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Abstract

In this thesis, I have presented the so-called ‘331 model” which is based on SU(3)¢ X
SU(3)L x U(1)x. Firstly, I have talked about some of the basics that are needed to study
the ‘331 model’. Among the basics, I have presented symmetries in a Lagrangian. Then,
I also provided an overview of spontaneous symmetry breaking and the Higgs mechanism,
from which the gauge boson acquires their masses, which are the carriers of the weak inter-
action. Then, I delved into the 331 model and why it was introduced, where I also showed
the transformation of the fermion fields. Then, I calculated the masses of the gauge bosons
that come in this theory. This thesis also contains the Scalar Potential of this model, from
which we land upon the 331-EFT, which relates 2HDM parameters to the 331 parameters.
And last but not least, special attention has been given to the Yukawa sector for the 331
model, which also reduces to the Yukawa sector of the 2HDM in the 331-EFT case. From
where I calculated the FCNC couplings for this model.

II



Contents

1 Symmetries of the Lagrangian
1.1 Global Symmetry . . . . . . . . . . . . e
1.2 Gauge Symmetry . . . . . . . . ...
1.3 Non-Abelian Gauge Theory . . . . .. ... ... ... ... ......

2 Symmetry Breaking and Higgs mechanism
2.1 Spontaneous Symmetry Breaking of Global U(1) Gauge Symmetry . . . . .
2.2 Spontaneous Symmetry Breaking of local U(1) Gauge Symmetry . . . . . .
2.3 Spontaneous Symmetry Breaking of local SU(2) Gauge Symmetry . . . . .
2.4 Electroweak Symmetry Breaking . . . . . . .. .. ... oo,

3 331 Model
3.1 Introduction . . . . . . . . . . . ..
3.2 Masses of the Gauge Bosons . . . . ... ... ... ... ... .. ...
3.2.1 Masses of the Charged Gauge Bosons . . . . . ... ... .....
3.2.2 Mass of the Neutral Gauge Bosons . . . . . .. ... ........
3.3 Scalar Potential of the 331 model . . . . . . ... ... ... ........
3.4 Yukawa Sectorof 331 model . . . ... ... ... .. ... ... ...
3.5 Conclusion and Scope of future work . . . . . ... ... oL L.
35.1 Conclusion . . . ... L
352 Futureplans. . . . . . . . ...

A Noether’s Theorem

B SU(3)
B.1 Generators of SU(3) . . . . .. .. ...
B.2 LadderOperator . . . . . . . . ... ... ...

C Charge Conjugation
C.1 Charge conjugation operator . . . . . . . . . . . . oo e
C.2 Some properties of Coperator . . . . . . ... ... ... .........



List of Tables

3.1 Tableforvaluesof B . . . ... .. ... .. ... .. ... ... 19

B.1 Tables containing values of d,. for different combinations of indices abc. . 38



Nomenclature

Ta
Wy Vs

Oy, P5 X

(0
0%, o,y

Ow

a,b,c, ...

AwWwaVwUﬂ

C
D

B
€ 9,9
Fl

Jabe
h,H, H'
I, U, Vs

Commutator AB-BA
Parameter of 331 model
v matrices

Lagrangian density
Generators in adjoint representation
Lorentz indices

Complex Scalar field

Fermion field

Rotation angle

Weinberg angle

Gauge indices

Gauge field

Charge Conjugation operator
Covariant derivative

Coupling constant
Electromagnetic Field Tensor
Structure constants of a Lie group
Higgs field

Flavour indices

Ladder operator

Conserved current

Projection operator

Charge

Generator SU(N) group

Unitary matrices

VEV



Chapter 1

Symmetries of the Lagrangian

Symmetries play a fundamental role in theoretical physics, particularly in the formulation
and interpretation of physical laws. Symmetries of the Lagrangian correspond to transfor-
mations that leave the Lagrangian invariant. These symmetries have profound implications
through Noether’s theorem, which establishes a direct correspondence between continuous
symmetries and conserved quantities. This chapter provides an overview of the concept
of global symmetries, local or gauge symmetries and non-abelian gauge symmetries of the
Lagrangian.

1.1 Global Symmetry

Let us consider the Lagrangian that satisfies the Klein-Gordon equation,

Lia = (0u0")(0"¢) — m*(9'9) (L)
Now if ¢ changes from ¢ — ¢’. Where
¢ = e, (1.2)
and « did not depend on space-time. So ¢! and 9,,¢ will be,
o = gle
0,0 = e " (0,0). (1.3)

So we can clearly see that the Lagrangian is invariant under the transformation Eq. (1.2) as
the derivatives do not act on the e~ term. So this is a symmetry of the Lagrangian, and we
call it ‘Global symmetry’ as it does not depend on the space-time.

Let us analyze the mass dimension of the field. The mass dimension of the Lagrangian is +4,
and the mass dimension of d, is equal to +1. So the mass dimension of the field, i.e., ¢ is
also +1. In the second term of Eq. (1.1) we see that the constant term has a mass dimension
of +2, so we can safely say that it is a mass square term.

Now, if we consider the symmetry first and then find out the general Lagrangian with mass
dimension +4, then the Lagrangian would be,

Lic = (0,0)(0"¢) —m*(¢'0) + A(¢T9)?, (1.4)

where the mass dimension of A is 0, 7.e. dimensionless, and it is the interaction strength
between fields. So we see, if we consider the symmetry first, then find the Lagrangian, we
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1.2. GAUGE SYMMETRY

automatically find the interaction terms between fields. As Eq. (1.2) is a symmetry trans-
formation, according to Noether’s theorem it is associated with a conserved current. The
infinitesimal transformation is,

0(z) = ¢'(x) — ¢(x) = —iad(x)
t(p) —

0¢! (z) = ¢''(z) — ¢'(z) = iag! (), (1.5)
from Eq. (A.10), we find the conserved current to be
0 oL i OL
JE = 6¢88M¢ +0¢ 90,5
= —iag(2)0" ¢! (x) + iad! (x)0"¢(x)
= ia (¢'(2)0"p(z) — ¢p(x)0"9'(z)) | (1.6)
The parameter independent current would then be,
=i (! ()0 (x) — p(x)0" ¢ (z)) | (1.7)

and the conserved charge is going to be,
Q= /dngO(x)
=i [ @ (¢@)ile) - 1 @)ola)) (1.8)

These types of symmetries which are characterized by the space-time independent param-
eters « either in Eq. (1.2) or in Eq. (1.5), are called global symmetries [4]. The field ¢(x)
transforms exactly the same way for all space-time points.

1.2 Gauge Symmetry

We now consider theories where the symmetry transformations are space-time dependent,
i.e. « = a(z), where x = (Z,t). They are called local symmetries or gauge symmetries.
We will derive the gauge theory by requiring the Dirac free electron theory to be gauge
invariant. Let us consider the Lagrangian for the free electron field ¢ (),

Lp=(id —m)y, (1.9)
where J = "0, Now, under the local phase transformation, the field transforms as
P = e Oy (1.10)

where we consider a(x) = efl() , ‘¢’ is a constant that will be later identified as the electric
charge. Then 1) will transform as,
P = ped@ (1.11)

and the derivative will transform as,
O, — O = 0, (e 7" ™y)
_ (aﬂw)e—ieﬁ(z) + aﬂ(e—ieG(m) )w
= 7@ [0, —ied,0(x)] Y. (1.12)



1.2. GAUGE SYMMETRY

We can clearly see that the derivative does not transform as ) does. So

VO = 9D (9, —ied, f(a)] ¢
= V[0, — ied0(x)] ¥
= YO, —ied,0(x)) (1.13)
due to the second term in Eq. (1.13), the Lagrangian is not invariant under this local transfor-

mation. To make it invariant we need to form a gauge-covariant derivative D, , to replace
0y, which transform like 1 does, i.e.,

D,y — (D) = e @D, (1.14)

so that the combination EDHw is gauge invariant. we replace d,, to D,, by adding a new field
A, The Gauge field, to the derivative J,,, so the form of the covariant derivative would be
[10],

D, = 8, + ieA, (1.15)

Let us see the transformation law for the covariant derivative,
Dy — D’ = (0, + ieA’ )w’
= (Op +ieA))e —ie0(@)),
= (8,0 — 1e(8,0)1 +ieAl ) e —ief(=)
= ¢ ") (9, —ie(0,0) + ieA, ) (1.16)

Now, our theory to be invariant under the local transformation as mentioned in Eq. (1.10),
has to satisfy Eq. (1.14). So on comparing Eq. (1.14) and Eq. (1.16), we have,
ieAl, —ie(0,0) = ieA,
=|A, = A, +0,0(z)|. (1.17)

So A, should transform as Eq. (1.17) to make the covariant derivative transform as 1), i.e.
to make the Lagrangian invariant. We can identify it as the Lorenz Gauge condition from
electromagnetism. From Eq. (1.9) we now have,

Lp = iy (O, + ie A, — mapy
Lp =) —m)p (1.18)

To make the gauge field a true dynamical variable, we need to add a kinetic term (which
describes the equation of motion of the A,,) to the Lagrangian involving its derivatives. For
that, let’s first analyze the mass dimension of A,,. The mass dimension of both ¢) and W is %,
so A, must have a mass dimension of 1 and ‘e’ is a dimensionless quantity. The commutation
relation between two covariant derivatives is,

[Dy, D]

= (DuDV - DVDM)¢

= (0, +1ieA,) (0, +ieA,)Y — (0, +ieA,) (0, +ieA, )Y

=ie(0,A, — 0,A,)¢Y

ieFui, (1.19)



1.3. NON-ABELIAN GAUGE THEORY

where F),, = 0,A,—0,A,, and we can identify it as the electromagnetic stress-energy tensor.
This can be a suitable candidate for the kinetic term for the A, field because it contains terms
with derivatives of A,. But in order to set it as a kinetic term, we need to check whether it
is a gauge-invariant quantity or not. Let us check how F),, transform if A, transform as
Eq. (1.17),
r / /
F,=0.4,—0,A,
= F,;V =0u(A, +0,0(x)) — 0,(A, + 0,0(x))
= F, = 0,A, +9,0,0(x) — 9,A, — 9,0,0(x)
= F,, = 0,A, —0,A,

= Fl, = F, (120)

so F},, is invariant under local gauge transformation. Now, the simplest kinetic term that is
both gauge-invariant and Lorentz-invariant with mass dimension four (with a conventional

normalization) is,

1
L=~ FuF"™. (1.21)

So the total Lagrangian, invariant under local gauge transformation, would be,

L = ipy"0,1h — ey A, — mapyp — iFWF”” , (1.22)

where the second term in the above equation is the interaction term between the electron field
and the gauge field. and we also identify that ei)y*1) to be the Noether’s current density. The
zeroth component of which gives us the total charge, so

Q= / JdBx

= Q=c [Fruds—c [vivis
S Q=c, (1.23)

where we take [ YTpd3x to be normalized, i.e. equal to 1. Now we can identify e as the total
electric charge.

1.3 Non-Abelian Gauge Theory

In the previous two sections, we have shown the simplest of the gauge theories, namely, the
Abelian gauge group U(1). We will now show the gauge theories based on more complicated
symmetries such as SU(N). Such theories belong to non-Abelian (non-commutative) gauge
groups, which are commonly known as Yang-Mills theory, and they are the fundamental
building blocks in the construction of physical theories.

Let us now generalize the previous cases by considering a free Dirac theory described by the
Lagrangian density (containing several complex fields),

Lp =10V —mIV, (1.24)

Where U = [¢)1, 19, ... ,¢n]T and the v, are different fermionic fields. Taking an analogy
from the previous case, we want our theory to be invariant under the transformation,

U0 =07, (1.25)
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Where, 4
U=U(z)=e 90" @ (1.26)

Where T?%’s are the generators of the group SU(N),0*’s are the parameters of rotations and
g is the gauge coupling constant analogous to the factor e appearing in Eq. (1.10) and an
implicit sum is considered over ‘a’. There are N2 — 1 no. of generators for an SU(N) group.
That’s why there are N2 — 1 no. of parameters, in other words, a = 1,2,..., N? — 1. The
generators of the group satisfy an algebra, called a Lie algebra, which is given as follows

[T, T") = feeTe. (1.27)

Where f%¢’s are the structure constants of the SU(N) algebra. One of the properties that
these generators follow is given as

1
Tr(T°T) = 55@". (1.28)
Now V¥ will transform as, L
U — U =90, (1.29)

as long as U is global, Eq. (1.24) is invariant under that transformation because #*’s do
not depend on space-time coordinate. But when we consider the case written in Eq. (1.26),
from Eq. (1.12) we see that when the parameters depend on the space-time coordinate the
derivative does not transform as i) does and there is no term in the Lagrangian to cancel
the extra term arises in Eq. (1.12). So to make the Lagrangian invariant, i.e., to cancel the
extra term, we introduce a new field and replace the normal derivative with the covariant
derivative. Taking analogies from the previous case, we will define the covariant derivative
as,

D, =0, +iglAj. (1.30)

Notice, however, that AZ has a gauge index ‘a’, which indicates that there are N? — 1 number
of A,. The transformation for D,, will be,

D,V — DIV = (8, +igT® AL ")V’
= (9, +igT AU
= (U)W + U(8,V) + UigT* ALV . (1.31)

Now the Lagrangian to be invariant under the local gauge transformation, D, W should trans-
form as mentioned in Eq. (1.14), so we have,

(B,U)0 + U(8,9) +igT* AL “UY = U(8, V) + igUT* A% W
=(9,U) +igT"A%'U = igUT* A"
a al 1 a a
ST A = —@(aMU) +UT AL

=T A% = é(auU)U‘l +UT AU (1.32)

So the gauge fields should transform like Eq. (1.32) so that the extra term that arises due to
the derivative term, cancels out each other to make the Lagrangian covariant. Now let us see
how AZ transforms infinitesimally. For an infinitesimal transformation, we have,

Ulz) = e 1@ ~ 1 — jgT0%(z), (1.33)
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and from Eq. (1.32) we have (considering the term linear in 0% (z)),
a a i : : : a Aa -
T°A = ; {8M(1 — ngbe)} {1 + ngbe} + (1 — lgTbe) A% (1 + ngbe)

= (T°0,0")(1 + igT"0") + T*A% — igT"T* A% + igT*T" A%0"
= T°0,0" + T A5, + ig [T, T"] As6°
= T"0,0" + T A5, — g f**T As6°
= T“0,0" + T A5, — g f*T"A0°
= T0,0" + T"AS, + g f**T"A,0°

= | A" = A%+ 0,0 + gf AT (1.34)

In the above transformation equation for the gauge fields, the term 0,0 resembles the U(1)
gauge transformation. But there is another extra term that could not have appeared in a U(1)
theory because, in an Abelian theory, the structure constants are zero[2].

Now back to the global transformation, for global transformation, 9,0* = 0, but the second
extra term does not vanish, so from Eq. (1.34) we have,

la a . - rabc\ Ac b
AL = AL +ig(—if*) ALY
= A% +ig [T'],, As6’, (1.35)

where 7 denotes the generators in the adjoint representation. We conclude that the gauge
fields transform in the adjoint representation of the gauge group.

From Eq. (1.17), we see that for global transformation, A, transforms trivially, i.e. does not
transform under the gauge group. So, from Noether’s theorem, the field does not possess
the charge of the mother group. That is why the photon field is chargeless. But for the non-
Abelian gauge group, they transform non-trivially under the gauge group. Which means that
they carry charges corresponding to the gauge currents. For example, SU(3) and the charge
associated with this group is color charges, and the gauge field corresponding to SU(3)c,
which we called the gluon fields, also possesses color charges.

Let us calculate the commutation between two covariant derivatives,

D,,D,|V

=(D,D,—-D,D,)V

= (0, +igT*A%)(0, + igT" AL — (0, + igT" A) (D, + igT* AL U

= (igT"(0,AY) —igT*(9,A%) — g [T, T"| ACAY) W

= (z’gT“(@MA‘j) —igT*(0,A}) — ngfabcTCAZA’;) 1

= igT" (0, A5 — 0, AL + gf ™ ALAY) U

= igT" (0, A5 — 0,A5, — gf ™AL AS) W = igT"F 0, (1.36)
where we take

Fi, = 0,A% — 0,A% — gf ™ AL A (1.37)

As D,V transforms like W, we can show that D, D,V also transforms like W, using this fact,
we have,

[D,, D, V' =U[D,,D,] ¥
= igT"F,,"UV = igUT"F}, ¥
=|T°F,,*=UT"F;,U |, (1.38)




1.3. NON-ABELIAN GAUGE THEORY

Now, to construct a kinetic term for the gauge fields, we need a quantity that is both Lorentz
and gauge invariant. Let’s take a Lorentz invariant quantity, 7°F>**T%F? now let us check

pv?
whether this is a gauge invariant quantity or not. we have
b b, uvrpa e b buvyrr—1 a a —1
T°F T Fy, = (UT FP U= ) (UT FL,U ™)
=UT°F™" T FeU~". (1.39)
So T*F**T“Ff,, is not a gauge invariant quantity but[2],
Tr (T°F** T Fl) = Tr (UT"F*T°F,U")
=Tr (U'UT"F*"™T"F},)
b rb,uvpa ha
:Tr(TF e FW)
=Tr (T°T") F** Fy,
1 ab b,uv a
55 FoF ELV
1 a,uV 1,a
= SFE,. (1.40)

Where in the intermediate step we use the cyclic property of the trace and Eq. (1.28). From
Eq. (1.37) we see that [, contain an extra term other than just momentum term without any
derivative, so when we multiply two such F'“*”, we get a term with three fields and a term
with four fields. From those terms, we conclude that the gauge fields self-interact. We finally
arrive at the pure Yang-Mills Lagrangian, i.e., the kinetic term for the Aj fields.

1
»CYM = —ZFG’MVF/Z,, (141)
and the total Lagrangian will be,
— 1
L=l —m)p — —F“"FL, . (1.42)

4
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Chapter 2

Symmetry Breaking and Higgs
mechanism

Symmetry breaking in physics can occur in two distinct ways: explicit and spontaneous. Ex-
plicit symmetry breaking occurs when the equations or Lagrangian of a system contain terms
that directly violate a particular symmetry. This breaking is imposed by external parameters
or interactions.

In contrast, spontaneous symmetry breaking (SSB) arises when the system remains symmet-
ric, but the ground state does not reflect this symmetry. In other words, the symmetry is not
explicitly broken by the extra terms, but rather by the choice of a particular state. SSB is
central to many physical phenomena, including the Higgs mechanism in particle physics. A
detailed discussion on the spontaneous symmetry breaking of various symmetries has been
presented in this chapter.

2.1 Spontaneous Symmetry Breaking of Global U(1) Gauge
Symmetry

Consider a complex scalar field ¢ = \/% (¢1 + i¢s), where ¢ and ¢, are two real fields. The
Lagrangian describing the complex field is given by,

L= (0,0%)(0"¢) — 1i* (¢ ) — Mo™9)? 2.1)

which is invariant under the transformation ¢ — ¢®¢. That is, £ possesses a U(1) global
gauge symmetry. For the case when A > 0 and p? < 0. we rewrite Eq. (2.1) as,

1 1 1 9
L= 5(0u00) + 5(0u02)" — 51*(81 + 63) — A (67 + ¢3)” - (2.2)
Now to get the minima of the potential V' (¢) we have to differentiate the potential with

respect to ¢; and ¢, both. After differentiating we have a circle of minima in the ¢, ¢
plane of radius v such that,

F+ei=0%  2=-E (2.3)

The extremum ¢ = 0 does not correspond to the minimum energy state. So we need to
translate ¢ to one of the minima points, which without loss of generality we can take as

11



2.2. SPONTANEOUS SYMMETRY BREAKING OF LOCAL U(1) GAUGE
SYMMETRY

the point ¢; = v and ¢ = 0. we expand L about this vacuum in term of fields 7, £ by
substituting,

¢(x) = —=[v+n(z) +i(2)] (2.4)

Sl

into Eq. (2.1), we obtain,
1 1
L= 5(8#7])2 + 5(8#5)2 + 1*n?® + constant + cubic and quartic terms in 7,£.  (2.5)

The third term has the form of a mass term (—4m?2n?) for the field 7). Thus the mass of the

n-field is m,, = /—2p2, where 2 itself is negative so m,, is positive. The first term in the
L' represents the kinetic term for the n-fields, and the second term corresponds to the kinetic
term for the ¢-fields, but there is no mass term for £. Therefore, the theory also contains a
massless scalar, which is known as a Goldstone boson.

The Lagrangian in Eq. (2.5) is a simple example of the Goldstone theorem, which states that
“whenever a continuous symmetry of a physical system is spontaneously broken, there
occurs a massless scalar”.

2.2 Spontaneous Symmetry Breaking of local U(1) Gauge
Symmetry

Again, consider the complex scalar fields ¢ but now the Lagrangian is invariant under a local
U(1) gauge symmetry, ¢ — ¢ ¢. So the gauge invariant Lagrangian is thus,

L= (0" + ieA")* (0, — ieA)d — 12(6° ) — A(67) — iFW P 26)

where A, is the gauge field and the term is the kinetic term for the gauge fields. Now same
as the previous case if ;> < 0, the Lagrangian would be after symmetry breaking (i.e. the
field after acquiring a VEV(vacuum expectation value) or in other words shifting the field to
one of the minima), ¢.e. on substituting Eq. (2.4) in Eq. (2.6), we have,

, 1 1 1
L= 5(8;177)2 + 5(8;15)2 + N2772 -3

1
2621]214#14” + evA,0"E — ZF‘“’FW + interaction terms .

(2.7)

The particle spectrum of £’ appears to be a massive scalar 7, a massless Goldstone boson &,
and more importantly a massive vector gauge boson A,,, so we have,

my = /=202 = V2\?, mg=0, my=ev. 2.8)

We dynamically generate mass for the gauge field. But the presence of the off-diagonal term
in the field A,0"¢ means that we are mistaken in interpreting the Lagrangian. Indeed, by
giving mass to A,,, we have clearly raised polarization degrees of freedom by 2 to 3. Because
it can now have a longitudinal polarization, but simply translating the field variables, as in
Eq. (2.4), does not create a new degree of freedom. So let’s expand the field in spherical
polar coordinates instead of Cartesian coordinates as

¢ = —= (v+h(x)) ", (2.9)

Sl
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2.3. SPONTANEOUS SYMMETRY BREAKING OF LOCAL SU(2) GAUGE
SYMMETRY

and make a gauge transformation of the gauge field as [4]
1
A, —B,=A,+—0,0. (2.10)
ev
On substituting Eq. (2.9) and Eq. (2.10) into the original Lagrangian of Eq. (2.6), we obtain,

1 1 1 1 1 5
L= 5(aﬂhf + WPh* + 56%23“3“ — \vh?® — th‘* + 56235/12 +e*vB2h — A
(2.11)
From this Lagrangian, we see that the Goldstone boson does not appear in the theory. The
Lagrangian just describes two interacting massive particles, a vector boson B, and a massive
scalar field h, which is called a Higgs boson. The massless Goldstone boson has been turned

into the needed longitudinal polarization of the massive gauge particle. This is called the
“Higgs Mechanism”.[1]

2.3 Spontaneous Symmetry Breaking of local SU(2) Gauge
Symmetry

Let us repeat the same procedure for the SU(2) gauge symmetry. Here ¢ is a SU(2) doublet

of complex scalar fields,
(9P _ 1 (D1 tigs
= (%) A (cbs +z’¢4) | 212

Now, the Lagrangian is invariant under the transformation ¢ — e‘®*™¢. Where 7,’s are the
generators for the SU(2) algebra, «,’s are the rotation parameters, and there is an implicit
sum over ‘a’. The gauge invariant Lagrangian is then,

L=(0"¢+ z-gg.ww (90 + zgg.wu@ — 12(¢70) = Mo'0)? — iwuyww , (2.13)

. —
where IW,’s are the gauge fields, and it transforms as W, — W, — é@ua —a x W,.
As before we are interested in the case where ;2 < 0, in this case, the potential has its
minimum at a finite value of ‘| ¢ |” where the manifolds of minima are given by
Lo 2 2 2 I 214
5 (DT + 83 +65+01) = —o3. 2.14)

Let us choose one of the minima for the doublet,

2
¢1=¢2=0¢4=0, and ¢§=—% v (2.15)

This effect is equivalent to the spontaneous breaking of the SU(2) symmetry; in other words,
the symmetry in Eq. (2.14) has become hidden. Then ¢ becomes

. 1 0 iTaba /v
And if we expand the expression in the Eq. (2.16) in lowest order, we have[1]
1 0y + 16,
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2.4. ELECTROWEAK SYMMETRY BREAKING

We see that the four fields are indeed independent and fully parameterized the deviations
from the vacuum mentioned in Eq. (2.15), i.e., ¢9 = \/%(0 U)T. Now, as the Lagrangian
is locally SU(2) invariant, we can gauge the three (massless goldstone boson) fields 6(x) of
Eq. (2.16). The Lagrangian then contains no trace of the (z)’s.

To determine the masses generated for the gauge bosons IV’s, it is sufficient to substitute
¢o into the Lagrangian. The relevant term for the masses is

2 2

I g w3 WL —iW2\ /0
zgiT.Wu¢ = ) (W; _|_MZW3 M—WE M) (U)
g*v? 2 2 2
=L ()" + )+ ()] (2.18)

Now, if we compare these terms with the mass term of a gauge boson, 5 M*W?2, we find
My = % gv. So the Lagrangian describes three gauge fields and one massive scalar Higgs h.
We interpret it as the gauge fields have “eaten up” the Goldstone bosons and become massive.
The scalar degrees of freedom become the longitudinal polarizations of the massive vector
bosons.[1][4]

2.4 Electroweak Symmetry Breaking

For Electroweak theory, the gauge group is SU(2)p, x U(1)y. The gauge invariant La-
grangian under this group is given by [1]

- . 1., - Y - ‘ Y
Ly =Py* |i0, — 9§T-Wu - QI—BM] Y + YryH {lﬁu - QIEBM} (o

2
Ly v~ ip, g 2.1
- Z nv - Z % 3 ( . 9)
Where v, is the left-handed fields, v g,s are the right-handed fields and the operator %F
and Y are the generators of the SU(2);, and U(1)y groups of the gauge transformations,
respectively.

In Electroweak theory, we want to formulate the Higgs mechanism so that the W= and Z°
become massive and the photon remains massless. To do this, we introduce a scalar doublet
which consists of four real scalar fields ¢;. we have to add to £, an SU(2)p, x U(1)y gauge
invariant Lagrangian for the scalar fields

2

L= ~V(9), (2.20)

. a a Y
<z@u —gT* Wi — QIEB“) o

where | |2 = ( )T( ). To keep L, gauge invariant, the ¢; must belong to SU(2)y, x U(1)y
multiplets. The simplest choice is to arrange four fields in an isospin doublet with weak

hypercharge Y = 1:
+
o= (fbo) : (2.21)

To generate the boson masses, we will do the same procedure as in the previous section. Due
to the charge conservation after spontaneous symmetry breaking, only ¢° will acquire the

vacuum expectation value,
1
O =— <O> . (2.22)
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Then the masses of the gauge boson will come from L5, and is given by putting Y = 1 and

T* = Z-; (0" are the Pauli matrices),
2

o 1
‘ (—g;ws - g’EBM) 0

1 ‘(gWi +4B, gW, —iwj)) (0)

2

8 [\yW, +iW?) —gW: +¢'B,) \v
1 1
= §v292 (W22 + (W2)?] + ng(—gWﬁ’ + ¢ B,)(—gW* + ¢'B")
1 \? RN P g —gg"\ (W
e (5’(}9) W:W'LL + gv (W;U' B/J') <_gg/ 9,2 B‘“ 5 (223)

since W* = (W F iW?)/+/2. Comparing the first term in the above equation, we get the
mass of the W+ bosons, which are

1
My =509 |. (2.24)

In the second term, the matrix has non-diagonal elements. So the Wj and B, are non-
physical fields. To get the physical fields, we need to diagonalise the matrix. After diagonal-
ization, the physical fields and their masses would be,

gW?3+gB,
A, =TI i M, =0 (2.25)
® /gz + g2
W3 ¢B |
2, =290 ith My = —u/? + g7 (2.26)
/92 + g/2 2

So we see that the Wj’ and B, fields mix up to create the physical fields A, and Z,,. And the
mixing angle fy, (Ayy is called Weinberg or weak mixing angle) is given by,

/

9 _ tan Oy (2.27)
g

We also infer from Egs. (2.26) and (2.24),

M
FVZV = cosfyy . (2.28)

On comparing with QED, we have a relation with the electric charge as

e = gsin Oy = ¢’ cos Oy (2.29)
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Chapter 3

331 Model

3.1 Introduction

These models were initially introduced by Steven Weinberg in 1977 [7]. Models based on
the SU(2) x U(1) gauge group of the SM stand out for the natural way in which they account
for observed general features of the weak interactions. The presence of neutral currents
strongly indicates that any viable model must incorporate the SU(2) x U(1) gauge group.
At that time, the new observations of high-energy trimuons required that the SU(2) x U(1)
must be embedded in a larger gauge group. The SM can be extended in various ways, with
the simplest approach involving the introduction of new particles organized into irreducible
representations of the SM gauge group. This method is primarily driven by phenomenology,
where certain new phenomena, such as dark matter, neutrino masses, etc., are explained
through the interactions of these new particles.

Another approach involves modifying the SM gauge group. Models in this category typi-
cally replace the SM gauge group with a single, larger group in an effort to unify the SM
gauge couplings. Alternatively, some models only modify one of the SM gauge subgroups
or introduce additional subgroups. The 331 model falls within this latter category, replacing
the SM gauge group with SU(3)c x SU(3), x U(1)x. To reproduce the particles and inter-
actions of the SM, a series of symmetry breaking mechanisms are proposed. These models
are interesting because they provide a partial answer to the problem of the origin of the three
generations. These models are free of anomalies only if the number of generations is three
or a multiple of three. These models include particles that also appear in other extensions of
the SM, for instance, several scalar fields in doublets and triplets of SU(2); x U(1)y, new
neutral and charged vector fields, and new vector-like fermions (in some cases with an exotic
electric charge) that are singlets of the SM symmetries. These models are defined not only
by the gauge symmetries but also by their representation content. [12]

We introduced a parameter /3 to define its electric charge operator!, and the electric charge
operator of these models are given by[12]

Qs(X) = T3 + fTs + XI, (3.1)

where T2 and T® are the Generators of the SU(3) group, which are proportional to the Gell-

Later we will see that 3 only takes discrete values.
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3.1. INTRODUCTION

Mann matrices. The matrix form of the Operator is given by,

1 8
§+W§+X 1 OB 0
Qs(X) = 0 _§+W§+X 0 . (3.2)
0 0 f—i—X

We have some freedom in choosing the fermion fields that will transform as triplets or an-
titriplets under the 3-3-1 gauge group. In this study, we choose the Leptons and third quark
family to transform as a triplet under SU(3). The transformation of the Left-handed Lepton
fields is shown below [12][3]

Leptons:

V.
1 1 /B
Li=|e| ~(1,3-—=-—"_) 33

E, ( 2 2\/5) G-
i/ L

where ‘2’ runs from 1 to 3. The 1st term in the parenthesis, z.e. ‘1’, denotes that it is a singlet
under SU(3)¢, the 2nd term denotes it transforms as a triplet under SU(3),, and the last term
is the ‘X’ charges of the triplet. Similarly, the quark families can be written as

Quarks:

ny na
1 _ 1
o = | —m (3 3¢ i) R B (3,3,6+i) (34

2 24/ 3
D/, V3 S /. V3
P3
1 B
= ~ 133 --——=). 3.5
L

The p and n are the positively and negatively charged quark fields, respectively. The trans-
formation of the corresponding Right-handed fields is given by,

PiR, P2R, P3R ™~ (37 17 2/3)7 NiRr,N2R , N3R ™~ (37 17 _1/3)7 €ir ™ (17 17 _1)7 (36)

1 V33 1 V33
TRN (37176_T>7 EZ'R <1717_§_T>

(3.7)

\/_5
DR7 SR ~ (3717 6 2 )

The electric charges of the heavy fermion fields?, i.e., E;, D, S, T fields (both left and right-
handed) are given by

Qr =

@ . (3.8)

| =

We will only consider the 3-3-1 model, where three scalar triplets 7, p, and x are introduced,
and after symmetry breaking, their VEVs will give rise to the masses of gauge bosons as well

2we will see in 3.4 why these fields are heavy.
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3.2. MASSES OF THE GAUGE BOSONS

as charged fermions. Complying with standard notation, the first breaking will be due to the
VEV of y, while the second breaking comes from the VEVs of both 7, p. Schematically,[3]

SU(3)c x SU(3)L, x U(1)x = SU(3)c x SU(2)L x U(1)y — SU(3)¢ X U(1)em

In order to set up our notation, we will choose the scalar fields to have the following transfor-
mation under the irreducible representation of the SU(3)¢ x SU(3)y, x U(1)x gauge group[3]

0 + QA
n P X .

T] - ,'77 ~ (]-737X77>7 P - pO ~ (1737Xp)7 X - XQ ~ (]-737XX)7
T]_QA p_QB XO

(3.9)

Let us calculate the U(1)x charges for the scalar fields along with Q4 and QP, from the
Eq. (3.1)

Q" =Ts+ fTs + X, Q" =Ts+ fTs+X, QX" =Ty + Ts + X,
1 1
:>O=§+%+Xn :>O:—§+2L33+Xp :>0:—%+XX
1 B 1 B B
- X, = - — =X, =- - =X, =,
T2 23 72 23 ARVE]
(3.10)

and the electric charges Q“, QF are In terms of the parameter 3 given by,

QA:_T?)_ﬂTS_Xn QB:—Tg—ﬁTg—XP
A _ ﬁ 1 i B _ B 1 &)
IRV AW BRI RN
A_1 \/35 1 \/5/3
Q=5 RAA R G110

At this stage, we can figure out why [ always takes discrete values. To see that, let us, for
example, take the Lepton triplet. We know that the difference between the two fields should
be an integer. Using this fact, we have,

QV_QE:N
1 V38
3t =N
2N —1
=4 = N (3.12)

where ‘N’ is an integer. Let’s make a table for the values of S,

So from this table, we see that the values for 3 are :I:\/g, :I:\/Lg, which are discrete values.

3.2 Masses of the Gauge Bosons

The Gauge bosons of this theory consist of an octet W associated with SU(3)r, and a singlet
X, associated with U(1)x. The masses of the gauge bosons come from the kinetic terms for

fiiwe will see the constraint on /3 in this model in the section 3.2.2.
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3.2. MASSES OF THE GAUGE BOSONS

N B 5
5 25
-2 —2 >33
-1 —v3 3<3.35
0 -7 5<335
1 1
1 7 5 <335
2 V3 3<335
2
3 5 >335

Table 3.1: Table for values of 3

the scalar fields, which contain covariant derivatives, and the covariant derivative is defined
as,

Y
D, =0, +ig <Wu.7> +ig'XX,

3 1 8 ! TA72 4 .
i Wi+ Wi+ 22XX, Wi —iW? Wi —iWw;
_ 1 7772 3 1 8 ! 6 1177
=0ut Wi+ W, Wi— FWL+20XX, Wi =W
Wi+ iWwp Wp +iW] —ZWi +2¢XX,
(3.13)

Where \’s are the usual Gell-Mann matrices and X denotes the X charges for the Higgs

multiplets. The masses of the Gauge Bosons come from the kinetic terms for the scalar
fields, 7.e.,

Lonass = (D) (D"n) + (Dup) (D" p) + (Dux)'(DFx) - (3.14)

We can write the scalar fields in the following manner,

\/Li(vn + by +i2y) pt XQA
n= n- ,op=| B thtiz) |, x= X9’
A B .
n¢ p~ 9 \%@x + hy +12y)

(3.15)
where vy, he, and z4 are the VEV, CP-even, and CP-odd scalar for respective fields.

3.2.1 Masses of the Charged Gauge Bosons

Now with considering ﬁWin = (Wﬁ T iWi),\/iVuiCh = (I/V:LL T ZWE) and ﬁUfQi* =
(I/V/ii F ZWZ ), and after symmetry breaking the masses of the gauge bosons can be obtained
as done before in section 2.4 from Eq. (3.13) and the masses are,

1 1 1
Mpsay = 107 (0 +03); MPao, = 7670y +030)s Misa, = 19°(v; +03). (3.16)

The charges of the Gauge Bosons can be obtained by simultaneously diagonalising the T3
and T®, which are in the adjoint representation. The charges are then given by,

N v RPN WV 3.17
Q1 =1; Q2—§+77 Q3—§—T~ (3.17)
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3.2. MASSES OF THE GAUGE BOSONS

Now notice that if v +v2 = v*, v being the usual vacuum expectation value of the Higgs in
the standard model, we can identify ;" as the SM Gauge bosons. And even if v; +v2 = v?,
the v, must be large enough to keep the new gauge bosons sufficiently heavy in order to have
consistency with low energy phenomenology.

3.2.2 Mass of the Neutral Gauge Bosons

The neutral gauge bosons have the following mass matrix in the unphysical bases, i.e. in
(W2 W X,) basis,[11]

W3k
1
Lne =5 (W2 Wy X)) M? | W | (3.18)
XK
where
2 2 1,2 2 2
s 15 1%;_%2 1 Zg(vn; Up)z MSX
Mix Mix Miex
where,

Mix = =225 ((5-+ VB3 - (5 - V3p2)

t X
My = =2 ((B+ VB)02 — (8= V3)2 + 4503
t2
My == ((B+ VB)22+ (8~ V32 + 4802 . (3.20)
Where we consider ¢y, = tanfx = %

Now, to get the masses of the physical fields, we need to diagonalize the mass matrix, and
we will do it in three steps.

* First, we will rotate from (Wj we X,) basis to (Wj B, XL) basis, Where B,
is the standard hypercharge gauge boson. To do this, we will use a rotation matrix, and
the change of basis is given by,

0 0
WE 0 Bto 1 Wi
B, | = N N N we . (3.21)
X//L 0 1 Btoy X,u

IV RN N

* Secondly, we will rotate the (Wj’ B, X;) basis to (A# ZL XL) basis. Where

A, is the Photon field. We will use a second rotation matrix to do this. After these two
rotations, the mass matrix will be block diagonalised. The change of basis is given by,

/ 2
loy 1+62t0X

A, \/1+(1+/32)th \/1+(1+/32)th WE
Z,| = B VSR toy 0 B, | . (3.22)
X, VIR 18 X,

0 0 1
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3.2. MASSES OF THE GAUGE BOSONS

The block diagonalized matrix is given by,

) 0 0 0 A
(AM Z, XL) o Mz M| | Ze |, (3.23)
0 M MZ) \xm

Ly =

N | —

here ij can be written as(in terms of My vand tg, ):

, 1+ +8Mt,

11 — 1 +52t3X W
1+ (1+ B3
M2:—\/ X[\/§t2M2+1+ 22 Y(M2 — M2)| |
9 1

I R 2 242 2(p2 4
22 — 3(1 + ﬁ2tgx) |: MW(l + 25 tGX +B (ﬁ S)tex)

FOMA(L+ BB+ B8 — VEIE) + 2M2(L+ L)1+ BB+ ﬁ)tsx>] |
(3.24)

* Lastly, we will rotate (A# Z, X;) basis to (A, Z, Z)) basis. Where Z,, is the

standard massive neutral gauge boson, and Z,, is the new heavy neutral gauge boson.
To find out the masses of Z,, Z| and their mixing angle «., using the following
conditions,

M} = M cos® a, + M, sin® a,
M3, = MZsin® a, + Mz, cos® a,
2M}E = (MZ — M2,)sin 2a, . (3.25)

where the rotation is given as,

Zu\ _ [ cosa, sina, Zu
(Z;/) - (— sino, cos az> (XL) : (3.26)

After solving for M2, M g, , and o, in Eq. (3.25), we have,

1
My = ) <M121 + M222 - \/<M121 - M222)2 + 4Mfl2>

1
My = 5 (M121 + M3, + \/(M121 - M2)" + 4Mf12)

e DA (3.27)
M? — M3,

tan o, =

and after simplifying Eq. (3.27), the masses of the neutral gauge bosons are,

, 1+ +p)

2

2 _ 2
My=0, M;~ 11 582
X

2
MR, Mo~ S(1+ BHE) (MR + MR — M) .

w

(3.28)
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3.3. SCALAR POTENTIAL OF THE 331 MODEL

From the above equation, i.e. Eq. (3.28), we see that

My 1+(0+50G, 1
M2, 1+ p2t5, cos20yy
t
=sinfy = bx
\/1 +(1+ B2,
in
:>t0X _ S Oy
V1 —(1+p2)sin? Oy
1
=g =00 as sin®fy — T (3.29)
So from the above equation, we get a condition for 32, which is given by,
B* < cot” Oy |. (3.30)

After all these three steps, the physical states of the neutral gauge bosons are given by,

1
A, = W3+ BWHte, + B,],
g \/1+(1+52)tgx b 2 2

1 242 3 ﬁtgx 8 t9x
7, ~— (,/1+ﬂt9X>WM+—WM——BM :
\/1+(1+62)t§X 1+ 82 1+ B2

1

~oo— 8 PR
Z, ~ W(W# Btoy By .
(3.31)
3.3 Scalar Potential of the 331 model
In terms of the scalar triplets, the scalar potential takes the form[3][8]
V (1,0, X) =130'p 4+ 120 + 13 4+ M (p1p)” + As () + s (xTx)
+ X2 (p'p) (n'n) + Az (x'x) (p7p) + A (n™0) (x'x)
+ Gz (p'n) (n'p) + Cus (p"x) (xTp) + Cas (n'x) (x'n)
— V2feinipixi + ., (3.32)

where ‘f’ is a dimensionfull parameter with mass dimension ‘1. After x° recieves a VEV,
the remaining symmetry is SU(3). x SU(2), x U(1)y. At this stage, we can group the scalar
fields in the following representations under the SM gauge group[12][3]

A

o, = (ZZ) ~(1,2,1/2), &, = (i’;) ~(1,2,1/2), &, = <§ZB) ~ (1,2,V/38/2)

U_QA ~ (]-7 17 _QA)7 P_QB ~ (17 17 _QB)7 XO ~ (17 ]-7 0)7
(3.33)
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3.3. SCALAR POTENTIAL OF THE 331 MODEL

Where ‘1/2,1/2,v/33/2, —Q*, —QP and 0’ are the hypercharge of the respective doublet
and singlet. while the scalar potential can be rewritten as [3]

Vi) = wd (@)@, +p2 57 ) + a3 (@50, + 72"y ) 4 i3 (@10 + 1)

A (@0, + ,OQB/)QB>2 - (@), + nQAnQA)2 + 2 (@h 0, + x°2)2

+ 1o <®L®p + pQBp—QB> (‘1)17‘1% + nQAn—QA)

s (@L@X + x°2> (@chp +p@” p‘QB>

o (@10, +x0) (90, + 172" 2")
+Cio <<I>2<I>77 + pQBn*QA) <<I>I7<I>p + nQAp’QB)
+(13 (@;CDX + pQBXO> ((IDLCIDP + xo*p_QB)
s <¢;@X i UQAXO> (q)L(I)n " XO*n—QA>

—V2f (@) @X" + @@ + @] @) e, (3.34)

For finding the VEV for x we have,
ov
ox
= 2p30, + 4>\3fui =0
= i = —2Xg02 . (3.35)

0

To get the mass of any field, we need to look at the bilinear terms of that field in the potential,
and that can be done by differentiating the potential twice with respect to the field. After y
acquires the VEV, the masses for the heavy fields would be,

, 0V

mXO = —aXOQ o = 2/1% + 12)\3’0)2( = 8)\31))2(, (336)
X" =Ux
O*V
T8 = G R oy, = H1 T (G e (3:3)
2 OV = 3 A3 )02 3.38
anA - W XO:UX B IUQ + (€23 + 23)UX’ ( . )

After the electroweak symmetry breaking, we can trade off the parameters ;&2 with the
respective VEVs as in Eq. (3.35). From Eq. (3.32) we have,

ov ov

0 R

dp° oo

= 2uiv, + 4Mv) =0 = 2p50, + 4dov) = 0

= pf = —2\ 02, = p5 = =207, (3.39)
as uig ~ v?w, implying that all heavy masses are proportional to v, in the limit v, >> v,, v,

as previously stated.

In order to define an effective field theory, we will integrate out the heavy fields ¥, pQB, nQA.
Tree-level matching can be conveniently done by solving the equation of motion (E.O.M.)

23



3.3. SCALAR POTENTIAL OF THE 331 MODEL

for the heavy fields and defining our EFT Lagrangian. Notice that the fields ®,, pQB and
nQA appear only in pairs. Thus, considering tree-level matching, they can be integrated out
without any consequence at low energy. The only exception is for terms containing a single
field, x°, for example (@Lq)pxo). Thus, as long as we consider only tree-level matching,
terms of this kind are only relevant. The Lagrangian for the x fields then, would be

Lyo = (8,x") (0"x) +V (0, p, x)
= (8MXT) (0"x) + 23" + 8)\3%2()(0 + 4)\311)%)(0
+ 2X5(T ) X" + 2Xa5 (D] D, )X — V2f (D] D, + BF D, )"
— ((%XT) (0'x) — 4,u§x0 + 2/\13(@);(1)[,))(0
+ 2003(0] @)\ " — V2£ (P10, + D, )x°. (3.40)

Let us solve the EOM for \° after integrating out the heavy fields using the Euler-Lagrange

equation, namely [9],
oL oL
0, —— ) = = 3.41
" (a@qﬁ)) 99 G40

Let us calculate the left-hand side of Eq. (3.41) for T,

oL 0
AorT) ~ a0, L) )
_ o 8 (8NXT)
= 0% Fan
= (0"x) o
— %y (3.42)

So for the x° field, the Eq. (3.42) would be 9*x°. The right-hand side of the Eq. (3.41)
becomes,

—_— = = miOXO —+ )\13UX((I)Lq)p)
a3y (BL @) — V21 (D] D, + DD, ) . (3.43)

Now, for effective field theory, the kinetic term can be ignored with respect to the mass of
the heavy particle, so from Eqgs. (3.41) and (3.43) we have,

o

oxY

=0 = m2oX" + Aty (DT D)) + Aoz, (D] B,) — V2 f(@iD, + o)
2f(®Id, +he) A o d A or P

:>X0 _ \/_f( n2p C)_ 13UX<2p p)_ 23U ( n n)‘ (3.44)

2
m m m
x° x° x°

=0 =

Finally, we will get the 331 EFT by putting Eq. (3.44) in Eq. (3.34) and rearranging terms
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3.3. SCALAR POTENTIAL OF THE 331 MODEL

and integrating out the heavy fields, we have,[3]
Ve, x) = (4 + Msv)) (@50,) + (13 + Aasv}) (D] @) — V2, (B D,)

202 )\2 21}2/\2
+ [)\1 — X—zm} (®1®,)* + [A — 23} (! ®,)
X0

P = 220 ot o) + [ - (% )] (18, (8)2,)
¥ (fg)(@@) (MJC”XA”) (2}2,) (®!2,)
(2fn{ SAAAL XA?“”’) (@1, (B} ®,) + h.c. (3.45)

Now, if we rename the fields to connect the 331-EFT to the conventional 2HDM(Two Higgs
Doublet Model)

&=, and P, =D, (3.46)

The form of the potential reduces to

V (@1, ®5) = m?%, 0], + m2,dld, + A, (
+ Ay (@1@1) (cbgcbz) + A (

+ { — m$,]®; + As (@0,

~
+
=
[«
—
S
°
~
—
s
5
~—

+ A (@;@2) <<I>{<I>2) + h.c} . (3.47)

Where the 2HDM parameters are related to the 331 model parameters as

m%l = :u% + )\13?))2( ) A3 _ |:A12 B 4U>2<)\13)\23:|
My = i3 + Aogv? m, 7
2
mé - \/ﬁfvx, Ay = |:C12 - <%)] )
A {A 2”>2<)‘%3} "o
1= |A1— ) 2
m3, As = — <f—2> : (3.48)
21)3()\%3 mXo
Ay = | Xy — mi ) A <2\/§va)\13>
6=\——= 1>
M
A — <2\/§fo>\23>
U om )
X0
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3.4. YUKAWA SECTOR OF 331 MODEL

3.4 Yukawa Sector of 331 model

The general gauge invariance Yukawa Lagrangian for the quarks and leptons in the 3-3-1
model is written below [3]

— LY = YSGLP iR + Y BLIDir + UGG MR + Y5 dsLon R
+yPGx"Dr + 7Gx Sr + v GsxTr + h.c. (3.49)
L = Yo Lnzpenr + Y2, Linp X Enr + hec. (3.50)

where ‘7’ runs from 1 to 2, while the other indices run from 1 to 3. Let us see why this
Lagrangian is gauge invariant. The transformation of the fields is given by,

/ —i@ T* +iy X
Gir. = Qi = ¢ T gy,
P P — aTHX g (3.51)
k Ik VX K
dip — Gir = €7 qp,

where a = «(z) and v = ~(z) are arbitrary parameters. T; are the generator of the SU(3)
group, ‘X’ is the X-charges of the fields, i = {1,2}, ® = {n, p, x}, k¥ = {u,d} and lastly
j=11,2,3}. Wetakei = 1,j = 1, k = p; for the first term to see the gauge invariance,
iaT*—i( 148 )y —iaT*—i(1-L )y « o
VAT Pir = YLD Pie = yhdire (GJF”E)v@ iy ”5%/0 e*"Pp1g
= Y11 Q1P PIR -
(3.52)

So we can see it is a gauge invariant quantity. Similarly, the other terms are also gauge
invariant quantities. We are distinguishing the third quark family, choosing them to be a
SU(3) triplet. Let us explore the Yukawa sector more thoroughly, the 1st term in Eq. (3.49)
is given by,

Yi; 6o Pir = Y11 QLP PIR + Y12@inp Par + YisQiLp D3R
+ Y1 GLP P1R + YooG2r P P2r + Y3330 D3R

P p
= n (ﬁl —D D)L P pig Uty (ﬁl — D D)L P | p2r
pte” pto”
s o [P
+ Y13 (ﬁl — D D)L p° p3r + Y (ﬁz — P2 S)L P’ DiR
+QF +QP
P P
B o7
+ s (A2 — P2 S)L P” | per+yss (e — D2 S)L " | psr
p+QB p+QB

A F U ) B u g B
=y Qi®opir + ¥, Dot pir + y5;SL™ pir|,

(3.53)

where the (); 1, is a doublet formed by the positive and the negative charged quarks, i.e., QQ;;, =

(pi nl)z, and here i = {1,2} and ‘j” runs from 1 to 3. The mass the ‘¢ quark will be pro-
portional to v,, the VEV of the n multiplets, which come from the 2nd term of Eq. (3.49)
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3.4. YUKAWA SECTOR OF 331 MODEL

and is given by,

n° n°
Y3;B3LNMPIR = Y31 (ps 73 T)L U_A PR+ Y (P37 T)L TI_A D2R
ne n=9
(7
+ Y33 (153 ng3 T) 7 | par
_QA
n
v A F u i —QA
= y3;Q3Pypjr + y3;1Ln @ UjR |, (3.54)

where ‘j’ goes from 1 to 3.

Similarly, for the down type quarks, we can expand the 3rd and 4th terms in Eq. (3.49). After
x receives a VEV, the 5th and 7th terms will be given by,

X_QA X_QA
Wi D= P (m —p D), (XQB) Dril(m —p §), (XQB> D

" X

X hy + vy
yr = Y1 vx 5 Y50y 5
= ~=—Drh,Dgr + D;Dgr+ SphyDr + ==S51Dp, (3.55)
v2 o V2 v2 X V2
and
A
(X
Y GrxTr =y~ (253 ng T)L X9 | Tr
Y’
y" . 0
== E (]53 ﬁg T)L O TR
hy + vy
1 _ _
= — (y"TLhTr + y v, T, TR) - (3.56)

V2

Similarly, we will get the 6th term as shown in Eq. (3.55). Let’s delve into the Lepton sector,
from Eq. (3.50) we have,
YornLmppenr = Y51 Linperr + y5oLippesr + yisLispesr
+ Y51 Larpeir + Yso Larpear + yss Lorpesr
+ y$ Lsppeir + Yo Larpear + yssLarpesr
= Yrundmr Poeur + Yo Emrp Cenr, (3.57)

and

E
_ Ymn (17 G E)m

L

X
yrin[_/mLXEnR = yﬁn (77 e E)mL XQB) Enr
0
X
0
0 EnR
+ vy

hy

(Y EmihaEng + YUy Emi Eng) - (3.58)

S-S
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3.4. YUKAWA SECTOR OF 331 MODEL

After x receives a VEV, the full Yukawa Lagrangian is given by [3]

U F U T B U g B vA F w o —QA

— LY =y Qi ®,pir + Y Do pir + v5Se? pir + v5Qs.®upir + y5Tin ¢ pir
_ — A — A — — _NB

+ Y4 Qi ®ynir + YL DN njr + y5;Sn? njr + y5,QsL®onir + Y5 T~ ? nigk

1 _ _ _ _ _
+ ﬁ(y?DLhXDR +yP S hy D + yP Dphy Sk + 35 Sphy Sk + v Trhy Th

+ y1DUxDLDR + yvaS'LDR + nyxDLSR + ?JQSUXS’LSR + yTvXTLTR) + h.c. ,
(3.59)

_ _ 1 _ _
_'ClYuk = YmnlmrPpenr + yrennEmLp_BenR + E (yinEmthEnR + yinUxEmLEnR) +he..
(3.60)

The masses of the extra fermions will be at the scale v,, i.e., heavy if we consider that the

Yukawa coupling constants (y”, y°, y”, y¥) are of the order of 1. Consequently, they can be

integrated out of the theory. So the 331 EFT Yukawa sector is simply given by [3]
LY = U5 (Prp” = fanp”) pir + sy (Danp®” — Ti2Lp”) Pir
+ s (Dsen” — naen”) pir + 5 (Pt + naen®) nye
+y5; (Poent + n2rn®) nyr + vs; (Dsep™ + Miswp®) nyr + hec. (3.61)
L = Yon (Emrp® + Umrp™) enr + hec. (3.62)

For simplicity, considering only the third family case, we obtain [3]

— L% Dy (Dan” — Rsrn”) p3r + Y5 (Parp™ + aLp®) nsr + hee. (3.63)
— L, D s (é3LP0 + 773L,0+) esg + h.c. (3.64)

Now, if we consider ®; = &, and &, = ®,, then we can compactify Eq. (3.61), so that it
can be connected to the conventional 2HDM, as

—Ly=3 [Z {@m (T1n)y; (nR); P + Qir (An),; (PR); 5m}] , (3.65)

m=1 Li,j=1

where I',,, and A,, are the Yukawa matrices, and the explicit form of these matrices is given
below,

0O 0 O yiil Z/iiQ yfs
=0 0 0 Ly = |yd, v, i, (3.66)
ygl yg2 yg3 0 0 0
and
Uil Y2 Vi3 0 0 0
0 0 0 Ysi Yso Yss

After spontaneous symmetry breaking, all the doublets acquire real VEVs and are expanded
as [5]

b = i (k=1,2) (3.68)
k \/Li(vk + hy + ZZk) ! [ :
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3.4. YUKAWA SECTOR OF 331 MODEL

where v), and hy, represent the VEVs of each doublet, which satisfy v + v2 = v?, v is

the usual SM VEV, and CP-even scalar fields, respectively. The up and down quark mass
matrices are given by

1 1
M, = E(Aﬂh + Aory), M, = E(le +Tov) , (3.69)

the eigenvalues of which will be the physical quark masses. These mass matrices can be
bidiagonalized to obtain the masses of the usual SM physical quarks. And is given by

D, = VM, Vi = diag{m,, m,,m;}, Dq= Ul M,Ug = diag{mg, ms,mp}, (3.70)

where m, are the physical quark masses, whereas V' and U are U(3) matrices. These matrices
relate the physical quark states v and d to the original p and n states in the following manner,

pr = Viur, pr = VRur,
ny = ULdL, nrp = URdR . (371)

Then the CKM matrix is obtained as
vV =V/U.. (3.72)

The explicit form of the CKM matrix in the Wolfenstein parameters is given by[14]

1—12 A AN (p —in)
V= —) 1—1x AN . (3.73)
AN(1—p—in) —AN 1

We can parameterize the VEVs as
v =vcosf, vy =vsinf, (3.74)

and define the following orthogonal matrix, which rotates the gauge eigenstates into the so-
called Higgs basis, which will simplify our analysis, as follows:

O(B) = (_7% j) = (_C(S)lsf 5 2;2@) , (3.75)

v

and the change of basis is given by

(?) — 0(8) - (Z;) . (3.76)

The physical CP even scalars, h, H*, are obtained via a different orthogonal rotation,

h) _ hi\ [ cosa sina hy
<Hl) B O(a) (hz) - (— sin «v COSa> ' (h2) . 3.77)

Therefore, the mass matrix for the CP-even scalar should be diagonalized via the following
transformation,

Oa)- M2 - O%(a) = (m% 0 ) , (3.78)

0 my,

where the first eigenvalue corresponds to the SM-like Higgs boson state /.
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3.4. YUKAWA SECTOR OF 331 MODEL

At this point, we can discuss the alignment condition in our model. To study the alignment
condition, we need to write down the mass eigenstates in terms of the Higgs basis as

(4,) =00 (f3.) 6.9

where one can define the matrix
0 =0(a)0%(B). (3.80)

The alignment limit is achieved once the SM-like Higgs boson completely overlaps with H°,
which in practice, results in the condition

O =1. (3.81)

With our VEV parameterization in Eq. (3.74), the alignment condition can be writtten down
as
cosfa—p)=1=a=7. (3.82)

Let us now carefully analyze the Yukawa couplings between the neutral scalar eigenstates
and the physical quarks, with particular attention to any FCNC couplings which may arise.

Now, the terms in the Yukawa Lagrangian containing the interactions between CP-even
scalars and quarks are

2 2
1
LEP v = —— Iny Zrkhk nr+ DL Z Ayhy | pr +hc.
V2 k=1

k=1

, (3.83)

from which, using the rotation matrix of Eq. (3.76) to express the /. in terms of H°, we can
obtain

H° 1 O RS
LCP even _ _ "7 ,ﬁL - Fk'hk ng +ﬁL R Akhk PR + h.C.

HO
= —7 [ﬁLMnTLR + f)LMppR + hC]

HY _
= —7 [dLDddR —+ ﬂLDuUR + hC] . (384)

In writing the last step, we use the Eq. (3.70) and Eq. (3.71). Thus, we see that H° possesses
a Yukawa coupling similar to the SM at tree level. Similarly, we can write down the Yukawa
couplings of H' with the down type and up type quarks as follows:

55/ =—- % {TLL (%(FIUQ - FQUI)) nr+pr (%(Aﬂ& — AQUI)) Pr + h-C}

H -
— 7 [dLNddR + ELNuuR + hC} s (385)

where the matrices V; and N, are given by

1
Ny = —Ul (T vy — Tovy) U,
d \/5 L( 102 2 1) R
1
N, = —2vg (A0 A001) Vg . (3.86)
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3.4. YUKAWA SECTOR OF 331 MODEL

To simplify further the expressions for N; and /V,, it is useful to define the following projec-
tion matrix

0 0
0 0
00

Thus, given the structures of the Yukawa matrices, we obtain the following relations,

0
P = 0] . (3.87)
1

1 1

PM, = —Ayv PM, = —I'|v
P \/5 2U2 \/§ %1
2P M, 2P M,
:>A2 = % :>F1 = \/—'U
2 1
2PV, D,V 2PU.D,U}
=A, = % =T, = %_ (3.88)
Similarly, we find 2 '
_ f _ f
A, - V2(I — P)V,D,V}, D, — V2(I P)ULDaUy, (3.89)

(%1 V2

Using Eqgs. (3.88) and (3.89), the expression for NV, and N, can be simplified, the element-
wise form of V,, and N, can be written as

(Nu)as = (D) ppdan — (9 + ﬂ) (Vi)3a(Vi)sn(Du) s (3.90)
U1 U1 (%]
v v U 3 3
(Na)ap = —U—;(Dd)BB(MB + <U—: + 17?) (Da)ss Y 4 (Ve)gi (V)ia (Vi)s; (V)5 -

i=1 j=1
(3.91)
Where, in the last step, we have made use of the Eq. (3.72). The above two equations tell us

that the FCNC interaction of H' is present in this model at the tree level.

One of the major challenges in constructing Beyond the Standard Model (BSM) theories with
flavor-changing neutral currents (FCNCs) present at the tree level in the Yukawa sector lies in
achieving a consistent fit to the observed quark mass spectrum and the Cabibbo-Kobayashi-
Maskawa (CKM) mixing matrix simultaneously. This task is particularly demanding due to
the hierarchical nature of the quark masses, which span several orders of magnitude. Achiev-
ing a successful fit to both sectors—quark and scalar—within a given BSM framework thus
becomes a highly non-trivial and computationally intensive.

To address this issue, we adopt an inversion procedure, following the approach described in
Ref. [5]. In this framework, the strategy is reversed compared to the conventional method:
instead of specifying the Yukawa couplings as input parameters, we take the quark masses
and CKM matrix elements as our input parameters. The goal is then to express the parameters
of the BSM in terms of these physical observables and mixing angles connecting the gauge
basis with the physical basis.

To make this procedure clear, we begin with the diagonal quark mass matrices, D,, and Dy,
as defined in Eq. (3.70). Utilizing the unitarity of the rotation matrices, these relations can
be formally inverted. Furthermore, given the definition of the CKM matrix, which implies
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3.4. YUKAWA SECTOR OF 331 MODEL

U;, =V, V, we can write,

(A1)11U1 (A1)12U1 (Al)
Mp:VLDuVI:rz: (A1)21U1 (A1)221)1 (A1)23U1 )
(A2)31U2 (A2)3202 (AQ)
(F2)111)2 (F2)12U2 ( )
Mn:VLVDdUT = (F2)21U2 (F2)22U2 (F2)23U2 ) (3.92)
(T')avr (F)sevn ()

where U}, has been replaced by V} and the CKM matrix. In Eq. (3.92), the quark mass
eigenvalues, the CKM matrix, and the scalar vacuum expectation values (VEVs) are treated
as input parameters. The unknowns in this formulation are the rotation matrices V7, Vg, and
Ur, which relate the gauge basis to the physical mass basis. Each of these rotation matrices
belongs to the unitary group U (3), and thus can, in general, be parameterized by three mixing
angles and six complex phases. This leads to a total of 27 free parameters across the three
matrices, which one would typically attempt to fit to Eq. (3.92).

However, within the inversion framework adopted here, no explicit parameter fitting is re-
quired. Instead, the Yukawa textures allow us to treat the rotation matrices as generic 3 X 3
unitary matrices. To facilitate this, we adopt a parametrization of the rotation matrices in
terms of nine real mixing angles:

VLV Ve s VR Ve Ve s BR > Ba s Be

corresponding to the three rotation angles for each of the left-handed and right-handed up and
down sectors. This parametrization is sufficiently general for the systematic reconstruction
of the Yukawa matrices from physical observables.

Al a2 i Al e a2 a2
COS Y7, COS YL ‘ sinyz, cos 7z, ‘ sinyg
Vi, = | —cosv} siny?sinyi —sinyi cosy;  cosvyicosvyi —singl sina? siny?  cosy? sinyi
—cosvl siny? cos 3 +sinyt siny?  —cosvi siny; — sinyi siny? cosy:  cosyz cosy:
(3.93a)
COSYF, COS Y% sin v cos % sinv%
Ve = | — cos~L sin~2 sin~3 — sin L 3 1 3 ainal win a2 qin A3 2 i a3
R = YR SinYssinyp —sinyp cosygp  COSYR COSYR — Sinypsinygsinyy  cosvygsinvyg
— Cos 7}% sin 712{ cos 'ﬁ% + sin 711% sin 'ﬁ’{ —cos 'y}z sin ﬁ’% — sin 711% sin 712% cos 'ﬁ’% cos ﬁ{ cos ﬁ’%
(3.93b)
3L aos B2 i AL eoe B2 o 32
cosBchs,BR , §1n,BRCObBR , sin 8% ,
Ur = | — cos B sin % sin 33 — sin B cos 3% cos Bk cos B3, — sin B sin B4 sin 33, cos % sin B3,
— cos 3k sin 3% cos B3, + sin B sin 33— cos B sin B3, — sin S5 sin 3% cos B3, cos B% cos 53
R R R R R R R R R R R R
(3.93¢c)

All in all, given the physical quark masses and CKM mixing (with a complex CP-phase), the
nine angles with the VEVs, we can reconstruct the elements of the I' and A matrices.
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3.5 Conclusion and Scope of future work

3.5.1 Conclusion

In this thesis, I have calculated the masses of both the charged and neutral gauge bosons.
After that, I talked about the Scalar sector of 331-EFT, which reduces to the Scalar sector
of 2HDM. From which we connected the 2HDM parameters to 331 parameters. Lastly, I
talked about the Yukawa sector of the 331-EFT model, from which I calculated the FCNC

couplings.

3.5.2 Future plans
* Finding out the constraint on the parameters from the FCNC couplings.

* Study the more trinification model, which is based on SU(3)¢ x SU(3)L, x SU(3)g.

33



Appendix A

Noether’s Theorem

Noether’s theorem states that for every continuous symmetry of a physical system, there is a
corresponding conservation law. [4]

Let us consider a dynamical system described by the action

S = /d%ﬁ, (A.1)
where we assume,
L=L(¢(x),0,0(z)). (A.2)
A general transformation can be written in the form
xt — P
o(x) — ¢ (2)
() — 0,4 (). (A.3)

If the transformation described in Eq. (A.3) is a symmetry of the system then,

05 =0
[ c@ @) 00w - [ d o), 0,00 = 0
[ s 2(6@.0,0@) - [ d'e L), 0,0() =0
[ (206 @).0,0(0)) - £6(a). 0,6() =0, (A4)

where we change ©' — x in the 3rd step. Then, we have from Eq. (A.4),

L(¢'(x), 0u¢' (x)) — L(d(x), 0uo(x)) = O K* . (A.5)

This must hold independent of the use of the equations of motion. For internal symmetry
transformation, K* = 0.
The infinitesimal change in the field variable is

¢ (z) — ¢(x) = 0 (x), (A.6)

so that,
0 (9o (x)) = 0u¢(x) — Dudp(x) = 0,00(x). (A7)
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We can calculate Eq. (A.4) explicitly, keeping terms linear in d¢(x),

L(¢(x),0u¢'(x)) — L($(), 0u0(x))

= L(d(z), uo(x)) + &b(x)aZ(Lx) + 5(0u¢($))aaf¢£(x)
— B0(e) 5 + 80,00
_ w(@@% ¥ 5(8@@))%

oL

— 9, (5¢(x)m) . (A.8)

Comparing Eqgs. (A.4) and (A.8), we have,

— L(o(x), duo())

9, ((w(x)%) — O,k

8£ 123 _
On (WW -k ) -
O, (J*(x)) = 0. (A.9)

This shows that for a continuous symmetry associated with a system, we can define a con-
served current,

oL
JHz) =0p(x) ——— — K", A.10
(#) = 30(0) 3 (A.10)
and the charge is defined as,
Q= /d% JO(z) (A.11)
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Appendix B

SU(3)

SU(3) is one of the most important algebras in particle physics. It is the group of unitary
matrices of determinant 1(where U stands for ‘unitary’ and ‘s’ stands for ‘special’(meaning
determinant 1), whose lowest order irreducible representation is 3 X 3 matrices.

B.1 Generators of SU(3)

SU(3) is generated by 3 x 3 traceless hermitian matrices. We know that the exponent of a her-
mitian matrix is always a unitary matrix. So we will get the unitary matrices corresponding
to SU(3) by exponentiating the hermitian generators. Let us represent them as [6],

Ul = e (B.1)

where T%’s are the hermitian generators of the SU(3) group and 6%’s are the arbitrary param-
eters of rotation. Now to see the traceless property, we know a matrix property which goes
as, if we have a matrix represented as U = e4, then,

det(U) = det(e?) = eT@) | (B.2)

and the determinant to be 1, from Eq. (B.2), we have Tr(A) = 0, i.e., the generators, namely
T%s, are Traceless.

The standard basis for the hermitian 3 x 3 matrices in the physics literature is in terms of a
generalization of the Pauli matrices, called the Gell-Mann matrices;

[0 1 0 [0 —i 0
M=1100 M=1i 0 0
00 0 0 0 0
[1 0 0 [0 0 1
A3= [0 =1 0 Ay= 1000
0 0 0 100
[0 0 [0 0 —i
A=10 00 =10 0 0
100 i 0 0
0 0 0 L [r oo
=10 0 —i d=—101 0
0 i 0 ﬁoo-z
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B.1. GENERATORS OF SU(3)

The generators of the group are represented as 1; = ’\? Some of the basic properties of the
generators are given below,

0. Ty) = ifuncTe (B.3a)
T (LT3 = 56, (B.3b)
fape = —2¢Tr {Tc [Ta, Tb]} , (B.3¢)
{T., T} = %5@1 + dop T (B.3d)

From Eq. (B.3c) and from Eq. (B.3d), we find the structure constant, i.e., f%¢ and the d**,
respectively. For example, let us find out the structure constant, £4°8, using Eq. (B.3a),

1001 00 —2 1OO—z’OOl
[T4,T5]:ZOOO OOO—ZOOO 00O
1 00 1 0 O 1 0 0 1 00
[« 0 0] —i 00
:i 0 0 O —i 0O 0 O
0 0 —i 0 0 ¢
] [ 0 0]
—~loo of. (B.4)
2 :
— O _/L_
1 (1 0 0 i 0 0
T[Ty, T5)=—= 10 1 0 0O 0 O
V3 00 -2 |0 0 —i
; (1 0 0
=——10 0 O (B.5)
W3 10 0 2
Now from Eq. (B.3c), we have,
f458 = —QZTI' {Tg [T4, T5]}
7
= -2 X — X3
44/3
_ V3 (B.6)
2
The other structure constants are listed below [13],
fias =1
1
frar = —fis6 = fose = fos7 = faus = —fze7 = B
V3
Jass = fors = — (B.7)

2
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B.2. LADDER OPERATOR

All the other structure constant vanishes. Now lets us calculate the d.’s,
1
{TI,T\} = 5511] +di T

1
27—112 = gl =+ Z dllcTc7

Jforo]foro] [too
ZdncTC:§1OO L0 0f=2]010
. 000 00 001
-0 0 L [rooo
:0%—%0:6010
0 0 —3 00 —2
2v/3
> duT. = %Tg. (B.3)

On comparing we get dy;g = \/% and all the other terms are zero.

All the non zero d,.’s are listed below [13],

abc | dg. abc dabe
118 | 1/V/3 355 1/2
146 | 1/2 366 —1/2
157 | 1/2 377 | —1/2
228 | 1//3 448 | —1/(2v/3)
247 | —1/2 558 | —1/(2v/3)
256 | 1/2 668 | —1/(2V/3)
338 | 1//3 778 | —1/(2v/3)
344 | 1/2 888 | —1/V/3

Table B.1: Tables containing values of d,. for different combinations of indices abc.

B.2 Ladder Operator

Now let us construct a ladder operator for SU(3) in the light of flavor physics. Let us recall
from the SU(2) case the that the ladder operators are /.., which follows the algebra, where
we diagonalised J3,

[Jg, Ji] = :tji s and [J+, J_] = Jg . (B9)
We wrote in the eigenbasis of Js,
J3|m) =m|m); Jim) = cmyr Im+ 1) ; J_|m)=cp_1|m—1), (B.10)

where ¢, is the normalization constant. We can then think of the states as the rung of the
ladder, and the J. operator enables us to climb up or down the ladder. And acting the J.
operator on the states beyond the maximum and minimum values of ‘m’ will give zero, that
is the ladder terminates at these values.

From the explicit form of the A3 and Ag, they are diagonal matrices, so we see that the
generators T3 and Ty commute, i.e [T3,75] = 0. So we can simultaneously diagonalise
them. From the flavor physics aspect, we take 75 = I3, the third component of isospin, and
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B.2. LADDER OPERATOR

Ty = \/TEY, as the hypercharge. We will use the eigenstates of /3 and Y to represent the

algebra of SU(3), i.e. the kets |i3,y) such that I3 |i3,y) = i3]i3,y) and Y iz, y) = y iz, y).
As SU(3) has 8 generators, the other 6 generators other than /3 and Y are defined as,

I.=T+T, (B.11a)
Up=Ts+ Ty, (B.11b)
V=T +Ts. (B.11c¢)

In particle physics, we refer to the SU(2) subalgebra generated by /., U and V., as I-spin,
U-spin and V-spin, respectively. Some commutation relations between the generators are
given below [13].

1 1
I3, 1] = £14; I3, Uy] = :F§Uﬁ:; 3, Vi) = i§Vi§ (B.12a)
Y, L] = 0; Y, Us] = £Us; Y, Vi] = £Vi; (B.12b)
U, 1] =2L;  [U,U.]=2Us; [V, V.] = 2Va: (B.12¢)

where we defined U; = ‘/7§T8 — 173 and V5 = \/7§T8 + 1T3. Another set of important
commutation relations is as follows,

[Tl, TQ} = 22]3, [TQ, Ig] = ZZTI, [137T1] = Q’LTQ, (B13a)
[Tﬁ, Tﬂ = 22U3, [T7, Ug] = 22T6, [U37T6] = 22T7, (B13b)
[Ty, Ts) = 2iVs; [T, V] = 20Ty Vs, Ty] = 2iTs . (B.13c)

From the above commutation relations, we can see that they individually follow an SU(2)
algebra. 77,75 with I3 lives in the first two sector, generate the SU(2) algebra. Similarly,
Ty, Ts with V3 lives in the 1-3 sector, generating an SU(2) algebra and 7g, 17 with Us lives
in the 2-3 sector, generating an SU(2) algebra. From this, we conclude that SU(3) contains
three overlapping SU(2) subalgebras.

Let us see action of the I, U and V. on the state i3, y), from SU(2) algebra we know,
It iz, y) = celis£1,y) . (B.14)

Now lets see the action of U on the state |ig,y) , let us consider Uy |i3, y) = |i5,y'), so we
have,

) 1 )
LUy 113,y> = (Ui[?) + §Ui> ]13,y>
) ) 1 .
=i3Us |is, y) F §Ui lis, )
) 1 )
= (23 F 5) (Ut lis,y))

. R O U
[3 ‘Zgay/> = (23 + 5) |Zé,y/> 3 (B15)

so, we find i = i3 F 5 , for the y values,

YU, i, y) = (UrY £ Uy) lis,y)
= yUy iz, y) = Us liz, y)
= (y=1) (Ux iz, y))
Ylig,y') = (y £ 1) li, o) - (B.16)
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So, we conclude that,
Us lig,y) o |is F 1/2,y £ 1) . (B.17)

Similarly, we can show that,
Vi Jis, ) o lis £ 1/2,y £1) . (B.18)
Now we see that the operators /., U., and V. move us around a 2-D plane with /3 as the
x-axis and Y as the y-axis. But in the /3 and 75 plane,
I, moves us by (£1,0)
U, moves us by <:F%, j:\/T3

V. moves us by <i—%, j:‘/Tg)
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Appendix C

Charge Conjugation

C.1 Charge conjugation operator

The Dirac equation for a charged particle interacting with electromagnetic fields is,

(Y Dy —m)yp =0, (C.1)
where D, is the covariant derivative given by,

D,=0,+1iqA,, (C.2)
with ¢ being the charge of the particle. So for electrons (¢ = —e), represented by *¢’,
Eq. (C.1) becomes,

(iv'0, —m+ey'A )Y =0, (C.3)

and for the positron (¢ = +e¢), represented by 1)° becomes,

(iv"0, —m —ey" A, )Y =0. (C4)
We want to obtain a ’charge conjugation’ operator which transforms ) to ¢)¢. For this pur-
pose, we take the complex conjugate of Eq. (C.3) to obtain,

[—i(y*)*0, — m+e(v*)" Al Y" =0. (C.5)
Let us multiply the above equation by C’(combination of ~ matrices) in such a way, so that
C'(y") =", (C.6)

using this in Eq. (C.5), we get,
(iv"'0, —m —exy" A,)(CY*) = 0. (C.7

So now we can see if ¢ satisfies Eq. (C.3) then, C’¢* satisfies the positron equation, i.e.,
Eq. (C.4). Thus we identify,

= Clp*. (C.8)
Let us define an operator ‘C’, which is related to C” as follows:
C'=CH) =C0), (C9)

where we have used the fact that %7 = 40 = (1°)T = (7°)*. Putting Eq. (C.9) in
Eq. (C.8), we obtain the important transformation rule:

Ve =C(H) Ty =Cyr. (C.10)

The operator ‘C’ is called the ‘charge-conjugation’ operator.
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C.2 Some properties of C operator
Using Eq. (C.9) in Eq. (C.6), we get,[9]

(CY") () = =H(Cy™)
= 1M = —CT IO
= ") = —CT e
= 1" = —Cy"C
— Oy C = — ()T, (C.11)

Now, let us see the anti-commutation relation of —(v*),
{6 =)'}
= (")) ()T
= {73!
— 2gm1T
= 21" . (C.12)

So, —(y*)T satisfies the Clifford algebra as v* does. By Pauli’s theorem, they must be
connected by a unitary transformation, i.e.,

—(y")t=UN, (C.13)
comparing this with Eq. (C.11) we conclude that ‘C’ is unitary,:.e.,
ctc=1. (C.14)
We expect the charge to flip sign under charge conjugation. Thus, we need,
(W) (¥) = —v'y, (C.15)

the charge /77 comes from the Noether’s theorem, and it is the zeroth component of the
conserved current. Writing (¢)7(¢)¢) using Eq. (C.10) in the explicit component form, we
get,

[ O {Caﬁ (7 M}
= Co ( ) (O)yﬁﬂw

= (1), CaaCio (1) (=305)

_ <OCTC* UT) (D21s), (C.16)

comparing the above equation with Eq. (C.15), we have,

’YOCTC*’YOT -1
— CT'C* =1
— Ctc =1, (C.17)
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In the last step, we take the complex conjugate. Now, if we apply the charge conjugation
twice, we expect to get back the original field, 7.e.,

(V) =1
= Cy" 7 =0
— O (C" ) =
= O C* % = 1. (C.18)
From the above equation, we see that
C’yO*C’*fyO =1
— CWOTC*VO =1
— —C(CH0)C ) =1
— —CC* =1
— CC" = -1
— ' =-C", (C.19)
combining Eq. (C.17) and Eq. (C.19), we conclude,
c =0t =—_C*
— CT=—-C. (C.20)

1,243

Hence, ‘C’ is an anti-symmetric matrix. Now, since 7° = i7’y1~v2+3, one can easily show,

using Eq. (C.11), )
CT°C =" =+, (C21)

Now
1 * oy
Pri)© = Z(1+7°)(C7"¢")
1 ¥
= 50(1 + CIP Oy

1 * * *
=50+ )"

2

1 * *
= 5(]70 (1- 75 )Y

« |1 i
=y’ [5(1 — 75)14
= Oy (C.22)
Thus, we conclude:
(V)R = (¥r)°]. (C.23)
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