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Abstract

It was shown by Kabat and Lifschytz that black holes with finite entropy have their cor-
relation functions of semiclassical bulk operators close to the horizon deviate from their
semi-classical values and are ill-defined inside the horizon. This, they argue is due to
the behavior of the large-time behavior of the unitary CFT, and means that the region
near and inside the horizon receives correction, to that end they propose a cut-off on
the boundary CFT as t.urr which would regulate and ensure that the correlators are
well behaved up to a certain point in time. This is done in an ad-hoc manner and it is
this prescription that we want to highlight and give a more natural interpretation and
manifestation to by using the wormhole metric.

We think that the corrections required for finite N theories could be weaved into the
geometry of space-time itself by using this metric, to that extent we hope to recover the
results that are central to the ad-hoc time t..f¢ that was put in place before by Kabat
and Lifschytz.

Thus in the thesis below we define and recover how the worm-hole metric imposes a nat-
ural cutoff in the boundary CFT which is symmetric, preserving the light-cone structure,
we also derive the bulk to the boundary correlator and match their behavior with what
Kabat and Lifschytz have in their work to validate the conjecture and propose the worm-

hole as an alternate to the ?.f¢ prescription.

To achieve this, we re-derive all the results that they have had and thus learn of the
procedure required to tackle such a problem. This will help us in the long run when we
introduce the modified metric into the problem statement. By drawing parallels, we aim
to provide a more natural explanation for the t,,,, cutoff—typically introduced ad hoc in

these correlators—within the HKLL framework.
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Chapter 1
Introduction

Here, we shall go over a brief overview of the motivation behind the problem statement.
Furthermore, we shall introduce the HKLL prescription of moving a bulk field ¢(z, x) to
its corresponding boundary operator O using a kernel K. This is then followed by the
finite N corrections to the bulk reconstruction in the context of eternal AdS black holes
as the theory becomes non-perturbative and thus each term becomes equally important

which leads to some rather interesting behavior in the CFT correlators at large time t¢.

1.1 HKLL Prescription

The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence tells us that any
excitation in the bulk is properly encapsulated on the boundary by some operator or
state in the CF'T (in its Lorenztian version). It is paramount to note that the behavior of
such a correspondence is well understood in the semi-classical limit N and large 't Hooft
coupling, where it is expected to have free local fields in the bulk, these are encoded in
the CFT. Consider a field in the bulk with some normalizable fall-off at the boundary of
the AdS.

oz, 2) ~ zAgbO(x) (1.1)

here z is the coordinate with regards to which the bulk field vanishes at the bound-
ary. General AdS/CFT correspondence implies that the boundary behavior of the field

corresponds to an operator having the conformal dimension A in the CFT.
¢o(x) < O(x) (1.2)

This specifies the relation between local fields and non-local operators in the CFT.

d(z, 1) <> /d:le(ﬂz,m)O(x') (1.3)
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Thus we may define K (2'|z, z) as a smearing function and hence the bulk-to-bulk corre-
lation is equivalent to the correlation functions of the corresponding non-local operators
in the dual CFT.[1]

(9(21, 71)P(22, 72)) :/dxidl’lzK(xﬂzhfCl)K(fﬁlzfz%fﬁz) (O(27)O(3)) (1.4)

To understand the Lorenztian AdS/CFT, the smearing functions must be studied in great
detail. They define a map in the semiclassical limit that takes us from the local excita-
tions in the bulk to the operators or states in the boundary that encode them. This
semiclassical limit enforces a tight constraint on the finite N behavior. Furthermore, it is
important to recognize and stress that smearing functions are not necessarily unique. In
some cases, the boundary fields do not have a complete set of Fourier modes and we are
thus free to add to the smearing function terms that integrate to zero against all boundary
fields. We may exploit this freedom to present the smearing function in different forms as
motivated by aspects of what one wishes to study.

A direct example of this arises when computing the smearing function in Rindler coor-
dinates. In this case, constructing the smearing function requires analytically continuing
the spatial coordinates of the boundary theory into the complex plane. This mathemati-
cal procedure enables us to determine a smearing function that remains supported within

a compact region of the corresponding complexified geometry.

1.2 Finite N

The HKLL prescription described above pertains to Bulk Reconstruction in the limit
where N is very large or infinite. In this regime, the state operators in the boundary
theory define a free local bulk field under the large N limit. Since the Planck length
approaches zero (Ipjanac — 0), classical supergravity remains a valid approximation. The
construction of operators through the mode sum expansion of the bulk field, evaluated
at the boundary, explicitly ensures that the two-point function of these CFT operators
reproduces the bulk two-point function.

For finite N in the CFT, any attempt to construct local bulk quantum fields fails. This
corresponds to a finite Planck length in the bulk, where the CFT possesses fewer degrees
of freedom due to the entropic bound inherent in holographic theories[2]. The reduction
in degrees of freedom presents a fundamental obstacle, preventing the definition of a truly
local bulk field.[3]

Although bulk microcausality can be preserved to all orders in the % expansion for large
N, at finite N, non-perturbative effects in the CFT—beyond the i expansion—lead to

N
violations of microcausality, even in pure AdS. To explore this issue further, it is useful to
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consider a background with saturated holographic entropy, such as a black hole spacetime.

1.2.1 Eternal-AdS Black Holes

To understand bulk observables in an AdS-Schwarzschild background, we examine the
results of [4]. Specifically, consider a bulk field ¢ positioned just outside the horizon of
an Eternal-AdS black hole. This field can be expressed either as a mode sum expansion
or as a superposition of CFT operators distributed over the boundary using the smearing

1

function method, valid to all orders in +

Although these bulk fields maintain microcausality at each order in %, this consistency
is lost when finite N effects come into play. In particular, the limited entropy of the CFT
introduces a constraint that prevents the enforcement of microcausality across the entire
bulk. Moreover, as the bulk point approaches the black hole horizon, the corresponding

smearing region on the boundary extends infinitely into the future.

To gain deeper insight into this, let us examine correlation functions. Consider a
bulk-boundary correlator where the bulk point of interest is positioned just outside the
black hole horizon, while the boundary points can be located at any finite time without
restriction. This correlator can be represented as a sum of smeared CF'T correlators, valid

at all orders in the semiclassical approximation.

Now, if we take the limit where the bulk point approaches the future horizon, we
observe that the corresponding smearing region on the boundary extends indefinitely into
the future. This indicates that the correlator is increasingly influenced by the late-time
behavior of CFT correlators. At finite entropy, this behavior becomes highly intricate and
is determined by the spectrum of the CFT state at the boundary. Consequently, bulk
field observables near the horizon become fine-grained and sensitive to the black hole’s
microstate. As a result, the semiclassical approximation breaks down in the vicinity of

the horizon.

At late times and finite temperatures, CF'T correlation functions exhibit exponential

decay, as demonstrated by the following relation.

—2mwAt

(OBHO0)) ~ e 7 (1.5)

where 8 encodes the periodicity in imaginary time. This behavior may be understood as

the result of dissipating excitations into an infinite heat bath. However such exponential
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Figure 1.1: An AdS-Schwarzschild black hole with a bulk field operator inserted outside
the horizon. To all orders in %, the bulk field can be represented as a sum of CFT
operators. The CFT operators are smeared over a region of the complexified boundary
(indicated in purple) which is spacelike separated from the bulk point (indicated in yellow).

decay cannot continue indefinitely in a system with only finite entropy. Instead, there
exists a lower bound beyond which the correlator cannot decay i.e. below the inner
product of the two noramlised vectors in the Hilbert space of the given system. We see

that on random if we pick two unit vectors then on an average.

1 _s
| (V1]1he) ~ N e

where S is the entropy. The pictoral representation of such a process is sketched below,

(1.6)

The exponential decay of the correlators occurs up to a time t,,,. After t,,,., fluctuations
of size set by e~3 is exhibited by the correlator hence we see that
£S

= —— 1.

To summarize the key idea, after a time t,,,., the system begins to recognize that it exists

within a finite-dimensional Hilbert space. It takes a much longer duration, known as the
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Figure 1.2: A sketch of a CFT correlator in a generic pure state shows an initial exponen-
tial decay up to t,..., after which it begins to fluctuate. Eventually, after the Poincaré
time, the correlator undergoes a large

Heisenberg time ¢y ~ (e, for the system to fully identify its specific microstate. Beyond

the Poincare time ¢, ~ exp(e”), the correlator starts exhibiting significant fluctuations.

At late times, correlators in a finite-entropy system do not simply decay exponentially

but instead experience fluctuations, complicating the definition of bulk observables. The
1
N
with support extending over a certain region. As previously discussed, when the bulk

expansion represents bulk fields as integrals over spacelike-separated boundary points,

point nears the horizon, this integration region stretches to infinite time. In the semi-
classical approximation, the scenario remains manageable because correlators at infinite
N decay exponentially without end, effectively counteracting the divergence in entropy.
However, at finite IV, correlators stop decaying past t,,.,. Instead, as the smearing region
extends to t,,.:, the bulk correlators cease to be smooth functions of position and begin
fluctuating indefinitely with fluctuations of order e, Additionally, at very late times,
larger fluctuations emerge due to the long-time behavior of the CFT correlators. This
outcome deviates from what one would expect based on semiclassical intuition. Moreover,

this behavior makes bulk observables ill-defined as they approach the horizon.

For bulk points inside the horizon, the issue becomes even more severe. The semi-
classical smearing function grows exponentially with time, and when integrated with the

fluctuating CF'T correlator, the resulting expression becomes nonsensical.
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At this point, one might be inclined to conclude that bulk physics near and inside
the horizon is inherently ill-defined. However, before arriving at such a conclusion, it is
important to recall that in the holographic framework, the boundary CF'T is considered
fundamental, with bulk physics emerging from it. This perspective allows us to construct
an approximate description of bulk physics in terms of the CFT. A crucial question then
arises: Can bulk observables be meaningfully defined solely within the CFT framework?
Such observables should remain well-behaved both near and potentially inside the horizon

while still reproducing semiclassical physics with only small corrections.

A well-defined approach exists for constructing the bulk field in an AdS-Schwarzschild
black hole, enabling the placement of an operator near or even inside the horizon. Given
the non-uniqueness of the smearing function, the problematic late-time region can be re-
moved to regulate its behavior. By excluding this troublesome region, we can continue

using the semiclassical expression for the bulk field in terms of the CF'T.

By introducing a cutoff at t¢,,,,, we ensure that integration on the boundary never
extends beyond t = t,,,., thereby avoiding the emergence of ill-defined bulk physics. For
bulk points inside the horizon, the corresponding smearing functions are expected to re-
ceive contributions from both boundaries. Consequently, we must also excise the regions

near both future and past infinities to maintain a well-behaved formulation, as illustrated

below.
S 7| exetse NS 7| weeise
~ ’ ~ .
N ’ N ’
28 ’ S ’
N 4 ~ 7
N Z 4
N z X 2
N % > 4
N +Z 2N 4
7’
~ ’ b 7’
\»/ N/
s7 N 25N
’ N ’ Y
/’ RN z N
’ N 1/ N
. ~ L4 ~
s’ ~ td ~
s N ’ N
. ~ . N
’/ ~ s’ ~
. S . 22 S,
ANANAANNANANANANNANNNANN b 2

Figure 1.3:  On the left, an AdS-Schwarzschild black hole with a bulk field operator
inserted outside the horizon. The purple region is excluded from the smearing function.
On the right, when the bulk point lies inside the horizon, we expect the smearing function
to have support on both boundaries.

The reasoning outlined above, where an ad-hoc modification is introduced, can be
directly interpreted as an adjustment to the definition of a bulk operator. Specifically,

this involves modifying the CFT correlation function by discarding the component that
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depends on the finite entropy structure and, consequently, the microstate of the CFT.
In essence, this process ”coarse-grains” the relevant portion of the CF'T, allowing us to
recover a well-behaved—though approximate—description of bulk physics, whether near

or inside the horizon.

This idea is particularly significant in the context of this report, as it serves as a
pivotal point leading to the conjecture we will present later. It also aligns well with an
alternative approach we may consider for incorporating non-perturbative corrections into

bulk reconstruction.

Furthermore, to clarify the cutoff procedure, it is essential to recognize that, based on
the uncertainty principle, imposing a time cutoff ¢,,,, corresponds to limiting the resolu-

tion of energy measurements.

11
tmaINﬂS

Introducing a time cutoff effectively results in averaging over CF'T microstates whose

AFE ~

(1.8)

energy differences are smaller than AE. This process can be related to the energy fluctu-
ations that naturally arise in the canonical ensemble, where such variations are dictated
by the specific heat. In a CFT, the specific heat is directly proportional to the system’s
entropy.

1 1
AEcomonical = E\/E ~ E\/g (19)

As a result, the cutoff procedure enables energy resolutions that are significantly more re-
fined than the fluctuations typically found in the canonical ensemble. The key advantage
of this approach is that it effectively eliminates the problematic late-time behavior of the
CFT correlator. This, in turn, allows us to reconstruct an approximate description of bulk

physics—something that would not be achievable by simply averaging over microstates.



Chapter 2

Analytic calculations for AdS,
Rindler

Having built all of the intuition required to understand the HKLL treatment of finite N
theories, we highlight and show how to derive all these results analytically initially for the
original metric, followed by the wormhole metric. The calculation done for these sections
will employ the usage of a coordinate transformation known as the “tortoise coordinate”.
The motivation here is to learn the technique and mathematical skills employed by Kabat
and Lifschytz in their paper “Finite N and the failure of bulk locality: Black holes in
AdS/CFT”. This would allow us to apply a similar analysis for the wormhole metric
which we hope weaves in the finite N corrections into the geometry of space-time itself.
An important aspect of this calculation is to note that the analysis here is done for a
Rindler horizon as the fluctuations one might expect will be absent as the entropy is
infinite. Regardless, the study would help us understand how the field’s excision occurs
near the late-time region near the horizon. Furthermore, we may later work on the AdS;
blackhole and recover the said fluctuations near time ¢t = t,,,, on the image sum in the
periodic coordinate of the blackhole and subsequently apply this very same formalism of
modifying the metric for that case as well and recovering the finite N corrections and the

teutoff in @ more natural manner than what was specified by Kabat and Lifschytz.

2.1 HKLL prescription

2 2 2
Tt —rTr
ds? = ———Thg? 4

2
R2 e dr (2.1)

In the KL paper, we have: r, = R therefore the metric becomes

7,2 _ RQ R2
dt? dr?
R? T (2.2)

ds* = Q*(r) [—dt2 + dr*Q}

ds? = —
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where,
" R
dr* = 2 dr
1 (2.3)
dr* = — dr
= —1
Let us make the following substitution:
cothu = %
s dr (2.4)
—escudu= &
We know,
coth®u — 1 = csc®u (2.5)
Therefore,

. / Resc?u
P L
coth®u —1
= —R/du (2.6)

=—Ru+c¢ setc—0

Hence for the appropriate set of limits for r, we see that as r — R;
u=coth™1=o00 (2.7)

For r— oo
u = coth™ oo =0 (2.8)

Hence we see that r* has the value

R r+R (2.9)

Let us now find the Kernel using the mode sum approach as prescribed by HKLLcite.
The field is given by solving the Klien Gordon Equation.

1

V=9

For the given metric, Klien Gordon gives us the following solution for the field:

O [V —99"0,8] =0 (2.10)

®(r,t) = Cy coswrre ™ + Cysinwr*e™ ™" (2.11)
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Now to find the normalizable piece we must analyze the field at the boundary i.e. r — oo.

The condition is that the field piece must vanish as r~A at the boundary.

4, .2 2
lim ®(r,t) = C, (1 _ ) +Cy (—%) (2.12)

r—00 2r2

Therefore,

We see that at r — oo it is the sin term that has a normalizable fall off hence we may

C,y (R—2>A (—w?) (2.13)

write:

r

Here, A = 1; In the Rindler co-ordinates we may take the following to be the normaliza-

tion:
R\ ®
O(r,t) ~ (—) do(t) asr — oo (2.14)
r
Therefore,
2 2
() = ()
r 7 (2.15)
Cy=——=
w

Now, we may write the mode sum for the field which will be:

O(r,t) = \/% /Z dw <e_mfw(r)c;—w + h.c)

2.16
_ L /OO /OO dt dw | e gin @lo rr i o) + h.c | )
Vo)) 2 “r-R)w "
Therefore, the Kernel is given by:
1 [ dw _, / wR r+R
K(rt)=— [ —e™gin =1 2.17
) =5 [ SEe O sin (Faog (2.17)
For a compact calculation let us work with r* instead.
1 [>~d , /
K(rt) = Py /oo Uwe"w(t_t)sinwr* (2.18)
Using the Euler identity for the sin term we have:
(fwr*) _ —iwr*
sinw = € - € (219)
21
Therefore now the integral becomes
J = L OO d_wefiw(tft’) (e(iwr*) o efiwr*)
A J_ o w
(2.20)

[ — L = d_w (e*iw(t—tlffr*) . e*i&l(t*t’ﬁ»’r‘*))
Ami J_ o w

10
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Now we shall use the following identity for the Signum function using the Fourier trans-

form: )
F[S = —
[Son(@)](w) = =
F~'[Sgn(z))(w) = Sgn(x)
L[ eer (2.21)
ol dx = inSgn(x)
1 o0, —iwx
R - —imSgn(z) complex conjugate

27 J_ o W

Using this identity in (2.20) we get

" (2.22)
K(t,r) = § [imSon(t = r*) + inSqn(t —  + 1)

Studying the Signum function, as per the definition of the Signum function we have:

Sgn(z —a)=1 forz>a
Sgn(x —a)=0 forz=a (2.23)

Sgn(z —a) =—1 forz<a
Case 1: t' < (t —r*) the lower limit

Sgn[(t+7r)—t >0]=1
Sgn[(t—r)—t' >0/ =1 (2.24)
Sgnl(t+71)—t]—Sgn[(t—r)—t]=0

Case 2: t'e(t —r,t +r) t’ belongs within the limits

Sgn[(t+7r)—t >0/ =1
Sgn[(t—r)—t < 0] = -1 (2.25)
Sgn[(t+7r)—t]— Sgn[(t—r)—t] =2

Case 3:t' > (t + r*) the upper limit

Sgn[(t+7r)—t >0] = -1
Sgn[(t—r)—t >0] = -1 (2.26)
Sgn[(t+7r)—t']—Sgn[(t —r)—t]=0

From the above analysis, we see that due to the presence of the Sgn(z) functions the limit

of the integral changes from [—o0, c0] to [t + r*,t — r*] where the Sgn(x) functions add

11
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up when ¢’ lies within the latter values, there for Bulk reconstruction of the Semi-classical

field we have:

O(t,r) = / KO(t)dt!

(2.27)
= / 1 (Sgn(t —t' +r*) — Sgn(t —t' —r*)] O(t")dt’
Therefore using what we have learned the above equation reduces to:
t+r*
O(t,r) = 5/ o(t')dt' (2.28)
t—r*
Using the value of r* we get:
1 t+§log:fg
Bt r) = / O(t)dt’
2 t—Blogrtl
' t—2<5t [ (2.29)
= - / o(t')dt'
2 t—ot

where 0t gives us the support spread of the Kernel on the boundary region. Think of light
cones being dropped from some bulk point to the boundary at the spatial infinity.

2.2 Excision Process

Next, let us make some concrete comments on the excision process, we may first ask
ourselves the question, how close can we reach the horizon before the cut-off makes any
difference? Given the spread, let us impose a cut-off time at t = t,,,,

From the light-cone relation we have the following:

1 r+ R
- = 2.30
ot 2Rlog m— (2.30)
At t = t,,,, We have: R .
T+
= —1 2.31
Substituting the value of t,,,, from [4] we have:
RS R r4R
oA~ 2 ®7 R
N L (2.32)
r—R
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Hence from this equation, it is evident that we may go exponentially close to the horizon
before the cut-off makes any difference, i.e. before the effects of the finite N corrections
come into play.

Let us now perform the excision procedure to get the proper finite N behavior. Thus the
modified field for a bulk point near the horizon can be thought to have a cut-off t.,; on

the boundary support.

1 teut
Bpoa(t, 1) = = / dt' O(t') (2.33)

ti—st

446t

Figure 2.1: The excision of the field is given here in red, which specifies the removal of
the late time behavior CF'T related bulk points .

The modified field can also be thought of in terms of the following:

1 teut 1 t+5t 1 t+(st
- / O(t')dt' = - / O(t')dt' — = / O(t')dt’
2/, 2/, 2 S0

—5t —5t (2.34)

= (I)semi—classical (t, T) - (I)semi—classical (texa reac)

13
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Here,
1 tez+6tem
(I)semifclassical (teazv rex) = _/ O(t/)dt/
2 te:c_(Stex
; tewt + 1+ 0t
e 2 (2.35)
t+ 0t — tows
Otey = ——t
2
- te:v tcut
Also by definition we have:
R r+ R
ot = —1
2 r—R
r
= coth™ — 2.36
co 7 ( )
ot
= Rcoth —
T co 7
Therefore,
Ot ex
rer = R coth 7
2.37)
E4 Ot — 1oy (
= Rcoth ————
co 7

Let us now select a prescription for t¢,,,, setting as was done by Kabat Lifschytz in their
2014 paper [4].
26tem = tmas (238)

and
tout =t + 0 — tyae (2.39)

When r =~ R, t — oo in the future late time as dt., — oo, making the total range as
timaz- tmaz 18 the total width of the excised boundary region.

To excise the region t > t,,,, from the smearing function of the Bulk operator we switch
to the Poincaré coordinates as Rindler coordinates have a coordinate singularity at ¢ = oo
. We have shall do this procedure for AdS3 and then take it down for the 2 dimensional

case as was done by KL:

Ol T) = [ K(Zen T RO YTV
spacelike

— A—d
2 2 N2
= /dT’dY’ (Zez |Y|zz (r-7) ) OT+T' X+1iY")

(2.40)

From the above equation we infer that the Kernel has semblance to the invariant AdS

distance formula therefore,

Z2, —|YP — (T -T')

>0 2.41
7 > (2.41)

14
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For, T’ near excision 7" = R; [Y[2=0; ¢ = 0

Zer Z (T - R)2
Z.. ~ radius of the excised region (2.42)
~ (T — R)

Therefore we see that in the Poincare coordinates all of this results in a region/sphere of
radius (7" — R) being cut out from the entire region. It is a sphere for AdS3; whereas the
area will correspond to a circular region for AdS,.

Now let us use the embedding coordinates to go between Rindler and Poincaré coordinates.

fir cosh Thgg
U= — —_
Th R
r2 it
= R{/—= — 1lsinh —
v r? R?
(2.43)
r2 rpt
= Ry/—= — 1cosh —
4 r? R?
Rr | Thﬁg
= = ginh 2
T - sin 7
Also in Poincaré coordinates we have:
R24+ 72 —-T?% + X?
u =
27
RT
V= —
A
Py (2.44)
r=—
A
_R2_Z2+T2_X2
v= 27

Using how the embedding coordinates are related to each other in two different coordinate
systems, it is rather easy to find a coordinate transformation between the two thus after

some algebra we have the following relation:

¢ ht 2RT
n _— =
MR R-Z721T2- X2

(2.45)

Now towards the future of the AdS, at T~ R, X =0, Z = Z., ,0t — t,ae, near the

boundary we have:

t 2RT
tanh

= 2.46
R R?2+T7? (2.46)

15



2.2. Excision Process Chapter 2. Analytic calculations for AdS,; Rindler

Using the relation

1 1
tanh ™'z = = log e (2.47)
2 1—x
Therefore we get the following:
2RT T+ R
-1
Taking the limit as " — R we essentially have the following t — 4.
timaz | 2R
~ Og
K T-R (2.49)
_ tmax T - R
e = —
2R
Therefore we may now write Z., in terms of t,,,, as set in the Rindler coordinates
Zow~T—R
~ 2Re” HT (2.50)
~ 2Re” 75
Hence our claim in the equation (2.34) has been validated for massless fields as:
(I)semi—c assica Ze$ = Ze:v AO T = Ra X =0
wssca(Zer) = (220 ) -

= 2Re 20(T = R)

Finally, we may write and thus conclude that to a good extent what is actually being

excised is an operator in the Poincaré coordinates:
(I)mod<'r7 t) - (I)semz'—classz'cal('r; t) - 2R6_§O(T - R) (252)

Furthermore, an important note is that the equation (2.34) is valid only for massless fields.
When massive fields are considered the excision will not be of such a simple form instead
we will have multiple superpositions of various operators that are excised from the bulk
field at different small rs and large ts.

For the general A # d

(I)modified = (I)semiclassical - e*%O(T = R) (253)

Thus at the end of the day, it suffices to agree with what Kabat and Lifschytz have to say
about having changed the definition of the bulk field near the Rindler Horizon for finite

N cases.
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2.3. Correlator Calculation Chapter 2. Analytic calculations for AdS,; Rindler

2.3 Correlator Calculation

Let us now calculate the Bulk-Boundary correlator, for this calculation let us use the CF'T

two-point function.
1

2(1 — cosht —t')

(Or(t)OR(t)) =
For a bulk point outside the horizon, we have:
1 t+ot
O(t,r) = —/ dt'Og(t")
2 Ji-st

The range of the smearing function is set by:

r+1
r—1

This means the bulk-boundary two-point function is:

1

1 t+ot 1

@r0nt) =1 [ =g

1 t+ot 1
= -z / STz At
8 Ji—st 2sinh*(*5~)

2

1 t+ ot —t" t— ot —
= Z (COth—i_T —coth —

t// )

We shall now use the identities

1 A+ B A—-B 1 sinh A
1 (coth 5 — coth 5 > = 5(

cosh? A —sinh? A =1

Therefore the above equation simplifies to

cosh B — cosh A

)

1 th t+ ot —t" th t— ot —t" 1 sinh &t
- | coth——— —coth — | = =
4 2 2 2 \ cosh §t — cosh (t — ")
This can be further simplified as,
cosh 6t = !
r2 —1
1
sinh 0t =
r2 —1

Therefore the correlator takes the form:

1

@ OR)) = S T ot 17

17

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)



2.3. Correlator Calculation Chapter 2. Analytic calculations for AdS,; Rindler

Now let us evaluate the correlator with a cut-off in ¢, thus the modified correlator becomes

1 teut 1
Ot ")) =~ dt’ 2.62
< ( 7T)OR( )) 4 /tét 1 — COSh(iI _ t”) ( )

Kabat and Lifchytz tell us that this is similar to inserting a bulk point at a new position.
tout + 1 — Ot
tnew - T

cut — (t— 0t)
2

; (2.63)
Tnew = COth

We may also think of this as excising a Pgemi—ciassical(tex, Tex) Which has already been
shown earlier in the previous section. Thus the correlator for such a field that has been
excised is given by:
" 1
<¢)semi—classical(teza re;t>OR(t >> - (264)

2(rey — /12, — lcosht., —t"

According to the prescription proposed so far, this is the correlator that should contain

the fluctuations that would have otherwise occurred in ®@.e;ni—crassicar @S it would have been

sensitive to the late-time behavior in the CFT.
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Chapter 3

Building finite N corrections to
HKLL

In this chapter, we shall lay the groundwork to motivate a different way of thinking to
instill and perhaps crosscheck finite N corrections we are trying to have built into the
prescription by solving for the field near the metric of a wormhole. We choose this metric
in particular because of how closely it relates to the cut-off procedure of the large-time
behavior of CF'T correlators and in a sense gives us a similar result to what one would
expect from such an ad-hoc procedure in context to the eternal black holes. Thus it is a
natural choice to explain the behavior of finite N corrected theories in the CF'T using the

HKLL prescription.

3.1 Wormbhole Metric

Let us refer to the proposal made by 't Hooft called the “brick wall”. This proposal
attempted to explain the entropy of the thermal atmosphere of the particles outside the
black-hole horizon as the black hole entropy. In D space-time dimensions the free energy

of the thermal gas at temperature 7" in finite volume Vp_; takes the form [5]
D
F=—72T (3) C(D)TPVp_, (3.1)

The appropriate volume Vp_; is defined as the optical metric near the horizon i.e.

ds® = sinh®y dsipt (3.2)
and is thus infinite. This meant that the spectrum of field excitations is continuous and
the entropy is infinite. To regularise it t’'Hooft suggested cutting the region just outside
the horizon by introducing a boundary at a small distance € from the horizon and im-

posing there the Dirichlet boundary condition. This is similar to the cut-off prescription
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3.2. Solving for the field in AdS;  Chapter 3. Building finite NV corrections to HKLL

that was referred to earlier. The brick wall model can be thought of as an artificial way
to regularise the otherwise smooth black hole geometry or can be thought of as a crude
way to represent the unknown non-perturbative Planckian physics.

Instead, we shall change the near-horizon geometry, and work with a wormhole connect-
ing two asymptotic regions semiclassically separated by horizon. This modification to
the black hole geometry would work similarly to the “brick wall” case for both these
approaches lead to discrete spectrum and finite entropy, the difference here being that it
achieves the same goals but in a smooth way.

Here we first introduce the modified geometry for BTZ black hole.

ds® = — (sinh® z + X*(k)) dt* + da® + cosh®  d¢” (3.3)

The deformation parameter A(k) depends on the large N parameter k and vanishes in
the limit £ — oo. In the classical BTZ black hole, the event horizon is located at x = 0,
but in the presence of a nonzero A, this horizon disappears. Instead of a black hole, the
resulting geometry takes the form of a wormhole, extending into a second asymptotic
region at x < 0.

In the classical BTZ description, the regions x > 0 and x < 0 were separated by the
horizon, preventing any direct interaction. However, with the modification, these two
regions are now linked by a narrow throat, allowing for information exchange between
them. Despite this significant change, the overall spacetime remains asymptotically AdS.

The parameter \ is expected to capture quantum Planck-scale effects, and the cur-
vature at the throat—where the horizon once existed—is of Planckian magnitude. By
introducing an appropriate radial coordinate, the metric can be rewritten in a form re-

sembling the standard Schwarzschild metric. r = r, coshx

r? —ri 4+ \?

2 _
ds® = 72

RQ
dtQ + md?“Q + 7“2d¢2 (34)
“'h

Now let us solve for the given wormhole metric and thus incorporate the finite N correc-
tions. We first solve for the two-dimensional case to build up the intuition and have some

insight on how to tackle higher dimensions.

3.2 Solving for the field in AdS,

Instead of working with the three-dimensional case, let us instead work with the two-
dimensional case, as a direct solution for higher dimensions is rather difficult to obtain,

hence the two-dimensional case here can be treated as a warm-up exercise instead, pro-
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3.2. Solving for the field in AdS,  Chapter 3. Building finite N corrections to HKLL

viding us with an opportunity to learn what we can from the effort.

_T2_T}21+)\2dt2+ R2

ds® =
R? r2 —r?

dr? (3.5)
where r and rj, is the radial coordinate and the Rindler horizon, and ¢ is the time coor-
dinate.

Using the Ansatz

¢ = ey, (r) (3.6)
We shall now solve the Klien-Gordon equation:
1
N
1
-9

Here g is the determinant given as

O (V=99"0,0) = m*¢ (3.7)

O (V=99"0,0) —m*p =0 (3.8)

&‘

r? —ri 4+ \?

2 _ .2
T r,

g= (3.9)

We end up getting the following equation:

(Rw? = m3(r? = 12 4 A0) gu(r) + (2 = )y + (% — 12 + X)) L (r)

/)

H? =) =+ A () = 0

On solving the differential equation we are left with two solutions and remember that the

space-time dimension we are working with is 2 we have

N

A R2(m(h— AN (h+ )+ R%wW?) 1 1 117

w =CH 1__7 ' o 1-A P A 16706 2

bulr) = G { "2 ar? 1858550

r2 A2 r2(2 —mR?) + (=1 +mR*)N\?* — RW? 1 1 11 2
—CoH |1 -5, 2 —2=A),=(1+A),=, =, —
+\/r,302 { r2’ 4r? 327850 A) 550

The solution to this differential equation should give us the AdS, solution for the Rindler
metric under the limit A\ — 0, therefore for this limit the solution of the differential
equation reduces to

- 2
'ZR w7r1:| +02LQ |:(A_1)7
h

Y(r)=C\Lp {(A —1), iwR? 1 }

(3.10)

Th n Th

Here, H represents the Huen functions whereas Lp and Lq represent Legendre Polynomi-
als and Legendre functions respectively. Our job next is to identify the non-normalizable

piece (if any) in the above AdS; solution. Both these pieces may be normalizable as well.
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3.2. Solving for the field in AdS;  Chapter 3. Building finite NV corrections to HKLL

If we find that the analysis done for AdS, for limit A — 0 is consistent and in agreement
with what has already been done. Then it serves as a sanity check and builds our con-
fidence to move further on with the calculations. Think of it as a green light of sorts if
you will. This would also allow us to draw parallels between the normalizable pieces and
non-normalizable pieces when A is non-zero, i.e. finite N corrections are in place. Thus

making it easier to work with and infer the desired physics.

3.2.1 Sanity Check with known results

Let us find a co-ordinate transform that takes our unmodified metric (without the worm-

hole modification) to the one used in [6], which is given as:

ds® = L —(1 — 2%)dn* + L g2 (3.11)
22 (1—22) '
Thus the Klien-Gordon equation is given by:
1
\/——_g [Qﬂ/—gg’“’ﬁyfbwt(z)] = m2d,, (3.12)
Let us first calculate the relevant quantities required
—IA
9= A
g = — 1 (3.13)
1—22
gzz -1 — 22

Taking the Anzatz as ®,,(z) = ¥(2)e™*, let us work on K-G equation.

2 2 9 ) ,
%an [%g”n@n@g(z’)] + %az [%gzzazcbg(z)} - %29(2) (3 14)
AR i (1= 22)0.0)(2)] = ZQ(Z)

Now let us use the following co-ordinate transformation to bring this equation to our

coordinate system.

z = T dz = —T—Zdr dz? = er?“2
Tt " " (3.15)
Ty T'h 2 Th 42
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Thus the metric transform as:

2 R? 2 2 2
ds—ﬁ{—(l—z)dn—l— _Z2dz]
R?r? r? r? 1 r?
2 h h 1,2 h 52
2 (3.16)

This is the metric that we are working with thus we have the correct transformation, for
further checks let us try to transform a known from equation to the differential equation
in our coordinates.

E.O.M in z and 7 coordinates.

1 [R! /R
— [&7 ( ;g””@;@(z,n)) +0- ( ?gzzaﬂ(an))

= (A% = A)®(z,n)

e (3.17)
Q 1 2 M?9(z)
ml/)(z) + ﬁaz (1= 2%)0.0(2)] = 2
Performing the coordinate transformation for the n we have
o) = 2 F
a o ra
72
B(r,t) = e R (r)
aq) . Tp at 72Q7'2Lt
o —ifd 5 &2 1(r) (3.18)
0 [0 r? 2 rit
— (=) = ik (—i0 gy
i S
(9_772 = —0% R? 'QD(’T’)
Performing the coordinate transformation for the z we have:
o0 _oroo
0z 0z Or
oe _ _roe
dz 1y Or
(3.19)

00 [0r | b 0] (0 [ ort( o0
0z 0r |0z : or|  r, \or 72 ry, Or

or 0 [0r 0P r? 0 0P
Fo-aB]-s2l-ag

oz or r2 Or
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Considering that €2 = RQQ‘" Therefore the differential equation becomes:

2 279 P 2
() (@) + 5 | (2= ) 52| = 5 (a2 = ) ) o
PR+ (=)o ([ =) ) = (A7 8) (=) vt
The required solution is:
W(r) = CiLp {(A —1), %, ﬂ + CyLo {(A —1), #% (3.21)

The differential equation transforms exactly to our differential equation and thus the
solutions match as required, this serves as a foundation for the coordinate transformation
between our Differential Equation and already known Differential Equations is consistent
and thus we use this as check that when the A parameter goes to zero that is the wormhole
modification is not present our solution to known solutions[6] in such a limiting case. Let

us now transform the A corrected metric as well, we have:

RZ

r?—ri 4+ A2

2 _ 2 2
ds” = 7 dt” + 22 dr (3.22)
Performing the coordinate transformation we get:
R? dz
2 2 2 2\ 3.2

where 7 is the rescaled parameter which goes as %

When we take this metric and solve for the equation of motion for the massless case we

get the following result:

V1 — 22Qplarcsin[z], 1 — ~?%
V-1+22

V1 — 22Qplarcsin[z], 1 — +?]
v -1+ 22

Y[z] = C} cosh [ } — iCy sinh [
(3.24)
Here, @ refers to the Elliptic functions for the v corrected massless case. Next we draw

parallels with «v or A going to zero case, in order to identify the Normalisable piece.

3.2.2 Finding the normalizable piece for Massive fields for A =0

Now let us perform a thorough analysis of the solutions presented such that we may learn
how to do deal with and identify the normalizable piece from the solutions we get, From
the above equations we have:

iwR? r

,
’E] + CaLq {(A —1), B

iR%w

P(r)=Ci1Lp [ (A —1), (3.25)
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3.3. Massless fields for A =0 Chapter 3. Building finite N corrections to HKLL

From this let us expand each individual expression in terms of known hypergeometric

functions in order to extract the normalizable piece.

iR?w iR2w

iwR? r r174 _@F<A+ ™ ) r2 h
CoLo [(A—1 —|=|— h ——— — -1
Ol el [ B = TG o)

Th
A+Ey+1 A+ £y 172
; A+
2 2 2 12

(3.26)

2F1

which is comparable to what is already known for AdS,; massive case, alas it is unfor-
tunate that for A modified metric for massive case, we get the Huen functions which
are not very good to work with, and are a dead end as of now, since these functions
are rather archaic, although if the reader has any knowledge of the said functions please

do reach out so that I may learn from you with any insight you may have on the said topic.

3.3 Massless fields for A =0

Furthermore moving on to the massless case for A = 0 we get the solutions to be

R?w arctanh (%) R?w arctanh (i)

(3.27)

—CQSiH
Tn Th

y[r] = C} cos

Here it is evident that the normalisable piece is the Sin function as it vanishes as r — oo
which again matches with established results from known calculations. This serves as

a strong foundation to stand upon when we introduce A\ non-zero case for the massless
fields.
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Chapter 4

An Analytic journey through the

wormbhole metric

4.1 Bulk reconstruction

Our main aim in this chapter is to now show the rigorous calculations carried out in the
same vein as Chapter 2. We will analytically tackle the massless AdSsy case such that we
can weave the A corrected metric to define the ad-hoc cut-off in the CF'T side. Further-
more, we shall try to corroborate a rough estimate of A and show that it is consistent

with other studies and estimates of it so far.

2 _ .2 2 2
ds® = —Tdt + o T%dr (4.1)
Let us again define a tortoise coordinate such that
RQ
dr* = (4.2)

V(2 =) =i + 2

Parametrize: & = sinu
I

Therefore,

T]% 2 2 2
oo r r A
<rz ) ( 1+ )

-1 7‘7}1
R2 s (5 ), CSC2 U coS U
=—— - du
Th Jo \/(CSCQU— 1)(csc?u — 1+ 25)

h

2 sinfl(i—ff) d
_ 4 s EllipticF

Th Jo V1 —msin®u
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4.1. Bulk reconstruction Chapter 4. An Analytic journey through the wormhole metric

R? A2
= ——EllipticF (sin_1 T—h, 1- —2) (4.4)
Th r i
Note: When r — r, we may analytically continue our solution to the complete Elliptic
Function.
For r — ry,

2 d A2
[ (i s
0 1— 7{‘—2 sin’ u Ty
h

Now let us use Bulk Reconstruction to write the field in terms of the Boundary operator.
The calculation will follow exactly how it was done in Chapter 2.

On Solving the Klien-Gordon equation we get the following solution for the field.

®(r,t) = (Cy cos (wr*) + Cysin (wr*)) e ™! (4.6)

where, 7* — tortoise coordinate. As 7 — oo, r* —
Therefore the field at the boundary becomes:

lim f(r) =~ (%) ay,

r—00
o (4.7)
Cy=——
w
Therefore the mode solution will be:
dirt)=——— [ (7! fur) ™ + hoc)
rt) =——— w e w(T)— .c
V2T J oo w
L[>~ [~ ot/ R? A2 o(t'
= —/ / dw dt <e“’(tt)sin (—LEf sin~? <r—h) A l= = )) t)
21 ) oo J oo Th r i w
(4.8)
Therefore we may identify the Kernel as:
1 [ pmiw(t—t))
K(r,t)=— —— sin (—wr’)dw (4.9)

2 J_ o w

This is exactly the kind of Kernel we had in Chapter 2, which yields the Sgn(x) function

on further evaluation, therefore:

K(rt) = }l (Sqnlt — ¢ +1*] — Sqnlt — ' — 1)) (4.10)
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which has support over ¢ € [t — r*, ¢t 4+ r*] Thus any bulk point can be written as follows:

*

1 t—r
O(t,r) = —/ O(t')dt" — X corrections
t

2 +7%
t45t (4.11)
O(t,r) = 5/ ) Ot")dt' — KL’s way
t—5t

Compared to what was done in Chapter 2 we see that the form of the bulk point remains
the same and that the finite NV corrections that were weaved into the metric are now
present in the limits of the above integral by the virtue of the Kernel, which what we had
expected initially. The spread of the integral is encoded in r* which also contains the .,

naturally just as we were hoping it would.

4.2 Estimation of )\

From the previous analysis done in the initial chapters, we could conjure a guess estimate

for A which should be of the order of e~% This is strongly motivated by the size of the

excision and as was shown in this paper[7]. Now we shall try and derive the estimate

of X\ thus, to do this we need to first evaluate at what distance from the horizon do the

corrections come into play given that this should be similar to how close we can go towards

the horizon before the finite IV corrections start to make a difference we have:
R? 41

o0t = — log
Th r =T

(4.12)

This is the same calculation as was done in equation (2.30) onwards with the constants

preserved this time thus, the extent to which we can probe using A correction is:
r=ry, (1 + 2e*%> (4.13)

Since this extent of r is calculated using t,,,, we may now calculate the rough estimate

of A as well using the expression for the tortoise coordinate r*(r)

A2 rR? R*  r+r,
) = 0t + (=
ri(r) + 8r? ( r—r2  2r? g rh)
A2 R?
h h
/\2 1 2 —% 2 (414)
S PR Y 1 G SR L + 6t
8r;, )

r2(144e 25 +4e- 2 —1
(

A2 35 + 2)R2
= 3t — <— - j_LS)H +6t>
T drpe2A
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. S .
Since e” 25 << 1 we may write:

N[ (enn +2)(1— (e ) R?
= 0t — - + ot
32r2 (

Th
(4.15)
X ~ (2sinh 5% — ¢T38 +1)R? 5
B 32r2 r i
h h

Now we compare our limits with what we had in Chapter 2, considering that both for-

malisms are to be treated on equal footing we have:

tcut =t—r"
(4.16)
t—r*=1t— 0t + tmax

Near r = ry; 0t = t,42, now substituting for all the values of the variables above we get:

A2 S —s R?
—tmar = 57— —2sinh — — ez 1) — tmaz
327«,3((( Sy Tem )m+ )
32r2t mas
— ((@sinh % — e +1) 2 4 1,,,,) (4.17)
16135
A (2sinh % — ek +1- %)

A=

A2 =

Considering large S we can make some more approximations.

_s
A2 — drySe”sx (4.18)
A

ow since we have an estimate for A we may now use it’s value to write down the value
N h t te for A t’ lue t te d th |

of r*(r) therefore we have:

R?S
* = —0t 4.19
*(rp) oA (4.19)
Therefore the modified field now with the wormhole metric will be
1 t—r*
OVH(t ) == / dt'O(t)
2 t4r*
1 [+t 21227?;1 (4'20)
= — / dt'O(t")
2 i+ QRAQTS;L

Again the form of the equation is the same as before, interestingly enough in our quest to
get a natural cutoff for late-time behavior in the CFT, we are also given a symmetric cut-
off by the wormhole metric. Perhaps this is to preserve the light-cone structure/support
that is dropped on the boundary by the bulk point. For our case now we shall only focus
on the upper limit of the integral and compare it with what KL had worked out.
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t4ot— S 145t t45t
L / owy =L [ oy -1 / o) (4.21)
t t

2 Ji st 2 Ji st 2 +5t——212r5h

Now we may draw parallels to the calculations done in Chapter 2 again:

(I)WH(h t) = q)semiclassical (T, t) - (I)ex<rex> tem) (422)

with ¢’ € [t + 6t,t + 5t — QRAﬁ] Therefore
Th

t . tcut + t + 5t

S
t+ Ot — tow (4.23)

Otes = ——5——

using what we have got using the wormhole metric we can calculate the estimate for ¢,

and 0t., and hence compare it with known results

tcut =t—r"

Y L
er — 4A
R2S (4.24)
Otew = ——
4A

RS
rey = R coth 5A

Thus we see that all the quantities that have been excised have a contribution from the
A, which is expected since A is of the order of the fluctuations that were expected even
though they may not arise in the Rindler horizon due to it’s infinite S and thus in turn
infinite NV behavior. This analysis helps us establish how these corrections might look in
a different system. Furthermore, the behavior is in line with what the finite N treatment
of HKLL tells us during the correlator calculation which we will see now. But before that

let us talk about the excised region a little more, in essence noting changes as:

tanh T’ht 2RT
anh — = ————
R R+ 17 (4.25)
7., = 2Re"35

Thus the only change that takes place is in the comparable position of the excised field

and thus in turn of the new field inserted,

(I)WH (’f‘, t) - CI)BTZ (T, t) - (Dsemi—classical(teaza Te:c)

R2S RS (4.26)
BTZ semi—classical ( AA ,RCOt 2A7“h>
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4.3 Correlator

Now let us calculate the bulk to boundary correlator and see if we can recover the finite N
corrected behavior, i.e. correlator with a cut-off. We shall use the same CFT two-point

function as before:

1 t+0 Ari 1
Or(t)ORr(t)) = = ar’ 4.27
(Or()OR(F)) 2/t(st+ w2s 1 —cosh(t — ) (4.27)

2Ary,

Thus the correlator will be

1 t+5t 2Arh
@ualr O =5 [ dt (On(t)0n(t)
t—Ot+ 5 S
(4.28)
1 t+§t— 5 ¢ t— Ot + BS g
= - | coth “h — coth “
4 2
Again using the Hyperbolic trig identities we have:
1 sinh (0t — QRAZS)

o r,t)Or(t)) = = b 4.29
(@w(r, HOR()) 2 <COSh (ot — —) — cosht —t” (4.29)

Note that sinh term is always negative as 6t < ZRA—S which is ¢4, similarly the denomi-
nator is also negative hence it nets out a plot in the positive quadrant that decays similar

to how the correlator decayed in the ad-hoc treatment.
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Chapter 5

Future Outlook and Conclusion

5.1 Conclusion

Following the extensive discussions presented in the preceding sections, an important ques-
tion arises: why not apply the HKLL prescription directly to finite N without resorting
to modifications such as the wormhole modification? This is a crucial point that deserves
careful consideration. The standard HKLL prescription, when applied to finite IV, en-
counters significant difficulties due to the behavior of the kernel. Specifically, the kernel,
which is essential for reconstructing bulk operators in terms of CF'T data, diverges when
attempting to perform the integral. This divergence presents a fundamental obstruction
to directly implementing the HKLL procedure in this context.

As explored in earlier sections, the late-time behavior of the CFT correlator exhibits
characteristics that are incompatible with the requirements of the HKLL prescription.
Ideally, for a well-defined bulk reconstruction, one would expect the correlator to decay
smoothly over time. However, at finite N, the correlator instead undergoes persistent
fluctuations, preventing the necessary cancellations that would otherwise eliminate diver-
gences in the kernel. This problem necessitates the introduction of a corrective mechanism
to restore consistency to the reconstruction procedure.

There are two primary ways to address this issue. Omne approach is to impose an
ad-hoc cut-off at a later time t,,,,, which effectively regulates the integral by eliminating
contributions from times beyond this threshold. While this method is operationally sim-
ple, it lacks a fundamental justification and appears to be an artificial modification rather
than an intrinsic feature of the theory. The second approach, which is the focus of this
thesis, is to modify the bulk metric itself to incorporate finite N corrections naturally.
This method has the advantage of embedding the required modifications directly into the
structure of spacetime, thereby providing a more consistent and theoretically motivated
framework for bulk reconstruction at finite N. We showed rigorous calculations to sup-

port our claims while drawing parallels with already established results by Kabat and
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Lifschytz, we were able to recover the exact behavior we were hoping for in the Rindler
AdS, case and the t.,; did indeed manifest itself much more naturally to the point that
it was even symmetric in the limit.

Furthermore, since our results align with well-established results for massless case, we
can be reasonably confident in the validity of our approach. In particular, our calculations,
when subjected to an appropriate coordinate transformation, reduce to known differential
equations. This provides additional reassurance that our methodology is on the right
track and that our modifications to the reconstruction procedure are capturing essential
features of finite IV effects in the bulk. Not only this it also allows us to be confident in
our approach to applying this methodology for the 3-dimensional BTZ black hole, which

would be the next step naturally, work on the same is underway as of now.

5.2 Future Outlook

Since the case of A = 0 along with the 2 dimensional AdS, case was thoroughly analyzed
and cross-checked against existing results, we will now turn to investigate the more general
scenario where A # 0 in AdS3. This represents a significant step forward in understanding

the interplay between finite N effects and bulk reconstruction.

Through this analysis, we aim to gain a more comprehensive understanding of how
finite N CFT correlators behave at large times. This includes studying how the smearing
function adapts to modifications in the bulk metric and how these modifications manifest
in the kernel that maps bulk operators to the CF'T boundary for 3-dimensional theory
now. A key objective of this work has been to find a physically motivated justification
for the ad-hoc cut-off imposed on CFT correlators at finite N. A deeper understanding
of this issue could provide new perspectives on the role of finite entropy corrections in
holography and offer insights into the broader framework of bulk reconstruction.

Additionally, our results have the potential to shed light on Planck-scale physics near
the black hole horizon. The physics of near-horizon regions remains a critical area of
research, with important implications for quantum gravity, black hole information, and
holography. Understanding how finite IV corrections influence near-horizon physics could
provide valuable clues about the nature of black hole microstates and the fundamental
structure of spacetime. Furthermore, our findings may contribute to ongoing discussions
about wormhole modifications of the near-horizon metric. Depending on the results of
further analysis, we may either reinforce the necessity of such modifications or propose
alternative interpretations based on our reconstruction framework. We also hope to apply
our studies to the stretched horizon model and understand how the wormhole metric differs
from the stretched horizon.

Overall, while numerous challenges remain, this study represents a meaningful step
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toward unraveling the complexities of bulk reconstruction at finite N. We remain opti-
mistic that further exploration of these ideas will yield new insights and open up exciting

directions for future research in quantum gravity and holography.
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