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ABSTRACT

KEYWORDS: B-splines; Co-compact Gabor system; Cyclic frames; Dual Gramian;
Dynamical frames; Frame; Frame operator; Generalized translation
invariant (GTI) systems; local integrablity condition (LIC); Locally
compact abelian (LCA) group; Mercedes-Benz frame; Orthogonal frames;
Orthogonal Samples; Parseval frames; Sampling transforms; Shearlet;
tight samples; Translation invariant systems; Unconditional convergence

property (UCP); Wave-packet system; Wavelet system

The theory of generalized translation invariant (GTI) systems provides a powerful and
unified framework for analyzing a wide range of structured systems in harmonic analysis.
Notable examples such as wavelet and Gabor systems arise naturally as special cases
within the GTI framework. A central concept in frame theory is the orthogonality or strong
disjointness between two frames in a Hilbert space, introduced by Balan, Han, and Larson,
which characterizes pairs of frames that do not interfere with each other. These orthogonal
frames have significant practical applications, including constructing new frames from
existing ones, developing dual frames, secure communication protocols, and synthesizing
complex super-frames. The broad applicability and flexibility of GTI systems make them
indispensable in both theoretical studies and practical fields, such as signal processing and

data transmission.

This thesis develops novel construction techniques for generating pairwise orthogonal
Parseval frames within locally compact abelian (LCA) groups. It establishes sufficient
conditions for constructing such pairwise orthogonal Parseval GTI frames in the space
L%(G), where G is a second countable LCA group. The constructions leverage the local
integrability condition (LIC). Initially, GTT frames are built through filter based methods,
ensuring the LIC holds. Subsequently, these GTI systems are shown to be Parseval frames
and pairwise orthogonal. As a key result, explicit constructions of pairwise orthogonal

Parseval frames are provided in both L?(R) and L?(G), using B-splines as generating



functions. Furthermore, a new approach is introduced to construct N pairwise orthogonal

Parseval frames with GTI structure starting from a single Parseval frame.

Next, the thesis investigates the applications of orthogonal frames in sampling theory,
with a particular focus on orthogonal sampling transforms associated with two unions of
co-compact subgroups (not necessarily lattices) defined over distinct frequency bands. The
analysis is then extended to the case of a general union of co-compact subgroups. It is
shown that two unions of sampling sets are orthogonal if and only if each corresponding
pair of individual sampling sets is orthogonal. Furthermore, a union of sampling sets is

shown to be tight if and only if each individual sampling set is tight.

Building on this foundation, the thesis offers characterizations of GTI Parseval Bessel
and frame systems that are pairwise orthogonal, highlighting conditions under which these
systems form Parseval frames. These characterizations pivot around the unconditional
convergence property (UCP), a weaker and more flexible assumption than the LIC. The
results extend to various structured systems, including wavelets and shearlets in L?(R?).
Utilizing these insights, explicit filter based constructions of pairs of GTI systems satisfying
the co-UCP are developed, forming pairwise orthogonal Parseval frames. This advancement

relaxes some restrictive assumptions in the previous method.

Finally, the thesis shifts focus to frames in finite-dimensional Hilbert spaces, which
are critical in practical applications such as coding theory, signal processing, and data
transmission. The study emphasizes frames with a dynamical structure, with cyclic frames
appearing as a significant subclass. Dynamical frames, thoroughly analyzed by Aldroubi
et al. and others, are notable for their robustness in erasure problems and error correction.
By employing an alternative approach, the thesis presents new insights into both general
dynamical frames and cyclic frames. In particular, it provides a complete characterization
of dynamical frames, which naturally yields a characterization of cyclic frames. These
results deepen the understanding of frame structures vital for reliable data encoding and

recovery.

xvi



CHAPTER 1

INTRODUCTION

Frames are special sets of vectors in a Hilbert space that are used to represent signals
flexibly and robustly. For any signal f, we often seek a way to write it as a sum of building

blocks:
f= Z cifis

iel

where each f; is a building block and ¢;’s are coefficients. With frames, unlike with
orthonormal bases where coefficients are fixed, we have many choices for ¢; which helps
control noise and gives more freedom in representing signals. This flexibility was first
explored by Duffin and Schaeffer in non-harmonic Fourier analysis in 1952 (see, [45]). It
made frames useful for signal and image processing, data compression, and have many
related applications in science and engineering (see, [12, 13, 47, 52, 58, 96, 108, 114] and

references therein).

In this scenario, many mathematicians and researchers have contributed to studying
and understanding various interesting properties and results of frame theory in different

contexts, to mention a few (see, [27, 33, 48, 46, 51| and references therein).

Over the past two decades, the study of frames in the setting of locally compact
abelian (LCA) groups has emerged as a vibrant area of research, both in theory and in

applications. The LCA group framework offers several advantages:

e It unifies the continuous theory (integral representations) and the discrete theory
(series expansions), enabling frame analysis from a broad, abstract perspective.

e It provides a single framework for studying the fundamental groups R, Z, T, Z,,, and
their higher-dimensional counterparts as well as groups of the form R? x T x Z" x Z;.

e [t becomes highly useful in signal and image processing, where products of LCA
groups naturally arise; for instance, multichannel video signals involve the product

group Z4 x Zyy,.

In light of these advantages, several researchers have made noteworthy contributions

to the development of the theoretical framework necessary for analyzing frame properties



on LCA groups (see, [8, 20, 27, 33, 35, 29, 46, 57, 60, 61, 62, 79, 80, 83, 88] and references

therein).

Among these properties, the orthogonality or strongly disjointness of frame pairs in
Hilbert spaces is very useful. This concept was first introduced and studied by Han and
Larson [71], and Balan [12] in the context of multiplexing. Two frames are said to be
pairwise orthogonal if their analysis operators have orthogonal ranges. This property has

significant practical implications. For instance:

e Multiple access communication: Pairwise orthogonal Parseval frames enable
multiplexing signals so that multiple users can share a common communication
channel. Signals can be recovered perfectly from summed coefficients, as seen in
applications like radio and television broadcasting, as well as computer networks
[13, 14].

e Duality: In [24], it has been demonstrated that noncanonical dual frames result
in a smaller reconstruction error compared to canonical dual frames. This finding
implies that in certain practical scenarios, exploring multiple duals with respect
to the given frame is desirable. Orthogonality allows the easy construction of such
noncanonical dual frames, expanding flexibility in signal representation.

o Superframes: Superframes arise naturally when two pairwise orthogonal frames
from separate spaces combine to form a frame in the direct sum space, allowing
coordinated processing across distinct signal components [13].

e Perfect reconstruction in sampling theory: In some sampling problems, frames
are used to represent signals in subspaces even though the frame elements are
not necessarily in those subspaces. Thanks to orthogonality, it remains possible to
perfectly reconstruct signals in these cases, which are useful for practical applications

in signal processing and communications [1, 115, 116].

Motivated by the aforementioned applications, many researchers have developed con-
struction methods for such frames with various structural systems, such as wavelet and
shift-invariant systems (see, [7, 22, 60, 61, 83, 85, 92, 99, 107, 109, 111, 115] and references

therein).

In this thesis, the main focus is on the study of pairwise orthogonal frames in locally
compact abelian (LCA) groups and their applications in sampling theory. Specifically, we

investigate the orthogonality of frame pairs for generalized translation invariant (GTI)

2



systems in LCA groups. We provide characterizations and construction techniques for
pairwise orthogonal Parseval frames with GTI structures. We also explicitly construct such
frames generated by B-splines [36, 98]. Furthermore, we develop the theory for certain
special cases of GTI systems and LCA groups. For example, we present characterizations
and construction methods for pairwise orthogonal wavelet frames in L?(R). Additionally,
we explore conditions under which unions of samples form tight and orthogonal systems.
Finally, we study the properties of dynamical and cyclic frames in the finite-dimensional

Hilbert spaces.

1.1. Motivation and objective

Frames generated by unitary group representation provide a unified framework for
analyzing a broad class of function systems, such as wavelet, Gabor, shearlet, translation
invariant (TI), shift invariant (SI), generalized shift invariant (GSI), and wave-packet
systems. In this context, many researchers have studied the structural and analytical

properties of frame theory (see, e.g., [19, 27, 33, 34, 60, 61, 79] and references therein).

Motivated by these developments, this thesis focuses on the characterization and
explicit construction of orthogonal frames with generalized translation invariant (GTI)
structures, which is a class of systems introduced recently by Jakobsen and Lemvig in [79].
A GTI system is defined as one generated by translating a collection of functions over a
countable family of closed, co-compact subgroups I'; of a second-countable LCA group G,

within the separable Hilbert space L?(G), where j belongs to a countable index set J.

In this connection, we note that our construction technique for pairwise orthogonal
frames with G'TT structures is inspired by two recent characterizations: the characterization
of pairwise orthogonal frames with GTI structures by Gumber and Shukla [60], and the
characterization of GTI Parseval frames by Jakobsen and Lemvig [79], together with the
unitary extension principle (UEP) introduced by Christensen et al. [36]. The GTI framework
serves as a bridge between the well-established discrete frame theory of GSI systems and
its continuous counterpart. Consequently, the construction of pairwise orthogonal GTI
frame systems provides a unified approach for deriving analogous results across several
function systems, including the GSI systems studied by Kutyniok and Labate [88] and the
TI systems considered by Bownik and Ross [27].

In this direction, Kutyniok and Labate [88] developed a unified framework for several

3



classical function systems, such as Gabor and GSI systems on R?, by formulating GSI
systems in the general setting of LCA groups. Their approach extends earlier works of
Hernéndez, Labate, and Weiss [73], as well as Ron and Shen [103], on GSI systems in
L?(R9).

It is worth noting that among the function systems mentioned above, SI and GSI
systems are defined by translations along uniform lattices. In contrast, TT and GTI systems
can be viewed as continuous generalizations of SI and GSI systems, respectively, obtained
by allowing translations along co-compact subgroups of an LCA group. The motivation for
introducing co-compact subgroups in the study of TT systems [27] and GTI systems [79]
arises from the fact that not all LCA groups admit uniform lattices. For example, the
p-adic numbers Q, have only the trivial discrete subgroup consisting of the neutral element,
which is not a uniform lattice. Similarly, the p-adic integers Z, possess only trivial uniform
lattices but admit a rich family of non-trivial co-compact subgroups. Thus, the works of
Bownik and Ross [27] and Jakobson and Lemvig [79] extend the theory of function systems

based on translations along uniform lattices, as studied earlier in [29, 88].

In our subsequent work, we investigate applications of pairwise orthogonal Parseval
frames in sampling theory. In particular, we focus on orthogonal sampling transforms
associated with two unions of co-compact subgroups (not necessarily lattices) defined
over two frequency bands. We show that a union of sampling sets is tight if and only if
each individual sampling set is tight. Furthermore, we prove that two unions of sampling
sets are orthogonal if and only if each corresponding pair of individual sampling sets is
orthogonal. This part of our work is motivated by the studies of Weber [115, 116] and
Aldroubi et al. [5] on sampling theory.

The above work on GTI systems relies on the technical assumption of the local
integrability condition (LIC) and its variants (such as the dual a-LIC), which ensure the
boundedness of the associated frame operators. In the context of GTI systems on LCA
groups, this condition was introduced by Jakobsen and Lemvig [79]. For a more detailed
explanation of the LIC, we refer to [60, 73, 79, 85, 86, 113]. More recently, Fiihr et al. [53]
introduced the unconditional convergence property (UCP) and its variants (such as the
dual 1-UCP and dual co-UCP), which provide a weaker and more flexible alternative to
the classical LIC. These concepts were first developed for GSI systems, a subclass of GTI
systems. The 1-UCP condition for a GTI system was introduced in [113].



Motivated by these developments, our next work characterizes pairwise orthogonal
frames with GTI structures under the dual 1-UCP. We also obtain a characterization
of Parseval GTI frames within this setting. Moreover, using these characterizations, we
provide explicit recipe for constructing pairwise orthogonal Parseval frames. This recipe
generalizes our earlier construction method by allowing us to relax certain assumptions

that were required previously.

In the Euclidean setting, Weber [115] investigated orthogonal frames of translates with
various applications. This line of work was extended by Kim et al. [83] to general shift-
invariant subspaces of L?(R?), and by Lopez and Han [94], who studied the orthogonality
of discrete Gabor frame pairs in ¢2(Z%). Bhatt, Johnson, and Weber [23] developed a
technique to construct pairwise orthogonal wavelet Parseval frames in L?(RR), which was
later generalized to L?(R¢) by Bhatt [22].

Building on these advances, Gumber and Shukla [60] extended the characterization
results obtained in the Euclidean case [115], the discrete setting [94], and the uniform
lattice case [83], to the framework of co-compact subgroups of LCA groups under the LIC

assumption.

The present thesis aims to take this line of research further by characterizing pairwise
orthogonal frames with GTT structures under the more flexible UCP framework generalizing
the characterization result study in [60]. In addition, we provide explicit construction
techniques for pairwise orthogonal Parseval frames with GTI structures, thereby
generalizing the wavelet based constructions in L2(R) [23] and L?(R%) [22]. Finally, we note
that the study of frame properties for structured function systems in various settings has
received considerable attention in recent years (see, e.g., [11, 13, 33, 46, 48, 60, 57, 80, 94]),
which further motivates our investigation of orthogonality for such systems in the LCA-

group framework.

The GTI systems can be viewed as special cases of frames generated by unitary
representations of LCA groups (see, e.g., [16, 19, 17, 25, 60, 61]). This observation naturally
links them to the class of dynamical frames. We study these frames in finite-dimensional
Hilbert spaces, which are indispensable for practical applications in digital signal processing,
data compression, and communications. For convenience, and without loss of generality,
we do work in C?. Within this setting, we focus on dynamical frames, arising from the

paradigm of dynamical sampling introduced by Aldroubi et al. [3, 2, 4]. While much of



the existing analysis develops structural properties of such frames, we complement this
line of work with an alternative approach that offers a different perspective and extends

the theoretical understanding of dynamical frames.

Building on this approach, we introduce and analyze cyclic frames, a concept that
is inherently finite-dimensional. Originally studied by Kalra in [82], cyclic frames were
already observed to possess attractive features in erasure recovery problems [77, 82, 93, 91].
In this work, we generalize this notion through two distinct characterizations of cyclic
frames, from which several fundamental structural properties follow naturally. We further
investigate tight cyclic frames and their connections to erasure resilience, demonstrating
their potential for robust applications. In this way, our study contributes both to the
theoretical foundations of finite-dimensional frame theory and to its relevance for practical

scenarios such as error correction and data recovery.
1.1.1. Objective of the thesis

The primary objective of this thesis is to develop techniques for constructing pairs of

GTTI systems

U {TAgZSI)})\EF]‘,pEPj a‘nd U {T)\gz()Q)})\eFj,pera
jeJ jeJ

that satisfy both the LIC and the more flexible UCP. The generalised translation invariant

(GTI) system introduced in [79] is a collection of functions of the form (J{T\gp}aer, pep;,
JjeJ

where J is a countable index set, for any A € G, the translation operator Ty is defined by

Ty : L*(G) » L*(G), (Inf)(2) = f(x = A), 2 € G,

P; is countable or uncountable index set, I'; is a closed co-compact (i.e., the quotient group
G/I'; is compact) subgroups, and {g,}pcp, is a subset of L?(G). If I'; =T for each j, then
above GTI system is called translation invariant (TI) system. If P; is countable and I'; is
a uniform lattice, then |J{Th\gp}rer, pep, is called generalised shift invariant (GSI) system
and if I'; = I" for each j,]’zilen it is called shift invariant (SI) system. The GTT systems thus
provide a unified framework for analyzing a broad class of structured function systems,

including wavelet, Gabor, wave-packet, and shearlet systems (see, [60, 79]).

In addition to characterizing GTI frames under UCP, this thesis aims to develop
explicit construction recipes for Parseval frames and pairwise orthogonal frames, together
with applications in sampling theory. Based on this goal, the specific objectives of this

thesis are as follows:



(i) To provide a technique for constructing pairs of GTI systems that satisfy the LIC.

(ii) To develop, as an application of (i), a method for constructing pairwise orthogonal
Parseval frames and to relate these techniques to the classical theory of Parseval
wavelet frames in L2(R) and L2?(R").

(iii) To characterize orthogonal sampling transforms generated by the action of two
co-compact subgroups (not necessarily discrete) of a locally compact abelian group
G on distinct bands, and to extend this characterization to unions of such subgroups.

(iv) To characterize pairwise orthogonal GTI Parseval frames under the technical
assumption 1-UCP, and to investigate orthogonal systems arising from structured
classes such as wavelet, Gabor, and shearlet systems.

(v) To develop new construction techniques (based on UCP) for pairwise orthogonal
Parseval frames that relax some of the assumptions required in (ii).

(vi) To study frame theory in finite-dimensional settings, with a focus on dynamical and
cyclic frames in finite-dimensional Hilbert spaces, motivated by their applications

to error resilience and signal erasure recovery.

1.2. Preliminaries

In this section, we establish the notation and background material required for the
subsequent chapters. We begin with a review of fundamental results from Fourier analysis
on locally compact abelian (LCA) groups, followed by essential definitions and results from
frame theory in Hilbert spaces. Throughout this thesis, we use the standard notation: N
for the set of positive integers, Z for integers, R for real numbers, C for complex numbers,
and Ny := Nu {0}. These preliminaries will serve as the foundation for the developments

presented in later chapters.
1.2.1. Background on LCA Groups

In this subsection, we follow the terminology and results presented in the classical
books [33, 50, 75, 76, 105] and research papers [27, 29, 67, 69, 79, 80, 88] for harmonic

analysis on locally compact abelian (LCA) groups.

Throughout, let G denote a second countable LCA group with group operation +
and identity element 0. Recall that a topological space is called second countable if its
topology admits a countable basis. Note that the second countable property implies that

G is metrizable and o-compact.

It is well known that every LCA group G admits a unique (up to a positive multiplicative

7



constant) Haar measure, denoted by pq. This is a non-negative, regular Borel measure,
which is translation invariant, i.e., ug(E + z) = ug(FE) for all z € G and all Borel sets
EcG.

Let G denote the set of all continuous characters of G, that is, all continuous
homomorphisms from G into the torus T = {z € C : |z| = 1}. Equipped with pointwise
multiplication,

(v-7) (@) =(x) -y (x) forally,y e, zeG,
the set G forms an LCA group with identity element 1, called the dual group of G. We
equip G with the compact convergence topology. As an LCA group, G also possesses a
Haar measure, which we denote by pgs. Furthermore, there exists a topological group
isomorphism between G and the dual of its dual group 5 , le., é: ~ (7, which is known as
the Pontryagin duality theorem [50]. In particular, if G is discrete, then G is compact, and

conversely.

Given an LCA group G with Haar measure uq, the integral over G is translation

invariant in the sense that,
[ Fa+pdna) = [ f@)duo()
G G

for each element y € G and for each Borel-measurable function f on G. For 1 <p < oo, we

define the space LP(G, ug) (simply, LP(G)) as follows:
LP(G) = {f : G — Cis a measurable function and / |f(z)Pdpc(z) < oo}.
G

Since G is a second countable LCA group, LP(G) is separable, for all 1 < p < co. In this
thesis, we will focus only on p = 2 case. Here, note that L?(G) is a Hilbert space with

inner product given by
(1.9)= [ F@)g@dug(a) for all f.g¢ 1(G).

Let the Fourier transform ~: L1(G) — Co(G), f ~ f, be defined by the operator
FIG) =T = [ f@n@dne(a) foryed,
G

where Cy(G) denotes the functions on G vanishing at infinity. If f € L1(G), f e LY(G),
and the measures on G and G are normalized appropriately so that the Plancherel theorem

holds, then the inverse Fourier transform can be defined by

8



[@)=F @) = [FOe@)3ng() foraed.

Note that the Fourier transform F can be extended from L!(G) n L?(G) to a surjective
isometry between L2(G) and L2(G) [50, Plancherel theorem|. Thus, the Parseval formula
holds and is given by

(£.9)= [ F@9@)dnc@) = [ FOTEdua(€) = (F.9). for all f.g€ L.

The following definitions will be used in the sequel: Given an LCA group, we call a
subgroup I' in G as co-compact if the quotient group G/T" is compact, whereas I' in G is

said to be a uniform lattice if in addition, I' is discrete.

Let T' € G be a closed subgroup of an LCA group G. Then, the quotient G/T" is a
regular topological group. Further, we note that it is a second countable LCA group under

the quotient topology by using the fact that G is second countable.

Note that for a subgroup I' of an LCA group G, the symbol I't denotes the annihilator
of T, which is a subgroup of G defined by

Fl:={ve§:7(x)=1, forall zel'}.

It follows from the definition of the topology on G that the annihilator T't is a closed
subgroup in G. Moreover, if I is closed, then (I'*)t =T and the following hold:

(i) there exists a topological group isomorphism mapping G/I" onto I'*, that is, we
have é/\l“ =

(ii) there exists a topological group isomorphism mapping G /'t onto T, that is, we
have G/T* = T.

Let Q2 denote the fundamental domain associated with I't) i.e. € is a Borel measurable set

such that

G=Jw+9Q), (w+Q)n(w+Q) =g for w+w', w, wel* (1.2.1)

welt
The group I' and G/I" carry the Haar measures pr and pgr, respectively. If we have
two out of three Haar measures pq, pr, and pgr, then the third one can be normalized
such that for all f € L1(G), the following relation holds:

[ 1@duc@)= [ [ 1@y dur(z) dppe(a), (122)
G

G/T T
9



where = denotes the coset x +I'. The measures pq, ur and pugr are always normalised in
such a way that Weil’s integral formula (1.2.2) holds. If (1.2.2) holds, then the respective
dual measures on @, CT/T“ ~ [+ and Tz C’\/FL satisfy
[ Feydng) = [ [ Few)dur:©dugr. (). (1.2.3)
G G/rr T+
Since a Haar measure and its dual are selected to satisfy the Plancherel theorem, we
have the following uniqueness result: If two of the measures pg, pur, par, pg, pre and pg .
are given, and these two are not dual measures, by requiring Weil’s formulas (1.2.2) and

(1.2.3), all the other measures are uniquely determined. Define the covolume s(I') of T by

s(T) := fG - e (@)

In the rest of this thesis, unless mentioned otherwise we assume I' to be a closed and
co-compact (not necessarily discrete) subgroup in G. Note that the symbol ur represents a
Haar measure on the subgroup I'. Since, I't is topologically isomorphic to the dual of the
quotient group G [T, that is, Tt = (G—’/T), therefore, I' is co-compact in G if, and only if,
Tt is a discrete subgroup of G (for more details, see [27]). Thus, T'* will always be discrete
in our case, and hence preserves a counting measure.

Note that the dual group G = QoI therefore, every -y € G has a unique representation
w + o for some w € Q and a € I't. Here Q is a pg-measurable subset of G and represents a
Borel section of I'* in @, also known as a fundamental domain of G /Tt whose existence is
guaranteed by [49]. Moreover, it is relevant to note that every element v in T’ = G/I'* can

be thought of as an element in © as all cosets in G/I'* = T are of the form w + I'* for some

(unique) w € §2. For more details, we refer to [27, Section 3].
1.2.2. Theory of frames

In this subsection, we recall some definitions and basic properties about continuous
frames for Hilbert spaces. Such frames were introduced independently by Ali et al. [6]
and Kaiser [81]. For a brief and self-sufficient introduction to continuous frames, we
refer to [54, 97]. For more details on general theory and applications of frames and
Bessel sequences, we refer to [6, 11, 27, 33, 29, 46, 57, 58, 71, 80, 81, 101, 110]. For
theory of frames generated by unitary actions of LCA groups, we refer to the research
articles [19, 18, 78, 104] and various references therein. Note that for basic definitions and
theory on finite frames, we use the books by Christensen [33], Casazza et al. [30], and by

Han et al. [70].
10



Definition 1.2.1. Let A be a complex Hilbert space, and let (M, Y, par) be a measure
space, where Y ,, denotes the o-algebra and pj; the non-negative measure. Then, a family
of functions { f,, }menr in H, is called a continuous frame for H with respect to (M, ¥ 5, far)
if

(i) m — f,, is weakly measurable; that is, for all h € H, the mapping M - C,
m +~ (h, f,,) is measurable, and

(ii) there exist constants 0 < a; < ap (called continuous frame bounds) such that
ar|h)? < f (s o) Pdpins (m) < an|[]?,  for all heH. (1.2.4)
M

A continuous frame { f,, }.mens is called tight if we can choose oy = oy, and tight frame
with frame bound 1 (or Parseval) if oy = @y = 1. The family { f,, }mens is called Bessel with
constant as as its Bessel constant if the right side of inequality in (1.2.4) holds. In this

case, we say that the family {f,,}mens satisfies the Bessel condition.

Since this thesis deals with only separable Hilbert spaces, we can use Petti’s theorem
to replace weak measurability of m — f,,, with (strong) measurability with respect to the

Borel algebra in H.

If ppr is a counting measure and M = N, then {f,, }mer reduces to a discrete frame.
In this sense, continuous frames can be realized as the generalization of discrete frames.
Recall that for a countable index set J, a sequence {f, },e5 in a separable complex Hilbert
space H is called a discrete frame for ‘H if there exist frame constants 0 < a < 8 < oo such

that for every f e H, we have

al fI3 < Y UF fu)P < BIFI

ney

Here onwards, for the sake of simplicity, we will write continuous/discrete frames as just

frames by suppressing the term continuous/discrete.

Given the family of functions F := { f,,, }measr, which is Bessel with respect to a measure

space (M, Y s, par), define the synthesis operator Op : L2(M, pipr) — H defined by

(915(707 h) = A(fma h’)épmdy']\/[(m)a Y= {me}meM € LQ(Ma ,uM)> heH

which is a well-defined, linear and bounded operator [97, Theorem 2.6].
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Further, the adjoint of the synthesis operator, known as the analysis operator of F, is
defined by O : H — L*(M, ppar) with

(©ph)(m) =(h, fm), meM.

Given two Bessel families F and G := {g,, }merr with respect to the measure space

(M, ¥ s, par) for H, define the mized dual Gramian operator corresponding to F and G as

OO H > H; th(h,fm)gmduM(m). (1.2.5)
M

Gabardo and Han in [54] defined a dual frame for a continuous frame as follows:

Definition 1.2.2. Let F and G be two Bessel families with respect to the measure space
(M, ¥ s, par) for H. We call G a dual frame for F if the following holds true:

(hl,hg):[M(hl,fmﬂgm,hg)duM(m), for all Ay, ho € H. (1.2.6)

Here, F and G are actually (continuous) frames, and hence (F,G) is called a dual
frame pair. If ©p and Og denote the synthesis operators of ' and G, respectively, then
(1.2.6) is equivalent to OgOj = Iy, that is, an identity operator on K. In this case, we say
that the relation

h:[(h,fm)gmduM(m), for all feH,
M

holds in the weak sense. This relation is generally known as a reproducing formula for

feH.

Next, we define the orthogonality of a pair of Bessel families (frames) as follows:

Definition 1.2.3. Let F and G be Bessel families (frames) with respect to (M, ¥, tiar)
for . Then, if the mixed dual Gramian operator of F and G (as defined in (1.2.5)) is zero,
that is, ©O; = 0, the Bessel families (frames) are said to be pairwise orthogonal (simply,
orthogonal). In other words, we say that F and G satisfy the orthogonality property. We
say F and G are pairwise orthogonal Parseval frames if both are Parseval frames and

pairwise orthogonal.

12



1.3. Structure of the thesis

In Chapter 2, we construct GTI systems using filters and prove that they satisfy
the LIC. Furthermore, we establish that such GTT systems possess a Calderén sum equal
to 1. As an illustrative case, we construct an example of a pair of systems generated by

B-splines in L2(R). We demonstrate that these systems satisfy the LIC.

In continuation of the work presented in Chapter 2, Chapter 3 develops a technique to
construct pairwise orthogonal Parseval frames with GTI structure. Additionally, we provide
methods to construct two or even N pairwise orthogonal Parseval frames. Next, as an
application of our obtained results, we provide an example of pairwise orthogonal Parseval
frames using B-splines as the generating function. We also prove that the construction of
pairwise orthogonal Parseval frames for L?(R?%) with wavelet structure is a special case of

our construction technique.

As an application of orthogonal frames in Chapter 4, we characterize sampling
transforms through the action of two co-compact subgroups of a locally compact abelian
group GG with orthogonal ranges on two bands. To demonstrate this, we establish necessary
and sufficient conditions for the existence of pairwise orthogonal translation invariant
systems over distinct co-compact subgroups. As a consequence, we derive pairwise
orthogonal co-compact Gabor Bessel systems, which are slightly more general due to
different choices of co-compact subgroups. Finally, we extend the notion of orthogonal

sampling transforms to unions of compact subgroups.

In Chapter 5, we give a characterization of pairwise orthogonal frames with GTI
structures. These GTT systems are generated by translating generating functions through
a countable family of distinct closed, co-compact subgroups of G. Importantly, the families
of subgroups associated with each system may differ from one another. As an application
of this characterization, we derive necessary and sufficient conditions for the orthogonality
of various structured systems, including Gabor, wavelet, and shearlet systems over LCA

groups. Moreover, we also establish a characterization of tight GTI frames.

As an application of the results obtained in Chapter 5, in Chapter 6 we present
explicit constructions of pairs of GTT systems using filter-based methods. Each constructed
system is shown to satisfy the co-UCP and Calder6n sum equal to one. We further

establish that these systems form Parseval frames and that the constructed pair of systems

13



is pairwise orthogonal. This framework extends the results of the Chapter 3 by relaxing

earlier structural constraints, thereby broadening the class of admissible GTI systems.

In Chapter 7, we study the frame theory on finite dimensional Hilbert spaces. In
particular we study dynamical frames and cyclic frames. Cyclic frames form a subclass
of the dynamical frames introduced and analyzed in detail by Aldroubi et al. in [3] and
subsequent papers; they are particularly interesting due to their attractive properties in
the context of erasure problems. By applying an alternative approach, we are able to shed
new light on general dynamical frames as well as cyclic frames. In particular, we provide a
characterization of dynamical frames, which in turn leads to a characterization of cyclic

frames.
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CHAPTER 2

CONSTRUCTION OF GENERALIZED TRANSLATION
INVARIANT SYSTEMS

The purpose of this chapter is to construct a pair of generalized translation invariant
(GTI) systems in the separable Hilbert space L?(G), where G is an LCA group. The
construction is based on a nested sequence {I';},c7 of closed co-compact subgroups of G, a
countable sequence {®;} e of generating functions in L2(G), and I';-periodic filters, where
G is a dual group of G and '} is the annihilator of I';. For studying the frame properties
of GTI systems, such as duality and orthogonality, the local integrability condition (LIC)
plays an important role [60, 73, 79, 86, 88)]. Sufficient conditions on the generating functions
and filters are obtained for the GTI systems satisfying the LIC. In order to establish
the LIC, the boundedness of the Calderén sum becomes crucial as it connects to the
frame’s bounds of the GTI systems. We find that Calderén sum is equal to one for the
constructed GTI systems. At the end, we construct an explicit example in L?(R) generated

by B-splines.

2.1. Generalized translation invariant systems

In this section, our goal is to introduce the GTI systems and the LIC. In the context
of LCA groups, GTI systems were introduced by Jakobsen and Lemvig in [79]. The GTI
framework serves as a bridge between the well-established discrete frame theory of GSI
systems and its continuous counterpart. Consequently, GTI systems provide a unified
approach for deriving analogous results across several classes of function systems, including
the GSI systems studied by Kutyniok and Labate [88] and the TT systems considered by
Bownik and Ross [27].

The results of Chapter 2 are taken from the published article:
Redhu N., Gumber A., Shukla N. K. (2025), Constructions of pairwise orthogonal Parseval frames
generated by filter on LCA groups, Applied and computational Harmonic analysis, 74, paper
No.101708, 27pp, DOIL: 10.1016/j.acha.2024.101708.



The function systems defined in this section form the central objects of this thesis.

Here, the translation of a function f € L?2(G) by z € G is denoted by T, f = f(- - x).

Definition 2.1.1. Let J be a countable index set. A generalized translation invariant
(GTI) system is given by
U{T,g,:7v€T;, pe P} (2.1.1)
JeJ
Here, each P; is a (countable or uncountable) index set, each I'; is a closed co-compact

subgroup of G, and {g, }pep, ¢ L*(G).

If I'; =T for each j, then above GTI system is called translation invariant (TI) system. If
Pj is countable and T'; is a uniform lattice, then _J {T’,9p }er,, pep, is called generalised shift
invariant (GSI) system and if I'; = T" for each j, ﬁin it is called shift invariant (SI) system.
GTI systems provide a unified framework for analyzing a broad class of function systems,
encompassing both discrete and continuous settings such as wavelet, Gabor, wave-packet,

and shearlet systems [60, 79].

As in [79], the GTI system introduced in Definition 2.1.1 is assumed to satisfy the
following hypotheses.

Standing hypotheses: Before stating the hypotheses, we introduce some notation. For
each j € J, where J c Z is a countable index set, let (P}, Y Pyl p;) denote a measure space.
For any topological space X, we denote by By its Borel o-algebra. The notation P; x G
denotes the product measurable space obtained by taking the Cartesian product of G with
the measure space P;. The corresponding product o-algebra is written as ) P, ®Bg, and

the product measure by pp, ® pic-

We impose the following assumptions for each j € J:

(I) (P, Xp, kp,) is a o-finite measure space;
(II) the mapping p = g;, from (P}, ¥p,) to (L*(G), Br2(a)) is measurable;
(IIT) the mapping (p,z) = g;,(z) from (P; x G, ¥ p ®Bg) to (C,Bc) is measurable.

For several instances in this thesis, we consider countable index sets P; equipped with
the counting measure. With this consideration, the three standing hypotheses (I)—(III)
hold automatically (see, [79]).

A GTI system U {Txgp}acr;,pep, is called a GTT frame for L?(G) with respect to
jeJ

16



{L2(P; xT';):j e J} if there exist two constants 0 < A, B < oo such that

APy [ [ (£ Tag) P dper, (V) dar, () < BISI® - for all f € LA(G). (2.1.2)

]EJP
The constants A and B are called the frame bounds. If A= B, the GTT frame is called a
GTI tight frame. In particular, when A = B =1, it is called a GTI Parseval frame. If only

the right-hand side inequality in (2.1.2) holds, then the GTI system defined in (2.1.1) is
called a GTI Bessel system.

For two GTI Bessel systems U {Txgz()l)},\erﬁpepj and U {T,\g;(f)},\erj,pepj, we define the

JjeJ jeJ
mized dual Gramian operator © corresponding to these systems as
0:13(G) » ING) [~ % [ [ 1. Tag$) Tagl? dar, (V) dar, (p). (2.1.3)
JGJP

L

Definition 2.1.2. Let U{T,\gz(yl)})\el"j7pepj and U{T)\g;(;2)})\ef‘j,pepj be two GTT Bessel (or
jeJ JjeJ

frame) systems. We say that these systems are pairwise orthogonal Bessel (frame) systems if

the associated mixed dual Gramian operator satisfies © =0 for all f € L?(G). Furthermore,

if the GTT systems are Parseval and pairwise orthogonal, then they are called pairwise

orthogonal Parseval frames.

2.1.1. Local integrability condition

In this subsection, we recall the LIC and its variant, the dual a-LIC, introduced
by Jakobsen and Lemvig for GTI systems in the context of LCA groups [79]. Roughly
speaking, the LIC imposes certain integrability requirements on the Fourier transforms
of the generating functions. Variants of this condition, such as the a-LIC and the dual

a-LIC, have been studied in [79, 60] in the context of LCA groups.

In order to formulate these conditions rigorously, we first introduce a dense subset of
L*(G):
gi={feL*Q):feL>(G) and supp f is compact in G \ B},
where B is a Borel set in G with ug(B) = 0. The two GTI systems | J {T,\g;(;l)},\erj,pepj and
JjeJ
U{T,\gl(,z)}kpwpepj in L?(G) satisfy the dual a-local integrability condition (dual a-LIC')

JjeJ
if for all f e DB,

>

]EJ (F) ) ozeFL

> [ Fo)F6+ ) ()a ¢+ )| dua) dury (0) <0 (2.14)
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If g(l) =0p %) for each p, then condition (2.1.4) is known as the a-local integrability condition

(a-LIC) for the system [ J {T,\gp })\e[‘j7pgpj.
JjeJ

The system (J{T: ,\g,(,i)} Al pep; satisfies the local integrability condition (LIC) if

JjeJ
2 S(F ) [] a;L /suppf Fly+a)gd )(7) dpg(y) dpp,(p) <oo for all feDg. (2.1.5)

For a more detailed explanation of these conditions, see [73, 79, 86, 113]. According
to Lemma 3.9 in [79], if both systems quJ{TAgél)}AeFj,pepj and ujej{T,\g;,Q)}Aepwapj
satisfy the LIC, then they also satisfy the dual a-LIC. Specifically, if a GTI system
Uje J{T,\glgi)} AeT;, pep; Satisfies the LIC, it automatically satisfies the a-LIC.

The following results show that the LIC plays a central role in characterizing GTI
systems that form Parseval frames and in characterizing pairwise orthogonal Parseval
frames. Jakobsen and Lemvig [79] provided the following characterization result for a GTI

system to be a Parseval frame with the help of the a-LIC:

Theorem 2.1.3. Suppose that the GTI system Ujeg{Tagp}rer, pep, Salisfies the a-LIC.

Then the following assertions are equivalent:

(1) Ujeg{T2Gp}acr; pep; 05 a Parseval frame for L*(G).
(i1) For each a € Ujes1';, we have

1 =7y~ A
tai= Y. ) fP 3 ()G (y + a)dpp,(p) = 6a0 for a.e. ved. (2.1.6)
i) P

jeJ:aeF]i.

Gumber and Shukla [60] provided the following characterization result for the pairwise

orthogonal GTT Bessel (frame) systems with the help of dual a-LIC:

Theorem 2.1.4. Let Ujej{T/\gI()l)}/\El“j7pEPj and UjEJ{T)\gl()Z)})\EFj’pEPj be two GTI Bessel
(frame) systems for L?(G) satisfying the dual a-LIC. Then, the following assertions are

equivalent:

(i) Both the above GTI Bessel (frame) systems in L?2(G) are pairwise orthogonal.

(i1) For each a € UjesI'}, we have

> ) S(F ) f 9;(71)(7)9152)(7+oz)dup (p) =0 for a.e. yeG. (2.1.7)

jeJ: aeF
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In view of Theorem 2.1.4, the dual a-LIC is the essential criterion for establishing both
Parseval frames and pairwise orthogonality. Therefore, the remainder of this chapter is
devoted to constructing GTT systems and deriving sufficient conditions for them to satisfy
the dual a-LIC.

2.2. Construction of GTI systems via filters

The purpose of this section is to construct a pair of GTI systems with the help
of filters. The filters are always a key attraction of researchers to construct frames
26, 28, 32, 38, 41, 43, 63, 64, 66, 68, 106]. Frames based on filters play a crucial role in
signal processing, image processing, and data analysis. For example, filters can be employed
to extract discriminative features from data, enhancing pattern recognition tasks like
fingerprint recognition or face detection (see, for example, [31, 100] and references therein).
Other applications of filters are that they are often used to construct multiresolution
analysis (MRA) system, which allow the representation of signals or data at different levels
of detail. MRA is fundamental in signal compression, denoising, and feature extraction tasks.
Several researchers have proposed extension principles to construct Parseval frames using
MRA associated with filters, such as the unitary extension principle (UEP) [34, 36, 102]
and oblique extension principle (OEP) [44].

Here, the general framework of [36] is adopted, along with additional assumptions
required for the subsequent analysis in this chapter. Throughout this chapter and in Chapter
5, the following objects are fixed.

Let G be an LCA group, and let {I';} ;7 denote a countable, nested sequence of closed

co-compact subgroups of G, that is,
---CFjCFj+1CFj+QC"' (221)

such that each quotient group I';,1/I'; is finite with cardinality d; e N. The annihilators
{5 }eg satisty - 0Ty 0T, o155 2+ and [Ty /T] = [I5/T5,,| = d; (see, e.g., Section
4.2 in [72]). Consequently, for each j € 7, there is a sequence {v;}p1,..q4; in ['; such that

Vi1 = 0 and

dj
F;‘ = U(’Ujl + F;T+1), (’Uj,ﬁ + F;T+1) N (’Ujjr + F]L'+1) =g for 0+ /' (222)
(=1

The fundamental domain associated with the lattice I'; is denoted by €2;.
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Assume that {®,},c7 is a sequence of functions in L2(@3), having the property that

there exist F]ﬂl—periodic functions Hj.q € L*=(€2;,1) such that
®;(7) = Hy(7)®501(7), ae.y e G, (2.2.3)
for all j € J. Further for each i € {1,2}, we define the functions \Ifg.i)(m) € Lz(@), by
T ()= GO ()80 (1), yeGand m=1,2,..., s, (2.2.4)

for some T'j-periodic functions G;i)(m) € L=(9,).

For j e J,m e {1,2,...,s;} and i € {1,2}, we define the functions gé?lj) as inverse
Fourier transform of \P§i)(m) as follows:
@) _ 1,0 (m)
Iimj) = F \Ilj } (2.2.5)

The main goal of this chapter is to show that the GTI systems
7o d | {Tye® 2.2.6
U{ \Ip }Aerj,pepj an U{ \9p }Aerj,pepj ( /8 )
jeJ jeJ
satisfy the LIC, where P; = {(m,j):m =1,2,...,s;}. Moreover, Chapter 4 establishes

that these systems form pairwise orthogonal Parseval frames for L?(G).

In view of Theorem 2.1.4, our primary objective is to find conditions on filters Géi) (m)

and generating functions ®; such that uj. j{T,\g]f,l)} Al pep; and Uje J{T,\gz(?)} AT, pep; Satisfy
the dual a-LIC. Next, define, for j € 7, and ¢ € {1, 2}, the matrix-valued functions %g.i)(v)
and 98" (7) with the help of filters

570 = (G (0 + vy) Joams, - for e €, (227)
<n<aj
and
3= (G (0 # vy) Jiomes,for e €, (228)
<n<daj

where Gg-i)l(o) = Hj.

The possible index set J is allowed to be any interval contained in the integers, i.e.

either J = Z or {j}2. or {j¥'. or {jV' ., for jo < j1 and jo, 51 € Z. The following

J=Jo J=Jo j=—o00’
calculation is only for J = Z, the remaining cases can be handled by minor modifications.

In the case J = {j}?ijo, it is necessary to assume that j takes values from the set

{Jo,jo+1,-+, 71— 1}, ensuring that (2.2.3), (2.2.4), (2.2.7) and (2.2.8) are defined. Similarly,

for the case J = {j ;:1:00, j takes values from the set {—oo, -, j; — 1}.
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2.3. Conditions for the GTI systems satisfying the dual a-LIC

The goal of this section is to establish the conditions under which the GTI systems
defined in (2.2.6) satisfy the dual a-LIC. In particular, we prove in Lemma 2.3.6 that such
systems have the property that the Calderén sum equal to one. This result serves as an
intermediate step toward establishing Theorem 2.3.3, which presents the main result of
this section. Theorem 2.3.3 provides sufficient criteria for the GTT systems to satisfy the

dual o-LIC. To this end, we now state the following standing assumptions:

(N7) For every compact set S in G~Band ¢ > 0, there exists .J; € J such that for all

jZ J17 .] € '.77
1
()P -1 <6, ¥yes,
‘S(Fj) ’
(N3) For every compact set S in G\ B and € > 0, there exists J, € J such that for all
]S ‘]27 j € jv 1

——[®;(7)| <€ VyeS.
V(L)
(N3) For every compact set S in G~ B, there exists a constant J3 > 0 such that
Y pa(Sn(S-a))< s
ae UjEJF]L-
Remark 2.3.1. In particular, if we consider J = {jo, jo+1, jo+2, -}, then assumptions (N3)
holds trivially. This follows by noting the fact that I'; o5 T'j ,, 5 -+ implies o € Uje 7Ty = Ty,

Jo
Now to prove (N3) it is sufficient to show that » pz(Sn(S-a)) is finite. It is easy
aelt
Jo
to see that {a e '; = Sn(S-a)=#a} c T n(-5+5). But I'; n(-S+5S) is a finite
set. Hence {a el'; : Sn(S-a)# @} is also a finite set and therefore there exists some

constant J3 > 0 such that Zaep% pa(Sn(S-a)) <Js.

Remark 2.3.2. In particular, if G is a compact abelian group, then the assumption (N3)
holds trivially. Since the dual group G of a compact abelian group is discrete, the compact

set S is finite. Therefore {a e G : Sn(S-a) # @} is finite. Since | I c G, it follows that
jeJ

the set {a eUT; : Sn(S-a)= @} is finite. Hence the assumption (A3) holds trivially.
JjeJ
We are ready to state our result, which outlines sufficient conditions under which the

GTI systems defined in (2.2.6) satisfy the LIC.
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Theorem 2.3.3. In addition to the assumptions (N1) to (N3), assume that for each
i €{1,2} and each j € J, the matriz-valued function %;i)(y) defined in (2.2.7) satisfies
the following condition:

s(I'))
s(Fjer)
where (‘B;i)(y))* denotes adjoint of %;i)(y). Then Ujgj{T)\gI(;l)})\gr‘j’pepj and
Ujej{T,\g]gz)},\epwpepj (defined in (2.2.6)) satisfy the LIC. Hence they satisfy dual a-LIC.

(B (1) B () = 2l for a.e. v €9, (2:31)

To prove Theorem 2.3.3, we require the following results, which will be used extensively
in this chapter and the next. The first part of the proposition presented below assists in
constructing pairwise orthogonal frames, while the second part contributes to constructing

a Parseval frame.
Proposition 2.3.4. The following statements are true:

(i) (%;1)(7))*%5.2)@) =0y, for a.e. v €Sy, if and only if for a.e. we G, we have

Z G ( + vﬂ)Gﬁ)l(m)(w +vj0) =0 forall 1 <00 <d;.

J+1

(11) Let i €{1,2}. Then (%gi)(y))*%y)(y) = %Idj for a.e. v €, if and only if for

a.e. w e G, we have

s(T'))
= J+1 J+1 y (T}+1)

Here, Oy4; and I4; are the zero and identity matrices of order d;, respectively.

Z G(l)(m)(w + U5 )G(’)(m)(w + V) = ————<0pp forall 1< 00 <d;.

Proof. (i) First suppose that
(B(1))* B (1) = 0y, for ae. yeQ;,

which is equivalent to

( > G (44 )GE (4 4 W)) reteq, = Oa, for ace. v € Q. (2.3.2)

J+1 J+1
1<0'<d

by using (2.2.8). Now (2.3.2) holds if and only if

Z G (4 Vj g NGB (4 4 vjp)=0for 1<l ¢ <d; and a.e. y€;. (2.3.3)

j+1 J+1
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It is easy to observe that the set

]+1—U(U]g+Q ) for jeJ (2.3.4)

is a fundamental domain associated with the annihilator I';, ;. For 4" € Q% there exist

J+1

some 7y € €); and X {1,2,...,d;} such that v/ =y + v, ;i Next, by observing the fact that
Vi p UVt v €15 = qL:J1(Uj’q +1'5,,), there exist ¢,¢' € {1,2,...,d;} and w,w’ € '},

such that V; 5+ Ve = Vj g+ W and Vit Vi = Vg + w’. Then for v € €Y. ., we have

J+1

Z G;Pl(m)(’y + 050 )G (o +Uj ) = Z G(l)(m)('y+v +ng)G( y(m )(fy+vj7g+vj7@,)

j+1 J+1 J+1

= Z G(l)(m)(fyﬂ; +w)G( )(m )(’y+vj7q,+w')

J+1 J+1

- Z GO (3 +0; )G (4 0;4)

J+1 J+1
=0, (2.3.5)

where in the last step we used (2.3.3) and in the second to the last step the F]il—periodicity
of the filters Gj(.i)l(m) € L>=(82):1) is used. Therefore (2.3.3) is true for a.e. v €€},,. Again
using periodicity of the filters G;?l(m) € L>(€Q;41) and (2.3.5), it follows that (2.3.3) holds

true for a.e. w € G. The converse part follows immediately. Similarly we can prove (ii). m

Lemma 2.3.5. For each i€ {1,2}, consider the GTI system Ujej{T)\gI()i)})\epj7p€Pj defined
in (2.2.6) and suppose the matriz-valued functions %g.i)(v) given by (2.2.7) satisfy the
following condition for each jo<j < J:

s(I';)
(FJ+1)

for some jo,J € Z. Then for all o € ', we have

(B (7)) 8 () = Ly, for a.e.veQ,

DN () {2 o
Z N )p;j (357) ) (5 0+ 0) == B W) (w0 +.0)
+W(7~U)<I>J+1(w+oz)(ﬁ ZOG(JQEW)( )Gf;zgm)(era)). (2.3.6)

Proof. By substituting P; = {(m,j):m=1,2,...,s;} in the left-hand side of (2.3.6), we

have

> (9 )(w)(gp))(wm) = Z

J=Jjo S(Fﬂ) peP; J=Jjo

(p ) Z (g(m]) (m]))(w +a).

23



Using the definition of g(i) defined in (2.2.5), we get

€= Z

@ (m) T @m)
z::l(]: a2 )(w)(F19; )(w+ )

J Jo J)
- Z s(r ) 21 WO () eI (1 ).
J=Jjo =

Adding to both sides the quantity S(F—ll)@jo(w)cbjo(w + ), and substituting the value of
. J0
®; and \If@(m) from (2.2.3) and (2.2.4), respectively, then

1 — 1
E+ ——— (F ) jo(w)q)jo(w + a) = (F )Hjo+1(w)q)jo+l(w)Hjo+1(w + a)q)jo+1(w + Oé)
Jo Jo
GO D (o) G .
Z (F ) Z j+1 (U}) Jj+1 (w) j+1 (w+a) J+1(w+a)
Jj=Jjo

L 3 @), (w+a) Z GO (GO (44 o)

:S(Fjo) Jo+1 jo+1
L1l —— @0 (i)(m)
+ mq’m(w)@ju(w +a) Z G (w)G " (w+a).
j=jor1 S(L; m=

For a e I'} and 0 <m < s, we have GE?fm)(w +a) = G;?l(m)(w) for j <J -1, since G;?l(m)

are I';, -periodic and I'j ¢ I';,, for each j < J - 1. Therefore, we get

1 = 7/ N 1 = 7/ N\ 1) (m 1) (m
€+ iy P (@) n(w+a) =2 )d>jo+1<w><1>jo+1<w+a>ZGﬁol& ()G (w)
Jo Jo
J-1

1 7)(m DN(m
* J+l(w)q>3+1(w+a) Z G( )( )( )G( )( )(w)

o S(F ) J+1 j+1

ST )%(w)@m(w +a) z GO ()G (w + a).
Employing Proposition 2.3.4 (ii), we obtain

1 — -
E+——— (F ) jo(w)q)jo(w + OZ) :S(F‘ 1)@j0+1(w)@j0+1(w + O./)
Jo Jo+
- 1 POV OICD
+ L S(F ) J+1(w)cbj+1(w +a) Z C¥]+1 ( )G]+1 (w)
J=Jot

(r )¢J+1(w)q>J+1(w +a) Z GO (w)GP (w + ).
Repeating above step (J -1 - jg) times, we get

1 1 —
E+ (FJO)(I)JO(w)q)JO(w+a>_ (FJ)fbj(w)CDJ(w+a)

(T >@J+1<w>®J+1<w +a) Z GO ()G (w + o)

1
®J+1(w)HJ+1(w)<I>J+1(w + a)HJ+1(w + OZ)

“s(T)
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2 > G )G (w+a)

=01 (W)@ (w + @) (F P Z GO )G (w+ a),

which completes the proof. [

+ (I)J+1(’LU)(I)J+1('LU + Oé)

The following lemma illustrates that the Calderén sum of the system (_J {7 gg) FAel; peP;
jeJ
equals 1. The Calderén sum is an important property for frames as its bounds are closely

related to the frame’s bounds (see [15, 42, 117]).

Lemma 2.3.6. Under the assumptions of Theorem 2.3.3 [excluding the assumption (N3)],
the Calderon sum of the system U{T,\g,(,i)},\epj,pepj is equal to 1 for each i€ {1,2}, i.e.
jeJ

2 2

]EJ (F )peP

2
=1 for a.e. weG.

(g

Proof. Using the Lemma 2.3.5 for J > jo, we get

j=zjo S(F ) p;

Using the Proposition 2.3.4 (ii) on second term of the right hand side of the above

@ == B s Bra()F ss 35 G0 @

expression, we get

Z

J]O )P

|1 (w)]* -

)| - B (). (237)

(F+) (F)

Let S be any compact subset of G \ B then using assumptions (N7) for every € > 0, there
exists Ji € Z such that for all J > J; — 1, we get

(1-€)- (09) (w)

<(l+e)———

@, (w)[* for we S.

Ty e s Z iy >p§oj T

Now letting J — oo, we get

()
(1_6)_ (F]0)| jo( )| = ZJ:O (F )p;; (gp )(w) <(1+6)_ (F]0)|(I)Jo(w)| for weS.
Since € > 0 is arbitrary, we have
3 (i) t_ L e, w)|? for w e
2 5y 5 o] =1- s e erwes (233)

Now using equation (N2) for all w € S, we have

1
li ®j,(w)]?=0
]Oimoo S(F )| ]o(w)|

25



Therefore taking limit jo - —oco in (2.3.8), we get

2 2

k=—00 (F)pEP

As (2.3.9) is true for every w € S, where S can be any compact subset of G \ B. Therefore,
(2.3.9) holds true for a.e. w e @, ie.

2 2

jeJ S(F )peP

which completes the proof. ]

(gpZ =1forwes. (2.3.9)

2
(gS)( w)’ =1 for a.e. we G,

Remark 2.3.7. If we consider the GTT systems

{DF 75 aer,, U U AT Yacr, per, (2.3.10)

J=jo
then in view of (2.3.8) the Calderén sum of this system is equal to 1, i.e.

1
Ty B 2 T 2

J=Jjo peP;

(g =1 for a.e. weG.

Note that assumption (N3) is not required in this case.

With this, we are ready to prove Theorem 2.3.3.

Proof of Theorem 2.3.3. To show for each i € {1,2}, UjEJ{T)\g}gi)})\erj7pepj satisfies the
LIC, it is sufficient to show for any f € Dg,

DD [ T3+ ) ()P dpg(7) < oo,

jeJ (P )pEP ael‘l

where S := supp T Moreover as f ¢ L>=(G), we have

> 2 % [ 1Foa)) ()P dug)

jeJ S(F peP; ael“l

<|71% 957 (NP dug ()

jej (F )

=171 X

ae UjGJF; Sn(5-a) jeJ 8

pEPJ ael't SO(S a)

AP dug(y).

(F ) peP;

Using Lemma 2.3.6, we get

33 f For+dF dus) <IFE Y [ Vdug()

Fj el ae Uje gL' sn(3-a)

=I1f1% Y ne(Sn(S-a)) <] l% < oo,
ae Ujejrj

TP

jeJ
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where in the last step assumption (Nj3) is used. Thus, both GTT systems satisfy LIC. Hence
the systems UjEJ{T)\gz()l)})\d"j’pgpj and UjEJ{T)\géz)})\erj,pEPj satisfy dual a-LIC. ]

Remark 2.3.8. In view of Remark 2.3.7 and proceeding the same way as in the proof of

Theorem 2.3.3, for any f € Dg, we have

Jo dﬂG(V) Z Z f |f(7 + O{)gpl)(/y)|2 duG('y) < 00,

ozeI‘i j=jo (FJ)P_ el

Thus for each i € {1,2}, both the GTT systems {TZF~'®;, }rer, U J {T,\g]f,l)},\epj’pepj
J=Jo
and {TA]-"*CI)]-O},\Epj0 vl {T)\g](f)})\e]_"j7pepj satisfy LIC. Hence they satisfy the dual a-LIC.
J=jo
Observe that assumptions (AN3) holds trivially in this case (see, Remark 2.3.1).

The following observation offers an equivalent formulation of condition (N3), which

characterizes the stationary behaviour of the sequence of subgroups (I';);<o-

Observation (OBS(1)): Condition (Nj3) is equivalent to the condition that the sequence
(I'j) j<o becomes stationary, i.e. there exists jy such that I'; = I';, for all j < jo. (Equivalently:
The intersection MNjes I'; is a co-compact subgroup.

Proof of Observation. The sufficiency of the condition follows from U7 I'; = I, as
observed in Remark 2.3.1 For necessity, we assume that the sequence is not stationary, i.e.
there exist a sequence (jy, )neny With 0> ji > jo > ... and ', 2T, 2.... Then I'; ¢I'; ¢ ...
Let 0 € G denote the neutral element. We first claim that 0 is an accumulation point of
(Uj<0 Fji) ~ {0}. To see this, assume the contrary, i.e. the existence of a neighborhood
U c G such that U T = {0}, for all j < 0. Pick a neighborhood W c U with W - W c U.
Then one has W n~y+ W =g for all 7y € I'; \ {0}. This in turn entails the existence of a
fundamental domain V; > W modulo F;, and therefore the covolume of the annihilators
fulfils

s(Iy) =a(V;) > (W) > 0. (2.3.11)
On the other hand, we have I'; ¢ I'; ..., and the covolumes are related by the formula
s(U5) - 115, Ty 1 = (15,

where [I'; : T'j ] denotes the index of I'; c I'; , which is an integer > 2, by assumption

on the sequence (jy)sn. But then we get

s(I';) >0 as j — oo
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in contradiction to inequality (2.3.11).

Hence 0 is an accumulation point of (Uj<0 F]i) ~ {0}. As a second countable locally
compact group, G is metrizable and hence there exists a sequence (Yn)nen © (Uj<0 F]L) ~{0}
converging to 0. Clearly this sequence can be chosen injective. We now use this sequence
to show that assumption (N3) is violated: Fix a compact subset S c G~ B of positive
measure. Note that such a set S exists because G \ B has positive Haar measure, and Haar
measure is regular. Since the map G 3~ pa(Sn (S —7)) is continuous, the fact that

Yn = 0 guarantees that

Ho(S0 (S -7) 2 L)

for all sufficiently large n. But then we get

> oua(Sn(S-7)2 Y na(Sn(S-1m)) =

7€Uj>OF;~' neN

This completes the proof of the observation. [

As in certain systems such as wavelet systems in L?(R), the sequence (I';),<o may
not be stationary. To accommodate such cases where the sequence (I';) < lacks to be
stationary, it becomes necessary to replace condition (N3) with an alternative. To address

this need, we introduce the following standard assumption:

(N3) For every compact set S in G~ B, there exists a constant J; > 0 such that for

ie{1,2},
1 10
S eSS hamd ¥ops B 5 [ 0P dug() < oo
ac UJGJ(FJL‘ n B) ez 37 peky aE(F;\B)Sm(S—a)

Theorem 2.3.9. In addition to the assumptions (Ny),(N2) and (N ), assume that for each
i €{1,2} and each j € J, the matriz-valued function %;i)(y) defined in (2.2.7) satisfies

the following condition:

(B9 (1)) B9 () = S((FF+3)Id for a.e. y €.

Then | {T)\gz(;l)})\epj7pepj and | J {T)\gzgz)},\erjmer (defined in (2.2.6)) satisfy the LIC. Hence
jeJ JjeJ
they satisfy dual a-LIC.
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Proof. To show for each i € {1,2}, UjEJ{T,\gI(f)},\epjypepj satisfies the LIC, it is sufficient to
show for any f € Dg,

2 (; ) 2 f v+ )g) (NP dug(y) < oo, where S =suppf.  (2.3.12)
jeg S peP;j el

We write left hand side of (2.3.12) is equal to Ly + Lo, where L; is the sum in (2.3.12)

corresponding to a e I';y n B, i.e

L=y > [ 1T+ a) R dua(,

jeg S (F ) Pj ae(T';nB) g

1

and Ly is the sum in (2.3.12) corresponding to a € I'; \ B, i.e.

Ly=3" > f P+ a)g® ()P dug(7)-

je7s(y) pePJ ae(TINB) %

1

We first estimate Ly. Note that

LelfleY ==Y 8 [ 0P dug(h) <oo,

jeT S(Pj) per O‘E(F;\B)Sﬁ(s—a)

by using assumption (N5). Next we estimate L;. Now by using Lemma 2.3.6 and (N5),

we have

Lelfliz ¥ [ 1duaty)
e Ujej(rj N B) Sn(S-a)

= | fI% > pa (S (S-a) < J5| flIZ < oo.
ae Ujej(rj»' N B)
Thus, both GTI systems satisfy LIC. Hence the systems Ujgj{T)\gél)})\gr‘j’pepj and
Ujej{T,\g;()Z)})\EFj7per satisfy dual a-LIC. -

Up to this point, we have constructed GTI systems and proved two main results,
Theorems 2.3.3 and 2.3.9, which give conditions ensuring that our constructed GTT systems

satisfy the LIC. The next section presents an explicit example demonstrating these results.

2.4. Example in L?(R) generated by B-spline

In this section using B-spline as a generator, we provide an explicit construction of
a pair of a systems having the dual o-LIC in L?(R). It will better outline the scope of

Theorems 2.3.3 and 2.3.9.
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Example 2.4.1. For each j € J = Z, we define the B-spline of second order at level j as

follows:

Then its Fourier transform is given by

1 (1 _ 6—27ri(2_j'y))2

®;(7) = Bj(7) =

(279)32 —(2my)?
1 (1 _ e—2m‘(2*j*1w))2 (1 + e—27ri(2’j’1'y))2
- (2—]'—1)3/2 _(QW,Y)Q 23/2

= B (M) Hja(7) = Hyn (7)®,1(7),

where Hj,1(7) = 555 (1+ e 2mi(277IM)2 ¢ [0[0, 29+1) is a 29+1Z-periodic function. Further,

we define the functions \Ilg.i)(m) € L2(R), for i € {1,2} and m € {1,2,3,4} by
() = G ()R (),

where G and GP™ are given by

J+1 j+1
Sl

G () | |

gl Lﬁ(l e 2mi7TI)) (1 - e-2mi(2771)
G(l)(Q)(,y) /3 232

J+1
G1E) - N o
Gg)l(@?; 5 [ (L G (1 enia2710) g (1 - ez 02

J+1 Y

L[5+ eI (1 - 2T 4 o (1 - e 2miC T 2]

and

(2)(1)
Gj+1

(2)(2)
Gj+1

(2)(3)
Gj+1

GO

J+1

(7)
(7)
(7)
(7)

1
V3
L2
\/§ 23/2
1 1
\/323/2
_1 V2
\/§23/2

[23%(1 N 6—27’ri(2_j_1’7))(1 _ 6_27”;(2—]'—1,}/)) 4 2?’%(1 _ 6—27Ti(2‘j—1'7))2:|

(1+ e—27rz‘(2*j*17))(1 _ e-2m(2*9’*17)) _ 23%(1 _ e—2m(2fﬂ‘*1y))2]

(1 _ e—zm(zfﬂ'*lfy))z

(1 + e—2m'(2*f*17))(1 _ 6—27ri(2’j’1'y))
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Figure 2.4.1. Plot of the functions \Ilg @) and ¢P® against ~y

We plot the functions o™ and \1152)(4) to depict the behaviour of its real and imaginary

parts (see, Figure 2.4.1).
In this case, the matrix valued functions for each i € {1,2} defined in (2.2.7) are given below

GO () )T

1)(0 1)(1 1)(2 i)(3
BO(y) - ( O I DB OB < O &
’ G (r+2) GEP (v ) GRP(r+2) GRP(r+2) G+ )

J+1
.1 and T denotes the transpose of matrix. Now for each i € {1,2} and

where G;?l( ) = H;
je€J, we show that (%(z)(’y))*%y)(’y) =21, for a.e. v €[0,27). For this, it is sufficient to

show that for a.e. y€[0,27) and ¢,¢ € {1,2}
Z G;?l(m)(q/ +Vjy )G;?l(m)(v +v,y) =20, p, where vj; =0 and v, =2/ (2.4.1)

We demonstrate the proof of (2.4.1) for i = 1, and the same approach can be applied
1, then vy = v, = 0. Now

for ¢ = 2 as well. First suppose that, £ =/¢'=
1)(m
Hia (7)) + Z G ()P

4
1 1)(m

> G (r + 1) G ’m ) =
|(1 —27ri(2’j’1y))2|2

1 (9-i-1
—(1 + —2mi(2797 1) 2,
—27ri(2’j’1'y))|2

1
+ ——|(1 + e 2m7TNY (] -
2
_ —27ri(2’j’17))2

—2mi(27971 1
eni ) - (1

11vV2 s
t3 23_\//_2(1 ~2mi(2971)) (1
2
+ Zl)) 23\//_2 (1 +e -2mi(279- 17))(1 _ e—27rz(2 J- l'y)) 23/2 (1 _271-7;(2—]'—17))2
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Using |21 — 29|? + |21 + 2|2 = 2(|z1]? + |22]?), 21, 22 € C to simplify last two terms of above

expression, the right hand side of (2.4.2) becomes

—2mi(279- 1’y)|4 1 %|1 _ 6—2771'(2_j_17)|4 3
32 3 2

2(2 ori(oi-1 i T
I —2mi (277 ) _ —2mi(277 ) - _ —2mi(277 )
3(23‘(1+e N(l-e V)’ +23|1 e 7‘)

§|1 t+e |(1 +e -2mi(277~ I’Y))(l _6—271'1(2 - 1’Y))|2

:2—13|1 + e—2m(271717)|4 + %H + 6_27r7:(2’j*1’7)|2|1 _ e—2m’(2*ﬂ‘w)|2 N 2_13|1 N 6_2’”(27%17“4

:2_13 [|1 + e—Qwi(2*1*17)|2 n |1 _ 6—27ri(2’j’17)|2:|2

1
=§42 2. (2.4.3)

When /, 0" = 2, we have v;, = vj, = 27. Following a similar approach as we observe for
4 , 2
¢, 0" =1, we can demonstrate that Z |G§.?1(m)(fy + 2])’ = 2. Next suppose £ =1 and ¢ =
m=0

then v;, =0 and v;» = 2/. Now

1 m (m 1) (m
ZG§3§ Y+ v )G (4w p) = Hi () Hja (7 + 27) + ZG;’J ()G (7 +29)

:%(1 + e 2m(TI))2(] + €—2m(2‘j‘1(2j+v)))2 + li(l — e 2mi(2771))2(] - e‘zm(z_j_l(QjW)))Q

+ 1_3(1 + e2mi(279- 17))(1 — e—2mi(279- 17))(1 4 e 2mi(2797 1(23+'y)))(1 —2m(2-f—1(2i+7)))
32
1 2 o o 1 o

"3 (23—“/_2(1 ) (1 = G - (1 - <>>) :

(23\//_2(1 4 e 2mi(2 - 1(7+2J)))(1 —2m'(2*f*1(7+2j))) _

—2mi(279-1 j
W(l —e 2mi(277 (7+21)))2)

+3(23/2<1+e2m<2“v>><1 ) (1 - e2m<2“”>2)*

(\/_(1 4 2RI (420))) (] _ -2mi(27 (1420)))

vz o-2mi(27 (7+2])))2) . (24.4)

Sl

Using 2771 (2+7) = —¢=2mi(27"') and (1+2)(1-2)+(1-2)(1+2) =0 for |2| = 1. Then
(2.4.4) becomes

! “ami(z o —ami(2 @)y, 2 i@ (291 (2 4)) )2
= (L4 e 272 (1 + 72 1)) +——3(1—e2 7719))2(] — 72 1))

12 i P
+§_3(1+€—2m(2 J= 17))(1_6—2m(2 J= 17))(14‘6 2mi (2797 (ZJ‘*"Y)))(l 2mi(277 (2]‘*7)))

2 2 =2m 1 —2T 1
+ 5_3(1+€—2m(2 TINY (1 - e 2w TN) (1 + 72 (2797 (2J+7)))(1 — e 2mi(2797 (2J+v)))
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A T (1 - e @y

2
"33
l (1+e2m7 ) (1 - —27ri(2’j’17)))2 + ((1 — e 2mi(2)) (1 + e—2ﬂi(2’j’17)))2

+ 2((1 + e 2mi77)) (1 — e2mi(27 1)) (1 - e—2m'(2‘j‘1v))(1 + e—2m'(2‘j‘1v)))]

S X E . 2
:%[(1 +e2mi(27 7)) (1 - —2m‘(2’3’1v)) + (1 - e 277 ) (1 + 6—2m'(2’]’1"/))]

=0.

4 - )
Similarly for £ = 2,0 =1, we have ) GO (4 420G (1) = 0. Finally, we get
m=0

j+1 j+1
(B ()8 (1) =21, for ae. yeQ;=[0,27), i€ {1,2) and j € Z.
Let I';:= 277 c R. Then I'; = 277 and its fundamental domain is €; = [0,27). Now

(1 _ e—27ri(2’j'y))2

2 (1 - e-2mi277))2 2
@ J>2 -em)? |

(2mi(2797))?

| J( )| = J(’Y)

(F ) \/3(1“]

Using the fact lir% ( 1-e

_I):land 277 - ( as j — oo, we have

1 = e=2mi(277)
lim | ————]=1.
j=oo \ 27i(2777)
This implies lim S(+]) |®;(7)[° = 1. Hence assumption (A;) is true. Also
J—>00

lim ,

o= ()
' —— P ()| = | lim | ———
j=meey/s(1;) ’ jo—oo \ 2mi(2777)

this implies assumption (A3) is true. Hence, by using Lemma 2.3.6 for i € {1,2}, we

conclude that the Calderén sum of the system Uje7 {7 g}(;i)} AT peP; 18 equal to one.
Case-I: J = {jo,jo +1,-}.

Since (N3) holds trivially in this case (see, Remark 2.3.1), we have for each i € {1,2} the
system {T,\f‘léjo})\epjo u G {T)\g}gi)})\grj7pepj satisfies the LIC, in view of Theorem 2.3.3
and Remark 2.3.8. Hence,]t:ljloey satisfy the dual a-LIC.

Case-11: 7 =7Z.

Since (I';),<o is not stationary, (N3) does not hold due to Observation (OBS(1)). Therefore,
Theorem 2.3.3 is not applicable in this case. But if we prove that (V) holds in this case,

then by Theorem 2.3.9, the systems Ujez{T,\g;(;l)},\erj,pEpj and Ujez{TAg;()Z)},\erj,pepj satisfy
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the dual a-LIC. We fix the Borel set B ={0}. Let S be any compact set in R\ {0}. Then,
S (S (S-a) = um(S) < oo,
ae UjeZ(FJl‘ n {0})
Therefore in order to prove (N5) holds, it only remains to prove
Lw=22.2 Y] W 0PheG) <
For compact set S c R~ {0}, there exists a 1 <t € R such that S c (=t,—1) U (3,t) := S(2).
Now, we estimate the following:

Ly = ii > f Ig(m])( P (y)

je2. 270 ke(Z: {015 (5221 k)

. . .
5 / U (279 ) Py ()
M=l ke(ZN{0Dg (1) (S (¢)-27k)

N

je

.

4
> ¥ [ P ©Pdu(),
JeBm=Lke(Z: {00 ee[S(1)n(S(1)-20k)]
as g( )(7) 2- 3/2\11(2)(7")(2 iy). For k e Z~ {0}, if 27¢ € S(t) and 27¢ + 27k € S(t), then,
for j € Z, we get
|27k < |26 + 27k| + 29| < t +t = 2t.

Thus {k € Z~ {0} : 27 € S(t) and 27§ + 27k € S(t)} c {k € Z~ {0} : 27k € (-2¢,2t)} for
every j € Z. It is easy to observe that there exists a C} such that

#{keZ~{0}: 2k e (=2t,2t)} < C;277 for all j € Z.

Therefore, we have
Lea R R [ W ORdus©) <N 3 [EP,
M=l ees ()
as there exists a N; (independent of £ € R) such that #{j € Z : 27 € S(t)} < N;. Thus,
(N3) holds. Hence, by Theorem 2.3.9 for each ¢ € {1,2}, the system U{T)\gg)},\grj7pepj
satisfies LIC. Thus they satisfy the dual a-LIC. ~
In this chapter, we presented a technique for constructing a pair of GTI systems,
each satisfying the LIC. We have seen that the LIC plays a crucial role in determining
when these systems form Parseval frames (see Theorem 2.1.3) and when they are pairwise
orthogonal (see Theorem 2.1.4). Building on these results, the next chapter aims to develop

a method for constructing pairwise orthogonal Parseval frames using the GTI systems

introduced here.
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CHAPTER 3

CONSTRUCTION OF PAIRWISE ORTHOGONAL GTI
PARSEVAL FRAMES VIA LIC

This chapter presents a method for constructing pairwise orthogonal Parseval frames
with generalized translation invariant (GTI) structures, based on the GTI systems
constructed in the Chapter 2. We begin by establishing a condition on the sequence
of annihilators {FJl }jesr under which the GTI systems becomes Parseval frames. Further,
these Parseval frames become pairwise orthogonal by adding suitable conditions on the
filters. Explicit techniques are developed to construct two or, more generally, N GTI
Parseval frames from a given Parseval frame. Moreover, the resulting frames are pairwise
orthogonal. As an application of our result, we illustrate the pairwise orthogonal GTI
Parseval frames generated by B-splines. At the end, we deduce a technique for constructing

pairwise orthogonal Parseval wavelet frames in L?(R") as a special case of our result.

3.1. GTI Parseval frames

In Chapter 2, we established sufficient conditions under which the systems
U{T0 Poer, per; (see, (2.2.6)) and {TAF 10, haer,, U (U {T0g8 oery per; (s, (2.3.10))

jeJ J=jo
satisfy the LIC for each i € {1,2}. In this chapter, we derive conditions that ensure these

systems form pairwise orthogonal Parseval frames, using LIC.

In this section we establish sufficient conditions under which the systems defined in
(2.2.6) and (2.3.10) form Parseval frames (see, Theorem 3.1.1). This serves as a first step
toward constructing pairwise orthogonal Parseval frames. Theorem 2.1.3, Proposition

2.3.4(ii), and Theorem 2.3.3 play a central role in the proof of Theorem 3.1.1. The same

The results of Chapter 3 are taken from the published article:
Redhu N., Gumber A., Shukla N. K. (2025), Constructions of pairwise orthogonal Parseval frames
generated by filter on LCA groups, Applied and computational Harmonic analysis, 74, paper
No.101708, 27pp, DOIL: 10.1016/j.acha.2024.101708.



result can also be obtained under the assumptions of Theorem 2.3.9 in place of Theorem
2.3.3.

Theorem 3.1.1. In addition to the assumptions of Theorem 2.3.3, let us assume
15 ={0}.
jeJ

Then for each i€ {1,2}, the following hold true:

(a) U{T)\géi)}/\erﬁpgpj is a Parseval frame for L*(G).
jeJ

(b) {TZNF @5 aer,, v U {T)\g‘,gi)})\el—‘j7pepj is a Parseval frame for L?(G).
J=jo
Proof. (a) Since the assumptions of Theorem 2.3.3 are true, it follows from Theorem 2.3.3
that the system ( J{T ,\g,(,i)} Al pep; constructed in (2.2.6) satisfy a-LIC. Therefore in view

JjeJ
of Theorem 2.1.3, it is sufficient to show that

i

2
(i) ¥ s(%j) > =1 for a.e. w e G and
] pEPj

jeJ

(ii) for o€ ujesI'5 N {0},

ta= Y (F)Z(g;>)(w)(gp”)(w+a) 0 for a.e. we G.

jeJ: ocEFl peP;

We need to prove (ii) because (i) is already confirmed by Lemma 2.3.6. The assumptions
5Ty 5T, 2 and (I} = {0} imply (JI'j~{0} = U (1” \F;l) Thus for
jeJ jed jeJ
ae L%Fj N {0}, there exists J € J such that o e I'; \T'%, ;. Hence we obtain
je

> Z(gﬁ)(w)(gﬁ”)(wm)- z > ( @) () (@) (w +a), (3.1.1)

]eJaEI‘l (F )pGP j=—o00 (F )pEP

since a e I'; for j < J and a ¢ I'; for j > J, by observing the fact --- > I'; o T'; --. Further

j+1
by using Lemma 2.3.5, the right hand side of (3.1.1) becomes

i 3 5 X)) o)

Jo==eo j=jo 8 peP;

(F ) ZO nggm)(w)G(Jzzgm)(w +a)

Z G ()G (wra),  (3.12)

+ (I)JJrl(’w)(I)JJrl(’w + Oé)

:(I>J+1(w)(I>J+1(w + Oé)

(FJ)
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where the first term becomes zero because of assumption (N2). Since a e ', N T'%,, and
d

I = U’ (Uge+T5,)), (s +T%, )N (v +T5,,) =@ for €+ ¢ with vy, =0 (using (2.2.2)),

it follows that o = vy, + o' for some o/ € I'},,, and ¢ € {2,3,---,d;}. Here ¢ = 1 is not

possible, because if ¢ = 1, then o = o’ € I';,;, which is a contradiction. Substituting

(1) (m)

a = vy + o in right hand side of (3.1.2) and then using the periodicity of G, i.e.

G ™ (w v+ ar) = GU (w ), we get

eri (F) z};m(g[()l))(U)%-a) CI)J+1(w)CI)J+1(w+a)

1 _—
GO (N D)
s(FJ) mZ_ g ()G (w+vy)

=071 (W) Py (w + @)

1
S(FJ)(O) =0

using Proposition 2.3.4(ii). Hence the result follows.

(b) In view of Remark 2.3.8, for each i e {1,2}, the system {T\F'®j}\r, U
U {T,\géi)}xerj,pepj satisfies LIC. Also by Remark 2.3.7, we have

J=Jjo

1
e s S

J=Jjo peP;

)| =1

Therefore in view of Theorem 2.1.3, it is sufficient to show that for ave U2, T'; ~ {0},

S Y ) 3 TN () ()
to = S(Fjo)@(w)q)(w+Oz)+j_j0§EFl ST, )pEZP (95 ) (w)(gy” ) (w + ) =0 for a.e. weG.

By doing similar calculation as in (3.1.1), we have

1 i OR
ta= ST D(w)P(w+a) + Zj ST )p; )) (w)(gp")(w+ )
_q>J+1(w)q>J+1(w+a) Z GO () GO (4 + ),

by using Lemma 2.3.5. Now %, is same as right hand side of (3.1.2). Thus similar to (a),
we get t, = 0. [

Remark 3.1.2. Observe that the index set J = {jo,jo + 1,---} in Theorem 3.1.1 (b), and
hence assumption (N3) holds trivially (see, Remark 2.3.1). Also the assumption (N3) is
not required in this case (see Remark 2.3.7). Theorem 3.1.1 (b) was already proved by
Christensen and Goh in [36, Theorem 3.3]. Our approach of proving Theorem 3.1.1 (a)
and (b) is different by taking advantage of LIC and ¢,-equations. One of the main benefits
of this approach is that it provides a more generalized version of the unitary extension
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principle (UEP) given by Christensen and Goh [36], as demonstrated in Theorem 3.1.1
(a). To construct sets of pairwise orthogonal Parseval frames, we will utilize the systems

specified in Theorem 3.1.1 (a).

Example 3.1.3. Recall that GTI systems U{T,\g;(;l)}/\erj,pepj and U{T/\glg2)}>\erj7pepj
defined in Example 2.4.1, satisfies the a-LIC. ]IE-I{%re ['s =277 and ﬁjGZZ;GZj: {0}, therefore
by Theorem 3.1.1, it follows that {T,\g,gl)} xer; pep; and (J{T ,\g,(,2)} Al pep, are Parseval
frames for L2(R). " "

3.2. Pairwise orthogonal Parseval frames

In Subsection 3.1, we have obtained conditions that ensure the systems

U{T,\gl(,l)}kpmepj and (J {T)\gl()2)}/\erj7pepj (defined in (2.2.6)) are Parseval frames. Also
jeJ JjeJ

these systems satisfy the dual a-LIC as observed in Chapter 2. In this section, using
these result together with Theorem 2.1.4, we are ready to present our main results about

constructing pairwise orthogonal Parseval frames.

Theorem 3.2.1 establishes the conditions required for pairwise orthogonal Parseval
frames with GTI structures. Additionally, this section provides two other significant
results: Theorem 3.2.2 and Theorem 3.2.3. These results outline the construction technique
for generating pairwise orthogonal Parseval frames based on a given Parseval frame.
Theorems 3.2.2 and 3.2.3 are motivated by the work of [23] and [22], respectively. The
statements of all three results are provided here, while their respective proofs are presented
in Subsections 3.2.1, 3.2.2, and 3.2.3.

To establish the following result, Theorem 2.3.3, Proposition 2.3.4(i), and Theorem
3.1.1(a) play an important role.

Theorem 3.2.1. In addition to the assumptions of Theorem 2.5.3, let us assume
QFJL. ={0} and for each j € J, the matriz valued functions %J(.l)(v) and %;2)(7) (defined
je

in (2.2.8)) satisfy

(%;1)(7))*%52)(7) = Oy, for a.e. v €,

where Oy, is the zero matriz of order d;. Then | {T)\gz(;l)})\epj7p€pj and |J {T/\gé2)})\erj7pepj
jeJ jeJ
(defined in (2.2.6)) are pairwise orthogonal Parseval frames in L?(G).
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Theorem 3.2.1 can also be developed under the assumptions of Theorem 2.3.9 instead
of Theorem 2.3.3. It can be used for deducing construction results for pairwise orthogonal
Parseval frames with various structured systems including wavelet and Gabor systems. For

pairwise orthogonal wavelet system the result is deduced in Corollary 3.3.2 in Section 3.3.

Next, we provide techniques for constructing two or N-Parseval frames which are
pairwise orthogonal based on a given Paresval frame. For any i € {1,2,---, N}, similar to

(2.2.6), we define the GTT systems

U {T)\gI(J’L) })\el“j 7pEPj) (321)
JeJ
where p € P; = {(m,j) :m =1,2,...,s;} and g,@ = g((iij) = F‘llllg.i)(m). The function
(i)(m) : :
W5 () is defined as in (2.2.4)

WO () 1= GO (1)@ (7), and ©5(7) = Hya(1)@paa () ace. v € G,
Further, for each i € {1,2,..., N} and j € J, we define the matrix-valued functions ‘BJ@(W)

and %g.i)(v) analogously to (2.2.7) and (2.2.8), respectively.

Next, Theorem 3.2.2 provides a technique for the construction of pairwise orthogonal

Parseval frames when one Parseval frame is given.

Theorem 3.2.2. Consider the GTI system UjGJ{T)\gI()l)})\EI‘jJ)EP]. (defined in (3.2.1))
satisfying the assumptions of Theorem 3.1.1. For eachi € {2,3}, j € J andm € {0,1,---,2s;},

assume the I';-periodic functions GO satisfy the relations G(.i)(o)(v) =H;1(y) and

J+1 J+1
GO () GAC)
GO () : : : e C)) ~
T : = (K{+(z‘f2)sj(7) K;+(z>2)sj(7)"'K§j+(z‘f2)sj(7) " : ,veG (322)
i)(2s; 1)(s;
A () G ()

where Ki(vy) = (K{(fy) Kg(fy) Kgs_(fy)) is a 2s; x 2s; unitary matriz with I';-periodic
entries. Then UjEJ{T,\gf,Z)}/\EFj’pepf and Ujej{T)\géS)})\erj7pEP{ (defined in (3.2.1)) are

pairwise orthogonal Parseval frames, where P]', ={(m,j):m=1,2,--,2s,}.

Filters play an important role in the construction of tight frames [28]. In the next
result, we generate N-sets of filters using a given set of filters with the help of unitary
matrices. Then, using these N-sets of filters, we construct N-Parseval frames, which are

pairwise orthogonal Parseval frames.
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Theorem 3.2.3. Consider the GTI system UjEJ{T)\gI()l)})\EFj7pEP]. (defined in (3.2.1))
satisfying the assumptions of Theorem 3.1.1 for P; = {(1,7)}. For each i€ {2,3,---, N + 1},
jeJ and me{1,2,--- N}, assume the I';-periodic functions G§+)1( ™) satisfy the relations
GO (y) = Hja(v) and

7+l

¢20() UZ1,()
cHE) Ui R
gm0 g (3:23)
) (N j
G§+)1( )(’Y) Uij—l,N(’Y)
where the entries of unitary matriz (U%’"(7)>1<m oy are I';-periodic. Then the GTI

systems UjEJ{T,\gI(,i)}/\EFj pep” and UjEJ{TAgSI)}/\Erj pep! are pairwise orthogonal Parseval
Pl PEL
frames for L*(G), where P]f/ ={(m,j):m=1,2,- N}, i+4 andi,i' € {2,3,--- N +1}.

3.2.1. Proof of Theorem 3.2.1
The following result is essential in establishing Theorem 3.2.1.

Lemma 3.2.4. Under the assumptions of Theorem 3.2.1, the following holds true:

(i) For a.e. we G,

Y 3 & @O0 = SEatitno) 515 & 6o w),

yej (F )peP jeJ m=1

(ii) For a.e. we G and a € Ujeg ' N {0}, there exists a J € J such that

> S @)@ @) wra) = Y By (@) (w+ o)

]eJoueFL (F )peP jeJg<J-1

((F)ZG%W%>4%mwﬂ

+ (I)J+1(w)<DJ+1(w + Oé)

(s & e e )
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Proof. (i) Since P; = {(m,j) : m = 1,2,---,s;}, we get the following expression for a.e.
weG,

> (F §<g§1>><w)(g£2’>(w> ) (§)2<g§3,2])>( w) (92 (w)
25@ z (F 1) () (F1e D) (),

by substituting the value of g((;)1 i given in (2.2.5). Further, we substitute the value of

\Pﬁi)(m) from (2.2.4) and then we obtain the required expression as follows:

2 (r) 2 () () () (w) )= % 51 ( ZGﬁ)fm)(w)cbﬁ ()G () D1 (w)

1 2 1)(m 2)(m
- o) (15 X G e w)
jeJ
(ii) For a € UjesI'; ~ {0}, there exists a J € J such that a e I'; NI, by noting I'; o T';

J+1
and Ujes T4\ {0} = Ujes (T3 N T2

]+1) Therefore, we get a € I'; for j < J, and « ¢ I'; for

j > J. Hence we can write

> Z @) (w) (g (w+ a) = >

Z () (w)(gP) (w + o)

jeJaert S (F peP; j<J S (F peP;
- ) iy 3 GG o)
= % 8 (w)d (w+a) (% 3 GO0 (1) GO (1 + a))
j<T-1 m=1
D@ 0) (s 3 G a)
by following the same steps as used in the proof of first part (i). Since G( )(m) isal% -

periodic function and I'; ¢ T';,; for each j < J -1, we have G;Bf (w+a) = G;?l(m)(w),
welG, ae I'; and for each j < J - 1. Hence we get required result by using this periodicity

argument in the last expression. ]

Proof of Theorem 3.2.1. From Theorem 3.1.1 (a), we have the systems UjGJ{T)\gI()l)})\d“j peP;
and Uje J{T,\gf)} A, pep; are Parseval frames for L?(G), and the systems satisfy the dual
a-LIC from Theorem 2.3.3. For proving the systems are pairwise orthogonal Parseval
frames, it suffices to show the following in view of Theorem 2.1.4:

2;7 (F ) Zl; (glgl))(w)(g,?))(w) 0 for a.e. w e G, (3.2.4)
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and for a € ujes T \ {0},

Y S ) w) (@) (w ) = 0 for ac. we G, (3.2.5)
jeJ el S(F]) peP;

Using Lemma 3.2.4 (i), we have

> 3 ) w) (o) (w) = Z@ﬁﬂ@)@ﬁi@)( P Zaﬁ)f’")( GO )G (w >).

]6;7 (11 ) peP; jeJ

(3.2.6)
From Proposition 2.3.4 (i), we have the following for all j € J:
Z GO (w + v )G (w +v50) = 0 for all 1< 0,0 < dj, (3.2.7)

due to the assumption (%(1))*(7)%(-2)(7) = Oy, for a.e. 7y € Q;. Substituting £ = ¢/ =1
n (3.2.7), we get Z G(l)(m)( )G2™ () = 0, since v;; = 0 from (2.2.2). Thus by

J+1 J+1

substituting Z Gﬁ)l(m)(w)Gﬁ)l(m)(w) =01in (3.2.6), we get (3.2.4).
Next for proving (3.2.5), let a € [ J T'j \ {0}. By Lemma 3.2.4 (ii), there exists a .J € J
jeJ
such that the following expression holds for a e I'; N T 1

> > (g5 @) w) () (w + )

jeJ: ae]_‘l S(F ) p€P

= <I>j;1<w><1>j+1<w+a>( (F)ZG&W’(w)Gﬁﬂ“%w))

jeJj<J-1

B 0) (s 3 GG )

=P 1,1 (W) P41 (w + ) ( ) 2 Z GO0 (1) Gf]2+)1(m)(w+a)), (3.2.8)

in view of (3.2.7). From (2.2.2), we have I'; = U (Vyn+T%.0), (rn+T5 )N (v +T5,,) =
@ for n#n', with vy, =0. Then a € I'} \ F§+1 can be written as a = vy, + o’ for some
o eI, and n € {2,3,--,d;}. Here n = 1 is not possible, otherwise o = o/ € T’} .
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Substituting o = v, + &’ in (3.2.8), we get

>

]6\7 aer‘l (F ) pEP

@) W) (G (w + )

=07 (w)Pyi(w+a) ( T)) 2 Z foffm)( )Gg?l(m)(w +Vjn t+ a'))
T @) s Zaﬁﬁk)dﬂmm+w@)
=0,
by noting (3.2.7) for £ =1, ' = n and I'};, | -periodicity of Gf,%r)l(m) Hence (3.2.5) follows. m

Example 3.2.5. Recall UjEJ{T,\gZ()l)},\epj,pepj and UjEJ{T,\g,(,z)}Aepﬁpepj defined in Example
2.4.1, which are Parseval frames for L?(R). Additionally, they are pairwise orthogonal

Parseval frames from Theorem 3.2.1 since for all j € 7,
(B (1)BP (7) = 0y, for ace. v € [0,29),

equivalently for a.e. v €[0,277) and ¢,/ € {1,2},

4
> Gm )(,y + UJZ)G(Q)( )(’y +v;p) =0, where vj; =0 and v, = 2. (3.2.9)
m=1

J+1 J+1

Assume first that ¢ = ¢’ = 1, which implies v;, = v; ¢ = 0. We now compute

ZG(l)(m)(’Y vy )G(Z)(m)(,y+ Vj,fl) _ Z G(l)(m)(’y)G(2)(m)(7)

m=1 J+1 j+1 2 P @
(il’) \2/3_(1 — emeT 17))2(1 + e 2mi(27 - 17))(1 —27ri(2—j—1,y))

(1 _ 672m(2-a‘—17))2(1 _ 6—27ri(2j17))2)

1
3
+ (——(1 +e2mi277)) (1 — e-2mi(27 1)) (1 + 6—27ri(2’j’17))(1 _ 6—27ri(2’j’17))

(1- 672“(2""17))2(1 _ e—2m’(2‘f‘1'y))2)

1
3
" ( _ li(l 4 e 2mi(2797 17))(1 —27”'(2’7"17))(1 + e 2mi(2 7)) (1 = e 2mi(2717))
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- %\2/_3_(1 + e 2mi(2797 17))(1 — e 2mi(2797 17))(1 — e-2mi(279- 17))2)

=0.

Similarly, we can show that (3.2.9) is true for the other values of ¢ and ¢'.

3.2.2. Proof of Theorem 3.2.2

Proof of Theorem 3.2.2. First, we use Theorem 3.1.1 to prove that the systems
UjeJ{T)\g}gZ)})\eFj,peP; and UjeJ{T/\gzgs)}Aerj,pepjf are Parseval frames for L?(G). For this, it
is sufficient to show that for each j e J and i € {2,3}, we have

s(I';)
s(L'j+1)

where the matrix %;i)(v) = (G(Z)(m) (v + Uj}n))()SmgQSj (defined similar to (2.2.7)) is of order

j+1
1<n<d;
(1+2s;) xd; since G;i)l(o) = H;;; and for 1 <m < 2s;, G;?l(m) is defined in (3.2.2). Note
that the matrix %51)(7) is of order (s;+1) x d;. For i € {2,3}, the matrix %;i)(fy) can be

(B (7)) B (1) = L1y, for ae. ey,

expressed as
(1) _ A (1)
%j (7) = Aj (7)%]' (),

where

'(y ‘ ’
0 K iy, (1) Kooy, () - o 0 K iy, ()

since the entries of K7(v) are ['i-periodic. The columns K{(y),Kg(7)~-~,Kgsj(7) are
orthonormal implies (AJ(.i)(v))*Aé.i)(v) = I;+1. Using (2.3.1), we obtain

(357 (1))78;” (1) = (3,7 (1)) (4 (1)) 47 (1B, ()
= (B () LB ()

- (30()) B () = S

— ]
s(Tjan)

Therefore for each i € {2,3}, the GTI system Uje j{T)\glgi)} aer; pep! 18 @ Parseval frame. Now,
k J

it remains to show that the GTI systems Uje HAThgSh aers pept and Uje AT} AT, peP!

el el

are pairwise orthogonal Parseval frames. For this it suffices to prove

(’B§2))*(7)SB§.3)(7) = Oy, for a.e. v €(); and for each j € 7,
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in view of Theorem 3.2.1, where for i € {2, 3}, the matrix ‘Bgi)(’y) = (G(i)(m)(’y + ”Uj,n))lngQS]-

J+1
1Sn£dj
is of order 2s; x d;. Note that the matrix %;1)(7) is of order s; x d;. Using the periodicity

of entries of KJ(7), we can express
B (7) = (K{(v) K3(7), -, Kij(v))%§ ‘()

and

B () = (K0 (0) KL o(), s K, (1) B (),
and hence, we get
@Dy (300 (K1) K, - K2,0) 30 0)

(B9 ) KL (). 13, (30) B0 ()
Z(%F)*(V)(Kf(y) K§(7), - K3(%))

< (KL a () KL o), - K3, (1) B0 ()
=0gq;,

since (K{(,}/) K%(V)a ) Kg](7)> (K§]+1(7) ng+2(7)7 ) K%sj(ﬁ)/)) = OS]" Thus the

result follows. ]

Remark 3.2.6. From the application point of view, Theorem 3.2.2 can function as an
algorithm that generates pairwise orthogonal Parseval frames. The input for this algorithm
requires one Parseval frame of GTI structure, and K7() is a 2s; x 2s; unitary matrix
with I';-periodic entries. The output is a pair of Parseval frames of GTI structure, which

are orthogonal.

Next we apply the Theorem 3.2.2 in Example 2.4.1 to produce pairwise orthogonal

Parseval frames.

Example 3.2.7. Recall the GTI system Uje J{T,\gél)} AT, pep; as defined in Example 2.4.1,
which is a Parseval frame for L?2(R). Thus, in order to use Theorem 3.2.2, we have all
the necessary input data except the matrix K;(-y). For each j € J, we can choose K;(7)
as any orthogonal matrix of order 8 x 8 with entries from R. Since all entries of K;(7)
are independent of v, they are I'j-periodic. Then the systems uje J{TAgI(f)} AT pe P! and
Uje ATy AT, peP! (as defined in (3.2.1)) are pairwise orthogonal Parseval frames in
L%(R), where PJI ={(m,j):m=1,2,---,8}, in view of Theorem 3.2.2.
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3.2.3. Proof of Theorem 3.2.3

Proof of Theorem 3.2.3. By Theorem 3.1.1, the GTI system Ujej{Tx\gz(Ji)},\erj,pepf’ forms

a Parseval frame for L2(G) if we get

s(I'))

@)y ()
(%j ) (7)%] ( ) S( ]+1)

——=< 14, for a.e. v €.

Equivalently, from (2.2.7) we have

i i)(m 1)(m S(F )
GO+ 10Oy + 3 GO (s )G () = IR
m=1 g+

for a.e. y€Q; and £,¢ =1,2,...,d;. Using the definition of G;il(m) the above expression

becomes

Hyo (v + v50)Hyr (v + v mz ()G (v v UL (40 ) GO (4 )

_ ) 5o
s(Tje1)

The periodicity of the entries of the matrix (U%jn,n(’y))l N gives
<m, n<

_— na @) 5
Hiar(r vie i (3 + v0) + z VPG (1) G (v vy) = S S0
]+
Since the norm of the vector columns of matrix (Uﬂn n(*y)) is 1, we get
’ 1<m, n<N

. ()
Hi (7 + vj0) Hin (7 +v,0) + GO (v + 1) GOV (y + vy ) = STo) Og¢'-
]+

It is true in view Theorem 3.1.1 since the system Uje7 {71 gél)} AT, pep; 15 a Parseval frame

with s; = 1. Thus the system quJ{TAgIS”}AGFJ_’pePJq forms a Parseval frame for L?(G).

Now it remains to show that UjEJ{T)\g]()i)})\EFj pep and Uje J{T)\glgi,)}/\erj pep! Are
PET; PET;
pairwise orthogonal. To demonstrate this, according to Theorem 3.2.1, it suffices to

prove that for each j e J, and 4,i' € {2,3,-, N + 1},

(%;i))*(v)%y’)(v) =0y, a.c. e and i #7,
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where the matrix ‘By)(”y) = (G(.i)(m)(y + vj’n))lngN is of order N x d;, by (3.2.3). Using

+1
! 1<n<d;

the periodicity of U7, ,(7), the matrix %gi)(v) can be expressed as

Ufz(’Y)
=0 - U3,:(7)
(@) _ i)(m _ 2,i (1 (1
B; (7) = <G§+)1( )('V + ijn)>11£m£§j - . (G§‘+)1( )(’Y + V1) G§-+)1( )(’Y + l/j,dj)) ,
<n<a; :
Uzjvz('Y)
and hence, we get
v\ (U7 ()
D1 1 1,i
GO (y+ 1)

(B ()87 () = ug.(n | | U3,

G| ’
]+1 J,aj5 U}V,l(ﬁ)/) Ujv,i, (7)
1 1
S (GRICRZ RN E/ICEanR)

:Odjv

by using orthogonality of columns of (Uﬂl,n(fy)) . Thus the result follows. ]

1<m,n<N
Remark 3.2.8. One limitation of Theorem 3.2 is its ability to generate only two Parseval
frames at a time. However, having multiple orthogonal frames becomes crucial in scenarios
such as multiple access communication channels, where several users need to share a single
channel (e.g., radio or television broadcasting). To address this limitation, we can propose
an algorithm utilizing Theorem 3.3. This algorithm constructs N Parseval frames that are
pairwise orthogonal (where N is a natural number) by providing inputs of one Parseval

frame and a suitable unitary matrix.

3.3. Applications

The purpose of this section is to explore the applications of our main results (that is
Theorem 3.2.1, Theorem 3.2.2 and Theorem 3.2.3 in Section 3.2). We discuss a pairwise
orthogonal Parseval frames in L?(G), using B-spline as a generating function. Then, we
observe that the GTI system U{T)\géi)})\d*j’pepj (defined in (2.2.6)) is equivalent to a
wavelet system when specific Wizledjow functions are chosen. Further by using Theorem 3.2.1,
we provide sufficient conditions to obtain pairwise orthogonal Parseval wavelet frames in
L2(Rn).
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3.3.1. Pairwise orthogonal Parseval frames generated by B-spline

Consider a sequence of nested lattices --- c I'; c I'j,; ¢ -+ in G satisfying njezI'j = {0},
and |[';41/T'j| = 2. Let @; and §2; be fundamental domain associated with lattices I'; and
I';, respectively. For NV e N, we define the B-spline of N-th order at level j by the N-fold

convolution,
1
B‘,N(«I) =X, * XQ,; ¥ * XQ.(:):)7 ze(.
’ (@277 77 ’
Consider the functions ®; y, j € Z, defined by
B0 (1) = Bi() = —ee( [ (ca)ie) ' 7€ G
(,UG(Q )R

which satisfy ®; n(7) = Hjx1(7)Pjuan(7), ae.y € G, where Hjiq € L™ (Q;41) is given by

1 —~
Hj () = [1+( 7)Y, veG and n; € Ty N T

Assume that for every € € (0, 1) and any compact set S in G \ B there exists j € Z such
that

|(—z,7) -1 <€, YVxe@; and ye S. (3.3.1)
Then assumption (N7) is true for proof one can see the proof of Lemma 4.1 (ii) in [35].

If 16(Q;) = o0 as j - —oo, then it is easy to show that the assumption (N3) holds. We
assume that the assumption (N3) holds.

In case of N = 1, i.e. the B-spline of order 1, we define the function
GO € L (1) by
1 ~
G;_l'_)l(l)( ) = 7 []. - (_7]]77)] , V€ G and 75 € Fj+1 N Fj

Then (%;1)@))*%;1)(7) 3?1(“ D 1, for a.e. y € Q; (for proof, see, Proposition 4.6 (i) in
[35]). Hence by Theorem 3.1.1, UjQZ{TAgp } AT, pep; 18 a Parseval frame. Further employing
Theorem 3.2.3, we construct pairwise orthogonal Parseval frames. Consider a 4 x 4 unitary

matrix U7 () with entries from C.

For each i € {2,3,4,5}, jeZ and m € {0,1,2,3,4}, we define G;i)(m) (same as (3.2.3))

as follows :

G () UL ()

G| G0y |2 | g goo - g
GO | 00
G0 () UL, 4()
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Using Theorem 3.2.3 we conclude that the systems UjGZ{TAgI(,i)}/\EFj pep? and
k J

UjeZ{T)\gz()i/)} AT peP” (defined in (3.2.1)) are pairwise orthogonal Parseval frames for
> J
each i,i" € {2,3,4,5} and 7 # 7'

For the case N =2M (M €N), i.e. B-spline of order N =2M, define the filter

m 1 2M -m m ~
GIA"™ () = ooz (m)[u(—wnm [L= (=511, 7€ G and 1y € D N Ty,

for each j € Z and m € {1,2,---2M}. Then (%;1)(7))*%§1)(7) = 20D 1 for ace. 7 € Q;

s(Tjs1)
(for proof, see, Proposition 4.6 (ii) in [35]). Hence U{T,\gzgl) }ar; pep; is a Parseval frame
JeZ
by Theorem 3.1.1.
Fix M =2 and choose any unitary matrix K7(v) of order 8 x 8 with entries from C

and for i € {2,3},

") Gia ()

GO () , . . G A ) _
. = K{+(i—2)4(7) K;+(i—2)4(’7)'“Ki+(i—2)4(’7) GJ(I)(B) , 7eG
‘ : j+1 (7)

SRAC) SRCD

Then the GTI systems UjEZ{T,\g}(;Q)},\epj pep; and Ujez{T)\g}(;g)})\erj pep; (defined as in (3.2.2))

are pairwise orthogonal Parseval frames using Theorem 3.2.2.

In particular, for the case G' = R?, in the below example, we demonstrate the fulfilment
of all technical assumptions in this context to construct pairwise orthogonal Parseval

frames for L?(R?) using B-spline.

Example 3.3.1. Let G = RY, with dual group G = R?. Let A be a d x d matrix with
integer entries, eigenvalues outside the unit circle and |detA| = 2. For j € Z, consider
the lattice T'; = (A#)JZ? in R4, where A# := (AT)7! i.e the inverse of transpose of
A. Since the matrix A has integer entries, ATZ4 c Z¢, which implies that Z¢ c A#Z4,
and therefore I'; = (A#)JZ? c (A#)i*1Z% = T,y for all j € Z. The annihilator T'; of
[ is T'; = AJZ? Further, we can see easily [[';.1/T';] = [(A#)I*1Z7[(A#)iZ) = 2 and
U5 /T, = [AIZ4] AT+ 2] = 2 for all j € Z. Also note that as the eigenvalues of A are

outside the unique circle, it follows [ I'; = {0}.
JEZ

Next, we consider the fundamental domain Q; = (A#)7[0, 1)4 associated with the lattice
I'; = (A#)JZ%. Then the Lebesgue measure piga(Q;) = pga((A#)7[0,1)?) = |det(A#)I| =
277 > oo as j - —oo. To verify the condition (3.3.1), assume a compact set S c R\ B,
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where the Borel set B = {0}. For j € Z and z € @);, we express x = (A#)Jiq for some
q€[0,1)% Then

[(=2,7) = 1] = [e2m A2y 1] y e 5. (33.2)
Since S is compact, there exists a C' > 0 such that |y]|2 < C' and hence we estimate the

following due to ||g[|2 < 1:
|- 2mi(A%) g < 27 (A* Y ql2[ 7]z < 27| (A%) 2]l qll2[7]l2 < 27 C I (A#) 2.

We can find a suitable norm | - | such that |(AT)~!| <1 as the eigenvalues of matrix A
are outside the unit circle. As all norms on a finite-dimensional space are equivalent, there

exists a constant C'; > 0 such that
[(AF)7 [l = [(AT) ]2 < CL (AT) 7] < CL(AT) P,
and hence [[(A#)7]|s - 0 as j — oo since ||(AT)7!JJ - 0 as j — oco. Thus (3.3.1) follows by

observing above arguments.

For the condition (N), consider the compact set S ¢ R\ B, with the Borel set
B = {0}. Since the set Ujez(I'; N B) = Ujez(A’Z% 0 {0}) = {0}, it follows that
S mmS0(S-0)) = pas(S) < oo
ae Ujez(AjZd M {O})

Next, we show that

L=Y—=Y ¥ [ 0P due(r) <oo,

jeJ S(Fj) peP; ae(AjZd\{O})Sn(S_a)

1

where S is any compact set in R? \ {0}. Choose a suitable ¢ € (1, 00) such that

1
Sc{xreR"~{0}: 7 < [z|o <t} :=S(t).
By substituting the values of P; = {(m,j) : m = 1,2---2M} and gél) = \115.1)(’”)(7) =
)

i1 (7)@4:1(y) in the above expression, we get

2M
1)(m -4
LSS s T ) R)
FELm=L ke(Z"{0N)g 1) (S(£)-ATk)

2M
DIPNDY [ P et A dyusa€)
JEBmA RN g e[ S(H)n(S(1)-ATK)]
which is finite using the same steps as outlined in the proof of Proposition 5.12 in [73].
Therefore (N3) holds. Hence, UjGZ{TAgIEl)} e, pep, 18 a Parseval frame for L*(R?) by
Theorem 3.1.1. If we choose any unitary matrix K7(v) of order 4M x 4M with entries from
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C, then by Theorem 3.2.2 the GTI systems UjEJ{TAgéz)}A€Fj7p€P; and Ujgj{TAgz(a?))}AeFj,per
(defined in (3.2.1)) are pairwise orthogonal Parseval frames generated by B-splines, where
Pi={(m,j):m=1,2,-,4M}.

3.3.2. Pairwise orthogonal Parseval wavelet frames in L2(R")

Let A € GL,(Z) be a matrix having all its eigenvalues outside the unit circle. We
define the dilation matriz D4 : L?(R") - L2(R") by

Daf(y) = |det A[Y2f(An) for all v e R™ and f e L*(R").

-----

L2(R"). Since D’ TAw(m) = Ty J,\D w(m) the wavelet system can be written in the
form of GTI system Ujez{T7\D A¢( )})\EA—jZn,mzl s In this case, I'; :== AJZ", s(T;) =

.....

|det A|7 and I'; = BIZ", where B = A" (transpose of A). Since I'; o T'j,
(A2 [AT 2 = |BIZM[BIHZT| = |det(A)], we have a sequence {vjc}, ., det(a))
satisfying 'y = ug_ (v +T5,1), (Ve +T5,)n (v +T5,,) =@ for £+ 0, a=|det(A)].

and

Let &, := Digp, ¢ € L?2(R") satisfying $(y) — 1 as v - 0. Consider the scaling relation
D1 () = Ho(7)Po(y) for a.e. y e R™ and Hy € L*([0,1)"). (3.3.3)

This equation means that (D 0)(7) = Ho(7)B(7), i.e. |det B23(By) = Ho(7) (@) (7) for
~ € R™. Tt follows that for any j € Z, we have |det B|Y2@(B=77) = Ho(B=-1) () (B17),

or
®;(7) = Ho(B7™'7)®;j,1(7) for yeR™

That is, the scaling equation (3.3.3) implies the refinement equation @;(v)
Hi1(7)Pj.1(y) for all levels, with Hj.1(y) = Ho(B7771v). The assumptions (N;) and

(MN2) can be proved using the following calculation

1 A B )

Fori=1,2and m=1,2,...,s, choose the functions G(()m)(i) € L=(Qp), where s >a—1 and

Q; = BI([0,1])" is a fundamental domain associated with lattice I'; = BIZ".

Define the functions G(m)(i)(y) = G(()m)(i)(B‘j‘lv),v e R™ and \I/y)(m)(y)
;?l(m)(fy)q)]+1(fy) By considering g(()’j) = f*1W§i)(m) = DjAg((z)O), the system
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Ujej{T/\gI(ji)})\EFj7p€Pj (defined in (2.2.6)) becomes

U{TADQQEQL,O)},\eA—a‘Zn,m:1 ..... s = U{DQTAggzo)}AeZn,mﬂ ..... s

jez. jez.
which is a wavelet system for ¢ = 1,2. Further we observe Hj,1 (v +v;¢) = Ho(B77 (v +
vie)) = Ho(B7-1y+B7-1v_y ) and, similarly for Ggm)(i), m=1,2,...,s. Then we conclude
B0 (1) = BO(BI17) and B (1) = BO(BI-19), for ae. 7 € Q; = Bi([0,1])". If we
assume (‘3511)(7))*‘3511) (7) = |det Al get 4] for a.e. v € B71([0,1])", then Calderén sum of
the system Ujez{Dingfi,o)} Aezn m=1,..s 18 1 (see, Lemma 2.3.6). Furthermore, conditions
(N3) is true by following the same steps as in Example 3.3.1. Additionally, it is easy to
note that N BIZ" = {0}. Hence, we deduce the following result for wavelet systems using
the above];fguments and Theorem 3.2.1:
Corollary 3.3.2. Let A€ GL,(Z) be a matriz such that its all eigenvalues are outside
the unit circle and ¢ € L2(R™) such that 3(y) - 1 as v — 0. Define ®; = D’y and
GO (4 = Gém)(i)(B‘jfy) for some function G(()m)(i) e L=(([0,1])™), where i€ {1,2},m =

j+1

1,...,8 and B = AT. Suppose the matriz-valued functions satisfy the following conditions:

(i) (B (1)) BY(7) = [det Alljger . for a.e. v e B([0,1])",
(ii) (BY (1)) B2 (1) = Ojaesa) for a.e. v e B-1([0,1])".

Then the systems U{DQTx\ggflrz,o)}/\eZ”,mﬂ s and U{DQTASJE:,O)}AeZ",mﬂ s are pairwise

gez U gz T
orthogonal Parseval wavelet frames in L?(R™).

When n =1 and A = [2], the above corollary confirms the same outcome as Bhatt et
al. [23]. Bhatt has also discussed this result for L2(R") in [22].

The subsequent chapter explores applications of orthogonal frames to sampling theory,
demonstrating that two unions of samples are orthogonal precisely when each corresponding

pair of individual samples is orthogonal.
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CHAPTER 4

THE GEOMETRY OF SAMPLING ON UNIONS OF
CO-COMPACT SUBGROUPS

The purpose of this chapter is to present applications of the pairwise orthogonal
frames discussed in Chapter 3 within the context of sampling theory. In particular, we
characterize sampling transforms defined through the actions of two co-compact subgroups
of a LCA group G, whose ranges are orthogonal on distinct bands. To this end, we
establish necessary and sufficient conditions for the existence of pairwise orthogonal TI
systems over distinct co-compact subgroups. As a consequence, a characterization for
pairwise orthogonal co-compact Gabor Bessel systems associated with different co-compact
subgroups is obtained. Finally, we extend the notion of orthogonal sampling transforms to

unions of compact subgroups.

4.1. Introduction

In Chapter 3, we discussed techniques for constructing pairwise orthogonal frames.
This chapter focuses on their applications in sampling theory, particularly the study of
orthogonal sampling transforms associated with two unions of co-compact subgroups (not
necessarily lattices) over two frequency bands. The analysis is studied in the separable
Hilbert space L2(G).

In many applications, the orthogonal ranges of the sampling transforms has direct
applications in areas such as signal denoising [21] and multiple-access communication
systems [5], where effective control of the sampling operator’s range ensures accurate and
stable reconstruction. In particular, the orthogonal tight samples allow multiplexing
and recovery of signals from summed samples, a method extensively used in radio,
television, and computer networking [13, 14]. Weber and Al-Sa’di provide a recipe to
" The results of Chapter 4 are from the following article:

Redhu N., Gumber A., Shukla N. K. (2025), The geometry of sampling on unions of co-compact

subgroups, Under review.



recover signals in de Branges spaces from multiplexed samples [7]. For more details, we

refer to [5, 12, 24, 56, 59, 71, 115, 116].

We begin with the translation invariant subspace

Vg = {f € L(G) : supp(f) c E}

of L2(G), where E ¢ G (dual group of G) is a band, i.e., a measurable subset of finite Haar
measure. It is immediate that T\Vg = Vg for all A € G, where T denotes the translation

operator. Since Vg is a reproducing kernel Hilbert space, every element f € Vg satisfies

FA) = (f, Tab), (4.1.1)
where 15 = £ is the indicator function of the set E.

Let T be a fixed co-compact subgroup of G, and let Aut(G) denote the set of all bi-
continuous group automorphisms of G. For n € Aut(G), we define the associated sampling

transform by
Ty Ve = LAD), e (f(1(N)),or

provided 7, is bounded. Boundedness requires the existence of B > 0 such that

[ S Tpe) P dur(V) < BIFIP for fe Vi, (412)
r

which is equivalent to the condition that {Ty\vg : A € nT'} forms a Bessel sequence for V.
We say that the samples in the set M,, := {n(\) : A e I'} forms a set of sampling for the
band E if 7, is bounded above and below. Equivalently, the system {T\¢p: Aenl'} is a
frame for V. The set of sampling is tight (or, samples is tight) if there exist a constant K
such that |7, f]
refer to [55].

2, r) = K| f|?, for all f € Vg. For more details on continuous sampling, we

Given 7, ¢ € Aut(G), we consider two bands £ and F' with associated bounded sampling
transforms 7, and 7:. We say that these sampling transforms are orthogonal on E and F'

(or samples M,, and M. are orthogonal) if and only if
T,(Ve) L Te(Ve) in LX(T),

which is equivalent to the condition 77, = 0, equivalently, the TT systems {T\¢p: Nenl},

and {T\¢r : A € (T'}, are pairwise orthogonal Bessel (frame) systems.
54



In the remainder of this chapter, we assume that n,( € Aut(G), and T' is a co-compact
subgroup of G with annihilator T'* ¢ G. Moreover, we have (n')* = n*T'*, where n* := (/)1

denotes the inverse of the adjoint of n.

In the present chapter, our first main result is a characterization of pairwise orthogonal
samples associated with two co-compact subgroups. We state our first main characterization
result, that is, Theorem 4.2.1 (along with Examples) in Section 4.2, while the proof for

the result is discussed in Subsection 4.2.3.

To establish Theorem 4.2.1, we first provide a characterization of pairwise orthogonal
translation-invariant (T1) frames of the form {TAgI(Jl)} AenT, pep and {TAg](f)} AecT, pep- This
characterization, stated as Theorem 4.2.5 in Subsection 4.2.1, extends the result studied
in [115] for shift-invariant systems in L?(R"). As a special case of Theorem 4.2.5,
Subsection 4.2.1 presents Theorem 4.2.6, which provides a characterization of pairwise
orthogonal Gabor Bessel (frame) systems with different translation parameters in each

system.

Furthermore, our second main result extends these findings to the setting of unions of
co-compact subgroups. In Section 4.3, Theorem 4.3.1 shows that a union of samples is tight
if and only if each individual sample is tight, and Theorem 4.3.2 shows that two unions
of samples are orthogonal if and only if each corresponding pair of individual samples is
orthogonal. This part of our work generalizes classical results in L?(R") with I" = Z", as
discussed in [5, 115, 116].

Before proceeding to the next section, we present a characterization result for pairwise
orthogonal TT systems that share the same translation subgroups. This result follows

directly from Theorem 2.1.4, since T1I systems are a special case of GTI systems.

Theorem 4.1.1. Let U{T)\gz(,l)})\gl’"pep and U{T)\gz()2)})\er7p€p be two TI Bessel (frame)
peP peP
systems for L?>(G). Then, the following assertions are equivalent:

(i) Both the above TI Bessel (frame) systems in L*(G) are pairwise orthogonal.

(11) For each o € Tt we have

f (F 1)(7) (2)(7+ a) =0 for a.e. yeG. (4.1.3)
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4.2. Orthogonal sampling transforms

The main objective of this section is to study the orthogonality of two sampling

systems. To establish this, we analyze orthogonality of a pair of TI systems of the form

{TAgZ(?l)})\EnF,pEP and {T)\g]g2)})\eCF,peP-

In contrast, the existing literature typically focuses on TT systems defined over the same

co-compact subgroup, that is, systems of the form

{T)\gggl)})\el“,peP and {T/\gz(;z)},\er,pep

as discussed in Theorem 4.1.1. For further studies on T systems of this type, we refer to
[27, 60, 79]. The key distinction in our setup is that the co-compact subgroups nI" and ¢T'
may differ depending on the 1 and (. In the special case n = (, our framework reduces to
the classical case considered in the earlier works. The advantage of studying T1 systems
with distinct subgroups lies in their direct relevance to sampling theory, where different

sampling grids naturally arise.

As an application of our results, we also present a characterization of pairwise

orthogonal Bessel Gabor systems whose translations act on different co-compact subgroups.

Theorem 4.2.1. For n,( € Aut(G), let us consider the sampling sets
M, ={n(X): Xel'} and  M¢:={C(\): AeT}, (4.2.1)

with associated sampling transforms T, and T¢, which are bounded on the subspaces Vg
and Vi, respectively. Then the samples M,, and M are orthogonal on the frequency bands
E and F if and only if

> xe(n(v+a)) Y xe(¢(v+5)) =0, forae yed.

ael't Bel't

In particular, if we fix G = R® and T" = Z", then Theorem 4.2.1 specializes to [5,
Theorem 1(ii)]. To illustrate the theorem concretely, we now present a simple example in

the familiar Euclidean setting.

Example 4.2.2. Let G = R® with [' = Z", and let I, denote the n x n identity matrix.
Consider the automorphisms n = I,, and ( = 21,,. Define the frequency bands
E:[O,l] and F:[l,é] )
8 2°8
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Direct calculation shows that for almost every v € R”,
> xe(y+a)- Y xr(3(y+6))=0.
eZ™ BeZn

Thus, the sampling transforms associated with the sets
M, ={2:2€Z"} and M, ={2z:2€¢Z"}

are orthogonal on F and F.

Before turning to the proof, we illustrate Theorem 4.2.1 in a concrete setting. Many
important LCA groups admit explicit descriptions, for example G = R”, G = Z", and the
compact case G =T" = R"/Z". As a motivating example, we focus on G = T", where the
structure of co-compact subgroups and their annihilators can be described in terms of
finite lattices. This case demonstrates how the general orthogonality condition naturally

specialises to a familiar and highly structured group.

Recall that the n-torus T” can be identified as the quotient R*/Z". A lattice T in T

is a finite subgroup isomorphic to

F:{(ﬂ ﬁ ...,ﬁ)modZ”:kizo,...,mi—land1§i£n}

my Mo’ Mo
for some fixed positive integers my,...,m,.

The group of (automorphisms) Aut(T") is isomorphic to the group of invertible integer
matrices G L, (Z), where each automorphism 7 corresponds to a matrix A € GL,(Z) acting
by

n:x+2"~ Ax+7".

As a special case of the Theorem 4.2.1, we present the following example in T".

Example 4.2.3. Let ' be a lattice in T" as above, and let A, B € GL,(Z) induce
automorphisms 7, € Aut(T"). Define the sampling sets

M, ={n(A): Ael'} and M¢:={((N): AeT}.

Let E, F € Z" be frequency bands with associated translation invariant subspaces Vg, Vp,
respectively. The sampling transforms 7, and 7; are bounded on Vi and Vi, respectively.
Then the sampling systems M, and M, are orthogonal on the bands E and F' if and only
if
zrji XE((AT)‘l(fy + a)) 5ZF:L XF((BT)‘1(7 + 6)) =0, fora.e. yeZ"
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The proof of Theorem 4.2.1 is based on the characterization of pairwise orthogonal
frames; we prove it in Subsection 3.3. In the following subsection, we present a

characterization of pairwise orthogonal frames.
4.2.1. Pairwise Orthogonal Frames

The purpose of this subsection is to characterize when two translation invariant Bessel
(or frame) systems are pairwise orthogonal. We begin by recalling the definition of a frame
in L2(G). A TI sequence {T,\glgl)} xenDpep 18 called a frame if there exist constants A, B > 0
such that for all f e L2(G),

AP < [ [ 10 Tng ™) dur(N) diar(v) < BLFI*

peP T

Here, P is an index set. If only the upper bound holds (i.e., the right-hand inequality),

then the sequence is called a Bessel system.

Let G; := {T)\g;(;l)})\ernrypep and G, := {T/\gz()z)}kecr,pep be two Bessel (frame) system in
L*(G). We define the mixed dual Gramian operator ©,u) ) : L*(G) - L*(G) by

99(1)79(2)]‘::/f(f,TnAgzgl))T@g]SQ) dpr(X) dpp(p).

peP T

When 6,0 2 =0, we say that the two systems are pairwise orthogonal Bessel (frame)

systems.

The following theorem characterizes when two translation invariant Bessel (or frame)
systems are pairwise orthogonal. It highlights the key role of the mixed Gramian operator
and the condition that it commutes with translations. This result generalizes [115,

Proposition 2.4] from the classical setting of L2(R) to the broader framework of L?(G).

Theorem 4.2.4. Let Gy and Go be TI Bessel (frame) systems in L2(G). Suppose that the
mized Gramian operator @g(l),g@) commutes with the translation operators T, for every

vel, and n# (. Then Gy and Gy form a pairwise orthogonal Bessel (frame) systems.
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Proof. First, we observe that for any v eI,

g<1>g(2>Tm // Yy’ ,\gp Tcxgp)dﬂr()\)dﬂp(p)
f[ Tya- v)gp Tékgp)d/iF()\)d/ﬁP(p)

:[f<'7TnAgp ))Tg(wx)gf) dﬂr()\)dlﬁp(p)
P T

= Ter ©,0) 4. (4.2.2)

By the hypothesis that @g(l),g(Q) commutes with T}, we also have

@g(l),g(2)Tn’y = an{@gu)’g(z). (4.2.3)
Combining equations (4.2.2) and (4.2.3) gives

Ty 69(1)@(2) =T, 69(1)79(2).
Now, we assume for contradiction that the systems G; and G, are not pairwise orthogonal;
thus

99(1)79(2) +0.

Then there exists some non-zero f € L?(G) such that T,,f = T¢,f, which implies
Tyy—cyf = f. However, it is a well-known fact that if 7y — (v # 0, the translation operator

T,y-¢~ has purely continuous spectrum and therefore possesses no non-zero eigenvectors[115].

This contradicts the existence of such an f # 0.

Hence, the equality 7),, = Ty must hold for all v € I', which contradicts the assumption
that n # (. Therefore, © 1) 42 =0, and the systems G, and G, are pairwise orthogonal

Bessel. ]

Next, we provide a characterization results for the pairwise orthogonal Bessel (frame)
systems. Before stating the result for n € Aut(G), we define the isometric dilation operator
D, : L*(G) - L?(G) associated with n by

D, f(z) = A(n) Y2 f(n(x)) for all xeG.

Theorem 4.2.5. Let Gy and Gy be TI Bessel (frame) systems in L?>(G). Then the following

statements are equivalent:

(i) Gi and Gy are pairwise orthogonal Bessel (frame) systems.
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(11) For each o e T,

[ 8@ g (r+ @) dn () =0 for ae. 1< G
P

Proof. Let D, and D, be the (unitary) dilation operators associated with n and ¢,
respectively. By polarisation identity, G; and G, are pairwise orthogonal if and only if for

every f € Dg, we have
(DO, g D f, f) =
as Dp is dense in L2(G). We can rewrite the left-hand side of the above equation as follows:
(DO g g D f. ) = (Qy) g DM f, DZ )

// AT s ) (Tengs?, DS cfYdpr(N) dpp(p)

[ [ £ DyTings (D Tergs”, ) dpr (V) dpp(p).
Using the intertwining relation D, T =T, -1y D, for A € T, the above expression becomes

(DO, gD, f, f) /[ £ DDygs Y (TaDegs?, £ dpr (V) dup(p).

Thus, G; and G, are pairwise orthogonal if and only if the systems U {TADngzgl) }aer and
peP

U {TAchZ(f)} ar are pairwise orthogonal. By Theorem 4.1.1, these systems are pairwise
peP

orthogonal if and only if for each o € T'*,

[Dngzgl) Dgg )('y+a)dup(p) 0 for a.e. veG.

Since m(v) = A2 F(n*(7)), it follows that, for each « € I'*, the orthogonality

condition above can be rewritten as
D (e (s ) () =0 -
g (7 )gp (C(v+a))dup(p) =0 for a.e. yeG.
P

This completes the proof. ]

Theorem 4.2.5 is broadly applicable to TI systems on LCA groups G, with flexibility
in the choice of G (e.g., R, T, Z"), co-compact subgroups I', and automorphisms 7, (. By
adjusting these, the theorem unifies classical and modern results across diverse settings,
including cases G =R", I' = Z" in [115].
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4.2.2. Applications to Pairwise Orthogonal Gabor Systems with Different
Co-Compact Subgroups

In this subsection, we apply Theorem 4.2.5 to study pairwise orthogonality of Gabor
systems generated by functions translated along different co-compact subgroups. The
flexibility in choosing these co-compact subgroups allows a broader framework than those

previously considered, generalizing classical results in harmonic analysis and frame theory.

For a character y € G, we define the modulation operator M, on L*(G) by
M, (f)(z) = x(x) f(x) for all x € G. This operator satisfies the following Fourier domain
identity:

LN = [ x@) @@ da) = [ f@)0 =)@ duc() = T F() (4.24)
G G

for all f e L2(G) and for a.e. y € G. Let I'c G and A c G be co-compact subgroups. The

co-compact Gabor system generated g;” is given by

{T)\ng]gl)}AeF,xeA,peP- (425)

We are interested in the orthogonality properties of two such Gabor systems, possibly

associated with different translation subgroups nI' and (I

Orthogonality of co-compact Gabor systems of the form

{TAngIgl)}/\eF,xeA,peP and {TAngzgz)}AeF,xeA,peP

has been studied previously in the literature, for example in [60, 61], and the discrete setting
(2(Z™) is addressed in [94]. Our approach generalizes these by permitting translations
along different co-compact subgroups, thus allowing a richer and more flexible class of

Gabor systems.

Applying Theorem 4.2.5, we obtain the following necessary and sufficient conditions

for the pairwise orthogonality of the two co-compact Gabor systems

{TAngIgl)})\enF,xeA,peP and {TAMXgISQ)})\eCF,XeA,peP- (426)

This provides a clear characterization of orthogonality in terms of their Fourier transforms

and the structure of the subgroups nI" and (T'.

Theorem 4.2.6. Let {TAMXgél)}AgnF7X€A7pEP and {T,\ng}(f)})\egnxempep be (co-compact)
Gabor Bessel (frame) systems in L?(G). These two systems are pairwise orthogonal if and
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only if, for every a € T'*, the following condition holds a.e. for ~ € G:

ffg;(al)(n (v+x))M xgp (¢ (7 + x + @) dua(x) dup(p) = 0.

Proof. Define the index set J := P x A, and for each j = (p,x) € J, set
h(l) ngz(,l) and h(z) ng,?).

Then, the given Gabor systems {T)\ngél)})\mnxej\,pep and {TAMXg](;Q)})\ECRXeA,pep, can be

rewritten as

(DA harger  and  {TAP her jeg-

By applying Theorem 4.2.5, these two systems are pairwise orthogonal if and only if for

every o € I't)

/ @(77*7) @(C*(V +a))dus(j)=0 forae yeG.

Substituting the values of 7, h;l), and h§.2), the above integral condition becomes

/ [ xgz(al) xgzgz)(c (v + a)) dun(x) dup(p) =0 for a.e. v eG.
Now the result follows by applying M, f(v) = TX]?('y) given in (4.2.4). ]

If we take n = ( = I, where I € Aut(G) is the identity automorphism, then Theorem

4.2.6 reduces to the characterization result given in [60, Proposition 3.11].

To illustrate this result concretely, we present the following example in the discrete

setting G = Z".

Example 4.2.7. Let G =7Z", and let A, B,C, D be some invertible n x n matrices with
integer entries. Define the uniform lattices I' :== CZ" and A := DZ"™ in Z". Set n:= A and
¢ := B in Aut(Z"), and denote by A* := (AT)~! the inverse transpose of A. In this setting,
the Gabor systems (4.2.6) reduce to the collections:

{T)\ X.gp },\eACZn ,X€DZ" peP and {T,\ Xgp })\eBCZ" ,X€DZ" peP-

These Gabor systems are pairwise orthogonal if and only if, for every k € Z",

f S g0 (A* (v + Dm)) g (B* (v + Dm+ C*k) ) dpp(p) =0 for a. e. y €T,

P mezmn
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Remark 4.2.8. In Example 4.2.7, if we assume A = B = [ (the identity matrix) and that
P is a singleton set, then the result reduces to the characterization given by Lopez and
Han in [94, Theorem 1.4(ii)].

4.2.3. Proof of Theorem 4.2.1:

To prove Theorem 4.2.1, we first establish the following auxiliary result, which is
a special case of Theorem 4.2.5 where the index set P contains a single element. This
simplification provides a more clear characterization of pairwise orthogonal translation-
invariant Bessel (or frame) systems generated by individual functions. The corollary below

states this result explicitly.

Corollary 4.2.9. Let {Thg™ : X e nT'} and {Thg® : X\ € CT'} be TI Bessel (frame) systems

in L2(G). Then the following statements are equivalent:

(i) These are pairwise orthogonal Bessel (frame) systems.

(ii) For almost every ~ € G,

S gD (v + )P Y gD (¢ (v +8)) =0.

ael™t Bel't

Proof. In Theorem 4.2.5, suppose that for every p € P, we have g5 = g() and ¢ = ¢®.

Then the systems G; and Gy reduce to
{Thg® : Xenl'} and {Thg® : X e (T},

respectively. Again, by Theorem 4.2.5, these systems are pairwise orthogonal if and only if

for each av e I't,
9D ) gP(C*(y+ @) =0 for ae. yeG.
From this, it follows that for each 8 € I'* and for a.e. v € G,

9D (v + BN - [g@ (¢ (v + B+ )2 =0.

Summing over 3 and «, we get

0= 3 gD (v + B8P [g@(C (v + 8 +a))P

pel't qel't

= X O (AP Y TP (r+ B+ a)f

pel't aelt
= 2 gD (y+ B Y l9@ (¢ (v + )P
pelt aelt

63



for a. e. v € G. The converse direction follows by reversing these steps. (]

With these preparations, we are now ready to prove Theorem 4.2.1.

Proof of Theorem 4.2.1. The samples M,, := {n(\) :veI'}, and M, := {((\):y e},
are orthogonal on the band E and F' if and only if the corresponding TT Bessel systems
{T\g : Aenl'}, and {Th¢p : A € (T'}, form pairwise orthogonal frames. By Corollary 4.2.9,

this is further equivalent to

Z XE(U*(VJra)) Z XF(C*(7+6)) =0 forae veG.

aelt Bel'L

This finishes the proof. ]

4.3. Sampling on union of co-compact subgroups

In this section, we extend the orthogonality results of Theorem 4.2.1 to the case
of sampling over the union of co-compact subgroups. Such unions naturally arise in
applications where multiple sampling patterns are combined, and it is important to

understand how frame or orthogonality properties behave under this extension.

For ny,...,n, € Aut(G), we define the sampling transform associated with the union

of samples {n;A:1<j<n,Ael'} by
Ty Ve > @ LX) o (S A) o, [ (1)
=

provided 7, , is bounded. The operator 7, ,, is bounded if there exists B >0 such that

i/ |<fa TX¢E>‘2 d,unjF(A) < BHf||2 for f € VE (431)
=T

In particular, this holds if and only if the system G{TA¢ g Aen;I'} is a Bessel sequence
for Viz. We say that the samples {n;A:1<j<n, A ézll} form a set of sampling for the band
E if T, » is bounded above and below, equivalently, if U {T\g : A en,;I'} is a frame for
V. The system is called tight with constant K if || 7, an2 =K|f|? feVg.

Throughout the remainder of this section we fix n;,(; € Aut(G) for each j € {1,2,---,n}.
Suppose that the sampling sets {n;A:1<j<n A Ael'} and {GA:1<j<n eI} are
given, with associated sampling transforms 7, ., and 7, , that are bounded operators
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on bands E and F, respectively. We say that the samples {n;A: 1< j<n,Ael'} and
{(jA:1<j<n,Ael'} are orthogonal on bands E and F' if and only if the image of Vg

under is orthogonal to the image of Vp under 7, , in EnB L2(T"), which is equivalent
j=1

7:7]‘,72
to T Tnyn = 0.
Theorem 4.3.1. The samples {n; :1<j<n, eI} are tight on band E with constant

K if and only if, for each j € {1,2,---,n}, the samples {n;\ : X e I'} are tight on E with
constant K;. In this case, we have K; = s(n—lr) and K = ZK]-.
J ]=1

Theorem 4.3.2. Suppose that the sampling sets {q;A:1<j<n,Ael'} and {(;A:1<j<
n, A eI'} are given, with associated sampling transforms Ty, , and T¢, n that are bounded

operators on bands E and F', respectively. The samples
{mr:1<j<n,Ael'} and {(jA:1<j<n, el}
are orthogonal on the bands E and F if and only if for j€{1,2,---,n},

> xe(mj(v+a)) 3 xr(G(y+8)) =0 for a.e. v €.

ael't Bel't

Equivalently, the samples above are orthogonal if and only if the samples

{niAbrer and {(jA}aer are orthogonal on the bands E and F' for each j € {1,2,---,n}.

As a special case, when G =R" and I" = Z", the above results reduce to those in [115].
4.3.1. Proof of Theorem 4.3.1

In this subsection we prove Theorem 4.3.1, To prove this we first recall the following
auxiliary result, which is a special case of [79, Theorem 3.4] and characterizes when a GT1

system forms a tight frame.

Theorem 4.3.3. Suppose that the GTI system U{T,\g]f,l)}kgnpp satisfies the LIC, n, €
peP

Aut(G). Then the following assertions are equivalent:

(i) U{T,\gél)},\enpnpep is a tight frame for L*>(G).

peP
(11) For each o € L%)n;f‘l, we have
pe

L)

9 (V)G (v + a)dup,(p) = Kéao for a.e. e G. (4.3.2)
peP:aenfI't S(Upr)
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The next corollary is an application of this result. In order to present this, we recall

the analysis operator 6 : L2(G) - L*(T' x J) for the Bessel system U{T,\gj},\enjp , i
JjeJg
given by

0;: L*(G) = L*(Cx J); f = ((f, Tyya))jegaer

If [0, f | = K| f||* for some constant K, then | J{T\g;}xen,r is a tight frame.
jeJ

Corollary 4.3.4. Suppose {g;}je7 ¢ Ve and ©} be the analysis operator of the system

\UAT2g)}ren,r satisfying the LIC. Then |0,f(? = K| f||* if and only if for all e | niT*,
jeJ jeJ
we have

—1 o) M —_—
Z S(n'r)g](-l)(’y)g](.l)(y +a) = K5n,0XE(’Y) for a.e. v e (.
I+ J

*

jej:aenj

Proof. Suppose [0,f]? = K| f|? equivalently, | J{T\gj}rep,r is a tight frame. By
jeIJ
hypothesis supp g; ¢ F, and using P = J in Theorem 4.3.3, the result follows. ]

Remark 4.3.5. If the sampling transform 7, ,, is bounded on Vg, then the corresponding
GTI system 6 {T\Y £} aen;r is Bessel; hence satisfies the LIC. Because it is well known that
=1

j
Bessel T1 systems satisfy the LIC; thus, the finite union of such TT systems also satisfies
the LIC.

Now we are ready to prove our result.

Proof of Theorem 4.3.1 : Let J ={1,2,...,n}. By Remark 4.3.5, the GTI system
G{T,\@DE},\EWF satisfies the LIC. From Corollary 4.3.4, we obtain

7=1
|7, f 17 = K[ £

if and only if, for all e U niI™,
JjeJ

Kaoxe( = Y e Mg (r+a) forae. ve@

jeJ: aen;Fi

- Z s(n_if‘) xe(V)xe(y+a) forae ye G
jeJ:aen; Tt

= > W:;F)XE(’Y)XE('Y +a) forae yeG. (4.3.3)
jej:aen;l"i
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Thus, (4.3.3) holds precisely when, for each j € J and all o e n; T,

Kjbaoxe(7) = mmxe(Mxe(y+a) forac yeG, (4.3.4)
where K = s(n r5- Equivalently, for each j {1,2,...,n}, the samples set {n;A} er is tight
on £ with constant K;. This completes the proof. ]

4.3.2. Proof of Theorem 4.3.2

In this subsection we prove Theorem 4.3.2 and the next lemma will be helpful in

proving Theorem 4.3.2. Define the bracket function

[£.91@.T) = [ f(a+ Ngle+ Ndpr (V).

Lemma 4.3.6. Let the systems U{T,\gj(.l)}knjp and U{T)\gj(?)})\ecjr be Bessel systems,
jeJ jeJ
both satisfying the LIC. Define © a) 42 analogous to mized dual gramian operator:

Oy g0 LH(G) > LAYt [ = X [ (. Tng ) Tepg dpr ().
JeJ 1

Then for all f,g € Dg, we have
(O, 60f,9) = Y T AAG) f [ ] n;w, UJFL)[ ](2) A] (Gw,¢T*) dugr (),
jeTJ 77] J G’/l"i

where w denotes the coset in G/T*.

Proof. We compute (©,u) 4 f,g) explicitly in the Fourier domain. Since both systems
are Bessel and satisfy the LIC, the operator ®g<1)7g(2) is well defined, and all sums and

integrals below converge absolutely.

By definition,

(O, 4 f,9) = f an])\g] TCJAQJ ,9) dpr(N)
]E T
=5 [(FMoapngD) @ M rg) dur (V). (43.5)
JeJ T

Consider the first factor in (4.3.5). By the substitution £ = (nj)~'w := njw we obtain

1 e N D AT
A(ny) @ff(njw)gf(' (m;w) (w, A) dpg(w).
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Applying Weil’s formula (1.2.3) gives

(7w + ) g0 (72 (w + @) (0, N gy (1),

Py aelt
T+

Since (a, \) =1 for all o € I, the factor reduces to (w, \), where w denotes the coset in
G/TI't. Hence

f [f, g]( Nyw, T (w, N) dpgyp: ().

G

I =

A(WJ)

A similar computation with § = ((;)'w yields

ujamumﬂ@w&w(Ofm#Mngwmwwmy

G/r+

Substituting /; and I, into (4.3.5) gives

1 . .
(O g f,9) ZJZ;WJ(Gf (7. gj() 1(njw,n;T )(w,v)dﬂa/n(w))

/r+

(C [, gj(z) (C;-“w,C;-Tl)(w,v)d#a/p(w))dnr(A).
/rs

Define, for each j € J, the functions on the quotient G’\/Fl
A () = [Fg ), m T and - By(€) = (3,7 ](Grw, T,
For each fixed j, the inner integrals in the displayed formula above can be written as
B = [ A@OE dug @) and G = [ Bi@) €AY digyre (€),
G/Tt G/rt

which are precisely the inverse Fourier transforms of A; and B; when we identify =G JTL.

Hence Fj,G; € L2(I') and by Plancherel on I' (or equivalently on f), we have
[ Fi(\) GO0 dpar()) = f A; (i) By () dpiggpe (1),
Gjr:

Applying this identity to the earlier double integral collapses the integration over I and

yields
< gD, g(2>f g) ZjA( j)A(CJ) f njw UJFL)[ '2)](C]%w7C;Fl)dlu@/l"l(w)7
je
which is the desired formula. ]
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Proof of Theorem 4.3.2. The samples {njA:1<j<n,Ael'} and {(A:1<j<n, el'}
are bounded on the band E and F'. Thus the corresponding GTI system CJ{TA@/JE},\%.F

and U {T\r} xeg;T are Bessel on subspaces Vg and Vg, respectively; hence, in view of
i1

Remark 4.3.5, both the system U {T,\ZZJE},\%F and U {T,\@/)F},\egjr satisfy LIC. Suppose

the samples {miA:1<j<n,\e F} and {iA:1<j<n, )\ e I'} are orthogonal, equivalently

the U {T\YE} sen;r and U {T\Yr}ace,r are pairwise orthogonal. Thus by Lemma 4.3.6, we
j=1 J=1

have
(0,0 4 f,9) =0 forall feDgnVg and geDpnVp.

which further gives

Z A(WJ)A(C]) [ [ ](njw 1 Fl)[ ](C w C*F )dﬂc/ri(w) 0. (436)

Define g9 € Vi and fo € Ve by Go = xg, and ﬁ) = Xr,- Replacing f and g by fy and gy in
(4.3.6) and g](.z) = XrF, g]( ) = &, we get

Z:: (ﬁ])A(CJ) / XEO’XE](njw njrl) [XF,XFO](C w C I+ )d/lc;/m(w) 0. (437)

Therefore for each j € {1,2,---,n}, we have

f (x> X2 ) (05w, ;1) [x X ) (G, GTH) dpagyps () = 0

G/rt
= 2 xm(j(w+ ) ¥ xn(Gws5)) =0

Since Fy c F and Fj c F are arbitrary measurable sets. Therefore the above formula holds
for £ and F, i.e.

Y xemi(w+7)) Y xr(((w+X)) =0 forae we G. (4.3.8)

el A€l
Conversely, suppose that for each j € J (4.3.8) holds. Now it is easy to observe that for
any arbitrary Eyc E/ and F{y c F', also holds true.

0= Xz (w+7)) Y xr (¢ (w+N))

aelt Bel't
= ZF xXeo (1 (w+ ) )xe(n; (w+ a)) EZFL xr (G (w =+ 8))xr(¢f (w+5))

= [XEo XE](Fw, i TH) [Xps X J(CFw, T,
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which further gives for each j € J
1 * * * * M
WA[ [X 7o, X ](n;w,ni T ) [xrs Xxr ) (G w, GT) dugp (W) = 0.
it
Thus (©,a) 4 fo, go) = 0 for fo =Xz and G = xg,. Since E, and F are arbitrary subset of
E and F, it follows that (©,a) 4 f,g) =0 for all f e Vg and g € V. Indeed, any function

in Vg has compact support contained in £ and can therefore be approximated by finite

linear combinations of indicator functions.

In view of Theorem 4.3.2, it is clear that the samples above are orthogonal if and
only if the samples {n;A},er and {(jA}er are orthogonal on the bands E and F for each
je{1,2,---,n}. This finishes the proof. ]

In this chapter, we examined orthogonal sampling transforms arising from the actions
of two co-compact subgroups of an LCA group G and extended the framework to unions
of compact subgroups. The results revealed that the orthogonality of translation invariant
systems plays a crucial role, even when the underlying sequences of translation subgroups
differ. These observations motivate the study of more general GTI systems in which the

families of translation subgroups may differ. This forms the main focus of the next chapter.
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CHAPTER 5

CHARACTERIZATION OF PAIRWISE ORTHOGONAL
FRAME SYSTEMS VIA UCP

In this chapter, , submitting soon.we give a characterization of pairwise orthogonal
frames with GTI structures. These GTI systems are generated by translating generating
functions through a countable family of closed, co-compact subgroups of G. Importantly,
the families of subgroups associated with each system may differ from one another. As
an application of this characterization, we derive necessary and sufficient conditions for
the orthogonality of various structured systems, including Gabor, wavelet, and shearlet
systems over LCA groups. Moreover, we also establish a characterization of GTI tight

frames.

5.1. Introduction

In Chapter 4, we demonstrated that the orthogonality of systems of the form

]E%{T,\gj(-l)},\enjr and Jg{Tng)})\ecjr
has direct applications in sampling theory. By allowing nontrivial automorphisms 7;, (;
in the GTT construction, we obtain a richer class of translation invariant systems that
still retain the possibility of pairwise orthogonality. This generalization is not only natural
from a theoretical viewpoint but also useful in sampling theory, where flexibility in the

underlying group actions enables more versatile designs.

Motivated by these developments, Chapters 5—6 extend the study of orthogonal

systems beyond the case where both GTI systems share the same sequence of translation

The results of Chapter 5 are from the following manuscript:
Redhu N., Gumber A., Fiithr H., Shukla N. K., Characterization and explicit construction of pairwise

orthogonal Parseval frames in LCA groups, submitting soon.



subgroups. In particular, we consider GTI systems of the form
U {TAQI(Jl)}AGWijPEPj and U {TAgI(,Q) }AECJ'FJ',PGPJ' ) (5.1.1)
jeJ jeJ

where the sequences of translation subgroups associated with the two systems may differ

due to the choices of automorphisms 7; and ;. The applications outlined above suggest

the following problems for investigation:

Problem 1. Determine the necessary and sufficient conditions under which the GTI Bessel
(frame) systems in (5.1.1) form pairwise orthogonal Bessel (frame) systems (in the
sense of Definition 5.1.1) for L?(G).

Problem 2. Develop explicit constructions of pairwise orthogonal Parseval GTT frames as defined

in (5.1.1).

Existing research works have addressed these problems primarily under the restrictive
assumption that n; = ; = I (the identity automorphism) for all j € J [60, 73, 79, 98]. In
particular, Gumber and Shukla addressed Problem 1 under the local integrability condition
(LIC) in [60], and while we proposed construction methods for Problem 2 in Chapter 3,
as part of our published work [98]. To the best of our knowledge, the generalization to
nontrivial automorphisms 7;, (; based on the weaker assumptions (than LIC) remains

open.

The main objective of this chapter is to address Problem 1 under the framework where
n; =n and ¢; = ¢ for all j € J, assuming the unconditional convergence property (UCP),
which is weaker than LIC. As an application of GTI systems, we also derive the necessary
and sufficient conditions for the pairwise orthogonality of Gabor, wavelet, and shearlet

systems.

In the remainder of this section, we recall the definition of orthogonal GTT systems
introduced in chapter 2. Section 5.2 then discusses the dual 1-UCP and its properties.
Finally, in Section 5.3, we present our main characterization result, Theorem 5.3.1, which
provides necessary and sufficient conditions for pairwise orthogonal GTI Bessel (frame)
systems, based on the dual 1-UCP. This result generalizes [60, Theorem 3.5] in two ways.
First, it applies to a slightly more general form of GTI systems. Second, it holds under
the dual 1-UCP, which is weaker than the dual a-LIC condition used in [60, Theorem
3.5]. Additionally, Theorem 5.3.3 characterizes when a GTI system forms a Parseval frame.

In Subsection 5.4, we apply Theorem 5.3.2 to derive characterization results for pairwise
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orthogonal Bessel systems with various structures, including Gabor, composite wavelet,

and cone-adapted shearlet systems.

For this chapter, the GTI system introduced in Definition 2.1.1 is assumed to satisfy
the standing hypotheses (I)—(III) introduced in Chapter 2.

In the remainder of this chapter, we assume that 1, € Aut(G), and I'; is a co-compact
subgroup of G with annihilator I'; < G. Moreover, we have (nL'y)* =n* T, where n* = (n')!

denotes the inverse of the adjoint of 7.

We study the orthogonality of two GTI systems of the form
U {TAgIgl)})\EnFJ 7pEPj a‘nd U {T/\gl(72) }>\€CFJ 7pEF’j? (512)
jeJ JjeJ

where 7, ( € Aut(G).

Suppose both the GTI systems defined in (5.1.2) are Bessel, then we define the mized

dual Gramian operator © corresponding to these GTT systems, is given by

0:L(G) ~ L*(G)if = ¥ [ f (F TorgS) Terg? dpar, (N) dpa, (). (5.1.3)

TP T

Definition 5.1.1. Let U{T)\gél)})\enpj’pepj and U{T,\gISQ)}Aeij,pepj be two GTI Bessel
(or frame) systems. Wej;gy that these systems z:r{e pairwise orthogonal Bessel (frame)
systems if the associated mixed dual Gramian operator satisfies © = 0 for all f € L2(G).
Furthermore, if the GTI systems are Parseval and pairwise orthogonal, then they are called

pairwise orthogonal Parseval frames.

5.2. Unconditional convergence property

In this subsection, we introduce UCP, which play a central role in analyzing the
frame properties of GTI systems. Fiihr et al. collaborators [53] introduced the UCP and
its variants (such as the dual 1-UCP and dual co-UCP), which provide a weaker and
more flexible alternative to the classical LIC. These concepts were first developed for
GSI systems, a subclass of GTI systems. The 1-UCP condition for a GTI system was
introduced in [113]. We begin by recalling the set

Dp:={feLl*G): fe L=(G) and supp T is compact in G ~ B},
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where B c G is a Borel set with pa(B) =0, referred to as a blind spot. The space Dg
is both translation invariant and dense in L?(G). For any f € Dg, we define a family of

functions w JOOINE :G - C by

7p7p7

W 1) 2) (z) = / f (T.f, T, )\gz()l) (TQg T f) dur,(N)dpp,(p) for ze G, (5.2.1)

p "s9p 7.7

Under standing assumptions (I)—(III), for each j € J, the above series converges pointwise to
a continuous function (see [53, Lemma 3.1]). Next, we define the function w @G> C
by

wf?gz(vl)vgz@(z) - Z wf;gz(yl),gff)(x)

=2 f f (T, Topngs " WTerngs? T f) dpar, (N dpep, (p) (5.2.2)

JEJP

provided the series on the right-hand side converges. If g(l) = gp2) forallpe P;,jeJ, we

write w gD g = W (0 and W ot o = Wy o) -
Remark 5.2.1.
(i) Under standing assumptions (I)—(III), the series Y. w () ; converges in [0,00],

jEJ 39p "]
ensuring that Wy () is well-defined, although Wy gD g May not be.
39p

(i) If each GTT system forms a Bessel family, then w gD g2 ; converges absolutely and

uniformly on compact subsets of G; see [53, Lemma 3.3].

We are now ready to introduce the notion of unconditional convergence, motivated by
[53].

Definition 5.2.2. Let | J {T/\gl()l)})\enrj7pepj and {T,\g,(,2)}A€<pj7p€pj be two GTI systems

jeJ JjeJ
in 12(G).

(i) They satisfy the dual 1-unconditional convergence property (dual 1-UCP) with

respect to B € B, whenever for all f € Dg(G), the function w FOe) is almost
9p " »9p

periodic and the series

FiglD g = Z Wy (@ (5.2.3)
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converges unconditionally with respect to the mean M (]-|), i.e. for every € > 0, there

exist a finite set J’ c J such that for all finite set J"” > J’,

(| J<e

where M is the mean, and its exact definition can be found in [53, Theorem 3.6].

gt g~ W, 1 (2
9p kzI:,, Figp "ogp od

(ii) They satisfy the dual co-UCP if the series in (5.2.3) converges uniformly on G.

(1)

In case gp ’ = gp () for all p € P;, we refer to the above conditions collectively as the a-UCP

for the system | J{Thg\" }enr; pep,» Where o€ {1, 00}
jeJ
Note that w gD 4 is almost periodic is assumed in dual 1-UCP, whereas in the
dual co-UCP, it follows from uniform convergence of the series. We now describe the
relationships between various forms of the UCP and the LIC for GTT systems. For the
definition of LIC, we refer to [79, 60].

Remark 5.2.3. The following relationships hold among the UCP and LIC properties for
GTI systems:

(i) If the dual co-UCP holds for the given two GTI systems, then the dual 1-UCP also
holds.
(ii) If the dual a-LIC holds for the given two GTI systems, then the dual co-UCP holds,
and consequently, the dual 1-UCP holds as well [53, Remark 6].
(iii) If the a-LIC (or LIC) holds for a given GTI system, then the co-UCP holds, and
hence the 1-UCP also holds for that GTI system.

The logical implications among these properties can be visualized as follows:

[ Dual o-LIC ]—>[ Dual co-UCP ]—>[ Dual 1-UCP ]

Remark 5.2.4. The Bessel property and the co-UCP are generally independent of each

other, neither implies the other. However, following [53, Lemma 3.9], if one GTT system
is Bessel and the other satisfies the co-UCP, then together they satisfy the dual co-UCP.
The same holds for the 1-UCP.

For further details on the connection between Bessel systems and the UCP, we refer

the reader to [53, 90]. With the unconditional convergence property in place, we are now
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in a position to state our main result: a characterization of when two GTI Bessel systems

are pairwise orthogonal under the dual 1-UCP condition.

5.3. Characterization result on GTI orthogonal frame pairs via

ucCP

In this section, we provide a characterization for two GTI Bessel (frame) systems to
be pairwise orthogonal under the dual 1-UCP condition. Such a characterization has not
been established previously, even in classical settings such as L?(R"). In this context,
Theorem 5.3.1 gives necessary and sufficient conditions for GTI Bessel (frame) systems in
L%(G) to be pairwise orthogonal.

Theorem 5.3.1. Let {T/\g]gl)})\Enr‘j7per and | J {T,\gl(,2)}>\€<pj7p€pj be two GTI Bessel
(frame) systems in L2(C]¥€jjsuch that one of the sy];gems is satisfying the 1-UCP. Then the

following assertions are equivalent:
(i) The systems U{TAgél)}A6nrj7per and U{T,\QISQ)}Aeij,pepj are pairwise orthogonal
jeJ jeJ
Bessel (frame).
(it) For every ae U I'; N {0}, we have
JjeJ

[ 5" ()95 (¢ (v + @))dpap, (p) = 0 for a.e. v e G,

bj

()= 3 —

jeJaels S(FJ’)

and

1 _ — -
to(7) = 2}7 ) f g () g8 (¢ )dpp, () = 0 for a.e. v €G.
I P;

In view of Remark 5.2.3, a similar result holds under the dual co-UCP condition. To

prove 5.3.1, we first establish the following auxiliary result.

Theorem 5.3.2. Let | J {T)\g]gl)})\epjypepj and | J {T)\gl()2)})\€1“j7pepj be two GTI Bessel (frame)
jeJ jeJ
systems in L2(G) satisfying the dual 1-UCP. Then the following assertions are equivalent:

(i) For every a € U I'; ~ {0}, we have
jed

[ #7010+ )y, (9) =0 for a.e. v < C.
b

()= Y —

jeJaels s(T'y)
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and

0 = (1) po) dyip, or a.e. v eQ.
()= 3 - (F)f D ()dur, (p) =0 for ac. 5

(i1) The systems U{TAgp Faer, pep; and U{T,\gz(f)} A, pep; GT€ pairwise orthogonal.
jeJ jeJ

The following result provides a necessary and sufficient condition under which a GTI

system _J {T,\g;(,l)}xerj,pepj, satisfying the 1-UCP, forms a tight frame.
jeJ

Theorem 5.3.3. Let the GTI system U{T/\gl()l)})\el“j’pgpj satisfy the 1-UCP. Then the
jeJ
following assertions are equivalent:

(i) The system U{T,\gzgl)}/\erj7pepj is a tight frame for L?>(G) with frame bound K.
jeJ
(i) For each a € U T,
jeJ

/ g]gl)(,y) (,y +a)dpp;(p) = 0a,0K for a.c. e G.
jeJ: ad”‘ S F )

It is worth mentioning that if K =1, the above result provide necessary and sufficient
condition under which a GTI system [_J {T,\gz(,l)} AT, pep;, Satisfying the 1-UCP, forms a
Parseval frame. 7

Further it can be observed that Theorem 5.3.3 extends [53, Theorem 3.12], which
provides characterization for Parseval frames in the special case P; = {j} and I'; taken as
lattices. Moreover, our theorem generalizes [79, Theorem 3.5, where a similar Parseval

frame characterization was obtained under the a-LIC.
5.3.1. Proof of Theorems 5.3.1, 5.3.2, and 5.3.3

In order to prove Theorems 5.3.1, 5.3.2 and 5.3.3, we first provide Proposition 5.3.4,
which identifies a key structural property of the mixed dual Gramian operator. Specifically,
it shows that the vanishing of the components t,, for a € U Fl \ {0}, is equivalent to the
mixed dual Gramian operator commuting with translatfce)?ls Moreover, it characterizes
such operators as Fourier multipliers.

Proposition 5.3.4. Let U{T,\g;(;l)},\epj7pepj and U{T,\gf)},\epj,pepj be two GTI Bessel
systems satisfying the dualjle—JUCP, and let ©, deﬁne]cfm (5.1.3), be the mized dual Gramian

operator associated with these systems. Then the following statements are equivalent:
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(i) The operator © commutes with the family of translation operators {T}zec, i.e.,
OT,=T,0 forall x €G.
(it) For every ace U I'; {0}, the function
jeJ

L= ¥ i [ o017+ )dpip, () = 0 for ae. 7 € G.

jeJ: cyel"i

Furthermore, if either (i) or (ii) holds, then © is a Fourier multiplier operator with symbol

S = ! 7D () 4@ dip.
(7) J; s(rj)Jg” (v) 9" (7) dup; (p),

that is, ©F(v) = s(v) F(v) for all f € L*(G).

The above proposition may be viewed as a generalization of [116, Lemma 1], which
addresses the classical Euclidean case L2(R?), and [60, Proposition 3.7], which is formulated
for LCA groups. The following lemma will be used in the proof of Proposition 5.3.4.

Lemma 5.3.5. Suppose the GTI systems U{T,\g]gl)})\epj,pepj and U{T/\g;2)})\e]_“j7pepj
jeJ jeJ
satisfy the assumptions of Proposition 5.3.4. Then the multiplication operator Mg,

L2(G) » L%(G), f ~ fi. is well defined and bounded. Moreover, for all f € Dg, the
following identity holds:

Z de,Oé = (ﬁ Mt_aT—Oé.;;)7 (531)
jej:aeF;
where
dp, Flw) T (w+ a)gl) (w)g? d d 5.3.2
) J]Jf w) fw (w)gp " (w + ) dug(w)dpp, (p). (5.3.2)

Proof. We have

= 3 s [ 00w 0, o).

jsj:ael";

Note that the right-hand side converges absolutely, as seen from the following chain of

inequalities:

1)(7)9(2)(7 +a) a1 g8 ¢ + )| dpap, (p)

s (F)./

dur,(p) < 2, -

1/2 1/2

dupj (p) >

1 f
jeJ S(Fj) P,

2
V() a2 (v +a)| dup,(p)
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1/2 p1/2
S Bgu)Bg(z)?

where the last inequality follows from [79, Proposition 3.3], and By and By are the

Bessel constants associated with [ {Tkgl(,l)} el pep, and {T,\gf)} Ael'; pep; » Tespectively.
jedJ jed
Hence, the multiplication operator Mz : L2(G) - L2(G), f ~ f.. is well defined and

bounded. Also note that for f € Dp,

> [ |F@Fwra)— [ dP@3e? w+ a)dun, ()| duglw) < 0. (5.3.3)

jeJ: ael“ (FJ) P,

Now, for f € Dy, we compute:

(F M, T F) - [ Flw) M, ToF(w) dug(w) = [ Flw)ta()F(w+a) dug(w)
G

- f Fw) F(w+ )

Applying Fubini’s theorem, we obtain:

[ 97 @)l w 0)dur, () dag ().

jeJ: ozGFl S(F P,

(T Myz..J) - f [ Flw) Fw+ ) ) (w)gl? (w0 + ) dpig(w)dpr, (p)
which completes the proof. [
With the help of the previous lemma, we now proceed to prove Proposition 5.3.4.

Proof of Proposition 5.3.4. It is easy to observe that © commutes with the family of

translations {7} }.q if and only if w (1 ) is constant for all f € Dg. Next, we show that

Iigp
W) o) is constant if and only if, for each ae U Fl ~ {0}, we have
JjeJ
¢ - (1) (@) d -0 f a
o(7) = F g (Vgp " (v + a)dpp,(p) or a.e. yeG.
VIVE ocGFl S( )

Since the GTT systems under consideration satisfy the dual 1-UCP, we follow an approach
similar to that used in [53, Proposition 3.10]. For x € G, the function W, ) g(z)(x) can be
39p "»9p

expressed as follows:

ol (7= B A )
jeg 7
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where for v € U I‘

JjeJ
ooo(@) =) dpa, (5.3.4)
o 9p ]ej:aef‘j

and dp, o is given in (5.3.2). Now for z € G, we consider the function

ngl(zl)7gl(72)(I) wf 1(71)791(;2)(1‘)—wfgl(;1)7g(2)(0)

which is continuous due to the continuity of w PIOMNOR The generalized Fourier series of
s$Yp  »Yp

z x) 1s given b
f7g£1)7g§2)() g Y

Zf (1) g(z)(x) = Z Oz(:l:‘) ng(l) 9(2)(06),
9P ae U F; wpp
jeJ

with generalized Fourier coefficients

wmﬁ (0) - wf;gél),gz(,z) (0) ifa=0,

2o (@) = (5.3.5)

i9p " 9p

wf;gél),gl(f) (Oz) if a#0.

The function w O is constant if and only if 2D, <2>(x) = 0. By the uniqueness
5 p ) p

theorem for generalized Fourier series, this holds if and only if

2 o0 (2)(04) 0 forallwe ;.

jeJ
This is equivalent to
f (1), (2)(&) O, wa (1) (2)(0) for all av € U Fl (5.3.6)
JjeJ
For the forward implication, assume w OE is constant. Then, by (5.3.6), we have
f (1) (2)(@) 0 forall ae U FL AN {0} (5.3.7)
7 7 jej

Next, by Lemma 5.3.5, for f € Dg, we have

Z de,Ol = <J?> MfaT—aﬂa

jej:ad‘]i.
and by (5.3.4), it follows that
(F, Mz, T_of) = Wi e (@). (5.3.8)

Therefore, using (5.3.7), we obtain
<J?a MfaT,af) =0 forall ae L%I‘JL ~ {0}
je
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Since Dp is dense in L2(G), it follows that M; T of = 0 for all f e L2(G) and all

ae U I'; ~ {0}. Equivalently,
jeJ

M, T =0 forall ae T~ {0}.
jeJ

Hence for all a € U I'j \ {0}, we have

JeJ

M;, T-o§(7) = ta(1)g(y +@) =0 ae. yeG, Vge L*(G),
which implies ¢, = 0 for all @ € U I'; ~ {0}. Conversely, we assume t, = 0 for all

jed
ae U Iy~ {0}. Then,
JjeJ
(F. Mz, T.oJ) =0 VfeDp,
and by (5.3.8), it follows that WM g(z)(a) =0 for ae U I'; ~ {0}. Moreover, from (5.3.5),
39p "»9p jeJ
we have wf;gél)yg;Q)(O) = wf;gz(Jl)’g;(;Q)(O), SO
wf;gl(})’géz)(oz) = 5a70wf;g£1)7g£2)(0) for all o € ]97 ;.

Hence, by (5.3.6), we conclude that w gD 4@ is constant. Without loss of generality, assume
that (i) holds. It is well known that if the mixed dual Gramian operator © commutes with
the family of translation operators {7}, then © is a Fourier multiplier [89, Theorem
4.1.1]. Hence, there exists a unique function s € L=(G) such that ©f(w) = s(w) f(w),

where s(w) denotes the symbol corresponding to ©. Now, using the definition of w MOMNOP
Jp Ip

we have

wf;g;gl),g;(f)(o) = <@f7f> = <é.\f7.f>
- [ 87(w) Flw) dug(w)
G

= [ s(w) F(w) F(w) dug(w). (5.3.9)

G

where the final equality follows from the Fourier multiplier representation of ©. Next,

using equation (5.3.4) and simplifying, we obtain

wf;gél)vgf)(a) - Z 4p;.a
jejzael—‘;

- 3 iy ) T Ty o ) dugt) d, 0
je :aeF]L. j & P
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> [ Fw)fwsa) (FL [ o7 ) 6 10+ ) dae 9) | di (o)

jeJ: ozeI‘L

(Fi /g})n(w 2)(U}+Oé)dupj(p) dug(w).

jeJ: cuel"i

- [ Fw) Fw+a)
G

Also, using equation (5.3.6), and applying (5.3.4) for o = 0, we get

W @ (0) =we o (2)(0)— > dp, 0.
jeJ

By setting v = 0 in equation (5.3.10) and substituting into the expression above, we obtain:

1 _— — - m—
w,. m (0) = f > T f 95" (w) g8 (w) dpp, (p) | Flw) F(w) dpg(w).  (5.3.11)
p D Z jejs( j)Pj
Comparing (5.3.9) and (5.3.11), we conclude that

s(w) = f o () 9 () i, ()

JEJ

This completes the proof. [

Proof of Theorem 5.3.2: (1) == (ii): Let © be the mixed dual Gramian operator
associated with the given GTI systems. Since t,(7) =0 for all a € U I'; ~ {0}, it follows
jeJ

from Proposition 5.3.4, © is a Fourier multiplier with symbol s, that is, 8 f (w) = s(w) f(w).

Moreover,

s(w) =3,

jer s (F )

for almost every w € G. Thus, ©f = 0, which implies ©f = 0 for all f € Dg. Therefore,

f 987 (w) 87 (w) dpip, (1) = to(w) =0

© =0 and hence the GTI systems | J {T,\gl(,l)} aer; pep; and ({1 g}(f) }aer, pep, are pairwise
jeJ jed
orthogonal Bessel families (and frames). This proves (ii).

(ii) —> (i): Assume that the GTI systems |_J{Thg\" Faer, pep, and U {Thgs? Faer, pep,;
jeJ
are pairwise orthogonal frames, i.e., © = 0. Then OT, f =0 for all x € G and f € Dg. By

definition of w, (1) (2), we have
f;gp »9p

waQ;()l)’gz(f)(x) = (@Tmf, Tmf) for f € DB, ze(.
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Therefore, w gD g@ = 0. By the uniqueness theorem for generalized Fourier series, for
'yIp HYp

cach ave U I'}, we have w o) g<2)(oz) =0. Using (5.3.4) and Lemma 5.3.5, we obtain
jeg 39p "9p

wf;g,‘,”,g§,2>(o‘) = ) dja= (f, MEQT-J) =0 (5.3.12)

je]:ael“]%

for all f € Dp and e U I'j. Since Dp is dense in L2(G), it follows that M; T o f = 0 for
jeJ

all e L2(G). Hence,
M; T-oG(7) =ta(7)G(y+ @) =0 for ae. ye G, Ve L*(G)

which implies ¢, = 0 for all ae U I';. This proves (i). ]
jeJ

Following Remark 5.2.3, if the so-called dual a-LIC holds for the two GTT systems,

then these systems satisfy the dual co-UCP. Consequently, [60, Theorem 3.5] becomes a

corollary of Theorem 5.3.2, as stated below:

Corollary 5.3.6. Let U{T,\gl()l)},\epj,pepj and U{T)\gl(;2)})\ef‘j7p€]3j be two GTI Bessel
jeJ jeJ

(frame) systems for L?(G) which satisfy the dual a-LIC. Then the following assertion are

equivalent:

(i) Both the above GTI Bessel (frame) systems in L?(G) are pairwise orthogonal.
(i) For each a € U T'; ~ {0}, we have
jeJ

ta(y) = Z

f a9 (v + a)dpp, (p) = 0 for a.e. v G,
gejoxel"L (F )

AOEDY JS(F) f D ()98 (dnr (p) =0 for a.e. 7 <G

With this we are ready to prove Thoerem 5.3.1.

Proof of Theorem 5.3.1 Let D, and D, be the (unitary) dilation operators
associated with 7 and ¢, respectively. By polarisation identity, | J {T,\gl(,l)} AenT; pep; and
jeJ
UA{T Ag,(,2)} AT pep; are pairwise orthogonal if and only if for every f € Dp, we have
jeJ
(DOD;f, f) =
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as Dp is dense in L2(G). We can rewrite the left-hand side of the above equation as follows:
(DOD; f, f) =(OD, ' f, D¢ f)

-> [ S Tong ) (Toagt?, DZ ) e, (M) dpar, (1)
T

JEJP

-fo £, DyTopgs Y (DeTergs”, £) dpr, (N) dpp, (p).

TP, T,

Using the intertwining relation D, Ty = T)-1(x) D, for v € I';, the above expression becomes

(DOD;'f, f) = fo f,T\D ngp TADCQ , f)dur, (X) dup,(p).

T p T,

Thus U {T,\g]gl)} AenT'; peP; and U {T) gl(,Q)} AeCT peP; Ar€ pairwise orthogonal if and only if
jeJ jeJ

the systems | J{T\D ngp }Vep and U{T,\ch )}/\61“ are pairwise orthogonal. Next, we
jeJ jeJ

prove that the GTI systems | J{TyD,g\" }yer, and | {T\D¢gt™ xer, satisfy dual 1-UCP.
jeJ JjeJ
By hypothesis, without loss of generality we assume that |_J {7} gz(,l)} enT; pep; Satisty 1-UCP.
JjeJ
Thus, for each f € Dg, W is almost periodic and
»9p

w = w i
f;gg()l) Z f;gg() ).j
jeJ

converges with respect to M.

Now for f € Dg and x € G, we have

D1 gD g f f (TxD;]lf,TnAgz(,l))| dpr,(N)dpp, (p)
f f (D Ty, ToagS) e, (), (1)

=ff (TnflmfaDnTnAgéw dpr;(A)dpp, (p)
b T,

= f f (T2 f, TADyg5' )>| dpr;(N)dpp, (p)-
Thus for g:= D' f and y := a 'z, we have

ggp J

1) //|<Ty9,T,\ 7791(7)>| dur, (7v)dpp; (p). (5.3.13)
P T,
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Hence, using (5.3.13) and U{T)\gl(;l)})\aﬂ‘j’pepj satisfy UCP, we can say that

U{T,\D,,gz(;l)},\gpj satisfy the f—SCP. Similarly, since U{TAQéQ)})\GCFj’pGP]. is a Bessel,

itjfollows that U{T,\DCgISQ)} acr; 18 Bessel system. Nov;,jin view of Remark 5.2.4, the

systems L%{T,\l]):g,gl)},\ep. and LJJ{T,\DCg,g2)},\Ep, satisfy the dual 1-UCP. By Theorem
je je

5.3.2, these systems are pairwise orthogonal if and only if for each ave U I'; {0}, we have
jeJ

(F ) / Dngpl)(V)chz(a )(7+ a)dpp,(p) =0 fora.e e G,
7eJ: ozel“L

and

F 3 f Dy )(V)ch (V)dpr,(p) =0 for a. e. v e G,
Since E:f(v) = (A(M)Y2F(n*(7))), this orthogonality condition is equivalent to, for each

ae U Iy~ {0}, we have
jeJ

f g(l) (") gp 2)(C’*(“y +a))dpp,(p) =0, fora.e yed,
Jejozel"i S(F )

and
/(1\) * D (2) * d —_ O f ’G\
>, 9" (77 Dagp” () dper, (p) or a. e. v e Q.
jer ()
This completes the proof. [

Proof of Theorem 5.3.3. Suppose (ii) holds, therefore ¢, () =0 for all « € U I'; ~ {0},
jeJ

it follows from Proposition 5.3.4, © is a Fourier multiplier with symbol s, that is,
Of(w) = s(w) f(w), w e G. Moreover,

_ OTIRNO) o _
s(w)= % < Pf o (w) 9D (w) dup, (p) = to(w) = K, for we G,

by hypothesis. Thus Hé?f(w)” =K Hﬂ‘ and hence, the system [_J {T,\gél)},\epwpepj is a tight
JjeJ
frame with frame bound K. The converse part follows directly by observing the following

formula:
wf;gz()l)yf)(a) - Z djo = (fa MEQT—OJ?) = Kdqy-
]EJ:aEFJL.
This completes the proof. .
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As an application of the GTI framework, we provide explicit criteria for the pairwise

orthogonality of structured systems such as wavelets, Gabor, and shearlets.

5.4. Applications to Gabor, wavelet, and shearlet systems

The purpose of this section is to present applications of our first main result,
Theorem 5.3.1, to Bessel families with TI, Gabor, wavelet, and cone-adapted shearlet

structures, which are special cases of GTI systems.
This section is organized as follows.

In Corollary 5.4.2, we establish necessary and sufficient conditions for the pairwise
orthogonality of Gabor systems. Subsequently, Proposition 5.4.3 provides a corresponding
characterization for pairwise orthogonal wavelet systems in L?(G). As a consequence, we
obtain results for composite wavelet and classical shearlet systems in Proposition 5.4.4
and Proposition 5.4.5, respectively. Finally, we present a characterization for cone-adapted
shearlet systems (see, Proposition 5.4.6), which are often more effective in applications
due to their ability to represent directional information more uniformly. Moreover, cone-
adapted shearlet systems can be viewed as finite unions of shift-invariant and wavelet

systems with composite dilations.
5.4.1. Translation invariant systems
Theorem 5.3.1 immediately yields the following application:
Proposition 5.4.1. Let the TI systems Ujej{T)\gzgl)}/\€nf7p€P and UjEJ{T,\g,(f)},\ECRpep be

Bessel (frame) systems. Then, these systems are pairwise orthogonal if and only if for each

a €', we have

f (1) (n 7)9p2)(é*(7 +a)) dup, (p) =0 for a.e. v€G.

5.4.2. Gabor systems

For a character y € G, we define the modulation operator M, on L2*(G) by

M, (f)(z) = x(x) f(x) for all z € G. This operator satisfies the following Fourier domain
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identity:
(LHO) = [ x@ @@ dpa() = [ F@)G= 0@ i) = T,F¢)  (G41)
G G

for all f € L2(G) and a.e. v € G. Let T and A be co-compact subgroups of G and G,
respectively. Consider a measure space A, Y, and u, satisfying the standing hypothesis,
where X, is a o-algebra and pup is a regular Borel measure. For some index set J c Z, let
U= {¢;:jeJ}c L*G) be a set of functions. Then the collection

{TAM 1 } aenr xen jeg (5.4.2)

is called the Gabor system generated by W. We can express the Gabor system as
1
{TAMx¢j}AenF,xeA,jeJ = U {T)\g}(o )})\Er]r,pEPj)
jeJ
a._

where P; = {(j,x) : x € A} and gél) =g, = Myt;. Thus, the Gabor system is a special case

of a TT system. Consequently, the following result is a direct corollary of Proposition 5.3.2.

Corollary 5.4.2. Let {T\M, ), } aenryen,jes and {TNMy¢;}recryen jes be two Gabor Bessel
(frame) systems in L?(G). Then these two systems are pairwise orthogonal Gabor Bessel
(frame) systems in L2(G) if and only if, for each a € T't, the following condition is satisfied:
> [T GOBE (e a- )i (0 =0 for ae. <G

A

jeJ

Note that if we assume 1 = ¢ = I (identity automorphism), then the above result
coincide with [60, Proposition 4.3]. Furthermore if we assume G =Z", and n=( = I (the
identity matrix) and that P is a singleton set, then the result reduces to the characterization

given by Lopez and Han in [94, Theorem 1.4(ii)].
5.4.3. Wavelet systems

Let Aut(G) denote the set of all bi-continuous group automorphisms of G. For each
n € Aut(G), the modular function A : Aut(G) — (0,00) is a semigroup homomorphism

characterized uniquely by the condition

[ (gom@ dug(a) = A0 [ 9(@) dpia()

a G
for all integrable functions g on G with respect to the Haar measure pg (see [27, Theorem
6.2]). We define the isometric dilation operator D, : L*(G) - L*(G) associated with n by

D, f(z) = A(n) Y2 f(n(x)) for all xeG.
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Let J c Z be an index set and consider a family of automorphisms A = {n; : j €
J} c Aut(G). Let T' be a co-compact subgroup of G. For a countable index set Z, let
U= {y;:ieZ} c L?(G) be a collection of functions. Then, the system

{D”]j T)ﬂﬁz }jej, Aenl, i€

is called the wavelet system generated by W. Using the intertwining relation D, T\ =
Tn;; ) Dn; for nj e Aand A € T, the wavelet system can be expressed in the form of a GTI

system as

{Dan)\?/)i}jeJ, Ael',ieZ = U {Tx\gzgl)}kerwpépj’
jeJ

where I'; = 77;11“ for each n; € A, the functions g,gl) = gz.(;.) := D, 1, and the index set
P; ={(i,7) : i € Z}. The adjoint of an automorphism 7 € Aut(G) is the automorphism
n : G — G. Using this notion, the annihilators I'; of I'; for j € J can be expressed as
Iy = ((ny)7'T)* = n; (I'), [27, Proposition 6.5], where n* := (')~'. As an application of

Theorem 5.3.1, we obtain the following result.

Proposition 5.4.3. Let {D, Tati}jeq acr iz and {Dy,Ta¢i}jeg rer iz be two wavelet
Bessel (frame) systems in L?(G) satisfying the corresponding dual 1-UCP. Then the

following assertions are equivalent:

(1) { Dy, Tatbi}jeg aer,ier and { Dy, Tx;}jeg, acr,icz are pairwise orthogonal wavelet Bessel
(frame) systems in L*(G).

(it) For each a € U niT'*, we have
jeJ

1

b ()i ((v+a))dup,(p) =0 for a.c. ve G.

>

JjeTaen; (T't) S(Fj) i€T

5.4.4. Composite wavelets and shearlet systems

Consider the Cartesian product I x J for two countable index sets K and J. Let
A, Bj € GLg(R) for ke K and j € J. Let T' = CZ4 be a full-rank lattice in R?. The wavelet
system associated with the pair ({AkBj}(kJ)e,CXJ, P) is the collection of functions of the

form
{DAkBj Ty@bi}kelC,jeJ,ﬂyeF, (A

and is referred to as a wavelet system with composite dilations in L?(R?) (see, [65]). One
usually assumes that one of the two families of matrices, say { Ay }rexc, is volume preserving.

In our setting, we assume that the transposes A} for k € K, act invariantly on I't, that is,
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AT+ =Tt For example, if I' = Z4, this assumption corresponds to A; € SLy(Z). Under
this assumption, for each (k,j) € K x J, the annihilator subgroup can be written as

Ll = B AT+ = BfT*. Thus the following result is a application of Proposition 5.4.3.

Proposition 5.4.4. Let {Da,p, T\ e}ick, jeg,ver ez and {Da, B, Ty ¢1}iex, jeg, ver, ez be
two wavelet with composite dilations Bessel (frame) systems in L2(R?) satisfying the
corresponding dual 1-UCP are pairwise orthogonal if and only if for each a € U B]T(C’ﬁZd),
we have "

> > i (AL By)é: (A} Bl(y + ) dup,(p) =0 for a.e. yeG,

jeJaeBT (C174) S(F ) i

where for a matriz A € GLg(R), we denote its inverse transpose by Al := (AT)=1.

The classical shearlet system can be modelled as a special case of wavelets with
composite dilations. For clarity and simplicity, we focus our discussion on the space
L2(R?); however, we refer the reader to [65, Section 3.4] for a detailed treatment of shearlet

systems in the more general setting of L?(R). We define

4 0 1 1
A= and S = .
0 2 01

Let ' = CZ2 for C € GLy(R). The wavelet system associated with the pair ({S* A7}y jez, T)

is the collection of functions of the form

{DSkAij¢i}kjeZ,7eF,ieI

and is referred to as a classical shearlet system in L?(IR?). Since every shearlet system
that satisfies the CC-condition also fulfills the a-LIC, the following result can be seen as a
direct application of Proposition 5.4.3.

PI‘OpOSitiOH 5.4.5. Let {DSkAJTW@Z)i}kjeZ,WeF,ieI and {DSkAijgbi}kjeZ,'yeF,ieI be two
classical shearlet Bessel systems (frames) in L?(IR?). Then, these systems are pairwise
orthogonal if and only if for each m € Z q € (CVZ? ~ ACVZ?), we have

i ((SE)EAm ™) G, ((SFYEA"(A™y +)) = 0 for a.e. y e R?

n=0 kel i€Z

and

i ((S*)1 A=) ,;((Sk)ﬁA_jV) =0 for a.e. veR?

jEZ ke i€Z
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We now turn our attention to cone-adapted shearlet systems, which will be the focus

of the remainder of this subsection. To introduce these systems, we define A; = A, S; =5,

2 0 10
Ay = and Sy = :
0 4 11

For generators ¢,1; € L?(R?), i = 1,2, and full-rank lattices I'; = C;Z2, i = 0,1,2, the
cone-adapted shearlet system is given as:
{T’Y(b}'yero v {Dsz{Twwi}

where K € Ny for j € Ny, and usually one takes K; =27 or K; =27 + 1. For simplicity, we
assume ['; ="' = CZ2 for all i = 0,1,2, where C € GLy(R) is chosen such that the matrix

jeNo, ke{-K;,....K;}, yel'y, ie{1,2} '

CTA;CT has integer entries for each i € {1,2}. As local integrability conditions can be

ignored for shearlet systems, we can directly apply Proposition 5.4.3.
Proposition 5.4.6. Let

{T'Wb(l)}»yero N {DszgTv%(l)}

jeNo, ke{-Kj,....K; }, vel';, i{1,2}
and
2 (2)
(1,60} 1 0{DguTye?}

be two cone-adapted shearlet Bessel systems (frames) in L2(R?). Then, these are pairwise

jeNo, ke{-Kj,....K;}, vel';, 1{1,2}

orthogonal if and only if, we have

o0

K == = .
GNP () + 3 S S D ((SHEAT P ((SHEA7) =0 for a.e. y € R?

i€{1,2} j=0 k=—K

and

m; K; —= —
oD (v+a)+ 3 3 S P ((SHEATNYE ((SHEAT Yy +a) = 0 for a.e. v € R,

ie{1,2} j=0 k=K
where o € T N {0}, for each 1 € {1,2}, is written as o = Al"q; for unique m; > 0 and
q; € '~ AZF*

This chapter provides a characterization of pairwise orthogonal frames with GTI
structures, generated by translations over families of closed, co-compact subgroups of G.
The subgroup families associated with each system may differ. As an application, we derive
necessary and sufficient conditions for the orthogonality of structured systems such as
Gabor, wavelet, and shearlet frames, and we also characterize GTI tight frames. Building
upon these characterization results, the next chapter focuses on the explicit construction

of pairwise orthogonal frames.
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CHAPTER 6

EXPLICIT CONSTRUCTION OF PAIRWISE ORTHOGONAL
PARSEVAL FRAMES VIA UCP

As an application of the results established in Chapter 5, this chapter presents explicit
constructions of pairs of GTI systems using filter based methods. Each constructed
system satisfies the co-UCP and has a Calderén sum equal to one. Furthermore, we show
that these systems form Parseval frames as well as pairwise orthogonal. In Chapter 3,
while establishing that GTI systems form pairwise orthogonal Parseval frames, several
assumptions were required. However, due to the co-UCP considered in this chapter, some

of those assumptions are no longer necessary.

6.1. Construction of GTI systems via filters

The construction method for pairs of GTI systems presented in this chapter follows the
same framework as in Chapter 2, but introduces several key refinements and improvements.
Instead of restating those details here, we briefly recall that in Section 2.2, a pair of GTI
systems of the form

U {Txgzgl)}/\erﬁpepj and | J {TAQ;EQ)}Aerj,pepj

jeT jeJ
were constructed using filters defined in (2.2.6). Under suitable assumptions, it was shown
in Theorem 2.3.3 that each GTT system satisfies the LIC and further, Chapter 3 established
that these systems form pairwise orthogonal Parseval frames. However, in Chapter 3, the
construction method relied on specific assumption on the sequence of co-compact subgroups
{T';}je7, requiring it to become stationary as j — —oo. In contrast, the approach developed
in this chapter works under the weaker co-UCP, which allows us to relax this stationary
assumption and thereby broaden the class of admissible GTT systems.

The results of Chapter 6 are from the following manuscript:

Redhu N., Gumber A., Fiithr H., Shukla N. K., Characterization and explicit construction of pairwise

orthogonal Parseval frames in LCA groups, submitting soon.



Throughout this chapter, we adopt the notations and assumptions established in

Sections 2.2 and 2.3 without restating them here.

6.2. Conditions for the GTI systems satisfying the co-UCP

The following result provides sufficient conditions under which the GTI system
U {TAgzgi)},\erj,pepj, defined in (2.2.6), satisfies the co-UCP, forms a Parseval frame, and
jeJ
possesses a Calderén sum equal to one.
Theorem 6.2.1. In addition to the assumptions (N1) to (N2) (see, Section 2.3), we
assume that for every compact set S, there exist a J € J, such that ug((w+8) N (w’+S)) =
0 forw # W' and w,w’ € I'y. Furthermore, for each j € J, suppose the matriz valued
function ‘By)(’y), defined in (2.2.7), satisfies the following condition:
i * i 8(F )
(%; )(7)) ‘B; )(7) = —= 1y, for a.e. vy €Q;, (6.2.1)
(L)
where (%;i)(y))* denotes adjoint of ‘B;i)(y). Then, for each i € {1,2}, the GTI system
U{T)\gz(j)})\erj,pepj (defined in (2.2.6))
jeJ
(i) satisfies the co-UCP,
(11) is a Parseval frame for L*(G),

(i1i) has the Calderdn sum 1, i.e., ¥ ez ‘S‘(%T Y per; |g§,i)(w)‘2 =1 for a.e. weQ@.

Before we proceed to prove the above theorem, we first require the following two
Lemmas 6.2.2 and 6.2.3, which are essential for establishing our results. These lemmas
are inspired by the proof of the unitary extension principle for L?(R). Specifically, a
similar versions of Lemmas 6.2.2 and 6.2.3(ii) also appear in [36], while part (i) and (iii)
of Lemma 6.2.3 are presented here for the first time in the setting of LCA groups, as a

generalization from the L?(R) setting.

Before stating the lemmas, we define the function w £i®; by
2
Wp:d; (1‘) = f ‘(Txf7 TAF71®j>‘ durj()\)
L

for each j € J and z € G.
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Lemma 6.2.2. Let 1 € {1,2}, and consider the GTI system U{T)\gl()i)}’yd“j7pepj defined
JjeJ
in (2.2.6). Suppose that, for some integers jo, J with jo < J, the matriz valued functions

(i) - :
B;7(7), defined in (2.2.7), satisfy

@) oy @ oy - S(L5)
(%j (’)/)) %j (’Y)—m]dj fO’/’ a.e. ’}/EQJ’,

for all j = jo,...,J. Then the following identity holds:

J
Z Whig 5 () =wpe,, (z) —wpe, (v) forzed,

J=Jo

where W o is defined in (5.2.2).
39p "5J

Proof. Since the Fourier transform preserves norms, we have

wf;gz@,jo(x):ff (T.f,Trg5")
P;, T

- [ [ |F@n. 2@ du, Vnn, ()

Jjo *Jo

- [ [ [F@n M)

Jjo *+Jo

‘ 2

dMFjO (/\)d/ipm (p)

2

dpr,, (N)dup,, (p). (6.2.2)

Substituting Pj, = {(m,j0) : m = 1,2,...,sj,} and using the expression for gl(f) in the
right-hand side of (6.2.2), we obtain

Sig .
wf;gff)vjo(x) ) n;l / |<‘7:(T“”f)’M’\\IJJ(';)(m)>

Ty,

|2

dpir,, (). (6.2.3)

Similarly, the functions wy,e, (7) and wye, ., () can be expressed as

wray, (1) = [ WF(TLD), M) dur, () (6.2.4)
Fio
and
Writgn (@) = [ WF(TD), M) dir,, (V) (6.2.5)
Ljg+1
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Now using the matrix condition (% )(7)) ‘B(l)( ) = sfg“jz)ld for a.e. v € €2, and

following a similar argument as in [36, Lemma 3.1], we obtain

) [ (F ), M dr, () = [ UF ), Masy ) i, ()

Fj0+1

- [ UF@), M) dpr, ().

T,
Therefore, we conclude that Wi o o () = v, () - wre, (). Applying the same
reasoning recursively for j e {jo+1,...,J}, we obtain

Z o5 (®) = (w0 () —wre, () + (Wr, .. (T) —wre,,, (2))

oot (wf§q>J+1 (ZL’) - wf%‘I’J(J:))
=W 4 (iL‘) ~Wro,, (x)

This completes the proof. [

Lemma 6.2.3. Under the assumptions of Theorem 6.2.1, for any f € Dg, x € G and given
€ >0, the following statements hold:

(i) There exists an integer Jo € Z such that for all j € J with j < Jo, we have
wye, (z) <e| fI*.
(11) There exists an integer Jy € Z such that for all j € J with j > Jy, we have
(1-)fI? cwpa,(x) <A+ fI*.

(111) Moreover, the following identity holds:

wa;gg“,j(x) = ”f”2
JEZ

Proof. By following a similar approach as in Lemma 6.2.2, we can express wy.p,(7) as

wra, (2) = [ WF(Tf), Ma) dpr, (). (6.2.6)

Let us define S :=supp F(T,.f). For je J and w € I';, we define
Siwi={7€Q:w+yeS}

Since S, = ;N (S -w), the set S;,, is measurable. Furthermore, we have the disjoint (up
to a set of measure zero) decomposition S = U,.r: (w + S5;,), which follows from the tiling
J
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property in (1.2.1). Now, by [36, Proposition 2.2], the right-hand side of (6.2.6) can be

rewritten as:
2

>, F(Tf)(w+7)®j(w+7)

wel't
J

duc(7)-

W, (T) = ﬁ!

Note that in the integral above, we only get non-zero contributions for vy € 2; when there
exists w’ € I'; such that w’+~ € S, L.e., we only get contributions for ~ € legp; S; .. Hence,

we can write
2

wra, () = ﬁ f Z F(Tof)(w+7)Pj(w+7)| duc()
J [Uw’dﬂ s, ’] weFj
s(r ) ZF [ ZFLF(T )W) @5 (w +7)| dua (). (6.2.7)

We observe that in (6.2.7), the summation over w, for a fixed w’ € I’JL., only the term with

w = w' contributes within Sj «- Thus, the expression simplifies to

/ FT) W+ )@@ )| ducy

wf?‘I)j (SC) =

(F )WEFL
S(F) Z; [ FEDEE)] dua()
B 3(113-) f|f(Tmf)(7)q)j(7)|2 dpg (). (6.28)

Now, using the assumption (N3), for a given € > 0 there exists Jy € J such that for all

jeJ with j < J, we have
wra,(v) <e [IFTNOP dug() =l FTHI =€l f1P.
S
This completes the proof of part (i).
By assumption, for compact set S in G there exist a J € Z such that
pe((w+S)n(w'+5))=0 forw#w and w,w’ el

Choose J; € Z such that J; > J and the assumption (N;) is satisfied for all j > J;. Then,

following similar steps as in the proof of [36, Lemma 3.2], we obtain
1 4
wra, ()= ey [ FEDO dug() foral 2.7,
778
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Now, using the choice of J; and the assumption (N7), it follows that
(1= | F(T)I* <wp, (2) < (1+€) [F(Tof)[* for all j > Ji.

Since |F(T.f)| = IT=f] = | f], the proof of part (ii) is complete.

Now, by Lemma 6.2.2, we have
J
j;o wf;g,ﬁ”,j(x) =wre,,, () - Wi, (z).

Taking the limit as jo - —oco on both sides and using part (i), which gives wy.p, (z) -0

as jo - —oo, we obtain

J
j=z—:oo wf;gz(f),j(x) SWed ().

Next, applying part (ii), we know that for all J > J;, we have
J
A= e < 3wy 0,() < L+ IF dua(y)
j=—o0

Since this estimate holds for all J > J; and € > 0 is arbitrary, we conclude that
wa§gz(7i)7j(l') = | f1?
JeZ

which completes the proof of part (iii). ]

Proof of Theorem 6.2.1. Let € > 0 be arbitrary. By Lemma 6.2.3((i)—(ii)), there exist
integers Ji, Jy € Z such that

Wy, (1) <€ If]* forall j<.J, and (1-e)|f]*< wpe, () < (L+e)|f|* forall j>Ji.
(6.2.9)

Define the interval J’ = [J2, J1] nZ and choose a set J” 5 J’ of the form J" = [jo, J] for
some integers jg,J € Z such that jo < Jy and J > J;. We now estimate the error between

the full sum and the partial sum
J
Z wf;géi),j(x) - Z wf;g;(f),j(x> - wa;gy),j(x) B Z wf;g;(f),j(x)
JeL Jeg” JeL J=jo
= 117 = [wrims,. (2) - wp, (2)],
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where the last equality follows from Lemma 6.2.2. Since jy < Jo and J > Ji, applying (6.2.9)

on the above expression gives

Z wf;g;i)’j(x) - Z wf§91(7i)7j('r) = Hf”2 - wf?¢’J+1 (x) + wf;q)jo (m)
jeZ jeJg”

<IAIP = (L= f17 + el 12
=2¢ | fI".

Since € > 0 is arbitrary, we conclude that } ;. w converges uniformly to w OB This
p

f;géi) »J f5

proves (i).

By Lemma 6.2.3 (iii), we have

JEZ

¥ 00,00 = % [ UFCD) M) i, (0) = L1
Je T,

Thus the GTI system | {7 Vs aer, pep; 18 Parseval frame for L2(G). Hence, (i) is proved.
JeZ
Now, since (i) and (ii) hold, then applying Theorem 5.3.3 yields that for each

ae U T~ {0},
jeJ

1

2

T f 9;1)(7)9181)(’7 +a)dup;(p) =0 for a.e. ye G
jeJael s( j) ?

and
L (D) g (), (p) = 1 8 G 6.2.10
21y ) 9 (g (V)dur,(p) = 1 for ace. y € G. (6.2.10)
jeJg S( j) P,
Therefore, by (6.2.10), the Calderén sum of the system U{T,\g;(;i)}xerj7pepj equals 1 for
JEZ
each i € {1,2}, proving (iii). n

Remark 6.2.4. As a special case J = {j}2. , the GTI system defined in Theorem 6.2.1

J=jo’
take the form

{BF 1) 0, UH {TA glgn} (6.2.11)
=J0

Y
)\eFj s pEPj

where F~! denotes the inverse Fourier transform. Christensen and Goh established in
[36, Theorem 3.3] that system of the form (6.2.11) constitute Parseval frames. The result
in Theorem 6.2.1 also establishes that the Calderén sum equals one, together with the

0o-UCP property. Moreover, we extend the framework by allowing the index set J to take

Ji
J=—00

the forms {j or Z, which were not considered in [36].

97



Using Theorem 6.2.1, we construct a pair of GTI Parseval frames that satisfy the
00-UCP, with B-splines serving as generating functions. We return to these GTT systems in

Example 6.4.2, where we demonstrate that these GTI systems are also pairwise orthogonal.

Example 6.2.5. Let G = Z be the LCA group. For some k € Z, we let J =
{-00,--,=1,0,1,---,k}. For each j € J, we define the B-spline of third order at level
7 as follows:
1
Bj@) = W X{0,1,-,2k=5-1} * X{0,1,--,2k7 -1} * X{0,1,--2k=5-1} * X{0,1,~~,2k-f—1}($)7 T €.

Then its Fourier transform is given by

1 (1 _ 6727ri(2k_j'y))4
(2k=0)T12 (1 = e~2miv)d

1 (1 _ e—zm(2k*i*1~,))4 (1 + e—2m‘(2k*j*17)>4
- (2h--1)72 (1 - ¢-2min)d o7/2

=Bjn(V)Hjn(7) = Hin(7)®,.1(7),

®;(7) = Bj(7) =

(1+672m(2k*j*17))4

where Hj.i(7) = T € L>({0,1,-+,2k7}) is a 27%J*1Z-periodic function.
Further, we define the functions \ij)(m) € L2(R) for i € {1,2} and m € {1,2,---,8} by
\Ify)(m)(fy) = G(i)(m)(fy)cbj”(’y), where Gﬁ)l(m) and G are given by

j+1 J+1

Gg'ﬂ(m)(’Y) —an (1 + 6727ri(2k_j_1'y)3(1 _ 6727ri(2k_j_1'y) + o (1 + 6727@(2’“—7'-17)2(1 _ ef2m'(2k—j-17)2

+ 6LSm(]- + 6_2“(2}6_]'_17)(1 - G_Qﬂi(2k_j_1’Y)3 + a4m(1 _ e—2m'(2k—j—1,y)4
and

Gﬁ)l(m)(V) =bym (1 + e—2m(2’“*ﬂ'*17)3(1 _ 6—2m‘(2’f*j*17) + bop (1 + 6—27ri(2k’j’1'y)2(1 _ 6—27ri(2k’j’1'y)2

+ by (1 + €272 Y () o 2mi T3 (] e 2mi(2N Ty

where
1 1 1 1 1 1 1 1
24 24 24 24 24 24 24 24
31/2 31/2 ,31/2 31/2 31/2 ,31/2 31/2 31/2 ,31/2 31/2 31/2 31/2
(@) = pr o Tl lpp T Tl Tnp T T U5 T o5 Tl
mms 1 1 -1 1 1 1
ot a1 2T a1 T ot a1 a1
1 1 1 ;1 1 ;1 1 1 p_ 1 -1 1 1
25 T a11/2 + iz Tlypp iz + Lati2 —35  grip o1 i3 —o11z ~ Ltz
and
1 1 1 1 1 1 1 1
27 i 27 T 27 T 27 i
32 g2 gla g2l gle g2 Cglp o guz gl Cguz glp gl gl
(bom) = | & T2 2R TR g o @ o Ty o Ty
nm 1 a1 1 -] 1 1 1 .1
27 a1 27 a1 27 o1 27 o1
1 1 -1 -1 1 -1 1 1 -1 - 1 1 -1
25 11z T otz —l55 ~ot12 ~ o1 795 T o112 + [YSYP) 155 1172 + L5112
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for 1 <n <4 and 1 <m <8. In this case, the matrix valued functions for each i € {1,2}

defined in (2.2.7) are given as

. . . T
B@(V):( e CON R CONEI I € A € )
’ G (r+2) G+ - GRY ()

where G = Hj.;. Now for each i € {1,2} and j € J, we show that (‘B;i)(v))*%g-i)(v) =

j+1
21, for a.e. y € [0,297%). For this, it is sufficient to show that for a.e. v € [0,2/7%) and
0,0 e{1,2},

8 — . .
> GO (11 NGO (4 + Vip)=20,p, where vj; =0 and v;5 =27 (6.2.12)
m=0

J+1 J+1

We demonstrate the proof of (6.2.12) for ¢ = 1, and the same approach can be applied for

© =2 as well. First suppose that, £ =/¢"=1, then v, = v, = 0. Now

8 8
Y G ()G (v ve) = [ Hia (0P + 2 G ()P (6.2.13)
m=0 m=1

Substituting the values of Hj,; and G;i)l(m), simplifying the calculations, the right hand
side of (6.2.13) becomes

]_ . i 2 8 4 o | B ,
:? |(1 + 6—271—1(21@ j 17))4| + Z |a1m|2 |(1 + 6—27rz(2k J 17)3(1 _ e_gm(zk j 17)|
m=1

8 o - )
+ Z |Cl2m|2 |(1 + e_2m(2k J 1’7)2(1 _ 6—271'1(2]“ j 17)2|

m=1
8 ok—j-1 ok—j-1 2 8 ok—j-1 2
+ Z |a3m|2|(1 +€—2m(2 J 7)1(1 _6—27”(2 J 7)3| + Z |a4m|2 |(1 _6_27”(2 J 7)4|
m=1 m=1
1 “2mi(2ti-1)3 [ v ~2mi(2b9 1 |° i@ 2, 3 —omi(2ki-1yy |1
|l N[+ 5l (1= N Zaee )

X

8 8 8 8
since Y |aiml? = 55, ¥ |aom* = &, ¥ |aam/? = 55 and ¥ |agn,[* = 5. This is further
m=1 m=1 m=1

m=1

equivalent to

1 Comi(2k-i-1n |2 i 2] 1
=§U(1+e2 @y |(1 - e V)|] - =2

When ¢ and ¢’ = 2, we have v, = v;» = 277, Following a similar approach as we observe

8 , 2
for £ and ¢’ = 1, we can demonstrate that Z |G§.Z+)1(m)(7 + 2J‘k)| = 2. Next, we suppose
m=0
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¢=1and ¢ =2, then v;, =0 and v;, = 27-*. Now,

1)(m 1 i—
zGﬁﬁf 3+ 1GR3+ 1) Hia () Hyea (7 + 27

s Z G<1)<m>(7)G(1>(m)(7+Qj—k)' (6.2.14)

J+1 J+1

Next, using e27i(2" 771 (277 +7)) = _-2mi(2"77'9) and by following a similar steps as in ¢, ¢/ = 1,
the right hand side of (6.2.14) can be expressed as

1 T o okl _omi(2k-i-1 4 1 o Cori(oki1 4
:y [(1 +€_27I"L(2k J 17))(1—6 2 (2 7 'Y)):I + ? [(1_6 27-”(216 7 l,y))(]‘_’_6 2 (2 j ’Y)):I

’ % (1+ e (1 - 672”(2'6_%1”):3 [(1 - 2T (14 ¢ 2mi2 ) ]
' % (1+e2mE)(1 - 6‘2”(2'“”"1”)):2 (1 - e2miC ) (14 e—2m<2k*jfw))]2
o [ (14 BTN (1 = 2m O ) | [(1 - BT (14 2 )
L [Q=TF T (14 ey L (1 T 1 s )

using (1+2)(1-2)+(1-2)(1+2) =0 for |z| = 1. Similarly, for £ =2 and ¢' = 1, we have
Z G(Z)(m) (v +27- k)G(Z)(m)(v) = 0. Finally, we get

J+1 J+1

(%;i)(y))*%y)(y) =21, for a.e. yeQ;=[0,277"), ie{1,2} and j € Z.
Let I'; := 25737 c ZZ. Then I'; = 27"JZ and its fundamental domain is Q; = [0,277%). Now

1 (1-e2mi)4)”
(2k—j)4 (1 - e2iv)4

| ]( )| = J('V)

(F)

For j = k, we have

Vs (F)

1 (1 — e—2mi(2"” ’w))4

_ |y
s(Ty )| k(7 )’ ‘(Qk FYA (1 - e 2min)d

(1 — e2min)

Hence assumption (M) is true. Also

_ —2mi(2¥ )y \ 2
hm L (I-¢ ; ”) =
@) (e

lim ——|®;

using the fact lim (%) = 0. This implies assumption (N;) is true. Thus all the

T—>00

assumptions of Theorem 6.2.1 are true and hence, for each ¢ € {1,2}, the system

j
L(j {T/\gl()Z)})\EQ—jJrkZ’pE{(m’j):m:LQ ,,,,, g} is a Parseval frame and satisfies 0o-UCP.
j=—o00
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Theorem 6.2.1(ii) is known as the Unitary Extension Principle (UEP) for LCA groups.
In the following subsection, our goal is to introduce a more flexible generalization of the
UEP, called the Oblique Extension Principle. For a detailed motivation and background
on the OEP in L2(R), we refer the reader to Chapter 18, Subsection 18.4 in [33].

6.3. Oblique Extension Principle

The result stated below is called oblique extension principle for LCA groups.

Theorem 6.3.1. Let {@j,Hj7G;i)(m)}jejyme{[)’l’...’sj} be defined as in general setup in
Section 2.2. Suppose there exists a sequence of strictly positive I'j-periodic functions

6; € L>(K;) such that for every compact set S, there exist a J| € J such that for all j > J],

we have
0;(v) -1l <e forall yebs, (6.3.1)
and
(@) (A2 () (1)
: ) () = 0:1() 1y, 3.2
O )R (0) = T (652

where the matrix 9%§i)(7) is defined as follows:

]+1 7+V],1)\/0j(7) ]+1(7+V],dj)\/ 9]'(’7)

| GO (44, e GWO Gy
ST LR K R S
SO0 RO

Then, for i€ {1,2}, the GTI system U{T,\gpz }xer; pep, @5 a Parseval frame for L*(G).
JjeJ

Proof. Assume that the conditions in Theorem 6.3.1 and define the {@}je 7 1s a sequence

of functions in L2(G), by

i (1) = V0 (7)®5(7)-
iy

D;
H;(v) and G(z)(m)('y) in L>(£2;), by

Define the I';-periodic functions

() - Q”))Hm and GO0 () = \/ GO G

Also define the matrices 3(1)(7) = (G(Z)(m)(7+vj7n))lgmgsj for a.e. v € Q;. The idea

g+l 1§n§dj
of the proof is to apply Theorem 6.2.1 to 5;, E, \Ifg.i)(m) and therefore obtain the GTI
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Parseval frame U{T)\gzgi)})\epj7pepj for L2(G), where P; = {(m,j) : m = 1,2,--,s;} and
T

F(g$) = \If§.i)(m)( ) = GO Finally it turns out that gp = ¢ We now prove that

7+l

Eﬁ;, f[; and \Ifgi)( ™) satisfy the conditions in general setup in Section 2.2. First,
= VO (MNP;(7) = VO;(7) Hjur (7)1 (7)

0;(7)
9j+1 ('7)

= Hia(7)®5:(7).

Next, Let S be any compact set in G\ B, then for v €S, we have

Hi1(7)®51(7)

S(—;j)@;(v)f— | (r)' SN 0;(7) - 1‘
‘ (F)| S0 - (F)I O s Sy 0, -1
Now, let € >0 and choose J := maX{Jl, J{}, then using assumption (N;) and (6.3.1), we
obtain
1 ) 1
S PO 1| < s e e (5 ) +1)es @re e

for all j > J and v € S, where M > (1 +¢). Also, since sequence of functions 0;(7y) is
uniformly bounded, and using (N>), it follows that for every compact set S € G \ B, there
exists Jy € J such that for all j < Jy, j€J,

1
m| j(7)|<€ V")/ES

Next, in order to show that

20N 20 s(I';)
(35.)(7)) 35.)(7) (F]+1)[d for a.e. y €},

it is equivalent to show that

)(m ) (m S(F)
(TG e (i) + % G G4 0,060 0 020 ) s, = 25
e s@ia)
for a.e. v € ;. Equivalently,
T T & 2)(m 7 S(F )
Hior (v + 0500 Hya (v +vj0) + ZGH (7 + 03 GO (3 4 v30) = -t STy (639
m= g+
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for 1</, ¢' <d; and for a.e. v € €);. Now, by substituting Hiq j+1 and G§+)1( ™ we get

Hyor (7 +vj,0) Hy (7 +v50) + z GO (40, ) GO (5 +0;)

m=1

‘ 6;(7 + v30) [ 6,07+ v300)
| ST (v | e (g
O51(7y +vj0) (7 +00) 0j1(7y +vjer) w1+ 050)
G m) GO m)
V9(7+vj) G (MW)V@(W% y G e)

J+1('Y + UJ,Z) j+1 (v+ Ug,é')

\/9j+1(’y + Uj,e)9j+1(7 + )

. 1 G+ 1) GO (4 vy0)
m=1 \/0j+1(7 + Uj76)0j+1(/7 + Uj»el)
1

O (7 + 0,000 (7 + 030

zaxwwﬁ%>45>W+%w]

[93'(7)Hj+1(7 +0j0) Hjr (7 +vj00)

since 0; is a I'j, that is, 0;(y +v;.) = 0;(7) as v;, € I'; for each £ € {1,2,--,d;}. Therefore,
(6.3.5), is further equivalent to

O () + 3 GO () =0 ()2 (630

and

ej(’)/)Hj_,_l(’y + Uj’g)Hj_,.l(’Y + Uj’g/) + Z G;?l(m) (’}/ + Uj’g)Gg-i)l(m) (’)/ + vj,[’) =0. (637)

m=1

Now, equations (6.3.6) and (6.3.7) are true by the assumption (6.3.2). Now, we define the

functions \Iigi)(m) for je J and m=1,2,...,s; as follows:
PO () = GO (NG (7), veTand m=1,2,... .5, (6.3.8)
j j+1 7 j+1777 gLy 99 +Je
For jeJ,me{1,2,...,s;} and i € {1,2}, we define the functions g((;)L ;) as Inverse Fourier
transform of \ij’)(m) by
gE:nj) _ g, (6.3.9)
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Thus by Theorem 6.2.1, GTI system U{T,\géi)}Aepj,pepj is a Parseval frames, where
jeJ
P;={(m,j):m=1,2,---,s;}. Now, observe that for m =1,2,---,s

7

i)(m 1)(m 1 i) (m
TP 0) = G0 =[5 A V)2 (1)

= G ) () = W ().

J+1

This completes the proof. [

6.4. Construction of Pairwise orthogonal Parseval frames

The following theorem provides a technique to construct pairwise orthogonal Parseval

frames.

Theorem 6.4.1. Assume all the hypotheses of Theorem 6.2.1 hold. Further, suppose that
for each j € J, the matriz valued functions %§1)(7) and %;2)(7), defined in (2.2.8), satisfy

(B (1)) B () = 04y for ace. yeQy,

where Oq, is the zero matriz of order d;. Then | J {T,\g,gl)}kpj,pepj and |J {T,\g;,(,Q)},\Epﬁpepj
JjeJ jeJ
(defined in (2.2.6)) are pairwise orthogonal Parseval frames in L?(G).

Proof. For each i € {1,2}, the GTI system U{T)\g]gi)},yepj’pepj satisfies co-UCP, using
Theorem 6.2.1(i) and also Parseval frame b;e%heorem 6.2.1(ii). Now the GTI system
UA{T ,\gl(,l)} Al pep; i Parseval frame and the GTT system U {T/\gggz)})\erj,pe p; satisfies the
foj-UCP. Thus, in view of Remark 5.2.4, together both thf;éTI systems satisfy the dual
00-UCP and hence dual 1-UCP. For proving the systems are pairwise orthogonal Parseval

frames, it is sufficent to show the following in view of Theorem 5.3.2:

>, (F Z (9p 1))(w)(g Y (w) =0 for ae. weG, (6.4.1)
JGJ peP;j
and for e | J F]l. ~ {0},
jeJ
Z Z (9p 1)) w)(g ))(w +a) =0 for a.e. we G. (6.4.2)

jeJ el S(F peP;
To prove (6.4.1) and (6.4.2), we refer to the proof of [98, Theorem 3.1]. However, [98,

Theorem 3.1] relies on the assumption that () I'; = 0. We demonstrate that this condition
jeJ
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follows from the hypothesis already stated in Theorem 6.2.1, i.e., for a compact set .S in

@, there exists J € Z such that
pa((w+S)n(w'+5))=0 forw#w, ww ely. (6.4.3)

To see this, we assume the contrary, i.e., ﬂ '} # {0}. Then there exists a w e N I'; such
jeJ

that w # 0. Let €2; be a fundamental domam with pz(€2;) # 0. Choose a compact set

T c ; such that uz(7T) # 0 and define S:=T U (T +w). Then Sn (S+w) 2T +w, so we

have

pa(SnS+w) > pua(T +w) #0,w el for each je J.

Hence, for this compact set S, there is no j € J such that pg((w+S5)n (0+S)) =0 for
w € I';. This contradicts (6.4.3). Therefore N I'; = m
jeJ
In contrast to [98], where the construction requires the subgroups {I';};c; to become
stationary as j - —oo, Theorem 6.4.1 provides pairwise orthogonal Parseval GTI systems

without this assumption.

j ,
Example 6.4.2. Recall the GTI systems Lj {T)\ggb)}A€2—j+kz7pe{(m7j):m:172

j=—o00

8} for 1€ {1, 2}

constructed in Example 6.2.5. Since all the assumptions of Theorem 6.2.1 are satisfied, it

-----

follows that both are Parseval frame. Next, we show that for each j € 7,
(B (1)) B (7) = 0y, for ace. v €.

Equivalently to show that for a.e. v €[0,2/7%) and ¢,¢ € {1,2},

4
> G(.l)(m)(y + l/j7g)G(.2)(m)(’y +v,;¢) =0, where v;; =0 and v, = 20k, (6.4.4)

J+1 J+1

First suppose ¢ = ¢’ =1, then v;, = v; » = 0. Now, we calculate

ZG(I)(m)(’Y'*‘ Vj,z)G(2)(m)(’Y+ Vj’g’) Z G(l)(m)(”y)G(z)(m)( )

7+l J+1 J+1 J+1
m=1 m=1

8 _ .
Z by, |(1 + 6727ri(2k_7_1'y)3(1 _ 6’2”1(2k_1_17)|2

m=1
m=1
8 ) ) 2 8 . 2
T R B N
m=1 m=1

=0,
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8
since Y Gpmbnm = 0 for each n € {1,2,3,4}. Similarly, we can show that (6.4.4) is
m=1
true for the other values of ¢ and ¢’. Hence, using Theorem 6.4.1, the GTI systems
Jo Jo o
,U {T791(71)}762‘j+kZ,pe{(m,j):m:1,2,...,8} and }U {T/\gl(72)})\62‘j+k2,pe{(m,j):m=1,2,...,8} are pairwise
j==o0 j==o0

orthogonal Parseval frames.

The following application of Theorem 6.4.1 provides a recipe to construct pairwise

orthogonal Parseval frames of the form

1 9
L\J7{T,\h§) )}Aenrj,pepj and L%{T,\h;(; )},\egrj,pepj-
je je

Theorem 6.4.3. Let U{T)\gél)})\gr‘j,pgpj and U{TAgIEQ)},\Epj,pepj are obtained as in
jeJ JjeIJ
Theorem 6.4.1. Then the systems

1 9
L_%{T,\hé )},\enr]-,pepj and L\J7{T,\h;(o )},\egrj,pepj
je je

are pairwise orthogonal Parseval frames, where h,(1) := D;lgz(,l) and hy(2) := Dglgz()z).

Proof. Let © be the mixed dual Gramian operator for the systems [ J {T,\hl()l)} AenT'; peP;
JjeJ
and {T,\hf)} AecT; pep; - BY polarisation identity, these systems are pairwise orthogonal if
JjeJ
and only if for all f e L?(G), we have

(De®D;'f, f) =0.

By following the similar steps as in the proof of Theorem 5.3.1, the above condition is
equivalent to the systems J{T’ ADnhél)} Aer; pep; and {T,\Dghl(?)} XD, pep, Are pairwise
jeJ jeJ
orthogonal. By substituting values of hS"” and A, it is equivalent to U {ThgtM} AT, peP;
jeJ
and {TAQISQ)} AeT; pep; are pairwise orthogonal. This is true by Theorem 6.4.1.
jeJ

Note that the system

1 B¢ _ 1
L\Jj{T)\hé )}Aenrj,pepj = L%{TnanlgI() )},\erj,pepj = L%{DTIIT,\g,(, )}Aerj,pepj
J€ J€ je

which is a Parseval frame, since (_J {TAgl(,l)} Al pep, 15 a Parseval frame by Theorem 6.4.1

jeJ
and D;l is a unitary operator. A similar arguments shows that L%{T,\h,(f)} AeCT pep; 18 also
J€
a Parseval frame. This finishes the proof. [
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In [98], the author presents a method for constructing two orthogonal frames and N
Parseval frames from a given Parseval frame. However, the construction of N Parseval
frames is possible only when the original frame has a single filter G| that is, when
s; = 1. If the given frame contains more than one filter, only two new Parseval frames can

be generated using the method from [98].

In contrast, the following theorem addresses this limitation: it enables the construction
of N Parseval frames from a single given Parseval frame, regardless of the number of filters
present. This advancement generalizes [98, Theorems 3.2 and 3.3], offering a broader, more

powerful construction framework.

Theorem 6.4.4. Consider the GTI system Ujej{T)\gI()l)})\er‘j7per (defined in (2.2.6))
satisfying the assumptions of Theorem 6.2.1. For each i € {2,3, N +1}, j € J
and m € {0,1,---,Ns;}, assume the I';-periodic functions G;?l(m) satisfy the relations
GO (y) = Hya(v) and

41
s )
G;?l(Q)(’Y) = (Kf+(i—2)sj () Kg+(i—2)sj () "'K§j+(z‘_2)sj (’y)) Gﬁ)l(f)('y) L ved, (6.4.5)
STRNC) G )

where KJ(vy) = (K{(fy) KJ(7y)-- K]{[sj(fy)) is a Nsj x Ns; unitary matriz with T';-
periodic entries. Then UjeJ{Tx\gz(zi)}Aerj,peP]f and UjeJ{Tz\gz()i’)}Aerj,peP]f (defined in (2.2.6))
are pairwise orthogonal Parseval frames, where P]' = {(m,j) : m = 1,2, Ns;}, and
i,i' € {2,3,, N +1}.

Proof of Theorem 6.4.4. First, we use Theorem 6.2.1 (ii) to prove that the system
U{T,\g;i)}vepﬁpepj is a Parseval frame for L2(G) for each i € {2, N + 1}. For this,
jeJ

it is sufficient to show that for each j e J and i € {2,3,--, N + 1}, we have

_ s(y)

I, for a.e. ye),,
s(Tja) ™ TE

(B9 (7)) 89 ()

where the matrix %;i)(v) = <G(i)(m)(’y+vj7n)>()§msj\[sj (defined similar to (2.2.7)) is of

J+1
ISnde

order (1+ Ns;) xd; since G;i)l(o) = Hj; and for 1 <m < Nsj, G;?l(m) is defined in (6.4.5).

Note that the matrix ‘Bg-l)(v) is of order (s;+1) x d;. For i € {2,3,---, N + 1}, the matrix
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‘By)(’y) can be expressed as
, , _ 1 0 0 0

B () = AV (1)B (%), where AP () = ( . ) ,

’ ’ ’ ’ 0 K{+(z 2)s; () K2+(z 2)s; () - ng+(i-2)sj(7)
since the entries of K7(y) are I'i-periodic. The columns K] (7),K§(7)---,K]{,Sj (v) are
orthonormal implies (Aj(.i)(v))*Aéi)(v) = I;+1. Using (6.2.1), we obtain

(B (1))"%8 (1) = (B (1) (47 (1) AP (B ()
= (35" (1) 1,087 (1)

@y @y - SL)
- (5() 8 () = T

Therefore for each i € {2,3,-, N + 1}, the GTI system UjEJ{T,\ng Per, peP] is a Parseval

— 14,

frame. Now it remains to show that L\%{Tkgp)}xer pep” and L%{TAng)}Aer pep! ATe
Je je
pairwise orthogonal. To demonstrate this, according to Theorem 6.4.1, it suffices to

prove that for each j € J, and 4,4 € {2,3,---, N + 1}, (%;i))*(y)%(i’)(y) = Oy, a.e. v €
Q; and i # i/, where for i € {2,3,---, N + 1}, the matrix %;i)(fy) = (G(l)(m)(v + Uj7n))1gm§25j

J+1
ISnde
is of order Ns; x d;. Note that the matrix %gl)(y) is of order s; x d;. Using the periodicity

of entries of K7(7), we can express

S:B(l)(’}/) ( 1+(i-2)s; (7) K2+(z 2)s; (,}/) s +(i72)sj (7))%51)(7) and

) j i 1
sB( )() ( 1+(i' - 2)33-(7) K§+(i'—2)sj(7) ij+(i’—2)8j(’y))%§)(,y)

and hence, we get

(0 (B () =((K 0y, ) KM () KD ) B00))
(K () Ky () KLy (1) B0 ()
=B N (KL, 0y (1) Kiaye () = Ky (1)

§ (K{+(i’—2)5j (7) K;Jr(i/‘Q)Sj (PY) K§j+(i'—2)5j (7)> ng )(7)
Oy,

since

(KL(Z 25, (1) K§j+(z‘—2)sj(7))*< Ler-2)s, () 5; +(z"—2)sj(7)> =0

Thus the result follows. ]
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CHAPTER 7

CYCLIC FRAMES IN FINITE-DIMENSIONAL HILBERT
SPACES

Generalizing a definition by Kalra [82], the purpose of this chapter is to analyze cyclic
frames in finite-dimensional Hilbert spaces. Cyclic frames form a subclass of the dynamical
frames introduced and analyzed in detail by Aldroubi et al. in [3] and subsequent papers;
they are particularly interesting due to their attractive properties in the context of erasure
problems. By applying an alternative approach, we are able to shed new light on general
dynamical frames as well as cyclic frames. In particular, we provide a characterization of

dynamical frames, which in turn leads to a characterization of cyclic frames.

7.1. Introduction

In Chapters 2-6, we studied the frame properties of generalized translation invariant
(GTI) frames and their various structural subclasses, such as wavelet and Gabor frames.
These systems can be viewed as special cases of frames generated by unitary representations

of LCA groups. This observation naturally links them to the class of dynamical frames.

Let p be a unitary representation of an LCA group I' on a separable Hilbert space H.
For a family of vectors {1, : p € P} c H, a fundamental problem in harmonic analysis is to

determine when the orbit system

{p(\)hp: A el pe P}

forms a Bessel sequence, a Riesz basis, or a frame (see, e.g., [16, 19, 17, 25, 61]). This
formulation encompasses several well-known structured systems. For instance, if H = L?(G)

and p(A) acts as translation by A on G, the system reduces to

{T)\'lvbp:)‘erapep}a

The results of Chapter 7 are taken from the published article:
Christensen O., Redhu N., Shukla N. K. (2026), Cyclic frames in finite-dimensional Hilbert spaces,
Linear Algebra and its Applications, 728, 63-81, DOI: 10.1016/j.1aa.2025.08.016



known as a translation invariant (TI) system (see, [27, 61]). A countable union of such
TT systems yields a GTI system, as studied in the earlier chapters. On the other hand, if
['=7Z and p(k) is given by the iterates of a unitary operator T on H, i.e., p(k) = T*, then

the corresponding orbit system
{T*, :keZ,pe P}

is known as a dynamical system. Such systems naturally arise in the context of

dynamical sampling, where the goal is to recover a signal f € H from the samples
{{(f,T*,) : k€ Z,pe P}.

Dynamical sampling was introduced around 2013-2014 by Aldroubi et al. in a series
of papers [4, 3, 2]. Discarding the applied context in which dynamical sampling was
introduced, the mathematical issue is how to construct frames in a Hilbert space by
iterating the action of a bounded operator on a collection of vectors; in the literature
such frames are called dynamical frames. Very fast, dynamical sampling became an active
research area, mainly with contributions dealing with infinite-dimensional spaces; note,
however, that already the paper [3] characterized the frame property for such iterated
systems in the finite-dimensional setting. Other theoretical contributions are contained in

the paper [10] by Ashbrock and Powell.

In the current chapter we focus on dynamical frames in finite-dimensional spaces; for
convenience, and without loss of generality, we formulate all results for frames in C¢.
We will complement the analysis in [3] with an alternative approach, which shed light
on dynamical frames from a different angle. Based on this approach, we will analyze
cyclic frames, a concept that is strictly restricted to the finite-dimensional setting. Cyclic
frames were introduced in the paper [82] by Kalra in 2006; since the terminology has not
been used in later papers, we will allow ourself to use the same name for a slightly more
general concept, see Section 7.3 for details. Already Kalra noticed that cyclic frames have
attractive features in the context of erasure problems. For more details on erasures, we
refer to [77, 82, 93, 91]. The main purpose of this chapter is to characterize (our generalized

version of) cyclic frames and discuss their key features.

Our alternative approach to dynamical frames is presented in Section 7.2. In Section
7.3 we state the formal definition of cyclic frames and two ways of characterization of
such frames. Furthermore we prove a number of properties that follow directly from our

approach in Section 7.2. In Section 7.4 we consider tight cyclic frames and their connection
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to erasure problems. Finally, the appendix contains proofs of a number of more technical

results.

7.2. Dynamical frames

A frame {f;}7_, for C¢ is called a dynamical frame for C? if there exists a linear

operator T': C¢ — C? such that
fe=T"1f for 1<k<n. (7.2.1)

In that case we can write

{fidio = AT fdpa = (A Th, . T A ) (7.2.2)

Note that in [10], a dynamical frame is defined as a frame of the form

{fidio = AT Y = {TF.T2f,..., T f}, f e CF (7.2.3)
clearly, this is a subclass of the dynamical frames considered in the current chapter.

Our main purpose is to consider a special class of dynamical frames, to be introduced
in Section 7.3. For this purpose we first state a number of properties of general dynamical
frames. The following lemma is well-known; it implies in particular that every basis for C¢

is a dynamical frame.

Lemma 7.2.1. Assume that { fy}}_, is a collection of linearly independent vectors in C.

Then there exists a linear operator T : C* — C¢ such that

{fitio = {T" A (7.2.4)

Proof. The assumption of linear independence of { fi}7_, implies that n < d. Due to linear
independence of the vectors { fz}}_,, we can clearly define the operator T" by T'fi, = fi1
for k=1,...,n—1. Note that this only defines T" on span{fi,..., f,_1}. The operator can

be extended to a linear operator on C? by defining it in an arbitrary way on a basis for
span{ fi,..., fn-1}* ]

In general, the key feature of a frame is that it might contain more elements than a

basis. The following result states that if {77! f;}7_, is a dynamical frame for C¢, then the
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set of the first d consecutive vectors, i.e., the set {T%!f;}4_ . forms a basis for C4. The

similar result for dynamical frames of the form (7.2.3) was proved in [10].

Lemma 7.2.2. Assume that {T* 1 f}7_, is a frame for C4. Then the first d elements, i.e.,

{T 1 f1}4_,, form a basis for C.

Proof. Assume that {T*7'f,}¢ | is not a basis for C4. Then {T*!f1}¢_ is linearly

dependent. There are now two possibilities:

1) If {T%' f1}4-] are linearly independent, then 79! f; e span({T* f,}921). But then
the subspace span({T*-! f;}4-1) is invariant under the operator T, and, regardless of the
choice of n € N, a family {T%!f,}}_, cannot be a frame for C4. This contradicts the

assumptions in the lemma.

2) If {T%'f1}921 are linearly dependent, the same argument as in 1) implies that
span({T%! f1}¢-1) is invariant under T'. Hence, again the subspace span({T% f}4:1) is
invariant under the operator 7', and, regardless of the choice of n € N, a family {T%1f,}7_,

cannot be a frame for C?. This contradicts the assumptions in the lemma.

Altogether, we conclude that {7+ f;}¢_| is a basis for C?. ]

Note that Lemma 7.2.2 does not guarantee that any other set of d-consecutive vectors

in {T*1f}7_, will form a basis for C?; see Corollary 7.2.5 for a more detailed discussion.

Our approach in the current chapter is based on the next result, which shows that the
class of all finite dynamical frames is parametrized by a choice of d linearly independent

vectors {fi}4_,, a vector p € C? and an integer n > d.
Theorem 7.2.3.

(i) Consider a collection of linearly independent vectors { fy}4_, in C?, an arbitrary

vector ¢ € C¢, and an integer n > d. Define the linear map T : C* - C¢ by
Tfi=fee, k=1,...,d=1, Tfq=. (7.2.5)

Then {T*1f,}7_, is a frame for C2.
(ii) Conversely, any dynamical frame {T*1f1}7_, for C4 corresponds to the setup in (i),
with fo=T"'f,, k=2,....d, o =Tf,.
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Proof. The statement in (i) is precisely the construction in Lemma 7.2.1; already in the
proof of the lemma it was highlighted that the construction works for arbitrary choices of
the vector ¢ € C?. Clearly {f}¢_, = {T% ' f1}¢_, is a basis for C%, and hence {T*'f1}7_,
is an (overcomplete) frame. Concerning (ii), Lemma 7.2.2 shows that if {T*!f1}7_, is a
dynamical frame, then the first d elements, {751 f;}¢_,, form a basis for C?, i.e., a linearly

independent set of vectors. Now the result follows from Lemma 7.2.1. [

The next result concerns the special case of d + 1 vectors in C?. We return to this

setting in Lemma 7.3.4 and Proposition 7.4.4.

Corollary 7.2.4. A set of d+1 vectors { fi.}4t} is a dynamical frame for C? if and only if
{fx}e_, is a basis for C2.

Proof. Suppose {fi,..., fs:1} is a dynamical frame for C¢. Then by Lemma 7.2.2, the
first d elements, i.e., {f;}{_,, forms a basis for C%. The converse follows from Theorem

7.2.3(i) by choosing n=d+1 and ¢ = fy1. ]

Note that in the setup of Theorem 7.2.3(i), the operator T" in (7.2.5) is either surjective
(if ¢ ¢ span{fo,..., fa}), or its range has codimension one (if ¢ € span{fs,..., fa}). The

resulting frame has different properties in these two cases:
Corollary 7.2.5. Consider the setup in Theorem 7.2.3(i). Then the following hold:

(i) If the operator T in (7.2.5) is surjective, each collection of d consecutive vectors
{T* 1 f1}er4. | is a basis for C, for any £=0,1,....
(i) If the operator T in (7.2.5) is not surjective, {T*1fi}4*4 | is not a basis for C,

forany(=1,2....

Proof. For the proof of (i), given any £ € {0,1,2,...}, the vectors {T*!f;}¢*4 are the

images of the basis vectors {7+ f}¢_| under the bijective operator T*, and hence itself a
basis for C?. Concerning (ii), if 7' is not surjective, the vectors {T+1f;}4+4  cannot span

C4, and hence not be a basis (or frame) for C. n

Note that for dynamical frames of the form (7.2.3), it was already observed in [10]

that every collection of d consecutive vectors form a basis for C¢.
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Let us end this section with an application of Theorem 7.2.3. Using a measure-theoretic
approach, Ashbrock and Powell showed in [10] that every frame {f;}?_, (dynamical or
not) for C¢ has a dynamical dual frame; see [9, Theorem 3.6] for an alternative approach.
If we allow ourself to reorder the elements in the frame {f;}7_,, we can provide a short

and constructive proof of this:

Proposition 7.2.6. Let {fi}?_, be a frame for C%, ordered such that {fx}¢_, is linearly
independent. Then {f}}?_, has a dual frame of the form {T* g, }7,.

Proof. Every frame {f;}?_, contains a basis, so by a reordering we can assume that the
first d elements {fx}¢_, is a basis for C¢. Let {g;}¢_, denote the dual basis, and define
according to Theorem 7.2.3 the operator T : C* - C? by

Tgk = Gk+1, k= 17"'7d_ L, Tgk = 0.
Then {g;}{_, = {T* g1 }¢_,; furthermore, by construction,

{kalgl}2:1 = {913927 -5 d, Oa 07 < 0}7

which is clearly a dual frame of { fi}7_;. ]

7.3. Cyclic frames

We now move to the cyclic frames. The term cyclic frame was coined in the paper [82]
by Kalra in 2006. The terminology has apparently not been used in the literature since

this chapter; we will use the name in a more general sense, as follows.

Definition 7.3.1. A dynamical frame {f;}7_, = {T*1f,}7_, for C? is called a cyclic
frame if T™ = I; if n is the minimal choice of a positive integer such that 7™ = I, we call

{T*=1f1}7_, a minimal cyclic frame.

The difference between the terminology in [82] and Definition 7.3.1 is that Kalra
requires the operator T to be unitary; furthermore, the distinction between cyclic frames

and minimal cyclic frames does not occur in [82].

Cyclicity of a frame { fi, }7_, = {T*! fi}7_, means that if we consider iterates {T** 1 }7¥ |
for some N > n, the resulting system of vectors would simply repeat (some of) the vectors
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in {fp}7_; and {T*1f1}7_ | being minimal means that there are no repetitions at all. In
order to have an intuitive feeling for this (and for the subsequent results), we recommend
the reader to think about the so-called Mercedes-Benz frame { fi,}3_, for R?, which is a
minimal cyclic frame with T being a rotation of 27” rad; see Figure 7.3.1. We return to

this frame in Example 7.4.5.

/\.fl

AN

~

f2 f3

Figure 7.3.1. Mercedes-Benz frame {f;}3_, in R?.

The approach in Section 7.2 has a number of immediate consequences for cyclic frames:

Corollary 7.3.2. A basis {f}{_, for C? is a cyclic frame.

Proof. This follows from Theorem 7.2.3(i), with n =d and ¢ = f;. n

A cyclic frame for C? has the particular property that each collection of d consecutive
elements form a basis for C?; as we saw in Corollary 7.2.5(ii) general dynamical frames do

not have this property.

Corollary 7.3.3. Let {T* 1 f}7_, be a cyclic frame for C?, with n>d. Then, for every
Ce{l,--,n—d}, the set {T" 1 f1}¢4  is a basis for C.

n=~0+1

Proof. Since T is a cyclic operator, T is invertible, and hence surjective. Now the result

follows from Corollary 7.2.5(i). n

We will now address the question of how to construct cyclic frames {T*-1f;}7_, for
C?, with n > d. For this purpose we refer to Theorem 7.2.3(i), which shows that the
construction of any dynamical frame {f;}?_, = {T*!f1}?_,, n > d, must be based on a
choice of a basis {f}¢_, ¢ C? and a vector ¢ € C?; the linear map 7' : C¢ - C¢ must then
be defined by

Tfi=fr, k=1,....d=1, Tfs= 0. (7.3.1)
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Writing the vector ¢ € C? as

w=cifi+cafo+ - +cifa, c1,...,cqa€C,

we see that to construct a cyclic frame is a question of choosing ¢y, ..., cq such that Tm =1
for some n > d. This can easily be done in the case n = d + 1; we return to the construction

below in Proposition 7.4.4.

Lemma 7.3.4. Let {fi}{_, be a basis for C?. Then, with fa1 = —f1 — fo =~ fa, the

family { fi.}4} is a cyclic frame.

Proof. Following the construction in Theorem 7.2.3(i), and taking n = d + 1 and

@ = fge1=—f1— fo — - — faq, we have that

Tl =-TH-Tfo—--Tfy (7.3.2)
=~fa-fa—~fa-(-fi-fa=~fa) = fr.

From the definition of T in (7.2.5), we have f4,1 = T?f;. Therefore,
Td+1f1 = de+1 = fl- (733)

Applying T*1 to both sides of (7.3.3) for each k€ {1,2,...,d}, and using the definition of
T from (7.2.5), we obtain

T = fr, VEke{l,2,...,d}.

Since { fi}¢_, forms a basis of C?, it follows that 79! = I. Hence, { f}¢! is a cyclic frame.

Notice that for n =2 and fi, fo being the two first vectors in the Mercedes-Benz frame,
the construction in Lemma 7.3.4 yields precisely the third vector fs. It is clear that by
looking at the nth roots of unity in C, we can easily construct cyclic frames for R? (and
hereby for C2) for an arbitrary n > 2. We will now state a construction of a cyclic frame
{Tk=1f1 30, for C4, for any choice of d € N and n > d. The basic insight in Lemma 7.3.5
(iii) below goes back to Zimmermann [118], who proved the result for the case where
fi=(1,...,1); also, Kalra [82] noticed that the obtained frame is cyclic. The result is
based on the nth roots of unity, which we write in the form

2mim

w=en ,m=1,...,n. (7.3.4)




Recall that if ged(m,n) =1, w is said to be a primitive root of order n; this means that

while w™ = 1, we also have that w* #1 for k=1,...,n-1.

Lemma 7.3.5. Fix any n>d, and let wy,ws,...,wy denote nth roots of unity. Consider

the d x d matrix

w 0 0 - - 0
0 wp O - - 0

T := ,
0 0 - - 0 wy

and let fi € CL. Then the following hold:

(1) If the vector fi € C¢ has a coordinate which is zero, then {T*=! f1}7 | is not a frame.
(ii) If two or more of the roots wy,wa, ... ,wq are identical, then {T*1f}7_ is not a
frame.
(111) If wy,wa, ... ,wq are distinct and all d coordinates of the vector f; are nonzero, then
{T*=1f1}0_, is a cyclic frame for C4.
(w) Under the assumptions in (iii), if at least one of the wj, j =1,...,d, is primitive,

then {T*=1 f1}7_, is a minimal cyclic frame.

Proof. First, writing

d 0 0 - - 0
d; 1
0 dy O 0
doy 1
h=|"|=D| |, D= - - - - - |, (7.3.5)
dyg 1
0 O - 0 dy
we have
1
k-1 et | 1
T f1=DT |- (7.3.6)
1

Thus it is clear that {T%-!f;}" | can only be a frame if D is invertible, which proves (i).

Now, ignoring for the moment the matrix D and looking at the first d vectors in
(7.3.6), we have
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2 3 d-1

. d 1 w1 (wl wy wf
2 3 d-1

. 1 Wo Wy ws ws

k-1 _
T . =111 - 611 - . (7.3.7)
1

k=1 1] \w w2l \w3 wi-1

d d d d

The d x d matrix with the vectors {71 f}¢_, as columns is a Vandermonde matrix; if
w; = wy for some j # ¢, the determinant vanishes, implying that the first d vectors are not
a basis for C%; hence, applying again (7.3.6) also the first d vectors in {T*71f;}7_, can not
be a basis. Applying Lemma 7.2.2 this proves (ii).

On the other hand, in the case (iii) the Vandermonde matrix clearly has nonzero
determinant; hence the vectors in (7.3.7) are linearly independent, and therefore a basis

for C4. Hence {T*1 f;}}_, is a frame - and it is cyclic because T = I, due to the choice

of wy,...,wq. If at least one of the w;,7 =1,...,n, has order n, clearly T* # I for all ¢ < n;
this proves (iv). m
Recall that a dxd matrix T with d distinct eigenvalues, wy,ws, ... ,wy, is diagonalizable,

i.e., there exists an invertible d x d matrix U such that

wg, 0 0 - - 0
0 w 0 - - 0

rT=uf. - - . . |U" (7.3.8)
0 0 - - 0 wy

Based on Lemma 7.3.5 we will now prove the following characterization of cyclic frames.
Theorem 7.3.6. Fixz d,neN, and let T denote a d x d matriz. Then the following hold:

(i) Assume that T has d distinct eigenvalues wy,ws, ..., wq, each being an nth root of
unity. Let fi € C¢ denote an arbitrary vector with nonzero entries. Then, using the

notation in (7.3.8) and letting ¢ := U f1, the sequence
{T" o} (7.3.9)

is a cyclic frame for C4.
(ii) Assume that {T*1@}?_ is a cyclic frame for some ¢ € C4. Then T is diagonalizable
and has d distinct eigenvalues wy,ws,...,wq, each being an nth root of unity.
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Furthermore, with the notation in (7.3.8), the vector ¢ has the form ¢ = Ufi

for a vector f; with nonzero coordinates.

Proof. Under the assumptions in (i), direct calculation using (7.3.8) and applying again

the notation in (7.3.5),

[ (v 0 00 - - 0) ]
0 w 0 0
T o= |U Ut
0 0 0 wy
I )
w 0 0 - - 0
0 w, 0 - - 0
U D
0 0 0 wy
k-1
w00 0
0 wye O 0
_UD
0 0 0wy

1
UD (7.3.10)

—_ =

(7.3.11)

—_ =

Thus, the sequence {77 1p}7_, is the image of the frame in Lemma 7.3.5 under the bijective

map U D, and hence a frame. Applying (7.3.8) again, it follows immediately that the frame

is cyclic.

In order to prove (ii), notice that if T is not diagonalizable, its Jordan decomposition

contains blocks of the form

A 0

Al
0 0 Al
0 0 A
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since such blocks are noncyclic, this excludes that 7™ = I. Thus 7T is indeed diagonalizable.
The property 7™ = I immediately implies that all eigenvalues of T" are nth roots of unity;

thus, we only have to prove that all eigenvalues have multiplicity one.

Considering again (7.3.8), we have

k-1
wy 0 0 - - 0
0 wy, 0 - - 0
T =U U
0O 0 - -0 wd)

assuming now that {T%1p}? | is a frame, it follows that

k-1
w 0 0 - - 0
0 w, 0 - - 0
N . L U_lgp
00-'Owd)

is a frame. By Lemma 7.3.5 (ii)+(i) this immediately implies that all the eigenvalues w; are
distinct; furthermore, all coordinates of U~y are nonzero, meaning that ¢ = UU ¢ = U fj,

for a vector f; := U 1y with nonzero coordinates. ]

We now provide an alternative characterization of cyclic frames. The result is motivated
by the infinite dimensional case given in [39, Theorem 2.1], but for technical reasons the
proof (which we give in the appendix) is different. First, define the (cyclic) right shift
operator R:C" - C" by

Rz = R(z(1),2(2),...,z(n)) = (x(n),z(1), -, z(n-1)), (7.3.12)
where z = (z(1),...,2(n)) e C™.
Theorem 7.3.7. Let {fi.}7_, be a frame in C? with synthesis operator ©. Then { fi}7_, is

a cyclic frame if and only if ker(©) is invariant under the right shift operator R.

The following result presents an alternative method for constructing cyclic frames; we

provide the proof in the appendix.
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Theorem 7.3.8. Consider d,n € N with n > d. Assume that a := (a(1),---,a(n)) € C* has
exactly n —d non-zero coordinates. Let c:= a denote the inverse discrete Fourier transform

of a, and consider the circulant matriz

c(1) ¢e(n) cn-1) - <2)
c(2) 1) : - 3)

Ca(c) = (7.3.13)

c(n) c(n-1) : c(2) (1)

nxn

Define
M :={C,(c)z : zeC"}.

Then, choosing the set {vy,vq,---,v4} as a basis for the orthogonal complement M* of M in

C" and letting V := [v1, v, -+, v4], the columns of the transposed matriz V't forms a cyclic

frame for C4.

The following application of Theorem 7.3.8 uses an auxiliary result from the appendix,

see Lemma 7.4.8.

Example 7.3.9. Suppose d =3, n =4 and a = (0 10 O) € C*. Define Cy4(c) to be a

circulant matrix by taking ¢ = a as follows

1/4 —if4 -1/4 /4
if4 14 —if4 -1/4
~1/4 4 14 —ijal|
~if4 -1/4 ij4 1/4

C4(C) =

Define M :=range(Cy4(c)). Using Lemma 7.4.8, only one eigenvalue of C is non-zero and

-1 0 0
hence dim(M) = 1. Therefore, we have Vt=| 1 0 1 0|. Thus columns of V* forms a
1 0 01

cyclic frame C3, using Theorem 7.3.8. Moreover, if we consider

{Tk_lfl}izlz 1 s 0 5 1 5 0 ;



then

0 0 -4 -1
T=11 0 1]and fi=]1
01 1 1

We end this section with a number of observations that are needed in Section 7.4. We
first prove a relationship between the frame bounds for a cyclic frame {T*-1f;}7_, and the

norm of the operators T and T-1.

Lemma 7.3.10. Let {T*1fi}7_, be a cyclic frame for C4, with frame bounds A, B. Then

B
1g||T||g\/; and 1< ||T7Y| < T

Proof. The proof of the estimate on ||T|| follows the same steps as the proof for frames of
the form {T%p}y
{(T-1)*! [T f1]}7. | consists of precisely the same vectors as {T*1f;}7_, (just “in the

sy

in an infinite-dimensional Hilbert space, see [37, Theorem 2.3|. Since

opposite order), the result about the norm of 77! is an immediate consequence. [

It is well-known that the canonical dual frame of a dynamical frame {T+1f;}7 | is
again a dynamical frame; indeed, denoting the frame operator for {T*-1f,}7_ by S, we

have that
(ST il = {(STI TS 1S A (7.3.14)
For a cyclic frame {T*-!f;}7_,, the operator S~1T'S equals the inverse of the adjoint 7 :

Lemma 7.3.11. Let {T*1f,}7_ be a cyclic frame with frame operator S. Then SIT'S =
()1,

Proof. Using that 7™ = I, a direct calculation shows that for any f € C?,

TSf =T SULTH N = ST L T RNT = ST . (7.3.15)
k=1

k=1

Hence T'S = S(T)~!, and the result follows. m
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7.4. Tight cyclic frames and erasures

In this section we show that tight cyclic frames have desirable properties in the context
of erasure problems. First, recall that a frame {f;}7_, is called an equal-norm or uniform
frame if || fi| = ¢ for each k e {1,...,n}. A frame {f;}}_, for C? is called equiangular or
2-uniform frame if it is uniform and |( fx,, fx,)| = ¢ for all k; # ky. These frames play an
important role in the case of erasures. For example, in [77] it is proved that a Parseval
frame {f;}7_, is optimal for 1-erasures if and only if it is a uniform frame; further, if
a frame {fi.}7_, is optimal for l-erasures and it is equiangular, then it is optimal for 2

erasures. We refer to [77] for the exact definition of these concepts.

In order to prove our main results about tight cyclic frames, we need the next result,

which is a direct consequence of Lemma 7.3.11.
Lemma 7.4.1. If {T*! f1}7_, is tight cyclic frame for C?, then T is unitary.

We now prove that tight cyclic frames are uniform, and provide a characterization of
equiangularity:.

Proposition 7.4.2. Let {T*1f,}7_, be a tight cyclic frame C4. Then the following hold:

(i) {T*1f1}7, is uniform.
(i) {T* f1}7_, is equiangular if and only if (T* f1, f1)| is constant for £ € {1,2,...,n-1}.

Proof. Concerning (i), it follows directly from Lemma 7.4.1 that the operator T" is unitary;

thus [|T%1 f1|| = || f1]]. Concerning (ii), since the operator T is unitary

(T fr, T2 Sl = (T fo, ful ig =1, s

thus the result follows from (i). ]

Let us phrase a concrete version of the results in Lemma 7.4.1 and Proposition 7.4.2

for the canonical tight frame associated with any cyclic frame:

Corollary 7.4.3. Given any cyclic frame {T*=! f1}7_, with frame operator S, the following
holds:

(i) The sequence {(S‘l/QTSl/Q)k_1 5_1/2f1}:_1
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(ii) The operator S~Y2T'S'2 is unitary.
(u@) The sequence {(5_1/2T51/2)k71 S_l/Qfl} 18 equiangular Zf and Only Zf|<T€f1, S_1f1>|

k=1
is constant for £ € {1,2,...,n—1}.

Proof. It is well known that if {T%f;}7_, is frame, then {S~V2(T*-1f,)},_, is a tight

frame. MOI'GOVGI', observe that
_ k-1 . _ n _ _ n
{(S 1/2251/2) S 1/2f1}k=1={5 1/2(1k 1f1)}k:1.

Therefore, {(5*1/2TSI/2)I€_1 S*I/2f1}:_1 is a tight frame for C?. Next, we prove that this

frame is cyclic. A direct calculation gives
(5_1/2T51/2)n _ 5_1/2Tn51/2 _ S—I/QSI/Q _ 17

where we have used that 7™ = I. Hence the sequence is indeed a cyclic tight frame for C9.

Now the result follows from Lemma 7.4.1 and Proposition 7.4.2. ]

Lemma 7.3.4 and Corollary 7.4.3 lead to the following construction of an equiangular

cyclic frame {T*-1f;}7_, for C? with n=d+ 1.

Proposition 7.4.4. Let { f}¢_, be the standard orthnormal basis for C%, and consider the
cyclic frame {T* 1} = {fi,} 81, where fou = —f1 = fo = = fa. Then, letting S denote

the frame operator, the sequence
T AL IRV L
{(s7rrs12)y gp )

is a cyclic, tight, equal-norm and equiangular frame for C<.

Proof. A direct calculation shows that the frame operator S and its inverse S~! are given

by

d 1 1 1

2 1 1 1 W1 T dd d Cd+l
1 d 1 L

1 21 1 TSR TS B TS | d+l
1 1 d 1

S = bz and §1=| 1 Al odd T e (74.1)
11 12 TR Ta T T@ a T S gy



Therefore

_d_ __1
d+1 d+1
1 1
T d+1 d+1 1
Sh=| - |=h+| =f1—m(f1+f2+---+fd)~
1 1
-7 %1

Thus, for £ € {1,...,d -1}, we have

(T f1, 87 f)l = ‘d_Tll(feu,feu) = ﬁ,
and with ¢ =d,
(TS = [ £+ g () o U ) (142)
d 1
:‘_1+d+1‘:ﬁ'

Thus, (T*f1, S f1)] = ﬁ for each ¢ € {1,...,d}. Now the result follows from Corollary

7.4.3 (1) (iii). n

The following example demonstrates that applying the construction in Proposition 4.4

in the case of R? results in a frame which is a rotation of the Mercedes-Benz frame.

Example 7.4.5. Consider the cyclic frame {T*-1f1}3_| = { f}?_, in R? with frame operator
S, where {f1, f} are standard orthonormal basis for R?, and f3 = - f; — fo. The operators
S and S-! are the same as those defined in equation (7.4.1) for d = 2. Thus, a direct

calculation gives the operator S/2 and its inverse S~1/2 as follows:

V3-1 /3+1 1-vV3  1+/3
g1/2 - 2 and §~1/2 = 23 2V3

2
V3+1l  V3-1 1+v/3 1-V3
2 2 2v/3 24/3

Hence, by Proposition 4.4, the sequence

2 qr2\F1 oo p 2 (55 (5
-1/2 1/2\* -1/2 _ 2V 3 2V3 3
{(s TSV2) g fl}k:l_ 2O 25 P

2v/3 23 V3

is a tight equiangular frame for R2. An elementary calculation reveals that the frame is a

rotation with 75 rad of the Mercedes Benz frame in Figure 1.
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Example 7.4.6. Recall the cyclic frame constructed in Example 7.3.9

{Tkilfl}%:lz 11,10},111},10 ;

l 0 1
for C3, where
0 0 — -1
T = 1 0 1 and f1 = 1
01 =2 7

Let S be the frame operator of {T*-1f;}1_,. Then

: 3 i 1

2 -1 -l i1 1

_| . : 1_|_i 3

: i 3

-1 2 i 11
=

Now S~'fy =] 1 | A simple calculations shows that for each ¢ € {1,2,3} we have

I

(T f1, 87 f1)] = i

_ 4
Hence, by Corollary 7.4.3 (iii), the frame {(S‘l/QTSl/Q)k ! 5_1/2f1}k_1 is equiangular. In
this case
4 i _1 5 i 1
3 73 73 6 6 6
1l i 4 i -2 -|_i 5 i
Sz=13 3 -zlandS2=|-5 § §
_1 4 1 _i 3
3 3 3 6 6 6
Therefore,
i 5 i 1
T2 6 6 6
P B . .
{(S=2rs) s fihi =1 5 | -2l 2 ||z
i 1 _i 5
) 6 6/ \G

Appendix: Proof of Thm. 7.3.7 and Thm. 7.3.8

Proof of Theorem 7.3.7: If {f,}?_, is a cyclic frame for C?, a direct calculation shows
that if z € ker(©), then also R(z) € ker(©). Conversely assume that R[ker(©)] c ker(©).
Define the operator T : C? - C¢ by

n n—-1
7(3:a09) - a0+ Ko

k=1 k=1
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First, we show that T is well-defined. Suppose ia(k)fk = iﬁ(k)fk; then, letting
k=1 k=1
v(k) = a(k) - (k) for 1 <k <n, we have that v € ker(©) and thus R(v) € ker(0); that is,

0=7(0)i + 3320k~ D fe = () - )i+ ::z:g(a(k) B fin.

It immediately follows that a(n)fi + Y7o a(k) frer = B(n) fi + 721 B(k) frs1, and hence
that T is well defined. It is now easy to verify that 7" f; = f1, implying that {fi}7_, is a

cyclic frame. ]

In order to prove Theorem 7.3.8 we first state a number of auxiliary results about
circulant matrices. For these results we consider an arbitrary circulant matrix C,(c), i.e.,

we do not assume that the vector ¢ has the special form in Theorem 7.3.8.

Lemma 7.4.7. If C,(c) is a circulant matriz, then range(C,(c)) is invariant under the

right shift operator R.

Proof. Let y € range(C,(c)); then, by the definition of a circulant matrix, as defined in
(7.3.13), y=x(1)c+z(2)Re+...+x(n) R c for some x = ((1),...,2(n)) € C*. Therefore

Ry=xz(1)Rc+x(2)R%c+...+x(n-1)R" 'c+x(n)cerange(C,(c)),

as claimed. ]

The following result and its proof can be found in [95, Corollary 3.33].

Lemma 7.4.8. If C,(c) is a circulant matriz, then the set of eigenvalues is given by

{€(1),---,€(n)}, where € denotes the discrete Fourier transform of ¢ .

Proof of Theorem 7.3.8: By Lemma 7.4.7, M is invariant under right shift operator R.
Using Lemma 7.4.8, the set of eigenvalues C,(c) is {é(1),---,@(n)}. Since €(k) # 0 for n-d
values of k € {1,---,n}, it follows that dim(M) = n — d. Now, the matrix V = [vy,vq, -, v4],
has rank d. Then the transposed matrix V* is of order d x n having the property

Vir =0 for all = € M.

This implies that ker(V?) o M. Indeed ker(V'*) = M, follows by observing that dim(M) =

n —d, and the dimension of ker(V?) is n —d since the rank of V* is d. Thus, V* is a matrix
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of size d x n with kernel M, which is invariant under the right shift operator. Hence by

Theorem 7.3.7, the columns of V* forms a cyclic frame for C¢. ]

For the sake of convenient application, we note that Theorem 7.3.8 can be phrased as

an algorithm, as follows.

Algorithm 1: Construction of cyclic frame

Input:

d,neN

A vector a € C" has n — d entry non-zero.

Output: V! is a matrix of order d x n having kernel M.

Set c=a

Set C,(c) as a circulant matrix having first column c.

Set M = Range(C,(c))

Set M+ orthogonal complement of M

Set V' is a matrix of order n x d such that columns vector form a basis of M*
Set V' transpose of V

The final output is V*. Then by Theorem 7.3.8, the columns vector of V' forms a cyclic

frame for C¢.
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CHAPTER 8

SUMMARY AND FUTURE DIRECTIONS

Chapter 1 provides an introduction to the research area along with a review of the
available literature, including the necessary preliminaries for the subsequent chapters. In
Chapter 2, we construct GTT systems and present sufficient conditions under which they
satisfy the LIC. Chapter 3 develops a technique to construct Parseval GTI frames and
establishes conditions under which they are pairwise orthogonal. Chapter 4 focuses on
applications of pairwise orthogonal frames to orthogonal sampling transforms. In particular,

we characterize conditions under which two sampling transforms have orthogonal ranges.

In Chapter 5, we characterize when GTI systems form pairwise orthogonal Parseval
frames under the technical assumption UCP. As an application of these characterizations,
Chapter 6 introduces a technique to construct Parseval frames as well as (our generalized
version of) GTI pairwise orthogonal Parseval frames. Chapter 7 discusses dynamical
frames and cyclic dynamical frames in finite-dimensional Hilbert spaces. Finally, Chapter 8

contains concluding remarks and outlines potential directions for future work.

It would be of particular interest to characterize pairwise orthogonal Parseval frames
with different co-compact subgroups in full generality, as they have direct applications
in sampling theory. Another promising direction is to extend these results to the setting
of locally compact groups. Since finite fields have significant importance in practical

applications, it would also be valuable to study dynamical and cyclic frames over finite

fields.
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