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ABSTRACT

Book drawing is a type of graph embedding in which the vertices of a graph
G are placed along a straight line called the spine of a book, and the edges are
assigned to the pages so that each page contains a subset of the edges. The main
goal in book drawing is to minimize the number of pages required while keeping
the number of crossings per edge bounded by a non-negative integer b.

In this paper, we present a heuristic algorithm that produces a book drawing
for any graph in polynomial time. The algorithm assigns rankings to the edges of
the graph, and using these rankings along with the crossing bound as parameters,
it generates the book drawing of the graph.

We evaluate our algorithm through experiments on two types of graphs:
randomly generated graphs using the Erd6s—Rényi model and randomly gen-
erated regular Hamiltonian graphs. In addition, we present results on several
well-known graphs to show how our algorithm distributes the edges across pages

under different crossing bounds.
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Chapter 1

Introduction

1.1 Graph and Graph Drawing

A graph is a fundamental structure in discrete mathematics and theoretical
computer science, consisting of a set of vertices and a set of edges, where each
edge connects a pair of vertices. Formally, a graph G is defined as an ordered
pair (V, E), where V is the set of vertices and E C {{u,v} | u,v € V} is the
set of edges. A simple graph with 4 vertices and 4 edges is shown in Figure
1.1. Graphs can be either undirected or directed, depending on whether the
edges indicate direction. They can also be weighted or unweighted, depending
on whether a numerical value (weight) is associated with each edge. Graphs are
used to model a wide range of systems and structures such as social networks,

communication networks, transportation systems, and biological networks.

b

Figure 1.1: Simple Graph



Graph drawing is the field concerned with the geometric representation of
graphs. The primary objective in graph drawing is to produce a clear, read-
able, and informative visual depiction of the graph’s structure. This involves
assigning coordinates to vertices and drawing edges—usually as straight lines or
curves—so that the resulting image conveys the relationships among the vertices
effectively. One of the key challenges in graph drawing is minimizing visual
complexity, such as reducing the number of edge crossings, edge lengths, or
angles between edges. In many applications, especially in theoretical research,
constraints may be imposed on the drawing, such as fixing the order of vertices,
restricting edges to lie within certain regions, or minimizing the number of pages

in a book embedding.

Types of Graph Drawing

1. Planar Drawing:
The goal is to draw the graph on a plane without any edge crossings. This is
possible only for planar graphs. Such drawings are useful for minimizing

visual clutter and improving readability.

2. Straight-Line Drawing:
All edges are represented as straight-line segments. This type of drawing
is commonly used for its simplicity and clarity in visualizing relationships

between vertices.

3. Circular Drawing:
Vertices are arranged on the circumference of a circle. The focus is often
on minimizing edge crossings or total edge length. This type is popular

for visualizing cyclic structures or symmetrical graphs.

4. Layered (Hierarchical) Drawing:

2



Figure 1.2: Book embedding of K5

Vertices are placed in multiple layers, usually in a top-down or left-to-right
manner. It is especially useful for directed acyclic graphs (DAGs), such as

flowcharts, where edge direction matters.

5. Book Drawing:
Vertices are placed along a straight line called the spine, and edges are
assigned to pages (half-planes bounded by the spine). The objective is

typically to minimize the number of pages or crossings per page.

1.2 Book Drawing

A book drawing of a graph G 1is a type of graph drawing where the vertices,
with an ordering o, are placed along a single line called the spine of the book,
and the edges are assigned to one or more pages. A book embedding is a book
drawing with zero crossings on all pages. A book embedding of the complete
graph with 5 vertices, K5, on 3 pages is shown in Figure 1.2.

The main objective in book drawing is to minimize certain parameters,
such as the total number of pages required to draw the graph without any edge
crossings on the same page (called the book thickness or page number of the
graph), or to minimize the number of crossings if a fixed number of pages is

given. In some variations, a fixed vertex order is given on the spine, and the

3



challenge is to assign edges to pages in a way that optimizes the drawing. From
a complexity perspective, computing the minimum number of pages needed for

a book embedding of a graph is known to be NP-hard in general.

1.3 Applications of Book Drawing

1. VLSI Design (Very Large Scale Integration):
In designing microchips, wires (edges) connecting components (vertices)
should cross as little as possible to reduce signal delay and manufacturing
complexity. Book embeddings help in assigning these connections to

different layers (pages) while minimizing crossings.

2. Parallel Processing:
Tasks in parallel systems are represented as graphs where edges represent
data dependencies. Book embeddings can be used to schedule these tasks
across different processors (pages) in a way that minimizes conflicts and

ensures efficiency.

3. Graph Drawing & Visualization:
Book embeddings allow large, complex graphs to be visualized more
clearly by distributing edges across multiple pages. This helps in applica-
tions like software engineering, where understanding class hierarchies or

function calls is crucial.

4. Computational Geometry:
Certain geometric problems, like organizing overlapping objects or layouts
in layers, can be modeled using book embeddings. These provide a clean

separation of elements with minimized overlap.

5. Database Schemas & Data Organization:

4



In database design, especially hierarchical or relational databases, book
embeddings help represent entity-relationship models or data flow dia-

grams in an organized, layered manner.

. Bioinformatics:
Book drawings are used to model the folding and arrangement of chro-
mosomes or protein structures. This helps researchers understand how

sequences are structured spatially with minimal entanglement.

. Theoretical Computer Science:
Concepts like page number and book thickness of graphs are actively
studied in graph theory. These help in classifying graphs and designing

efficient algorithms for storage and retrieval.

. Network Routing:
In optical or wireless networks, efficient path routing with minimal interfer-
ence is critical. Book embeddings help in planning routes across different

frequencies or channels (pages) to reduce collision and congestion.

1.4 Preliminaries

Given a graph G = (V, E), with vertex set V and edge set E. The vertices

are placed on a spine in a fixed order o = {vy,v2,...,v,}. For an edge (1, v) in

the graph (G, o), we assume o (u) < o(v). In this fixed vertex order, two edges

e1 = (u1,vy)and ey = (uz, vo) cross each other if both are placed on the same page

and their endpoints interleave, specifically if o (u;) < o(uz) < o(vy) < o(v2)

orif o(up) < o(uy) < o(v2) < o(vy) as shown in Figure 1.3a. The contained

edges of an edge e = (u, v) are the set of edges {e¢’ = (u’,V") : e # ¢’ and o (u) <

oW’) < o(v') < o(v)}, and e is an outer edge of this set of edges as shown

5



in Figure 1.3b. cr(e) denotes the number of crossings of edge e. For edge

e =(u,v), df (e) denotes o (v) — o (u).

€ €

’
€

OO OO

(a) (b)

Figure 1.3: (a) Crossing edges; (b) Contained edges

The book thickness or page number of G is the minimum number of pages
in a book embedding of G. Determining the page number is an NP-complete
problem.

A conflict graph is a graph constructed from graph G where each vertex
in the conflict graph represents an edge from G. An edge exists between two
vertices in the conflict graph if and only if the corresponding edges in G cross
each other. Specifically, each page in the book embedding corresponds to a color
in the conflict graph. Finding the page number of a graph G with a fixed vertex

order is equivalent to determining the k-colorability of its conflict graph.



Chapter 2

Literature Survey

Book embedding was first introduced by Kainen [14] and was later examined
in depth by Bernhart and Kainen [7], who proved that any complete graph K,
can be embedded in {%] pages (Theorem 3.4 of [7]). In 1987, Chung et al. [10]
introduced a new perspective on book embeddings by examining the concept of
page width, defined as the maximum number of edges intersected by any line
perpendicular to the spine on a single page. They demonstrated that K,, admits
a [%]—page book embedding of width n (Proposition 3.6 of [10]). Later, in 1998,
Bilski [9] improved this result by showing that K,, could be embedded in [%]
pages with reduced width n—3, providing an optimal bound on the width without

requiring any specific vertex ordering.

Improved upper bounds on the book thickness of graphs are often derived
through meta-theorems that leverage classical graph parameters. For instance, it
has been shown that a graph with m edges has a book thickness of O(+/m) [16],
and similarly, graphs with genus g have a book thickness bounded by O(+/g) [17].
Furthermore, Dujmovi¢ and Wood demonstrated that graphs with treewidth
w have book thickness at most w + 1 [11], refining a previous linear bound

established by Ganley and Heath [13].
It is also established that all graphs within a minor-closed family possess
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bounded book thickness [22]. However, the converse does not always hold true.
For example, although 1-planar graphs do not form a minor-closed family [2],
they still maintain a bounded book thickness [3, 4]. Recall that a graph is said
to be h-planar, for 2 > 0, if it can be embedded in the plane such that each edge

experiences at most /4 crossings; see [20, 21] for recent overviews on this topic.

Significantly, the methods discussed in [5, 6] represent the first substantial
adaptations of the level-based peeling strategy introduced by Yannakakis [24,
25] to non-planar graph classes. These techniques leverage a key structural
characteristic of 3-connected 1-planar graphs—namely, that such graphs can be
enhanced and drawn so that each pair of intersecting edges is confined within a
degree-4 face of a planar skeleton. This skeleton includes all the vertices and

the non-crossing edges of the drawing [23].

A comparable structural property is observed in optimal 2-planar graphs.
For these, it is possible to construct drawings where the planar skeleton remains
simple and biconnected, with each face having degree 5 and enclosing five
crossing edges [18]. Despite these advancements in structural understanding,
the book thickness of these graphs has not yet been thoroughly investigated. The
best known upper bound remains O(logn), inherited from general results on
h-planar graphs [19].

In 2020, Bhore et al. [8] investigated fixed-parameter tractable algorithms
for book drawing problems, parameterized by vertex cover and path width.
They developed algorithms with running times of 209y and (pw)(pw)zn,
respectively, where vc denotes the vertex cover number and pw denotes the path

width.

In 2020, Liu et al. [15] improved upon this work by addressing the problem
of fixed-order book drawing with a bounded number of crossings per edge. They

developed algorithms to determine whether there exists a k-page book drawing
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with at most b crossings per edge, with running times of (b + 2)0((VC)3)n and
b + 2)0<(pw)2>n,

In 2024, Agrawal et al. [ 1] addressed the problem of edge deletion to achieve
a k-page graph with at most b crossings per edge. Additionally, they solved the
problem of e-edge deletion to obtain a 1-page graph with at most b crossings
per edge in 20(@Vklog(d+h)) . ,01) Furthermore, they also addressed the e-edge
deletion k-page problem with a running time of 4” - n91. They developed an
algorithm for finding page number with a running time of 2 - n9, where m
is the number of edges in the graph. But this algorithm is specifically for book

embedding, and this algorithm takes exponential time.

Our contribution

We propose a book drawing algorithm for a graph G = {V, E}. First, in
chapter 3 we design book drawing algorithm for any graph. In section 3.1,
we create a book embedding structure of graph G on [n/2] pages based on
the embedding structure for the complete graph K, including only those edges
present in G. Next, in section 3.2, we assign rankings to the edges. Finally, in
section 3.3, we develop a page assignment algorithm that uses the ranking of
edges to distribute edges across different pages in the book drawing. In chapter
4, we present the complexity analysis of the algorithm. In Section 5, we provide
the book drawing of some graphs. In chapter 6, we provide experimental results
of on any random graph generated using Erd6s—Rényi model and experimental

results on any random regular hamiltonian graph.






Chapter 3

Book Drawing of Graphs with
Crossing Bound per Edge

In this chapter, we present an algorithm for the book drawing of a graph. The
process begins with constructing a book embedding structure for the complete
graph on [n/2] pages, followed by assigning rankings to its edges. Finally, we
introduce a page assignment algorithm that distributes the edges of the graph G

across the different pages in the book drawing.

3.1 Book Embedding of Complete Graph

In this section, to embed a complete graph in [%] pages, we propose an

algorithm that assigns edges to pages using the concept of contained edges to
avoid crossings. The contained edges of an edge e will never cross e itself.
Based on this fact, if we can add more contained edges so that no crossings
occur, we can embed the graph using fewer pages.

The main idea behind this algorithm is that in any complete graph, there
would be a set of [4] edges E,, = {(1,2+1),(2,2+2),(3,2+3),.... (%, n)}.
These edges have the property that each edge from this set crosses all other edges

of the set. Thus, we can not place any two edges of this set on the same page
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in the book embedding of the complete graph. Therefore, we need at least {%]
pages to place all these edges on different pages, such that there is no crossing
between them. After placing all the E,, edges in |_ ] pages, the remaining edges
could be embedded as contained and outer edges of the edges of E,, without any

crossing. This idea leads us to embed the K, in [ ] pages.

Algorithm 3.1 Page assignment algorithm for K,
1: Assigntheedgeset {(j,j+1)|1<j<n-1}U{(1,n)} on page 1

2: for each page i from 1 to |_ J 2 do

3:  Assigntheedges (1, [%] —i+ Dand (|%4] —i+Ln—i+1)
4: for j=|_§J—i+2ton—i—1d0

5: Assign the edge (j,n —i+1)

6: end for

7: f0rj=2t0|_§J—i—1d0

8: Assign the edge (7, I_%J —i+1)
9: end for

10: for j=n—-i+2tondo

11: Assign the edge(L%J —i+1,))
12: end for

13: end for

14: Additional Pages:

15: Page [%] - 1:

16: Assign edges (1, ) for j = V””)J +1ton—1

17: Assign edges (J, {("“)J +1)forj=2to {("”)J 1
18: Page |_§J:

19: Assign edges (2, j) for j = V”*DJ +2ton
20: Assign edges (J, V”“)J +2)for j =3to VHDJ

21: if n is odd then
22: Assign edges (/, L%J +1)forj=1to L%J -1

23: end if

12



BRONONONORORGRC

(a) Page 1 (b) Page 2
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Figure 3.1: Book embedding of Kg in 4 pages

Following Algorithm 3.1, Kg is embedded in 4 pages, as illustrated in Figure
3.1. The algorithm starts by assigning the edges (1, 2), (2,3),...,(n —1,n), and
(1, n), by this we are assigning n edges on the first page (Line 1). Then, for each
page i from 1 to [%J — 2, the algorithm assigns two edges, one between vertices

1 and L%J — i+ 1, and other between L%J —i+1andn—i+1 (Lines 2-3). Next,

for each vertex j from L%J —i+2ton—i—1, an edge is assigned between j

and n —i + 1, which adds [g] — 2 edges to each page (Lines 4-6). The algorithm
then assigns edges for j from 2 to L%J — 1 — 1 and this assigns an edge between
vertices j and L%J —i+1, which adds L%J —1—2 edges to each page (Lines 7-9).
Finally, for j from n —i + 2 to n, edges are assigned between vertices [%J —-i+1
and j and this adds i — 1 edges on each page (Lines 10-12). By this (lines 1-13)
the Algorithm adds exactly 2n — 3 edges on page 1 and n — 3 edges on each page
from 2 to | 4| —2. After this (Line 15-20) the Algorithm adds exactly n — 3 edges
on each of the two pages [%J — 1 and [%J Now, if n is odd then the Algorithm
adds an extra page, which contains exactly L%J — 1 edges.

The Algorithm 3.1 organizes the edges of K, across the pages, ensuring that

crossings for all the edges are zero and minimizing the number of pages used.

According to the Algorithm 3.1, we assign each edge of K, to different pages.

13



Therefore, it takes O(n?) time.

Lemma 1. The Algorithm 3.1 performs books embedding of K, in [5] pages.

Proof. According to Algorithm 3.1, the first page contains 2n — 3 edges and

pages 2 to [%J contain n — 3 edges each. Therefore, if n is even, then the total
number of edges from page 1 to L%J is

nn-1)
5

(2n—3)+(gJ—1)(n—3)=

indicating that all the edges of K, are assigned across exactly 5 pages. For n
being odd, the algorithm uses one extra page containing [%J — 1 edges. Thus,

the total number of edges is

ars (2] Jn-9+((3] ) =222

Therefore, Algorithm 3.1 embeds any complete graph K, in exactly [7] pages.

]

Consider a graph G = (V, E), with n vertices and m edges. The graph G
is essentially a subgraph of the complete graph K, with the same number of
vertices. Since the complete graph K, can be embedded in {g] pages, it implies
that any graph with n vertices can potentially be drawn using fewer than {%]
pages. To draw the graph G in fewer pages, we can rank the edges based on the
page assignment of edges of G by Algorithm 3.1. The driving force behind the
idea is to rank the edges of the graph G based on the book embedding pattern of
the complete graph. The goal is to place more contained edges, as they do not
cross each other on the same page. Pages with more contained edges are assigned

higher rankings, and the edges on such pages are given a higher ranking.
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3.2 [Edge Ranking Algorithm

In this section, we design an algorithm that takes a graph G with a fixed
vertex order o as input and outputs the ranking of the edges of G. To design
such an algorithm, we utilize Algorithm 3.1. We use this ranking as an additional

parameter along with the crossing number of edges.

Edges of the graph G with n vertices can be placed on the [g] pages according
to Section 3.1. Then we assign rankings to the pages first. A page containing
more edges than others receives a higher ranking. If multiple pages have the
same number of edges, we assign rankings based on the indices of the pages,
where a page with a lower index receives a higher ranking. Within each page,
rank the edges according to the decreasing order of the difference between the
indices of the end vertices. Note that the edges between vertices i and i + 1
(wherei =1ton—1), as well as the edge between vertices 1 and n, should not
be included when considering the total number of edges on Page 1. Notice that

all the edges receive different rankings as shown in Figure 3.2.

Algorithm 3.2 Edge ranking algorithm

1: Input: Graph G with n vertices, vertex order o

2: Output: Ranking of the edges

3: Initialization: Place the edges of graph G on [%] pages using Section 3.1.

4: Sort the pages based on the total number of edges of G, excluding the edges
of type (i,i + 1) fori = 1 to n — 1, and the edge (1, n).

5: for each page p =1 to [%] do > On sorted pages

6: Rank the edges on p in decreasing order based on the difference between
the indices of the end vertices of each edge.

7: end for

15
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Figure 3.2: The Petersen graph is a subgraph of Kjo. We embed the Petersen
graph across 5 pages according to the embedding of Ko for any given fixed
vertex order. We then count the edges on each page, excluding the edges (1, 2),
(2,3),...(8,9), (9,10), and (1, 10). Page 1 and Page 3 has highest number of
edges, by indexing of page we assign rank r| to edge (1, 5) and r; to edge (6, 10)

and so on, with r; > ro > r3 > .... We assign rank to each edge accordingly.

3.3 Page Assignment Algorithm

In this section, we present a page assignment algorithm that minimizes the
number of pages in a book drawing. Initially, after ranking all the edges with
distinct ranks, all edges of the graph are placed on Page 1, as shown in Figure
3.3. The algorithm begins by computing the number of crossings for each edge.
Take edge e with the highest crossing on Page 1, if more than one edge highest

crossing on Page 1 then choose the edge with the lowest rank among them.

Initially, the edge e is removed from Page 1 if its crossings exceed b otherwise,
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stop. Subsequently, the crossing counts for the remaining edges on Page 1 are
updated accordingly. For each removed edge, the algorithm attempts to find a
suitable page where the edge can be assigned without exceeding the crossing
bound b for any edge. If no such page is found, a new page is allocated. To
find a suitable page for e, we shift it from the current page to the next page. The
algorithm then checks whether this edge can be safely added without exceeding

the crossing bound b for e as well as all edges on that page.

If assigning an edge e to a particular page results in cr(e) > b, then check
the rankings of all set of edges E’ that cross with e. If cr(e) < b, examine the
rankings of all set of edges E’ whose crossing bounds exceed b. If any edge
e’ € E’ has a higher ranking than e, shift e to the next page. If no such edge has a
higher ranking, recursively shift edge ¢’ € E’ that exceeds the crossing bound b
to the next available page. Among the edges in E’, first choose the edge with the
highest crossing count; if multiple edges have the highest crossing count, select
the one with the lowest ranking, and repeat this process for all edges ¢’ € E” until
cr(e’) and cr(e) exceed b. This recursive procedure continues until no edge on

any page exceeds the crossing bound b.

* getMaximumCrossingLeastRankEdge(Edge set E): It returns the edge
e with the maximum number of crossing in edge set E. If more than one
edge has the maximum number of crossings then choose the edge with the

lowest rank among them.
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addEdgeToPage(edge e, Page i)

1: while e is not assigned to Page i do
2: if e can be assigned to Page i without any edge in Page i exceeding the

crossing bound b then

3: Assign e to Page i
4: break
5: else
6: if cr(e) > b then
7: E’ is the set of edges that cross with e
8: else
9: E’ is the set of edges that cross with e and have cr(e’) > b where
e eFE
10: end if
11: if rank(e) j rank(e’) then > Any e’ € E’ has higher rank than e
12: i—i+1
13: else
14: Assign e to Page i
15: for all edges in £’ do
16: e’ «— getMaximumCrossingLeastRankEdge(E”)
17: if cr(e’) < b and cr(e) < b then
18: break
19: end if
20: addEdgeToPage(e’, i + 1)
21: E' — E"\ {e'}
22: end for
23: break
24: end if
25: end if

26: end while
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Algorithm 3.3 Page assignment algorithm

1:

10:

11:

Input: Graph G = (V, E), edge ranking given by Algorithm 3.2 and crossing
bound b
Output: Book drawing of G with at most b crossings per edge.
Initialization: Assign all edges E on Page 1
Compute the number of crossing for each edge
e «— getMaximumCrossingleastRankEdge(E)
while cr(e) > b do
i=2 > Page i
addEdgeToPage(e,i)
E=E\e
e «— getMaximumCrossingLeastRankEdge(E)

end while

\‘7,_57_ -

Figure 3.4: The Petersen graph is drawn in 3 pages using the Algorithm 3.3.

Page 1 is assigned edges with rank ry, r, and edges (i,i+1) wherei = 1,2,...,9.

Page 2 is assigned the edges with rank r3, r4 and Page 3 is assigned the edges

with rank rs, rg
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Now, we evaluate the upper bound on the number of pages that Algorithm
3.3 can take for the book drawing of any graph. In doing so, we prove that there

is no cyclic dependency in Algorithm 3.3.

Theorem 1. The Algorithm 3.3 takes at most |_§1+1 pages for the book embedding

of any graph G and the Algorithm 3.3 do not contain any cyclic dependency.

Proof. Letus define E,,,, wherei =1,2,3,..., [%] as the set of edges on page i
of the book embedding of the graph G according to the initialisation step of the
Algorithm 3.2. Notice that here indices of pagesi =1,2,3,..., [%] are assigned
after sorting the pages based on the number of edges on them by the Algorithm
3.2. Note that the edges of an E,,; do not cross with each other.

To prove the theorem, we first claim that, the Algorithm 3.3 requires at most
two pages to draw E),, for book embedding of G. Let us assume, we need three
pages to draw the edges of E),, and the pages be Py, P, P{ in order according
to Algorithm 3.3. Now, Let there be an edge e € E,, and it is in P}. Note that
this is possible only if there is an edge g which can cross with edge e in P} (if
assigned) and has a higher rank than edge e. Now g ¢ E,, because edges of E),,
can not cross with edge e. So, edge g € E,,, wherei € {2,3, ..., [%]} But all the
edges of E,,,, where i = 2,3, ..., {%] have lesser rank than e. Thus by Algorithm
3.3, edge e can not be on P{. So edges of Ep, require at most two pages in book
embedding. Let us denote the pages required for the edges of Ep, as P(Ep,).

Our second claim is that in the book embedding of G, the Algorithm 3.3

requires P(Ep,) U {P2, P3, ..., P;} pages to embed the edges of an E,,, where

i€{2,3,.., [%]} We prove this by mathematical induction.

Base Case: According to second claim, edges of Ep, requires P(Ep,) U P
pages. To prove this, assume Ep, will require one more page say P),. Let there

be an edge e; € Ep, and it is in P}. Note that this is possible only if there
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is an edge g, that can cross with e, in Page P, (if assigned) and has a higher
rank than edge e>. Now g2 ¢ Ep, because edges of Ep, can not cross with e;.
Also, g2 ¢ Ep, because edges of Ep, can not be in Page P; by the first claim.
So, edge g2 € E;, where j € {3,4,..., |-§-|} But all the edges of E,,, where
j=3,4,..., [%] have lesser rank than e, so this is a contradiction. Hence edges
of Ep, can embed in pages P(Ep,) U P;.

Inductive hypothesis: Assume that, the Algorithm 3.3 requires P(Ep,) U
{P2, P3, ..., P;} pages to embed the edges of E, .

Inductive step: we have to prove that, the Algorithm 3.3 requires P(Ep,) U
{P2, P3, ..., Pry1} pages to embed the edges of E,,, .

Let us assume that one extra page Py is required. Let there is an edge
e3 € Ep,,, and it is in Py, only if there is an edge g3 that can cross with
e3 in Page Py, (if assigned) and has a higher rank than edge e;. Now g3 ¢
Ep,,, because edges of Ep,,, can not cross with e3. Also g3 ¢ Ep,, where
t € {2,3,..., k} because edges of Ep, can not in Page Py, . So, edge g3 € Ep.,
where j e {k +2,..., [%]} But all the edges of £, where j =k +2,..., [%]
have lesser rank than ez, which is a contradiction. Hence edges of Ep,,, can
embed in Pages P(Ep,)U{P2, P3, ..., Pi+1} . Therefore, Algorithm 3.3 requires
P(Ep,)U{Ps, P3, ..., P;} pages toembed edges of all Ep,, wherei = 2,3, ..., [’%]

By combining both the claims, the Algorithm 3.3 takes at most [%] + 1 pages
for the book embedding of any graph G. This implies that there is no cyclic
dependency in the Algorithm 3.3 as in the case of the cyclic dependency the
upper bound can go up to m pages, where m is the number of edges of the

graph. [

21






Chapter 4
Complexity Analysis

In this section, we analyze the overall time complexity of the algorithm
proposed for computing the book drawing of a graph. The analysis is broken

down into the three core components of the algorithm:

1. Book Embedding of the Complete Graph:

* In this step, all edges of the input graph are embedded across exactly
{%] pages.
* 3.1 put all the one by one on [%] pages, which takes linear time with

respect to a number of edges, i.e., O(m).
2. Edge Ranking Algorithm:

* Edges are initially arranged according to the book embedding of the

complete graph K,.

* Pages are sorted in descending order based on their edge count. Since

there are {%] pages, this sorting step requires O(nlogn) time.

* Within each page, edges are ranked according to the difference in
their endpoint vertex indices. As a single page contains at most n — 3

edges, ranking one page requires O(n) time.
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* Therefore, considering all pages, the total time complexity of the

edge ranking process is O(n?).
3. Page Assignment Algorithm:

* For a graph with m edges, counting the number of crossings for an
edge initially requires comparing it with every other edge. Therefore,

determining the total number of edge crossings requires O(m?) time.

* To retrieve the edge e with the maximum number of cross-
ings and the least rank, we use a heap. Therefore, calling

getMaximumCrossingLeastRankEdge () takes O(log m) time.

» Assigning edge e to a different page involves checking it against

existing edges, which costs O(m) time.

* Consequently, handling all edges through this process yields an over-

all time complexity of:

O(m(log m + m)) = O(m?).
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Chapter 5
Example of Book Drawing of Graph

We give some examples to describe the book drawings of certain types of
graphs with a crossing bound per edge b = 0, 1, and 2. For these graphs, the

algorithm gives the book drawing with the optimal number of pages.

1. Petersen graph

Petersen graph book embedding can be done in 3 pages as given in Figure
3.4. Petersen graph book drawings with b = 1 and b = 2 are shown in Figure

5.1a and Figure 5.1b, respectively.

(a) (b)

Figure 5.1: Petersen graph book drawings in 2 pages with different crossing

bounds: (a) when the crossing bound b = 1; (b) when the crossing bound b = 2.

2. Durer graph

Diirer graph is a 3-regular generalized Petersen graph with 12 vertices and
18 edges. Diirer graph can be embedded in 3 pages. Book drawing of Diirer
graph with b = 0, b = 1, and b = 2 are shown in Figure 5.2a, Figure 5.2b and
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Figure 5.2¢, respectively.

(©)

Figure 5.2: Diirer graph book drawings with different page and crossing bounds:
(a) in 3 pages with crossing bound b = 0; (b) in 2 pages with crossing bound

b = 1; (¢) in 2 pages with crossing bound b = 2.

3. K3 complete graph

K3 complete graph can be embedded in 4 pages as shown in Figure 3.1. Book
drawings of the complete graph Ky in 3 pages for b = 1 and b = 2 are shown in

Figure 5.3a and Figure 5.3b, respectively.

(a) (b)
Figure 5.3: Kg book drawing in 3 pages with different crossing bound: (a) b = 1

;(b)b=2

4. Generalized De Bruijn graph

An n-vertex k-regular generalized De Bruijn graph, denoted as GDBG (n, k),

consists of n vertices labelled from O to n — 1. Each vertex in the graph has
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exactly k£ incoming edges and k outgoing edges. For any two vertices u and v,
there is a directed edge from u to v if and only if:v = (u - k + @) mod nwhere «

is an integer such that @ € {0, 1,...,k — 1}.

In this version, we replace directed edges with undirected edges and remove
self-loops and parallel edges, transforming the graph into an undirected graph.
Book drawings of Generalized De Bruijn graph GDBG(10, 3) with b = 0 and
b =1 are shown in Figure 5.4a and Figure 5.4b.

(a) (b)

Figure 5.4: Generalized De Bruijn graph GDBG(10, 3) book drawings with
different page and crossing bounds: (a) in 4 pages with crossing bound b = 0;

(b) in 3 pages with crossing bound b = 1.

5. Grid graph

A grid graph is a graph in which the vertices correspond to the points in a
regular m X n rectangular grid, and edges connect vertices that are adjacent in
the grid. Formally, the grid graph G has vertices (i, j), where 1 < i < m and

1 < j < n, and an edge exists between two vertices (i, j) and (k, [) if and only if

li —k|+|j —1]=1.

Any square grid can be embedded in two pages. Here, the book embedding
of a square grid graph of size 4m X n on two pages as illustrated in Figure
5.6. Vertices in order from 1 to 4mn place as shown in Figure 5.6. A row-
wise ordering is assigned to the grid graph, created as {1,2,...,n}, {2n,2n —

I,...,n+1},...,{4mn,4mn—1,...,4mn —n+ 1}, as illustrated in Figure 5.5.
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4n 4n-1 4n-2 3n+1)

Figure 5.5: Square Grid graph

Figure 5.6: Grid graph of 4m X n book embedding in 2 pages. First page contain
all edges with df(e) = 1 and ((j —2)n+i+ 1, jn—i) where j = {2,4,6...,4m}
and i = {0,1,...,n —2}. Second page contain edges ((j —2)n+i+ 1, jn —1i)
where j = {3,5...,4m -1} andi={0,1,...,n - 2}.

6. Tutte graph

The Tutte graph is a 3-regular graph with 46 vertices and 69 edges, named
after W. T. Tutte. Our algorithm embeds the Tutte graph in 3 pages according
to the order given in Figure 5.7. If there is an edge between (i,i + 1) for

i=1,2,...,45,itis placed on Page 1. The edges on each page are as follows:

* Page 1: (3,45), (5,39), (7,10), (30, 34), (41, 45), (6,25), (4,40),
(28, 35), (26,36), (17,20), (14,20), (13,21), (1, 46)

* Page 2: (1, 12), (22,31), (23,29), (32,37), (38,42), (37,46), (24,
27), (33,36), (19,21), (43, 46)
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» Page 3: (8, 18), (2,44), (9,16), (11,15)

Figure 5.7: Tutte graph
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Chapter 6

Experimental Result

In this section, we conduct experiments on random regular Hamiltonian
graphs and random graphs generated using the Erd6s—Rényi model. A random
regular Hamiltonian graph is a graph that is regular and contains a Hamiltonian
cycle. Random graphs are generated using the Erd6s—Rényi model G(n, p(n)),
where n is the number of vertices, and two vertices are connected by an edge
with probability p(n) = %. It has already been proven that if ¢ > 1, then the
graph is connected with high probability [12]. Therefore, in our experiment, we

%. In this model, the expected number of edges in the graph is

set p(n) =
given by: (5) - p = @ : % =(n—1)-log(n).

Using our algorithm, we calculate the expected number of pages required
for the random graphs with different numbers of vertices. In this experiment,
for random regular Hamiltonian graphs, the vertices are arranged along a spine
according to the Hamiltonian cycle. For random graphs, the vertices are arranged
along a spine randomly. Figure 6.1 shows the experimental results for random

regular Hamiltonian graphs, while Figure 6.2 presents the results for random

graphs generated using the Erd6s—Rényi model.

In our study, we analysed the relationship between the number of vertices and
the expected number of pages for random graphs with random vertex ordering.
Using experimental data and curve fitting, we found that the expected number of
pages without crossing can be approximated by the power-law model: 5.03974 -
110-63

+ —68.41. This model provides a precise estimate of the page number trend

as n increases. For a crossing bound of b = 2, the expected number of pages
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required, based on experiments, follows the model: 4.444146 - n%62 + —59.16.

Similarly, the expected number of pages for random regular Hamiltonian graphs

was derived through experimental analysis and curve fitting, with the results

summarised in Table 6.1.

Degree of vertices | Crossing bound per edge b | Expected page number for » vertices
3 0 1.22861 - n%33 + —1.46
2 1.24124 - n%0 + —6.93
3 5 1.01461 - n%0 + —7.71
3 10 0.45905 - n%3% + —7.03
4 0 2.56424 - n%>! + —7.20
4 2 1.94919 - n%31 + —9.95
4 5 1.77124 - n%31 + —13.54
4 10 0.91850 - n%3¢ + —12.15

Table 6.1: Expected page number for graphs with varying degrees of vertices

and crossings per edge.
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Figure 6.1: Experimental results for random regular Hamiltonian graphs: (a)
Number of vertices vs. pages for 3-regular graphs, (b) Number of vertices vs.

pages for 4-regular graphs
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of pages with b = 0 and b = 2 derived from the experiment
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Chapter 7

Conclusion and Future Scope

In this work, we address the problem of creating a book drawing for any
graph G in O(m?) time, where m is the number of edges in the graph. Our
algorithm produces a book drawing in which the number of crossings per edge
is bounded by b, along with a ranking of the edges as parameter. The page
assignment algorithm distributes the edges of the graph across the pages of the
book such that the crossings per edge remain bounded by b. Finally, we present
experimental results on random graphs and provide examples to demonstrate
how our algorithm distributes edges across pages.

This work advances the study of book drawings by providing a scalable algo-
rithm that operates within polynomial time and addresses practical constraints
on crossings. The approach is particularly relevant for applications in areas such
as graph visualization, network design, and VLSI layout optimization, where
minimizing crossings and page usage is critical. Our contributions offer both
theoretical insights and practical tools for constructing efficient book drawings
for arbitrary graphs.

There are several directions in which this work can be extended. One im-
portant direction is to study how to draw graphs in a book when the order of
the vertices is not already given. Choosing the best order can help reduce the
number of pages or edge crossings, but finding such an order is a more difficult
problem.

Another possible extension is to look at how we can remove a small number

of edges from a graph to make it outer-b-planar (that is, drawable on k pages with
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crossing bound b when all vertices are on the outer face). This can be studied
using tools from parameterized complexity, by checking whether the problem
becomes easier when certain graph properties (like treewidth) are small.

We can also try to design exact algorithms to count the number of edge
crossings in graphs where the order of the vertices is already fixed. Even though
this is a hard problem, it might be possible to solve it efficiently for special types
of graphs.

Lastly, graph width measures like treewidth could be very useful in book
drawing problems. For example, we can use dynamic programming on tree
decompositions to place edges in pages more effectively, especially when the

graph has a simple structure.
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