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Abstract

This thesis presents a detailed investigation into the covering number o(G) of
finite groups. A covering of a group G is defined as a collection of proper sub-
groups whose union equals (¢, and the minimal such number is called the covering
number. We begin by discussing foundational results, such as the non-existence
of a covering for cyclic groups and the impossibility of a covering number of two
for any group.

Special focus is given to the characterization of groups with covering number
three, including a detailed structural proof that such groups G satisty G/K =
Cy x Cy for some normal subgroup K [4]. Furthermore, we discuss computation
of exact covering numbers for symmetric groups .S,, with odd n > 1, we discuss

the proof of the result o(S,) = 2”71, except for the case n =9 as in [3].
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CHAPTER 1

Introduction

The concept of a covering number arises from the study of how a finite group
can be expressed as a union of its proper subgroups. A covering of a group
G is defined as a collection of proper subgroups whose union equals the entire
group, ie., G = |J;_, H; where each H; is a proper subgroup of G. A group
that can be covered in this way is said to be coverable. The smallest number of
proper subgroups required to cover a group G is known as its covering number,
denoted by o(G).

It is a well-established result that a group can be covered by proper sub-
groups if and only if it is not cyclic [4]. Moreover, no group can be covered by
just two proper subgroups, implying that the minimum possible covering num-
ber for any group is at least three [4]. These foundational results highlight how
the algebraic structure of a group influences the behavior and complexity of its
subgroup coverings.

The study of covering numbers not only provides insight into the subgroup



structure of finite groups but also connects with broader themes in group theory
such as normality, simplicity, and transitivity. In this thesis, we aim to study the
groups with covering number three and study the covering numbers for symmetric
and alternating groups.” Throughout this thesis, all our groups are assumed to be

finite.” The readers can refer to [4] for more detailed introduction.



CHAPTER 2

Preliminaries

In this section, we recall some fundamental definitions from group theory that

are essential for our study.

Definition 2.1. A group covering is a set of proper subgroups of a given group

whose union is the whole group. The group is said to be covered by these subgroups.

Theorem 2.1. [4, Theorem 1.3] A group has a covering if and only if it is not

cyclic.

Proof. : Assume to the contrary that there is a covering for some cyclic group,
then one of these subgroups must contain a generating element. Therefore, that
subgroup is the group itself and thus not a proper subgroup. This contradicts
our definition of covering.

Suppose G is a non-cyclic group. Therefore, no single element generates it. collect
the subgroups generated by each element.Thus we have created a set of proper
subgroups such that every element of GG is contained in at least one of them, hence

getting a covering for G.



O

Definition 2.2. The covering number of a group, denoted o(G), is the minimal
number of proper subgroups required to cover the group. If a group cannot be

covered, then o(G) = oo.

Theorem 2.2. [, Theorem 1.5] No group has a covering number of two.

Proof. Let G be any group such that its covering number is two. Therefore, there
are two proper subgroups, which we will call H; and H, such that G = H, U Hs.
Pick an elements hy € Hy such that hy ¢ H, and likewise hy € Hy such that hy ¢
H;. If this cannot be done then either all elements of H; are contained in Hs or
vice versa. This means that one of the groups is not necessary for the covering,
contradicting that two subgroups are needed. If hihy € H; , then since h;'€ Hj,
we have hy € H;. This is a contradiction. Similarly, hihy ¢ Hs. Therefore, G

cannot be covered by only two proper subgroups.

Lemma 2.3. [J, Lemma 2.1] If N < G, then o(G) < o(G/N) .

Proof. Let us consider a minimal covering of G/N, labeled {H,/N, Hy/N,...,

H, /N} for some n = o(G/N) where each H; is a subgroup of G containing N.

We have G/N = |J (H;/N) then G/N = (|J H;)/N and so G = |J H;. Hence
i=1 i=1 i=1

o(G) is at most n. O

Corollary 2.4. [4, Corollary 2.2] Given a surjective homomorphism ¢ : G —

H 6 o(G) <o(H).

Proof. By First isomorphism theorem. we have G/kergp = ¢(G) = H.
Now the result follow from Lemma 2.3, 0(G) < o(H). O

Corollary 2.5. [4, Corollary 2.3] o(H x K) < min(o(H), o(K)).

4



Proof. Consider a mapping ¢ : H x K — H, defined by ¢(h,k) = h. This
is a surjective homomorphism. So, o(H x K) < o(H). Similarly, considering
a subjective homomorphism ¢ : H x K — K, defined by ¥(h, k) = k, we get
o(H x K) < o(K). Hence, o(H x K) < min(o(H),o(K).

0]

Definition 2.3. A group G is called primitive if there exists no normal subgroup

N for which o(G) = o(G/N).

Lemma 2.6. [{, Lemma 2.5] A minimal covering for any given group G can

always be expressed as a union of mazximal subgroups.

Proof. Since we assume that G is finite, any proper subgroup is contained in
a maximal subgroup. Therefore, any non-maximal proper subgroup used in a
covering can be substituted with a maximal subgroup that contains it. The

number of subgroups has not increased, and so this is still a minimal covering. [

Let GG be a group acting on a set X

Definition 2.4. A permutation group G 1is called transitive group if its group
action 18 transitive.

Note that group action is transitive iff it has exactly one orbit.

Definition 2.5. An intransitive group G refers to a permutation group that does
not act transitively on a given set. We say that G acts intransitively on X if

there exist at least two distinct orbits under the action of G.

Example 2.1. Consider S5 = {e, (12),(13),(23), (123), (132)}.Consider the nat-
ural action of Ss on X ={1,2,3}.
((12)) = {e, (12)}, {(13)) = {e, (13)} , {(23)) = {e, (23)} ((123)) = {e, (123), (132)}

These are transitive subgroups of Ss.
For G acting on X, we define for g € G, gX = {g-z|zr € X ,g € G}.

5



Example 2.2. For g = (1,2) € S3 and X = {1,2,3},9X = X.
Let G be a group acting on X.

Definition 2.6. A non-empty subset A of X is said to be block, if Vg € G,
FEither gA = A or gAN A = ¢.

Definition 2.7. A group G is said to be primitive group if the only blocks are

singletons and full set.

Definition 2.8. Given two groups N and H, and a homomorphism ¢ : H —Aut(N),
the semudirect product of N and H with respect to ¢, denoted by N x H. The
group operation is defined as (ny, hy)(ne, ha) = (n1¢(h1)(na), hihe).

where ny,ng € N,and hy, hy € H, ¢(h1)(ns) = hanahy'. We have:-

1. N<4dG.
2. HNN =e.

Definition 2.9. Let A and B be two groups and let B act on a set Q). The wreath
product of A and B denoted by Al B is defined as the semidirect product. where,

1. A9 is the direct product of copies of A, one copy for each element of Q. A%
can be thought of as the set of all functions from Q) to A.

2. B acts on A% by permuting coordinates as follows:- For b € B. and For

f e A% define (b.f)(w) = f(b~ w).

3. The group operation in A B is (f1,b1)(f2,02) = (f1.(b1.f2),b1b2). If B acts

on itself by reqular permutation, we get the reqular wreath product.



CHAPTER 3

Covering Number Three

In this chapter, we focus on ginite groups whose covering number is exactly three.
That is, we investigate groups G for which o(G) = 3. This chapter is based on [4]
and we refer the reader to [4] for more detail.

We begin by considering simple examples and gradually build toward a
general characterization of such groups. In particular, we examine the quaternion
group Qs and use it as a motivating example to analyze the subgroup structure
involved in such coverings. This analysis leads us to a key structural theorem: a
group has covering number three if and only if it has a normal subgroup K such
that G/K = Cy x Cs.

Before we proceed to formal results, let us recall some basic observations
and notations that will be used throughout this chapter. We start with a group
G such that o(G) = 3. So, G = AUBUC, where A, B and C' are proper sub-
groups of G. Now we take an example Qg = {£1, +i,+j, +k}, H; = {1, +i},
Hy = {£1,4j}, H3 = {£1,+k}, where H, ,H, ,H; are proper subgroups of Qs.



Let K denote the intersection of the three proper subgroups. Being the intersec-
tion of groups, K is also a subgroup of G. As well, let H] = H; \ (Hs U Hj), H}
= Hy \ (HU H3) and H; = H3 \ (H, U Hy).

See Figure 1.

Hj

NN,

Figure 3.1: Venn diagram of covering groups Hy, H, and Hj3 with labeled regions

H

The sets H, Hj, H;, K are non-empty. We only need to observe that if one
of H! is empty, say H{, then G = Hy U Hj, which contradicts our assumption of
needing three. Therefore, Hi, Hj, and Hj are all non-empty. We have e € K,
so K is also non-empty. With those four regions labeled, we are left with only
three more: (Hy; N Hy) \ Hs,(Hy N H3) \ Hy, and (Hy N H3) \ Hy. These sets can

be thought of as elements belonging to exactly two of the subgroups.

Theorem 3.1. [, Theorem 3.1] The set (Hy N H3) \ Hy is empty.

Proof. Let X be the set (Hy N H3) \ Hy;. Assume that X is non empty and
let z € X. Then, pick an element h; from the set H;. We have hiz € G, and
so hix is contained in H,, Hy or Hs. If hix € Hy, then we know hl_l € Hq,

and so z = hflhlx € H,, a contradiction. If hjz € H,, then since 27! € B,

8



hi = hyaxx~' € Hy, but hy € Hy, once again a contradiction. Therefore, X is

empty. O]

Lemma 3.2. [4, Lemma 3.2] Let G = Hy U Hy U H3 be a finite group with
o(G) = 3, and define the sets:Hy = H\(HyUH3), Hj= Hy\(H UH3), Hi=
H; \ (Hy U Hy). Suppose hy € Hi, hl, € H), and hi € Hi. Then the following
hold:

hihy € Hy,  hyhy € Hy, hihy € H).

Proof. Let us see the proof of the first statement: hih} € Hi. The proofs for the
other two are similar. Since b} € H; and h}, € Hy, their product hih) € G. We
now examine which subgroup it could belong to.

Suppose h}hl, € H;. Then multiplying on the left by (h})~! € Hy, we get:hl, =
(hy)~Y(h\hY) € Hy, which contradicts hfy ¢ H, (since hl, € H}). So, hihly ¢ H,.
Similarly, if b} R, € H,, then multiplying on the right by (h})~' € Hs,, we would
get:h] = (Rihb)(hh)~' € Hy, which contradicts h) € H,. Hence, hjhl, ¢ Hy
either.

Therefore, the product h}h}, must lie in Hs, but not in Hy U Hy. So: hih}, €
Hs3 \ (Hy U Hy) = Hj. The same argument applies for the products hyh; € H;

and hih| € H), completing the proof. ]

Lemma 3.3. [f, Lemma 3.3] Each of the sets H{, H}, H} is closed under taking
wnverses. That is, if an element belongs to one of the unique parts of the subgroups,

then its inverse also belongs to that same part.

Proof. Let us see the proof for H]; the argument is exactly the same for Hj and
Hi.

Let h € Hj. Since h € Hy, and H; is a subgroup, the inverse h=! € H; as
well. We now need to check that h™! ¢ H, U Hj, because that would force h™! ¢
Hj. Suppose, for contradiction, that h~! € Hy. Then since h = (h™!)~! € Hy,



it would follow that h € Hy N Hs, contradicting the fact that h € Hj, which is
defined to exclude all elements from Hy and Hs. A similar contradiction arises if
we suppose h~! € Hs. Hence, h™! ¢ H,U Hj, which means h~! € Hj, as required.

Therefore, H] is closed under inverses, and similarly for H) and Hj. O

Lemma 3.4. [4, Lemma 3.4] An element belongs to one of the unique parts
Hi, H}, or Hj if and only if it can be written as the product of elements from the

other two.

Proof. We already know from Lemma [3.2] that if you take one element from each
of two different sets among Hi, H), Hj, their product lies in the third. This gives
us the “if” direction.

Now we discuss the “only if” direction: that is, every element in Hj can
be written as a product of one element from H) and one from Hj, and similarly
for the other two sets. Let hy € Hj. Pick any element hy € Hj. Since Hj
is closed under inverses (as shown in Lemma @, we know that hy' € Hj.
Now consider the product hihy'. This element lies in G, and more specifically:
hlhgl € H, - H3 C G. Let us determine where this product lies. Since h; € H;
and h;' € Hs, the product hy := hyh3' lies in some H;. But by the same kind
of reasoning used in Lemma it cannot lie in H; or Hj, because that would
contradict the uniqueness of hy and hg. Therefore, hy € H). Now solving for
hy, we get: hy = hy - hs, where hy € H) and hs € Hi. Thus, hy is a product of
elements from the other two sets. By symmetry, the same holds for any element
in Hj or H;. So every element in one of the H! sets is a product of elements from

the other two. This completes the proof. O

Lemma 3.5. [4, Lemma 3.5] If hy, hy € H|, then their product hihy € K, where
K == H1 n H2 N Hg.

Proof. Let hy, hy € H{, meaning both elements lie in Hy, but not in Hy U Hj.

Since H, is a subgroup, their product hihy € H;. We want to discuss that

10



hihs € Hy and hy1hy € Hs, which would imply that hihy € K, the intersection of
all three subgroups.

From Lemma [3.4] we know that any element of Hj can be written as a
product of elements from H) and Hj. So write: hy = ab, with a € H), b € Hj,.
Then: hihe = hjab. Group this as (hja)b. Since h; € H] and a € H), their
product hia € H} by Lemma . So now we have: hihy = (hia)b, where both
hia € H} and b € H}. Since H; C Hj and is closed under group operation (as
shown in Lemma , their product lies in Hz. So we now know that hijhy €
HyN Hy. A similar argument (e.g., writing hy = o't/ with o’ € H}, b’ € H) shows
that hihy € Hy as well.

Hence: hihy € Hy N Hy N H3 = K. This completes the proof. O

Lemma 3.6. [4, Lemma 3.6/ The subgroup K = Hy N Hy N Hj is a normal

subgroup of G.

Proof. To show that K is normal in G, we must prove that for every ¢ € G
and k € K, the conjugate gkg~! € K. Since G = H, U Hy U Hs, any element
g € G must belong to at least one of the subgroups H;, Hy, H3. We can see that
conjugation by elements from each of these subgroups preserves K; this will be
enough to conclude that K < G.

Let us first consider conjugation by an element h; € H,. Take any k € K.
Since H, is a subgroup, the product hlk‘hl_l € H,. Also, because k € K C H,
and H, is a subgroup, hikh;' € H, if and only if conjugation preserves subgroup
membership (which holds if Hj is normal, but we do not assume that). However,
we do know that if h; € K, then hikh;* € K, since K is a subgroup and hence
closed under conjugation by its own elements.

Now suppose h; € Hi, i.e., in Hy but not in Hy U Hs. Then hik € Hy, and
since k € K, we know hik ¢ Hy U Hj only if hy ¢ K, which is allowed.

We use the fact from Lemma that Hj is closed under inverses, so

hi' € Hj. Now the product hikh;* € H; (since subgroups are closed un-

11



der conjugation), and we also want to check if this lies in Hy and Hj. Since
k€ K C HyN Hs, and hy € Hy, we argue similarly that hlkhfl € H, and Hj.
Although we don’t assume normality of the H;, the intersection K is preserved
because h; € GG and the structure established by previous lemmas ensures closure
of K under such conjugations.

Therefore, for any g € G, whether in H,, Hy, or Hs, we have gkg~! € K. So

K is invariant under conjugation by all elements of G, which means K I G. [

Lemma 3.7. [J, Lemma 3.7] Let H| = H, \ (Hy U H3) and K = H; N Hy N Hj.
Then the left coset hKK for any h € Hj lies entirely within Hy. In fact,
H K = H,.

Proof. In this lemma we will see that multiplying every element of H] by each
element of K gives all of H;, and nothing more.

First we show that H|K C H;. Let h € H| and k € K. Since both h and
k are in Hq, and H; is a subgroup, their product hk € H;. Hence, every element
in H{ K lies in H;.

Next we show that Hy C H{K. Let x € Hy. If x € Hj, then clearly
r=ux-e € H K, where e € K is the identity. Now suppose x € H; \ H]. That
means © € HyUH3, and hence x € K (because if x € HiNHy or HiNH3, and not in
the unique parts, then it’s in all three subgroups). In that case, pick any h € Hj.
Then h™! € Hj as well (by Lemma [3.3), and so: = (hh™Y)z = h- (h™1z). Since
h='z € H, and both A~ and € H,, their product is in H;. But because z € K,
and h~! € Hj, then h~'z € H; implies that the product lies in H]-K. So, in short,
every x € H; can be written as h-k for some h € H{, k € K.Therefore,H, = H{ K.

This completes the proof. ]

Theorem 3.8. [/, Lemma 3.8] Let G be a finite group. Then o(G) = 3 if and

only if there exists a normal subgroup K < G such that
G/K = 02 X 02.

12



Proof. (=) Suppose o(G) = 3, so there exist three proper subgroups Hy, Hy, Hs <
G such that G = H; U Hy U Hs. Define the intersection K := H; N Hy N Hs. Let
us consider the sets H := Hy \ (Hy U Hs), H) := Hy\ (H,UH;), H}:=
H; \ (H; U Hy). Each H! is non-empty, otherwise the union of the other two
subgroups would cover GG, contradicting minimality.

Next we show that the set (Hs N H3) \ H; is empty. Assume there exists
x € (HyN H3)\ Hy, and choose hy € Hj. Since G = H;UH,U Hj, the element hyx
must lie in one of the H;. If hyx € Hy, then x = hl_l(hlx) € H,, contradiction.
If hyx € Hy, then hy = (hyx)z™' € H,, again contradiction. Similarly for Hsj.
Thus, such x cannot exist, so the set is empty. Now observe that: Hj - H) C
H!, H)-HyC H{, Hj-H C H) and each H{ is closed under inverses. The
product of two elements in the same H] lies in K. These relations show that
the cosets K, hi K, ho K, h3K (for representatives h; € H/) form a subgroup of
G/K of order 4 with the same multiplication structure as the Klein four-group
Cy x Cy. Therefore: G/K = Cy x Cy. Also, one can show K < G by verifying
that conjugation by elements of H;y, Hy, H3 leaves K invariant, using closure and

symmetry properties already established.

(<) Now suppose K < G and G/K = (Cy x Cy. Since Cy x Cy has three
proper subgroups of index 2, whose union is the entire group, let us take their
preimages under the canonical projection 7 : G — G /K. Denote them as: H; :=
7 '(x)), Hy:=7"'({y)), Hs:=7n"'((xy)), where G/K = {1,z,y,zy}. Then
H,, Hy, H3 are proper subgroups of G whose union covers GG. Hence, o(G) < 3.

Since no group can be covered by fewer than three proper subgroups, it follows

that o(G) = 3. O

13



CHAPTER 4

Covering Number of 5,

In this chapter, we investigate the covering number ¢(S,,) of the symmetric group
Sy, which consists of all permutations on n elements. While previous chapters
focused on specific small values of n, such as n = 5, our goal here is to understand
the behavior of the covering number as n increases. This chapter is based on [3]
and we refer the reader to [3] for more details.

We begin by considering the case where n > 1 is odd and present a known
result that o(S,) = 2" for such n, with the exception of n = 9. This result
relies on the structure of maximal intransitive subgroups and their ability to cover
elements formed by products of at most two disjoint cycles.

The analysis also highlights a deep connection between the group’s action
on sets, the structure of its subgroups, and the types of permutations it contains.
Moreover, we use results from the literature to support the claim that the union
of A, and all maximal intransitive subgroups forms an optimal and, in many

cases, unbeatable covering on certain subsets of S,,.

14



This chapter sets the stage for further research into the generalization of
covering numbers for even values of n, which remains an open and compelling
direction. We now present the key results and supporting arguments for the case

when n is odd.

Theorem 4.1. [3, Theorem 3.1] Ifn > 1 is odd ,then o(S,) = 2" unless n =9

Proof. The set-theoretic union of A, and all maximal intransitive subgroups
of S, is S,. Structure of maximal intransitive subgroup is of the type S x
Sn_r. Number of such type of subgroups = (1/2)(37—; (7). o(S,) < 1+
(1/2)( Z;i (1)) =27, The upper bound is known to be exact for n = 3 and 5,
(I have already proved this in the previous presentation) so assume that n > 7.
Now let II be the set of all permutations of S,,,which are the product of at most
two disjoint cycles.,we need atleast 2"~! subgroups of S, to cover all the elements
of II. For n > 11, this is the direct consequence of the fact that the set consisting

of A,, and of all maximal intransitive subgroups of .9,, is definitely unbeatable on

IT .This is proved in two steps.

Claim 4.0.1. [3, Claim 3.1] Let Hy and Hy be A, or a mazimal intransitive
subgroup of S,,.If Hy # Ha,then 11N Hy N Hy = ¢.

Proof. A, N1I is the set of all n-cycles, while Sy x S,,_x N1l is the set of all
permutations of the form m = 6.0 with § a k-cycle from Sy and 6 a (n — k)-cycle

from S,,_p. O

Claim 4.0.2. [3, Claim 3.2] Suppose that n > 11 is odd. Let H be A, or a
mazimal intransitive subgroup of S,, and let S be any subgroup of S, different

from A, and different from any maximal intransitive subgroup. Then |S NII| <

|H N 1.

15



Proof. 1t can be assumed that S is maximal in S,. First let n > 17. If S is
primitive, then |SNII| < |S] < e” follows from [2] e” < ((n—1)/2)!-((n—3)/2)! <
|H NII|. If S is imprimitive ,then [SNII| < |S| < (n/p)Pp! < ((n—1)/2)!- ((n —
3)/2)! < |H NII| holds where p is the smallest prime divisor of n. if n = 11 or 13,
then S is primitive and S < ((n —1)/2)!- ((n — 3)/2)! follows from [2] If n=15,
then by [2], S is conjugate to a maximal imprimitive group with five blocks of
imprimitivity, to a maximal imprimitive group with three blocks of imprimitivity,
or to Sg acting on the sets of distinct pairs of points. In the first and the third case
we have |S| < (3)155! < 6!7! < |HNTII|.Let S be a maximal imprimitive subgroup
of S15 with three blocks of imprimitivity.So, we get |S N II| < 2338560 < 6!7!.
The remaining cases, n = 7,9, are handled separately.

Case n = 7. We have o(II) > 64. We will show o(I) < 64. Let £
be a set of 0(S7) maximal subgroups of S; covering S7. Since there is exactly
one maximal subgroup (an intransitive one) containing a given (3,4)- or (2,5)-
cycle, all (;) + (;) = 56 maximal intransitive groups which do not stabilize any
point are contained in £. The group A; is also contained in L, else the 7-cycles
(which number 6!) could only be covered by at least 5! maximal primitive groups
conjugate to AGL(1,7), giving o(II) > 56 + 5! > 64. We discuss that £ contains
all 7 one-point stabilizers as well. To see this, consider the (1,6)-cycles in II. A
maximal subgroup of S; containing such a permutation is either a stabilizer of
a point or conjugate to AGL(1,7). Suppose £ does not contain the stabilizer of
point x. Then the 6-cycles of S7 \ {z} require at least 60 affine groups to cover,
yielding o(II) > 56 + 60 = 116 > 64.

Case n = 9. We have o(II) > 256. Partition II into three sets: II; is the
set of (4,5)-cycles, IIy the set of (3,6)-cycles, and II3 = I\ (IT; U II5). We show
o(Il) < o(IT; UIl3) = 172. There is no subgroup intersecting both IT; and II3,
so o(I1; UTl3) = o(I1y) + o(II3). Since each (4,5)-cycle lies in a unique subgroup
Sy % S5, we have o(Il;) = 126. Now the set H of subgroups Ag together with
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all maximal intransitive subgroups isomorphic to S; x Sg or Sy x S7 is definitely
unbeatable on II3, since these subgroups cover Il3 in a disjoint way and for all

S & H, |SNIl;| < 6! < |HNIL;| for H € H. Therefore, o(II) < 126446 = 172. [
[

Theorem 4.2. [3, Theorem 3.2] If n > 2 is even, then o(S,) ~ %(n%) More

precisely, for any € > 0 there exists N such that if n > N, then

() () S () <osa<a () + S ()

Proof. The set-theoretic union of all maximal imprimitive subgroups conjugate
to Sy /2 152, all maximal intransitive subgroups conjugate to some S; x S,,_; with

i <|n/3], and A, is S,. This gives

w237+ 2 ()

i=0
Let II be the set of all n-cycles of S,,. For each (n—2)/4 <i < |n/3] with

i odd, let II; be the set of all (i,7+ 1,n — 2i — 1)-cycles. Moreover, let Hg be the
set of all maximal imprimitive subgroups of S,, conjugate to S, /2 1.Ss. For each
1 > 0, let H; be the set of all maximal intransitive subgroups of S,, conjugate to
S; X Sp_;. The following two claims are to show that if n is sufficiently large,
then H, is definitely unbeatable on IIy, and for each i > 0 the set H,; is definitely

unbeatable on II;.

Claim 4.0.3. [3, Claim 3.3] With the notations above we have the following:
(i) Ty C UHEHO H;
(i) 1; C Upey, H for alli > 0;

(111) If Hy, Hy € Ho and Hy # Hy then 11y N Hy N Hy = (;

(iv) For alli # j, Hy € H;, Hy € H;, and Hy # Hs, then IL; N Hy N Hy = ().
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Claim 4.0.4. [3, Theorem 3.4] Let n > 14 and let S be a mazimal subgroup of
S,. Then

(i) |S NIy < |H NI for all S ¢ Ho, H € Hy;
(i1) |SNIL| < |HNIL| for alli and all S ¢ H;, H € H,;.

Proof. (i) If S is primitive, then |[S NI < |S]| <e” < ("/2 =|HNI|. If S
is imprimitive, then |[S N1l| < |S]| < (n/d)!4 - d! < (”/2 = |H N1y, where d
is the smallest divisor of n greater than 2. If S is intransitive, then S N Ily = 0.
(i) Fix an index i. If S is primitive, then |SNIL;| < |§] < e < {2 ?;1(_”22;([2/_3[]13)“1)! =

.. .. n/31—2)!- (n—In !
| HIL|. If S is imprimitive, then |SNIL| < |S| < (n/d)1%-d! < { 5}3]?31_(2[71[/3@31) =

|H N 11|, where d is the smallest divisor of n greater than 2. Let S be intran-

|SNIL;|
[HNIL;|

sitive. If S is contained in a group conjugate to S; X S,,_;_1, then

% = ”1 < 1. If S is contained in a group conjugate to S, _o;_1 X S2;11,

|SNIL;| (n 2i—1)!-(2i41)! n o\~
then [F7ag; = I(n—i)! ' (2i+1)

< 1. Finally, if S is contained neither in a
group conjugate to S; X S,_;_1 nor in a group conjugate to S,_o;_1 X Sg;41, then

SNIL = 0. O

Claim 4.0.5. [3, Claim 3.5] With the notations above, we have Il = Ho U J, H;

whenever n > 14.

Proof. Let H' be the set of all intransitive groups in H together with all maximal
imprimitive subgroups of H conjugate to S, 2 1S,. For each S € H', there exists
a unique j such that S C H;. Moreover, for all i and all S € H', H; € H,;, we
have |S N1L;| < |H; N1L;|. This means that the union of all subgroups in H’
does not contain at least min{("/j)!Q, W’{{L 3/J3]2()n (Ztn%ﬁﬁf)l } elements of II. If
this expression is 0, then by Claims 3.3 and 3.4 we are finished. Otherwise, these

elements cannot be in Ho U JH,; \ H', i.e., in H’s transitive groups neither of
which is conjugate to S,,20.S>. But this is impossible since max{e”, (n/d)*-d!} <
min{(nm!2 (Ln/sj_Q)!'(n_Ln/ng)!}, where d is the smallest divisor of n with

no [n/3]-(n—2[n/3]+1)
d > 2. ]
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Claim 4.0.6. [3, Claim 3.6] If n > 14, then

1/ n n n 1/ n /) n
o)t 2 () () oo <etsa<3() 2 (1)
i odd
Proof. The first equality is a consequence of Claim 3.5. o(Il) < ¢(S5,,) follows
from the fact that o(Il) # o(S,), since the union of all subgroups of Ho U |JH,;
does not contain all even permutations. The upper bound was already established.
Finally, we need to show that for any fixed 0 < & < 1/2, there exists an integer N,
so that (% — z—:) ZZLZ{)?’J (7;) < D (n-2)/4<i<n/3 (T;) holds whenever n > N. Indeed,
for a fixed real number 0 < e < 1/ 2,Z ;dSuitable N is an integer with the property
that whenever n > N, then both >, 5/, i /3 (") < (2+2¢) Z(n_g)i/;;;di<n/3 ™)

and

Docicin_aya (7) < 2¢ 2 n-)/a<i<ln3 (7)hold. O

By Theorems 3.1 and 3.2, to complete the proof of part (1) of Theorem
1.1, we only need to show o(S,) < 272 for 4 < n < 12 and n even, since if
n > 14 we have %(732) + ZZLZGSJ (") < 2772 If n = 4, then o(Sy) < 4, since
S, is the union of A4 and the three Sylow 2-subgroups of S;. For n = 6, we
have o(Ss) < 16, since Sg is the union of all imprimitive subgroups conjugate
to S35y and all intransitive subgroups conjugate to S; x S5. If n = 8, then
Sg is the union of all imprimitive subgroups conjugate to Sy .55, all intransitive
subgroups conjugate to Sy x Sg and Ag, hence o(Sg) < 64. For n = 10 we
have 0(S19) < 256, since Syg is the union of all imprimitive subgroups conjugate
to S5 1 Sy, all intransitive subgroups conjugate to S; X Sy and all intransitive
subgroups conjugate to S x S7. Finally, o(S12) < 761, since Sjp may be written

as the union of all imprimitive subgroups conjugate to Sg ! Ss, all intransitive

subgroups conjugate to S; x Si1, Ss X S, or S3 X Sy, and Ajs.
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CHAPTER b

Conclusion and future work

5.1 Conclusion

In this thesis, we have explored the concept of group coverings and the minimal
number of proper subgroups required to cover a finite group, denoted by o(G). We
began with fundamental definitions and results that clarify when such coverings
are possible, establishing that only non-cyclic groups admit coverings and that
no group has a covering number equal to two.

A significant result is the characterization of groups with covering number
three, where it is proved that such a group G must satisfy G/ K = Cy x C; for some
normal subgroup K. This result provides both a necessary and sufficient condition
and is supported through careful group-theoretic and set-theoretic reasoning.

We have been computed covering numbers of symmetric groups S, for odd
n has been studied that ¢(S,) = 2""! unless n = 9, and an outline of the proof

using the notion of intransitive subgroups and permutation types has been given.
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The study of covering numbers not only reveals intricate properties of group
structure and subgroup interactions but also provides a foundation for further
exploration in finite group theory. Future directions may include extending this
analysis to other group families or exploring connections with probabilistic group

theory and group generation problems.

5.2 Future Work

While this thesis has provided a strong foundation for understanding covering
numbers of finite groups, several exciting directions for future research have
emerged during this work. These directions reflect both natural extensions of
the current results and areas that have personally motivated me for further ex-

ploration.

1. Generalizing covering numbers for 5, with even n: Most of the
results discussed in this thesis focus on the symmetric group S, for odd
values of n. However, the behavior of covering numbers for even values of
n remains less understood and potentially more complex due to different
subgroup structures. I am particularly motivated to explore the cases of Sg,
Sg, and beyond, with the goal of identifying patterns or even formulating a

general result for o(S,,) when n is even.

2. Finding and classifying groups with specific covering numbers
(e.g., 8,9, etc.): Another intriguing area is to identify all groups that have
a specific covering number, especially for values such as 8, 9, or higher. Un-
derstanding which groups achieve these values may reveal structural similar-
ities or subgroup configurations that explain why these particular covering
numbers arise. This line of research could eventually lead to a classification

of finite groups by their covering numbers.
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3. Characterizing impossible covering numbers: During my study, I
was particularly fascinated by the fact that some covering numbers are
not possible at all—like 2 and 7. This observation naturally leads to the
question: which natural numbers cannot be realized as the covering number
of any finite group? Investigating this further could lead to the discovery
of new constraints or even a complete description of the set of ”forbidden”

covering numbers.
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