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ABSTRACT

The present thesis, in six chapters, proposes existence and uniqueness theorems for
classical and fractional order differential equations with initial conditions and/or boundary
conditions, via monotone iterative methods. The proposed iterative schemes are easy
to apply and computationally inexpensive. Based on the iterative schemes, numerical
methods are developed to solve the problems numerically. To show the efficiency of the
proposed schemes, they are compared with existing methods in the literature, wherever

necessary.

Chapter 1 presents a short literature survey of monotone iterative methods as well
as fractional differential equations. This chapter also provides basic definitions, properties

and formulas which are useful in later chapters.

In Chapter 2, an existence and uniqueness theorem for solving a nonlinear fractional
order initial value problem of Caputo type of order ¢ € (0, 1] is proposed using the method
of modified quasilinearization. The main theorem has been illustrated numerically using
appropriate examples which show that the proposed quasilinearization method is robust

and easy to apply.

Chapter 3 proposed an existence and uniqueness theorem for fractional order Volterra
population model via an efficient monotone iterative scheme. By coupling spectral method
with the proposed iterative scheme, the fractional order integro differential equation is
solved numerically. The numerical experiments support the fact that the proposed itera-

tive scheme is efficient than the existing iterative scheme in the literature.

In Chapter 4 a proof, via monotone quasilinearization method, for the existence and

uniqueness of the solution for a two-point nonlinear boundary value problem of fractional



order 1 < ¢ < 2 is proposed. Using the lower and upper solution, two sequences are con-
structed that converge uniformly, monotonically and quadratically to the unique solution
of the problem. An interesting numerical study is also provided to support the proposed

theory.

Chapter 5 provides an existence and uniqueness solution of a class of parabolic
partial integro-differential equations via a monotone iterative scheme. A bivariate spec-
tral collocation method is also proposed to solve these problems numerically. Finally,
the robustness and efficiency of the numerical scheme is illustrated using partial integro

differential equation that arises in population dynamics.

Chapter 6 provides a short note on monotone iterative methods available for handling
a coupled system of partial differential equation that arises in catalytic converter. Chapter
primarily focuses on providing a theoretical justification for the better performance of

some monotone methods over other existing monotone methods in the literature.

KEYWORDS: Caputo fractional derivative, Catalytic converter, Finite difference
method, Fixed point theorem, Fractional order Riccati equation, Mono-
tone iterative method, Modified Quasilinearization, Ordered Banach
space, Parabolic integro differential equation, Quasilinearization, Spec-

tral collocation method, Volterra population model.
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CHAPTER 1

INTRODUCTION

1.1. A Brief Literature Review

Various real life problems arising from business, engineering, science and technology
naturally lead to differential equations. Most of the time the differential equations arise
from real life models are nonlinear in behavior and its closed form solutions are rarely
available. Studying the qualitative and quantitative properties of solutions of nonlinear
differential equations is not for only theoretical interest, but also has practical relevance.
Though there are many well established classical approaches to study the qualitative
and quantitative behavior of nonlinear differential equations, studying these properties
through an iterative procedure are very relevant due to the importance in developing
numerical methods via these iterative schemes. Developing an efficient iterative proce-
dure, studying its convergence analysis and developing numerical schemes based on this
iterative procedure to solve the nonlinear differential equations is still an active area of
research. Recently, various experiments [36] support the fact that fractional order model
predicts some of the physical phenomena more accurately than the corresponding classical
model. Unfortunately, the methods to obtain the closed form solution are very limited for
fractional order differential equations. Hence studying the qualitative and quantitative
behavior of fractional differential equations and developing numerical methods to solve
the fractional differential equations have more physical relevance. In this section, a short
literature review is presented for monotone iterative methods and fractional differential
equations. The historical development of monotone iterative methods presented in this
section is based on the books [37, 88, 114, 131], whereas most of the historical informa-
tions on fractional calculus and fractional differential equations are based on the references

[43, 94, 116].



1.1.1. Monotone Iterative Methods

The monotone iterative methods are one of the classical techniques available in the
literature to prove existence and uniqueness of solutions of nonlinear differential equa-
tions. As the name suggests, in this approach, the solution of a nonlinear differential
equation is approximated by a monotone sequence of functions. Usually these functions
are constructed as a solution of sequence of linear differential equations. This approach
not only provides proof for an existence-uniqueness theorem and an iterative procedure
to approximate the solution, but also supplement with lower and upper bounds for the

solution.

The earlier use of the concept of monotone iteration can be traced back to 1893, which
is developed by E. Picard [37] for proving the existence of solution for the following two-

point boundary value problem.

(1.1) y'+ f(ty) =0, yla)=0, yb) =0.

By assuming f(¢,-) as an increasing function and along with few additional assumptions,
Picard was able to show that the successive iterative scheme produces a monotonic in-
creasing sequence {u,} which converges to the nontrivial solution of Eqn.(1.1). Later
independently in 1915, O. Perron used the idea of comparing the solutions of differential

inequalities during the study of the following first order Cauchy problem,

(1.2) y'+ f(ty) =0, yla) =y
This idea was further extended by M. Muller for systems in 1926.

It is worth mentioning that the monotone property of f(¢,y) in Eqn.(1.1) was relaxed
by B. N. Babkin in 1954 by assuming f(t,y) + Ky is an increasing function in y for some
K > 0. With suitable assumption on the initial guess uy and vy, he showed that the

sequences {u,} and {v,} defined recursively by
—u + Ku, = f(t,un1) + Ktp_1, un(a) =0, u,(b) =0,

_'UZ + Kvn = f(tyvnfl) + K'Unfla Un<a’) = 07 Un(b) = O’
2



converge to the unique solution of Eqn.(1.1) monotonically.

A study by G. Scorza Dragoni in 1931 on the two point boundary value problem, a
generalization of Eqn.(1.1), was the first work that has considered the role of lower and
upper solutions explicitly. More specifically, he obtained conditions for the existence of

solution to the following boundary value problem.

(1.3) y'=fty.y); yla)=A4, yb) = B.
By assuming the existence of two functions u,v € C?[a,b] such that u < v and satisfying

u'(t) + f(t,u,x) >0 ift € [a,b], x <u(t),ula) <A, ulb) < B;

V() + f(t,v,2) <0 ift € a,b], = >0'(t), v(a) > A, v(b) > B,

he has shown that Eqn.(1.3) has a solution y such that u < y < v. This significance of
u and v led to the study of the existence as well as the construction of lower and upper

solutions by K. Ako, R. E. Gaines [53] and others.

By merging the idea of lower and upper solutions and successive approximation, K.

Schmitt [125] proved the existence of a solution to the following boundary value problem

y' = flty,y)
(1.4) ary(a) —azy'(a) = Ag, a1+as>0

biy(b) +b2y/(b) = By, bi+b>0

where a;, b; > 0 for ¢+ = 1,2 and a; + b; > 0. In his study, Schmidt showed that by
considering lower solution as an initial guess, successive iteration produces an increasing
sequence {u,} which converges to the solution of Eqn.(1.4). Similarly, by considering
upper solution as an initial guess successive iteration produces a decreasing sequence

{vn} which converges to the solution of Eqn.(1.4). Moreover, u,, and v, satisfy

U <up <---<wu, <v

— — n = n

<o <wy <o

It is observed that the sequences constructed by the successive approximation and its

variations produce only linear order of convergence. To accelerate the iterative scheme, R.

3



E. Kalaba [71] constructed the sequence of linear problems using the idea of quasilineariza-
tion studied by R. E. Bellman [21] for handling dynamic programming problems. In [71],
Kalaba demonstrated the quasilinerization iterative procedure by successfully applying to
initial value problems, two point boundary value problems and partial differential equa-
tions. Under suitable assumption he is able to show that the quasilinearization iterative
scheme converges monotonically and quadratically to the solution of the corresponding

differential equation. For example, for the two point boundary value problem

(1.5) y" = f(t,y), y(0)=0, y(b) =0,

he proposed the following iterative scheme

yg—f—l = f<t7yn) + fy(ta yn)(yn-i-l - yn)7 yn+1<0) = 07 yn-i—l(b) = 0.

With suitable assumption on f, he has proved the monotone behavior of {y,} and its

quadratic convergence.

In 1964, a different process to linearize the following two-point nonlinear problem was

proposed by G. V. Gendzhoyan.

(1.6) y' + [ty y) =0, yla) =0, y(b) =0.

Using the lower solution uy and upper solution vy > ug as the initial guesses the monotone
behavior and the convergence of the following iterative schemes to the solution of Eqn.(1.6)

was discussed by Gendzhoyan with suitable error bound.
—ul + 1), + k() up = f(t un1,u, ) + 10w, + k() un_1,
up(a) =0, u,(b) =0,
=+ 1)) + k), = [t vn_1,0, ) + 1)V, + k(t)v,_1,

vp(a) =0, v,(b) = 0.

Later the monotone quasilinearization method was extended to problems arising in
dynamic systems on time scale [88], integro differential equations [8], functional differen-
tial equations [68], impulsive differential equations [51], stochastic differential equations

[88], differential algebraic equations [137] and differential equations in abstract spaces

4



[83] by many authors. One of the quasilinearization method for proving the existence

and uniqueness solution of the following integro differential equation is given below:

1.7) S0 = fit)+ | Kt s, y(s)ds, y(to) = o,

witht € I = [to,to—i-T], to 2 O, T > 0.
Theorem 1.1.1. [88] Assume that

(i) f e C?*IxXxR,R], K € C*[I xIxR,R| and K(t,s,y) is monotonically nondecreasing
iny for each fived (t,s) € I x I,
(i1) wo,vg € C[I,R] such that uy < vy and

i < f(tuo) + / K, 5, u0(s))ds,

vy > f(t,vo)—i-/ K(t,s,v9(s))ds

where ug(to) < yo < vo(to),
(iii) fyy(t,y) >0 for eacht € I and K, (t,s,y) > 0 for each (t,s) € I x I.

Then there exist monotone sequences {u,} and {v,} which converge uniformly and quadrat-

ically to the unique solution of Eqn.(1.7).

By relaxing the convexity condition, in 1994 V. Lakshmikantham and S. Malek [86]
have proposed a quadratically convergent quasilinearization scheme for first order ini-
tial value problem and the sequence is also monotonic in nature. Later, F. A. McRae
(93] extended the technique discussed in [86] to stochastic initial value problems. More

specifically, he considered the following stochastic initial value problem.

(1.8a) y'(t,w) = f(t,y,w) a.e. on I,

(1.8b) y(0,w) = yo(w)

where f: I xR x Q — R, Q is a probability measure space (2,%, P) and yo : Q@ — R is
a given measurable function. The statement of the main result of F. A. McRae is given

in the following.



Theorem 1.1.2. [93] Assume that

(i) f(t,y,-) is measurable in probability for all (t,y), f(-,y,-) is product measurable for
every y and f(t,-,w) is continuous for all (t,w),

(i) |f(t,y,w)| < K(t,w) on I x R x Q where K : I x Q — R, is measurable in t and
[; K(t,w)dt < oo on Q,

(iil) wo,vo are lower and upper sample solutions of Eqn.(1.8) such that ug < vy on I X,

(iv) fy(t,y,w), fuu(t,y,w) exist, are continuous in y, product measurable in (t,w) and
satisfy fyy(t,y,w)+2M(t,w) > 0 where M(t,w) > 0 is product measurable in (t,w)
and [, M(t,w)dt < oo on .

Then there exists a monotone nondecreasing sequence {u,} which converges uniformly
and monotonically for P-almost all w € Q) to the sample solution y(t,w) of Eqn.(1.8) such

that up(t,w) < uy(t,w) < - uy(t,w) < y(t,w) < vo(t,w).

Later, V. Lakshmikantham and N. Shahzad [87] generalized the quasilinearization
method for an initial value problem when the function involved in the initial value prob-
lem admits a decomposition as sum of convex and concave function. One of the generalized
quasilinearization method for the following initial value problem due to V. Lakshmikan-

tham and N. Shahzad is given below.
(1.9) y'(t) = F(t.y), y(0) =yo, t €1 =[0,T]

where F' € C[I x R, R] admits a decomposition F' = f + g.
Theorem 1.1.3. [87] Assume that

(i) uo,vo € CHI,R| such that uy < F(t,ug), vy > F(t,vo) and ug < vy on I,

(ii) F € CILR], fy, 9y, fyy, 9yy €xist and are continuous satisfying f, + 1y, < 0 and
Gyy + Dyy > 0 on Q where ¢, € C[Q,R], ¢y, Yy, Oyy, Yy, exist, are continuous and
Yyy < 0,0y >0 on Q where Q= {(t,y): uo <y <wy, tel}.

Then there exist monotone sequences {u,} and {v,} which converge uniformly to the

unique solution of Eqn.(1.9) and the convergence is quadratic.

6



For more details on generalized quasilinearization method one can refer the work of
V. Lakshmikantham and A. S. Vatsala [88]. The work of A. Cabada et.al. [24] proposed
a technique to accelerate the order of convergence of monotone iterative technique for the

first order boundary value problem
(1.10) y'(t) = f(t,y), ay(0) —by(te) =¢, t € I =10,T], T >0,
where f € C[I x R,R], to € (0,7] and a,b > 0 with a + b > 0.

Theorem 1.1.4. [24] Assume that there exist

(i) wo,vo € CH(I) such that uy < vy and satisfy
ug(t) < f(t,uo), aug(0) —bug(ty) <ec, t €1,

vo(t) = f(t,v0), ave(0) —buo(to) > ¢, t €1,

(i) k > 1 such that giyf is continuous in Q = {(t,y) € I xR; ug <y < vy} and for each

¢ € [ug, vgl, a — b7 > § > 0, where o(t) = Ot%(s,f(s))ds and o(T) < § < 0.

Then there exist two monotone sequences {u,} and {v,} which converge uniformly to the

extremal solutions ¥ and ¢ of Eqn.(1.10) in [ug,vo]. The convergence is of order k.

When considering the work done on qualitative and quantitative study on nonlinear
partial differential equations, it is worth mentioning that vast literature is available using
monotone iterative methods. The study of the monotone iterative methods for partial
differential equation was initiated around 1950s by M. Nagumo [114]. He also extended
the idea of lower and upper solutions to quasi subsolution and quasi supersolution to

handle nonlinear partial differential equation of the form
Au+ f(t,u,Vu) =01in Q; u =0 on 9.
Nagumo’s result is based on the assumption that f is a Holder continuous function
satisfying |f(t,u,v)| < Bljv[|? + C and

(1.11) 16MB < 1; M = max{|[uolc, [[voll}
7



where ug, vy are lower and upper solutions. Later in 1969, F. Tomi improved Nagumo’s
result by relaxing the condition (1.11). Monotone iterative methods for partial differen-
tial equations received more attentions around 1960s after the work of K. Ako [13], R.
Courant and D. Hilbert [38], S. I. Hudjaev [66], H. B. Keller and D. S. Cohen [73] on
nonlinear elliptic differential equations. It is worth mentioning that the work of H. Amann
[14] and D. H. Sattinger [124] have more systematic way of constructing the monotone
sequences using lower and upper solutions for the nonlinear partial differential equations.
The idea of Sattinger [124] for nonlinear parabolic partial differential equations was ex-
tended by Pao [112] for parabolic partial differential equations with nonlinear boundary
conditions. Similar to the study of quasilinearization method for nonlinear ordinary dif-
ferential equations, quasilinearization method as well as its generalization for nonlinear
partial differential equations was also studied in detail by many authors including A.
Buica, S. Carl, S. Koksal, K. Heikkila, V. Lakshmikantham, D. O’'Regan, C. V. Pao and
A. S. Vatsala.

For instance, one of the existence and uniqueness theorems for the solution of nonlinear
parabolic partial integro differential equation via generalized quasilinearization method
due to A. S. Vatsala and L. Wang [140] is presented below. To provide the result consider

the following integro differential equation.
t
Lu = f(t,z,u(t,x)) +/ g(t,x,s,u(s,x))ds, tel=][0,T], x€Q
0
(1.12) u(0,2) = ug(x), z €

u(t, x)|zecon = h(t, x)

where (2 is a bounded open domain in R", [ = % — A is a partial differential operator
with
N 9 N P
A= Z ai,j(ta x)m + Z: bz(ta :E)al’l + C(tv I’),

ij=1

N
ai g bi,c € CO2(Qr), oolé? < ai68 < rl€? 00,00 > 0 for (t,z) € Qr, £ € R™,
ij=1

ug € C?+(Q), h € C*1+/2((0,T) x 9) and ug(z) = h(0,2), hy = Aug+ £(0, 2, u) for
t=0and x € 0N.



Theorem 1.1.5. [140] Assume that

(i) g(t, z,s,u) is monotonically nondecreasing in u for each fived (t,z,s) € I x Q x I,

fuu Z OJ
(ii) vo(t, ) and wo(t,x) satisfy

t
LUO < f(t,,l’,’[}o(t,x))—i-/g(t,aZ,S,U()(S,-Z'))dS,
0

t
Lwy, > f(t,x,wo(t,m))+/g(t,a:,s,wg(s,x))ds,
0

and

UO(Oa Z‘) S U)()(O, I)7

UO(ta x)|1‘689 S w0<t7 $)|$€8Qa

(iii) fu, 9. € CO"‘W[[ x Q), and fuu, guu exist and are continuous such that fu,, > 0.
There ezist functions ¢(t,z,s,u) and G(t,z,s,u) = g(t,z,s,u) + ¢(t, x,s,u) such
that Gy > 0, ¢y > 0,

(iV) Gu(t7x787u1) - ¢u<t7x7 57u2) >0 for vg < uyp < up < wy.

Then there exist monotone sequences {v,} and {w,} that converge monotonically and

quadratically to the unique solution of Eqn.(1.12).

One can formulate the solution of a differential and an integro differential equation
equivalent to a corresponding fixed point problem of a nonlinear operator in abstract
space. Consequently, one can obtain monotone iterative results for differential equations
and integro differential equations via fixed point theorems in partially ordered abstract
space. Extensive literature (for eg. [48, 58, 59, 152]) is available for fixed point theorems
and its applications. It is interesting to observe that solutions of fixed point problems
via successive iterative scheme can have only first order convergence. To accelerate the
iterative procedure, iterative schemes via quasilinearization for solving fixed point prob-
lems in abstract space are also available in the literature. Usually these iterative schemes
have second order convergence. Solutions of fixed point problems via quasilinearization

scheme in abstract space and its applications to differential equations are studied by A.
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Buica and R. Precup [23], M. A. El-Gebeily et.al. [54], V. Lakshmikantham et. al. [83]
and V. A. Vijesh and K. H. Kumar [143], to mention a few.

1.1.2. Fractional Differential Equations

The derivative of non integer order is a consequence of the discussion between Leib-
nitz and 1'Hospital during 1960s. Since that time, the concept of derivative of arbitrary
order attracted the attention of many famous mathematicians including Euler, Fourier,
Lacroix, Laplace, Laurent, Liouville, Riemann and Weyl. The definition of fractional de-
rivative in terms of an integral was expressed by Laplace and Fourier in 1812 and 1822,
respectively. It is worth mentioning that the book entitled “Traité du Calcul Différentiel
et du Calcul Intégral” by S. F. Lacroix had a discussion on fractional calculus and showed
that 400 = 20

Frvolily In contrast to the classical derivative, many definitions are proposed

for the fractional derivative of a function in the literature. Among them, the most fre-
quently considered definitions include Caputo-derivative, Grunwall-Letnikov derivative

and Riemann-Liouville derivative.

Problems involving fractional derivatives occur naturally in real life. For example, the
solution of the well known integral equation of Abel that arises from the tautochronous
problem can be expressed as Riemann-Liouville derivative of order 1/2 of a known func-
tion. Around mid of 19" century, scientists and engineers suggested that replacing the
classical derivative by the fractional derivative may improve the classical mathematical
models to predict the physical phenomena more accurately [116]. For example, S. Blair
proposed a model based on fractional derivative to obtain the relation between stress and
strain for viscoelastic material having the property of solids and fluids. Bagley-Torvik
concluded that fractional calculus models of viscoelastic materials are consistent with the
physical principles governing the behavior of such materials. Around the same time, A.
N. Gerasimov [116] generalized the basic law of deformation and studied the movement
of viscous fluid between two moving surfaces. He successfully solved a partial differential

equation involving fractional derivative that arose from his study.
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It is observed in the literature that the data obtained from various scientific experi-
ments show better accuracy with the solutions of mathematical models involving fractional
order models than their classical counterpart (for eg. [36, 70]). This relevance has at-
tracted many researchers to obtain solutions for many important mathematical equations
involving fractional derivatives. However, in contrast to the classical derivatives, frac-
tional derivatives of elementary functions need not be an elementary function. Hence,
solving the equations involving fractional derivatives is more complicated than the equa-
tions involving classical derivatives. Thus the study of existence and uniqueness for the
equations involving fractional derivatives plays an important role. In this direction, the
understanding of the convergence of iterative methods to the solution of fractional differ-
ential equations is very crucial. Further, in numerical analysis, iterative methods play an

important role in obtaining approximate solutions, especially for nonlinear problems.

In a few situations, the solutions of linear fractional differential equations can be
obtained through methods such as Laplace transform and then expressed in terms of
special functions like Fox H function, Mittag-Leffler function etc. Unlike linear fractional
problems, applying transform techniques or expressing the solution in terms of special
functions may not be possible for nonlinear fractional differential equations. Then iterative
methods become relevant as an alternative approach to solve nonlinear fractional models.
In this direction, the first existence and uniqueness result for a nonlinear fractional order
initial value problem involving Riemann-Liouville derivative was obtained by D. Delbosco
and L. Rodino [40] by suitably using classical Schauder’s fixed point theorem and Banach

contraction principle. One of the main theorem of their study is given below.

Theorem 1.1.6. [40] Let 0 < 0 < g < 1 and t°f(t,y) be a continuous function on
[0,1] x R. Assume that

L
’f(t,lb) - f(t,?))| < t_g‘u - U|
for some positive constant L independent of u,v € R, t € (0,1]. Then the equation

D = f(x,u)

has a unique solution.

11



Later, various methods developed for classical differential equations were suitably
modified and applied to prove existence and uniqueness theorems for fractional order ini-
tial value problems, fractional order boundary value problems and fractional order integro
differential equations. For instance, the monotone iterative methods established for clas-
sical problems were studied for fractional order differential equations by Lakshmikantham
and his group. One of the existence-uniqueness theorem via monotone iterative method
for the nonlinear fractional order initial value problem D4(y(t) —y(0)) = f(t,v), y(0) = yo

involving Riemann-Liouville derivative is given below.
Theorem 1.1.7. [89] Assume that f € C([0,T] x R,R) and

(i) wo,vp : [0,T] — R be locally Hélder continuous and satisfy

IN

D(uo(t) —uo(0)) < f(t,u0)
Di(wo(t) = v0(0)) = f(# vo)
such that ug(t) < wp(t), 0 <t <T,

(ii) f(t,z) — f(t,y) > —M(x —y) wherever ug <y <x <wvy and 0 < M < m.

Then there exist monotone sequences {u,} and {v,} such that u, — u*, v, — v* as
n — oo uniformly and monotonically on [0,T] and (u*,v*) are extremal solutions of the

above initial value problem on [0,T].

The following theorem due to G. Wang et. al. [144] is an extension of monotone
iteration method to system of nonlinear fractional order initial value problem involving

Riemann-Liouville fractional order derivative.

Dix(t) = f(t,x,y), te€(0,T],
(1.13) Dy(t) = g(t,y,x), te(0,T],
92 (t) =0 = 0, Y (t)]i=0 = Yo,

where 0 < t < 0o, f,g € C([0,T] x R x R, R), zg, yo € R satisfying xy < yo and D7 is

the Riemann-Liouville derivative of order 0 < ¢ < 1.
12



Theorem 1.1.8. [144] Assume that

(i) There exist ug, vy € C1_4[0,T] and uy < vy such that
DqUO S f(t, UO,U()), t e (O, T],
DqUO Zg<t7007u0>7 te (OaT]7

- -
t " ugli=o < o, 7 Tgli=0 > Yo,

(ii) There ezist constants M € R and N > 0 such that

f(t,ﬁ(],y) - f(twfag)

g(t,l‘,y)—g(t,f,g) > —M(x—a_c)—N(y—gj)

v

—M(x —7) = N(y — 9)

where ug < T < x < vy, ug <y <y < vy and

g(t,y,x)—f(t,x,y) ZM(:U—y)+N(y—a:)

with ug < x <y < .

Then, there is (u*,v*) € [ug, vo] X [ug, Vo] an extremal solution of the nonlinear Eqn.(1.13).
Moreover, there exist monotone iterative sequences {u,},{v,} C [ug,vo] such that u, —
u*, v, = v* as n — oo uniformly att € (0,7] and up < uy < -+ <wu, <u* <v*<wy, <

- S0 < .

Similar to the development of quasilinerization monotone iterative methods for clas-
sical differential equations, there are many efforts in developing quasilinearization mono-
tone iterative schemes for various types of fractional order differential equations. One
such result for nonlinear fractional order initial value problem of the form ¢DYy(t) =
ft,y)+g(t,y), y(to) = yo involving Caputo fractional derivative due to J. V. Devi et. al.

[42] is given as follows:
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Theorem 1.1.9. Assume that
(i) f,g9 € C([to,T] x R,R), ug, vo € Cy([to, T],R) and

‘Diug < f(t,ug) + g(t,uo), uo(to) <o

“‘Divg > f(t,vo) + g(t,v0), volto) > o

U()(t) < Uo(t) on I = [to,T] and Uo(to) < Yo < ’Uo(to),

(i) fy(t,v), g4(t,y) exist, are respectively decreasing and increasing in x for each t,

fty) > flt,z)+ f(t,x)(y — ), y >z,

g(t,y) = gt,x) +g,t,y)y—z),y=>2

and

|fy(t»y) - fy(tvx” < Lily — =l

l9y(t,y) — gy(t,2)] < Laly — .

Then there exist monotone sequences {u,},{v,} such that w, — u*, v, — v* uniformly
and monotonically to the unique solution u* = v* = y of the initial value problem on I

and the convergence is quadratic.

Recently various classical techniques are suitably enhanced to study various types of
fractional order differential equations. Further theoretical developments like existence-
uniqueness results for fractional order versions of initial value problems, boundary value
problems, integro differential equations, stochastic differential equations, Darboux prob-
lems, g—derivative problems, control problems, fuzzy differential equations, functional
differential equations and fractional order differential equations in the abstract setting
are available in the literature: S. Abbas [2, 3], R. P. Agarwal [9, 10, 150], D. Bahugana
[18, 72, 81], M. Benchohra [1, 22], S. N. Bora [28, 29], A. Cabada [25, 26], J. V. Devi
[42], K. Diethelm [43, 45], V. Gejji [17, 35, 55|, R. K. George [141, 142], T. Jankowski
[69], 1. Koca [80], V. Lakshmikantham [84, 85, 90], J. J. Nieto [102, 103], M. Al-Refai
[

119}, J. J. Trujillo [20, 104], A. S. Vatsala [89, 117], G. Wang [144, 145].
14



Similarly, there are various numerical methods that are suitably modified to solve
fractional order differential equations. Methods like Adomian decomposition, differen-
tial transform, finite difference method, finite element method, homotopy perturbation
method, Pade approximation method, predictor corrector method, radial basis function
method, spectral method, wavelet method are available in the literature. Few refer-
ences are mentioned here. Om P. Agarwal [5, 6, 7], G. Chandhini [30], Li Changpin
(32, 33, 34], K. Diethelm [43, 44|, E. H. Doha [46, 47], V. S. Erturk [52], N. J.
Ford [49, 50], V. Gejji [56, 57|, D. Hengfei [61], M. H. Heydari [62, 63], A. A. Kil-
bas [76, 77, 78], S. Momani [95, 96, 97], M. Stynes [129], Li Zhu [155, 156].

Throughout the proposed thesis various types of monotone iterative methods are
studied to prove existence and uniqueness theorem for classical and fractional differential
equations and integro differential equations. Based on the proposed monotone iterative
methods, numerical techniques have been developed to solve the equations numerically.
The proposed iterative scheme for fractional order differential equation is computationally
less expensive than certain monotone iterative method available in the recent literature.
Based on the proposed monotone iterative method for fractional order integro differential
equation, an efficient numerical technique has been developed using spectral method to
solve the fractional order Volterra population model. The proposed iterative algorithm is
not only efficient in predicting the solution, but also less sensitive to various parameters
in the mathematical model, compared to the other iterative methods available in the lit-
erature. An alternative approach for obtaining the monotone iteration for fractional order
integro differential equation has also been discussed in this thesis. The ideas discussed in
this thesis have been extended for handling a class of nonlinear parabolic integro differen-
tial equation with initial and boundary conditions. An interesting theoretical justification
is also provided to select an efficient iterative method from the existing literature to solve

the catalytic converter model.
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1.2. Basic Results

In this section, a few basic definitions as well as properties of fractional integral and
derivatives that are used in the upcoming chapters are presented. For more details,
one can refer [43, 94, 77, 116]. Euler’s gamma function plays an important role in
fractional calculus. Based on the definition of gamma function one can define Riemann-
Liouville fractional integral, Riemann-Liouville fractional derivative and Caputo fractional

derivative as follows.
Definition 1.2.1. The Euler’s gamma function is denoted by I" and defined as
I'(z) = / t"tetdt.
0

Definition 1.2.2. Let g € Ry. For f € Ly|a,b|, the Riemann-Liouville fractional integral
of order q is defined by

1 X
q - _ A\q—1
7 = 7 [ =0
and denoted by J9f(x). For g =0, we set J° = I, the identity operator.

Definition 1.2.3. Let ¢ € R, and m = [q]. Define an operator DY as

1 qam T g1
S g / (z — )™ f(¢)dt.

Dif is known as Riemann-Liouville fractional derivative of the function f of order q. For

Dif(x)=D"J" 1f(x) =

q =0, we set D° = I, the identity operator.
Definition 1.2.4. Let ¢ > 0 and m = [q|. Define an operator DY as
¢Dif(x) = J" D™ f(x).

¢Dif is known as Caputo fractional derivative of the function f of order q.

The following theorems provide the relation between Riemann-Liouville fractional
integral and derivative and similarly between Riemann-Liouville fractional integral and

Caputo fractional derivative.
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Theorem 1.2.1. [43, p. 30] Let ¢ > 0. Then, for every f € Li|a,b], DT JIf = f almost

everywhere.

Theorem 1.2.2. [43, p. 39] Let ¢ > 0 and m = |q| + 1. Assume that f is such that
Jnif € A™[a,b]. Then

ml qkl

JIDf(x Z 30 lim D™ k=l ym=af (),
=0

z—a4

Specifically, for 0 < q <1 we have

lim J70f(2).

JIDf(x) = f(x) - O

Theorem 1.2.3. [43, p. 53] If f is continuous and ¢ > 0, then “DIJ1f = f.

Theorem 1.2.4. [43, p. 54] Assume that ¢ > 0,m = [q] and f € A™[a,b]. Then

m—

J1DIf(x Z k;' :L'—a)k

Remark 1.2.1. From Theorem 1.2.1 and Theorem 1.2.3, one can easily assure that
Riemann-Liouville fractional integral is right inverse of both Riemann-Liouville fractional
deriwative as well as Caputo fractional derivative. From Theorem 1.2.2 and Theorem
1.2.4, it is easy to conclude that Caputo fractional derivative generalizes the property of

classical derivative, whereas Riemann-Liouville fractional derivative fails.

1.2.1. Adams Type Predictor-Corrector Method

Consider the initial value problem

(1.14) ‘Diy(t) = f(t,y), y(0) =yo, t €10,T].

The algorithm for predictor-corrector method for the initial value problem is given below.
For more details one can refer [43] and the references therein. Let y;_., denotes the

predicted value of y at t;.1, yrr1 denotes the corrected value of y at t;,; and h denotes
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the step size.
m— J 1 k
bey
Vi1 = Z %t > ik f(ts, ;)
=0 J! 155

a1 [
Ye+1 = Z kel — Y+ F_q <Z a1 f (L, y5) + Qpsrprr f (Trra, yi+1)>
3=0

= 7

where b ;11 = %((k—l— 1—j)—(k—13)9,t;=4h,j=0,1,--- k+1 and

o (R = (k= q)(k + 1)) if j=0,
Uigrr = ooy (k= j +2)7 = 2(k — 5+ 1) + (b — 7)) if 1<) <k,
q((ﬁl) if j=k+1

1.2.2. Finite Difference Approximation of Derivatives

The following formulas are used to approximate the derivatives of a function y(z,t)
where h and k denote the step size in x and t direction respectively.

e Forward difference approximation of y,(x,t)

y(x + h,t) —y(x,t)
h

Yz (2, t) =

e Forward difference approximation of y;(z,t)

y(x,t + k) —y(x,t)
k

ye(z,t) ~
e Backward difference approximation of y,(x,t)

y(xvt) — y('r — h7 t)
h

Yo(z,t) ~
e Backward difference approximation of y,(z,t)

y(l‘,t) — y(I’t B k)
k

yt(l’, t) ~

18



1.3. Outline of the Thesis

Chapter 2 provides an interesting existence and uniqueness theorem for the frac-
tional order differential equation via monotone modified quasilinearization method. In

particular, the following nonlinear initial value problem

(1.15) Dix(t) = f(t,x(t) + g(t,x(8) +h(t,z(t),  2(to) = w0

where f,g,h € C([to,T] x R,R) and “D? is the Caputo fractional derivative of order
q, 0 < q <1 is considered. The nonlinear problem is linearized through modified quasi-
linearization method. Using the lower and upper solutions, two sequences are constructed
that converge uniformly and monotonically to the unique solution of the initial value prob-

lem (1.15). One of the main theorems of this chapter is given below.

Theorem 1.3.1. Let o € C([to,to + T),R), 8 € C([r0,70 + T],R), f,g € C([to, 70 +
T x R,R) and h € C([to, 70 + T] x R,R) where 79 > 0. Suppose

(i) “Dia(t) < f(t alt)) + gt at) + ht, a(t), to<t<to+T
“DIp(t) = f(E,B(1) + 9t B(t) + h(t, 6(2), mo<t<m+T
with a(ty) < x(so) < B(70) and to < so < 19 where at) < B(t+m), to <t <tg+T
and ny = 19 — to.
(ii) 3 two functions ¢, € C*Y([ty,70 + T] x R,R) such that ¢, and ¢, + f, are
nondecreasing and 1V, and Y, + g, are nonincreasing in x for each t.
(iii) For each x, f(t,x), g(t,z) and h(t,z) are nondecreasing in t.

(iv) For some constant K > 0 and each t, |h(t,x1)—h(t, 22)| < K|z1—22|, V21,20 € R.

Then there exist monotone sequences {éu} and {5, } which converge uniformly and mono-
tonically to the unique solution of (1.15) with x(s¢) = x¢ on [so, So+T1] and the convergence

18 linear.

Chapter 3 deals with a fractional order integro differential equation of the form

(1.16) Dix(t) = f(t,z,T), z(0) = xo
19



where Z(t) = fot x(s)ds, f € C([0, T|xRxR,R) and D1 is the Caputo fractional derivative
of order ¢ € (0,1]. An existence and uniqueness result for the initial value problem (1.16)
is obtained through a monotone iterative scheme. As an application of the main theorem,
existence and uniqueness result is proved for the fractional order Volterra population

model
(1.17) ‘Diz(t) = ax(t) — ba*(t) — cx(t)/o z(s)ds;  x(0) =z

where a > 0 is the birth rate coefficient, b > 0 is the intraspecies competition, ¢ > 0 is
the toxicity coefficient, xq is the initial population and z(t) is the population at time ¢.
One of the main theorems of this chapter is given below.
Define m; = min {« my = min {&o, B0}, M1 = max {« M, = max {ao, 8
1 tE[O,T}{ 07ﬁ0}7 2 tE[O,T]{ 0760}7 1 tE[O,T]{ 0760}7 2 tE[O,T]{ OyﬁO}
and fy and f3 denote the first order partial derivative of f with respect to the second and

third variables respectively. Denote the interval [0, 00) by Ry .

Theorem 1.3.2. Let ag, By € C*([0,T],R) be a coupled lower and upper solutions of
(116) with f, f2 c C([O,T} X [ml,Ml] X [mg,Mz],R) and —f3 c C([O,T] X [ml,Ml] X
[ma, My],Ry). Then there exist monotone sequences {ay,} and {B3,} that converge uni-

formly and monotonically to the unique solution of (1.16) in [ag, Bol.

In Chapter 4, an existence and uniqueness theorem for the following fractional order

two-point nonlinear boundary value problem

(1.18a) —Dx(t) = f(t,z(t)); t € (0,1)

(1.18b) 2(0) — apx’(0) = 7o and x(1) + a1 2’ (1) = 71,

where f € C([0,1] x R,R), opg > qfll, a1 > 0 and ¢D? is the Caputo fractional derivative
of order 1 < ¢ < 2 is discussed via a monotone quasilinearization method. The quadratic
convergence of the quasilinearization scheme is also proved. One of the main theorems of

this chapter is given below.

Define m; = Ir[lin]{vo,uo} and mgy = m[ax] {v°, 4"} and f, denotes first order partial
tef0,1 te[0,1

derivative of f with respect to the second variable and R~ denotes the interval (—oo,0).
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Theorem 1.3.3. Let 0%, u° € C?(0, 1] represent, respectively the lower and upper solutions

of (1.18), f € C([0,1] x [mq1,ma],R), f, € C([0,1] x [m1,ma],R™). Further assume that

(1) [fe(z,y1) = fol@,y2)| < Ma|yr —ya|, My >0,

(i) for each t, f.(t, ) is nondecreasing in x.

Then there exist two sequences that converge uniformly and monotonically to the unique

0 u®] and the order of convergence is quadratic.

solution of the problem (1.18) in [v°, u

In Chapter 5, an existence and uniqueness theorems for a partial integro differential

equation

ou  O%*u

(1.19) %o T flu, ) in Q, wuls,g= ¢,

is provided using a monotone iterative technique, where @) = (0,1) x (0,7). Further
0,Q = 0Q\((0,1)x{T'}) denotes the parabolic boundary of Q) and @ = fot K(t—s)u(z, s)ds.
Also f: RxR — R is assumed to be a continuous function and ¢ is the restriction of ® on
9,Q where ® € C%*1(Q). The proof is based on a fixed point theorem in partially ordered
Banach space. This chapter also extends the bivariate spectral collocation method for
partial differential equation to solve the above partial integro differential equation. It also
provides an alternative proof for the results in Chapter 3.

Define m = min {vg,wo}, M = max {vo,we}, M = min {¥y, W} and M =

(z,t)eQ (z,t)eQ (z,t)eQ

max {0y, Wo}. Denote the partial derivative of f with respect to the second and third

(z,t)eQ
variable by f; and f5 respectively. Consider the following assumptions:

(i) Let vo and wy in C*'(Q) be an ordered coupled lower and upper solution of (1.19).
(ii) For some § > 0, f, fi, fo : Clm — 6, M + 6] x [/ — §, M + 6] — R are continuous

functions and for all s; € [m, M], s, € [, M]

fi(s1,82) + A >0 and fo(s1,82) <0

Under these hypothesis, the main theorem can be stated as,
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Theorem 1.3.4. The parabolic partial integro differential equation (1.19) has a unique
solution in [vg, wo|. Moreover, there exist two sequences that converge to the unique solu-

tion monotonically.

In Chapter 6 an interesting short note on monotone iterative method for the following

coupled system of partial differential equations is provided.

;

%—?+ag—§—|—cu:cv, t>0,0<x<]|
v
24+ bv = bu+ Aexp(v), t>0,0<ax<|
(1.20) ot <P(v)
u(0,) = n(t), t>0
L u(z,0) = uo(x), v(z,0) = vo(x), 0<z<lI.

The above equation arises in catalytic converter model. Recently, Linia et.al. [132] pro-
posed an alternative monotone iterative procedure to Pao et. al. [115]. Though the
numerical simulations assure that the iterative scheme in [132] produces faster conver-
gence than the method in [115], no theoretical justification is provided in [132]. In this
chapter a theoretical justification is provided that ensures that the iterative scheme in
[132] always requires less number of iterations than that in [115]. One of the main

theorems of this chapter is given below.

Theorem 1.3.5. Let (u*,v*) be a solution of (1.20). If (@®,7®) and (u®,v®) are
ordered upper and lower solutions for the Eqn.(1.20), then for alln € N,

@™, u™) < (@™, g™ < (u*,v") < @™, ") < @™, 5).
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CHAPTER 2

A MODIFIED QUASILINEARIZATION METHOD FOR
FRACTIONAL ORDER INITIAL VALUE PROBLEM

2.1. Introduction

This chapter discusses the existence and uniqueness of a solution for the following

problem.
(2.1) °Dix(t) = F(t,z(t)), z(to) =xo

where F' € C([to,T] x R,R) and “D? is the Caputo fractional derivative of order ¢, 0 <
g<1

The applications of fractional calculus in various branches of modern science and
technology brought considerable attention to the study of fractional differential equations.
Recently, quasilinearization method [41, 42, 148, 149], has been successfully applied by
researchers to prove the existence of solutions for various types of fractional differential
equations. The advantage of this method is not only in proving the existence of solution,
but also in providing an iterative scheme to obtain an approximate solution. However this
method [41, 42, 148, 149] rests on the hypothesis that F' has a monotone derivative.
In several cases neither F' is differentiable nor has a monotone derivative. Recently,
Devi et al. [42] proposed a quasilinearization method where a non-monotone function F'
has been decomposed into two monotone functions and obtained quadratic convergence.
A more generalized form of quasilinearization has been considered in [41], where the
monotone property has been further relaxed and still quadratic convergence has been
obtained. In [149] the authors extended the quasilinearization method to functions that

are neither differentiable nor have a monotone derivative. Besides, the construction of



monotone sequences in the work presented in [41, 42, 148, 149] requires to evaluate the
partial derivative of F' at each iteration. It is interesting to note that in [41, 42] the
partial derivative should be evaluated at least for two points at each iteration to ensure
the quadratic convergence. Even, the theorems proved in [41, 42] fail to guarantee the
existence of the solution as well as the convergence of the quasilinearization when F
is not differentiable. However, in the proposed modified quasilinearization method, the
monotone sequences are constructed by evaluating the partial derivative of I’ only once
at specified points. Moreover the proof for the convergence of the monotone sequence
with systematic error analysis uses only mild conditions on F' unlike in [42, 148, 149].
Consequently, the present method is more robust with less computational complexity

compared to existing quasilinearization approaches.

The organization of the chapter is as follows. In Section 2, we provide the basic
materials relevant to the main theorem. In Section 3, we prove the linear convergence
of the modified quasilinearization method with systematic error analysis. The modified
approach is illustrated in Section 4 by applying to various examples including fractional
order Riccati equation. Our numerical results are also compared with other numerical
results obtained using Haar wavelet method [91, 121], and the modified homotopy per-
turbation method [105]. We conclude the discussion in Section 5, by stating the merits

of the proposed modified quasilinearization method.

2.2. Preliminaries

In this section, we provide some basic definitions and results relevant to the main

theorem. First we define the lower and upper solution of the problem (2.1).

Definition 2.2.1. A function v € C([to,T],R) is called a lower solution of (2.1) if for
all t € [to, T

‘Div(t) < F(t,v(t)), v(te) < x(to).

If the inequalities are reversed then the corresponding solution is called an upper solution.
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Next we introduce the one parameter and two parameter Mittag-Leffler functions
which play a crucial role in the solution of the following non-homogeneous linear fractional

differential equation,

(2.2) ‘Diz(t) = x(t)+ f(t), =(to) = xo

where A is a real number and f € C([ty, T] xR, R). Using the Laplace Transform technique,
the solution for nonhomogeneous initial value problem (2.2) is obtained as follows

(2.3) z(t) = woEy(A(t — t9)?) + / (t—8) T E, (Nt —8)9) f(s)ds, t € [ty,T]

to

oo o0 k

tr t
where E,(t) = Z Tgh 1) and E,,(t) = Z ETE) are the Mittag-Leffler functions

k=0 k=0
of one parameter and two parameter respectively. If f(¢) =0 then the solution of the

corresponding homogeneous initial value problem is given by
(2.4) z(t) = wo B (At —t9)?), t€ [to,T].

In the following we state Gronwall-type inequality for fractional differential equation with-

out proof. The proof can be found in [43].

Remark 2.2.1. Let “D%u(t) < Lu(t), u(ty) = ug where u(t) € C([to, T]|,Ry) and L is a

positive constant. Then we have the estimate
u(t) < uoEy(L(t —to)?) on [to, T

Note that if ug = 0, then u(t) = 0 identically on [ty, T).

This section is concluded by stating the following comparison theorem, an important

tool in proving the main theorem.

Theorem 2.2.1. (Theorem 3.1 in [148]) Let v(t),w(t) € C([to,T],R). Suppose F €
C([to, T] x R,R) and

(i) “Dio(t) < F(t, (1)),
(ii) “D%w(t) > F(t,w(t)),
(ii) F(t,z) — F(t,y) < L(x —y), x>y and L > 0.
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Then v(ty) < w(ty) implies
(2.5) v(t) < w(t), ty<t<T.

Corollary 2.2.1. The function F(t,u) = o(t)u(t) where o(t) < L is admissible in Theo-
rem 2.2.1 to yield u(t) <0, onty <t <T.

Note that the dual of the Corollary 2.2.1 is also valid.

2.3. Convergence Analysis

This section gives the proof for the main theorem which is derived by constructing
the monotone sequences using the modified quasilinearization idea. Then the linear con-
vergence of the sequence with systematic error analysis has also been stated with the
proof. We will use the notation [a, 8] to denote the sector {x : a(t) < z(t) < B(t), Vt}.
Throughout this section we assume that F' has a decomposition of the form F(t,x) =

f(t,z) + g(t,x) + h(t,z) where f,g and h € C([tg,70 + 1] x R,R), t; > 0 and 7" > 0.

Theorem 2.3.1. Let o € C([to,to + T),R), 8 € C([r0,70 + T],R), f,g € C([to, 70 +
T] x R,R) and h € C([to, 70 + T| x R,R) where 79 > 0. Suppose

(i) “Da(t) < f(t alt)) +g(t,a(t) + h(t, aft)), to<t<to+T,
“DIp(t) = f(E,B(1) +g(t, B(1) + h(t, 6(2), mo<t<T+T
with a(ty) < z(so) < (1) and ty < so < 19 where a(t) < B(t+m), to <t <tg+T
and m = To — o,
(i) 3 two functions ¢, € CO([tg, 79 + T] x R,R) such that ¢, and ¢, + f, are
nondecreasing and 1, and Y, + g, are nonincreasing in x for each t,
(iii) for each z, f(t,x), g(t,x) and h(t,z) are nondecreasing in t,

(iv) for some constant K > 0 and each t, |h(t,x1) —h(t,x2)| < K|z1 — 29|, V1,29 € R.

Then there exist monotone sequences {dy} and {5, } which converge uniformly and mono-
tonically to the unique solution of (2.1) with x(so) = xo on [sg, So+ 1| and the convergence

1s linear.
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Proof: Set Sy(t) = B(t +m) and Go(t) = a(t), ty <

t < to+T where n = 19 — 1.
Then we have By(to) = B(to +m) = B(10) > alty) = do(ty). Note that

“DIBy(t) = °DIB(t+m)
> ft+m, Bt +m))+ gt +mn, Bt +n)) +h(t+n, Bt +m))
= ft+m,Bo(t) + gt +m, Bo(t)) + h(t + n1, Bo(t))

“DBo(t) > f(t,Bolt)) + g(t, Bo(t)) + h(t, Bo(t)).

Thus Bg(t) is an upper solution. In a similar manner we can show that &q(t) is a lower
solution. Set 75 = sg — typ. The monotonic sequences of solution can be constructed by

solving the following modified quasilinear fractional differential equations.

(2.6) D%y, 11 = Py(t, Gy, G, Go, Bo),  Gnya(to) = 2o
where

Pl(t7dn+17&n7&0730) — f(t + 77276%) + g(t + 77276%) + h(t + 77275%) + [Px(t + 7727540)
— bt + 12, Bo) + Gu(t + 12, Bo) — Yt + 1, 60) — K] (Qnyr — )

where P(t,x) = f(t,z) + ¢(t,x) and G(t,z) = g(t,x) + (¢, x).
(2.7) “DBp1(t) = Gi(t, Bus1, Bus G0, Bo),  Bura(to) = 29
where

Gl(tv Bn+17 Bn; 6%730) = f(t + T2, Bn) + g(t + 7]2aﬁ~n> + h(t + 12, Bn) + [Pm<t + 2, 5‘0)
—u(t + 112, Bo) + Ga(t + 2, Bo) — ©a(t + 12, G0) — K)(Buir — Bn)-

Note that, for the problems (2.6) and (2.7) unique solution exists since the right hand
side of these equations satisfy Lipschitz condition.

Next using induction we prove that, for all n € N,
(2.8) <@ < <@ <fp<-<B <Py on [toto+T).
For n = 1, we have to show

(29) O~éo S O~él S Bl S BO on [to,to -+ T]
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Let p(t) = &y — ap. Note that p(ty) > 0 and

Cqu(t) = CDqéél—CDqCN‘éo

v

f(t +ma, ao) + g(t +n2, &) + h(t + 02, Go) + [Pu(t + 12, do)
— b (t 412, Bo) 4+ Gult + 12, Bo) — Vu(t + 12, o) — K]

(1 — &) — f(t, &) — g(t, &) — h(t, &)

“Dip(t) > [Pyt +m2,d0) — ¢ult +n2, Bo) + Gult + 2, Bo)

—,(t + m2, &) — Kp(1).

By Corollary 2.2.1, p(t) > 0. Thus &y < &3 on [tg, to + T'|. Similarly, it is straightforward
to show that By > By on [to, to + T]. Let p(t) = 1 — ay.

‘Dip(t) =

Vv

v

“Dip(t) >

°DIB; — DI,

[Pa(t + 2, o) — ¢u(t + 12, Bo) + Ga(t + 2, Fo) — Wu(t + 112, o)
—K|(B1 = Bo — @ + ao) + [f(t + 12, Bo) — f(t + 112, )]

+g(t + 2, Bo) — g(t + n2, 0)] + [Pt + 02, Fo) — h(t + 12, Go)]
[Po(t + 112, 0) — Gt + 112, Bo) + Gt + 112, Bo) — ©u(t + 12, o)
—K](B1 = Bo — a1 + @) + 6(t + n, G) — G(t + 12, o)

+P(t + 172, 40) (B — do) + W (t + 1, G9) — Pt + 172, o)

+Go(t + 2, Bo) (Bo — ) — K (Bo — do)

[Pa(t+ 1, G0) — Gt + 12, Bo) + Gt + 112, Bo) — Yt + 12, o)
—K](B1 = Bo — a1 + @) + ¢a(t + 12, Fo) (d0 — Fo)

+Py(t + 112, 40) (Bo — o) + Y (t + 12, o) (d0 — Fo)

+G(t + 1, 50) (Bo — @) — K (5o — o)

[P$(t + 2, 5(0) - ¢I(t + 772730) + Gz(t + 772730) - ¢z<t + 12, dO) - K]p(t)

Then using the condition p(ty) = 0 and Corollary 2.2.1, we obtain p(¢) > 0. Hence B > ay

on [tg,tg + T]. Consequently, (2.9) is proved. Assume (2.8) is true for k;
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<A <By on [to,ty+T).

VAN
joN
ES
VAN
=
=
VAN

(2.10) e, ap<da;<--
Then it is enough to show that
(2.11) G < Qpyr < Bepr < B on [to, to + 1.
Let p(t) = dx41 — &x. Note that p(ty) = 0 and

Dip(t) = Dl — Didy
= [Px<t + 2, dO) - ¢x(t + 2, BO) + G:c(t + 2, BO) - ¢x(t + N2, 550)
— K| (@1 — 26, + Q1) + [f(E + 12, &) — f(E+ 12, 1))

+g(t + 2, au) — g(t + n2, cu—1)] + [A(t + 02, &r) — h(t + 12, Ai—1)]

> [Pu(t+m2, o) — Galt + 112, Bo) + Gult + 12, fo) — Yt + 112, Go)
— K (Ggs1 — 265 + 1) + O(t + 12, 1) — O(t + 12, G
+Pu(t + M2, A1) (G — Q1) + (4 72, A1) — V(T + 12, )
Gt + o, ) (g — Ggpy) — K (g — Ggy)

> [Pu(t + 1, 60) — bu(t + 0, B0) + Gt + 3, Bo) — Wt + 12, o)

— K (1 — a) + [Po(t + 2, Q1) — Pt + 12, 00)] (G — Gi-1)
HGo(t + 2, &k) — Gt + 112, o)l (G — Q1) + u(t + 112, Bo)
(A — k1) + Yt + 12, G0) (@ — A1) — Gult + 112, o)
(G — Gp—1) — Va(t + 12, G0) (G — 1)

“Dip(t) = [Pa(t + 112, Go) — Gu(t + 112, Bo) + Galt + 112, o) — ¥t + 112, o)

—Kp(t).

Again by Corollary 2.2.1, p(t) > 0 = ag11 > G on [tg, to + 1. In a similar way we can

prove that ), > Bkﬂ on [tg,to + T]. Let p(t) = Bkﬂ — Qg1
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“Dp(t)

“Dp(t)

Then using the condition p(tg) = 0 and Corollary 2.2.1, we obtain p(t) > 0. Hence

v

v

D41 — DG

[Pa(t + 112, o) — bt + 112, Bo) + Galt + 12, Bo) — Yu(t + 12, o)
—K](Brar = B — Gnpr + @n) + [F(E+ 12, B) = f(E+ 1, 6)]
+g(t + 112, B) — g(t + 112, )] + [A(t + 712, B) — h(t + o, )]
[Po(t + 112, o) — Gt + 112, Bo) + Gt + 12, Bo) — Yu(t + 12, o)
~K)(Brpr = B — dr + @) + ot + 02, ak) — St + 12, By
+Py(t + 12, ) (Br — @) + (1t + 112, &) — O (E+ 12, By

+Go(t + m, Bi) (B — @) — K (By — )

[Po(t+ 12, 60) — Ga(t + 1, o) + Gt + 112, Bo) — ¥t + 12, o)
—K(Bra1 = @) + [Po(t + 12, 60) = Polt + 12, @0)) (B — i)
HGo(t + 12, Bi) — Golt + 12, Bo)) (Br — ) + bt + 12, Bo)

(Br — ) + Pt + 12, 0) (B — @) — bt + 12, Bo) (B — Gin)

— oy (t + 12, G0) (B, — i)

[Pa(t + 1, G0) = du(t + 112, Bo) + Gt + 2, o) — Lt + 12, o)

—Kp(t).

Bra1 > @pp on [to, to + T]. Consequently, (2.11) is proved.

It is clear that the sequences {d,} and {3,} are uniformly bounded and monotone on
[to, to + T]. We can also show that the sequences {a,(t)} and {f,(t)} are equicontinuous
on [to, to+7T]. Hence by Ascoli-Arzela’s Theorem and using the property of monotonicity,
{&,} and { Bn} converge uniformly to p; and po, respectively. Using the equivalent integral

representation of (2.6) and (2.7) one can easily prove that p; and p, are solutions of the

initial value problem

(2.12)



From the hypotheses it is clear that f,g and h are Lipschitz and f,(¢,z) and g.(t, =) are
bounded on the sector [dp, Bo]. Hence it can be concluded that p; = po = . Thus (2.12)

has a unique solution. Using the change of variable s =t + 1y, (2.12) is equivalent to

(2.13) Dix(s) = F(s,z(s)), x(so) = xo.

To prove the linear convergence of the modified quasilinearization, define

ki = sup | fo(t +m2, @), K = supyeppy 1041 (0(E + 772730) — o(t + 2, &),

aE[&o,Bo}
tefto,to+T) -
ko= sup |gu(t+ m2, @), ky = supey 1) (U (L + 12, 00) — U (t + 12, Bo)),
aElaop,B
te[t([J,too-s-Ojl}
Pn =T —Qpn, Tn =00 —Z, |Duo = sup |pa(t)], |rulo = sup |r,(t)] for all n € N.
te[to,t0+T] tE[tQ,t0+T]
Then

“D'pnsa(t) = “DUE(t) — “DIdna(t)
= [Pu(t + 2, G0) — ¢t + 2, Bo) + Gult + 2, Bo) — 1 (t + 12, )
—K](an — Qng1) + [f(E+12,2) = f(E+ 12, Gn)]
+[g(t +n2, ) — g(t + 12, 0)] + [A(t + 12, T) — h(t + 12, )]
= [Pu(t + 2, G0) — ¢u(t + 02, Bo) + Gult + 2, Bo) — 1 (t + 12, )

1
_K](pn—I—l _pn) + / fa&(t + 77270:% + (1 - H)d/n)(a~j - dn)de
0
1
+/ gx(t + 19,07 + (1 — Q)dn)(f — dn)de + K(f — &n)
0
= [Pu(t+m, G0) — ¢t + 02, Bo) + Gult + M2, Bo) — 1u(t + 72, Gg)
1
—K|ppi1 + {/ fo(t+m2,02 + (1 —6)a,)dd
0
1
i / 9u(t + 12, 07 + (1 — 0)@,)d0 — Py (t + 2, o)
0

by (t 4 12, Bo) — Gt + 12, Bo) + U (t + 1, d0) + 2K | pa(t)

“Dipnia(t) < Mpy(t) + M'pnsa(t)
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where

M = sup | Py(t 4 12, &) _¢x(t+77276~0>+Gx(t+7727BO>
tG[to,to—‘rT}

— 1 (t 4+ 12, 00) — K|

M = (2(k1 + ko) + k] + k5 + 2K)

(2.14) “Dpnia(t) < Mlpalo + M'ppia(1).

From the inequality (2.14), we get

pusa(t) < Mlpalo / (t— 517V By (M (t — 5)7)ds

to

M|py|o(t — to)*
q
M|pn|OTq

q
Pn+1 (t> S ’pn |0N

IN

Eq,q(*M,(t - tO)q>

IA

EQyQ(M/Tq)

MT

where N = E,,(M'T?). Hence we have,

(2.15) [Pryilo < Nipalo.

A similar calculation shows that

(2.16) ITnt1lo < Nirylo-

Hence the Theorem.

Remark 2.3.1. Ifty = 19 in Theorem 2.5.1, then the hypothesis (iii) can be omitted.

Remark 2.3.2. An interesting observation from the proof of Theorem 2.3.1 is that the
condition (i1) can be replaced as follows. Suppose f,g € C%*([ty, 7o +T] X R,R) and 3
two functions ¢, € C¥2([tg, To+T] X R, R) such that ¢, (t, ) > 0, Gup(t, 2) + fuu(t, z) >
0, %aa(t, ) <0 and Yuu(t, ) + gua(t, z) < 0.

Corollary 2.3.1. Let a, B € C([to,to + T|,R) and f € C*'([tg,to +T] x R, R). Suppose
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(i) “Dia(t) < f(t,a(t)), to<t<to+T,
“DIB(t) = [t (75)) to<t<to+T
with a(ty) < xg < B(to) where a(t) < B(t), to <t <ty + 1T,
(ii) 3 a function ¢ € CO ([ty, to+T] x R, R) such that ¢, and ¢,+ f, are nondecreasing

i x for each t.

Then there exist monotone sequences {ay,} and {5, } which converge uniformly and mono-
tonically to the unique solution of “Dix(t) = f(t,x(t)) with x(tg) = xo on [te,to + T] and

the convergence is linear.

Proof: For the choice g = ¢ =0, h =0, dp = g = o and Sy = fy = § all the

hypotheses of Theorem 2.3.1 are satisfied. Hence the initial value problem

(2.17) Dix(t) = f(t,2(),  wlto) =

has a unique solution in [a, §]. Moreover the sequences {«,} and {f,} defined by the
solutions of the following linear fractional differential equation converge uniformly and

monotonically to the unique solution of the initial value problem 2.17.
Dicna(t) = f(t, an) + [Pult, a0) — d2(t, Bo)l(nt1 — an),  anta(to) = o,

CDqﬁn-H(t) = f( Bn) [ (t O‘O) ¢x(t?ﬁo)](ﬁn+1 - ﬁn)a 5n+1(t0) = To
where P(t,z) = f(t,x) + ¢(t, ).

Corollary 2.3.2. Let a, 8 € C([to,to + T],R) and g € C%'([ty, to + T] x R,R). Suppose

(i) “Dia(t) < g(t, a(t), to<t<to+T,
“DIB(t) = g(t, 6(1), to<t<to+T
with a(ty) < xg < B(to) where a(t) < B(t), to <t <ty + 1T,
(ii) 3 a function b € CO([ty, to+T]) xR, R) such that v, and ¥, + g, are nonincreasing

i x for each t.

Then there exist monotone sequences {ay,} and {S,} which converge uniformly and mono-
tonically to the unique solution of *Dix(t) = g(t, x(t)) with x(ty) = xo on [to,to + 1| and

the convergence is linear.
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Proof: For the choice f = ¢ =0, h =0, dy = a9y = a and Bo = Bo = B all the
hypotheses of Theorem 2.3.1 are satisfied. Hence the initial value problem

(2.18) DIt = glt,a(t)),  alte) =

has a unique solution in [«, §]. Moreover the sequences {«,} and {f,} defined by the
solutions of the following linear fractional differential equation converge uniformly and

monotonically to the unique solution of the initial value problem 2.18.
CDqOénJrl (t) = g(t, an) + [Gx(ta 50) - %(t, ao)](@nﬂ - an)7 (07 | (tO) = o,

CDqﬁnJrl (t) = g<t7 Bn) + [G:v<t7 BO) - wx(t7 040)](5n+1 - 5”)7 ﬁn+1 (to) = o
where G(t,x) = g(t,z) + ¥(t, z).

Corollary 2.3.3. Let o, 8 € C([tg,to + T],R) and h € C([tg,to + T] x R,R). Suppose

(i) “Dia(t) < h(t,aft), to <t <to+T,
“DIB(t) 2 h(t, 5(), tost<to+T
with a(ty) < xg < B(to) where a(t) < B(t), to <t <ty +1T,
(ii) for some constant K > 0 and each t, |h(t,x1) — h(t, z2)| < Kl|x; — 22|, V1,29 € R.

Then there exist monotone sequences {ay,} and {S,} which converge uniformly and mono-
tonically to the unique solution of “Diz(t) = h(t,x(t)) with x(ty) = xo on [to,to + 1| and

the convergence is linear.

Proof: For the choice f=g=¢ =9 =0, dy = ag = a and Sy = By = 3 all the

hypotheses of Theorem 2.3.1 are satisfied. Hence the initial value problem
(2.19) ‘Diz(t) = h(t,z(t)),  x(to) =

has a unique solution in [a, §]. Moreover the sequences {a,} and {f,} defined by the
solutions of the following linear fractional differential equation converge uniformly and

monotonically to the unique solution of the initial value problem 2.19.

‘Dicgq(t) = h(t,an) — Kl — o),  anii1(to) = xo,

CDqﬁn+1 (t) = h(t, ﬁn) - K(ﬁn+1 - ﬁn>7 ﬁnJrl(tO) = Zo-
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Corollary 2.3.4. Let o, 8 € C([to, to+T],R) and f,g € C%([to, to+T] xR, R). Suppose

(i) “Dia(t) < f(t,at)) +g(t,alt), to<t<ty+T,
DI(t) = f(t, (1) + 9, B(1), T <t<T+T
with a(ty) < xg < B(to) where a(t) < B(t), to <t <ty + 1T,

(ii) 3 two functions ¢, € C™([to,to + T] x R,R) such that ¢, and ¢, + f. are

nondecreasing and v, and Y, + g, are nonincreasing in x for each t.

Then there exist monotone sequences {éu,} and {5, } which converge uniformly and mono-
tonically to the unique solution of “Dix(t) = f(t,z(t)) + g(t,x(t)) with z(ty) = xo on

[to, to + T and the convergence is linear.

Proof: For the choice h =0, dy = ap = a and By = By = f all the hypotheses of the

Theorem 2.3.1 are satisfied. Hence the initial value problem
(2.20) ‘Diz(t) = f(t,z(t)) + g(t,z(t)),  x(ty) = o

has a unique solution in [«, §]. Moreover the sequences {«,} and {f,} defined by the
solutions of the following linear fractional differential equation converge uniformly and

monotonically to the unique solution of the initial value problem (2.20).

Dicna(t) = [t an)+g(t an) + [Po(t, a0) — ¢a(t, Bo) + Galt, Bo)
—o(t, a0)](ni1 — an),  anpa(to) = o,

Difnia(t) = [ Bn) + 9, Bn) + [Pe(t, a0) — ¢a(t, Bo) + Galt, Bo)
Vo (t, 0)](Bas1 — Bn);  Buta(to) = 0.

Remark 2.3.3. The other possible corollaries of combination f, h and g, h are similar

to Corollary 2.3.4 and hence not discussed here.

We will conclude this section by stating a generalized version of quasilinearization
which will unify the existing method presented in [41, 42, 148]. This Theorem will be

stated in the setting of the function space

Cylto, T] = {u € O((to, T,R) : (t — to)Pu € C([to, T,R)}, p=1—q.
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Theorem 2.3.2. Let o € Cp([to, to+T]), 8 € Cp[10, 0+T)), [, g € C¥'([to, o+T] xR, R)

where 19 > 0. Suppose

(i) “Dia(t) < f(t,at)) +g(t, a(t), to<t<to+T,
DIp(t) = f(E,8(1) +9(t, (1), m<t<m+T
with a(te) < z(sg) < B(1o) and ty < sg < 719 where a(t) < B(t+m), to <t <tg+T
and m = To — to,
(ii) 3 two functions ¢, € C([tg, 70 + T] x R,R) such that ¢, and ¢, + f, are
nondecreasing and 1V, and Y, + g, are nonincreasing in x for each t,
(iii) for each z, f(t,x) and g(t,z) are nondecreasing in t,

(iv) for some positive constants Ly, Lo, L3, Ly

[f(tz) = fty)l < Lz —yl, lg(t,x) —g(t,y)] < Lofw —yl,

0(t,2) = ot y)| < Lslz —yl, [0t z) = ¢t y)] < Lalz —yl.

Then there exist monotone sequences {&,} and {Bn} which converge uniformly and mono-
tonically to the unique solution of (2.1) with x(s¢) = xo on [so, So+ 71| and the convergence

18 quadratic.

Proof. Tt is easy to show that the sequences {G,} and {f,} defined by the solutions of
the following linear fractional differential equations converge uniformly, quadratically and

monotonically to the unique solution of the initial value problem 2.20.

DGy (t) = f(t+M ) + g(t+ 02, ) + [Po(t + 12, ) — du(t + 12, Bn)
+Go(t + M2, Bn) — Ut + 12y @) (G — ), Anpa(to) = o,
CDanH(t) = f(t+n, /871) + g(t + 2, 5n) + [Pt + 12, 6) — Gu(t + 12, Bn)

+G(t + 12, Bn) — Y (t + 1o, dn)](Bn+1 — Bn% Bn+1(t0) = o

where P(t,x) = f(t,z) + ¢(t,z) and G(t,x) = g(t,x) + (¢, x). O
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2.4. Numerical Examples

In this section, the modified quasilinearization method is illustrated by successfully
applying to different examples including fractional order Riccati equation. For each ex-
ample we verified the existence and uniqueness of the solution and convergence of the
proposed method using Theorem 2.3.1. To solve the examples numerically, at each iter-
ation, the corresponding linear initial value problem has been solved using Adams type
predictor-corrector method [43]. This section also provides examples where the proposed
modified quasilinearization performs even better than the generalized quasilinearization

method as given in Theorem 2.3.2 and the theorems in [41].

Example 2.4.1. Consider the fractional order Riccati equation of order q, 0 < q < 1.

(2.21) ‘Diz(t) = 2x(t) — 2*(t) +1, z(0)=0, 0<t<1.

Numerical solution of (2.21), has been discussed using Haar wavelet method [91,
121] and modified homotopy perturbation method [105] for various choices of ¢. First a
comparison study for the case ¢ = 1 with the results in [91, 105, 121] is provided (Table
2.1). Tt can be seen that for the choice of tg =79 =0,T =1, L = 2, g(t,z) = 2x — 2% + 1,
f=h=¢=1¢=0,a) =0 and 5(t) = 3 all the hypotheses of Theorem 2.3.1 are
satisfied. Hence the initial value problem (2.21) has a unique solution in [, 5]. Moreover,
the modified quasilinearization defined by (2.6) and (2.7) converges uniformly to the

solution.

It is interesting to note that g, is not a nondecreasing function, which is a crucial
condition in [148]. Hence the quasilinearization technique discussed in [148] cannot
ensure the convergence of the iterative procedure as well as the existence and uniqueness
of solution of (2.21) but the modified quasilinearization technique ensures both (Figure

2.1).
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t | Exact | Present | Ref.[91] | Ref.[105] | Ref.[121]
0.1]0.1103 | 0.1103 | 0.1103 0.1103 0.1103
0.310.3951 | 0.3951 | 0.3951 0.3951 0.3951
0.5]0.7560 | 0.7560 | 0.7560 0.7576 0.7560
0.7 1.1529 | 1.1529 | 1.1530 1.1635 1.1529
0.9 | 1.5269 | 1.5269 | 1.5269 1.5550 1.5269
1.0 ] 1.6895 | 1.6895 | 1.6895 1.7238 1.6895

TABLE 2.1. Comparison of present method with the methods discussed in
[91, 105, 121] for Example 2.4.1.

T T
present q=1
18 present g=0.9
present q=0.8 y
16~ + exactsolqg=1 B

141 B

1.2 —

X(t)
e
T
I

0.8~ 4

0.6~ -

0.4 -

0.2 -

FIGURE 2.1. Solution of Example 2.4.1 for various values of ¢.

Example 2.4.2. Consider the fractional differential equation of order q, 0 < q <1

(2.22) ‘Diz(t)=1—2"+|z|, z(0)=0, 0<t<1.

For the choice of tg =70 =0,T=1, K =1, h(t,z)=|z|, f= o= =0,9g=1— 22,
a(t) = 0 and 5(t) = 3 all the hypotheses of Theorem 2.3.1 are satisfied (Table 2.2). Hence
the initial value problem (2.22) has a unique solution in [«, 5]. Moreover the modified

quasilinearization defined by (2.6) and (2.7) converges uniformly to the solution. It is easy
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to see that h is not a differentiable function but monotonicity of h, is a crucial condition
in [41, 42, 148]. Hence, even for this example the quasilinearization technique discussed
in [41, 42, 148] cannot ensure the convergence of the iterative procedure as well as the
existence and uniqueness of the solution of the (2.22) but the modified quasilinearization
technique ensures both (Figure 2.2). It is also interesting to note that though the result
in [149] ensures both linear convergence and uniqueness of the solution, computational

complexity is much more than the proposed modified quasilinearization method.

t | g=1 q=09| ¢g=0..8
0.1 0.1048 | 0.1398 | 0.1864
0.3 | 0.3381 | 0.4067 | 0.4854
0.5 | 0.5868 | 0.6639 | 0.7407
0.7 0.8271 | 0.8907 | 0.9439
0.9 | 1.0384 | 1.0747 | 1.0971

1 | 1.1291 | 1.1500 | 1.1576

TABLE 2.2. Numerical solution of Example 2.4.2 for various values of gq.

Present g=1
12— Present q=0.9 -
Present g=0.8

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 2.2. Solution of Example 2.4.2 for various values of q.
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2.5. Conclusion

In this chapter, a modification to the quasilinearization method discussed in [41,
42, 148, 149| has been proposed. The error analysis for the proposed modification is
done under mild conditions. To illustrate the proposed method, numerical examples are
provided including fractional order Riccati equation. Since the modified quasilinearization
method avoids the evaluation of the derivative at each iteration, computational cost has
been greatly reduced. More classes of fractional order initial value problems could be
solved using modified quasilinearization as the conditions on F'(t,z) has been relaxed.
Thus the results obtained using the modified approach along with Adams method are
better than those in some of the recent literature [41, 42, 148, 149] and are in good

agreement with the exact solutions as discussed in Section 4.

40



CHAPTER 3

FRACTIONAL ORDER VOLTERRA POPULATION MODEL

3.1. Introduction

Research in recent years has shown that fractional calculus helps in modeling various
physical phenomena more accurately than its classical counterparts. Hence, developing
methods for solving fractional models has become one of the most emerging research fields.

One such model of interest is the fractional order population model
t
(3.1) ‘Diz(t) = ax(t) — ba?(t) — cx(t)/ z(s)ds, x(0) =
0

where DY is the Caputo fractional derivative of order g € (0, 1], @ > 0 is the birth rate
coefficient, b > 0 is the intra species competition, ¢ > 0 is the toxicity coefficient, xq is
the initial population and z(t) is the population at time ¢. For the choice ¢ = 1, (3.1)

represents the classical population growth model discussed in [136].

Various semi analytical methods and classical numerical techniques are suitably mod-
ified in the literature to solve (3.1). For example, methods based on Bessel collocation
[151], differential transform [52], Euler wavelet [146], fractional polynomial [79, 109],
homotopy analysis [60], Legendre wavelet [63], Pade approximation [97], pseudo spectral
method [92] are applied to (3.1). All these methods assume that (3.1) has a unique solu-
tion. In theoretical aspects, very few results are available in the literature [69, 117, 145|
for fractional order integro differential equation. All the results are based on various
types of successive iterative schemes. The results discussed in [69] are not applicable for
(3.1) with larger time domain due to the stringent assumption on the time domain for

0< <1
q_2.



After transforming the integro differential equation into an integral equation, the
convergence of the successive iterative scheme is discussed in [145]. Any numerical method
based on this iterative scheme has an additional job of inverting the transformation. One
of the simplest successive iterative schemes for (3.1) is available in [117]. The main
drawback of this iteration is that it is very sensitive to various parameters, including
the order of the fractional derivative, and may fail to converge. It is also interesting
to note that though various numerical methods [79, 97, 109, 146, 151] assumed the
convergence of quasilinearization, theoretical results for the quadratic convergence is not
available in the literature for fractional order integro differential equations. Hence the

major contributions of this chapter are the following.

1. An efficient iterative scheme is proposed for (3.1) which is independent of any
transformation as well as having no restrictions on the length of the time interval.
2. The proposed iterative scheme is easy to apply and when it is combined with
spectral method it shows greater flexibility with respect to the parameters in (3.1).
3. A set of sufficient conditions is provided to select the initial guess which ensures

the quadratic convergence of the quasilinearization scheme.

The organization of the chapter is as follows. The preliminary results relevant to
the main theorem are given in Section 2. Section 3 provides existence and uniqueness
theorems for (3.1) by a monotone iterative method and a local convergence theorem for
quasilinearization method, which also ensures the quadratic convergence of the quasi-
linearization scheme. In Section 4, the proposed result is demonstrated successfully by
combining the proposed iterative scheme and spectral method for Volterra population

model.

3.2. Preliminaries

In this section, some basic definitions and preliminary theorems relevant to the main

theorem are presented. First, lower and upper solutions of the following problem are
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provided.

(3.2) °Dix(t) = f(t,x, ), z(0) = xg

where Z(t) = /Otx(s)ds, feC(0,T] x R x R R).

Definition 3.2.1. A function og € C*([0,T],R) is called a lower solution of (3.2) if for

all t € 10,77,
“Diag(t) < f(t, a0, ), ap(0) < xy.
If the inequalities are reversed, then the corresponding solution is called an upper solution

of (3.2).

Definition 3.2.2. Functions ag, 8y € C'([0,T],R) are called coupled lower and upper
solutions of (3.2) if for all t € [0,T],

IN

f(t, a0, Bo),
“DiBy(t) > [f(t, o, )

Cano(t)

and ap(0) < xo < Fp(0).

Throughout this chapter f, and f3 denote the first order partial derivative of f with
respect to the second and third variables respectively. The interval [0, 00) is denoted by

RY.
Lemma 3.2.1. (Corollary 2.11 of [117]) Let x € C'([a, b],R) be such that
‘Dix(t) < La(t)+M /
z(a) <
for L >0, M > 0. Then z(t) <0 for a <t <b. Similarly, if v € C'([a,b],R) is such that
Dix(t) > —La(t)— M /
z(a) > 0

for L >0, M > 0. Then z(t) > 0 for a <t <b. Moreover, if ‘D%x(t) < 0 on |a,b] with

x(a) <0, then z(t) < 0.
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Lemma 3.2.2. The fractional order integro-differential equation

(3.3) Dx(t) = M@)x(t) + X()T(t) + f(t),  2(0) = o

has a unique solution, where \i, A and f are continuous on [0,T].

Proof. The integro-differential equation (3.3) is equivalent to

x(t) = zo+ i (t —5)77 )\ (s)z(s)ds + L (t —8)7 " No(s)7(s)ds

L'q Jo
—/ (t—8)T f(s)

Let My = sup |[A\(s)], My = sup |A(s)| and ||z|| = max |z(t)|. Define a function
5€[0,T s€[0,T te[0,7]

F :C[0,T] — C[0,T] by

Fx(t) = $o+—/ (t—8)T '\ (s)x (s)ds+riq/0 (t —8)7 ' No(5)T(s)ds

+— (t —5)7 1 f(s)ds.

L'q Jo

Now

\Falt) - Fy(t)] < Fiq / (t— 57N (s) (a(s) — y(s))ds

+Fiq / (t— 57 No(s)(E(s) — §(s))ds
14 MsST
< gy (404 22 ) e -

\Fx(t) — Fy(t) < %Hx —y|| where L = M, + é‘iﬂ;

Assume that | F*z(t) — Fry(t)| < %Hx — vyl for k=1,2,--- ,n— 1. Then,
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1 t
[ Fa(t) = FryO] < / (t =) M(s) (T a(s) — Fy(s))ds
q1Jo
1 t t
+= / (t—8)7 1 Xo(s) (/ (F"a(z) — f”‘ly(z))dz> ds
L'q |Jo 0
n—1 _ t
< ML H.I' y“ / (t . S)q—ls(n—l)qu
Pal'((n = 1)g+1) Jy
Mo L1 _ t (n—1)g+1
L A lz —yll / (t — )01 S ds
Fgl'((n—1)g+1) J, (n—1)g+1
Lr—1gna M,T
< — | M —
< o O (s 2 oy
(LT)"
Flr —F" —— ||z —y||.
177 =y < il
. (L1)" -
Choose n sufficiently large such that ———— = p < 1. Consequently, .#" is a contrac-
I'(ng+1)

tion map. Then by contraction principle, .# has a unique fixed point. Equivalently, the

integral equation has a unique solution and hence (3.3) has a unique solution. O

3.3. Iterative Schemes

This section provides two interesting existence and uniqueness theorems for (3.2) by
monotone iteration methods. Sufficient conditions are provided for the convergence of the
proposed monotone iterations. This section also proves a local convergence theorem for
quasilinearization method for (3.2) which ensures the quadratic convergence of quasilin-
earization scheme. Throughout this section, [ayg, Bp] denotes the sector {z : ap(t) < z(t) <
Bo(t),¥ t € [0,T]}. Define m; = tg[loi%{ao,ﬁo}, my = tg[loi’r%]{do,ﬁo}, M, = tgﬁ%{@o,ﬁg}
and My = ma%{do,ﬁg}.

telo,

Theorem 3.3.1. Let ag, 5y € C'([0,T],R) be the lower and upper solutions of (3.2) re-
spectively with f, fo € C([0,T] x [my, M1] X [ma, M|, R) and f3 € C([0,T] x [my, M;] X
[ma, M|, RS). Then there exist monotone sequences {a,} and {B,} that converge umni-

formly and monotonically to the unique solution of (3.2) in [ag, Bol.
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Proof. Consider the following successive iterative schemes
(34) CDqOén+1(t) + )\Oén_|_1(t> = f(t, Oy, &n) + )\Oén, (677 | (0) = Xy,
(35) CDq/BnJrl(t) + /\ﬂnJrl (t> = f<t7 ﬁna Bn) + )‘/an ﬁnJrl (0) = o

where A > 0 such that A+ fo > 0 on [0, T] X [my, M;] X [mg, My]. From Lemma 3.2.2, it is
clear that the iterative schemes (3.4) and (3.5) are well defined. That is, at each step the
linear differential equation has a unique solution. Using induction on n, it can be proved
that for all n € N,

(36) oz()SOqS"'S%zﬁﬁnﬁ"'ﬁ&ﬂ% on [OaT]

Let p(t) = ay — ap. Note that p(0) > 0 and

Dip(t) + A\p(t) = D%y — D%y + Mag — ap)

Y%

f(t7 o, dO) - f(ta Qp, CA%O)

Dip(t) + Ap(t) > 0.

By Lemma 3.2.1, p(t) > 0. Thus a5 > « on [0,7]. Similarly 5y > 51 on [0,7]. Let
p(t) = B1 — ay. Note that p(0) = 0 and
‘Dip(t) + Ap(t) = “DB1 — Dy + A(B1 — ax)
= f(t,Bo, Bo) + ABo — f(t, o, 60) — Ay
= [fa(t,61,82) + N(Bo — o) + f3(t, 01, 62)(Bo — co)

Dip(t)+ Ap(t) > 0

where ag < 61 < fp and ay < dy < Bo- By Lemma 3.2.1, p(t) > 0. Thus 8; > a3 on [0, 7.
Consequently, ap < oy < 51 < [y on [0,7]. Assume that (3.6) is true for n = k. That is,

(3.7) << <<l <fha<---<H<HB onl0T]
To complete the induction argument, it is enough to prove that

(3.8) ap < g1 < P < B oon 0,77
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Let p(t) = ag+1 — ax. Note that p(0) = 0 and

‘Dip(t) + Mp(t) = “Diagyy — “Diag + Mags: — ag)
= f(t,an, ) + Aag — f(t, a1, Q1) — A1
= [fa(t,01,062) + A(or — 1) + f5(t,61,02) (G — Gp—1)

‘Dip(t)+ Ap(t) > 0

where aj_1 < 01 < o and Gy < 09 < @;. By Lemma 3.2.1, p(t) > 0. Thus axi1 > oy
on [0,7]. In a similar manner it can be proved that 8, > By41 on [0,7]. Let p(t) =
Br+1 — ags1. Note that p(0) = 0 and

“Dip(t) + Ap(t) = “D'Brsr — D0t + AMBrsr — 1)
= [t B Br) + ABr — f(t, o, ) — Aoy
= [fa(t,01,85) + A(B — ) + fa(t, 01, 62) (Br — )
‘Dip(t) = 0

where o, < 61 < i, and a;, < dy < Bk By Lemma 3.2.1, p(t) > 0. Thus Sr+1 > g1 o1
[0,7]. Consequently (3.8) is proved. Hence the sequences {a,} and {3,} are monotone
and uniformly bounded on [0,7]. Using the similar argument as in [117], one can show
that {a,,} and {8,} are equicontinuous on [0,7]. Hence there exist p;, po € C*([0,T7)
such that {«,} and {5, } converge uniformly and monotonically to p; and py respectively.
Clearly p; < po. For uniqueness it is enough to show that py < p;. Define p(t) = ps — p1
on [0,7]. Then p(0) = 0 and it is easy to show that “Dp(t) < Cip(t) + Cap(t) for some
positive constants C; and Cy. Consequently p(t) < 0 by Lemma 3.2.1. Hence (3.2) has a

unique solution in [ay, 5o ]

Remark 3.3.1. Since the condition f3 > 0 is not true for (3.1), Theorem 3.58.1 is not
applicable for (3.1). To handle (3.1), the following monotone iterative method is proposed

which is based on coupled lower and upper solutions.

Theorem 3.3.2. Let ag, By € C*([0,T],R) be a coupled lower and upper solutions of
(3.2) with f, f2 € C([0,T] X [ma, My] X [ma, M],R) and —f3 € C([0,T] x [mq, My] X
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[ma, M|, RS). Then there exist monotone sequences {a,} and {B,} that converge umni-

formly and monotonically to the unique solution of (3.2) in [ag, Pol.

Proof. Consider the following successive iterative schemes

(3.9) Dl (1) + A1 () = ft, o, Bn) + Aam,  ang1(0) = 20,
(310) CDqﬁn+1 (t) + )‘Bn+1 (t) = f(t, 6n; &n) + Aﬂnv ﬁn+1 (0) = Zo
where A > 0 such that A + fo > 0 on [0,7] x [my, M;] X [mg, Ms]. From Lemma 3.2.2,
it is clear that the iterative schemes (3.9) and (3.10) are well defined. That is, at each

step, the linear integro differential equation has a unique solution. For all n € N, one can

obtain

(3.11) ap<ap <<, <B, << B < By on [0,T]

by using induction on n. Let p(t) = a3 — ay. Note that p(0) > 0 and
‘Dip(t)+ Ap(t) = D%y — D%y + Moy — ap)

f(t, a0, Bo) — f(t, o, Bo)

“Dip(t) + Ap(t) > 0.

v

By Lemma 3.2.1, p(t) > 0. Thus oy > o on [0,T]. Similarly, 5y > $; on [0,T]. Let
p(t) = B1 — aq. Note that p(0) = 0 and
‘Dip(t) + Mp(t) = DB — Dy + N1 — aq)
= f(t, Bo, &) + Ao — f(t, a0, o) — Aexg
= [falt, 01,02) + A[(Bo — ) + f5(t, 01, 02) (G — Bo)

Dp(t) + Ap(t) > 0

where ag < 91 < [y and ay < 6y < Bo- By Lemma 3.2.1, p(t) > 0. Thus 8; > a3 on
[0, T]. Consequently, g < a1 < 81 < By and [0, T]. Assume that (3.11) is true for n = k.
That is,

(3.12) << << <<l <H<HB onl0T]
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To complete the induction argument it is enough to prove that
(3.13) ap < g1 < By < Br on (0,77
Let p(t) = ag+1 — ax. Note that p(0) = 0 and

Dip(t) + Mp(t) = °“Diayyq — Dy, + Maygy1 — ag)

= [t Bi) + A — f(t, a1, Br1) — Mgy

= [fat,01,8) + N — 1) + fa(t, 81, 62) (B — Br-1)
“Dip(t) + Ap(t) > 0

where a1 < & < o and Bk <6y < Bk,l. By Lemma 3.2.1, p(t) > 0. Thus a1 > o
on [0,7]. In a similar manner it can be proved that 5y > [r.1 on [0,7]. Let p(t) =
Br+1 — ag41. Note that p(0) = 0 and

DUp(t) + Ap(t) = °DPri1 — “Diagys + Ap(h)

= f(t, Bry ) + A8k — f(L, o, Br) — Aow

= [falt,01,82) + N(Bk — ) + f(t, 61, 82) (e — B)
Dip(t) + Ap(t) > 0

where oy, < 61 < i, and a, < 9y < Bk By Lemma 3.2.1, p(t) > 0. Thus Sx11 > agi1 on
[0, 7. Consequently (3.13) is proved. Hence the sequences {a,} and {f,} are monotone
and uniformly bounded on [0,7]. Using the similar argument as in [117], one can show
that {a,} and {8,} are equicontinuous on [0,7]. Hence there exist p;, p» € C*([0,T7])
such that {a,} and {f,} converge uniformly and monotonically to p; and py respectively.
Clearly, p1 < py. To show that py < pq, define p(t) = py — p; on [0,T]. It is easy to
show that Dp(t) < Cyip(t) + Cop(t) for some positive constants C; and Cy. Also we have
p(0) = 0. These conditions imply that p(t) < 0, due to Lemma 3.2.1. Hence p; = py =z
is the unique solution of (3.2) in [«vy, 5o O

Remark 3.3.2. Note that ag = 0 and Sy = 1 is a coupled lower and upper solution for
(3.1) when b > a > 0. Similarly, ag = 0 and Sy = % 1s a coupled lower and upper
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solution for (3.1) when a > b > 0. Consequently (3.1) satisfies all the hypotheses of The-
orem 3.3.2. Hence the fractional order population model has a unique solution in [ag, Bo).
Though Theorem 3.3.2 ensures the existence, uniqueness as well as an iterative scheme to
approzimate the unique solution of (3.1), the order of convergence of the iterative schemes

18 linear.

One of the ways to accelerate the iterative procedure for (3.1) is to replace the succes-
sive scheme by quasilinearization scheme. The convergence analysis of quasilinearization

highly depends on the initial guess.

In this context, the following local convergence theorem for quasilinearization scheme
is proved. The theorem provides a sufficient condition on the initial guess that ensures
the quadratic convergence of the quasilinearization scheme. The other advantage of the
following theorem is that at each step one has to solve exactly one linear equation in

contrast to the iterative scheme in Theorem 3.3.2.

The following notations and assumptions are used in the following Theorem 3.3.3.
Let C[0,T] be the collection of all continuous functions on [0, 7] endowed with the norm
t
|z||, = sup ()] , p>01[30]. Let z* be a solution of (3.2). Let B,(z*, 1) denotes the
tefo,1] Eq(pt?)
closed ball with center z* and radius r > 0 i.e., B,(z*,r) = {z € Cla,b] : ||z —2*|, < r}.
Let f, fa, f3 € C([0,T] x R x R,R) be the set of all continuous functions defined on

0,7] x R x R to R. Let C; and C be constants such that sup, |fo(t, 1, 22)] < C}

and supy |f5(t,x1,22)] < Co, where A = {(t,x1,22) : t € [0,T],21 € By(a*,7), 20 €
B,(#*, 1 TE,(pT")}.

QOlp + 202T17q
p?— Cip— T4

Theorem 3.3.3. If there exists p > 0 such that 0 < <1 and ag €

B,(x*,r), then Vn € N the quasilinearization scheme
(3.14)

Cann+1 (t) = f(t: Oy, 65n)+f2(t7 A, dn)<@n+1_05n)+f3(ta Ay, dn)<&n+1_&n)a Ont1 (O) = To

is well defined, o, € B,(x*,1) and it converges to the unique solution x* of (3.2) in
B,(x*,1). Moreover, if fo and fs are Lipschitz in their respective domain, then the quasi-

linearization scheme converges quadratically to the unique solution of (3.2).
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Proof. From Lemma 3.2.2, it is clear that the iterative scheme (3.14) is well defined for

all n € N. Define p,11 = api1 — x*.

chpn-H (t)

Pn+1 (t)

‘pn+1(t)’

|pn+1(t)|

||pn+1||P

||pn+1 ||p

IN

IN

IN

ft o, ) — f(t, 2%, 8%) + folt, an, an) (1 — )

+f3(t, n, ) (A1 — Qi)

I}q [ /fw@an (1 - 0)2*,0G, + (1 — 0)F*)p(s)dods
I}q s /f?»s@an (1= 0)2*, 0, + (1 — 0)7*)u(5)d0ds

b [ a0 ) 5) — o)

+I‘iq Ot<t — 8)7 f(s, tn, ) (Frga(5) — Pn(s))ds

Ly e
= [ E(psq)Eq@ )d

CQ |pn(T | —1 1—
+—= t— ———FE (pt)(s —7)" (s — 1) " 4drds

2 o= [ 2O roys - (s =)

Cy /t 1|pn+1( ) — Pu(8)|
+— t—s)" E. (ps?)ds

e [ (= el )

C n n — —
+F_(21 / [Pns1( )Pqu (r )|Eq(p7'q)(s—7')q Y(s — 7)1 %drds
CillpallpEq(pt?) +02HanpFCIT1 1E,(pt?)

p p?
+01(Hpn+1\|p + llpallp) Eq(pt?) N Co(llpntilly + llpall)TgT' 1By (pt?)
p p?
2C1Ipally | 2Co|lpall,LaT " | Cillpatall, | Collpasall ,LgT
p " p? " p " p?

2C1p + QCQFC]Tl—q ||p || _ 201 p + QCQFqu_q n+1 Hp “
p? — Cip — Col'gTH 4 M=\ p2 — Cp — ColqT 4 ollp-

Thus a,+1 € B,(x*,r). Consequently, o, converges to z*. Now it is required to show

that 2* is the unique solution of (3.2) in B,(x*, 7). Let 1 and x5 be two solutions of (3.2)

in B,(z*,r) and p(t) = x1 — x2. Then by (3.2) and using mean value theorem,
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p(t) = Ta (t— )T (f(s,21,%1) — f(5,20,T2))ds
qa.Jo
1 t
= T (t—s) / fa(s,0x1 4+ (1 — 0)xs, 0%, + (1 — 0)Z)p(s)dOds
qa.Jo
1 t 1
+P—q (t —s)i~ f3(s,0z1 + (1 — 0)x0, 021 + (1 — 0)T2)p(s)dbds
0 0
[ 1 p(s)]
p(t) < — t—s)"
(o) qu( ) (p><>
+F—q / PTq (o) (s — 7)1 (s — 7)1 %drds
q T1-4
< Cillpll, Eq(pt?) 4 Collpll, / (t— S)q_lEq(qu)dS
p P 0
< GillplpEq(et? Collpll,LgT" 1 E,(pt?)
= 2
P p
Cip + Col'qT 4
Ipll, < — pi Ipll,-

Thus ||p||, < 0, which implies p(¢) = 0. Consequently x; = x5 = 2* is the unique solution
of (3.2). Now we have

Cqun‘i-l(t) = f(ta O, 6%) - f(ta Z'*, ji*) + f2(t7 O, dn)<an+1 - an)
‘|‘f3(t, Qp, C~Vn)(ézn-‘,-l - dn)

= /1 fo(t, O, + (1 — 0)x™*, 0a, + (1 — 6)T")p,(t)do
0

1
+ / Falt O + (1 — 0)a*, 0 + (1 — 0)F)pn(1)d0
0
+f2 (t7 U, &n)<pn+1 - pn) + f3 (ta Ay, &n)(ﬁn—i-l - ﬁn)
Dyt (t) = f (ta Ay, &n)anrl + f3(t7 O, &n)ﬁnJrl

+/0 (fa(t,0c, + (1 — 0)z", 0a, + (1 — 0)T*) — falt, an, ) )pn(t)dd

+/O (f3(t,0c, + (1 —0)z*, 0&, + (1 — 0)T*) — f3(t, an, i) )P (t)d0
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Pn+1 (t)

[Pra(2)]

[Pra (1)l

IN

IN

! (t_s)q lfQ(S aman)])n—i-l( )d3+_/ t_S - 1f3(8 an7an)pn+1( )d

FC] 0
1 t 1

+F_ (t - S)q_l / (f2(87 6)Oén + (1 - ‘9)‘%‘*7 an + (1 - 0)‘%*) - f2(s’ Oy, dn))pnd‘gds
q.Jo 0
1 t

Fq (t —s)1” /01<f3(<9, O, + (1 —0)z*, 0&, + (1 — 0)T*) — f3(s, an, &) prdfds

I _
—/ (t—S)q_1|f2||Pn+1’d3+F—q/(t—s)q_1|f3||pn+1|d5
0

L ! _
w2 [ [ =0l + Il
q 0
LQ g—1 ! ~ ~
—l—F—q (t —s) (1 = 6)(|pn| + |Pul)|pn|dOds, for some Ly, Ly > 0
0

o [ g s

+—/ Y fs |/ |pn+1| E,(pm) (s — 1) (s — 1) 9drds

Ey(pr9)

L, [* N e
+_ (t - 3)q 1(|pn| + |pn|)|pn|d3 + o (t - s)q 1(|pn| + |pn|)|pn|d3

W, 2Tq
Cillpnsill By (pt?)  CoT |p,
onerloEale ), T pnially / (t_sy—lEq(psms
p P 0
Li [ [P/
L t— g—1__ Wmi
+2Fq (t—s) (E, (psq))Q

(L1 + Lo) / o1

(E,(ps?))"ds

E,(p7) (s — 1) (s — ) 9drds

+2L_F2q (t— s>q1< /0 s Ejf;lq)Eq<qu)(s—T)ql(s —T)lda)st

CLEy(pt) IPusilly . ColaT By (pt)l|Puall,
p p?

(L1 + L2)T | |pull, /t ~1_|pnl 2

+ t— ) ———(FE,(ps?))"ds
2,0 0 ( ) Eq(qu)< Q( ))

LiEy(pT) Eq(pt)pall; | L2T**Tq|pall;

+ +
2p 2p?

/O (t — )1 (Ey(ps?))?ds

53



CLE (Pt IPusilly  ColaT™ ™ By (pt?) [Pnsally

Pry1(t)] =
a0 : :

Lt Lo)T' T q B, (pT) Eq(pt?) || pnl |7

2p?
+L1Eq(PTq)Eq(ptq)|lpn||§ N LyT*724(Tq)* Ey(pT) Eq(pt)llpall;
2p 2p3
< Clp + CQFquiq

1Pl < o 1Pns1ll,

Lip? + (L + La)TqT " p + Ly(Tq)*T*
+( o 20 :(L) Ey(pT)|pall3-

Hence, [|ppi1ll, < Nl[pnll?, for some N.

Remark 3.3.3. It can be observed that the set A depends on the radius r. Consequently,
the constants Cy and Co depend on r. Further, the condition on p given in the statement

of Theorem 3.3.3 suggests that the choice of p is also influenced by r. An illustration of

Theorem 3.3.3 is shown through following example.

Consider the problem:

(3.15)

where ¢(t) =
For the choice of p = 0.9, r = 1, C; = 0.2017, Cy = 0.0521, L; = 5= and Ly = = all
the hypotheses of the Theorem 3.3.3 are satisfied. Hence if the initial guess is chosen

in B,(t%,1) then the quasilinearization scheme converges quadratically and uniformly in

B,(t?,

3.4.

To make the presentation self contained, the implementation of spectral method is
outlined in this section. For more details on spectral method, one can refer [27, 99]. The

numerical implementation is demonstrated for the Volterra population model by coupling

CDO'5:U(t) —

7—10(x(t) —23(t) — as(t)/o z(s)ds) + g(t), t €[0,0.5], z(0) =

1.5 t2 t4 t5

r'(25 70 70 210

).

Numerical Illustration
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the iterative scheme (3.9) and (3.10) with spectral method. To validate the proposed

theory, the following normalization of (3.1) is considered.

(3.16) kDix(t) = x(t) — 2*(t) — x(t) /Otx(s)ds, z(0) = x¢

where ¢ € [0,T]. Since the present scheme uses Chebyshev-Gauss-Lobatto points, the
time domain ¢t € [0, 7] is transformed to the computational domain [—1, 1] by the linear

T 1
M. Hence (3.16) becomes,

transformation ¢ = 5

(3.17) %CD‘].T(T) = 2(1) — (1) — %ZL‘(T) /T x(s)ds, z(—1) = xy.

—1
To proceed further, assume that ag and [, are the coupled lower and upper solutions of

(3.16). Applying the proposed iterative scheme (3.9) and (3.10) for (3.17) leads to

(3.18) %chO&n_,_l(T) + Ay 1(T) = A (1) + an (1) — (1) — %an(T) /Tl Bn(s)ds

and

B19)  FD B (7) 4 Muia(1) = A7) + (1) = BEr) = 5 a(r) | ()

with the initial conditions a,41(—1) = g = B,41(—1). Assume that the solution of (3.18)
can be approximated by a Lagrange interpolation polynomial of the form

N

(3.20) a, (1) = Zan(Tj)Lj(T), for any 7 € [—1,1]

N
functions L;(7) are the characteristic Lagrange polynomials given by

where 7; = cos <ﬂ> ; J=0,1,---, N are Chebyshev-Gauss-Lobatto grid points and the

N
T — Tk

Li(r) =

T — Tk
k=0kzj K

It can be seen that each Lagrange polynomial satisfies cardinality property

0, j#k
Lj(m) = 03 =
L, j=
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for j, k=1,2,--- , N. The values of the time derivative at the Chebyshev-Gauss-Lobatto

points 7; are computed as

DT, (7)|_ Za k) DLy, (1)

k=0

E d] kan Tk

where [d; ] = [*“D?Ly(7;)] is the Chebyshev Caputo differentiation matrix of order ¢ and

size (N 4+ 1) x (N +1). The values of the time integral at the Chebyshev-Gauss-Lobatto

points 7; are computed as

/_Tl an(s)ds

= Z&n(m) /_T: Ly(T)dr = Z fikan(Th)

T=T;

where [f;x] = [/ Lk(T)dT:| is the Chebyshev integration matrix of size (N41) x (N+1).

-1
Using the initial condition, (3.18) can be written as

2% &
(3.21) - > it (m) + Ay () = Rj; j=0,1,--- N -1
N
) 2k
where R; = A, (75) + an(7j) — a;(75) — Ean('rj) ij7k5n(7k) — = di,NTo- Now (3.21)
k=0
can be written in the matrix form as follows:
ap,o Qo1 ap,N—1 Oén+1(7'o) Ry

N R | e S

anN-10 AaAN-11 - AN-1,N-1 Oén+1(7'N—1) Ry

2k 2k;
where a;; = ?di,ﬁ’)‘ and a; ; = - d; ;; @ # j. A similar procedure applied to (3.19) leads
to
ap,o aop,1 ap,N—-1 5n+1(70) Ry

(3‘23) 1,0 11 a1,N—-1 6n+1.(7-1) Rll

aN-1,0 OGN-1,1 AN-1,N—1 5n+1(7'N—1) R,N—l

2k

where R} = A\B,(7;) + Bu(75)

— B2(75)

one can obtain the rest of a,s, 8] s.
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Figure 3.1 and Figure 3.2 represent the numerical solution of (3.16) for various choices
of k and ¢. Table 3.1 presents the comparison of the spectral method based on the
proposed iterative scheme and the iterative scheme in [117]. From Table 3.1 it can be
easily observed that the spectral method based on the iterative scheme in [117] is very
sensitive to various parameters such as length of the time domain [0,7] and order of
the derivative. On the other hand, the proposed iterative scheme easily handles all the
situation in which the iterative scheme in [117] fails. Hence the proposed iterative scheme
is more efficient than the iterative scheme studied in [117]. In the Table 3.1 “-” denotes

no convergence. All the numerical simulations are performed using Matlab R2010b.
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---g=0.8
——q=0.6
0.4F —q=0.4

0.5f

0.450
0.4f
0.35¢
< o03f
) ’
0.25 [,

,

o.2fj¢/
;

)
0.15()

0.1¢

0.05

‘
FiGURE 3.1. Approximate FIGURE 3.2. Approximate
solution x(t) for various k solution z(t) for various ¢
when ¢ = 0.5, o = 0.1 and when £ = 1, 2o = 0.1 and
A =6. A =6.

3.5. Conclusion

In this chapter, an existence and uniqueness result is obtained for a fractional order
Volterra population model. The proposed analysis supplements the monotone property as
well as the convergence of the iterative scheme for (3.2). The quadratic convergence of the
quasilinearization scheme to the unique solution of the problem is also discussed. Finally,

to show the efficiency of the proposed successive iterative scheme, a spectral method is
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T| k q | Method[117] | Proposed || T | k q | Method[117] | Proposed

0.75 12 13 0.75 19 22

1 0.5 13 15 1 0.5 24 29
0.25 15 17 0.25 37 38

0.75 13 15 0.75 25 26
410.75] 0.5 15 18 11075] 0.5 - 35
0.25 18 21 0.25 - 47

0.75 16 18 0.75 - 32

0.5 ] 0.5 20 22 0.5 | 0.5 - 44
0.25 27 27 0.25 - 62

T| k q | Method[117] | Proposed || T | k q | Method[117] | Proposed

0.75 - 39 0.75 - 117

1 0.5 - 26 1 105 - 156
0.25 - 81 0.25 - 240

0.75 - 46 0.75 - 144
21075] 0.5 - 66 51075 0.5 - 182
0.25 - 98 0.25 - 266

0.75 - 61 0.75 - 200

0.5 1| 0.5 - 79 0.5 1] 0.5 - 245
0.25 - 118 0.25 - 315

TABLE 3.1. Comparison table for no. of iterations where xy = 0.1,

A=14+T and N =8.

coupled with the proposed iterative scheme and compared favorably with the iterative

scheme in [117].
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CHAPTER 4

FRACTIONAL ORDER TWO-POINT BOUNDARY VALUE
PROBLEM

4.1. Introduction

Developments in last few decades, shows that fractional differential equations provide
better and accurate models for various applications in fluid mechanics, visco-elasticity,
physics, biology and economics. Several existence and uniqueness results are available in
the literature that uses classical fixed point theorems and monotone iterative techniques
for different types of fractional order differential equations. Apart from this, both theo-
retical as well as numerical results have also been obtained for two point boundary value
problems of fractional order 1 < ¢ < 2 with various boundary conditions. For example,
one can refer [11, 19, 22, 65, 119] for Dirichlet boundary conditions, [4] for Neumann
boundary conditions and [12, 128, 130, 153, 154| for mixed boundary conditions. It
is worth mentioning that attempts are also made to handle fractional order boundary
value problems of higher order cases [134]. In [118], Al-Refai established an existence
and uniqueness result for the following two point boundary value problem in the more

general setting:

(4.1a) Diu(t) + g(t)u' + h(t)u = =Xk(t,u), t € (0,1), 1 < g <2

(4.1b) uw(0) —au'(0) =0, u(l)+pu'(1)=0, o,0>0

where k € C1([0,1] x R), g,h € C[0,1] and D7 is the Caputo fractional derivative of

order q.



It is interesting to note that most of the techniques available in the recent literature
[118, 138] are based on successive approximation. More specifically, by combining suc-
cessive iteration with monotone method, existence and uniqueness results are obtained in
(118, 138|. Consequently, the order of convergence thus obtained is linear. Hence, the
main aim of this work is to prove an existence and uniqueness result for the following

class of problem using an accelerated iterative procedure:

(4.22) —eDig(t) = f(t,z(t)), t € (0,1)

(4.2b) 2(0) — apx’(0) = 79 and z(1) + ay2’(1) = 7

where f € C([0,1] x R,R), opg > qfll, a1 > 0 and ©D? is the Caputo fractional derivative

of order 1 < g < 2.

Present work focuses mainly on proving existence, uniqueness and quadratic conver-
gence through monotone quasilinearization approach. This accelerated convergence is
validated by combining proposed iteration with a finite difference discretization method
[129]. Further the results are compared with the numerical scheme that combines succes-
sive iteration and above finite difference method. The results thus show that the proposed

iteration outperforms successive approximation based scheme.

The organization of the chapter is as follows. Section 2 provides the definition of lower
and upper solutions and few important results required for the main theorem. In Section
3, the existence and uniqueness of (4.2) is proved using quasilinearization iterative scheme.

Section 4 provides numerical examples to show the efficiency of the proposed results.

4.2. Preliminaries

In this section, some basic definitions and results relevant to the main theorem are

presented. First, lower and upper solutions of (4.2) are provided.

Definition 4.2.1. A function v(t) € C?(0,1] is called a lower solution of (4.2) if

(4.32) —eDiy(t) < f(t,0(t)), t € (0,1)
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(4.3b) v(0) — apv’(0) < 7o and v(1) + a1v'(1) < .
It is called an upper solution of (4.2) if the inequalities are reversed.

Lemma 4.2.1. [[118], Lemma 3.3] Let z(t) € C?[0,1] and b(t), c(t) € C[0,1] with
c(t) >0 for allt € (0,1). Assume that x(t) satisfies the inequalities

(4.4a) —D(t) + ba'(t) + cx(t) > 0, t € (0,1)

(4.4Db) 2(0) — apx’(0) > 0 and z(1) + an2’(1) > 0

1
0 and oy > 0. Then z(t) > 0 for all t € [0, 1].

where oy >

Lemma 4.2.2. A function z(t) € C?0,1] is a solution of (4.2) if and only if it is a

solution of the integral equation

oo+ 1
zt)=v+-—""— ° (71 Yo + —/ (s,z)ds
' (g —1 / 2 ) / 1
+—" 1—s)*f(s,x)ds | — — t—35)7" f(s,z)ds.
[ =) qu( 7 f(5,2)
Proof. The proof is same as the proof in [118]. O

4.3. Convergence Analysis

This section presents an existence and uniqueness result for the solution of (4.2)
by constructing two monotone sequences using quasilinearization scheme. Henceforth
following notations are considered throughout: [vg, ug] denotes the sector {z : vg < z <
uo}, fo denotes first order partial derivative of f with respect to the second variable and
R~ denotes the interval (—oo,0). Also, define m; = tren[(iﬁ]{vo, Upt, mo = gg’)ﬁ{vo,uo} and
[zl = sup_[z(t)].

te(0,1]
Theorem 4.3.1. Let vy, ug € C*([0,1],R) represent, respectively, the lower and upper
solutions of (4.2), f € C([0,1] x [m1,ms],R), fo € C([0,1] x [mq,ms|,R™). Further

assume that

(1) |fo(z,91) — fo(@,92)| < Ma|yr —1p|, Ma >0,
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(i) for each t, fao(t,x) is nondecreasing in x.

Then the iterative schemes

(4.6a) = DMpi1(t) = f(t,0n(t) + fo(t, va(t)) (Vnra(t) — vn(t)), t € (0,1)
(4.6b) Un11(0) — 11 (0) = Y0 and vyp1 (1) + 011" (1) =7

and

(4.7a) —“DUuni1(t) = f(t, un(t)) + fot, va(1)) (Uns1(t) — un(t)), t € (0,1)
(4.7b) Un4+1(0) — Qotin1'(0) = Y0 and Upny1(1) + 041Un+1l(1) =N

converge uniformly and monotonically to the unique solution of (4.2) in [vg,up] and the

order of convergence is quadratic.

Proof. 1t is clear that the iterative schemes (4.6) and (4.7) are well defined and have a
unique solution at each step ([118]). Using induction on n, it can be proved that for all

n € Nandt € |0,1],
(4.8) vo<v <+ <w, <wup <o <up <wg on [0, 1].
Let p(t) = v1 — vo. Then p(0) — app’(0) > 0, p(1) + a1p’(1) > 0 and

—Dip(t) = —°D%;+ “Dy

v

f(t,v0) + fa(t,v0) (v — vo) — f(t, o)

—“Dp(t) — falt, vo)p(t) = 0.
By Lemma 4.2.1, p(t) > 0. Thus vy < v;. Similarly, one can show that u; < uo. Let
p(t) = u1 — v1. Then p(0) — ap'(0) = 0, p(1) + ayp/(1) = 0 and

—Dip(t) = —°D%uy + “Div,
> f(t uo) + f2(t,vo) (us — uo) — £ (£, vo)
—fa(t, v0)(v1 — o)
—“Dp(t) — fo(t,v0)p(t) > falt, vo)(uo — vo) — falt, vo)(uo — vo)

—Dp(t) — fo(t,vo)p(t) > 0.
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By Lemma 4.2.1, p(t) > 0. Thus v; < uy. Consequently,

(4.9) vo < v <wup <wgy on [0,1].

Assume that (4.8) is true for n = k. That is,

(4.10) vo <o < Sy Ko Sup Supg < oo <ugp <y ooon [0, 1
To complete the induction argument it is enough to prove that

(4.11) U < Upyr < ugpgr <ugooon [0, 1]

Let p(t) = vg4+1 — vk. Then p(0) — app’(0) = 0, p(1) + a1p'(1) = 0 and

—Dip(t) = —=°Divgyq + Dy
> f(t o) + fo(l, 0k) (Vksr — vi) — f(E ve1)
— fa(t, Up—1) (vk — ve—1)
—Dp(t) = folt,o0)p(t) = fat, ve-1)(vk = vr—1) — fo(t, vp—1)(vk — V1)
—“Dp(t) — fo(t,vp)p(t) = 0.
By Lemma 4.2.1, p(t) > 0. Thus vy < vgyq. Similarly, one can show that uy; < vg. Let
p(t) = tgy1 — 1. Then p(0) — agp/(0) =0, p(1) + a1p/(1) = 0 and
—Dip(t) = —Dpss+ D%y
> [t on) + fat, vp) (U — vie) — f(E, k)
— f2(t, vi) (Vg1 — vi)
—Dp(t) — fo(t,ve)p(t) = folt, vp)(ue — vk) — f2(t, vp) (uk — )
—“Dp(t) — fo(t,vp)p(t) = 0.

By Lemma 4.2.1, p(t) > 0. Thus vg; < ugyq. Consequently, (4.11) is proved. To com-

plete the proof, it is enough to show that {v,.1} and {u,1} are equicontinuous. Define

H(t, o) = f(E0a () + fot, 00 () (Unga (8) = va (D)), [ foll < My, M= sup [f(t,v) +

vE[vo,uo]
te[0,1]
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171 — Yol M(1+ qaon) 2M

2uoM;| and A = . For any t; < to,
oM 1+ o+ o F(q+1)(1+a0—|—a1) I(g+1) st
71— llt — t2 / 1
Upt1(t1) — Uyt (T < VI H (8, vp41)ds
onsa(t) = vua(t)] < O )
tai(g—1) /1(1 — )92 H (s, Upy1)ds i —ta]
! 0 o 1+ ag+a;

1 t1 to
—i——‘ / (ty — 8)T T H(s,vp41)ds — / (ty — 8)1 " H (5, vp41)ds
IR 0

— t1 —t M/1 t1 —t
< 71— wllt 2|—|——(——|—a> |t — to
14+ap+ o I'q 14+ ap+ o
M
2ty — t t? —td
! q+D((2 Ve 2)
1+ qa t1 —t 2M (to — t1)?
("}/1 70|+ ( q 1)) ‘1 2| + (2 1)
I(g+1) J1+ap+ o I'(g+1)
< Alty — ol

Thus {v,} is equicontinuous. Similarly, {u,} can also proved to be equicontinuous. Thus
it is clear that the sequences {v,} and {u,} are uniformly bounded and equicontinuous on
[0, 1]. Hence by Ascoli-Arzela’s Theorem, there exist subsequences that converge uniformly
on [0,1]. In view of (4.8), it follows that the sequences {v,} and {u,} converge uniformly
and monotonically to p; and py respectively. It is clear that p; < py on [0, 1]. Define p(t) =
p1 — p2 on [0,1]. Clearly p(0) — aop’(0) = 0 and p(1) + a1p/'(1) = 0. It is easy to show that
—Dip(t) — fa(t, uo)p(t) > 0. Consequently, p(t) > 0. Hence, (4.2) has a unique solution.
To prove the quadratic convergence of the quasilinearization scheme, define p,, 1 = r—v,41

and 741 = i1 — 2. Then pos1(0) — agpns1’(0) = 0, poyr(1) + arpnsr’(1) = 0 and
—Dipnia(t) = —Dx(t) + “Dvnia(t)
= ft,x) = f(t,vn) = fo(t, vn)(Vns1 — vn)
= [2(t;0)pn — fo(t,vn)(Pn — Pot1)
(4.12) —Dippia(t) = folt,vn)pps1 + (f2(t,0) — fo(t, va))pn

where v, < 0 < x. By Lemma 4.2.2,
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o I
pun) = 1 ([ A= b v+ (5:0) = Rl v

o -1 _
D L1 2w + (alo:6) = sl
0
1 t
“Tq /. (t — ) (fas, va)Pns1 + (f2(5,6) — fo(s,vy))pn)ds
(040+t)M2<1/1 12 1(q—1)/1 22 )
net(t) < ——F—2 | — 1—-s5)""p,ds + —— 1—s)""p,d
p+1()_1+a0+a1 qu( s) S T'q 0( s) S
1 t
_F_q (t - 8)q71f2<8,1)n)pn+1d8, [ f2 <0 and Prn+1 > 0]
0
T Mslpa|* | arMs|lpall® | Mi|lpnsa |
= T+ I'q T(qg+1)
M2(1+q@1) 2 2
n < n =N n
[Pn1]] < T+ 1) — ||p | [[7n |
My (1
where N = F(q25— 1—; zajl\/il' Similarly, ||rn.1]| < Niljr,||?* for some N;. O

4.4. Numerical Illustration

In this section, the relevance of the proposed iterative scheme is illustrated using
numerical examples. To solve the problem numerically using the proposed iterative scheme
or successive iterative scheme, at each step, one has to solve a linear two point boundary
value problem of fractional order 1 < ¢ < 2. For all examples, these linear problems
are solved using a finite difference method [129]. For all the numerical simulations, the
stopping criterion is ||v,41 — v,,|| < 1078, Throughout this section, N denotes the number

of grid points.

Example 4.4.1. Consider the boundary value problem for 1 < q < 2

(4.13a) —¢Dx(t) = 102°(t) — x(t) + f(t), t € (0,1)
(4.13b) z(0) — 122'(0) = 0 and z(1) + 22/(1) = 0,

. 2—q r(13)t12—¢
where f(t) = —106** 4+ 100" — £ — 100t* + 5> — {55 + 50 -
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For the choice of vy = —4, ug = 0, ¢ € [1.1,2) all the hypotheses of the Theorem 4.3.1
are satisfied. Hence the boundary value problem 4.13 has a unique solution in [—4,0].
Figure 4.1 gives the numerical solution of Example 4.4.1 for various values of ¢, whereas
Figure 4.2 displays the monotone property of the sequences {v,} and {u,}. Table 4.1
presents the comparison of number of iterations based on the iterative scheme discussed
in [118] and the proposed iterative scheme. The iteration in [118] depends on a constant

¢ > 0, which is chosen as ¢ = 82.
Example 4.4.2. Consider the boundary value problem for 1 < q < 2

(4.14a) —D%(t) = 10e~*W — x(t), t € (0,1)

(4.14b) 2(0) — 102/(0) = 1 and (1) + 32'(1) = 4.

For the choice of vg = 1, ug = 4, ¢ € [1.1,2) all the hypotheses of the Theorem
4.3.1 are satisfied. Hence the boundary value problem 4.14 has a unique solution in [1,4].
Similar to Example 4.4.1, Figure 4.3 shows the numerical solution of Example 4.4.2 for
various values of ¢, whereas Figure 4.4 displays the monotone property of the sequences
{vn} and {u,}. Table 4.2 presents the comparison of number of iterations based on the
iterative scheme discussed in [118] and the proposed iterative scheme. The constant ‘¢’

required for the iteration is chosen as ¢ = 5.

4.5. Conclusion

In this chapter, a two point boundary value problem of fractional order 1 < ¢ < 2 is
considered. Using quasilinearization technique, two well defined sequences are constructed
that converge uniformly, monotonically and quadratically to the unique solution of the
problem. Based on the proposed accelerated iterative procedure a finite difference based

numerical method is also proposed to solve nonlinear two point boundary value problem.
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q | Method in [118] | Proposed
1.1 76 9
1.2 74 8
1.3 71 8
1.4 66 8
1.5 62 8
1.6 58 8
1.7 54 8
1.8 51 8
1.9 48 8

TABLE 4.1. Comparison

of number of iterations

for Example 4.4.1 where

N = 1000.

FIGURE

4.1. Approxi-

mate solution of Example

4.4.1 for various values of

q.

q | Method in [118] | Proposed
1.1 28 7
1.2 28 7
1.3 28 7
1.4 28 7
1.5 28 7
1.6 28 7
1.7 28 7
1.8 28 7
1.9 28 7
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TABLE 4.2. Comparison

of number of iterations

for Example 4.4.2 where

N =1000.
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F1GURE 4.2. A plot of v,
and u,, n =0,1,2,3,4 for
Example 4.4.1 when ¢ =

1.5.




FiIGURE  4.3. Approxi-
mate solution of Example

4.4.2 for various values of

q.
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FIGURE 4.4. A plot of v,
and u,, n =0,1,2,3,4 for

Example 4.4.2 when ¢ =
1.5.




CHAPTER 5

NONLINEAR INTEGRO PARTIAL DIFFERENTIAL
EQUATION

5.1. Introduction

In literature, differential equations arising in various mathematical models have been
improved by adding certain non-local integral terms either in the governing equation or
in the boundary condition for more accurate results (for example [82, 100, 101, 106,
113, 114, 127, 136]). The following Volterra partial integro-differential equation with
positive memory may be considered as a modification of the well known Fisher equation

arising in the population model.

ou  O%*u

¢
- = — 2 — — 1 —
(5.1) 5~ a2 + au — bu cu/o Kt — s)u(x, s)ds + g(z,t) inQ, ulso =9,

where a,b and ¢ are non negative constants, @ = (0,1) x (0,7") and 9,Q = 0Q\((0,1) x
{T}) denotes the parabolic boundary of ). Here ¢ is the restriction of some smooth
function ® € C?1(Q) on 9,Q and & is a positive continuous function on R. For the choice
of b =0, g(x,t) = 0and k = 1, (5.1) arises in the analysis of space-time dependent nuclear
reactor dynamics if the effect of a linear temperature feedback is taken into consideration
(106, 113, 114, 122, 123, 135]. For the choice of a = b= ¢ =1 and k(t) = 75 exp(—+%),
(5.1) represents the mathematical population model for the evolution of a community

of species that is allowed to diffuse spatially [64]. (5.1) can also be considered as a

generalization of the following ordinary integro-differential equation,

(5.2) 2 (t) = ax(t) — ba*(t) — cx(t)/o z(s)ds, z(0)=x9>0



arising in the population model in a closed system. There are ample number of numerical
methods, including different type of spectral methods, available in the literature for the
ordinary integro-differential equation (5.2) (see [39, 74, 107, 108, 110, 111] and the
reference therein). It is worth mentioning that similar to the classical model (5.2), gen-
erous numerical techniques [63, 92, 97, 109, 120] are available to handle corresponding

fractional order model
t
(5.3) “Dp(t) = az(t) — ba*(t) — cx(t) / o(s)ds,  2(0) = 20 > 0.
0

However, the numerical methods for solving the partial integro-differential equation (5.1)

are very limited.

The present work proposes an efficient numerical method for a class of partial integro-
differential equation (5.1) by combining bivariate spectral method with a monotone iter-
ative scheme. Past few decades have seen tremendous development of various numerical
schemes which could replace traditional methods such as finite difference and finite el-
ement schemes. One such class of schemes, which has seen extensive development and
applications, is spectral methods. The convergence rate of spectral methods depends
only on the smoothness of the solution and hence produces highly accurate solutions
with a small number of grid points. One popular choice of basis functions for spectral
collocation methods is Lagrange polynomials, which does not require periodic boundary
conditions. Another advantage of using Chebyshev spectral collocation method is that
these polynomials are well defined throughout the domain due to which method yield
good accuracy even on non-collocation points. Also, to avoid the error intrinsic in higher
order polynomial approximation on equidistant nodes, Chebyshev-Gauss-Lobotto points

are in general, considered [27, 139].

Hence in the proposed work, the authors have extended the bivariate Chebyshev spec-
tral collocation method by Motsa et al [98, 99] to the initial boundary value problems
governed by the partial integro-differential equation (5.1). Both time and space opera-

tors have been approximated using Chebyshev spectral collocation method with Lagrange
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interpolation polynomial, which differentiate present scheme from other Chebyshev spec-
tral collocation methods [67, 75]. The authors not only extend the method numerically,
but also prove the existence and uniqueness of the solution of (5.3) as well as the following
partial integro differential equation

2
(5.4) Ou_ 0\ i) Qg = o

ot 0x?
where @) = (0,1) x (0,7"), © = (0,1) and 0,Q = 9Q\((0,1) x {T'}) denotes the parabolic
boundary of ) and @ denotes f(f k(t — s)u(x, s)ds. Here f : R x R — R is continuous and
¢ is the restriction of ® on 9,Q where ® € C*1(Q).

Although the results on the existence and uniqueness as well as the convergence of the
monotone iterative scheme for the problems (5.3) and (5.4) are available in the literature
[113, 114, 120], present study proposes a novel proof completely different from the
existing ones. The proposed proof is based on the concepts on operator theory in partially
ordered Banach space as done by Lakshmikantham et al in [83]. This idea is extended to
prove the existence and uniqueness of (5.3) and (5.4) as well as the convergence analysis
of the associated monotone iterative scheme. It is worth mentioning that the results in
[83] failed to handle the (5.3) and (5.4) as the associated operator fails to satisfy certain

positivity condition.

The organization of the chapter is as follows. Section 2 presents the basic definition,
notations and results required to prove the main result. This section also demonstrates the
operator theory methods by proving the existence and uniqueness result for the fractional
order integro differential equation (5.3). Our main results, the existence and uniqueness
of the solution of the partial integro differential equation (5.4), the convergence of the
iterative scheme as well as its monotone property, are proved in Section 3. The derivation
of the bivariate Chebyshev spectral collocation using proposed monotone iteration is de-
tailed in Section 4. In Section 5, the developed scheme is illustrated by solving the partial
integro differential equation arising from population dynamics. Few concluding remarks

are given in Section 6.
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5.2. Preliminaries

This section supplies some basic definitions, notations and results relevant to the
main theorem. Throughout this chapter, we assume that F = (E,<,|| -||) is an ordered
Banach space with order cone E,, T : EEx E — E is a continuous compact operator. Let
F : E — FE be a nonlinear operator defined by F'(u) = T'(u, L(u)), where L : E — E is a
positive continuous linear operator. For i = 1,2, T denotes the partial Frechet derivative
of T with respect to the i*" variable. First we present a basic result which will ensure
the existence of solution to the operator equation u = F'(u) via monotone iteration. To

understand further one requires the following definition.

Definition 5.2.1. A pair of function (vo,wo) € E X E is said to be an ordered coupled

lower and upper solution of the operator equation uw = F(u) if vg < wo and

IN

Vo T(Uo, L(wo)),

Wo > T(w(), L(’Uo))

Throughout the chapter, [vg, wp] denotes the sector {u € E : vy < u < wp}. The

following lemma is an important tool to prove the existence and uniqueness of (5.3) and

(5.4).

Lemma 5.2.1. Let E be an ordered Banach space with a normal order cone E. Assume

that T : E x E — E satisfies the following hypotheses.

(i) (vo,wp) € E X E be an ordered coupled lower and upper solution for the operator
equation u = T'(u, L(u)),
(ii) The Frechet derivative T = (T*, T?),, exists for every u € [vg, wo] X [L(vg), L(wy)],
(iii) T(lu o+ B = E is a positive operator for every u € [vo, wo),

(iv) T(2~7U) : E — E is a negative operator for every u € [L(vg), L(wp)].
Then for n € N, relations

(55) Upt+1 = T(UmL(wn))

(56) Wpt1 = T(me(vn))
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define a non decreasing sequence {v,} and a non increasing sequence {w,} which converges

to the solutions of the operator equation v =T (v, L(w)) and w = T'(w, L(v)) respectively.

Proof. From the construction (5.5), v1 = T'(vg, L(wy)). Using hypothesis (i), it is easy to
verify that vy < v;. Similarly, wy < wg. Define ©,, = 0(w,,, L(v,)) + (1 — ) (v, L(wy,)),
0<60<1and p,s1 =W, — Vn, @ = Vpy1 — U, and 1, = W, — Wy forn =0,1,2,---.

Then

=
I
N

(wo, L(vo)) — T'(vo, L(wo))

T6, ((wo, L(vo)) — (vo, L(wy)))do

I
>~

1

1
= ; T91w0+(170)'u0 (wo — vo)dO + /0 TgL(vo)Jr(pe)L(wo)(L(UO) — L(wy))do

S

P =

Similarly, one can show that for all n € N, p,, ¢, and r, are non negative. Using the
compactness property as well as property of the normal cone one can easily conclude that
{v,} and {w,} are convergent sequences. Let v and w are the limits of the sequences
{vn} and {w,} respectively. Thus v and w satisfy the operator equation v = T'(v, L(w))
and w = T'(w, L(v)). O

Remark 5.2.1. In addition to (i) — (iv), if one assumes that T'(u, L(u)) is a contraction
map then one can easily conclude that v = w. Consequently, the operator equation u =
T(u, L(u)) has a unique solution in [vg, wo|. Thus the operator equation u = F(u) has a

unique solution in [vg, wo).

5.3. Existence and Uniqueness

In this section, as an application of Lemma 5.2.1 an existence and uniqueness result for
a fractional order integro differential equation via monotone iterative scheme is obtained.

Consider the following initial value problem

(5.7) Dx(t) = fx(t), (1)), =(0) = w0
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where Z(t fo s)ds, °D? is the Caputo fractional derivative of order ¢,0 < ¢ < 1 and
f R xR — R is a continuous function. Denote partial derivative of f with respect to

the first and second variable by f; and f5 respectively.

Remark 5.3.1. For a real number A and g € C([to,T] x R,R), it is easy to verify that

the fractional order differential equation

(5.8) Dizx(t) = Ax(t) +9(t), x(to) =0

15 equivalent to the integral equation

(5.9) z(t) = zoEy(A(t — t9)?) + / (t—8) 1 B, (Nt — s5))g(s)ds, t€ [to,T]

to
o k o k

t t
where E,(t) = Z Th 1) and E, ,(t) = Z Th T are the Mittag-Leffler functions
=0 \q =0 4" T4

of one pammete; and two parameters, respec_tiUely.

Defi = M = = dM =
efinem = tg[loln]{vo,wo} trr%(z)lx {vo, wo }, m = tg[loll% {?g, o} an trer%éix]{vo,wo}

Throughout this subsection the following assumptions are considered.

(i) Let vg, wo € C[0, T satisfy vy < wy and
CDqUO S f(Uo,Ujo), U()(O) S Zo,

ch’UJO > f(wo,ﬁo), ’U)()(O)ZLL’O

(ii) For some § > 0, f, f1, fo : C[m — 8, M + 6] x [in — &, M 4 ] — R is continuous and
for all s, € [m, M), sy € [, M]

fi(s1,82) + A >0 and fo(sq1,s2) <0

Theorem 5.3.1. Let the hypotheses (i) and (ii) be satisfied then the initial value problem
(5.7) has a unique solution in [vy,wy]. Moreover, there exist monotone sequences {vy}

and {w,} which converge uniformly and monotonically to the unique solution of (5.7).

Proof. The initial value problem (5.7) can be rewritten as

(5.10) Diz(t) + Ma(t) = f(x(t), 2(8)) + Ae(t);  2(0) = o.
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The above initial value problem (5.10) is equivalent to the integral equation

(5.11)  x(t) = xoEy(—At7) + /0 (t — s)q_lEq,q(—)\(t =)D (f(x(s),Z(s)) + Az(s))ds.

Define operators F' : C[0,7] — C10,T] by

(5.12)  Fa(t) = xoE,(—At?) + /Ot(t — 8) I B, (=Mt = 8)D)(f(z(s),7(s)) + Ax(s))ds.

It is easy to verify that the operator is well defined and the solution of the initial value
problem (5.7) is nothing, but the solution of the operator equation Foz = x. For each

(x,y) € C[0,T] x C[0,T] define T': C[0,T] x C[0,T] — C0,T] by

(5.13) T(x(t),y(t)) = :EOEq(—)\tq)+/0 (t—s)q_lEqvq(—)\(t—s)q)(f(x(s),y(s))+)\x(s))ds.

Thus the operator equation F(z) = x can be reformulated as T'(u, L(u)) = u. For

u, w € [vg, wp], define operators T("u’L(w)) :C[0,T] — C[0,T],i=1,2 by

(5:14)  Tiurph(t) = /0(t—S)Q_lEq,q(—A(t—S)q)(fl(u,L(w))+A)h($)d8

(5.15)  Thrwpyh(t) = /0(t—S)q_lEq,q(—A(t—S)q)f2(u7L(w))L(h(S))dS-

It is easy to verify that T(1u7 L(wy) and T(2u, L(w)) are the partial Frechet derivative of T'(u, L(w))
with respect to the first and second variable respectively. Combining with this choice of
A, it can be concluded that for any u,w in [vg, wy| the operators T(lm L(w)) and T(Qu, L(w)) aT€
positive and negative operators respectively. Define a norm on C[0, 7] x C[0,T] by ||k, =
| (A1, ha)|l, = max {supte[oﬂ ‘E};l(—% , SUDye[o.7] ‘;q?—g)q) } Define N = max{supy, ;, er [ f1(s1, 52)+
Al Sups, spyer [f2(s1,82)[} and I' = [m — 6, M + 6] x [l — 6, M +6]. For any u, w € [vg, wy
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and h € C[0,T] x C[0,T] with ||, = 1.

T k()] < / (t = )7 Byg(-A(t — 9)7)(fy (1, @) + Ma(s)ds

. /O(t_s)q—lEq,( At — 5)7) fo(u, W)ha(s)ds
< ]\1[“1;;()]) /0 (t = )" ha(s)]ds + ]\121;;()]) /0 (t = )" |ha(s)|ds
NF(Q) ' —g)i1 e hl—(s)
= T /0 A A X7
Bl e
NT(q) )1 a)
< (M@, X ) WLt
T, paph(®) NI(g) , N (F(q))QTl’q
E,(pt?) p o

Thus |77, 1yl < NFp(Q) + N(F(QZ;QTI_Q = 0 < 1 for large p. Thus T'(u, L(u)) satisfies the
Lipschitz condition with Lipschitz constant #. Thus all the hypotheses of Lemma 5.2.1
are satisfied. Consequently, the operator equation 7'(u, L(u)) = u has a unique solution in
[vg, wp]. Hence the initial value problem (5.7) has a unique solution in [vg, wg]. Moreover
the iterative schemes (5.5) and (5.6) converge monotonically and uniformly to the unique

solution of the initial value problem (5.7). O

Remark 5.3.2. For the initial value problem (5.7), the above mentioned abstract iterative

scheme (5.5) and (5.6) is equivalent to the iterative scheme

‘DWpir + Any1 = Ay + f(Un,0n),  vpt1(0) = o,
chwn—i-l + )\wn—i-l = )\wn + f(’U)n, UNn), U}n+1(0) = X9-
Corollary 5.3.1. The fractional order population model (5.3) has a unique solution in

0,1] if b > a > 0. If a > b > 0 then the fractional order population model (5.3) has a

unique solution in [0, §].

Proof. For the choice of f(z,Z) = ax — bx* — cxx, if b > a > 0, then (v, wy) = (0,1) is
a coupled lower and upper solution and all the hypothesis of Theorem 5.3.1 are satisfied.
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Hence the (5.3) has a unique solution in the sector [0,1]. Similarly, if @ > b > 0, then
(vo,wo) = (0, %) is coupled lower and upper solution and all the hypothesis of Theorem

5.3.1 are satisfied. Hence the (5.3) has a unique solution in the sector [0, £]. O

We extend the technique to prove the existence and uniqueness result via monotone
iteration for the following partial integro differential equation.

2
(516) @ = @ + f(u,ﬂ) in Q, u|3pQ = ¢

ot 0x?
where @) = (0,1) x (0,7"), © = (0,1) and 0,Q = 9Q\((0,1) x {T'}) denotes the parabolic
boundary of () and @ denotes fg K(t — s)u(x,s)ds. Here f : R x R — R is continuous
and ¢ is the restriction of ® on 9,Q where ® € C*1(Q). For u € C([0,1] x [0,7T]) define
L(u) = u. The following definition suitably modify the coupled lower and upper solution
for the problem (5.16).

Definition 5.3.1. A pair of functions v,w € C*Y(Q) is called an ordered coupled lower

and upper solutions of (5.4) if v < w and

0 02
=g < D) i@ tlag <o,
ow 0w o
ot o2 > f(w,0) inQ, w|8pQ > .
Define m = min {vg,wp}, M = max {vg,wp}, m = min {7y, we} and M =
(z,t)eQ (z,t)eQ (z,t)eQ
max {0y, Wo}. Throughout this section we assumed the following:

(z,t)€Q

(i) Let vo and wy in C*'(Q) be an ordered coupled lower and upper solution of (5.16).
(ii) For some & > 0, f, f1, fo : C[m — 6, M + 8] x [f — 6, M + 6] — R are continuous
and for all s, € [m, M|, s, € [, M]

fl(Sl,SQ) =+ A 2 0 and fg(Sl, 32) S 0.
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Theorem 5.3.2. The parabolic partial integro differential equation (5.16) has a unique
solution in [vy, wo|. Moreover the sequences {v,} and {w,} generated by

2
OUp 11 . 0" Vp41

(517) ot 92 + >\Un+1 = )\vn + f(vny wn); ’Un+1’l9pQ = (b
ow,, 0w, -
(518) at+1 - a[L‘2+1 + >\U)n+1 - )\'U)n + f(wn; Un)y wn+1‘8pQ = ¢

are well-defined and converge to the unique solution monotonically.

Proof: It is enough to prove this theorem for (5.16) with homogeneous initial condition

(5.19) % =Au+ f(u,u) in @, ulg,o=0.

One can convert this problem as a fixed point problem in Banach space C(Q). The Eqn.
(5.19) can be written as

(5.20) % —Au+ = f(u,t) +Au in Q, wuls,g =0.

Define an operator F' : [vg, wo] C C(Q) — C(Q) by F(u) = v where v is the solution of
the linear partial differential equation

(5.21) O At M= D)+ nQ tlag=0

From Theorem 9.2.5 of [147], the operator F' is well defined. Clearly the solution of
Fz = z is the solution of (5.19). Using this fact on compact embedding i.e. for p > %,
me(Q) —<— (C(@Q)) one can easily conclude that F' is a compact operator. Define an
operator T : [vg, wo] X [L(vo), L(wp)] € C(Q) x C(Q) — C(Q) for each u,w € [vy, wp] by

T'(u,w) = v where v is the solution of the partial differential equation

(5.22) % —Av+ v = flu,w) + A u inQ, vge =0

Thus the operator equation F'(x) = x can be reformulated as T'(u, L(u)) = u. For each

(u,w) € [vg, wp] and h € C0,T] define operators T(imL(w)) :C(Q) — 0(@Q), i =1,2 by

T(lu,L(w))h'<t) = z(h) and T@L(w))h(t) = zy(h) that are solutions of
0

(5.23) % — Azt An = (filu,0)+A)h nQ, z[pq=0
822 ~\7 -

(5.24) W — DNzg+ Azp = f2(ua w)h m Q’ Z|3pQ =0
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respectively. Note that |z1(h)|lcq) < c||zl(h)||W5,1(Q) < ¢[|hllc@)- Thus 21 is a con-

tinuous linear transformation from C(Q)) into itself. Similarly, 2z is a continuous linear

transformation from C(Q) into itself. Define for h € C(Q), g = g(h) = T(u + h, L(w)) —
T(u, L(w)) — z1(h). Then g is a solution of the following partial differential equation

(5.25) % —Ag+ Mg = flu+ h,w) — f(u,w) — fi(u,w)h inQ, glso=0.

Thus

lg(Mllo@) < cllgMllwz1q) < ellf(u+ h,@) = flu, ) = filu, @)hllog)-

Using the assumption (i7), one can write f(u-+h,w) = f(u,w)+ fi(u, w)h+r(h)h where r

o - . lo(®ll g,
satisfies limyu, o o0 [[7(7)ll o) = 0- Thus limyu, 4 -0 Thleq,

21 is Partial Frechet derivative of T'(u, L(w)) with respect to the first variable at (u, L(w)).

= 0. Hence the operator

Similarly, one can show that z, is Partial Frechet derivative of T'(u, L(w)) with respect to
the second variable at (u, L(w)). It is easy to verify that T(lm L(w)) 2nd T(2u7 L(w)) &€ positive
and negative operators respectively for u,w € [vg,wp]. Let @y = Q x (0,t), t € [0,7T].
Thus z(h) = T(lu’ L(wy(t) is a solution for the following differential equation in Q; C Q.

8zl(h)

(5.26) o

- AZl(h> + )‘Zl(h> = (f1<u7u~)> + )‘)h in Qy, Z|8sz = 0.

Thus z(h) satisfies Hzl(h)Hsz,l(Qt) < ¢||(fi(u, @) + A)h||zr(q,). For rest of the discussion
assume that ¢ > 0 is a generic constant. Using (i7), |fi(u,a) + A| < c and |fo(u, )| < ¢

for all (z,t) € Q and u € [vg, wp).

t
P < P < h Pdxd
bty < il < [ [ Interrdodr
t
< c/ /\h(x,7)|pe_°‘pTe°‘pdedT
0 Q

1
P o apt
Il < e 1Al (—ap)e .

Consequently, |21 < 1]l g2

0Qap- Thus HT(qu’L(w))H < aip for u,w € [vg, wp]. Similarly,

z9(h) = T(Zw Lawy(t) is a solution for the following differential equation in Q¢ C Q.

azgih) — Azy(h) + Aza(h) = folu, @)h in Qi 2la,q, = 0.
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Thus z5(h) satisfies ||z2(h)||W5,1(Qt) < ¢|| fo(u, @)h| £r(@)- Let ¢ > 0 be a generic constant.

¢
p P 2 P
HZQHC(@) < cHzlﬂwgJ(Qt) < c/o /Q\h(:v,T)\ dadr

C/ﬁil;{JﬁTVKx,sﬂds}pdxdT

1 (e
dQWMu@(5@@>ew

IA

IN

Consequently, |22, 5 < [|h] a@ﬁ. Thus ||T(1u7L(w))|| < a1+pp for u, w € [vy, wp]. Choose

1 1

ap arp ) < +. Hence T'(u, L(w)) is a contraction map. Thus,

« large enough so that max{
T satisfies all the hypotheses of Lemma 5.2.1. Hence the operator equation T'(u, L(u)) = u
has a unique solution in [vg, wy]. Consequently, the operator equation F(u) = u has a

unique solution in [vg, wp]. Moreover the following iterative procedure

(528) Un+1 = T<Un7 wn)

(529) Wp+1 = T<wn7 @n)

converges to the unique solution of F'(u) = u. Equivalently, (5.19) has a unique solution
in [vg, wo| and the iterative scheme (5.17) and (5.18) converge monotonically to the unique

solution of the parabolic integro differential equation (5.19).

Corollary 5.3.2. The partial integro differential equation (5.1) arising from the popula-
tion dynamics has a unique solution in [0,1] if b > a > 0. If a > b > 0 then the partial

integro differential equationl (5.3) has a unique solution in [0, §].

Proof. For the choice of f(z,Z) = ax — bx* — cxz, if b > a > 0, then (v, wp) = (0,1) is

a coupled lower and upper solution and all the hypothesis of Theorem 5.3.2 are satisfied.

Hence the Equation (5.1) has a unique solution in the sector [0,1]. Similarly, if a > b > 0,

then (vo,wp) = (0, %) is a coupled lower and upper solution and all the hypothesis of

Theorem 5.3.2 are satisfied. Hence the Equation (5.1) has a unique solution in the sector

[0, 2]. O
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Remark 5.3.3. Recently the authors in [15, 16, 67, 126| studied the population model

represented by the following partial integro differential equation

ou  J*u ) ! .
(5.30) pilrw 4+ au — bu” — cu k(n —yuly, T)dy +g(n,7) inQ, wuls,g = ¢
T n 0

This equation is similar to (5.4) but it is Fredholdm type partial integro differential equa-
tion and the integration is over the spatial domain. Fxistence and uniqueness result for
(5.30) is discussed in [114][P.84]. It is worth mentioning that similar existence theorem
can be proved using the operator theory technique in partially ordered Banach space. By
setting h(u,w) = au — bu* — cuu + g(n,7), U = fol k(n —y)u(y, 7)dy one can prove the

following theorem.

Theorem 5.3.3. If vy, wy € C*1(Q) are ordered coupled lower and upper solution for the
Fredholm partial integro differential equation (5.30), then (5.30) has a unique solution in

lag, Bo]. Moreover the iterative scheme

2
Ovny1 O vnps

87' - 87’]2 + )\Un+1 = )\’Un + h(Un, wn>, UnJrllapQ = ¢
8wn 1 82wn 1 _
a: B 377; + AMoppr = Awy + h(wy,Tr),  Wnyilo,g = @

converges monotonically to the unique solution in [vg, wp).

Proof: The proof is, again, based on Lemma 5.2.1 and similar to that of Theorem 5.3.2.

Remark 5.3.4. Though the Theorem 5.5.2 is discussed for the one dimensional Volterra
partial integro differential equation, it can be easily extended for n dimensional problem

provided the spatial domain @ C R™ has a smooth boundary 00 C C?. To ensure the

n+2

compact embedding, choose p such that p > =3=.

5.4. Bivariate Interpolated Spectral Method

The formulation of the bivariate interpolated spectral iterative method (BISIM) to

find the solution of nonlinear Volterra type partial integro-differential equations is detailed
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in this section. More specifically, consider

0 0? i
(5.31) 8—2 = 6—7;; +f (u/o U(ms)ds) +9(n,7)

where 7 € [0,T], n € [a1,b1]. Here, 7 and 7 represent, respectively, the time and space
variables in the given physical domain [a1,b;] X [0,7]. Since the present scheme uses
Chebyshev-Gauss-Lobatto points for both time and space discretization, the physical

domain [ay, by x [0, T] has been transformed to the computational domain [—1, 1] x [—1, 1]

Tt+1 by — b
by the linear transformations 7 = u and n = (by 2a1)x + - ; . Here a; =0
and b; = 1. Using these relations (5.31) becomes,
20u  0%u r+1 T(t+1)
.32 —— =4— u
(5.32) T a%2+f(u,u)+g( SRR

where @ = £ ffl u(z, s)ds. To proceed further, assume that the solution of (5.32) can be

approximated by a bivariate Lagrange interpolation polynomial of the form

N. N,
(5.33) u(z,t) = ZZu(zi,tj)Li(:c)Lj(t), for any (z,t) € [-1,1] x [-1,1]
i=0 j=0
' ' i=0,1,... N,
where x; = cos (W—Z> and t; = cos <ﬂ> :
N NS j=01,.,N,

are Chebyshev-Gauss-Lobatto grid points and the functions L;(z) are the characteristic

Lagrange cardinal polynomials given by

Nz
T — T

k=0 ki ¢ k

It can be seen that each Lagrange polynomial satisfies cardinality property. i.e.,
LZ(ZEk> = 0Ojk, i, k= 1,2, ceey ]V17

Similarly for L;(t). The values of the time derivative at the Chebyshev-Gauss-Lobatto
points (x;,t;) are computed as

Nz N

ou dLx(t;)
ot - ti)L,(z; j
at I:xiyt:tj p;;u(xpa k) p(I) dt
Nt
(5.34) = > dju(zi, )
k=0
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dL(t))
dt
size (N;+1) X (N, 4+ 1) [139]. The values of the space derivative at the Chebyshev-Gauss-

where d;, = is the standard first derivative Chebyshev differentiation matrix of

Lobatto points (x;,t;) are computed as

Ny N

ou dL,(z;)
— = t Pt Lt
or S ];O;u(mpa k) dx k( J)
Nz
= ZDip“(xp’tj)
p=0

where D;, = is the standard first derivative Chebyshev differentiation matrix of

dz
size (N, + 1) x (N, + 1). Similarly for n'* order derivative we have

J"u e
_ n
o - § Dipu(xp7tj>‘
Z I::Ei,t:t]' p:(]

The values of the time integral at the Chebyshev-Gauss-Lobatto points (z;,t;) are com-

/ tl u(z, s)ds

puted as

Nz Nt t]-

= D) ulzy i) Ly() / Li(t)dt

z=m,l=t; p=0 k=0 -1

Ny

= Zu(xiatk)rjk

k=0

Ny
(5.35) = > rjgula, )
k=0

ty
where 7, = / Ly (t)dt is the Chebyshev integration matrix of size (N; + 1) x (N, + 1).
-1
The iterative scheme for the equation (5.32) is

2 v, 0%u, _
(5.36) = 2;9:1 —4 ;xf oy = R
and

2 w, 0w, .
(5.37) = %t“ 4 a“; UL Awr = R

where T = Avy, + f (v, @) + g (552, TG0 ) and =y + f(w,, 5) + g (25, 750).

After approximating the above linearized equation (5.36) for each (z;,t;) € (—1,1) x
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(—1,1], using (5.34) - (5.35), and on applying initial and boundary conditions the resulting

system can be written in matrix form as,

Ny¢—1

Vel (/" 2 (n - .
(5.38) AD?VH - ATV . S AV =R =0, Ny—1
k=0

where D is a square matrix of size N, — 1 obtained by just removing first and last
rows and columns of the differentiation matrix D ( D is the standard n'* derivative
Chebyshev differentiation matrix of size (N, + 1) x (N, + 1)), V; is a column vector of
size N, — 1 obtained by removing the first and last elements of the column vector V; =
[v(xo,t;),v(x1,t5),...,v(zyN,,t;)]" and I is an identity matrix of size (N, — 1) x (N, —1).
Combining all the matrix equations in (5.38) for each t;, j =0,1,..., N, — 1, we obtain

the following system.

- _
Ao Aor -+ Ao | R,
!/
_— _
Avp A 0 Al Vi R,
(5.39) . . . A
_ +1 —
n
ANtfl,O ANtfl,l ANt*LNt*l VNtfl RNt—l

where B, = =R + 2d; x,Viv, — 4| D2(:, 0)0(0, 1) + D2(:, Ny Jv(aw, 1) |, Ajp = —2d;4l,
Aj; =4D* =\ — 2d;;1, D is a matrix of size (N, —1) x (N, + 1) obtained by removing
the first and last rows of the differentiation matrix D and the vector R; corresponds to
the discretized form of R in (5.36). Similarly, one can obtain the matrix system for (5.37).

Using vy and wyp one can obtain the rest of v}, s and w,s.

5.5. Numerical Experiment

This section illustrates the proposed BISIM for the initial boundary value problems
(IBVP) governed by a class of partial integro-differential equations using various examples.
The existence and uniqueness of the solution and convergence of the proposed scheme
has been verified using the proposed Theorem. At each iteration, the corresponding
linear IBVP has been solved numerically using the proposed bivariate Chebyshev spectral

method.
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Example 5.5.1. Consider the following differential equation

a 62 t
(5.40) a—? = a—;; +u—u® - u/o u(z, s)ds
with initial and boundary conditions: u(z,0) = =, u(0,t) = ﬁ and u(1,t) = 1+e++t

Clearly vy = 0 and wy = 1 are coupled lower and upper solution of (5.40) respectively.
For the choice A = 1 + T all the assumptions of Theorem 5.3.2 are satisfied. Figure 5.1
shows the monotone behavior of lower and upper sequences for a fixed z = 0.5 in the
interval ¢ € [0,20] and Figure 5.2 provides the solution of (5.40) for x = 0.3,0.5,0.7 in
the interval ¢ € [0, 20].

0.35

W,

4

——

03

h Ry

n.2s i o 5
!

Tty

0.2} i

0.15

W05 )

M
0.1

005 RN
5

ot

i
B T S e e .
. : .

-0.05 L L r 0.1
o 5 10 15 20 o 5 10 18 20

t t

FIGURE 5.1. Monotone behavior of v, and w, for Example 5.5.1.
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= 0gf
015t
ot
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FIGURE 5.2. Approximate solution of Example 5.5.1.
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Example 5.5.2. Consider the following differential equation

2 ¢
(5.41) Ou = (9_1; +u — u? —u/ u(z, s)ds + sinx + sin® z(t* + °/2)
ot Oz 0

with initial and boundary conditions: u(x,0) = 0,u(0,t) =0 and u(1,t) = tsin 1.

The exact solution of the problem is u(x,t) = tsinz. It is easy to verify that vy = 0
and wy = 9 are coupled lower and upper solution of (5.41) respectively when T' = 5. For
the choice of A = 62 all the conditions of Theorem 5.3.2 satisfied. Table 5.1 provides the

absolute error at various non-collocation points for the grid size 6 x 6.

it — 1 2 3 4 5
0.25 | 2.6894e710 | 3.1004¢ | 2.4194¢% | 3.3821e% | 3.7453¢%
0.5 | 1.1037¢7% | 1.4585¢=% | 8.7211e~1 | 5.8498¢~10 | 1.1050e~%
0.75 | 7.0496¢710 | 4.1389¢% | 4.5190¢=° | 7.0616¢="° | 9.3318¢"

TABLE 5.1. Absolute error at various non collocation points of Example 5.5.2.

5.6. Conclusion

In this chapter, a bivariate spectral collocation method has been proposed for solving
partial integro-differential equation of type (5.4). The nonlinear partial integro-differential
equation has been linearized by monotone iterative scheme and then discretized using
BISIM, where both spatial and time derivatives as well as integrals have been approx-
imated using spectral Chebyshev collocation method. An independent existence and
uniqueness of the solution as well as the convergence of monotone iterative scheme for
fractional order Volterra population model and a partial integro differential equation arise
commonly in population dynamics have also been proved. Though the existence and
uniqueness as well as the convergence of the proposed iterative scheme are discussed only
for one dimensional problems, it is easy to extend these results to corresponding higher

dimensional problems, whereas numerical implementation can be a challenging task.
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CHAPTER 6

CATALYTIC CONVERTER MODEL

6.1. Introduction

The following coupled partial differential equation arises from the mathematical mod-

eling of catalytic converter model

88—7;+ag—1;+cu:cv, t>0,0<z<
6.1) < %+bv:bu+)\exp(v), t>0,0<z<lI
u(0,t) =n(t), t>0
[ u(x,0) = uo(x), v(z,0) = vo(x), 0<z<lI

where a,b, ¢, are positive constants, ug(x),vo(z) and 7(t) are non negative continuous
functions with uo(0) = n(0). Existence and uniqueness theorem as well as finite differ-
ence method based on monotone iteration are studied in [31, 115, 132, 133] for Eqn.
(6.1). Chang et.al. [31] first studied an existence and uniqueness result as well as the
blowup property for Eqn. (6.1) based on successive monotone iteration. Later in [115],
Pao et.al. developed a finite difference method based on the iterative scheme in [31] to
solve the Eqn. (6.1) numerically and studied the blowup property. Recently, Linia et.
al [132, 133] proposed two alternative monotone iterative methods to prove the exis-
tence and uniqueness result for Eqn. (6.1) as well finite difference method to solve the
Eqn. (6.1) numerically. More specifically, the iterative schemes in [132, 133] are based
on quasilinearization and modified quasilinearization respectively. Though the iterative
schems in [31, 115, 132, 133] have same linear order of convergence but the numerical
experiments in [115, 132, 133] show that both iterative schemes in [132, 133] converge
always faster than the iterative scheme in [115]. It is worth mentioning that there is no

theoretical justification provided in [132, 133] for the faster convergence of the iterative



schemes in [132, 133] over the iterative schemes in [31, 115]. Also in [132, 133], there

is no discussion on the prediction of blowup property by the iterative schemes.

This short note provides a theoretical justification to show that the iterative schemes
in [132, 133] converge faster than the iterative scheme in [31, 115] under the assumptions
in [31, 115]. This short note also guarantees the prediction of blowup property of the
iterative scheme studied in [132, 133].

This chapter is organized as follows. To make the presentation self contained, Section
2 provides the iterative schemes of [31, 115, 132, 133|, basic definitions, results and
notations that are used in the succeeding sections. In Section 3, the relation between the
iterative schemes discussed in [132] and [31, 115] and the relation between the iterative

schemes discussed in [133] and [31, 115] are obtained.

6.2. Preliminaries

Denote Q@ = (0,1] x (0,7] and C'(Q) be the set of all continuously differentiable

real valued functions on @, where T is an arbitrary positive constant. Throughout this

discussion L and H denote the differential operators Lu = % +a% +cuand Hv = %+bv.

The lower and upper solutions for Eqn. (6.1) is provided below.

Definition 6.2.1. [31] A function (u,v) € CY(Q) x C1(Q) is called an upper solution of
(6.1) if it satisfies

‘g—?—i-ag—szcﬂzc@, (t,x) € Q

T g -

24+ bv > bu + \exp(v), t,x) €
(6. ] o > p(?) (t,z) € @

u(0,t) >, 0<t<T

u(x,0) > up(z),v(x,0) > vo(x), 0<z <L

Similarly, (u,v) € CHQ) x CYQ) is called a lower solution if it satisfies (6.2) with the

reversed inequalities.
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For a given pair of ordered lower and upper solutions, the sector S is defined as
S = {(u,v) € CHQ) x CHQ) : (4, V) < (u,v) < (u,?)}. The following Lemmas are useful

tools to obtain the main results.

Lemma 6.2.1. [31] If w € CY(Q) satisfies the inequalities

%—Z’+a%—f+bw20, 0<t<T, 0<ax<l
w(0,t) >0, 0<t<T
w(x,0) >0, 0<z<lI

where a > 0 and b > 0 are constants, then w > 0 on Q.

Lemma 6.2.2. [132] Let v € C(Q) be continuously differentiable with respect to t such

that
ov

ot
where f(x,t) is a continuous function defined on Q with v(x,0) >0 for 0 < x < 1. Then
v(x,t) >0 on Q.

— f(z,t)v >0,

Lemma 6.2.3. Let aj,a;; > 0 for all (i,j) € A,by,ba,c1 and c; > 0. If w;; and 2z

satisfy

(6.3) amwi; —bwi; —awi > 0 (i,5) €A
(6.4) Qi %55 — b2wi,j —C2i5-1 = 0; (i>j) Sl
(65) with Wo, 5 Z O, W; .0 2 O, Zi,0 Z 0

then w; ; > 0 and z;; > 0 for all (i,7) € A.

Note that in [31], for an initial guess (u(®), v(?)), the sequence {(u™,v(™)} has been
constructed using the iterative process

[ Lu® = (D),

Ho™ = bu™=Y 4+ Nexp(vY),
u™(0,t) = n(t), 0<t
u(”)(:v, 0) = ug(x), v(”)(x, 0) = vo(x), 0
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Throughout this chapter, denote the maximal sequence of Chang et.al. [31] by
{@™, 5"} with (u©,0®) = (@, 5®) and the minimal sequence by {(u™,v(™)}
with (@, v©®) = (u,v®). The maximal sequence of Linia et.al. [132] is denoted
by {(5(”),B(n))} and minimal sequence by {(a(™, ﬁ(”))}. The maximal sequence and min-
imal sequence of Linia et.al.[132] are generated by the following iterative scheme for the
initial guess (u(®,v®) = (6(0)73(0)) and (u®,v©®) = (g(o),ﬁ(o)) respectively.

(

Lu®™ = cp=1), z,t) € Q

6.7) Ho™ = bu™ + Xexp(v™ V) + Nexp(v™ V) (0™ — ™YY (2.1) € Q
u™(0,t) = n(t), 0<t<T

\ u™ (z,0) = up(x), v™(z,0) = vo(z), 0<az<lI

The maximal sequence of Linia et.al. [133] is denoted by {(@™,x™)} and minimal
sequence by {(w™, x™)}. The maximal sequence and minimal sequence of Linia et.al.
[133] are generated by the following iterative scheme for the initial guess (u(®,v(®) =
(@9, %) and (u@,v®) = (W@, ) respectively

;

Lu™ = cv™), (x,t) € Q

(6.8) Ho™ = bu™ + Xexp(v™ D) + Xexp(v?) (0™ — v=D), (z,t) € Q
u™(0,t) = n(t), 0<t<T
| u™(2,0) = up(z), v (z,0) = vo(x), 0<z<l.

To solve the Eqn. (6.1) numerically, all the works in [115, 132, 133] used the backward
finite difference method to discretize the problem. This dicretization leads to the following

nonlinear system

(1+ ke+ ka)u” = U 1—|— By + kev;
(6.9) (14 kb)vij = vij1 + kbu, j + kX exp(vi;),
Up,; = 15, U0 :%’, Ui0 :¢i> 1= 1727"' 7M7 ]: 1727"' >N
where n; = n(t;), ¥ = uo(z;) and ¢; = vo(z;). Based on the iteration in [31], Pao et. al.

[115] obtained the following iterative scheme to solve the nonlinear system (6.9).

(14 ke + Byl = o | 4 ko) e,

1,7—1 Z 1,7
(6.10) (1+ kb)v(") —v” 1+kbu )+ kdexp(e ),
ug;):n]’ z[) Q/)u :Qbi,221,2,---7M,j:]_’2,...7N_
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Denote the maximal sequence of the discretized version of Pao et. al. [115] by {( u; j : Ez))}

with (u E(;), v! J)) = (u(J), 2((;)). Denote the minimal sequence of the discretized version of

Pao et. al. [115] by {( )} with (u © (0)) = (u(o) (© )) The maximal sequence of

1]’ ”LJ 1]’ Z] 1]’ 1]

discretized version of Linia et. al. [132] is denoted by {( : )} and minimal sequence

Q; ] 7
by {(_Z iy B(” )}. The maximal sequence and minimal sequence of Linia et. al. [132] cor-
responding to the discretized problem are generated by the following iterative scheme for

the initial guess (u( ) (0)) (@ a® 3¢ )) and (u © U(D)) = (ggg),ég)) respectively.

1,50 zg zja 1]7 i
(6.11)
kay, () _ () ka, () 0
<l+kc+h)ui,j_u1] 1+ UZ 1]+kC’U ,
(1+k’b)vz(7n) :'Ul(zl) 1+kbui,j +k)\exp( )+I€)\6Xp( (n 1))(@@(3) _UZ(Z_I)),
W) =y ) =g o = =12 M, j= 12 N,

The maximal sequence of discretized version of Linia et.al.[133] is denoted by
—(n) — (n)

1@ Xz y )} and minimal sequence by {(w;; ,X )} The maximal sequence and mini-

mal sequence of Linia et. al. [133] correspondlng to the discretized problem are gener-

ated by the following iterative scheme for the initial guess (ugg),vgg)) = (wgf}),ygg?) and
(0) (0)) (w (0)

ij o Vij Wi X( )) l“eSpectively.

(u
(1+ ke + E2)u,” (n) =" + ka ul™ -+ keo™)

1,j—1 U 1,5 z]?
(6.12) ¢ (1+ kb = ol + kbul" —i—k‘)\exp( ") 4 kA exp(u) (v —ol"Y),
U(()le):njv zo—%, Zg—¢z,l—12 M7]:1727...7N.

6.3. Relation between the monotone iterations

This section provides theoretical justification for the faster convergence of the iterative
schemess (6.7) and (6.8) over the iterative scheme (6.6) for the problem (6.1). Similarly,
this section also proves that the iterative schemes (6.11) and (6.12) always converge faster
than the iterative scheme (6.10) for the nonlinear system (6.9). The following theorem

provides the relation between the iterative schemes (6.6) and (6.7).
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Theorem 6.3.1. Let (u*,v*) be a solution of (6.1). If (u°,v°) and (u°,v°) are ordered
upper and lower solution for Eqn. (6.1) then for alln € N,

n n n n * ok —(n —(n) —(n n
(6.13) (@™, ™) < (2™, ™) < (u,0*) < @™, ") < @™, ™).

Proof. 1t is enough to show that for n € N,

(6.14) (@™, ™) < (@™, M) < @™, ") < @™, v™).

Using mathematical induction the inequality (6.14) is proved. From the definitions of
(g("),g(")) and (u™,v™) one can get

4

L(a™ —u™) = C(ﬁ" D — b)), (z,1) € Q
H(ﬁ(n —v™) = b(a" _( DY 4 )\(exp(é(”*l)) — exp(v(™ D))
(6.15) ¢ 4\ exp(ﬁ *1))@(%) _é(nq))’ (z.t) € Q
at™(0,t) — u™(0,1) =0, 0<t<T
L a™(z,0) — ul(z,0) =0, ﬁ(")(x,()) —v™(2,0)=0, 0<z<lL

Note that both the minimal sequences (u™,v™) and (o™, g(")) corresponding to the
iterative schemes (6.6) and (6.7) respectively have the same initial guess i.e. (u(®, v(®) =

(g(o),@(o)). Thus for the choice n =1 in (6.15), one can get

(L(g” u ):c(g ©) =0, (z,1) € Q
H(pW — o) = b(a U(O)) + AMexp(8”) — exp(v™))
(6.16) A exp(é(o))(é(l) _é(0)> > 0, (z,1) € Q
aW(t,0) —uM(t, 1) =0, 0<t<T
| aW(z,0) —uM(2,0) =0, fV(z,0) — v (2,0)=0, 0<z<]

Using Lemma (6 2.1) and (6.2.2), one can have (g(l),é(l)) (u™,v™M)). Similarly, one can
prove (! ) < (@®,oW). Thus the inequality (6.14) holds true for n = 1. Assume
that 1nequahty (6.14) is true for n = 1,2,--- ;m. For the choice n = m+1 in Eqn. (6.15)

leads to
L(g(mﬂ) _ g(erl)) - C(@(m) _ U(m)) >0, (z,t) € Q
H(é(mﬂ) — oMy = p(amtD M)y 4 )\(exp(é(m)) — exp(v™))

+Aexp(B) (8™ — gt > 0, (2,t) € Q



Moreover, for all t € [0, T], a1 (0,t) — u™+1(0,¢) = 0 and for = € [0,1], o™+ (z,0) —
wm™H(z,0) = 0 and ﬁ(m+1)(x,0) — v (2,0) = 0. Once again using Lemma (6.2.1)
and (6.2.2), one get (g(m“),é(mﬂ)) > (u™*V vm+1)) " Similarly, one can show that
(@m+d) 3 mH)) < (@™ M) Hence (6.14) is true for n = m + 1. Consequently,
(6.14) holds true for all n € N. O

The following theorem provides the relation between the iterative schemes (6.10) and

(6.11) for the nonlinear system (6.9).

Theorem 6.3.2. Let (u} be a solution of (6.9). If (w 2,51 and (u © v(o)) are

zg? z]) 137 zg Z]’ 4,

ordered upper and lower solution for Eqn. (6.9) then for alln € N,

(617) (@) < (@, ") < (u]

=4,5 zg —1]7 i z]? z])

< @, 3" < @™, o)

7,]7 ,J ] 7y /0
Proof. 1t is enough to show that for n € N,

(6.13) (Wl o) < (aff), 50) < (@ B < @) o).

=]’ l] Z]’ .37 78]

Using mathematical induction the inequality (6.18) is proved. From the definitions of

(a(",) 5(7;) and (u (n) o )) one can get,

=, 1]’ =]

(
(14 ke + k)@l —uly = (@7 | — u )—I—k‘c(ﬁ(" ) _ =ty

Q; 1,7 Qi1 Y — v
+T(&§n)1j uin)l i)
(6.19) (1 + kb)(égg) — QZ(-Z)) = kb(gg’ (”)) + k;)\(exp(ﬁ( )) exp( (n 1)))
+<EETJL)_1 - —”EJ )+ k)\exp(ﬁ ))@E? _ égzﬂ))’
Q(()Z)—UOJ—O ]:172,"',]\7
QE’%)_ 0 =0, ﬂn) 10)_0 i=1,2,---, M.

Note that both the minimal sequences (gfff) v(n)) and ( Q; ,6(" ) corresponding to the it-

) =]
0 ) _

erative schemes (6.10) and (6.11) respectively have the same initial guess i.e. (u;;,v; ;
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(' ,6( ). Thus for the choice n =1 in (6.19), one get

=1, 7 7,
(
(1+ ke (el —w) = (@i — i) +ke(8) - ui7)

’L] =1,7 1,7 —%,]
ka (1) (1)
+T(az— g Ui g ])

1
(1+kb) (B = v])) = kblal]) — ull)) + kA(exp(8Y) — exp(uf]))

(020 S (CORN ) )
+(BY = ol ) + kxexp(89) (8% — ),

Q(()%;_Q(()%;:O, j=1,2,---,N

ol —ull) =0, 81U~ oy =0, =12 M

The first two equation of (6.20) can be written as

(1+ke+50)(a 5}—@}}) (a5 —uii ) = ety —uh ) = ke(BY) —v)) = 0 and
(1+ kb)(BY) = vi)) = kblaf) —ui)) — (B —wl))) = kA exp@gf?)@,j 80) = o.

Using Lemma (6.2.3) together with the initial and boundary conditions of (6.20), one can
get (_Elj),@(l,)) > ('Y, 0! for all i and j. Similarly, One can show that (@' B(l)) <

2,7 z] Z]’ 2]

(a§ J), E j)) Thus the inequality (6.18) holds true for n = 1. Assume that inequality (6.18)

is true for n = 1,2, ---  m. For the choice n = m + 1 in Eqn. (6.19) leads to
(6.21)
[ (1 e+ Bl — i) = (@) — D) 4 ke — o)
+he (g™ —umY),
(1+ kD) (B — oY) = kb(afT ™ — ufT) + kA (exp(87) — exp(v;})

ZJ
+<ﬁ€”?+l> _§7+;>+mexp<5 >><§W>—W>,

—i,j—1 i i j
m+1 (m+1)
—é,y - ug; =0, j=1,2,--- N
Q%H) ugfg“) — 0, ﬁ%ﬂ) B Q%H) ~0, P— 1.9 M

The first two equations in (6.21) can be written as
(14 ke+ ka)( (m+1) u(erl)) (a(erl) _ u(m+1)) _ k_a(a(mﬂ) _ u(erl)) >0

Qi Yi; Qij—1" — Ui h Qi1 T Wiy ) 2
and (14 BB —25*) — kel — ) = (B4 — o) 2 0.

Using Lemma (6.2.3) together with the initial and boundary conditions of (6.21), one can

m m m+1 m m+1) —5(m+1)
get (g™, D) > (Y, u ) n By ) <

(ﬂgﬂ),ﬂgﬂ)). Hence (6.18) is true for n = m + 1. Consequently, (6.18) holds true for

all n € N. O
94

. Similarly, one can show that (@



The following Theorems provide the relation between the iterative schemes discussed in
[31, 115] and [133]. The proof is similar to the proof of Theorem 6.3.1 and Theorem
6.3.2 respectively. Hence the proof is omitted here.

Theorem 6.3.3. Let (u*,v*) be a solution of (6.1). If (@®,7) and (u®,v©@) are
ordered upper and lower solution for Eqn. (6.1) then for alln € N,

(6.22) (g(n)’y(n)) < @(n)’x(n)) < (u*,v*) < (w("),y(”)) < (E(n)j(n))_

£.) be a solution of (6.9). If (u . ) and (u (© ()) are

ZJ’ 1] Z]’ l]

Theorem 6.3.4. Let (u}

Z]’ ’Lj

ordered upper and lower solution for Eqn. (6.9) then for alln € N,

(623) (. u) < @) < (i) < @5 X05) < @39

=] Z] 1]7X7,] 7f]’ 2¥)

Remark 6.3.1. Inequalities 6.13,6.17,6.22 and 6.23 not only ensure that the iterative
schemes in [132, 133] converges faster than the iterative scheme in [31, 115] but also
guarantee that all the blowup properties discussed for the iterative scheme in [31, 115]

also hold true for the iterative schemes in [132, 133|.

6.4. Conclusion

In this chapter, theoretical justification is provided to show that the iterative schemes
in [132, 133] always requires less number of iterations than the iterative scheme in [31,

115]. Moreover, it also obtains the blowup results related to the iterative schemes in

(132, 133].
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