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Abstract

This thesis presents a comprehensive study of the Bessel function and the regular Coulomb
wave function, with a focus on their analytic properties, the distribution of their zeros, and
the interrelations explored in the literature. The work begins with a detailed derivation of
Bessel’s differential equation and systematically explores its solutions, J,(z) and Y, (z), in-
cluding their series representations, recurrence relations, and linear independence. Rigorous
proofs are provided for the reality, simplicity, and interlacing properties of the zeros of Bessel
functions and their derivatives, employing advanced tools such as the Weierstrass factoriza-
tion theorem, Mittag-Leffler’s theorem, and Laguerre’s separation theorem. The generating
function for Bessel functions is derived, and its implications for solution structures are dis-
cussed.

The study extends to the regular Coulomb wave function F(n, p), defining it via con-
fluent hypergeometric functions and demonstrating its role as a one-parameter generalization
of the Bessel function. The thesis investigates the reality and distribution of zeros of the
Coulomb wave function, leveraging determinantal criteria (Grommer and Chebotarev the-
orems) and moment Hankel matrices. Special attention is given to recursive computations
of sums over zeros and their connection to Rayleigh functions. The results yield explicit

criteria for the number and nature (real or complex) of zeros.
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Key contributions include:

e Analytic Properties: Derivation of recurrence relations, Wronskians, and infinite

product representations for Bessel functions.

e Zero Distributions: Proofs of the reality, simplicity, and interlacing of zeros for

Bessel functions and their derivatives, with extensions to Coulomb wave functions.

e Generalizations: Demonstration of the Coulomb wave function as a generalization

of the Bessel function, with analogous results for its zeros.

e Inequalities and Expansions: Establishment of Turan-type inequalities and Mittag-
Leffler expansions for Coulomb wave functions, providing deeper insights into their

behavior.

The findings are supported by rigorous mathematical analysis and references to founda-
tional works in the field, including Watson’s treatise on Bessel functions [§], Abramowitz and
Stegun’s handbook [11], and recent research by Baricz and Stampach|[ [7], [1I] and [2]]. This
work not only consolidates classical results but also advances the understanding of these
special functions, offering new perspectives and tools for future research in mathematical

physics and applied mathematics.
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CHAPTER 1

Introduction

Introduction

Bessel functions and Coulomb wave functions are among the most fundamental and widely
studied special functions in mathematical physics and applied mathematics. These func-
tions arise naturally in the solution of partial differential equations in cylindrical and spher-
ical coordinates, making them indispensable tools in a variety of scientific and engineering
disciplines, including quantum mechanics, electromagnetism, heat conduction, and wave
propagation.

The Bessel function, named after the German mathematician Friedrich Wilhelm Bessel,
is a solution to Bessel’s differential equation, which appears when separating variables in
the Laplace, Helmholtz, and Schrodinger equations in cylindrical or spherical symmetry.
The theory of Bessel functions is rich and well-developed, with deep connections to complex
analysis, number theory, and orthogonal polynomials. In particular, the distribution of zeros
of Bessel functions and their derivatives has been a subject of extensive investigation, leading
to classical results such as the reality, simplicity, and interlacing properties of these zeros,

as well as to the development of powerful techniques such as the Weierstrass factorization



theorem and Laguerre’s separation theorem.

The regular Coulomb wave function, which generalizes the Bessel function of the first
kind and appears in the theory of quantum scattering, atomic physics, and in the solution of
the Schrodinger equation for the Coulomb potential. The regular Coulomb wave function,
like the Bessel function, is an entire function of its argument and can be expressed in terms of
confluent hypergeometric functions. Recent research has uncovered new properties of these
functions, including their zero distributions, recurrence relations, and the development of
Hurwitz-type and Turan-type inequalities, which extend and unify classical results known
for Bessel functions.

This thesis is devoted to a comprehensive study of the analytic properties, zero dis-
tributions, and interrelations of Bessel functions and regular Coulomb wave functions. We
begin with a detailed derivation of Bessel’s differential equation and systematically explore
the solutions J,(z) and Y, (z), including their series representations, recurrence relations,
and theorems on linear independence. Rigorous proofs are given for the reality, simplicity,
and interlacing properties of the zeros of Bessel functions and their derivatives, utilizing
advanced tools such as the Weierstrass factorization theorem, Mittag-LefHer’s theorem, and
Laguerre’s separation theorem.

The study is then extended to the regular Coulomb wave function Fp(n,p). We in-
vestigate the reality and distribution of zeros of the Coulomb wave function, leveraging
determinantal criteria from Grommer and Chebotarev and the analysis of moment Hankel
matrices. Special attention is given to the recursive computation of sums over zeros and the
connection to Rayleigh functions, yielding explicit criteria for the number and nature (real
or complex) of zeros and unifying classical theorems such as Hurwitz’s theorem for Bessel

functions.



CHAPTER 2

Bessel functions

2.1 Bessel’s Equation and Bessel Function of the first
kind

A second-order linear differential equation of the form

Pt z—+ (* =17 =0 (2.1)
is called Bessel’s equation of order v and z € C. The differential equation has a regular
singularity at z = 0 and irrregular singularity at z = oc.

Using method of Frobenius to solve this differential equation, we get

sy (D3
Tolz) = (5) ; KT(v+k+1) (22)

and

oo 2k
o\ —v (—1)* (z)
T (2) = (—) ) 2) 2.3
(2)=1{3 L FIT (v +k+1) (23)
which are the independent solutions of the above differential equation for v ¢ Z. The solution

J,(z) is analytic in z € C except for a branch point at z = 0 when v ¢ Z. The principal

branch of J,(z), defined via the principal value of (%z)y, is analytic in the z-plane cut along
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(—00,0]. For v € Z, J,(z) is entire in z. Moreover, for fixed z # 0, each branch of J,(z) is

entire in v.

Theorem 2.1. Forv=n¢€Z

Proof. For v =n € Z. Case(I) If n > 0, From equation (2.3)),

( 1>k : 2k
J*“(z):<) < KT n—l(—k)—l—l)

=0for k=0,1,2,..n — 1. we have

N\ (—1)k (2 2k
J*"(Z>:<2> < k1T n£/2+1)

. 1
Since, ey

)m—l—n (Z) (m+n)

( > Z (m+n)!T'(m+1)

m=0

Since, (m +n)!I'(m+1) =m!T'(m+n

Case(II) If n < 0, then let n = —p, where p > 0

. From case(I), we obtain
Jp(2) = (=1)"Jp(2).

which implies

Thus, for all n € Z



Theorem 2.2. Let v ¢ Z. Then the Wronskian of the Bessel functions J,(x) and J_,(x) is

given by
94
VVUX@wﬁA@]ZJA@J;@ﬁ—Jﬂ@Jw@)Z——EgEQ-
T
Proof: Let us consider the Bessel differential equation:
229" (2) + 29/ (2) + (22 — vH)y(z) = 0.
This can be rewritten as:
i(z "(2)) + Z—V—Q (2)=0
dz Y P A
Applying this to J,(z) and J_,(z), we get two identities:
d , 2
el - = 2.4
I CEES PASRY: (2.0
d 2
% (ZJ/_V(Z)) + (Z — ?> J,V(Z) =0 (25)

Now multiply equation (2.3) by J_,(z) and equation (2.3) by J,(z), and subtract,we get
d d
T L G2~ ) () =0,
d
= (2J)(2)J_u(2) — 2J",(2)J,(2)) = 0.
On Integrating,
2 (J(2)J_u(z) = T, (2)u(2)) = C,

for some constant C'. To find C', take the limit as z — 0,

. , v 1
llgtl) T-2),(2) = F(1—uv)(v+1)z
) , B —v 1
I (T2 = T e T

we get,
2v
T(v+ DI —v)

Using the identity:

TV
v+ 1HIN(1-v)= e
we get,
/ 2sin(mwv
2 () Tu(z) = T, (2) A (2)) = _%
Hence, the Wronskian is:
_ 2sin(7v)
W (2), () = =2



Theorem 2.3. The following recurrence relations hold for the Bessel function J,(z):
N d v v
() " D(2)} = 2" da(2),
I d —v —v
(i1) - {z70,(2)} = =27 Jpsa(2),
z
(it1) J(2) = Joa(2) = T (2),
(iv) T() = Tu(2) = o (2)
, 1
(v) Jo(z) = 5 {J-1(2) = Ja(2)},
. 2
(vi) Jy1(2)+ J,in(z) = gj,,(z).

Proof. (i) From the series definition of the Bessel function,

Tn(2) = ; r!r((u_+1)7~T+ 1) (%)H

we multiply both sides by z” to get

0 (_ 1)7" 5 2r+2v

Y1, (z) = )
z (Z> ;0 7! F(l/ L4 1) 92r4v

Differentiating term-by-term:

L g - fj( UGy e

r'T(v+r+1

)
This expression matches the series expansmn of 2¥J,_1(z), hence
d
o {z"J,(2)} = 2" J,—1(2).
(ii) We have J,(2),

Jul2) = Z; r!r(z(/_j);+ 1) <§>2+

-V

multiplying both sides by 277, we get:

. ( ) io: (_1)7’ 227’
27V, (2) = .
—~ r (v +r+1)22r+v
Differentiating term-by-term:
d it (—1)" 2rz2r—1
—J, . .
dZ ( ( >) z; T! F(l/ +r+ 1) 227’+1/
Change index by setting s = r — 1, then

=t s
“(s+DIT(v+s+2) 22s+24v

- Z ST (y+1?9+ 2) (2)28+V+2’

6
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Simplifying,




which is equal to —27"J,1(2). Hence,
dilz {270, (2)} = =27 Jpsa(2).
(iii) Using the identity
dilz {z"J,(2)} = 2" J,—1(2),

we apply the product rule:

Therefore,

v2" N, (2) + 27T (2) = 2¥J,1(2).

Dividing both sides by 2¥, we obtain:
T(2) = Ja(2) = SA(2).
(iv) Using the identity
L)) = D),
we differentiate using the product rule:
d%: (277 Ju(2)) = —vz"" " (2) + 27V T (2).
Therefore,
—vz VT VL (2) + 2TV IL(2) = =2V T (2).
Multiplying both sides by z”, we obtain:
—vz ', (2) + I (2) = —J,(2),
which simplifies to:
T(2) = —Jy(2) + gjy(z).
(v) We add them to eliminate J/(2):
T+ T2) = Joa(2) = ZI=) = Jua(2) + 2 (2).
Simplifying,
2J0(2) = Ju-1(2) = Ju4a(2),

which implies
2v
JI/fl(Z) + Jy+1(2) = ?JV<Z)



(vi) Starting from the two derivative identities:
v

T = Ha(2) = a2, T = Do ()~ L(2),
we equate them to eliminate J)(2):
() = da(2)] = doa(2) — L0,
Multiply both sides by 2:

Jy1(2) = Jq1(2) = 2J,1(2) — 2?VJI,(Z).
Rearranging,
Tt (2) = Jor(2) = 200 1(2) 4+ 22 0(2) = —Jyr(2) + 220 (2)
Hence
Toa(2)  Tua(2) = Joa(2) = Jua (2 + 22 (2) = L g(2),
as required. 0

2.2 Bessel Function of the second kind

Now, for the second linearly independent solution of the Bessel differential equation, we

introduce, for v ¢ Z
cos(vz)J,(z) — J_,(2)

Yo(z) = sin(vz) (2:6)
and forv=n € Z
Ya(2) = lim Yi(2) 2.7

Y,(z) has a branch point at z = 0. The principal branch corresponds to the principal

branches of Ji,(z). Y,(z) is called the Bessel Function of the second kind.

Theorem 2.4. J,(z) and Y, (z) are the two linearly independent solutions of the differential
equation (2.1) for all values of v.

Proof. Case(I) When v ¢ Z, Here sin(vm) # 0, so that Y, (z) is just a linear combination
of J,(z) and J_,(z). From the previous theorem we know .J,(z) and J_,(z) are the linearly
independent solutions for v ¢ Z, so that J,(z) and linear combination of .J,(z) and J_,(z)

must be linearly independent solutions of Bessel’s equation.



Case(II) When v € Z,
Y, (z) = lim Y, (z)

v—n

oy €08 v, (x) — J_,(x)
v—n sin vw

[(0/0v)(cosvmd,(x) — J_,(x))]y=n
[(0/0v) sinvr],—,

(by L’Hépital’s rule)
_ —wsinvrd,(2) + cosvm(0/0v)J, () — (8/81/)J_,,(x)|l,:n

B [7r cos vm],—p
_ cos nr[(0/0v)J,(x)]y=n — [(O/OV)J_,(2)]v=n

T cosnm

_ % (0/00)J,(x) — (—1)"(8/0v) I (2)],_. (2.8)

We must now prove two things; firstly that Y, (z) as defined by equation (2.8)) is in fact a
solution of Bessel’s equation and, secondly, that it is a solution independent from J,(z). To

accomplish the first of these we note that .J,(z) obeys Bessel’s equation of order v:
2 d?J, n del,

dx? dx

differentiating with respect to v, we get
, d* 0J, d dJ,

T or Ve ow

Also, of course, J_,(z) satisfies Bessel’s equation of order v, so that we have in exactly the

+ (2 —=v*)J, =0

a{/” o, =0 (2.9)

+ (2% — 1?)

same way

2
2P OLy | dOTy 00T

v dz? Ov x% ov ov

Multiplying equation (2.10) by (—1)” and subtracting from equation ({2.9)) gives

& (aJ, aJ_ d (0J, 0J_
2_ v _ o v v _ 14 _ _ v 14
¥ { ov (=1) ov } +xdx { ov (=1) ov }

—2wJ_, =0 (2.10)

aJ, 0J_
2 .2 Vo 1\ v o {1\ —
+(z* —v%) { 5 (—1) % } 2v{J, — (-1)"J_,}=0.
for v =n € Z,
PV @)+ 2)Y() = 22 ()~ (1)) =0
Thus,
xQd—ZY (x) + xiY (z) + (22 = n?)Y,(z) =0
dz?™" do ™" e

which just states that Y,,(x) satisfies Bessel’s equation of order n. O



Theorem 2.5. When n is integral, Y_,(z) = (—1)"Y,(x).

Proof. From equation (4.9) we have

Voale) = = |5 le) - <—1)_"%J‘”<x>]yzn
- :a(ix) )= Jy(x)]”"
Ll w (—1>”%Jv<:”>}y
-t [ -]
— (1), ()

]

Theorem 2.6. For v ¢ 7 and z # 0, the Wronskian of the Bessel functions J,(z) and Y,(z)
satisfies

W(J,,Y,)(z) = J,(2)Y.(2) — J(2)Y,(2) = —.

v

Proof. For non-integer v,
Jy(z)cos(vm) — J_,(2)

sin(vm)

Y, (2) =
Using the linearity of the Wronskian,
Jy —J_,
W Y.)(2) = W (Ju, cos'(mr) ) (2)
sin(vm)

cos(mr)W(Jm 7)) — 1

W(Jm Yu)(z) =

W(Jw J—V)(Z>

sin(vm)

Since W (J,,, J,)(z) = 0, it follows that

sin(vm)

W, Y,)(z) = _sm(lm)W(J”’ 7)),
From theorem (2.2), '
W(Jzu J—u)(z) - _QS%(ZVW)‘

Therefore,

W Y (e) = — 1 (_28111(V7T)> _2

sin(v) Tz

By analytic continuation, this result extends to all v.

10



2.3 Infinite Product representation of J,(z)

Theorem 2.7 ([§],15.5). For v > —1, the zeros of J,(z) are real. Let +j,1, £j,2, 3, ...
are the real zeros of J,(z) such that 0 < j,1 < jua < jus.... Then J,(z) can be written as
B (2

&) = 10,1 g (1 N E)
Proof. Since J,(z) is an entire function, by the Weierstrass factorization theorem, it is
possible to express J,(z) as a product of simple factors, where each factor vanishing at one
of zeros of J,,(z). To express J,,(z) in this form, we will first express the logarithmic derivative
of z7%J,(z)as a rational function by Mittag-Leffler’s theorem.
Consider a (large) rectangle D, whose vertices are £A +iB, where A, B > 0. Suppose that
+7,m are the zeros with the maximum value of m inside the rectangle.
Let zg be any non-zero point inside the rectangle D, other than zeros of J,(z).

Let
20 JV+1 (Z)

fz) = 2(z = 20) Ju(2)

f(#) is an meromorphic function, the only singularties of f(z) inside D are zy and +j,,, for

(2.11)

n=1,23,..m.
Integrating f(z) around the rectangle D and applying residue theorem we get,
1 m m
2_7I'i /D f(Z) dZ = Res(f, ZO) + nzjl Res(fv ju,n) + nz:l Res(f, _jV,n)' (212)
Residue at z = z,
Res(f, z0) = lim (2 — 2¢) f(2).
Z—20
Using equation(2.11]), we obtain
JV+1(ZO)
R = —.
es(f7 ZO) JI/(ZO)

Residue at z = j,,, for any fixed n =1,2,3,..m.

(2.13)

20 J, v+

RS . 1(2)
Res(f, jun) = Hn (2= Jfun) S5 =75

Since, j,.,, is zeros of J,(z) by Taylor expansion, we can write
. . 1 . . 1 . .
JV(Z) = J;(]V,n)(z - ]l/,n) + EJ;/(]u,n)(Z - ]V,n)z + g*];//(]u,n)(z - ]V,n)3 + .
Rearranging,
z— jl/,n o 1
Jl/(z) J[z(].l/,n) + % L/(ju,n)(z - ju,n) + % L//(ju,n)(z - jl/,n)g +oee

11



Taking limits on both sides, we get
. 2= Jun 1
lim — =

Z2—Ju,n Jl,(z) Jll/(]l/,’ﬂ)
Since, Jllz(z) = %JI/(Z) - JI/+1<Z)7 at z = jl/,n) we have J;(]V’n) - _JV+1(jV7n)

Thus,

i Z— jl/,n 1
im = - NS
2=Ju.n JZ,(Z) Jy+1(]u,n)
Thus, we get
. 20
Res(f, jun) = ——————,
( ) ]y,n(]u,n - ZO)
Res(f, jun) o (2.14)
es(f, Jum) = —— + —. '
20 — Jun Jvn
Similarly,
1 1
Res fa _jl/,’n, = . T = 2.15
( ) Z() + ]y,n jl/,n ( )

using equations (2.13)), (2.14]) and (2.15) in equation (2.12)), we get
1 Joi1(20) <= ( 1 1 ) = ( 1 1 )
— z)dz = ————= + — + - + — — = 2.16
211 Jp /) Ju(20) ; 20— Jum  Jum ; 20+ Jun  Jum (2.16)

as A and B tends to infinity with suitable sequences, f(z) is remain bounded [[§],15.4] and
1
— / f(z)dz— 0
D

271

From ([2.16)), we get
Joi1(20) | ~— ( 1 1 ) > ( 1 1 )
Ay (——F— )+ (————] =0
JV(ZO) ; 20 — Jun Jvn Z 20 + ]V,n Jvn

1 n=1

JV_H(Z()) > 220
— Ty T JoR

Ju(20)

On integrating both sides from 0 to z, we get

“ Ty (t) / = 2t
- dt = E dt
/0 Ju(t) 0 2= Jin
Since L (log(27"J,(2))) = il e get

Ju(z)

log (=~ 1,(2)) — 108 ey = 3 (08(=* = i) — loa(—).

log (<§)V I(v+ 1)J1/<Z)) = ni:;log (1 — ;jﬂ)

12

Which implies,




Taking the exponential on both sides, we get

k=1
Hence,
1, (2) (5)° ﬁ 1= 2 ) or w1
(2) = =—=— —— | ,for v>-—1.
Iv+1) -+ Jox

Theorem 2.8 ([18]). Forn € {0,1,2,3...},

(i) If v > n — 1, then JZE")(Z) has infinitely many zeros, which are all real and simple,

except at z = 0.

(i1) If v > n, then between any two consecutive positive zeros of J,S")(z), there lies exactly

one positive zero of J,Enﬂ)(z).

(iii) For v >n—1, all the zeros of (n — y)Jy(")(z) +:13J,£n+1)(z) are real, and they lie strictly

between the successive zeros of Jﬁn)(z).
Proof. (i) We will use mathematical induction to prove that the zeros are real.

e For n = {0,1,2,3} and v > n — 1, it is known that the zeros of J (x) are all real

(2], [13]).

e Assume for some fixed n € {4,5,...} and v > n — 1, the function J,En)(x) has only real

Zeros.
e We aim to show that for v > n, the function Jﬁnﬂ)(aﬂ) also has only real zeros.

Let % denote the m™ positive zero of JI™ (z), where m € N, n € Ny. From Skelton [[6]]
we know that the Weierstrass product representation for g (x) is given by

2

T (g) = — " R , 2.17
(@) 2vF(V—|—1—n)n£[1 <]I%)I>2 (2.17)

which holds for all v > n, and the product converges uniformly on compact subsets of the
complex plane. For v > n — 1, we have
v—n m 2m
J0) () = x Z (—D)"T'(v+2m+ 1DI'(v+1—n)z .
22I'(v +1—n) m!22"(v+2m —n+ D' (v +m + 1)

m>0

13



Define the rescaled entire function:

Jon(z) =2"T(v + 1 —n)z" " JM(z) =

Z (=1)"T(v+2m+ 1)C'(v +1 —n)z*™
= m22C(yv+2m —n+ 1)y +m+1)
We compute

. mlogm
lim =

=% | 0g <m> +logT(m +1) +log T(v +m + 1) + Ay (V)
where, A, ,,(v) =logl'(v +2m —n+1) —log'(v 4+ 2m + 1).

1
27

Hence, the growth order of the entire function anv J5 (z) is 3, and by Hadamard factor-

ization theorem [[5]], the product representation holds for v > n — 1. Therefore, J (x) has

infinitely many zeros for v > n — 1.

From the product formula, we obtain

v—nm 12
o T (1= 585) (v—n 21 )

Jnt+1) — : _
) 2?I'(v +1—n) x (jimy2 — 22

so that

JI @) v—n 21
2

- = T (2.18)
Lﬁkx> S (h)? — a2

m>1 (Joan)® +y
a contradiction since the imaginary part is nonzero.

Suppose z = z + iy is a non-real zero. Let w = (j{)? — 22 + y2. Then

(n+1)
2y (2) (2% — yH)w — day? w+ 2?2 — 92
—————~=(v—n)—2 — 4

Jlﬁn)(z) Z w2—|—4my v yz w2+4x2

m>1
On simplifying, we get

(jbim)?
2 2,2
— W+ 4x?y

=0,

again, a contradiction. Hence, all zeros of J£n+1)($) are real for v > n.

To prove simplicity of zeros (except possibly at 0), assume p # 0 is a multiple zero of J,E")(z).

Then - 1)
d [ L"(z) v—n+l (Gom /)2 + 22
d (n—1) - 2 —2 Z 2 7 0.
ZA\L (=) z o1 ((jlgnml))z _ 22>

Thus, all zeros of Jim (x) are simple except possibly at the origin.
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(ii) Since the zeros of Ji™ (x) are all real, it follows that the function
Jon(z) =2"T(v + 1 —n)z" "I (x)
belongs to the Laguerre-Pélya class[[9]]. Thus, it satisfies the Laguerre inequality:
(I0@)" = I @I (@) > 0,
where n € No, ke N, v >n —1, and x € R.

Choosing k£ = 1 in the above inequality, we get:
(xJ£”+1)(x))2 — 22J D ()M (2) + (n — v) (J(

which simplifies to

(JOD (@) = J0D (@) S0 (z) >

forv>n>0and x # 0.

D (2)

Therefore, the function J;(n—>)x is strictly decreasing on each interval (j(n) jl%?z), where

v;m—1>

m € N, and we define jl%) =0.

(n+1)
Moreover, for fixed m € N, the function J; @) satisfies

) (2)

lim S (@) =400, lim S (2) ~ oo
it \ S (@) oo \ I (@)

(nt1)
J;(n)((;ﬁ) on (j,g”%fl, jﬁ”%) crosses the horizontal axis
o (x i
n+1)

exactly once, and the x-coordinate of this crossing is precisely 17'1(,7m

Hence, for each m € N, the graph of

Therefore, the positive zeros of J&" () and Jé")(x) interlace when v > n.
(iii) We have
Jon(z) =2"T (v + 1 — n)z" " JM(z),
which implies
d
dz
As shown in part (a), J, () is a real entire function of genus zero.

Jon(z) =2"2" T+ 1 —n) (n —v)J (2) + 2J" D (2)) .

Laguerre’s theorem on separation of zeros[[16]] If f(z) is a nonconstant entire function
of genus 0 or 1, real on R, and has only real zeros, then the zeros of f’ are real and interlaced
with those of f.

Hence, by Laguerre’s separation theorem, the zeros of

(n = v) IS (@) + xS ()

v

15



are real when v > n — 1, and they interlace with the zeros of J5" (z). O

Lemma 1: Let g be an entire function of growth order 0 or 1, which has only real zeros and

(1)"gCr (e

exactly m positive zeros. Then the function _ ., - ) 227 has at most 2m complex

zeros[14].

Theorem 2.9 ([§]). Let n € Ny. If v > n — 1, then all zeros of Jlgn)(z) are real. Moreover,

if v >0, then 2”z”+”J£79(22) has at most 2[v] + 2n complex zeros. In other words:
o [fn—2s—2<v<n—2s—1,s €Ny, then Jén)(z) has at most 4s 4+ 2 complex zeros.
o [fn—2s—1<v<n-—2s, s€N, then Jﬁn)(z) has at most 4s complex zeros.

Proof. Consider the entire function

2°2" VI (2Vz) = )

m>0

(=)™C(v +2m +1)2™
mil(v+2m—n+1)I(rv+m+1)

Let us define
I'(v+22+1)
F'v+2z—n+1)lI'v+z+1)

9,(22) =

This is an entire function of growth order 1, because the poles of the numerator are canceled
by those of the denominator.

The zeros of g, are of the form:
k—1—-v
5
If v >n—1, n €Ny, then all zeros of ¢, are non-positive.

T = ke{l,...,n}, and (=-1—v—s, s€N.

Hence, by Obreschkoff’s Lemma, the function z”_”J,En)(Zz) has no complex zeros; that is, all
zeros are real.

Now consider the function g_,(z). For v > 0, this function has [v] + n positive zeros, where
[v] denotes the greatest integer less than or equal to v. Applying Obreschkoff’s Lemma

again, we conclude that

—1)"g_,(2m)

v v+n 7(n) o ( 9—v 2m

2V M (22) = g p_ z
m>0

has at most 2[v| + 2n complex zeros.

As a consequence, we obtain the following estimates on the number of complex zeros of

J,Sn)(z):

16



e For s € Ny, if v € (n—2s —2,n—2s — 1), then J,E")(z) has at most 4s + 2 complex

Zeros.

e For se N/ ifve (n—2s—1, n—2s), then J,E")(z) has at most 4s complex zeros.

17



CHAPTER 3

Regular Coulomb wave function

3.1 Coulomb wave Equation

The second-order differential equation,
d? 2 L(L+1
vy (1 il w) uw=0

T

is known as the Coulomb wave equation. Regular and irregular Coulomb wave functions,

Fr(n,p) and GL(n, p), are two linearly independent solutions of the Coulomb wave equation.

3.2 Regular Coulomb wave function

The regular Coulomb wave function F(n, p) can be defined as[[11], Chp. 14],

Fr(n, p) = Crn)p™or(n, p), (3.1)
where
2Le=™/2|0(L + 1 + in)|
Cr(n) = T(2L + 2) ’
dr(n,p) i=e P F(L+1—in; 2L + 2;2ip) (3.2)

18



and confluent hypergeometric function | F} is defined by

Fiabiz) = (@) 2"

n=0 (b)n Hj

for a,b,z € C, such that b ¢ —Ny, where (a)o = 1 and (a), = ala+1)...(a+n — 1), for
n € Nand Ny := {0} UN.

For specific parameter values L = v — £, 1 = 0 [[I1], Egs. 14.6.6 and 13.6.1] The regular
Coulomb wave functions simplify to expressions involving the Bessel function of the first
kind:

Fyy(0.0) = /L ulp)

0,_1(0,0) = 1 F, (1/ PR, 2ip> —T(w+1) (%) 7,(0)

This result shows that the regular Coulomb wave function is a one-parameter general-
ization of the Bessel function of the first kind.

One can see from equation (1) that, with the possible exception of the origin, the zeros of
F1(n,-) coincide with those of ¢r(n,-). If L ¢ —2FL the function ¢ (), -) is well-defined for
all n € C. Even when L = —%, the function ¢ (7, -) remains well-defined provided that
im € 7Z and the condition L + 2 4 in < 0 is satisfied, in which case the confluent hyperge-
ometric series in equation (2) terminates. In general, the function Fp(n, p) admits analytic

continuation to complex values of all its parameters: L, n, and p.

Lemma 1. Let f be an entire function of order 1 with real Taylor coefficients. Denote

D_y:=1and D, := det (si+j)?];10 , for n € Ny

where
1
Sk = H 2 k e NO,
- 2
=177
and 21, 29, ... are the zeros of f. Then the following statements hold:

(i) (Grommer[I0]) All the zeros of f are real if and only if D,, > 0 for all n € N

(ii) (Chebotarev[I5]) If the sequence {D,,_1D, },en, contains exactly m negative num-
bers, then the function f has m distinct pairs of complex conjugate zeros and an infinite

number of real zeros.
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3.3 Hurwitz-type Theorem for The Regular Coulomb
Wave Function

Theorem 3.1 ([2]). Suppose n,L € R. The following statements hold:

(i) If L# —1 and =2 < L forn#0, and L > =3 for n =0, then all zeros of Fi(n,-) are

real.

i < —2 an — or m , an -N— orn =0, then Fp(n,-
i) If L S and L ¢ —N/2 0, and L N-—1/2 0, then F,
has L—L — %J distinct pairs of complex conjugate zeros and an infinite number of real

ZEToSs.

Proof. By definition of the regular Coulomb wave function

Fr(n,p) = Cr(n)p™or(n, p),

Clearly from this equation the zeros of Fy(n,.) are the same as the zeros of ¢ (n, p) except
origin.

ér(n, p) = e 1Fi(L+1—1in;2L + 2; 2ip).

From this equation using Taylor coefficients of the confluent hypergeometric function we can
say ¢r(n,.) is an entire function of order 1 for L ¢ —(N+1)/2 and n € C.
Let us define

— 1
n=1 ern

where pr1,pL2, ... are the zeros of ¢ (n, ).
This series is absolutely convergent for £ > 2, L ¢ —(N+1)/2, and n € C. In addition,

Cr(k) can be computed recursively as shown in [[7], Egs. (78) and (79)] using the following

relations:
1 n?
W) =913 (1 TIx 1)2) (38:3)
and
1 o k—2
b+ 1) =g s <L+ Loe (k) + ;CL(Z + )¢k — l)> , k=2 (3.4)

20



Lemma 2.[[2]] For L ¢ —(N+1)/2,n7 € C, and n € N, we define the Hankel matrix

G@2 GB) . Gn+1)
mye | “® GG 55
Cln+1) n+2) ... C(2n)
For, L ¢ —(N+1)/2,n € C, and n € N, then
det Hu(Lyn) = ﬁ (2L + 2n —12k 1) <1 T 7:— k)2>k+1 ' (3.6)

k=0

Proof. We will use the well-known relation between the recurrence coefficients from the
three-term recurrence for a family of orthogonal polynomials and the determinant of the
corresponding moment Hankel matrix.

The orthogonal polynomials p,(z) are generated by the recurrence relation

pn+1(z) = (z - bn)pn(z) - anpn—l(z)v neN, (3'7)

with the initial conditions

then

Ng:=1, A, := H Haj, n €N, (3.8)

where

Ag:=1, A,:=det(L (z”j))n_l n €N,

ij=0"
and L is the corresponding normalized moment functional. The result (3.8 follows from [[§],
Chp. I, Thm. 4.2(a)].

Now, for
L (n+L+1)2+n (3.9)
" (n+L+1)22n+2L+1)(2n+ 2L + 3) '
and
by = — 7 (3.10)

" (n+L+1)(n+L+2)
and the corresponding moment sequence is given by

L") = %&)2) n € No.
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From (3.8]), we will get

n—1 m
det H,(L,n) = (L))" [[ [[as» neN
m=1 j=1
using equations (3.3 and (3.9), we will have
n—1 k+1
1 n?
det H,(L,n) = 1 . 3.11
et Hu(L,n) H(2L+2n—2k+1)2k+1< +(L+n—k)2> (3:11)
O
In the special case of L = v — % and 1 = 0, we have
1
Gogk) = >, =
nez\{0} 'V
where j, 1, ju2, . .. are the zeros of J,.
Consequently, for k € N, we get
CV_%(2I§ +1)=0
and
=1
(o1 (2k) = 200(v) =2 -
n=1 Jvn
where o9 (v) is the Rayleigh function of order 2k. We define
Oa0t2(V) O9044(V) oo Ooppar(V)
o v o v ... O v
Hff)(y) — 2€+.4( ) 2€+'6( ) 2 +2€+2( ) ’ (3.12)
U2n+2£(V) 02n+2e+2(7/) e U4n+212—2(V)
forn € N, £ € Ny, and v ¢ —N.
corollary: Forn € N, v ¢ —N, and ¢ € {0, 1}, then
2n+0-1
det H (v) = 2720 TT (v+ k) (3.13)
k=1

Denote D,, := det H,,11(L,n) for n € Ny. It is clear from the identity (3.11]) that for
—1#L> —% and 1 # 0, we have D,, > 0 for all n € Ny.When 1 = 0, by previous Corollary,
where v = L + %, it can be easily verified that D,, > 0 for all n € Ny, L > —%.

Hence, by applying the first part of Lemma 1, we obtain the first part of the proof.
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From (3.11]), we will get

1 772
D,_1D, = 1
! (2L+2n+3)( +(L+n~|—1)2>

n—1 1 7]2 2k+3
1 B
X kHO(2L+2n—2k+1)4’f+4 < * (L+n—k:)2>

forn #0,L ¢ (N;rl), and n € Ny. Similarly as above, when 7 = 0, ¢1(0, p) is to be under-
stood as the Bessel function. In this case, the formula (3.13) takes the form

(3.14)

n—1

1 1
Dn-1Dn = 2L +2n+3 Ig (2L + 2n — 2k + 1)%k+4 (3.15)
for L ¢ —N — % and n € Ny. In any case, it is clear from that the sign of D, 1D,
equals the sign of the factor 2L 4 2n + 3. Consequently, the number of negative elements in
{D,—1Dy}nen, coincides with the number of elements of the set {n € Ny | 2L + 2n + 3 <
0}.Hence the second part of Theorem follows from the second part of Lemma 1.

The particular case of Theorem (3.1) with n = 0 and L = v — § implies Hurwitz’s

theorem about the zeros of the Bessel function of the first kind.
1. If v > —1, then all zeros of J, are real.

2. If —2s —2 < v < —2s—1 for s € Ny, then .J, has 4s + 2 complex zeros, of which two

are purely imaginary.

3. If =2s — 1 < v < —2s for s € N, then J, has 4s complex zeros.

3.4 Mittag—Leffler Expansion for The Regular Coulomb
Wave Function

Theorem 3.2 ([1]). Let p,n € R and let L > —3, with L = —1 if n = 0 and L > —2 if

n # 0. Then the following Mittag—Leffler expansion is valid:
Frii(n, p) L+1 ( p P )
= + + . (3.16)
Fr(n, p) (L+1)2+n? ; TLan(Trnn —P)  Yran(Yrgn — P)

where xpnn and yr,, are the nth positive and negative zeros, respectively, of the Coulomb

wave function Fr(n, p).
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Proof. The function Fy(n,p), is entire in p, admits the Hadamard product representation

[[7], Eq.(76)] -

Ful ) = ol TT (1= -2 Yo (L), (317)
»1,M )11,

n>1
where py, ,, , Tuns over the non-zero zeros of Fp(n, ).

Taking the logarithmic derivative of the Hadamard product gives:

Fl L+1 1 1
L) _LHL 5~ ( - ) (3.18)
FL(n,p) P S \PLan  PLan =P
_L+1 p

- . (3.19)
P = PLan(PLan =)

The Fr(n, p) satisfy the following recurrence relation [[11], p-539],

(L+ 1) Fy(,p) = (@ ; n) Fuinp) - VEF AR Eoalnp). (320

On rearranging, we get

Fraa(n,p) _ 1 (L+1? Fi(n,p)
Fr(n.p) (L+1)2+n? ( P +n—(L+ 1>FL(77,p)) : (3.21)
Fr(n,p) _ 1 (L +1) B L+1 0
Fulnp) VL+17 4+ < R ; pLaa(PLan — p)D

1 P
= n+ (L+1 )
(L + 1)2 + 772 ( ) ;21 pL,n,n(pL,n,n - p)

Splitting the sum over all zeros py, ,, into the positive and negative zeros zy ,, and yr , n,

we get

p p p
— + .
HZZI /J‘L,n,n</0Lm,n —p) Z (mLm,n(xL,n,n —p) yL,n,n(yL,n,n - P))

n>1

Hence, the Mittag—Leffler expansion:

Fra(p)  L+1 ( p p )
Fr(n, p) a (L+1)>+n? " ; TLyn(TLan — P) i Yran(Yran —p))
3.5 The Turan-type inequalities for the regular Coulomb
wave function

Theorem 3.3 ([I]). The following assertions are true:
(a) If L,n>0,0<p<L(L+1)/n, p<xpy:, or=3/2<L<—-1,1n>0,
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O0<p<L(L+1)/n, p<xpni, orn<0,L>0and0<p<zp,1, then

EF(n,p) — Fr—1(n, p)Fr11(n, p) > 0.

(b) If Lyn >0, L(L+1)/n<p<xp_1p1, or =3/2< L <—-1,71>0, L(L+1)/n<p<
Tp_ig1, or =1 <L <0,n<0, LIL+1)/n<p<zp_1,1, then

VI 7 VI 7
TFf(n,p) — e S p)Fri1(n, p) > 0.
(¢) IfL>—-1,neR, p* < (L*+1)/(L*+n?), n/((L(L+1))=1/p >0, and 0 < p < z1_11,
then
L2+ 0%/ (L+ 1) +n?
Fi(n,p) = v v Fr_1(n,p)Fra(n, p) > 0.

L(L+1) L+1

Proof. (a) By using the recurrence relation , we have

L2
LE(n,p) = VL2 +1m2Fr_1(n, p) — <? + n) FrL(n, p). (3.22)
Combining this with identity (3.20]), we obtain the representation
o AL(1,9) = an(p) — by B [Fi(”’p)r (3.23)
F£(n,p) ’ i T FL(n, p) " Fp(n,p) ]|

where the coefficients are defined as

[EDICTN

CLL,W(p) \/L2+772\/(L+1)2—|—7’]2 )
br.(p) = L(L+1)/p—n
AL A
e L(L+1)

VANV
Here, AL(n, p) denotes the Turan expression for Coulomb wave functions:

Ar(n,p) = FL(n,p) = Fr-1(n, p) Fra(n, p)-
Now, recall that the Coulomb wave function is a particular solution of the Coulomb differ-

ential equation

d? 2 L(L+1
du | (1 2 g) v
dp p p
From this, we derive the identity
Fi(n,p)]*  L(L+1) 29 Fi(n.p)
{ , 1 O +__1—{ 7 ] (3.24)
EFL(n. p) p p Fr(n, p)

Using the recurrence relation and the Mittag—Leffler expansion (2.1), we can express
Filnp) _L+1 1

p p
Fi(n,p)  p  L+1 & [va,n,n(l’L,mn =P Yron(Yran = p)} ’
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and

F! ' L+1 1
{ L(n,p)} L { - 2] , (3.25)
Fr(n, p) (TLmm — 0% WYLam —P)
from ({3.24]) and (3.25)), we get
1AL, (p) p p
— s = e, +bra(p) +
Ff (77, P) ! ! Z xL,nyn(me,n - P) yL,n,n(yL,n,n - p)

n>1

“L’"ZL e }

n>1 LLnmn = p) (yL,n,n - p)

where
Ly/(L+1)2+n?

ern,=1— .
o (L+1)/I2+ 112

Note that for all L > 0 or —3/2 < L < —1 and n € R we have ¢;,, > 0 and ey, > 0. Thus

L(L+1)

1ALy(p) is positive if L,n > 0,0 < p < ==

, p<axpnyorif =3/2 <L < —1,1n>0,

(L+1)

0<p< s p<xpmi,orifn<0,L>0and0<p<xp,;.

(b) By using the recurrence relations ([3.22)) and (3.20)), we get

n 1
Fio(n,p)Fr(n,p) — FL(0, p)FrLii(n, p) = 2Dni10(p) — [(L ST ;} Fr(n, p)Fri1(n, p),
where
/L2+772 L+12_|_772
2 AL, (p) = TFf(n,p) _ 7 +)1 Fr1(n, p)Frs1(n, p).

On the other hand, according to [[19], Lemma2.4], we have

(L + 1)2 + 772 / / 2
o1 o) FLp) = Fin p)Fraa(n, p)] = 3 2L+ 20+ DFE,, (0, p).
n>1
From this we obtain that
2Bry(p) o { n 1} Fp(n, p)
FEy(n.p) — LL(L+1)  p] Fra(n,p)
and by using the Mittag-Leffler expansion (3.16)), the right—hand side of the above inequality is
positive if L,n > 0 and @ <p<xp_iy1, orif —3 < L < -1, n>0and L(L+1 <

p<Tr_iq.1,o0rif-1 <L <0, n<0, @ <p<ZTr_ip1-
(c) From (33.25)) implies that for all n,p € R, p # 0 and L > —1 we have
Dyy(p) = F{(n,p)Fr(n,p) — Fp(n, p)* < 0.
Now, by using the recurrence relations (3.22)) and (3.20) and also the fact that FJ(n,p)

satisfies the Coulomb differential equation, we get

Dials) = Funl )R 0) 4~ s ) Fisrop) + | 7oy = 5| Fistr Pt
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where
L Uk
frn(p) = — —1— .

If L > -1, 7€ Rand (L*+1)/(L* +n*) > p? then we have that fr,(p) > —1 and

consequently we have

0> Diy(p) = —sDrn(p) + [ L

1
m — ;1 FLfl(n,p>FL(777p)7

where

VL2 + 02/ (L+1)% + 72

sAL,(p) = FL(n,p) — EFr1(n,p)Fria(n, p).

L(L+1)
But the above inequality is equivalent to
s80a(p) o { n 1} Fi(n,p)
Fi y(mp) — LL(L+1)  p] Fra(n,p)’

and by using again the Mittag—Leffler expansion (3.16)), the right-hand side of the above
inequality is positive if
_n
L(L+1)
Which completed the proof. ]

1
——=>0 and O0<p<zp_1m:1-
p

Theorem 3.4 ([1]). If L > —1/2 andn € R, then the zeros of p — Fr(n, p) and p — F(n, p)
are interlacing. Moreover, if L > —1 and n € R, then the zeros of p — Fr(n,p) and
p— pFi(n,p)— (L+1)FL(n,p) are interlacing.

Proof. In view of (3.25)), for L > —1 the function p — %EZZ ; is decreasing on the interval

. Fl(n,
(TLpks Tryk+1), where k € {1,2,...}. Moreover, the expression L (7:0)

Fr o) tends to —oo as

P/ xr gk and tends to 0o as p N\, Tp k-

Since for L > —1/2 and n € R the zeros of p — F}(n, p) are real and simple, it follows

that p — % intersects once and only once the horizontal axis, and the abscissa of the

intersection point is actually the kth positive zero of p — F}(n,p). A similar argument

applies to the negative zeros. O]
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CHAPTER 4

Conclusion and Future Works

4.1 Conclusion

This thesis has provided a detailed investigation of the Bessel and Coulomb wave functions,
focusing on their analytical properties, zero distributions, and interrelations. Key contribu-

tions include: Bessel Functions:

e Derived fundamental properties, including recurrence relations, Wronskians, and infi-

nite product representations.

e Established rigorous proofs for the reality, simplicity, and interlacing of zeros, extending

classical results such as Hurwitz’s theorem.

e Explored the behavior of derivatives of Bessel functions, confirming the realness and

distribution of their zeros under various conditions.
Coulomb Wave Functions:

e Demonstrated that the regular Coulomb wave function F(n, p) generalizes the Bessel

function, with analogous properties in zero distributions.
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e Applied determinantal criteria (Grommer and Chebotarev theorems) and Hankel ma-

trices to analyze the nature of zeros, unifying results from Bessel theory.

e Derived Mittag-Leffler expansions and Turan-type inequalities, providing deeper in-

sights into the functional behavior of Coulomb wave solutions.

The study bridges classical special function theory with modern analytical techniques, rein-
forcing the importance of these functions in mathematical physics, quantum mechanics, and

applied mathematics.

4.2 Future Work

Building upon the results presented in this thesis, several directions for future research
emerge. [ intend to further investigate the deeper mathematical properties of Bessel functions
and regular Coulomb wave functions, particularly their behavior under various transforma-
tions and their connections to other special functions and orthogonal polynomials. Special
attention will be given to the generalization of these functions to complex parameters and
arguments, as well as their applications in advanced physical problems such as quantum
scattering and wave propagation.

Additionally, I aim to develop more efficient computational algorithms for evaluating
these functions and their zeros, especially for large arguments or non-integer orders. Under-
standing the asymptotic expansions of the zeros, similar to McMahon-type expansions for
Bessel functions, could also be a fruitful area of exploration. Another direction of interest is
the study of inequalities, such as Turan-type and logarithmic convexity, for both Bessel and
Coulomb wave functions.

Several alternative proofs of Hurwitz’s theorem for the Bessel function of the first
kind exist, one classical approach involves Lommel polynomials. In particular, the work of
Runckel [20] presents a proof using meromorphic continued fractions. A promising direction
for future research is to investigate whether this continued fraction approach can be extended
to establish a Hurwitz-type theorem for the regular Coulomb wave functions.

By pursuing these avenues, I hope to contribute to both the theoretical understanding
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and practical applications of Bessel and Coulomb wave functions in mathematical physics

and engineering.
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