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Abstract

This thesis presents a detailed study of time-frequency analysis, a modern area within
harmonic analysis concerned with the simultaneous treatment of time and frequency infor-
mation. The work begins with foundational concepts from measure theory and functional
analysis, including L” spaces and bounded linear operators. We then explore essential tools
from Fourier analysis, setting the stage for a deeper investigation of time-frequency methods.

The uncertainty principle is introduced to highlight the inherent limitations of simul-
taneous time and frequency localization. Building on this, the short-time Fourier transform
is developed as a central tool, alongside other time-frequency representations such as the
Wigner distribution, spectrogram, and the ambiguity function. We then delve into Gabor
analysis and frame theory, emphasizing the construction and existence of Gabor frames in
L*(RY), supported by results such as Walnut’s representation.

Throughout, the thesis focuses on the mathematical structures underlying time-frequency
analysis rather than its applications, aiming to provide a rigorous and self-contained exposition

of the subject.
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CHAPTER 1

Introduction

Time-frequency analysis presents a beautiful intersection of ideas in modern analysis,
combining notions of translation, modulation, and localization in a way that feels both nat-
ural and powerful. As I explored this area more deeply, I was drawn to the way it extends
the classical tools of Fourier analysis to settings where both time and frequency need to be
considered together. The desire to understand how functions behave not just globally, but
locally in both domains, is what motivates much of the theory. This perspective leads to rich
mathematical structures and a range of elegant results that form the foundation of this thesis.

The topics covered range from the elementary theory of the short-time Fourier transform
and classical results about the Wigner distribution to the modern theory of Gabor frames and
quantitative methods in time-frequency analysis. While many of these ideas have important
applications in fields such as quantum mechanics and signal analysis, the orientation here is
firmly rooted in the mathematical structures themselves.

Chapters 2-8 present the core material for time-frequency analysis in the Hilbert space
setting of L?(R%). We begin with foundational tools from measure theory and functional
analysis, followed by key results from Fourier analysis in Chapter 3. Chapter 4 introduces
the uncertainty principle, which provides a crucial motivation for the development of time-

frequency methods. Chapter 5 discusses the short-time Fourier transform and its connection



to complex analysis. In Chapter 6, we study quadratic time-frequency representations, par-
ticularly the Wigner distribution. Chapters 7 and 8 are devoted to frame theory and the
existence of Gabor frames, with an emphasis on Walnut’s representation and its implications.

A recurring theme throughout this thesis is the pursuit of joint time-frequency represen-
tations, and the prominent role played by the uncertainty principle and Gaussian functions in

shaping this field.



CHAPTER 2

Preliminaries

Before going to start our discussion about time-frequency analysis we first see some
basic concepts. In this chapter we gather information related to LP spaces and will see some
approximation theorems of measure theory. In the later half we discuss about the bounded

operators in brief.

2.1 L? Space

Definition 2.1. [5] Let (X,B,u) be a measure space and f : X — C be a function, then
felP(X),1<p<oo,if fisap-measurable function and [y |f(z)|Pdu(z) < oo.

e [”(X) is a Banach space over the field C with the norm || - ||, define as

1= (/. If(x)|pdﬂ(x)); |

e For p=2,[%(X) is a Hilbert space with the inner product given by

(f.9) = /X f(@)g(@)du(z).

Definition 2.2. [5] Let (X, B, 1) be a measure space and f : X — C be a function, then

f € L™ if fis a u-measurable function and is essentially bounded i.e. AM >0 s.t. |f(x)| <

3



M a.e.

e [ is a Banach space over the field C with the norm || - || defined as

[ flloo == esses)}lplf(x)\ =inf{M >0:|f(z)] < M ae.}.

Theorem 2.1. (Lusin[2]) Let E C R? be a measurable set of finite measure and f : E — R

be a measurable function. Let € > 0 be given. Then, there exists ¢ € C.(R?) such that

p{z e Bl e(r) # f(r)}) <e.

Further, if f is bounded then we can ensure that

[elloo < N1 llco-

Here C.(RY) is the collection of all continuous functions defined on R® with compact support.

Definition 2.3. (o-finite measure spacel2]) Let (X, A, pu) be a measure space The measure
p is called a o-finite measure, if there exists Ay, Ag,--- € A with u(A,) < oo ¥n € N s.t.
UA, =X. And (X, A, n) is called as o-finite measure space.

Theorem 2.2. (Fubini/2]) If X andY are o-finite measure spaces, and if f is a measurable

function on X XY, then

/X(/Ylﬂwﬂdy) dw=/y(/x|f<x,y>|dx) dyz/XXYu(x,y)m(x,y).

Furthermore, if any one of these integrals is finite, then

A(/Yf(%y)dy) dx:/y(/xf(m,y)dx) dy= | fay)dy).

Definition 2.4. (Simple function[2]) Let (X, A) be a measurable space then a function

f X — C s known as simple fucntion if it is of the form

n

fl@) = aixa,(@), (2.1)
i=1
where Ay, Ay, ..An € A and aq, as, ...a, € C.

Theorem 2.3. [2] Let (X, A, n) be a measure space and f : X — [0,+00] be a measurable
function, then there exists an increasing sequence of real-valued simple functions {s,}52, on

X s.t. s, — f (pointwise).

Theorem 2.4. [5] C.(RY) is dense in LP(R?) for 1 < p < oo.

Proof. Let f € L s.t. f > 0. Then by theorem 2.3 there exists a sequence of simple functions

{8,}°°, 8t 0< s, <8y,<...< fand s, — fasn — oo and s, € LP(R?) as s2 < fP. Now

4



since ||f — sn||, = 0 as n — oo, then for any given e >03 N € Ns.t. |[f —sn], <e.

Now since sy € LP(R?) then pu({z : sy(z) # 0}) < oo. By Lusin’s theorem Jg € C.(R?) s.t.
plfe s sn(@) # g(2)}) <€
19lloe < {83 ][oc-

Now Il —pHg = /d lsy(x) — g(z)[Pdz.
R

-/ () — g(o)lds.
{zsn (2)#g(2)}

</ (sl + lglE)da
{zsn (2)#g(2)}

< 2lsnloo - €.

Now [|f = gllp < IIf = snllp + llsn = gllp < (1 + 2°[[sn]loo)-
Now that is, for any given ¢ > 0 3g € C.(R?) s.t. |f — gll, < eSo C.(R?) is dense in
LP(RY). O

Proposition 2.5. (Holder’s inequalityl’]) Let f, g be two measurable functions on X. Let

p and p’ are conjugate exponent i.e. % + l/ =1for1< p < 0o. Then, we have

[ i@ < ([ @it ) (/[ tao ante ) . 2.2

Proposition 2.6. (Minkowski’s Integral Inequaltiy/i]) Let (X, u, A1) and (Y, v, As) be

measure spaces and F': X xY — C be a measumble funcion. Then, we have for 1 < p < oo,
{/ / F(z,y)dy dm} < / [/ |F(z,y dx@ : (2.3)
x |Jy

2.2 Operators on Banach space

Definition 2.5. (Bounded Operator[3]) Let (X,| - |l1), (Y] - ||2) be two normed linear
spaces over the field F. Then the linear operator A : X — 'Y is said to be a bounded operator
if 3¢ >0 s.t.

|Az||2 < c||z]|1, Yz € X. (2.4)

Note : A linear operator 1" is bounded iff it is continuous.

Remark 2.1. L(X,Y) ={T : X — Y|T is linear } forms a vector space over field the F and
BL(X,Y) = {T : X — Y|T is bounded linear operator } then BL(X,Y) is a subspace for
L(X,Y).



Note : When Y =F, then L(X) and BL(X) are known as algebraic dual and dual of
X respectively and we denote by X* and X' respectively.

Remark 2.2. (BL(X,Y),| - |lop) %5 @ norm linear space where the norm || - ||op s given by

Tx 2
1Tl = sup 12l
2w TG

(2.5)

Definition 2.6. (Adjoint of a bounded operator|3]) Let H, and Hy be two Hilbert spaces,
and T : Hy — Hy be a bounded linear operator. Then a linear map T* : Hy — H; is the adjoint
of Tif Vo € H,,Vy € Hy

(T(@), y) e = (=, T"(Y)) .- (2.6)

e On a Hilbert space, the adjoint exists for any bounded linear operator and it is unique
and bounded. Moreover,

1T llop = 1T [lop-

e A bounded linear operator T" on a Hilbert-space H is self adjoint if
T=T".

Theorem 2.7. [3] If H is a Hilbert-space and T : H — H 1is a linear operator that satisfies
(T'(x),y) = (x,T(y)), Yo,y € H
then T is bounded.

Definition 2.7. (Adjoint of an unbounded operator[3]) Let H be a Hilbert space and
D C H be a dense subspace. Consider a linear operator T : D(T) — H. Then the Hilbert
adjoint operator of T is T* : D(T*) — H, defined by
(T'(z),y) = (z,T*(y)),Yz € D(T),Yy € D(T™"), where
D(T*)={ye H:3Jy" € Hs.tVeeDT),(T(x),y) = (x,y")}.

Definition 2.8. (Multiplication operator) Let X : D(X) — L*(R) be a linear operator
defined as:
(X)(@) :=zf(z), VreR,

where D(X) :={f € L*(R) : X f € L*(R)}.

Note : The operator X is self-adjoint.



Proof.
(Xf.g) = / £ (2)g(@) du = / f(2)eg(x) de = (f, Xg).

[
Remark 2.3. X is an unbounded linear operator on L*(R).
Proof. Consider a sequence of functions (f,) given by:
1 ifnlt<n+1,
fn(t) =
0 otherwise.
Then,
t ifn<t<n+1,
Xfu(t) =
0 otherwise.
Clearly, ||f.]l2 =1, and
n+1
IXnlE= [ e
:3 n+1
-5,
1 3_ .3
=3 [(n+1)° —n?]
n*+n+1 9
= ——>n".
3
Tf.l3
LT
[/l
So X is an unbounded opeartor on L*(R). O

Definition 2.9. (Schwartz Space[]]) The Schwartz space is defined as S(R?) := {f € C*(R%) : Vo, B

where ||flla,s = Sup,egs |2°(D° f)(x)], with
5 oPr  Hp2 HPa
B 83&?1 oxy &Egd

a 00 02 Qq
and x% =a"zy? . ayl

Definition 2.10. (Differentiation Operator) Let P : D(P) — L*(R) be a linear operator

defined as:
(Pf)a) = - f'(z), z€R,

271

where D(P) :={f € L*(R) : Pf € L*(R)}.

Note : P is an unbounded linear operator.



Proof. Restrict P on Y = D(P) N L*(R) C L*(R) Consider the sequence of functions
l1—nt ifO<t<2

0 otherwise.

The Image sequence
2o ifo<t<i

0 otherwise.

-

wmﬁzéﬂl—mfﬁ

n?t3 0 1
S P -
oty ]

2 I
Now prnu‘;‘:"—/ Lodt =
0

4m 47
[P _ snt w2
OB T s
O
Note : P is self-adjoint.
Proof.
(Pf,9) = /_ %mf'(x)mda:.
=§%lﬂmaa —/;f@W@M4-
z/_ f(x)(g;g.))dx — (f,Pg).
O

Definition 2.11. (Hilbert-Schmidt Operator [(]) A bounded operator A : H — H where
H is a seperable Hilbert space, is called a Hilbert—Schmidt operator if

9
> I Aenl3 < oo
n=1

for some orthonormal basis {e, : n € N? of H. The Hilbert—Schmidt norm of A is given by

0o 1/2
[Alls.s. = (Z ||A€n|li> »
n=1

and this quantity is independent of the choice of the orthonormal basis {e,}.



Theorem 2.8. [6] If A is an integral operator with kernel k, that is, Af (x) = [pa k(z,y)f(y) dy,
then A is Hilbert-Schmidt operator if and only if k € L*(R?*?), and in this case | Al g.s. = ||k||2-



CHAPTER 3

Some Basics of Fourier Analysis

3.1 Definition of the Fourier Transform

Definition 3.1. [§/ Let f € LY (R?) then Fourier transform F maps f to a function Ff €
L>=(R%) which is given by
(Ffw) = fw) = [ ft)e > hdt. (3.1)

Rd

Clearly, f € L>°(R?) when f € L*(R?) as
¢ —2mi(w,t) d dt = )
fl < [ 1foeeola< [ 1r@iae= 1,

Note : F: L}(R?) — L>°(R?) is a linear transformation.

Proof. Let f,g € L'(R?) and a, 3 € C. Then
Flaf +89)w) = [ (af + Bo)()e >0

R4
= [ (s + syt st
R4
=a [ ft)e?™ 0+ [ ft)e ™0 dt.
R4 Rd
(By the linearity of Lebesgue integral.)
= aF f(w) + BFg(w).
Now, |Ff(w)| = [f(@)| < Jea lf®)ldt = | ]2 0

10



Note : F : L}(RY) — L*®(R?) is not onto, the following lemma will give us the expla-

nation of it.
Lemma 3.1. (Reimann-Lebesgue) If f € L*(RY), then f € Co(R%). Where Co(R%) :=

{fIf : R* — C, f is uniformly continuous and |xl|i£>noo |f(z)] =0}

Proof. Let f € L'(R%) then f € L>(R%).
[+ h) = fw) =

f(t)e_m'(w*h’t)dt _ f(t)e‘Q’”'(“”t)dt‘
Ra

f( ) —27i( wt)(e—Qﬂ'z(ht )dt‘
Wuou*““ L.

Take the limit A — 0 both sides.

: ¢ < —2mi{h,t)
tim (1) = f)l < Jim [ 170l < 1jat.
Since f € L'(R?) and |e=?""% — 1| < 2, so the right side integral is finite.
Then by the dominated convergence theorem
fim |+ 1) = Fw)| < [ Tim 70l 00~ 1jdr
h—0 Rd h—0
<0.
Since |f(w +h) — f(w)| >0, lim |flw+h) — flw)] =
H
So f is uniformly continuous on R?.

Now, let f € L'(R") be continuous with compact support. Then

_ / f(t)6—27ri<:v,t>dt
R
B / o / f(tla s 7tn)672ﬂi(xltl+m+xntn)dtl e dtn

Now consider I = / (f(t1,...,tn)) e 2zt aatn) g g

—00

[T (s (0 gt e ) gy,
N T
[ee]
= / f (tl + QL tg, . ,t ) eiQﬂi<tl+i>zl 6—27ri(ac2t2+~--+zntn)dt1
. o

— / f (tl + L t27 o atn) e—27rit1x16—7rie—27ri(x2t2+...+xntn)dtl

—oo 211

= — / f (tl + L’ t2, o 7tn> 672771'(901751+zgt2+---+xntn)dt1.

—00 21y

11



Now we got two expressions for I. Taking averages of both the expressions, we get

I+1 1 [~ 1 ,
I = L - _/ (f(th s Jtn) - f (tl + 771:27 cee ,tn)) 6—27F1(I1t1+-~~+xntn) dtl

2 2 ) o 21y
Since f is continuous with compact support, by the Dominated Convergence Theorem
o) 1 .
lim = lim fltr, .o tn) = f 4+ = tg, ...ty | | e 2@t tantn) g —
|z1|—00 lz1|—=00 J oo 221

Now if |x| — oo implies at least one |z;] — oo and since f has compact support we get
lim f(z)=0.
|z| =00
Now we use the fact that the set of continuous functions with compact support is dense
in L'(RY). Let f € L'(R?) and € > 0. Then there exists a continuous function with compact
support, g, such that

If =gl <e

Now,
@) < If(2) = (@) + 1g(@)] < |If = gl + [g(z)].
Taking limit on both sides we get
limsup | f(z)| < e.

|x|—o00

]

Note : Till now we have seen the Fourier transform on the L!'(R?) space, now we will
try to write the Fourier transform on L?(R?) space. But the integral definition of Fourier
transform won’t work for a function f € L*(R?). In the later part of this chapter we will see

the definition of Fourier transform for L?(IR%) functions.

3.2 Some Fundamental Operators

Definition 3.2. (Translation Operator(l]) Let f : R — C be a map. Then for v € R%
the translation of f by x is the map T,f : R? — C defined as

T, f(t) = f(t —z) teR%

Definition 3.3. (Modulation Operator[l]) Let f : R? — C be a map. Then for w € R,
the modulation of f by w is the map M, f : R? — C defined as

M, f(t) :== e™@b £(t), t € RY.

12



Note : T, is also known as time shift and M, is also known as frequency shift. Operators

T, M,, M,T, are known as time-frequency shifts.

Lemma 3.2.

T, M, = e @O MT,. (3.2)
Proof. Let f be a function defined on R? then,
T M., f(t) = (Mo, f)(t — x)
= eZmilt=mw) £ _ ).
— o 2milew) 2t (0 ) (1)
= e PN (T f) ().
= TN (MTL ().
O

Note : Clearly T, and M, doesn’t commute in general. T}, M, commutes with each other iff

(z,w) € Z.

e Time-frequency shifts are isometries on LP(R?) for 1 < p < oo.

Proof. Let f € LP(R%) when 1 < p < oo then
[ zassapa = [ s - opa
Rd Rd

— / |627Ti<w,tfx)f(t o x)’pdt
Rd

= [ [f(t—a)dt.
]R‘i

Substitute t — z — wu then dt = du.

= [ [f(uw)|Pdu.

Rd

= || f[[; < oo
= TM,f € L"(R) and | ToMoflly = |1 f]5-
Now let f € L*®(R%), then
T Mo f(t)] = e f(t — 2)| = [f(t —2)| < || flloo Vo €R?

13



e Let f € LY(R?). Then
(T.f) = M_.f (3.3)
Proof. Since f € L'(R?) then T, f € L'(R?) and

L) @) = [ (@0

R4
f(t —z)e 2ty

d

Substitute ¢ — x — w then dt = du.

f( ) —27mi(z+u w)du

— 672m u,w) f( ) —27i( uw)du

_ 672m(x,w) f((.U)

= (M_,f)(w).

o If f € L'(R?). Then
(Mo f)" = wa- (3.4)

Proof. Since f € L'(R?). Then M, f € L*(RY) and
(Mof)" (a) = / QL e
f( ) 2mi(t,w) —271'2 ta)dt.

f (t) 6727rz<t,a7w> dt.

—w).
T.f)(@).

I
3 ;@%\

Note : Equation ?? explains why modulation is known as frequency shifts.

Definition 3.4. (Convolution[§]) Let f, g € L'(R?) then convolution of f and g is a function

f * g defined on R given by
(f *g)(z) = g fy)g(z —y)dy. (3.5)

14



Lemma 3.3. If f,g € L*(R%), then f x g € L'(R?). And
1 * gl < 1 f1lllglls- (3.6)

Proof. Since f,g € L'(R?) then
f)g(z —y)dy| da.

L a@me= [ | [
S/Rd Rdlf(y)g(x—y)ldyd:r-

- [ [ 1wI@g @iy,

Since g € L*(R?) then T,g € L'(R%),|T,g| is integrable. Now by using Fubini’s theorem

= [ i ( [ mae) o

Since time-frequency shifts are isometries on L'(R?).

= lolh | Iy

= llgllll 1l < o0
= (fxg) € L'(RY) and ||f * glls < Ifll1]lgll:. =

Lemma 3.4. If f, g € L'(R%). Then
(fx9)"=Ffg (3.7)
Proof. Since f,g € L\(R%), (f % g)" € L'(R?) and
(Fe9) @) = [ (F e e

= / ( flz)g(t — $)dx) o 2mi(z.w) —2mit—z.w) g4
R4 Rd

Since f * g € L*(R?) then by Fubini’s theorem we can interchange the order of integral.

= / f(zx) (/ g(t — :c)eZm(tx"">dt) e~ i@l qg,
~ ow / f(a)e2mitee)
f-a

]

Theorem 3.5. (Young) If f € LP(R?) and g € LY(R?) and é—l—% =1+1, then fxg e L"(RY)
and

1F # glle < (A A AT) 1 F N9 o, (3.8)
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1\ 2
p

where A, = an )
prv

Proof. Consider r = oo, then

|f xg(z)| = g(r —y)dy.

/ £ () y)ldy.
By Holder’s inequality

< [I£llpllgllq-

]

Definition 3.5. (Involution Operator([l]) Let f be a function defined on RY, then involution

of f is a function f* defined on R? and given by
fH(@) = f(—=). (3.9)

Definition 3.6. (Reflection Operator([i]) Let f be a function defined on R?, then reflection
of f is a function Zf defined on R? and is given by

(Zf)(z) = f(=x). (3.10)
Lemma 3.6. Let f € L'(R%). Then

F—FandIf=1TF. (3.11)

Proof. Clearly if f € L*(RY), then f*,Zf € L'(R?).

Frlw)= | et
Rd

( ) —27i( tw>dt.

kh

Rd

Substitute — ¢ — w then dt = du.

WGZM(u,w) du.
Rd

f( ) —2mi{u,w) dqg.

I
=

(w)~

16



Now, Zf(w) = / TF(t)e 2t e,

R4

= [ f(—t)e mltelqe,
]Rd
Substitute — ¢t — w then dt = du.

— f(u)e_2”i<“’_w>du.

~

= f(~w) =Zf(w)
O

Theorem 3.7. Suppose f € LY (RY) and xyf(-) € LY(R?), where xy, is the k-th coordinate

function. Then f 1s differentiable with respect to x) and

OF (2) = (—2mituf(1)) (). (3.12)

o
Proof. Let h = (0,0,...,hg,...,0) be a nonzero vector along the k-th coordinate axis. Then

using Lebesgue dominated convergence theorem

_ flan) = fz) s e (€2 ]
I P BRAUE ) dt
—2mih-t
_ —2mit-x 1 :
- [ e g%< - )ﬁ

= | f(t)e ™" (—2mity)dt.
Rd

= (—2mity ()" (2).
[l

Definition 3.7. f € LP(RY) is differentiable in the LP norm with respect to xy, if there exist
a function g € LP(R?) such that

(/Rd f(ch;)k— f(z)

Theorem 3.8. If f € L*(RY) and g is the partial derivative of f with respect to xy in the L

p 1/p
d.CE) —0 as hy— 0.

—g(z)

norm then
§(z) = 2miay, f(x).

Remark. The above theorem can be extended to higher derivatives. For an n-tuple

a = (aq,- -+ ,a,) of nonnegative integers let
8a1+“'+an
o al 00 Oln o
rt =ax]twy? e w and D% = ———.
n ax?l “ e ax%n

17



P be a polynomial of n variables x1,xs, ..., x, and P(D) be the associated differential oper-

ator. Then

3.3 Fourier Series

Definition 3.8. (Periodic Function) Let f be a function defined on R? and S C R?. Then

f s said to be periodic on S if
flx+s)=f(z) VzeR? VsecS.
We say f is Z3-periodic if f(x + k) = f(z),Vor € R? and Vk € Z°.

Note : A Z%periodic functions can be uniquely determined by it’s restriction to the

cube [0, 1]%.

Lemma 3.9. Consider S = {e,(z) = ™™ . n € Z}, where e,s are functions defined on

[0,1]%. Then S be an orthonormal basis for L*([0, 1]%).

Proof.
Consider, |le,z2(0,17) = (€n» €n) L(0,1))

:/[071][1 en(x)en(x)da.

_ / e (@) Pda
[0,1]¢

:/ |62m’(n,r>|2dx
[0,1]¢

= / 1-dx=1.
[0,1]¢

Now consider m # n, then

<€m €m>L2([o,1]d) =

2mi(n,x) 6—27ri<m7$> dx

627ri<nfm,x>d‘r = 0.



So S is an orthonormal set of functions for L%([0, 1]%).

Now, assume f € L?([0,1]%), s.t. f € S. Then

(fren) = f(z)en(v)dz = 0,Vn € Z¢
(0,14
= f(x)e 2o dg = 0.
(0,14
= f(n) =

We know that Fourier transform is an unitary map on L?(R%). So if f =0,then f=0.So f =0
is the only choice of a function in L?([0, 1]¢), which is orthogonal to S. So S is the maximal

set of orthonormal functions in L?([0, 1]). Hence S is orthonormal basis for L([0,1]¢). O

Theorem 3.10. (Plancherel) Let f € L*([0,1]?) and let
flny=[  fla)e 0 da (3.13)

[0,1]¢
be the n-th Fourier coefficient. Then f can be expended into the Fourier series

= f(n)ermitn (3.14)

nezd
with the convergence as an orthonormal expansion, and we have

[ @R =Sl = 3 170 (3.15)

nezd
Proof. By lemma e know that S = {e,(z) = ™™ : n € Z%} is an orthonormal basis
for L2([0,1]%), and L?([0,1]%) is an seperable Hilbert space, so each f € L%*([0,1]?), can be

uniquely written in linear combination of e,.

f(x) =Y (f enden(@),

nezd

where (f, e,) f[o ja f (2 e~2mitna)qy = f(n) is n-th Fourier coefficient of f w.r.t orthonormal

basis S. Then,

j{: f 2ﬂznx

nezd

Now by the Parseval relation

1 £1 20,74y = Z |f(”) ?

nczd

[]

Definition 3.9. (Lattice) Let A C R?, then we say A is a lattice if it is a discrete subgroup
of R? of the form A = AZ?, where A is an invertible d x d-matriz over R. The volume of A is
defined as vol(A) = |det(A)|. The lattice A+ = (A")TZ< is called the dual lattice of A.
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Lemma 3.11. Let f be a A = AZ%-periodic function. Then Fourier series expansion of f can

be given as

_ 1 S Fupermices
f(l’) - |d6t(A)| nEde(u)e2 ) (316)
where u = (A1) Tn.

Proof. Define, g(x) = f(Ax) and f is A = AZ%periodic then g is Z-periodic. Let n € Z4
then An € A.

And g(x +n) = f(A(x +n)) = f(Az + An) = f(Az) = g(z).

By theorem [3.10],

§ : 27mn:v

€zl

where

i(n) = / gx)e 2 g
[0,1]

_ f(AZE) —27i( nm)dx

[0,2]¢
Subsitute x — A~'t then dx = |det(A™")|dt.
1 a1
t€727rz<n,A t>dt
|det(A)| A[0,1)¢
1 . Ty—1
(t 6—27rz<(A ) n’t>dl’.
|d€t(A)| A0,1]¢

1 fre ATY—1
]

Since f(r) = g(A™'x). Then,
f@) = oA i) = 3 g(nyeminas)

nezd

|det

Now, let us consider rectangular lattice A = aZ? and aassume that f is A-periodic then

=o'y f(5) e, (3.17)

nezd

I/ 120,004y = /[0 |f(z)Pdz = o Z 1f(n (3.18)

nezd

Furthermore,
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Lemma 3.12. Let f € LY(R?), then Ya > 0,

Rdf( da:—/[o ]<fo+om> (3.19)

€z

Proof.

fa) =Y / gl

nezd

Substitute  — ¢t + an then dx = dt.

= Z ft+an)dt

nezd

Since f € L'(R%) then by using Fubini’s theorem.

/[Oa]<2f:1:—|—an>dx

nezd

Theorem 3.13. Let f be a function defined on R s.t. for some e >0 and C > 0

[f(@)] < C(L+ [a))™ and |f(w)] < C(1+ |w])™*
Then

Y fla+n) =) fn)erminn. (3.20)

nezd nezd

The above identity holds pointwise Vo € R, and both sums converge absolutely Vo € R,

Proof. Define ¢(x) = 3", 54 f(x + n), then for X € Z¢
V(x4 N\) = fo—l—)d—n Zf(:v—l—n):w(:c).

nezd nezd

Now consider the integral

[s@is < [ @ et

By using polar cordinate system. Consider z = r - w where 7 > 0 and w € S9!,

Then |z| =r and 0 < r < 0.

= C/ / (1+7)" " drdw.
si-1Jo
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Now consider the integral

[e'e) 1
/ (1+r)" i tdrdw = / (1+r)" i tdrdw. + / (14 r) = ritdp,
0 0 1

1 0
g/ 1dr+/ (2r)’d’€rd’1d7".
0 1
o0
= 1—|—2_d_€/ r < ldr.
1

<1- [(e + 1)7“_6_2];0 .

=2+e

— C/ / (1+7) " drdw < C(2 + e)/ 1 dw.
Sd=1.J0 gd—1

=C(2+¢).
:>/ |f(z)|de < C(2+¢€) < 0,
So f € L'(R?) and then ¢ € L'([0, 1]¢). Now look at the Fourier coefficient of 1.

(0,
b= [ w(@)e .

[0,1]¢

JoelZ

nczd

f(x—f—k) —2mi( nm+k)> dr.

Now by lemma [3.12

= f(n)
e S £l 1) = $00) = S bl 70 = 5,y fln)ermins. :
Note : Let A = AZ% and A+ = (AT)71Z4 be the dual lattice. Then
)\ 271'1 1)T<n,;p> . 91
2 |th|Zf (321)
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Proof.
Y f@+N) =D (foA)(Az+n).

AEA nezd

By
_ (f o A) ~ (n)627ri<n,A’1x).

_ Z f(<A71>Tn)e27ri((A*1)Tn,x).
|det A| =,

Now for the rectangular lattice A = aZ?, the Poisson summation formula is

Z fx+an)=a™ Z f (g) 2mi(ma), (3.22)

nezd nezd

3.4 Gaussians and Inverse Fourier Transform

Definition 3.10. The non-normalised Guassian function v, is a function defined on R? of

the form
_mlz)?

Yo(T) =€ o . (3.23)

Here a > 0 is known as width of 1,.

Lemma 3.14. Let v, be a non-normalised Gaussian function with width a > 0 Then

Va(w) = a2y (). (3.24)

In particular, when a = 1, then @I = 1.

Proof. Let us prove it for d = 1. Consider f(t) = =",

]E(W) _ / e—at2€—27ritwdt'

o0

_ /OO e—(at2+27ritw)dt

_ /OO o~ (varrze) et
—00

e G Il
e [ W
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From the above equation we get
/ €—7ro¢|y|2e—27rit-ydy _ a—1/26—7r|t|2/a.
R

Now our result follows easily.

)2 , S v ,
/ e—ﬂTe—Qm(tmdy _ H/ 2T o 2mitjy; dy]
Rd ]:1 —0o0
_ age—m|\t||2'
Theorem 3.15. For all ¢ > 0 we have
. . €
/ e—27rz||tH~e€—2m(t,x)dt = ¢y o
R (e +z]?) =

where

ca="T ((d; 1)) T

Proof. We use two identities :
. 2
1. fRd €—7r5||t||2€—27ri(t,x)dt _ 57%67ﬂ%, 50
2. e = Lfooﬂffzjdu >0
' =770 me du,7 > 0.

Identity (1) can be seen from lemma [3.14] First we will prove identity (2).

Let f(z) = <% C be the contour (positive direction) given below.

1422
Then,

R . .
/Cf(z)dZZ/Rf(z)dz—f— CRf(z)dz:QMZR .

Now by Jordan’s lemma

lim f(z)dz =0.
Cr

R—o0

Therefore

lim /C f(2)dz = /_ Z F(2)dz = 2miRes. i f(2) = e,

R—o0

That is
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Now,

l /00 = l /00 e /00 e~ IHe)uqydy.
T T ) oo 0
B 1
- /
1
T

+ 22
/ 12T U q gy,

—27rwx —4r2uz? 2rdrdu.

/ 1 / 47T2 6 47r u du

-5 e

_ . _ . 1 / €_u w2 2 e ) ;
2mi||t]|-e ,—2mi(t,x) [I1E]l —2mi(t,xz)

e e dt = — —=e wdu dt.
/I%d ﬁ Rd ( 0 \/a

Now,

oo 2
- ; e~te™ N ey T .
T ’ € > d—1
— d+1/ e “u 2z du.
(m(llz][* +€2)) =" Jo
Cq€

(llf? + )%

[]

Remark 3.1. We shall denote the Fourier transform of e~dmelvll® ¢ > 0 by W and P respec-

tively. That is
W(t,e) = (dme) Fe 5, (3.25)

And

Plt.e) = C, ( € M) . (3.26)

Theorem 3.16. If f,g € L'(RY), then
[ = [ it (3.21)
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Proof.

O
Theorem 3.17. Integrals of the Poission kernel and the Weistrass kernel is 1. That is
W(z,e)dz = 1. (3.28)
Rd
and
/ P(x,e)dz = 1. (3.29)
R4
Proof.
_d _l=|? _d _|=l?
/ (dme) S .—/ (4r) -t
Rd R4
u2
(4m)~2 H/
J=1""
T [,
(47r)7§2"7r2 =1
Now

e Y e
Cq Tr. = Cq Z.
R (62 + ||»T|| >(d+1> R 6”+1(1 + Hx||2) (d+1)

| et
Cdq x.
Rt et (14 ||z][2) 2

By using polar cordinates

00 Tdfl
=c —drdw.
‘ /sdl / (1+ 7’2 %

n—1
=cq4|S |/ 1—|—r2dJ2rl dr

= 1.
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Theorem 3.18. (Fourier Inversion) Let f andf belongs to LY(R?). Then for all x in the

set of Lebesgue points of f, we have

fx) = f() e, (3.30)

Proof. Let ¢(x) = W(z,1). Then
() =€"0 <§> = W(x,é?).
€
Also W is a decreasing function in |z| implies ¢ = ¢ and hence is integrable. Therefore using

approximation to the identity we get ,

lim f()2’””“ *4”6”9“"”2dt—hm FOW(t — 2, €)dt

e—0 —0 R4

= lim f( YW (x —t,e)dt = f(z).

e—0

Also since f is integrable using the dominated convergence theorem, we get

f( ) _ hm f( ) 274 t:p>6747r 6H:p||2dt / hmf( ) 274 tm>6747r e||x||2dt
R

4 €0

f( ) 274 t;r d+.
[

Theorem 3.19. Suppose f € LY (RY) and f > 0. If f is continuous at 0 then f € L*(R?) and
f(t) _ f'€27ri<t,x)daj

R4
for almost every x. In particular

f0) = [ F)ar

Proof. We only need to show that f € LY(RY). Consider the function g.(x) = 6_4”””]?(:15).

Then by Fatous Lemma
) fla)dz < liminf [ &' il f(z)da = £(0),
R

R4
since 0 is a Lebesgue point of f. O]

Theorem 3.20. (Plancherel) If f € C.(RY) then || f||2 = || f]|2-

Proof. Define g(x) = f(—z). Then g € L*(R?%). Now say h = f * g then h € L}(R?).
Now by lemma [3.4] and [3.6]
hw) = f(w) - §(w) = fw) - fF(=w) = |f W) (3.31)
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Now by theorem , we can say that h € L'(R?) and h(0) = [y, h(2)dz. We thus have
/ |f(z)Pd = / h(z)dz = h(0) = [ f(x)g(—z)dz.
R4 R Rd
~ [ s@if@ds = [ |f@)Pds
R4 Rd

= [I£ll2 = [If]-
O

Remark 3.2. Since we know that C.(R?) is dense in LP(R?) for 1 < p < oo, and F is

continuous on C.(R?) so we can extend this to L*(R?).

Definition 3.11. (Fourier transform on L?(RY) Space) Let f € L*(R?) and f,, € C.(R?)
be such that f, — f in L*(R%).Then we define

F(f):= lim f,. (3.32)
n—o0
Note : The above definition is independent of the choice of sequence.

Lemma 3.21. (Time-frequency shift of Gaussians) For all o« > 0 and for all x,u,w,n €

R? we have

N |=

a

(T Mo, TuMotha) = (5 ) €055 (1 = ) (n = w). (3.33)

Proof.
<%,Mmea) :/ %(t)Mwa%(t)dt
Rd

O 1 o lt—=|?
:/ e a e 27rz<w,t>e T dt
Rd
i __{t—at-a)
:/ e a e 27rz<w,t>6 T " dt.
Rd
O 11 2 —2te) + )2
:/ e ™ ae 27rz<w,t>e ™ = dt.
Rd

—r=||? o It (z.t)
—e @ e 2= e 27r2<w,t>627r o dt.
]Rd

—rz|? D b it DR Y 11 PO it Rt )
e " e M a e
R4

(t) _o s
— e a - 2= e 27r7,(w,t)dt'

e

WHt—%HQ

a2 _ ,
— 7 e § e 2milwdqy,
R4
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By equation
<¢aa Mme¢a> = ¢2G(I)M%x¢é (w)

By lemma

Now by lemma |3.2
M_ Ty M, = Mye ™m0\ T, o = e 2 T
Now again consider,
(Te Moo, TuMnta) = (Yo, Mo Ty Mn¥a).

_ e27ri<n,ufz> <wa7 Mn,wTufmeJ'

a2 .
) ePrim =) =i =y, (u — x)p2 (1) — w)

I
\CR S

N

a2
) ewz(u—x)‘(n"'w)gpza(u — x)@%(n - CU).
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CHAPTER 4

Uncertainty Principle

4.1 Introduction

In mathematics, uncertainty principles in the strict sense are inequalities that involve both a
function f and its Fourier transform f. We begin with the classical uncertainty principle in

dimension d = 1, which is now commonly known as the Heisenberg-Pauli-Weyl inequality.

4.2 Uncertainty Principles

Lemma 4.1. Let A and B be (possibly unbounded) self adjoint operators on a Hilbert space
H. Then
1
1A = alll| B =0l = 5 K[4, BIf, ) (4.1)

for all a,b € R and for all f in the domain of AB and BA
In the above inequality equality holds iff (A — al) = ic(B — bl) for some ¢ € R.here [A, B] =
AB — BA , is the commutator of A and B.

Proof. Given that A, B be two self adjoint operators on Hilbert space H, which are possibly
unbounded and [A, B] be the commutator of A and B s.t. [A, B] = AB — BA.
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Claim [A —al,B — bl] = [A, B],Va,b € R.
[A—al,B—bl] = (A—al)(B —bl) — (B — bI)(A — al).
= AB — bA —aB 4+ abl — BA +aB +bA — abl.
= AB — BA.
Now consider inner product
(A, BIf. f) = ([A— al, B — bI]f. f).
= ({(A—al)(B — bI) — (B — bI)(A — al)}/. f)
(A—al)(B—bI)f, f) — (B~ bI)(A—al)f, f).
Since A, B are self adjoint operator
= ((B—bD)f.(A—al)f) — ((A—al)f, (B~ bI)f).
= ((B—bD)f.(A~al)f) — (B—bD)f.(A—aD)f).
— 2iIm((B — bI)f, (A — al)f).
(A, BIf, )] < 2/{(B —bI)f, (A~ al)f)l.
The equality holds in above inequality if and only if (B —bI)f, (A—al)f) is purely imaginary

By using Cauchy-Schwartz inequality:.
< 2|(B = bI) fllnl[(A—al)fll3.

1
SKABIf, A < I(B = 0D fllxll(A = al) flln.
The equality holds in above inequality if and only if (A —al)f = ¢(B —bl)f,c € C.
So equality holds if and only if (A —al)f =ic(B —bI)f,c € R.

Theorem 4.2. Let f € L*(R) and a,b € R, then

(z —a)*|f ()] dz % (w = b f ()] dw %2i||f||§‘ (4.2)
( ) (/ ) >

Proof. Consider the multiplication and differentiation operators, X and P, respectively.
Xf(x) = 2f(x) and Pf(r) = 5~ f'(x).
The largest common domain for PX, X P, X, and P is
{fe I’(R): Xf,Pf,XPf,PXfc L*(R)}.

Clearly, the Schwartz class S(R) is the common domain.

(af'(2) - (xf)(2) = .

1
o 27ri

(X, PLf(x)
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By lemma 4.1
1 1
171z = SHX PLE AT < X = al) fll2|(P = BT f]2-

By Plancherel’s theorem

1P = b1)flls = | F(P — bI)f]l2 = ( - b>2|f<w>\2dw)2.

1
2

66— anfll = ( [ (@ = aPlsa)ras )
Now by equation [4.3] [£.4] and

w—aflf@Pa) ( [@-vfwpa)’ > S
/ / -

Corollary 4.3. For f € L*(R) ,

1
IXFllz+ 1P F 1z = oMl

(4.3)

Proof. By applying 2a8 < a? + 3% in the theorem witha=b=0and a = || X[, [ =

1P ll2-

4.3 The Uncertainty Principle of Donoho and Stark

[]

Definition 4.1. (e-concentrated function[9]) Let f € L*(R?) and T C R? be a measurble

set, then f is known as e-concentrated on T if

( |f(rv)|2dx)2 < | fll
TC

Theorem 4.4. [J] Let f € L*(R?) with f # 0 and T, be two measurable subsets of RY.

Suppose f is ep-concentrated andf s €q-concentrated. Then

N

T = (1 —er — eq)>.

Proof. Let |T| = oo or || = oo, then it is trivially true. Assume that 7" and 2 have finite

measure.

Let f € L*(R?), then define
Prf=xrf
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and
Quf(a) = F ' (xaf)( / F(w)emites

We can observe that range of Pr is L2(T) and range of Qq is collection of those f € L?(R%)
s.t. suppf C ), and with this set up we can write that f is ep-concentrated on 7' if and only
if

If = Prfllz < ezl fl2 (4.6)

and f is eg-concentrated on €2 if and only if

If = Qaflla = IF(f = Qaf)ll2 = lIxac fll2 < eall fll2. (4.7)
(By Plancherel theorem.)

Qbf = Qa(Qaf) = F ' (xaF(Qaf)) = F 1 (xaFF (xaf)) = Qaf.

—> (gq is idempotent. Now again by Plancherel theorem

(Qaf,g) = (F ' (xaf). 9) = (xof, §)

= <f, Xag)-
= (£, F ' (xa9))-
<f Qag).

= Qq is self adjoint. So Qq is an orthogonal projection on L*(R?). So ||Qqllop < 1, and by
equation 4.7 and [4.3] we obtain that

If = QaPrfl2 < |If = Qafllz + |Qalf — Prf)ll2 < (er + €a) | fl2, (4.8)
and consequently by [4.§]
1QaPrfll2 > [fll2 = IIf — QaPrflla > (1 — €a — er)|| fll2- (4.9)

Now we compute the integral kernel and then the Hilbert-Schmidt norm of Qg Pr. First,
QoPrf(z) = F(xao(Prf)" )(z)

()

Since we know that 7" and  both have finite measure and since f € L*(T) C LY(T), this

double integral converge absolutely.So by Fubini’s theorem we can interchange the order of
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integral and we obtain
QQPTf(l’) :/ XT(t) </ e27ri<x—t,w>dw) f(t)dx.
R4 Q

Define the kernel K(x.t) = xr(t) / M@ty = p () THF xa) (2).
0

Then, QoPrf(z)= | K(x,t)f(t)dt.

Rd

/ |K(f13,t)|2dxdt:/ / XT(t)/€27ri<x—t,w)dw
Re JRR4 R4 JRdA QO
< [ [ ot [
R4 JR4 Q
S/ / XT(t)/l-dwd$dt.
Rd JRRd Q

< |T]- 19 < oo.

Now calculate

2
dxdt.

—> K € L?(RY), then by the theorem [2.8| Qo Pr is a Hilbert-Schmidt operator on L?(IR%).
Then the Hilbert-Schmidt norm of QqPr is given by

QuPrliis = 1K1 = [ [ k(e s
R JRd
Now since we know that the translation operator 7; and the Fourier transform F are unitary

operator. Now for a fixed ¢, we have
[ K@ 0Par= [ aTF )@ de
= xr(t) /Rd ‘ﬂ(f_lxg)(x)fdx.
= xr(O|T(F " xa) I3
= x7(t) I xwll2-
= [Qxr(?).

and therefore

/Rd [ 1K (0 dadt = 9|7, (4.10)

Finally by equation and the fact that the operator norm ||QqPrl|,p is dominated by
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the Hilbert-Schmidt norm, we obtain
(1 =€ —er)|[fll2 < [QaPrfl2.
< N QaPrlZ, I f113-
< 1QaPrllz s |If1I5
=TI f1I*.

— [T > (1 - eq — er).

Corollary 4.5. If f € L2(RY) with f # 0 and supp f C T and supp f C Q, then
T2 > 1. (4.11)

Proof Choose er = eq = 0 in theorem [£.4]

Theorem 4.6. Suppose that f € L*(R?), suppf C T, and suppf C Q. If |T||w| < oo, then
f#0.

Proof. Since |T||w| < oo and by replacing f(z) by f(az) for some a > 0, we may assume

without loss of generality that |T'| < 1. Now by applying lemma to xr and yq, we obtain

/ Z xr(z +n)dr = / xr(z)de = |T| < 1. (4.12)
0,14 Rd
and
/ Z Xo(w+n)dw = / Xo(z)dw = Q] < oco. (4.13)
o R

A~

Now by equation we can observe that the set {n € Z¢: f(w+n) # 0} is finite for almost
all w € [0, 1]%

Let w € [0,1]% and n € Z% s.t. f(w+n) # 0, then w +n € suppf C Q. Now if no of those
n € Z%st. w+n € is infinite then summation in equation will diverge and || > oo,
which is not possible as we are assuming that || < co.

And we can observe by equation that on a set T' C [0, 1]¢ of positive measure, f(z+n) =0
Vn € Z4.

Now consider the periodization of M,f, that is

o) = S0 Myf(e+n) = 3 fla+n)eZmi®etn, (4.14)

nezd nezd
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we can clearly see that 1, is Z%-periodic, so by the poisson summation formula

ZE) _ ZbeA(n 2mi(z,n) ZT bf 27rzxn Z f 27rz (n,x) (415)

nezd nczd nczd
]
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CHAPTER 5

The Short-Time Fourier Transform

The idea of the short-time Fourier tranform is to obtain information about local properties of
f, in particular about some "local frequncy spectrum,” we restrict f to an interval and take

the Fourier transform of this restriction. We choose a smooth cut-off function as a ”window.”

5.1 Elementary Properties of Short-Time Fourier Trans-
form

Definition 5.1. (Short-Time Fourier Transform[l]) Let f,g:R% — C and g # 0, then
the short time Fourier transform (STFT) of f with respect to g is defined as

Vof(z,w) == » f)g(t — z)e2™tlqt, (5.1)

Here g is known as window function.

Note : STFT is a sesquilinear map which is linear in first cordinate and conjugate

linear in second coordinate.
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Proof. Let f1, f» be two complex valued functions defined on R¢ and o, 3 € C. Then
Volafi + Bf2)(z,w) = /d(ozfl + Bf) (1) gt — x)e 2™ ) g,
R

- /R Jafi(t) + 68 Fo(£))g(E = 2)e2mitt) g,
=a | fil)g(t —z)e ™At + B [ fo(t)g(t — x)e 2™ E04e,
R y

= Q‘/Qfl(l',W) + ﬁ‘/;]fQ(xaw)'

Now let g1, g2 € C be two complex valued functions defined on R¢.

Vigi+gn) f(z,0) = /Rd F) (g + Bga)(t — z)e 2T qt,

— F)(agi(t —x) + Bga(t — x))e—%i(t,w)dt
R4
=a | ft)g(t—2)e At + 5 [ f(t)galt — x)e ) dt,
Rd -

=aV, f(z,w) + B%Qf(x, w).

Lemma 5.1. If f,g € L*(R?), then V,f is uniformly continuous on R%.
Lemma 5.2. Let f,g € L*(R?). Then
Vof(@,w) = (f - Tog) " (w).
= (f, MuT.g).
= (f, T.M_.9)
= e 2 (fLTLg) " ().

_ 6—27ri(£,w>‘/gf(w, _1,>

= 672m<m"">(f x M,g")(x), where g*(z) := g(—x)

= (f * M_p§")(w).
Definition 5.2. (Partial Fourier Transform) Let f be a function defined on R*?. Then
partial Fourier transform in the second variable of f is a function Faof defined on R** and is
given by

Fof(z,w) := ) fx, t)e milberdqy,
R

Definition 5.3. (Tensor Product) Let f,g be two functions defined on Re. Then tensor

product of f and g is a function f ® g defined on R? given by
f@gz,t):=f(x)-g(t).

38



Definition 5.4. (Asymmetric Coordinate Transform) Let [ be a function defined on

R24. Then asymmetric coordinate transform of f is a function T,f defined on R?? given by
%f(xa t) = f(f]f,t - ZE)

Lemma 5.3. If f,g € L*(R%), then
Vof = FTu(f ®7). (5.2)

Proof. Let f,g € LZ(Rd). Then

T.(f ®9)(z,w) To(f @9)(x, t)e 2 ) e,

\

R4

= [ (fo7) (2t —x)e tods,
Rd

g(t — x)e 2wl dy,

I
\

= V )
]
5.2 Orthogonality Relation of STFT
Theorem 5.4. Let fi, fo, g1, 92 € L*(RY), then Vy, f; € L*(R*) for j = 1,2, and
<V;I1f1>‘/92f2> = <f17f2><91792>‘ (53)

Proof. First we prove it for a dense subspace of L*(R?).

Let g; € L' L>*°(R?) C L*(R?). Then by the following calculation f;-T,g; € L*(R?) Vx € R%

150 Tagpa = [ 5O FTg oFa
T.ql? S (H)7dt.
<Ll [ 1500

= [ TeglZ I f1I2 < oo
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Since V, fi(z,-) = (f; - Tog;) "€ L*(R?). Now, using the Parseval’s identity, we get
Wi Vi) = [ [ Vi o)V ol o)
re JR

/Rd » (ATe77) (W)(f2 xQQ)( ) dw dx,
= /Rd ( Ji(t)Tg1(t )Mdt) dz,
- [ ([ #0R@n - ot - 2)ar) @

= (f1, f2){g1, g2). (By Fubini’s theorem)
Now if we fixed g, € L' N L=(R?) then the map T : L' N L>°(RY) — C defined as

T(g2) = <V;71f17‘/ng2>L2(R2d) = (f1, f2)(91,92)

is a linear functional and by Cauchy-Schwartz inequality

T(ga)] < s f2) gm0 < 1A lall ellalgn gl
Now since L' N L>°(R?) is dense subspace of L2(R?). So T' can be extend to L?(R%). That is
(Vo f1, Voo f2) = (f1, f2)(91, 92) V1, f2, 91,92 € LQ(Rd)- L

Corollary 5.5. Let f,g € L*(R?), then ||V, fllre@eay = || fllr2@a 9|l r2@aey- In particular if
9|lr2may = 1, then
£l z2ray = 1V fllr2(eeay, Y € L2(RY).

Thus, STEFT is an isometry from L*(R?) into L*(R??).

Definition 5.5. (Vector-Valued integral)[l] Let B be a Banach space and g : R — B be

a function. Then

f=] g(x)da (5.4)

Rd
Means that,

() = [ {gta). e v e B (5.5)
R4
Remark 5.1. If the mapping | : B — C, given by

1) = [ (o).
R
s a bounded conjugate linear function, then [ defines a unique element f € B”. In general we

can only say that the vector-valued integral is in the bidualB" .
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Note : The most important vector-valued integrals in time-frequency analysis are superpo-

sitions of time-frequency shifts of the form

f= / / F(z,w)M,T,gdxdw.
Rd JRd
For example let us consider F' € L?(R??), then the conjugate-linear functional
I(h) = / / F(z,w)(h, M, T,g)dxdw. (5.6)
Re JRd
By applying Cauchy-Schwartz inequality and by corollary
L < [[EN2AVhllz = IEN2llgll2]lA]l2- (5.7)
This means that [ defines a unique function f = [p.. F (2, w)M,T,gd(z,w) € L*(R?) with the
norm || flla < [|F|2]lgll2 and satisfying I(h) = (f, h).

Corollary 5.6. (Inversion Formula for the STFT) Suppose that g,v € L*(R?) and
(9,7) #0. Then Vf € L*(R?), we have

f= ﬁ /Rd /Rd Vo f(z,w) M, T,y dwdz. (5.8)

Proof. Since V,f € L*(R*?

~—

by the corollary [5.5 the vector-valued integral

)
= Vo, [z, w) M, T,y dr dw
(7, 9) Jra Jra of( )

is a well-defined function in L?(R?). Consider inner the product

1 -
(f,h) = W/Rd /Rd Vof(x,w)(h, M,T,7) dx dw

:ﬁ/w /Rd V, f () Vol (2.0) da deo.

~~y

Thus f = f, and the inversion formula is proved. O

Theorem 5.7. Fiz g,y € L*(R?) with (v,g) # 0 and let K,, C R*! be a nested exhausting

sequence of compact sets. Define

PR / Vo f (2, 0) M Ty d(, ). (5.9)

<P)/>g> Ky
Then li_)rn lf — fall2 = 0.

Proof. By Cauchy-Schwartz inequality and by corollary[5.5, we have the following estimate
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for h € L*(R?).

1 -
<th:Z;ELL,%ﬂLWMhN@Eﬁ>M%w)
1
1
S |<7 g>’ HV;}f“LQ(Kn)”V’YhHLQ(Kn)

= [I£ll2llgll=l1A 2]l vIl2
Thus, |(f,, h)| is bounded, and f,, is well defined for each n. Furthermore,

L£all < 1v, 9)~Hllgll2ll fllallf]l2- Now consider,

S K/R / ) (v, @)Vh(w,w) d(:c,@]
K/Rm /n) (2, @) {h, M Ty d(x,w)l

= m e Vo (z,w)(h, M T} d(z,w).

1
,%g>| ’<‘/gf7 V’Yh>|7

1
|<|

= e B =

||7H||h||/c Vof (@, w)* d(z,w)

= o= IS gl [ 1ad e ) diz)
Since K, is a nested exhausting sequence of sets, we have lim || f, — f||2 = 0. O
n—oo

5.3 Lieb’s Uncertainty Principle

We saw how the time-frequency resolution of the STFT depends on the choice of the window
function g¢. In particular, the time-frequency resolution of V,f is limited by the size of the
essential supports of g and §. The calssical uncertainty principle (Theorem for g thus
implies an uncertainty principle for V; f. In this section we present uncertainty principles that

directly apply to the STFT.

Theorem 5.8 (Weak Uncertainty Principle for the STFT). Suppose that || f|l2 = ||gll2 =
1 and that U C R2?® and € > 0 are such that

/ Vo (z,0)]* d(z,w) > 1 —e. (5.10)
U
then |U| > 1 —e.
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Proof. By Cauchy-Schwartz inequality

Vo f ()| = 10, MuTag)] < 1| lallglls = 1,¥(, ) € B2
= Vof € L®(R*), with [[Vyflle < [[fll2llgll2 = 1.
Therefore,

| —e< / 1V, f (2, 0)? d(z,w) < VoAU < |U].
U

Theorem 5.9. If f,g € L*(RY) and 2 < p < oo, then

f e dio ) < (g)d(HfHQHgHz)p-

(5.11)

Proof. Let p’ be the conjugate of p i.e. [% + % = 1. Since 2 < p < o0, we have 1 < p’ < 2.

Note that by the Holder’s inequality f-T,g € L'(R%). And since by the theorem we have
Vof(z,w) = (f-T,9)" (w) € L*(R??), then f-T,g € L' N L?(RY). for almost all z € R? which

implies that f - 7,5 € L (R?) for a.e. x € R%. NOW consider,

(/. |fowrpdw) ([ 1rra >r”dw)’l’

By Hausdorff-Young inequality

< AY ( |f - Tg(y) | dy)
]Rd

1

<4 (111 gV (@)

<4 ( / (1 |g*|p’<x>>5'dx) ’”

N————

(/ Vo f (2, w)|Pdedw
Rd JRd

Since f,g € L*(R%), !f|pl, fgfp/ € Lﬁ(Rd)
2 1 1
takes:—,,r:£/:>—+—=1 -
D p S S r

Theorem 5.10. Suppose that ||f]la = ||lgll = 1. If U C R** and € > 0 are such that

/ |ng(x,w)|2d(x,w) Z 1- €,
U
then

2d

Ul > (1—¢)7z <§>ﬁ > (1—e€)%2d Vp > 2.
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p—2

Proof. By Holder’s inequality and by theorem [5.9]

[ Wt Paew) < ( [ st e w) ([ hotoae0)

2d

2\ 7 p=2
< (];) Ul llgll2)?0 5.
Since [ [Vyf(z,w)[?d(x,w) > 1 — ¢, then

2d
2\ 7 p—2
| —e< (5) (U flalglla)? 1015
2d

U| > (1—e)72 (g);fz

Take p = 4, then above inequality becomes

U] > 241 — €)%

5.4 The Bargmann Transform

Since we know Gaussian functions minimize the uncertainty principle, it is of special case to
study the STFT with respect to a Gaussian window. Let ¢ (z) = 22¢~"I#I” be the Gaussian
on R? s.t. [[¢|l2 = 1. Then

Vof(z,w) =24 [ f(t) o= llt=all? ,~2mi(wt) g
R

=244 [ f(t) e I 2@t o —mllel® o —2midet) gy

— 2d/46—7ri<x,w>

e—g(||x||2+HwH f() —mt? 27r<t,x)€27ri<t,w>)e (z—iw) dt

Let us convert (r,w) € R?? into a complex Vector 2 = x +iw € C! We will keep the

notation consistent with RY, that is, we will write 2% = (z + iw) - (v + iw) and |2 = 2z - 2
(7 +iw) - (z — iw) = 2% + w?. Further, dz denotes the Lebesgue measure on C%.Then

Vsof(iL‘,W) _ 2d/46—7ri(x,w>6—%(\\$||2+Hw|| f( ) —mt? 27r<t:c> 27rz(tw)) —3(1‘ iw)? dt. (513)

Definition 5.6 (Bargmann-Fock Space[l],[l()]). Bargmann-Fock space denoted by F*(C?)
18 collection of all entire function I that satisfy

|F(2)]2e ™7 dz < oo, (5.14)
(Cd

e F2(C% is a Hilbert space w.r.t. the inner product given by
(F,G)r = / F(2)G(z)e ™ dz.
Cd
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e The norm on F?(C?) corresponding to the inner product is given by
I1FI5 = [ PP ax
cd
Definition 5.7. (Bargman transform/[1],[1(}]) The Bergmann transform a function f de-
fined on R? is a function Bf on R%, and it is given by
Bf(z) := 2% d Ft)eXmt=m =52y, (5.15)
We can observe that we can obtain equatz’o]i by substitution z = x +iw 1n equation|5.15

Theorem 5.11. 1. If we write z = x + iw, then

2
2]

Vof(z,—w) = e™“Bf(2)e ™ 2. (5.16)

2. If f € L*(RY), then

1

Il = ([ 1rrea:) " = 171 (5.17

Theorem 5.12. The collection of all monomials of the form

\oa|% d o 3

7 TN

= () =TT ()
ol ; Oéj.

7j=1
for a = (a1, ay, -+, aq) with aj € Z,a; > 0, forms an orthonormal basis for F*(C?).
Proof. Let z = (21,22, +,+, 24). Now consider each variable z; = r;e® . First let us compute

the inner product of z* and 2? restricted to the disk

Pr={z=(21,29,", ., 24) € C: |z;| < R}.

(2, 2°) Z/ 22 2Pe .
cd

If a £ 3, then
(z%,2°) 7 = lim 2Pz
d

_ LBzl
=11 e

j=1 lz;|<R
d
H/ / a B zaﬁjezﬁejdr de
d

_ / / 0B et B0 4y 0

a+ﬁ+1) 58
[ ety —
a+6+1/

I
E& H
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If « = 3 then,
d

R
29 2%) F = 2% F = 22 2e 4z = 27 r2% e i) = ua, R.
J J H
Pr j=1 0
For R = oo, by making the change of variables s; = 7r3, then ds; = 2wrdr, we can continue

as follows :

d s\ d [y +1) o ai
_ e —S _ J _ J
! (/ (5)"e ds) I e
J= J=

Jj=1
1

2 . o > 0} is an orthonormal system in L?(Pg,e "*"dz). In particular

Consequently {u
{eq, > 0} is an orthonormal system in F2?(C%). Now to show that {e,,a > 0} is an or-
thonormal basis for F2(C?) we show that it is a maximal orthonormal set for F2(C?). Now let

F € F?(C%) then since F is analytic function we can express it as a power series expansion i.e

= E Co * 2%,

a>0
Now Let us assume that F' is also orthogonal to all 2% i.e.(F,eg) = 0 for all 5 > 0. Then

(F,eq) = lim (ﬁ) /R (an z> g

Since the power series inside the integral is absolutely convergent on a compact set So we can

interchange the sum and integral.

= an/ 2P dz = capp

a>0

Thus (F,ep)F = <”[|3,|) I%Hn cappr = 0. This implies that ¢g = 0 V8 and thus F' = 0. So

{eq, a0 > 0} is the maximal orthonormal set of F?(C%). Thus it is an orthonormal basis for

F2(CH). O

Theorem 5.13. F2(C%) is a reproducing kernel Hilbert space, i.e.
o 2
[F()| < |Fllze™ % ¥z € C°,
The reproducing kernel is K,(z) = e™% F(w) = (F, K).

Proof. By theorem we can express F' € F?(C%) as F(z) = 3 o(F, €a) rea(2). Now by

using Cauchy-Schwartz inequality

z>rs<Zr<F,ea>f|2) (ZZ—TW) = [Pz 5.

a>0 a>0

(5.19)
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Now consider the map T,, : F2(C?%) — C, defined as

Tu(f) = f(w), (5.20)
then T, is a linear map by equation m T,, is bounded for each w € C%. So by Reize repre-

sentation theorem 3K, € F?(CY) s.t.

T.(f) = flw) = {f, K.).
Now since K, € F?(C%), again by

Ky(2) =Y (Ko, ea)ea(2).

a>0

= Zmea(z).

a>0

ol
— _wO( . ZCM
Z ol
a>0
— 6W<Z7w>

]
Theorem 5.14. The Bargmann transform is a unitary operator from L*(R?) onto F?(C?)

Proof. We have already seen in theorem that B is an isometry. Thus its range is a closed
subspace of F2(C%). Therefore, if we show that B(L*(R%)) is dense in F?(C%), then it follows
that B(L*(RY)) = F?(C%), so B is surjective and the proof is complete.

We start by rewriting Lemma in terms of the Bargmann transform. Using Lemma 1.5.2

with @ = 1 and taking the normalization of ¢ into account, we compute

VSD(TUM—??SD) ($, _w) = <TUM—77§07 M—wa90>

= (T M_yp, T, M_,0)

_ eﬂi(n—w)-(—n—w)627r72x-we—ﬂ'[(z—u)2+(n—w)2]/2‘

On the other hand, writing z = x+1w and w = u+1in, we obtain after some bookkeeping

in the exponents and after applying theorem that

—miz-w 7|2|?
B(IL.M_np)(z) = e RV (T, M) (2, —w)
_ €7riu-77e—ﬂ(u2+772)/267r(ac-u+77~w+i(w-u—a:~n))
Triu-ne—w|w|2/2e7r11;-z'

=€
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We can rewrite this in short as
B(T,M_,0)(z) = e™ne w2 [¢ (2), (5.21)
This shows that the reproducing kernel of F2(C?) is in the range of B. Now suppose
that for some F € F?(C%) we have (F,Bf)r = 0 for all f € L*(R?). In particular, using
equation we have for all w € C? that
0 = (F, B(T,M_ )
= ¢ e 2(F R

_ e—wiu~77€—7r\w\2/2F(w)'

Therefore F' = 0, and consequently the range of B is dense in F2(C%). O

Definition 5.8 (Hermite Function). Let B : L?(R%) — F%(C%) be a Bargmann transform
and {es} be the orthonormal basis of monomials in F*(R?) Then H = B~ 'e, is known as
Hermite function.

Since Bargamann transform is unitary map from L*(R?) to F?(R%){H,} is an orthonormal

basis of L*(RY).

Proposition 5.15. The Hermite functions are eigenfunctions of the Fourier transform, par-

ticularly, Voo > 0, we have

~

H, = (—il*hH,.

Proof. By theorem writing z = z +iw € C?, we have and using the property that 1) = @/A)
VoHy (2, —w) = ™Y BH, (z)e /2
_ 67ri:c‘we—7r|z|2/26a'

= *™"“V_H,(w, )

o ) L2
— 627Tz:pwe ’T”“’BHa(w—m)e w|z|%/2

7T|a| 1/2
_ emz-we—w|z|2/2 ( ' ) (w . i[E)a
(0%

miz-w —7|z|%/2 ﬂ-lal i -\«
=" — (—iz)

al
_ (_7;)|o¢\eﬂ'iaz-we—ﬂ'|z\2/2€a(z).

Since V,, is one-to-one, it follows thatHo = (—i)* Ha.
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CHAPTER 6

Quadratic Time-Frequency Representations

6.1 Introduction

In this section we will discuss about some quadratic forms. Till now we have seen short time
Fourier transform, which is a sesquilinear form. We know that STFT of a function depends
on the window function. To avoid this ambiguity we will see more general time-frequency

representations.

6.2 Spectrogram

Definition 6.1. (Spectrogram/[l]) Let g € L*(R%) be s.t. |glla = 1 and f be a function
defined on R:. The spectrogram of f w.r.t window function g is a function SPEC,f defined

on R?* and given by

SPEC, f(z,w) = |V, f(z,w)|*, Vo, w € R*. (6.1)
e SPEC is a quadratic form.
e SPEC,f(z,w) > 0,Vz,w € R (Non-negativity)

e SPEC,(T,M,f)(z,w) = SPEC,f(x—p,w—n)Vz,w, u,n € R%. By Lemma (Covariant)
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o If f € L*(RY) then SPEC,f € L'(R%) and

ISPEC,flli = Vo1l = If12llg115- (Energy-preserving)

The interpretation of spectrograme is slightly ambiguous because it depends on window func-
tion. For this reason spectrogram sometimes discarded as genuinely quadratic time-frequency

representations.

6.3 The Ambiguity Function

Definition 6.2. (The cross-ambiguity functionfl]) Let f,g € L*(R?), the cross-ambiguity
function of f and g is a function A(f,g) defined on R* and given by

A(f,9)(x,w) = / flz+1/2)g(x —t/2)e )t (6.2)
Rd
If f = g then we write A(f, f) = Af and Af is known as ambiguity function of f.

o A(f,9)(z,w) = e™@IV, f(z,w)Vr,w € RY
Proof.
A(f, 9)(z,w) = / flz+1/2)g(x — t/2)e 2@ s,
R4
Substituting ¢t — u
_ 67ri(x,w> f(u)me—%ri(u,w}du'
R4

_ 67ri(m,w>‘/gf(x7w).

]
o A(f.g) € IA(RY¥f,g € LA(RY) and
IACE, 9ll5 = 1F 11311915V, g € L*(RY).
Proof.
/ |A(f, 9)(z,w)[Pdedw := / |e”<x’w>‘/gf($,w)|2dxdw.
Rd JRR4 Rd JRA
:/ Vo f (2, w)|*dedw.
Rrd JRd
= [|flI5]lgll5- (By orthogonality relation of STFT)
]
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Note : Af(z,w) = Alc.f)(z,w) = [palc|2f(t +2/2) f(t — x/2)e 2" @«)d¢t when |c| = 1. The

ambiguity function Af determines f only upto phase factor.

Theorem 6.1. (Inversion Formula for Ambiguity Function) Let f € L*(RY) s.t.

f(0) # 0 and Af it’s ambiguity function then

x) = L T, w)e™ @) dw
1) == [ AT e (6:3)

And the other solutions of above integral equation are cf when |c| = 1.

Proof. Let f € S(RY), now observe that for a fixed z € RY, Af(x,-) is Fourier transform of
g where g(t) := f(x +1t/2)f(x —t/2).

Now by the inversion formula of Fourier transform

ot) = fla+ /2T =D = [ Af(ww)e

R4
put x = t/2 then

f(z) = ; Af(x,w)e™ @) dy.

f(0) e

Note : Let f € L*(R?) then Af(0,0) = [o. |f(0)]*dt = || f]]3-
Suppose that f € L%(R?) and f # 0. Then |Af(z,w)| < ||f]3,V(z,w) # (0,0).

Proof. We know that
|Af (2, w)| = Vi [z, w)] = [{f, MuT: f)]
<l My Tefll2 = |1 £]13. (By Cauchy-Schwartz inequality)
and equality holds when M,T, f = cf for some (r,w) € R* and |c| = 1.
Case 1: When z # 0 then T,|f| =

6.4 The Wigner Distribution

Definition(The Cross Wigner Distribution)[I] Let f,g € L?(R%),Then the cross-Wigner
distribution of f and g is a function W (f, g) defined on R?? and given by

W(.)ww)i= [ o+ /20— D (6.4)
Rd
If f =g then we write W(f, f) = W f and W f is known as Wigner distribution of f. O
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Lemma 6.2. For all f,g € L*(R?),

W(f, g9)(x,w) = 2%V, f (22, 20), (6.5)

where Zg(x) = g(—x)Vo € R? is the reflection operator.

Proof.
W(f.0)(ww) = | fla+t/2)g0 — i2)e >t
R4
Substitute z + /2 — u then dt = 2¢du

— 2d f(u)mefZM(w,Quf2x>du.
R4
_ 2d f(u)me4ﬂ'i<x,w>e—27ri(2w,u>du'
Rd
_ 2d 4Ami(z,w) f( )m 27ri(2w,u>du.

_ Qd 4Ami(z,w) gf(2ZL' 2&))

Lemma 6.3. Let f,g € L*(R?), then

(a) W(f,qg) is uniformly continuous on R*?, and
W (f, 9)loo < 271 Flllg]l2-

(b) W(f,g) =Wl(g, f). In particular, W f is real-valued.

(c) For u,u,n,v € R, we have
utwv oty

W(T, M, T, Mig) (1.0) = €750 @riten o gy (£, g) (- 0 o 12T
In particular W f is covariant, that it
W (T M f) (@,0) = W f(z — w0 — ). (6.6)
(d) W(f,9)(x,w) = W(F,g)(~w,x).
(e) Moyal’s Formula Let f1, f2, 91,92 € L*(R?) then
(W(f1,91)s W (fa, 92)) r2(meay = {f1, f2) (g1, g2). (6.7)

Proof. (a) Since W(f,g)(z,w) = 2% @)V f(22,2w) and we know STFT is uniformly

continuous on R*, so W(f,g) is uniformly continuous on R??.
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Now
(W (f,9)(z,0)| = [2Vz, f (22, 20)] < 27/(f, My T, T,)]

< 2 fll2l| Moy T2eZy||2 (By Cauchy-Swartz inequality)

= 29| fll2lgll2-
(b)
W(tg)ww) = [ flo+0/2igle— 7
Rd
= / flx +1t/2)g(x —t/2)e2miltwidt.
Rd
Substitute t — —¢
= [ flz—t/2)g(x +t/2)e-2miltw)dt,
Rd
=W(g, f).
(d)

W(f,9)(z,w) = 2de4m<x’w>VI§f(2x, 2w)(By Lemma 4.4.1)
= 2% (f My, TroTy)
= 204 T D) (F My, Th,T,).((as T, = T;)
— gdtnilew)( f 2mia2amy Ap T
= oA @@ (f Mo, Th,T,)
= 2detmie—wly, f(—2w, 21)
=W(f,9)(-w,x).

(¢)

W(f,q) (z,w) = 2de4’”<x’”>VI§f(2x, 2w)(By Lemma 4.4.1)
= 24 L (f My, To, )
= 2@ (f Mo To,T,).((as I, = T;)
— gdetmilew) (f 2ria2omy Np T
= 2@ (f My, Ty, T,)
= 2detmile Y, f(—2w, 27)

= W(f7 g)(—w,x)
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Note : Fif, Fof are the partial Fourier transform in first and second variable respectively

of the function f definied on R?? and we can define by

Fif(w,t) = f(x, t)e @) dy,
R4

Fofww)i= [ Jlone
Rd
Fourier transform and of f is given by Ff := FiFof, and F1f := fflfg_lf.

Lemma 6.4. Let f,g € L*(R%). Then,

W(f,9) = FT.(f ®9), (6.8)

where T, is symetric cordinate transform of a function defined on R?*? and defined as T, f (z,t) :=

flz+t/2,x—1/2) and F is the partial Fourier transform in second variable, and (f®g)(x,t) :=
f(@)g(t).
Proof. Faf(x,w) fRd Ye2miltw) qt

T(f @9 (x,w) = [ T(f @7)(z,0)e )t

\

R4
/ f®g :B—I—t/Q ZU—t/Q) —2mi(tw) 44
R

:/ fx+1t/2)g(x —t/2)e 2t qt,
R4

=W(f,g)(z,w).

Lemma 6.5. Let f,g € L>(R?). Then
W(f,9) = FUA(F, 9),

where U f(z,w) = f(w, —x) is the rotation operator.
Proof.
FW(f, g)(x,w) = F ' F W (f, 9)(x,w)
= Fi F  VRT(f @) (r,w)

T(f ©9)(t,w0)e 0t

Rd

= / (f®79) (t—i— —,t— ) e i) gt
Rd 2

2
W W :
— t —>_<t— _) —27r7,(t,—x)dt
/Rdf< ty)illm3)¢

= A(fu g)((x), —I) = UA<f’ g)(wi)
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[]

Lemma 6.6. Let f € L2(R). If suppf C [a,b], then W f(z,w) = 0 for x ¢ [a,b].If suppf C
[a, B, then W f(x,w) = 0 for w ¢ [a, f].

Proof.
Let Wf(z,w)= [ flz4+1t/2)f(x —t/2)e ™At 0,

:>R x+t/2,x—1t/2 € suppf C [a,b]

— %(x L/2) + %(:1: _4/2) = 2 € [0, b]. (As [a,b] is a convex set.)
Since W f(z,w) = W f(—w, 2)
Let Wf(—w,z) = 5 fl—w+1/2) f(—w — t/2)e 220 dt £ 0

— —w+1t/2,—w—t/2 € supp

O
Lemma 6.7. If f, f € L* N L%(RY), then
WS w)de = | f@), (6.9)
R
W f (w,w)de = | f(x)|*. (6.10)
Rd
In particular,
[ ] Wi = 115 (6.11)
Rd JRd
Proof. By Lemma 4.4.1 and Lemma |W f(z,w)| = 2%V} f() O

Note : Let f € L?*(R?) be a odd function s.t f # 0 then
W00 = [ s/
=— g f(t/2)f(t/2)dt.(as f odd function)
Substitute ¢/2 — u then dt = 2%du
— ot [ |f(wdu
R
— 2 <.

Therefore the Wigner distribution is not non-negative for all f € L*(R%), So it is also not

a ideal quadratic time-frequency representation. Now we will try to see that for which kind
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of functions Wigner distribution is non-negative and the possible other ideal quadratic time-

frequency representations.

6.5 Positivity of Wigner Distribution

Definition 6.3. [1] Let B be an invertible d x d-matriz over R and C' be a symmetric d X d-

matrix over R. Then we define
Upf(z) = |detB|1/2f(Bx), (6.12)
and

Nef(z) = e ™0 f(z). (6.13)

These are unitary operators of coordinate change and multiplication.

Lemma 6.8. Let f be a generalized Gaussian function of the form
f(.fll) — 677r<m,Am)+27r<b,:r>+c (614)
where A € GL(d,C) s.t. A= B+1iC, B is real positive definite symmetric matriz and C is a

real symmetric matriz, also b = by + ibs, by, by € R, Then

(a)
f=kMy,op-1, Tp-1, Nl 3 61, (6.15)

where k € C and ¢ (x) = e~ "I#I7,
(b) The Fourier transform of f is again a Gaussian, specially

F = (detA) 2kTy,_cp-1p M_g-1p, (" ™A7")), (6.16)

Proof. (a) We write the exponent of f as

—m(z, Az) + 21 (b, x) + ¢ = 27i(by — CB~'by, ) — mi(x — B~'b;,C(x — B~'by)
—7m{x — B b, B(x — B7'b))) + c+7(B by, AB7'by).
This yields f = kM,,_cp-1p, -1, NC (e ™@5%) for some k € C. Since B is positive
definite, we can take its square root and write (z, Bz) = (B2z, B2x).
Then e~™@B%) = | det B|~1U B3 oy, [6.14] follows.
(b) In view of equation and we only need to compute the Fourier transform of
e~ ™®A42) - Assume first that C' = 0 and that A = B is positive definite. Since ¢; = ¢; and
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since

Uaf)* =UATf,
we obtain

/ e B it 4y = (det B) Uy o1)" ()
R4

B
= (det B) iU _y 1 (w)
/ e~ @ Be) 2milew) g — (det B)_%G_MW’BAW. (6.17)
R4

Both sides of this equality are analytic functions in the variables b;;, of B. By analytic
continuation, can be extended to complex-valued symmetric invertible matrices A =
B+1iC, as long as B remains positive definite (so that the left-hand side of makes sense).
The square root (det A)~'/2 is well-defined on {A € GL(d,C), A= AT, Re A > 0} since this
region is simply connected. Now we take the branch that extends the root of positive definite

matrices. Consequently,
(efﬂ(x,A@)/\(w) — (det A)féefﬂ'(w,A_lw)
for all A= A" € GL(d,C) with positive definite real part, and therefore follows.

The ugly formulas and say that every Gaussian and its Fourier transform can be
obtained from the standard Gaussian e~ ™I#I” by applying time-frequency shifts, a coordinate

transform, and a multiplication by a chirp. O]

Lemma 6.9. For f,g € L*(RY), B € GL(d,R), and C symmetric we have
W (Usf,Upg)(x,w) = W(f,9)(Bx,(B")'w)
and

W(Ncf,Neg)(z,w) = W(f, g)(x,w + Cx).

Proof. The proof is by computation

W(Upf,Upg)(z,w) = |det B| | f(Bz + iBt) g(Bx—_%Bt)e—Qm'(t,w>dt
Rd

=/, f(Bx + 3t) g(Bx — 1t) e 25710 gt

=W(f.9)(Bz,(B") w).
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Since C' is symmetric, the exponent of the chirp simplifies as
(@+5,C(x+35)) —(@—§C(x—3)) = (2t,Ca).

2
Then we find

W(Nef, Neg)(x,w) = / e 0N (24 L) g (z — §)e ™0t

Rd
=W(f,g9)(x,w+ Cz).
O

Theorem 6.10. (Hudson) Let f € L?*(R%). Then W f(z,w) > 0,V(z,w) € R¥, iff f is

generalized Gaussian of the form as equation |6.14)

Proof. Proof of Hudson’s Theorem. In view of Lemma and [6.9] the sufficiency is now
easy to see. Since the action of the operators T, M, N, and U on f amounts to a coordinate
transformation of W f, we see that W f > 0 if and only if Wy, > 0. Precisely, if f is a
generalized Gaussian of the form [6.14] then

Wf(z,w) =Wy (Bl/z(x — B7'by), B7Y%(w — by + Cx)) .

Thus all we need to show is that Wy, > 0. We calculate W, for arbitrary a > 0:

-1 12 1?
Wpa(z,w) :/ e Mﬂf” +Hx72t“ L‘Qm(t’mdt (6.18)
R4
—or||a| L L )
=e e "ae “Idt. (6.19)
Rd
= p2(z) P2a(w)
= (2a)d/2g0%(x) P (w)>0. (6.20)

To establish the necessity in Hudson’s theorem, we use properties of the Bargmann
transform and some complex analysis. Assume that f € L?(R%) and W f > 0. We take the
inner product of W f with the Wigner distribution of the normalized Gaussian ¢ = 2%4p;.
By equation [6.6| W (M_,T,¢) > 0 for all (x,w) € R?*?; therefore

(W, W(M_,Tp0)) r2m2ay = //Zd W f(u,n)W (M_,Tpp)(u,n) dudn > 0. (6.21)
R
for all (z,w) € R*. We apply Moyal’s formula a identify the inner product (W f, W (M_,T,p))

as the Bargmann transform of f. Writing z = x + iw € C¢, we obtain:
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(WfW(M_uTop)) = [(f, M_uTo0)|”
= Vpf(z, —w)|”
= [Bf(2)|e """
Since the entire function Bf does not vanish by (4.21), there exists an entire function

q(2) such that
Bf(z) = e1®).

Furthermore, since
BF()le™% < [Veflios < llellallflls = £l
B f satisfies the growth estimate
[Bf()] < |IFll2e™ 2.
By taking the logarithm, we obtain the estimate
[Req(z)| < e+ =P
It follows from Carathéodory’s inequality of complex analysis that g itself satisfies a similar

estimate, namely,

lg(2)] < Cy + Cyl2|%.

Therefore ¢ must be a quadratic polynomial of the formTherefore ¢ must be a quadratic
polynomial of the form
q(z) =mz - Az+2mb -2+, (6.22)
The restriction of Bf to vectors in iR? is
Bf(iw)efmuz/Z _ eq(iw)efﬂ'o.)Q/Z _ 6771'0.1-(A’Jr1/2)u.z+271'ib’-o.)Jrc’7 (623)

in other words, a generalized Gaussian. Next, we express the restriction of V,f to {0} x R¢

in two different ways. On one hand,

Vo f(0, —w) = (f, M—wp) = (f - ¢)"(—w).
On the other hand
Vo f (0, —w) = Bf(iw)e ™"/2,

Therefore (f - )" is in L?>(R?) and is a generalized Gaussian. By Lemma f-pis

again a generalized Gaussian and consequently f is also a generalized Gaussian of the form

f(ZE) _ e—w(a:,Aac)—i—Qw(b,m)—&-c’ bhe Cd, Ae GL(d, C), A= AT
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Since f € L?(R%), A must have positive definite real part, and Hudson’s theorem is proved

completely.

]

Note : Since the Wigner distribution behaves exemplarily in most aspects, its lack of

positivity is quite bothersome. As a remedy for its negative values, one might take average at

each point. The standard averaging procedure in mathematics is the convolution of W f with

a smoothing function 40 which is centered at (0,0). Then the convolution

(Wfxo)(z,w):= / Wf(t,n)o(x —t,w —n)dtdn.

Rre JRd
lz)? | Jew)
Theorem 6.11. Let 0, (7, w) = e 272 +75) = e (z)hs (w).
(a) If ab=1, then W f x 0, > 0,V f € L*(R?)
(b) If ab > 1, then W f x 0,4 > 0,Vf € L*(R?)

(c) If ab < 1, then W f % 0,5, may assume negative values.

Lemma 4.5.3. For a,b > 0 we have

b\ Y2
wa * ¢b = (aa—l— b) ¢a+b'

Proof. By Lemma
(o % 1) (@) = tha(w)dp(w) (as (f gV = f * §)
= (ab) "1 (w1 (W) (as Pa(w) = a1 (w))
= (ab)Y2e~m(atD) Il

- (% )M (a4 b)Y+ ()

a+b atd

( “ )M Yo ().

a+b

Proof. Claim : Z(W f) = W(Zf) where Zf(z) = f(—x)

L0V f)(00) = WF(=, =) = [ e t/2) T = 72~

substitute ¢t — —t
= [ f(—x —t/2)f(—z +t/2)e 2™t dt,
Rd
= / Tf(x+t/2)Tf(x —t/2)e mE) e,
Rd

=W(Zf)(z,w).
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Now let ab = 1 then by equation (17)
Oap = Vs (@)1 1 () = (20)F Weha(w,w).
Now by using covariance and Moyal’s formula of W f, we have

(Wf*oup)(z,w) = //Wftn)cr 1(x—t w — n)dtdn
Substitute x —t — v and w —n — v then
//me—u w—uv)o, 1(u v)dudv
// WHu—z,v—w)o, 1(uv)dudv
://W(If)(u—x,v—w)aa7i(u,v)dudv
R JR
:(2a)51//W(If)(u—x,v—w)Wwa(u,v)dudv
R JR
= (2a) 7% W(Zf)(u—z,v—w)Wih,(u,v)dudv
o) ? [ [ WEp=a0—w)W0

(as Wip, > 0)
By the covariance of W f
— (20)7 /R /R W (MJTLZ ) (4, 0) W G (w, 0)dudo
= (20)F (W(MLLS), Weba)
By the Moyal’s formula
= (20)% (M,TZF, $)|* > 0

Now let ab > 1, then we can find ¢,d s.t. 0 <c<a,0<d<bandcd=1.

Claim : 04 = Oap * Og—cp—d-
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(Uc,d * Ua—c,b—d) ($, CU) = /
= [ ] o500y @ = a0 = e

/ gc,d(ta n)aa—qb—d(x - ta W — n)dtdn
d JRd

2

- ( [ vsteneto - t)dt) b (n)boca (w0 — )l

2

Now Wf k0, = (Wf*0.q)*0a_cpa (Convolution is associative in L?(R?))
Since W f*xo0.q >0 and 04_cp—q > 0, s0 W[f*o0,;, >0 as we know that the convolution of a

non-negative function with a strictly positive function is always strictly positive.

6.6 Cohen’s Class

Definition 6.4. [1] A quadratic time-frequency representation Qf belongs to Cohen’s class,
if it is of the form
QI =Q.f=Wfxoa, (6.26)

for some o € §'(R*).

Lemma 6.12. For instance by equation, we have
are therefore

Qa(Tmef) = T(x,w)QUf- (627)

Thus, all time-frequency representations in Cohen’s class are covariant.

Proof. For instance, since W (T, M, f) = Tz . W f by equation , we have
Qo(TeMouf) = W(T: My f) * 0
= (TeuWf)*o
=Towy(W[fx*o)

= T(x,w) QU f
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Lemma 6.13.
/ Qo f(z,w) dx dw = || f|3 (6.28)
RQd

holds if and only if [[g.0(2, w)dzdw = 1.

Proof.
/ Qo f(r,w) dx dw = / Wfxo(x,w)drdw
RQd Rgd

_ (/ [ W) d:cdw) <//dea(x,w) an dw)
=151 [ otrw)ded

To make this computation work, we need o € L'(R?*?) and to restrict f to the subspace

where W f € L'(R?*?). The same argument also works if ¢ is a bounded measure on R?*? with

O'(Rgd) =1. O

Lemma 6.14. The analogue of Moyal’s formula takes the form

<Qaf: Qag>L2(R2d) = |<f: g>‘2 (629)
for f,g € L*(R?). It holds if and only if |6(z,w)| = 1 almost everywhere.

Proof. we note first that for 6 € L>®(R??) and f € L?(R?), the convolution W f * o is well-
defined in the sense that W f xo = F _1(1/1//7 -0). Now use Parseval’s and Moyal’s formulas

and Moyal’s formula several times:
(Qof, Qog) r2m2ay = (W[ x0,Wgx0)
— (F W] -6),F (Wg- o))
= (Wf,Wg- 5%
= (W[, Wg)
= W[, Wg) (by (4.8))
= (£, 9"

The converse is similar. O
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CHAPTER [

Discrete Time-Frequency Representations : Gabor Frame

7.1 Frame Theory

Definition 7.1. (Frames) Let H be a seperable Hilbert space. A sequence
{e; :j € J} CH is a frame if 3A, B > 0 s.t.

AIFIP <YK fsen)l® < BIFIP. VS € A (7.1)
Here A and B are known as frame lj(;jnds.

Note : If A= B then we say {e;:j € J} is a tight frame.

Example 7.1. Orthonormal basis is a tight frame with frame bounds A = B = 1.

Proof. Let {e; : j € J} C H be an orthonormal basis for H, and f € L*(R?), then by the

Parseval relation || f||* =Y., [(f,¢;)]*.
AP < Y1 fe) P < NI
jeJ
Clearly, {e; : j € J} C H is a tight frame with frame bound A = B = 1. O

Example 7.2. The union of two orthonormal basis is a tight frame with frame bounds A =

B =2.
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Proof. Let {e; : j € J} C H and {¢; : j € J} C H be two orthonormal basis for #, and
f € L*(R?) then by the Parseval relation

A1 =D [KF el

JjeJ

IFIP =D [ foenl

jeJ
Now consider, {e; : j € J} U{¢;:j € J} CH. Let Then

D IFen P+ [fenl® =211

jeJ jeJ
21F117 < D WfrenlP + D1 feP <20 f1
jeJ jeJ
Clearly, {e; : j € J}U{c¢;:j € J} CHis a tight frame with frame bound A = B = 2. O

Example 7.3. The union of orthonormal basis with L arbitary unit vectors is a frame with

frame bounds A=1,B =1L+ 1.

Proof. Let {e; : j € J} C H be an orthonormal basis for H and {cy,cs,-,+,-,cL} C H s.t.
el = 1. for j = 1,2,-,-,-, L. Now consider f € H and since H is seperable space we can
write f as

13 = D 1(F el

jed
Now, by Cauchy-Schwartz inequality
L L
£ < D1 enl+ D 1P < W15+ D I IRdlesllFe < (14 D) FI3
jed j=1 j=1
Clearly,{e; : j € J}U{c1,¢2,, -, -, cr} is a frame for H with frame bounds A=1,B=L. O

Remark 7.1. Frames generalize orthonormal basis. However, these trivial examples already
show that in general the fram elements are neither orthogonal nor linearly independent. To
understand frames and reconstruction methods better, we study some important associated

operators

Definition 7.2 (Coefficient or Analysis Operator). Let {e; : j € J} C H, the coefficient

operator C' is a map defined H given by
Cf == {{fre) g€ I}, (7.2
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Definition 7.3 (Synthesis Or Reconstruction Operator). Synthesis operator D is a map
from Cyo to H given by

Dc := chej. (7.3)

jeJ
Definition 7.4 (Frame Operator). Frame operator S is a map defined on H and S given
by
Sf= (f.e;)e; (7.4)

jeJ
Proposition 7.1. Suppose that {e; : j € J} is a frame for H.
(a) C is a bounded operator from H into 1*(J) with closed range.
(b) The operators C' and D are adjoint to each other, that is, D = C*. Consequently, D
extends to a bounded operator from I*(J) into H and satisfies
D5

JjeJ
(¢) The frame operator S = C*C = DD* maps H onto H and is a positive invertible operator

satisfying Alyy < S < Bly and B~'I;; < S7' < A7,

< B'2lc]l.. (7.5)

In particular, {e; : j € J} is a tight frame if and only if S = Aly.
(d) The optimal frame bounds are B,y = ||S|lop and Aopt = ||S~||op™t, where || - ||op is the

operator norm of S.

Proof. (b) Let ¢ = (¢j);es be a finite sequence. Then

(Crc, ) =(c,Cf) = ZCJ frej) = <ZC]€g,f> (De, ). (5.9)

jed jeJ
Since C' is bounded on H and has operator norm ||C/||,, < BY2 by (5.4), it follows that

D = C*: (*(J) — H is also bounded with the same operator norm. Thus (b) follows.
(c) Obviously the frame operator is S = C*C' = DD* and consequently S is self-adjoint

and positive. Since

(SE ) =D [{f.enl,

JjeJ

the operator inequality Al < S < BI is just (5.4) rewritten. S is invertible on H because
A > 0. Inequalities are preserved under multiplication with positive commuting operators,

therefore

ASTt < 8s < BS™,
as desired.
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(d) follows from the frame inequalities (5.4) and the fact that the operator norm of a

positive operator is determined by

[Sllop = sup{(Sf, f) - [IFIl < 1}

The argument for A, is similar. O

Corollary 7.2. Let {e;: j € J} be a frame for H. If f = 3. ;cje; for some c € (*(J), then
for every € > 0 there exists a finite subset Fy = Fy(e) C J such that
f=2 e

jeF
We say that the series )

<€ for all finite subsets F' DO Fy. (7.6)

ey Cj€j converges unconditionally to f € H.

Proof. Choose Iy C J such that 3 . [e;]* < ¢/B'Y? for F D F,. Let cp = c-xp € £>(J) be
the finite sequence with terms cp; =¢; if j € F and cp; =01if j ¢ F.

Then )

jer Ci = Decp and

=

JEF

=||De = Derll = | D(c = cp)l| < BY?|le = crll2 < e

]

Corollary 7.3. If {e; : j € J} is a frame with frame bounds A, B > 0, then {S~'e; : j € J}
is a frame with frame bounds B~', A1 > 0, the so-called dual frame. Every f € H has

non-orthogonal expansions
F=Y(f.87ej)e; (7.7)
jeJ
and
f= (fe)S e, (7.8)
jeJ

where both sums converge unconditionally in H.

Proof. First observe that
D LS e = ST fe)l* =(S(S7 ), STV ) = (7. f).
jeJ jeJ
Therefore Proposition 5.1.1(c) implies that
BT (ST ) =D K87 e < A7 £
jeJ
Thus the collection {S~'e; : j € J} is a frame with frame bounds B~! and A~
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Using the factorizations Iy = S™1S = SS~!, we obtain the series expansions

F=80S71) = (S eides = (f.5Te))e;

jeJ jeJ
and
f=57SF =Y (f.e)S e,
jed
Because both {(f,e;)} and {(f, S~'e;)} are in ¢*(J), both series converge unconditionally
by corollary [7.2] O

Proposition 7.4. If {e; : j € J} is a frame for H and f =
c € *(J), then

jeg Ci€j Jor some coefficients

Do lelP =Y KL S5 (7.9)

jed jed
with equality only if ¢; = (f, S 'e;) for all j € J.
Proof. Set a; = (f,S7"e;). Then f =73 aje; and
(570 =D aile;, ST =) layl.

JjeJ jeJ

On the other hand,

(f,57'f) = ZCJ € *1f>:cha_j:(c a)
Therefore ||a||3 = (¢, a), and we see that j
lell2 = llc — a+all3
= lle —allz + llallz + {c — a,a) + (a,c — a)
= lle —allz + llal3 > llallz,
with equality only if ¢ = a. O

Proposition 7.5. Suppose that {e; : j € J} is a frame for H. Then the following conditions

are equivalent.
(i) The coefficients ¢ € (*(J) in the series expansion (5.12) are unique.
(ii) The analysis operator C' maps onto (*(J).

(111) There exist constants A', B' > 0 such that the inequalities

Alllel|2 < HZ;‘ e Jese;

hold for all finite sequences ¢ = (¢;)je-

< B'||c||2 (7.10)
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(iv) {e; : j € J} is the image of an orthonormal basis {g; : j € J} under an invertible

operator T € B(H).

(v) The Gram matriz G, giwen by Gjm = (em,€;), m,j € J, defines a positive invertible

operator on (2(J).

Definition 7.5. A frame that satisfies the conditions of Proposition[7.9is called a Riesz basis

of H.

Proof. Since the omission of one element results in an incomplete set, as can be seen from

(iv), Riesz bases are sometimes referred to as exact frames. The conditions are just different

ways of saying that the operators C' and D are bijections. The assumptions that {e;} is a

frame implies that C' is one-to-one with closed range and that D is onto (Proposition and

Corollary . Recall that a bounded operator is one-to-one if and only if its adjoint operator

has dense range.

(i) & (ii)

(i) = (iii)

(i) = (iv)

The coefficients are unique if and only if D is one-to-one if and only if D* = C' is onto

(its range is closed and dense).

The continuity of D implies the existence of a constant B’ in (5.14) by Proposition
5.1.1(b). Since D is bijective, D~ is continuous by the open mapping theorem (Appendix

A.5), from which the lower estimate follows.

Let {f; : j € J} be an orthonormal basis of H. For f = > ,;c;f;, define T'f by
Tf=22esciej- Then [|f]| = lc]l> and
> i

jeJ
and similarly, [|Tf|| < B||f|| for all f € H. Thus T is a well defined, invertible operator

on H and T'f; = e;, as desired.

ITfIl = > Allella = All 1],

If Tf; =ej, j € J, for an orthonormal basis {f;} and an invertible operator 7' € B(H),
then >, cie; =T (ZjeJijj) = 0if and only if 37, ;¢;f; = 0 if and only if ¢; = 0
for all j € J.

(iii) « (v) For any finite sequence ¢ = (¢;) e,

2

E Cm€m

meJ

(Ge,c) = Z (Em, €5)CmC; =

m,jeJ
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Therefore equation [7.10] is equivalent to saying that G is a positive invertible operator on

2(J). O

Proposition 7.6. Given a relazation parameter 0 < X < %, set

§ = max{|1 — M|, |1 — \B|} < L.

Let fo = 0 and define recursively

fos1 = [u + AS(f = fu). (7.11)
Then lim, o, f. = f with a geometric rate of convergence, that is,
1f = fall < 8"[|f]]- (7.12)

Observe that fi = ASf = A .(f,ej)e; contains the frame coefficients as input. This

suffices to compute the further approrimations f, and to reconstruct f completely.

Proof. Since AI < S < BI, we obtain
(1-AB) I <I—-XS<(1-)XA)I
Therefore
|7 — AS|lop < max{|l — AA|, |1 = AB|} =4d <1, (7.13)
because A < %. Assume that the error estimate (5.16) is true for k = 1,..., n (there is nothing
to show for n = 0). Then
1f = farll = [1f = fo = AS(f = Sl

= I = AS)(f = fa)l

< = ASllopllf = fall

< 00" £l = 0" £

so we are done. ]

Lemma 7.7. (a) If{e;:j € J} is a tight frame of H with frame bounds A= B =1 and if

lejll =1 for all j € J, then {e;} is an orthonormal basis.
(b) If {e;} is a frame, then {S™'/%e;} is a tight frame with frame bounds A = B = 1.

(c) If {e;} is a frame, then the inverse frame operator S~ is given by

ST =) (f.87 S ey (5.19)
JjeJ
Thus St is the frame operator with respect to the dual frame {S~'e; : j € J}
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Proof.
L= lleml® =Y [emen)l* = 14D [{em e,

jed j#m
and consequently (e, e;) = 0.

1/2

(b) Note that since S is a positive operator, the operator S~'/% is well defined and

positive by the spectral theorem. Writing f as
f=8TRS(STIR) = (f,872e;) 57 ey,

jeJ
we obtain that

U =S5

jer
Therefore {S™'/2¢; : j € J} is a tight frame. The vectors S~'/%e; are not normalized in

general; therefore {S~!/2¢;} need not be an orthonormal basis.

(c) follows from

STF=ST18(ST ) = (f.5e;)S ey

jeJ

7.2 Gabor Frames

Definition 7.6 (Gabor Frame). Let g € L*(R?) be a window function s.t. g # 0 and lattice
parameters o, 5 > 0, the set of time-frequency shifts
G(g,, B) = {TaxMpng : k,n € Z}, (7.14)

is known as Gabor system. If G(g, «, B) is a frame for L*(RY), then it is called as Gabor frame.

Note : The frame operator is w.r.t Gabor frame is given by

Sf: Z <f7TakM6ng>TakM5ng: Z ‘/gf(akyﬁn)MBnTakg' (715)

kneczd k,n€zd
Proposition 7.8. If G(g,a, 3) is a frame for L*(R?), then there erists a dual window vy €
L*(RY), such that the dual frame of G(g,, ) is G(v,a, B). Consequently, every f € L*(R%)
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possesses the expansions

f - Z <f7 TakMBng>TakMBn/7 (522)
k,neZd
= Z <f7 TakMﬁn7>TakM,3ng (523)
k,nezd
with unconditional convergence in L*(R?). Further, the following norm equivalences hold:
AIFIP < Y [Vaf(ak, Bn) < BIfI1%, (7.16)
knezd
BUAP < Y W TaeMan)* < ATHI£IP (7.17)
knezd

Proof. We show first that the Gabor frame operator S = S;ff commutes with time-frequency

shifts T,,, Mg,. Given f € L?(R?Y) and r, s € Z¢,

(TarM,Bs)_lsToarMﬂsf = Z <TarM,85fa TakMﬁng>(TarMﬁs)_lTakM,Bng- (718)
knezd

By (1.7) we have

(TorMps) ™ (TaxMpn) = e 27Ty Mig(—s)-

The phase factor 2™+~ cancels in (5.24), and we obtain
(TarMBs>7ISTarMﬁsf = Z <f7 Ta(k—r)Mﬂ(n—s)g>Ta(k—7‘)M,B(n—s)g = Sf (719)
k,nezd

After renaming the indices. Consequently S~! also commutes with T, M, 3s, and the dual
frame consists of the functions
S T Mgng) = Tox Mg, S g.
Thus we may take v = S~!g as the dual window. The other assertions have already

been proved in Corollaries [7.2] and O

7.3 Unconditional Convergence

Definition 7.7. (Unconditional Convergence) Let {f; : j € J} be a countable set in a
Banach space B. The series Z]EJ fj 1s said to converge unconditionally to f € B if for every
e > 0 there exists a finite set Fy C J such that

F=>_1

jEF

< € for all finite sets F' O Fy.

B
In technical terminology one says that the net of partial sums defined by sp = ZjeF fi

converges to f.
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Remark 7.2. Since the index set J is countable, one might enumerate J by choosing a bijective
map 7 : N — J and then define the convergence of EjeJ fj by the convergence of the partial
sums Zivzl frny; that is,

N
f=1m Y frm).
n=1

N—oo
This approach encounters two problems: (a) For unstructured index sets there is no natu-
ral enumeration ® and thus no natural sequence of partial sums. (b) In general it is not
clear whether the limit in (5.28) is independent of the enumeration w. However, if the se-
ries converges unconditionally, then these problems cannot arise, as is shown by the following

proposition.

Proposition 7.9. Let {f; : j € J} be a countable set in the Banach space B. Then the

following are equivalent:
(i) [ =72_;e;fi converges unconditionally to f € B.

(ii) For every enumeration m : N — J the sequence of partial sums 22[:1 fr(n) converges to
f € B, that is,

lim =0.

N—00

N
=" frm

In particular, the limit f is independent of the enumeration .

B

Proof. (i) = (ii) Let 7 : N — J be an enumeration of J and let ¢ > 0. Since > _,; f; converges
unconditionally, there is a finite set Fy C J such that Hf — zjeF fill < efor F O Fy. Now
B

choose Ny large enough such that Fy C {n(1),7(2),...,7(Np)}. Then
N
f—Zfﬂ(n) <e for N > Ny.
n=1 B

(ii) = (i) Assume that every rearrangement of » . ; f; converges to f, but that > ., f;

does not converge unconditionally. Then there exists € > 0 such that for every finite set

f - ZjeF’ fj
dYon=1% Jx(n) converges, there is an index Ny € N such that

N
= frm
n=1 B

By induction we can therefore construct a sequence of finite sets F,, C J of cardinality

F C J there is F' O F with B > e. Fix an enumeration 7 : N — J. Since

<e€/2 forall N> Ny.

N,, with the following properties:
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(a) F,, C Fyyq forn € N,

OR FED I/

> ¢ for the sets with even index, and
B

(¢) Fapaq is of the form {m(1),7(2),...,m(Nays1)} where Ny, g is chosen large enough so

that F2n+1 2 an. Then

-3 5 B:Hf—anlNzn“fﬂ(n)HB<e/2.

JE€EFon+1

Now we define a new rearrangement o : N — J by enumerating the elements in the finite

sets F1, Fo\ F1,...,Fyi1 \ Fp, ... consecutively. Then we have

Nopt1
Yo fow||B=|D_i€Funfi— D f
n=Nap+1 JEF2, B
> |\f = Z fi|| B — Hf—ZJ'GF%Hfj B>€—€/2:€/2-
]EFQn
Therefore Y| fo(n) does not converge, which contradicts the assumption. O]

74



CHAPTER 8

Existence of Gabor Frames

8.1 Wiener Space

Definition 8.1. (Wiener Space[l]) A function g € L*(R?) belongs to the Wiener space
W = W(R?) if
llgllw = Z ess sup |g(z +n)| < oo. (8.1)

nezd z€[0,1]4
Note : Observe that ||g|lw is the sum of all esssup of g on the shifted cubes. We can

rewrite ||g|lw as

lgllw = > llg - Tuxi0, 1]l oc- (8.2)
nezs
Remark 8.1. W(R?) ia a Banach space over the norm || - ||w.

Lemma 8.1. If f € W(R?) and v > 0, then

esssup 3 lg(z — ym)] < (% n 1) lgllw- (8.3)

d
zeR nezd

Proof. Since any interval of length one contains at most v~! + 1 distinct points of minimum
distance « between each other, the cube k + Q = H?Zl[k:j, k; + 1] contains at most (v~ +1)¢

points of the form x + yn, n € Z¢, independently of x € R?. Therefore,

D gz —m) < ) <l + 1) sup |g(z —yn))

nezd kezd N {niw—ynek+Q}
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d
1
s(—+4) S 9 Tixole

v kezd

1 d
= (— + 1) gllw-
gl

[l
8.2 Boundedness of Gabor Frame Operator
Lemma 8.2. (Sachur’s Test)
(a) Let (aji)jres be an infinite matriz over the index set J such that
sup Y Jai| < K, (8.4)
Ay
sup ain] < K. 8.5
3l < K 5)

Then the operator A defined by the matriz-vector multiplication (Ac)j = > .. jrCr is
bounded from [P(J) to IP(J) for 1 < p < oco. The operator norm of A is bounded by

Al < K17 KP. (8.6)

(b) Let K(x,y) be a (measurable) function on R*® that satisfies the conditions

sup [ |K(@.y)|dy <Ky and sup | |K(zy)|de < K

zcRd JRA yeRd J R4
Then the integral operator A defined by Af(x) = [pa K(x,y)f(y)dy is bounded from
LP(RY) to LP(RY) for 1 < p < oo with the same bound for the operator norm as in

equation [8.0]
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Proof. (a) Let p and p’ are exponent conjugate of each other i.e }D + z% = 1. Consider
11
Ac); = Z ajpCr = Za;ka;’kck.
keJ keJ

By Holder’s inequaliy

— |(4e);| < (Zw)p (Z rajkncui)

keJ keJ

3 =

By taking sum over j
NEE b |ajk|) (S ttr).
jeJ jeJ \keJ keJ
By Fubini’s theorem

K <30S gl

jeJ keJ
O

Proposition 8.3. If g € W(R?) and a,3 > 0, then D,z is bounded from (*(Z*®) into

L*(RY), and its operator norm satisfies
1 a2 /4 d/2
Dyosllon < | —+1 —+1 . 8.7
Dacallr < (541) (5+1) lollw (87)

Proof. Suppose that ¢ € 2(Z??) has finite support and consider the trigonometric polynomials

mk(x) _ Z Ckne%riﬁw(ac—ock)'

nezd
These my, are %Zd-periodic and by their L?-norm is
2
ImellZ2@Q1/8) = [ o) Pr = 573 Je P (88)
Q1/p nezd

Further, only finitely many m;’s are non-zero. We write

f= Z CinTarMpng = Z my - Torg

knezd kezd
and use the periodization trick to calculate the L?-norm of f
1F12° =Y Gk ez | mu(x)my(x)g(z — ak)g(e — aj) da
r
Z )Zg(az—ak——)g(m—ay——)dz.
J,keZd /Ql/ﬂ rezd b b

Everything is well defined since Toxg - Tn;g € L'(R?) and thus its periodization is in
LY(Quyp)-
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For each z € R? define the matrix I'(z) = (I'(x)jk)j, k € Z¢ by

o r
ij(:v):Zg(x—ay——)g(m—ak——). (8.9)
rezd ﬁ ﬁ
The corresponding operators I'(x) acts on finite sequences a = (ag)eze by

(C(z)a)j = >k € ZTji(x)ay
We wish to apply Schur’s test to verify that almost all I'(x) are bounded operators on
2(7.4).
Claim: If g € W(R?), then for almost all x

S rao)l < (1) 6+ 1ol (8.10)

jeza
The same estimate holds for ), . |I'jx(z)[. To see this, we use Fubini’s theorem and

. Of

Y@ <> lgle —aj = 5l lg(e — ak — %))

jezd jEZL rezd

=S (S lote—aj— 5l | lote—ak =) by lemma 3

rezd \jezd

1 d
<(=+1 W ZYg(x — ok — - by 1 :
_<a+ ) lgllw - > r € Z'g(x —ak —£)| by lemma[83

1 d
<(5+1) G+ 10l
Since I'j,(z) = I'yj(x), the sum over k is estimated identically.
Now Schur’s test implies that, for almost all x, I'(z) extends to a bounded operator on

(24,1 < p < oo, with bound

1 d
@l < (2 +1) (54 07l = K 519),
Therefore for almost all x,
0< > mu(@)m; (@) Tjp(x) < k(a, B,9) Y [my(w)]?

j,kezd kezd
After integrating over Q1,5 and using equation [8.8] we obtain

122 = / S (@) (@) Dys(a)da

1/’B]k’EZd
aB,9) ) my () [Pde
kezd Y Qu/p
1 _
- (5 1) @l XX e

keZd nezd
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and the proposition is proved. O]

Corollary 8.4. If g € W(RY), then C, o5 : L*(R?) — (*(Z*?) and S,, = D,C, : L*(R?) —

L*(RY) are bounded operators with operator norms

1Caslon < (251)" (2+1)" a1
g,OK,BOp— Gf /6 gW

1 d 1 d
I0aler < (5 +1) (5+1) ol (8.0

Corollary 8.5. If g € W(R?), then C,, D,, and S,, are bounded operators, and

Dansln < (2+1) (20)" jal
g,a,B1lop = o ﬁ g w-

Proof. Taking the Fourier transform of D¢ and re-indexing, we obtain

(Dgas) = Y chn M_arTsng = Dy paC,

k,nezd

and

where G, = c_p e 4Pk Thus

1 a2 /4 /2
IDyesclz= 105 8.0l < (5 +1) " (5+1) lalbw el

and [|¢]l2 = [[¢[l2- B

8.3 Walnut’s Representation of the Gabor Frame Op-
erator

The Gabor frame operator w.r.t function g and + is given by

Sond =DyCof = > (f TarMang) Tar Mg,. (8.12)

knezd
Definition 8.2. (Correlation functions[l]) Given g,y € L*(R?) and «, 3 > 0, the corre-

lation functions of the pair (g,v) are defined to be

n

Gu(z)=> g (:p -3 ak:) y(z — ak) (8.13)

forn € Z°.

By definition, the G,,’s are the periodizations of T},/5g-~ with period aZ® and by Lemma
, we have G,, € L'(Q,)-
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Lemma 8.6. If g,v € W(R?), then G,, € L>®(R?), and

d
S 16l < (5 +1) @8+2 lalw Il (8.14)

neza

Proof. Since [[Txg - v||W < [|gloo|[7[[W, we have T37 - v € W (R?). Lemma [8.3| applied to
ng -~ implies that

1 d n_
[Gullso < (% +1) 17557l

Consequently,

1 d
S Gl < (5 +1) X 757 2l (5.15)

nezd neczd

1 a _
S 16l < (5 1) X 1757 2l

nezd nezd

_ <é ; 1) S S ITa Tixg) - (v Tiova)

n€Z4 keZd

1 ¢ _

< (E + 1) Z (Z ||ng'TkXQ||OO> 17 - Thxelloo. (8.16)
kezd \nezd

We estimate each term in the inner sum by

_ n
1757 Tixolloo = esssupz € —5 +k + Qlg(x)] < > g - Texoll
Lel,

where I,, = {{ € Z¢ : —5+k+Q@nNE{+Q #0}. Since each ( € 7% occurs in at most (28 + 2)¢
of the I,,’s,
> IT2g - Tixalloo < 28 +2)* Y~ llg - Tixalleo = (26 +2)% gl

nezZd (€74
independently of k¥ € Z? The outer sum over k in equation becomes ||v||w, and by

combining these estimates, we obtain

1 d
S 1Gulke < (5 +1) @5+ 2 gl

nezd

O

Theorem 8.7. (Walnut’s representation[l]) Let g,v € W(RY) and let o, 3 > 0. Then

the operator

Sga"ff = Z <f7 TakMﬁng> ToszBn'y (817)
k,nezd
can be written as
Sonf =871y G- Tsf. (8.18)
nezd
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Moreover, S, ., is bounded on all LP-spaces, 1 < p < oo with operator norm

1 ‘71 !
I3l <2 (2 1) (5+1) Talwllo

Proof. It is more convenient to write Sy, in the form

Sbﬁf‘::j£:<faA4ﬁn7;kg>A4ﬁn7Lk7'
k.n

We already know from Corollary that, for all f € L?(R%),
{{f, Mg Torg) : k,n € 27} € *(Z°9).
Therefore the Fourier series

my(z) = Z (f - Toxg) (Bn) e2™Bre = Z (f, MsnTupg) €2mi0m
nez? nezd
) and are Zd periodic with L?-norm

Il L*(Q ) =B [{f, Mon Targ) |
nezd
We would like to employ the Poisson summation formula and write my as

mi(x) =B~ (f - Tord) (:c - %) : (8.19)

nezd
This is certainly a correct identity almost everywhere on ()y,s, whenever f is bounded with

are in L*(Q1

B

compact support. With this assumption, the right-hand side of equation [8.19| converges abso-

lutely almost everywhere and has the Fourier coefficients

‘ - Toig) (@ — — “2mifl gy — T .G —omifl
B /Qw (5 > (f-Turg) (x 6)>e dx /Rd(f Tord) () € dz

nezd
= (f, Mg Torg).
Writing Sy, f as an iterated sum and substituting in equation [8.19, we obtain

Sprfl@) =3 ( SO (x— —) gz — ak - g>> Az - ak).

kezd nezd
If f has compact support, then for fixed € R? the sum over n is finite, and the order

of summation can be interchanged. Thus

Smf(@:Z( Ny (x———ak) (m—ak:))f(x—%),

nezd kezd

or in short Sy f = B> 4Gy - Tuf.
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The boundedness on LP(R?) then follows via the triangle inequality and Lemma ;
1Se-fllp < B~ n € ZYGy - Tufll,
<7D IGallool T 5 1

nezd

_ (5—d > HGnuoo) £l

nezd
So far we have proved this representation of S, ., for bounded functions with compact

support. By density it extends to the full LP-space . O

Corollary 8.8. Under the assumptions of Theorem[8.7] we have

Suafih) = Y 5 [ Gulo) Ty 1) Tyh) da (8.20)

]lEZd Ql/ﬂ

for all f,h € L*(RY).

Proof. Once again we assume that f and h are bounded and have compact support. Then
the sequences {T%f(x) :j € Z%) and {T%h(x) : j € Z%} have finite support. We substitute
for S, ., f and use the periodization trick with period %Zd and obtain

(Sgnf by =577 g (Z Gn(2) f(z — g)) h(z) dz (8.21)

_ ﬁ—d/ ST S Gule - 4) fla — 152 hia — 1) da. (8.22)
Qu/p

JEZ4 neZd

The sum over j and n is finite, so the interchange of the order of summation and

integration need not be justified.

(S, f,h) = B /Q " Gula) T, f(2) Ty h(a) d, (8.23)
1/8

j,lezd

as desired.
Step 2. For the extension of to arbitrary f,h € L?(R?), we consider for each z € R?
the operator G(x) defined on finite sequences ¢ = (¢;);cza by the matrix multiplication
c)j = Zl € Z°Gy(z) ¢
If g,v € W(R?Y), then we verify as in that each G(z) satisfies the conditions of
Schur’s test. Using Lemma [8.3] we obtain that

DoGa@) <Y Y gla = § —ak)| (@ — 4 — ak)| (8.24)

1€z €74 kezd
-y (z ol — 4 aw) (e — 4 — ab) 825)
kezd \lezd
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< B+ E+1) Nglw [l (8.26)

A similar estimate holds for Y7 ;4 |Gji(x)]. Thus for almost all € R?, the matrix
G(x) defines a bounded operator on ¢?(Z%),1 < p < oco. If f € L*(R%), then the sequences
{f(x— é) 1€ Z% and {h(x — é) 11 € 74} are in (*(Z%) for almost all x € R, and the matrix

representation holds indeed for arbitrary f, h € L?(R%). O
Proposition 8.9. (Ron-Shen) Let g € L*(R?) and let o, 8 > 0.

(a) Then S,, is a bounded operator on L*(R?) if and only if
G(z) <blp for a.a. x € R

for some constant b > 0. In this case, ||S,4|jop = B~ %esssupz € RY|G ()| op-

(b) Sy, is invertible on L*(RY) if and only if
G(z)>alp for a.a. xR

for some constant a > 0.

Proof. 'We show only (b), the proof of (a) is similar.
Assume first that G(z) > ale for a.a. x. Then we have for every f € L>®(R?) with
compact support that
R , 2
> Gu@) Ty f(@)Tuf(x) 2a) |y f()f

7,1€Z4 jezd
Integrating over )15 and using [8.20 we obtain

Sr.Nzas [ ST I@F = s I3 (3.27)

Qu/8 jezd
By density this inequality extends to all f € L?(R?).

Conversely, suppose that S is not invertible. Then there exists a sequence of bounded

functions with compact support such that

1
Using this inequality implies that
1 | ) —
L e pr = X Gatw fle = 7D ) a0

jezd jlezd
Therefore, there exist sets E,, C (1,3 of positive measure such that

%Zﬁ(l’_%)ﬁ_ﬂd Z Gjl(x)f<$_é)f(l’—%)>0 forx € E,.

jezs Jlez?
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Consequently,
d

inf (c,G(x)c) < i for x € E,,
llell 2 <1 n

and a uniform inequality a I;» < G(x) cannot hold for almost all .

]

Theorem 8.10. Suppose that g € L>®(R?) is supported on the cube Qp = [0, L]¢. If o < L

and B < %, then the frame operator S = S, 4 is the multiplication operator

Sf(x) = (ﬁ_d > lgle - Ozk‘)|2> ().

kezd
Consequently, G(g,a, B) is a frame with frame bounds B~ % and =% if and only if
a < Z lg(z —ak)]> <b ae. (8.28)
kezd

Further, G(g, o, B) is a tight frame, if and only if >, 74 |9(x — ak)|> = const. almost

everywhere.

Proof. Since g € W(R?), we only need to check the correlation functions G,, = 3", g0 Tk (Th/s3-
g) in Walnut’s representation. If n # 0, then
supp Th/p9 -9 C (% + [0, L]d> n[o, L]
is either empty (if # < 1) or possibly a set of measure 0 (if # = 7). This implies that G, = 0
a.e. for n # 0, and thus from (6.19),
Sf =BGy f
is a multiplication operator. It is obvious that S is bounded and invertible if and only if (6.28)

holds, and that S is a multiple of the identity if and only if GGy is constant. [

8.4 Existence of Gabor Frames

We are now in a position to show that every “reasonable” function g generates a Gabor frame
for some value of @ and . This puts our discussion of discrete time-frequency representations
in Chapter 7 on firm ground and leads the way to more algorithmic approaches.

An honest but sloppy formulation of a central result on Gabor frames would read as

follows:

If g € W(RY) and a, 3 > 0 are small enough, then G(g, a, 3) is a frame for L*(R?).
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For a precise formulation we need to specify a range of lattice parameters «, 5 for which
the frame operator S, , is invertible on L*(R?). In view of Walnut’s representation we expect

that such estimates can be expressed in terms of the correlation functions

Gu(w) = G () = 3 Gla — = — ak) g(z — ak).

kezd B
The notation G{™? is ugly, but the dependence on («, 3) is crucial in the following

existence theorem.

Theorem 8.11. (Walnut) Suppose that g € W(R?) and that o > 0 is chosen such that for
constants a,b > 0

a< Z|g(x—ak)|2§b<oo a.e. (8.29)

kezd

Then there ezists a value By = Po(a) > 0, such that G(g, a, B) is a Gabor frame for all 5 < fy.
Specifically, if By > 0 is chosen such that

Z |G(@5) |00 < essinf z € RY|Go(z)], (8.30)

nezs
n#0

then G(g, o, B) is a frame for all 5 < By with frame bounds

A=p (a - IIG,(f’ﬁ)Hoo> (8.31)
n#0
and

B=p5""Y [IG7]|.

nezd
As before, we wrap the technical details of the proof in a lemma about the correlation

functions.

Lemma 8.12. Let g € W(R?) and let « > 0. Then

li (a.8) w=0.
tim 3 G5 =0

nez®
n#0

Proof. Given € > 0, we can choose a finite set F' C Z? such that

> g Texglloo <&
k¢F

Set

7 =>_9Tixg and ga=g—g1=> g-Tixe-
keF k¢F
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Then ||g2||[W =Dk ¢ Fllg- Tkxollwo < € and [|g1||w < |lg||w. Using the decomposition
g = g1 + go, we write each G,, as G,, = H, + K,, + L,,, where

Hy =Y Ta(Tsgi-¢1), Ko=) Tar(Tsgo-g1), and Ly, =Y Tar(T2g- go).
kezd kezd kezd

If 8 < (diamF + +/d)~', then g (z — 5 — ak)gi(z — ak) = 0 for all n # 0, and thus
H,(z) = 0 almost everywhere. The sums over K,, and L, are estimated using Lemma We
obtain for # < (diamF + v/d)~! that

Y lIGulloe <D n € Z (|| Kulloo + || La|o0)

nez®
n#0

1 d
< (5+1) @8+2 Uaalwlonl + ol el

1 d
<2(541) @542l

as asserted. O]

Proof of Theorem 1.11. By lemma there exists a fy > 0, such that
Z |G@®)|loo < essinfz € R Z lg(x — ak)|* =a

n#0 kezd
for f < By. Substituting Walnut’s representation equation for S, 4, we obtain for any

f € L?(RY) that

(SF.f) =57 <Z G- Tgf,f> .

nezd

— 5 < | Gl e+ 3 (6o Tgf,f>> .

n#0

(since the sum over n converges absolutely in L?, the interchange of summation and integration

is permitted). Using the trivial estimates Go(z) > a and

(G Ty £, )| < G0l TS 7201112 = 1 Gulool £ 1.

(Sf.f)=p"" <a||f\|22 - HGnHoonH§>

n#0

=5 <a - IIGSf’ﬁ)Hoo> 1115

n#0
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This is the lower frame estimate for S. By construction the frame bound

A=p" <a - |\Gn\|w>
n#0
is positive for all 8 < 5. The upper frame estimate was already proved in Theorem [8.7]
Corollary 8.13. Under the assumptions of Theorem 6.5.1, Sy, is invertible on any solid,

isometrically translation-invariant Banach space B C S'(RY) in which the bounded functions

of compact support are dense. In particular, S, 4 is invertible on each LP(R?),1 < p < co.

Proof. We write S = M + R, where M is the multiplication operator M f = f7¢Gy - f and R
is the remainder Rf = ¢ Zn?éo G, - T%f. Then M~'f = p?G,' - f, and its operator norm

on B is

IM7HIB — B =sup || f||B < 18Gy" - fllp < 87)1Gg oo < fla™

as a consequence of equation |8.28]
We will show that
I —M'S|pop < 1. (8.32)

This estimate implies that M 1S is invertible on B with inverse (M ~1S)~t =377 (I —
M~1S)* . Consequently, S is also invertible on B with inverse S~1 = (M~18)"1M L.
Estimate [8.32]is deduced from equation [8.30] as follows

If = M7Sflls = IM~Rf||s

> GilG- T;;fH < Y lIGG ool Galloollf |-

n#0 B n#0

Thus || — M'S|B — B < a™' S0 # 0]|Glle < 1. O

Lemma 8.14. Assume that the matriz (aji);es defines a bounded, positive operator A on
(*(J) and that A is diagonally dominant; that is,
inf <|ajj| -> |aj,|> > 6> 0. (8.33)

l:l#7
Then A > I in the sense that (Ac,c) > dllc||* for all ¢ € ¢*(J). Consequently, A is

invertible on (*(J) and ||A™|op < 071
Proof.  As in the proof of Corollary[8.13] we write A = M + R where M is the diagonal matrix

with entries m;; = a;;0;; and R is the remainder with entries rj = a; if j # k and r;; = 0.
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We estimate the expression (Rc, ¢) = 3 ; >, ajicic; by applying the Cauchy-Schwarz

inequality first to the inner sum over [ and then to the outer sum over j

[(Re, o)l <D0 anllal lag| ;]

JET LlI£]
1/2 1/2
-y (z |aﬂnczr2) (z |aﬂncj|2)
jeJ \ll#j I:l#7
1/2 1/2
s(zz\aﬂuqr?) (zzmw) v
JeJ lil#j JEJ Ll#j

Since A is self-adjoint, we have ¥; = Y5, and hypothesis implies that

1/2 1/2

SR (z 5 |aﬂ||cj|2) < (zmﬁ : a>|cj|2) |
JEJ L] jeJ

Therefore we obtain that

[(Re,e)| <D (ag; = 8)le;P = (M = 81)e, o),
jed
or, written as an operator inequality, R < M — §I. The desired estimate for A now follows

from

(Ac,c) = (M + R)c,c) = (Me,c) — |(Re, )| = 4]

Consequently, A is invertible and ||A™||op < 07 O
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CHAPTER 9

Conclusion and Future Work

9.1 Conclusion

In this thesis, we have developed a foundational understanding of time-frequency analysis
from a purely mathematical standpoint. Starting from basic concepts in measure theory, LP
spaces, and operator theory, we built up to the essential tools of Fourier analysis and gradually
introduced the need for joint time-frequency representations.

We studied the uncertainty principle, which plays a central role in motivating the limita-
tions of classical Fourier analysis, and proceeded to explore the short-time Fourier transform
and various quadratic time-frequency distributions such as the Wigner distribution, spectro-
gram, and the ambiguity function. These constructions demonstrated how time and frequency
information can be localized simultaneously, albeit with trade-offs governed by the uncertainty
principle.

A significant portion of the thesis was devoted to frame theory, especially Gabor frames,
which provide a robust framework for representing functions in L?(R%) using time-frequency
shifts of a single window function. We discussed conditions for the existence of such frames
and studied Walnut’s representation of the frame operator, which offers further insight into

the structure and behavior of Gabor systems.
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Overall, this work aimed to provide a systematic and rigorous exposition of the key
ideas and results in time-frequency analysis, with an emphasis on mathematical clarity and

structure.

9.2 Future Work

There remain several interesting directions for further exploration. One natural extension
is to study the role of pseudodifferential operators and their connection with time-frequency
representations, particularly in the context of partial differential equations. Another promising
area is the extension of these concepts to function spaces beyond L?(R?), such as modulation
spaces and Besov spaces, which may offer finer control over localization properties.
Moreover, while the thesis focused on theory, time-frequency analysis has a wide range of
applications in signal processing, quantum mechanics, and data analysis. Investigating these
applied perspectives, possibly in collaboration with numerical methods or machine learning,

could be a valuable future endeavor.
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