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Abstract

In this thesis, we analyze an SIRS epidemic model where the stochasticity comes
from the Brownian motion and Poisson-type jumps. This analysis is divided into
two parts. The first part concerns the stochastic analysis in which we prove the
well-posedness of the system of SDEs associated with the SIRS epidemic model,
globally. Then stochastic boundedness for each population is proved under certain
conditions. Eventually, sufficient conditions are derived under which the epidemic
disease goes extinct almost surely. All these results are also numerically validated
using the Euler-Maruyama method in Python. The second part presents the
Asymptotic analysis for the stochastic SIRS epidemic model in which the Laplace
Principle (equivalently Large Deviation Principle on a suitable Polish space; the
Skorokhod space) for the system of SDEs is verified. The method of proof uses
the weak-convergence technique of Budhiraja-Dupuis, along with the celebrated
results of Varadhan and Bryc. Our work will undoubtedly assist biologists and

government agencies in protecting populations from significant outbreaks.
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CHAPTER 1

Introduction

“A deterministic model is a projection of idealized certainty; a stochastic model

is a reflection of reality.”

The presence of randomness and uncertainty is a defining feature of many real-
world systems. Whether in financial markets, physical systems, biological pro-
cesses, or engineering applications, unpredictable fluctuations often play a crucial
role in shaping the evolution and behavior of such systems. Traditional determin-
istic models, while useful in certain contexts, are often inadequate for capturing
the complexity introduced by these random influences. This reality gives rise to
the need to incorporate stochastic noise in mathematical models.

This chapter aims to provide the foundational motivation for the research
presented in this thesis. We will also outline our research problem in brief, which

will be discussed in detail in the subsequent chapters.



1.1 Motivation

Consider the Drunkard’s walk model:

d);_t(t) =v, X(0)= X, (1.1)
where X (t) is the position at time ¢, and v is the constant speed. Now, let’s
introduce randomness to model a more realistic scenario where the person takes
steps in random directions. The associated differential equation introducing noise
will be given as:

dX (t) = vdt + “Noise”. (1.2)

In real-world systems, movement or change is rarely purely deterministic. While
a model like describes a particle moving at constant velocity, it fails to
account, for unpredictable factors be it wind in physics, market noise in finance,
or random gene expression in biology. Introducing a noise term, as in ,
transforms a simple path into a stochastic process, capturing both the predictable
trend and the random fluctuations inherent in real phenomena. This combination
reflects how systems evolve not only under fixed rules, but also under the influence
of uncertainty. Studying stochastic differential equations is thus essential for
modeling, analyzing, and understanding dynamical systems where randomness is
not an exception but a fundamental feature. Always remember- “A random walk

15 a drunkard’s path, but it still obeys the laws of probability.”

1.2 Owur Research Problem

The spread of infectious diseases continues to be a major area of study in epi-
demiology, especially when accounting for the randomness that naturally occurs in
real-world scenarios. While deterministic models offer useful insights, they often
fall short in capturing the unpredictable nature of disease transmission, recovery,

and external influences. To address this limitation, our research focuses on a



stochastic SIRS (Susceptible-Infectious-Recovered—Susceptible) epidemic model
that incorporates both continuous random fluctuations, modeled by Brownian
motion, and sudden, discrete changes, represented by Poisson-type jumps. These
two types of noise reflect different sources of uncertainty: the former accounts for
gradual variations such as daily contact rates or recovery times, while the latter
captures abrupt events like super-spreader incidents or sudden changes in public
health policy.

The central aim of this research is to analyze the behavior of this stochastic
model, both from a probabilistic and asymptotic perspective. We are particularly
interested in understanding how randomness affects the disease dynamics and
under what conditions the disease may die out over time. To this end, the analysis

is divided into two main parts.

1. Stochastic Analysis: In this part, we analyzed the system of SDEs and
got a few results and findings. First and foremost, we established the well-
posedness of the solution for the system. Secondly, we derived specific
conditions that demonstrate the stochastic boundedness of each population.
Finally, we focused on the primary objective of the research, which is the
probability of extinction. We identified sufficient conditions under which

the disease could be considered extinct almost surely.

2. Asymptotic Analysis: In this part, we aim to establish the Large Devia-
tion Principle (LDP) for a class of Stochastic Differential Equations (SDEs).
The approach is grounded in the variational framework developed by Bud-
hiraja and Dupuis [7], supplemented by the use of Varadhan’s and Bryc’s
lemma. We will demonstrate the Laplace principle, which, under suitable
topological settings, specifically within the Skorokhod space, a type of Pol-

ish space, is known to be equivalent to the LDP.



1.3 Thesis Organisation

The thesis is structured as follows. In chapter [2, we discuss some definitions, re-
sults, and key observations made in the field of stochastics. Chapter |3[introduces
the stochastic SIRS epidemic model with Lévy jumps, detailing its formulation
and underlying assumptions. Chapter [ provides a rigorous analysis of the sys-
tem of SDEs associated with the stochastic SIRS epidemic model. Chapter
is devoted to establishing a Large Deviation Principle (LDP) for the proposed
model, including key theoretical findings and their proofs. Chapter [6] concludes
the thesis with a summary of findings and outlines possible directions for future

research, along with some open questions.



CHAPTER 2

Preliminaries

This chapter presents essential definitions, prior findings, theoretical perspectives,
and significant observations made by scholars in this field. These preliminaries
establish a foundation for the formal discussions in the following chapters, making
it easier for readers to follow. Key concepts such as stochastic calculus and the
theory of Lévy processes will be included. We will also derive the numerical
schemes for stochastic differential equations (SDEs), which will be utilized in
later chapters. Lastly, we will discuss the theory of Large deviations, which
will be necessary to prove the Large deviation principle for the solution of our
model. Kindly note that this chapter is all about the preliminary material drawn
from well-established books and existing literature, which will be properly cited

wherever needed. This does not include our original research at all.



2.1 Stochastic Calculus

Stochastic calculus is a branch of mathematics that extends the tools of classical
calculus to stochastic processes. It plays a fundamental role in the modeling
and analysis of systems influenced by noise, such as financial markets, physical
systems, and various natural phenomena. For a thorough and rigorous study of
stochastic processes, we refer [0, 23].

Let us define a probability space, by (2,G,P).

Definition 2.1. A measurable function X (t,w) defined on a product space [0, 00) X

Q is said to be a stochastic process, if

1. X(t,.) is a random variable for each t, and

2. X(.,w) is a measurable function for each w (called a sample path).

For the sake of notations, we will write the random variable X (¢,.) as X (t)

or X;.

Definition 2.2. Consider a sequence of o-algebras Gy, Go, ... defined on a sample
space ), such that they form an increasing sequence: G C Go C ... C G. This
sequence is referred to as a fillration. A sequence of random variables X1, Xo, . ..
is said to be adapted to the filtration Gi,Gs, ... if, for each index n > 1, the

variable X, is measurable with respect to G,,.

Definition 2.3. A random variable T : Q — {1,2,...} U {oo} is said to be a

stopping time with respect to a filtration G,, if
T'((—oo,n]) €G, Vn=1,2,...

Definition 2.4. A stochastic process W (w,t) is said to be a Brownian motion

(or Wiener process in infinite dimension) if il satisfies the following conditions:

1. Starts at zero: The process begins at the origin almost surely, i.e.,

P(W(0,w)=0)=1.



2. Increment independence: For any sequence of times 0 <t <ty < ...<t,,

the increments
W(t), Wity —W(ty), ..., W(ty) — W(t,_1)

are mutually independent random variables.

3. Gaussian increments: For all 0 < ty < t, the increment W(t) — W(t)

follows a normal distribution with mean zero and variance t — ty, i.e.,

W (t) — W(to) ~ N(0, ¢ — to).

4. Continuity of paths: With probability one, the function t — W (t,w) is
continuous for almost every w in the sample space; that is, the process has

continuous sample paths almost surely.

Why It6’s Lemma ?

In stochastic calculus, Ito’s lemma plays a fundamental role analogous to the
chain rule in classical calculus. When working with stochastic differential equa-
tions, especially those involving Brownian motion, standard differentiation rules
no longer apply due to the non-differentiable nature of sample paths and the
presence of quadratic variation. Let’s explore what It6’s lemma states, but first,
we’'ll introduce some foundational concepts of Ito’s calculus from the book by

BRZEZNIAK ET AL [6].

Definition 2.5. Let X; be a process adapted to a filtration and [0,T] can be

partitioned as to,t1,.... Let us define by W, a Brownian motion, then

1. the Ito’s integral is defined as:

T n—1
/ XpdW, = lim Y X, (W, — W),
0 1=0

n—00 4

2. the Stratonovich integral is defined as:

T n—1
Xy, + X,
/ X, 0 dW, = lim ZM(I/I@
0 =0

n—00 4 2

—W).

i+1

7



Remark 2.1. It is interesting to note that the method Ité used to define a stochas-
tic integral is somewhat similar to the Riemann—Stieltjes integral. This is not a
coincidence at all. The intuition for Ito’s integral comes from the limitations of
the Riemann—Stieltjes integral when applied to stochastic processes like Brownian

motion.

Definition 2.6. A stochastic process {X; : t > 0} is called an It6’s process if it

admits the following decomposition:
t t
X, = X0+/ a(s,Xs)ds+/ b(s, Xs) dWs,
0 0
where X denotes the initial condition, the function a(s, Xs) represents the drift

term, b(s, Xs) denotes the diffusion coefficient, and Wy is a standard Brownian

motion.

Definition 2.7. Let {X; :t > 0} be an Itd’s process. We say that X, solves the
stochastic differential equation

dX; = a(t, X;) dt + b(t, X;) dWy,
with initial condition Xy, an Fo-measurable random variable, if the following

integral equation holds almost surely for all t > 0O:

t t
X, =Xy + / a(s, Xs)ds + / b(s, X,) dWs.
0 0

Now let us introduce the most important result of Itd’s calculus, that is,

It6’s Lemma.

Lemma 2.1. Let {X;} be an [té’s process satisfying the stochastic differential
equation:

dXt = a(t, Xt) dt + b(t, Xt) th

Assume that F : [0, T] x R — R is a function that is continuously differentiable
with respect to t and twice continuously differentiable with respect to x. Then

the process F(t, X;) is also an It process and satisfies the following stochastic



differential:

OF oF 1 O*F OF

— _ _ — 2 - R

The proof of Itd’s lemma uses Taylor’s series expansion and the non-zero
quadratic variation property of Brownian motion. For details, one can refer to
[6, 23].

The following theorem outlines the conditions under which a stochastic

differential equation (SDE) admits a unique solution.

Theorem 2.2. Consider the stochastic differential equation
dXt = CL(t, Xt) dt + b(t, Xt) th7 te [O, T],
with initial condition Xo. Suppose the coefficient functions a and b satisfy the

following assumptions:

1. Lipschitz continuity: There exists a constant ¢ > 0 such that for allt € [0, T
and all z,y € R,

la(t, z) — a(t,y)| + [b(t, x) = b(t,y)| < clx —y.

2. Linear growth bound: There exists a constant k > 0 such that for all t €
[0,7T] and all x € R,
la(t, ) + [b(t, )] < k(1 + |x]).
Then, there exists a unique solution process {X; : t > 0} to the above SDE,
and this solution lies in the class of Ito’s processes. Furthermore, the solution is
pathwise unique, in the sense that if another process {Y; : t > 0} also satisfies the

same SDE, then
P(X; =Y, forallt >0)=1.

2.2 Lévy Processes

Lévy processes serve as a powerful generalization of Brownian motion, allowing for

the modeling of stochastic systems that exhibit both continuous fluctuations and

9



sudden, discontinuous changes. These processes are characterized by stationary
and independent increments, but unlike Brownian motion, they permit jumps,
making them well-suited for describing more complex, real-world dynamics.
This section introduces the fundamental concepts of Lévy processes, includ-
ing their definition, and properties. The motivation for using Lévy processes arises
from the limitations of traditional models based solely on Brownian motion, par-
ticularly in capturing abrupt events. By incorporating jump components, Lévy
processes provide a more flexible and realistic framework for stochastic modeling,
which is essential for the aims of this research. This section has been studied from

the book by D. ApPPLEBAUM, refer [2, B7] for detailed explanations and proofs.

Definition 2.8. Consider a stochastic process X = (X; : t > 0) defined on a
probability space (2,G,P). The process X is called a Lévy process if it satisfies

the following properties:

1. Starting point: Xoq = 0 almost surely.

2. Independent increments: For any integer n > 1 and any collection of times
0<t) <ty < -+ <tpi1 <00, the increments
Xey — Xpyy, Xy —Xoo oo, Xe — Xy

n

are mutually independent random variables.
3. Stationarity of increments: X, — Xy, = Xy, |, ¢, — Xo for each j.

4. Stochastic continuity: For every ty > 0 and every ¢ > 0,

lim P(|X; — X,| > €) = 0.

t—to
To name a few, Brownian motion and Poisson process are examples of
Lévy process. We already discussed Brownian motion, now let us define Poisson

process.

Definition 2.9. A Lévy process N = (N; : t > 0) with values in the set Ny =

{0,1,2,...} is called a Poisson process with rate (or intensity) A > 0 if, for every

10



fixed time T > 0, the random variable N(T') follows a Poisson distribution with

parameter XT'. That is,

AT)" r

P(N(T) =n) = e™, n=0,12,...

n!
It is interesting to note that the Poisson process follows cadlag paths, which

is defined as follows.

Definition 2.10. Let I = [a,b] be a subset of R*. A function f : I — R? is

called cadlag if for every point t € (a,b] the following conditions hold:

1. The left-hand limit of f at t exists,
2. The function f is continuous from the right at t.

Let us now introduce the concept of Poisson random measure, which is

fundamental to the theory of Lévy processes.

Definition 2.11. Consider a probability space (2, G,P) and a measurable space
(D,D). A function M : Q x D — R is called a random measure if it satisfies the
following:

1. For each fized w € Q, the mapping A — M(w, A) defines a measure on
(D, D).
2. For every A € D, the mapping w — M (w, A) is measurable.

Definition 2.12. Let (2, G,P) denote a probability space and (D, D) a measurable
space. A mapping M : Q x D — R is referred to as a Poisson random measure

with intensity measure p if the following hold:

1. For any A € D such that u(A) < oo, the random variable M(A) follows a
Poisson distribution with mean ju(A); that is, E[M(A)] = u(A).

2. If Ay, As, ..., A, are pairwise disjoint sets in D, then the collection

{M(A;)}, consists of independent random variables.

11



Definition 2.13. Consider a Lévy process X taking values in R%. Define the
measure v on Borel sets A € B(R?) by

v(A) = E[#{t € [0.1]: AX, € A\ {0}}].
where the jump at time t is given by AX; = Xy — X;_. This measure v is referred

to as the Lévy measure associated with X .

We will use the following generalized version of I1t6’s lemma in further chap-

ters.

Lemma 2.3. For a Lévy process of the form,

dX, = pdt + odB, + / ~(w)N (dt, du)
A

where By is the Brownian motion, K/(dt, du) is the compensated Poisson random
measure over measurable set A. It is defined as N(dt, du) = N (dt, du) — \(du)dt,
with the feature measure A\ such that A(A) < oo. Let y(u) be a deterministic
bounded and continuous function and f € CH*([0,00);R), then we have

+of.dB; + / [f(t, X +y(w) — f(t X )] N(dt, du).

A

2.3 Numerical methods for SDEs

When dealing with stochastic differential equations (SDEs), analytical solutions
are often unattainable due to the complexity of the models or the nature of
the stochastic terms involved. In such cases, numerical approximation meth-
ods become indispensable for studying and simulating the behavior of stochastic
systems.
This section presents a literature review of the research conducted by

MUSTAFA ET AL.[3] where two fundamental numerical schemes for solving SDEs:
the Euler-Maruyama method and the Milstein method, are deduced using the

truncated It6-Taylor expansion.

12



2.3.1 Ito—Taylor Expansion

Let us consider the stochastic differential equation (SDE)

dXy = f(Xy)dt + g(Xy) dWy,

Xy, = Xo,
where the drift f and diffusion coefficient ¢ satisfy standard conditions such
as Lipschitz continuity and linear growth. Let F' be a function that is twice
continuously differentiable with respect to X;.

Applying 1t6’s formula to F'(X;), we obtain:

dF(X,) = <f(Xt)§§(Xt)+ ~g (Xt)gXQ( t)) dt + g(Xt)g)]?(Xt)th (2.1)

Define the following differential operators:

0 1 02

0._ —
0
Ll = g(Xt)ﬁ)_X

Then equation (2.1) may be expressed more compactly as:
t t
F(X,) = F(Xy) +/ L°F(X,)dr + / L'F(X,)dW,.

to to

By selecting F(z) = z, f(z), and g(z), we get:
X, = X0+/ f(X d¢+/ g9(X;) dW,, (2.2)
FO0) = f0) + [ L7 dr + [ L) aw, (23)
(X)) —g(X0)+ / LOg(X,) dr + / Llg(X,) dIV. (2.4)
Substituting (2.3) and (| into (| , we obtain: i
t
X, = Xo + f(X0) / ar+g(x0) [ aw, R, (2.5)

where the remainder term R is given by:

t T1 T1
R:/ </ Lof(XTZ)dTg—I—/ Llf(XTQ)dWTz) dr,
to to to
t T1 1
+/ </ Log(XTQ)dTg—i-/ ng(XTQ)de) aw,,.
to to to

13



Now choose F'(z) = L'g(z), and integrating twice:

/ / L'g(X,,) dW,, dW,, = / / L' g(Xo) dW,, dW,,
/ / ( / LOL'g(X,,) drs + / L' (XT3)dWTB) AW,., dW,,.
to

(2.6)

Inserting ([2.6]) into ([2.5)), we derive:
Xy = Xo + f(Xo)(t — to) + g(Xo) (Wi — Wy)

t 1
+ 9(X0)g'(Xo) / / dW,, dW,, + higher order terms.

Using the known identity from Ito’s calculus:

t 1 1 1
/ / dVI/T2 dWT1 — é(Wt - Wto)2 - 5('[; - t0)7
to Jto

and applying a time partition 0 = {5 < t; < --- < ty = T, we obtain the
[to-Taylor expansion:

bit1

(2.7)

1
+ ég(Xti)g’(Xti) ((AW;)* — At;) + higher order terms,

where Atz = ti—l—l — ti, AVVZ = Wti+1 — VVti? and Xto = Xo.

Euler—-Maruyama Scheme

The Euler-Maruyama method is a first-order numerical approximation for SDEs,
derived by truncating the It6—Taylor expansion (2.7)) to include only the drift and
diffusion terms:

it+1

Milstein Scheme

To achieve improved accuracy, the Milstein method includes the next-order cor-
rection term from the It6—Taylor expansion ([2.7):

1
Xii = X, + [(Xe) Al + (X, ) AW + §Q(Xti)9/(Xti) ((AW3)? — At) .

i+1

14



2.4 Large Deviation Theory

The Large Deviation Principle (LDP) is a powerful theoretical framework in Prob-
ability Theory used to quantify the probabilities of rare events in stochastic sys-
tems. Unlike the Central limit theorem or the Law of large numbers, which
describe typical or average behavior, large deviation theory focuses on the expo-
nential decay of probabilities associated with significant deviations from expected
outcomes.

This section introduces the fundamental definitions and key results of Large
Deviation theory, including rate functions, the formal definition of the Large

Deviation Principle (LDP), and the Laplace Principle.
Definition 2.14. A meiric space is called Polish if it is complete and separable.

Remark 2.2. An important example of a Polish space is the Skorokhod space,
which 1s widely used in the theory of stochastic processes with Lévy jumps. For a

detailed analysis, see [20)].
We denote any Polish space by P.

Definition 2.15. A function I : P — [0, 00| is called a rate function if it is lower

semicontinuous, i.e., for every x € P,

liminf I(y) > I(x).

Yy—x
Definition 2.16. A rate function I is said to be a good rate function if all its

level sets {x € P : I(x) < a} are compact for every a > 0.

Definition 2.17. Let I be a rate function on a Polish space P. A sequence
of random variables {X"}nen satisfies the Large Deviation Principle with rate

function I if the following hold:

1. Large Deviation lower bound: For every open set G C P,
1
liminf —logP(X" € G) > —I(G),
n—oo M

where I(G) = inf,cq I(z).

15



2. Large Deviation upper bound: For every closed set I' C P,
1
limsup —logP(X" € F) < —I(F),
n

n—oo

where I(F) := inf,ep I(x).
Definition 2.18. Let I be a rate function on a Polish space P. The sequence
{X"}nen satisfies the Laplace Principle with rate function I if for every bounded

continuous function h : P — R,

lim 1 log E [exp (—nh(X™))] = — inf {h(z) + I(z)}.

n—o0o0 M, zeP
The following theorem establishes the equivalence between the Large De-
viation Principle and the Laplace Principle in the setting of Polish spaces. This

result comes as an observation from Varadhan’s seminal work [39] and Bryc’s

Lemma [14].

Theorem 2.4. A sequence { X"} en satisfies the Laplace Principle with a good
rate function I on a Polish space P if and only if it satisfies the Large Deviation

Principle with the same rate function I.

The proof of this equivalence can be found in [39] [15].
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CHAPTER 3

Stochastic SIRS Epidemic Model

“The mathematical method of treatment is, in its way, as powerful as the
microscope.”

—~Ronald Ross

This chapter is completely dedicated to highlighting, if not all, some research work
done in the field of mathematical epidemiology, emphasizing the importance of
incorporating stochastic elements into the model. In addition, we have explained
the SIRS epidemic model using a system of stochastic differential equations de-

rived from its deterministic framework.

3.1 Introduction and Novelty of our Work

Mathematical epidemiology modeling has proven to be quite useful for prevent-
ing extreme outbreaks. In recent years, there has been humongous research con-

ducted in disease modeling, particularly epidemiology. One of the most studied
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model in epidemiology is the SIRS (Susceptible-Infected-Recovered-Susceptible)
model, where the recovered individuals can loose immunity and revert back to
the susceptible case. We are grateful to KERMACK AND MCKENDRICK[2I] for
their contribution to the mathematical theory of epidemics. Since their work,
the growth in the literature concerned with mathematical epidemiology has seen
a spike. We will not be discussing all the work in detail here, but to mention a
few works worth mentioning, we would highlight the works by ROY ANDERSON
AND ROBERT MAY[I], HERBERT HETHCOTE [I§], and BRYAN GRENFELL AND
OTTAR BJ@RNSTAD [I7] where the dynamics of SIRS type disease models has
been studied.

When a disease starts to spread, the most thoughtful thing anyone can do is
to make their peers aware of the disease and the steps to take in order to prevent
it. Numerous studies and papers have demonstrated that mass media also play
a huge role in preventing the disease from significant outbreaks by spreading the
necessary and important information[12] 29 42 43]. Intervention policies such
as quarantine, mass wearing, border screening, vaccination, and isolation have
slowed down the spread rate of infectious disease, as pointed out by CUI ET
AL.[12], and TANG AND X1A0[36]. Many thanks to WANG[4(] who formulated
an SIRS model which incorporates the effect of intervention policies.

Apart from the above factors, what really can change the spread rate sig-
nificantly are the environmental factors such as temperature, humidity, precipi-
tation, seasonal variability, social interactions, variations in human mobility, and
large-scale population migrations[9]. These factors influence key parameters like
recruitment rate, recovery rate, and death rate, thereby introducing stochastic
elements into the system of ordinary differential equations (ODEs). Hence, de-
terministic models are inadequate for capturing the complexities of infectious
diseases due to above mentioned sources of uncertainty. Incorporating Gaussian

white noise into the system enables us to simulate environmental fluctuations
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that can significantly impact small-scale epidemics or the early stages of a major
outbreak.

On the other hand, the population may be subject to rare events during
the outbreak, such as natural disasters like earthquakes, hurricanes, or floods,
which can trigger the spread of epidemic diseases by potentially increasing mass
gatherings or a decrease in susceptible population because of sudden deaths.
All these factors are rare, but if they occur, they affect the dynamics of the
disease significantly. So, it is important to consider them, and Gaussian noise is
not suitable to capture these discontinuous fluctuations. Therefore, we need to
incorporate another type of stochastic noise, specifically Lévy noise.

Many researchers have worked on the epidemic models with Gaussian noise
[24, (38|, [44]. Only a limited amount of work has been done on epidemic models
that incorporate Lévy jumps [4l [11] B3] 45], but they used the same jump compo-
nent for each population. Assigning unique jump components to each population,
instead of using a single shared noise term, enables us to simulate population-
specific disturbances more accurately. Based on the information available to us,
there is no work on the SIRS model with a different jump component for each

equation in the system. This makes our work novel and closer to reality.

3.2 Model Description

In this section, we will discuss how the system of stochastic differential equations
which models an SIRS-type epidemic discase, gets formulated from its determin-
istic framework referencing the works of WANG[40] and CA1 ET AL.[I0]. We
will consider two types of noises, one is the Brownian motion, which captures
the continuous disturbances, and the second one is the Lévy jumps, which are
responsible for the discontinuous stochastic events.

The main components of the SIRS epidemic model are the S: Susceptible
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population, I: Infected population, and R: Recovered population. Therefore, the
total population, that is, N = S + I + R, surely. The table below describes the

physical meaning of the constants that will affect the dynamics of the disease.

Table 3.1: The description of the constants

Constants | Description
A Recruitment rate
0 Natural death rate
y Recovery rate of infected population
v Rate of recovered individuals that become susceptible again.
) Death rate caused by disease.

The progression of the disease is described by the following system of ordi-

nary differential equations (cf. [10]):

%:A—MS—H(I)S+7R,

dI

7 = HDS = (u+v+0)l, (3.1)
dR

— =yl - .

g =~ (bt)R

Infectious force H([): This function characterizes the influence of infected
individuals on disease spread and is a critical factor in transmission dynamics.
Notably, as the infected population grows, H(I) tends to decrease. This reflects
behavioral changes such as reduced contact rates in response to intervention mea-
sures.

From a modeling perspective, H(I) is taken to be inversely related to the

number of infective individuals. Hence, it can be formulated as
_ Bl
fay

where the term 1/f(I) quantifies the effectiveness of control strategies on limiting

H(I)

contacts, and (3 represents the transmission coefficient (see [40] for a comprehen-

sive discussion).
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The following assumptions are essential to achieve a non-monotonic infec-

tion force:
1. f(0) >0 and f'(I) > 0 for I > 0.

Iy Iy
2. There is a £ > 0 such that <—) >0 for 0 < < ¢ and (—) <0
f) fI)
for I > €.

These assumptions reflect the impact of intervention policies on the disease

dynamics. The incidence rate, given by %, is assumed to be increasing for

0 < I < ¢ and decreasing for I > €.

Taking into account the factorization of H([), we consider the following

deterministic SIRS model adapted from [10]:

(ds BI

a8l

P e 3.2
7 f(I)S (u+v+0)I, (3.2)
dR

\%ZVI—(#JF’Y)R,

where the state space is defined as X :=R3 = {(S,I,R): S > 0,1 >0,R > 0}.

To incorporate the effects of environmental variability and intervention
strategies, we introduce multiplicative stochastic perturbations into the suscepti-
ble and infectious compartments. This yields the following system of stochastic
differential equations driven by Brownian motions, following the framework in

[10]:

( ﬁ[t > U[t
dS; = (A — uS, — 2218, + R, ) dt — -8, dB!,
t ( STIA R F)~
BI ) ol
dl, = | =58, — (u+ v+ 06)I, | dt + —-=S, dB2, (3:3)
t (fut) e o)l pdi s Sedb
\th = (l/It — (/L + ’V)Rt) dt,

where {B}, B?}>0 are Brownian motions defined on the filtered probability space

(Q, F,{Fi}+>0, P) satistying the following properties:
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1. The filtration {F;}:>¢ is right-continuous.

2. The probability space is complete, meaning any subset of a null set is mea-

surable.

As discussed previously, the disease dynamics may be subject to sudden
and unpredictable shifts, such as sharp spikes in infections triggered by external
events (e.g., mass gatherings) or rapid recoveries due to effective interventions.
Although such events are infrequent, their impact on the epidemic progression
can be significant. To model these abrupt, large-scale fluctuations, we incorporate

Lévy jump terms into the stochastic system (3.3)) as follows:

_ _ _ ﬁ — U_It 1 Y
dS; = (A 1S} f(It)St + 7Rt> dt ) SydB; + /Z Si—y1 (u) N1 (dt, du),
d[t = (ﬂst - (,LL +v—+ 5)[,5) dt + O-—]tSt dB? + / Itf’}/z(U) N—Q(dt, dU),
f(1) f(1) z
AR, = (vl = (u-+ DRt + | Froa(e) Ko, du),
. Z

(3.4)
where S, I;-, R;~ denote the left-hand limits of S;, I;, and R;, respectively. Here,
N;(dt, du) is a Poisson random measure counting the number of jumps of size du
occurring within the time interval dt on a measurable subset Z equipped with a
finite intensity measure A satisfying A\(Z) < +oc.

The compensated Poisson random measure is defined as

N;(dt, du) = N;(dt, du) — \;(du)dt,
and the functions v; : Z x 2 — R for i = 1,2, 3 are bounded and continuous.
Note that the product c-algebra B(Z) x F; is measurable, where B(Z)
denotes the Borel g-algebra on Z, and {F;};>¢ is the filtration.

Remark 3.1. For brevity, we will omit the explicit time subscript in notation
and write Sy as S (similarly, Iy as I and Ry as R), as the time dependence is

clear from context.
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CHAPTER 4

Stochastic Analysis of an SIRS Epidemic Model with Lévy

Jumps

In this chapter, we present the main results obtained from the analysis of the
stochastic SIRS epidemic model, accompanied by their detailed proofs. The re-
sults cover the fundamental existence and uniqueness of the model’s solution,
the stochastic boundedness of the solution under appropriate conditions, and the

probability of disease extinction.

4.1 Existence and Uniqueness

A global positive solution is required in order for our problem to make sense. It
gives us a way for further analysis. In this section, we will demonstrate that the

system described in ({3.4]) has indeed a unique global solution.

Theorem 4.1. System ([B.4) has a unique solution (S, I;, R;) € R fort >0 for
any initial value (So, Iy, Ry) € RY.. Furthermore, it is guaranteed that (S, I, Ry)
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will always remain within R with a probability of one i.e.

IP){(;S%7 Itth) S R:j_ Vi Z 0} =1.

Proof. Because the coefficients of system satisfy the local Lipschitz and
linear growth conditions, the Existence and Uniqueness Theorem for SDEs guar-
antees that system admits a unique local solution (S, I}, Ry) € Ri for any
initial value (Sp, Iy, Ry) € R? on the interval ¢ € [0,7.) almost surely, where 7.
denotes the explosion time. To complete the proof, it suffices to show that 7, = oo
a.s.

Suppose ng is a sufficiently large positive number such that

1 3
(S(),[(),R()) € |:—,n0:| .
o

For any n > ng, define the stopping time
1 1 1

T, = inf {t €0,7): 5 ¢ (E,n) or I ¢ (E,n> or R, ¢ <E,n>}
Note that the sequence {7,,} is monotonically increasing and bounded above by
T.. Define 7o, = lim,,_,, 7,. It is clear that 7, < 7, a.s. Thus, if 7., = o0 a.s., it
follows that 7. = oo and hence (S, I}, R;) € Ri for all t > 0 a.s. Therefore, it
suffices to prove 7., = 00 a.s.

We proceed by contradiction. Suppose, on the contrary, that 7., = 0o a.s.
is not true. Then there exist a positive constant 7' > 0 and an arbitrary € € (0,1)
such that

P{r <T} >e.

Hence, there exists an integer n > ng such that

P{r, <T} >¢e foralln>n.

Now, consider the twice continuously differentiable Lyapunov function V' : RY —

R defined by
V(S,I,R)=(S—1-InS)+ (I —-1—Inl)+(R—1—-1InR).
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Applying It6’s lemma to the function V', we obtain

= (o L1y oL 1 1\ ol 2
dV(S,1,R) = £V (S,1,R)dt (1 S) f(])SdBt+(1 ]) f(I)SdBt

+/Z (1 ()8 = In(1 + 7 (u)| Ny (dt, du)
+ / [r2(u)] (1 + 92 (u)) | Na(dt, du)

+/Z [(w) R — In(1 + ~3(u)) | Na(dt, du),

(4.1)
where the generator £V is given by
1 B1 11 021252
LV(S,I,R)=|1—=| |A—uS— —S+ R}jt——_
(5110 ( S)l SO R I )
11 021252
e (1-7) [ v o]+ 557

+(1 %)[I (b + )R]

n /Z [y () — (1 + 7 (w))] A (d)
+ / [2(w) = In(1 + 72 (w))] Ao (du)
+ /Z s () — (1 + 73(0))] As ).

By expanding and rearranging terms, we obtain the following upper bound esti-
mate:
55 o?¢? o?A?

PV LI S AE3usv 0895 31 % apg * 9 p0)

N /Z () — (1 + 7 ()] A (dw)
[ B 1+ 30 Rt

= [ Bl = o1+ w)) o).

Define constants

g S o
K:=A )
ER RN (TR RO O)

and

€' = max { /Z () — In(1 4 i(w))] )\i(du)}.

1=1,2,3
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Then, from (4.2)), it follows that
ZLV(S,I,R) < K+3C":=C.

Hence, the differential inequality
ol oS
dV(S,I,R) < Cdt — (S — 1)——dB} + I—l—dB2

n /Z 1 (u)S = (1 + 73 ()] N, (dt, du)
+/2[72(u)[—1n(1—|—’72(u))]-/\72(dt>du)

+ / [3(w) R — In(1 + 5 (w))] Na(dt, du)
z
holds. Integrating (4.3]) from 0 to 7, AT, we get
V(Srn/\T7 ITn/\T; RTH/\T) < V(SO, ]0, Ro) +CT

T NT' 0,[
Sy —1)——-dB!
(5= D7)
TnNT O'S
I, — dB?
L= D57
T AT

)
o,
/ /71 — In(1 + 71 ()] N (ds, du)
/ MT/ [a(u) s = (1 + 92 (w))] Na(ds, du)
/WT/ a(u) Ry — In(1 + y3(u))] No(ds, du).

Taking expectations on both sides and using the rnartmgale property of Brownian
motion and compensated Poisson random measure in stochastic integrals, we get
E [V (Srar, Lot Broar)] < V(S0 Lo, Ro) + CT.

Now, define the event Q,, := {7, < T'} for n > n,. From the previous contradic-
tion assumption, P(€2,,) > € > 0. On €, at least one of S, (w), I, (w), or R,, (w)

equals either % or n. Thus,

V(S;, (w), I, (w), Ry, (w)) > min {n —1—Inn, % —1—In %} :

Hence,
V(So, Iy, Ry)+CT > E[1q,V(S,,, I.,,, R.,)] > ¢min {n —1—1Inn, % —-1- ln%} .
Letting n — o0, the right-hand side tends to infinity, contradicting the
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finiteness of the left-hand side. Therefore, the assumption was false, and we
conclude that 7., = oo a.s. Hence, the system (3.4) admits a unique global

positive solution. O

4.2 Stochastic Boundedness

This section demonstrates that, under certain conditions, the susceptible and
infected populations remain stochastically bounded, ensuring that the model dy-

namics do not exhibit an explosion due to random fluctuations.

1
Theorem 4.2. Assume there exists a constant K > —— such that

f{)

1
E {pmv) - 102R| <0,

2
for some p > 0. Then the susceptible component satisfies

lim sup E[S?(¢)] = 0.

t—00

Proof. From the system ,
ds = (/\ —pS — ﬁS + 7R>dt — U—ISdBtl + / Stfvl(u)/f\Z(dt, du).
f) f(I) z

Applying It6’s Lemma,
o (et o B Lo e (018
s (ps (A 1S —f(I)S+fyR)+2p(p )S (f2(1)
olS

_ /2(71 —In(1+ 71)))\1(du))dt + pSPt <—m> eh

+ / In(1 +fyl).//\\/f1(dt,du).
z
Integrating both sides on [0, t], we will get

t t 2
SP(t) <SP(0) + p/ (A+yR)SP1dt + 1p(p — 1)02/ 2] SP=2S2dt
0 2 o (1)

- /Ot/z(% —In(1 + )i (du)dt —H?/Ot s <_%) dB;

+/Ot/Zln(1+71)/vl(dtvdu)-
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Taking expectations on both sides and then using Fubini’s theorem,

sz o] () (e o]

<s0)+ [ s o (“5E) + (bto- 15 )] a4

where

A /Ot/zw1 (1 + y0) A (du)dt.

Applying Gronwall’s Inequality,

Eis7(0) < (570) - e [ &[p (A1) + (oo -1 55 )

is a decreasing function after a certain stage, so we can

1
Now, observe that
f)

R
bound it by some number, and ] is the number of recovered individuals upon

R 1
the number of susceptible individuals. So, R < S and — < 1. Denote —— < K.

Now we have, ’ 0
g5 (0] <(70) Ao [ B [o(5+250) = (Goto - 150 )]
<(57(0) — A)exp /Ot E Kp(/\ +7) + %p(p - 1)02K2)] dt
<(SP(0) — A)exp (E [p(/\ +7) + %p(p - 1)02K2D t
" lim sup E[S”(1)] = .
Hence, the result follows. O

Theorem 4.3. If the following condition is satisfied
1
pB+5p(p—1)0* <0,
then
lim sup E[I7(t)] = 0.

t—o0

Proof. From the system (3.4)),
ol

= ﬁ — v - 2 o (W) NG U
dl = (f(l)s (n+ +5)I) dt+f(I)SdBt+/Z[t Y2 (u)Na(dt, du).

28



Applying [t6’s Lemma,
_ BIS) 1 oy [0*[%S?
ar(r) < [pl( T —11p2<
© (p ) T U e

- /Z(Wz —In(1 +72))/\2(du)> dt

S N
+ pIPt <;(I)) dB? + / In(1 + y2)No(dt, du).
Integrating both sides,

p(s) <P Y AL SN
e <)+ [ (v + g9t = 075075 )

_ /t/w2 — In(1 + 72)) Ao (du)dt

+p/ I 1;ISd82 / /m (1 + 7o) Na(dt, du).
0

Taking expectation on both sides and then applying Gronwall’s inequality, we

will get
E[17(t)] <I?(0) — B + /O E[/”|E [p% + %p(p )sz (S )} dt
<) - Bew [ Blp2>+ Lo - T i

<(I*(0) — B)exp /UtIE {pﬁ + %p(p - 1)02} dt
=(I7(0) — B)exp (IE [pﬁ + %p(p — 1)02D t

where .
= [ [ en =ty

which implies

limsup E[/7(¢)] = 0.

t—o00

Hence, the result follows. O
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4.3 Extinction Criteria

In this section, we derive a condition under which the infectious disease becomes
extinct with probability one.
We define the basic reproduction number Ry, a key indicator of disease

spread, as follows:

Ap
Ry = , 4.4
O O+ 0) 4
where Ry determines whether the infection will persist or fade out over time.
Denote
o2 N?

R = Ry — . 4.5
= )t v o) s

We assume the following:
8= [ (= In(1 )\ (46)

z

Theorem 4.4. Let the solution of (3.4) be denoted by (S, I, Ry) with initial
value (Sy, 1y, Ro).

1. If
Ry <1+ P and o? < G17(0)
(u+v+9) A
or
/82
27‘_2 < (/L+V+(5)+62
then
. ln]t
hmsupTS(u+u+5)(R8—1)—52<0 a.s.
t—r00
2. If
(h+7)+ P85>0
then
|
lim sup il < —(n+7)—B<0 a.s.

t—o00

In other words, the disease dies out with probability one.
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Proof. 1. From the system (3.4))
1
I = (6—5—(u+u+5) )dt+

f) f)
Using [t0’s Lemma,

dln ] = (7 (fﬁ(l)s (,u+z/+5)l) +% (—i> 0;21—(25)2
_ /Z(fyz —In(1 +72))Az(dU))dt+ (1) (;(1.75;) a5,

T / In(1 + o) Na(dt, du),
7Z

55 10.252
f(_f) —(p+v+46)— §m— /Z(Vz —In(1 +’Y2)))\2(du))dt

1 saB2 4 / I, ()N (dt, du).

dlnI:(

=(5.1)
n (%) B} + /1n(1 + 12)No (dt, du).

(4.7)
Consider ¢(S, I) and then by elementary calculations, we get
A(S, I) -—ﬁ—( +y+5)—1ﬁ
VIV 2 (D)
- 65 1 0_252 62 62
B (f(f) IR 202) tog ~ v o)
0_2 52 62 268 52
=5 (pm o ) Fam e
o’ S g (2
Y (m—(jQ) —|—F—(,U+l/—|—5)
62

SW —(p+v+9)

Then equation @) becomes
2 oS .
dinl; < (% —(u+v+90)— 52) dt + ——dB? + / In(1 + o) No(dt, du),

fI)
lnItglnIO—l—/ (26—2—(u+u+5) 62>ds+g//tdl5’§
0 0

+/Ot (/Zln(ler)J\Nfz(dt,du)) ds

where 05 < ¢’ under the boundedness condition of S.
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Dividing by t both sides and then letting ¢ — oo, we get

2
hmsup—_ ﬁ —(u+v+0)—pr<0 a.s.
t—oo 2
BQ
for the case when 02 > ———— since
2(p+v+9)
2 L1 (1 Na(dt, du)d
lim%ZO, lim Jo Jz 00+ 22)No(dt, du)ds =0 a.s.
t—oo t—o0 t

M. Here

Y

¢(S,I)=—U—2(i—£> +6—2—(u+1/+6)

Now, consider the case that o? <

2 \Ju) o?) 207
SR R + .
~u v+ ) (R~ samai s )

=(p+v+9)(Ry—1).
It then follows that

oS
din T g((p,+ v+ 8) (R —1) — Bg)dt-i— mdb’f

+ / In(1 + 72 No(dt, du),
Z

¢
In [, §1n]0+/ ((p+1/+5)(R0—1) Ba ds+/ —d[5’2
0

+/Ot (/Zln(lJrvz)Ng(dt,du)) ds a.s.

This implies,
In [
lim sup % <(u+v+0)(Ry—1)—p2<0 as. (4.8)

t—o0
and

lim I; =0 a.s.
t—o0

Remark 4.1. Based on equation (4.8), there exists a null set Ny with

P(Ny) = 0 such that for every w € Q\ Ny, the following holds:
In [t(OJ)
t

lim sup < —c for some constant ¢ > 0.

t—00
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This implies that for any arbitrarily small € > 0, there exists a time T} =

Ti(w) such that
Li(w) <exp ((—c+e)t), forallt>T.

. From the system ((3.4)),
dR, :(ylt —(u+ fy)Rt) dt + / Ry (w) Ny (dt, du).
z
Using [to’s Lemma,

dwnp = (07 = )R = [ (a =+ )l )
+/ln(1 + 3N (dt, du)
< (g = o) = ) e [ 10 ) Wil )

<= (u-t ) = Bt + [ (14 )Rl du)
z
From the Remark we will have
dlnR < (Ve(_c+€)t —(p+7)— Bs) dt + / In(1+ 73)/\f73(dt, du),
z

t
In R, <In Ry + / (Ve(_che)s —(u+7) — 53) ds
0

t —~
+/ /1n(1+73)/\/3(dt, du)ds,
0o Jz

Ve(—c—f—e)t t .
=InRy+———(n+y)t—Pst + / / In(1 + v3)N3(dt, du)ds.
(—c+e) 0 Jz
This implies
. In Rt
lim sup <—(u+7v)—PB3<0 as. (4.9)
t—o0
and
lim R, =0 a.s.
t—00

Remark 4.2. According to equation , there exists a null set Ny with

P(Ny) = 0, such that for every w € Q2 \ N, the inequality

InR
lim sup n—t(w) < —c
t—o00 t

holds for some constant ¢ > 0. Therefore, for any chosen € > 0, however
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small, one can find a time Ty = Ty(w) such that

Ri(w) < exp ((—6 + e)t), for allt > T,.

4.4 Numerical Simulations

This section validates our previous analytic results numerically using the Euler-
Maruyama method in Python. In the figures that follow, note the color represen-

tations:
e Green Line: Represents the model with Lévy Jumps.
e Red Line: Represents the model with only Gaussian white noise.
e Blue Line: Represents the deterministic model .

Example 4.1. In this case we take the following values: N = 0.1, = 0.05, 5 =
0.3, = 0.05,vr = 0.1, = 0.1,0 = 0.1, = 0.05,7 = 0.05,v3 = 0.05, then,
Theorem 1 can be validated by the following graphs. It is clearly visible from
Figure[{.1] that S, I, and R have a solution given some initial conditions.

Example 4.2. In this case we take the following values:
A=0.05pu=0.1,5=05n~=005v = 00508 = 0.01,0 = 0.05,7 = 0.05,7 —
0.05,73 = 0.05, then it is shown by the Figure[{.9 that S and I have a bounded

solution.
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Figure 4.2: Paths of I(t) and R(t) for extinction
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Figure 4.1: Simulation results validating the existence of the solution.
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CHAPTER b

Large Deviations for Stochastic SIRS Epidemic Model with

Lévy Jumps

This chapter is dedicated to presenting all the theorems and results obtained
while establishing the Large Deviation Principle for the solution of the stochastic
SIRS epidemic model, which is perturbed by an arbitrary small parameter € > 0.
In order to prove LDP, we will use the weak convergence approach along with
the celebrated results of Varadhan[39] and Bryc[14]. This theory was developed
by BubHIirRAJA, DUPUIS, AND MAROULAS[8]. We would also like to acknowl-
edge the following works which helped us in reviewing the literature on LDP for
different models [22] 26 1301 3], 34}, 135].
We will consider system with its abstract formulation as follows:

dXt = b(t, Xt)dt + E(t7 Xt)dBt + / g(Xt,U)./’\v/-(dt, dU), t e (O,T],
z (5.1)
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where

B
S, A — Sy — mst + Ry
I
Xe=|1L |, 0t X:)= Bl o +v+0)I, |
t f(lt) t (,U v ) t
Fy vlp— (p+ )R
Iy
RER )
I
X(t, Xy) = i ; Xi,u) = | I,_
(t, X¢) Uf(]t)St 9(Xi, u) +—Ya(u)
0 Rt—73(u)

where B; and N are vector-valued Brownian motion and vector-valued compen-
sated Poisson random measure, respectively. Also, b(t, X;), X(t, X;), and g(X, u)
arc measurable functions satisfying the lincar growth and Lipschitz continuity
conditions. Studying in an abstract setting allows us to analyze a system of
multiple equations as a single differential equation. For X; = (S5, If, Rs), let us
define the abstract formulation of stochastic SIRS epidemic model driven by Lévy
noise which is perturbed by a small parameter € > 0 as

dX{ = b(t, X{)dt + /€S (t, X{)dB, + € / g(XE wN(dt,du), te€ (0,7,

Xi(0) = XG,
(5.2)

5.1 Moment Bounds

Moment bounds ensure that in a physical system with small random shocks, the
system does not explode uncontrollably, making the system physically meaningful

and mathematically tractable. In this section, bound on the solution of SDE (/5.2)).

Theorem 5.1. For any p > 2, there exists a constant C, > 0,k > 0, such that
the solution of (5.2)) satisfies,
E

s€[0,t]

sup |X§|p] < (k+ Cpt)exp (Cypt) .
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Proof. Applying It6’s Lemma to f(z) = |z|?, we will get,
d|XEP = pl X5 P72 (XE)To(t, X)dt

€ - € €|p—
+ 5 [P = 22X XD TE) + pIXEP IR e

e / [XE 4+ g(XE )P — | X0 — plXEP2(X0) Tg(XF, )] Adu)de
7

b ep| XX TRAB, + ¢ / [1XE + g(XE, W) — | XCP] N (dt, du).
Z
Upon integrating, we get,

t
X = |XgP o+ / PIXE P2 (X b(s, XO)ds
0

N J/

-

=1

t
€ — € € —
45 [ ol = 21X ()T + plXP 2SI ds
0

>
~
=19

t
e [ IXE +aX )P = X5 X)X ] Adu)ds
0 Jz

S/

~~
=13

t
Ve / PIXEP2(XE)TSdB,
0

t
+€/ / [1X5- + g(Xs_,w)|P — | XS_[P] N (ds, du).
0 Jz
(5.3)
Consider each integral separately. For I, using the Linear growth condition, we

get
t t
I < C;/ [ XE[PH L+ [ XE])ds < (J,}/ (1+ | X:[P)ds
0 0
For I, using Linear growth condition for 3 and the inequality (a+b)? < 2(a®+b%),

t
€ — € ):’6 — E)
[2 - 5/0 [p(p - 2)|‘<§|p 4((X3)T2)2 p| slp 2” HQ} ds

N

t
/0 [p(p — 2)[ X2 + p|X<[P2]S)?] ds

t
€ - € €|p— €
<5 [ Dol = 2P0 X)X X s
0

DO |

t
<z [ ixaps
0

By using Taylor’s expansion of second-order, and since A is c—finite measure, for
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13, we will get,
&zg//ﬂﬁ-ﬂ@?ﬂW-Wﬂ PIXEP2(XE T (X5, w)] A(du)ds
//' p(p — 2)[XPH((X)Tg(XE u))? + pl X2 g(Xe,u))|F] Mdu)ds

3 €
< Cp/o (1+|X¢|P)ds
Now for the integral involving brownian motion, Biirkholder’s-Davis-Gundy in-

equality, and Young’s inequality yiclds,

t
| s | <ci ([ =nxe2isp o)
0<s<T 0
t 1/2
<C (/ E[1+ | X" dr)
0

t (Cﬂ)Q
<ka/EUAJXﬂMi+ —
1

Similarly, for the last integral, we will use Biirkholder’s-Davis-Gundy inequality,

1/2

/pww%ﬁfm&
0

and Young s inequality to get

[ [ X+ g0 = X Atds, )|

t
< (/ E[L+ | X)) dr)
0

t Cﬁ 2
< k‘z/ E[1+ X[ dr+ () kp)
0

2
Now that we have gotten estimates for all the integrals in the ([5.3)), let us combine

sup
s<t

1/2

all of them, using Fubini’s theorem and then apply Gronwall’s inequality,
t
E [Sup |X§|p] Sk—I—C’p/ E(1+|X:|P)ds
0<s<t 0

(@ ()
4k, 4k;

On simplifying, we get
t
E {sup |X§]p] <k + C’p/ E(1+|XP)ds
0

0<s<t

where k > +|Xg|P and C, > C) + C2 + CF + ky + k.

t
<k +Cpt+ C’p/ E [ sup |X5|p} dr
0

o<u<r
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Applying Gronwall’s inequality, we get,
t
E {sup ]X;\"] <(k + Cpt) exp (/ des)
0<s<t 0

<(k + Cpt) exp (Cpt) .

5.2 Large Deviation Principle

In this section, asymptotic analysis of the system is done and the Large
deviation principle is established for the perturbed SDE . We are interested
in seeing how the solution of perturbed SDE deviates from its deterministic
counterpart as € — 0. But before that let us define some function spaces based
on the theory developed by BUDHIRAJA, DUPUIS, AND MAROULAS. Refer [§]

for detailed analysis.

5.2.1 Function spaces and Controlled Equations

Consider a space P that is both locally compact and Polish. Let M(P) denote
the set of all Borel measures v on (P, B(P)) for which v(G) < oo holds for any
compact subset G C P. Equip M(P) with the coarsest topology that ensures
the mapping v +— [, f(2) v(dz) is continuous for each f € C.(P), where C(P) is
the space of continuous functions with compact support. This topology renders
M(P) a Polish space, and it can be metrized accordingly, as demonstrated in
[8]. Let us define the extended space Pr := [0,7] x P, and let P := M(Pr).
We introduce the product space L(R?) := C([0,T];R®) x P. Furthermore, let
{Gt}ico,r) denote the filtration given by
G = 0({/\7(.9, Z),Bs: 0<s<t,ZeB(Pr)}).

For a fixed constant 6 > 0, we define Py to be the unique probability

measure on the measurable space (L(R?), B(IL(R?))) such that, under Py, both the
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Brownian motion {5;} and the compensated Poisson random measure {N' (¢, Z)}
are {G; }-martingales for every measurable set Z C Pr.

Let us define {F;}ico.7) as the P-augmentation of the filtration {G;}. Con-
sider P to be the o-algebra on the product space [0, 7] x L(R?) associated with
the filtration {F;} on the measurable space (L(R?), B(L(R?))).

Now, let A denote the collection of all non-negative measurable mappings
¢ : Pr x L(R?) — [0,00) that are (P ® B(P))/B(|0, 00))-measurable. For any
¢ € A, we define the corresponding counting process N'¢ on Pr by:

N®(t, 7) / / s (M N(ds,dz)dr, te[0,T], Z e B(P).
Define the functlor(i tKXZ[O 00) — [0,00) by:
lr):=rlogr—r+1, Vre]l0,o00).
Given any ¢ € A, let the functional Ly (¢) be defined by:

// (o(t,u,w)) A(du) dt.

Let P, denote the set of all predictable processes 1 : [0, 7] — R? such that:

T
/ lv(s)]|*ds < 0o a.s.
0

We define the set of admissible control pairs by:
Z/{(Rg) = PQ x A.
For any 1 € Ps, define the associated energy functional:

Er(w) =3 [ Ivl)lPds

Given u = (¢, ¢) € U(R?), we define the total cost as:
Ly(u) = Lp(¢) + Ly ().

Let us define the controlled Brownian motion by:

t
B! = Bt—i-/ Y(s)ds, tel0,T).
0
For a fixed N € N, we define:

SN (R?) = {¢ € L2([0,00); R?) : Lp(1) < N},

Ni={¢:Pr—1[0,00): Ly(¢) < N}.
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Let us now define:

A= /T/ g(s,u)A(du)ds, Z € B(Pr).
Then, the family {\} : ¢ 60 SNZ} is relatively compact in P. Equip SV with the
topology that renders it compact. The product space SV := SV (R3) x SV inherits
the product topology.
Finally, let

U .= PQ(R?)) X .A,
S = U §N7
N>1

U = {z = (1, ¢) €U : 2(w) € SN a.s.}.
That is, U” consists of all admissible controls taking values in SN almost surely.
The solution X to the perturbed stochastic differential equation given in
(5.2) can be expressed in terms of a measurable mapping as follows:
X°= G (VaBO). N ).
where G¢ : P x L(R?) — P is a Borel-measurable transformation. We will
prove the Laplace principle for X¢ using the Budhiraja-Dupuis principle whose

statement is as given below.

Theorem 5.2. Let us suppose there exists a measurable map G° : P xL(R?) — P

such that it satisfies the following two conditions:

(i) Weak Convergence: Consider N < oo and a family
{96 = (5, ¢) €U : 0°(w) € Sy a.s.} C Uy,
If 6° = (Y°, ¢°) converges to 6 = (¢, @) in distribution as S -valued random

elements, then

g (Vs + [waser ) 5o ([ o)

in distribution as € — 0.
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(ii) Compactness: For every N < oo, the set

Ky = {90 < / ﬂ(s)ds,A?) (6.0) € uN}

is a compact subset of P.

Then the family {X¢ : € > 0} satisfies the Laplace principle in P with the good

rate function I given by

1) = it {/ /e 6(s, )\ (du)ds + — /T|y¢(s)ugds}, (5.4)

where Sy = {($,1) € S: g = G(J; ¥(s)ds,\})} and I(9) := oo.

Remark 5.1. The considered stochastic SIRS epidemic model which is given as
dX{ = b(t, X)dt + /eS(t, X7)dB; + e/ g( X}, u)./(/(dt, du), te€(0,7],
z
X;(0) = XG,
has a unique solution in the Polish space P = D([0,T];Rs) N L*([0,T];R3). We

will denote the solution of above to be X€, which can be written as

ge (\/EB(), e./\/ﬁ_l> for a Borel-measurable function G : D([0,T];R3) — P.

Observe that the D([0,T]; R3) is the Skorokhod space, which is a Polish
space (cf. [20]). But before going any further, we need the well posedness of
the controlled equations associated with system (|5.2)) as well. The deterministic

controlled equation (or skeleton equation) will be as follows:
dzp(t) = b(t, zg)dt + 3(t, z9)0(t)dt + /Zg(ZQ, w)l(p(t,u))A(du)dt, te (0,T7;
29(0) = 2o,
(5.5)
The existence and uniqueness follows readily since the coefficients b and X satisfy
the Lipschitz continuity and linear growth conditions. The solution of the above
equation can be expressed as G°([; ¢(s)ds D).
Now let us present this lemma which ensures the well-posedness of the

solution of the stochastic controlled equation associated with ([5.2)).
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Lemma 5.3. Consider N < oo and a family {95 = (Y% ¢°) el : 6°(w) € S’Na.s.}
C Uy. Fore >0, define

Xiult) = G (VeB() + / U (s)ds, N,
Then Xg. is the unique solution of the follgwing stochastic controlled equation:
'dxge(t) =b(t, Xj (t))dt + X(t, Xg(t))e(t)dt + /Zg(ng,u)ﬁ(gbe))\(du)dt

+\/EZ(t,Xge(t))dB(t)—i—e/g(Xge,u)N(dt,du), t € (0,7,

\ ng (0) :Xgé
(5.6)

The proof is a consequence of Girsanov’s theorem and the Existence-Uniqueness
theorem for SDEs. Also refer to [13].
Now, that the necessary conditions are satisfied, let us prove the sufficient

conditions as stated in Theorem that is, compactness and weak convergence.

5.2.2 Compactness

Theorem 5.4. For every N < oo, the set

Ky = {2 € D([0, T};Rs) N L*([0, T;;R?*) : 0 € U™}
is a compact subset of D([0, T]; R*)NL2([0, T); R3) where zp is the unique solution
of the deterministic controlled equation .

Proof. Consider a sequence {zg,} of Ky where 0, € Uy is the control. Then

{zp, } satisfies (5.5, we get,
dzp, (t) = b(t, zg, )dt + X(1, zg, )tV (t)dt + / 9(zg, , u)l(dn)N(du)dt
z
and zg,(0) = zo. Since the set Uy is weakly compact, so there exists a sub-

sequence of {z, }, also denoted by {zy,} (for the sake of less notations). This

subsequence converges weakly to 8 € Uy in U. All we need to prove is zg, — 2y

in D([0, T]; R?) N L([0, T]; R?) as n — oo.
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Let wg, = zp, — z9. Then wy, also satisfies (5.5), and we will get the
following differential equation,

dw, = [b(t, z0,) — b(t, z0)] dt + [X(t, 2p,) — B(t, 20)] Y (t)dt + X(, 29) (Vn — V) (E)dt

+ / (920, ) — g(z0, )] €(d)A(du)d + / 9(z0,1) [£(60) — () Mdu)dt
lan | < [ 20,) = bs, ) s+ / 1G5, 20,) — (5, 20)]| [u(s) | ds
n / 120, 20) | | (o — )(s) | ds + / | / 9o ) [1€(6) — ()| A(du)dt

+\/0 /Z 19(z0,, 1) = g(zo, w)|| [|€(Hn) | )\(du)df

~
=I5

(5.7)
Consider I; and I, then by Lipschitz continuity of b and X, there exists constant

L1, Ly > 0 such that
t t
I = / 165, 26,) — b(s. z9) | ds < Ly / o, (3)]] ds
0 0

B [ 125,20 = s () d < Lo [ an, ()] (5] ds

For the integral I3, using Cauchy-Schwarz inequality, and the fact v, — 1 weakly

as n — oo, we will get the integral I3 — 0 as n — oo.

Iy = / 155, 20)] | (6 — 0)(s)]] dis

t N A\
g(/o \z<s,z91) </0 wn—w) S0

Considering integral I, and the fact that ¢ is continuous and ¢,, — ¥ weakly as
n — 00, so the integral will tend to 0. Now, let us analyze the last integral I5.
Since g satisfies Lipschitz continuity, we will get a constant L; > 0, and since A

is a o-finite measure, we will get the following bound on the

Is = / / 9z, 0) — gz, )| ()| Aldu)dt
<L, / s, (5)] / 166 | Mdu)dt < Cy / g, ()] ds
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Combining all the above integrals, (5.7)) becomes,
t
[wo, ()]l S/ [[we,, ()| (L1 + La [|¥n(s)[| + C1) ds
0

Applying Gronwall’s inequality, we will get ||wy, || — 0 as n — oc. O

5.2.3 Weak Convergence

Theorem 5.5. Consider N < oo and a family {0° : € > 0} C Uy. If 6¢ converges

to 0 in distribution with respect to the weak topology defined on U, then
G-(VeB()+ / W (s)ds, N ) = 6 / ls)ds, XF)

in distribution in D([O,T];?@?’) NLA[0,T];R?) as ¢ — O(?

Proof. Let W€ = X¢—zy, where zg and X € are solutions of the equations (|5.5)) and
(5.6) respectively. Then applying It6’s Lemma to |z|P, W satisfies the following

stochastic equation:

t
(WP = WE + / p|WeP—2wer [b(s,Xf) — b(s, z(;)] ds
0

7

::‘,[1
+/ PIW 2 [53(s, XY = B(s, 29)0|ds
0
=T
t Wep—2wer X u)l(o°) — l Adu)d
# [ [ o) - it
=13

t
€
5 [ [pto = DI TS, X)W S, X ds
0

2
=1
t
e [ [Iwe v gy — W p = W P Wo(x w)] Aduds
0 Z
=Ts

t
Ve [ W W s(s, X9dB(
0

t
+€/ / [\W§_+9(Xiu)!p—\wg_|p N (ds, du)
0 JZ
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We will now consider each integral separately and get the bounds as done before.

t t
o= [ WP W bl X) = bl ) ds < Ly [ e
0 0

+ t
I ;:/ p|Wep2WeT [Z(S,Xe)’l/)e - Z(S,ZQ)w} ds < LQ/ [WePl*|ds
0 0

I3 := /Otp|we|p2WeT/Z [g(xﬁ,u)g(qsé)_g(zg,u)é(qb)])\(du)dtgjv/Ot|W6|pds

2

t
€ — € €|lp— €
=5 | oo =20 P 12,20 Pl (s, ) s

t
€ — € € €lp— ¢
I, ::_/ {p(p_z)wfvf WIS (s, X)) + p| WP |S(s, X ”Hds
0

t

<C} /Ot (1+ |[WeP)ds + 05/0 (14 |[WeP) ds
As also done before, the following integral can be bounded by,
<cy [ e as
Using Biirkholder’s-Davis-Gundy in(()equality, and Young’s inequality, the martin-

gale terms can be bounded as follows,

t
E|: sup / p|WE|p72W6T2(t,XC>dBH C(/ “W€|2p 2||2” ]dS)
o<t<T | Jo 0
t
SO( E[1+ |We|p}d8>1/2
0
t -, o2
35/0 E[1+ |W]ds + o=
1/2
sup / / |I/V€ —I—g|p ‘We |p) (dt du)H <’ (/ [1+|W€|p}ds>
0<t<T

/

t C
/ €
<6 / IE[1+ Wl }dﬁ e
0
Combining all these integrals, and using Gronwall’s inequality, we will get
E [SUPogth |W6|p} — 0. Then by using Markov’s inequality, for any a > 0, we
will get
1
P ( sup |[W€PP > a) <-E [ sup |W5|p} —0
a

0<t<T 0<t<T
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CHAPTER O

Conclusions and Future Directions

“What we know 1s a drop, what we don’t know is an ocean.”

—Sir Isaac Newton

In this final chapter, we draw the thesis to a close while also presenting ideas
for potential future developments related to this model. In this chapter, the
key conclusions are drawn together to highlight how the research objectives have
been met and to reflect on the contributions made by the study. We talk about
a few ideas for continuing this research and making it better, showing why it’s

important to build on what we’ve started here.

6.1 Conclusions

In this thesis, we worked on a stochastic SIRS epidemic model influenced by both
Gaussian noise and the Poisson-type jumps. By incorporating Lévy noise into

the classical SIRS framework, we captured more realistic dynamics that reflect
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abrupt outbreaks, and intervention policies.

Our main contributions are summarized below:

1. Existence and Uniqueness: We established the existence and unique-
ness of the global positive solution to the stochastic SIRS epidemic model,
which ensures the well-posedness of the system, opening the gate for further

analysis.

2. Long-term behavior: We investigated the dynamics of the system in the
long-term, particularly focusing on the probability of disease extinction.
This analysis provides insights into the conditions under which the disease

will die out or persist in the population over time.

3. Numerical Simulations: We carried out numerical simulations in Python
to illustrate the theoretical results and to visualize how the inclusion of Lévy

noise affects the disease dynamics.

4. Large Deviation Principle (LDP): We proved the Large Deviation Prin-
ciple for the model by employing the weak convergence approach developed
by Budhiraja, Dupuis, and Maroulas [§]. This result offers a rigorous prob-
abilistic understanding of rare events, such as sudden large outbreaks, and

complements the analysis of typical system behavior.

6.2 Future Directions

This research opens up several promising directions for future investigations. We
will put on a few open problems here.
Open Questions:

1. We believe that the results from this work can be generalized to the case

when the coefficients of the system do not follow a linearity condition. In
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particular, it is more relevant if we can add noise in the model that is
invariant under local coordinate transformations. Here, the Wong-Zakai
approximation is more suitable for talking about the existence theory in

population dynamics. For details, we refer to [5].

. An immediate question is to study the corresponding Optimal Relaxed Con-

trol (ORC) (see [27]) problem for the given system when

(a) no special condition on the dependence of the non-linear operator with

respect to the control variable is assumed,

(b) the cost functional fails to satisfy the usual convexity condition.

. Moreover, can we adapt Lyon’s rough path theory to study the system? We
refer the reader to [27].

. It is natural to ask whether the solution of system (|3.4) defines a Markov

process. For a thorough study on Markov processes, see [32].

. Can stability analysis be done for this stochastic dynamical system? Can a
deeper investigation into moment stability, pathwise stability, and possible
bifurcations in the system driven by changes in noise intensity be done?
Refer [19, 25] 28, 41] for detailed study on stochastic dynamical systems,

and bifurcation analysis.
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