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Abstract

Curvature in space time fabric arises by taking stress energy tensor as
some source field. Motivation for using matter fields are their abundance
in nature and Schwarszchild black hole is one of the most symmetric static
massive solution of Einstein field equation. Many other solutions of Ein-
stein field equation are also found by modifying Einstein’s action with some
gauge fields and other theories. Effective theory can be arise if one takes
higher energy theory such as string theory. Einstein’s action is naturally
modified with some scalar-tensor superstring terms at sufficiently high en-
ergy scale. On taking low energy limit Einstein’s action is recovered with
a dilaton scalar field which is coupled to gravity.

In this thesis, we work on Einstein-Maxwell-Scalar theory in (2+41) di-
mensions that contains a scalar field coupled minimally to gravity and a
potential that depends solely on scalar field. We obtained an exact solution
containing a black hole with a regular horizon. Further, we also work on
the thermodynamic properties of black hole and try to prove the First law

of Thermodynamics for our solutions.

e The first chapter give elementary details of Einstein’s equation and
its solution. The brief description of Black hole with three character-
istic properties: mass, charge and angular momentum is given in this

chapter.

e In the second chapter, the motivation for the project work, modifica-
tion of Einstein’s action with Maxwell-Scalar terms and the equation

of motions are given.

e In the third chapter we work on the anastz in (241) dimensions
and discussed various techniques used to obtained the exact solu-
tion of Einstein-Maxwell-Scalar gravity. The komar integral are used

to prove first law of Black hole thermodynamics.
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Chapter 1

Introduction

Objects moved when they are pushed but what does freely falling object
experience? the unsatisfactory answer gravitational force gave Einstein the
inspiration to developed a theory of ages, renowned as General Theory of
Relativity. Einstein’s tensorial theory of Gravitation is the achievement of
modern physics which explains universe keeping time and space on equal
footing. The intricate mathematics of general relativity deals with the
geometry of space-time and Einstein’s equation finally coined that matter
and curvature work together. One of the beautiful solution of Einstein’s
equation makes this theory more significant. Black Hole, a region which is
so curved because of its massiveness that nothing not even light can escape
from it. Before stepping into the essence of this thesis, we briefly define

the terms used in it.

1.1 Einstein’s Equation

The visualization of space being like a globe where you parallel transport
a vector on a curve end up crossing each other gives intuitive idea of space
being curved and what the force is. According to Einstein, space and time
are inextricably linked with each other and can get distorted by massive

objects. Einstein Field Equation describes the fundamental relationship of



space-time being curved by mass and energy.

1 8mg
Ry — iRg/w + Aguw = CTTW (1.1)

It is a symmetric 4 x 4 tensor equation in which each tensor has 10 in-
dependent components giving 10 non linear coupled differential equation
which reduces to 6 using Bianchi Identities. The EFE can also be written

in compact form as
8mg

Guy + Ag/“/ = ?TNV (12)
where
1
G/u/ - R,LLV - §Rguu (13)

is the symmetric second-rank Einstein tensor which describes the curvature
of space. The term with A tells about the energy density of space and the
term on the right of EFE is stress-energy-tensor that tells us about mass,

energy, momentum, pressure etc.

1.1.1 Metric and Christoffel symbol

Metric is a symmetric, second rank, covariant tensor that computes the
distance between two points on a differential manifold. It represent geo-
metrical structure of any spacetime in a bilinear form that takes two tangent
vectors X at any given point on manifold to produce a real number. The

metric tensor is given as:

G: XxX—R

Christoffel symbol measures the misalignment of coordinate system
and geodesics motion of a vector. It shows the deviation of covariant vector
on parallel transporting it on a curved spacetime. It is given in terms of

coordintes as: [9]

kl

g
Ffj = 7(911,;' + Gjti — Yij1)



Since Christoffel symbol depends upon the coordinate system so it
can be removed with the proper choice of a frame in the coordinate system.
The metric connection of Riemannian Geometry in terms of coordinates of

a manifold is represented by the Christoffel symbols.

1.1.2 Riemann Curvature Tensor

Riemann curvature tensor is used to measure the curvature of spacetime on
Riemannian manifold. It assigns a tensor to each point on a Reimannian
manifold and measures the curvature by parallel transporting the vector
from one direction to other on manifold or vice versa. The magnitude of
curvature can be determined by:[9][10]

A A
Rb,, =000, — 0,1, + 10T, =TI,

ouy

1.1.3 Ricci Tensor and Ricci Scalar

On contracting Reimannian curvature tensor we get Ricci tensor given as:

R: =R,

v

Ricci tensor measures the degree of convergence and divergence of
geodesic from the volume at a given point on a Reimannian manifold.
On further contracting the Ricci tensor we get Ricci scalar. It measures
the amount of deviation of volume of any object from the volume taken in

Euclidean space. [9]

e [f Ricci scalar is positive, volume will increase and we can have de-

Sitter space.

o [f its value is negative, volume will decrease and we get anti-de Sitter

space.

e [f its value is zero, volume remain same and we get flat spacetime.



and Ricci scalar is given as:
174
R=¢"R,,.

Ricci scalar are invariant under coordinate transformations as they are
scalar, thus are more useful in analysing a metric. They directly provide

coordinate-invariant information about a given metric.

1.1.4 Stress Energy Tensor

Stress energy tensor is a symmetric, rank-2 tensor and a source of grav-
itational field in space time fabric. It is an attribute of matter fields,
electromagnetic field and other non-gravitation force fields.

From mathmatical point of view, a scalar can be associated to an element
of n-dimensional volume with the help of current density. If normal four
vector n gives the orientation of surface in space time then element of three
volume is nAV. Mass density transforms as a 00-component of rank 2
tensor. To associate a four vector Ap® to nAV, we need two indices T,

such that [9][10]

Ap® = T*nz AV

The second rank tensor 7% is called stress energy tensor.
In order to have a physical interpretation, lets consider an inertial frame
in flat space time and three dimensional volume AV, along time like slice.
If n, = (1,0,0,0) is the normal along three dimensional volume which

is at rest then components of stress energy tensor are:

T% is energy density

T is the energy flux in the i-th-direction;

T is the momentum density in the i-th-direction;

T% is i-th component of force per unit area along a surface with
normal in j-th direction.

So, Einstein’s equation tells mass warps the space and warped space acts

4



like a moving mass. The left hand side of Einstein equation tells how the
curvature is changing while travelling along a vector and term containing
g, tells how measurements are affected. Right hand side of the EFE tells

what physical quantities govern these changes.

1.2 Killing vector and Conserved Charges:

We are used to the fact that symmetries lead to conserved quantities
(Noether’s theorem). For example, in classical mechanics, the angular mo-
mentum of a particle moving in a rotationally symmetric gravitational field
is conserved. In the present context, the concept of ‘symmetries of a grav-
itational field’ is replaced by ‘symmetries of the metric’, and we therefore
expect conserved charges associated with the presence of Killing vectors.
Two important class of this phenomena is

Killing Vectors, Geodesics and Conserved Charges Let Killing vec-
tor field be K*, and geodesic be z*(7), then the quantity

QK = K’uibu(T)

is constant along geodesic. Indeed,

d d 0K, dz" dz* A2zt
i = — (KHqpH — ol
dTQK d7'< (7)) ox? dr dr i dr?
dz? dx* d?z*
= K,, + K¢ —_ —_
( w W dr dT) " dr?

dz? dx®  dPz*
=K, [T¢ =0
“(’“’dT d7'+d7'2> ’

deduced from Nother’s theorem, @) is a conserved quantity.

Conserved Currents from the Energy-Momentum Tensor: Let K*
be a Killing vector field, and T"” the covariantly conserved symmetric

energy-momentum tensor satisfying, V,/7# = 0. Then the current

Jl=TWEK,

>



is covariantly conserved. Indeed,
V.Ji=(V,T")K,+T"V,K,

1
=0+ ETW(VVK“ +V,K,)=0

here also we have conserved current. Thus, taking symmetries of space

time metric, charges related to corresponding Killing vectors as:
e charge generated by timelike Killing vector is mass of black hole.

e charge generated by electromagnetic vector forces are electric and

magnetic charges of black hole.

e charge generated by azimuthal-symmetry Killing vector is angular

momentum of black hole.

1.2.1 Komar Currents

In the above section, we discussed the symmetries and corresponding con-
served currents related to it. The conserved current when written as hy-
persurface integral of components of divergence of some tensor associated
to conserved charge. These are then defined as Komar current associated
to the symmetry of the metric. The currents associated with Killing vec-
tors turn out to play a privileged role. Komar currents can be used to find
characteristic properties of a system as:

Komar Mass: Komar current for a timelike Killing vector is the total

mass of an isolated (asymptotically) static system, given as:

1 — v
Micomar = 7— | A2\ Ao, AP K (1.4)

where Jo is the boundary of o at spatial infinity. v;; is the induced metric
on do and o, is the outward pointing unit normal to do.

Komar Charge: Conserved current associated to the electromagnetic ten-
sor F),, gives the total Komar charge contained in a system. The com-

ponents like F}, are related to electric current and Fj, are for magnetic

6



current. We can associate a Komar charge to spacelike surface o by:

Qromar = — /8 Ao, P (1.5)

We have used Komar integrals in later sections.

1.3 Solution of Einstein’s Field Equation

All physically possible solutions of Einstein’s equation provide a descrip-
tion of gravitation and space time geometry. The solutions of Einstein’s
equation depend upon type of source fields like matter field, scalar field,
electromagnetic fields etc. We can plug the type of field into EFE and
can get prediction for the phenomena of interest. Unfortunately, the Ein-
stein’s equations are highly coupled non-linear partial differential equa-
tions. Moreover, in (3+1) dimensions there are 20 unknowns that need
to be calculated from 14 equations which is bit tricky to solve. One can
work on simple solutions by increasing the number of symmetries and de-
grees of freedom. There are many solutions of Einstein’s equation in which
Schwarszchild metric is one of the most spherically symmetric solution to
explain space time geometry. Further, different solutions were found by
coupling Einstein’s action with Maxwell terms such as charged Reissner
Nordstrom black hole. On reducing some symmetries, we can find different
solution with different properties like Kerr Newmann Black Hole which is

a massive charged rotating black hole.

1.3.1 Symmetrical (static) Solutions

Schwarzschild Black Hole:

It is most symmetrical vacuum solution of Einstein’s equation with the as-
sumption that electric charge, angular momentum, and cosmological con-
stant are all zero and have only one characteristic of mass. Schwarzschild

metric is given by:[12][10][11]



2GM

c2r

dr?® + r*(df* + sin*0d¢?)

ds® = — (1 — ) Adt? +

=20
Properties of Schwarzschild Black Hole:

The metric coefficients are independent of time, which corresponds
to a Killing vector field leaving local geometry of spacetime along the

integral of that vector field unchanged.

The metric is diagonal, making spacetime to be hypersurface orthog-

onal.

The last two terms are just standard metric of 2-sphere, which makes
spacetime to be spherically symmetrical. The 2-sphere is labelled by
the coordinates t and r, which makes the tangent vector of 2-sphere to
be orthogonal to % and % vector fields. Thus metric is independent
of 8 and ¢ coordinates. For 2-sphere, it has three Killing vectors

which preserves the angular momentum.

The M appearing in the metric is the property of space time geometry,
i.e. it is the mass of source of curvature discussed above. Variable r
in the last part of metric is related to the area of 2-sphere and it is

not related to the radius of black hole.

_JA
"= 47

The metric blows at r =0 and r = 2f2M , which can be considered as

singular points. But to find true singularity one can use scalar quan-
tities that are independent of the choice of coordinates. Kretschmann
scalar is one such important quantity and in Schwarszchild metric it

is given as:
48G? M?

Rabcd Rabcd —
76

which shows r = 0 is the true singularity of Schwarszchild black hole.



Reissner Nordstrom Black Hole

RN black hole is the static, sypherically symmetric, charged, non-rotating
solution of Einstein’s equation with a source constituted by Maxwell’s field,

given as:

1 g 1 loa
T = o (gp FuoFus = 9o P’ )

Equation of motion will be

1
Ruy — igHVR = 87TTW/
V., F*" =0
The metric of the given system is given by:

1

ds* = — f(r)c*dt* + )

dr? +1* (d6” + sin*0dg”)

where

and the radial component of electric field will be:

Er:Frt:%
r

RN solution depends on the relation of charge and mass. From the

roots of f(r) given as:[10][12]

rd = M+ /M2 — Q2

o if || < M, then the value of f(r) is positive, with two horizon values
r, and r_ interpreted as outer and inner horizons respectively. The

exterior horizon look quantitaively similar to Schwarzschild metric.

o if | Q| > M, everything is well-behaved for positive r as f(r) is also

positive and at r=0 we get naked singularity.

9



e at () = 0 limit, we get the Schwarzschild spacetime with radius ry =

2M.

1.3.2 Symmetrical (Nonstatic) Solution
Kerr Newmann Black Hole

It is generalized spinning case of Schwarschild Black Hole. Kerr New-
mann metric represents the special case of rotating, charged massive black
hole with most asymptotically spherically symmetric solution of Einstein-
Maxwell equation. There are two coordinate system use to describe the
geometry of rotating black hole: Boyer-Lindquist coordinates and Kerr-
Schild coordinates. Kerr Newmann metric in Boyer-Lindquist coordinate

system is given as:[12][11]

dr? A -
tdr? = — (2 + d92> P2+(cdt—a5m29d¢)2p2—((r2+a2)d¢_acdt)23@§2

where

J

“= e

p? =1? + a*cos*d

A:r2—rsr+a2+ré

2G M
ry =
2
L QG
@ eyt

Thus, black hole solutions of Einstein’ equation for different source
field give characteristics properties of black hole as massive, charged and
rotating to give no-hair theorem. According to no-hair theorem, black hole
solution of Einstein-Maxwell equation can be characterized by only three
properties i.e. mass, spin and rotation. Therefore, on furthur modifying

Einstein’ action with some scalar-tensor terms we can observe different

10



properties of black hole. In low energy limit, Einstein’ action is modified
with some dilatonic scalar field which is coupled to gravity. In the next

chapter we discuss about Einstein-Maxwell-Scalar Theory.
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Chapter 2

Einstein-Maxwell-Scalar

Theory

2.1 Introduction

The attempt to combine the fundamental forces and elementary particles is
an open area of research since long. Einstein’s equation gave much informa-
tion about geometry of space time but effective gravity action can emerge
by modifying Einstein’s action with some other source field in a coupled
way. EMD theory generated by coupling scalar field with electromagnetic
field minimally or nonminimally in which the sign of kinetic energy term of
scalar or Maxwell is opposite to protect the violation of no-hair theorem.
The asymptotically flat static black hole solutions for Einstein-Maxwell-
dilaton system enriched the physics of the solution of EFE compared to
Reissner-Nordstrém solution, which is the charged black hole solution of

the Einstein-Maxwell theory.

2.2 General form of Einstein-Maxwell-

Dilaton Action:

Einstein-Maxwell-Dilaton gravity in (d+1) dimensions in which scalar field

coupled minimally to gauge field (the Maxwell field) or gravity. The action

12



contains some kinetic terms of fields and few other coupling terms. The
general form of Einstein-Maxwell-Dilaton action for d dimensions is given

as:[14]

S = [ V=ad"e(R = 20,(0)0"(6) = W(@)FuF* = V(6),  (21)

which is for some dilaton ¢. W (¢) is usually an exponential function of the
dilaton field and V(¢) is self-interacting potential. The form of the field
strength is given as,

F, = 0,4, — 0,A,. (2.2)

The equation of motion obtained after perturbing the action are as follows
for metric:
On perturbing it with respect to g,,, and using time reversal technique we

get,

1
R = 20,(0)0,(0) — 20 W () Fpe FP* + 2WW ()PP FL + 26,V (6) = 0.

2 2
(2.3)
for dilaton:
On perturbing it with respect to (¢), we get,
LW (o) 10V
he) — ——F F" ——— =0 2.4
for gauge field:
On perturbing it with respect to A,, we obtain,
V. (WeF") =0. (2.5)

2.3 (2+1) dimensional space time

Gravity in (2 + 1) dimensional spacetime has been a fascinating area of the-
oretical investigations during the last few decades. There are two reasons
for it. First, the technical difficulties present in a wide range of prob-

lems in (3 + 1) dimensional gravitation become significantly simpler in

13



lower dimensions. Moreover the study of gravity in (2 4+ 1) dimensions is
also expected to shed some light on the understanding of more realistic or
complicated cases of four and higher dimensional gravities. Second, (2+1)-
dimensional gravity with a matter source has attracted considerable inter-
est including standard Maxwell term, the inclusion of extra scalar field(s),
higher rank tensor fields, higher curvature terms which are intensively stud-

ied.

2.3.1 BTZ Black Hole

The first study of three dimensional black hole, as a result of Einstein the-
ory of relativity was done by Bana-dos, Teitelboim and Zanelli, and the
solution is commonly known as BTZ black hole. After the discovery of first
BTZ black hole, there is a flood of different types of black holes in (2+1)
dimensions. The BTZ black holes are different from Schwarzschild and
Kerr black hole as they are asyptotically anti-de Sitter rather than asymp-
totically flat and has no curvature singularity at the origin. It comes out to
be asymptotically anti-de Sitter because with zero cosmological constant,
Ricci tensor and simultaneously Riemann tensor vanish and there would
be no black hole in (2+1) dimensions.[1]

Nonetheless, it is a black hole with properties much similar to (34+1) di-

mensional black hole as:

e it has characteristic properties of ADM mass, charge and angular

momentum and admits no-hair theorm.

e thermodynamical properties are much similar to (3+1) dimensional

black hole.
e it has event horizon, inner and outer horizon like Kerr black hole

e it appears as a final state of collapsing matter

BTZ Black hole in Schwarzschild coordinates The BTZ black hole

in Schwarzschild coordinates is given by the metric

ds® = —Ndt* + N72dr? + r*(N%dt + do)? (2.6)

14



where

1
7,2 ,]2 2
N=|-M+ —=+—
( Jrl2+47“2>7

JNCg— (17]< Mi).

2r2’

e Coordinate singularity of the metric is at points

M2 J 2 %
T=——|1£(1- () :
=T ( Ml
e Value of mass and angular momentum measured at the boundary is

_ ri +7r? g 2ryr_

M
R l

2.4 AdS space time

Scalar coupled theory in different space time has gained much interest
since they often arise as effective theories in low energy limits of theories
suitable at higher energies. Dilaton field coupled with different fields like
gauge fields can change the structure of space time geometry and we get
the solution of dilaton coupled action with gravity or gauge field in some
de Sitter or anti de Sitter space time. Gao and Zhang obtained the first
asymptotically non flat charged dilaton black hole solution in de-Sitter and
anti de Sitter space time using Schwarzschild coordinate system. For super
symmetric theory in various dimensions, solutions were obtained with anti
de Sitter space time. Thus the accompanying vacuum state and black hole
solution in such a space time is an important area to explore.

Mathematically, AdS, is an n dimensional solution of Einstein-Hilbert ac-
tion with negative cosmological constant, signature (p, ¢) isometrically em-

bedded in the space RP?*! with coordinates x1, ...zp, t1, ..., t,11 and metric

q+1

P
ds* = def - Zdt?
i=1 j=1

15



and three-dimensional anti-de sitter space obtained from coordinated

(X1, Xo, T, Ty) and metric is
ds* = dX? +dX3 — dT? — dT}

The hypersurface may be defined, through the algebraic constraint,

ntl (n—1)(n—2)
—XP-X3+ ) X} = X
=3
n+1

involving n 4 1 coordinates X{"" in n + 1-dimensional flat space with sig-
nature (n — 1,2). In order to show the hypersurface satisfies the Einstien
equations with a negative cosmological constant, we need to solve the con-
straints for X in terms of n coordinates.

Denoting the n coordinates on the submanifold o, the induced metric on
the submanifold can be expressed as,

0XH oX"Y
Yab = mww

which is related by a projection operator to the first fundamental form,
Iy From this metric, one can now directly compute the curvature tensors

and arrive at the Einstein equations.

2.5 Black Hole Thermodynamics

The dicussion of classical Black hole thermodynamics appears to be same
as ordinary laws of thermodynamics applied to a system containing a black
hole. The analogy of thermodynamic behavior where the horizon area play-
ing the role of entropy is striking. This gave the boost to the theory with
more terms coined for black hole thermodynamics as

surface gravity: For a Killing vector field £, however for all Killing hori-
zon, we only have the freedom to rescale £ by a constant, and if we have a
preferred normalisation for £, then k¢ is uniquely determined and is known

as the surface gravity of the Killing horizon or of the corresponding black

16



hole. An equivalent definition of x is the the magnitude of the accelera-
tion, with respect to Killing time, of a stationary zero angular momentum
particle just outside the horizon.

Temperature: Temperature of the black hole is connected to the whole
concept of Hawking radiation. The idea that black hole generate virtual
particles at the edge of event horizon and these particles recombine and
disappear in a puff of annihilation near event horizon. Thus temperature
of the black hole relate to the surface gravity at horizon.

By its striking behaviour, there must be some relationship between prop-
erties of black hole and classical thermodynamic laws, which are then for-

mulated as

e surface gravity remains constant on event horizon for a stationary

black hole

e total mass of the black hole is related to charge, angular momentum,

entropy of the black hole as
OM = 8idA + ®dQ + QdJ
™

where, k is the surface gravity at horizon
e total area of the black hole is increased in every process
e x = 0 is not possible in any process

For studying black hole thermodynamics and other black hole related event

always consider;[10]
M>Q >0
Two reason related to this choice are;

e In order to follow the Cosmic Censorship principle given by Penrose
which states that all singularities need to be hidden from an observer

at infinity by the event horizon of black hole.
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e Not much is known about the naked singularity.
We can divide the metric in three regions;
Regionl :ry <r < oo
Region2 :r_ <r <rgi
Region3d : 0 <r <r_

For a particle crossing the event horizon from region 1 to region 2,
an observer far away from the geometry of black hole would think him to
be redshifted. However the falling observer takes finite time to reach the
horizon.

Inside region 2, particles move in the direction of decreasing r. On
reaching the region 3, r switches back to spacelike coordinate and hence
we are saved from being hit by the singularity. One can continue moving
in the direction of singularity or can move in the direction of increasing r.

Again on reaching region 2, r swaps its nature but with reversed direction.

AdS Black Hole Thermodynamics

AdS black hole Thermodynamics is much extended as it considers cosmo-
logical constant as one of the thermodynamical parameter. Thus, the first
law of thermodynamics is modified by VdP term, where P = —% and
in this context mass is considered as enthalpy of the system rather then

internal energy.[2]
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Chapter 3

Einstein-Maxwell-Dilaton

Theory in (241) dimensions

3.1 Introduction

We aim to study black hole solution of an Einstein-Maxwell gravity with
minimally coupled scalar field in (2 + 1) dimensions. Black hole solution
comprising gravity coupled to a scalar field is known as hairy black hole.
The general form of Einstein Maxwell dilaton action in (2 4 1) dimensions

is given as,

S = [ V=gd*e(R = 20,(6)0"(6) - W(@)Fu P = V() (31)

which contains some dilaton ¢. W(¢) is usually an exponential function
of the dilaton field and V' (¢) is self-interacting potential. The form of the

field strength is given as,
F,=0,A,—0,A,. (3.2)

Here, we start with an action in which scalar couples to gravity in a minimal

way and it also couples to itself via a self interacting potential V(o).

S = [VEaPa(R = VL OV0) — 2V (9) — Fu ") (33)
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where,

F,, =0,A,— 0,A,. (3.4)

The equations of motion obtained after perturbing the action are as follows:
for metric:

On perturbing it with respect to g,,, and using trace reversal technique we
get,

1 1
pv u¢au¢ 29W §FWFVP + ZgWFpOFM =0. (3'5)

for dilaton:

On perturbing it with respect to (¢) we get,

v

0,(v=50"0) - 5 =

(3.6)

i

for gauge field:
On perturbing it with respect to A, we get,

d,(v/—gF"™) = 0. (3.7)

We work on the ansatz of the following form,

2

ds® = —f(r)dt +f(7’)

2(r)dz?, (3.8)

where coordinate ranges from —oo <t < oo, r > 0 and —7 < z < 7, Let
us consider that A, and ¢ are functions of radial coordinates only. Using
Eq. 3.7 and above assumption, Maxwell’s field can be given by chossing

another ansatz,

A, = F(r)dt, (3.9)
such that,
Q
Fy=——, 3.10
T () (310)

where () is a constant.

Using above ansatz we can write below the equation of motion by substi-
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tuting the value of R,

fry + fyf" +4fyV =0, (3.11)
Y Y e 2V

T (¢)) =0 (3.12)
—yf'y —yfy" =20’V - Q> =0, (3.13)
y/f¢/ 1t 1" dv_

y +fo+fe —%—0. (3.14)

On multiplying Eq. 3.12 by (2yf?) and then add to Eq. 3.11, we get a

relation between y(r) and ¢, given as

Yoo (¢ (3.15)

In Eq. 3.12 on putting the value of ¢ from Eq. 3.15, we can get the equation

for potential V(¢) as:
f/y/ f//

V =
4y 4

(3.16)

In Eq 3.13 on putting the value of potential, we get second order non-
homogenous differential equation as:
f/y/ y// f// QQ

Toy oy 2 g (317

Eq. 3.15, 3.16 and 3.17 can be used to determine the expression for scalar
field, potential, f(r) and y(r).
We can solve differential Eq. 3.15 by assuming a form of y(r), which we

choose to be,

y(r) = g(o(r)) (3.18)
Solving for ¢ then gives,
¢=co— W (3.19)
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where « is some constant from calculation. By rescaling r, we can take

c1 = 0 and then ¢ becomes
1
O =y — aln(r). (3.20)

Here, ¢pg = c5 — iln(a). On doing further suitable calculations, we get the

expression for y(¢) of the form

y<¢) _ e%(faf\/TWM)CB + e%(fomL\/TszQd))czl. (3.21)

Thus we obtained exact expression for scalar field and y(r). To obtain the
form of f(r), we use equation Eq. 3.17 which is bit tedious to solve by
ordinary differential equation solving method so we use numerical methods
to solve the differential equation. We solved f(r) in steps i.e. for small

value of 7.

3.2 Asymptotic Solution for small r

To ease our problem, we use series solution method for small » and assume

the solution of f(r) as
6
flr)y =2 an™. (3.22)
n=0

Expanding Eq. 3.19 for small r up to fifth order for Eq. 3.17, we get,

log(cy) rooar?t Pt ot ot 6
(.. _ _r _ _ O(r)®. (3.23
o(r) <02 o) e * 2c3 3c} * 4¢i b} O (3.23)

Using DSolve technique in mathematica and truncating the result upto
sixth order, we get the series solution of differential Eq. 3.17. The expres-
sion for f(r) for small value of r is given in Appendix [ 4.1]

To get a value of event horizon, we solved the problem numerically using
NDSolve technique in mathematica for small value of r. NDSolve tech-
nique is based on Runge Kutta Method, that gives an iterative solution
when initial condition is known at one end but has to be evaluated at the

other boundary.
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Since the range of r is from 0 to infinity, we make our range finite by repa-

rameterized r to u= le such that, u lies in finite range between 0 and 1.
We confined our calculation to small » and upper range of u was set to be
1. From the graph we got the numerical value of event horizon at 0.880812
for f(r) to be zero in new range of r, as shown in Fig.[ 3.1]

1 1 L L 1 L L L 1 L I — L L Il

f 0.2 D.4 0.6 0.8 10

Figure 3.1: Graph between f(r) vs r forag = a1 = Q = ¢y =¢; = ¢35 =
ca=land =3

Here, the coordinates of ¢ and r change their sign on the other end of the
boundary signifing a black hole region. Root of f(r) for which curvature in-
variants viz., Ricci scalar, R,,R® and Kretschmann scalar Rp.qR%, give
finite result is interpreted as horizon. The equation of curvature invariants
are given respectively

2y " 21y

R= , 3.24
) (3.24)

Bfy"? + v f" + 2fuf"y" + 412" + 2y (yf" +3f y//)>(3 25)
292 .

Ry R"™ =

2f/2y/2 + y2f/12 + 4ff/y/y// + 4f2y//2
y? '

vVpo
Ryuype RP7 =

(3.26)

To check whether the horizon is coordinate, naked or a real singularity, we
find numerically the values of curvature invariants at event horizon and
putting the numerical value of f(r) and y(r) in above equations, they are

calculated to be -143.974, 14193.1 and 36043.9 respectively. For our case
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they are finite values which means we have coordinate singularity.

The value of potential V(¢(r)) is found by substituting the value of f(r),
¢(r) and y(r) in Eq. 3.16 to get the expression given in Appendix| 4.1].
The graph between V' (r) and r is shown in Fig.[ 3.2]

Figure 3.2: Graph between V(r) and r for ag = a3 = Q = o = ¢ =
czs=cu=1land a=3

Since the value of potential increases at other boundary where v = 1 and
also the space time metric swap their signs, so we can signify the black hole
region near r — 0 for  to be in its whole infinite range.

Kinetic energy of scalar field: The kinetic term of the scalar field at

boundary is given as

K.E. = 8,60, (3.27)
K.E. = ¢"8,00,0. (3.28)
For, y=v =T,
K.E. = ¢ 0,00,6. (3.29)
K.E.(r — o0) = f(r) (m 1+ 62)2 —0 (3.30)
K.E.(r— 0) = f(r) (m 1+ 02)2 - Zg (3.31)

Thus, kinetic term of scalar field become zero at » — oo and have a contact
value at r — 0 i.e. near black hole region.

Komar charge: The electric current associated to the electromagnetic
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field tensor F), is conserved, so we can associate an electric charge to

spacelike surface o by,

QKomar = - Aa dd_QxﬁUMO'VFMV, (332)

where Jo is the boundary of o at spatial infinity. v;; is the induced metric

on do and o, is the outward pointing unit normal to do. For our case:

o” = (0, f(r)2,0),
VY =yl(r),

which gives us the value of Komar charge as,

QKomar = 27TQ

Komar mass: Using the above analogy we can define Komar Mass since

we have timelike Killing vector which can give rise to energy/mass :

1
MKomar = E/ ddiQﬁnMUVANKV (333)
otV —4+a2)d 5%
MKomar = %€_< - 24+ . <C3 +e —4to ¢C4) (334)

for r — 0 and ¢ = % . Thus mass can be interpreted in terms of a,
and parameters of y(r) and scalar field at boundary.

From expression of ¢ at r — 0, we get

cox — log ¢

¢ =

«

25



3.3 Special case: () =0

Now we consider a case for () = 0, and solve second order homogenous
differential equation given as,

A

2yt (3.35)

We adopt the same method as () # 0 to solve this differential equation for
small value of 7. The expression for f(r) given in Appendix| 4.2].
To get the value of event horizon, we used NDSolve technique in mathemat-

ica based on Runge Kutta Method in this case also. On reparameterizing

1

- finite our range such that u lies between 0 and 1.

rtou=
We confined our calculation to small » and upper range of u was set to be
1. From the graph we got the numerical value of event horizon at 0.479657

for f(r) to be zero in new range of r, as shown in Fig.[ 3.3]

500 [
400 |
300
zo0 F

100 |

Figure 3.3: Graph between f(r) vs r forag=a1 =Q =cy =¢; = ¢3 =
cs=1land o =3

Here also the sign of coordinates ¢ and r change on the other end of the
boundary. Same as previous case, we find numerically the values of curva-
ture invariant at horizon and they are calculated to be -760.218, 353483.
and 836002. respectively. Their finite values shows coordinate singularity
in this case also.

Potential V(¢) is given by substituting the value of f(r), ¢(r) and y(r) in
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Eq. 3.16 to get the expression given in Appendix| 4.2] The graph between
V(r) and r is shown in Fig.[ 3.4], the value of potential increases at bound-

ary where space time swap their signs.

Figure 3.4: Graph between V(r) and r for ag = a3 = Q = o = ¢ =
czs=cu=land a=3

Kinetic energy of scalar field and Komar mass have the same values in this

case also.

We have expression for ¢ and y(¢(r)). We will consider o = g for the

special case. Implementing the value of a. our expression for y(¢) will be,
y(¢) = cle*% + ce™ 2, (3.36)
and ¢ will be modified accordingly
2
= o — gln(r). (3.37)

Substituting the value of ¢ from Eq. 3.37 into Eq. 3.36, we get the expres-
sion as,

y(§) = cirse™ T + cyrie . (3.38)
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Further we get from Eq. 3.17 the following equation for ()=0 case as,

f/y/ y// f//
_ — 4=
2fy y  2f

0. (3.39)

On solving Eq. 3.12, we get the expression for potential for () = 0 case,

which is given as,

L (3.40)

3.3.1 Solution for y(r) =rs

To solve differential Eq. 3.39, we consider ¢;=1,co=0 and ¢y=0 in Eq. 3.36
to get y(r) = r5. On putting the values of ¢ and y in Eq. 3.39, we obtain

the final differential equation as,

" 8f r
S+ o f =0, (3.41)

The solution for the above differential Eq. 3.41 is,

flr)y= ric,+ric,. (3.42)
2
Let ¢y = —rg and ¢y = 1 we get,
2 2 2
f(r) =rs[—r§ +rs]. (3.43)

Our motive here is to get the event horizon for which we substitute f(r)=0
in Eq. 3.43. We obtained event horizon at r = ry and curvature singularity
at r = ro and r = 0 for which spacial coordinate blow up.

The graph between f(r) and r is shown in Fig[ 3.5] which shows r — 0 be
the region of black hole in this case as sign of f(r) is negative near this

boundary.

For the curvature singularities Ricci scalar, Ricci tensor squared and
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3L
o

Figure 3.5: Graph between f(r) and r for y(r) = r3

Kretschmann scalar can be written as,

2(5a575 4 2lasrs — 11air? + 2rs — 17(ar)3)

R = , 3.44
25(—a%r + T%)Q(T% - (ar)%) (3.44)
A(11a5 + 4(r5 — 3(ar)?
Ry R = A2 202 2 3(@)T)) (3.45)
625175
2 2 4 4 2
Ry RIPT — 4(as —r35)4(19a5 + 1215 — 28(@7“)52) (3.46)

62515 (a3 + 75 — 2(ar)3)(rs — (ar)?)?’
respectively.  The wvalue of Ricci scalar, norm of Ricci tensor and
Kretschmann scalar was found to be finite for finite values of the radial
component r.

On substituting Eq. 3.42 into Eq. 3.40 we obtain the value of potential as,

g

o5t

, (3.47)

which at » — oo is zero shows asymptotically flat space time in (2+41)

dimensions. The graph between V' (r) vs r is shown in Fig.[ 3.6]
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Figure 3.6: Graph between V (r) and r for y(r) = rs

Scalar field at boundary: At r — 0, the value of scalar field comes

out to be constant i.e. ¢y and kinetic term of the scalar field is given as,

K.E. = 0,00"9, (3.48)
K.E. = ¢"0,00,¢, (3.49)

For, uy=v=r,
K.E. = g"0,.¢0.9, (3.50)

SN

2
K.E. = rg(—r(? +r

) o

which shows that scalar field decays at large value of r.

Komar Mass

Using the above analogy we can define Komar Mass since we have timelike
Killing vector allows us to define associated conserved charges as energy/-

mass as follows,[12][11]

1
Mromar = / A2\ Ao, AP KY (3.52)
™ JOo

In this case,



K" =(-1,0,0).
It gives Komar mass as,
1 TO%
Mg omar = = — . 3.53
o 5 10r% (3:53)

First law of thermodynamics

Before we proceed further, let us examine the generalized first law of ther-

modynamics for this particular solution. The metric is then given as

[SF

£(r) = 10r (M _ 110> (3.54)

The parameter M in eq 3.54 represents the Komar mass of the black hole.
The event horizon is located at r = ry for which f(ro) = 0, gives the value

of mass as,
1

M=—
10

(3.55)

The surface gravity, temperature and entropy at event horizon (derivation

is given in Appendix E [4.5]) is given as

_1of 1, B oo
"Saor  Tog/tw=0 S=5at)

Taking variation of following quantites, we get

OM =0 (95217;)7“0_54 T9S = 0

such that
oM =ToS

which satisfies first law of thermodynamics for asymptotically flat un-

charged black hole solution in (241) dimensions.

31



(S

3.3.2 Solution for y(r) =r

Since we are working on different conditions to obtain the exact solution

of Einstein-Maxwell-Dilaton coupled theory, and already investigate one

solution for which we prove first law of thermodynamics.

For a different solution we consider second case, for which we assume ¢;=0,

co=1 and ¢y=0 in Eq. 3.36 to get y(r) = rs. On solving differential Eq. 3.39

for new values of ¢ and y(r), we obtain the final differential equation as,
5rf" + if

r

Af' = 0. (3.56)

The solution for the above differential Eq. 3.56 is,

f(r) =ries+ricy. (3.57)
7
Let c3 = —r§ and ¢y = 1 we get,
1 7
f(r)=rs[—r§ + T%]. (3.58)

The event horizon is obtained at r = ry. Since, metric has a singularity at
r = 0, which is a curvature singularity. It also seems to have a singularity
at event horizon same as in Schwarszchild case but in both the cases, only
spacial coordinate blow up.

In this case, value of Ricci scalar, norm of Ricci tensor and Kretschmann

scalar are found to be,

7 7
4(rg + 2073)

R=——0""" 3.59
207"% ( )
16 (98  (rg +6r)2(rs — (r1r)4)?
RMVRHV =~ | 7 0 7 = 0 ) (360)
625 \ r3 7“4(7“03 —r35)2
16(—rg +73)% (3 + 13615 + 8(ror)?)
RyupoR“ypg = 0 0 (361)

16, 8 7 N1 Ls 3 Laaiy’
625175 (rs — (r{r)s)(=2rirs +r3 4 (rjdr)s)
Curvature invariants come out to be finite for finite value of r and at r = rg

in this case also which saved us from violating the Cosmic Censorship
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principle.

The graph between f(r) and r is shown in Fig.[ 3.7]

4
5

Figure 3.7: Graph between f(r) and r for y(r) =r

The value of potential is obtained on substituting Eq. 3.58 in Eq. 3.16 as,

—14

S 3.62
2513 (3.62)

which also shows asymptotically flat space time for r — oo. The graph

between V(r) and r is shown in Fig.[ 3.8]

(S

Figure 3.8: Graph between V (r) and r for y(r) =r

Scalar field at boundary: At r — 0, the value of scalar field comes to
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be constant i.e. ¢y and kinetic term of the scalar field is given as,

K.E. = 0,000, (3.63)
K.E. = ¢"8,60,6. (3.64)
For, y=v=r,
K.E. = ¢ 0,60,0. (3.65)
1, I 1, (—2)\?
K.E. = r¥(=r§ + 1) (w) , (3.66)

which shows that scalar field decays at much larger values of r as compared

to previous case.

Komar mass

For this solution, we can find Komar mass like above taking Killing vector

to be K¥ = (2,0,0) and the value is calculated to be

Micomar = At o (3.67)
omar 5 10

First law of thermodynamics

In this case, metric is given as

f(r)= 1073 (—M — 1707"E> (3.68)

and thermodynamic quanties can be expressed in terms of 7 as,

7T 1 f'(ro) — 4975 T o4
M=—__ T — — _r
10" ir 20 5=
variation of following quantities with respect to rg is
—49 4t -1 —49
3M:Wr0§87‘0 85257‘0587"0 T@S:Wrogaro
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which proves first law of thermodynamics for this case also by renormalizing

Killing vector.

3.4 Results and Discussion

In this thesis, we have obtained and analysed a solution for Einstein-
Maxwell-Dilaton gravity in (2+1) dimensions. The solution is a static
charged black hole with a regular horizon. Komar integrals are used to get
total mass and charge of black hole. For a generalised case in which we con-
sidered charge to be zero and took specific solution of y(r), we futher anal-
ysed the thermodynamic property of (2+1)-dimensional black hole which
comes out to be much similar as (341)-dimensional black hole. From the

above calculations, following results are obtained as follows:

e For both the cases, we obtained event horizon at » = 0 and r = r,
thus curvature singulaity is obtained at the origin which is similar to
charged black hole in literature. Kretschmann Scalar, Ricci Scalar
and R,“,R“b were calculated and their finite result saved us from vio-

lating the Cosmic Censorship principle.

e In both the case for r — oo we obtained asymptotically flat space
time from the expression of potential. In general, (2+1) dimensional

black hole are found in de-Sitter or anti-de Sitter space time.

e Mass of the black hole is calculated using Komar integrals and other
thermodynamical quantities are calculated which shows similar re-

sults as in Schwarszchild case.

e First law of black hole thermodynamics is further proved in both the

cases.

3.5 Conclusion and Outlook

We started with coupled action and found a solution for scalar field and an

exact expression of y(r). We obtained and analysed solution for Einstein-
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Maxwell-Dilaton gravity which is charged black hole in anti de-Sitter space
time with a regular horizon. We have also found the exact solution of
Einstein- Maxwell-Dilaton gravity which is a massive uncharged black hole
for some specific values of «, ¢; and ¢y, considering charge to be zero. The
value of potential found to be zero at r — oo in both the cases which shows
asymptotically flat space time for general case. We have demonstrated the
first law of thermodynamics for both the cases.
Expressions obtained in the theory
Solution of scalar field and y(r) are given as,

Scalar Field(6) = ¢, — 280+ 1)

«

y<¢) _ 6%(7047\/TW)¢C3 + e%(fa+\/w¢)c4.

For @) # 0, expression of f(r) and potential V' (r) are given in Appendix][ 4.1]
For @) = 0, expression of f(r) and potential V' (r) are given in Appendix][ 4.2]
For y(r) = r5 and ¢ = ¢y — 2In(r). Expression of f(r) and potential V' (r)

are given as,

For y(r) =5 and ¢ = ¢ — 2in(r). Expression of f(r) and potential V' (r)

are given as,

1 T 7
f(r) =r3[-rg + 73],
14
2515

It was shown that curvature singularity comes at » = 0 and at event horizon
ro where in both the cases spacial coordinate blow up. Further, scalar field
decays at large value of r but in second case it deacys for much larger value
of r. In future, we can work on more generalised cases of ¢ and y(r) and
considered non zero component of charge. We can also work on thermody-

namic properties and can also try to prove first law of thermodynamics for
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more general cases.

We can extend our work for higher dimensions and can study the dynamics
of de Sitter space or anti de Sitter space time and study its vacuum prop-
erties and properties of wave propagating in it. We can also analyse the
stability of Einstein Maxwell black hole using the heat capacity and can

find whether it undergoes any phase transition.
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Chapter 4

Appendix

4.1 Appendix A

The expression of f(r) and potential V' (r) for the most general case where
@ # 0 is given in this appendix. Since we have calculated the expression of
f(r) in mathematica we need to change our constants with some different
variables to run the code in mathematica file. The expression given below
for f(r) and V(r) holds such changes given as,

c=cy,b=crand p=c3,q=c4
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Expression for £ (r)
£[r] =

1 2V -4+a? V-a+a?
a[0]+a[l]*r+ |- (4b < p?a[0]+8b « e V-4 pga[0]+

vy — \?
4b2 [b t p_i_(ec -4+a? q]

4ez<:‘\/—4+a(2 qza[o] +bec V -4+a? q2 (—a+‘\’—4+a2 )a[l] -

2V -4+a? a+rV -4+a?
b« p? [a+'\,—4+a2)a[1]—2b . ee V-4t (2e°°‘Q2+pqaa[1])) *r2 4+

1 1_+3V—4+a2

(-sz s 2o N4t 32 (—15a+'\/—4+a2 ]a[0] -
V-a+a?

6b7/2 [b « p+e° \ -4+a? q

1, 4'\/-4“:2
3b eV -d+a® q(—5a+'\,—4+a2)a[0]—
1 5V-4+a?
b2~ =« p° (—3a+ _4+a2)a[0]+'\/_e5° el qs( +1/-4+a? )a[0]+
3b

,—4+a2 Voaia® ’
eV -4+’ gt (5a+ -4+a? )a[0]+2bz « ecN -t p2gl
3 5V-4+a?
15a+4/-4+a? Ja[ol—ab?+ = p°a[l]-3b*2e’eN 4" gPai]+

—

2V 4+a?
-4+a? pq (ecaQ (-3a+'\,—4+a2)-30an[1])+
‘\/74+a
\[_4+a [qa""‘Q2 (—a+'\/—4+a2 )—15an[1])‘
4‘\/ 4+a?
'\’—4+a [ecaQZ [a+,"_4+a2 )+15pqa[1])_
'\/Taz

e\ -4ral (zp_‘:‘"Q2 (3a+'\,—4+a2)+30pqa[1])) *r+

-26+29a%)a[0] +

1 (_ z _:m? \j -4+a?
5 4
48b? [b- = precV-tea q)



44 -4+a?

6b- « p? (2—3a2+a‘\/—4+a2)a[O]—6e4°V‘4+°‘2 q4(—2+3a2+a‘\/—4+a2)a[0]+
3V -4+a?

4b” « CV““"‘Zp3q(16—19a2+3a'\/—4+a2)a[O]—

0

4V -4+a?
5p T « pt (—3a+ —4+o? )a[l] +5betcV-4ra? gt (3a+'\/—4+a2 )a[l] +

2V -4+a?
2bM T . e2eV-4+a® pg (4e°°‘Q2+45pqaa[1]) +
3V -4+a?
2bM T« ee Vv p2 (ecaoz (—10+3a2+3a‘\/—4+a2 )-

a+V -4+a?
5pq(—6a+'\/—4+a2)a[l]]+2b e e3c Vet 2

—@%% QZ

—
—

10—3a2+3a'\/—4+a2 )+5pq (6a+'\/—4+a2 )a[l])) *rts

e
~
1
o
1

77V -4+a?
« D’ (39a—36a3—5'\/—4+a2 +12a2'\/—4+a2 )
120b17/2 (b_i_mp_'_ec V -4+a? q]

a[0] +b7/2e7c N -4+’ o7 (—39a+36a3—5 -4+0? +12a2 /-4 +a? )a[O] -

]

7 3V -4+a?
ba' T . etc V-4’ p3gl (—1925a+1400a3—9 -4+ +56a2‘\/—4+a2 )a[O]—
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4.2 Appendix B

The expression of f(r) and potential V' (r) for the most general case where
@ = 0 is given in this appendix. Since we have calculated the expression of
f(r) in mathematica we need to change our constants with some different
variables to run the code in mathematica file. The expression given below
for f(r) and V(r) holds such changes given as,

c=cy,b=cand p=c3,qg=c4
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j
'S
+
)
Le]
Q
—
N
~
o
Q
N
o
=
|,

|
|
|$>
+
Q
+
=
=
],
|
S
+
3}

N—
o
o
—
+

5 24 -4+0?
2bz' « @3Vt p243 (—279a+201a3—'\/ -4+a? +11a? ‘\/—4+a2 )a[O]—
5_(_5 -4+a?
b2~ « p° (39a—36a3—5'\/—4+az +12a? '\/—4+a )a[0]+
b5/2e5cV-4+a’ o5 (—39a+36a3—5'\/—4+a2 +12a? \/-4+a2 )a[O] -




2 | forlatex.nb

5 4V -4+a?
b = o V4w p4q(251a—194a3—7'\/—4+a2 +34a2'\/—4+a2 )a[0]+

5 V-4+a?
ba' "« etcV-dra? pgt (—251a+194a3—7'\/—4+a2 +34a2'\/—4+a2 )a[O] +
7 34 -4+0?
2bs" T . e2e N~ p3g2 (67—148a2+13a'\/—4+a2 )a[l] +

N [
3b:' « et V-4 p4q(21—49a2+13a'\/—4+a2)a[l]+
L V-4+a?
b2~ « p° (11—29a2+13a'\/—4+a2)a[l]—
b7/2@5c N 4o’ o5 (-11+29 a2+13a'\/—4+a2 )a[l] -
V»4+a
3b eV -dra? gt (-21+49a2+13m/-4+a2]a[l]-

<

«

7 2V -4+a?
2b2" T« @3N -4t p2g3 (—67+1480¢2+13o¢'\,—4+o¢2 )a[l]) *T0

1 EW
4b

= eVt p2g? (58-1117a%+630a) a[0] +
74011
1440b6[ « p+ec V-4 ]

3 744a
eV -4+a P q( 88+709a?-408a* —3a'\,—4+a +48a° '\,—4+a )a[O]—
—4+u2 ,
-4a? pa’ (88 709 a®+408 a* —3a'\/—4+a +48a° '\,—4+a )a[0]+
4V -4+a?
2b « ( 22+253a%-180a* —51a'\,—4+a +600a° /-4 +a? )a[O]—

2tV -4 (22—2530:2+180a4—51a'\/—4+a2 +60a3'\/—4+a2 )a[0]+
6b eV -dra? p2a2 g (-263+302a%) a[1] -

3 —4¢a2
6b es\N-4+a o q[166a 199 o —3'\/—4+a +47 o? '\/—4+a )a[l]+
a+ —4+a
6b eV -asa? o3 [166a+199a —3'\/—4+a +47a? '\/—4+a )a[l]—
1+4'\/—4+a2
3b a 69a-96a’ -7'\/—4+a +48a? '\/—4+a a[l]+




for latex.nb | 3

3bete V-4’ (—69a+96a3—7'\/—4+a2 +48a2'\/—4+a2 )a[l]) *rb

Expression for V (r)
Vir] =

1 1 3_._2\/»4“:2 3,3V -4v?
=|- d (—bz . e V-4 pzq(—9a+'\/—4+a2 )a[O] b2«
4 V-4+a?

b9/2 (b « p+eS \/ —4+a? q)

p’ [—3cz+'\/—4+012 )a[O] +b3/2g3c N -dsa® o3 (3oz+'\/—4+c¢2 )a[O] +
3_+ V-4+a? 2 5_+ 3V -4+a2 5_+ 2V -4+a?
b2« e?° V-4 pg? (9a+'\/—4+a2 )a[O]—3bz ~« pla[l]-9bz <

5 A -4+a?
e01’_4+a2 pzqa[l] _9b2—+ - e2c\’—4+a2 qua[l] _3b5/2e3c \/—4+a2 q3a[1])+
V-4+a?
(4b—a pa[0]+4e° V4" qa[0]+besV -4 g ("“ -4 )a[ll-
b~ = p(a+‘\/—4+a2)a[1]]/ [2102 (b « p+ec V-t q))—

V-4+a? 2V-4+a?

2r2 [-40b—a ecV‘4+“2pq(—1+a2)a[0]+6b «

1

4bt (b4a_p+e° -4sa? q)

p? (2—3a2+a'\,—4+a2 ]a[O] -ge2c\-4ra® o2 (—2+3a2+a'\/—4+a2 )a[O] +
a+V -d+a? 2V -4+a?
30b = e V-4 pgaa[l]-5b"" « p? (—3 a+/-4+a? )a[l] +

A/ 1
5be?c -4+’ 42 [3oz+'\/—4+oz2 )a[l]]— 3

-4+a?

r
5
6b15/2 b = p+ec —4+a? q]
5 3V-4+a?
(-2bz" w e2c\-4ra® p3g2 (279a—201a3—'\/—4+a2 +11a2 /-4 +0o? )a[O] +
5 24 -4+a?
2b T = el V-4ved 23 (—279a+201a3—'\/—4+a2 +11la? /-4 +a? )a[O] -

5 5V-4+a?
bz~ « p° [39a-36a3—5'\/-4+a2 +12a2'\/—4+a2)a[0]+
b3/2@5c N -4+a® o5 (—39a+36a3-5'\/—4+a2 +12a%4/ -4+ )a[O]—

5 4V -4+a?
b’ & et V-4 p4q(251a—194a3—7'\/—4+a2 +34a2‘\/—4+a2 )a[0]+




4 | forlatex.nb

5 V-4+a?

b . et V-4 pot (—251a+194a3—7‘\/—4+a2 +34a2'\/—4+a2 )a[O] +
7 3V -4+a?

bt . e2e Vi 3 g2 (67—148a2+13a'\/—4+a2 ]a[l] +

bLNfTecmp‘*q(21-49a2+13aw/-4+a2 )a[l] +
b;‘*svapS [11—29a2+13a'\/—4+a2 )a[l] -

b7/2e5°mq5 (-11+29 a?+13 a'\/—4+a2 ]a[l] -

3b1‘*v_iT e4°mpq4 (—21+49a2+13 a‘\/—4+a2 )a[l] -
2b?’NfT; e3°mp2q3 (—67+148cx2+13a'\/—4+a2 )a[l])—

1

Nerveey 4
48Db° (b_a p+ec -4+’ q]

3V -4+a?

4b = esV-4a pig [-88+709a2—408a4—3a‘\/-4+a2 +48a3‘\/—4+a2 )a[O]—

4b~ « e N-4a pol (88-7o9a2+408a4-3m/-4+a2 +48a3'\/—4+a2 )a[O] +
4V -4+a?

2b~ « p* (—22+253a2—180a4—51a -4+ +60a3'\/—4+a2)a[0]—

2%V -4ra? 44 (22—253a2+180a4-51a -4+a® +60a° —4+a2)a[0]+

N

I

w

<

2V ;
r* |-4b” «  e®°V %% p?q® (58-1117a°+630a*) a[0] +

2V-4+a?
o

6b"" e?cN -4+ p2q2q (-263+3020%) a[1] -

3V -4+a?
6b' T« ec V-4’ pig 166a—199a3—3‘\/—4+a2 +47a2'\/—4+a2 )a[1]+

a+V-4+a?
6b =« e V-4 5ol (—166a+199a3—3 '\/—4+a2 +47a2'\/—4+a2 )a[l] -

+4’\/—4+a2
3b «  pt 69a—96a3—7'\/—4+a2 +48a? —4+a2)a[1]+

[

3betc V-4’ gt [—69a+96a3—7 -4 +a® +48a%\[-4+a? )a[l]) -

Lloa-\ -4+a? ] (C—M) 1_[_0“_ _4+a? ) (C_L"q[b‘r“]]
2( - p(—a—m) e’ * q(—a+m)

(]

2(b+ra) 2(b+ra)



for latex.nb | 5

1
af[l]+

r
Vo — )\
2p9/2 [ba—p+e° -4+a? q]

2

V-4+a?

3.2 3 3V-4+a?
[—b? « et N4 p2g (—9 a+'\/—4 +a? )a[O] -bz'" « p° [—3oz+'\,—4+oc2 ]
3 V-4+a?
a[0] +b3/2e3¢ V -4+a? g’ (3 a+'\’—4 +a? )

a[0]+b:" " « e2c V-4 o
L;'\/-A}m’ LZ'V-A+&2 3
q? (9a+'\/—4+a2)a[0]—3b2 = pla[l]-9bz' « e° V-4’ p2

ezc'\/-4+a2 pqza[l] _3Dp5/2 esc\/ -4+a? q3a[1]) _

v -4+a?

a

5
ga[l]-9bz"

r|4b «

a+V-d+a

b~ - Zp(a+'\/—4+a2]a[1]])/
[2 b? [b imz p+e° N -4+a? q]] +

1

r
V-4+a? 2
12b* (b « precV-4re q)

3

-4+a? 2 2\/41«12
-40b~ = e*V** pqg(-1+0®)a[0]+6b  «

< D2 [2—30:2+oz'\,—4+0£2 )a[O] -
6‘!_!2c\‘/—4+"l2 q2 [_2+3a2+a'\/—4+a2 )a[O] +

a+V -4+a?
30b =« e V-4 pgaa[l]-5b""

2V -4+a?

«  p? [—3a+ -4 +o? )a[1]+
A 1
5be2c -4+’ 42 (3a+'\/—4+a2 )a[l])+

Ny — \®
24 b15/2 [ba_p+ec -4+a? q]

r4

5 3V-4+a?
—2b3" T . e2eN -t p3g2 (2790(—201a3—'\/—4+a2 +11a?\[-4 +a? )a[0]+
5_+2’V74+a2
2b:2 «

5, V-4+a?
af[0] -b:

a

e3cV-4rat g2 g3 [—279a+201a3—'\/—4+a2 +11a? /-4 +a® )

p° (39a—36a3—5'\/—4+a2 +12a2'\/—4+a2 )a[O] +

e3cV-4+a® o5 (—39a+36a3—5'\/—4+a2 +12a2'\/—4+a2 )a[O] -
5_‘_4\/—4“:(Z 2
b2~ « e° Ve p4q(251a—194a3—7'\/—4+a2 +34a2'\/—4+a2)a[0]+
bz—* -:mz e4c -4+

‘pat (—251a+194a3—7'\/—4+a2 +34a2'\/—4+a2]a[0] +



6 | forlatex.nb

7 3V-4+a?
2b" T = e2c V-4’ o3 g2 [67—148a2+13a'\/—4+a2 )a[l] +

LAV-4¢a2 2
3bz & e° V-4 p4q(21-49a2+13m/-4+a2)a[1]+

7_'_5\/—4“1‘
b2~ « p° (11—29a2+13a'\/—4+a2]a[l]—
7 V-4+a?
b7/2 5N -4ve o (—11+29a2+13a'\/—4+a2 )a[l] -3bs" T . eteN-aee

7 24 -4+a?
pg? (—21+49a2+13 an/-4+a? )a[l] —2ba' T . ede V-4t p2 g3
(—67+148a2+13a'\/—4+a2 )a[l])+

5

1
. r
V-4+a?
240b6 (b = p+ec \j—4+a2 q)
2V -4+a? 3V -4+a?

[—4b a ereN-dval p2 g2 (58-11170*+630a*) a[0] +4b = ecV-4re
YV -4+a?
p3q(—88+709a2—408a4—3a‘\/—4+a2 +48a3'\/—4+a2 )a[O] -4b~ &«

e3cV-4+a’ b (88—709012+408a4—3a'\/—4+a2 +48a3'\/—4+a2 )a[O] +
4V -44+a?
2b~ « p? (—22+253a2—180a4—51a'\/—4+a2 +60a3'\/—4+a2 )a[O] -

2etcV-4va’ gt [22-253a2+180a4-51a -4+a? +60a° /-4 +a? )a[O] +

1+

2V -4+a? 2
6b = @V p?q’a(-263+3020°)a[l] -

3V»4+a3
6b T = ec V-4’ pig (166a—199a3—3'\/—4+a2 +47a2'\/—4+a2 ]a[1]+
a+rV -4+a?
b« ecV-4a? pol (—166a+199a3—3'\/-4+a2 +47a2'\/—4+a2 )a[l] -
1+4V»4+a3
3b «  pt (69a—96a3—7'\/—4+a2 +48a%[-4+a? )a[1]+

6

3betc V-4’ gt (—69a+96a3—7'\/—4+a2 +48a%\/-4+a? )a[l]] /
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4.3 Appendix C

This is the mathematica file use to evaluate christoffel symbols, Ricci and
Riemann Tensor and Ricci Scalar, and further calculated curvature invari-

ants for the first case where the value of y(r) = r5.

o7



In[57]

In[58]

In[60]

Out[61]

In[63]

In[64]:=

Out[64]=

ClearAll["Global *"]
: Symbol antisymmetricQ is Protected. >
. Symbol antisymmetrize is Protected. >
. Symbol Christoffel is Protected. >

. Further output of will be suppressed during this calculation. >

$Assumptions = And[reReals, a €eReals, yeReals, t eReals, z€Reals, r>0, a> 0] ;

metricsign =-1;

coord = {t, r, z};

fr=rA(2/5) (rA(2/5)-an(2/5)); yr=rA(1/5)
metric = DiagonalMatri}{{—fr, 1/fr, yrl\Z}] ;

r1/5

<<diffgeo.m

displayl_ChristoffelJ
{Z, r, Z} L
{z, 2z, 1} St
a_2/5_r2/5

{r’ Z’ Z} 5r1/5
{t, t, r} a2/5_2r2/5
{t, r’ t} 5a2/5r_5r7/5

(a2/5_2 r2/5) (]_’4/5—(8.]_’)2/5)
{rl r, r} 5 (a2/5_r2/5)2r7/5

4\ 1/5 1/5
{r,t,t) £((%)"7+2r3°-3 (a’r)




2 | metricSwati 1-1.nb

In[65] display[Riemann ]

_3a2/542712/5

{z,r, 1,2} 25<a2/57r2/5)r2

22/5_2 r2/5

{z,t,z, t} P
382/5-2712/5
{r,z,2z,r} T eres
_3a2/54212/5
{Zr r, er} 25 1r6/5
—a2/5421r2/5
{t, z,2z, t} T ompes
2 (3a%/5-2r2/5
{rl ZI rl Z}

50a2/5r2-50 rl2/5
-3a6/512/5-722/5¢6/54218/5:+8 (ax)*/®

25 (_azxs,,rws) 3 y12/5

out[65] {r, t, r, t}

4y 1/5
(2] +2r35-3 (a2r) V8

{z, t, t, z} - e
(&) "% 2ri5.3 (a2p) 1/
-
{t, z, t, z} .
11a6/51r3/5-1524/5r+9a2/5¢7/5-2¥9/5-3 (a8r)*/®
{t,r, t, r} 25 (a2/5-x25) 2775
-11a6/5r3/5415a4/5r-9a2/5r7/542r%/543 (a8 r)l,'s
{r,t, t, r} 25 (a2/3-72/5) ?7/5
3a6/512/54.72/576/5_2 (r8/5+4 (ar)‘“s)
{t, r, r, t} 25 (cat/srga/s) giars
In[66]:= display[RicciTensoxj
} _ 2a2/5
{ Z, 2 25 r6/5

682/574 r2/5
25a2/5 r2_25]:12/5

out[66]= { Ir, r}

2 (3a5/5r3/5-3a4/5r+a2/5r7/5- (ar)1/5)

{t, t}

25 <a2/5_r2/5)2 r7/5

ne7- RiceciScalar
2 (5a8/5r4/5+21a4/5r8/5_11a2/5r2+2r12/5_17 <ar)6/5)

25 (—a2/5r+r7/5)2 (r4/5— (ar)2/5)

Out[67]

inesl= FullSimplify [%]
2 (5a8/5r4/5+21a4/5r8/5_11a2/5r2+2rl2/5_17 <ar)6/5)

25 (—a2/5r+r7/5)2 (r4/5— (ar)2/5)

out[68]=



metricSwati 1-1.nb

In[69):= NOXM [lower [Riemann p {4}]]

5 |2 (5a8/5—l6a2/5r6/5+4r8/5+25 (ar)4/5-18a (arz)l/S)
outlggl= ——
625 rl6/5 (a4/5+r4/572 (ar)2/5>

+

1

W(IA/sf (ar)2/5> (3a2/572r2/5>2 (a2/57r2/5>4 (r4/57 (ar)2/5> +
a -r r

2
r2/5 (—11a6/5r3/5+15a4/5r—9a2/5r7/5+2r9/5+3 (asr)l/S)

+
/5 (ar)?/s
(a4/5+2714/5-3 (ar)”s)2 _ (r4/5-(ar)?/®) (3a6/5r2/5+7a2/5r6/5-2 (r8/5+4 (ar)*/®) )2
r12/5 (—r4/'5+(ar)2/5> (,az/srﬂfws)"
—r4/54 (ar)?/5
n7oj= FullSimplify [%]
4 (a2/5—r2/5)4 (19 at/54+12r4/5_28 (ar)2/5)
Out[70]=
625 rl2/5 (a4/5+r4/5—2 (ar)2/5> <r4/5— (ar)2/5)2
71~ nOrm [RicciTensoﬂ
2
4a%/5 (6a2/5-412/5)2 (r*/°- (ar)?/5)? 4 (—3 at/>r3/513a45r-a?/5r7/5 (agr)l/S)
Out[71]= + +
625 rl6/5 (25a2/5r2—25r12/5)2 625 (a2/5—r2/5)4r14/5 (r4/5—(ar)2/5>2

in72)= FullSimplify [%]
4(11a%°+4 (r*°-3 (ar)?/?))
625r16/5

out[72]=

| 3



4.4 Appendix D

This is the mathematica file use to evaluate christoffel symbols, Ricci and
Riemann Tensor and Ricci Scalar, and further calculated curvature invari-

ants for the second case where the value of y(r) = 5.

61



In[40]

Inf41]

In[43]

Out[44]

In[46]

In[47]:=

Out[47]

ClearAll["Global *"]
: Symbol antisymmetricQ is Protected. >
. Symbol antisymmetrize is Protected. >
. Symbol Christoffel is Protected. >

. Further output of will be suppressed during this calculation. >

$Assumptions = And[reReals, a €eReals, yeReals, t eReals, z€Reals, r>0, a> 0] ;

metricsign =-1;

coord = {t, r, z};

fr=rA(1/5) (rA(7/5)-an(7/5)); yr=rA (4/5)
metric = DiagonalMatri}{{—fr, 1/fr, yrl\Z}];

r4/5

<<diffgeo.m

displayl_ChristoffelJ

{Z, r, Z} A

{z, 2z, 1} ST

{t, t, r} a?/5_8 ¢7/5

{t, T, t} 10a’/5>r-101rt2/5

{r . r} (a7/5—8r7/5) (r8/5_(a7r)1/5)
7 s 10 r6/5 (a7/5—r7/5)2

—9a7/5r8/5+8r3+(a14r)1/5
{rl tl t} 10r4/5

1/5
{(r, z, z) %(—r11/5+<a7r4> )




2 | metricSwati 1-1.nb

In[48] display[Riemann ]

2 (a’”5+6x7/5

{z, r,2z,1r} -

25rl/5
2 (a’”5+6x7/5
{r,z,2z,r} ey
2 (-a”/5+x7/5) (a7/5+4617/5)
{t,r, t, r} 2518/5
2(a14/5+8r145 9 (a )7/5)
{Z’ £, z, t} 25r1/5 al/5- r7/5)
2(314/5+8r145 9( r) /%)
{t, Z, Z, t} 5)

25 (r8/5- )y

2 (75a7/5r5’3+6r37(a14 r)t/®)

25 rll/5 (a"’bfr"“) 2

{z, r, r, 2}

out[48] 2 (5a7/5r8/5-613+ (altr) /)
{r, z, X, Z} 25 r1l/5 (a7/57r7"5>2

2 (-9a7/5r8/5+81r3+ (altr) /)

{z, t, t, z} -

251r9/5
2 (-9a7/5r8/5+8x3+ (altr) /)
{t,z, t, z} 2519/5
2 (4a1%/5r8/5-11a7/5r3+6122/5+ (a2l r)/®)
{r,t, r, t} - ) —
25 rll/s (fa7’5+r7f5)
2 (4a14"5rg/b—lla"/5r3+6r22/'5+ (a?lr) 1/5)
{t, r, r, t} 3
25 r1l/5 (—a7r’5+r7/5)
2 (3a21/5r9/5—15a1’1/5r15f'5+17a7/5r23/5—6r5+(a28r2)1"5)
{r, t, t, r}

252 (a7"57r7/5) 2

In[49]:= displaleicciTensoxj

28r6/5
{z, 2z} T 25

28 (_a7/5+r7/5)
25rl/5

Out[49]= { t Y2 t }

4 (38_21/5 r9/5_15a14/5+16/5,17 a7/5 ¢v23/5_¢ 64 <a28 r2) l/5>

{r’ r} 25 rl2/5 <a7/5_r7/5)4

ns0- RiceciScalar

4 (a”%+20r7/%)

Out[50]= —
25 r9 /5

nsi)= FullSimplify [%]

4(a”®+20r7/%)

Out[51]= —
25r%/°



metricSwati 1-1.nb | 3

In[52)= NOYM [lower [Riemann p {4}]]

1 2 13/5 (a14/5+36r14/5+12 (ar)7/5> (r8/57 (a7r)1/5)
out[52]= 8 +
625r22/5 7a7/5+r7/5

, 3 2 , 2
(r8/5-(a’7r)1/®)° (5a7/5r8/5-6r3+ (aldr)l/®) +r4/5(—a7/5+r7/5) (-9a7/5r8/5+8 13+ (aldr)l/®)

(aws,rws)“ ~2a7/5r8/5:34 (altr) /s

r8/5 _ (a7 r) 1/5

r2/5 ( r3/5 (al4/518r14/5-9 (ar)7/5)2 . (—r8/5+ (a7r)1’/5) (4a14/5r8/5—11a7/5r3+6r22/5+(a21r)1/5)2

_al/54y7/5 (a7/5—r7/5)4

—r8/54 (a7 r) /3

inss)= FullSimplify [%]
16 (—a7/5+r7/5)3 <3a14/5+136r14/5+8 (ar)7/5)

625 r16/5 (r8/5_ (a7r>1/5) (_2 a7/58/5  y3 <a14r>1/5)

Out[53]=

54~ NOYMm [RicciTensoz]

16 [ 98 <a7/5+6r7/5)2 (rs/s_(a7r>l/5)2
outsdl- —— +
625 |r?/5 ré (a7/5—r7/5)2

iniss)= FullSimplify [%]

16 |98 (a7/%+61x7/%)? (rs/s_ (a7r>1/5)2
outjs5]= —— .
625 | rt/° rd (a7/5—r7/5)2




4.5 Appendix E

Derivation of surface gravity and entropy is given here:

Surface gravity:

R = =3 (PX) (Vo) (4.1
W = 5 (V)(V,0) (1.2
K = —; (9" 9 (Vix')* + 9" 9u(V:X')?) (4.3)

forp=p=t,iv=A=r

the covariant derivative can be calculated as
Vix" = 0" + thXt = thXt

Vox' = 0x" + I’ = T’

partial derivative of xy become zero and metric components are calculated

as gig,, = —ﬁ and ¢""gy = — f(r)?, the surface gravity then becomes,
2= e g e, (4.4)
9 f(?“)2 tt rt .

christoffel symbols can be calculated as

F; — 9 (agtr 4 (agtr _ (agtt> _ 97 <_agtt>

2\ Ozt oxt ox" or
ro__ gitt agrt 89tt agrt . iﬁ —agtt
e = 2 <8xt + (Oa:’” ( oxt | 2 or

on putting the value of christoffel symbol in Eq. 4.4, we get

“=3(m (5 (G)) o (F () 0

on taking components of metric and inverse metric, we get

, 1 [(-af\’
K_4<37"> (4.6)
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e (g{) (4.7)

Thus, the value of surface gravity in our case found same as Schwarszchild
metric.
Entropy

Since the metric in our case is

dr
ds* = —f(r)dt* + m

S be the area element of 1-Sphere, calculated as

+ % (r)dz? (4.8)

S = /_7; y(r)dz = 2my(r)

and according to Bekenstein-Hawking entropy law which states that en-

tropy is one-fourth of the event horizon area, then we can get

S = i X 2my(r) (4.9)
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