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Abstract

This thesis investigates how the universe could have originated from a
quantum state, following the Hartle-Hawking no-boundary proposal. We
begin by examining the breakdown of classical general relativity near sin-
gularities such as the Big Bang. To move beyond these limitations, we turn
to quantum cosmology and study the Wheeler-DeWitt equation, which
governs the wave function of the universe. We explore this wave function
using the minisuperspace approximation, a simplified model that reduces
the complex dynamics to a few key variables. Within this framework, a
Euclidean path integral is used to describe how the universe may have
“tunneled” into existence from a quantum gravitational state. Focusing
on the semiclassical limit, where quantum behavior transitions to classical
dynamics, we analyze how a smooth, expanding universe like ours could

emerge from these quantum origins.
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Chapter 1

Introduction

Introduction

Historically, space and time were thought to be distinct and absolute enti-
ties. Time was assumed to flow uniformly for all observers, and distances
were considered the same regardless of the observer’s position or motion.
This classical view changed fundamentally with the advent of Einstein’s
special theory of relativity and the Lorentz transformations. These devel-
opments showed that the passage of time and the measurement of space
depend on the observer’s frame of reference. In this unified framework,
space and time became inseparable and formed what is now known as
spacetime.

Spacetime is the modern stage on which all physical events occur. Each
point in spacetime represents an event, characterized by both spatial posi-
tion and time. While there are many models of spacetime consistent with
physical observations, any such model must satisfy specific mathematical
and physical conditions — known as spacetime axioms. In Section 2.2,
we will examine these axioms in detail and explore the important con-
cept of global hyperbolicity, which ensures that spacetime admits a
well-defined causal structure and predictive dynamics.

From a physics standpoint, causality — the principle that an effect
cannot precede its cause — is essential. In flat Minkowski spacetime, this
idea is represented by light cones: an event can only be influenced by

events inside its past light cone and can affect only those inside its future



light cone. In curved Lorentzian manifolds, which general relativity uses to
model spacetime, the causal structure becomes more complex, especially
on a global scale. While local causality mimics that of flat spacetime,
global features such as topology can alter causal relationships. Section 2.1
will explore these global causal structures.

To understand how spacetime behaves under extreme conditions, we
turn to the Raychaudhuri equation, which describes how nearby geodesics
(paths followed by freely falling particles) converge or diverge. This equa-
tion plays a central role in the Hawking—Penrose singularity theo-
rems, which show that under physically reasonable conditions, classical
general relativity predicts the formation of singularities — points where
curvature becomes infinite. These singularities arise both in cosmology
(as in the Big Bang) and in gravitational collapse (as in black holes). In
Section 3, we will see how these results demonstrate the breakdown of
classical spacetime and the need for a more fundamental theory.

This brings us to one of the deepest questions in physics: how did
the universe begin? While general relativity has been extraordinarily
successful in describing the large-scale evolution of the universe, it breaks
down at the so-called Big Bang singularity. At that point, spacetime
curvature becomes infinite, and the theory loses its predictive power. This
clearly indicates that classical general relativity is incomplete when
describing the universe’s earliest moments. To go further, we must turn
to a quantum theory of gravity.

Quantum cosmology is the field that seeks to apply the principles of
quantum mechanics to the universe as a whole. One of its central goals
is to define the wave function of the universe, which captures all possible
configurations of spacetime and matter. A foundational framework here
is the Wheeler-DeWitt equation, which generalizes the Schrodinger
equation for gravitational systems. However, this equation is timeless and
admits an infinite number of solutions. To identify the solution that actu-
ally describes our universe, additional boundary conditions are necessary.

A major step in this direction came from the Hartle-Hawking no-



boundary proposal. This idea suggests that the universe did not begin
from a singular point in time, but from a smooth, compact Euclidean
geometry — essentially a finite, boundaryless space that transitions into
our expanding universe. The proposal interprets the universe as having
“tunneled” into existence from a quantum gravitational state — a concept
often referred to as the universe emerging from “nothing.” This is for-
malized using a Euclidean path integral, which sums over all compact
four-dimensional geometries matching a given final configuration.

To explore these ideas more concretely, we use the minisuperspace
approximation, which simplifies the problem by assuming the universe
is homogeneous and isotropic. This reduces the infinite degrees of freedom
in general relativity to a manageable few — typically the scale factor a(7)
and a spatially homogeneous scalar field ¢(7). Within this framework,
the wave function of the universe can be expressed as a path integral over
these variables, weighted by the Euclidean action.

A major focus of this thesis is on the semiclassical approximation of
this path integral. In this regime, the path integral is dominated by saddle
points — classical solutions of the Euclidean equations of motion. These
saddle points provide insight into how the quantum universe transitions
to a classical spacetime. Depending on the values of the scale factor and

scalar potential V' (¢), the wave function shows two distinct behaviors:

e In the classically forbidden region (a?V < 1), the wave function is
real and exponentially decaying or growing — indicating a tunneling

process from a non-classical state.

e In the classically allowed region (a*V > 1), the wave function
becomes oscillatory, corresponding to the classical evolution of the

universe.

This thesis aims to investigate how these regions connect and how a
classical universe like ours could have emerged from a fundamentally quan-
tum origin. We focus particularly on the no-boundary wave function in the
minisuperspace model and analyze its physical interpretation in different

parts of configuration space.
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Chapter 2

Causality

2.1 Basic Definitions

In this section section we will see the causal properties of general spacetime.

2.1.1 Space-Time

Definition: A space-time M is defined as a D-dimensional differentiable
manifold equipped with a smooth metric g,, (), expressed in coordinates
x#.  This metric has Lorentzian (pseudo-Riemannian) signature. The
manifold M is assumed to be time-orientable, meaning that a consistent
distinction between “future” and “past” directions in time can be made
throughout M, and this distinction varies smoothly and remains invariant
under coordinate transformations. Additionally, M is required to satisfy

the Hausdorff condition and to be paracompact.

e The metric on a spacetime manifold has a Lorentzian signature, typ-
ically written as (— + +- - - +), where one coordinate represents time and
the remaining D — 1 coordinates represent space in a D-dimensional man-
ifold. At any point p on the manifold, the tangent space 7,(M) admits
a basis—called a normal coordinate basis—in which the metric takes the
form diag(—1,+1,+1,...,+1). The light cone at a point characterizes the
possible instantaneous directions of light rays through that point. In flat
Minkowski spacetime with D = 2, the light cone consists of two straight

lines at 45°; for D = 3, it becomes a two-dimensional cone. In a general

11



curved spacetime M, however, the light cone cannot be visualized as part
of the manifold itself; instead, it resides in the tangent space T,(M) at
each point p € M.

A spacetime M is said to be time-orientable if and only if there exists

a continuous, nowhere-vanishing timelike vector field defined on M.

2.1.2 Path

Definition: A path z#()\) is time-like if the tangent vector dx;—A(A) is

everywhere(at all point or events) time-like, and causal if the tangent
vector is everywhere(at all point or events) time-like or null.

Consider a path(also called world-lines) z#(\) in a spacetime. Here the A
is an arbitrary parameter that labels points on the path. A tangent vector
X € T,(M) can be thought of as the derivative of a curve on the spacetime

at a specific point is:

dxt(N)
d\
o A tangent vector X € T,(M) is either spacelike, timelike, or null,

X:

(2.1)

according to whether its square norm g(X,X) is positive, negative, or zero

dz*(\) dz¥ (A

G (x(N)) :cd)(\ ) xd)(\ ) <0 ;Then X is Timelike tangent vector (2.2)
dz*(\) dz¥ (A

Guv(x(N)) xd)(\ ) xd)(\ ) > (0 ;ThenX is spacelike tangent vector (2.3)
dz*(\) dz¥ (A

Guv(x(N)) xd)(\ ) xd)(\ ) =0 ;ThenX is lightlike or null tangent vector

(2.4)

Definition: A path is future/past directed if the tangent vector on the
path lies in the future/past half of light cone

12



J*(p)

(Including the green boundary)

(Including the red boundary)

J7(p)

Figure 2.1: chronological and causal past future of a point (image from Rohan Kulkarni
notes)

2.1.3 Future and Past
Chronological future/past of an event and set of event:

Definition:For a given event p € M, the chronological future (or past)
is defined as the set of all points that can be reached from p by a future-
directed (or past-directed) timelike curve. These sets are denoted by I (p)
and I~ (p), respectively (see Fig. 2.1).

More generally, for a subset S C M, the chronological future is defined

as the union of the chronological futures of all points in S:

sy =1,

pES

and similarly, the chronological past is

I(S) = U I (p).

pES

13



Figure 2.2: Chronological future of a set

Causal future/past of an event and set of event:

Definition:For a given event p € M, the causal future (or causal past)
is defined as the set of all points that can be reached from p by a future-
directed (or past-directed) causal curve—that is, a curve that is either
timelike or lightlike (null). These sets are denoted by J*(p) and J~(p),
respectively (see Fig. 2.2).

More generally, for a subset S C M, the causal future is defined as the

union of the causal futures of all points in S:
TR =),
peES
and likewise, the causal past is

TS =7 ).

peS

e The boundary of I*(p) is denoted by OI*(p). we can say I (p) U
OI*(p) = J™(p). But it is not always true, when we delete one point from
the boundary, let suppose @ ¢ 01" (p) then I (p)UdIT(p) # J*(p)(see fig
2.4)

14



«— Deleted point
I'(P) k.
oI*(P) y

Figure 2.3: An Example of Minkowski spacetime: The causal future J*(P) does not
contain the future of the deleted point Q along the lightcone, but I (P) U oI (P) does
contain it [1].

2.1.4 Causal Diamond

Definition:The intersection of the causal future of P and causal past of
Q, called causal diamond point P and Q, D% = J*(p)NJ~(Q) (sce fig 2.4)

IR THNTW

Figure 2.4: example of causal diamond in Minkowski spacetime

e Causal diamond tells about location of the path of two connected
points. An another way we can say the causal path which connects the
two point P and Q, must lies inside the causal diamond of P and Q. But
not every path that lies in the causal diamond is a causal path.

Two events always connected by causal path. If causal diamond does not

form between two points(or events) then it will separate by space like
path.(see fig 2.5)

15



Figure 2.5: Example of empty causal diamond in Minkowski space [1]

2.2 Global Hyperbolic Space-Time

e All spacetime manifold with a smooth metric may not be good we need
extra condition to do physics on it i.e we want to make a spacetime which
will physically acceptable. we will see the extra condition that global hy-
perbolicity imposes on spacetime, so that I can define initial data and
predict the future.

e Global hyperbolic spacetime refers to a specific type of spacetime in gen-

eral relativity characterized by certain geometric properties.

2.2.1 Achronal Surface

Definition: A subset S C M is said to be achronal (or an achronal
surface) if no two points P, Q) € S can be connected by a timelike curve.

Equivalently, this means that the intersection
I"(PynI(Q)

is empty for all P,Q) € S .

e In an achronal set S, there are no pairs of points that are timelike-
separated. This means that every pair of points in S is either spacelike-
separated or null-separated. Consequently, within an achronal surface, no

event can causally influence another through a timelike path.

16



e however, the surface that is locally space-like or null at each point may
still fail to be achronal [1]

e OJI1(S) is example of achronal surface (for proof see Wald theorem 8.1.3)
e Achronal sets S are subsets of spacetime M that hold the property
SNI%E(S) = ¢.

2.2.2 Extendible and Inextendible Curve

Lets understand a curve in spacetime can extend forever or it has any end

point.

Definition: Let 2/ ()\) be a future-directed causal curve in M. A point
P € M is called a future endpoint of the curve z*(\) if, for every open
neighborhood O of P, there exists a parameter value A\p such that for all
A > Ao, the curve lies entirely within O; that is,

' (A) € O forall A > \p.

Thus by Hausdorff property of M we can have at most one future endpoint.

Definition: let z#()) be a future directed causal curve in M. We say
that point P € M is a future endpoint of z#(\) if for every open neigh-
bourhood O around P completely contains the curve beyond some value
Ao parameter. such that z#(\) € O for all A < A\p. Thus by Hausdorff

property of M we can have at most one future endpoint.

Definition: A causal curve z*(\) with future/past end point is called
future/past extendible curve otherwise future/past inextendible curve.
2.2.3 Cauchy Hypersurface and Global Hyperbolic Spacetime

Definition: A Cauchy hypersurface in M is an closed achronal (S) space-
like surface > such that every inextendible causal path through a point
PeM but P¢ >, passes through > . A spacetime with a Cauchy hy-

17



persurface is said to be globally hyperbolic spacetime(See fig 2.6)

[ T
WQL

Figure 2.6: Globally hyperbolic Spacetime

e Y divides the spacetime into a past and future.

e Physically, this means that if the physical state is fully known on a
Cauchy hypersurface 3 (i.e., initial conditions are specified along with
suitable evolution laws, such as Einstein’s equations), then the entire evo-
lution of the spacetime M — both its past and future — is determined. In
other words, the data on X uniquely determines what happens throughout
the entire manifold M.

e Since a Cauchy surface is Achronal , it can be viewed as an instant in
time. (As no two events are connected causally on an Achronal set)

e An inxtendible causal path from P can only intersect > exactly once.
more then one intersection not possible, because a Cauchy surface is achronal
which means no causal path connect any two point on the surface, so it

contradicts achronal.(see Fig 2.7)

Figure 2.7: No causal path connect any two point on the ¥
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2.2.4 Domain of Dependence

The future domain of dependence of a given region in spacetime includes
all points that can be influenced by events occurring in that region. If you
have an initial set of data or an event, the future domain of dependence
contains all the points that can be affected by this initial condition.

In causal structure we need initial value or condition for future/past do-

main of dependence of an event or set of events.

Definition: The future domain of dependence D*(S) of an achronal
(S) spacelike set, is the set of all points {P;} where P, € M such that
all past inextendible causal paths through P, pass through S. Similarly
past domain of dependenceD ™ (s) in same way but for future inextendible

causal path instead of past inextendible. The domain of dependence:

D(S) = D*(S)U D~ (S).

e the Domain of dependence of Cauchy hypersurface ) is the whole
space-time i.e, D(> ) = M.

e Domain of dependence need not to be closed.

e If S is achronal but not Cauchy hypersurface >, then D(S) # M.

2.2.5 Cauchy Horizon

Cauchy horizon is the boundary of the domain of dependence of a Cauchy
surface. Beyond this horizon, the future evolution is no longer uniquely de-
termined by the initial value. The Cauchy horizon indicates where causal-
ity can break down. points on one side of the horizon may not be able to

influence points(or events) on the other side.

Definition: the boundary of the closure of the domain of dependence

of an achronal spacelike hypersurface S, namely 0D(5), is called Cauchy

horizon H(S). where D(S) is the Closure of the domain of dependence.

19



Cauchy horizon H(S) also defined as future/past Cauchy horizon by H*S
and H~S respectively, in term of 0D*(S5).

(D7(5)) (2.5)
(D7(5)) (2.6)

e Where [~ (D*(S)) is Chronological past of the future domain of the
dependence of S. In the example of (Fig: 2.8), we can see that the Cauchy

— I
— It

horizon of the past hyperboloid is the past light-cone.

o Here H*(S) is achronal. Because no two events in H*(S) are causally

Causal curve that
does not intersect

past hyperboloid \

X

Past hyperboloid

Figure 2.8: The past hyperboloid (red) is not Cauchy because the time-like curve (blue)
does not intersect it [1]

connected to each other

2.2.6 Causal Spacetime

A spacetime is said to be causal if it contains no closed causal curves, that
is, no causal curve that returns to its starting point. To distinguish this
basic level of causality from stronger conditions, we may refer to such a

spacetime as simply causal.

20



Chapter 3

Geodesic and Focal point

If a family of geodesics converges at a specific point, that point is called
a focal point (or conjugate point) of the family. A focal point has the
Important property that the geodesic may not minimize the path length

when we go beyond it.

3.1 The Raychaudhuri Equation.

To prove a singularity theorem, we need a good way to predict the occur-
rence of focal points on the geodesics. Here, the Raychaudhuri equation
tells us the condition under which focal points exist on the geodesics, this

equation is only for timelike geodesics.

Definition: Let M be a manifold and let a subset O C M be open. A
congruence in O is a family of curves such that through each point P € O
there passes precisely one curve in this family. No two trajectories within
the family can intersect each other over time evolution. If they do, then

the definition of congruence breaks down.

e Let in D=d+1 dimensions spacetime M with initial value surface »_,
7 = (24,22, ...,2% is the co-ordinate on surface Y. Let the time like
geodesics pass through a point at Z on surface > orthogonally. Now take
any point P on the timelike geodesic from the surface ) and label that

point as t, where t is proper time measured along the geodesic from ¥ at

21



surface Y _. We are constructing a coordinate system and assigning to P of

coordinate (t, @), if P is to the future of Y, or (—t, ) if it is to the past.

Figure 3.1: Spacetime co-ordinate system

in this coordinate system, the line element is
ds® = —dt* + g;;(t, ¥)dz' dx’ (3.1)

here

gy =—1and g; =0 (3.2)

for all t(because in coordinate system geodesics are orthogonal to surface

> at t=0).

Some points From [2],

e advantage of the orthogonal geodesics is that this will help us under-

stand how the coordinate system can break down.

o Fven if M remains non-singular, our coordinate system breaks down
if orthogonal geodesics originating at different points on S meet at the
same point p € M. In this case, we do not know what x value to assign
to P. A related statement is that the coordinate system breaks down
at focal points. then the starting points of the orthogonal geodesics

will not be part of a good coordinate system near P (see fig:)
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is necessary as well as a sufficient condition for a focal point (Since
gij(t, Z) measures the distance between two nearby orthogonal geodesics
in a manifold M ). This implies that focal points can be located by

finding where this determinant vanishes.

e Raychaudhuri’s equation gives a useful criterion for predicting that
detg;; will go to 0 within a known time. In general, this will represent
only a breakdown of the coordinate system, not a true spacetime sin-
gularity, but we will see that the criterion provided by Raychaudhuri’s
equation 1s a useful starting point for predicting spacetime singulari-

ties.

The trace-reversed form of the Einstein Field Equations is (see A.1)

1 2
Rtt = &G (Ttt - ngtt> + m/\gtt (34)
Rtt = 81 ﬁt (35)
where |
Ty=Ty— ———T A 3.6
tt tt (D —2) gtt+47rG(D—2) it (3.6)
we know,
Ry = o\Iy — oI\ + T3, I — LTS, (3.7)
where T}, =T, =0, '}, = 190,95 (see A.2 and A.3)
1 \i Ly 0j
Ry = —§3t(9 atg/\i) - 1(9 &sgm-)(g 8159/\]') (3-8)
1 - 1, . o -
Ry = —Eat(gmgm') - Z(gA’ggi)(g 7g55) (3.9)

for convenience let us define three quantity:

V(T,t) = 1/detg;; (7, 1) (3.10)

this quantity measures the volume occupied by a little bundle of geodesics.
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The others are

Vo1,
E ion: 0 = — = g gy 3.11
xpansion 7 =59 0 (3.11)
1 , 1 y
Shear: o = 5 (gMggi - mé(,\g”gij> (3.12)

From equation (A.5), we can write equation (3.10) as,

1, - 1
tro® = ~(g" 4oi9™ gr;) — 0° 3.13
ro 4(9 Joi9 g)\j) (D - 1) ( )
From equations (3.9), (3.11), and (3.7) we can write
Ry=—b— — 6 tro? (3.14)
tt (D—1) :
combining equations (3.5) and (3.14) we get,
b+ — 02— _tro? — 8rGT, (3.15)

This equation is known as the Einstein-Raychaudhuri equation and equa-

tion (3.14) is known as the Raychaudhuri equation.

Taking assumptions,

Strong Energy Condition: Ty >0
and A <0

o? and T} is positive so we get inequality in (3.14)

O 1)92 <0 (3.16)

() -sl)ests e

0 +

24



Integrating the above eqn, we get ( where D=d+1)

1 1
e(fv t) 90('?7 O)

1 -1
6 < (9_0 + 2) (3.19)

here 6 is the initial value on the initial value surface >. Let at any point

> (3.18)

Qo+

on X, Oy < 0(this means geodesics will focus at future. where 6y > 0 is for

past), say 6y = —w where w > 0.

vV d(logV) 1\
¢ Vv dt - (w d) (3.20)

integrating the above eqn.

1 1
logV —logVy < d [log (— — g) — log (—)] (3.21)

w w

here V =V (Z,t), Vo = V(Z,0). If logV — —oo then V' — 0 so,

d
t < — (3.22)
w
Lt bl (3.23)
o _80 V(CZ",O) '
V(£,0)
D—1
t< —— (3.24)
Vo

In eqn (3.3), we have already discussed that vanishing V' gave us a focal
point, or possibly a space-time Singularity. So assuming the strong energy
condition, an orthogonal geodesic that departs from initial value surface
Y at t = 0 at a point at which §) = —w < 0 will reach a focal point, or

possibly a singularity, after a proper time ¢t < d/w. (see fig:3.2)
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Conclusions

e Generally the vanishing of V in the Raychaudhuri equation tells about

a focal point of time-like geodesics, not space-time singularity.
e The coordinate system breaks down at the focal point.

e To predict a spacetime singularity requires a more precise argument,

with some input beyond Raychaudhuri’s equation.

3.2 Hawking’s Singularity Theorem:

Hawking used the Raychaudhuri equation to derive a singularity theorem.
He assumed the universe is globally hyperbolic with Cauchy hypersurface
.. He also assumed the strong energy condition T} > 0

If the universe is perfectly homogeneous and isotropic, it is described by
the Friedmann- Lemaitre-Robertson-Walker (FLRW) metric.

ds® = —dt* + a(t)*dx'ds’ (3.25)

where a is independent of Z, this assumption is for homogeneit.

Here Hubble parameter H is defined as,
1(t
H = ) (3.26)

If we compare eqn(3.1) and (3.23), we get

gij(t,.f) — glj(t) = 5Z~ja(t)2 (327)

=7 Fow-ﬂ’ po"mks

Figure 3.2: Focal points
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We can write from the previous section as

V= \/detgz-j = aD_la = V%l (328)

Now local Hubble parameter dependent on (Z,t) is defined as,

H(Z ) = ZE ;

Let us consider a globally hyperbolic spacetime with Cauchy hypersurface
Y. let us choose H(Z,0) on ¥ where

) D-1V(Z

t t
3.29
. . (3.29)

z,
z,

H(Z,0) = hupin > 0 (3.30)

from equations 3.24 and 3.29, we can write,

1 V(z0) 1
H(x hmin — = - — 7 31
(#,0) D—1V(#0) ¢ (3:31)
1
t = — 3.32
hmin ( )

We know from the Raychaudhuri equation that all past-directed timelike
1

hmin

geodesics from Y must reach a focal point before ¢ = —-——. This means

there are no timelike geodesics beyond this time. Therefore, we can con-
clude that there is a spacetime singularity at a time in the past. A singu-

larity is simply a geodesic incompleteness. Beyond the time t = ———

hmin

, We
cannot extend our timelike geodesic. This implies that there is no point P
beyond this time that connects > orthogonally with a timelike geodesic.
However, if such a point P existed, it would not have a future-directed
timelike geodesic connecting to X, which would contradict the global hy-
perbolicity of the spacetime. Thus, the spacetime is no longer globally
hyperbolic.

Singularity, focal point, and geodesic incompleteness in spacetime tell that

there is something wrong in spacetime.
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Conclusions

We see that there is no point in space-time in the past of > beyond the time
—1/hppin, along any causal path. The minimum value of the local Hubble
parameter gives an upper bound on how long anything in the universe
could have existed in the past. This is Hawking’s theorem about the Big
Bang.
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Chapter 4

Hamiltonian Formulation of GR

4.1 Introduction

Since ancient times, the origin of the universe has been a big question. Peo-
ple have tried to understand this question using Einstein’s General Theory
of Relativity, but it has failed to provide a satisfactory answer. So, people
approached another way of looking for the answer: they combined quan-
tum mechanics with the General Theory of Relativity to develop a new

theory of gravity, known as the quantum theory of gravity.

The basic principles and machinery of Quantum gravity with which
we shall explore the wave functions for a closed universe[l]. The quan-
tum state of the universe is described by wave function and it obeys the
Wheeler-DeWitt Equation[2]. The main object of which is a wave func-
tion of the Universe that can be defined as some space geometry and some

matter distribution.

In order to understand the universe by using quantum mechanics, first
we have to understand the wave function of the universe and this wave
function satisfy an equation, known as Wheeler-DeWitt equation. In this
section we are going to derive the Wheeler-DeWitt equation.

First, we will obtain the Hamiltonian from the Hilbert-Einstein action.

Then we will use Dirac’s method to obtain the equation.
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4.2 143 Decomposition of space time

Let us consider a globally hyperbolic space-time M, which can be ex-
pressed as a product M = X x R, where R represents the time dimension
and X is a space-like Cauchy hypersurface. In this framework, space-time
is foliated into a family of non-intersecting, three-dimensional space-like
hypersurfaces, each labeled by a uniquely time coordinate. This decom-
position of space-time into space and time is commonly referred to as the
(1+ 3) formalism. (Fig: 4.1-I)

/M

(1)

Figure 4.1: spacetime in 143

4.2.1 Metric in the (14+3) Decomposition of Spacetime

In general relativity, spacetime is a 4-dimensional manifold with a metric
guv- To study dynamics or formulate initial value problems, we often
perform a (143) decomposition of spacetime, splitting it into space and

time. This is known as the ADM (Arnowitt-Deser-Misner) decomposition.

Foliation of Spacetime

We consider spacetime as being foliated into a family of spacelike hyper-

surfaces Y, each labeled by a scalar function f(z/), such that

f(z") = constant.
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We define a coordinate system (¢, y*), where:

e 1 is a time coordinate labeling the hypersurfaces,

e y* (a =1,2,3) are spatial coordinates on each ;.

The embedding of spacetime is given by x# = x#(t,y?).

Tangent and Normal Vectors

We define the following vectors:

Oxt :
At = v (tangent to the flow of time)
Oxt
el = Fo (tangent to the hypersurface).
Y

We introduce a unit normal vector to the hypersurface:

Vif

nt = with nfn, = —1.

VIV VLT

It satisfies the orthogonality condition:

no_—
nye, = 0.

Lapse and Shift

(4.1)

(4.2)

The evolution vector A" is generally not orthogonal to the hypersurface.

Instead, it is decomposed along normal unit vector n* and tangent basis

vector e of hypersurfce as (Fig: 4.1-11)
A = Nnt + N%!,

where:

e N is the lapse function, measuring the proper time between slices,

e N® is the shift vector, measuring the displacement of spatial coor-

dinates.

e we can also say N and N* are components of A*
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x'4+dx!

Figure 4.2: lapse-function-N-and-shift-vector-N? a — i ( Fig uploaded by David L. Wilt-
shire)

Spacetime Line Element
A differential displacement is given by x* = z#(t, y®):

I 1
ot = %dt + g—zady“ = ANt + el'dy”.

Substituting the decomposition of A*, we get:
da' = Nntdt + el(dy® + Ndt).
The spacetime line element becomes:
ds* = guvdatdz”.

Expanding this, we obtain:

ds® = (Ndt n* + (Ndt + dy®)el!) (Ndt n, + (N’dt + dy")e,s)
= (N*n"n, + NNn,el + NNnte y + NaNbe’;eub) dt*
+ (Nngel + Nlele,y) dt dy® + (Nnteu + Noeley) dt dy® + ele,y dy“dy”
= (—N2 + NaNbgWefjeb”) dt* + N'g, eleldtdy” + Ng,,eteydtdy’
+ Gueqey dy*dy’

— (—=N? + N°N°hy)dt* + 2N, dtdy” + hapdy®dy’
(4.3)

32



where the induced 3-metric is defined by:
hab = Guveyey-
Using N, = hayN?, the metric becomes:
ds®* = —(N?* — N°N,)dt* + 2N,dtdy" + hapdy®dy’.
from above Eq. we can write metric g,5 as

_N?24£NeN, N, Ny N;

Ny hi1 hia has
G = (4.4)
Ny hoi hoy  hos
N3 h31 h3s hs3
for simplification we can write as
—N? 4+ N°N, N,
Guv = (4.5)
Ny Pap

the inverse of the metric g, is [Appendiz B]

. [-N"? N,N~?
9" = (4.6)
NaNf2 hab _ NaNbeZ

4.2.2 Value of g — (detg,,) :

t det hqay h
2 = cofactor(gop) _ det hay _ D (47)
g g g
h

V=9 =NVh (4.9)
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4.2.3 Value of R :

e We have a 4D metric ¢®° that describes the geometry of spacetime. We
can decompose this metric into spatial part(tangent to the hypersurface)

and normal part(in time evolution direction) to the hypersurface as [3]

9“7 = h*" + (—nn”) (4.10)
he? = h“begeg = g% + nonf (4.11)

where h®” is the tangential component of ¢*? or we can say projection of
4D metric ¢*? onto 3D hypersurface. It is also called, induced 3-metric
which tells about the intrinsic geometry of the hypersurface.

ntn” is the projection of 4D metric ¢®? along normal the hypersurface.

e Let an arbitrary tensor 7%% in 4D

— projection of T to the hypersurface is

T+ = hihgT*”

(Taﬂm)tangent _ TW/ (412)

where (T of “Vtangent 1 the 4D tensor in the 3D hypersurface, it is a tangent
tensor of the hypersurface.

— 4D tangent tensor in 3D intrinsic coordinate of the hypersurface:

T = eliey T

Top = et'el T
Tab - hiahjbfij
Tab _ hiahjbﬁj

(4.13)
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e Projection of covariant derivative of a tangent 4-vector 4, — Dgfla is

defined as covariant derivative of of a 3-vector A, — D, A,

DA, = eg‘egDﬁfla
— e/ Dy(e0Ay) — Ae) Dyel
= Dy(Ay) — Aae) Dy(g"€pa) (4.14)
= A, — Aag“aengeW
= O,A, — e“cebﬂ(Dgeua)flc

Christoffel symbol in 3-vector is defined as

by = e“cebﬁDﬁeW (4.15)
1
and Fga = §hcz(8ahbi + Ophjy — @hba) (416)
we can write
DyA, = 0,A, — TS A, (4.17)

o If Dyhg, = 0 then we can say Christoffel symbol is symmetric I, = 1",

Dyhay, = efele* D,ohgy
= egegeADa(gm + ngny)
= efeler (Dagsn + naDang +ngDany) (4.18)
Here Doggy =0 & eg‘m\ =0= egng
=0

4-D Ricci scalar R

VaVpA? = V3V AT = R) ;A (4.19)

This is the Ricci Identity in 4D. Where V is 4D covariant derivative of
4D vector A7 & A
[ J

DoD3A" — DygD,A" = R} _,A° (4.20)

ocaf
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This is the 4D Ricci Identity on the 3D hypersurface. Where D is the 4D
covariant derivative of the tangent vector AY & A? of hypersurface.

From Eq. (4.20) we can write

Do(DsAY) = W51V, (D, A?)
= RAhGHN . (hhy D)A?)

= RERGI) (VR VAAT + h(V uh ) VAAT + BEh)(V, VA A7)
(4.21)
Here V, h) = V (g, + n’*n,) = (V,n*)n, + n*(V,n,) where V,g) = 0

= RiRSR) {[(V,n”)ng + nf (V,no) |,V AT+ R2[(V,mMn,

N 8 (4.22)
+ 1N (V,m,)[VAAT + heh(V,V A7)}

2nd & 3™ term will be zero because nhy = 0 = n,h} (projection of

normal component into tangent component is zero)

= REhGR) (Vi )nghy VAA + hin(V,my, ) V5 A

N (4.23)
+ R (V, VA7)

In 1% term, hghﬁ = hg & nyVy3A7 = V,\(nafla) — A°Vn, = —A°V\n,

and K] = —hLh)V 0, Kop = —hLhiV,n, are curvature tensors of X

= —hih) (V) A7 (hphG)Vang + iR (Y i, )n 1V \ A
+ hEhh (Y, V)A”)

= —K)K,3A7 — Ko 0 W)V A" + hih3h](V, VA A7)

= KK, 3 A" — Kgo n*h]V A7 + hyhbhIV VY, A7

(4.24)

Similarly we can find
DDo A = —K]K, o A" — Kgo 0 W)V A7 + RG]V VA7 (4.25)
Now Eq. (4.20) can written as

DoD3 A — DgDo A" = (—K) K, + KJK,0)A” + hyhbh)(VaV, — V, V) A7

Rzaﬁflﬂ = (—K)K, 3+ KgKm)A” + hghghg gApA”

(4.26)
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AV = hZfl“ — projection of tangent vector again onto hypersurface is same

R A" = (—K]K,3 + K] K,o)hl, A" + hphh), R, bl A"
naf ( B ) . )\p o (427)
RZ@B o ( KaKMB + KgKMG) + hahghghz Z/\p

contracting the indices 7, o, we may obtain an expression for the intrinsic

3-curvature scalar >R as

Rys = (~KOKy5 + K§Kya) + hARGRORY RD,
sp_ gt 3 Rw _( KKy5+ K§Ku0)g" + hyhghihy Ry, g (4.28)
= (=K* + K" K,) + hyh™'hl; Ry, ,
= (—K%+ K" K,,) + hoh? RS,
Here,

B Roy, = (g" +n'n) R,
= (k) RS)+ (hyn’n” RY,,)
= (R+n*ny, R) + (n* n'R,, + n*n, o)
= (R+n’n Ry)) + (n’n” Ry, +n'n, RY,,)

= R+ 2n'n" R,

And Kt = Kj' = K & KoK = K K®

we can write
R=(CR+K*- K%K,) —2n°n"R.s (4.29)
e From Eq. (4.19), we can write

Rus n°n” = (V,Vn® — VVan®)n’
= Vo (n°Vn®) — Von” Ven® — V(n’Van®) + Van® Von®
— V. (n’Vn®) — K K,5 — Vs(n’V,n®) + K*

—2R,p n" n? = 2K%? 4+ 2K®K, + 2V, (n BVgnO‘ — no‘Vgnﬁ)
(4.30)
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from Eq. (2.43) and (2.44)

R=(*R—K?+ KuK™) +2V,(n"V,n" — n'V,n") (4.31)

4.3 The Action

The Einstein-Hilbert action Sgp, which, with presence of boundary, the
Action Sp and the action .S, in the presence of matter, is coupled to the

corresponding matter field ¢ is defined as

S=Sgy + Sg + Sp

1

S = Tonc

/ (R—2A)/—gd'z + L[ kVTRdr+ S (4.32)
M 87TG OM

where,
Su= =3 | Vgl a0tV @) (43
M

Where K is the trace of extrinsic curvature tensor K, of a spatial hyper-

surface and it is defined as

+ D,N, + DyN, (4.34)

1 [ Ohap

Kyp—=-|—
N Y

Now Putting the value of R & ¢ in total action we will get

1
S=15a / (R — K?+ KuK™) — 20l NVhtd’z + S,
S (4.35)
- / Ldt
M
where [4]
— V,u(n"V,n! — n"V,n"YNVh &y = KVh d*y
oM oM
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Our next step is to find the conjugate momenta, which are essential for

obtaining the Hamiltonian

5L Vh

= —=—-—— (K- h"K
Shap 167TG( ) (4.36)
1, =22 = Vg v o, |
¢_5¢_ N a

The conjugate momenta corresponding to the lapse function and the shift

vector vanish, leading to the imposition of primary constraints.

oL
I’'=—=0

=

o_ 0L

= <=0 4.37
N (4.37)

9

from the conjugate momenta we can obtained Hamiltonian [5]

H:/d3a: [hay I + ¢ Ty +TI°N +1I'N,] — L

. N (4.38)
_ / P[ION + TN, + NH + NH,]
and Action
S = /d3a: dt [hab e +¢i Iy — NH — NH,]
. N (4.39)
= /d3x dt[HON +1I'N, — NH — NH,]
where Vi
h
—1 " HabHcd_—S — 9\ m
H = 167G Gabed TorGl BT H (4.40)
H = —2D, I + H!,
and |
gabcd — —(hachbd + hadhbc - habhcd) (441)

22
is the DeWitt metric of signature (—, +, +,+,+,+) can be be viewed as
a metric on the superspace.
Varying equation (4.39) with respect to I1* and Il reproduces the defini-

tions given in (4.36) and variation with respect to N imposes the Hamil-
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tonian constraint
H =0 (4.42)

while variation with respect to N, enforces the momentum constraints

H =0 (4.43)

4.4 Canonical Quantization

One of the main difficulties in developing a theory of quantum gravity
comes from how the Hamiltonian behaves. When the constraints are fully
applied, the Hamiltonian ends up being zero. This is surprising because,
in quantum mechanics, the Hamiltonian is what drives changes in time —
it tells us how a system evolves. If the Hamiltonian is zero, it suggests
there is no change or flow of time, giving a “frozen” view of the universe.
This problem points to a deeper conflict between quantum mechanics and
general relativity, known as the “Problem of Time” [6].

The root of the problem is that these two theories have very different
ideas about time. Quantum mechanics treats time as a fixed, absolute
background that moves forward uniformly. General relativity, on the other
hand, treats time as part of spacetime that can stretch and bend depending
on matter and energy. To create a theory that combines both, we need to
solve this conflict, especially for situations like the early universe or inside

black holes where both quantum and gravitational effects are important.

To derive the Wheeler-DeWitt equation, we start with the Hamiltonian
constraint (4.42) and apply Dirac’s quantization method for constrained
systems. This involves promoting the classical momenta to quantum op-
erators: 5
, Iy — —i—. 4.44
sh o 55 (4.44)

Substituting these into the Hamiltonian constraint gives the Wheeler—-DeWitt

e 5 4
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equation:

52 1

HUhy, ¢l = | —167G%Goe —
(rap ) G Gavei 51—~ 167G

nU2 (PR - 20) + ﬁm] T = 0.
(4.45)
This equation is static; it contains no explicit time. Unlike in quantum
mechanics, where time is an external parameter driving evolution, here
time must emerge internally from the wave function itself. An idea is to
define an internal clock t(hg, ¢). Here U is the wave function of the uni-

verse, we will see it later and it must obey the Wheeler-DeWitt equation
[7].
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Chapter 5

Wavefunction of the Universe

5.1 Introduction

The Wheeler-DeWitt equation and the path integral approach offer two
distinct but complementary perspectives on the problem of defining the
quantum state of the universe. The Wheeler-DeWitt equation arises from
applying the principles of quantum mechanics to general relativity and
takes the form of a constraint equation [8]. It does not describe evolution
in time — in fact, time itself is absent from the formalism — but instead
imposes a condition that any candidate for the universe’s quantum state
must satisfy [9]. However, this equation alone is not sufficient to specify a
unique solution. Since it lacks a notion of external time, there is no clear
way to impose initial conditions as in conventional quantum mechanics.
As a result, there exist infinitely many mathematically valid solutions,
with no obvious principle to single out the one corresponding to our uni-
verse [10]. This is where the path integral approach becomes essential.
Rather than postulating the wave function directly, it provides a method
for constructing it by summing over possible histories of spacetime, sub-
ject to a chosen boundary condition. In particular, the Hartle-Hawking
no-boundary proposal suggests summing over smooth, compact geometries
without an initial boundary [7]. This offers a concrete criterion for select-
ing a specific quantum state that is consistent with the Wheeler-DeWitt
equation. Thus, while the Wheeler-DeWitt equation defines the set of al-

lowable quantum states, the path integral approach offers a way to choose
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among them. Taken together, these frameworks represent two parts of a
broader effort to understand the origin and structure of the universe from

a quantum perspective.

5.2 Path Integral Approach to the Wave Function

In quantum physics, the wave function provides a mathematical descrip-
tion of the state of a quantum system. To construct a wave function, one
typically needs the quantum amplitude for a complete history of the sys-
tem. For example, in single-particle quantum mechanics, the amplitude for
a particle to propagate from an initial position (z1,%1) to a final position

(x2,ty) is given by the path integral (see fig 5.1):
U= <I’2,t2‘$1,t1> - N/Dx(t) eiS[m(tﬂ (51)
Here, the integration is performed over all possible paths x(¢) that the

(w2, t2)

(w1,t1)

o(i/MSED (1)

Figure 5.1: Path’s of a quantum particle from x1,t; to xs,to

particle can take between the two spacetime points, and each path con-

tributes a phase factor etSla(t)]

, where S[z(t)] is the classical Lorentzian
action associated with the path. N is a normalization constant.

By analogy, in quantum cosmology, one can express the ground-state
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wave function of a closed universe using a similar path integral formulation:
Ulhij, o] = N / Dy, Dep 51917 (5.2)
c

Here, W[h;;, ¢] is the wave function of the universe corresponding to a given
three-metric h;; and matter field configuration ¢ on a spatial hypersurface.
The integral is taken over all possible four-dimensional geometries g, and
matter field configurations ¢.

One performs a Wick rotation to Fuclidean time by substituting ¢ — 7,
which transforms the Lorentzian action S into the Euclidean action I. The

wave function then becomes:
\D[hija ¢] = N/ Dg;w D¢ 67][!]#”7(1)] (53)
C

In this Euclidean version, the path integral is over a class C' of all com-
pact four-geometries and matter field configurations that have a single
three-dimensional boundary on which the geometry induces the metric
hi; and the field values match ¢. This approach is central to the mo-
boundary proposal, where the universe is imagined to emerge from a
smooth, compact geometry with no initial boundary—a concept that offers

a well-defined prescription for computing the wave function of the universe.

5.3 Minisuperspace Model with FRW Metric

The full path integral formulation of the wave function of the universe in-
volves integration over all four-geometries and matter field configurations,
which is computationally intractable due to the infinite degrees of freedom.
To make progress, one typically imposes symmetry assumptions such as
homogeneity and isotropy that lead to the minisuperspace approximation.
This reduces the path integral to a finite-dimensional integral over a small
set of variables, such as the scale factor and homogeneous matter fields.
To make the problem tractable, we simplify it to a minisuperspace

model using a closed FRW universe metric:
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ds® = —N(t)*dt* 4 a(t)*dQ3 (5.4)

We let t — —iT (Wick rotation), converting this to Euclidean signature:

ds® = N(7)%dr* + a(7)%d%; (5.5)
Here:
e a(T) is the scale factor,
e N(7) is the lapse function,
e O(7) is the homogeneous scalar field.

e 03 is the metric of a unit 3-sphere, indicating the universe is spatially
closed (like the surface of a 4D ball).

In this case, the wave function depends on a, and the value of a scalar

field ¢, and is given by a path integral:
Ula, ¢] = / DN Da(r) Do(t) e Va9l (5.6)

This wavefunction has only two degrees of freedom. Now the Euclidean

action for this model is:

1 ! a [(da\> a® [dP\?
I==[ drN|—-—— | — — =) - 5V (®
2/0 g [ N2 (dT) +N2 <d7‘> a+a’V(P)

want to evaluate I[a(7)] for a closed geometry that starts from “nothing”

(5.7)

a(0) = 0 and evolves to a given scale factor @ = a(1) at 7 = 1.

5.3.1 Semiclassical Approximation

Since the path integral involves integration over infinitely many possible
field configurations, it is a functional integral over infinitely many degrees
of freedom. Even after simplifying the problem using the minisuperspace,

the resulting integral remains highly nontrivial due to the complexity of the
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action. As a result, solving it exactly by analytical means is generally not
possible. So we use the saddle point approximation (or steepest descent

method) to obtained the semiclassical approximation of the wave function.

Euler—Lagrange Equations

Varying the action with respect to a, ¢, and N gives the field equations:

e Scalar field equation (from d1/6¢ = 0):

1 % 3 dadp 1dV

Nar? T Nadrdr  2d6 (8:36)
e Scale factor equation (from §7/da = 0):

1 d®a 2 (do\’

N%mJ+NQQE>444@_O (3.37)

e Hamiltonian constraint (from 67/6N = 0):
1 [da\*® @ [(do\®
— (=) - = (=) 1+ = :
e (dT) N2 (d7_> +aV(p) =0 (3.38)
Impose the no-boundary condition

We require the 4-geometry to be smoothly closed at T = 0, like a 4-sphere.

So we impose:

e a(0) = 0: ensures regular origin (no conical singularity),

o 22(0)=0

Solving for the Scale Factor a(r)

The Eq. (3.37) becomes:

1 d%a d’a
— 4+ V=0= — = —N%V
N2a dr? + dr? a4

This is a harmonic oscillator equation:
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= a(1) = Asin(wr) with w = VVN
We impose a(1) = a (value on boundary), so:
a asin(vVNT)

i=Asin(VVN)= A= m = a(1) = (VTN (3.41)

Applying the Saddle-Point Constraint (Hamiltonian Constraint)

We plug the solution back into the Hamiltonian constraint (3.38) at 7 = 1:

a*V cot?’(VVN)+a*V —1=0= a’V(1 + cot’ (VVN)) = 1

PV s WTN) = 15 sl (TN =y

This equation has multiple solutions(see Appendixz D):
1
VVNE = (n + 5) 7+ cos Hav'V) (3.45)

We choose the n = 0 solution, for simplicity and take cos™*(av/V) to lies
in the principal value (0,7/2) we will get
7r

a(T) = \/—%sm(\/VN) = %sz’n [(5 + 008_1(&‘/))7'} (5.9)

Evaluating the Action

We substitute a(7) into the original action (5.7) to evaluate the saddle-
point action to compute the saddle-point approximation to the path inte-
gral:
V(a, )~ Y e (5.10)
saddles

and obtained two possible solution of I at saddle point (see Appendiz D)

I = —f@ [1 + (1 — aQV(é))?’/?} (5.11)
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5.3.2 Wave Function in minisuperspace FRW universe

The dominant contribution to the wave function comes from the I (see

fig 5.2), so wave function of the universe is:
U o e - (5.12)

this wave function (5.12) has two possible part which depends on @*V/

Plot of /. vs a for V(¢NJ) =0.1

_5_
—6f —
e

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
a

Figure 5.2: I versus a for a fixed scalar field potential V(¢) = 1

o If a*V < 1, called Classically forbidden region (see fig 5.13):

1—(1—a®v)3?
U o exp (5.13)
3V
e If a2V > 1, called Classically allowed region (see fig 5.13):
1 @’V —1)%% «
U o exp |=—| cos - = (5.14)
3V 3V 4
Behavior Summary
Condition Nature of I Wavefunction ¥ Interpretation Dominant Contribution
a’v <1 Real Exponential decay Tunneling region U_
a’v >1 Complex Oscillatory (classical) Lorentzian evolution W_
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No-boundary Wave Function of the Universe

‘ Turning Point
Euclidean i Lorentzian
o Region : Region
S [ i
) ]
8 1
= : e
= 1
% Exponential | \
2 decay i v
N | \/
; Oscillatory
|

0= 1 o2 V=1

Scale factor squared x Potential (a2 V)
Figure 5.3: No boundary wave function of the FRW universe
5.4 Interpretation of Semiclassical ¥

The semiclassical approximation of the no-boundary wave function has two
distinct behaviors depending on the value of the dimensionless parameter
a*V, which determines whether the universe is in a classically forbidden

or allowed region [7, 10].

e Classically Forbidden Region (a*V < 1):

(5.15)

1 — 1_~2 3/2
\Ilocexp[ (BVGV) ]

In this region, which corresponds to small scale factors a, the wave
function is real and exponentially increasing. This behavior is anal-
ogous to quantum tunneling, where the universe can emerge from
“nothing” (no classical spacetime). The exponential growth of the
wave function suggests that the universe tunnels from a quantum state
without classical spacetime into an expanding classical universe. This
supports the no-boundary idea that the universe could spontaneously

nucleate from nothing [7].
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e Classically Allowed Region (a?V > 1):

1 @’V —1)%? «
U o exp [W] oS { v ~1 (5.16)

For larger values of a, the wave function becomes oscillatory, which is
a characteristic feature of classical behavior in quantum mechanics.
The oscillations imply that the universe behaves classically in this re-
gion, following trajectories described by general relativity. Thus, after
nucleating from a quantum regime, the universe undergoes classical

expansion [10].

These two regimes together describe a cosmological scenario in which the
universe originates via a quantum tunneling process from “nothing” and
subsequently evolves classically, in agreement with the Hartle-Hawking

no-boundary proposal [7].

-

Region Condition Wave Function Behavior Physical Interpretation
Classically Forbidden &2V <1  Exponential decay Quantum tunneling from “nothing”
Classically Allowed @V >1  Oscillatory (cosine) Classical evolution of the universe
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Conclusion and future direction

This thesis examined the quantum origin of the universe through the Har-
tle-Hawking no-boundary proposal. Starting from the breakdown of clas-
sical general relativity at singularities, we turned to quantum cosmology
and the Wheeler-DeWitt equation to describe the universe’s wave func-
tion. Using the minisuperspace approximation, we simplified the dynamics
to a few key variables and expressed the wave function via a Euclidean path
integral.

In the semiclassical limit, we found that classical saddle points domi-
nate the path integral, leading to two distinct behaviors: exponential in
the classically forbidden region (tunneling) and oscillatory in the allowed
region (classical evolution). This suggests a natural quantum-to-classical

transition where the universe could have “tunneled” into existence.
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Appendix A

Appendix

Al

The Einstein Field Equations in their standard form are:

1l

1
Ry = 5B + Mg = =~ T

R is the Ricci scalar, given by R = g""' R,,,
To find the trace, contract both sides with g"”:

1l

1
gﬂl/R/W . ERgullglw + Agﬂyg/ﬂ/ — 64 QWTW

Since g"g,, = D in D-dimensional spacetime, this becomes:

R — BR + DA = %T
2 ct
where T = ¢g""T),, is the trace of the stress-energy tensor. Simplifying, we
get:
D—2
“R(P=2) i pa -G
2 ct
o 167G 2DA
R 167G o,

(D —2) (D —2)
Substitute R Back into the Original Equation

R, —

1 167G 2DA 8rG
-

N T v A V:—Tl/
AN ET) +(D—2)>9“+ G = —ca
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G DA GG

T, — mgw + Ag,w = —"T

R, +
a ct A

(D—2)

871G 1 2
- i TV_—T % —A %
z ( (D —2) g“)*(D—m In

The trace-reversed form of the Einstein Field Equations is if ¢ = 1:

R, =

1 2
RMV = 87TG (TMV — nguy) + mAgMV (Al)

This form directly expresses R, in terms of T}, T', and the cosmological

constant A, without the R term.

A.2

1 )
F//}w = 59)\ (augw' + aug/u’ - 6iguu)

1 ..
F?t = §9M (Orgti + Orgri — Oigut)

from equation (3.2) we get

Iy =0 (A.2)
Now,
[y = %QM (0t9oi + Oogti — OiGto)
[y = égAiatgm' (A.3)
A.3

Let detM;; = | M|, where M;; is d x d invertible matrix.

OM = § exp(log|M)|)
= § exp(tr logM)
= (trM*6M) exp(tr logM)
= (trM 'S M) |M)|
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Hence
|M|™' §|M| = M;; §Mj; (A.4)

To calculate derivatives, we can replace d by % where x is some variable
on which the matrix depends.

Another use full identity

r (M - éu(M)) — tr(M?) — é (tr M)? (A5)

proof:

This LHS expression can be expanded as

tr <M — }itr(M)>2 = tr (MQ — EM tr(M) + %(tr(M)f) .

Use Linearity of the Trace Operator, which allows us to take the trace

of each term individually:

So, we get:

r (M - Clltr(M)>2  te(M?) — (3 _ ﬁ> (tr(M))2.

This completes the derivation.
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Appendix B

Appendix

Inverse of the metric

We define a matrix g, as:

A BT
B C

v =

where: A is a 1 x 1 matrix , B is a 3 x 1 matrix, BT is a 1 x 3 matrix, C

is a 3 X 3 matrix, we can write,

g,uz/gyp _= I

where ¢"” is the inverse of g,,. The above Eq. expand as:

A BT IX YTl (10

B C||ly z| o1
AX +B'Y =1 (B.1)
AYT +B"Z =0 (B.2)
BX +CY =0 (B.3)
BY'+CZ=1 (B.4)

From the equation (B.1):
AX+ By =1
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X=A"1-A"'BTY (B.5)
Solving for Y From (B.3):

BX +CY =0

Y = —C'BX

Substituting X:
Y =-C'B(A - A'BY)

Y+ C'BA'BTY = —C'BA™!
(I+C'BA'BTY = —C'BA™!
Multiplying both sides by (I + C1BA-1BT)~ L

Y =—(I+C'BA'BN)lIc'BA™!

Y =—(C'BA™ + (BT

So:
Y=-C'BA-B'C'B)! (B.6)

Aisascalar 1x1 matrix. X = (A—BTC'B)tand X! = (A-BTC™1B)
are also scalar. We know scalars transpose to themselves i.e. A = AT, X =
XT. Since BTC7'Bis 1 x 1, so we can write (C~1)T = C~!. Taking the

transpose of Y:
YT = (-Cc7'B(A-BTC'B)™)’
YT = —(A— B'C'B) BT (C )T
Since C~! is symmetric, C~! = (O~ 1T, we conclude:
Y= —(A-B'c'B)y'B'Cc! (B.7)
Solving for Z From Eq.(B.4):

BY'+Cz=1
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Substituting Y7
B(-C'B(A-B'c'By Y +Ccz=1
CZ=1-BC'B(A-B'Cc'B)™!
Z=Ct'4+C'BA-B'C'B)"'BTC! (B.8)
Thus, the inverse matrix is:

(A— BTC-'B)-! —(A—BTC-'B)"'BTC-!

p _
T T |eCB(A = BTCTIB) 0l 4 CUB(A - BTCTIB) U BTC

To find the inverse of the metric:

—N?24+ NN, N; Ny Ns

G = N hii hi2 his
- Ny hor haa hos
N3 hsi hga hss
Ny
where: A:—N2+NaNa,BT:(N1,N2,N3) ,B: NQ ,C:hij.
N3

Computing A—BTC~1B . We define C~! = h¥/, which satisfies h"*hy; = 5;
and N’ = h"/ N; . Now
A—B'C'B=(~N?+N"N,) — N'h N,
= (=N%?+ N°N,) — N'N; = —N?
So,

X=A-Bc'B)!= ~ 7z

similarly Computing Y and Z:
Y =-C'B(A-B'C'B)™!

Substituting, .
y 1 N'
v (L) =
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For Z:
Z=C'4+C'B(A-BT'C'B)"'BTC™!

» ) 1 )
Z:W+Ww«fﬁ Nh
g NI
7 —pi - NN
N2
Thus, the inverse metric is:
1 N N2 N?
N2 N2 N2 N2
N Bl NIN? B2 NIN?Z B3 NIN3
P N2 N2 N2 N2
g NZ B2l N2N! K22 _ N2N2 K23 N2N3
N2 N2 N2 N2
N3 B3l N3N B32 _ N3N2 B33 N3N3
N2 N2 N2 N2
a a n\Tb
OO:_1 Oa _ aO:N ab:hab_NN

This is the standard inverse metric in the (3+1) decomposition of space-

time.
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Appendix C

Appendix

C.1
We begin with the equation:
sin? (\/VN) = G2V (C.1)
To solve for N, define § = v/V'N, so the equation becomes:
sin?(6) = a*V
Taking the square root on both sides:
sin(6) = Va2V = +av'V
Thus, the general solution for 6 is:
f = sin~!(£aV'V) = £sin H(aVV) (C.2)

However, since the sine function is periodic and symmetric, its general

solution includes all branches:
0 =nm+ (—1)"sin ' (@VV), neZ
This expression can be equivalently written using the identity:

sin(z) = cos <g — :z:> = sin l(z) = g — cos ' (z)
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Hence, we obtain:
0 = (n - %) 7+ cos HavV) (C.3)
Substituting back 8 = vV N, we arrive at:
VVNE = (n + %) 7+ cos Hav'V) (C4)

This expression gives the infinite discrete set of complex or real so-
lutions N, which correspond to the saddle points in the semiclassical
approximation of the no-boundary wave function in Euclidean quantum

cosmology.

C.2

Evaluating the Action

The Euclidean Einstein-Hilbert action with a cosmological constant (or

scalar potential V') in the simplified minisuperspace is given by:

3 1 -2
I[a] = Z”/O dr [—%a — Na+ Na*V

where:

1 .
a(t) = W SlH(\/VNT)

a(t) = N cos(VV NT)

We integrate over 7 € [0, 1].

Substitute the classical solution into the action:

|
a(t) = % sin(VVNT)

a(t) = N cos(VV NT)
a’ = N? COSQ(\/VNT)
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So the terms in the action become:

a2 _N2COS2(\/VNT)_ 1 sin ) = (3032 T 'LSin T
Ta= . = (VVNT) =N (\/VN)\/V (VVNT)

L.
Na = N-Wsm(\/VNT)

3 .3 .3
NV =N (% sin(\/VNT)> V=N (ngNT)V _ Nt (\\;_XNT)

Instead of doing the full integral, we use the fact that on-shell (i.e.,

classical) the action reduces to a boundary term. From the Hamiltonian

constraint and integrating by parts, one can derive:

Tonshen = —%ad .
At T=1:
a(l)=a
a(1) = N cos(VVN)
So:

I = —%a - N cos(VVN)

Recall from earlier:

~—Lsim sin =a
Q=7 (VVN) = sin(VVN) = aVV

So:
cos(VVN) = /1 — a2V
Thus: .
[=—5a-N-V1-aV

But this is still in terms of N, and we want an expression just in a and

V. So we use:

~—Lsin —sin"!(a
i= 7= (VVN) = VVN (@vv)
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And the two saddle points correspond to:
1
VVN = <n+ 5) 7+ cos 1 (aVV) = cos(VVN) = TV 1 — a2V
So the action becomes:
1. = 1. =
Ii:—§a-N-(:|: l—aZV):>Ii::t§aN 1—a?Vv

Now recall a = \%V sin(v/VN), and so from some algebra (detailed in

Hartle-Hawking papers), one arrives at the compact formula:

I = —% 1 (1- @)Y

Interpretation
There are two saddle points:

e One corresponds to a geometry that ”closes off” before the equator

of a 4-sphere (like a small cap).

e The other corresponds to a geometry that ”closes off” after the equa-

tor of a 4-sphere (a large cap).
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