 32.8960 119.7763 435.0198
RES 5.9583¢ — 10 4.4128¢ — 10 3.6626e¢ — 10 3.2009¢ — 10 2.8807¢ — 10 1.9145e¢ — 08
IT 4 4 4 4 4 3
RPGSS CPU 0.2249 1.1312 7.0322 35.0140 130.2593 371.4522
RES 5.9497e — 10 4.4042e — 10 3.6494e — 10 3.1838e¢ — 10 2.8603e — 10  9.9326e — 07
1T 2 2 2 2 2 2
PESSt CPU 0.2285 0.9854 4.8795 23.3687 79.9355 283.8561
s=12 RES 3.1630e — 07 2.3239¢ — 07 1.9486e — 07 1.7260e — 07 1.5754e — 07 1.3135e — 07
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Table 2.7.1: Numerical results of GMRES, BD, IBD, MAPSS, SL, SS, RSS,
EGSS, RPGSS, PESS, and LPESS PGMRES methods for Example 2.7.1

(continued).
method ! 16 32 48 64 80 128
IT 2 2 2 2 2 2
LPESST  CPU 0.2834 0.7989 4.5599 21.1664 72.8376  268.3114
s=12  RES  3.1180e — 07 2.2463¢ —07 1.848le—07 1.607le —07 1.441le—07 1.144le — 07
Case II
IT 7 7 7 7 7 7
SS CPU 0.2780 1.6189 10.6707 54.4493 184.6025 703.1082
RES  6.7967c — 07 4.9738 — 07 4.1383¢ — 07 3.6189e — 07 3.2556e — 07 2.5956e — 07
IT 7 7 7 7 7 7
RSS  CPU 0.3248 1.4644 10.4985 52.4559 177.1895 690.1611
RES  5.2397¢ — 07 3.6832¢ — 07 2.7532e — 07 2.1869% — 07 1.8240c — 07 1.2720e — 07
IT 5 5 4 4 4 4
EGSS ~ CPU 0.2588 1.3792 6.7546 34.8358 118.2298 439.7907
RES  6.849lc — 08 1.5230c — 07 9.7099¢ — 07 6.3466c — 07 4.8159¢ — 07 4.1376e — 07
IT 4 4 4 4 4 3
RPGSS ~ CPU 0.2445 1.2087 8.1982 28.5129 1049127 397.4766
RES  5.2642c — 08 1.1366c — 07 7.1116c— 08 8.2780c — 07 5.6396e — 07 2.513le — 07
IT 3 3 3 3 3 3
PESSt  CPU 0.2971 1.1597 6.6682 31.2670 103.8616 371.1214
s=12  RES  7.4100c —08 7.4642¢c—08 7.3327c —08 6.9803c —08 6.1920c — 08 4.0967c — 08
IT 3 3 3 3 3 3
LPESST  CPU 0.2226 0.9905 6.1339 30.0975 98.6443 359.8141
s=12  RES  1.1683¢—09 2.3215¢—09 3.1540c —09 3.3907¢ —09 3.027le—09 1.614le — 09

Here 1 represents the proposed preconditioners. The boldface represents the top two results.

—— indicates that the iteration method does not converge within the prescribed IT.

Results for experimentally found optimal parameter: The optimal value (experi-
mentally) for s in the range [10,20] is determined to be 12 for minimal CPU times. The
test problems generated for the values of | = 16, 32,48, 64,80, 128, and their numerical

results are reported in Table 2.7.1.

Results using parameters selection strategy in Section 2.6: To demonstrate the
effectiveness of the proposed preconditioners PESS and LPESS using the parameters
discussed in Section 2.6, we present the numerical results by choosing s = 1, Ay =
0.017,Ay = 0.11, A3 = 0.0017 (denoted by PESS-I and LPESS-I) and s = s.q, A1 = A,
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Table 2.7.2: Numerical results of PESS-I, LPESS-I, PESS-II and LPESS-II
PGMRES methods for Example 2.7.1.

method l 16 32 48 64 80 128
size(.A) 1024 4096 9216 16384 25600 65536
PESS-I 1T 2 2 2 2 2 2
(s =1, Ay =0.011, CPU 0.2517 0.8373 4.6626 21.8133 77.9420 308.1418
Ay =0.11, A3 = 0.0011) RES  4.4970e¢ — 07 3.8763e — 07 3.6261e — 07 3.4880e — 07 3.3983e — 07 7.7830e — 07
LPESS-I 1T 2 2 2 2 2 2
(s=1,Ay=0.11, CPU 0.3070 0.8184 4.7244 21.6534 82.3687 288.9701
Ay =0.0017 ) RES  3.1116e — 07 2.2410e — 07 1.8435¢ — 07 1.6030e — 07 1.4375e¢ — 07 1.1441e — 07
PESS-1T 1T 3 3 3 3 3 3
(5 = Sests A1 = A, CPU 0.2037 1.0533 5.8415 29.3914 104.9663 424.2004
Ay = BegtI, A3 =107°CCT)  RES  2.2013e — 08 3.4850c — 08 4.3689¢ — 08 5.0705¢ — 08 5.8005¢ — 08 7.2906¢ — 08
LPESS-II 1T 3 3 3 3 3 3
(s = Sest, Ao = Best!, CPU 0.1922 1.0496 4.6314 24.2092 102.8465 389.1076
Ay =1071CCT) RES  1.8126e — 09 1.0207e — 13 8.0620e — 15 9.1601e — 14 5.7292e — 13 1.1950e — 07

Ay = Besel and A3 = 1072CTC (denoted by PESS-II and LPESS-II) for the proposed

preconditioner. These results are summarized in Table 2.7.2.

Convergence curves: Figure 2.7.1 illustrates convergence curves pertaining to precon-
ditioners BD, IBD, MAPSS, SL, SS, RSS, EGSS, RPGSS, PESS and LPESS (s = 12) for
Case II with [ = 16, 32,48,64, 80 and 128. These curves depict the relationship between

the relative residue (RES) at each iteration step and IT counts.

Spectral distributions: To further illustrate the superiority of the PESS preconditioner,
spectral distributions of A and the preconditioned matrices 255, A, Z;5pA, 23 pssA,
PLA PA, PricA, PrbssA, PrbassA, PopseA and Pr oo A for the Case 11
with [ = 16 and s = 13 are displayed in Figure 2.7.2.

Spectral bounds: Furthermore, we draw the eigenvalue bounds of Theorems 2.4.1 and
2.4.5 for the PESS preconditioned matrix. The [A—1] = 1 of Theorem 2.4.1 is drawn by the
green unit circle in Figure 2.7.3(a) and the points in blue color are the bounds of Theorem
2.4.5. To draw the eigenvalues bounds in Theorem 2.5.1 for LPESS preconditioned matrix,

we define the following circles:

0 9
Cr=¢AeC: |\ = —= ,C’::{)\EC:)\:&},
! | | \/1+819min+520max ? | | 2_‘_Sﬁmin
1 Vmi 1 1
C’::{)\EC: A— — :$} dCy:=XeC: | A——|= — )
’ ‘ s 2+319min o ! { ' S S(l—i—S\/emax)}

43



s =)
% 8 )
3 > 8 '\ b
= o \
7] = ] . ooea
-
E ﬂ HEJ "‘ ® @000
o % -
v .o
LY
W i
\
\
5 10 15 20 25
IT
(c) 1 =48
=
o
5.
-
10 ¥ e
s o
= =1 % S
g = -
= 7] s
w b-o- o -0
81 o \Q\ »
o Y N
' R vomee
10°F 4 2 °
|4
-8
10 5 10 15 20
IT

Figure 2.7.1: Convergence curves for I'T versus RES of PGMRES meth-
ods employing BD, IBD, MAPSS, SL, SS, RSS, EGSS, RPGSS, PESS and
LPESS (s = 12) preconditioners in Case II for Example 2.7.1.

In Figure 2.7.3(b), C is in red color, Cs is in blue color, Cj5 is in black color and C} is in
green color. Additionally, the eigenvalue bounds in Theorems 2.4.5, 2.4.6 and 2.5.1 are
also presented in Table 2.7.3.

CN analysis: To investigate the robustness of the proposed PESS preconditioner, we
measure the CN of the &,1.cA, which is for any nonsingular matrix A is defined by
k(A) == [J[A7Y2||All2. In Figure 2.7.4, the influence of the parameter s on the CN of

P s A for Case 11 with [ = 32 is depicted. The parameter s is chosen from the interval

[5,50] with step size one.
Discussions: The data presented in Tables 2.7.1 and 2.7.2 and Figures 2.7.1-2.7.4 allow

us to make the following noteworthy observations:

e From Table 2.7.1, it is observed that the GMRES has a very slow convergence speed.
In both Cases I and II, our proposed PESS and LPESS preconditioners outperform
all other compared existing preconditioners from the aspects of I'T and CPU times.
For example, in Case I with | = 80, our proposed PESS preconditioner is 76%,

43%, 36%, 22%, 28%, 27%, 33% and 39% more efficient than the existing BD, IBD,
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II w1th [ = 16 for Example 2.7.1.

MAPSS, SL, SS, RSS, EGSS and RPGSS preconditioner, respectively. Moreover,
LPESS preconditioners perform approximately 78%, 48%, 38%, 29%, 35%, 34%,
39% and 44% faster than BD, IBD, MAPSS, SL, SS, RSS, EGSS and RPGSS

45

hpggA for Case



Imaginary

-0.5

0.5

1 0.06 //
z
L5 ’ ' T 00at /
Zon

2 0.02
]

£
> 0

8
E.0.02

008 o 005 o1 . L
“ 0.04F \
1 008f S
. N g )
0 0.5 1 15 2 2 0 commm—00 00 o .o
[ -0.05 0 0.05 0.1
Real £
o Real
2
oz oot ooriaz

(a) PppggA with s =13 (b) P, ppggA with s =13

Figure 2.7.3: Spectral bounds for Zp.¢qA and P }.geA for Case 11 with
[ = 16 for Example 2.7.1.

Table 2.7.3: Spectral bounds for @IZ,{;SS.A and QZL}l,EssA for case II with
[ = 16 for Example 2.7.1.

Real eigenvalue A Non-real eigenvalue A
Bounds of Theorem 2.4.5 Bounds of Theorem 2.4.6
contained in 0.0667 < |A\| < 0.0739
PppssA the interval 4258 x 1075 < R(M\/(1 — s))) < 0.5
(0,0.071429] |(A/(1 —sA))| < 31.6386
Bounds of Theorem 2.5.1 Bounds of Theorem 2.5.1
contained in 0.0285 < |A| < 0.0769
PrppssA the interval 1.8666 x 1074 < | — 1| < 0.0438
(0.0416,0.0769]

preconditioner, respectively. Similar patterns are noticed for [ = 16, 32, 48,64 and
128.

Comparing the results of Tables 2.7.1 and 2.7.2, we observe that in both cases, PESS
and LPESS preconditioners outperform the existing baseline preconditioners and
IT are the same as in the experimentally found optimal parameters. This shows
that the parameter selection strategy in Section 2.6 is effective.

In Figure 2.7.1, it is evident that the PESS and LPESS preconditioners have a
faster convergence speed than the other baseline preconditioners when applied to

the PGMRES method for all [ = 16, 32,48, 64,80 and 128.
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According to Figure 2.7.2, the spectrum of P5,esA and P; 4sA have better
clustering properties than the baseline preconditioned matrices, consequently im-
proves the computational efficiency of our proposed PESS and LPESS PGMRES
methods. Moreover, the real eigenvalues of 91;}1335-'4 are contained in the interval
(0,0.071429] and for P5sA and P/ geA are in (0,1.9991] and (0, 1], respectively,
which are consistent with bounds of Theorem 2.4.5, Corollaries 2.3.1 and 2.3.2,
respectively. For non-real eigenvalues of 95444, obtained bounds are consistent
with Theorem 2.4.6. Moreover, from Figure 2.7.3(b), we observe that eigenvalues
of QZ;ESSA are contained in Cy, < A < 1 NCy < A < C4, which shows the
consistency of the bounds in Theorem 2.5.1.

For [ = 32, the computed CNs of A, Z51,A, ZppA, PifapssA and P51 A are
5.4289¢e+04, 9.5567¢4-09, 9.5124e+09, 7.2548e+05 and 4.2852e+ 09, respectively,
which are very large. Whereas Figure 2.7.4 illustrates a decreasing trend in the
CN of 514 A (for instance, when s = 50, k(PppegA) = 3.4221) with increasing
values of s. This observation highlights that 9,444 emerges as well-conditioned,
consequently, the solution obtained by the proposed PESS PGMRES method is

more reliable and robust.

The above discussions affirm that the proposed PESS and LPESS preconditioners are

efficient, robust and better well-conditioned with respect to the baseline preconditioners.

Sensitivity analysis of the solution by employing the proposed PESS precon-

ditioner: To study the sensitivity of the solution obtained by employing the proposed
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PESS PGMRES method to small perturbations on the input data matrices. In the follow-
ing, we consider the perturbed counterpart (A + AA)a = d of the DSPP (2.1.1), where
the perturbation matrix AA has same structure as of A. We construct the perturbation

matrix AA by adding noise to the block matrices B and C' of A as follows:
AB = 10"*% Np # std(B). *randn(m,n) and AC = 10"** Np  std(C). * randn(p, m),

where Np is the noise percentage and std(B) and std(C') are the standard deviation of
B and C, respectively. We perform the numerical test for [ = 16,32,48,64 and 80 for
Example 2.7.1 using the PESS PGMRES method (Case II, s = 12). The calculated norm
error |G — uf|2 among the solution of the perturbed system and the original system with
increasing Np from 5% to 40% with step size 5% are displayed in the Figure 2.7.5. We
noticed that with growing Np, the norm error of the solution remains consistently less
than 10~®, which demonstrates the robustness of the proposed PESS preconditioner and

the solution u is insensitive to small perturbation on A.

Example 2.7.2. Problem formulation: In this example, we consider the DSPP (2.1.1),
where block matrices A and B originate from the two dimensional Stokes equation namely
“leaky” lid-driven cavity problem [59], in a square domain = = {(z,y) | 0 < 2z < 1,0 <
y < 1}, which is defined as follows:

—Au+Vp=0, in Z, (2.7.1)

V-u=0, in Z=.
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Table 2.7.4: Numerical results of GMRES, IBD, MAPSS, SL, SS, RSS,
EGSS, RPGSS, PESS, and LPESS PGMRES methods for Example 2.7.2.

method h 1/8 1/16 1/32 1/64 1/128
size(A) 288 1088 4224 16640 66048
IT 158 548 2048 — -
GMRES  CPU 0.2325 0.6960 124.7595 4545.5072 9396.6958

RES 8.0113e — 07 8.8023e — 07 9.0887e¢ — 07 4.0481e — 06 8.3021e — 06

1T 34 35 25 23 21
IBD CPU 0.0147 0.1166 1.9070 32.6213 1664.6991
RES 9.4111e — 07 6.9932e — 07 9.2544e — 07 9.3340e — 07 7.3550e — 07

IT 11 7 4 4 4
MAPSS CPU 0.2061 0.3453 1.8717 26.6600 482.0390
RES 5.2642e — 08 1.1366e — 07 7.1116e — 08 8.2780e — 07 2.1189%e — 09

IT 6 6 5 5 4
SL CPU 0.2130 0.2929 1.8697 27.1124 516.3012
RES 6.6518¢ — 07 1.1953e — 08 9.5638e¢ — 08 2.1528¢ — 11 2.9479¢ — 10

Case I
1T 5 6 9 11 11
SS CPU 0.3047 0.4422 2.4279 51.5825 1245.2019

RES 4.5523e — 07 7.9331le — 07 2.5307e — 07 4.5327e — 07 9.8497e — 07

1T 4 4 5 5 6
RSS CPU 0.2044 0.3436 1.6047 27.6128 720.4234
RES 3.4853e — 08 9.2155e — 07 1.7469e — 08 2.7261le — 07 3.2621e — 09

IT 7 9 11 15 5
EGSS CPU 0.2389 0.4051 4.4353 52.7804 744.5983
RES 1.6861e — 07 4.0517e — 08 1.3223e — 07 1.774e —07  9.1207e — 07

IT 4 4 4 5 5
RPGSS CPU 0.2105 0.3883 2.2981 28.1748 544.8828
RES 2.8700e — 09 5.1131e — 08 3.3646e — 07 8.8663e — 09 1.4981e — 07

IT 4 4 5 5 4
PESST CPU 0.2068 0.3480 1.7633 25.2920 484.2796
s =30 RES 2.3499e — 08 4.2761le — 07 2.1247e — 08 2.0987e — 07 4.3859¢ — 07
IT 3 3 4 3 4
LPESSTt CPU 0.1990 0.2578 1.4778 17.9730 457.7446
s =30 RES 1.6606e — 07 8.3803e — 07 4.9289¢ — 10 5.2658¢ — 07 3.3191e — 08
Case I1
1T 29 38 60 52 55
SS CPU 0.2999 1.1144 13.4580 213.2381 4980.7387

RES 7.3560e — 07 9.5790e — 07 9.2515e — 07 9.6425e¢ — 07 9.6948e — 07
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Table 2.7.4: Numerical results of GMRES, IBD, MAPSS, SL, SS, RSS,
EGSS, RPGSS, PESS, and LPESS PGMRES methods for Example 2.7.2

(continued).
method ~ h 1/8 1/16 1/32 1/64 1/128
IT 12 13 14 12 12
RSS  CPU 0.3797 0.6019 3.4491 50.3476 1361.8902
RES  3.2456e — 07 5.3086e — 07 6.6600c — 07 4.2834c — 07 1.2733¢ — 07
IT 9 9 9 7 4
EGSS  CPU 0.2459 0.4180 2.4320 27.9359 419.1204
RES  7.900le — 09 8.6623¢ —09 7.464de—09 1.2457c — 07 7.6469¢ — 08
IT 6 7 7 5 4
RPCSS ~ CPU 0.2154 0.4096 1.8893 23.2802 423.0121
RES  5.2642¢ — 08 1.1366c —07 7.1116c—08 8.2780c — 07 2.1189% — 09
IT 5 5 5 5 3
PESS!  CPU 0.2091 0.4184 1.8118 25.8048 365.3128
s=26  RES  2.380le—08 1.1965¢ —08 8.4923¢—09 5.9356e —08 4.2039¢ — 07
IT 4 5 5 5 3
LPESS!  CPU 0.2070 0.3662 1.5330 235997  359.1330
s=26  RES  24250e—07 8.6182e—12 53930e — 11 8.1253¢—10 5.8345¢ — 07

Here { represents the proposed preconditioners. The boldface represents the top two results.

—— indicates that the iteration method does not converge within the prescribed IT.

A Dirichlet no-flow condition is applied on the side and bottom boundaries, and the
nonzero horizontal velocity on the lid is {y = 1; -1 < z < 1|u, = 1}. Here, u and p refer
to the velocity vector field and the pressure scalar field, respectively.

To generate the matrices A € R™™ and B € R™*" of the system (2.1.1), the discretiza-
tion task of the Stokes equation (2.7.1) is accomplished by the IFISS software developed by
Elman et al. [59]. Following [59] with grid parameters h = 1/8,1/16,1/32,1/64,1/128, we
get n = 2(14+1/h)? and m = 1/h*. To make the system of equations in (2.1.1) not too ill-
conditioned and not too sparse, we construct the block matrix C' = [H randn(p, m — p)} ;
where II = diag(1,3,5,...,2p — 1) and p = m — 2. Additionally, to ensure the positive
definiteness of the matrix A, we add 0.0017 with A.

In Table 2.7.4, we list numerical results produced using the GMRES method and
PGMRES method with the preconditioners #Z;gp, Prrarss, Psr, Pss, Prss, Prass,

Prpass, Pprss and P ppss for different grid parameter values of h.
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Table 2.7.5: Numerical results of PESS-I, LPESS-I, PESS-II and LPESS-II
PGMRES methods for Example 2.7.2.

method h 1/8 1/16 1/32 1/64 1/128
size(A) 288 1088 4224 16640 66048
PESS-I IT 5 5 6 6 5
(s =1, Ay = 0.0011, CPU  0.30867 0.46688 2.48254 46.52887  577.9420
Ay =011, As =0.0011)  RES  1.4125¢ —08 13379 — 07 3.882le —08 2.6061c — 07 9.7383¢ — 07
LPESS-I IT 4 4 4 5 3
(s=1, Ay = 0.11, CPU 0.1829 0.3319 1.2774 19.1090 349.6728
Ag = 0.0011) RES  3.5507¢ — 09 3.4257¢ — 08 7.0375¢ — 07 2.3073¢ — 09 7.1453¢ — 07
PESS-II IT 3 4 4 4 4
(5 = Sests Ay = A, CPU 0.1847 0.3954 1.3215 17.22840  485.0177
Ay = Bewl, Ay = 107%CCT)  RES  9.6100e — 07 5.6520e — 07 7.8750e — 08 3.9903¢ — 08 6.9694¢ — 09
LPESS-II IT 6 6 5 5 3
(5 = Sest, Ay = Best], CPU 0.1656 0.3777 1.4341 19.0658 377.2001
Ag = 1074CCT) RES  2.5227¢ — 07 5.1622¢ — 07 4.8924¢ — 08 3.2751e — 08 7.9950¢ — 07
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Figure 2.7.6: Convergence curves for IT versus RES of the PGMRES meth-
ods by employing IBD, MAPSS, SL, SS, RSS, EGSS, RPGSS, PESS and
LPESS preconditioners in Case II for Example 2.7.2.

Parameter selection: Parameter choices for the proposed preconditioners are made in

two cases as in Example 2.7.1. However, in Case I, we take = 0.01, 5 = 0.1, A; = 0.017
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Figure 2.7.7: Spectral distributions of A, 2,554, 23 hpssA, Ps A,
Ps A, PrtissA, PrbassAs PppsgA and P hosA for Case 11 with

h=1/8.
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Figure 2.7.8: Spectral bounds for Z51¢oA and P} }.geA for Case 11 with
h = 1/8 for Example 2.7.2.

and Ap = 0.1/. The parameter « in Case I is taken as in [37] and the parameters in Case 11
are taken as in [156]. For the IBD preconditioner, the matrices A and S and for MAPSS

preconditioner o and [ are constructed as in Example 2.7.1.

Results for experimentally found optimal parameter: In the interval [10, 30], the
empirical optimal choice for s is found to be 30 for Case I and 26 for Case II. Table 2.7.4
shows that the GMRES method has a very slow convergence speed and also does not
converge for h = 1/64, 1/128 within 7000 iterations. The proposed preconditioners require
almost five times fewer iterations compared to the IBD preconditioner for convergence.
Moreover, in both cases, the PESS and LPESS preconditioners outperform the MAPSS,
SL, SS, RSS, EGSS and RPGSS preconditioners in terms of I'T and CPU times. Notably,
for the PESS preconditioner, the IT remains constant in both cases, whereas for the SS
and EGSS preconditioners, the IT increases as the size of A increases. Furthermore, in
Case I with h = 1/64, our proposed LPESS preconditioner is approximately 45%, 33%,
34%, 65%, 35%, 66% and 36% more efficient than the existing IBD, MAPSS, SL, SS, RSS,
EGSS and RPGSS preconditioners, respectively. Similar patterns are observed for other

values of h.

Results using parameters selection strategy in Section 2.6: To demonstrate the
effectiveness of the proposed PESS and LPESS preconditioners using the parameters
discussed in Section 2.6, we present the numerical test results for PESS-I, LPESS-I, PESS-
IT and LPESS-II in Table 2.7.5 as in Example 2.7.1. Comparing the results in Tables
2.7.4 and 2.7.5, we observe that the parameter selection strategy described in Section 2.6

is effective.
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Convergence curves: The convergence curves in Figure 2.7.6 demonstrate the rapid
convergence of the proposed PESS and LPESS PGMRES methods compared to the IBD,
MAPSS, SL, SS, RSS, EGSS and RPGSS in terms of RES versus I'T counts.

Spectral distributions: Figure 2.7.7 illustrates the spectral distributions of the original
matrix A, and the preconditioned matrices 2,5, A, 23/ upssA, Pt A, Pos A, PrisA,
P otissA, PobossA, PopgeA and P ho A for Case 11 with h = 1/8. According to
Figure 2.7.7, eigenvalues of QZIZ}JSS.A and (@E},ESS.A demonstrate a superior clustering
compared to the other preconditioned matrices, which leads to a favorable convergence
speed for the proposed PESS and LPESS PGMRES methods.

Spectral bounds: In Figure 2.7.8, we draw the spectral bounds of Theorems 2.4.1, 2.4.5
and 2.5.1 for PESS and LPESS preconditioned matrices. In Figure 2.7.8(a), |A — 1| =1
of Theorem 2.4.1 is drawn by the green unit circle, while the points in blue indicate the
bounds from Theorem 2.4.5. Moreover, we draw the circles C; (in red), Cy (in blue), Cs
(in black) and Cy (in green) in Figure 2.7.8(b). We can observe that the eigenvalues of
the preconditioned matrix &;},¢sA lie in the intersection of the annulus of the circles

Ch and (5, and the annulus of the circles C3 and CYy. .
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Figure 2.7.9: Characteristic curves for I'T of the proposed PESS (left) and
LPESS (right) PGMRES methods by varying s in the interval [1, 100] with
step size 1 with h = 1/16 in Case I for Example 2.7.2.

CN analysis: Furthermore, the system (2.1.1) exhibits ill-conditioning nature with
k(A) = 5.0701e + 05. While for Case I with h = 1/16, k(PppegA) = 1.3353 and
k(P prsgA) = 1.2056, indicating that the proposed PESS and LPESS preconditioned

systems are well-conditioned, ensuring an efficient and robust solution.
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Relationship between s and convergence speed: In addition, to demonstrate the
relationship of the parameter s and the convergence speed of the PESS and LPESS pre-
conditioners, we plot graphs of I'T counts by varying the parameters s in the interval
[1,100] with step size one in Figure 2.7.9. We consider h = 1/16 and other choices for
A1, Ay and Az as in Case 1. Figure 2.7.9 shows that, with the increasing value of s, de-
creasing trend in the I'T counts for both the PESS and LPESS preconditioner. Moreover,
for s > 22, using LPESS preconditioner, we can solve this DSPP only in 3 iterations.

2.8. Summary

In this chapter, we proposed the PESS iterative method and corresponding PESS
preconditioner and its relaxed variant LPESS preconditioner to solve the DSPP (2.1.1).
For the convergence of the proposed PESS iterative method, necessary and sufficient cri-
teria are derived. Moreover, we estimated the spectral bounds of the proposed PESS
and LPESS preconditioned matrices. This empowers us to derive spectral bounds for SS
and EGSS preconditioned matrices. Numerous experimental analyses are performed to
demonstrate the effectiveness of our proposed PESS and LPESS preconditioners. The key
observations are as follows: (i) the proposed PESS and LPESS preconditioners are found
to outperform the existing baseline preconditioners in terms of IT and CPU times. (i7)
The proposed preconditioners significantly reduces the CN of A, consequently showing
their proficiency in solving DSPPs. (éii) The proposed PESS and LPESS preconditioned
matrices have better clustered spectral distribution than the baseline preconditioned ma-
trices. (iv) Sensitivity analysis conducted by introducing different percentages of noise

on the system (2.1.1) showcases the robustness of the proposed PESS preconditioner.
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CHAPTER 3

A Class of Generalized Shift-Splitting Preconditioners for
Double Saddle Point Problems*

In this chapter, we propose a generalized shift-splitting (GSS) preconditioner, along
with its two relaxed variants, to solve the DSPP by considering F' = B, G = C, and
D = 0. The convergence of the associated GSS iterative method is analyzed, and sufficient
conditions for its convergence are established. Spectral analyses are performed to derive
sharp bounds for the eigenvalues of the preconditioned matrices. Numerical experiments
based on examples arising from the PDE-constrained optimization problems demonstrate
the effectiveness and robustness of the proposed preconditioners compared with existing

state-of-the-art preconditioners.

3.1. Background

Suppose n,m and p are given positive integers with n > m > p. Then, we consider
the DSPP in the following form [33]:

A 0 BT |= P
Bw:=| 0 E C||z|=]|q| =4d, (3.1.1)
-B -CT 0] |y r

where A € R B € R™" (C € RP*™ and F € RP*P . Further, p € R", g € RP
and r € R™ are known vectors and € R”, y € R™ and z € RP are unknown vectors
to be determined. In this section, we consider that the matrices A and E can be both
symmetric or nonsymmetric.

The DSPP (3.1.1) is frequently encountered in a wide range of scientific and computa-
tional disciplines. Notable areas of application include quadratic programming problems
[71], EILS problems [30], PDE-constrained optimization problem [115], and so on.

Owing to the broad applicability of the DSPP (3.1.1), this chapter primarily concen-
trates on its numerical solution. Nevertheless, for the large and sparse nature of the double

*S. S. Ahmad and P. Khatun, “A class of generalized shift-splitting preconditioners for double saddle point

problems.” Revision submitted in Applied Mathematics and Computation.



saddle point matrix B, iterative methods are generally preferred over direct approaches
[122]. In this chapter, we develop robust and efficient preconditioners to enhance the
convergence of Krylov subspace methods, such as GMRES, for solving the DSPP (3.1.1).
To leverage the full block structure of B, various preconditioners have been studied in
the literature to solve the DSPP (3.1.1). When £ = 01in (3.1.1), BD and block tridiagonal-
type preconditioners [1, 75], SS-type preconditioners [37], Uzawa methods [74, 76|, etc.
have been explored. When E # 0, BD preconditioners for the DSPP (3.1.1) have been
investigated in [33]. By splitting the coefficient matrix B as B = B, + By, where

A 0 BT 0 O 0
By=|0 0 0| and By=|0 E C(C|. (3.1.2)
-B 0 O 0 -CT 0

Benzi and Guo [23] proposed the dimensional spitting (DS) preconditioner &pg and a
relaxed dimensional factorization (RDF) preconditioner Prpr [27]. These are given as

follows:

al+A 0 BT| |al 0 0
1
Pps = - 0 af O 0 ol+E C], (3.1.3)
—-B 0 ol 0 -7 al

A 0 BT |al 0 0
1
@RDF:E 0 of O o E C]|. (3.1.4)
-B 0 of 0 —-CT ol

For more on DS-based preconditioners, refer to [70, 154].

For the DSPP (3.1.1) arising from PDE-constrained optimization problem, Rees et al.
[115] introduced BD preconditioner &g and constrained preconditioner Z¢. Later, a block
triangular (BT) preconditioner is developed in [114]. In [161], the authors introduced two
types of preconditioners for solving the DSPP: a block-counter-diagonal preconditioner,
denoted as Ppcp, and a block-counter-tridiagonal preconditioner, denoted as #gcr. By
using different approximations of Schur complement, preconditioners in BD and BT for-
mats are constructed in [107, 108, 109]. For more research on solving DSPP in the context
of PDE-constrained optimization problems, refer to [61, 83, 104].

In recent years, several SS-type preconditioners have been developed for GSPP and
DSPP (2.1.1) with nonsymmetric coefficient matrix, demonstrating promising efficiency;
see, for example, [5, 37, 40, 41, 124]. However, despite their potential for high efficiency,

SS-type preconditioners have not yet been explored specifically for DSPP (3.1.1).
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Motivated by this gap, in this chapter, we introduce a generalized shift-splitting (GSS)
iterative method along with its associated GSS preconditioner for solving DSPP of the
form (3.1.1). Our approach extends the concept of SS to the coefficient matrix B, aim-
ing to enhance computational efficiency and convergence. Moreover, we derive sufficient
criteria for the convergence of the GSS iterative method. The main contributions of the

chapter are summarized as follows:

e A novel GSS iterative method and corresponding GSS preconditioner are intro-
duced by implementing the SS approach for the coefficient matrix B to solve DSPP
(3.1.1).

e Convergence analysis of the proposed GSS iterative method is carried out, yielding
sufficient conditions for its convergence.

e To further enhance the effectiveness of the GSS preconditioner, two relaxed vari-
ants, termed RGSS-I and RGSS-II are proposed, and the spectral bounds of the
RGSS-T and RGSS-II preconditioned matrices are thoroughly investigated.

e Finally, numerical experiments are conducted for the DSPP arising from the PDE-
constrained optimization problem to demonstrate the effectiveness of the proposed

preconditioners.

The outline of the rest of the chapter is as follows. Section 3.2 investigates the
solvability conditions of the DSPP (3.1.1) and properties of the coefficient matrix 8. The
GSS iterative method and associated preconditioner are proposed in Section 3.3. Section
3.4 investigates the convergence criteria for the proposed GSS iterative method. Two
relaxed variants of the proposed GSS preconditioner are presented in Section 3.5, and the
spectral analyses of the corresponding preconditioned matrices are performed. Section 3.6
deals with the parameter selection strategy of the proposed preconditioners. Experimental
results, analyses and discussions of the proposed and existing preconditioners are discussed

in Section 3.7. At the end, Section 3.8 includes some concluding statements.

3.2. Solvability Conditions and Properties of the DSPP

In this section, we provide the solvability conditions on the block matrices A, B,
C and F for the system (3.1.1) and a few important properties of the matrix B. The
nonsymmetric coefficient matrix B possesses the following desirable properties, which are
crucial in the theoretical analysis of the iterative method and preconditioners designed to
solve DSPP (3.1.1). Before that, we define Ay := 447 and By = E+TET

2
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Proposition 3.2.1. Let A € R™" and E € RP*P with Ay and Eg be positive semidefi-
nite. If B has full row rank, then

(i) B is semipositive real: T Bu > 0 for all u € R+,

(11) B is positive semistable: the real part of all eigenvalues of B is nonnegative.

Proof. (i) Let w = [27, yT 2T]T € R"™™™ Then u’Bu = 27 Ar + yT Ey. Therefore, we
have u?Bu + u' B u = 2(2? Agz + y' Egy) and hence, u'Bu = 27 Ayx + y" Eyy > 0,
as Ay and Ep are positive semidefinite. Thus, B is semipositive real.

(ii) Let A be an eigenvalue of B and u = [u”,vT, wT]T € R™™P™™ is the corresponding

eigenvector. Then u*Bu = A||lul, and (u*Bu)* = A||ul;. Thus

R(\) = u* (B + BT )u

2[| w2
_ 9R(w)"(B + B)R(w)” + I(w)" (B + B7)I(w)”
2|w]2 '

Then, using (i), we have R(\) > 0. B

Proposition 3.2.2. Let A € R™" and E € RP*? be nonsingular matrices with Ay and
Ey positive definite. If B has full row rank, then the double saddle point matrix B is

nonsingular.

Proof. Let B has full row rank, and w = [z, 2T, yT|T € R"*"*™ be such that Bw = 0.

Then, we have

Az + BTy = 0,
Ez+Cy = 0, (3.2.1)
—Bx —(CTz =
We first assert that £ = 0. Then from the first equation in (3.2.1), we obtain BTy = 0.
Since, B has full row rank, this implies y = 0. Thus the second equation of (3.2.1) gives
z = 0 as F is nonsingular. This implies w = 0. Next, we assert y = 0. Then, from the
first and second equation of (3.2.1), we find that = 0 and z = 0, respectively, as A
and E are nonsingular. Hence, w = 0. Now, we assume that  # 0 and y # 0. Then

multiplying by x” from the left side of the first equation of (3.2.1), we obtain
" Az + " BTy = 0. (3.2.2)
Again, multiplying third equation of (3.2.1) by y? from the left, we get

—y'Bx —y'CTz =0. (3.2.3)
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Substituting (3.2.2) and Ez = —Cy on (3.2.3), we have 7 Az + 2T Ez = 0, and therefore
it must be 7 Az = 0 and 27 Ez = 0, as both the quantities are nonnegative. However,
2l Ax = 2T Agx = 0 and 27" Ez = 2T Eyz = 0, which implies = 0 and z = 0, since

Apg and Ey are positive definite matrices. Thus, w = 0, and hence, B is nonsingular. l

Proposition 3.2.3. Let A € R™"™ and E € RP*P with Ay and Ey positive definite
matrices. If B and C are of full row rank, then the matriz B is positive stable, i.e., A > 0
for all A € o(*B).

Proof. Suppose A is an eigenvalue of B and w = [u”,vT, wT]T € R"™*™ is the corre-
sponding eigenvector. Then, we have Bw = Aw, which leads to following three linear

system of equations:

Au+ BTw = \u,
Ev+Cw =M, (3.2.4)
—Bu—CTv = )\w.

Premultiplying Bw = \w by w?, we get
Mw|)3 = v Au + v Ev + 2iS(u” BTw + v Cw). (3.2.5)
On the other hand, from w?BTw = \||w||2, we get
Mwlz = v ATu +v" ETv — 2iS(u BTw + v Cw). (3.2.6)
By adding (3.2.5) and (3.2.6), we obtain
A+ Vw3 = v (A+ AT u+ " (E+ ET)
= R(u)" (A + AT)R(w) + I(w)" (A + AT)I(u)
+R(0)(E+ E")R(v) +I(0)"(E+ E")I(v). (3.2.7)

Therefore, from (3.2.7), we obtain

R(u)T AgR(u) + T(w)T AT (u) + R(0)TEgR () + I(v)TExT(v)
Jw]? '

R(\) =

(3.2.8)

Since Ay and Ey are positive definite matrices, from (3.2.8), we get R(A) > 0 and
R(N\) =0 if and only if w =0 and v = 0.

Next, we show that the vectors u and v can not be zero simultaneously. First, assume
that u = 0. From the first equation in (3.2.4), it follows that BTw = 0, which leads to
w = 0, as B has full row rank. Substituting ©« = 0 and w = 0 into the third equation

of (3.2.4) yields v = 0. As a result, we obtain w = 0, which contradicts the assumption
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that w is an eigenvector. Therefore, we conclude that u # 0, which in turn implies that
M(A) > 0. This completes the proof. B

To ensure the properties stated in Propositions 3.2.2-3.2.3 are satisfied, throughout
the chapter, we assume that A and E are nonsingular matrices, where Ay and Ey are
SPD.

3.3. Proposed Generalized Shift-Splitting (GSS) Iterative Method

and Preconditioner

This section proposes a GSS iterative method to solve the DSPP. Let «, 5,7, w be
positive real numbers and P € R™" Q) € RP*P, and R € R™*™ be SPD matrices, then

B admits the following matrix splitting:

B = (@ + w%) — (@ — (1 — w)%) = QGSS —Ngss, (3.3.1)
where
aP + wA 0 wBT
Pass = 0 R+ wE wC |, (3.3.2)
—wB ~wCT 7R
aP — (1 -w)A 0 (1 —w)BT
Nass = 0 Q- (1-w)E (1-w)C |, (3.3.3)
—(1-w)B —(1 - w)CT TR
aP 0 O
and©®=10 BQ 0
0O 0 7R

The special matrix splitting in equation (3.3.1) introduces a novel iteration scheme,

known as the GSS iterative method, for solving the DSPP.

Method 3.3.1. (GSS iterative method). Given the initial guess vector wy = [xo”, 20", Yo' | T

positive real numbers «, 5,7 and w, and SPD matrices P € R™", Q) € RP*P and R €

R™™ until the stopping criterion is satisfied, compute
Wy =Gwy+d, k=0,1,2,..., (3.3.4)

—~ T p— . . . .
where w), = [a:kT,sz,ykT} € RvtPim G = P iNgss is the iteration matrix and
I
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The matrix splitting in (3.3.1) induces a preconditioner, denoted as Pgss, which
can be utilized to speed up the convergence rate of the Krylov subspace methods, like
GMRES. This preconditioner is referred to as the GSS preconditioner.

At each step of the GSS iterative method or GSS PGMRES method, we are required

to solve a system of linear equations in the following form:

(@Gssz =T, (335)
where z = [z 21 2117 € R"™™™ and r = [l vl rI1T € R However, Pgss
admits the following decomposition:

1 0 0| |[aP+wA 0 0
Pass = 0 1 0 0 bQ+wE 0
—wB(aP 4+ wA)™' —wCT(BQ +wE)™" T 0 0 R

I 0 w(aP+wA)'BT
0 I w(BQ+wk)'C |,
00 I

where R = 7R + w?B(aP + wA) BT + w2CT(BQ + wE)~'C. In the following, we
present the algorithmic implementations of the GSS preconditioner designed to accelerate
the GMRES method.

Algorithm 3.3.1 Solving Passz =71
Input: The matrices A € R™" B € R™" (C € RP*™ E € RP*P, p ¢ R¥PTM
positive parameters «, 3, 7, w, SPD matrices P € R™", () € RP*P and R € R™*™.

Output: Solution vector z = [2], 21 2T € RTPHm,

Steps:

1: Solve (aP + wA)t; = r; to find t;.

2 : Solve (BQ + wE)ty = 7y to find ts.

3: Solve Rzz = 73 + wBt; + wCTty to obtain z;.
4 : Solve (aP +wA)z; =1 — BT23 to find 2.
5: Solve (8Q + wE)zy = ry — wCz3 to obtain z,.

Remark 3.3.1. Algorithm 3.3.1 necessitates solving two linear subsystems having the
coefficient matriz (aP4+wA), two subsystems having the coefficient matriz (BQ+wkE), and

one subsystem with the coefficient matrix R. We can use LU factorization to solve them
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efficiently. Moreover, when A and E are SPD matrices, we have the flexibility to employ
exact solvers, such as Cholesky factorization, and inexact solvers, like the preconditioned
conjugate gradient method, to solve them efficiently. Nevertheless, to solve steps 1 and 4,
only one Cholesky or LU factorization of aP + wA and to solve steps 2 and 5, only one
Cholesky or LU factorization of fQ + wE is needed to perform.

Remark 3.3.2. From Algorithm 3.3.1, observe that the most tedious task to implement
the GSS preconditioner is to solve the linear subsystem in step 3. To avoid the direct
construction of the matrices B(aP + wA) BT and CT(8Q + wE)~'C, we modify the

decomposition in (3.3.6) in the following way:

I 0 O [P +wA 0
:@TGSS = 0 I 0 0 6Q + wkE 0
—wB(aP +wA)™t —wCT(Q +wE)™ 1 0 0 P+Q
I 0 wl@P+wA)'BT
0 I wPBQ+wE)C|, (3.3.7)
00 1

where P and @ are (efficient and economical) approzimations of the matrices B(aP +
wA)'BT and CT(BQ+wE)~1C, respectively. Then, the step 4 in Algorithm 3.3.1 changes
to the linear subsystem (P + Q)zs = 73 + wBt; +wCTty. With suitably chosen P and Q
(see for Example 1), this subsystem is much easier to implement than step 3 of Algorithm

3.3.1. We denote this inexact version of the GSS preconditioner as ﬁgsg.

3.4. Convergence Analysis of the GSS Iterative Method

The purpose of this section is to investigate the convergence behavior of the proposed

GSS iterative method. To achieve this, the following result plays a crucial role.

Lemma 3.4.1. Let A € R™™" and E € RP*P with Ay and Ey positive definite matrices,
B € R™" and C € RP*™ be full row matrices. Then, the matriz ©~ 1B is positive stable.

Proof. Since © is SPD, ©718 is similar to the matrix O :BO 1. By computation, we
find that the block structure of the matrix ©~ 2802 is identical to that of B. Therefore,
using Proposition 3.2.3, it follows that @‘5%@_%, and hence, © 7193 is positive stable. H

As noted in Lemma 1.2.1, a stationary iterative method in the form (3.3.4) converges
if and only if the iteration matrix has the spectral radius strictly less than one. The

following result discusses the convergence of the GSS iterative method (3.3.4).
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Theorem 3.4.2. Assume that A € R™" and F € RP*P, where Ay and Ey are SPD
matrices, B € R™" and C € RP*™ are full row matrices. Let a,f,7,w > 0, P €
R™ " @ € RP*P gnd R € R™™ be positive definite matrices. Then, the GSS iterative
method converges to the unique solution of the DSPP (3.1.1) if
1 Amin (©
w > max {5—19(@—1(%))2,0},
0B 4+ BTO"!
2
Proof. The iteration matrix of the GSS iterative method (3.3.4) is

where © =

G = PgiNass = (0 + wB) ' (O(1 — w)B) (3.4.1)
= (I +wO™B) I - (1-w)Oe 'B). (3.4.2)
Let A\ be an eigenvalue of G. Then
(I+wO'B)" (I - (1-w)0'B)x = Ax, (3.4.3)
where x € R™*P™™ ig the corresponding eigenvector. From (3.4.3), we write
(I—(1-w)O'B)x=\I+wO 'B)x (3.4.4)
= ((1 —w) + )0 Bx = (1 — M)x. (3.4.5)

Note that A # 1, otherwise (3.4.5) reduces to ©~!Bx = 0, which implies that x = 0.
On the other hand, (1 — w) + Aw # 0, otherwise (1 — A)x = 0. This gives x = 0, which

contradicts the assumption that x is an eigenvector. Therefore, from (3.4.5) we get

1—A
-1 = —X. A.
07 Bx o)+ X (3.4.6)
Thus 6 := ﬁ is an eigenvalue of ©~19B. Further, we can write
\— 1—(1-w)b
1+ wb
Therefore, || < 1 if and only if |1 — (1 —w)f| < |1 + wb|, i.e.,
(1—(1—w)R(O))*+ (1 —w)*I(0)* < (1 4+ wR(0)* + W*I(0). (3.4.7)

Consequently, it follows from (3.4.7) that the iterative method (3.3.4) is convergent if

2R(0) + (2w — 1)]0]* > 0. (3.4.8)
By Lemma 3.4.1, we have () > 0, and this implies 9;('92) > 0. From (3.4.8), we get
w>1- %.
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Next, assume that w is the eigenvector corresponding to the eigenvalue 6. Then
O~ 18w = fw. Multiplying by w” from the left side, we have w0~ 1Bw = fww, and
taking conjugate transpose gives w?B7O'w = fww. Hence,

w? (0B + BTOHw ~

R(0) g > Amin(0)
Again 0| < ¥(O) gives 57 0 < §~— JO) Since w > 0, the GSS iterative method

1 >\min
is convergent if w > max {5 — 19<@<)(2),0}. |

Remark 3.4.3. Note that if w > 1, then the condition (3.4.7) holds. This shows that the

GSS iterative method (3.3.4) is convergent for any initial guess vector if w > 5.

Notably, solving the DSPP (3.1.1) is same as to solve the preconditioned linear system
P oasBw = Bzéslsa. Hence, as an immediate consequence of Theorem 3.4.2 and Remark
3.4.3, we have the following results regarding the clustering properties of the spectrum of

the preconditioned matrix gzéés%.

Theorem 3.4.4. Assume that A € R™", E € RP*P are nonsingular matrices with Ay
and Ey are positive definite, B € R™*"™ and C' € RP*™ are full row rank matrices. Let
Pass be defined as in (3.3.2) and X\ be an eigenvalue of the preconditioned matrix 9655‘3.
If w > 1/2, then \ satisfies the following:

IA—1] <1,

i.e., all engenvalues of the preconditioned matriz ‘@6{318% are entirely contained in a circle

centered at (1,0) with radius strictly less one.

Proof. The proof follows immediately from the identity Pggq®B = Pgis( Pass — Nass) =
I—-Gg. m

3.5. Two Relaxed Variants of GSS Preconditioner

To enhance efficiency, this section introduces two relaxed variants of the GSS precon-
ditioner. By removing P from (1,1) block and SQ from (2,2) block of Pgss, we obtain
the following two relaxed GSS (RGSS) preconditioners:

wA 0 wB”
Prass1= | 0 pQ+wE wC (3.5.1)
—wB  —wCT TR
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and
wA 0 wBT
Prassun=| 0 wE  wC|. (3.5.2)
~wB —wCT TR
In the implementation, at each step of RGSS preconditioners in conjunction with

GMRES, we are required to solve the linear systems of the following forms:
r_@R(;,Ss_l’l.v =17 Oor gZRgss_H’lU =1T. (353)

Set Ry = TR+wBA BT +w?CT(fQ+wFE)'C and Ry = TR+wBA BT + wCTE!C,
then

I 0 0| |wA 0 0
Prass1 = 0 I 0 0 [BR+wE 0 (3.5.4)
_BA' —wCT(BQ+wE) I|| 0 0o R
I 0 A-IBT
0 I w(pQ+wE)'C|,
00 I
I 0 0] |lwA 0 O I 0 A 'BT
Prassa1 = 0 I 0 0 wE 0] |0 I E'C|. (3.5.5)

—BA™Y —CTE' I 0 0 Ro| [0 O I

By applying a similar methodology as in Algorithm 3.3.1, we derive Algorithms 3.5.1 and

?7? for implementing the RGSS preconditioners.

Algorithm 3.5.1 Solving Prassiw =7
Input: The matrices A € R™" B € R™" (C € RP*™ E € RP*P p ¢ RVPTM
positive parameters (5, 7, w, and SPD matrices () € RP*P and R € R"™*™,

Output: Solution vector w = [w?, wl wl]’ € R¥TPT™,
Steps:

1: Solve At; = ry/w to find t;.

2 : Solve (BQ + wE)ty = 19 to find ts.

3 : Solve Ryws = r3 + wBt; + wCTt, to obtain ws.

4 : Solve Aw; = L(r; — BTw;) to find w.

5 : Solve (BQ + wE)ws = 19 — wCws to obtain ws.
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Algorithm 3.5.2 Solving Prassnw = r
Input: The matrices A € R™" B € R™" (C € RP*™ EF € RP*P p ¢ RPHM,

positive parameters 7,w and the SPD matrix R € R™*™.
Output: Solution vector w = [w?, wl wl]’ € R¥TPr™,
Steps:

1: Solve At; = 1 /w to find ¢;.

2 : Solve Ety = ry/w to find ts.

3 : Solve Rows = 13 + wBt; + wCTty to obtain ws.

4 : Solve Aw; = L(r; — BTw;) to find w.
)

: Solve Fwy = é(rg — wCws) to obtain ws.

Remark 3.5.1. A key challenge in implementing the RGSS-I and RGSS-1I precondition-
ers lies in solving the linear subsystems associated with the coefficient matrices Ry and
R, respectively. As noted in Remark 3.3.2, to avoid the direct computation BA™*BT and
CT(BQ + wE)*C in Algorithm 3.5.1, and BA™*BT and CTE~'C in Algorithm 5.5.2,
we can use approximate versions of these terms. Following a similar technique as in de-
composition (3.3.7), let ﬁl, @1 and @2 be efficient and economical approximations of the
matrices BAT'BT, CT(BQ+wE)™'C, and CTE~1C, respectively. With these approzima-
tions, step 4 in Algorithms 3.5.1 and 3.5.2 transforms into solving the linear subsystems
(ﬁl + @1)Z3 =13+ wBt; + wCTty and (ﬁl + ég)Zg = 13 + wBt; + wCTty, respectively.
By appropriately selecting ﬁl @1, and @2 (see for Example 1), these subsystems become
significantly easier to implement compared to step 3 of Algorithms 3.5.1 and 3.5.2. The

resulting inexact preconditioners are denoted by gZJRGSS_I and @/RGSS_ 11, respectively.

Next, we investigate the spectral properties of the preconditioned matrices @géss_l%

and Ppbee B by considering A and E are SPD matrices.

Theorem 3.5.2. Assume that A and E are SPD matrices, B and C have full row

rank, and let Q and R be SPD matrices. Then, the preconditioned matriv Pgleg B

has — as the eigenvalue with multiplicity n. Further, let p be an eigenvalue among
w

the remaining m + p eigenvalues with the corresponding eigenvector [ul,vT]|T such that
1v/BQYV2uT, \/TRY?vT ) ||, = 1. Then
(1) if S(25;) # 0, we have B|Q"?ull; = 5 = 7|[RV?v[|3 and

1-wp
9%( It ):1<uHEu+uHsv)_
1 —wp 2 \pufQu  TvHRv
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Thus, it satisfies the following bounds:

l Amin(QilE]) )\min(Rils) 14 l )\max(QilE) )\max(Rils)
{ ARE I )Sm(l_“’“)SQS T ) (3.5.6)
1 _1 _1
9 () | < oman (R 72CQ72).
(2) 1If S(25;) =0, we have
po u"FBu+o"Sv
1—wp  BuQu+ TvH Ru
and it holds that:
3 Amin(Q_lE) )\min(R_ls) )\max(Q_lE) )\max(R_ls)
2 min { — . } < 115, < max { 5 : - } . (3.5.7)

Proof. Let S = BA7'B”. Then, the matrix 8 and the preconditioner Zrgss1 admits the

following decompositions:

B =LEU and pgsss = LEU, (3.5.8)
where
1 00 A 0 0 wA 0 0
L=| o 7 ol,E=|0o F C|.E=|0 wE+B8Q wC |,
—BA™Y 0 T 0o -ct s 0 —wCT S+ 1R
I 0 A 'BT
and U= (0 [ 0
00 I
Using decompositions in (3.5.8), we obtain
Prtse B = UEIEU. (3.5.9)
Therefore, Pglss B is similar to E~'E, which is given by
_ w I 0
E'E = : (3.5.10)
0 M-'A
E+ C E
where M = | be “ and A = . Hence, Pl B has an
~wCT WS+ 7R -CT

1
eigenvalue — with multiplicity at least n and while the remaining eigenvalues are those

€ RPt™ then M'A =

of the preconditioned matrix M~'A. Consider I = [ I o

69



I (I_ll\/II)f1 (I"AT) I . Consequently, M~tA is similar to ﬁ—lK, where

wE + 6@ wCT T

—w(C wS+ TR

M :=I"'MI= and A :=ITAT = . (3.5.11)

—C

Let pu be an eigenvalue of the matrix M~'A with the corresponding eigenvalue [u”, vT]T.

Assert that p = i, then

0] |u
be =0, (3.5.12)
0 7TR| |v
which gives [u?,vT]T = 0. This contradicts to the assumption that [u”,v?]7 is an eigen-

vector, and hence p # 2 5. Since, p is an eigenvalue of 1\/[*1A7 we have

wE+BQ  wCT u E CT| |u
—wC wS+71R -C S v
u [8Q o] fu E CT] [u
l—wp | 0 7TR| |v -C S v
p 'ﬂ@fu [ﬁ@‘é o & c Q0 1 \/B@%u
1 —wp | /7R3y 0 \/LBR_E -C S 0 %R_i VTR2v
b E C7"] [
—_— — — - ,
l—wp |7 -C S|
where F = ﬁQ‘EEQ“ — ARECQ7%, S = LR2SR™:, U = V/BQu and

U= T R2v. Since, E and S are SPD matrices and C has full row rank, according
to Proposition 2.12 in [25], we have the desired bounds of (3.5.6) and (3.5.7). W

Remark 3.5.3. The asymptotic behavior of the eigenvalue p is analyzed according to
Theorem 3.5.2 when the iteration parameters [ and T approach zero from the positive

side. Let 6 = —L then this analysis is conducted in the following two cases:
o When (6 ) # 0, we have R(0) — 400 and |F(0)] — +oo as 5,7 — 0. Then,

J1 1 + wR(H) L 3(0) . 1 Br 0
P lo  Trewm@)? + w2502 "0 rwR0)? + w202 w07 T
o When (0) =0, we have 0 — 400 as 5,7 — 0. Then,

0 1
T —>;, as B, 7 — 04. (3.5.13)

/"L:

The following theorem establishes the spectral properties for the RGSS-II precondi-

. . -1
tioned matrix P;gqq 1i’B.
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Theorem 3.5.4. Assume that A and E are SPD matrices, B and C have full row rank,
and let R be an SPD matriz. Then the preconditioned matriz Ppliss B has the eigenvalue

1
— with multiplicity n 4+ p. The remaining eigenvalues satisfy the generalized eigenvalue
w
problem (BA™'BT + CTE7'C+7R)x = ARox, where Ry = TR+wBA ' BT +wCTE~C.

Proof. From (3.5.5), we have

wld 0 —A'BTR;Y |4 0 BT

PrlssuB=] 0 w'E —ECR;'||0 E C

0 0 Ry 0 0 X

wll 0 w'ABT — A'BTR;'X

=| 0 wll w!lEC-E'CR;'X |, (3.5.14)
0 Ry 'X

1
where X = BA™'BY + CTE1C + 7R. Thus, Pplss B has the eigenvalue A = — with

w
multiplicity at least n 4+ p, and the rest of eigenvalues satisfy the generalized eigenvalue

problem
(BA™'BT + CTE7'C + 7R)x = ARx.

Hence, the proof is completed.

Corollary 3.5.1. Suppose that the assumptions on Theorem 3.5.4 hold. Then, the eigen-
values of PrleenB satisfy

A€ [Amina Amax]a (3515)

where
T)min + fmin + T TImax + é'max + 7

Amin = ) max — )
W1 max + wé-max +7 W1 min + wgmin + 7
Mmin = )\min(R_lBA_lBT)u Thmax = >\max<R_1BA_1BT)7 gmin = )\min(R_lcTE_lc) and

Emax = Amax(RICTE~LO).

Proof. Premultiplying by x” of the generalized eigenvalue problem (BA™'BT+CTE~1C+
TR)x = ARyx, we obtain
_ x"(BAT'B" +CTE"'C +71R)x
- xT(wBA-'BT + wCTE-1C + TR)x
(R'>x)" RV/*(BA™'B” + CTE~'C + r)R""/*(R"x)

- . 3.5.16
(R'2x)" R-1/2(wBA~'BT + wCTE-'C + 7)R-1/2(R'/?x) ( )

A
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Since R~Y2BA~'BTR~1/? is similar to R"'BA~'B” and R~'2CTA~'CR~'/? is similar
to RTICTATIC, and A\pin(X) < 0 < A\pax(X) for any 0 € o(X), where X is SPD, the
proof follows from (3.5.16). W

Next, we will examine the properties of the minimal polynomial of the preconditioned

matrix Ppleq.B, which determines the dimension of the Krylov subspace.

Theorem 3.5.5. Assume that A € R and E € RP*P with Ay and Eyg are SPD
matrices, B € R™™ and C € RP*™ are full row rank matrices. Then, the degree of the
minimal polynomial of the preconditioned matriz Pglss 1B is at most m+ 1. Therefore,

the dimension of the Krylov subspace K(Pglss 1B, H) s at most m + 1.

Proof. From (3.5.14), we obtain

w‘ll 0 El
PrissuB =1 0 wI S, (3.5.17)
0 0 3

where ¥ = w'ABT — AT'BTR;'X, ¥y = wlEC — E7ICR;'X, B3 = Ry'X, and
X =BA'BT + CTE-'C + R. Let u;, i = 1,2,...,m, be the eigenvalues of of ¥5. Then
they are also eigenvalues of the preconditioned matrix g leq ;8. Then the characteristic

polynomial of g e ;B is given by

(w1 — il 0 5]
p
—lo o Yy 0 [T(w™ 1 — ) Yo . (3.5.18)
=1
i -1 m
| =1 .

Given that X3 has the eigenvalues p;, i = 1,2, ..., m, we obtain [][ (33 — u; 1) = 0. There-
i=1
fore, from (3.5.18), we obtain g(Prlee.r®) = 0. Hence, by Cayley-Hamilton theorem,

the degree of the minimal polynomial of Zles B is at most m + 1.
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As mentioned in [122], the degree of the minimal polynomial of a matrix and the di-
mension of the associated Krylov subspace are equal. Therefore, the Krylov subspace
K(PaéssnB, 5) has dimension at most m -+ 1. Hence, the proof follows. H

Based on the property outlined in Theorem 3.5.5, when we use RPGSS-II precon-
ditioner, Krylov subspace methods like PGMRES require maximum m + 1 iterations to

solve the system (3.1.1).

3.6. Discussion on the Selection of Parameters

It is worth noting that proposed GSS, RGSS-I, and RGSS-II preconditioners involve
the parameters «, 3, 7, and w. As a general criterion for a preconditioner to perform
efficiently, it should be as close as possible to the coefficient matrix of the system [26], we
find the optimal choices for the proposed GSS preconditioner by minimizing ||Nass||r =
| Pass — B p. First, we define the function ¢ by

p(a, B, 7,w) = [|Nass|[ = tr(MgssNass) > 0.
After some easy calculations, we obtain

pla, p,7,w) =0?|| Pl + B2|QIE + IRl + (1 — w)*[|AlF + (1 - w)*| El[%
+ 2a(w — 1)tr(PA) + 28(w — 1)tr(QFE) + 2(1 — w)?|| B||%
+2(1 = w)*| [

Now we need to select the parameters «, 8, 7 and w such that ¢(«, 5, 7,w) is very small.
Since
im0, w) = (1Pl AR+ (-0 B+ 20 -0 BIE+20 -0 O,
we can select w = 1 and «, 3, 7, w — 04 such that p(«, 5, 7,w) — 0,4, and consequently,
NGSS — 0.
In the sequel, the GSS preconditioner is equivalently rewritten as: Pqss = wﬁgsg,
where
SP+ A 0 BT
D — B
Pass = 0 SQ+E C
-B -CcT IR
w
can be regarded as a scaled preconditioner. A preconditioner is considered efficient if it
closely approximates the coefficient matrix, and for given o, 5,7 > 0, ﬁgss—% = %@ — 0

as w — oo. Similar studies apply to the RGSS-I and RGSS-II preconditioners as well.
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The performance of the proposed preconditioners by varying the parameters is shown in

the numerical experiment section.

3.7. Numerical Experiments

To demonstrate the effectiveness and robustness of the proposed preconditioners GSS,
RGSS-I and RGSS-II over the existing ones within the Krylov subspace method to solve
the DSPP, in this section, we perform a few numerical experiments. We compare our
proposed GSS, RGSS-I and RGSS-IT PGMRES methods (abbreviated as “GSS”, “RGSS-
[” and ““RGSS-1I”, respectively) with the GMRES method and PGMRES methods with
block diagonal [33], block preconditioner [83], dimension splitting [23], relaxed dimension
factorization [27], and shift-splitting [61] preconditioners (abbreviated as “BD”, “BP”
“DS”, “RDF”, and “SS”, respectively). Moreover, we have also compared proposed meth-
ods with BD preconditioner in conjunction with minimum residual method (MIRES) (ab-
breviated as “BD-MINRES”). The numerical results are presented in terms of iteration
counts (abbreviated as “IT”) and elapsed CPU time in seconds (abbreviated as “CPU").

The initial guess vector is set to wy = 0 € R™™*™ for all iterative methods, and the

method terminates if _
Bwy —d
o H Wi1 H2 < 10—6

o dle
or if the maximum number of iterations exceeds 5000. All the linear subsystems involved

in Algorithms 3.3.1, 3.5.1 and 3.5.2 are solved using the LU or Cholesky Factorization.

Numerical experiments are conducted in MATLAB R2024a on a Windows 11 system,
using an Intel(R) Core(TM) i7-10700 CPU at 2.90 GHz with 16 GB of memory.

Example 3.7.1. [33, 115] The Poisson control problem: We consider DSSP arising
from the distributed control problem (1.1.1). The MATLAB code downloaded from [113],
generates the linear system of the form (1.1.2) by using the following setup: parameters
in “set_def_setup.m” are selected as:
def_setup.bc =‘dirichlet’, def_setup.beta =1e — 2, def_setup.ob =1, def_setup.type =‘dist2d’
and def_setup.pow = 5, 6 and 7. For these selection of def_setup.pow, size of the coefficient
matrix B is 2883, 11907 and 48378, respectively.
Parameter selection: For the DS preconditioner, we choose the parameter o (denoted
by apg) as follow [23]:
Vr(ATA) + 2tr(BBT) 4+ /tr(ETE) + 2tr(CTC)

2(n +m + p)
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Table 3.7.1: Experimental results of GMRES, BD, BD-MINRES, BP, DS,
RDF, SS, GSS, RGSS-I and RGSS-IT PGMRES methods for Example 3.7.1

when v = 0.1

Process def setup.pow =5 def_setup.pow = 6 def setup.pow =7
size(*B) 2883 11907 48378
579 2149 -
GMRES
CPU 2.9618 367.9274 ——
IT 10 10 10
BD
CPU 2.1418 40.6138 1512.0707
IT 9 8 8
BD-MINRES
CPU 1.5042 28.7551 1122.2980
IT 3 3 3
BP
CPU 0.7222 17.1404 555.3527
IT 31 40 51
DS
CPU 2.8514 54.3105 1706.9543
IT 6 6 8
RDF
CPU 0.8733 8.1585 302.9091
- IT 16 22 46
CPU 2.12460 45.9988 3985.6141
GSS IT 2 2 2
Wezp = 30 CPU 0.6909 7.3233 226.8625
RGSS-I IT 2 2 2
Wezp = 25 CPU 0.7796 7.72871 249.7657
RGSS-11 IT 2 2 2
Wezp = 30 CPU 0.7946 6.8447 238.5576

—— signifies that the method does not converge within 5000 IT.

For the RDF preconditioner, the parameter « is selected from the interval (0, 1) with a
step size of 0.01. The optimal performance, in terms of minimal CPU times, is achieved
with smaller values of v as found in [27]. For the SS preconditioner, we take a = 0.01.
For the GSS, RGSS-I, and RGSS-II preconditioners parameters are selected as follows:
a=p=20017=0001,P=A Q=CC" and R = I. The optimal parameter w
(denoted by we,p) is determined experimentally within the interval 2, 30] with step size

one, which yields minimal CPU times.

Numerical results: The numerical results for GMRES and various PGMRES methods

with B8 = 0.1 and 0.001 are presented in Tables 3.7.1 and 3.7.2. We observe that the
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Table 3.7.2: Experimental results of GMRES, BD, BD-MINRES, BP, DS,
RDF, SS, GSS, RGSS-I and RGSS-II PGMRES methods for Example 3.7.1

when v = 0.001
Process def setup.pow =5 def_setup.pow = 6 def setup.pow =7
size(*B) 2883 11907 48378
919 2254 ——
GMRES
CPU 5.8702 409.5427 ——
IT 19 19 19
BD
CPU 4.3498 84.9364 3034.4227
IT 9 8 8
BD-MINRES
CPU 1.5042 28.7551 1122.2980
IT 3 3 3
BP
CPU 0.7222 17.1404 555.3527
IT 29 39 46
DS
CPU 2.6072 47.8576 1603.9128
IT 14 11 8
RDF
CPU 1.4320 14.3846 324.8007
- IT 27 38 68
CPU 3.3960 79.7055 5481.9674
GSS IT 2 2 2
Wezp = 30 CPU 0.7159 7.4041 242.8123
RGSS-I IT 2 2 2
Weazp = 30 CPU 0.78675 7.6515 221.0918
RGSS-11 IT 2 2 2
Wezp = 26 CPU 0.6828 6.9229 247.4777

—— signifies that the method does not converge within 5000 IT.

GMRES method exhibits a significantly slower convergence rate compared to all other
PGMRES methods, even does not converge within 5000 iterations when def_setup.pow
= 7. On the other hand, we observe that our proposed preconditioners outperform all
the compared preconditioners in terms of both IT and CPU times. For the DS and SS
preconditioners, the IT increases as the size of B grows. Whereas the proposed GSS,

RGSS-T and RGSS-1II preconditioners maintain a consistent I'T regardless of matrix size.

Eigenvalue distributions: In order to better illustrate the superiority of the proposed

GSS, RGSS-T and RGSS-II preconditioners, the eigenvalue distribution of 28 and precondi-

tioned matrices P58, PpeB, PrpeB, Pos B, Poas®B, PrisesB and Pple B are
76



. 05 05
0.25
2
2 2 >
© © ©
c ] £ -
X R— > 0 > 0
® o (]
E E E
-2 -0.25
-4 05 05
) 1 2 3 4 5 o ] ) 1 2 05 1 1.5 2
Real x10 Real Real
B b) 2518 P LB
a BD C BP
05 ax10° 1
2
025 05
2 > 1 >
g H] 8
? 0 %1 0 oo > 0
£ g £
E E . E
0.25 0.5
2
05 -3 -1
0.2 0.4 0.6 0.8 1 075 08 08 09 095 1 105 0 05 1 15 2
Real Real Real
(d) ;B (e) Pt B (f) PB
DS RDF SS
5 %10
15X10° 1510 1
) ommm——
1 - 1 N
05 §
>05 >
>05 5 s
S < 0 £ 9 . -
B 0 - =) =y
8 s g
Eos E.os E |
0.5 H
- . - -1 . o comm— .
-1.5 -1.5 -1
0.03332 0.033325 0.03333 0.033335  0.033331 0.0333325 0.0333335 0.03333 0.033331 0.033332 0.033333 0.033334
Real Real Real
(g) PoiB (h) Prlee B (1) Prisen’B
GSS RGSS-1I RGSS-IT

Figure 3.7.1: Eigenvalue distributions of B, 1B, P B, PB,
,@{;és%, %;éss_l% and @géss_ll% for def_set.pow = 5 with 3 = 0.1 for
Example 3.7.1.

displayed in Figure 3.7.1. From Figure 3.7.1, we observe that the eigenvalues of the pre-
conditioned matrices gzaés%, ?géss_l%, and ﬂéss-ll% have clustered better than the
coefficient matrix 9B, and preconditioned matrices P B, P5iB, Db B and P B.
This indicates enhanced computational efficiency, highlighting the superiority of the GSS,
RGSS-I, and RGSS-II preconditioners over existing methods.

Influence of the parameters «, 3, 7, w: To demonstrate the influence of the parameter
on the performance of the proposed preconditioners, we present graphs of IT counts
versus parameters for the GSS and RGSS-II preconditioners in Figure 3.7.2. For the GSS
preconditioner, we vary a = [ from 0.01 to 1 with a step size of 0.01 and w from 1 to 30

with a step size of one. For the RGSS-II preconditioner, we vary 7 from 0.01 to 0.3 with
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(a) By varying a = § within the interval (b) By varying 7 within the interval
[0.01,1] and w within the range [1, 30] for [0.01,0.3] and w within the interval [1, 30]
the GSS preconditioner for the RGSS-II preconditioner

Figure 3.7.2: Convergence curves of the GSS and RGSS-II RGMRES meth-
ods varying the parameters «, §, 7, w for Example 3.7.1 with 8 = 0.1.

a step size of 0.01 and w from 1 to 30 with a step size of one. We can draw the following
observation from Figure 3.7.2:

e For both preconditioners, IT exhibits minimal sensitivity to variations in the pa-
rameters.

e Although, for small values of w, IT increases when « increase for GSS precondi-
tioner and 7 increases for RGSS-II preconditioner. Nonetheless, as w increases, I'T
decreases, even as the magnitude of o and 7 continue to grow.

Therefore, the proposed preconditioners achieve high efficiency when «a, § and 7 are kept

small and w is large.

Condition number (CN) analysis: To evaluate the robustness of the proposed GSS,

-
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g4 - RGSS-II
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Figure 3.7.3: Relationship between CNs of the preconditioned matrices
Pss B, Priee B and Pples B varying the parameter w in [1, 100] with
B = 0.1 for Example 3.7.1.

RGSS-I and RGSS-II preconditioners, we assess the CNs of the preconditioned matrices
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Pias B, PrtiessB and Pl B, For any nonsingular matrix A, its CN is defined as
k(A) := ||A7Y|2]|All2- The CN of B is 3.6396¢e + 05, which is comparatively large, making
the system (3.1.1) ill-conditioned to solve. In Figure 3.7.3, we depict the effect of the
parameter w ranges from 1 to 100 with a step size one on the preconditioned matrices
Pass B, PrigerB and Ppleq B for the case def setup.pow = 5. We observe that for
all values of w, the CNs of the preconditioned matrices remain within the range [1, 1.5].
This indicates that the preconditioned systems are well-conditioned, demonstrating that

the GSS, RGSS-I, and RGSS-II preconditioners are robust and effective.

3.8. Summary

This chapter proposed three preconditioners, termed GSS, RGSS-I, and RGSS-II for
solving DSPPs arising from various applications. We provide a convergence analysis for
the GSS iterative method, demonstrating that the method converges for any initial guess
vector when the parameter w > 1/2. Moreover, spectral bounds for the preconditioned
matrices are derived. Additionally, we have shown that the RGSS-II preconditioner re-
quires at most m + 1 iterations to solve the DSPP. Numerical experiments for the DSPP
arising from the PDE-constrained optimization problem are performed, which demon-
strate that the proposed preconditioners are efficient and outperform the existing state-

of-the-art preconditioners.
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CHAPTER 4

Sparsity Preserving Structured Backward Errors for Saddle

Point Problems * ¥

In this chapter, we investigate the structured backward errors (BEs) of GSPPs and
DSPPs when the perturbation on the block matrices exploits the sparsity pattern as well
as symmetric, Hermitian, circulant, Toeplitz, and symmetric-Toeplitz structures. Fur-
thermore, we construct minimal perturbation matrices that preserve the sparsity pattern
and the aforementioned structures. The developed frameworks are applied to compute
BEs for the weighted regularized least squares (WRLS) problem. Finally, numerical ex-
periments are performed to validate our findings, showcasing the utility of the obtained

structured BEs in assessing the strong backward stability of numerical algorithms.

4.1. Structured Backward Errors for Generalized Saddle Point

Problems
In this section, we consider the GSPP of the following form:
u —
|-
where A € C" B € C™" D € C™™ f € C", and g € C™. In general, the block
matrices A, B and D are sparse [60]. Further, the block matrices in (4.1.1) can have

A BT
B D

Mo £

f] £ b, (4.1.1)
g

symmetric, Toeplitz, symmetric-Toeplitz, or circulant structures. For instance, in the
WRLS problem arising from image reconstruction [62] and image restoration with colored
noise [82]. Also, GSPP involving circulant or Toeplitz block matrices often arise during

the discretization of elasticity problems using finite difference scheme [32].
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In recent times, a number of numerical algorithms have been developed to find the
efficient solution of the GSPP (4.1.1) with circulant, Toeplitz, or symmetric-Toeplitz block
matrices; see [17, 32, 157, 163]. However, the computed solution may still contain some
errors and can potentially lead to insignificant results. Therefore, it is crucial to assess
how closely the computed solution approximates the solution of the original problem.
This prompts a natural inquiry: can an approximate solution obtained using a numerical
algorithm serve as the exact solution to a nearly perturbed problem? The concept of
BE is used to determine the minimal distance between the perturbed problem and the
original problem. However, the perturbed coefficient matrix does not necessarily retain
the special block structure of (4.1.1). This raises an interesting question: Does preserving
the special structure of the block matrices in the perturbation matrix lead to a smaller
BE? That is, are the numerical algorithms for solving the GSPP strongly backward stable
or not? So far, significant research has been done in this direction, and structured BE
has been extensively considered in [44, 97, 102, 129, 146, 162], where the perturbation
matrix AM preserve the only block structure of M and perturbation on block matrices
A or D preserve the symmetric structures. However, it is noteworthy to mention a few

drawbacks of the aforementioned studies:

e The block matrices of M in (4.1.1) are often sparse in many applications, making
it essential to maintain their sparsity pattern in the perturbation matrices. The
existing studies do not consider and preserve the sparsity pattern of the coefficient
matrix M. By preserving the sparsity pattern of the original matrices, structured
BEs have been studied in the literature; see, for example, [2, 3, 159].

e Existing techniques are not applicable when the block matrices A, B and D in
GSPP (4.1.1) have circulant, Toeplitz, or symmetric-Toeplitz structures.

e Moreover, the research available in the literature for structured BE analysis for
(4.1.1) does not provide the explicit formulae for the minimal perturbation matrices

for which structured BE is attained and preserves the inherent matrix structure.

This section addresses the aforementioned challenges by investigating structured BEs
for the GSPP (4.1.1) by preserving both the inherent block structure and sparsity in the
perturbation matrices under three scenarios. First, we consider the case where n = m
and the block matrices A, B, and D are circulant. Second, we consider A, B, and D are
Toeplitz matrices. Third, we analyze the case when n = m, B is symmetric-Toeplitz, and

A, D € C™*". The following are the main contributions of this section:
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e We investigate the structured BEs for the GSPP (4.1.1) when the block matrices
A, B and D possesses circulant, Toeplitz, and symmetric-Toeplitz structure with
or without preserving the sparsity pattern.

e We develop frameworks that give the minimal perturbation matrices that retain
the circulant, Toeplitz, or symmetric-Toeplitz structures, as well as the sparsity
pattern of the original matrices.

e We provide an application of our obtained results in finding the structured BEs
for the WRLS problem when the coefficient matrix exhibits Toeplitz or symmetric-
Toeplitz structure.

e Lastly, numerical experiments are performed to test the backward stability and

strong backward stability of numerical algorithms to solve GSPP (4.1.1).

This section is organized as follows. In Subsection 4.1.1, we discuss preliminary defini-
tions and results. In Subsections 4.1.2-4.1.4, structured BEs for circulant, Toeplitz, and
symmetric-Toeplitz matrices are derived, respectively. Moreover, in Subsection 4.1.5, we
discuss the unstructured BE for the GSPP (4.1.1) by only preserving the sparsity pat-
tern. In Subsection 4.1.6, we provide an application of our developed theories in the

WRLS problem.

4.1.1. Preliminaries

Let w := [wy, wy, w3, ws, ws)T, where w; are nonnegative real numbers fori = 1,2,...,5,

with the convention that w; " = 0, whenever w; = 0. For any w, we define

Il o], = [ [wnllale, walBle, wslDle wilsl wslgls] |

)
Note that w; = 0 implies that the corresponding block matrix has no perturbation. Next,

we recall the definitions of circulant, Toeplitz, and symmetric-Toeplitz matrices.

Definition 4.1.1. A matrix C' € C"" is called a circulant matriz if for any vector

c=lci,ca,...,co)t € C", it has the following form:
1 Cn Cp—1 -+ Cy
C2 C1 Cp " C3
Cr(c):=C=| : R (4.1.2)
Ch—1 Cp—2 e . Cn
| Cn Cn—1 e Ca Cl_




We denote the generator vector for the circulant matrix C' as
vece(C) = [c1, ¢, . .., cn)t € C™.
Definition 4.1.2. A matriz T = [t;;] € C™*" is called a Toeplitz matriz if for any vector
veer(T) = [tmatstomayz, - s b1, to by, .o byt € CVFTL
we have t;; =t;_;, forall1 <i<m and1 <j <n.

We denote vecr(T') as the generator vector for the Toeplitz matrix 7. Also, for any

vector t € C™™~! corresponding generated Toeplitz matrix is denoted by T (t).

Remark 4.1.1. The Toeplitz matriz T is known as a symmetric-Toeplitz matriz when

n=mandt_,1 =t,_1,...,t_1 = t1. In this context, we employ the notation
VeCST(T) = [to, R ,anfl]T eC"

to denote its generator vector. Also, for any vector t € C", the corresponding symmetric-

Toeplitz matriz is symbolized as ST (t).

Let v = [u”, p’]" be an approximate solution of the GSPP (4.1.1). Using the formula
(1.3.4), the unstructured BE for the GSPP (4.3.1), denoted by n(v), is expressed as:

VM]3 + [[bl13

Throughout the section, we assume that the coefficient matrix M in (4.1.1) is non-

(4.1.3)

singular. If the block matrices A, B, and D have circulant (or Toeplitz) structure, we
identify (4.1.1) as circulant (or Toeplitz) structured GSPP. Moreover, we call (4.1.1) as
symmetric-Toeplitz structured GSPP when B € ST,, and A, D € C"*™,

We denote

Next, we define normwise structured BE for the GSPP (4.1.1).

Definition 4.1.3. Let v = [a”,p"]" be an approzimate solution of the GSPP (4.1.1).

Then, the normuwise structured BEs are defined as follows:

7% (u,p) = min HHAM AbHHw,p’ fori=1,2,3,

AA, AB, s
€O;
AD,Af,Ag



where

o AA,AB, ' A+AA (B+ABT| [a]  [f+af

A\ aparag )1 B+AB D+AD | |p| |g+agl’
AA,AB,AC € Cp, Af,Ag € cn}, (4.1.4)

o AA,AB, ' A+AA (B+AB)T| [a]  [f+ar

’ AD,Af,Ag )1 |B+AB D+AD | |p| |g+ag|

AA € Tren, AB € Toiny AD € Ty, Af € C", Ag € @m}, (4.1.5)

and
o AA,AB, ' A+AA (B+aB)T) [a] [f+af
’ AD,Af,Ag )1 |B+AB D+AD ||p| |g+4g]
AB € 8T,, AA, AD € C™", Af,Ag € (C”}. (4.1.6)

In the following, we state the problem of finding structure-preserving minimal pertur-

bation matrices for which the structured BE is attained.

Problem 4.1.2. Find out the minimal perturbation matrices 31\4, AB , @, 37” and B\g
in S; such that

n% (w,p) = HHA//\\/t ZEHHW, fori—1,2,3,

AA AB

AB AD

where A/./\\/l =

Remark 4.1.3. Our main focus is studying perturbations with the same sparsity pattern
as the original matrices. To achieve this, we replace the perturbation matrices AA, AB
and AD by AA®O,, AB®Og and AD ® Op, respectively, where the sparsity pattern
of a matriz A € C™™ is defined as ©4 = sgn(A) = [sgn(a;;)|. In this context, we
denote the structured BEs by nfgs(ﬁ,f)), 1 = 1,2,3. Further, the minimal perturbation
matrices are denoted by ﬂsps, A/ESPS, @Sps, Efsps, and Z\gsps. Note that, if M €
Cn (01 Trscn, or 8T 1), then O € Cp, (01 Trnsen, 01 ST r).

4.1.2. Structured BEs for Circulant Structured GSPPs

In this subsection, we consider n = m and derive explicit formulae for the structured
BEs nZ.(u,p) and n° (u, p), by preserving the circulant structure to the perturbation
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matrices. Moreover, we provide minimal perturbation matrices to the Problem (4.1.2).

In order to obtain structured BEs formulae, we derive the following lemma.

Lemma 4.1.4. Let A,B,M € C, with generator vectors vecc(A) = lai,...,a,]" €
C", vece(B) = [by,...,b,]7 € C", and vece(M) = [my,...,m,|T € C", respectively.
Suppose x = [x1,...,2,]7 € C" and y = [y1,...,yn)t € C". Then

(A ® Oy )z =Cr(x) D anvece(A © Oy) and

(B ® @M)Ty = Hy@c(M)VeCc(B ® @M),

where ¢(M) = vece(©y) and H,, € C**™ has the following form:

Y1 Y2 Yn—1  Yn
Yo Ys - Yn A1
H,=1| (4.1.7)
Yn—1 - ‘ - . Yn—3 Yn—2
L Yn Y1 ot Yn—2 yn—l_

Proof. Since ij™ entry of A® Oy is (A®On)i; = aijsgn(my;), we get A © Oy € Cp,
and
a;sgn(m;)

vece(A © Oy) =

a,sgn(my,)
Now, expanding (A ® ©y)z, we get the following:

aj sgn(my)zy + a, sgn(my,)xs + - - - + as sgn(me)z,

as sgn(ms)xy + ay sgn(my )z + - -+ + ag sgn(ms),

(A©Oy)r=

| @, sgn(my,)xy + an—1 sgn(my—1)xe + - - - + a1 sgn(mq)x, |

Since (sgn(m;))? = sgn(m;), rearrangement of the above gives

x1 sgn(mq) Tnsgn(ma)  Tp—1sgn(ms) e xosgn(my) | | arsgn(mq)
xo sgn(myq) x1 sgn(ms) x, sgn(ms) e x3sgn(my,) | | azsgn(ms)
(A ® @M)x =
Tn—18gn(my1) Zn_2sgn(ms) e ZTp sgn(my,)
| znsgn(mi)  x,-1sgn(ms) _ rosgn(m,_1) x1sgn(m,)| |ansgn(m,)|

Hence, the above can be expressed as

(A © Onp)r = Cr(z)Dqnvecc(A © Op).
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Similarly, expanding (B ® ©,,)Ty, we can obtain
(B ® @M)Ty = Hy @C(M)VeCc<B ® @M),

where H, is given by (4.1.7). B

For a better understanding of Lemma 4.1.4, we consider the following example.

Example 4.1.1. Consider

5 7 3 3 09
A= |3 5 71 €C3and M = |9 3 0| €Cs.
7 3 5 09 3
1 0 1 1
Then, Oy = |1 1 0|, vece(On) = | 1|, and we get
011 0
5 7 3 1 01 1
Aoeyz=| 35 7ot 10 | - (4.1.8)
7 35 011 T3

Then (4.1.8) can be rearranged in the following form:

T1 T3 T2 1 00 5
(A©OM)z=|my 21 x3| |0 1 0] [3]. (4.1.9)
T3 T2 X1 0 0O 0

The above equation can be written as: (A ©® Oy )z = Cr(x)D (anvece(A © On).

Next, we present the main result of this section concerning the structured BE for cir-
culant structured GSPP while preserving the sparsity pattern. Before that, we introduce

the following notation:
D) = diag(vece(0©a)), D p) = diag(vece(Op)), (4.1.10)
D.py = diag(vece(Op)), and D, = diag(a), (4.1.11)

where a = [\/n,...,/n]T € R™.

Theorem 4.1.5. Let v = [u’, p”]T be the approzimate solution of the circulant structured
GSPP (4.1.1), i.e., A, B, D € C,, and wy, w5 # 0. Then, we have

Maps (@, D) = || X (Xer X)) |, (4.1.12)
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where Xep € C¥5" s given by

w4

0 5 (@)D, S Cr(P)Den)@," 0 —

a

X, [icr(a)gcm)@“l s M5 D) 05! 0 —Lr, 0]
Cr — ’

Ty = [7’?, T’Z]T, ry=f—Au— B"p, andr, = g — Bu — Dp.

Furthermore, the minimum norm perturbations to the Problem 4.1.2 are given by

Adgy, =Cr (wil@;l [ Onsan] Xg(XCngj)—lrb> , (4.1.13)
ABape = Cr (w%%l Onn In Opcsn] Al (XCIX£)1Tb> , (4.1.14)
ADqps = Cr (wigi);l [0non In o | X! (XCrXcif)‘lrb) , (4.1.15)
Af s = w% Ouxsn Tn Opn] X (XeeXZ)Mr,, and (4.1.16)
Bguge = o [ 1] X (AerlD) (4.1.17)

Proof. Let v = [u”, pT]T be an approximate solution of the circulant structured GSPP of
the form (4.1.1). We need to construct sparsity preserving perturbations AA, AB, AD €
C,, and perturbations Af € C" and Ag € C". By Definition 4.1.3, AA, AB, AD, Af,
and Ag satisfy

AAu+ABTp — Af =1 (4.1.18)

and ABu+ ADp—Ag=r,. (4.1.19)

To maintain the sparsity pattern of A, B and D on the perturbation matrices, we replace
AA, AB and AD by AA®O,u, AB®Og and AD ® Op, respectively. Consequently,
from (4.1.18) and (4.1.19), we get

w; ' w (AA® O 4)u + wy 'wy(AB© Op) D — wilwiAf =1y, (4.1.20)

and  w; 'wy(AB® Op)u + wy w3 (AD ®Op)p — ws 'wsAg =1, (4.1.21)
Applying Lemma 4.1.4 in (4.1.20), we obtain

wyCr (@) Doaywivece(AA © ©4)
+ w;l”Hﬁ@C(B)wQ\feCc(AB ® Op) —w; lwAf = T (4.1.22)
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Multiplying and dividing by @, in (4.1.22), we get
Wy Cr (@)D (1)D, " Dowivece(AA © Oy)
+ w;lHﬁ'@c(B)@;l@awgVeCC(AB ® Op) —wiwAf =71} (4.1.23)
We can reformulate (4.1.23) as follows:
XAE =1y, (4.1.24)
where

X = [wf1Cr(’lj)©c(A)©_1 w;lﬂf,@C(B)ggl 0 —w;lfn 0} € Ccreon

[¢)

and

_wliDavecc(AA © @A)_
wyDgvece(AB © Op)
AE = |wsDgvece(AD © Op)| € C™. (4.1.25)
wyAf
wsAg

Here, the matrix ©, satisfy |[|[Davece(A)|2 = ||AllF, for any A € C,,.
Similarly, applying Lemma 4.1.4 to (4.1.21), we obtain

wy ' Cr (@)D (pywavece(AB © Op)
+ w3 'Cr (P) Depywsvece(AD © Op) — wy twsAg = Tg. (4.1.26)
Thus, we can reformulate (4.1.26) as follows:
XoAE =1y, (4.1.27)

where Xy = [0 w2_1Cr(ﬂ)©c(B)©;1 w3_1Cr (m @c(D):‘D;I 0 —wglfn} € Cvoom,
By combining (4.1.24) and (4.1.27), we get the following equivalent linear system of
(4.1.18)~(4.1.19):

X
X AE 2 | M AE =1y, (4.1.28)
Xy
X
where Xg, = [Xl € C*5n (Clearly, for wy, ws # 0, the matrix Xe, has full row rank.
P

Consequently, the linear system (4.1.28) is consistent, and ). = X (X, XH)~', and by

Lemma 1.3.1, the minimum norm solution of the system is given by
Alpin = Xhrp = X (Xer X Mry,. (4.1.29)
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Next, the minimization problem in Definition 4.1.3 is equivalently written as
5 (@, P))* = min{wfIIAA © 04l + w3l|AB© O + wil|AD © Op|[;

AA©O4,AB®Op,
( A B )ESl}

+ wi||Af|5 + w2 Agll3
illAfllz +wslAgll AD®Op,Af, Ag

= min {|\A5||§ ’XCIAE = rb} = | Alminll3- (4.1.30)

Hence, using (4.1.29) and (4.1.30), the structured BE is given by

Mopa (@, P) = [| X (X h) ' r -
From (4.1.25), we get w1 Dgvecc(AA GO y) = [[n Onx4n] AE. Thus, the minimal pertur-
bation ﬂsps is given by

ﬂsps =Cr <i©a1 [[n Onx4n} Agmin) .

w1

Similarly, we can obtain other minimal perturbations. Hence, the proof is completed. B
In the following corollary, we present an explicit formula for the structured BE
%' (w,p) for the circulant structured GSPP (4.1.1) without maintaining the sparsity

pattern in the perturbation matrices.

Corollary 4.1.1. Let v = [u®, p™]T be the approzimate solution of the circulant struc-
tured GSPP, i.e., A, B, D € C,,, and wy, ws # 0. Then, we have

n° (@, p) = H??c’f(?ﬁzr??cf)*lrb . (4.1.31)
where
— Ler(u)®:! LD 0 —Lr 0
XCr — | w r (u) a 1’w2 i a B X ) w4 ) ] (4132>

Proof. Since we are not maintaining the sparsity pattern to the perturbation matrices,
we consider O, = O = Op = 1,4,. Then AA©O, = AA, ABOOg = AB and
AC ©O¢ = AC. Also, vece(04) = vece(Op) = vece(O¢) = 1,. Consequently, the proof
is completed using the formula stated in Theorem 4.1.5. W
The minimal perturbations ﬂ, AB , Zl\?, Ef , and ZZ to the Problem 4.1.2 are given
by formulae (4.1.13)-(4.1.17) with Xe, = Xy
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4.1.3. Structured BEs for Toeplitz Structured GSPPs

This subsection focuses on the derivation of compact formulae for the structured

S ~ S ~ . . . .
BEs ng% (u, p) and n°2(u, p) for Toeplitz structured GSPPs with and without preserving
sparsity pattern, respectively. In addition, the minimal perturbations are provided for
the Problem 4.1.2 for which the structured BEs are obtained. To accomplish this, we first

derive the following lemma.

Lemma 4.1.6. Let A, B, M € T,,x, with generator vectors

vecr(A) = [a—mat1, ... 0_1,00,01 . .., an_1]’ € C"T L
— T n+m—1
VeCT(B) = [b,m+1,...,bfl,bo,bl...,bnfl] e C and
_ T n+m—1
VeCT<M) - [mferla-"amflamOaml--'amnfl] eC )

respectively. Suppose ¥ = [x1,...,2,]7 € C" and y = [y1,...,ym|’ € C™. Then

(A © Oy =K. Dianveer(A © Oy) and

(B o @M)Ty = G,Dinveer (B © Oyy),

where t(M) = vecr(©Oy),

mthterm
[0 - o 0w e e ey o, ]
O X1 To e Ty T O
Ke=| 0 0 o S| egmminy,
0
_xl X9 Tp_1 T 0 O_
Ynmn Ym-1 -+ 10 e oo 0
0 Ym Ym—1 U 0 0
G, - 0 0 L 3
0 - 0 Yn Yma1 - y1 0
i 0 0 ym ym_l yl_

nthterm

Proof. The proof proceeds in a similar manner to the proof of Lemma 4.1.4. W
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In the following theorem, we derive the explicit formula for the structured BE n<2 (u, p).

sps

Prior to that, we introduce the following notation:

Dya) = diag(vecr(04)), Dyp) = diag(vecr(0p)), (4.1.33)
Dyp) = diag(vecr(Op)) and Dy, = diag(timn), (4.1.34)

where t,,, = [1,v2,...,v/m — 1, /min{m,n},v/n —1,...,v/2,1]7 € R™"~1, When n =

m, we write t,,, = t, (or t,,).

Theorem 4.1.7. Let v = [u’, pT]T be the approzimate solution of the Toeplitz structured
GSPP (4.1.1), i.e., A € Tnxns B € Touxns D € Trnxem, and wy, ws # 0. Then, we have

ns (@, p) = || X7 (Xr X)), (4.1.35)

where Xy € Ctm)xUntdm=3) s pgiven by

Py w%ICﬁCDt(A)ZD;nl u%gﬁ@t(B)@t_n{n 0 _u%;[” 0 ]
T = _ . y
0 LKaDip) s, =KDy, 0 I,

g 1 g ~ ~
Tp = [r?, TgT] . rp=f—Au— B'p, and r, = g — Bt — Dp.

Furthermore, the minimal perturbations to the Problem 4.1.2 are given by
_ 1 B
B =T (200! [Tt Opuipeiansancn] X (¥rf) ). (11.36)

_ 1 -
ABeps =T (;thin [0(m+n—1)x(2n—1) Irngn—1 0(m+n—1)><(3m+n—1)] X7 (xXrxf) 17"b> , (4.1.37)

— 1 _

ADgps =T (w*?)@ti {0(2m71)><(3n+3m72) Iyt 0(2m71)><(n+m)] X7 (XrXf) 17"1)) : (4.1.38)
— 1 3

AfSPS ’(1)74 [Onx(3n+3m—3) I, Onxm] X#(XTX{:I) 1Tb, and (4139)
— 1 B

Aggps = ws [Omx(4n+3m—3) Im] X (XrXf) . (4.1.40)

Proof. We need to construct perturbation matrices AA € Ty xn, AB € Trxn, AD € Trixm
(which preserves the sparsity pattern of the original matrices), Af € C" and Ag € C™
for the approximate solution v = [u”,p”|’. By Definition 4.1.3, AA, AB,AD,Af, and
Ag satisty

AAu+ AB'p — Af =1y,
ABu+ ADp — Ag =r,.
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Following the proof method of Theorem 4.1.5 and using Lemma 4.1.6, we obtain r, =
X7 AE, where

[ w1 D¢, vecr(AA © O4)
WDy, vecr (AB © Op)
AE = | wy®y, vecr (AD ® Op) | € CHm=3, (4.1.41)
wyA f
wsAg

Hence, an analogous way to proof of Theorem 4.1.5, we get
M (@.5) = |8 () iy .

From (4.1.41), we get w1 D¢, vecr(AA © ©4) = [IQn,l 0(2n,1)x(2n+4m,2)] AE. Therefore,
the minimal perturbation matrix ﬂsps, which preserve the sparsity pattern of A is given
by

— 1

AAsps - w_lgt_nl |:I2'n,—1 0(2n—1)><(2n+4m—2)} Agmin-

Similarly, we can obtain the minimal perturbations Z‘\BSP&Z‘\DSPS’E-\JC and B\gsps.

sps
Hence, the proof is completed. B
The next corollary presents a formula for n%2(w, p) without considering the sparsity

pattern in the input matrices.

Corollary 4.1.2. Letv = [u”, pT]* be the approzimate solution of the Toeplitz structured

GSPP (4.1.1), i.e., A € Tpxn, B € Touxcn, D € Tn, and wy, ws # 0. Then, we have
n®(@ ) = || X7 () (41.42)

where Xy € CO+m*ntdm=3) o ginen by

1 -1 1 -1 L
—~ —Kz0 G590 0 —wiln 0
po [ e O T D
0 5 Ka®¢,., 2 K69%, 0 ~ s Im

Proof. Since the sparsity pattern of the perturbation matrices is not taken care of, we
consider O4 = 1,,4n, O = 1,,xn and Op = 1,,4m. Then AA©O, = AA, ABOOg =
AB,and AD ®©p = AD. Also, vecr(04) = 19,1, vecr(Op) = 1,,1,1 and vecr(Op) =
19,,_1. As a result, the proof follows using the formula stated in Theorem 4.1.7. B

Note that the minimal perturbations ﬂ, A/E, Zl\), 57, and Z\g to the Problem 4.1.2

are given by formulae (4.1.36)-(4.1.40) with X7 = Xr.
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4.1.4. Structured BEs Symmetric-Toeplitz Structured GSPPs

In this subsection, we derive concise formulae for the structured BE ng%, (@, p) and
1% (@, p) for symmetric-Toeplitz structured GSPPs with and without preserving the spar-
sity pattern, respectively. Since the (1,2) block matrix B is symmetric, thus the case
n = m follows. In many applications, such as the WRLS problem, the block matrices A
and D do not follow any particular structure, in this subsection, we focus on the struc-
tured BE when the perturbation matrix AB follows symmetric-Toeplitz structure of B.

To find the structured BE, we present the following lemmas that are crucial in establishing

our main results.

Lemma 4.1.8. Let A, M € ST, with generator vectors vecsr(A) = [ag, a1 ...,a, 1|7 €
C" and vecsT(M) = [mg,my ... ,m,_1|" € C", respectively. Suppose x = [x1,...,2,]" €
C™, then
(A © On)z =L,DmvecsT(A © On),
where s(M) = vecsT(©n) and Z, € CY™ is given by
-:1:1 Tp_1 xn- -O 0-
T z, O 0 x4 0
I, = + (4.1.44)
Tn 0 T2 r; 0
ED 0 0 | _0 Tp1 1 |

Proof. The proof proceeds in a similar manner to the proof of Lemma 4.1.4. B

Lemma 4.1.9. Let A, B, M € C™™ be three matrices. Suppose that x = [z1, ...

C" and y = [y1,. ..

(BOOM)TYy = N)Dyeco,yvec(B © Our), where M

]n ® ,yT c Cnxmn,

zn)l €

Ym)t € C™. Then, (A ® Op)z = MIDyec(o,)vec(A © Onr) and
' ® I, € C™ and N} =

Proof. The proof proceeds in a similar method to the proof of Lemma 4.1.4. B

Next, we derive concrete formulae for n

S3
sps

(w,p) and °* (@, p), which are the main

result of this subsection. Before proceeding, we introduce the following notations:

D4y = diag(vecsr(04)),

Dy(py = diag(vecsr(0s)),
and g = diag(s),

(4.1.45)
(4.1.46)

D,(py = diag(vecsT(Op))
where s = [\/n,1/2(n — 1),/2(n — 2),...,v2]T € R",
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Theorem 4.1.10. Let v = [ul, p'|T be an approximate solution of the symmetric-
Toeplitz structured GSPP (4.1.1), i.e., B € 8T, A, D € C"™", and wy, ws # 0. Then, we
have

Mo (U D) = || 287(Zs7257) 1, (4.1.47)

where Zs1 € C**! is given by

LMD . LT:045) D" 0 -7, 0
Zor = [wl u (©4) u{Q p~ s(B) s_1 1 wy ) : (4148)
0 w—QZaQS(B)QS w_gMi)“@VQC(GD) 0 —w—sfn
o =1[rf, i)', ry=f—Au—Bp, ry=g— Bu— Dp, and | = 2n* + 3n.
Furthermore, the minimal perturbations to the Problem 4.1.2 are given by
— 1 —
vee(Aaps) = — [z Ouagurran)| Z8r(Zs7Z8r) Mo, (4.1.49)
1
—_— 1 _ _
ABgpe = ST (w—2951 [OW I, onx(2n2+zn)] Z&(Zs725) 1frb), (4.1.50)
— ]_ _
VeC(ADSPS> = w_3 [0n2><(n2+n) L2 0n2><(n2+2n)} ZgT(ZSTZgT) 1rb7 (4'1'51)
— ]_ _
Bfipe= o 0z m) In Onwionin| 2 (ZsT28) 'ru, and (4.1.52)
— 1 _

Proof. For an approximate solution ¥ = [u”, p”]7, we require to construct sparsity pre-
serving perturbation matrices AB € 8T ,,AA, AD € C" ", and perturbations Af € C”
and Ag € C". By Definition 4.1.3, we have

AAu+ AB"p — Af =1y, (4.1.54)
ABu+ ADp — Ag =r,, (4.1.55)

where AB € §T,,, and AA, AD € C™*".
Following the proof method of Theorem 4.1.5 and using Lemmas 4.1.8 and 4.1.9, we obtain
ry = Zs7AE, where

[ 0 Devec(AA ® ©,) |
wyDgvecsT(AB © Op)
AE = | wsDsvec(AD ® Op) | € Ch (4.1.56)
wiA f

wsAg

Hence, following an analogous way to proof of Theorem 4.1.5, we get the desired

structured BE and perturbation matrices.
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Next, we present the formula for % (w, p) without preserving the sparsity pattern.

Corollary 4.1.3. Letv = [u”, pT|" be an approximate solution of the symmetric-Toeplitz
structured GSPP (4.1.1), i.e., B € 8T,, A, D € C"", and wy,ws # 0. Then, we have

n(@.5) = |24 (Zsr24) | (4.1.57)
where
- Lymr Lzt 0 -1, 0
g— ws wa . (4.1.58)
0 17970 Ltwmr o —-2LI,
w2 w3~ P ws

Proof. Because we are not considering the sparsity pattern in the perturbation matrices,
taking ©4 = O = Op = 1,,+, in the Theorem 4.1.10 yields the desired result. B

The minimal perturbation matrices ﬂ, A/E, ﬁ), Z\f , and B\Q to the Problem 4.1.2
are given by formulae (4.1.49)-(4.1.53) with Zg = ZST-

Remark 4.1.11. Applying our framework developed in this subsection and Subsections
4.1.2 and 4.1.3, we can obtain the structured BEs for the GSPP (4.1.1) when the block
matrices possess only symmetric structure or Hankel structure (which is symmetric as

well).

4.1.5. Unstructured BEs with Preserving Sparsity Pattern

In this section, we address the scenario where A, B, and D in (4.1.1) are unstructured.
Although the previous studies such as [146, 44, 162] have explored the BEs for the GSPP
(4.1.1), their investigations do not take into account the sparsity pattern of the block

matrices. Consequently, in this scenario, first, we define the unstructured BE as follows:

n(@, B) = min [[[am AMHLE (4.1.59)

AA,AB,AD,
€80
Af,Ag

SW_{(ZL&AB¢MI>‘ a]_ }
Af, Ag p '

The following result gives the formula for the unstructured BE of the GSPPs (4.1.1)

where

A+AA (B+AB)T
B+AB D+ AD

f+Af
g+ Ag

when the sparsity pattern in the perturbation matrices is preserved, and in this case, we

denote it by nsps(w, P).
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Theorem 4.1.12. Let v = [u’, pT]T be an approzimate solution of the GSPP (4.1.1)
with A e C" B e C™", D e C™™, and wg,ws # 0. Then, we have

nsps(ﬁ7@ = HNH<NNH)71%H2 )

where N' € C+XE s given by

LM@DVEC LA]Vggvec 0 _L]n 0
N =|wmu (©4) 111.12 I:n (©B) N wq . (4160)
0 w_QMﬁ Qvec(QB) w_5N5 QVEC(@D) 0 _w_5[m

and k =n?>+m?>+mn+n+m.

Proof. The proof follows similarly to the proof method of Theorem 4.1.10. W

The next corollary presents the BE formula when the sparsity is not considered.

Corollary 4.1.4. Let v = [u’, p”]T be an approzimate solution of the GSPP (4.1.1)
with A € C™*" B € C™" and D € C™*™, and wy, ws # 0. Then, we have

(@, p) = H/\A/H(/\A//\A/H)—lrb(

)

2

where N € CrxL s given by

. Ly LNn 0 L7, 0
N =|wm 7w w'p we . (4.1.61)
o Lmm Lnm 0 —-Lr1,
w2 u w3~ P ws

Proof. The proof is followed by taking ©4 = L,,xm, O = L.xn and ©p = 1,4, in the
expression of ng,s(w, p), presented in Theorem 4.1.12. W

Note that when w, or ws are zero, the desired BE is achieved if A/ and N have full
row rank. Nevertheless, in [90, 146], formulas for BEs with no special structure on block

matrices are discussed, the following example illustrates that our BE can be smaller than

theirs.
, 2 131
Example 4.1.2. Consider the GSPP (4.1.1), where A = I, B = € R¥*4,
-1 2 1 1
D=0, f=1[-1,0,23]T, and ¢ = 0. We take the approximate solution [u’, p?] =

[—1.495, 1.505, 1.505, 1.505, 1.005, —0.495]7. Then, employing the formula provided in [90]
with § = 1, the computed BE is 0.0410. Since, the (1,1) block in [90] has no perturbation,
by considering w; = 0 in Corollary 4.1.4 (with wy = wy = 1, w3 = ws = 0), the BE is
0.0288. This comparison highlights that our computed BE using Corollary 4.1.4 and [90]

are of the same order, illustrating the reliability of our obtained BE.
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4.1.6. Application to Derive the Structured BEs for the WRLS Problems

In this subsection, we present an application of our developed theory in deriving the
structured BE for the WRLS problem (1.1.3). The minimization problem (1.1.3) can be

reformulated as the following GSPP:

P Wfl KT

M| " -], (4.1.62)
z K =X, |z 0

where K is a Toeplitz or symmetric-Toeplitz matrix.

A

Since the weighting matrix 1 and the regularization matrix —\I,, are not allowed to
be perturbed, we consider (1, 1) block and (2,2) block has no perturbation. Let [r7, z7]7
be the approximate solution of (4.1.62), i.e., Z be an approximate solution of the WRLS
problem. Then, we define structured BE for the WRLS problem as follows:

6@ = min_ [l AR, wilaf]L] |, (4.1.63)
where
w1t K+ ARK)T| |7 A
St = (AK,Af) : (K+AK)T x| f+Af AK€ {Trsn, ST} ¢
K+ AK -\, z 0

Before proceeding, we define A, € R(Fm)*x@ntm=1) and z,. € R¥"*?" a5 follows:

1 -1 1
—G:00)D ——1,
1;2 t(K) t_'mln wyq and le —
s KiDyx) Dy, . 0

ls —

17 -1 _ 1
w_QZzgt(K)@s wa ]n]
17 -1 ’
w_QII'@t(K)@S O
where ¢(K) = vecr(Ok), 7p = f — W 'r — K72, and 7, = \Z — KT.

Theorem 4.1.13. Let Z be an approximate solution of the WRLS problem (1.1.3) with

K € {Tmxn, STn}. Let rqg = [7:;1:, ?g]T, then

1. when K € Tyxn and rank(X)s) = rank ([As 74]) , we have

¢(Z) = HPQL%HQ, (4.1.64)
2. when K € 8T, and rank(Z;s) = rank ([Z2s 74]) , we have

¢() = HZ}S%HQ. (4.1.65)

Proof. First, we consider K € T,,x,. Since, W and —\I,, are not required to be perturbed,
we take wy = 0 and w3 = 0. Following the proof method of Theorem 4.1.7, we obtain that
(AK,AB) € 8%, AK € T,y if and only if

Xis A& = T4, (4.1.66)
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where A&, = WDy, veer (AR © Ox) . Thus, when rank(X),) = rank ([X}s 74]), the
wyAB
minimum norm solution of (4.1.66) is AEY,, = X177, Hence, the structured BE ¢(2) in
(4.1.64) is attained. Similarly, for K € ST, (n = m), we can derive the structured BE
given in (4.1.65). A
Note that we can similarly obtain the structured BE for the WRLS when K is circu-

lant.

4.2. Structured Backward Errors of Generalized Saddle Point

Problems with Hermitian Block Matrices

In this section, we derive the structured BE for a class of GSPP by preserving the
Hermitian and sparsity structures of the block matrices. Additionally, we construct the
minimal backward perturbation matrices for which the structured BE is achieved. Our

analysis further explores the structured BE when the sparsity structure is not preserved.

We consider the GSPP of the following form:

“] _ H . (4.2.1)
P r

where A € C"" B,C € C"™". D € C™™ q € C" and r € C™. We investigate the
structured BE for the GSPP (4.2.1) when A € C™" is Hermitian, B € C™*", and
D e C™*™ by preserving the the sparsity of M.

4.2.1. Basic Definitions and Lemmas

We use S,,, SKR™™"™ and HC™ " represent the set of all n x n real symmetric matrices,
real skew-symmetric matrices and Hermitian matrices, respectively. For X € C"*™ R(X)
and J(X) represent the real part and imaginary part of X, respectively. Given a positive
weight vector o = [ay, an, a3, 81, B2]T. Then, the corresponding weighted Frobenius norms

are defined as follows:

llame aflll,, = | [oaldale, oslaBle, aslaDle, Alagh, slar)] |,

Following the next definition, we introduce the concept of structured BE for the GSPP
(4.2.1). Throughout the section, we assume that the coefficient matrix M, in (4.2.1) is

nonsingular.
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Definition 4.2.1. Assume thatv = [u”,p”|" is a computed solution of the GSPP (4.2.1).
Then, the normuwise structured BEs n9(w, p), is defined as follows:

0 (i, ) = min [[amo af] )HGF

AA,AB,
eg
AD, Aq, Ar
where

G AA,AB, '
a AD, Aq, Ar

AA € HC™™, AB € C™" AD € C™™ Ag € C", Ar € @m}. (4.2.2)

A+AA (B+AB)H
B+AB D+AD

q+ Ag
r+ Ar

u

Y

p

By choosing a; = ——, ay = —4—. a3 = — = 1 and = 1 we obtain
Y & [A]p> =2 [BlF> =3 IDlF’ b llgll2 Ba rll2°

relative structured BEs for the GSPP (4.2.1).

Remark 4.2.1. The minimal backward perturbations for the structured BEs are denoted
by ﬂsps, A/ESPS, Kl\)sps, ZESPS, Esps. Therefore, the following holds:

Ir’gi (’Zia ﬁ) = 7701 (AAspsa ABspsa Al)spsv Aqspsa ATsps)'
The structured BE by preserving sparsity pattern is denoted as nsgps(u, D).

0, 6%
Next, we define Oy, 1= 4 VB and discuss some important definitions and lem-

B@D

mas.

Definition 4.2.2. Let Z € S,,,, then we define its generator vector by

. T _T 7T m(mtl)
vecs(Z) = [z1,25,...,2,] €ER =z |
_ T _ T -1 _
where z1 = (211,221, -+, Zm1)” € R™, 29 = [229,232,..., 2Zm2]’ € R™ 1 ... 2z 1 =

[Z(m—l)(m—1)7 Zm(m_l)]T c Rz, and Zm = [me] € R.

Definition 4.2.3. Let Z € SKR™*™, then we define its generator vector by

. T T T T m(m—1)
vecsk(Z) == {21,295, 21| €ER T2 |
T -1 T —2
where z1 = [za1,...,2m1]" € R™ 2o = [230,...,2m2]" € R™2 ... and 2,1 =

[zm—1)m-1)]" € R,
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Lemma 4.2.2. Let M € S,,,. Then vec(M) = J&vecs(M), where

1 2 2, m(m+1)
jg”:[js() jé) js(m)]eRmX 5
and js(i) € R™ =+ gre defined by
_eqn egn eg))n em;l 61777;_ [ 0 o --- --- 0 1 (0]
0 e O 0 ey’ ey’ em
P I L I I S Rl
5 s 0 0 ey s
er 0 Do T T 0
L 0 67177'_ i 0 e e 0 ean_ _ez_
Lemma 4.2.3. Let M € SKR™*™. Then vec(M) = J-vecsk (M), where
1 2 -1 2><m(m71)
Tiie = T TG0 -5V e RIS
and T € Rm< =0 qre defined by
e e o em em ] [0 N r T
—em 0 e e 0 em ce e em 0
0 —em o ... 0 —e™ 0  --- 0 0
1 1 2 2 m—1
Tr=| . . . | TR= s e TS =
: : " : —e3t - 0
—e" 0 Do e em
L 0 DR 0 —e/in_ L ... DR 0 —eg"_ __e%_l_

Next, we introduce a key lemma that is essential for computing structured BE while

preserving sparsity.

Lemma 4.2.4. Assume M € R™™ and X € HC"*". Then, the following holds:

1. When M € S,,. Then, we have
V€C<M@ @X) = jglq)XVGCS(MQ ®X)7 (423)

where ®x = diag(vecs(Ox)).
2. When M € SKR™ ™. Then, we have

vee(M ® Ox) = T VYxvecsx (M © Ox), (4.2.4)

where ¥ x = diag([0x(1,2: n), Ox(2,3:n), ..., Ox(n—1:n)]").
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Proof. Let M € S,, and X € HC™". By definition of the matrix Oy, we have Oy € S,,
and consequently, M ® Ox € S,,. Then

vec(M ® Ox) = Ji'vecs(M © Ox)
= J&"®xvecs(M © Ox).

Hence, (4.2.3) follows. Similarly, we can prove (4.2.4) when M € SKR™*™. [

Remark 4.2.5. When M, X € C™*", we have vec(M ® Ox) = Xxvec(M ® Ox), where
Yx = diag(vec(Ox)).

4.2.2. Computation of Structured BEs

In this subsection, we compute the closed-form expressions for the structured BEs
nsgps(ﬂ, p) by preserving the sparsity of the coefficient matrix and the Hermitian structure
of the matrix A. The following lemma plays a crucial role in the computation of the

structured BE.
] —
D

Then (4.2.5) can be reformulated as the following system of linear equations:

Lemma 4.2.6. Consider the following GSPP:

A+AA (B+AB)H
B+AB D+AD

q+Aq

. 4.2.5
r+ Ar ( )

{ RAA)R(u) — I(AA)I(u) + R(AB) R (p) + I(AB)"I(p) — R(Aq) = R(Q),

R(AA)I(u) + I(AA)R(u) + R(AB)"I(p) — I(AB)"R(p) — I(Aq) = 3(Q),
(4.2.6)
and
R(AB)R(u) — I(AB)I(u) + R(AD)R(p) — I(AD)I(p) — R(Ar) = R(R), (4.2.7)
R(AB)I(u) + I(AB)R(u) + R(AD)I(p) + I(AD)R(p) — I(Ar) = I(R),
where
Q=q—Au— Bp and R=r— Bu— Dp. (4.2.8)
Proof. The GSPP (4.2.5) can be equivalently rewritten as follows:
AAu+ ABp — Aq=q— Au — Bp, (4.2.9)
ABu+ ADp — Ar =r — Bu — Dp. (4.2.10)

Now separating the real and imaginary parts from (4.2.9) and (4.2.10), the proof follows.
[
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Prior to stating the main theorem of this section, we construct the following matrices:
n+1) X n(n+1 n(n—1) x n(nzfl)

Let ®gs, € R*5 x5 and Dsk, e R™ 2

are the diagonal matrices with

1, for j=C=2DEN 4 q G192 .. n,

V2, otherwise,

an(]d) = {

and
nin —1
Dsx, (j,7) == V2, forj= 12%
Further, set

n(n+1)

N, = qu)A@g: e Rn2>< 2 and Ny = jng\IfACDEIl{n < Rn2><

n(n—1)

(4.2.11)

Let s = n? 4 2mn + 2m?, X; € R?"** and X, € R?™** be defined as follows:

Xy = [il Osnx2m2] and Xo := [Ogpxp2 iZ]a

where
< _[el'@@ e N 0 0@ 9 LN 03 (L@ RE )T o5 (@ IB)IEs
! A tO@TRL)N, o' R@)T @ L)Ny ' (L, 232 —ay (I, 2 R(p)T)Ek
and
% _ |02 @@ LT —ag (@) @ )T oz (RB)T @ Ln)Yp —az ' ((B)" @ In)Tp
? o' 0@T @10 oy (R@T ® 1,5 o' O@)T@L)Sp o R@®)T ©L)Sp |
Set
[ algsynVGCS(f}{(AA ® @A)) ]
061®5KnV6C5K(j(AA ® @A)) ﬁlﬁ(Aq)
AY asvec(R(AB ® Op)) CR® and AZ - B13(Aq) c R2n+m)
asvec(J(AB ©® Op)) BaR(Ar)
azvec(R(AD ® Op)) | 323(Ar) |
| agvec(J(AD © Op))
(4.2.12)
Note that
G| A7 = AIRA)F + aT13(A)]%
= [|onDs, vecs(R(AA))J; + [larD sk, vecsk (I(AA))]I3 (4.2.13)
2
_ 1D, vecg(R(AA))
1D sk, vecsk (J(AA)) )

In the next theorem, we present a compact expression for the structured BE nsgps (u,p).
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Theorem 4.2.7. Assume that A € HC™", B € C™*", D € C™™ and v = [u”’,p”|"
is a computed solution of the GSPP (4.2.1). Then, the structured BE mgl,(w,p) with

preserving sparsity is given by

L (B
Xy, 7 ' Xy Li| | Xy T ' J(Q)
(@ p) = ||| . L (4214
X, T, X, L| |X, I, R(R)

()

|I(R) ]|,
where Q = q¢— Au—Bp, R=r—Bu—Dp, I, = [_51—1[% OQnXQm} € R2nx2(ntm) gnd
Z2 = |:02m><2n _/82_112mi| S RQmXZ(n+m).

Proof. Let v = [u”, p"]" be a computed solution of the GSPP (4.2.1) with A € HC™*".
Then, we need to find the perturbations Aq € C", Ar € C™ and sparsity preserving
perturbation matrices AA € HC™", AB € C™" and AD € C™™ so that (4.2.2)
holds. Therefore, we replace AA, AB and AD with A A®B©,4, AB®Og and AD ® Op,
respectively, such the following holds:

A+ (AA®O,) (B+(ABoOg)Y [ﬂ]: q+Ag (42.15)
B+(AB®©y) D+(AD®Op) ||p| |r+ar| o
Then using Lemma 4.2.6, we have
[ R(AA G O)R@) — IAA G O04)I(@) + RAB 6 05) R(P)
+3(AB® ©5)"3(p) — R(Aq) = R(Q), (4.2.16)
R(AA® 0,4)3(@) + I(AA G O4)R(@) + RAB ® 05)73(p) -
\ ~3(AB© O5)"R(B) - 3(Ag) = 3(Q),
and
([ R(AB©Op)%R(@W) — I(AB ® 05)3(@) + RIAD © O)R(P)
~3(AD ® ©p)3(p) — R(Ar) = R(R), (2.17)
R(AB © 05)3() + I(AB ® O5)R(u) + R(AD © ©p)3(p) -

+3(AD ® Op)R(p) — I(Ar) = I(R).
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Now, using the properties of the vec operator and Kronecker product on (4.2.16),
obtain

( (R(w)" ® I,)vec(R(AA© 0,4)) — (I(u)" @ I,)vec(T(AA® B 4))
+(I @ R(p)")vec(R(AB © O)) — (I, ® 3(p)")vec(I(AB © Op)) — R(Aq) = R(Q),
(J(u)" @ I,)vec(R(AA ® O4)) + (R(u)! @ I,,)vec(TJ(AA G O4)
+(I, @ I(p)T)vec(R(AB © O35)) — (I, @ R(p)T)vec(J(AB ® ©p)) — I(Aq) = 3(Q).
(4.2.18)

As AA € HC™", we have R(AA) € S, and J(AA) € SKR™". Further, we have

AAGO, € HC" R(AAGO,) €S, and TJ(AA®O,) € SKR™ ™. Hence, using Lemma
4.2.4 on (4.2.18), we get

(R(a)" ® I,) T§® avecs(R(AA © ©4)) — (3(a
@ R(p))Xpvec(R(AB®OR)) — ([, ®7

) ® I, )jSK\I}AVGCSK( (AA@ @A))
+(In (P)T)Epvec(I(AB © Op)) — R(Aq) = R(Q),
( (u) ® I )jS (I)AVGCS( (AA@@A)) (ZR(u) ® I, )jSK\I/AVQCSK(j(AAQ @A)
+(I, ® I(P) )T pvec(R(AB ® Op)) — (I, ® R(P)T)Spvec(J(AB ® Op)) — I(Aq) = J(Q).
(4.2.19)
Then, (4.2.19) can be reformulate as
R
XAV + [—a; oy Og] AZ = ~(Q>] . (4.2.20)
Q)
In a similar manner, from (4.2.17), we can deduce the following:
) R(R)
XoAY + [0y, —a5' Iy AZ = (4.2.21)
I(R)
Therefore, combining (4.2.20) and (4.2.21), we get
R(Q) R(Q)
T J X .| A J
Hayy |Blaz< Y@ o |X B |AY @) (4.2.22)
2 7, R(R) Xo I| [AZ R(R)
| I(R) | | I(R) |
. X 1]
Since, the matrix has full row rank, then
_X2 I2_
- - T T\ 1
Xe Ll | Xy Ty Xi Ll | Xy Iy
_X2 IQ_ XQ IQ X2 IQ X2 IQ
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and the consistency condition in Lemma 1.3.1 is fulfilled and the minimal norm solution
of (4.2.22) is given by

[
T N ~
AY X X1 4| X1 Iy J(Q)
AZ . Xy I Xo Iyl | Xy Iy R(R)
| 3(8) ]
According to the Definition 4.2.1, we have
NG (@, ) = min lamsooum, ad|

€g1

AA® A AB® B,
AD ® D, Aq, Ar

a1vec(R(AA G B4))
a;vec(J(AA® By4))
asvec(R(AB © Op))
agvec(J(AB ® Op))
, asvec(R(AD © Op))
= min N

AA®A,AB® B, azvec(J(AD © Op))

€q
AD ® Op, Ag, Ar

alggnvecs(i)‘{(AA ® @A))
OélggKnVGCSKCT(AA ® @A))
asvec(R(AB © Op))
asvec(J(AB © Op))

_ azvec(R(AD ® Op))

= min -
AA ® A,AB ® B, agVGC(J(AD ® @D))
€01
AD ® Oy, Ag, Ar
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( '9:{(@)' )
. AY X Ii| |[AY Q)
= Imin =
AZ|| | [X: ] |AZ R(R)
\ | 3(8) ] )
_ |2 (4.2.23)
AZ|
= min 2

Hence, the proof is completed. W

Remark 4.2.8. Using (4.2.12) and (4.2.23), the minimal perturbation matriz ﬂsps is
given by

Adgps = R(AAgps) +i3(AAg),

where
_ L AY]
VeCS(ER(AAsps)) = 0y 1983 |:]'n1 On1><(l—n1)} AZ )
- sps
~y A A - - -Ay
VeCSK(J<AASPS)) = 195}(” [Omxnl Ly, Onzx(l*na] AZ ’
L sps
n, = ”(n2+1)’ ny, = @, and l = s+ 2(m + n). Similarly, minimal perturbation matriz

ABsps; A-Dsps, Z;sps and z\qsps are given by

VeC(ABSPS) = ()[2_1 [OnanQ L 2L Onmx(l—n2—2nm):| AZ )
sps
—_— 7 Ay
VeC(ADsps) = a?jl [0m2><(n2+2nm) L,2 11, 0m2><2(m+n)_ Az ,
sps
_ . _ [AY]
A(]sps = 61 ! [Onx(l—2(n+m)) [n z[n 0n><2m} AZ )
- - sps
and
< 4 Ay
A"nsps = ﬁQ ! |:Om><(l—2m) I, Zlm} AZ
- sps

Next, we derive the structured BE when the sparsity structure of the coefficient matrix
M, is not preserved.
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Corollary 4.2.1. Assume that A € HC™", B € C™*" and D € C™*™ and v = [u”,p”|"
is a computed solution of the GSPP (4.2.1). Then, the structured BE n9 (u,p) without

preserving sparsity is given by

NEY
T T -
o v, o] ([vi z][v, & Q)
n (Uyﬁ): )
Y, 7, Y, .| |Y, T R(R)
LI(R) ] ||,

where

Yl = [Yl 02n><2m2]7 Y2 = [021712><n2 Y2]7

oy (R ® 1,)T§D;5, —or (@) @ L) T Dsr, oz (I @RB)T) oy (L@ I(P)7)
ol 0@ © )50 o (@ © L)TE sk,  ax (L ®IB)T) —az (L oR@B)T)|

S [aa‘l(‘ﬁ(ﬁ)T ®In) —oy (I @ In) a3’ (RB)T @ Ln) —az' (3(P)" @ L)
'@ e, o'R@Tel,) o' 0@TeL) o RE)T 1)

Proof. As we are not preserving the sparsity structure of A, B and D, by setting ©4 =
1l.xn, O = 1,,xn and Op = 1,,4,,, the proof proceeds accordingly. B

In the following, we derive the structured BE for the GSPP (4.2.1) when A € HC"*"
and D = 0,,%n.

Corollary 4.2.2. Assume that A € HC™", B € C™" and D = 0,5, and v = [u’, pT]"
is a computed solution of the GSPP (4.2.1). Then, the structured BE n9_ (w,p) with

sps

preserving sparsity is given by

L |R(@
o~ T o~ o~ T
G~ A X1 4 X1 L (X1 Ly Q) 4994
nsps(“’?@ ~ 5 ( 4. )
7 I, 7 T, |z 1, R(R)
|I(R) | ],

_ [agl(%(av ®L)s —ay (3@ ® Jm>zB]
;@) ©L)Ss o (R@)T ®I1,)Ss |

Proof. The proof follows by taking ag — 0 and D = 0,,,%,, in Theorem 4.2.7. B
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4.3. Structured Backward Errors for Double Saddle Point Prob-

lems

In this section, we consider the following general form of the DSPP:

A BT 0] |= f
Bw:=|F -D COT| |y| =|g| =:d, (4.3.1)
0 G E| |z h

where A € R"™*", D € R™*™ E e RP*P, B F e R™*" C,G € RP*™ x, f e R", y,g € R™
and z, h € RP.

This section answers the fundamental question raised in Chapter 1: Whether a back-
ward stable algorithm for solving (4.3.1) exhibits strong backward stability or not to
the DSPP? The notion of structured BE facilitates us in addressing the aforementioned
question, where we study the BE by preserving the inherent structure of the coefficient
matrix.

The DSPP of the form (4.3.1) can be converted into a GSPP [11]. Considerable
research effort has been devoted to structured BEs for the GSSP in the past years; see
[44, 146, 97, 162, 102]. Nevertheless, due to the special block structure of 9B, these
investigations do not provide exact structured BEs for the DSPP (4.3.1). Recently, Lv
and Zheng [96] have investigated the structured BE of (4.3.1), when A = AT, D =0 and
E = 0. Further, Lv [95] studied the structured BEs of the equivalent form of the DSPP
(4.3.1) given by

A 0 BT |z f
Bw=|0 E C||zl=1|n|, (4.3.2)
-B -CT D| |y —g

with B =F, C' =G, A and E are non-symmetric, and D is symmetric. When D = 0 and
E = 0, computable expressions for the structured BEs are obtained in [98] in three the
cases: first, AT = A, B # F and C = G; second, AT = A, B = F and C # G; and third,
AT = A B # F and C # G. However, these studies lack the following investigations:
(a) the coefficient matrix B in (4.3.1) is generally sparse, and the existing studies do
not preserve the sparsity pattern to the perturbation matrices, (b) existing research does
not provide explicit formulae for the minimal perturbation matrices that preserve the
inherent structures of original matrices for which an approximate solution becomes the

exact solution of a nearly perturbed DSPP.
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To address the aforementioned drawbacks, in this section, we investigate the struc-
tured BEs by preserving the sparsity in three cases: (i) AT = A, B=F, D' =D,C =G
and ET = F; (ii) AT = A, B#F, D" =D, C =G and ET = F; (iii) AT # A, B=F,

DT = D, C # G and ET = E. The main contributions of this section are as follows:

e We investigate the structured BEs when the perturbation matrices preserve the
structures mentioned in the cases (i), (i) and (ii7) as well as preserve the sparsity
patterns of the block matrices of the coefficient matrix 5.

e We derive explicit formulae for the minimal perturbation matrices for which the
structured BE is attained. These perturbation matrices preserve the inherent struc-
tures of the original matrices as well as their sparsity pattern.

e Numerical experiments are performed to validate our theoretical findings, to test
the backward stability and strong backward stability of numerical algorithms for
solving the DSPPs.

The organization of this section is as follows. In Subsection 4.3.1, we present basic def-
initions and preliminary results. In Subsections 4.3.2, 4.3.3 and 4.3.4, we derive explicit

formulae for the structured BEs corresponding to cases (i), (i) and (iii), respectively.

4.3.1. Preliminaries

In this subsection, we introduce the definitions of structured BEs for the three cases
(1)-(i27). Furthermore, we establish two pivotal lemmas essential for deriving structured
BEs. Throughout the section, we assume that 9B is nonsingular. Let w = [z, g7, 2T]T be
an approximate solution of the DSPP (4.3.1). Using the formula (1.3.4), the unstructured

BE for the DSPP (4.3.1), denoted by m(w), is expressed as:

|d — Bwll,
n(w) = — ) (4.3.3)
VIB[Z w3+ lId]3
Let a:= [01,0s,...,010]", where 6; are nonnegative real numbers for i = 1,2,...,10,

with the convention that 6; ' = 0, whenever 6; = 0. We define

ll[az ad]|| = [[21a41s. 6IaBle. 61AF]r. 0|AD]e. 6IAC] .

0IAG r, 6| AEllr, O5lIASl, Ol Al Broll Al |
Next, we define structured BE for an approximate solution of the DSPP (4.3.1).
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Definition 4.3.1. Let w = [T, y”, 2T]7 be an approzimate solution of the DSPP (4.3.1).
Then, we define the structured BEs, denoted by n°(x,9,2), i = 1,2,3, for the cases (i)-

(i) as follows:

" (3,5,%) = min I[[am ad]|
AA,AB,AC,
AD,AE,Af, |es
Ag, Ah

)
o, F

)
ao,F

2 (3,5,2) = min [[[as ad]|
AA,AB,AC,
AD,AB,AF, |es
Af, g, Ah

and

(3,7, 2) min [[[am ad]|
AA,AB,AC,

AD,AE,AG, |ess
Af, Ag, Ah

)
as,F

respectively, where a; := o with 03 = 0 and 65 = 0; ay := ¢ with 65 = 0; a3 := a with

03 = 0,'

AA,AB,AC, A+AA (B+AB)T 0 T f+Af
Sl—{ AD,AE,Af, B+AB —(D+AD) (C+AC)"| |y| = |g+Ag],
Ag, Ah 0 C+AC (E+AE)T| |z h+ Ah
AA € S,,AD € S,,, AE € §,,AB € R™" AC € RP*™,
Af e R* Ag e R™, Ah e Rp}. (4.3.4)
AA,AB,AC, A+AA (B+AB)T 0 T f+Af
Sy = { AD,AE,AF, F+AF —(D+AD) (C+AC)T| |y| = |g+Ag],
Af, Ag, Ah 0 C+AC (E4+AE)T| |z h+ Ah

AAeS,,AD € S,,,AE € §,,AB,AF € R™" AC € RP*™,

Af eR" Age R™ Ah € Rp}7 (4.3.5)
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and

AA,AB,AC, A+ AA (B+AB)T 0 x fHAf
Sg,:{ AD,AE, AG, B+AB —(D+AD) (C+AC)"| |y| = |g+Ag|,
Af,Ag, Ah 0 G+AG (E+AE)T| |z h+ Ah

AA€R™™ AD € S,,, AE € S,, AB € R™" AC, AG € RP*™,
Af € R", Ag e R™, Ah ¢ Rp}. (4.3.6)

Next, we state the problem of finding structure-preserving minimal perturbation ma-

trices for which the structured BE is attained.

e~ —— -

Problem 4.3.1. Find out the minimal perturbation matrices AA, AB, AC, AD, AF,
Zl\?, @, E"’, B\g, and Ah such that

RN [

, 1=1,2,3,
OC,L',F

where

a3 ad)|_, =|[%1341r, 6B, 1 AF |, 6| AD] . 65|AC -

05| AG]r, O:I|AEl|r, 6| AF |2, OollAglls, 10l AJ2|

’2'
Remark 4.3.2. When 6; = 0 for any given i (i = 1,2,...,10), it indicates that the

corresponding block matriz has no perturbation.

Remark 4.3.3. To preserve sparsity pattern of the block matrices, we substitute the per-
turbation matrices AA, AB, AC, AD, AE, AF, and AG by AA® ©4, AB ® Op,
AC ® B¢, AD ©® Op, AE ©® O, AF ©® Op and AG ® Og, respectively. Within this

framework, we denote the structured BEs as niﬁs(:ﬁ, y,z), 1 =1,2,3. Moreover, the min-
tmal perturbation matrices are denoted by ﬂsps, @SPS, KC\?SPS, Kl\)sps, Z\Esps, ﬁsps,

—_

AGupss A apss Dgapsr and Ahgpe.

When the structured BEs 1% (Z, 7, z) and nfés(fé, y,z) are around an order of unit

round-off error, then the approximate solution w = [T, y”,2T]T becomes an actual

solution of nearly perturbed structure-preserving DSPP of the form (4.3.1). Thus, the

corresponding algorithm is referred to as strongly backward stable. We set p = M,

2
m(m+1)
2

and 7 =

1
o — p(p2+ )

. To obtain the structured BEs formulae, the following lemmas

play a pivotal role.
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Lemma 4.3.4. Let A,H € S, with generator vectors vecs(A) = [al,al ... al]" and
vecs(H) = [AT T ... RT|T respectively. Suppose v = [x1,...,z,]T € R", then
(A ©®© Op)r =K, Pyvecs(A ® Op),
where &y = diag(vecs(Op)), K, = [K; KZ ... Kg] e R™" and K! € Rox(n—=i+1) gre
gien by
- : 0 0 0] -
T1 Ty v et Tp 0
T2 T3 © Tn
0 = O 0 0
0 2o O 0
Kl= |0 0 g 0|, K2= o, K=
0 0 0
0
0 0 I Tn
B - _O 0 Ig_ -7

Proof. The proof follows similary to the proof of Lemma 4.1.4. B

4.3.2. Derivation of Structured BEs for Case (i)

In this subsection, we discuss the structured BEs for the DSPP (4.3.1) for the case
(i), ie., A€ S,,DeSy, E€S,, B=F and C = G, and perturbation matrices belongs

to set S;. Prior to that, we construct the diagonal matrix ®gs, € R*** where
D, (k, k) =1, for k=D g 519 p
Ds, (k, k) = V2, otherwise.

The matrix Dg, has the property, |A||r = ||Ds,vecs(A)||2. Further, we introduce the

following notation:

4 = diag(vecs(0,4)), P = diag(vec(0p)), Pc = diag(vec(O¢)), (4.3.7)
®p = diag(vecs(©p)), Pr = diag(vecs(Og)), (4.3.8)
and
_é[n 0 0
I=| 0 —5I, O
9
0 0 a1y

Theorem 4.3.5. Let [T, y*', ZT|" be an approzimate solution of the DSPP (4.3.1) with
AeS,, DeS,, EcS,, andbs,0y,610 # 0. Then, we have

Mobs(@, 9, 2) = || T (T, T) " Ral |, (4.3.9)
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where Js, = [Js, I| € RO™H0XL qnd T s given by

7 Ka®aD5"  FNIOp 0 0 0
Ts1 = 0 FMPep —g-Kg®pDs! FNIde 0 )
1 1 -1
0 0 0 FMibe K 0pDy)

R;=f—Axz—-B'y, R,=g—Bx+Dy—C"2, R, =h—Cy—EZ, Rq = [R?, RgT, RIT,
andl =p+oc+7+mn+mp+m-+n-+p.
The minimal perturbation matrices for the Problem 4.53.1 are given by the following gen-

erating vectors:

vecs(Adws) = 07'D5" [1, 0] T (s, T) ' Ra,
vec A/Esps) =0," [O Lo 0} jgf(jsljg:f)_lffd,
ACupe) =051 [0 1, 0] TL(Je,TE) " Ra,
ADp)
)

Agsps - ‘99_1 [O Im 0} ij;(jSNYS,I;)_IRd) and

Ahaps = 03 [0 1, T2 (Ts, TE) ' Ra.
Proof. For the approximate solution [z7,y”,zT|"
matrices AA € S,,, AB € R™", AD € §,,, AC € R AFE € §,, which maintain the

sparsity pattern of A, B, C, D, E, respectively, and the perturbations Af € R", Ag € R™,
AAAB,AC,
and Ah € RP. By (4.3.4), AD,AE,Af, € S; if and only if AA, AB, AC,AD,
Ag, Ah

, we need to construct perturbation

AE,Af, Ag and Ah satisfy

AAZ + ABTy — Af = Ry,
ABZ — ADy + ACTzZ — Ag = R,, (4.3.10)
ACy + AEZ — Ah = Ry,

and AA e S,, AD € §,,,, AE € §,. To maintain the sparsity pattern of A, B,C, D and E
to the perturbation matrices, we replace AA, AB, AC, AD,and AEby A A®© 4, AB® Ogp,
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AC®O¢,AD®0Op, and AE® O, respectively. Thus (4.3.10) can be equivalently re-

formulated as:
070 (AA®OLT + 0,'0,(AB®Op) "y — 05 0sAf = Ry, (4.3.11)
05'0:(AB® Op)T — 0, '0,(AD ©®Op)y
+05105(AC ©00) 'z — 05 '09Ag = R,, (4.3.12)
0:105(AC ©O0)T + 0-'0:(AE ©0p)TZ — 0,3 010Ah = Ry,. (4.3.13)
Using Lemma 4.3.4 in (4.3.11), we get
0y ' Kz®abivecs(A® O4) + 0, ' NpPpbyvec(B © Op) — 05 0sAf = Ry. (4.3.14)
Further, (4.3.14) can be expressed as
0, ' Ke®aD35 Ds, 01vecs(A© O4) + 05 ' NpPpbyvec(B © Op) — 05 0sAf = Ry. (4.3.15)
Equivalently, (4.3.15) can be written as follows:
Js,AX = Ry, (4.3.16)
where 73, = |0, C;0,4D5" 6;,'N2®p 0 0 0 —6;'1, 0 0] R and
AX =[01Ds,vecs(AA ® O4)T, Oyvec(AB © 0p)T, 0,05, vecs(AD © Op)t,  (4.3.17)
Osvec(AC © O¢)7, 0:0s,vecs(AE © Op)T, OsAFfT, 0yAg", 0,0ART]T € R
Similarly, using Lemma 4.3.4 to (4.3.12) and (4.3.13), we obtain
JeAX =R, and JSAX =Ry, (4.3.18)

where ngl € R™! and \7831 € RP*! are given by

Ji=[0 6, Mroy —0;'Ky0pD5 6;'NIbe 0 0 —6;"L, O
and
JE=10 0 0 6:'M2Oe 6:'K:D5'0s 0 0 601,
respectively. Combining (4.3.16) and (4.3.18), we obtain the following equivalent system

Js, AX = Ry. (4.3.19)

Clearly, for s, 0y, 619 # 0, Js, has full row rank. Therefore, by Lemma 1.3.1, the minimum

norm solution of (4.3.19) is given by

A)(min = jSTIRd = jgzi(jSljgz;)_le. (4320)
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On the other hand, the minimization problem in Definition 4.3.1 can be reformulated as:
M5y (Z, 9, 2)) = min{GfHAACD O.llF + BI[AB©Op|7 + 01|AD © ©pl|7 + 65| AC © Oc ||

+07|AE©Op|} + 05| AfI2 + 0511 Agllz + 05| ARl ‘

AA® O, AB® O, AC G Og¢,
AD®Op, AE©Og,Af, ES1}
Ag, Ah

= min {9f||©3nveCS(AA ©® O4)||2 + 02||vec(AB ® Op)||2

+ 03| Ds,, vecs(AD ® Op)||5 + 03]|[vec(AC © O0) |3

+ 03|95, vecs(AE @ Op) |15 + 63| Af|5 + 651 Agl15 + 65,]| A3
Js, AX = Rd} (4.3.21)

— min {||AX|]§ ( s, AX = Rd} = | A X in 2. (4.3.22)
Consequently, substituting (4.3.20) into (4.3.21), we obtain
Meps (2.9 2) = || 75, (5, Te,) ™ Rl |-

From (4.3.17), we have ;g vecs(AA © O4) = [[# O} AX. Therefore, the generat-
ing vector for the minimal perturbation matrix AAg,s which also preserves the sparsity
pattern is given by

vecs(Adgs) = 07D 1, 0] AXoin.
Similarly, the generating vectors for other minimal perturbation matrices can be obtained.

Hence, the proof is completed. B The following result gives the structured BE without

preserving sparsity.

Corollary 4.3.1. Suppose the approzimate solution of the DSPP (4.3.1) with A € S,
DeS,, E€S,, and bs,0y,010 # 0 is [, y*, 2T|". Then, we have

0 (&.9.2) = | T (T T Ral . (43.23)

where :7@1 € R+m+p)xt 4s given by

1 —1 1 n 1
~ EKaD5! LN 0 0 0 S 0
— 1 m 1 —1 1 m 1
0 0 0 FML K050 0 —5=1
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Proof. Since we are not preserving the sparsity pattern, the proof follows by considering

Oa=1,xn, OB = Lixn, Op = Liyxm, Oc = 1pxm, and O = 1,,, in Theorem 4.3.5. W

Remark 4.3.6. The structure-preserving minimal perturbation matrices ﬂ, AB , AC ,
Zl\), Z\E, E”, Eg, and El, for which n°(Z,y,2) is attained are given by formulae
presented in Theorem 4.53.5 with Js, = :7\§1.

In the next result, we present the formula of structured BE when D = 0 and £ = 0.

Corollary 4.3.2. Suppose [T, y*, 27| is an approzimate solution of the DSPP (4.3.1)

with A€ S,, D=0, E =0, and 0g,0y,0,9 # 0. Then, we have

"7555(%7 gv g) = Hij;(j&ij;)_le‘

, (4.3.24)
2

where %1 € RFmH+p)xt s gimen, by

N 7 Ks®aD5"  ZNIOp 0 —5ln O 0
_ 1 m 1 m 1
JSl - 0 EME (bB ENE (DC O —%I’m 0 9
0 0 éM%% 0 0 =1,

R;=f—Ax—B'y, R,=g—Bx—C"z, R, = h—Cy, andl = p+mn+mp+m-+n+p.
Proof. Since D = 0 and E = 0, the proof follows by considering 8, = 6; = 0. B

Remark 4.3.7. When D = 0 and E = 0, Lv and Zheng [90] derive the structured BE
for the DSPP (4.3.1). Howewver, their investigations do not take into account the sparsity

pattern of the coefficient matrices.

4.3.3. Derivation of Structured BEs for Case (ii)

In this subsection, we derive explicit formulae for the structured BEs for the DSPP
for the case (ii), ie., A€ S,, B#F,D¢e€S,, C=Gand E € S,. We use the Lemmas
4.3.4,4.1.9 and 1.3.1, and apply a similar methodology used in Section 4.3.2 to derive the
formulae for the structured BEs. In the next result, we present computable formulae for
the structured BE nf;s(fé, Y, z) by preserving sparsity pattern of the original matrices to

the perturbation matrices. Before proceeding, we set the following notation:
O = diag(vec(Op)),

Dy, Opde, ®p and P are same as defined in Subsection 4.3.2.
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Theorem 4.3.8. Let [27, gy, 27]" be an approzimate solution of the DSPP (4.3.1) with
AeS,,B#F, DeS,,C=G, EcS, and 03,0y,0190 # 0. Then, we have

S ~ S T T\—1
"75;5(397yaz> - Hng(j§2j82> Rd‘ 9 (4325>
where Js, = [Js, I| € R gnd Ts, is given by
3 Ka®aDs, g Njes 0 0 0 0
Ts, = 0 0 FMIOp —5Kg®pDg. £ NIPc 0 ;
0 0 0 0 =MD %K;@Eggpl

Ry=f—Az—-B'y, Ry=g—Fx+Dy—C"z R, =h—Cy—Ez, Rq = R}, RZ, RIT
andl=p+o+7+2mn+mp+m-+n+p.

Proof. Given that [z, g”, 27| is an approximate solution of the DSPP (4.3.1) for the case
(77). Now, we are required to construct perturbation matrices AA € S,,, AB, AF € R™*",
AD € §,,, AC € R*™ AFE € §,, which maintain the sparsity pattern of A, B, F', C, D, E,
respectively, and the perturbations Af € R", Ag € R™ and Ah € RP. Using (4.3.5),
AA AB,AC,
AD,AFE,AF, € Sy if and only if AAJAB,AC,AD,AE, AF, Af, Ag and Ah
Af,Ag, Ah

satisfy the following equations:

AAZ + ABTH — Af = Ry,
AFZ — AD§+ ACTZ — Ag = R,, (4.3.26)
ACY + AEZ — Ah = Ry,

and AA e S,,AD € S,,, AE € §,.
By following a similar the proof methodology of Theorem 4.3.5 and applying Lemma 4.3.4,

we get:

Js,AX = Ry, J3 AX = Ry and J3 AX = Ry, (4.3.27)

where

Ji, = [0,'K:2,05" 0,'N2dp 0 0 0 0 —6;', 0 0] €R™,
JL=10 0 6;'MPop —0,'K;0cD5. 6;'Nrdp 0 0 —6,'1, 0] € R™,
F=[0 00 0 6, MP, 6;'K:0D5" 0 0 —6,)1,] € R

118



and AX = [01Ds, vecs(AAGO )T, Oyvec(AB®OR)T, O3vec(AF©OFr)T, 0,Ds, vecs(ADG
Op)’, O5vec(AC ® Oc), 0:Ds,vecs(AE © Op)T, OsAfT, 0sAg”, 010ART]T € RE Com-
bining the three equations in (4.3.27), we obtain

Js,AX = Ry. (4.3.28)

Since, Js, has full row rank for 6g, 609,019 # 0. Therefore, (4.3.28) is consistent and by

Lemma 1.3.1, its minimum norm solution is given by
AAvain = jsj;(ngjS’I;)ile- (4329)

Now, applying a similar argument to the proof method of Theorem 4.3.5, the required

structured BE is

N2, 9, 2) = | A X minl2 = || TE (Ts, TE) ' Ral, -

Hence, the proof is completed. B

Remark 4.3.9. The minimal perturbation matrices ﬂsps, E’sps, ZI\DSPS, Z\Esps, Z}

Zzysps and @Sps for the Problem 4.3.1 can be computed using the formulae provided in

sps?

Theorem 4.3.5 by replacing Js, with Js,. The generating vectors for the minimal pertur-

bation matrices Z\Bsps and AF sps arTe given by

— 1 —
VeC<ABSPS) = 0_2 [O,u Imn Olf,u,fmn} jgj;(jg2j§?;> 1Rd7
— 1 _
VeC(AFSpS) = 9_3 |:0u+mn Imn Ol—u—2mn:| jSY;(jS2jS€) 1Rd'

The following result gives structured BE while the sparsity pattern is not preserved.

Corollary 4.3.3. Let [, g7, 2T]" be an approzimate solution of the DSPP (4.3.1) with
AeS,, DeS,, EeS,, andbs,0y,6010 # 0. Then, we have

n*(@,§,2) = | T (T T Rl (43.30)

where 3\§2 e Rm+p)xt Gs given by

1 n 1 n 1
R FML ENZ 0 0 0 0 —5L, 0 0
Js, =] 0 0 EMI —FKyD5. ENI 0 0 —5ln 0
1 1 -1 1
0 0 0 0 My KD 0 0 —5

Proof. The proof proceeds by choosing O 4 = 1,4, O = Or = Lxn, O = lyixm,
Oc = 1,xm, and O = 1,4, in the expression of the structured BE presented in Theorem
4.3.8. 1
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Remark 4.3.10. Similar to Corollary 4.5.2, we can compute the structured BE for the
case (i1) with D = 0 and E = 0. This specific instance of structured BE has also been
addressed in [98]. However, our investigation additionally ensures the preservation of the

sparsity pattern.

4.3.4. Derivation of Structured BEs for Case (i)

This subsection deals with the structured BE of the DSPP for the case (i), i.e.,
A#AT, DeS,, E€S, B=F, and C # G. Using a similar technique as in Section
4.3.2, in the following theorem, we present the computable formula of the structured BE
when sparsity pattern of the original matrices are preserved in the perturbation matrices.
Before continuing, we define @5 = diag(vec(Og)), along with ® 4, 5, ®c, p and Pg as
defined in Subsection 4.3.2.

Theorem 4.3.11. Let [T, y*, 27| be an approzimate solution of the DSPP (4.3.1) with
CeS,, EcS,, andbs,0y,6010 #0, B=F and C # G. Then, we have

ness(®, Y, 2) = || T5, (Ts, Ts,) "' R

(4.3.31)

27

where Js, = | Js, I) € ROHm+9)xL 7o is given by

FMePs  FNIOp 0 0 0 0
Tsy = 0 F Mo —-Ky®pDg! £ NIdo 0 0 :
o0 0 0 EMPG K005

Ry = f—Axz— By, R, = g—Bx+Dy—C"z, R, =h—Gy—FEZz, Rq = [Rg:, R;, RZ]T,
andl =n?+ o +7+mn+2mp+m+n -+ p.

Proof. The proof follows by using a similar proof methodology of Theorem 4.3.5.

Remark 4.3.12. The minimal perturbation matrices Z\Bsps, Kl\)sps, E’sps, Z?sps, Egsps
and ELSPS can be computed using the formulae provided in Theorem 4.5.5 with Js, = Js,.
The generating vector for the minimal perturbation matrices ﬂsps, @Sps and @sps
are given by

— 1

VGC(AASPS) = 9—1 :In2 01_n2} jS:,;(jS3\7§7;)_le'
vec(ACgps) = o 102 mimn Lmp 07+mp+n+m+p] jS:,;(jSBJSZ;)_IRd?
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By taking ©4 = 1,xn, OB = Liyxn, Op = Lyxm, Oc = O¢g = ]-p><m> and O = 1p><p
in the BE expression provided in Theorem 4.3.11, we obtain the structured BE when the

sparsity pattern is not considered.

Remark 4.3.13. The structured BE for the DSPP (4.3.1) when A € S,,, D € S;,, E € S,
B+F, C#G,or, AAT DeS,, E€S,, B#F, C+#G can be derived in a similar
technique used in this section and in Subsections 4.53.2 and 4.3.3. As the derivation process

1s stmilar, we have not studied them here in detail.

4.4. Numerical Experiments

In this section, we conduct a few numerical experiments to validate the findings of this
chapter. All numerical experiments are conducted on MATLAB R2023b on an Intel(R)
Core(TM) i7-10700 CPU, 2.90GH z, 16 GB. We denote

_ Af
and Abg,s = [/ISPS] )

gsps

— —T
AA,,, AB

sps

ABgps ADgpe

—

Aj\/lsps =

Example 4.4.1. Consider the circulant structured GSPP (4.1.1), where the circulant
block matrices A, B, D € C3 and f, g € R3 are given by

1.02 0 5.3 —12.78  6.38 0
A= 153 102 0 |, B= 0 —12.78 6.38 |,
0 5.3 1.02 6.38 0 —12.78
59 1 0 78.01 56
D=0 59 1|,f=| 2 |,andg= |3
1 0 59 10 1

Let v = [a”, p’]” be an approximate solution of the GSPP, where u = [—0.85, 6.04, 11.91],
P = [0.11, 0.026, 2.69]” and M@ — by = 0.2147.
By applying formula (4.1.3), the computed unstructured BE n(v) is 1.44790 x 1079,

Again, using the formula outlined in Theorem 4.1.5, we obtained the structured BE with

S1
sps

preserving the sparsity pattern is nSl (w, p) = 5.5541. In this case, the minimal perturba-

tion matrices, which preserve the sparsity pattern as well as the circulant structure, are

given by
0.00517 0 0.00026 —0.01439  0.00684 0
Adgs = [0.00026 0.00517 0 |, ABgp,= 0 —0.01439  0.00684 |
0 0.00026 0.00517 0.00684 0 —0.01439
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—0.00133  —0.00205 0 0.01799
ADqps = 0 —0.00133 —0.00205 | , Afups = | 0.05670
—0.00205 0 —0.00133 —0.02749

—0.03242

and Ag,,, = | 0.00764

0.00616

Moreover, without preserving the sparsity pattern, the structured BE is ' (u,p) =
0.78540. Further, in this case, the minimal perturbation matrices for which %! (w, p) is

attained and preserve circulant structure are given by

0.00665 —0.00595 0.00188 —0.01636  0.00691  0.00246
AA=| 000188 0.00665 —0.00595|, AB= | 0.00246 —0.01636 0.00691 |,
—0.00595 0.00188  0.00665 0.00691  0.00246 —0.01636
—0.00021 0 0.00014 0.96212
AD = | 0.00014 —0.00021 0 CAF=10"x | 1.41279
0 0.00014 —0.00021 —3.01440
—0.00053
and Ag = | —0.00002
0.00079

We can observe that, in both the cases
(M + AMype)o = b+ Abg,s and (M + AM)T = b+ Ab,

i.e., v is the exact solution of the above circulant structured GSPP.

Example 4.4.2. Consider a Toeplitz structured GSPP where the coefficient matrices are
given by:

(106 0 10® 0 (105 107 0 0
105 10 0  10° 10° 105 107 0
A: , B:
10 105 106 0 0 10° 10~° 107
0 10 108 10-° 0 0 105 10°°
0 105 —60 O | [108] [10-8]
05 0 105 —60 0
D = = and g =
0 -05 0 108 103 0
0 0 -05 0| 0 0 |
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The approximate solution of the GSPP, computed using Gaussian elimination with partial
pivoting (GEP) is v = [u”, pT]?, where

6.0278 x 10° —5.0378 x 10* ]
| =1.0000 x 10 B 1.0000 x 103
u = and p =
9.8995 x 10~% —8.8995 x 102
| —9.9000 x 107 | | 9.9000 x 10° |

We choose w; = 1/ Allp, ws = 1/ Bllp, ws = 1/|Dllr, wy = 1/]fl2» and w5 = 1/]lglz.
Using the formula in (4.1.3), the unstructured BE is n(v) = 6.2617 x 10~'8. However,
the obtained structured BEs using Theorem 4.1.10 and Corollary 4.1.3 are 1°*(w, p) =
2.1761 x 107 and 0, (w,p) = 4.3070 x 1075, respectively. We can observe that the
1(v) in the order of O(107!®), whereas the structured BEs are significantly larger. This
demonstrates that the GEP for solving this tested Toeplitz structured GSPP is backward
stable but not strongly backward stable. That is, the computed approximate solution

does not satisfy a nearby (sparsity preserving) Toeplitz structured GSPP.

Example 4.4.3. Consider the Toeplitz structured GSPP (4.1.1) with block matrices
A = toeplitz(ai,as) € Toxn, B =toeplitz(by,bs) € Toxn, D = toeplitz(cy,ca) € Thxn,

where a; = sprand(n, 1,0.4), as = randn(n, 1), by = sprand(n, 1,0.1), by = randn(n, 1),
¢, = sprand(n,1,0.1) and ¢; = randn(n, 1) so that a;(1) = az(1),b;(1) = by(1) and
c1(1) = ¢y(1). Moreover, we choose f = randn(n, 1) and g = randn(n,1). We choose the

parameters w; = 1, for i = 1,2,...,5.

10710

T
[—6—unstructured without sparsity|
-8 structured without sparsity
[—#—structured with sparsity

[—9— unstructured with sparsity

10-12r 1

10'16f’°‘9—°_°~seasaesaa o—0—g—0—0—6—0—0—B

10-18 L L L L
8 20 40 60 80 100
n

Figure 4.4.1: Different structured and unstructured BEs for n = 8 : 4 : 100.

We apply the GMRES method [123] with the initial guess vector zero and toler-

ance 1077, Let v = [u”l, p']T be the computed solution of the GSPP. For n = 8 :
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4 : 100 in Figure 4.4.1, we plot the unstructured BE m(v) using the formula (4.1.3)
(denoted as ‘unstructured without sparsity’), structured BE 032 (w,p) (denoted as
‘structured with sparsity’) using Theorem 4.1.7, n%2(w, p) (denoted as ‘structured
without sparsity’) using Corollary 4.1.2 and msps(w, p) (denoted as ‘unstructured
without sparsity’) using Theorem 4.1.12. From Figure 4.4.1, it can be observed that,
for all values of n, the unstructured BE 1(v) around of order O(1071%) and all other BEs
Nsps (U, D), M52 (W, P), and 7> (w, p) are around of O(107'?) or less than that, which are
very small. Therefore, the approximate solution computed using GMRES method for
each generated Toeplitz structured GSPP effectively solves a nearby perturbed unstruc-

tured linear system as well as a nearby perturbed (sparsity preserving) Toeplitz structured
GSPP.

Table 4.4.1: Unstructured and structured BEs for different values of n for
Example 4.4.4.

noon@)  me@p)  nY@p)  nS(@p)

8 1.5522e — 16 5.1676e — 16 1.3612e — 15 4.0978e — 15

16 7.9177e — 16 2.6522e — 15 1.1505e — 15 8.3191e — 15

32 4.2992e — 15 1.1547e — 13 1.3009e — 13 6.2542e — 13

64 8.4321e —16 4.816le — 14 1.2379e — 13 4.2252e — 13

128 1.7815e — 15 3.4069e — 14 1.5579¢ — 13 6.1305e — 13

Example 4.4.4. In this example, we consider the symmetric-Toeplitz structured GSPP
(4.1.1) with the block matrices A = I,, B = [b;] € ST, where b;; = #6_%7
i,j=1,....,n, D = —ul,, f = randn(n,1) € R", and g = 0 € R™". We choose p = 0.01.
To solve the GSPP, we use the CNAGSOR preconditioned GMRES (PGMRES) method
[157]. We choose wy = 1/||A||r, we = 1/||B|lF, ws = 1/||D||r, ws = 1/||f|l2, and w; = 0.

For the computed approximate solution v = [u’, p”]7, we compute the unstructured BE

n(v) using the formula (4.1.3), structured BE 1%, (w, p) using Theorem 4.1.10, and the
structured BE without preserving sparsity 7 (w, p) using Corollary 4.1.3. The computed
values are reported in Table 4.4.1.

We observe that the structured BEs ng3 (w,p) and n% (@, p) are all most all cases
remains one or two order larger than the unstructured ones and remains within an order

of O(10713). Hence, we can conclude that the approximate solution ¥ obtained using

the CNAGSOR PGMRES method for the tested GSPPs serves as an exact solution to
124



a nearly perturbed symmetric-Toeplitz structured GSPP, while preserving the sparsity

pattern of the original problem.

Next, we carry out several numerical experiments to test the strong backward stability

of numerical algorithms for solving the DSPP. We consider 6; = 0 Alllp’ 0y = 0 Blllp’ 03 =
1 1 _ 1 _ 1 _ 1 _ 1 _ 1 _ 1
Eee 9= o1 5 = jeree 9 = e 07 = 1ER 98 = e 00 = g and G0 = g

Example 4.4.5. To test the strong backward stability of the GEP, we consider the DSPP
(4.3.1) with

0 01 1 -2 1
A=GPG(1:3,1:3)€8;, B=D=|0 1 0| €R*> C=|-2 6 0| R
104 0 0 1 0 0
108 10-8
E=GPG(4:6,4:6)€S;, f=[10| €eR®andg=h=| 0 | €R’
0 0
(i+j—1)!

where G = 10° x diag(1,5, 10, 50,100,500) and P = [p;;] € R®*C, p;; =

(=D -1

The approximate solution w = [T, gT, 2T]T of this DSPP is obtained using the GEP,
where
60.0120 6.0012 —1.7109
£=10""x | -8.0016| , = | 2.0004 | and Z=10"" x | 0.8556
1.0002 —2.0004 —0.0475

We compute the unstructured BE n(w), structured BEs nf;s(i,ﬂ, z) and n%1 (2,9, 2)
using the formulae given in (4.3.3), Theorem 4.3.5 and Corollary 4.3.1, respectively. The

obtained BEs are given by

n(w) =6.9314 x 107>, nJl (&, 9, 2) = 5.4649 x 107, (4.4.1)

and n° (2,9, Z) = 4.7907 x 107%.

From (4.4.1), we can observe that n(w) of O(1072") indicates that GEP is backward
stable for solving this DSPP. On the other side 03}, (Z,9,2) and 7 (Z,y,2) is much
smaller than m(w) implies that GEP for solving this DSPP is not strongly backward
stable. This shows that a backward stable iterative algorithm for solving the DSPP may

not be strongly backward stable.
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Example 4.4.6. In this example, we perform a comparison among our obtained struc-
tured BEs and the structured BE considered in [98]. For this, we consider the DSPP
(4.3.1) with

[ 0.0968 0 —0.2438 —0.2823

Y 0 0 LIS —11611| | 0 0 0.7090 0
~0.2438  1.1180  1.6014 —0.8693| 1.9046 0.0928 —0.0430 0.0508]
|-0.2823 —1.1611 —0.8693 —0.4914
~0.2592 0 0.2543 0.1248 0 1.8070

F = s C:02><2, D= and E:02><2.
0.0876 1.1375 0  0.0766 1.0365 —1.5516

Here, n = 4,m = 2 and p = 2. Further, we consider the right-hand side vector d =

/T, g7, hT]T € R, where

[ 1.1251]

—1.9000 —0.5516 0.4982
f= , g = and h = .

—0.4320 1.8738 0.8347

| —1.1422 ]

The computed solution using the the MATLAB ‘blackshash’ command is w = [T, gT, 2T]7T,

where
[ 1.6927]
- —1.5778 _ 1.2180 _ 0.3571
T = , Y= and z = .
1.9746 0.2757 —1.8683
i 3.5598 |

The computed solution w has residue ||Bw — d|| = 1.4864 x 107'°. The unstructured BE
computed using the formula (4.3.3) is 5.2700 x 1017, structured BE using the Theorem 3.2
of [98] is 4.1137 x 1071%, structured BE with sparsity using Theorem 4.3.8 is 2.7992 x 10~1¢
and the structured BE without sparsity using Corollary 4.3.3 is 2.5525 x 1071, We observe
that all the computed BEs are in unit round-off error and the structured BEs are only
one order larger than the unstructured ones. Furthermore, the structured BEs derived
in our work and those obtained in the reference [98] exhibit uniform order. This shows
the reliability of our derived structured BEs formulae. One notable advantage of our
derived formulae lies in our ability to preserve the sparsity pattern within the perturbation

matrices.
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Example 4.4.7. To test the strong backward stability of the GMRES method, in this
example, we consider the DSPP (4.3.1) [75] with the block matrices

I®Z+2Z®1 0

A= eR¥™ ™ B=[IoH HxI| R,
0 IRZ+Z1
D=G®H e R and C = E = 0,2,,2, where Z = Gy tridiag(~1,2,-1) €

R™",  H = — tridiag(0,1,—1) € R™" and G = diag(1,7+1,...,7r*=r+1) € R™". For
this problem, the dimension of B is 4r2. We use GMRES method to solve this DSPP with
termination criteria % < tol, where w;, is solution at each iterate and tol = 10713
and the initial guess vector zero. We compute the structured and unstructured BEs for
the solution at the final iteration. The computed BEs for different values of r are listed

in Table 4.4.2.

Table 4.4.2: Values of structured and unstructured BEs of the approximate
solution obtained using GMRES for Example 4.4.7.

Bwy,—d|| ~ ~ ~ ~ ~ o~ ~
T W 'r,('w) n&(m’y,Z) nfﬁs(m,y,z)

4 1.0593e-15 4.1823e-17 1.3757e-16  4.9831e-16
6 2.4960e-14 5.3825e-16 1.8436e-15  7.3871e-15
8 2.0868e-14 3.0086e-16 9.6476e-16  5.4875e-15
10 3.2981e-14 3.4862e-16 1.3781le-15  9.1775e-15

From Table 4.4.2, we observe that unstructured BE n(w), structured BE with pre-

S1

ose (T, 9, Z) and structured BE n° (Z,9, Z) are all around order of unit

serving sparsity n
round-off error. Using our obtained structured BEs, we successfully demonstrate that the

GMRES method for solving this DSPP exhibits strong backward stability.

4.5. Summary

In this chapter, we investigated the structured BEs for circulant, Toeplitz, symmetric-
Toeplitz, and Hermitian structured GSPPs with and without preserving the sparsity pat-
tern of block matrices. Moreover, we study structured BEs for DSPP in three cases when
the diagonal block matrices preserve symmetric structure. Additionally, we provide mini-
mal perturbation matrices for which an approximate solution becomes the exact solution
of a nearly perturbed GSPP or DSPP, which preserves their inherent block structure and

sparsity pattern. Furthermore, unstructured BE is obtained when the block matrices of
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the GSPP only preserve the sparsity pattern. Our obtained results are used to derive
structured BE for WRLS problems with Toeplitz or symmetric-Toeplitz coefficient ma-
trices. Numerical experiments are performed to validate our theoretical findings and to
examine the backward stability and the strong backward stability of numerical algorithms
to solve structured GSPPs and DSPPs.
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CHAPTER 5

Partial Condition Numbers for Saddle Point Problems*’

This chapter addresses structured normwise condition number (NCN), mixed condi-
tion number (MCN), and componentwise condition number (CCN) for a linear function
of the solution (or the partial NCN, MCN, and CCN) of the GSPP and DSPP. Firstly,
we present a general framework that enables us to measure the structured CNs of the in-
dividual components of the solution of the GSPP. Then, we derive their explicit formulae
when the input matrices have symmetric, Toeplitz, or some general linear structures. In
addition, compact formulae for the unstructured CNs are obtained, which recover previ-
ous results on CNs for GSPPs for specific choices of the linear function. Moreover, we
investigate unstructured partial unified CN and structured partial NCN, MCN, and CCN
for DSPPs. Furthermore, applications of the derived structured CNs are provided to de-
termine the structured CNs for the WRLS problems, Tikhonov regularization problems

and EILS problems, which retrieves some previous studies in the literature.

5.1. Partial Condition Numbers for the Generalized Saddle Point

Problem

In this section, we consider the following GSPP:

x] - H — b, (5.1.1)
v L9

where A € R™*" B, C € R™" D e R"™" z, f € R", and y,g € R™. The block matrices

A BT
¢ D

Mz =

A, B,C and D satisfy some special structures, such as B = C, symmetric, Toeplitz, or
have some other linear structures [26]. Recently, a large amount of efficient iteration
methods have been proposed to solve the linear system (5.1.1), such as inexact Uzawa
schemes [12], Krylov subspace methods [119], and so on.

*S. S. Ahmad and P. Khatun, “Structured condition numbers for a linear function of the solution of the

generalized saddle point problems.” FElectronic Transactions on Numerical Analysis, 60:471-500, 2024.

tS. S. Ahmad and P. Khatun, “Partial condition numbers for double saddle point problems.” Under Revision

in Numerical Algorithms.



Perturbation analysis and CNs for the GSPP (5.1.1) have been widely studied in the
literature. A brief review of the literature work of the CNs for the GSPP (5.1.1) is as
follows. Wang and Liu [138] have analyzed the NCN for the solution z = [z, y*]? for the
KKT system, i.e., the GSPP (5.1.1) with A = AT, B = C and D = 0. In [147], authors
have discussed perturbation bounds for the GSPP when B = C, and D = 0, and have
derived closed formulae for the NCN, MCN, and CCN of the solutions z = [z7,y”]" and
the individual solution components x and y. The NCN and perturbation bounds have
been investigated in [151] for the solution z = [27,yT]T of the GSPP (5.1.1), with the
conditions B = C' and D # 0. Later, Meng and Li [100] studied the MCN and CCN for
z = [z, yT]T. Additionally, they explored the NCN, MCN, and CCN for the individual
solution components x and y. Recently, new perturbation bounds have been derived for
the GSPP (5.1.1) under the condition B # C, without imposing any special structure on
A and D [153).

In many applications, blocks of the coefficient matrix M of the system (5.1.1) exhibit
linear structures (for example, symmetric, Toeplitz or symmetric-Toeplitz) [32, 60, 124,
163]. Therefore, it is reasonable to ask: how sensitive is the solution when structure-
preserving perturbations are introduced to the coefficient matrix of GSPPs? To address
the aforementioned query, we explore the notion of structured CNs by restricting pertur-
bations that preserve the structures inherent in the block matrices of M.

Furthermore, in many instances, x and y represent two distinct physical entities;
for example, in the Stokes equation, x denotes the velocity vector, and y signifies the
scalar pressure field [60]. Therefore, it is important to assess their individual conditioning
properties. The traditional CNs lack the ability to reveal the conditioning of a specific
part of the solution. To tackle this situation, CN of a linear function of the solution has
been investigated in the literature. This is referred to as the partial CN. In this study,
we propose a general framework for assessing the conditioning of z, y, z = [z, yT]T and
each component of z. In the proposed general framework, we consider the structured CNs
of a linear function L[zT, y¥]7 of the solution to GSPP (5.1.1), where L € RF¥*(m+7)_ The
matrix L serves as a pivotal tool for the purpose of selecting solution components. For
example, (i) L = I,,,,,, gives the CNs for [z, y?]7, (ii) L = [[n 0} gives the CNs for z,
and (ii1) L = [0 Im} gives the CNs for y.

The key contributions of this section are summarized as follows:
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e We study the NCN, MCN, and CCN for the linear function L[z”, y]*, which in

turn provides a general framework, enabling us to derive CNs for the solutions
27, y]
e We investigate partial unstructured CNs by considering B = C' and then the struc-

tured CNs when the (1,1) block A is symmetric and (1,2) block B is Toeplitz, and

T x,y, and each component of [z, yT]7.

derive their closed form expressions. Moreover, explicit formulae for unstructured
CNs are also derived. For appropriate choices of L, we have shown that our derived
unstructured CNs formulae generalize the results given in literature [100, 151].

e By considering linear structure on the block matrices A and D with B # C, we
provide compact formulae of the structured partial NCN, MCN, and CCN for the
GSPP (5.1.1).

e Utilizing the structured CNs formulae, we derive the structured CNs for the WRLS
problem and generalize some of the previous structured CNs formulae for the
Tikhonov regularization problem. This shows the generic nature of our obtained
results.

e Numerical experiments demonstrate that the obtained structured CNs offer sharper

bounds to the actual relative errors than their unstructured counterparts.

The organization of this section is as follows. Subsection 5.1.1 discusses notation and
preliminary results about CNs. In Subsections 5.1.2-5.1.4, we investigate unstructured
and structured partial NCN, MCN, and CCN for the GSPP. Furthermore, an application
of our obtained structured CNs is provided in Subsection 5.1.5 for WRLS problems and
Tikhonov regularization problems. In Subsection 5.1.6, numerical experiments are carried
out to demonstrate the effectiveness of the proposed structured CNs. Subsection 5.1.7

presents some concluding remarks.

5.1.1. Preliminaries

In this subsection, we define some notation and review some well-known results, which

play a crucial role in constructing the main findings of this section.

Following [51, 88], the entrywise division of any two vectors x = [z;] € R™ and
y = [yi] € R" is defined as ¥ := [%} , where x;/0 = 0 whenever z; = 0 and infinity
otherwise.

Throughout this section, we assume that A and M are nonsingular. We know that

if A is nonsingular, then M is nonsingular if and only if its Schur complement S =
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D — CA7'BT is nonsingular [8] and its inverse is expressed as follows:

AT 4 ATIBTSTICATY —ATIBTS
—S-1CA! S

M= (5.1.2)

First, consider the case when B = C) i.e., the following GSPP:

M F x] _ H — b, (5.1.3)
Y g

Y
and let AA, AB,AD,Af and Ag be the perturbations in A, B, D, f and C, respectively.
Then, we have the following perturbed problem of (5.1.3):

A BT
B D

T+ Az A+AA (B+AB)T| |z + Ax + A
(M+AM) = ( ) = ! f . (5.14)
y+ Ay B+AB D+ AD y+ Ay g+ Ag
‘ . . x+ Ax
which has the unique solution A when ||M™Y[2]]AM]l2 < 1. Now, from (5.1.4)
y+ Ay
omitting the higher order term, we obtain
A A AA ABT
o YRR A BV o (5.1.5)
Ay Ag AB AD | |y

Using the properties Kronecker product and vec operation in (1.3.2), we have the

following important lemma.

x T+ Ax . :
Lemma 5.1.1. Let and be the unique solutions of the GSPP (5.1.3) and
y y+ Ay
(5.1.4), respectively. Then, we have the following perturbation expression:
-Vec(AA)-
vec(AB)
Az .
| M (R —Iuia |vec(aD)|
Y Af
Ag

where

T ® I, In®yT 0
0 2T®Il, y'oI,|

(5.1.6)

Proof. The proof follows from (5.1.5) and using the properties in (1.3.2). W
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AA 0

AB AD
tured NCN and Meng and Li [100] studied unstructured MCN and NCN for the solution

[z, yT]" to the GSPP (5.1.1) when B = C, which are given as follows:

A 0
Denote H = [B D] and AH = . Xu and Li [151] investigated unstruc-

H([z", y"]") := lim sup

{H[Aﬂ’ Ayl |[am ad)| <= d}HF} (5.1.7)

n—0 =T, yT17
= M [R B m+n] 2H[H d}HF
1127, y™17 1), ’
(2T, YT = %sup{”ﬁ?;;jqwlmmﬂ Ad]| <n|[m dH} (5.1.8)
vec(|Al) /]
(MR | vee(|B]) | + M L |
B vec(| DY) N
a 127, v ’

and

¢ ([« y"]") := lim sup { ~

{1“% ;HAH AdH anH d”} (5.1.9)

17*>0 77 [’Z.T7 yT]T o0
vec(|4]) /]
= Q[IT T|./\/l 1R| VGC(‘ |) +©EFIT7yT]T|M 1’ [| |]
vec(|DI)

where R is defined as in (5.1.6).
In the next subsection, we discuss the unstructured partial CNs for the GSPP (5.1.3).

5.1.2. Partial CNs for the GSPP when B=C

In this subsection, we consider the unstructured NCN, MCN, and CCN for the linear
function L[z, yT]|T, where L € R¥*(m+7) wwhen B = C, and derive their explicit formulae.
Throughout the section, we assume [z, y?]7 # 0 for MCN and z; # 0(i = 1,...,m)
and y; #0(i = 1,...,n) for CCN. In the following, we define unstructured partial NCN,
MCN, and CCN.
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T

Definition 5.1.1. Let [z7, y*]T and [(m + Ax)T, (y + Ay)T] be the unique solutions of
GSPPs (5.1.3) and (5.1.4), respectively, and L € R¥*™+) " Then we define the unstruc-
tured partial NCN, MCN, and CCN, respectively, as follows:

raten = e {5 S lawn sl <o},

n—0

A (L[z", y"]") := lim sup

n—0

{IIL[MT, Ayl
Lz, y" "l

, 1 ||L[AzT, AyT]T
Liz", y"]") =1 {— ’
¢(L[z", y']") L Sup n H L[zT, 7|7

n—0

|[am ad]| <n|[H dH}, and

|[am ad]| <= dH}.

oo

Note that when L = I,,;,, the above definition reduces to (5.1.7)—(5.1.9). For using

Lemma 6.2.1, we construct the mapping @ : Rm*tmntn? o Rmin s Rmin by

x] — LM H , (5.1.10)
y g

(9" =L

where QT = [vec(A)T, vec(B)T, vec(D)T]T.

The following result is crucial for finding the CNs formulae.

Proposition 5.1.2. Let QT = [vec(A)T,vec(B)T,vec(D)T. Then, for the map 1 de-
fined in (5.1.10), we have & (LT, yT|7) = (¢, [QF, f1,¢7|"), A (L[zT, yT|7) =
M (. [QF, [T, gT]T), and € (Lz", y']") =€ (v, [Q7, [T, 97]7).

Proof. Let AQT = [vec(AA)T, vec(AB)T, vec(AD)T]T. Then, from (5.1.10), we obtain
P ([(Q7 +207), T+ AfT, g7 + Ag"T) =9 (197, £, 9"]")

Az
Ay

X

+ A
L xr X
y+ Ay

=L . (5.1.11)

Y

T
Now, in Definition 5.1.1, substituting (5.1.11) and ¥ ([QT, 1T, gT]T) =L [a:T, yT} , and

consequently from Definition 4.1.1, the proof follows. B
Since the Fréchet derivative of ¥ (denoted by dip) has a pivotal role in estimating
the CNs in Definition 5.1.1, it is essential to derive simple expressions for di. By applying

Lemma 5.1.1, we obtain the following results for da.

Lemma 5.1.3. The map v defined above is continuous and Fréchet differentiable at

QT 1. gT|T and its Fréchet derivative at [QF, fT, gT]T is given by

([0, f7,g"") = “LM ™[R~ L] -
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Proof. Since M~! is continuous in its elements, the linear map 1) is also continuous. Let
AQT = [vec(AA)T vec(AB)T, vec(AD)T]T. Then

Ax

’l,b ([(QT ‘I‘AQT),]CT —l—AfT,gT _|_AgT]T) o w ([QT’ fT, gT]T) — L Ay

Hence, the rest of the proof follows from the Lemma 5.1.1. W
Applying Lemma 5.1.3, we obtain the following closed formulae for the unstructured
CNs for the linear function L[zT, y7]7.

Theorem 5.1.4. Let [27, yT|T be the unique solution of the GSPP (5.1.3). Then the
unstructured partial NCN, MCN, and CCN, respectively, are given by

T . TT LM [R _ImJ’”} 2H|:H dHF
H (L', y']") = LT, y™]7]l, 7
vec(|A|)_
ILM™'R] vec(|B|) | + LM [’f’]
o vec(|D]) | g 0
A (L™, y' ") = L[z, 577 ]| -
vec(| A])
ELLT ) = [0l oy LMIR] |vec(|Bl)| +Dlr LM Uﬁf] |
vee(|D) )

Proof. Let QT = [vec(A)T, vec(B)T, vec(D)T]T. Then, from Proposition 5.1.2 and applying
the NCN formula of Lemma 1.3.2 for the map 1, we obtain
v (@7, 17 g1 | 27 57 g

14 (Q7, [T, 9717, '

ALz, y"1"y = (4, [QF, 17, g")7) = ‘
(5.1.12)

Now, substituting the Fréchet derivative expression of v at [QT, fT ¢g7]" provided in

Lemma 5.1.3 in (5.1.12), we get

ermt [ ] | e af,
LT, g7, ’
Similarly, applying the MCN formula provided in Lemma 1.3.2 for 1, we get
_llay (197, 7, g™ 1198 1T " |l
I (127, f7, ") '

A (Ll2", y']")

A (Ll", y' ") = (. [Q7, f1 9]
(5.1.13)
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Substituting the Fréchet derivative expression provided in Lemma 5.1.3 in (5.1.13), we

obtain

o —r.]|

Q7 f7, g"1"| HOO

A (LT, y"]") = L7, y7]7 |
vec(|4]) n
[LMTIRY | vee(|B]) | + LM [‘g‘]
) vee(| D)) N
o]

Similarly, the rest of the proof follows. H

Remark 5.1.5. If we consider L = I,,,,,,, then the formulae of # (L{x™, yT|7), 4 (L[zT, y*]7)
and € (L[zT, yT|T) reduces to unstructured CNs 2 ([z*, yT|7), M ([ yI") and € ([T, y*]7")
gwen in (5.1.7)~(5.1.9), respectively. Moreover, if we choose L = [[n 0} and L =

[O Im} , and after some easy calculations, we can recover the unstructured CNs formulae

of [100] for x and y, respectively.

5.1.3. Structured Partial CNs when A is Symmetric and B = C' is Toeplitz

In this subsection, we consider the structured partial NCN, MCN, and CCN of the
GSPP (5.1.3) with A = AT and B = C € R™™ is a Toeplitz matrix. We denote S,, and

Toxm as set of all n x n symmetric matrices and n x m Toeplitz matrices, respectively.

As dim(Tyxm) = m +n — 1, consider the basis {‘Z}Z_fn+1 for T,,«.n defined as

7 T([(er_ )T, 0T) for i=-n+1,...,—1,0,
b T([0, (e™™]")  for i=1,...,m—1.

Moreover, construct the diagonal matrix D, € RmFn=Ux(min=b) with D, (5, ) = a;,

where

a= [1,\/5,...,\/71— 1,y/min{m,n}, vm — 1,....,vV2, 1]7 e Rm1
such that | T||r = [|D7,,, vecr(T)||.

Lemma 5.1.6. Let T € Tyxm, then vec(T) = ®+, vecr(T), where

T = [Vec(j—nﬂ)a e ,VeC(Jm_l)} c Rmnx(mtn—1)
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Proof. Assume that vecr(T) = [t_pi1,...to, .- tm_1]7, then

m—1

T = Z t;J; <= vec(T) = @1, vecr(T).

i=—n+1

Hence, the proof follows. B

Let A € S,,, then A = AT. Moreover, we have dim(S,,) = ”("TH) =: p. We denote the

generator vector for A as

— T
VeCS(A) = [au, <oy Aln, @22, - -5 G2py - - -y Q(p—1)(n—1)) A(n—1)n, ann] c RP.

Consider the basis {SZ} for §,, defined as

Sn = ef(ef)” + (efep)t for i#j,
Y 6n(eﬂ)T for i—j.

where 1 < ¢ < j < n. Then, we have the following immediate result for vec-structure of

A.
Lemma 5.1.7. Let A € S,,, then vec(A) = ®g, vecs(A), where ®s, € R *P is given by
D, = [Vec(Sﬁ) -+ vec(Sy,) vec(S3y) c-- vec(Sy,) - vec(S(,_yy,) vec(Sj}n)] .

Proof. The proof follows by using the similar proof method of Lemma 5.1.6. B

We construct the diagonal matrix ®g, € RP*P where

Ds,(j,j) =1 for j==2D 45— 19 . p,
Ds,(j,7) =2 for otherwise.

This matrix satisfies the property ||Al|r = ||Ds, vecs(A)]|2-
Consider the set

0
EZ{H: 5 :AeSn,Bemen,DeRmm},
AA 0 _
and let AH = €& ie, AA €S, AB € T xn, and AD € R™™,
AB AD

Next, we define the structured CNs for the solution of the GSPP (5.1.3).

T
Definition 5.1.2. Let [z7, yT]" and [(3: + Ax)T, (y + Ay)T] be the unique solutions of

GSPPs (5.1.3) and (5.1.4), respectively, with the structure & and L € R¥*m+7) - Then,
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the structured partial NCN, MCN, and CCN are defined as follows:

A (L[z", "7 £) = lim sup

n—0

T T
s o snl], <ol o, amee)

A (L[z", y')"; €) == lim sup

n—0

(S S o sl o e}

C(Lz", y")"; &) = lir%sup
n—

{1 HL[AJ:T, AyT]T

|l LT, Tt

J(AH € £ 5.
n

OO:HAH Ab]| <7|[H b

To find the structured CNs formulae by employing Lemma 1.3.2, we define the fol-

lowing mapping

¢:REXR® x R™ = R™™ by (5.1.14)
T ¢T TNT L af
C([ngafag]):L =LM )
Y g
vecs(A) Ds, 0 0
vec(D) 0 0 Iy

In the next lemma, we provide Fréchet derivative of the map ¢ at [@ cwl, T, gT} :

Lemma 5.1.8. The mapping ¢ defined in (5.1.14) is continuously Fréchet differentiable
T
at [C‘Dng, 1T, gT} and the Fréchet derivative is given by

d¢ (Pew”, 7, g"") = ~LM™' [R®:D;" —Lin] .

®s, O 0
where ®e =1 0 ®7 0
0 0 I,

Proof. The continuity of the linear map ¢ follows from the continuity of M~!. For the
vecs(AA)

second part, let Aw = |vecr(AB)| and consider
vec(AD)

¢ ([@e(w” + Aw”), [T+ AfT, g" + AgT]) — ¢ ([Pew”, /7, ¢"]") =L lix] . (5.1.15)
Y
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Then from Lemma 1.3.2, we obtain

vec(AA)
vec(AB)
Az ,
Ay &M (R L] |vec(AD)
Af
Ag
—VeCs(AA)_
_<I>3n 0 0 vecr(AB)
=M R I | 0 &, O vec(AD)
0 0 Lnimis Af
Ag
;' DeAw]
=M R L] | Af
Ag |
@gAw-
=M1 [R®D;' L. | AF |- (5.1.16)
Ag |
Dew

Combining (5.1.16) and (5.1.15), the F'réchet derivative of ¢ at | f | is
g

d¢ (Dew”, [T, g"") = —LM ™ [R®:D;" —Loup) -

Hence, the proof follows. B
Using the Lemma 5.1.8 and Lemma 1.3.2, we next derive the compact formulae for

the structured CNs defined in Definition 5.1.2.

139



Theorem 5.1.9. Let [z7, yT|" be the unique solution of the GSPP (5.1.3) with the struc-
ture £. Then, the structured partial NCN, MCN, and CCN, respectively, are given by

LM [RSD; L)

v
Aot oT] 5 8) = HCarau] |
vecs(|Al)
LM 1 R®e| | veer(|B)| + LM | ['f ']
T vec(|D]) 91
A (L [mT, yT} ;€)= , and
et v
. vecs(|A]) T
CL |7, y"] 5 €) = || DL e oy LM RE| | veer(|B) | + ke oyr LM 1\[ ]
vee(|D|) 91

oo

Proof. Let wT = [veck(A), vecr(B)T, vec(D)T]”. Following the proof method of Proposi-

tion 5.1.2, we have

T

C,[@gw 7fT ] )
[CDng, fT, gT]T>’

and €L [27, y }T;a ¢ [Dew”, /7, g"]").

ALy
T} 4

AL 2T,y

Applying the NCN formula given in Lemma 1.3.2 for the map ¢, we obtain
@g’w
lac (@ew™, 17 g7y | |1}
g
1€ (Pew™, f1, g™,

Now, substituting F'réchet derivative of ¢ provided in Lemma 5.1.3 in (5.1.17), we have

H (L[zT, "5 &) = 2, (5.1.17)

LMt [RE:D; 1]
T[T, g7,

H (L2, y']"; &) =

Similarly, applying the MCN formula provided in Lemma 1.3.2 for ¢, we get

@g’w
|dC ([QSU]T’ fTa gT]T) | f
g
T 7T, _ 00
R e T (v 3 (5:1.18)
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Now, using Lemma 5.1.8 in (5.1.18), we obtain

@gw
‘LM?l [R(I)SCOEI - m—l—n} f
g
% L $T’ yT T7 &) = 00
(Lt vl 8) [T, T
LM IR®D | Dew| + |LMTY [||f|‘
g- o)
B IL[2T, y"]7|
vecs(|A]) 7]
LM Re| |veer(|B])| + LM L J
vee(|D|) I e
[z vl
In an analogous method, we get
@gw
CK(L[Z'T, yT]T; g) = @L[xT’yT]TldC ([QEwTa fT7 gT]T) | f
g o0
vecs(|A]) ]
= @th7yT]TL|M_1R<I>g| veer(|B|) +©£[xT7yT}T|LM_1| [|g|]
vec(|DJ)

[e.9]

Hence, the proof is completed. B

Remark 5.1.10. Note that the structured MCN and CCN formulae presented in Theorem
5.1.9 involve computing the inverse of the matriz M € RUM)X(m+n) “yhile the structured
NCN formula involves computing the inverse of both matrices M and D¢ € R How-
ever, D¢ is a diagonal matriz. Therefore, ils inverse can be computed using only O(1)
operations. On the other hand, to avoid computing M~ explicitly, motivated by [87], we
adopt the following procedure. Notably, the computation of M~ is coming in the following
form:

LM [R®:D;" —I,.n| or LM'R®¢, or LM

Thus, first, we solve the system MX =Y, where Y = [R(I)Ele —Im+n} or R®¢ and
then compute LX. The system MX =Y can be solved efficiently by LU decomposition.
To compute LM™L, we can solve L = X M. It is worth noting that we only need to perform

the LU decomposition once for all cases; this makes the procedure efficient and reliable.
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Remark 5.1.11. The Toeplitz matriz B is symmetric-Toeplitz (a special case of Toeplitz

matriz) if n =m and b_, 1 = by_1,...,b_1 = by, where
VGCT(B) = [b—n+17 ce ,bl, b(), ce ,bn_l]T.
In this case, the basis for the set of symmetric-Toeplitz matrices is defined as {Z} Tf_ ,
where
T =T, o) and
Tnr =T (")), fori=1,....n—1.

Hence, the structured CNs for the GSPP (5.1.1) when A is symmetric, B is symmetric-

Toeplitz s given by the formulae as in Theorem 5.1.9, with

by = [Vec(jl), . ,Vec(j;)} e RV X"

and O, € R™" with ®+, (j,j) = a;, where

a=[Vn,\/2(n—1),1/2(n - 2),...,v2]" e R".

Next, we compare the structured CNs with the unstructured ones given in (5.1.7)—
(5.1.9).

Theorem 5.1.12. With the above notation, when L = I,,1,,, we have the following rela-

tions:

H ([, y") &) <o (" T, ([T, YT E) < a2 yT]T)
and €([z", y"|"; €) <€ (=7, y"]").

Proof. Since L = I,,,,,,, for the NCN, using the properties of the spectral norm, we obtain

M [REeD; i)

<

.

‘2'

The last equality is obtained by using the fact that ||®:D;'||2 = 1. Hence, the first claim

0" 0
0 Im+n

2

= [M R L]

is achieved.
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Since ®¢ has at most one nonzero entry in each row, we obtain

vecs(|A]) vecs(|Al)
IMT'R®¢| |veer(IB]) | < IMT'R|[®¢| |veer(|B))
vec(|DJ) vec(|D])

[ |®s, |vecs(|A])
= IM7'R| ||®7,.|vecr(|B])
vec(| D)

[ |, vecs(A)]
= [M7'R]| | |®7,,,vecr(B)|
vec(| DY)
[vec(|A|)
= |[M™'R]| | vec(|B|)
_vec(|D|)

Therefore, from Theorem 5.1.4, we obtain

vec(|A]) |f|
IM™IR] vec(|B|) | + | M ]
]
T TT vec(|D|) w(r T T1T
and
vec(|Al)
€ (=7, yT]" &) < ’DEET yT]T|M_1R| vec(|Bl) +©[$T T|./\/l ! [m]
’ 9]
vec(|DJ)
=¢"([z", y"]").

Hence, the proof is completed. B

5.1.4. Structured Partial CNs when A and D have Linear Structures

In this subsection, we consider £; C R™"™ and L, C R™™ are two distinct linear
subspaces containing different classes of structured matrices. Suppose that the dim(£;) =
p and dim(£Ly) = s and the corresponding bases are { E;}._; and {F;}{_,, respectively. Let
A€ Ly and D € L,. Then there are unique vectors

vecr, (A) = [ay, ag, ... ,a,)" € R? and vecg,(D) = [dy,ds, ..., d,]" € R
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such that » .
A=>"a;E and D= d;F, (5.1.19)
i=1

i=1
Subsequently, we obtain the following for the vec-structure of the matrices A and D.

Lemma 5.1.13. Let A € Ly and D € Ly, then vec(A) = ®,,vecs, (A) and vec(D) =

b, vecr, (D), where
Pp = [VQC(El) vec(Ey) - Vec(Ep)} € R™*P
and ®r, = [vec(Fl) vec(Fy) - vec(Fs)} e R™%,

Proof. Assume that vece, (A) = [ay, az, . ..,a,)" € RP, then from (5.1.19), we obtain
P
vec(A) = Z a;vec(E;) = ®,,vec, (A).
i=1

Similarly, we can obtain vec(D) = ®,,vece, (D). B

The matrices ®,, and ®,, contains the information about the structures of A and D
consisting with the linear subspaces £ and Lo, respectively. For unstructured matrices,
P,
and ©,, € R*** with the diagonal entries D, (i,7) = || P, (:,7)|2, for j = 1,2, such that

= [,2 and ®,, = [,,,2. On the other hand, there exist diagonal matrices ©,, € RP*?

[Allr = De,ally and  [[D][r = [[Dc,d]2- (5.1.20)

To perform structured perturbation analysis, we restrict the perturbation AA on A
and AD on D to the linear subspaces £ and L5, respectively. Then, there are unique

vectors vecg, (AA) € R? and vecs,(AD) € R® such that
vec(AA) = &, vecs, (AA) and vec(AD) = @, vecs, (AD). (5.1.21)

Now, consider the following set:

e-{u-

Consider the perturbations AA, AB, AC, AD, Af, and Ag on the matrices A, B, C, D,
f, and g, respectively. Then, the perturbed counterpart of the system (5.1.1)

A BT
cAe L, B,CeR™" DeLly;. (5.1.22)

A A+AA (B+AB)T A A
M+ apm) |[TTAT Z (ATAA BrABT et Ar S EAN o)
y+ Ay C+AC D+AD y+ Ay g+ Ag
r+ Ax

has a unique solution when ||[M]fz ||AM]|, < 1. Consequently, neglecting

y+ Ay
higher-order terms, we can rewrite (5.1.23) as
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AA ABT
AC  AD

Ax
Ay

A BT
¢ D

Az
Ay

Afl
Ag

x] . (5.1.24)
v

Using the properties of the Kronecker product mentioned in (1.3.2), we have the

following lemma.

Lemma 5.1.14. Let [27, y*]" and [(z 4+ Az)T, (y+ Ay)T|" be the unique solutions of the
GSPP (5.1.1) and (5.1.23), respectively, with structure L. Then, we have the following

perturbation expression

Ax

=M L] , (5.1.25)

where

2Tel, I,oy" 0 0

. ., (5.1.26)

Next, we define the structured partial NCN, MCN, and CCN for the solution of the
GSPP (5.1.1) with the structure L.

Definition 5.1.3. Let [z, y"]" and [(z + Az)T, (y + Ay)T]T be the unique solutions of
GSPPs (5.1.1) and (5.1.23), respectively, with the structure L. Suppose L € RF*(m+n)
then the structured partial NCN, MCN, and CCN, respectively, are defined as follows:

K (L[zT, y"]"; L)

B ‘ L[AzT, Ay H ‘

{ e, [ aall, <ofla ], satec)
A (L[zT, y"" L)

_7171_r>1(1)sup{‘n”LxT H(‘L HAM Ad ‘<77) M d‘ AMGE}
¢ (L[2"

L{AzT, A
_}g%sup{nH [L[ZT7 yTﬁT] c>o: H } ,AMGE}.
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The main objective of this section is to develop explicit formulae for the structured

CNs defined above. To accomplish these, let v be a vector in RPT2""+$ defined as

v = [VGCEI(A),VGC(B)T,VeC(C)T,VeC%;Q(D)}T

To apply the Lemma 1.3.2, we define the mapping

T : RPF2ZmEs S R x R™ — RF by

ol
9

X

T ([@ﬁ’UT, fT7 gT]T) —L [

Y

where

D, 0 0
9[, — 0 Igmn 0
0 0 9D

such that |M|p = ||D,v]2.

In the following lemma, we present explicit formulations of d7T.

(5.1.27)

(5.1.28)

(5.1.29)

Lemma 5.1.15. The mapping T defined in (5.1.28) is continuously Fréchet differentiable

at [DvT, T gT" and the Fréchet derivative is given by

dr (D07, 7, g"7) = —LM ™ [H®Dr —Lnin - (5.1.30)
e, O 0

where ®, = | 0 Iyn, O |, H and D, are defined as in (5.1.26) and (5.1.29),
0 0 &

respectively.

Proof. The proof follows in a similar way to the proof method of Lemma 5.1.8.

We now present compact formulae of the structured partial NCN, MCN, and CCN

introduced in Definition 4.1.1. We use the Lemmas 1.3.2 and 5.1.15 to prove the following

theorem.
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Theorem 5.1.16. The structured partial NCN, MCN, and CCN of the GSPP (5.1.1) with

the structure L, respectively, are given by

LM [HE D L] LH[M d}HF
||_L[1“T, ?JT]T_||2 ’

vecg, (|Al)

H (L™, y"]" L) = ‘

wacma,) | B L e [!f\]
vec(|C]) 9]

o0

, and
[vecs, (|A]) |
vec(|B|)
vec(|C)
| veer, (| D) |

C(L[z", y"]"; L) =

_ |1
@L[$T7yT]T|LM 1H¢£| +®11:4[3;T7yT]T|LM 1| [‘ ‘

9]

[e.9]

Proof. Similar to the proof method of Proposition 5.1.2, we have

H (L', gt L) = (T, [QavT,fT,gT}T),
AT, YT L) = (X, D", 7, g7] ),
and €(LI", y"]"; £) = € (T, [0, /7. ¢7] -

Using Lemma 5.1.15 and NCN formula provided in Lemma 1.3.2, we have

@g’v
[ax (evr, 57 1) ||| 1
g
L T | 1T1T. — :
A (Llz", y']" L) 1T (@07, 7, g,

(MY ETE Iy
N ILRT, yT]7],

For structured MCN, again using Lemmas 1.3.2 and 5.1.15, we obtain

L[l al,

@5’0
AT (D07, [T, g"1) ||| f
g

AT = T Bt T

o0
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@L’U
f
9

LM (M, T

o

LT, vl

vece, (|A])
B
L | U ey [If!]
vec(|C|) 1911 1l
) vece, (1D |
LT, o717

[e9]

Similarly, the rest of the proof follows. B

Remark 5.1.17. To compute the inverses of M and D, one can follow a similar pro-

cedure as discussed in Remark 5.1.10.

Remark 5.1.18. Considering L = L, 1y, [[m O} and [0 In} in Theorem 5.1.16, we ob-
tain the structured NCN, MCN, and CCN for the solution [zT, y*]T,x and vy, respectively.

Remark 5.1.19. For A€ S,, and D € S,,, set

®s O 0 Ds, 0 0
Ps=|(0 Ly, O and Ds=1|0 Iy, 0 |,
0 0 &, 0 0 Ds,

where ®g,,Ps, ,Ds,, and Ds, are defined as in Subsection 5.1.5. Then, the structured
partial NCN, MCN, and CCN when L, = S, and Ly = S, are obtained by substituting
b, =bs, D, =Dg, vece, (A) = vecs, (A) and vece, (D) = vecs,, (D) in Theorem 5.1.16.

Next, consider the linear system Mz = b, where M € R"*! being any nonsingular
matrix and b € R!. Then, this system can be partitioned as GSPP (5.1.1) by setting
l=m+n. Let AM € R>! and Ab € R, then the perturbed system is given by

M+ AM)(z+ Az) = (b + Ab).

Skeel [127] and Rohn [118] propose the following formulae for the unstructured MCN

and CCN for the solution of the above linear system:

__ Azl
)= iy { 25 Ja] < gl b < bl

n—0 H Hoo
_ MMz + MBI

[1]]oo

: (5.1.31)

148



S;”V(z) m sup {ng
nl|l =z

=1
n—0

[AM| < M|, [AD] < b

(5.1.32)

’ MH[M]|2| + [M7Y|b H
2] o

Remark 5.1.20. Considering ®s,, = I,,2 and ®s, = I,,2 on the formula of # ([T, yT]T; L),

we obtain the unstructured NCN for Mz = b, where M € R>*! b € R and | = (m + n),

which 1s given by

J/{v(z) = lim sup { 121, H [AM Ab} HF =7 H [M d} HF }

70 nllzllz

e
B 2|2

The following theorem compares the structured NCN, MCN, and CCN obtained in

e al,

Theorem 5.1.16 and the unstructured counterparts defined above.

Theorem 5.1.21. Let z = [27, yT|T and L = I,,1,. Then, for the GSPP (5.1.1) with the

structure L, following relations holds:

H (2T, T L) < (7, g, (2T, YT L) < (27, yT]T)

and €([z", y'1"; £) <€([2", y'1").

Proof. Since ||®.D ;|| = 1, the proof follows similar to the proof method of Theorem
5.1.12. Hence, from Theorem 5.1.16 and Remark 5.1.20, we have ¢ ([zT, yT]T; £) <
J/i/v( [z, yT]7). Now, using the property that the matrices ®,,, i = 1,2, have at most one
nonzero entry in each row [86], and similar to Theorem 5.1.12, we obtain |® ., vec,, (A)| =
|® ., |vece, (|A]) and |®p,vecs, (D)| = |®r,|vecs, (| D]). Then

veez, (| A]) vee(|Al) |
-y | UBD | [Ifl] < 0B | g [|f|]
vec(|C]) lgl] vec(|C)) 9]
| veer, (|1D]) | vee(|D]) |
[vec(|A]) ]
T T
§|M_1] et | @ Ly, I @ |y'] 0 0 vec(|BJ) —|—|/\/l_1] | f]
0 0 2T @ L, |y @1, ] |vec(|C|) ]
_vec(|D|)_
et [ ey M'
Y| |91
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Consequently, by Theorem 5.1.16, we have

[
M7,y ] L) < T, 717 = (5.1.33)
ol
(", y"]"; L) < e J (5.1.34)
2T 7] |

Now, considering | = m +n, z = [z7, yT]" and b = [fT, ¢7]" in (5.1.31) and (5.1.32),
and from above, we obtain the following relations:

— ~

M (2" y" L) < (27, y")") and €([l2T, Y] L) < € (27, yT]T).
Hence, the proof follows. B
5.1.5. Application to WRLS Problems

Consider the WRLS problem (1.1.3) with K = QT and let r = W(f — Qy), then the

minimization problem (1.1.3) can be expressed as the following augmented linear system:

) -lo SR e

Identifying A = W', B = QY, D = —\,,, « = r, and ¢ = 0, we can see that the
augmented system (5.1.35) is in the form of the GSPP (5.1.3). Therefore, finding the
CNs of the WRLS problem (1.1.3) is equivalent to the CNs of the GSPP (5.1.3) for y
with g = 0. This accomplish by Theorem 5.1.4. Before that, we reformulate (5.1.2) (with
B =0C) as

M N
M1 [ : (5.1.36)

K st

where M = A™' + A1BTS1BA"L, N = —A"'BTS"! K = —S7'BA~! and S =
D — BA BT,

Theorem 5.1.22. Let y be the unique solution of the problem (1.1.3) andr = W (f—Qvy).
Then, the structured NCN, MCN, and CCN fory, respectively, are given by

1%l

(M d H
[yl

_ Wl
Tl

7 (y; ) E " (y; €) and € (y; €) = |[DIN, ]| . .
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where

X=[0"0K)®,05 Koy +r"©5)®., 9;' y'os ! -K -5,
Ny = (" @ K)®s, [vees(|A]) + [(K @ y") + (" ® §71)) @7, [veer (IQ7])
+[S7YDlyl + [K|lf|. K =-S5"'Q"W, and § = —(\L, + Q"W Q).

Proof. Let L = |0 I, € R™" A= WL B=QT,D=-\,, z=r and g=0.

Then from Theorem 5.1.4, we have

LM [R®:D;' — Ly

[ SR )

D0 0
0 [m+n

= [(rT ® K)®s,95! ([A(/ Ryl +r’ @ §_1)<I>Tmn©%}m y'est —K _§—1} .

Hence, the expression for J#(y; £) is obtained from Theorem 5.1.4. The rest of the
proof follows in a similar manner. W

Since, in most cases of the WRLS problem, the weighted matrix W and regularization
matrix D = —A\I,, has no perturbation, we consider AA = 0 and AD = 0. Moreover,
as g = 0, we assume Ag = 0. Then, perturbation expansion in Lemma 5.1.1 can be

reformulated as

Az| | Loyt —I,| |vec(AB)
Ay eI, O Af
M AB
_ R, — veelAB)) (5.1.37)
K Af

where

M@y +2T@ N

ers:
Koyl +27T® 51

Now, applying a similar method to Subsection 5.1.3, we obtain the following expressions
for the NCN, MCN, and CCN for L[z%, y7]T when B = C and g = 0.
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Theorem 5.1.23. Let AB € T,,«n and with the above notations, structured partial NCN,
MCN, and CCN for the GSPP (5.1.3), respectively, are given by

i T 7T
A (L[z", y"]") := lim su {HL[A"”’ Ay : ‘

o { T SR s o), <ol 7], }
B M
2 | N R
- IL[zT, y"]7[2 ’
LT, ) = }zii%sup{ua[,ﬁ;%jg]ﬁﬂm |[aB ar]| <n|[B fH}

M
LR 1s®7,,, [veer (| B]) + |L /]

0

LT, v o ’

21 T T
FILLT, y")7) = lim sup {1 HLW Ay

n—0 nll LT, 477 |, [AB Af” SUHB fH}
= D;E[xT7yT]T|Ler8¢TmnlveCT(|B|)+©£[mT7yT]T L []I\? |f|

[e.9]

Proof. For applying Lemma 1.3.2, we define

C: R Ry R by

¢ (D7 veer(B)", f1]7) =L H =LM™! [f ] .

Then, the map C is continuously Fréchet differentiable at (D1, veer(B)T, fT1T with

4 M
Res®r, D7, = | ]

The rest of the proof follows similarly to Theorem 5.1.9. l

dE ([@TmnVeCT(B)T, fT]T)

-

Using the above result, we can derive the following structured CNs for the problem
(1.1.3), when the weighted matrix and regularization matrix have no perturbation.
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Corollary 5.1.1. The structured NCN, MCN, and CCN for the solution y of the WRLS
problem (1.1.3), respectively, are given by

(7 oo+ e 50en,07, K|l ],

A (y) = :
) vl
IR @y +1" @ § @7, Iveer (7)) + K11/
A7) = i B

G (y) = | DK @ yT + 17 @ S s, [veer (|QT]) + DK || £l
where K = S7'QTW and S = —(M, + QTWQ).

Proof. Substituting L = [0 [m} e Rxmin) B = QT A = W', D = —\I,,, and
x=W(f — Qy) in Theorem 5.1.23, the proof follows. B

Remark 5.1.24. We consider the Tikhonov reqularization problem

min {||B"w — fl3 + Al|Ruwlf3},

weR™

where R 1s the reqularization matrix and X > 0 reqularization parameter. Let w be the
unique solution of the Tikhonov reqularization problem. Then, substituting L = [0 Im} €
Rm*m+n) A = [, D = -AR"R, 2 = (f — B"w) and y = w, in Theorem 5.1.23, we can
recover the structured NCN, MCN, and CCN formulae discussed in [101] for Toeplitz

structure.

5.1.6. Numerical Experiments

In order to check the reliability of the proposed structured CNs, we perform several
numerical experiments in this section. We construct the perturbations to the input data

as follows:

AA=107-AA ©0A AB=107-AB,GB, AC=107-AC;oC, (5.1.38)
AD=10"7-AD; oD, Af=1077-Af; ® f, and Ag=10"7-Ag; ® g, (5.1.39)

where AA; € R™™ AB;,AC; € R™" and AD; € R"™™ are the random matrices,
preserving the structures of original matrices. Suppose that [z7, 4|7 and [zT, §7]T are
the unique solutions of the original GSPP and the perturbed GSPP, respectively. To
estimate an upper bound for the forward error in the solution, the normwise, mixed, and
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componentwise relative errors in L[z, y?]7

IL[ET, g"1" = Liz", v 1"l

, respectively, are defined by:
LT, "1 — Li2", y"]" |l

" LT, 717 e L7, 57 !
L[f‘T, gT}T _ L[$T, yT]T
and relc = H L[xT, yT]T N

The following quantities
m - A (LT, y" "), me- (LT, y")"), me- C(L2T, y"]")  and

m - A (Llz", y"1"S), ne- A (L[, y"]5S),  me-€(L[2", y']";S),

where S = {&, L}, are the estimated upper bounds of relk, relm, and relc obtained by the
CNs in unstructured and structured cases, respectively. Here, the quantities 17, and 1,
are defined as [94]:

( HAH AdHF when S = &

) el |
"7 Jlam adl]

HM d] , when S = L,

and 7, = min{y : HAM Ad” <7 ‘ [,/\/l d} ‘} We choose the matrix L as I, ,,
[In 0} , and [0 Im} , so that the CNs for [z7, yT]T, o and y, respectively, are obtained.

Example 5.1.1. In this example, we consider the GSPP (5.1.3) arising from the WRLS

problem [24]. Here m = n and the Toeplitz matrix B is given as follows:

1 (i=g)?
B = [byj] € Taxn  with by = e %
b € Tor j=——
A € R™™ is set to be a positive diagonal random matrix, and D = —vI, (v > 0). The

right hand side vector is taken as d = randn(2n, 1) € R*".

We select 0 = 2 and v = 0.001 as in [10]. We set ¢ = 8 and construct perturbation
matrices as in (5.1.38)-(5.1.39) with AB; € 7™ and AA; = %(ﬁ—i— AT), A'is a random
matrix. In all cases, we observed n; &~ O(107?) and 7y &~ O(107%). The numerical results
for structured and unstructured NCN, MCN, and CCN, and the exact relative errors are
reported in Tables 5.1.1-5.1.3 for different values of n. We use Theorem 5.1.9 and Remark
5.1.11 to compute the structured CNs and Theorem 5.1.4 to compute unstructured CNs.
The results presented in Tables 5.1.1-5.1.3 reveal that the structured NCN, MCN, and
CCN are much smaller than the unstructured ones for all values n. Specifically, for large

matrices (with dimensions of M taken up to 400), the structured CNs are approximately
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Table 5.1.1: Comparison of unstructured and structured NCN, MCN, and
CCN with their corresponding relative errors when L = I, for Example

5.1.1.

n=m relk H ([T, yT)T) o ([2T, yT)T E) relm (2T, "7 (27, Y77 E) rele C([27, yTT) € (27, yT|T; €)

50  4.1808e-07  2.8177e+04 2.4798e+04 4.6643e-07  1.4438e+03 5.3588e+02 3.3769¢-05  5.7501e+04 2.0978e+04
100 2.4188e-07  4.8911e+03 4.6982e+03 2.5583e-07  1.4305e+02 4.1253e+01 1.4497e-05  1.1440e+04 2.4661e+03
150 5.3749e-07  1.9378e+04 1.7985e+04 6.1184e-07  5.5108e+02 1.3986e+02 2.4998e-04  3.6099e+05 8.1050e+04

200 7.5206e-07  3.2373e+04 9.4706e+03 8.8297e-07  1.0386e+03 4.5302e+02 9.7741e-05  2.0373e+05 4.4730e+04

Table 5.1.2: Comparison of unstructured and structured NCN, MCN, and
CCN with their corresponding relative errors when L = [ I, 0} for Example
5.1.1.

n=m relk H ([T, yT1T) (2T, 475 8 relm (27, yT)T) (2T, YT E) relc C([27, y"IT) €27, yT]7; €)

50 3.8496e-07  2.7536e+04 2.4281e+04 4.1735e-07  1.2042e+03 4.6611e+02 3.2289%e-06  1.0158e+04 3.1020e+03
100 3.0293e-07  7.0491e+03 6.7372e+03 3.7151e-07  2.7486e+02 7.2328e+01 6.2591e-06  6.5226e+03 1.2953e+03
150 7.2376e-07  2.7944e+04 2.5692e+04 8.4422¢-07  7.5098e+02 2.0082¢+02 6.3056e-05  3.6099e+05 8.1050e+04

200 8.0141e-07  3.6034e+04 3.2041e+04 7.4664e-07  1.0283e+03 4.1526e+02 9.7741e-05  2.0067e+05 4.4730e+04

Table 5.1.3: Comparison of unstructured and structured NCN, MCN, and
CCN with their corresponding relative errors when L = [0 In} for Example
5.1.1.

n=m relk H ([T, yT1T) (2T, )5 8 relm (27, yT)T) (27, YT E) relc C (27, yTIT) € (27, y1IT; )

50 4.2087e-07  2.8235e+04 7.2137e+03 4.6643e-07  1.4438e+03 5.3588¢+02 3.3769¢-05  5.7501e+04 2.0978e+04
100 2.3999¢-07  4.8471e+03 1.1173e+03 2.5583e-07  1.4305e+02 4.1253e+01 1.4497e-05  1.1440e+04 2.4661e+03
150 5.2664e-07  1.8878e+04 5.6962e+03 6.1184e-07  5.5108e+02 1.3986¢+02 2.4998e-04  9.0978e+04 3.1977e+04

200 7.4779e-07  3.2089e+04 9.2643e+03 8.8297e-07  1.0386e+03 4.5302e+02 5.4363e-05  2.0373e+05 3.4820e+-04

an order of magnitude smaller than unstructured ones, showcasing the superiority of

proposed structured CNs.

Example 5.1.2. In this example, we consider the GSPP arising from the discretization

of the following Stokes equation by upwind scheme [14]:

( —uAu+Vp:f, in €2,
V-u=g in €2
neg e (5.1.40)
u=0, on 0f2,
\ Jop(x)dx =0,
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where © = (0,1) x (0,1) € R?, 9 is the boundary of 2, u is the viscosity parameter, A
is the Laplace operator, V represents the gradient, V- is the divergence, u is the velocity

vector, and p is the scalar function representing the pressure. By discretizing (5.1.40), we
obtain the GSPP (5.1.1) with

|her+Tel 0

I, ®G

c RQT’QX’I"2
G®l, ’

2r2 x2r2 T
A e R BT =

C =—B,and D = 0, where
1
T= % tridiag(—1,2,—1) e R™" and G = 7 tridiag(—1,1,0) € R™".

Note that, for this test problem p = 0.1, n = 2r? and m = r?, and we choose b = [f7, g7]"
so that the exact solution is z = [1,1,...,1]T € R™"™. To avoid making A too sparse, we
add X = 0.5(X; + XT) to A, where X; = sprandn(m,n,0.1).

Table 5.1.4: Comparison of unstructured and structured NCN, MCN, and
CCN with their corresponding relative errors when L = [,,,.,, for Example

5.1.2.

r relk J?(z) H (27, y")5 L) relm %z) M ([27, YT L) relc %,'V(z) C([z7, y""; L)

3 4.6396e-08 1.0866e+02 1.0325e+02 9.2530e-08 1.0315e+02 8.3160e+01 9.2530e-08 1.0315e+02 8.3160e+01
4 1.0295e-07 1.2567e+403 1.1946e+03 4.0283e-07 1.1158e+-03 8.9754e+02 4.0283e-07 1.1158e+03  8.9754e+02
5 1.3490e-07 1.1905e+03 1.1256e+03 5.3926e-07 1.2062e+03 9.4423e+02 5.3926e-07 1.2062e+03  9.4423e+02
6 1.1442e-07 1.4744e+403 1.3738e+03 3.8692e-07 1.1110e+-03 8.5833e+02 3.8692e-07 1.1110e+03  8.5833e+02
7 1.4617e-07 2.5853e+403 2.5366e+03 5.2901e-07 1.1384e+03 9.1026e+02 5.2901e-07 1.1384e+03  8.1026e+02
8  5.1493e-08 2.6605¢+-03 2.1679e+03 2.0993e-07 1.0634e+4-03 8.8527e+02 2.0993e-07 1.0634e+03  8.8527e+02
9 7.7302e-08 1.2791e+03 1.0043e+-03 2.5382¢-07 1.0339e+03 8.2775e+02 2.5382¢-07 1.0339e+03  8.2775e+02

10 1.2621e-07 1.5807e+04 1.5205e+04 4.5006e-07 1.0406e+04 8.3004e+03 4.5006e-07  1.0406e+04 8.3004e+03

The perturbations in the input data constructed as in (5.1.38)-(5.1.39) with ¢ = 8,
AA; = L(A + AT), where A € R™™ is random matrix. The numerical result for the
structured and unstructured NCN, MCN, and CCN with L = [,,., are presented in
Table 5.1.4 for r = 3,4,...,10. Since the block matrix A is symmetric, we compute the
structured NCN, MCN and CCN using Theorem 5.1.16 and Remark 5.1.19 with D = 0.
Unstructured CNs are computed using (5.1.31), (5.1.32), and Remark 5.1.20. We observed
m ~ O(107?) and 1, &~ O(107®) in all cases. Results reported in Table 5.1.4 demonstrate
that for all values of r, structured MCN and CCN are almost one order smaller than the

unstructured MCN and CCN. Moreover, the estimated upper bounds of the relative error
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of the solution produced by the structured CNs are sharper than those obtained by the

unstructured CNs irrespective of the increasing size of M (taken up to 300).

5.1.7. Summary

In this section, by considering structure-preserving perturbations on the block ma-
trices, we have investigated structured partial NCN, MCN, and CCN for the GSPP. We
derive compact formulae of structured partial CNs in two cases. First, when B = C
is Toeplitz and A is symmetric. Second, when B # C' and the matrices A and D pos-
sess linear structures. Furthermore, we have obtained unstructured CNs’ formulae for
B = C', which generalizes the previous results on CNs of GSPP when L is 1,1, [ I, 0}
and [0 [m} . Additionally, the relations between structured and unstructured CNs are
obtained. It is found that the structured CNs are always smaller than their unstructured
counterparts. An application of obtained structured CNs formulae is provided to find the
structured CNs for WRLS problems, and they are also used to retrieve some prior found
results for Tikhonov regularization problems. Numerical experiments are performed to
validate the theoretical findings pertaining to proposed structured CNs. Moreover, empir-
ical investigations indicate that the proposed structured MCN and CCN give much more

accurate error estimations to the solution of GSPPs compared to unstructured CNs.

5.2. Partial Condition Numbers for Double Saddle Point Prob-

lems

This section presents a unified framework for investigating the partial CN for the
solution of DSPPs and provides closed-form expressions for it. This unified framework
encompasses the well-known partial NCN, MCN and CCN as special cases. Furthermore,
we derive sharp upper bounds for the partial NCN, MCN, and CCN, which are compu-
tationally efficient and free of expensive Kronecker products. By applying perturbations
that preserve the structure of the block matrices of the DSPPs, we analyze the structured
partial NCN, MCN and CCN when the block matrices exhibit linear structures. By lever-
aging the relationship between DSPP and EILS problems, we recover the partial CNs for
the EILS problem. Numerical results confirm the sharpness of the derived upper bounds

and demonstrate their effectiveness in estimating the partial CNs.
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5.2.1. Background

We consider the following linear system with the double saddle point structure:

Bw = d, (5.2.1)
where
A BT 0 x f
B=|B -D CT|;,w=|y|:d=|g]|; (5.2.2)
o C FE z h

AcR™ BeR™" CcR*™ DecR™" EcR>* becR andl =n+m+p.
Conditions on the invertability for the matrix 2B have been studied in [20, 69]. To ensure
a unique solution to (5.2.1), throughout the section, we assume that 8 is nonsingular.

Perturbation analysis and CNs for standard SPPs have been extensively studied in
the literature; see [100, 147, 151]. However, these studies do not take advantage of the
three-by-three block structure of the coefficient matrix 2B. Furthermore, they do not
provide sensitivity analysis for the individual solution components x, y, and z, or for
each component of w. For the first time, this class of CN was investigated in [38] for the
system of linear equations and later extensively studied for various problems in recent
years, for instance, in linear least squares (LS) problems [6], weighted LS problems [55],
the indefinite LS problems [87, 137], total LS problems [7], and GSPPs [4].

In recent years, the structured CNs of various problems have been studied, empha-
sizing the preservation of the linear structure of the original matrices in the perturbation
matrices, such as linear systems [120, 121}, linear LS problems [50], GSPPs [4]. The block
matrices A, D, and F often exhibit particular linear structures in various applications;
see [111, 115]. This makes it compelling to explore the structured partial CNs for the
DSPP (5.2.1) by preserving the linear structures of the diagonal block matrices to their
corresponding perturbation matrices.

In this section, we consider the CN of the linear function L[z, yT, 27]7 of the solution
w = [x7, yT 277, where L € R¥*! (k < ) or the partial CN of the solution w =
[T, yT, 2T]T of the DSPP (5.2.1). Furthermore, our investigation presents a general
framework that encompasses well-known CNs, such as NCN, MCN, and CCN, as special
cases.

The key contributions of the section are highlighted as follows:
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e In this work, we explore a general form of partial CN, referred to as partial uni-
fied CN, which has a versatile nature and provides a comprehensive framework
encompassing the NCN, MCN, and CCN of the solution of the DSPP.

e By considering structure-preserving perturbations on A, D, and E, when they
retain some linear structures, we derive structured partial CNs for the DSPP.

e By exploring the connection between DSPPs and EILS problems, we demonstrate
that our derived CN formula can be used to recover the partial CNs for the EILS
problem.

e Numerical experiments demonstrate that the derived upper bounds provide sharp
estimates of the partial CNs. Furthermore, the partial CNs offer precise estimates

of the relative forward error in the solution.

The structure of the rest of the section is as follows. Subsection 5.2.2 introduces a
few notations, basic definitions, and preliminaries. Subsection 5.2.3 presents a unified
framework partial CN of the solution of the DSPP (5.2.1). Subsection 5.2.4 focuses on
the investigation of structured partial CNs for the DSPP. In Subsection 5.2.5, we discuss
the partial CNs for EILS problems. Subsection 5.2.6 consists of some numerical examples.

Subsection 5.2.7 includes the concluding statements.

5.2.2. Preliminaries

Following [149], for any vector z € R", we define

A =1 2d AT (5.2.3)
where
7= { 5 A70 (5.2.4)
1, z =0.
Moreover, the entrywise division of two vectors z,w € R" is defined as follows:
- Dtz
w
Note that, for z, w € R™, 5 = w' ® 2. For given matrices Ay, As, ..., A,, we use
vec(X) := [vec(A1)T, vec(Ay)T, ..., vec(A,)T]T,

where X = (A1, Ag, ..., Ap).
Next, we introduce the concept of the general CNs, referred to as the unified CN.
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Definition 5.2.1. [87] Let T : RP — RY be a continuous mapping defined on an open set
Qy CRP. Then, the unified CN of T at v € Qy is defined by

i v+ Av) — T(v
fr(v) =lim  sup €9 © (T(v + Av) = Y(v))]]

20 0<|xtoA| < Xt © Av||,

1 (5.2.5)

where & € R, v € RP are the parameters such that if some entry of x is zero, then the
corresponding entry of Av must be zero, and || - || and || - ||, are two vector norms defined

on R? and R?, respectively.
Note that, Definition 5.2.1 leads to the following bound:
€ © (Y(0 + Av) ~ Y@)|, < Sr@)' © Aol + Oy © Avl?).  (5.26)
Therefore, the forward error in the solution can be estimated using CNs.

Remark 5.2.1. The unified CN described in Definition 5.2.1 represents a broad general-
wzation of various well-known CNs that have been explored in the literature. For example:
e NCN: Consider T =v =2, x = ||[v]]21, € R? withv # 0 and { = || T(v)|]21, € R?
with Y(v) # 0, then we obtain the NCN, denoted by ﬁg?) (v).
e MCN: Consider r =~y =00, x =v # 0, £ = [|[T(v)||l, € R? with T(v) # 0,
then we obtain the MCN, denoted by K5, v (v).
e CCN: Considert=vy=o00, x =v # 0, and £ = T(v) € R? with T(v) # 0, then
we obtain the CCN, denoted by 82, v (v).
Next, we present a key result that is essential for the following sections. To derive
this, let H = (A, B,C, D, E) and we set
vec(H) = [vec(A)", vec(B)", vec(C)”, vec(D)", vec(E)T)".

Consider AA,AB,AC,AD,AFE and Ad are the perturbations on A, B,C, D, FE and d,

respectively. Further, we denote

AA ABT 0
AB = |AB —-AD ACT|,
0 AC AFE

and assume that [[AB]s < €||B]|2 and [|[Ad||2 < €]||d||>. Then, we have the following
perturbed DSSP:

A+AA (B+AB)T 0 x+ Ax f+Af
B+ AB —(D+AC) (C+AC)T| |ly+Ay| = |g+Ag| (5.2.7)
0 C+ AC E+ AFE z+ Az h + Ah
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x + Ax
which has the unique solution |y + Ay | when ||B7!|2]|AB» < 1.

z+ Az
Consequently, we obtain the following important result.

Lemma 5.2.2. Suppose [x7,y", 27|" and [(x + Az)T, (y + Ay)T, (z + Az)T|T are the

unique solutions of the original DSPP (5.2.1) and perturbed DSPP (5.2.7), respectively.
T

Then, the first-order perturbation expression of [A:cT, AyT, AzT} 15 given by

Ax (AH)
vec

Ayl =—-B1|g —I + O(e?), 5.2.8
y G -1 AL (€) (5.2.8)

Az

where
'®I, I,oy" 0 0 0
g= 0 2’ @I, I,z —y'alI, 0 e R,
0 0 y' ® I, 0 ' @1,

vec(AH) = [vec(AA)T  vec(AB)”, vec(AC)T, vec(AD), vec(AE) T,

and s = (n* +m? + p* + nm + mp).

Proof. Combining (5.2.1) and (5.2.7), we obtain

A BT 0| |Ax Af AAx + ABTy
B —D CT| |Ay| = |Ag| — |ABx — ADy+ ACTz| + O(€®). (5.2.9)
0 C FE||Az Ah ACy+ AEz

Thus, the proof follows by applying the vec operator and utilizing the properties of the
Kronecker product on (5.2.9). B

5.2.3. Partial Unified CNs for the DSPP

This section primarily focuses on developing a unified framework for the partial CN
for the solution w = [Ty, 2|7 of the DSPP (5.2.1). As special cases, we also derive

the compact formulae and computationally efficient upper bounds for the partial NCN,

MCN, and CCN.
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To derive the partial unified CN of the DSPP (5.2.1), we define the following mapping:

@ (RMT X R X R 5 R x RPP x R — R
T
p(H,d)=L |y| =LB'd, (5.2.10)

z

where L € R*!(k < [). Following the Definition 5.2.1, we now define the partial unified
CN for the DSPP using the mapping ¢ as follows.

Definition 5.2.2. Suppose w = [z, yT, 2T |7 is the unique solution of the DSPP (5.2.1)
and L € R**!. Consider the map ¢ defined as in (5.2.10). Then, the partial unified CN
T

of w= [z, yT 27" with respect to (w.r.t.) L is defined as follows:

|6 @ (pH+ AH,d+ Ad) - p(H,a))
|[vec (U © AH, x* ® Ad)

y

9

Ry(H,d; L) := lim sup

€0 0<Hvec(\Il¢®AH, X¢®Ad>HT§e HT

where &, € Rk, U = (\IIA,\I/B,\Ilc,\I/D,\I/E), v, € R Up € R™" Us € RP™,
Up € R™™ Wy, e RP*P and x € RY are the parameters with the assumptions that if some
entries of ¥ and x are zero, then the corresponding entry of AH and Ad, respectively,

must be zero.

Remark 5.2.3. In the context of Remark 5.2.1, to obtain the partial NCN, we consider
&, = ||L[xT, yT, 2717|91,, for the partial MCN, we consider &, = ||L[zT, yT, 271714,

and for partial CCN, we consider &, = LzT, yT, 27]T.

In the following theorem, we provide a compact and closed-form expression for the

partial unified CN.

Theorem 5.2.4. Suppose w = [T, yT, 27| is the unique solution of the DSPP (5.2.1)
and L € R**L. Then, the partial unified CN of w = [T, yT, 2T|T w.r.t. L is given by

gvec(\ll) 0
f,H,d;L) = ||D:LB ' |Gg —I : 5.2.11
o )= |Pglm g —n) (7T 0. (5.2.11)
T7’Y
where || - ||+ is the matriz norm induced by vector norms || - || and || - |-
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Proof. From the definition of the mapping ¢ in (5.2.10) and Lemma 5.2.2, we get

_:c + Az T
p(H+AH,d+ Ad) - ¢H,d)=L |y +Ay| —L |y
|z + Az z
-Aa:
_Az
vec(AH)
=Ly ! —1 + O(e?). 5.2.12
6 —u] | (). (5212)

By considering the requirement on ¥ and x, we have

vec(AH)|  |Dyecw)y 0O vec(¥F © AH) (5.2.13)
Ad 0 9, x'© Ad o
Substituting (5.2.13) into (5.2.12) and from Definition 5.2.2, we obtain
L8 g -1 Diecw) 0 | |vec(¥F © AH)
L 0 D, xX'oad ||
R,(H,d;L) = sup
’ [[vec(vioAH, xtoAd)|| 0 [vec (U © AH, x* © Ad)|,
QVGC O
= o418t g —1] ) (5.2.14)
L 0 D,

T7’y

Hence, the proof is completed. B
Next, we derive various partial CNs by considering specific norms. In the following

result, we focus on when 7 =~ = 2.

Theorem 5.2.5. Consider 1 = v = 2 and assuming that U, x and &, are positive real

numbers, then the partial CN has the following forms:

‘L%‘l (WG —x1] H2

e
AY(H,d;L) =

9.2.15
& ( )

. HL%_1<‘IIQJ + XQIl)(EB_l)TLT”l/Q
R%(H,d;L) = 2 (5.2.16)

L
where J € R™ s given by
(Nl + lylI3)1n zy’ 0
J = yx’ (Nl + Nyl + [1z115) 1 yz"
0 zy" (yll3 + [I1z[13) L
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Proof. Since 7 = v = 2 and W, x and &, are positive real numbers, from Theorem 5.2.4,

we obtain

Lot fwg —xi] H2

AP (H,d;L) = (5.2.17)
’ {L
Using the property that, for Z € R™*", || Z]|s = ||ZZTH1/2 we have
Lo [wg x| = Lo (200" + P n)(s )L,
= |[LB(WAT + X210 (B )LV (5.2.18)

Hence, the proof follows by substituting (5.2.18) into (5.2.17). W

Remark 5.2.6. Notably, the equivalent expression of ﬁg)(H,d;L) in (5.2.16) is free of
computationally expensive Kronecker products. Moreover, the matrices in (5.2.16) and
(5.2.15) have dimensions k x k and k x (I + s) respectively. Hence, the expression in

(5.2.16) significantly reduces the storage requirements.

Remark 5.2.7. The partial CN in Theorem 5.2.5 is a simplified version of the partial
NCN for the solution of the DSPP (5.2.1). The NCN for w = [T, yT, 27|, x,y and z

can be obtained by considering
L=1 (L Oucinin] s [Omxn T Ouip] 072 Oy 1]

respectively, in Theorem 5.2.5.

In the next result, we provide an easily computable upper bound for the partial CN
&% (H,d;L).

Corollary 5.2.1. Under the assumption of Theorem 5.2.5, we have following upper bound:

A% (H,d;L) < &7 (H,d;L) = ”Lz I (2T +x) - (5.2.19)

Proof. Using the properties of the spectral norm that for the matrices X and Y of appro-
} , < | X|l2 + Y]] and || XY |2 < || X]|2]|]Y]l2, and from (5.2.15), we

priate sizes, ‘ [

obtain
| [wg —xa]||, < wILB Gl + xLB ],
< WILB G2 + xILB 2
= VLB o T+ XITB e (5:2:20)

Hence, the proof follows from (5.2.15) and (5.2.20). W
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In the following theorem, we investigate the partial CN for the DSPP when 7 = v =
00, from which we derive the partial MCN and CCN.

Theorem 5.2.8. When 7 = v = o0, the partial CN is given as follows:

vec(|U])

AX(H,d;L) =
x|

DgllLB [ ~1] (5.2.21)

o0

Moreover, we consider W = H, x = d. Then, if we set &, = |L[z”, y7, 27|7 || 1y, the

partial MCN is given by

LBtg 1| lveﬁ?‘)l

~ J(H,d;L) = - 2.22
ﬁmzm,(p( ) 0 ) ||L[$T,yT,ZT]T||OO (5 )
and if we set &, = L[zT, yT, 27T, the partial CCN is given by
_ vee(|H])
)L% g —[z”[ q
> JH,d;L) = 2.2
ﬁcom,tp( s Uy ) |L[Q3T7yT,ZT]T| (5 3)
Proof. Consider 7 = v = oo, then from Theorem 5.2.4, we have
— Qvec(\ll) 0
AXH,d;L) = |D LB g —1I
® ( ) fL |: l:| 0 @X .
— _lgvec\IJ ’ 0 |
=gl B [g —n]| |
o )|
_ —lgvec(\ll)’ 0 ]
=148 |G -1, 1,
gD g ~]| | o)
. [vee(| )
= 19137 ¢ ~1] o

oo

Rest of the proof followings considering ¥ = H, x = d, and &, = |L[z”, y7, 277 || 1,

(or &, = Lzt yT, 21]7). &

Remark 5.2.9. The MCN and CCN for w = [x7,yT, 211",y and z can be obtained
by considering
L= ]l7 [In Onx(m—&—p)} ) [Omxn [m Omxp} and [Opx(n—l-m) [pi| )

respectively, in (5.2.22) and (5.2.23) of Theorem 5.2.8.
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In the following result, we provide sharp upper bounds for the partial MCN and CCN
obtained in Theorem 5.2.8.

Corollary 5.2.2. Assume that the conditions in Theorem 5.2.8 hold. Then

LB (1H] + Dl

oo HdL < H,d;L
ﬁmlm¢( , A )—ﬁmzmnp( )= |LzT, yT, 277,
and
N _ o LB~ (%] + |d])
f2 J(H,d; L) < 850 (H,d; L) H Tt ot A |
|Allz| + [BT|y]
where H = ||Bl|z| + |DT||y| + |CT]|z]
Cllyl + [E]|2|

Proof. Utilizing the properties of Kronecker product in (1.3.2), we have
. vec(|H) - vec(|H)
LB |G —J [ < LB~ |G| 1
Lo —a|| ot =] | g
= [LB~"|(|G|vec(|H]) + |d])
(2" @ In)vec(|A]) + (1o @ [y|T)vec(|B])

= LB | | (2" @ Ln)vec(|BI) + (I ® |2[")vee(|C1) + (ly[" @ Ln)vec(|D]) | + |d]
(lyl" @ Ip)vec(|C) + (12|" @ Ip)vee(|E])

|Alla] + |B"[|y]
= LB~ |Bllz| + [D"[ly| + [CT|z| | | +d| |- (5.2.24)
[Cllyl + [E]]]

From (5.2.24) and the expressions of partial MCN and CCN in Theorem 5.2.8, we get

&2 (H,d;L) < 8" _(H,d;L) and &, _(H,d;L) < 8" (H,d;L).

AT, MAT, P com,p com,p

Hence, the proof follows.

5.2.4. Structured Partial CNs

Consider three subspaces S; C R™*", Sy, C R™*™ and S3 C RP*P consisting of three
distinct linear structured matrices, such as symmetric and Toeplitz. Suppose that the

corresponding dimensions of the linear subspaces are s, r and ¢, respectively. Let A € Sy,
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D €S, and E € S3, then according to [72, 86, 120], there exist unique generating vectors
a € R° deR" and e € R? such that

vec(A) = ®g,a, vec(D) = Ps,d and vec(F) = Pg,e, (5.2.25)

where ®g, € R" %5, Ps, € R™*" and Ps, € R™* >4, These matrices are fixed for each
specific structure and encapsulate the information corresponding to the linear structure
of their respective subspaces.

Let vecs(H) = [a”, vec(B)T,vec(C)T,d", e’]". Then the structured partial CN for
solution w = [xT, y”, 27]" of the DSPP (5.2.1) w.r.t. L is given by

| © (p(H + AH d + Ad) - p(H,a))
[vec (U ® AH, x* ® Ad)

2
’

&,(H,d;L) := lim sup
70 0] vec(wroAH, xToAd) || <e
AAeS1,ADE Sy, AEES3

I-

(5.2.26)

where SL € Rka U= (lI]Aa \IJBa \1107 qJDa \IJE)v \I;A € Sl; \IJB € Rmxn’ \IJC € Rpxm7 \IJD € S?a
Uy €S;and x € R.

Since the matrices AA, Wy € S;, AC,Up € Sy and AE, Uy € S3, as in (5.2.25), we

have

vec(AA) = &g, Aa, vec(V4) = Bs 104, vec(AC) = Pg,Ad, (5.2.27)

vec(Vp) = Ps,9p, vec(AE) = g, Ae, and vec(Vg) = Ps, g, (5.2.28)

where Aa, Ad, Ae, ¥p, 14 and ¥ are the unique generating vectors of AA, AC, AFE,

U4, Up and Wi, respectively. Note that, \Ifit4 €Sy, \If}t) € Sy and \IfiE € S3, consequently,

we obtain

vee(Uh, © AA) = &g, (), © Aa), vec(T, © AC) = &, (v}, © Ad) (5.2.29)
and vec(Uh © AE) = &g, (vh © Ae). (5.2.30)

Subsequently, we obtain the following result.

Lemma 5.2.10. Let AA, V4 €Sy, AC,Vp €Sy, AE,VE €S3, B,Yg e R™" C Ve €

RP*™ and b, x € RL. Then, we have

vec(U* © H)
xt© Ab

Ps 0
0 I

vecs(UF © H)
xt© Ab

(5.2.31)

where vecs(PHOH) = (), 0Aa)T, (TLovec(AB))T, (VL ovee(AC))T, (vhoAd)T, (vho
Ae)T|T and
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0

0

[anrmp

0
0

0
0

Bs,
0

0
0
0

g, |

Proof. The proof follows using identities in (5.2.29) and (5.2.30). W

In the following theorem, we present closed-form expressions for the structured partial

CN by considering 7 = v = 2.

Theorem 5.2.11. Let A € S|, D € Sy, E € S5 and L € R¥*!. Suppose that w =

EXNTRES

w=|

where

2),S . _
APSH,d;L) =

uy = [H(I)Sl(:v 1)”27 .-

and uz = [||Ps, (5, 1)]|2, - -

QﬁiL%_l [g _]l}

0

@vec(\ll)q)chg_l 0

0

< ||‘I)S1(:7 S)HQ]T’ Uy = qu)SQ(:? 1)H27 =

|7 is the unique solution of DSPP (5.2.1). Then the structured partial CN of

1T w.r.t. L is given by

Y

Ox

2

* ||(I)S2<:’ k)||2]T7

1@, ()]

Proof. Taking 7 =~ =2 in (5.2.26), and using (5.2.13) and (5.2.12), we obtain

2),S . _
APS(H,d;L) =

sup

Hvec(qfi@AH,xi@Ad)H2¢o

AAeS1,ADe Sy, AEES3

D LB G 1)

Qvec(\ll) 0
0 D,

vec(UH © AH)
xF o Ad

||2

Substituting (5.2.31) into the above equation yields

2),S . _
A2S(H,d;L) =

sup
b5 O VE}CS(\I/:it ® AH)
0 I xt© Ad

AAES), ADESs, AEES;

[vec (F & AH, xt ® Ad)[
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D4LB g —p| | st )
L Dy xt® Ad ,
®s 0| |vecs(T! o AH)
0 I xt© Ad ,
(5.2.32)



Utilizing the fact that the matrices ®g, for ¢ = 1,2, 3, are column orthogonal [86], we get

<I>§, s, = 5312“, where ©,,, for ¢ = 1,2, 3, are the diagonal matrices. Then

_ T 1/2
®s 0] |vecs(¥H o AH) B vecs(PF © AH) ®Lds 0| |vecs(UH© AH)
0 I xt© Ad ) xt© Ad 0 I xt o Ad
2
(D5 0 ecs(¥H © AH
—I|7® vees( N (5.2.33)
0 I x'©Ad
Observe that
‘I)S 0 VGCS(\I/i O) AH) . @SQS_I 0 @S 0 VGCS(\IIi ® AH) (5 9 34)
0 I i Ad o L||o0o I x e Ad o

Therefore, substituting (5.2.33) and (5.2.34) in (5.2.32), we obtain

DB G -1

A2S(H,d; L) =

gvec(\P)(I)Sggl 0

Dgvecs (¥ © AH)
xt o Ad

0 Dy

HQ

sup
Dgvecs (¥ © AH)

xt © Ad .
AAES:, ADESs, AEES;

#0

Qvec(‘ll) (I)SSS_I 0

= ||Pg LB~ [g _Il] 0 D
X

Hence, the proof is completed. B

Dgvecs(UH © AH)
xt© Ad

2

2

Next, we consider 7 = 7 = o0, and derive the structured partial MCN and CCN for

the DSPP.

Theorem 5.2.12. Let A € S|, D € Sy, E € S3 and L € R¥*!. Suppose that w

(2, yT, 2T|" is the unique solution of DSPP (5.2.1). When T = v = oo, the structured

partial CN of the solution w = [T, yT, 2zT]"

R (H,d;L) = |9 | LB |G —1]

Ps 0
0 I

w.r.t. L is given as follows:

vecs(|¥])

(5.2.35)
x|

Moreover, we consider ¥ = H and x = d. Then, if we set &, = ||[L{zT, yT, 27|71y, the

structured partial MCN is given by

b5 0

LB (g —1 o
l

£5 (H,d;L) =

lveCS(|H|)]
d|

0

MAT,
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and if we set &, = L[xT,yT, 2T, the structured partial CCN is given by

Ps 0
0 I

L[z, y", 27]"]

LB [G -1 al

vecS(\HD]

g0 (H,d;L) =

com,p

(5.2.37)

o0

Proof. By construction of the matrices ®g,, ®s, and Ps,, they have at most one nonzero

vec(UH © AH)
xF© Ad

b5 0
0 I

vecs(UH © AH)
xF© Ad

element in each row. Thus, we get
vecs (U © AH)
xt© Ad
(5.2.38)

By considering 7 = v = oo on (5.2.26) and using (5.2.38), (5.2.13) and (5.2.12), we obtain

o0 ‘ o0

b5 0| |vecs(AH
ogun[o ] [ O] [la®
S(H L) 0 I Ad
R, (H, d; L) = >
¢ ”vec(\Ili(DAH,xiQAd)Hoo;éO ||VeC (\I[i © AHa Xi © Ad)”oo

AAES,ADE Sy, AEES3

QEiL%_l [g —Il} Xi o Ad

0 Dy

ODyeew) O | [vecS(\Ifi@AH)

[e.8]

= sup :
vees (T @ AH) " vecs(U+ © AH)
Xt o Ad x'oAd o0
AAES:, ADESs, AEE S5
® Divec 0
=|PpaLs g —1]| .
L 0 Il 0 @X
- ®s 0| vecs(|¥])
= 1gl LB [¢ —1)]
0 I x|

The rest of the proof follows by considering ¥ = H, x = d, and &, = |L[z?, y7, 277 || 1,

(OI’ gL = L[wTa yT7 ZT]T)' u

5.2.5. Deduction of Partial CNs for the EILS Problem

The EILS problem is an extension of the famous linear least squares problem, having

linear constraints on unknown parameters. We consider the EILS problems given (1.1.5).
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The solution of the EILS problem also satisfies the following the augmented system [137]:

A o o c][x d
Ble|l:=0 1 M||z|=1b], (5.2.39)
y ct MT 0] |y 0

where = Jr, r = b— My and A\ = (CCT)~'CM* Jr is the vector of Lagrange multipliers
[31]. Note that the system in (5.2.39) can be equivalently transformed into

J M 0 T b
MT o CT| |y| = |o]| =d (5.2.40)
o C o0 A d

Observe that, the above system is in the form of DSPP (5.2.1) with A = J, B = M7*,
d = [b7,0,d"]" and z = \. Therefore, the task of assessing the conditioning of the EILS
problem (1.1.5) can be achieved by determining the CNs for the solution y of DSPP
(5.2.40).

Generally the signature matrix J has no perturbation and as D = 0, £ = 0 and g = 0,
we consider AA =0, AD =0, AE =0 and Ag = 0 in (5.2.7). Then, the perturbation

expression in (5.2.8) reduces to

-Vec(ABT)-
Az (AC)
N ec
Az| =-8"" [g —In+p] ¥ Af + O(€?), (5.2.41)
A
Y i Ah |
where
y'ol, 0
G= I,z I,®2"|cR> (5.2.42)
0 y' ® I,
$=m(n+p).

Let H = (B7,0), AH = (ABT,AC), d = [fT,h7]T and Ad = [AfT, ART]T. We
define the following mapping:
@ R™M x RPX™ x R™P — R¥

xr

pH,d) =L |y| =LB'q, (5.2.43)
z
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where L € R¥*!. Using a similar method to the Theorem 5.2.4, we have the following

result.

Theorem 5.2.13. Assume that [T, y", 2T|7 is the unique solution of the DSPP (5.2.1)
with D =0, E =0, g =0 and L € R*. Then the partial unified CN of [T, yT, 2T|T

w.r.t. L is given by

| © (f(F + AT, d+ Ad) - p(H, d))

ﬁg;(ﬁ, a; L) := lim sup — — — X
0 [vee(FOAT xoad) || <e |vec (¥t 0 AH. %7 © Ad)
_ .5 O
-1 vec()
=218 G 1., [ o ol

T”Y

where U = (Upr, Vo), Upr € R™™ Uo € RP*™ gnd x € R™P.

Remark 5.2.14. Taking L = [Opxn, Li Opxp, Ly € R¥*™ A = J in Theorem 5.2.13,
and since B = YBYL, where

0 I, 0
s—lo o 1./, (5.2.44)
I, 0 0

using the formula for the inverse Of% given in [93], we obtain

~~

5 0
Rfz(H,b;L) = vee(¥)

DLy |2 A —(QMQ)'MJ Byl
L 0 Dy

, (5.2.45)

el

where = = yT@(QMQ) MJ—(OMQ) @xT, A = y"@By—(OMQ) ®@2zT, M = MJMT,
Q=1,—CC and By = (I,, — QMQ)'. Note that the partial CN expression is the same
as derived in [137].

5.2.6. Numerical Experiments

In this part, we present some numerical examples to verify the reliability of the derived
partial NCN, MCN, and CCN and their upper bounds for the DSPP. Additionally, we
demonstrate their effectiveness in providing tight upper bounds for the relative forward

error for the solution of the DSPP. We construct the entrywise perturbation as follows:
AA=10"%-randn(n,n) © A, AB=10"° randn(m,n)® B,
AC =107° - randn(p,m) © C, AD =10"°-randn(m,m) ® D,
AE =10"° -randn(p,p) ® F, and Ad =107 randn(/,1) ® d.
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Let w = [z, yT, 27]7 and w = [T, y*, Z]” be the unique solutions of the original DSPP
and the perturbed DSPP, respectively. To estimate an upper bound for the forward error
in the solution, their normwise, mixed, and componentwise relative forward errors are
defined as follows:

_ |Lw — Lw, _ |Lw - Lw||

Lw — Lw
r, = . T = bk
: | Lw| | Lw||o

)

i 7.~ |

respectively. Define the following quantities:
HM% AﬂH
_ F
|l d]
F

Thus from (5.2.6), elftg)(H,d;L), E2RY

AT,

€1 and €2 = min{e: |[AB| <€ |B|, |Ad| <el|d|}. (5.2.46)

(H,d; L) and €28

com,p

(H,d;L) can be em-
ployed to estimate the relative forward errors 7, r,, and r., respectively. We select the

matrix L as

Lo =i, L= [1, Ouetmip]+ In = [Onen Lo Opy] a0d Ly = [0piuimy L]
to obtain the CNs for w, x, y and z, respectively.
Example 5.2.1. We consider the DSPP (5.2.1) taken from [75] with

[Lei+riel, 0
0 LeJ+Jel,

2¢% %24
eR ,

A

B=|l,©Z Z®I,] €R”* and C=Y @ Z e R™,

where J = ﬁtridiag(—l,?,—l) € R, 7 = q%ltridiag(o,l,—l) € R7*? and
Y = diag(l,q + 1,...,¢* — ¢ + 1) € R?*%. Further, we take D = I,, and E = I,.
Here, the dimension of the coefficient matrix 9B of the DSPP is | = 4¢>. We take d =
randn(/, 1) € R'. Further, we consider ¥ = ||B||r and x = ||d||2. We use Theorems 5.2.5,
5.2.8 to compute partial CNs and Corollaries 5.2.1 and 5.2.2 for their upper bounds. The
numerical results for different choices for L and ¢ = 4 : 2 : 16 are presented in Tables
5.2.1-5.2.4.

The results in Tables 5.2.1-5.2.4 show that the upper bounds of the NCN, MCN
and CCN provide very sharp estimates of the exact NCN, MCN and CCN, respectively.
Additionally, it is observed that both the MCN and CCN, along with their upper bounds,

are at most two orders of magnitude larger than the actual relative forward errors, offering

more accurate estimates compared to the NCN and its upper bounds. These numerical
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Table 5.2.1: Comparison of the NCN, MCN, and CCN, and their upper
bounds, with the corresponding relative errors for L = L for Example

0.2.1.

¢ T afPEbL) af)UHDbL) T RN (HbL) efii (HbL)  Te e, (HbL) ef%:,(HbL)
4 1.1882¢ — 08  5.1234e — 06 6.3888e — 06 1.9907e — 08 3.55562e — 07 3.8637¢ — 07 2.1532e — 07 6.9184¢ — 06 8.6300e — 06
6 2.0426e — 08  8.2886e — 06 1.6984e — 05 2.3603e — 08 3.9780e — 07 4.0885¢ — 07 3.7248¢ — 07 1.2135e¢ — 05 1.2490e — 05
8 3.1951le — 08 1.9154e — 05 3.6586e — 05 4.1045e — 08 4.9025e — 07 4.9808¢ — 07 8.3715¢ — 06 1.3746e — 04 1.3964e — 04
10 2.9187¢ — 08  5.5170e — 05 1.1519¢ — 04 4.2771e — 08 1.2319¢ — 06 1.2706e — 06 1.8721e — 07 1.9213e — 05 2.1515e — 05
12 2.3289¢ — 08 9.4616¢ — 05 1.7034e — 04 2.9289¢ — 08 1.0722¢ — 06 1.0798¢ — 06 4.5669¢ — 07 3.5850e — 05 3.8136¢ — 05
14 3.9431e — 08  1.6571le — 04 3.3889¢ — 04 3.9739¢ — 08 1.2469¢ — 06 1.2747e — 06 6.0883¢ — 07 3.1225e — 05 3.5558¢ — 05
16 3.9038¢ — 08  2.7496e — 04 5.6909¢ — 04 3.9932¢ — 08 1.8001e — 06 1.8356e — 06 4.2789¢ — 06 1.7386e — 04 1.8883¢ — 04

Table 5.2.2: Comparison of the NCN, MCN, and CCN, and their upper
bounds, with the corresponding relative errors for L = L, for Example

5.2.1.

q Ty &8P (H,b;L,) e&2"(H,b;L,) T 8%, (H,biL,) ef5 (HbL,) T 8%, ,(HbiL,) e85 (H bL,)
4 23210c—08 1.7899¢—06  2.2325¢—06  4.4418c—08  3.9328¢ — 07 3.9952c — 07 6.1112¢—08  7.7010¢ — 07 7.9196¢ — 07
6 2.2133¢ — 08  2.6980e — 06 7.6732¢ — 06 4.2425¢ — 08 8.8875¢ — 07 9.5134e — 07 5.3918¢ — 08 5.8823¢ — 06 7.3855¢ — 06
8 3.8470c— 08  4.8135¢ — 06 1.5701e — 05 8.7676¢ —08  1.4710c — 06 1.5322¢ — 06  5.7409¢ — 07  5.8895¢ — 05 7.0437¢ — 05
10 2.9894e — 08  9.6923e — 06 3.1204e — 05 5.9374e — 08 2.0857¢ — 06 2.1065e — 06 2.7350e — 07 9.5571e — 05 1.0598¢ — 04
12 33113¢— 08  3.6464c — 05  4.9737¢ —05  5.6822c —08  3.0914e — 06 3.0928c — 06 4.5080c — 07  9.3747¢c — 06 9.4743¢ — 06
14 8.0906e — 08  2.4824e — 05 7.6132e — 05 1.5910e — 07 3.3988e — 06 3.4220e — 06 8.4585e — 07 2.5939e — 05 2.9725e — 05
16 4.4663c —08  3.5262c — 05  88133¢—05  8.0314c —08  4.7189c — 06 47301c — 06 4.5566¢ — 07  3.7542¢ — 05 3.9779 — 05

Table 5.2.3: Comparison of the NCN, MCN, and CCN, and their upper
bounds, with the corresponding relative errors for L = L,, for Example
5.2.1.

q T a8 (H,b;L,) ¢8/2"(H,b;L,,) T €85, J(HbiL,) €A% (H biL,) [ 8%, ,(Hb:L,) €83 (H biL,)
4 1.4640e — 08 4.1828e — 06 8.1301e — 06 1.7030e — 08 3.2527e — 07 3.6699¢ — 07 6.3575e — 08 1.6374e — 06 1.7734e — 06
6 3.8057e — 08 3.4032e — 05 5.4748¢ — 05 3.9292e — 08 8.5355¢ — 07 1.0120e — 06 6.8320e — 08 2.2698¢ — 06 2.3143¢ — 06
8  6.2425¢ — 08 1.1653¢ — 04 1.7568¢ — 04 5.3397e — 08 1.9931e — 06 2.1774e — 06 3.0610e — 07 1.3012¢ — 05 1.3193¢ — 05
10 4.7836e —08  1.5526e — 04 3.3655¢ — 04 5.1330e—08  1.8322¢ — 06 22332 —06  5.0917¢—07  2.8394e —05 2.8957¢ — 05
12 3.7645e¢ — 08 9.3405¢ — 05 4.7395¢ — 04 3.6702¢ — 08 1.1129¢ — 06 1.4824e — 06 7.7646e — 08 7.9413e — 06 8.8422¢ — 06
14 7.7970e — 08 1.6058¢ — 04 9.2172e — 04 5.7666e — 08 1.7296e — 06 2.1704e — 06 2.9851e — 06 7.6483e — 05 7.9562¢ — 05
16 4.7259¢ — 08 4.3435¢ — 04 1.5265¢ — 03 6.6721e — 08 2.2484e — 06 2.8853¢ — 06 2.9895¢ — 07 5.8651e — 05 6.0528¢ — 05

results highlight the effectiveness of the proposed CNs and their corresponding upper

bounds.

Example 5.2.2. We consider the DSPP (5.2.1) with the block matrices given by

A=diag((22Z7 + 1), Do, B3) ER™™, B= [N —Iy; Iy| €R™,
D = toeplitz(d) € R™*™ C = M, and FE = toeplitz(e) € RP*?
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Table 5.2.4: Comparison of the NCN, MCN, and CCN, and their upper

bounds, with the corresponding relative errors for L = L, for Example

5.2.1.
q T afY(H,b;L,) ¢82"(H,b;L,) T 8%, (HbiL,) e85, (HbL,) [ €%, J(H biL,) e85 (H bL,)
4 T.9587e—09  3.2626e — 06 5.0845¢ — 06 9.2868¢ —09  2.7450e — 07 28678 — 07 6.4428¢—08  5.9782 — 0T 6.2833¢ — 07
6 1.3913e — 08 9.6919¢ — 06 1.1609¢ — 05 1.8364e — 08 4.4130e — 07 4.4401e — 07 4.1485e — 08 1.1621e — 06 1.1751e — 06
8 21543¢—08 25173¢—05  4.6780e—05  27719¢ —08  7.9552¢ — 07 8.4231e — 07 4.9306e — 08  4.2242¢ — 06 4.4848¢ — 06
10 3.2132¢—08  5.7696¢ — 05 11250 — 04 4.3437¢ — 08 1.0618¢ — 06 1.1161e —06  8.3724c —08  4.1932¢ — 06 4.3258¢ — 06
12 1.6735¢ — 08 8.7652¢ — 05 1.4248¢— 04 3.1936e—08  1.0011e — 06 1.0138¢ —06  6.2623¢ —08  2.5824e — 06 2.5860¢ — 06
14 2.0065¢ — 08 1.5497¢ — 04 1.918le—04  2.2200e —08  1.0421e — 06 1.0457e =06 7.7378¢ —08  4.1703¢ — 06 4.1741e — 06
16 1.0902¢ — 08 2.4487¢ — 04 3.5342¢ — 04 1.5817e — 08 1.6369¢ — 06 1.6456e — 06 1.0229¢ — 07 3.4527e — 06 3.4614e — 06

where Z = [z;] € R with z; = e 2346 5 = [, and %), = diag(d§k)) €

q»

R23%24 . = 2 3, are diagonal matrices with

4 _ L, for 1 <j<gq,
’ 1079(j — §)2, for §+1<j<2q,

dg-?’) = 107°(j + ¢)? for 1 < j < 2G, where § = ¢* and ¢ = q(¢ + 1). Further, N =

ﬁ@] ~ A - —_ — ~ ~

|| GBI N = eridiag(0,2,~1) € RO, 0 = (Mo, I,©M|eR>*4,
®

q

B (=1t
q + 1 q q q
_gq=1
7 2¢+1
q=2 q=2
M= q q € RatDxa
_gq=1
q
0 0 0 1

d = randn(m, 1) € R™, and e = randn(p, 1) € R?. Moreover, we get | = 8¢*> + 2q. The
vector d € R! is chosen as in Example 5.2.1.

The structured partial NCN is calculated using Theorem 5.2.11, while the structured
partial MCN and CCN are computed from Theorem 5.2.12. Numerical results for various

choices of L and ¢ = 2, 3,4 are summarized in Table 5.2.5. We observed for all choices of L,

OO,S N OO,S . [e.e] .
R o(H, d; L) and K55, (H, d; L) are almost one order smaller than the &7, (H, d; L)
and 8%, ,(H,d; L), respectively.
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Table 5.2.5: Comparison of the partial NCN, MCN, and CCN with their

structured counterparts for Example 5.2.2.

L ¢ 8)H,dL) 8Y°H dL) K

miz,p

(H,d;L) &5 (H d;L) &, (Hd;L) 82 (H d;L)

Mz, com,p com,p

9.0961e + 03  8.9842¢ + 03 1.1174e 4+ 02 9.2003e + 01 1.0211e + 03 7.8013e + 02
Lo 3 1.0996e + 04 8.6963¢ + 03 1.1735e + 02 9.1218e + 01 1.2372e 4 04 9.5905¢ + 03

4 2.6066e 4+ 04 1.9983e +04  3.5456¢e + 02 2.6052¢e + 02 2.5284e + 05 6.7124e + 04

2 9.1011e+03 8.9891e+ 03 1.1174e 4 02 9.2003e + 01 2.9170e + 02 2.1175e + 02
L. 3 1.0972e 4 04  8.6781e + 03 1.1735e + 02 9.1218e + 01 1.2372¢ 4- 04 9.5905¢e + 03

4 2.637le+04 2.0138e + 04 3.5456¢ + 02 2.6052¢ + 02 2.7573e + 04 1.8454e +- 04

2 8.4606e + 03 8.3300e + 03 1.5279¢ + 02 1.1486¢ + 02 2.5276e + 02 1.5433e + 02
Lo 3 1.8511e +04 1.4614e+04  2.2517e + 02 1.6131e + 02 9.9621e + 02 5.3614¢e + 02

4 3.2837e+04 2.7473e+04  8.9167e + 02 5.8061e+02 2.5284e + 05 6.7124e + 04

2 1.1952e+04 1.1786e 404  2.1568e + 02 1.6042¢ + 02 1.0211e 4 03 7.8013e + 02
L, 3 9.4332e+03  7.4505e 4 03 1.2141e + 02 8.3080e + 01 1.1802¢ + 04 8.2273e + 03

4 1.8803e+04 1.5754e+04  7.0206e + 02 4.8744e + 02 7.4731e + 03 4.8946¢ + 03

5.2.7. Summary

This section introduced a unified framework for investigating the partial CN for the
solution of the DSPP. We derived compact formulas for the partial unified CN, and by
considering specific norms, we obtained the partial NCN, MCN, and CCN for the solution
of the DSSP. Additionally, sharp upper bounds for the partial CNs that are free from
Kronecker products are provided. Moreover, we compute structured partial NCN, MCN,
and CCN by introducing perturbations that maintain the structure of the block matrices
of the coefficient matrix. Using our theoretical findings and by leveraging the relationship
between the EILS problems and the DSPP, we recovered previously established results for
the EILS problems. Experimental results demonstrated that the derived upper bounds
for the partial CNs provide tight estimates of the actual partial CNs. Furthermore, the
proposed partial CNs and their upper bounds provide sharp error estimation for the

solution, highlighting their effectiveness and reliability.
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CHAPTER 6

Condition Numbers for Moore-Penrose Inverse and Least

Square Problem*

This chapter addresses and analyzes structured MCN and CCN for the Moore-Penrose
(M-P) inverse and the minimum norm least squares (MNLS) solution of least squares
(LS) problem involving rank-structured matrices, which include the Cauchy-Vandermonde
(CV) matrices and {1, 1}-Quasiseparable (QS) matrices. A general framework has been
developed to compute the upper bounds for MCN and CCN of rank deficient parameter-
ized matrices. This framework leads to faster computation of upper bounds for structured
MCN and CCN for CV and {1,1}-QS matrices. Furthermore, comparisons of obtained
upper bounds are investigated theoretically and experimentally. In addition, the struc-
tured effective CNs for the M-P inverse and the MNLS solution of {1, 1}-QS matrices are
presented. Numerical tests reveal the reliability of the proposed upper bounds as well as
demonstrate that the structured effective CNs can be substantially smaller compared to

the unstructured CNs.

6.1. Background

The M-P inverse holds a pivotal position in matrix computation, offering a generaliza-
tion of the standard inverse for rectangular or rank deficient matrices. The M-P inverse
finds its practical significance in solving the linear LS problem. The M-P inverse and
the LS problem have various applications in digital image restoration and reconstruction
48, 47], Gauss—-Markov model [112], and so on. The literature on CNs for the M-P inverse
[53] and LS problems [145] is quite rich. The normwise CN for the M-P inverse and the LS
problem is investigated in [67, 99, 53], while MCN and CCN are considered in [51, 50]. For
structured matrices, structured CNs for the M-P inverse and the LS problem have been
investigated in [152, 50], which involves the preservation of the inherent matrix structure

within the perturbation matrices.

*S. S. Ahmad and P. Khatun, “ Condition numbers for the Moore-Penrose inverse and the least squares problem

involving rank-structured matrices.” Linear and Multilinear Algebra, 4:1-37, 2024.



In the past few years, many fast algorithms have been developed for various problems
involving rank-structured matrices, such as computing eigenvalues and singular values
[132, 155], solving linear systems [131] and LS problems [78], and computing the M-P
inverse [42]. The QS [58], Cauchy [78], and CV [78] matrices are popular examples of rank-
structured matrices that arise in many applications, such as in boundary value problem
(68, 85], acoustic and electromagnetic scattering theory [49], interpolation problems [105],
rational models of regression and E-optimal design [81], and so on.

One of the striking properties of the rank-structured matrices is that they can be
parameterized by O(m + n) parameters rather than mn entries. Based on this property,
many fast algorithms with lower computational costs have been developed [131, 130].
Plenty of works involving rank-structured matrices have been done in recent years to
investigate the structured CNs for eigenvalue problems [56, 52], the solution of a linear
system having a single as well as multiple right-hand sides [57, 103], the Sylvester matrix
equation [54], and so on, by considering perturbations on the parameters. Based on
the above discussions, it is more sensible to investigate structured CNs by addressing
perturbations on the parameters rather than directly on the matrix entries and to identify
which set of parameters will be more suited for the development of fast algorithms. Thus,
the forgoing discussion motivates us to consider perturbations on parameters instead of
directly on entries in this chapter.

In [145], authors have presented general parameterized QS representation and Givens-
vector (GV) representation for the rectangular mxn (m > n) {1, 1}-QS matrices (a special
case of QS matrices), which are natural extensions of the square matrix case discussed
in [56, 57, 130]. Then, the authors studied the structured MCN for the LS problems
when the coefficient matrix is a full column rank m x n {1,1}-QS matrices. However,
the above investigations do not address the rank deficient case. Furthermore, the MCN
and CCN for the M-P inverse of rank deficient rank-structured matrices still need to be
explored in the literature. Nevertheless, when dealing with rank deficient matrices, a
prominent challenge in analyzing the CNs arises from the fact that even slight changes
to the matrix can yield enormous variations in the computed M-P inverse. In light of
this, normwise CNs for rank deficient unstructured matrices have been considered in
[140, 142], and for structured matrices in [152] under the assumptions: R(AM) C R(M)
and R(AMT) C R(M?T), on the perturbation matrix AM in M, where R(M) denotes the
range of M. Whereas, in [141], upper bounds are investigated for CCN for unstructured

matrices under the above assumptions.
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This chapter’s central aim is to study the structured MCN and CCN for the M-P
inverse and the LS problem when dealing with rank deficient rank-structured matrices.
This investigation adheres to the rank-preserving constraint, denoted as rank(M+AM) =
rank(M), which encompasses a broader class of perturbation matrices than those con-
strained by R(AM) C R(M) and R(AMT) c R(M?T). This perspective expands the
horizons of our study and offers valuable insights into structured CNs for this class of
matrices.

The following highlights the main contributions of this chapter:

e The MCN and CCN for two problems, the M-P inverse and the MNLS solution of
the LS problem, involving rank deficient CV and {1, 1}-QS matrices are considered
under the broader rank condition, i.e., rank(M + AM) = rank(M).

e By considering matrix entries to be differentiable functions of a set of real param-
eters, we develop a general framework to compute the upper bounds of the MCN
and CCN of the M-P inverse and LS problem for rank deficient parameterized ma-
trices. In addition, exact expressions in the full column rank case of the MCN and
CCN are also obtained.

e For the CV and {1, 1}-QS matrices, compact upper bounds are obtained for struc-
tured MCN and CCN. Two important parameter representations for {1,1}-QS
matrices are considered: the QS representation and GV representation.

e For {1,1}-QS matrices, structured effective CNs are proposed and shown that they
can reliably estimate the actual conditioning of these matrices.

e Numerical experiments are reported to demonstrate that structured CNs are sig-
nificantly smaller compared to unstructured CNs and align consistently with the

theoretical results.

The remaining part of this chapter is structured as follows. Section 6.2 provides a
few notations and preliminary results. In Section 6.3, for the M-P inverse and the MNLS
solution, we develop expressions of upper bounds for MCN and CCN for a general class
of parameterized matrices. These frameworks are utilized in Sections 6.4 and 6.5 to
derive the bounds for structured MCN and CCN for CV and {1, 1}-QS matrices. Further,
Section 6.5 studies comparison results between different structured and unstructured CNs.
In Section 6.6, numerical experiments are performed to illustrate our findings. Section

6.7 ends with conclusions and a line of future research.
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6.2. Preliminaries

For M € R™" set Ey := I, — MM' and F,; := I, — MTM. We denote EL" =

m(e;‘)T as the matrix with ij-element is 1 and zero elsewhere. For matrices M, N € R"™*"

€
we define M/N as (M/N);; = nfjmij, where for any a € R, a* = 1 when a # 0, otherwise
a* = 1. The notation ¢ = 1 : n indicates that i takes the values 1,2,...,n. For any a € R,
sign(a) := 17 for a # 0 and sign(a) := 0 for a = 0, and sign(M) := [sign(my;)].

Next, we discuss some important properties of the M-P inverse, which will be crucial
for our main finding results. The following lemma states that for a full column rank

matrices M, its M-P inverse is a continuous function of its data entries.

Lemma 6.2.1. [133] Let M € R™™ with full column rank and {E;} be a collection of
real m X n matrices satisfying 1irr(1)Ej = 0. Then, (M + Ej;) has full column rank when j
1

is small enough and lir%(M + Ej)t = MT.
1=

However, M does not share the above property when it is singular or rank deficient.
Small perturbation AM on M can produce the computed M-P inverse far from the actual
one. To tackle this situation, perturbation theory for the M-P inverse has been studied

in certain specific constraints. Next, we recall the definition of ‘acute’ perturbation [128].

Definition 6.2.1. An acute perturbation M = M+ AM € Rmx» of M € R™™ s q
perturbed matriz for which |MMt — MM?||y < 1 and |[MTM — MTM||; < 1.

Proposition 6.2.2 provides an if and only if condition for the continuity of M of any

matrix M € R™*"™.
Proposition 6.2.2. Let M € R™*". Consider the set
S' (M) = {AM € R™": || MT||5| AM||5 < 1}.

(M + AM)T = MT if and only if rank(M + AM) = rank(M), where AM €

Then, lim
AM—0
SYM).
Proof. For AM € S'(M), we have |[MT||s||AM]l; < 1. Then M + AM is an acute
perturbation of M if and only if rank(M + AM) = rank(M) [91, Lemma 1]. Since
on the set of acute perturbations of M, its M-P inverse M is a continuous function about

M [128, Page 140]. Therefore, it follows that M is continuous on the set S'(M) if and
only if rank(M + AM) = rank(M). Hence, the proof is completed. B

Remark 6.2.3. When M has full column rank (or row rank), from Lemma 6.2.1, the

rank condition in Proposition 6.2.2 holds trivially.
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6.3. MCN and CCN for General Parameterized Matrices

In this part, initially, we define structured MCN and CCN for the M-P inverse and
the unique MNLS solution for a general class of parameterized matrices. Suppose that
each entry of M € R™*" is a differentiable function of a set of real parameters ¥ =
(1,9, ..., )T € RP and write the matrix as M(¥). We employ this notation for the
rest of the chapter. Due to the fact that a number of important classes of matrices can be
parameterized by a collection of parameters, it is reasonable to consider perturbations on
the parameters rather than directly on their entries. Let A¥ € RP be the perturbation on
the parameters set ¥ € RP, we consider the admissible perturbation in the matrix M (¥)
as M (¥ + A¥) — M (V) = AM(¥). For maintaining the continuity property for MT(¥),

according to the Proposition 6.2.2, we restrict the perturbation on ¥ to the following set
S(0) = {A\If € RP : rank(M(0)) = rank(M (¥ + AD)) = 7, || MT(0)||2|AM(0)[|s < 1}.
Next, we provide an example to show that S(V¥) is nonempty.
Example 6.3.1. Consider the parameter set
U= [{2,4}, {1}, {-3,1}.{5,2,6},{1,3}, {2}, {3,1}]" e R

of a {1,1}-QS matrix given as in (6.5.1) and using the formula provided in Definition
6.5.1, we have

5 3 2
M)y =|-6 2 3|. (6.3.1)
—12 4 6

Taking AW = [{0, 0}, {0}, {0, 0}, {1, 0,0}, {1, 0}, {0}, {0, 0}]" € R'3, we get
54+ 3+3u 2+ 2u
MU +ATD)=| -6 2 3
—12 4 6

Here, || MT(¥)|, = 0.1812 and |AMT (V)| = v/14|p|. Clearly, rank(M (¥)) = rank(M (¥+
AW)) and ||[MT(D)]o||AM (¥)||l2 < 1, whenever |u| < 1.4747. Thus, S(¥) contains all per-
turbations AW such that |u| < 1.4747.

6.3.1. M-P Inverse of General Parameterized Matrices

We introduce structured MCN and CCN in Definition 6.3.1 for a general class of
parameterized matrices for its M-P inverse. We provide general expressions for the upper
bounds of these CNs in Theorem 6.3.2. Also, we present exact formulae for these CNs in

Theorem 6.3.5 for full column rank matrices.
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Definition 6.3.1. Let M (V) € R™*" rank(M(V)) = r < min{m,n}. Then, we define
structured MCN and CCN for MT(¥) as follows:

MT v A\IJ _MT v max
[ M( +€”M)T” (W)l AV /0| ge,Axpgg(\p)},

MW + AT) — M)
Mi

MT(M(V)) = ll_I)I[l) sup {

HAV/Y <€ AV € S(\I/)} .

max

¢ (M(¥)) := limsup {1

e—0 €

To formulate the general expressions for the upper bounds of the CNs outlined in

Definition 6.3.1, we present the following perturbation expression for MT(¥).

Lemma 6.3.1. Let M (V) € R™" and rank(M (V)) = r. Suppose AV € S(¥) is the

perturbation on the parameter set W. Then

& aM T OM(U)\T
M (U + AT) — Z}( at M) 3ty gt <8—¢k> Ev
+FM(a]£k )) MTTMT>A¢J<:+O(||A‘I’||§O)~

Proof. Given that the elements of M (W) are differentiable functions of ¥ = [thy, s, ..., 1,7,

using matrix differentiation, for an infinitesimal change in M (W), we get

L OM(U

AM(T) = M(¥ + AT) — M(¥) =) azﬁk )Az/zk + O(|AT|%), (6.3.2)

where AU = [A¢y, ..., A,]T. Since AV € §(V), using the perturbation expression for
the M-P inverse [128], we obtain

AMN (W) = MT(T + AV)— M (V) = —MTAM ()M + MM (AM (D) E,,

+Fu(AME) MM+ O(|AT|2). (6.3.3)
Putting (6.3.2) in (6.3.3), we get
AM' (W MT(Z )M* + MTMTT(Z M) py )TE
oy

+FM(Z o) BrTAT - O(IAWIE),

Hence, the desired expression is obtained. l
In Theorem 6.3.2, for MT(¥), we derive general expressions for upper bounds of the

proposed CNs when rank(M (V)) = r.
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Theorem 6.3.2. For M (V) € R™™ with rank(M (V)) = r, we have

! — t
AMT(M(D)) < %:: M(MW))  and EH (M) < H%

= ¢ (M(D)),

max

where

X = kzp; <‘MT8];[—1/E;P)MT‘ + ]MTMTT(E)%(S))TEM( + ]FM(EN;S))TMTTMT)) [

Proof. From Lemma 6.3.1 and using the properties of absolute values, we have

’MT(\IJ + AU — MT(\IJ)‘ <i (‘MTﬁM—(\P)MT‘+‘MTMTT<aM—(\D)>TEM‘

T Oy, Oy,
[P (S ) 2T ar) 8] + O(IATE)

Now, by Definition 6.3.1, ||A¥ /||, < € implies that |Ayy| < €|y | forall k = 1,2,...,p,

and using the properties of the max norm, we find that

MW 4 AW) — M) < € Hi (e L
oMW

+ O(€).

max

o (S ) ]

Oy

Then, if we take € — 0, and from Definition 6.3.1, we get the desired result of the first
claim.
In a similar manner, we obtain the second part of the claim. W

In the next corollary, we obtain bounds for the CNs for MT in the unstructured case.

Corollary 6.3.1. Suppose M € R™*"™ with rank(M) = r. Then

1

%1 _
AT = o

T T
(MMM 4 (MM M7 B |+ [Eag] M0

~ 1 T T
G = || 277 (11| + |6 2 7B |+ [Fag |7 217 01|

max

Proof. For any M= [m;;] € R™*" and any two column vectors a and b, we have

M
oM _ e(e™?  and (6.3.4)

? J

8mij
ab”| = |a|[b7]. (6.3.5)
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By considering the parameters as the entries of M itself, i.e., ¥ = [{m;;};",]" € R™,

and using (6.3.4), the sum expression in Theorem 6.3.2 can be written as:

A OM\T OM\T
S (fuat gt i () B e () et s
== omi; om;; omi;

3

SO (|ter eyt + | e (e Bl + [Fages ey MM Y|

i=1 j=1
(6.3.6)
Again, using (6.3.5), we can write (6.3.6) as
> (|MT Dlmi 1M, )] + MM ) g | B G, )
=1 j=1
. T o4
o 1Fas ()l 11711
— MMM (MM M| By 4+ B[ M7 0 M, (6.3.7)

The desired upper bounds will be obtained by substituting (6.3.7) in Theorem 6.3.2. B
Next, we estimate the bounds for CNs under the constraints R(AM (V)) C R(M(V))
and R(AMT(¥)) C R(M™(¥)).

Proposition 6.3.3. Let M (V) € R™*™ be such that rank(M (V) = r. Suppose that AV €
RP? is the perturbation on the parameter set W satisfying the conditions, || MT||2||AM ()]s <
1, RIAM(¥)) C R(M(V)) and R(AMT (V) C R(MT(¥)). Then

} vt — N M)
MU+ AT) — MI(T) = -3 "M 0 MTAYy, + O(||AT|12.).

Furthermore,

. ST (M A Ay

A M) R ’
oM
G(M(D)) = HMT > i

Proof. If M(V), AM(¥) € R™ " satisfies the assumptions R(AM (V)) C R(M(V)) and
R(AMT(V)) C R(MT(¥)). Then

M) M (T)AM (V) = AM(V) and MT(U)MT(0) AMT (V) = AMT(T).  (6.3.8)
In addition, if ||MT(0)||2||AM (¥)|, < 1 holds, it is shown in [22] that

MUY+ AT) = (I, + MT(U)AM(U) " MT(D). (6.3.9)
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Now, (6.3.8) implies AMT(¥)E,; = 0 and FyAMT(¥) = 0. Again, (6.3.9) implies that
rank(M (¥ + AW)) = rank(M (V). Therefore, AV € S(V). Hence, from Lemma 6.3.1, we
get the desired expression.

The proof of the second part is a direct consequence of the derived perturbation

expansion and the proof technique employed in Theorem 6.3.2. l

Remark 6.3.4. Using Proposition 6.5.3, and in an analogous approach to Corollary 6.3.1,

we can recover the bounds for unstructured CNs obtained in [141].

For the matrices with full column rank, the next theorem provides exact expressions

of CNs for MT(¥), introduced in Definition 6.3.1.

Theorem 6.3.5. For M (V) € R™™ with full column rank, we have

x| Xl
MMV _ Iy llmax and ET(M(D)) = ||=X ,
where
L (OM(U)\T
ot _ toMY) T 1(OMF)
Rl Z\M (M — (M) (F5=) Bl

Proof. Since M (W) is of full column rank matrix, we have F,; = 0. Now, applying Remark
6.2.3 on Lemma 6.3.1, we get following perturbation expression for MT(¥)

AMT (V) = MY (U + AT) — MT(T) = kzp; ( M 8% ) art + (MT M)

OM ()T 2
(20 ) v+ O(8WIR). (6310

By employing a similar proof technique as in Theorem 6.3.2, and considering the given

condition ||[AV /¥, < €, we can establish the following bound:

| S2ho M2 gt — (T Ay (25 ") g 1|
1M

On the other hand, from Lemma 6.2.1 and Remark 6.2.3, it follows that we can consider

MT(M(T)) < max — (6.3.11)

arbitrary perturbation AV € R? on the parameter set ¥. Choose

Ay, = —esign(My,);, sign () ¥, (6.3.12)
T
where M, = MT220 prt (MTM)—1<%:I’)> Ey, for k = 1: p, (M), denotes the

lg-th entry of the matrix M}, and the indices [ and ¢ are such that

IS ], = (3 M),
k=1 k=1
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The upper bound in (6.3.11) is obtained by inserting the values of (6.3.12) in the pertur-
bation expression (6.3.10) and from the Definition 6.3.1. Therefore, the proof of the first
claim is concluded.

The second part of the claim can be obtained in a similar approach. B

6.3.2. MINLS Solution for General Parameterized Coeflicient Matrices

Let us consider the LS problem for the parameterized matrix M(¥) € R™*"
m]}%n | M (V)2 — b2 (6.3.13)
zeR™

with rank(M(V)) = r and b € R™. When M (V) is rank deficient, the unique MNLS
solution is provided by & = M (¥)'h. Moreover, in this situation, z is not even a continuous
function of the data, and small changes in M (W) can produce large changes to @. This
happens as a consequence of the behavior of the M-P inverse for any rank deficient matrix.
Thus, according to Proposition 6.2.2, we consider the perturbation AV € S(¥) for the

parameters, and then the perturbed problem

m}}@n | M (¥ 4+ AWU)z — (b+ Ab)||2
zeR™
has the MNLS solution & = M (¥ + AV)(b + Ab). Consider Az = & — .
In Definition 6.3.2, for the MNLS solution x, we introduce its structured MCN and
CCN.

Definition 6.3.2. Let M (V) € R™*™ with rank(M (¥)) = r and b € R™. Then, we define
structured MCN and CCN of x as follows:

(M), b) = Tim sup {”A‘””w AT/ < e [|Ab/B|L <€ AU € S(U), Abe Rm} |

€0 €|zl

o, = gy {22

e—0

AT/ T < € |Ab/]|,. < €, AT € S(T), Abe Rm} .

Our main objective of this section is to find general expressions of bounds for the
CNs introduced in Definition 6.3.2, and the following lemma provides the perturbation

expansion for the MNLS solution.
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Lemma 6.3.6. Let M (V) € R™™ with rank(M(V)) = r and b € R™. Suppose AV €
S(V) and Ab € R™, and set r :=b— M(V)x. Then

Ax = i <—]\/[T a]g[w(j;)a: + Mt (8]294_w(jl)>Tr + FM(W(\?{E;P))TMTT:B) AV

+ 3 Ml Ab + O(|[[AT, Ab]|12,).
i=1
Proof. Since Ax = M1 (U + AU)(b+ Ab) — MT(¥)b and AV € S(V¥), using Lemma 6.3.1,

we get

s (a0 ()

+MT(\IJ)>(b+Ab) — MT(U)b+ O(|AY||2) (6.3.14)

_ i <—MT6M—(\II)w + MMt (“;_ﬁ)i Y Fuy (aM(\Ij))TMTTw) Aty

+ MT(W)Ab + O(||[AT, Ab]||2). (6.3.15)

On the other hand, for the perturbation Ab in b, we can write Ab = """ eAb;. There-
fore, from (6.3.15), we get

Az = ; (_ MTa]g‘[—d:D)w +ovtut” (%Tiwfr Y Fy, (a]‘aﬁj’))T MTT;,;) Aty

+ MUY el b+ O(|[AT, AbI%,),
i=1
and hence, the desired result is obtained. W
In Theorem 6.3.7, we provide general expressions for the upper bounds of .#T(M (V), b)
and €T(M(¥),b).

Theorem 6.3.7. Let M(V) € R™™ be a matriz having rank(M (V) = r and b € R™.

Then,
CHMW),0) < [Daal]| =T (M(w),0),
where

= 5 (25 (2 o ) o+
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and D4+ = diag(z?).
Proof. From Lemma 6.3.6 and utilizing the properties of absolute values, we obtain

st = 3 (Jr2ha] o (25 e (250

+ 37 IM|Ab] + O([AT, Ab].|). (6.3.16)
i=1
Now, by Definition 6.3.2, ||[AV/¥|» < € and ||Ab/b||o < € implies that for £k = 1 : p,
|Ag| < €y, and for ¢ = 1 : m, |Ab;| < €|b;|, respectively. Taking infinity norm in
(6.3.16), we deduced that

el ] 3 (3 258e] + orar ()"
k=1
+ ‘FM<a]£f)>TMTTmD ] + | M1 ] HOO + O, (6.3.17)

Then, if we take € — 0 in (6.3.17) and from Definition 6.3.2, we attain the desired result
of the first assertion. The second assertion follows in a similar manner, as we can express
|22 = DAz, . m

Next, we discuss the bounds of the CNs for the MNLS solution of the LS problem

(6.3.13) corresponding to unstructured matrices.

Corollary 6.3.2. For M € R™*" having rank(M) = r and b € R™, we have

_ 1Al ] + |02 (|07 ] + (B[ M| 27 ]+ | 217 |
MM, b) = o0

)

2] oo

G(M,b) = || D (1M |] + MMM ] + Bl |17 [0 ]+ |21

Proof. The proof follows in an analogous way to the Corollary 6.3.1 by considering ¥ =
{m; 2] € R™ in Theorem 6.3.7 and using (6.3.4) and (6.3.5). W
The next theorem offers explicit formulae of structured CNs for the unique LS solution

x = MT(¥)b for full column rank matrices.

Theorem 6.3.8. For M (V) € R™*"™ having full column rank and b € R™, we get
LN

[E1pe

A (M(¥), )

Y
[e.e]

and €T (M(V),b) = Hgmi/’%s

where

s | OM (W) L (OM(W)NT
Xl _;‘MT Fo @~ (MTM) 1( S ) r‘|¢k| + M. (6.3.18)
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Proof. In Lemma 6.3.6, using the fact that for any full column rank matrix ¥, = 0, we
have

R OM (V) T (OM(W)\T .
A =30 (a5 i (P ) v 3o Ml s o4, AU

(6.3.19)
Now, by applying the proof method used in Theorem 6.3.5 and considering the given
conditions ||[AV /¥, < € and ||Ab/b||» < €, we obtain

| s (Mg, — (ar ary= () e ]+ [aa |

MT(M(TV),b) < . (6.3.20)

[E118
From Lemma 6.2.1 and Remark 6.2.3, we can choose the perturbation AV on the param-

eters set W arbitrarily from RP. Consider the following perturbations
Ab=€0,,i0,D,

where @ ;+ and ©, are the diagonal matrices having diagonal entries © 1 (i,4) = sign(M7(l, 1)),

and ©y(i,1) = sign(b;) for i = 1 : m, respectively, and

Ay, = —esign(Mg )i sign (V) Y,

T
where M, := MTa]gT(;y)w — (MTM)! (8?;[7(:/)) r and [ is the index so that

Hzp: | M k| [¥k| + |MT|]b\HOO = (Zp: | Mg 1| |t0k] + |MT||b|>l_
k=1 Pt

The upper bound in (6.3.20) will be attained by substituting these perturbations in
(6.3.19) and from Definition 6.3.2, and hence the desired expression is attained. Analo-
gously, we can obtain the expression for the CCN. Il

Remark 6.3.9. The formula for the MCN .#T(M(V),b) in Theorem 6.3.8 is also pre-
sented in [145]. However, our approach to proving the theorem differs slightly. Interested
readers may also refer to the proof method in [145].

6.4. CNs for Cauchy-Vandermonde (CV) Matrices

In this section, we start by reviewing the definition of CV matrices. Subsequently, we
provide the derivative expressions for the matrix with respect to its parameter set. These
expressions play a pivotal role in the derivation of computationally feasible upper bounds
for the structured CNs of the M-P inverse and the solution of the LS problem for a rank

deficient CV matrix given in Theorems 6.4.2 and 6.4.5, respectively. Explicit formulations
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for these CNs are also provided in the Theorems 6.4.3 and 6.4.6, respectively, when the

matrix has full column rank.

Definition 6.4.1. [78] A matriz M € R™*" is classified as a CV matriz if it satisfies the
following conditions: for ¢ = [c1,ca, ... cn]t € R™ and d = [dy,dy, ..., d))T € RY, where

¢ #dj fori=1:mandj=1:1, with0 <1 <mn, the matrix M can be represented as

follows:

[ S N S 2 .. T

c1—dy c1—dz c1—d; 1« “ “
1 1 1 1 2 n—Il—1

“ e 02 C .. C

co—d co—d co—d 2 2

M= |5 =% =0T |- (6.4.1)

1 1 o 1 2 n—i—1
Lem—di cm—d2 cm—d; 1 Cm Cm Cm =

M becomes the Vandermonde matrix when | = 0, and the Cauchy matriz when [ = n.

For a CV matrix of the form (6.4.1), Wey == [{c;}™,, {di}\;]T € R™ represents its
parameter set. We use the notation M (¥cy) to refer a CV matrix parameterized by Wcy.
For the M-P inverse and the MNLS solution involving the CV matrix, our objective
is to estimate the structured CNs. Lemma 6.4.1 accomplishes our claim. Before that,
we will construct the following matrices. For any positive integers p,q and any vector

y=[y1,Y2,... ,yp]T € RP, define the matrices
Q= 1,...,1,y,1,...,1] € R,
for ¢ = 1: ¢, with the ¢-th column is y and 1 € R? have all entries equal to 1. Also, set

My = [=M(Wey)(,1:0) 0 M(Uey)(:,1+2:n)| € R™" (6.4.2)

and My = [M(Uey)(:,1:1) 0] € R™™. (6.4.3)

The following lemma presents the derivative expressions of a CV matrix for the pa-

rameters in Yey.

Lemma 6.4.1. Suppose M(Vcy) € R™ ™ having rank r, represented by a set of real
parameter Vey = [{cl R {di}ézl}T € R where c; #dj,i=1:m and j =1:1. Then,
each entry of M(Vey) is a differentiable function of ey, and

1. %ﬁ_w) =el"(M; © (QZ?;’)T)(Z, ) fori=1:m,

2 HEE = (M © Q) )(e))T forj =11,
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where

1 1 1 1 2 (n—1—1)17T
RS B SRS S S B O el ]
! Ci—dl Cl‘—dg Ci—dl C; C; C;
1 1 1 T
d'.::[ , e R™
J Cl—dj Cg—dj Cm—dj

fori=1:mandj=1:1L

Proof. By observing that, when ¢; # d;, where i =1 : m and j = 1 : [, partial derivatives

corresponding to the parameters {¢;}7; will be

0 0 00 0 0
N (W) 0 0 00 0 0
cv B - o
oc; - (ci—é1)2 ﬁ 0 1 2¢ (n—l—l)ci =2
0 0 00 0 0
0 - 0 00 0 - 0 _

Now, on the right-hand side of the above, using Hadamard product with the matrix
(QM)T, we get

—8M5§5W) = (e [-Men) @12 0 M) (i1 +2:m)] ) © (Q)T

= (er M) © (Q)T = e (My & (Q))().

Hence, proof of the first statement follows.
In a similar argument, we can prove the second part of the statement. B
For the structured CNs, computationally feasible upper bounds are provided in the

following theorem for MT(¥cy) addressed in Definition 6.3.1.

Theorem 6.4.2. Suppose M (Vcy) € R™™ with rank(M (Vey)) = r. Then

Xy
M

Y

T XT max >4
///T(M(@@V)):% and %T(M(\IIW)):'

max

where

Xl =|MY|D.]|( My © QM| + |MTMT (M © Q)7 (|D.||En|
+ [Far(My © Q)T | M M| + [MT(My © My)|[D || MT]
+ MM D] |(Ms © Mo) Ens| + [Far[Dur]|(Ms © My)T M M1,
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d =[dy,...,d;,0,...,0]T €eR", Q=[c|,ch,...,c ]t € R™" and My, My as defined in
(6.4.2) and (6.4.3), respectively.

Proof. For deriving the desired expressions for .27 (M(¥ey)) and (gT(M (Yey)), we cal-
culate the contribution of each parameter subset to the expressions outlined in Theorem

6.3.2. For the parameters {c;}!_,, using (1) of Lemma 6.4.1, we get:

E = Z (‘MTMMT‘ + )MTTMT(%)TEM’

(2 )i

_ i (|arter((Qun™ © M) M|+ [MtM (er((Qu) © M) B
+[Fa (e @u” o MG, :))TMTTMTD i, (6.4.4)

Using (6.3.5) in (6.4.4), we get

£=) (IMT(ZJ)IICZ-I!((QZ{Z)T © M) (@, )M+ MM Q) © M) () lesl [Baa i, )
i=1

: T o4
+ [Far(Q)" © M) (i)l lesl a2 M1, ) )
= (M2 (M1 © QM| + (MM (M © Q)T Dl [Bar| + [Frr(My © Q)T [D]| M1 M.
Analogously, for the parameters {d;}!_,, using (2) of Lemma 6.4.1, we have

<‘MT%;IWMT‘ + )MTTMT

OM (Vey)
ad,;

— | M (M © Mo)||Dgr| M| + MM ||D 4| [(Ma © My) By

(8M§§&W)>TE

)

Eq ::Z

l
i=1

[P

v

)'ae

T
+ |FM||@d/||(M2 @MQ)TMT MT|.

Applying Theorem 6.3.2 yields

T 5 +gc max =3
(M (Vo) = % and - G101 (¥ey) = |

Eq+ &
Mt

max

Hence, the proof is completed. B
We now employ Theorem 6.3.5 to deduce the explicit formulations for structured CNs

of MT(Uey) by considering M (W) has full column rank, which is presented next.
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Theorem 6.4.3. Suppose M (Vcy) € R™™ has full column rank. Then,

) [ e ; XLy
«% (M(\Ilcv)) = W and (5 (M(\I/(m\/)) = M s
where
&, = Z\M*E’”’” (Mi © QM — (MTM) " (3" (M © Q)" Byl

+ Z‘M*(M2 O M)EMT — (MTM)™ (M2 ® MQ)EZ”)TEM‘ \dy],
=1

Efm = e(e}) and Q is as defined in Theorem 6.4.2.

J

Proof. To employ the expressions given in Theorem 6.3.5, we need to compute the con-
tribution for each subset of parameters in an analogous method to the proof of Theorem

6.4.2. For the parameters {c¢;}!",, using (1) of Lemma 6.4.1, we have

OM (Vcy) OM (Vey)\T

Eei= Z‘MT dc; dc; ) Eas

Mt (MTM)—l(

|cil

= Z\M*( (M1 @ () ) MY — (M7 M) (e (M, © (QT) (1)) By

|Cz'|

|cil.

— Z‘MTEZ””(M1 © QM — (MTM)"HE™™(M; © Q) TEy
i=1
Similarly, for the parameters {d;}!_;, using (2) of Lemma 6.4.1, we get

l
1 S D (200

l
- Z‘M*(M2 O M) B Mt — (MTM)™ (M ® MQ)E;;TL)TEM‘ Idi].
=1

From Theorem 6.3.5, we have

€6+ Eqllmax
M max

and hence, our proof is completed. l

E+ &)
Mt

MM (Tey)) = and €T(M(Vey)) = ‘

)
max

Remark 6.4.4. If we consider | = 0 or l = n in the preceding results, we can calculate

the structured CNs for the M-P inverse Vandermonde and Cauchy matrices, respectively.

Next, we consider the LS problem (6.3.13) corresponding to a rank deficient CV ma-
trix. Using the expressions given in Theorem 6.3.7, we deduce upper bounds for structured

CNs of x, presented next.
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Theorem 6.4.5. Suppose M(Vey) € R™ ™ with rank r and b € R™. Set r := b —
M(‘I/((jv)di. Then,

— Xls ~ —~
.///T(M(\Ifcv),b):% and %T(M(\Ifcv,b)):H@miX&,

?
o0

where
s T
gy =M + IMID [|[(My © Q)| + [MTMT (M © Q)T ||D|Ir]
T
+[Far(Mi © QT[D.[[M" a| + M (Mo © My)[|Da|2|
T T

+ IMTM™ D 4| Msy © M) Te| + |Far||Da| [ M2 @ M)TMT x|
Proof. By evaluating in an analogous method to the proof of Theorem 6.4.2, for each
subset of parameters using the expressions given in Theorem 6.3.7, the proof is followed.
Hence, we omit it here. H

The structured CNs to the LS problem (6.3.13) corresponding to a full column rank

CV matrix are stated next.

Theorem 6.4.6. Let M (Vcy) € R™™ and b € R™. Set r :=b— Ma. Then,

_ 1A s

AN (M(Vey),b) = S50 and CHM(Vey), b) = || D2t 2,

Y
o

where

|Cz'|

XL, = Y| MR My © Q) — (MTM)THERT (M © Q)
=1

l
+ Z‘M*(Mz O Mo)E @ — (MTM) ™ ((Ma © Mo)ER) e+ | MT|[b].
=1

Proof. Since the proof follows in an analogous method to the proof of Theorem 6.4.3, by

finding the contribution of each parameter set in the expressions of Theorem 6.3.8.

6.5. Quasiseparable (QS) Matrices

The outset of this section begins with a quick introduction to QS matrices, which
is a specific type of rank-structured matrices. Specifically, CNs are investigated for two
important representations known as QS representation [58] and GV representation [58].
Upper bounds for the CNs of the M-P inverse and the MNLS solution are obtained
corresponding to QS representation in Subsection 6.5.1 and for the GV representation in
Subsection 6.5.2. The relationship between different CNs is also investigated in Subsection

6.5.3.
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For the first time, QS matrices were investigated in [58]. In this work, we focus solely
on considering {1,1}-QS matrices, which is a special case of QS matrices. Let M be
in R™", If every submatrix of M completely contained in the strictly lower triangular
(resp., upper triangular) part is of rank at most 1 (resp., 1), and there is at least one
of these submatrices has rank equal to 1 (resp., 1), then M is called a {1,1}-QS matrix.

Equivalently, we can write:

maxrank(M(i+1:n,1:4)) =1 and maxrank(M(1:7,i4+1:n)) = 1.

3 (2

6.5.1. CNs Corresponding to QS Representation

In [58], the notion of QS representation was proposed for {1,1}-QS matrices. In this
subsection, we first recall this representation and then discuss the structured MCN and
CCN.

Definition 6.5.1. A matriz M € R™*" is classified to be a {1,1}-QS matriz if it can be

parameterized by the following set of Tn — 8 real parameters,

T
\IIQS - [{ai}?:% {ei}?;;v {bi}?;117 {di}?:lﬂ {fi}?;117 {gi ?;217 {hi}zﬂ:2 S R7n_87 (651)

as follows,

[ d; fiho figohs o figo - gno1hy |

asb; ds fohs - fogs---gn_1h,

v agesby azbo ds < f3g4---gno1hy
B ajeszezb asesbo asbs o g5 gno1hy
lAn€n—1 - .- 82b1 an€n—1... e3b2 an€n—1... e4b3 ce dn i

The set of real parameters Wgg as in (6.5.1) is called QS representation of M. We use
the notation M (Uqs) to refer a {1,1}-QS matrix parameterized by the set Wgs. For the
rest part, we set M (Wqs) := Las +Das + Upy, where Ly, and Uy, denote the strictly lower
and upper triangular part of M (Wqs), respectively, and Dy, denotes the diagonal part of
M (Wgs).

In Lemma 6.5.1, we recall the derivative expressions of a {1,1}-QS matrix M (¥gs)
for the parameters in Wgg provided in Definition 6.5.1, which are useful to obtain the

desired upper bounds for CNs. These results are discussed in [56].

Lemma 6.5.1. Let M(¥gs) € R™™ be a {1,1}-QS matriz. Then M(Vqs) has entries
that are differentiable functions of Wqs defined as in (6.5.1), and
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1. OM (¥gs)

=e(eMT, fori=1:n.

ad,
2. ai% =elL(i,:), fori=2:n.
! o o
3. eiaMa(;Ij_QS) = =F;, fori=2:n—1.
' _M(\I/@S)(i+1:n,1:i—1) 0_
4. o2 — (i) (ep)T, fori=1:n -1,
[0 M(Wgs)(1:i—1,i+1:n)]
5-&'%: (Pae)( ) =G, fori=2:n—1.
8 -0 0 ]
6. fi% =elUn(i,:), fori=1:n—1.
7. hi%}iw = Un(i,:)(eM)T, fori=2:n.

Next, we use the derivative expressions given in Lemma 6.5.1 and Theorem 6.3.2 to

compute the bounds of the structured CNs for MT(¥qs).

Theorem 6.5.2. For M(Vgs) € R™™ with rank(M (Vqs)) = r, we have

| ¥l

= Xls
= 2% and EHM(V :H—
M. "¢ & M0 = 155

MT(M (V)

max

where
X o= | MY[Dag[MT| + MM D |[Bag] + [Fagl Do [ M1 M|+ [ MLy M|
+ | MM LT B + [FarL MY MY + | MLy || MY + | MM LT By
 [Fa LT MM 4+ | MU M + MU [Er | + [FarUL || M M

MU || MY + | MM UL | + [Fag|[UL M M
n—1

+ (\MTEMT\ + MM F By + \FMETMTTM”)
=2

n—1
+3 (|M*ngT| + MM GTE,y | + |FMngTTMT|),

=2

Fi, and G; defined as in Lemma 6.5.1.

Proof. The proof of the above assertions involves determining the contribution of each
subset of parameters to the expressions provided in Theorem 6.3.2. Using (1) of Lemma
6.5.1 for the parameters {d;}? ,, we have:
- OM (Wqs) T (OM(Vgs)\ "
Eai= > (1M + [t (S22 Ty
0= 3 (V=g A + | ) Eulldd

OM (Wgs)

5 )TMTTM*IIdZ-I)

T ]FM(
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=3~ (1Mt M| + (M e () Bl ] + [Fagel (e) M M ).
=1

(6.5.2)
Using (6.3.5) in (6.5.2), we deduce

n

Ea = (IMIG DIl MG, )]+ |MTMY G D]l [Bag (i,2)] + [Fas e, )il M1 M1, )))

i=1

T T
= | MDDyl [ M|+ |MTM T || Dyl [Ear| + [Far|[Dagl[ M7 7).

Similarly, for {a;}?_, and using (2) of Lemma 6.5.1, we get:
= OM (W) 7 OM(Ugs)\T
.: 12223 708 At a, tptt (221 T0S) .
Ea ;OM M| 010 ( oo ) Eulla
8M(\I/ S) T T
+Bar (=50 ) M M e

T T
= | ML M| + [MIMT L [[Eag] + [Fag Ly |[MT M.

For the parameters {b;}!"";' and using (4) of Lemma 6.5.1, we deduce:
= OM (V) 7 OM(Wgs)\T

- f Qs) st tast ( 0s ) .

&i= (M oMb+ [ (S ) B b

=2
OM (U T
+|FM(M> MTTMT||bZ»|>
ob;
T T
= | MLy | |MT| + |MTMT |LT Epf| + [Fog||JLE, M M.

For the parameters {e;}!'~", using (3) of Lemma 6.5.1, we have:

n—1

OM (Ugs) T OM(Wgs)\T
. 1 Qs lla. Tast Q .
£ = ;OM o M led| + 311 ( 5o, )EMHel]
OM (Wgs)

- ) Mt b ey

+|F<

n—1
<|MTEMH MM FTE | + ]FM]-“Z-TMTTMT\).

i=2
In a similar approach, for the parameters {f;}!~', {g;}7=) and {h;}!'"}', we get:
n—1
GM(\IJQS) T OM(\I’@S) T
& =y (IM S Mg + M (S0 ) By i
e 3 (1 T D) e
OM (¥gs)
of;
= [MY|Up MY + | MM UL [Bag] + [Far US| M M.

T
+ P ) Mg
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& 6M(\I/ ) 7 (OM(Wgs)\T
.f§ : VAl Qs M MM T Q .

5M(‘I’@S)
Oh;

T T
= |MU || M|+ [M|| MY UL Ey| + [Far|[UR M M.

ro.r
+[Fu ) M )

,_.

n—

OM (Wqs)

T (OM (¥ T
B (e e e
=2 i i
OM (¥ T .7
P () g

n—1

-y <|MTQZ~MT| MM GTE | + |FMngTTMT|).
=2
Now, it is straightforward from Theorem 6.3.2 that
Xls=Ea+ EatEb+Et &+ E + En,
and hence, the proof is completed. l

Remark 6.5.3. When M (Vqs) is a nxn nonsingular {1, 1}-QS matriz, we have Ey; = 0.
Then, using the expressions in Theorem 6.3.5, and an analogous way to Theorem 6.5.2,

exact formulae of the structured CNs can be deduced for the inversion of M (Vqs).

For any {1, 1}-QS matrix M (Wqs), it is worth noting that there exist infinitely many
QS representations, as indicated by Dopico and Pomés [57]. The next result demonstrates

that .2 (M (Vgs)) and @((\DQS)) are independent of the QS representation used.

Proposition 6.5.4. For any two representations Vgs and Vg of a {1,1}-QS matriz
M € R™" we get

MM (Vgs)) = MT(M(Vyg))  and ET(M(Ugs)) = €T (M (Wig)).

Proof. Observe that the formulae given by the Theorem 6.5.2 only depend on the entries
of M, M', Ey; and F,;, but not on the specific selection of the parameter set; hence, the
proof follows. W

We provide upper bounds on the structured CNs of the MNLS solution of the LS
problem (6.3.13) corresponding to {1, 1}-QS matrices in the next theorem.
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Theorem 6.5.5. Let M (Uqgs) € R™™ be such that rank(M (¥gs)) = r and b € R". Set
r:=b— M(Vgs)x. Then
—F XG5l ~
%T(M(\I/@S), b) =——— and CKT(M(\I/QS), b) =

2] oo

!
Xos
T

(e}

where

s T T
Xl = |MY[b] + [MT||Dag] || + |MTM D[] + [For|[Dag| | M1 2| + [ M| Ly
+ [ MEMTLT o]+ By L | MY @) + | MLy |[a] + | MM LT x|
o UL M |+ | MU pg| + MM UL || + [F o UL | M

T T
+ MUy ||| + | MTMT UL x| + |Fo| UL, M 2|

n—1
+ 37 (M F] + M E x| Ry F M )
1=2

n—1
+y (|Mnga:| + MM G | + |FngTMTTa;|).
=2
Proof. The statement can be easily verified using a similar justification to that of the

proof of the Theorem 6.5.2 and using the Theorem 6.3.7. Hence, we omit the proof. B

Remark 6.5.6. By considering M (Vgs) nonsingular, for the linear system M(Vgs)x = b,
using the expression in Theorem 6.3.8 and r = 0, we can obtain following expression for
the structured MCN of x :

.'. 1
M (M(\IJ@S),b) =

-zl

134721161 + 171Dyl @] 4+ (M7 [ Lag] + M~ L |

n—1 n—1
+ M Ung] + (M Uylfa] + 3 M Fal + 3 1M Gal|
i=2 j=2

This result is the same as obtained by Dopico and Pomés [57].

6.5.2. CNs Corresponding to GV Representation

The GV representation, proposed initially in [130], is another essential representation
for {1,1}-QS matrices. This representation is used to enhance the stability of fast algo-
rithms. In this subsection, we first review the GV representation together with its minor

variant called GV representation through tangent.
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Definition 6.5.2. [130] Any M € R"™ " is classified to be a {1,1}-QS matriz if it can be

represented by the parameter set

0% = [ 0 Q! Ay i (s € B0, (653)

satisfying the following properties,

1. {pi, qi} is a cosine-sine pair with p? + q¢¢ = 1, for every i € {2 :n — 1},
2. {u 3=t {d},, and {v;}'=! are independent parameters,

3. {ri,s;} is a cosine-sine pair with r? + s? = 1, for everyi € {2 :n — 1},

as follows:
d1 V1T2 V18273 e U18S2...8p,—92Tn—1 VU182...8p—-1
Ppauy d2 VaT3 c.o. V283...8p-92Tp—-1 V2S83...8pn—1
P3Gy D32 ds c.. U3S4...8p-2Tn_1 U3S4...Sp_1
M =
Pn—-14n—-2..-92U1 Ppn—-14n-2.--43U2 Ppn—14n-—2.-.-44U3z - dn—l Un—1
L Gn—1---Qu1 Qn—1---q3U2 Qn—1---qaus Up—1 d, A

Note that the \IfgS is a special case of \IJQg by con81der1ng {az,ez}l » = i, @}y,
(b} = {whio!, {didy = {di}iny, {615 = {ohin), {gu b} = {sini}i5, and
a, = h,, = 1 with additional conditions on the parameters. Since the parameters p; and
q; are dependent, arbitrary perturbation to \P(%g will destroy the cosine-sine pairs and the
same is true for r; and s;. Thus, it will be more sensible to restrict the perturbation that
preserves the cosine-sine pair. Consequently, Dopico and Pomés [57] introduced a new

representation called GV representation through tangent using their tangents.

Definition 6.5.3. For the GV representation \I/(%g as in (6.5.3), the GV representation
through tangent is defined as

\I}gv - [{t 1= 2 ) {uz}z 1> {d }z 1 {Uz}z 1> {w, ] R5n 6 (654>

1 t;

where p; = e q = T and r; = \/ﬁ’ \/1+_2’ for

We employ the notation M (Wgy) to refer a {1,1}-QS matrix parameterized by the

1=2:n—1.

set Wgy. The derivative expressions corresponding to the parameters in the representation

Wgy, are revisited in the next lemma:

Lemma 6.5.7. [50] Let M(Vgy) € R™™"™ having rank(M (Vgy)) = r. Then each entry of
M (Vgy) is differentiable functions of the elements in Wgy, and
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0 0
142 — @M (W) (i, 1:i—1) 0| ==Ky, fori=2:n—1.
p?M(Ugy)(i+1:n,1:i—1) 0
o gy _ [0 —SEM(Ta)(1:i - 10) EM(Ye)(1ii-Litlin)]
4 811}1' 0 0 O (2
fori=2:n—1.

Note: Partial derivative expressions corresponding to the parameters {u; }7=!, {d;}7_,

and {v;}!'"]' are same as the expression for the parameters {b;}"~', {d;}1~, and {f;}7=],
respectively, given in the Lemma 6.5.1.
In Theorem 6.5.8, we discuss computationally feasible upper bounds for the structured

CNs introduced in Definition 6.3.1 corresponding to the representation Wgy.

Theorem 6.5.8. Let M (Vgy) € R™™ with rank(M (Wgy)) =1, then

. ”XgTvaax ot

MM (Vo) = TRfT and T (M(Wgy)) = | 52

max

Xh, o= M| Dug | M|+ | MM [Dag [[Er| + [Foar][Dag| | M1 M| 4+ [ MLy || M)

T T T
+ |MIMY LY Ear| + [Fag| L M M|+ MUy M|+ [ MM U |[Ey|
n—1

+ [E0 UL M M+ 3 (|MTIC,-MT| MM KTE| + |FMK?MTTMT1)
1=2

[y

n—

+ 3 (1ML M 4+ (MM LT By By £ M),

<.
[|
I\

IC; and L; are defined as in Lemma 6.5.7.

The bounds of the structured CNs for & with respect to the representation Wg) are

given in the next theorem.

Theorem 6.5.9. Let M(Vgy) € R™™ with rank(M (Vgy)) = r. Set r :== b — M(¥Ygy)x,
then

1AMl >

o Xls
M (M(Tgy),b) = o] and € (M(TUgy),b) = || =&

xr

[e.o]
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where
s T T
Xgy o = IMT||Dysl|z| + [M MY |[Dyy|r| + [Fos||Dag| M7 @] + [ MLy |||

+ MM L] 4 [Fag| (L5 M 2| + | M Upg| + [MTMTUT x|

+ [Fa UL 2| + Y (|M*/C,m| + MM K| + |FMICiTMTTa;|>
=2

+3 (wmm MM LT |FM£ZMTT:,;|) vl
i=2
IC; and L; are defined as in Lemma 6.5.7.

The proof of Theorems 6.5.8 and 6.5.9 follows by using the similar proof technique of
Theorem 6.5.2.

6.5.3. Comparisons Between Different CNs for {1,1}-QS Matrices

We compare structured and unstructured CNs for the M-P inverse in Proposition
6.5.10 and the MNLS solution in Proposition 6.5.11 for {1, 1}-QS matrix. For unstructured
CNs, we use the expressions given in Corollary 6.3.1 and Corollary 6.3.2. The next result
describes that structured CNs for the parameter set Wgg are smaller than unstructured

ones for the M-P inverse up to an order of n.

Proposition 6.5.10. Let M (Vgs) € R™™ be such that rank(M (Vgs)) = r, then we get

the following relations

M (M(Vgs)) < n AT(M) and €T (M (Vgs)) < n €1 (M).
Proof. Using the properties of absolute values and Theorem 6.5.2, we have:
X < [M||Dag|[ M|+ | MM |[Dog|[Bar| + [Fag|[Dagl| M M|
+ 2| MY [Lg || M|+ 2] MM LT [Bag] + 2[F | [T [ M 0|

T T
+ 2\MY[Upg| | MT] + 2| MM | UR | [Bag |+ 2[F | [U [ M7 M

n—1
T T
+ 7 (IMIFNM |+ MM B + (Bl |FT 0 0
=2
n—1

T T
+ 7 (IMGANMT| + |G B + Bl G712 1)),
=2

Using |F;| < |Ly| and |Gi| < [Un|, we get

Xl < n (1M1 + | M [Ba| + Bl [ M7 27701
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Therefore, the desired relations are obtained from Theorem 6.5.2 and Corollary 6.3.1. B
A similar type of result also holds for the LS problem, which is given next. We remove

the proof since it is analogous to Proposition 6.5.10.

Proposition 6.5.11. Let M (Vgs) € R™™ be as in Proposition 6.5.10 and b € R™. Then,

we get the following relations
MM (o), b) <n AT(Mb) and €T(M(gs),b) < n €N(M,b).

Next result discuss about the relationship between the .2 (M (Vqs)) with il (M(Wgy))
and €T (M (Ugs)) with €T (M (¥gy)).

Proposition 6.5.12. For the representations Yos and Wgy of a {1,1}-QS matriz M €
R™™ with rank(M) = r, following holds:

~

MM (Ugy)) < AT (M(Vgs))  and €1 (M (Ugy)) < CT(M(Ugs)).

Proof. The proof will be followed by observing that

0 0
Ki=| —@M@i,1:i—1) 0
pPM(Gi+1:n,1:i—1) 0

0 0 0 0
=—q |Ms(i,1:i—1) 0| +p; 0 0
0 0 MG@+1:n,1:i—1) 0

= —q; e"Ly(i,:) + p} Fi.

Now, using the properties |p;|*> < 1 and |¢|* < 1, and (6.3.5), we obtain

—

n—

(1M KM+ MM KT By |+ [FagkT MM ) < (M Lag MY+ [ MPMTL B

=2
n—1
+E L MM+ S (|MTEMT| 4 MM FI R, + |FMETMTTMT|).
=2
Similarly, we can write £; = —s? Up(:,4)(e?)? + r2 G;. Therefore, using |s;|*> < 1 and
7] <1, and (6.3.5), we get
n—1

3 <|MT£Z~MT| MM LTy + |FM£ZMTTMT|) < MU |IME + MMt |[UT B
1=2
T n—1 - .
+ |Fu|| U3, M M*|+Z(|M*@-M*l+|MWT GTEy| + [FaGF M MT|).
=2
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Hence, we get the desired relations from the above two inequalities, expressions from the
Theorems 6.5.2 and 6.5.8. B

Proposition 6.5.13 provides the relationship between CNs for LS problem (6.3.13) for
any {1,1}-QS matrix corresponding to the parameter sets Wgs and Wgy.

Proposition 6.5.13. For the representations Vos and Vgy of a {1,1}-QS matriz M €
R™ ™ having rank r and b € R"™, following holds:

MM (Vgy),b) < AT (M(Ugs),b) and €T (M(Vgy),b) < €T(M(Tgs),b).
6.5.4. The Structured Effective CNs

The expressions in Theorems 6.5.2 and 6.5.5 can be computationally very expensive
for large matrices due to the involvement of two sums. The effective CN for {1,1}-QS
matrices was initially considered in [56, 57] for eigenvalue problem and linear system
to reduce the computation complexity. In a similar fashion to avoid such problems,
we propose in Definition 6.5.4, structured effective CNs /Z/\JT(M(\D@S)) and @(M(\If@g)),
which have similar contribution as . (M (Vgs)) and CgT(M (Wgs)), respectively.

Definition 6.5.4. Let M(¥qgs) € R™" having rank(M (¥qgs)) = r. Then for MT(¥qs),
we define structured effective MCN and CCN as

1 T
—F L ”Xf,QSHmax i o Xf,@S
%f<M(\PQS)> = —HMTHmaX and cgf (M(\I/Qg)) = M s

where
X} gs o = | MY[Dag M| + (MM |[Dag| By + B |[[Dag [ M M|+ [MF|| Ly M|
+ | MM LT B + [FarL5 | MY M + MLy || MY + | MM LT By
+ [Fag| LT M M| 4+ | MU M| + (MM UL By + |Fa UL [ M1 M
+ (MU || M| + | MM UL Ey| + [Fag|[UL M D).

The following theorem demonstrates that the contribution of the sum terms in the
expression of T (M (Vgs)) and ‘gT(M (Wgs)) are negligible and reliably estimated up to

a multiple n.

Theorem 6.5.14. Under the same hypothesis as in Definition 6.5.4, following relations
holds

MF(M(Wgs)) < AN (M(Vgs)) < (n = 1) A(M(Vgg)),
CH(M(Vgs)) < 6T (M(Tgs)) < (n— 1) 6] (M(Wgs)).
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Proof. The inequalities on the left side are trivial. For inequalities on the right side, we

set

0 0
0 —Ly(i+1:n,i:n)

0 0] 0
M(Wos)(i+1:n,1:i—1) O Ly(i+1:n,:)
By using the above, we get
(1M Fdd |+ |0 MY FT By |+ [P FEM M) < (M Lo M|+ | MM LY B

 [Fa LMY MY 4 [ MLy || M|+ MM L Ey | + [Fagl L M M.
Again,

0 0

—Up(i:n,i+1:n)

0 M(Wgs)(l:i—1,i+1:n)
0 0

] =10 Uy(,it1:n)]+
By using the above, we get

(IM1G M|+ M M GT By | + B G M M) < [M[Up M|+ MM U, B
T T T
+ [Far UMY MY+ (MU M|+ MM UL E] + [For|[UR, M5 M.
Hence, the desired result is straightforward from Definition 6.5.4. B

Next, similarly to the Definition 6.5.4, we define structured effective CNs for the
MNLS solution.

Definition 6.5.5. Let M (V¥gs) € R™™ having rank(M (Vqs)) = r and b € R™. Then, for
the MNLS solution x, we define structured effective MCN and C'CN as follows:

l
Xfos

xr

Xls - N
T (M(Wee).b) = % T (Vo). b) 1= ‘

o0

where

Xlos - = |MT|[Daglla] + [MTMT||Das|e] + [Fag|[Darl[ M1 2| + [MT]|Lyz|
+ [MIMTLT o] + [FaLL | M 2| + [MTLyg||| + [MTMT LY x|
+ [Fu LY M 2| + M [Uyz| + [MIMTUL o] + [F UL | M 2|
+ MUy || + [ MM UL x| + [Fag|[UL M 2| + | M7|[B).

Similar results also hold for the MNLS solution as discussed in Theorem 6.5.14.
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6.6. Numerical Experiments

We reported a few numerical experiments in this section to illustrate the theoretical
findings covered in Sections 6.4 and 6.5, respectively. For all numerical computations, we
have used MATLAB R2022b.

Example 6.6.1. [155] Let M € R'?*% be a CV matrix as in Definition 6.5.1 with the

parameter set Wey = [{c;}12,, {d;}3_,]7 € R?°, where

fomm e 0o
i ==, J=1:8.
For the MNLS solution, we generate a random vector b € R'? in MATLAB by the com-
mand randn. The computed results for the bounds of structured and unstructured CNs
are listed in Table 6.6.1. We observed that the bounds for the structured CNs are less

than the order of 3 or 4 compared to the unstructured case.

Table 6.6.1: Comparison between upper bounds of structured and unstruc-
tured CNs for MT(¥cy) and MT(Uey, b) for Example 6.6.1.

MM M(MTey)) M) C(M(Tey) A(MbY) A(M(Tey),b)  GHMb) (M (Tey),b)

1.1568e + 05 8.5419e¢ + 01  5.3826e +- 07 3.3542¢ +04 1.8008e +05  8.938%¢ +01  3.6180e +05 1.7959¢ + 02

Example 6.6.2. We consider several {1,1}-QS matrices of different orders. In fact, we
choose n =5, n =7 and n = 10. We generate the random vectors a,b,e,d,f, g, and h
by the command randn in MATLAB. After generating these vectors, we take following
scaling
a=ax10f, e=ex 10", h=h=« 10",

where k € {—1,—-2,0,1,2,3} to get unbalanced lower and upper right corner.

In Table 6.6.2, we compare //AZJT(M(\I/QS)) and ?;’?(M(\I/QS)) with /A/T(M) and @(M),
respectively, for the M-P inverse with different values of n. For the MNLS solution, we
generate a random vector b € R™ for each choice of n. The computed bounds for the CNs

are listed in Table 6.6.2. These results demonstrate the reliability of proposed CNs.

Example 6.6.3. In this example, we compare structured MCN and CCN with respect to
QS representation and GV representation through tangent, structured effective CNs with
their unstructured ones for M-P inverse and MNLS solution. On account of these, we

generate the random vectors t € R" 2 4 € R" !, v € R" !, w € R* ! in MATLAB by the
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Table 6.6.2: Comparison between the upper bounds of unstructured, struc-
tured CNs and structured effective CNs for the M-P inverse and the MNLS
solution of {1, 1}-QS matrices for Example 6.6.2.

no M(M)  M(MVg))  CM)  CH(M(Vgs) AT(Mb) MM (Us),b)  CHM,b)  CFH(M(Vgs),b)

5 1.4330e+04 2 2.1690e+12 910 9.333e+04 3.0030 1.1910e+05 4.5451
7 5.9139e+03 3.0246 9.2340e+-08 74.2974 6.5311e+04 4.6655 2.0255e+ 04 6.7386
10 7.3293e+04 2.0101 1.5858e+10 94.0499 6.3988e+04 1.0127 2.5381e+05 11.1271

comand randn for the parameter set Wgy,. We set d = 0 € R" and rescale the vector v as
v(1) = 0 and v(n — 1) = 10%. Then, we compute the {1,1}-QS matrix M as in Definition
6.5.2. For different values of n, we generate 100 rank deficient {1, 1}-QS matrices. We use
the formulae provided in Theorem 6.5.8 to compute the upper bounds Vil (M(¥gy)) and
@(M(\Ifgy)) Again, we use the formulae for /ZZ?(M(\IJQS)) and %Z;(M(\IIQS)) presented as
in Definition 6.5.4, and for ﬁ(M(@@S)) and %(M(‘I/Qg)) presented as in Theorem 6.5.2.
For the upper bounds of unstructured CNs, we consider the formulae given in Corollary
6.3.1. We computed the above values for 100 randomly generated {1, 1}-QS matrices for
n = 30,40, 50 and 60. In Table 6.6.3, average values of each upper bound of the CNs for
the M-P inverse of these {1, 1}-QS matrices are listed.

Table 6.6.3: Comparison between upper bounds of unstructured, structured
CNs and structured effective CNs for the M-P inverse of {1, 1}-QS matrices
for Example 6.6.3.

mean n AN(M) M M(Vgy) A(M(Vgs)) M[(M(Ugs)) €M) GT(M(Ugy)) €H(M(Vgs)) €] (M(¥gs))

30 1.0667¢+02 7.4873e+01 1.2388¢+02 8.9215e¢ + 01 2.3780e¢ 4+ 05 1.2730e + 04 2.2102¢ + 04 1.5815¢ + 04

40 1.1429e+ 02 7.4757e +01  1.2356e +02 8.9427e+ 01 6.1267e + 08 1.4452¢ +05 2.3753e +05 1.7285¢ + 05

50 1.6711e +02 1.0323e+02 1.7182e+ 02 1.2296e 402 6.9215¢ 4 06 1.6133e +05 3.2430e + 05 2.1980e + 05

60 3.2135¢ +02 1.8140e+ 02  2.9452e+ 02  2.1359¢ + 02 2.7856e + 07 3.0500e + 05 5.2242¢ + 05 3.9791e + 05

Next, we generate a random vector b € R”, for each value of n, and upper bounds
for the structured CNs with respect to QS representation and GV representation through
tangent, structured effective CNs and unstructured CNs for the MNLS solution are listed
in Table 6.6.4.

The computed results in Tables 6.6.3 and 6.6.4 show the consistency of Propositions
6.5.10-6.5.13 and Theorem 6.5.14. We can observe that the upper bounds of CNs for GV

representation through tangent give more reliable bounds compared to the other CNs.
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Table 6.6.4: Comparison between upper bounds of unstructured, structured
CNs and structured effective CNs for the MNLS solution for {1, 1}-QS ma-
trices for Example 6.6.3.

mean n AV(MY)  M(M(Ugy),b) MT(M(Vs),b) M} (M(Vgs),0)  CTME)  C(M(Tgy),b) CT(M(Vgs),b) CF(M(Tgs),b)
30 1.1278¢402  7.885le+01  2.6113¢+02  9.4414e +01  4.6667c+03 1.7445¢ +03  2.2102¢+ 04  2.1646¢ + 03
40 1.1990e 402  7.7823¢+01  24226c+02  9.3005¢ + 01  7.384le+03 4.1774e+03  2.3753¢+05  5.2069¢ + 03
50 1.6512¢402 1.0080c+02  3.2184c+02  1.2072¢+02 92143 +03 4.235le+03  3.2430e+05  5.3584e + 03

60

3.3149¢ + 02

1.8715¢ + 02

7.6179e + 02

2.2120e + 02

7.0839¢ + 04

5.9482¢ + 04

5.2242e + 05

7.2054e + 04

Table 6.6.5: Comparison between upper bounds of unstructured, structured
CNs and structured effective CNs for the M-P inverse of {1, 1}-QS matrices
for Example 6.6.4.

mean n  A(M)  AN(M(Vgy) MT(M(Vg)) A(M(Vgs))  CH(M)  CHM(Tgy)) CH(M(Vgs)) (M (Vgs))
100 4.3964e + 02 3.6260e + 02  5.3677e¢ + 02  3.986le + 02 4.5243e¢ + 07 2.4837e + 04 3.6640e + 04 2.7217e + 04
150 4.1692e + 01 3.6846e + 01  5.2059¢ + 01  4.3613e + 01 1.0494e + 09 7.5769¢ + 06 1.1606e + 07 9.2937e + 06
200 3.346le +02 1.9504e+02  2.9550e + 02 2.4237e+02 1.5109e + 07 1.0192e+ 05 1.9086e + 06 1.4250e + 05
250 2.1300e +02 1.3904e+ 02  2.1856e + 02 1.5019e + 02 4.8391e + 08 2.4495e+ 06 4.1373e+ 06 3.1253e 4 06
300 2.0939¢ + 02 9.8454e + 01  1.687le+ 02 1.1458¢ + 02 1.1827e¢+ 09 1.6759¢ + 06 1.7875¢ + 07 1.7776¢ + 06

Table 6.6.6: Comparison between upper bounds of unstructured, structured
CNs and structured effective CNs for the MNLS solution for {1, 1}-QS ma-
trices for Example 6.6.4.

mean n  MT(MY) M (M(Vgy),b) AT(M(Vgs),b) AF(M(Vgs),b) (M) CHM(Wgy),0) CH(M(Vgs),b) G (M(Vgs),b)
100 4.3739¢+02  3.6376e+02  2.0884e+02  4.006le+02 6.1525¢+03 4.8648¢+02  2.5191e+03  5.435de + 03
150 4.7556 + 01 4.3981e+01  7.0553¢+01  5.164le+01 53904c+03 3.3664c+02  1.2082¢+03  3.883le + 02
200 3.4402¢+02  2.0275¢ +02  1.0998e+02 25110 +02  1.4342¢+04 53603 +03  1.1052¢+04  6.5164e + 03
250 1.0986e+02 1.0489c+02  1.8630c+02  1.1328¢+02 84676c+04 5.1797¢+03  1.0935¢+04  6.0154c 4 03
300 2.183%+02  1.0345¢+02  2.6652¢+02  1.2097+02  3.4116e+03 14340 +03  6.5971e+03  1.7712¢ +03

Example 6.6.4. In this example, we consider {1, 1}-QS matrices of different orders. To
construct the {1,1}-QS matrices using the formula given in Definition 6.5.2, we gener-
ate the random vectors ¢t € R* 2 u € R" !, v € R*! w € R*! as in Example 6.6.3.
Moreover, we generate d = randn(n) € R™ and set d(1) = 0. Further, we rescale v by
setting v(1) = 0 and v(n — 1) = 1. For MNLS solution, we choose b = randn(n) € R".

For different values of n, the computed upper bounds structured CNs with respect to
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QS representation and GV representation through tangent, structured effective CNs, and
unstructured CNs are reported in Tables 6.6.5 and 6.6.6. These results confirm that our
proposed bounds are reliable for large matrices, and structured ones are much sharper

and smaller than unstructured ones.

6.7. Summary

For the M-P inverse and the MNLS solution, we investigated structured MCN and
CCN corresponding to a class of parameterized matrices, with each entry as a differentiable
function of some real parameters. This framework has been used to derive the upper
bounds of structured CNs for CV and {1,1}-QS matrices. QS representation and the
GV representation through tangent are considered for {1,1}-QS matrices to investigate
their structured CNs. It is proved that upper bounds for the structured CNs for GV
representation through tangent are always smaller than the QS representation. Numerical
examples demonstrate that the proposed structured effective CNs are significantly smaller

in most cases.
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CHAPTER 7

Conclusions and Scope for Future Work

Conclusion

This thesis focuses on developing efficient iterative methods, preconditioners, struc-
tured BEs, and structured CNs for GSPP, DSPP, and LS problems. It addresses key
challenges such as slow convergence, scalability, and robustness while incorporating spar-
sity and structure-preserving perturbations. The following provides an overview of the
major contributions discussed in each chapter:

Chapter 1 highlighted key applications of SPPs and provided a review of iterative
methods, including Krylov subspace methods, GMRES, and preconditioners. It also
presents essential preliminary results to support the subsequent chapters.

In Chapter 2, we proposed the PESS iterative method, corresponding PESS precon-
ditioner, and its relaxed variant LPESS preconditioner to solve the DSPP (2.1.1). For the
convergence of the proposed PESS iterative method, necessary and sufficient criteria are
derived. Moreover, we estimated the spectral bounds of the proposed PESS and LPESS
preconditioned matrices. This empowers us to derive spectral bounds for existing SS and
EGSS preconditioned matrices. Extensive experiments validate the effectiveness of the
proposed PESS and LPESS preconditioners. Key findings include superior performance
over existing preconditioners in terms of I'T and CPU time, a significant reduction in the
CN of A, and improved spectral clustering compared to baseline preconditioners.

In Chapter 3, we developed the GSS preconditioner and its relaxed variants for solving
the DSPP (1.0.6), addressing cases where the diagonal block matrices are both symmetric
and nonsymmetric. We analyzed the spectral properties of each preconditioned matrix and
demonstrated empirically that our proposed preconditioner outperforms existing state-of-
the-art preconditioners, resulting in a well-conditioned system for computing the robust
solution of the DSPP.

In Chapter 4, we investigated the structured BEs for circulant, Toeplitz, symmetric-
Toeplitz, and Hermitian structured GSPPs with and without preserving the sparsity pat-
tern of block matrices. Moreover, we studied structured BEs for DSPP in three cases

when the diagonal block matrices preserve symmetric structure. Additionally, we derived



minimal perturbation matrices for which an approximate solution becomes the exact solu-
tion of a nearly perturbed GSPP or DSPP, which preserves their inherent block structure
and sparsity pattern. Our obtained results are used to derive structured BE for WRLS
problems with Toeplitz or symmetric-Toeplitz coefficient matrices. We have used the ob-
tained structured BEs formulae to show that a backward stable algorithm may not always
exhibit strong backward stability for solving the SPPs.

Chapter 5 investigated both unstructured and structured partial NCN, MCN, and
CCN for the solution of GSPPs and DSPPs by analyzing structure-preserving perturba-
tions on block matrices. Furthermore, we introduced the concept of partial unified CN
for DSPPs, providing a general framework that encompasses traditional NCN, MCN, and
CCN. Additionally, we derived compact formulas and specific upper bounds free of Kro-
necker products. Finally, leveraging our theoretical findings and the connections between
the WRLS problem and GSPP, as well as the EILS problem and DSPP, we established
their corresponding CNs.

In Chapter 6, we explore structured MCN and CCN for the M-P inverse and MNLS
solution of LS problems involving rank-structured matrices, including CV and {1,1}-
QS matrices. A comprehensive framework is developed to establish the upper bounds
for the structured CNs of CV and {1,1}-QS matrices. We consider both QS and GV
representations through tangent for {1, 1}-QS matrices to examine their structured CNs.
Both the theoretical and numerical results show that the upper bounds for structured

CNs in the GV representation are smaller than those in the QS representation.
Future Scope

Building on the findings of this thesis, several promising research directions emerge,
raising important questions for further exploration. For instance, can we develop a
strongly backward stable algorithm for solving SPP, i.e., the computed solution satisfies
a slightly perturbed SPP? Can SS-type preconditioners improve the efficiency of solv-
ing DSPPs arising from liquid crystal director modeling? Additionally, how can effective
preconditioners for GSPPs with Toeplitz structures enhance numerical performance? An-
other key area of study involves developing iterative methods and preconditioners for SPPs
with multiple right-hand sides, prompting the question: what are the structured BEs and
CNs for such problems? Addressing these questions will deepen our understanding and

advance computational techniques in this field.
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