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Abstract

KEYWORDS: B-spline; Convolutional frame; Derivative sampling; Erasures; Fiberiza-
tion map; Filter bank; Frame; Fusion frame; Locally compact group;
Multi-channel sampling; Multiplication-invariant space; Periodic shift-
invariant space; Random sampling; Ramanujan filter bank; Ramanu-
jan subspace; Ramanujan sums; Range function; Signal concentra-
tion; Supremum cosine angle; Tight frame; Translation-invariant space;
Trigonometric polynomial; Twisted shift-invariant space; Uncertainty

principle; Weyl-Zak transform; Zak transform.

Sampling theory addresses the fundamental problem of determining whether a contin-
uous function can be completely reconstructed from a discrete set of its values, commonly
referred to as samples. The classical Shannon sampling theorem establishes that band-
limited functions are entirely determined by their values at integer points and can be
reconstructed via sinc interpolation. Over the decades, this theory has been generalized
to accommodate more realistic and flexible signal models, including nonuniform, deriva-
tive, multi-channel, and random sampling, as well as sampling in shift-invariant spaces.
These developments have significantly broadened the scope of sampling theory, making it a
unifying principle across communication, signal processing, medical imaging, geophysical
sensing, machine learning, and quantum signal processing.

In this thesis, we investigate several aspects of sampling theory within the framework
of shift-invariant spaces over both abelian and non-abelian groups. We focus on uniform
and non-uniform sampling, multi-channel sampling, generalized sampling, and random
sampling. The analysis is conducted on various functional settings, including ¢?(Zy),
periodic shift-invariant spaces, shift-invariant spaces, and more general locally compact
abelian and non-abelian groups, such as the Heisenberg group H". A key tool in our
study is the theory of frames, which extends the notion of bases to provide stable and ro-
bust reconstruction, and convolutional frames associated with multi-channel filter banks,
including Ramanujan filter banks. The thesis also employs transform methods, such as
the Fourier transform, Zak transform, and Weyl-Zak transform, to bridge spatial and

spectral analyses.



We establish a mathematical framework to analyze stability, perfect reconstruction,
and uncertainty principles in multi-channel filter bank settings. In particular, we for-
mulate uncertainty principles for convolutional tight frames and demonstrate their im-
plications for signal recovery under erasures and additive noise. For Ramanujan filter
banks, we develop a frame-theoretic approach, analyze their stability under channel and
frame erasures, and explore their role in enhancing signal reconstruction. Additionally, we
study random sampling involving derivatives in periodic shift-invariant spaces and derive
probabilistic sampling inequalities that ensure stability with high probability.

Furthermore, we characterize multi-channel stable sampling in shift-invariant systems
over locally compact groups using generalized Zak transforms and obtain necessary density
conditions for associated sampling sets. In the non-abelian setting, we extend the theory
to twisted shift-invariant spaces on the Heisenberg group, providing sampling theorems
and stability conditions via the generalized Weyl-Zak transform. These results unify
abelian and non-abelian sampling frameworks under a common algebraic and analytic
approach.

Finally, this thesis provides a comprehensive perspective on convolutional and multi-
channel sampling, offering rigorous mathematical tools for the design of filter banks,
signal recovery algorithms, and stable sampling strategies in both finite and infinite-
dimensional settings. The work establishes connections between classical and modern
sampling theories and extends their applicability to a wide range of structured signal
spaces, thereby contributing both theoretical insights and practical methods for stable

and robust reconstruction.
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Chapter 1

Introduction

Sampling theory concerns the problem of determining whether a continuous function can
be completely recovered from a discrete set of its functional values, commonly referred
to as samples. The cornerstone of this theory is the classical Shannon sampling theorem
[131], which asserts that if a function/signal f contains no frequency components higher
than 1/2 cycles per second, then it is completely determined by its values at integer points

and can be reconstructed via the formula

F) =3 £ 2 e r

kEZ

In other words, the above formula holds for functions band-limited to the interval [—m, 7],
that is, for functions whose Fourier transform vanishes outside this interval. Over the
decades, Shannon’s sampling theorem has been extended in many directions to accommo-
date more realistic and flexible signal models. Notable generalizations include nonuniform
sampling, derivative sampling, random sampling, multi-channel sampling, and sampling
in shift-invariant spaces. See, for e.g., [8, 10, 11, 59, 64, 71-73, 77, 79, 113, 143, 144] and
references within.

A natural extension of this framework is to reconstruct f not only from its samples,
but also from the samples of filtered and decimated versions of the signal f. This approach
is referred to as multi-channel sampling. This idea traces back to the work of Papoulis
[113], which presents a sampling formula for reconstructing a bandlimited function. In
the classical Shannon formula, one requires samples at a rate w per second, the so-called
Nyquist rate. In contrast, the Papoulis multi-channel scheme distributes the sampling
density equally among N channels, so that each channel contributes w/N samples per
second. Papoulis’ result was later extended to general shift-invariant spaces using filter
bank techniques (see, e.g., [37, 48, 59, 63, 64, 144]).

These theoretical advances have significantly broadened the scope of sampling theory,
extending its applicability far beyond the original band-limited framework. In contem-

porary research, sampling serves as a unifying mathematical principle connecting diverse



domains of science and engineering. From classical signal recovery to modern data-driven
paradigms, the concepts of sampling, stability, and reconstruction form the foundation

for numerous applied disciplines, including the following:

e Communication theory: Sampling provides the theoretical basis for the transmis-
sion and recovery of digital signals under channel distortions and data loss, forming
the backbone of modern information theory.

e Signal and image compression: Transform coding and sparse approximation meth-
ods, such as JPEG, MP3, and compressed sensing, rely on sampling-based models
for efficient encoding, storage, and recovery of high-dimensional data.

e Medical imaging: In modalities such as computed tomography and magnetic reso-
nance imaging, sampling in spatial or frequency domains enables image reconstruc-
tion from indirect or incomplete measurements.

e Astronomical and geophysical sensing: Observational data in stellar photometry,
radar, and seismic imaging are often incomplete or irregularly spaced; sampling
theory provides the analytical tools for their stable recovery.

e Machine learning and data analysis: Concepts from sampling theory underpin
recent advances in data-driven reconstruction, where signals or images are approx-
imated from limited or noisy measurements.

e Quantum signal processing: Sampling principles have been extended to quantum
systems, enabling discrete representations of quantum states and facilitating stable

state reconstruction from finite measurements.

Although Shannon’s sampling theory has profoundly influenced signal processing, it
faces several fundamental limitations, as emphasized by Unser [143, 144]. In particular,
it assumes strict band-limitation which conflicts with finite-duration signals and induces
Gibbs oscillations due to the band-limiting process. Moreover, the slow decay of the sinc
function renders computations in the signal domain inefficient. Additionally, many ap-
plications impose specific a priori constraints on the nature of the signals. Consequently,
sampling and reconstruction have been extensively studied in alternative functional set-
tings, including spline spaces [9, 136], wavelet spaces [38, 106, 135, 152, 155], and more
general shift-invariant spaces [10, 11, 38, 39, 59, 64, 73, 76, 78, 143].

The present thesis investigates several facets of sampling theory, including uniform

and non-uniform sampling, multi-channel sampling, generalized sampling, and random

2



sampling. These studies are conducted over different variants of shift-invariant spaces
over various locally compact abelian (LCA) groups such as Z4,, T¢, R and more general
LCA groups. In addition, we extend our analysis to sampling problems on shift-invariant
spaces associated with non-abelian structures, including the Heisenberg group and other

locally compact groups.

1.1 Motivation and objective

Shift-invariant spaces (SIS) provide a mathematical framework for addressing a wide
range of sampling problems due to their rich algebraic and analytic structure. These
spaces have been extensively studied in various settings, including Euclidean spaces R",
tori T (periodic SIS), finite-dimensional Hilbert spaces ¢*(Zy), and more general locally
compact groups [10, 11, 23, 24, 26, 28, 32, 39, 42, 78, 90, 155].

An essential concept in the study of sampling theory on shift-invariant spaces is that of
a frame. A frame extends the notion of a basis by allowing stable, though not necessarily
unique, representations of elements in a Hilbert space. While a basis guarantees unique-
ness of representation, this condition can be too restrictive in many practical applications.
Frames offer a flexible structure that ensures stable and robust reconstruction even in the
presence of noise, perturbations, or data loss. Originally introduced by Duffin and Scha-
effer [51] in connection with nonharmonic Fourier series, frames have since become central
to areas such as signal processing, image analysis, sampling theory, data compression, and
filter bank design. For classical references on frame theory, see [36, 42, 82, 83, 154].

Building upon the concept of frames, the study of multi-channel sampling is closely
linked to the theory of filter banks, where the perfect reconstruction property is governed
by the frame structure of the analysis system. Multi-channel sampling in SIS has been
studied extensively using frame and filter bank techniques [59, 64, 65, 143, 144]. Filter
banks establish a natural bridge between sampling theory and multiresolution analysis
(MRA), enabling scalable representations of signals across multiple resolutions. They
play a fundamental role in practical applications such as denoising, signal compression,
and feature extraction [27, 29, 42, 83]. Our investigation of multi-channel stable sam-
pling draws on these ideas, aiming to characterize perfect reconstruction through frame-

theoretic properties of filter bank outputs.



A related direction explored in this thesis is the connection between uncertainty prin-
ciples and signal recovery. The classical result of Donoho and Stark [50] establishes a
fundamental trade-off between the concentration of a signal and that of its Fourier trans-
form, forming the basis for several modern developments in signal recovery. In this work,
we observe that uncertainty principles arise naturally within the framework of filter banks
when comparing signal representations with respect to a canonical basis and a tight frame.
These principles also relate to signal recovery after erasures, a problem well studied within
frame theory. The uncertainty principle for pairs of bases has been extensively investi-
gated and plays a key role in sparse signal representations (see, e.g., [49, 52, 67, 74]).

An interesting example of a filter bank is the Ramanujan filter bank, which employs
Ramanujan sums as analysis filters. Introduced by Srinivasa Ramanujan in 1918 [122],
these sums have found important applications in modern signal processing due to their
ability to represent periodic structures in discrete-time signals [114, 115, 146, 149]. Ra-
manujan filter banks exhibit distinct algebraic and spectral properties that make them well
suited for periodic signal analysis [1, 139, 140, 148]. Motivated by these developments, this
thesis investigates the perfect reconstruction capabilities and establishes frame-theoretic
formulations for Ramanujan filter banks.

Most existing results on multi-channel sampling rely on the abelian structure of the
underlying group. In the abelian setting, the Fourier transform provides a duality be-
tween shift-invariant spaces and the corresponding L?-space, which simplifies the analysis
(see, e.g., [59, 64, 65, 95]). In these works, commutativity plays a key role in deriving
sampling and reconstruction formulas for shift-invariant spaces generated by continuous
Riesz generators. However, many signal models in physics and engineering exhibit inher-
ently non-abelian symmetries, motivating the study of multi-channel stable sampling for
shift- and translation-invariant spaces over general locally compact groups, where Fourier
duality may no longer apply.

A prototypical example of a non-abelian group is the Heisenberg group, which plays a
central role in time-frequency analysis. The twisted convolution defined on the Heisenberg
group induces a new form of translation known as the twisted translation. In this context,
Radha and Saswata [116] introduced twisted shift-invariant spaces in L*(R?*"), which
incorporate twisted translations, and they characterized the corresponding frame and

Riesz sequences for these spaces. Subsequent works [117, 120, 121] extended these results

4



by using the Weyl-Zak transform to fully characterize the system of twisted translates

without imposing restrictive conditions on the generators. Building upon this framework,

the present work advances the theory of generalized sampling for twisted shift-invariant

spaces and establishes conditions for stable multi-channel reconstruction.

1.1.1 Objective of the thesis

The primary objective of this thesis is to develop a mathematical framework based

on convolutional frames to address fundamental problems in sampling theory, including

multi-channel sampling, signal recovery, and uncertainty principles. The main goals of

the thesis are:

1.

1.2

To formulate uncertainty principles for convolutional tight frames and establish

their implications for stable and robust signal recovery.

. To analyze recovery of signals in the presence of data loss and additive noise, and to

demonstrate how uncertainty principles provide quantitative stability guarantees

in such settings.

. To construct a frame-theoretic framework for Ramanujan sums and Ramanujan

filter banks, with particular emphasis on their stability under frame and channel

erasures, and their role in enhancing the performances of signal recovery algorithms.

. To investigate random sampling schemes involving derivatives in periodic shift-

invariant spaces, and to establish probabilistic frame inequalities ensuring stability

with high probability.

. To characterize multi-channel stable sampling in shift-invariant systems defined

over locally compact groups using the generalized Zak transform, and to derive

necessary density conditions for the associated sampling sets.

. To extend the theory of shift-invariant spaces to non-abelian domains, particu-

larly the Heisenberg group H", by analyzing twisted shift-invariant spaces, and to

develop corresponding sampling theorems via the generalized Weyl-Zak transform.

Preliminaries

This section establishes the mathematical foundations and notational conventions

required throughout the thesis. We begin with a brief review of the fundamental concepts

of Hilbert spaces and frame theory, followed by an overview of convolutional systems and

5



SIS, which form the analytical setting for most of the results developed later. The section
also introduces key transform tools such as the Fourier transform, Zak transform, and
Weyl-Zak transforms, which serve as bridges between the spatial and spectral domains in
both abelian and non-abelian settings. Finally, we recall certain probabilistic inequalities
and matrix concentration results that will be employed in the analysis of random sampling

schemes.
1.2.0.1 Frames and Riesz Bases

Let ‘H # {0} be a separable Hilbert space. A sequence {fy : k € I} C H is called a

frame for H if there exist constants A, B > 0 such that

AIFIP <D UL P < BIFI?, Ve (1.1)

kel
The constants A and B are called the frame bounds. If only the right-hand inequality in
(1.1) holds, the sequence is called a Bessel sequence. A frame is said to be tight if A = B,
and a Parseval frame if A = B = 1. When {f; : k € I} is a frame for its closed linear

span, i.e., span{ fy : k € I}, it is referred to as a frame sequence.

Associated with any frame {f : k € I} are two bounded linear operators:

e the analysis operator T : H — (*(I) defined by

Tf={{f fe)trer,

e the synthesis operator T* : (*(I) — H defined by
T*CZZCkfk, Ve= {Ck}ke[ EEQ(I).
kel

The composition S :=T*T defines the frame operator, given by

Sf=>Y (ff)fe, €N

kel

The operator S is bounded, self-adjoint, positive, and invertible. The sequence {S™'f;, :
k € I} then forms the canonical dual frame of {fy, : k € I}, with frame operator S~ and
bounds B~!, A™'. Two frames {f;} and {g;.} for H are said to be dual frames if

F=Y {fo)fr, VfEM

kel
6



A sequence {fy : k € I} C H is called a Riesz basis for H if it is the image of an

orthonormal basis under a bounded invertible operator U : H — H, i.e.,
fr = Uey, Vk eI,

where {ej : k € I} is an orthonormal basis for H. Equivalently, {fx : k € I} is a Riesz
basis if it is complete in H and there exist constants A, B > 0 such that for all finite

scalar sequences {cg trer,

2
AN lal < || ak]| < BY ok
kel kel kel

If {fx : k € I} is a Riesz basis for span{fy : k € I}, then it is called a Riesz sequence. For

more details on frames and Riesz bases, see [42, 82].
1.2.1 Filter banks and convolutional frames

Digital filter banks for finite-length signals have been extensively studied by various
authors and have proven to be highly useful in digital signal processing and in wavelet
theory [20, 27, 81, 145]. Smith and Eddins [132] pioneered their application in image
coding and, among other key contributions, proposed replacing linear filtering operations
with cyclic (or circular) convolution.

We begin with introducing the group of N-th roots of unity, denoted by
Z(N) := {eka/N k=0,1,...,N — 1}.

This set forms a finite cyclic subgroup of the circle group T := [0, 1) C C under multipli-

2mik/N

cation. The mapping k — e gives a correspondence between the two abelian groups

Z(N) and Zy := Z/NZ = {0,1,...,N — 1}, where Zy is the group of integers modulo
N. From now on, we write Zy but think of either the group of integers modulo N or the
group of Nth roots of unity.

Let ¢*(Zy) denote the Hilbert space of N-periodic discrete-time signals,

C(Zy) = {f Ty > C \ 2= |f(n)|2} ,

equipped with the standard inner product

(f.9) = Z f(n)g(n),  f.g€ (Zy).
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The space (?(Zy) serves as a natural model for finite-length or periodic discrete signals,
where all operations are understood modulo N. The circular shift (or translation) operator

L, : ?*(Zy) — (*(Zy) is defined by

(L f)(n) = f(n —m), m,n € Zy,

where the shift operator is interpreted modulo N.

A filter bank is a collection of filters used to analyze a signal through multiple channels.
Each filter extracts specific features of the signal by convolution. For a signal f € (*(Zy)
and filters {h}rez,, the output of the k-th filter, followed by downsampling | p by a

factor p, is given by

ye(n) =L p (f * hi)(n) = (f * i) (pn), n € In/p,

Wy ”

where “x” denotes circular convolution,

2

*hk Zf hkn— ), TLEZN,

m=0

and the downsampling operator | p keeps every p-th sample of a sequence, i.e.,

G py)n) =ylpn),  n € In,p.

The analysis phase of a K-channel filter bank is depicted in Fig. 1.1. In this way, the
filter bank defines a convolutional system that collects all shifted versions of the filters
(possibly downsampled). Mathematically, this system can be written as

K
Soic = ({Lpmha - m € Zyp}-

k=1

The system §, x is said to form a convolutional frame for (*(Zy) if there exist constants

A, B > 0 such that
AllfI3 < Z > W L) < BIFI3, VS € C(Zy). (1.2)
k‘ 1mEZN/p

When A = B, the system forms a convolutional tight frame. The equality case in (1.2)

corresponds to the perfect reconstruction property of the associated K-channel filter bank.
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Figure 1.1: Analysis phase of a K-channel filter bank with decimation p.

1.2.2 Shift-invariant and related function spaces

A closed subspace V(¢) C L*(R?) is said to be shift-invariant if it satisfies
FEV) = f(-—K)eV(e), Vkerl

If there exists a generator ¢ € L*(R?) such that
V(¢) = span{¢(- — k) : k € 27},
then V(@) is called a principal shift-invariant space. Multi-generator spaces of the form
V(®) =span{gi(- —k):keZ' i=1,...,r}

naturally generalize this notion and frequently appear in the analysis of multi-channel
sampling and filter-bank constructions.

Bownik [23] provided a comprehensive characterization of shift-invariant spaces on R™
through the framework of range functions and established precise conditions under which
a collection of translates forms a frame or a Riesz sequence. Building on this foundation,
subsequent works extended the theory of shift-invariant spaces to locally compact abelian
groups [28, 32] and further to non-abelian groups [26, 88].

The subsequent subsections describe several variants of shift-invariant structures that
are central to this thesis, namely, Ramanujan subspaces, periodic shift-invariant spaces,
translation-invariant spaces and twisted shift-invariant spaces. These spaces collectively
provide a unified platform to study perfect reconstruction property of filter banks, un-
certainty principles, multi-channel sampling/generalized sampling, non-uniform/random

sampling, and frame theory, in both commutative and non-commutative settings.

9



1.2.2.1  Ramanujan Subspaces

Ramanujan subspaces naturally arise in the study of integer-periodic signals and pos-
sess a rich algebraic and circulant structure governed by Ramanujan sums. In 1918, the
Indian mathematician Srinivasa Ramanujan introduced the trigonometric sum [122]

q

Ca(n) = Y e/, (1.3)
k=1
(k,q)=1
where (k, q) denotes the greatest common divisor of k£ and ¢q. These sums exhibit several
important properties which allow them to serve as building blocks for constructing finite-
dimensional subspaces of periodic sequences.
The ¢(q) successive circular shifts ¢,(n), c,(n —1), ..., ¢,(n — ¢(q) + 1) of the ¢g-th

Ramanujan sum are linearly independent and span a ¢(q)-dimensional subspace [147],

known as the Ramanujan subspace
Sy =span{Lic, : 0 < k < ¢(q) — 1}. (1.4)

The elements of S, can be viewed either as length-g vectors or as g-periodic sequences.
Moreover, S, is circularly shift-invariant, i.e., if f € S;, then L,,f € S, for all m € Z,
where the shift operator L,, is interpreted modulo ¢.

For instance, when ¢ = 10 and ¢(10) = 4, the four shifted sequences
Clo(n) = {4’ 17 _L ]-7 _]-7 _47 _]-7 17 _17 1}7
Clo(n - 1) = {1a 4a ]-7 _]-7 17 _17 _47 _17 17 _1}7
ClO(” - 2) = {_17 17 4a ]-7 _]-7 17 _17 _47 _17 1}7
cio(n —3) = {1,-1,1,4,1,—1,1, -1, -4, -1}, (1.5)

constitute a basis for Syg.

Equivalently, S, can be viewed as the column space of the ¢ X ¢ circulant matrix

[ G(0) ea—1) o ()]
B, = Cq(l) Cq(‘()) Cq(2) 7
a-1) ale—2) - 0)




which has rank ¢(q). Any set of ¢(q) consecutive columns of B, forms a basis for S,.
Furthermore, for ¢; # q;, the subspaces S, and §,; are mutually orthogonal.

This orthogonality leads to a natural decomposition of any N-length signal z € (*(Zy)

as
#(qi)—1
=Y Y Bucyl-—10),
ql|N\ =0 P
e

where the Ramanujan subspaces S,,, for ¢; | N, are treated as subspaces of (*(Zy), and
zg € Sy. Hence, the collection {S,, : ¢; | N} provides an orthogonal decomposition of
(*(Zy) into Ramanujan subspaces. For more details on Ramanujan sums and Ramanujan
subspaces, we refer the reader to [146, 147].

This thesis exploits this orthogonal decomposition to develop a frame-theoretic frame-
work based on Ramanujan sums and Ramanujan subspaces. The results are applied to
fundamental problems in sampling theory, including period identification, perfect recon-
struction property of Ramanujan filter banks, robustness under erasures, and uncertainty

principles associated to Ramanujan filter banks for stable signal recovery.
1.2.2.2  Periodic Shift-Invariant Spaces

Periodic shift-invariant (PSI) spaces extend the concept of SIS to the periodic setting,
forming a natural framework for discrete and finite-dimensional sampling theory. A closed

subspace Viy C L?(T) is said to be periodic shift-invariant if
f(—%)eVn, VYfeVy, kely.

Here L?(T) denotes the space of square-integrable 1-periodic functions satisfying

/1 | f(0)]* df < oo.

0

PSI spaces unify a broad class of function systems, including trigonometric polynomi-
als, periodic splines, and periodic wavelets. A prototypical example is the trigonometric
polynomial space

R
Pr = {f(@) = Z cpeX™ .o e (C},

n=—R
which can be viewed as a PSI space generated by the exponential basis functions {627”'”'}‘“5 R-

These spaces serve as the periodic analog of bandlimited function spaces and form the

backbone of modern discrete-time sampling and reconstruction theories.
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The thesis investigates non-uniform sampling involving derivatives in PSI subspaces of
L?(T). In the periodic setting, sampling with derivatives in shift-invariant spaces has been
studied in [130]. For the non-periodic case, non-uniform sampling involving derivatives
has been explored for bandlimited functions in [68, 71, 124, 125], and more recently in the
context of shift-invariant spaces in [2, 77, 79]. PSI spaces provide a unifying framework
for a wide range of sampling problems, encompassing trigonometric polynomials, periodic

splines, and subspaces generated by periodic wavelets.
1.2.2.3  Translation-Invariant Spaces on Locally Compact Groups

Translation-invariant spaces generalize shift-invariant spaces to the setting of locally
compact groups. Let G be a second-countable locally compact group and I' a closed
abelian subgroup of G. A closed subspace V' C L?*(G) is said to be T'-translation-invariant

(C-TI)if Lef € V, Vf eV, € €', where the left translation operator L, is defined by

(Lyf)(7) = f(n'y), ~v€G.

Early studies on the conditions under which shift-invariant systems form a frame or a
Riesz basis were conducted by De Boor et al. [21] and Bownik [23]. Their approach relies
on the fiberization map and range functions, the latter of which have a long history in
the classification of invariant subspaces, dating back to Helson [84] and Srinivasan [133].
This framework was subsequently extended to locally compact abelian (LCA) groups
by Kamyabi Gol and Raisi Tousi [94], Cabrelli and Paternostro [32], and Bownik and
Ross [28].

All of these works assume that G is abelian and that the quotient G//T" is compact.
More recent developments by Iverson [88], and Bownik and Iverson [26] relax these as-
sumptions by replacing the fiberization approach with an appropriate Zak-type transform.
In particular, they allow G to be any (possibly nonabelian) second-countable locally com-
pact group, requiring only that I" be closed and abelian. This broader framework includes
several fundamental examples that were previously inaccessible, such as Z™ C R", corre-
sponding to shifts in L?(R™) by a lattice of less-than-full rank, and R™ C R", and it also
accommodates more sophisticated instances, including the non-normal copy of R in the
ax + b group.

Building on the tools developed by Bownik and Iverson, the present work inves-

tigates multi-channel stable sampling techniques and associated density conditions for
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[-TT subspaces of L?(G), where G is not necessarily abelian. This approach enables the
characterization of sampling sets that guarantee stable reconstruction, extending classical
results from abelian to nonabelian settings and providing access to a rich variety of new

examples and applications.
1.2.2.4  Tuwisted Shift-Invariant Spaces

A simple and natural example of a non-abelian group is the famous Heisenberg group
H". Tt is a nilpotent Lie group whose underlying manifold is R" x R” x R with the group
operation defined by (z,y,t)(u,v,s) = (x +u,y+v,t+s+ 5(u-y —v-x)) and the Haar
measure is the Lebesgue measure dx dydt on R™ x R" x R. By using the Schrodinger

representation my, A € R*, given by

(2,9, 1)9() = TN TG 4 y), ¢ € LP(R),

we define the group Fourier transform of f € L'(H") as

o) = / f(z,y, t)ma(z, y, t) dedydt, where A € R*,
H

which is a bounded operator on L*(R"). Tt can be extended from L' N L?(H") to L?(H")
by using the density argument. Let f € L*(H"), then we define a function f* € L!(R*"?)
by fMx,y) = / f(z,y,t)e*™ dt, which is the inverse Fourier transform of f in the ¢
variable. An essﬂzntial approach to study the problems on the Heisenberg group is to take
the partial Fourier transform in the ¢ variable and reduce the problem to the case of R?".
In fact, for f,g € L*(H"), the group convolution of f and g is defined by

frg(zyt)= f((z,y,t)(u,v,s) g(u, v, s) dudvds.
Hr

It is easy to show that (f * g)*(z,y) = A —u,y —0)g*(u, v)e™ =) dydy. This
R2n
led us to define a new convolution (non-standard convolution) operation on L'(R*") in
the following way. Let F,G € L'(R?"), then we define
F ) G(z,y) = / MW Py y — )G (u, v) dudv.
R2n
These are usually referred to as the A-twisted convolution. When A\ = 1, it is called the

twisted convolution. With respect to the twisted convolution, L'(R?") turns out to be

a non-commutative Banach algebra. For a detailed study of analysis on the Heisenberg
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group we refer to [142]. One can notice that the twisted convolution involves the non-
standard translation (M\-twisted translation) on R?".

A closed subspace V of L?(R*") is said to be a twisted shift-invariant space if f € V,
then T(tkl) f €V for any k,¢ € Z". Here T(tk,z) denotes the twisted translation given by
T(tw)f(a:, y) = ™ @R f(p—k y—1) for v,y € R", k,1 € Z". In [116], Radha and Saswata
introduced twisted shift-invariant spaces in L?(R?") and studied conditions under which
a system of twisted translates forms a frame sequence or a Riesz sequence, characterizing
them using a certain “Condition C”. Later, in [117], these results were extended to shift-
invariant spaces on the Heisenberg group. In [119], Radha et al. established a sampling
theorem on a subspace of a twisted shift-invariant space. Subsequently, in [121], Radha
and Rabeetha introduced the Weyl-Zak transform and provided a characterization of the
system of twisted translates {7 (tk’l)np k1 € Z"} for p € L*(R?") to form a frame sequence
or a Riesz sequence, eliminating the need for “Condition C” on the generator ¢. Recently,
in [120], Radha et al. considered generalized twisted translates and derived a necessary
and sufficient condition for such a system to form a Parseval frame.

Building on these works, the present thesis aims to extend the framework of general-
ized sampling to twisted shift-invariant spaces, investigating stable reconstruction using

generalized samples and frame-theoretic properties in this non-commutative setting.

1.3 Organization of the thesis

In Chapter 2, we develop a Donoho-Stark type uncertainty principle [50] formu-
lated for convolutional tight frames arising from the analysis phase of finite-dimensional
filter banks. This principle provides a trade-off between the support of a signal and the
support of its frame coefficients, thereby linking the principle to stable signal recovery un-
der erasures. Drawing inspiration from the restriction estimates established by losevich
and Mayeli [87], the chapter further refines the uncertainty bound through a restriction
framework for filter banks. Several applications are discussed, including the recovery of
signals from incomplete or noisy frame coefficients and the analysis of Dirac combs with
concentrated support.

Chapter 3 explores the perfect reconstruction property of filter banks based on Ra-

manujan sums and their applications in signal recovery. Originally introduced by Srinivasa
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Ramanujan [122], Ramanujan sums serve as powerful tools for extracting periodic com-
ponents from signals and form the foundation of Ramanujan filter banks. We investigate
the perfect reconstruction property of these filter banks and analyze their robustness
against erasures for discrete-time signals in a finite-dimensional space (*(Zy) (i.e., CV).
The study is further extended to non-uniform Ramanujan filter banks, showcasing their
ability to address the limitations of uniform ones. Utilizing the uncertainty principle de-
veloped in Chapter 2, we present an uncertainty principle associated with Ramanujan
filter banks. This principle establishes representation inequalities in terms of Euler’s to-
tient function ¢(n) that provide sufficient conditions for the perfect recovery of signals in
scenarios where signal information is lost during transmission or corrupted by noise. Fi-
nally, we illustrate that utilizing the signal’s periodicity information through Ramanujan
filter banks significantly improves the efficiency of signal recovery optimization algorithms,
resulting in enhanced signal-to-noise ratio (SNR) gains and more precise reconstruction.

In Chapter 4, we study the problem of reconstructing periodic signals from sam-
ples of the signal and its finitely many derivatives on a randomly distributed periodic
sampling set. Motivated by the work of Antezana, Carbajal, and Romero [14] on prob-
abilistic sampling in shift-invariant spaces on R?, we establish sampling inequalities for
periodic shift-invariant (PSI) spaces in L*(T) that incorporate derivative information. We
show that the sampling inequalities involving derivatives for PSI spaces hold with high
probability provided the sampling density is sufficiently large. Our analysis utilizes fun-
damental tools on the circle group including the Zak transform and the fiberization map
to derive sufficient conditions for stable reconstruction. Finally, we present applications
of our work to trigonometric polynomials, periodic multi-band signals, wavelet subspaces,
and PSI spaces generated by Haar-type scaling functions.

Chapter 5 develops a unified framework for multi-channel stable sampling in shift-
and translation-invariant (SI/TT) spaces over locally compact groups, not necessarily
abelian. Existing studies on multi-channel sampling primarily rely on the abelian struc-
ture of the underlying group. To extend the theory to general locally compact groups,
we first establish the framework for multiplication-invariant (MI) spaces in the vector-
valued space L*(X,H), where X is a finite measure space and H is a separable Hilbert
space. The approach is inspired by Iverson [88], who investigated frame properties of

TT systems over locally compact groups via the generalized Zak transform. Using the
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tools developed by Bownik and Iverson [26], we characterize stable sampling in MI spaces
and derive corresponding density conditions. The stability of the underlying sampling set
is characterized in both global and local (pointwise) forms of the generalized sampling
formula employing range functions as a key tool. Finally, employing the generalized Zak
transform, these results are transferred to T1I spaces over locally compact groups.

In Chapter 6, we establish equivalent conditions for the injectivity of the sampling
operator associated with a T1 system defined on a union of TI spaces. The study is moti-
vated by the work of [107], which investigates sampling on a unions of finitely generated
shift-invariant spaces. Following the setting of MI spaces developed in Chapter 5, we first
address the problem for unions of MI spaces. It is shown that the supremum cosine angle
between constituent MI spaces provides sufficient conditions for the injectivity of the as-
sociated sampling operator, through its relation with the closedness of their sum. These
results, valid almost everywhere for the corresponding fiber spaces, are subsequently ex-
tended to TI spaces on locally compact groups via the generalized Zak transform under
the action of a closed abelian subgroup.

In Chapter 7, we extend the results of Chapter 5 on multi-channel stable sampling
for TT spaces to the setting of generalized twisted shift-invariant (GTSI) spaces on the
Heisenberg group. Using the generalized Weyl-Zak transform [121] as an analytical tool,
we establish necessary and sufficient conditions for a system of generalized twisted trans-
lates to form a Riesz sequence or a frame for its closed linear span. As a consequence, any
function in a GTSI space can be reconstructed from a countable collection of generalized
samples obtained through twisted translates of suitably chosen filters. As a special case,
selecting an appropriate filter yields a Shannon-type sampling theorem within this non-
commutative framework. Finally, we illustrate the theory with the GTSI space generated
by a twisted B-spline.

Finally, Chapter 8 presents the final conclusions and outlook.
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Chapter 2
Uncertainty principle for convolutional

tight frames and signal recovery

This chapter develops a Donoho—Stark type uncertainty principle [50] for convolu-
tional tight frames arising from the analysis phase of finite-dimensional filter banks. This
principle demonstrates a trade-off between the signal support and the support of its frame
coefficients, establishing a connection with signal recovery under erasures. Inspired by the
restriction framework developed by losevich and Mayeli [87], we establish a restriction es-
timate for filter banks and employ it to refine our uncertainty bounds. Applications to
signal recovery from missing or noisy frame coefficients are presented, including recovery

conditions for Dirac combs with concentrated support.

2.1 Filter banks over multi-dimensional framework

This section studies the filter banks in a multi-dimensional cyclic framework, specifi-

cally on the group

2% =Zn X Ly X -+ x Zy  (d times),

where Zy denotes the cyclic group of order N, with a primary focus on signal recovery
applications. The framework of filter banks over the finite abelian group Z4, has been
explored in both theoretical and applied settings. For instance, Frazier [56] investigates
filter banks over two-dimensional cyclic groups such as Zy, X Zy,, with applications
to perfect reconstruction (see p. 194, Chapter 3, Exercise 3.1.14). Beyond this, several
works including [15, 61, 62, 91] have studied filter banks over discrete abelian groups from

a practical standpoint, with Z¢ arising as a natural special case. These studies validate

The results presented in this chapter are based on our published work [93]:

Kalra, S. and Shukla, N. K. 2025. Uncertainty principle for convolutional tight frames and its ap-
plications in signal recovery. Sampl. Theory Signal Process. Data Anal. 23 (2), Paper No. 21,
45.
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the mathematical and practical relevance of the filter bank formulation over Z% adopted
in this chapter.

Let (*(Z%) refer to the N%dimensional Hilbert space of functions defined on the
cyclic group Z4. This space is equipped with the inner product {x,y) = ZHEZ% z(n)y(n),
where z,y : Z% — C are functions represented as z = (@(n))neze and y = (y(n))nezd , 1 =
(n1,ma,...,nq) € 2%, and y(n) is the complex conjugate of y(n). For signal transmission,
we utilize a K-channel filter bank as depicted in Fig. 2.1. The ¢-th input channel is based
on the analysis filter h; € (*(Z%), for 1 <i < K. For a signal = € (?(Z%), its restriction

to a subgroup BZ%, C Z$ for some d x d matrix 9B is given by
(bng, )(m) = 2(m), € B,

The output from the i-th channel after its restriction to a subgroup BZ¢ is {(x * hy)(m) :
(m,i) € BZE x{1,2,..., K}}, where the discrete circular convolution * for z,y : Z% — C
is given by:

k—n), keZ%,

~—~

(zxy)(k) =D z(n)y

d
nezLy,

and for 1 < i < K, h; denotes the involution of h;, defined as h;(n) = hi(—n), n € Z%.

2 I (n) @ (o Fa) ) bz,
ha(n) (o) (o % Ta) () s,
() () (o ) () b,

Figure 2.1: Analysis phase of a K-channel multi-dimensional filter bank

To extend the concept of integer downsampling in the setting of Z%, it is required
that det(B) divides N¢. For this purpose, we choose a d x d invertible matrix B with
entries in Z such that P := NB~! also has entries in Z. This implies that det(28) divides
N since det(P) is an integer and

Nd

det(P) = det(NB ™) = N*det(B™") = s
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With this choice of 98, the output from the i-th channel simplifies to:

(z % hi)(m) = (z, Lhs), meBLL, 1<i<K, (2.1)
where, for m € Z%, the circular shift/translation operator L,, on (*(Z%) is defined by
Lnx(n) = x(n —m) for all n € Z% and z € (*(Z%). In view of the earlier discussion in
the introduction, the filter bank determined by the analysis filters hq, hs, ..., hx admits

perfect reconstruction if and only if the associated collection

Fo i = {Lmhl}me%Z‘}\, U {Lmh2}me%2‘1{, Uy {LmhK}me%Z‘}\,a (2:2)

forms a frame for (2(Z%).

In practical applications, a signal is first encoded by computing its frame coefficients,
which are then processed according to the requirements of the application. After process-
ing, the original signal x is reconstructed (decoded) from the processed frame coefficients.
However, during this process, some coefficients may be lost, disordered, or affected by
noise due to various factors. If certain frame coefficients are erased during transmission, a
key question arises: How can the original signal be reconstructed as accurately as possible
despite these erasures? Furthermore, is perfect recovery still feasible without significantly
increasing the computational cost? The problem of signal recovery in the presence of
missing or erased frame coefficients has been extensively investigated in the literature
(34, 70, 86, 102].

In this chapter, we investigate the conditions under which a signal x € ¢?(Z%,) can be

uniquely recovered in scenarios when some of its frame coefficients (samples)

{(x % h;)(m) : (m,i) € U}, (2.3)
with respect to the tight frame Fuy f, are lost or unobserved for some set U C BZY x

{1,2,..., K} or if the signal becomes noisy.

2.2 Donoho-Stark uncertainty principle and signal recovery

Donoho and Stark, in their seminal paper [50], established fundamental conditions for
the unique recovery of signals when certain frequency components are lost or unobserved.
Their approach relied on the classical Fourier uncertainty principle, which states that if a

signal x : Zx — C is supported on B C Zy and its Fourier transform  is supported on
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S, then

#p#s > N.

Various extensions of the Donoho-Stark principle have been widely explored in the litera-
ture, establishing connections to classical mathematical topics (see, [108, 109, 112, 138]).
The Donoho-Stark uncertainty principle plays a fundamental role in signal recovery
problems, providing a quantitative link between sparsity in the time and frequency do-
mains. Specifically, if a signal z : Zy — C is supported on a subset B C Zy and certain
frequency components {Z(m)},,epr remain unobserved for some M C Zy, then x can be
uniquely recovered from the remaining observed frequencies provided #p5 #; < %
Tosevich and Mayeli [87] refined the classical Donoho—Stark uncertainty principle by
employing tools from restriction theory. Their goal was to demonstrate that classical
restriction estimates can be effectively applied to derive sharper uncertainty principle. The
restriction estimate by losevich and Mayeli provides a discrete analogue of the classical
Fourier restriction theorem. It states that a subset U C Z4, satisfies an (a, b) restriction
estimate for 1 < a < b < oo, if there exists a uniform constant C,; (independent of N

and U) such that for any signal x € (?(Z%),

1 ) 1/b - 1/a
(5 T letml) < cn (X latwr) (24)
U meu nezd;
The application of restriction estimate (2.4) resulted in an improved Donoho-Stark uncer-

tainty principle, thereby enabling more flexible signal recovery when some of the Fourier

coefficients are missing or unobserved.

2.3 Uncertainty principle for filter banks and its sharpness

The signal recovery problem considered in this chapter, where certain samples (see
(2.3)) are missing or the signal is corrupted by noise, is fundamentally linked to an un-
certainty principle associated with those filter banks whose collection Fg i constitutes
a tight frame for ¢2(Z%). The resulting uncertainty relation imposes restrictions on the
sizes of the support of a signal and the support of its frame coefficients. It naturally
arises in the context of signal representations in ¢*(Z%) with respect to the canonical
basis {€,},eza and a tight frame Fo i (see Theorem 2.1). Similar uncertainty principles
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for pairs of bases have been extensively studied in the literature and play a fundamental
role in sparse signal representations (see, for instance, [49, 52, 67, 74]).

Throughout this chapter, we assume B € M(d,Z) such that P := NB~' € M(d,Z).
For a fixed positive integer K, the collection {h; : i € Ix} C (*(Z%) is chosen so that
Fu rc forms a tight frame for ¢*(Z4) with frame bound A. For the single-channel case
K =1, we write Fp := {Lp/}epzq to denote Fi 1 for some h € ((Z3,).

For a non-zero signal x € (*(Z4%), we have the following representations in terms of

the canonical basis {en}nezfv and the tight frame Fy ¢ with frame bound A :

r=Y anen = % S5 (@ % b)) L (2.5)

nezs, 1€1K meBLY,

Then for any = € (2(Z%), we have

Izl = lowl = % Y D laxhym). (2.6)

nezg 1€l meBLE

2.3.1 Uncertainty principle associated with filter banks

The following result establishes uncertainty relations associated with pair of represen-
tations of signals in ¢?(Z%) with respect to the canonical basis and a tight frame Fy k.
The special case when Fy ;¢ is an orthonormal basis has been addressed in [80, Theo-
rem 3.1]. The proof follows the general strategy of [80, Theorem 3.1]; however, since we
work with a tight frame rather than an orthonormal basis, we include a complete proof

for the sake of clarity and completeness.

Theorem 2.1. Let v € (*(Z%) be a signal with support B and let its samples, given by
{(x * h;)(m) : (m,i) € BZL x I}, be supported on U C BZL x L. Consider,

B, = max{|(en, Linhi)| : n € Z%&,m € BZLY,i € T}

Then, the following statements hold:

While presenting this work at a workshop at RWTH Aachen University, Prof. Stefan Kunis pointed
out that relations similar to (2.7) appear in Lemma 2 of [47]. That lemma deals with general matrices
under certain norm and entry-wise bounds, and our uncertainty relations can, in fact, be derived as a

special case of it. We recently became aware of this connection.
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(1) The number [, is bounded by

/ A
— < < Al e .
K’ det(']))l ~ ﬁo ~ max{||hl|| 1€ IK}

(1) The representations of x € (*(Z%) in terms of tight frame Fy i and the canonical

basis {en}nGZ?\, provide the following relations:

A A
#p+#u > 2\5/0_7 and #p#Hu > 7.

(2.7)

Proof. By using (2.5), we have

ol =[( X ey & F x|

nEZ‘Ii\, €Tk me%Z?\,

— Z Z Z anm<envLmhj>

n€Zd, €Ik meBLY,

S S el xR m)llen, Luhi)

nEZd €Tk mE%Zd

_A2|an|(2 >l mmla,).

nezg, 1€LK meBLY,

By the application of Cauchy-Schwarz inequality and (2.6), we have

< (S ha) 5 (St hwia)?)

nezg, nezd, 1€Ix meBLY,
an#0 a,ﬁéO

<Dax (VB x XX L s R

) d
€Tk meBLY,

< %ol x Vs #Bx(z 3 12)1/2x(2 S r<x*iu><93m>r?)1/2

i€lx  meBLY, i€l meBLE
(2% hi)(m)#0 (2 * hi)(m)#0

Hxll V#e X VH#u x VA|z| = Z\/#B#U [Edle

Therefore, \/#p#Hu > > VA 4 By using the AM-GM inequality, we get
2v/A

Bo
To prove (i), note that by the Cauchy-Schwarz inequality, we have

#p+#u > 2/ #pHvu =

[(en, Linhi)| < llealll Lmhall = LlIRill = |I2s]] < max{||a] - i € Zi},

22



for any n € Z4,,m € BZ4,i € Ix. Therefore, 8, < max{|h| : i € Zx}. For the lower
bound on f3,, note that for any n € Z%,m € BLY,i € Lk, we have |{e,, Linhi)| < Bo.

Squaring both sides and summing over m € BZ% and i € Zy, we have

D> ew Lnhai)|” < B2K|det(P)|, for any n € Z, (2.8)

1€TK meBLY,

where we have used the fact that #gz4 = [ det(P)] (see [80, Proposition 2.1]). Since the
collection Fg ¢ is a tight frame for ¢2(Z%), the left side of the above inequality is A and

after rearranging, (2.8) finally becomes:

A
\ &Tdetp) =

Consequently, (i) is proved. Hence, the claim follows. O

Remark 2.2. If the collection Fy i forms an orthonormal basis for £2(Z%), then it follows
that N¢ = K|det(P)| and A = 1. Moreover, for any i € Zx and m € BZ%, we have

|\hill = || Lmhs|| = 1. In this scenario, the uncertainty relations given in (2.7) simplify to:

Yot Hy > E and  #p#y > ﬁig,

where [, satisfies the inequality

/1
mgﬁogl

These relations coincide with the uncertainty relations established in [80, Theorem 3.1].

Remark 2.3. It is interesting to observe that 8, = max{|h;(n)| : n € Z%,i € Zx}. To
prove this, we consider K C Z% to be a PZ4%-tile of Z%, (ie., {PZ% + k : k € K} is
a disjoint partition of Zﬁl\,) such that Bn; = Bny implies ny = ny for any ny,ny € K.
Then, by [80, Proposition 2.4], it follows that BZ¢ = B(K). Also, note that by [80
Proposition 2.7], there exists a set {ag, a1, ... | det(my-1} C 74 such that Z¢ = {k + ay :
ke B(K), L € Jjaet(w)} and

{Lmea, :m € B(K),l € Tjac(n)} = {€n}nezd -
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Then, for any m, k € B(K), i € Ik, and £ € J|qet()|, We have

Y hi(n)Luwea, (n)

d
neLy,

Z hi(n)eag+m (n )

neZd

(L Liea, )| = [{hi; Lk—myear)| =

|hi(eq, +m')|,  for some m' € B(K).

Using the above relation and the equality BZ%, = B(K), we get
Bo = max{|(Lnhi, Lreq,)| : m,k € B(K),i € Ix,l € Jjact(s)}
= max{|hi(eq, + m)| : m € B(K), L € Fjaex(w): 7 € L} (2.9)
= max{|h;(n)| : n € Z%,i € Tk}.

Remark 2.4. The uncertainty relations (2.7) are meaningful only when the right-hand

sides of both the inequalities are greater than or equal to 1. Indeed, this holds because
Bo = |(en, Lmh;)| for some n € Z%,m € BZY,i € Tk.
Then, using the fact that the collection Fy i forms a tight frame for ¢2(Z%), we have

32 = |(en, Linhi) |2<Z Z |(en, Limhi)|? = A for any n € Z4,.

1€lK mE%Zd

2 2
Example 2.5. (a). Let N =2,d =2 and B = . Consider,

11\ 1 -1\
hy = (h (0,007, hy (0, )T, Ry (1,007, K 1,1”:(-,0,-,0) and h :(-,0,-,0) .
1= (R1(0,0)7, ~y(0,1)7, Re(1,0)7, Ra(1,1)7) 57 nd b = { 75,0, %

Then, the collection Fyo = {hy, Lo 1yrhi, ha, L 1yrhs} forms a tight frame for (*(Z3)

T
where BZ3 = {(0,0)", (0,1)"}. Indeed, by using L 1yrh1 = (0, Lz, 0, \/LE) and Lo 1yrhy =

S

T
(0, %, 0, _;) for any x € Z3, we have

2
> (2, Linha) [ = [, i) [P + [z, Loyeha) | + (2, ha)|* + [, Lo,y ha) [

1 1 1 1

= [2(0,0)* + (0, DI* + [2(L, 0)* + |2(1, DI* = [l[|*,
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where we have used the identity |a + b|> + |a — b]> = 2(|a|* + |b|?), a,b € C. This proves
that Fg o is a tight frame for ¢2(Z3) with bound A = 1. Also, it can be easily verified that
By = 1/\/§ in this case.

(b). Let N = 2" for some n € N and d = 1. Also, let 8 = 2 and consider hy =
(1,0,0,...,0), hy = (=1/2,4/3/2,0,...,0), and hs = (—=1/2,—/3/2,0,...,0). Then, it
has been proved in [53] that the collection {Lih; : k € 2Z49n,i € I3} forms a tight frame
for ¢(Zyn) with frame bound A = 3/2. Moreover, it can be easily verified that 3, = v/3/2

in this case.

Example 2.6. Let N =6, d =1 and B = 1. For n € Zg, consider hy(n) = c¢1(n), ha(n) =
c2(n), hs(n) = c3(n), hy(n) = cs(n), where for a positive integer ¢, ¢, denote the ¢-th
Ramanujan sum as defined in (1.3). Then, the collection {Lyh; : k € Zg,i € Z,} forms a
tight frame for ¢*(Zg) with frame bound A = 36 (see Theorem 3.6), and 3, = ¢(6) = 2.

2.3.2 Sharpness of uncertainty principle

This subsection aims to demonstrate that the uncertainty relations in (2.7) can be
further refined using a restriction estimate for filter banks. Motivated by the work of
losevich and Mayeli [87], we adopt a similar restriction-theoretic approach to improve the
uncertainty relations provided in (2.7).

Specifically, we establish a restriction estimate for filter banks, analogous to (2.4),
wherein the Fourier coefficients are replaced by the frame coefficients associated with the
tight frame Fy . The proposed restriction estimate is then employed to sharpen the
associated uncertainty principle. This formulation is relevant in signal recovery scenarios

that involve redundant representations, particularly those based on filter bank frames.

Definition 2.7. (Restriction estimate for filter banks). Let U C BZ% x Zx and 1 < a <
b < oo. Then U satisfies an (a,b) restriction estimate if there exists a uniform constant

C,p (depending only on a and b) such that for any signal z € ¢2(Z%), we have

(% Z |(z * ﬁi)(mﬂb) " < Ca,bﬁo( Z ’x<n)‘a> 1/0,' (2.10)

d
nezy,
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Remark 2.8. Note that for any U C BZ4 x I, and a = 1, the restriction estimate
holds for the pair (1,b). Indeed, for any x € (*(Z%), we have

(o 3, i) "< (3, 52 | 5 swim =)

(myi)eU (myi)eU neZd

1/b
< max{ | (m +n)| : m € BLZY, n € 24, i eIK}(# )IRDIE )

(ma)eU nezd,
<B, Y |z(n)

d
neLy;

Thus, the restriction estimate (2.10) holds for U for the pair (1,b) and constant C, = 1.

A natural and fundamental question is to identify conditions under which a non-trivial
restriction estimate holds for a given subset U C BZ$ x Zr. We have the following result

in this direction:

Theorem 2.9. Let the collection Fy = {Lpnh}pze form a tight frame for %(24)) for
some h € (*(74,) with frame bound A and let U C BZS, be such that

;U < B2 (2.11)

Then the set U satisfies a restriction estimate for the pair (a,b) and constant C,p = 1,

where a = 572, k € N and b= 2. That is, for every z € (*(Z%),
1/2 1/a
<#U > @ ) < | Sz (2.12)
meU nEZ%

Proof. Define y(m) := (z * h)(m) - 1y(m) for z € (*(Z%) and m € Z%. Then we write
Do l@xh)m)P =Y (wxh)(m) - y(m)

_ Zd@ Lyh) - y(m) = . d‘T(”Wn—m)'y(m) (2.13)
= Z x(n) Z y(m) - h(m —n) = Z (n) - (y, Lnh).

Note that, if @’ is conjugate exponent of a = % for some k € N, then

2k

a 2k—1
a, e = = 2]{;
a—1 _2k_ -1
2k—1
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Applying Holder’s inequality to the right hand side of (2.13), we get

1/a 1/2k

Yo lax)ym)P < | Y |x(n) >y Lab)[* : (2.14)

melU nEZ% nEZ%

Since for any n € Z% and z € (*(Z%), we have (3, L_,h) = (2, L,h). As its conse-
quence, the collection Fyz being tight frame with frame bound A implies that the col-

lection {Lnﬁ}ne%z% is also a tight frame with bound A. Using this fact and the norm

inequality
k
Sl L) < [ D 1w L) |
nEZ% nGZ%
we get
k
5 5 k
Doy L) < [ D 1y L) | = (Allyll?)" = AF[lyl™. (2.15)
nezs; nezd,
Substituting (2.15) into (2.14), we obtain
1/a
Do ls)m)P < [ Yzt ] - AVy]
meU neZ%
1/a 1/2
= > letm] A (Z I(x*ﬁ)(mﬂ?) :
nezd meU

Finally, dividing by #1U/2 and using the assumption (2.11), we get

1/2 1/a 1/a
1 - ) Al/2 . .
0 > @ h)(m) <=7 | D e <Bo | Y lz(n) :
mel U nezs, nezs,
which is precisely (2.12). O

Remark 2.10. Let 8 = I, (the identity matrix of order 2), d = 2, and let N be any
positive integer. Consider the Dirac delta generator

VC, ifn=(0,0),

h(n) =
0, otherwise,
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for some positive constant C. In this case, any non-empty subset U C Z3 satisfies
assumption (2.11). Consequently, by Theorem 2.9, the restriction estimate holds for all
non-empty subsets U C Z3 corresponding to the pair (%, 2) for any k£ € N.

Indeed, for any z € (*(Z%), we compute:
Dl Lah)P = Y (2, VCo)P = Y [VCa(m)* =C ) |a(m)]* = C|lz|*.
mEZ%\, mGZ?\, mEZ?\, mEZ?\,
This confirms that the system Fp = {Lpnh}nezz forms a tight frame for ¢2(Z%) with

frame bound C. Moreover, in this case, the quantity 3, simplifies to
B, = max{|h(n)| : n € Z%} = VC,

so assumption (2.11) is trivially satisfied for any non-empty subset U C Z3.
In particular, classical examples of U such as the unit circle U = {x € Z% : 23 + 23 = 1},
or the parabola U = {z € Z3 : o = 2%}, are valid candidates for the application of The-

orem 2.9 in this setting.

Following the approach of Iosevich and Mayeli [87], who apply Bourgain’s A, theo-

rem [22, Theorem 1] to establish restriction estimate in the Fourier domain, we invoke

b

727, 2) restriction estimate (2.8) for b > 2. Bour-

Bourgain’s theorem to derive the (
gain originally proved the following result for a general locally compact abelian group Gj

however, we present it here specifically for G = Zg,.

Theorem 2.11. [22] Let {~; : i € I,} C (*(Z%) be a sequence of s mutually orthogonal
functions such that max{|vy;(z)| : * € Z%} < 1 for each i € I,. Then, for a given

2 < b < 00, there exists V C I, with #v > s*°, such that for all scalar sequences (a;)

Sanl| <o) (ZW) .

1% eV

o (Z%)
The constant C(b) depends only on b and the estimate above holds for a generic set of

size 2/

Remark 2.12. In Theorem 2.11, a generic set V' of size s*/* refers to a randomly chosen
subset of Z,, where each element is included with probability p = s?/*~!. Theorem 2.11
then holds for such a set V with probability close to 1. For a detailed explanation of

generic sets, we refer to [22] and the references therein.
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Based on Theorem 2.11, we obtain the following result, which compares the b-norm
of z € 2(Z4) for b > 2 with the 2-norm of its samples {(z * h;)(k) : (k,i) € BZ x I}

2/b Tt uses the requirement

supported on a generic set of size greater than (BZ% x Tx)
that the collection Fy g forms an orthonormal basis for ¢*(Z%). One such example is

explained in Example 2.5.

Theorem 2.13. Let the collection Fy i form an orthonormal basis for (*(Z%). Further,
let € (2(Z%) be a signal whose samples {(z x h;)(m) : (m,i) € BLZYL x T} are supported
on U C BZL, x Ty, where U is a generic set of size greater than (BZ% x T )**

b > 2. Then,

for some

(X wetr) T c<b>(( S o hz-><m>|2)l/2. (2.16)

! -
neZs, m,i)eU

Proof. Since Fup r¢ forms an orthonormal basis for (*(Z%), it follows that A = 1. Using
(2.5) and the fact that the samples {(z % h;)(m) : (m,i) € BZY x Tk} are supported on

U, we obtain

x = (z % h;)(m) Linhs. (2.17)

(m,i)eU

Applying Theorem 2.11 to U, together with (2.17), completes the proof. O
The following result uses Theorem 2.13 to provide (325, 2) restriction estimate for b > 2.

Theorem 2.14. Under the standing assumptions of Theorem 2.13, we have

<L > s l~zi)(7n)!2)l/2 < ﬁoao(b)< > |x(n)|b”1)bbl, (2.18)

Y maeu nezd,

where & is a positive real number such that B, > % i.e., (2.18) implies that the (%,2)

restriction theorem holds with the constant 6C(b).
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Proof. Let b' = 7%5. Using the fact that Fy g forms an orthonormal basis for ¢%(Zg,),

applying Holder’s mequahty and then using (2.16) we get

1 ~ -

(m,i)eU nEZd nEZ}‘\,
1 b/ 1/ . 1/b
s#—(z o r) (Z |x<n>|)
1 N N o (2.19)
s#—(Zu rb) o<b>( 3 |<x*hi><m>|2)
nezd (mg)elU
/ 1/ 1 . 1/2
=(Z|x |b) c<b>(— 3 |<x*hi><m>|2) |
nezd #U (myg)eU

By Theorem 2.1, we have 8y < max{||h;|| : i € Zr} = max{||Liphi| : k € BZY,i € Ix} =
1. Choosing § > 0 such that 63, > 1 and using this in (2.19), we obtain

(% (m%:UW « Bi)(m)IQ) v < C(b)( > Ix(n)l"/)l/b, < Bo(6C (b ( > lxn Ib')

neZ‘Ii\, nEZd

1/

This completes the proof. n

We now provide an improved version of Theorem 2.1 by using the restriction estimate

(2.10).

Theorem 2.15. In addition to the standing assumptions of Theorem 2.1, assume that
the restriction estimate (2.10) holds for U for a pair (a,b) with 1 < a < b < co. Then

A
PeCab

Yody, > (2.20)

Proof. Using the tight frame property of Fi -, Holder’s inequality and restriction estimate
(2.10) for U for the pair (a,b), we have

o) = % | 3 (@) m)Lnh(n) = = | S (@ e hi)m)hi(n —m)
(m,i)eUu (my)eU
1/b
Bo 1 7
<% S e h)m) < P | - X0 N h)m)p
A (m,i)eU #u (m,i)eU
2 1/a 1/a
< B Con( X o) < BtuCon( X latwl)



Raising the power a on both sides of the above equation, summing over B and dividing

both sides by Znezgi, |z(n)|®, we get

Aa
#B# = arva
U 52 C’a b
or equivalently,
l/a
#U o 520ab
Hence the claim follows. O]

We have another improved version of Theorem 2.1. For a set S C Z%, we define the

norm [|za(sy :== (3 ,cs |x(n)|“)l/a. We have the following result.

Theorem 2.16. In addition to the standing assumptions of Theorem 2.1, assume that
the restriction estimate (2.10) holds for U for a pair (a,b) with 1 < a < 2 < b < 0.

Then, we have

#;;a# (2.21)

S A
U —Z 55 ~9 -
B3Cas

Proof. Note that if 1 < a < b, then by using Holder’s inequality, we have

(F5ror) = (FErer)

As its consequence, we have

1/a 1/a
a 1/a
||x||ea<3>=<z|x<n>|) = g( > |x(n) )
neB nEB

1/b 1/b
1/0( > lz(n) ) = };a”"(Dx(n)rb) = #31" |zl

neB neB
(2.22)
Similarly, by using Holder’s inequality for 1 < a < b, we have
1/a 1/b
1 ~ 1 ~
o l@xh)m)*] < > laxh)(m)
#U (m,i)eU #U (m,i)eU
Consequently, for b > 2, we have
1/2 1/b
1 ~ 1 -
0 Y. l@xh)m)? | < 0 Y laxhym)l | (2.23)
U (myg)eM v (myg)eU



This implies that if restriction estimate (2.10) holds for U for the pair (a, b) with constant

Cap then it also hold for the pair (a,2) with the same constant. Moreover, we have

1/2 1/2
1 = —1/2 7 —1/2
o 2 lwehymP | =4[ 3 Iwxhonl | = #5"A ellegs)
U (mi)ev (myi)eU
(2.24)
By using (2.24), (2.23), (2.10) and (2.22) in the same order, we obtain
#o' 2 AY el ) < BoCapllallenis) < BoCaptty ™™ |22, (2.25)
This gives,
#1/(1—1/2 12 Al/2
B vo= 50011,17
Squaring both sides gives the required result. O

Remark 2.17. If 0 < C,;, < 1, Theorem 2.16 imposes a stricter condition than Theorem

2.15, since the squared term Cib amplifies the right-hand side of (2.21). Furthermore, for
2—a

a > 1, the inequality % > % implies that the product # 5* #¢ is smaller than #g“#U,

leading to a sharper bound in Theorem 2.16 compared to Theorem 2.15.

2.4 Signal recovery

In this section, we demonstrate that the uncertainty relations established in Theorem
2.1 and Theorem 2.15 provide conditions ensuring the perfect and unique reconstruction

of x € (?(Z%) when some samples of a given signal are lost or when it is affected by noise.
2.4.1 Recovery from missing data and noisy observations

We focus on the following signal recovery problems:
Problem 1: Recovery in case of missing samples

Suppose for a given signal © € (2(Z%), a subset {(z*h;)(k) : (k,i) € U} of its samples
are lost for some U C BZ% x . We aim to establish conditions under which z € ¢2(Z%)
can be reconstructed uniquely from the truncated sum:

1 -
Dyex := — Z -(a: s hy)(k)Lihi, (2.26)
(k,i)eUe

assuming that Fy g is a tight frame for £2(Z%;) with frame bound A, where U¢ := BZ4, x

Ik \U. Indeed, we have the following result:
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Theorem 2.18. Let x € (*(Z%) be a signal with support B C Z% and assume that a
subset {(x * ;) (k) : (k,i) € U} of its samples are lost for some U C BLL x Tk.

(1) Then x can be uniquely recovered from Dyex if

A
#pftu < 25 (2.27)

(17) Suppose that the restriction estimate (2.10) holds for U for a pair (a,b),1 < a <
b < oo. Then x can be uniquely recovered from Dyex if

A
253 Oa,b .

B < (2.28)

Problem 2: Recovery in presence of noise

Suppose the signal x is sent to a receiver that captures it accurately except over a set
T C 74, where it is corrupted by noise 7. Then, the received signal r at k € Z4, is given
by
H(k) = z(k)+n(k), keT, (2.20)
z(k), keTe,
where T¢ := Z4\T. Our goal is to reconstruct x from the noisy signal y, assuming that
the noise vector 7 is sparse, meaning the noise vector 7 is zero outside a given set.
In many practical situations, such as sensor failures, impulsive disturbances, or trans-
mission errors, the noise typically affects only a few locations in the signal. This motivates
modeling the noise vector n as sparse. See, for example, [40], where recovery under sparse

noise assumptions is systematically analyzed.

The following result serves as a solution to Problem 2.

Theorem 2.19. Let = € (*(Z%) be a signal whose samples {(z * hy)(k) : (ki) € BLY x
Ik} are supported on U for some U C BZ% X Ik and assume that the noise vector 1 is

supported on T C Z%.

(1) Then x can be uniquely recovered from r if

#r#u < (2.30)

262
(17) Suppose that the restriction estimate (2.10) holds for U for a pair (a,b),1 < a <

b < oo. Then x can be uniquely recovered from r if

#%’/Q#U <

33

. 2.31
252C0s (2:31)



Remark 2.20. Donoho and Stark employed a f>-minimization method to recover sparse
signals with missing frequencies using the frequency-limiting operator. Specifically, if
x € (*(Z%) is a signal with support S and the frequencies {(n)}neza are supported on

U, the least squares problem
min{ || Fyx — Fus'|| : Pys' = s’}

is solved for each W C Z4, with #yy = #s5, where for a set U C BZ4, x Iy, the frequency-
limiting operator Fy : (2(Z%) — (*(Z%,) is a projection map onto the space of all signals
with frequency support U, given by
(Fu)(m) = 3 d(m)e?rinmN,
nel
and for a set W C Z%;, the time-limiting operator Py is a projection map onto the space
of all signals supported on W, given by

z(n), ifneW,
(Pwz)(n) = (2.32)

0, otherwise.

Let sy, be the signal that solves the problem for a given W. After calculating sy, we

then compute

VAR

= ar min Fux — Fys
gsw,#W:#sH v v WH

and conclude that = s. This algorithm is impractical for large N, as the runtime
grows exponentially with increasing N, but it ensures that the original signal is recovered

exactly.

For the exact recovery, we utilize the ¢;-reconstruction algorithm which provides a
much better approach than the combinatorial approach, as the latter becomes impractical

for large N. For a better explanation, we refer to [50]. For Theorem 2.18(i), we solve
& = argmin {|[2'[ : Dyer’ = Dyex} (2.33)
and for Theorem 2.19(i), we solve

T = arg min ||r — 2’|, (2.34)
' €Sy

while for the exact reconstruction in the cases of Theorem 2.18(ii) and Theorem 2.19(ii),

we employ the combinatorial approach similar to that discussed in Remark 2.20.
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The following result guarantees that optimization problems (2.33) and (2.34) provides
exact recovery. This is a version of discrete Logan’s phenomenon for our setting, originally

presented in the context of bandlimited functions [50, Lemma 4].

Theorem 2.21. Let x € (*(Z%) be a signal with support B C Z%. Then, for U C

BZE x Ty, the best approzimation to x by signals in

Sy = {x € (7] (x % h)(k) =0 for (ki) € UC} (2.35)
1s the zero signal, provided
A
#p#Hu < Y7 (2.36)

Proof. Note that if #5 = 0, then z = 0. Then the result trivially holds as 0 € Sy .

Now assume, #p # 0. By an application of Theorem 2.1, we first prove x ¢ Sy. For
that, assume that the set of samples {(x * h;)(k) : k € BZ%,i € Ik} of = has at most
# . non-zero samples for some £ C BZ% x Iy ie., (x % h;)(k) = 0 for (k,i) € L°. By
Theorem 2.1 and (2.36), we have

A
H#rH#p > 7 > 2#u#s.

This implies, #, > 2#. Since the signals in Sy have at most #; non-zero samples, thus
x ¢ Sy.

To prove that the zero signal is the best approximation to x, consider an arbitrary
y € Sy with y # 0. Since Fyg ¢ is a tight frame for £2(Z%) with frame bound A, then for

n € 74, we can write

> (y * hi)(k)Lihi(n)| = < Z 0)Lyhi(€)Lyhi(n)
k,i)eU

(k,i)eU Z

1 1

<2 WOl Y =R -r|) <5 3 WOl 8240,
€74, (ki)eU €74,

where the last inequality is due to (2.9). This implies, max, cz4 |y(n)| < Zg#UHyHl Then,

by using (2.36), we obtain

5 1
1Peylls =D ly(n)] < max|y(n)|#s < —“#udtsllyle < Slylh.
neLy, 2

neB
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where for B C Z4,, the projection operator Pg is defined in (2.32). From this, we get
I(Z = Pyl = llyli = 1 Psylls > llylli > [[Ppylli. Consequently, we get

[ =yl = 1Ps(z =yl + [[(1 = Psyllx
> [|Ppally = 1Peylly + 11 = Pp)ylls > [[Pplly = ||z

Thus, any nonzero signal in Sy does not approximate x well. Hence the claim follows. [

We are now ready to provide the proof of our results, Theorem 2.18 and Theorem

2.19. The idea of their proofs is adopted from [50].
Proof of Theorem 2.18

We first prove (i). Suppose, for the sake of contradiction, that there exists y € (2(Z%)
satisfying (2.27) and Dyex = Dyey. Define h := y — z. Then, Dych = 0. This implies that
h € Sy. Moreover, #supp(h) < #Fsupply) T Fsupp(x) = 27 B, i.€, h has at most 2#p nonzero
elements. Then by using Theorem 2.1, we obtain (2#5).#v > B%’ contradicting (2.27).
Hence x is the unique signal satisfying (2.27) and generating Dye.z.

To reconstruct x from Dyex, we show that & = x in (2.33). First note that any
u € Sy can be written as u = x' — x, where 2’ satisfies Dyeax’ = Dyex. Indeed, set-
ting 2/ = u + z for some u € Sy, we obtain Dyecx’ = Dye(x + u) = Dyex. Since it
is given that 2#p#y < %, Theorem 2.21 implies that the best approximation to = by
signals in Sy is the the zero signal. In other words, we have irelg; |z 4+ uljy = ||z|]1 or

min {||x + (2’ — 2)||1 : Dyeax’ = Dyex} = ||z||; or
argmin {||lz + (2’ — @), : Dyea’ = Dyer} = .

Now we prove (ii). The uniqueness part follows along the same lines of proof of (i)

by noting that Theorem 2.15 yields (2#p)Y*#y > which contradicts (2.28) as

_A
/Bgca,b ’
2#}9/“ > (24 5)"/? for any a > 1. For the reconstruction part, we solve

min{||Dyex — Dy2'|| : Pya' = '}

for every W C Z% with #y,, = #p5. Let z)y denotes the solution for a given W. After
calculating xy, we compute
T =ar min Dyex — Dyex
g$W:#W:#B ” v v WH

and conclude that 7 = z. O
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Proof of Theorem 2.19

We first prove (i). To prove the uniqueness part, assume x and y are two signals
such that the samples {(x * h;)(k) : k € BZ%,i € T} and {(y * hy)(k) : k € BZL,i €
Tx} of x and y, respectively, are supported on U. Since it is given that n = r — x is
supported on T, thus we also assume that r — y is also supported on 7. Then, consider,
h=(r—z)—(r—y) =y—x. Note that, the signal h is supported on a set of size at most
2# 7. Also, for (k,i) € U°, we have

((y —x) * hi) (k) = (y — @, Lyhi) = {y, Lehi) — (z, Lyhg) = 0.

This implies that h has atmost #y nonzero elements. Then by using Theorem 2.1, we
have (2#7)#u > éig, which contradicts (2.30). Hence, z is the unique signal that can be
recovered from r when its samples supported on U.

To achieve exact reconstruction, we prove that the solution to (3.38) is z, i.e., T = z.
For this purpose, let 2/ € Sy, so that [|r—2'||; = [|z4+n—2"|, = |[n+ (x—2")|1. Moreover,
since v — 2’ € Sy and #1#y < ﬁ, applying Theorem 2.21 for 7, we obtain xrfrég[l, |r —
2llv = min [l + (z = 2%y = [Inll or arg min [l —2/|jy = arg min [l + (z — 27 = =.
This proves (i).

Now we prove (ii). The uniqueness part follows along the same lines as the proof of
(i) by noting that Theorem 2.15 yields (2#7)Y %%y > 63%:@’ which contradicts (2.31)
since 2#1T/a > (2#7)Y% holds for any a > 1. For the reconstruction part, we solve the

optimization problem
min{||Dyxz — Dya'|| : Pw(r — ') =r — 2’}

for every W C Z¢, with #,, = #r. Let xy, be the signal that solves the problem for
a given W. After calculating z)y, we determine ¥ = arg  min . |Dyx — Dyaxywy|| and
T

xW’#W:
conclude that z = 7. O

2.4.2 Exact recovery of binary signals

The authors in [87] provided an algorithm for the exact recovery of binary (0- 1) signals
in the scenario when their Fourier coefficients are missing on a given set. We apply the

same algorithm for the exact recovery of binary signals in cases where their samples are
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lost or unobserved outside a given set. We begin with presenting the algorithm for the
exact recovery of binary signals.

Algorithm. Let z € (*(Z%,) be a binary (0-1) signal supported on B C Z%. Assume
that a subset

{(x % h;) (k) : (ki) e U}

of its samples are missing for some index set U C BZ% x Tr. Under the recovery

conditions (2.27) or (2.28), it follows that
Re(Dyz(n)) < 1, Vn ez,

where Re(z) denotes the real part of z € C and Dyex is defined in (2.26). Since

x(n) = % Z (2 % hy)(m) Lynhs(n) + % Z (% h;)(m) Lmhi(n) = Dyx(n) + Dyex(n),

(m,i)eU (m.i)eUe

N

we conclude that, for each n € Z%, x(n) = 1only if Re(Dyex(n)) >

We have the following result:

Theorem 2.22. In addition to the standing assumptions of Theorem 2.18, assume that

x € (*(Z%) is a binary signal.

(1) Then, x can be uniquely recovered from Dyex if

#p#Hu < (2.37)

A

265

(17) Suppose that the restriction estimate (2.10) holds for U for a pair (a,b) with 1 <
a < b < oo. Then x can be recovered uniquely from Dyex if

1/a

B #u < W (2.38)

Moreover, in both cases, the signal x is given by:

z(n) = L i Re(Dyec(n)) = 172, n € 7. (2.39)

0, otherwise,
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Proof. We first prove part (i). For any n € Z%, we have

Re(Dyz(n)) < |Dyx(n)| = % Z (z % hy) (k) Lghs(n)
(k)€U

1 -
" > a(m)hi(k —m)| [hi(n — k)|
(k)€U |meZd,
O#UZ’I O#U#B<—
meB

Hence, Re(Dyz(n)) < 5 for all n € Z%,. Applying the recovery algorithm, we reconstruct
x by setting
1, if Re(Dyez(n)) > 1,
z(n) =
0, if Re(Dyex(n)) <

N[ —=

This completes the proof of (i).
We now prove part (ii). Using Hélder’s inequality together with the restriction esti-

mate (2.10), and noting that |||/ ) = #1/* since x is binary, we obtain for any n € Z4,,

Re(Dya(n)) < |Dya(n)| :% S (5 hu) (k) Lhi(n)
(ky)eU
<2 S e
(k,i)eU
1/b
Bo 1 b
—_ — x hy)(k
5 i e
52 ﬁQ 1/a

_#UCa bllz|leemy = —#UCa v

where the final inequality follows from (2.38). Following the same argument as in part

(i), the claim follows. O

Example 2.23. Consider the filter bank setting as discussed in Example 2.6 and a binary
signal x as shown in Fig. 2.2(a). From the figure, it is clear that #5 = 2. We assume that
for U = {(1,4),(2,3)}, the samples {(z % h;)(k) : k € Zg,i € Ix} are lost. Under this
assumption, the condition (2.37) is satisfied since

36 A
pr— 4 4. = —-— —_—
#BFHU <45 2xd o
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The signal Dyez is shown in Fig. 2.2(b). From the figure, it is clear that Re(Dy.x(n)) >
1/2 only for n = 0 and n = 3. Therefore, x takes the value of 1 at n = 0, 3, as confirmed

by Fig. 2.2(a).
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Figure 2.2: (a) The original signal of length N = 6. (b) The signal Dy.x
corresponding to the missing sample set U = {(1,4), (2,3)}.

2.5 Recovery of signals concentrated on a given set

In the previous section, we utilized the support conditions, namely, that the signal is
supported on a set B C Z4,, and its samples are supported on a set U C BZ% x Tg. In
contrast, the authors in [66] established uncertainty relations for a specific class of signals,
focusing on their concentration properties rather than explicitly considering their support.
They further applied these uncertainty principles to derive exact recovery conditions for

such signals when certain frequency components are missing.
2.5.1 Uncertainty principle and recovery conditions with concentration

In this subsection, we assume that x is concentrated in B in an appropriate sense
and derive uncertainty relations based on its concentration property. We then apply our
uncertainty relations to establish conditions for the unique recovery of a signal in scenarios
where some of its samples are lost or it is corrupted by noise. We now provide a precise

definition.
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Definition 2.24. We say that = € (*(Z%) is (P-concentrated on E C Z%, if there exists

a constant Cg, > 1 such that

1

Z lz(n)[” | < Cryp <Z \x(n)|p> ' .

d
neLyy nekr

Our uncertainty relations stated in Theorem 2.1 and Theorem 2.15 will typically hold
at the cost of a constant if z € ¢2(Z%,) is merely ¢P-concentrated on B C Z4 rather than
properly supported on B. However, if z and y are concentrated on B C Z%, then x — y
may fail to be concentrated on any set of size at most 2# 5. Thus, the same signal recovery
techniques may not apply, as the support condition is crucial in proving the uniqueness
results in Theorem 2.18 and Theorem 2.19.

It is important to note that the concentration condition makes it more difficult to ap-
ply restriction inequalities, as it leads to more restrictive signal recovery conditions (2.28)
and (2.31). Indeed, if x € (*(Z%) is £P-concentrated on a subset U C Z% with concen-
tration constant A, rather than being fully supported on U as in Theorem 2.15, then the
inequality (2.20) takes the form

1/a
B/ #u > m
As a consequence, the signal recovery condition (2.28) in Theorem 2.18 for the case of

missing samples becomes

1/a A
< S —
B #U 2/32 Ca,b)\’
and similarly, the recovery condition (2.31) in Theorem 2.19 for the case of noisy signals
becomes
1/a A
< ——Q.
#T H#U <3 BCo

As X increases, the right-hand side of the recovery conditions decreases, making them
harder to satisfy. Consequently, under the concentration condition, the effectiveness of
the restriction estimate is reduced. Therefore, the restriction estimate is more useful when
signals are supported on a set, while it is less effective under concentration assumptions.

To make use of the restriction estimate under a concentration assumption, we consider

signals that can be expressed as linear combinations of indicator functions. Notice that

41



any signal z € (2(Z%) can be written in the form

¢
i=1
where, for i € Z,, b; € C, and B; are disjoint subsets of £2(Z%). Then, we have

> lzm)|* = |bilp, + bolp, + .. blp,(n)]*
nezs, nezs,

' (2.40)
= | << @ << a _ a
;VM #5, —I}é%{’bz‘ #pl <! Z (2 ¢ Z |z(n)|",

nEBm nGBm
where |b,,|*#p,, = max;ez, |b;|°# p,. This implies,

1

Szt | <o (Z ]m(n)\“)a. (2.41)

nezg n€Bm

Therefore, = is (*-concentrated on B,, with constant ¢/¢. Our uncertainty principles

(Theorem 2.1 and Theorem 2.15) with concentration takes the following form:

Theorem 2.25. Let x € (*(Z%) be a signal of the form

14
Tr = szlgﬂ
=1

where, for i € Iy, b; € C, and B; are disjoint subsets of (*(Z%,) and let its samples
{(x % h;) (k) : (k,i) € BZL x Iy} be supported on U for some U C BZY x T Suppose
that the restriction estimate (2.10) holds for U for a pair (a,b),1 <a < b < co. Then,

1/a
5V 2 T,

where by, |*#p,, = max;ez, |bi|"#5,.

Proof. The proof follows along the same lines as the proof of Theorem 2.15 utilizing

(2.41). 0

2.5.2 Condition for signal recovery in case of concentration

The unique recoveries for the case of missing samples (Theorem 2.18) and the case
of a noisy signal (Theorem 2.19) are established using the supports of the original signal
and the noisy signal, respectively. Here, the similar arguments do not follow under the

concentration condition, as discussed at the beginning of this section.
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We first discuss the condition for the unique recovery of a given signal x € (?(Z%)
from the noisy signal r (given in (2.29)) such that its samples {(z * h;)(k) : (ki) €
BZ4 x Iy} are supported on U for some U C BZ% x Zx. To obtain a condition for
the unique recovery from r, assume x and y are two signals such that their samples
{(z * hy)(k) : k € BZL,i € I} and {(y * h;)(k) : k € BZ%, i € Ix} are supported on
U.

Assume that r —z = S0 b;B; and 7 —y = Y

j=1¢;Cj, where for ¢ € Z, and
j € Z,, the coefficients b;, ¢; € C, and B;, C; are disjoint subsets of £2(Z%). Moreover, the
coeficients {b;}icz, and {c;} ez, are chosen from a given set of coefficients {e;}ic;. We
define h = (r —y) — (r —x) = x — y. Then, h takes the form:

(
b —c;, iftneB,NC;, 1€lyj €l

bi, lfTLEBZ CiuCyU...uC 5 iEIg,

h(n) = MEL 2 (2.42)
—Cy, if’I’LGCj\(BlLJBQU...UBZ), jGIq,

0, otherwise.

\

Then, the collection
E={B,NC;,B;\(C1U...UC,),C;\ (B1U...UBy):i€1yjel,}

consists of mutually disjoint sets. Therefore, if h is ¢*-concentrated on W for some
W C Z%, then from (2.42), it follows that W € €. Now, if h(n) = w for all n € W, then

|w|*#y takes one of the following forms:

bi — cj|"#Binc;, bl “FB(cu.ucys O ¢ FFo\(BiUBL..UB)- (2.43)

Suppose it is known that |b,,|*#5,, = max;ez, |b;|*#5,, then we can assume that

b | # B, = lCm|"H# (2.44)

where |cp,|*#¢,, = maxjer, |¢;|*#¢,. Note that if [w|*#y corresponds to the second or
third form in (2.43), then it is clearly bounded above by |b,,|#5,, after using (2.44). If
|w|®#y corresponds to the first form in (2.43), then using the property

b; — ¢;* < (Jb] + |ej|)* < 297H(|bi|® + |¢;]*),  for any i € Zy,j € Z, and a > 1,

along with (2.44), we obtain that |w|*#y is bounded above by 2%|b,,|*#g,,. Consequently,

|w|®#yy is ultimately bounded above by 2%|b,,|*#5,, -
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Also, for (k,i) € U, we have ((y—=) * h;) (k) = (y—x, Lyhs) = (y, Lyhs) — (x, Lyh;) =
0. This implies that the size of the set of non-zero samples of h is at most U. Thus if we
assume that an (a,b) restriction estimate holds for U, then by Theorem 2.25, we have
Alwl
(bg + €+ )/ CopfB2

Dbyl # 4 Hy > |w] i ey >
This gives,
Alwl
(bg + L+ q)Y2Cop52|brm |

Furthermore, if we assume that set of coefficients {e;};c; satisfies |e; — ;] > € > 0 for

1/a

B, U = 5 (2.45)

each i # j and |e;| < M for each i, then it is clear that |w| > € and |b,,| < M. Finally by
using £,q < N9, (2.45) gives

#u > Ae .
2Nd/a(Nd + 2)1/aC, ,f2M

1/a
#5,
Thus, the signal x can be uniquely recovered if

1/a Ae

BnTFU < ONT(NT T 2)1eCy A (2.46)

Remark 2.26. It can be easily verified that if z = S30_ b;B; € (2(Z%) is a signal such
that its samples {(z * h;)(k) : k € BZ%,i € Tk} are lost or unobserved for some set

S C BZ4, x Iy, then under the condition

1/a# < Ae
B, 7S 2Nd/a(Nd+2)1/aCa’bﬂgM

(2.47)
the signal x can be recovered uniquely from Dyex (defined in (2.26)).

Conditions (2.46) and (2.47) are derived under specific assumptions. To ensure these
assumptions hold, we must carefully select signals concentrated on a given set. To do so,

we focus on Dirac combs and adopt the terminology from [66].
2.5.3 Recovery of Dirac combs without a support condition

We now provide the formal definition of Dirac comb signals as stated in [66].

Definition 2.27. [66] Let o € NU {0} and let ¢, M > 0. We say x € (*(Z%) is a Dirac

comb of complexity a with parameters ¢ and M if it is of the form

r=Y bilg, (2.48)
=1
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where By, ..., B, are disjoint subsets of Z% and for each i € Z,, the coefficient b; € {e; :
j € J} C C that satisfies the following properties:
(1) Oefej:jeTh,
(i1) |e; — e;| > € for each i # j,
(1) |e;] < M for each j € J.

Moreover, « is chosen to be the smallest number so that these properties are satisfied.

Definition 2.28. [66] Let x € ¢2(Z%) be a Dirac comb of complexity a as given in (2.48)
with parameters € and M and 1 < a < oo be given. The quantities|by|*#p,, |b2|*#B,, - - -,

|bo|*# B, can be reordered as follows

|b1|#5, > |b2|#B, > -+ > |bal#5B.,

with the additional rule
(i) If |bs|#p, = |bj|#p,, then i precedes j if #p, < #p,.
(42) If |b;|#B, = |bj|#B, and #p, = #p,, then place i before j if arg(b;) < arg(b;).
We refer to by, By, and the quantity |by|*#p,, the a-effective weight, a-effective support,

and a-effective mass of x, respectively.

From (2.40), it is clear that a Dirac comb of the form given in (2.48) with a-effective
support B; is f*-concentrated on B; with constant a/®. Also note that the a-effective

support of x can vary depending on the value of a as shown in the example below.

Example 2.29. Consider the Dirac comb z € (?(Zs), defined as = 3. 191,233 +5. L{a 51+
1. 1467}, as shown in Figure 2.3. Then, its 1-effective support is {0,1,2,3}, while its 2-
effective support is {4,5}, also depicted in Figure 2.3.

The following result establishes an uncertainty principle for Dirac combs, expressed
in terms of their 2-effective support, the support of their samples, and their complexity.
This can be seen as an alternative formulation of [66, Theorem 3.7], which presents an
uncertainty principle for Dirac combs based on their 2-effective support, the support of

their Fourier transform, and their complexity.

Theorem 2.30. Let x € (*(Z%) be a Dirac comb of complexity o with parameters ¢ and

M. Suppose that for some 1 < a < 0o, B is the a-effective support of x, and the samples
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Dirac comb

1-effective support
2-effective support

Amplitude
(]

n

Figure 2.3: A Dirac comb = € (*(Zg) with 1-effective support {0,1,2,3} and
2-effective support {4,5}.

{(x % hy) (k) : (k,i) € BZYL x I} are supported on U C BZL, x I. Then, the following

statements hold:

(1) Fora=1ora=2, we have

A

#pH#v > B (2.49)

(1) Suppose an (a,b) restriction estimate holds for U for some 1 < b < co. Then,

1/a A
B #u 2 TR (2.50)

Proof. We first prove (i). For a = 1, the proof follows similarly to Theorem 2.15, noting
that the restriction estimate (2.10) holds for U for the pair (1,b) (see Remark 2.8) and

that the 1-effective support B satisfies

Yz <a) e

d
nezg, neB

For a = 2, using the fact that the collection Fy x forms a tight frame for ¢*(Z%) with
frame bound A, along with the inequality (3_,,cz¢ lz(n) )12 < a2(3,cp l2(n)[H)V2, we
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have

]x(n)|:% > (@ hi)(m)Lyhi(n) :% > (@ hi)(m)hi(n —m)
(m,i)eU (m,i)eU
1/2
<D S Jwehym) < 2l | S IR om)P
(m,i)eu (m,i)eU

3 1/2 3 1/2
< Doppan (L ol) < Selfa(Sletor)

d
nezy; neB

Squaring both sides, summing over B and dividing both sides by >~ 5 |z(n)[?, we get,

A
#pHU = B (2.51)

The proof of (ii) follows similarly to that of Theorem 2.15, after noting that a-effective

( > |x<n>|a) " al/“(Z uw) "

d
nezy neB

support B satisfies

This completes the proof. n

2.5.4 Signal recovery with Dirac combs

In this subsection, we establish conditions for recovering a Dirac comb when some of
its samples are lost or unobserved, using its effective support. Additionally, we provide
conditions for recovering a signal from its noisy version, assuming that the noise vector is a
Dirac comb. General recovery conditions for a signal with concentration information were
discussed in Subsection 2.5.2. Here, we refine that discussion to derive specific recovery
conditions for Dirac combs. Similar conditions for Dirac comb recovery in the case of
missing or unobserved Fourier coefficients are presented in [66, Theorem 3.12].

We have the following results:

Theorem 2.31. Let x € (*(Z4,) be a Dirac comb of complezity o with parameters e and
M whose samples {(zxh;)(k) : (ki) € BLY x T} are lost or unobserved for some subset
U C BZY x Tx. Suppose for some 1 < a < oo, B is the a-effective support of v and the

a-effective mass of x is known, then x can be uniquely recovered from Dyex (defined in

(2.26)) if,
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(1) a=1 and
Ae
(a2 20)BEM

#p#vu < 5

(17) a =2 and
Ae
#ottU < 4(a? +20)32M°

(7ii) an (a,b) restriction estimate holds for U for some 1 < a <b < oo and

Ae
1/a

< .
B U S 50 (a2 + 2a) Ve BT

Theorem 2.32. Let © € (2(Z%) be a signal whose samples {(x = h;) (k) : (ki) € BZL, x
Tk} are supported on U for some U C BZL, x T. Suppose the noise vector n € Z%; is
a Dirac comb of complexity o with parameters € and M such that T is the a-effective
support of n and the a-effective mass of n is known. Then x can be uniquely recovered
from r (defined in (2.29)) if,

(1) a=1 and
Ae
(a2 20)BEM

#THU < 3 (2.52)

(i7) a =2 and
Ae
< .
#rH#U 4(a? 4 20)52M
(1ii) an (a,b) restriction estimate holds for U for some 1 < a < b < oo and

Ae
Cop(a® 4+ 2a)Vep2M’

#;’/G#U <3
We first prove Theorem 2.32.

Proof of Theorem 2.32. We first prove (i). Assume that x and y are two signals such
that their samples are supported on U. Since it is given that 7T is the 1-effective support
of n =r — x, thus we also assume that 7T is the l-effective support of r — y.
Furthermore, since « is the complexity of n = r —x, we assume that r—x = > b;B;
and 7 —y = 37, ¢;Cj, where for i € Z; and j € Z,, b, ¢; € C and B;, C; are disjoint
subsets of (2(Z%). If |b|#+ is the l-effective mass of n = r — x for some b € {b; : i € I;},
then we also assume that |b|#7 is also the 1-effective mass of r—y. Then by using Theorem

2.30 (i) and following the same arguments as in Subsection 2.5.2, we get

Ae

(a? 4+ 2a) M’ (2.53)

#r#U > 2

which contradicts our assumption (2.52). This proves the uniqueness.
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The proofs of uniqueness parts of (ii) and (iii) follow similarly to (i) after using
Theorem 2.30 (i) and Theorem 2.30 (ii), respectively.

For the exact recovery, we modify the combinatorial approach (see Remark 2.20) to
incorporate the effective support information of the noise vector. Specifically, the least

square problem
min {||DUx — Dy« |Ir — 2| gaza ) < o — $,||ga(w)} (2.54)

is solved for every W C Z4 with #,, = #7. Let xyy be the signal that solves the problem

for a given W. After calculating )y, we compute

T=arg min [|[Dyxr — Dyaw|| (2.55)
T

W, W =%

and conclude that 7 = z. O

Proof of Theorem 2.31. The proof follows similarly to that of Theorem 2.32 after noting
Remark 2.26. The approach for the exact recovery also follows from the one followed in

Theorem 2.32 after replacing r — 2’ in (2.54) with 2" and 7 with the support B. O

In the following chapter, we apply the uncertainty relations established here to the con-
text of Ramanujan sums. Through numerical experiments, we further demonstrate that
employing Ramanujan sums as analysis filters within the filter bank framework enhances
signal recovery, even when the theoretical signal recovery conditions are not satisfied,
thereby utilizing the number-theoretic properties of Ramanujan sums in signal processing

applications.
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Chapter 3
Ramanujan sums in signal recovery and

uncertainty principle inequalities

In this chapter, we examine the perfect reconstruction property of filter banks based
on Ramanujan sums and their role in signal recovery utilizing the uncertainty relations
developed in Chapter 2. Originally proposed by Srinivasa Ramanujan [122], these sums
extract periodic components from signals and form the basis of Ramanujan filter banks.
We analyze the robustness of these filter banks against erasures in discrete-time spaces
(*(Zy) (or CV). Through numerical experiments, we further demonstrate that even when
the recovery conditions developed in Chapter 2 are not met, a stable reconstruction can

still be achieved by exploiting the properties of Ramanujan filter banks.

3.1 Ramanujan sums in signal processing

We begin with recalling the definition of Ramanujan sums. For a positive integer ¢,

the ¢-th Ramanujan sum c, has the following representation [122]:

q
cq(n) = Z ermiknla > 1, (3.1)
=1

k
(k,q)=1

where (k,q) denotes the greatest common divisor of k£ and ¢. For example, if ¢ = 5, then

(k,q) =1 for k € {1,2,3,4}, thus
C5(TL) _ 627rin/5 + 627r7§2n/5 + 627ri3n/5 + 6271'2'4n/57 n>1.

Ramanujan sums have found increasing relevance in the field of signal processing due to

their various properties, particularly, to capture periodicities in discrete-time signals.
Note that ¢, is g-periodic, i.e., ¢,(n + q) = ¢,(n), n > 1 and ¢,(0) = ¢(q). For more

properties of Ramanujan sums, we refer to [122, 146, 147].

mpresen‘ced in this chapter are based on our revised submission:

Kalra, S. and Shukla, N. K. 2025. Ramanujan sums in signal recovery and uncertainty principle

inequalities, Applied and Computational Harmonic Analysis, Revision submitted.



The first few Ramanujan sums are listed below:
a ={1,1,...} co(n)
o ={1,-1,1,-1,...}; )
¢ =1{2,-1,-1,2,...}; 2 ] - W

Cy = {27 07 _27 Oa 2a .- }7 1 l l
Cs :{47_17_17_17_1747"'}; -2
—{2,1,-1,-2,-1,1,2,...}. S

The collection {c,, ¢,(- — 1), ..., ¢,(- — ¢(q) + 1)}, consisting of ¢(q) consecutive
circular shifts of the ¢g-th Ramanujan sum c¢,, is linearly independent and thus spans
a ¢(q)-dimensional subspace, referred to as the Ramanujan subspace and denoted by
Sq- These subspaces enable the development of Ramanujan periodicity dictionaries for
representing and extracting periodic components of signals [147].

The following result summarizes some essential properties of Ramanujan sums.

Proposition 3.1. [146] (Some properties of the Ramanujan sums). For any positive

integer q, the Ramanugjan sum cq, as defined in (3.1), satisfies the following properties:

(1) cq(n) is an integer and c,(n) < ¢(q) for any n.

(1) cq(n) = cy(—n) for any n.

(iid) (Autocorrelation) 39~ c,(n)ey(n — 1) = qcy(1)  for any 1 € Z.

(iv) (Orthogonality) Zlcm PO e (n)eg(n —1) =0 for any | € Z when ¢ # q.
(v) (Sum) 37§ cy(n) =0 for g > 1.

(vi) (Sum of squares) S 9_{ c2(n) = qé(q).

A significant application of Ramanujan sums is in the construction of Ramanujan filter
banks. These filter banks use Ramanujan sums as analysis filters, providing a mechanism
for detecting and tracking periodic patterns in time series data [114, 115, 149]. In the
following subsection, we demonstrate how these filter banks are used to effectively identify

the period of an unknown signal.
3.1.1 Period identification using Ramanujan sums

In this section, we investigate the structure and properties of Ramanujan filter banks
in the finite-dimensional setting of ¢?(Zy), and employ them for the task of period iden-

tification of discrete signals.
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The use of Ramanujan filter banks (without downsampling) for identifying the period
of a signal was developed by Vaidyanathan and Tenneti in [148]. Specifically, Theorem 1
in [148] identifies which filters in the bank will respond to a periodic input signal.

Theorem 3.2 ([148, Theorem 1]). Consider a filter bank based on Ramanujan sums
C1,Coy...,Cpr and let x be a period-P input signal with 1 < P < M. Then nonzero
outputs can only be produced by those filters c,, 1 < q < M, such that the filter index q is
a diwvisor of P, that is, q | P.

Furthermore, Theorem 3 of [148] establishes how the period can be precisely recovered

from the set of responding filters.

Theorem 3.3 ([148, Theorem 3]). Consider a filter bank based on Ramanujan sums
C1,Coy ..., Cpr and let x be a period-P input signal with 1 < P < M. Let nonzero outputs

be produced by the subset of filters c, with periods qi,qs,...,qx. Then the period P is
giwen by P =1lem{q, qo, ..., qx}

These results show that a Ramanujan filter bank isolates the components correspond-
ing to the divisors of the signal period, and the original period can be recovered as the
least common multiple of the indices of the non-zero filters. However, when the period P
is large, considering all Ramanujan sums ¢, for 1 < ¢ < M with 1 < P < M may increase
computational complexity and reduce the efficiency of the period identification process.
In the special case where the signals are cosidered in ¢?(Zy) and the period P of a given
signal is a divisor of IV, the period identification process can be made significantly sim-
pler by considering the filter bank based on Ramanujan sums {c,,, ¢4 - - - » Cqpc } C C*(Zn)
corresponding to all the divisors qi, qs, ..., qx of N.

To this end, let N be a positive integer and let qi, qs, .. ., ¢k be all the divisors of N.
For each 1 < i < K, we consider the ¢;-th Ramanujan sum c¢,, as an element of (*(Zy),
extended periodically over Zy. For a signal x € (*(Zy), the outputs of the Ramanujan
filter bank with analysis filters {c,,, ¢y, - - ., ¢y } € €*(Zy) and unit decimation ratio are

obtained as the discrete circular convolutions

Yo (k) = (x % ¢,)(k), ke In, i€ Ik, (3.2)

where ¢,(n) = ¢,(—n).
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As a consequence of Theorem 3.2 and Theorem 3.3, we obtain the following result as
a corollary for a special case. In particular, under the assumption that the period P of a
signal z € (*(Zy) divides N, it follows that a Ramanujan filter bank with analysis filters
{cysCans -+ s Cyre } C *(Zy), corresponding to the divisors of N, is sufficient to identify P.

Corollary 3.4. Let x € (*(Zy) be a period-P input signal such that P divides N, and
let q1,qs,...,qx be all the divisors of N. Consider the Ramanujan filter bank based on
Ramanugan sums {cq,, Cgys - - Cqre } C L2(Zn). Then, the nonzero outputs y,, (as defined
in (3.2)), 1 <i < K, must be generated by a subset of the Ramanujan sums ¢y, Cqy, - - -, Cq

m

with m < K. Moreover, the period P is given by P = lem(qq,qa,- -, Gm)-

Proof. The output y,,(n) corresponding to the ¢;-th Ramanujan sum ¢,,, for 1 <i < K
and 0 <n < N — 1, can be expressed as

N-1

Yg:(n) = (x % ¢q,)(n) = Z z(m)cg,(n — Z z(m)Lncg,(m ) (x, Lncq,)-

m=0
It follows Theorem 3.2 that the output y,,, 1 <i < K, can be non-zero only if ¢; | P. Since
P divides N, then clearly {p1,p2,...,pm} C {¢1,q2,--.,qx}, where py,pa, ..., Py are all

the divisors of P. Therefore, the filter bank based on ¢, ¢y, ..., ¢4 contains all those

K
Ramanujan sums, i.e., ¢y, Cpy, - .., Cp,, for which y,,,1 < i < m, can be non-zero. Then

by using Theorem 3.3, P is known precisely and is given by lem(py, po, ..., Dm)- O

We provide an example to illustrate Corollary 3.4.

Example 3.5. Consider a signal x € ¢*(Zs), depicted in Fig. 3.1(a), with period P <
N = 30. The divisors of N = 30 are given by ¢1 = 1,2 = 2,93 = 3,q4 = 5,95 = 6,¢5 =
10, g7 = 15, g5 = 30, so that K = 8. We consider the filter bank based on the Ramanujan
sums ¢y, o, C3, Cs, Cg, C10, C15, and csg, in accordance with Corollary 3.4.

Fig. 3.1(b) illustrates the energy outputs produced by each channel after the signal z
is passed through it, where the energy FE; corresponding to the ¢;-th Ramanujan sum is

given by:
E; = Z |z % é,(n)|", 1 <i<K.

From Fig. 3.1(b), it is clear that the outputs corresponding to the Ramanujan sums c, c5

and c;5 are non-zero. therefore by using Corollary 3.4, we get P = lem(3,5,15) = 15.
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Figure 3.1: (a) Signal of length N = 30 with periodic components 3, 5, and 15,
(b) energy outputs of the signal x using Ramanujan sums ¢y, ¢, ¢3, ¢s, ¢, C10, C15
and cg, (according to Corollary 3.4) and (c) energy outputs of the signal z using

Ramanujan sums ¢; to ¢z (according to Theorem 3.2).

On the other hand, identifying P, as described in Theorem 3.2, requires a filter bank
based on Ramanujan sums ¢y, ¢z, ¢s, . . . , €30, Whose energy outputs are shown in Fig. 3.1(c).
However, Corollary 3.4 shows that the filter bank constructed using only the Ramanujan

sums ¢y, o, 3, Cs, Cg, C10, C15, and cgq is sufficient to identify P.

Corollary 3.4 provides a practical framework for identifying the period P of an input
signal using a filter bank constructed from Ramanujan sums corresponding to the divisors
of N. This underlines the importance of such filter banks in signal processing. Motivated

by this, we study the frame properties of the collection
Rpn = {kacql}z;(l) U { LpkCq, }Z;(l) U U {LphCop }Z;})v (3:3)

which corresponds to the decimated Ramanujan filter bank shown in Fig. 3.2, where
N = pd for some p,d € N, K denotes the number of divisors of N, and ¢,, € (*(Zy) for
1< < K.

Throughout the rest of this chapter, we assume that N = pd for some p,d € N. Let
q1,Q2, - --,qx denote all the divisors of N, where K 1is the number of such divisors. In
the following discussions, we consider the Ramanugjan filter bank based on the Ramanugjan

sums {Cqy s Cny - - Carc } C C2(Zn).
3.1.2 Tight frames involving Ramanujan sums and erasures

In this subsection, we prove that R, y, in general, and R n, under certain conditions,
form a tight frame for £2(Zy) (Theorem 3.6). The same result also establishes that R, v,

for p > 2, does not form a frame for ((Zy).
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Figure 3.2: Analysis phase of a K-channel Ramanujan filter bank
We prove the following main result of this section:
Theorem 3.6. Let the system
Ry = { Lpkeqr Hico U {LpkCas Yiso U -+ U {LpkCarc Hicg (3.4)

be generated from a filter bank based on the Ramanujan sums cq,,Cqy, - - -, Cqy, With deci-

mation ratio p. Then, under the assumption K > p, the following statements hold:

(i) The system Ry forms a tight frame for (*(Zy) with bound N?.
(ii) For odd d, the system Ran forms a tight frame for (*(Zy) with bound 2d*. More-
over, in the case of even d, Ron does not form a frame for (*(Zy).

(iit) For any p > 2, the collection R,y does not form a frame for (*(Zy).

The condition K > p in the hypothesis of Theorem 3.6 is justified by the fact that the
total number of elements in R, 5 is Kd. According to frame theory, for R, y to constitute
a frame for (?(Zy), it is necessary that Kd > N, which implies K > p.

We now simplify the outputs using the Zak transform. The Zak transform on ¢*(Zy)
is the map Z : (*(Zx) — (*(Zq x Z,) and is defined by the formula:

d-1
1 .
(Zz)(m,n) = i ; z(pl +n)e MY for all x € (*(Zy), m € Zg, n € Zy.  (3.5)
—0

It is also worth noting that the Zak transform (3.5) can be obtained as a particular case of
the Zak transform for LCA groups (see, for instance, Refs. [16, 96]). The Zak transform
Z 0 (Zn) — (3(Zg X Zy), as defined in (3.5), is a unitary map on ¢*(Zy) and satisfies

the intertwining relation:

1 .
Z(Lypx) = 7 e~ 2mik/d zo for all & € (*(Zy) and k € Ty, (3.6)
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Let us now define a K x p matrix U(m) for each m € Jy, given by

Zqu(m,O) chh(m71) Zqu(m,p—l)

Z/I(m):\/a Zc@(:m,()) ZCQQ(:m,l) Zc%(m:,p—l) | (3.7)

ZCQK<m70) ZCQK(mal) ZCqK<m,p—1)

We call the matrix U(m) the analysis polyphase matriz. We denote

A= llcrrelg; Amin [ (E)U(K)] and B := max Amax[U* (K)U(E)]. (3.8)

The following lemma characterizes the frame property of the collection R, y in terms of the
rank of the polyphase matrix (3.7) and the sampling expansion of any signal z € (*(Zy).
Various versions of the following result can be found in [20, 45]. For the sake of simplicity,

we omit its proof.

Lemma 3.7. The following statements are equivalent:
(i) The system R, n, defined in (3.4), forms a frame for (*(Zy) with frame bounds A
and B as given in (3.8).
(i) There exist g; € (*(Zn),i € I such that the collection {Lyrg; : k € Ju, © € Ix} is
a frame for (*(Zy) and the following sampling formula holds for any x € (*(Zy) :
x = Z Z(m % Cq, ) (Dk) Lpkgi.-
i€Tx keTy

(iit) There exist functions h; € (*(Zy) for each i € Ty such that
Zhi(m,) Zho(m,) - Zh(m,)| Ulm) =L, m € T,

where I, denotes the identity matrixz of order p.

(1v) rank U(m) = p for each m € Jj.
The following lemma is required in the sequel.

Lemma 3.8. Let m € {1,2,..., N — 1}. Then, there exists a divisor q of N such that m

can be uniquely expressed as m = kN/q, where k is coprime to q.

Proof. The least common multiple of m and N can be written as lem(m, N) = gm = kN,
where ¢ and k are positive, coprime integers. Since ¢ divides kN and (q,k) = 1, ¢ divides

N. Thus m = kN/q is an expression of the desired form. The uniqueness of this expression
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follows from the fact that k/q is the unique representation of the rational number m/N

in lowest terms. O

Proposition 3.9. Let N = 2d be a positive even integer, where d is odd. For m € Jy

and a diwvisor q of N, the following statements hold for the Ramanugjan sum c, € (*(Zy)
o kN _
N7 me_TJ (/{?,Q)—l,

; N-1 —2mimn
(i) Xonsp Ca(n)e>mmn/t =

0, otherwise.

(ii) ¢, (% + n) e~ 2mim(F4n)/N cq(n)e 2mmn/N e Ty

(ii1) cqr2(n) = (=1)"cq(n) for n € Zy, provided q is even.

Proof. We first prove (i). Simplifying the left hand side and using (3.1), we have

N-1 N—-1 q q N-1
Z cq(n —2mimn/N __ Z Z e2Trzn£/q6727r'Lmn/N _ Z (Z eZﬂln(Z/qm/N)) ) (39)
n=0 n=0 /(=1 /=1 n=0

(t,9)=1 (t,9)=1

Since ¢ divides N, then we can write N = kq for some k € Z. Then, e?™¢/a=m/N) —
e2rinltk=m)/N Tf ¢k 4 m or m # (N/q for any £ with (£, q) = 1, then e?™(k=m)/N £ | for
1 </lk,m < N —1since —N < fk —m < N. Therefore the inner sum is the partial sum

of a geometric series, so

=

- mi(lk—m
p2min(th—m)/N _ 1 — e2mi(tk—m)N/N »
1 — eQﬂ'i(fk‘fm)/N )

i
o

since k — m is an integer. Now if {k = m or m = ¢N/q for some ¢ with (¢,q) = 1, then
the inner sum is N. By Lemma 3.8, for a given m and ¢, the choice of ¢ is unique. Thus
the value of the expression in (3.9) becomes: SN "¢, (n)e2mmn/N = "N — N

Now we prove (ii). By using Lemma 3.8 for a given m € {1,..., N — 1}, there exist
a divisor ¢ of N and a number k coprime to g such that m = %. On simplifying the
left-hand side, we have

N . a ) . d . -
¢y (5_’_”) 6727mm(%+n)/N: Z 62m€(%—l—n)/qefQﬂ'zm(%Jrn)/N: Z 62#1(%+n)(§7ﬁ)

=1 (=1
(L,q)=1 (6,9)=1

q q
o § : Qm—(ﬁN 1) 27rm€/q€—27rzmn/N E e7Ti(ZN/q—m)6271'z'rz€/qe—27rimn/N

/=1 /=1
(3.10)
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Now if ¢ is even, then N/q being the product of odd primes is odd and k being coprime
to g is odd. Therefore m being the product of two odd numbers is odd. Similarly ¢ is
also odd as ¢ is coprime to ¢. Then for any ¢ with (¢, q) = 1, the term ¢N/q —m is always
even being the difference of two odd numbers. Finally, (3.10) becomes

N , .
¢ (5 * ") e 2mm(E N — (1), (n)e 2N,

Similarly, it can be easily shown that if ¢ is odd, then for any ¢ with (¢,q) = 1, the term

(N /q—m is always even being the difference of two even numbers. In this case also (3.10)

becomes:
N —QWim(ﬂ-i—n)/N —2mimn/N
g5 tn)e 2 = ¢4(n)e :
Finally, we prove (iii). Splitting the sum cq/2(n) = Zq/ ¢“i" into odd and even
(k, Q/2) 1
values of k and simplifying, we get
q/2 2mikn Q/2 2mikn q/2 2mikn q/2 2min(q/2+k)
cop(n)= Y e + Z et =y e+ Z P 3an
= = =1 '
(k,q/2)=1 (k, Q/2) (k,q/2)=1 (k, q/2)
k is odd k is even k is odd k is even

We first show that the set
B:={k:(k,q/2) =1and kis odd} U{q/2+ k : (k,q/2) =1 and k is even}

consists of all the numbers coprime to ¢. If k is odd with (k,q¢/2) =1 and (k,q) =r > 1,
then, r | k and r | ¢. Since k is odd and r | k, implies r is odd. Therefore, | ¢ implies
r | ¢/2 as well. This contradicts the fact that (k,¢/2) = 1. Hence r = 1. Similarly, if k is
even with (k,q/2) =1 and (¢/2+ k,q) =" > 1. Then ' | (¢/2 + k) and 7’ | g. Also note
that ¢/2 is odd since N contains a single factor of 2. As k is even and ¢/2 is odd, then
q/2 + k is odd. Therefore, ' | (¢/2 + k) implies 7’ is odd and hence 7’ | ¢ implies ' | ¢/2.
This leads to a contradiction, since (k,q/2) = 1. Thus, ' = 1.

Since ¢ = 2pypy - - - p, for some primes p;, 1 < i < n other than 2, therefore ¢(q) =
¢(q/2) = |B|. This implies that the set B contains all the numbers coprime to ¢. Using
this fact in (3.11), we get cq/2(n) = c4(2n). We further prove ¢,(2n) = (—1)"cq(n) for
which the left hand side simplifies to

q q q
cq(Qn) _ Z e2mik(2n)/q _ Z 2mkn/q€7rqz/k; . (—1)n Z e2min(2k—aq/2)/q (3.12>
k=1 k= 1 k=1
(k,9)=1 (k,9)= (k,q)=1
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We now show that the set B := {2k — ¢/2 : (k,q) = 1} contains all the numbers
coprime to ¢. For this purpose, assume that for any given k with (k,q) = 1, we have
(2k —q/2,q) =€ > 1. Then, ¢ | (2k — ¢/2) and ¢ | q. We can easily check that 2k — ¢/2 is
odd which eventually implies ¢ is odd. Therefore, ¢ | ¢ implies ¢ | ¢/2. As a consequence,
we get ¢ | 2k. Again as ¢ is odd, we get ¢ | k. Thus, we arrive at a contradiction, since
(k,q) = 1. Therefore, B’ contains all the numbers coprime to ¢ and then by using this in

(3.12), we finally get ¢,(2n) = (—1)"¢,(n). Hence the claim follows. O

Proposition 3.10. Let N = 2d be a positive even integer, where d is odd. Then, for any
i,7 € I, n € {0,1}, and any positive integer k such that (k,q;) = 1, we have

(

N/Qa Zf q; = di,
kN n /o
2¢y, (q_’ n) = ePmiknn &y /NJ2, if q = ¢i/2 or q; = 2q;,
0, otherwise.

\

Proof. We divide the proof into the three cases: (i) ¢; = ¢;, (ii) ¢; = ¢;/2 or 2¢;, and (iii)

a4 # i, 9/ 2, 2q;.
Case 1: ¢; = ¢;. By using Proposition 3.9 (ii) and then Proposition 3.9 (i), we get

d—1 d—1
Cq,(20)e 722G =N "0 (20 4 1)e DR = N /2, (3.13)
=0 £=0

Consequently, by using (3.5), (3.13), and N = 2d, we get the following equality for
n e {0,1}:

T
L

Zcy(kN/qi,n) = cq (20 + n)e 22k 0

0

Sl -
Sy

o~

I

2mikn/q; d-1
_¢€ q ZCq,-(2€+ n)e—Zﬂ'i(Qﬁ-‘rn)k/Qi

v 3
_ e27rikn/qiN/(2\/E) _ 627rikn/q¢ N/2

Case 2: ¢; = ¢;/2 or 2¢;. If ¢; is even, then ¢;/2 is a divisor of N. Using Proposition 3.9
(i) and (iii), we get

=

N-1
(—1)"cqja(n)e 2™ *M% =3 "¢ (n)e >™*n/% = N, (3.14)
n=0

I
o

n
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Again, using Proposition 3.9 (i), we have Ziv;ol Cqi /Q(n)e”’”'k"/ % = (). This equality and
(3.14) gives

-1

U

d—1
Cqr2 (2072 = N2 and > g p(20+ 1)e DR = _N/2 (3.15)
/=0

T
o

Consequently, by using (3.5), (3.15), and N = 2d, we get the following equality for
n e {0,1}:

kN 2mikn/q; 91 st R
Zegp|—n) = TZC%M(%JFR)@ f=(=1)reTE/NY2.
¢ pr

Also, if ¢; is odd, then 2¢; is a divisor of N and the equality
Zcoy,(EN/qi,n) = (_1>n€2wikn/qi N2

holds similarly for n € {0, 1}.
Case 3: q; # ¢i,¢i/2,2¢;. Using (3.5) and N = 2d, we get

d—1 d—1 q;
Zc (k_N 0) _ i c (26)6—27&(2@)]@/% L L ( J ezm(zz)r/q]->e—27ri(2£)k/q¢
q;5 ) - E : q; o E :
4= Vi =

r=1
(ra:)=1
q;5 d—1 q; d—1
_ i - ( 627Ti<,;j_(fi)(2€)> _ i : ( 627Ti(7't1—kt2)f/d>
\/Zi r=1 =0 \/E r=1 =0
i1 (=1

where N = t,q; = t2q; for some positive integers ¢; and ;. Note that the inner sum

‘Z_l 2ri(rti—=kt2)t/d {5 zero unless rt; — kty is a multiple of d. However,
r k
Ttl—thZN(———)
qa; 4

can never be an integer since (1, q;) = (k, ¢;) = 1. This gives, Zc,,(kN/q;,0) = 0. Similarly,
we can show Zc,, (kN/g;, 1) = 0. This completes the proof. ]

We are now ready to prove Theorem 3.6.

Proof of Theorem 3.6. First, we prove (ii). Note that for m € Jy, U(m) (defined in (3.7))

is a K x 2 matrix as p = 2 in this case. Then for m € J,;, we have

Z | Zcq,(m, 0)[” Z Zcg,(m,0) Zeg,(m, 1)
U m(m) =d | . = = . (3.16)
> Zeq(m,0) Zeg (m1) 3|2 (m, I
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Let m = 0. We show that Zc¢,,(0,n) =0 for ¢; # 1,2 and n € {0, 1}. Indeed, we have

1 d—1 1 d—1 a
Zeg,(0,n) cq, (20 + ) ( e2m<2fz+n)k/qi)
0= S erem = 5 (5

(laq?):l

&.

27ril<:n/qi
)

\/_ kz <Z e%mktﬁ/d

1
(k,q:)=

v

where N = tg; for some positive integer ¢t. Note that for ¢; # 1,2, the inner sum is
the partial sum of a geometric series with common ratio e2™**/4 —£ 1 since ktl/d =

kNC/(q;d) = 2kl/q; ¢ Z for any k with (k,q;) = 1. Therefore,

d—1 1 — 2miktt

2miktl/d _
Z € 1 — e2miktt/d =0.
£=0

This implies, Z¢,(0,n) = 0 for ¢; # 1,2 and n € {0,1}. Also, it is easy to check that
Zc1(0,n) = Vd and Zc¢,(0,n) = (—1)"V/d for n € {0,1}. Combining everything and using
(3.16), we get

2d 0 ,
U (0)U(0) = d = 281, (3.17)
0 2d

Now let m € {1,...,d — 1} be fixed. Then by Lemma 3.8, there exists a divisor ¢; of N
and a number k coprime to ¢; such that m = kN/g;. First assume that ¢; is even. Then

by Proposition 3.10, we get
K
S 12y, (Vg )P = | 260 (kN/gi,n)? + |2 o(kN/gm)P =N, (3.18)

for any n € {0,1} and

K
Z Zcy;(kN/qi,0)Zcq, (kN/q;, 1) = Zeg, (kN/g;,0) Zcq, (kN/g;, 1)

j=1

+ Z¢4/2(kN/i,0) 2y 2(kN/qi, 1) = NJ2 e 27k 4 4 N/2(—1)e ™ =,
(3.19)

Then by using (3.16), (3.18) and (3.19), we get

N 0 )
U (mU(m) =d = 2d°I,, m € Jy.
0 N
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This, along with (3.17) shows that U*(m)U (m) has the same eigenvalues for m € {0,1,...,d—

1}. This implies rank U(m) = 2 for m € J; and moreover A = B = 2d*> where A and B
are defined in (3.8). Consequently, Ro v is a tight frame with frame bound 2d?.
In order to prove the latter claim in (ii), we first show that Z¢,,(1,1) = 0 for ¢ € Zk.

To this end, consider

1 d—1 1 d—1 qi
Zcql.(l, 1) _ = Ca, (2€ + 1)6—27ri€/d - = ( 627Ti(2€+1)k/qi) 6—27rié/d
d /=0 d =0 k=1
1 qi d—1 ) '(%7l>g ‘ 1 q; d—1 ‘ | .
_ Z e mi\ g, " d e2mk/qi _ = 627rz(rk—1)£/d 627rzk/qi’
\/a k=1 £=0 \/C_Z k=1 £=0
(kzqi)zl (k,qi):1

where N = rq; for some positive integer r. Note that the inner sum in the last term of
the above equality is zero unless for some k such that (k,q;) = 1, rk — 1 is a multiple of
d. Thus, if rk — 1 = td for some t € Z, then we get
ko td+1

4; N
Since d is even, thus td + 1 is odd and hence td + 1 and N do not share any factor of 2.

(3.21)

Also, if s # 2 is a prime such that s | N and s | td+ 1, then s | N = 2d implies s | d. This
gives s | td. Consequently, we get s | 1, which is not possible. Therefore, td + 1 and N
do not share any prime factor as well. This implies (td + 1, N) = 1. Then, the equality
(3.21) is possible if and only if ¢; = N and k = 1,d + 1. In these cases, the common ratio
e?mirk=1)/d — 1 and hence (3.20) becomes:
Zen(1,1) = Vd Z 2mik/N _ \fd (27N 4 2mild+1)/N) _ Vi (27N _ 27Ny — )
k=1,d+1

On combining everything, we get Zc¢,,(1,1) = 0 for ¢ € Z. This implies that the second
column of U(1) is zero, and hence rank U(1) = 1 # 2, violating Lemma 3.7.

Now we prove (i). In this case, p = 1, so U(m) is a K x 1 matrix and thus sim-
ilar to the proof of (ii), we show that U*(m)U(m) = Al for m € Jy. where A =
Milge 7y Amin[U*(M)U(m)]. Let m € {1,2,..., N — 1} be fixed. Then by Lemma 3.8, we
have m = kN/q; for some ¢;|N and (k,¢;) = 1. Consequently, by Proposition 3.9 (i), we

get
2
)6727Tikn/qi _ NQ.

K

U (m)(m) = N Y | Zey (m, 0) Z \/—1_

7j=1

=z

gM
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Also, for m = 0, we have

2

=

N—-1
1
Cq. \ T
v 2

where we have used the sum property of the Ramanujan sums (see Proposition 3.1(v)).

| N
= N‘\/—_ch(n

n=0

U (0)U(0) NZ|ch (0,0)] Z

j=1

On Combining, we get A = N? and therefore R, y is a tight frame with frame bound N?.
Finally, we prove (iii). We first prove that Zc,,(0,j) = Z¢,(0,p — j) for j € J, and

1 € L. To this end, we solve

d—1 d—1
o o |
Zcg,(0,p—j) = ﬁchi(pﬂp—ﬁ = ﬁchi(p(ﬂ 1) — ).
/=0 =0

Substituting ¢t = ¢ + 1 and using the fact that ¢, is N-periodic, we obtain
1
Zcg, (0, cq, (Pt — Cu(pt —3) + —=co,(N — 3
0(0,p — \/—qu ) \/—qu e =)

1 & N , 1 & ,
—ﬁgcqi(pt—J)Jrﬁcqi(O—J):ﬁgcqi(m—ﬁ-

Expanding the quantity Zf:_ol cg;(pt—j) and using (¢;—k, ¢;) = 1 for any k with (k, ¢;) = 1,

(3.22)

we get
d—1 qi qi d—1
E :qu pt — e2mi(pt—jk/ai — § : ( e2mptk/q¢>e2mkj/q¢
t=0 k=1 k=1 t=0
(k, qz)=1 (k,qi)=1
q; d—1 qi d—1
§ ( B_QWZPt(Qi_k)/‘]i>627”(111'_]‘3)]/‘11' _ § E :e—Zﬂzpt(qi—k)/qi e2mi(ai—k)j/ ¢
k=1 t=0 k=1 t=0
(k,qi)=1 (qi—k,q:)=1
qi d—1 qi d—1
_ E § 6—27ripth/qi eQm’hj/qi _ § E 627ripth/qi eQm’hj/qi
h=1 t=0 h=1 t=0
(h,q:)=1 (h,q:)=1
qi d—1 d—1
2mi(pt+j)h/q; _ .
PPN ) =N " (pt+ ),
h=1 t=0 t=0

(3.23)
where we have used the fact that the sum Y0 e 2mth/a = S0~ 1 o=2irth/d jg yea]. By

using (3.22) and (3.23), we get

T
L

Zqu(O,p—j): qu(pt+j):Zqu(Oaj)aiEIKajejp'

Ql‘)_\
IS8

if

=)

64



This shows that the j-th and (p-j)-th column of U(0) are equal for j € J,. Therefore,
we get

1%1 + 1, p is odd,
rank 4 (0) <

(p/2)+1, pis even.
In both cases, rank U(0) < p since p # 1,2, violating Lemma 3.7. Hence the claim

follows. O]

Example 3.11. Let N = 6,p = 2. Then, in view of Theorem 3.6, d = 3, K = 4 and the

collection
Ras = {Larci Yo U {Larca}roo U {Larcs o U { LakCs Frmo:

forms a tight frame for £*(Zg). The 4 x 2 matrix U(m) for m € {0,1,2} is given by:

S7 1 (20)e2m 3 SN2 (20 4 1)t/

V3 ZE 0 C2(20)€>™ M ST G ea(20 4 1)
3(2£)e2m'm€/3 Z? 0 3(2£+ )€27rim€/3
Zz 006(26) e2mimt/3 Ze o C(20 + 1)e2mimt/3

e27rz'm€/3

Um) =

After calculating these matrices, we obtain

3 3 0 0 0 0
3 -3 0 0 0 0

Uo) = , U(l) = , UR2) =
00 3 —1.5+i2.5081 3 —1.5—i2.5081
00 3 1.5 —i2.5981 3 1.5+ i2.5981

It can be verified that U*(m)U(m) = 181, for m = 0,1, 2. Thus, R is a tight frame with
bound 18.

Example 3.12. Let N =8, p = 1. Then, in view of Theorem 3.6, d = 8, K = 4 and the

collection
Ris = {Lic1 oo U{Lrc2}io U {Lrca}i—o U {Lics}izo,

forms a tight frame for ¢?(Zg). The 4 x 1 matrix U(m) for m € {0,1,...,7} is given by:



After calculating these matrices, we get

U(m) =

o o O
o o o O

U(m) = ,m={2,6}, U(m)= ,m={1,3,5,7}.

S o o O
co o O O

Therefore, U*(m)U(m) = 641, for m € {0,1,...,7}. Thus, R,z is a tight frame with
bound 64.

Example 3.13. Let N = 12, p = 2. Then, in view of Theorem 3.6, d = 6 and K = 6

and the collection

Raz = {Lakcr}imo U { Lakca} i U { Larcs g U { Larca Yoo U { Larcs } o U { Lakcr2} =0,
does not form a frame for £?(Z). The 6 x 2 matrix U(m), m € {0,1,...,5} is given by:

S e (20)e2T N2 S (20 4 1)e2mimt12

Ze 0 2(2€)e2mm€/12 Ze o (20 + 1)627rim€/12

VB Z? o 3(20)e2mimt/12 ZZ? o 3(20 4 1)e2mimt/12
Z? o ca(20)e2mimt/12 Z? o (20 + 1)e2mimt/12

(20) (20 +1)

e?ﬂ'sz/IQ

S o Co(20)e?mimt/12 S 0 C6(20 +
ZZ:O ClQ( )€27rimf/12 ZE:O C12(2€ + )eQWimZ/U

It can be verified that rank U(m) = 1 # 2 for m € {1,3,5}. Then, by Lemma 3.7, the

collection R 15 is not a frame for £2(Z2).

In our analysis, we demonstrated that R, for p > 2 does not span the full space
(*(Zy), as it does not form a frame for ¢*(Zy). This is because, for p > 2, certain indi-
vidual collections {L,c,, tres, within R, v fail to span the specific subspaces of £*(Zy)
to which they are associated. In the following section, we show that by implementing
a non-uniform filter bank structure, where decimation ratios in each channel are cho-
sen appropriately according to the properties of the Ramanujan sums and Ramanujan

subspaces, the collection R, y can indeed be modified to form a frame for ¢*(Zy).
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3.1.3 Non-uniform filter banks based on Ramanujan sums

In this subsection, we show that updating the decimation ratios of selected channels
in a Ramanujan filter bank, initially designed with a fixed decimation ratio p > 2, yields
a non-uniform configuration that forms a frame. Non-uniform filter banks are signal pro-
cessing frameworks that allow variable decimation rates across channels, unlike traditional
filter banks which use a uniform rate. See, [85, 104] for more details.

The need for a non-uniform filter bank arises from the fact that, for p > 2, certain col-
lections within R, x fail to span their respective subspaces, preventing R, x from forming
a frame for ¢2(Zy). Notably, as shown in Theorem 3.14, any two collections {L,rcy, }i—g
and {kacqj}i;é with j # ¢ lie in distinct orthogonal subspaces of ?(Zy), yielding an
orthogonal decomposition in terms of Ramanujan subspaces. This decomposition allows
us to adjust the decimation ratios for non-spanning channels, leading to a non-uniform
configuration. We demonstrate that modified form of R, n, arising from the resulting
non-uniform filter bank with p > 2, forms a frame for ¢*(Zy) (Theorem 3.18).

For our further analysis, we first discuss the spanning properties of the Ramanu-
jan subspace S,. The authors in [146, Theorem 4] proved that any ¢(q) consecutive
shifts of the Ramanujan sum ¢, are linearly independent. In particular, the collection
{cq, Licq, - -, Lg(g—1¢4} is a basis for the Ramanujan subspace S.

Since ¢,, € (*(Zy), the space S, is a ¢(g;)-dimensional subspace of (?(Zy) for i € Z.
It can be observed that the subspaces S, and S, are orthogonal for ¢;, ¢;| N and ¢; # g;
due to the orthogonality property of the Ramanujan sums (see, Proposition 3.1(iv)). Now
by using Gauss’s theorem on sums of Euler’s totient functions, we have dim (?(Zy) = N =

Zfil #(g;) = dim S,, +dim S, +- - - +dim S,.. This gives the orthogonal decomposition
EQ(ZN) =5¢ DS @ DOy

As a consequence, any = € (*(Zy) admits the representation

K ¢(q)-1
x = Z Z Qg Cq (- — 1), (3.24)
i=1 (=0

for suitable coefficients o« = {1 0 < € < ¢(q;) — 1,7 € I }. This expansion serves as
the foundation of the Ramanujan Periodic Transform (RPT) proposed in [147]. The RPT

is well-suited for extracting the periodic structure of finite-length signals and identifying
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hidden periods. It is also useful for denoising periodic signals by utilizing their underlying
periodic information captured in (3.24).

The next result establishes that the space ¢*(Zy) admits another orthogonal decom-
position into Ramanujan subspaces generated by even consecutive shifts of Ramanujan
sums corresponding to the divisors of N. To this end, for each pair of divisors p and ¢; of

N, where i € T, we define the Ramanujan subspace
Spa; i=span{Lpicy 1 0 <k < ¢(q;) — 1}. (3.25)
Note that for p =1, Sy 4 = S, for ¢ € Zx. For p = 2, the following result holds.

Theorem 3.14. Let p;, ¢ € Z,,, be primes and oy, © € ZL,, be positive integers such that
N = 2p0'ps® .. .p0n, p; # 2. Let Sy, denote the Ramanujan subspace corresponding to
the divisor q; of N, fori € Ly, as defined in (3.25). Then, for any ¢ € Z and i € Ty,

the collection { Loyc,, Hf(q’) is a basis of Sy 4, and thus dim Sy 4, = ¢(q;). Moreover, the
system
By i= {Lanc J15 ™ U {Lancn }15 ™ U L} U U e

forms a basis for (*(Zy) and the orthogonal decomposition of (*(Zy) is given by:
KQ(ZN) = SQ,th ® SQ,QQ ©--- D SQ,QK'

Remark 3.15. The collection By is written as a union of shifted Ramanujan sums for
notational convenience. However, we implicitly view each vector Lokc,, as a block vector of
the form (0, ..., Loxcy,, - - -, 0), where the nonzero component appears in the ith summand
of the orthogonal decomposition (*(Zy) = S, @ Sa4 B+ - - B Sa 4) . From now on, all such
unions in an orthogonal decomposition of a Hilbert space will be implicitly interpreted as

block-wise unions within the corresponding direct sum decomposition.

The following lemma, concerning frames and bases in orthogonal subspaces, will be
used in the sequel. While the idea that the union of frames (or bases) in mutually orthog-
onal subspaces yields a frame (or basis) for the direct sum is discussed in [151, Section 5.1]
and [83, Chapter 1, page 12], we include a precise formulation here for completeness and

omit the proof for brevity.
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Lemma 3.16. Let {H;}icz, be mutually orthogonal subspaces of a finite-dimensional
Hilbert space K, i.e., (x,y)x = 0 for all x € H;, y € H; with i # j. Assume that
K= ®ieIJ H;, and for each v € Ly, let D; be a finite collection of vectors in H,;.

Then, the union D := .., D; forms a frame (respectively, a basis) for K if and only

€Ly
if each Dy is a frame (respectively, a basis) for H;. Moreover, D is a tight frame for K if

and only if each D; is a tight frame for H; with the same frame bound.

We now prove Theorem 3.14. The arguments of its proof are adopted from [146,

Theorem 4].

Proof of Theorem 3.14. Let q;, for © € I, be fixed. We begin by proving the basis part
of Sy,. For a given ¢ € Z, let Mfi denote the matrix formed by the elements of the

. / i) —1 .
collection {Laycy, k:ﬁ(q) , that is, Mi, = | Loy Lo@sncy - L2(€+¢(Qi)_1)cq1:| . Then
Mfi has the form:
Usi Vs,
M, = |—— (N/q; times),
U, Ve
L 0 ] Nxaa)
where
1 1 . 1
62Tri/q¢ 627rik2/qi o @27rik¢(‘h')/qi
UQ' — 627ri2k1/qi 627‘('1'2]62/(]7; o 62ﬁi2k¢<qi>/% (326)
e2mi(gi—1)k1/qi e2mi(gi—1)k2/qi o e2miai=1kg(q;)/
- = qix¢(q:)
and
[ e—271”i2k1£/qi €—2m’2k1(£+1)/qi . 6—27ri2k1(€+¢(qi)—1)/qi 1
6727T’L'2k2€/qi 6727ri2k2(€+1)/qi I 6727Ti2k2(f+¢(q¢)71)/q1‘
y4
Vo = :
6—27Ti2k2¢(qi>f/qi 6—27Ti2k¢(qi>(f+1)/qi . 6_27Ti2k5¢(qi)(Z+¢(Qi)_1)/%
- - ¢(qi)x#(q:)

where k; € Z, with 1 < j < ¢(g;) is such that (kj,q;) = 1. It can be observed that
U, is a row-Vandermonde matrix with distinct elements in its second row. Indeed, if

e 2 /4 = =2mil2/0 for 1 < () < ly < ¢(q;), then e 2m((1=2)/a — 1, This gives ) — {y =
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mg; for some integer m. Since [{; — {5 < ¢(g;), the last equality is possible only if m = 0,
which contradicts ¢; # ¢5. Therefore, each element in the second row of U, is distinct,
and hence Uj, has rank ¢(¢;). Also notice that V' can be written in the form: V| = DV?,
where D is a diagonal matrix with the first column of V;fi as its diagonal entries. We
now prove that the column-Vandermonde matrix Vq? has distinct elements in its second
column. Indeed, if e=272ki/@ = ¢=2mi2kn /4 for 1 < k; < k,, < ;, then e~ 272(ki—km)/ai = 1,
This gives 2(k; — k,,) = ng; for some n € Z.

If ¢; = 2, then the equality 2(k; — k.,) = ng; gives (k; —ky,) = n, which is possible only
when n = 0 since |k; — k| < ¢;. If ¢; # 2, then since N = 2p{'p5? - - - pon, p; # 2 implies
that ¢; is odd. Consequently, k; — k,,, = ng;/2 with (¢;,2) = 1. Again, this is possible only
when n = 0. Thus, both the cases leads to the equality k; = k,,,, which is a contradiction.
Therefore each element in the second column of V) is distinct and hence V) has rank ¢(g;).
Since D is a diagonal matrix with non-zero elements on the diagonal, Vf has rank ¢(g;).
Consequently, the product Uy, Vfi has rank ¢(g¢;). Since each block in M, fi is a duplicate of
the first block, increasing blocks does not increase the number of linearly independent rows
in the matrix. Thus, the total number of linearly independent rows in M 51_ remains ¢(q;),
and consequently, M (fi has rank ¢(¢;). In particular, for £ = 0, the collection {Lgkcqi}i(:qé)fl
is linearly independent and hence dim Sy ;,, = ¢(g;). Since shifts are interpreted modulo g,
the space Sy, is invariant under shifts and hence {Logcy, }ZW(% C Sa,4,. Consequently,
{Lopcg, Yol 0™  is a basis for Sy, for any ¢;|N and / € Z.

We now turn to the latter claim. The fact that By forms a basis follows directly from
the previous discussion together with Lemma 3.16. The orthogonal decomposition follows

by arguments analogous to those used for the case p = 1. This completes the proof. [

Remark 3.17. Whenever N = 2™ for some m, it can be shown that the collection B; x

forms an orthogonal basis for £*(Zy), and the collection

#(1)—1 #(2)—1 #(2m)—-1
—F————= LgCo0 —F——— LCa s —F——— LCom
Nom) (T \WNe@ "L, No(Z™)

forms an orthonormal basis for ¢*(Zy ). Given the orthogonal decomposition of ¢*(Zy), it is
enough to show that the collection { Lyc; }(b @)= for 0 < ¢ < m forms an orthogonal basis
of Sy 9i. The proof of this fact can be found in [146, Lemma 2] and orthonormality follows
from the norm equality: ||C2£||?2(ZN) =y 2, (n) = %29(2Y) = No(2°), 0 < <m.
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We now move our discussion to non-uniform filter banks. The following result demon-
strates that for a prime divisor p > 2 of N, a non-uniform filter bank constructed using
Ramanujan sums c,,, ¢ € Zg, exhibits frame properties under specific conditions. Specifi-
cally, when the decimation ratio is set to p for ¢,, if pt¢; or p > ¢;, and to 1 if p | ¢; and

p < ¢;, the collection R, y is modified to form a frame for £*(Zy).

Theorem 3.18. Let p be a prime divisor of N, and let {q1,qs, .. .,qx} denote the set of

all positive divisors of N. Forp > 2 and r € {1,2}, associate to each i € Tk the integer

D, Zf qi ¢ i)p)
r, Zf q; € ©p7
where ©, = {q; | N :p| ¢ and p < ¢q;}. Consider the system

r

DN = {Lplkcql}kej]w1 U {LpQ;.Cc,D}kejN/p2 U---U {LpKk’CQK}kejN/pK ; (3.27)

generated by a non-uniform Ramanujan filter bank. The following assertions hold:
(i) Forr =1, the system R}?’N forms a frame for (*(Zy) for all positive integers N.
(ii) Forr =2, assume N = 2p{*p5? - - - p&™ with p; # 2 for alli € Z,,. Then, the system

Ry is a frame for *(Zy).

To prove Theorem 3.18, we require the following supporting result, which characterizes
the set ©, as the collection of those divisors ¢; of N for which the associated Ramanujan

sum c,, requires an update in its decimation ratio.

Proposition 3.19. Let p be a prime divisor of N and let Q,, be the matriz formed by

the columns {Lprcy, Ykegy, i-€, Qg = |cy Lpcq Lopcq, -+ Lp@a—1)Cq |- Then,

?(q:), ifpfaqi orp> g,
rank Qg =

&(qi/p), ifp|q andp <gq,.

Proof. Let q;,1 € Ik, be fixed. Consider the column-Vandermonde matrix

1 e~ 2mipk1/qi e e~ 2mi(d=1)pk1/qi
1 e—2mipka/qi - e—2mi(d—1)pka/qi
We = | _ ' . , (3.28)
1 e 2mipksn/a L. o 2mi(d=1)pke(q;)/ai
L 4 d(ai)xd
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where k; € Z,,, with 1 < j < ¢(¢;), are such that (k;,q;) = 1 for each j. Then, it can be

observed that the matrix Q,, can be written as follows:

U‘h’ WQi

qu UQi W(h

(N/q; times),

U‘]i WQi

d Nxd

where Uy, is the matrix defined in (3.26).

We divide the remaining proof into two cases depending on whether ¢; € ©, or
q; ¢ gp‘

Case 1: ¢; ¢ ©,. In this case, we show that all entries in the second column of W,
are distinct. Suppose, for contradiction, that e 27Pki/% = ¢=2mPkm/¢i for some 1 < j <
m < ¢(g;). This implies e=2"?ki=km)/% = 1 and hence p(k; — k,,) = ng; for some integer
n. This gives kj — k;, = “I. Since p is prime, and p { q; or p > q;, we have (p,q;) = 1.
Therefore, ng;/p € Z only if p | n, which forces n = 0 because |k; — k| < ¢;. Thus,
k; = k,,, a contradiction. Hence, all entries in the second column of W, are distinct.
Using the same argument as in the proof of Theorem 3.14, it follows that rank Q,, = ¢(g;)

in this case.

Case 2: ¢; € D,,. Let ¢; = p-r. Then the entries in the second column of the Vandermonde
matrix W, are of the form e 2Pki/¢i = e=27ki/r = where (k;,q;) = 1, 1 <7 < é(q).
Since (k;,q;) = 1 and ¢; = p-r, it follows that (k;,7) = 1 as well. Consequently, the values

6727T’L’kj/1’"

1 < j < o(q;), are ¢(r) distinct rth roots of unity corresponding to residue
classes coprime to r. Therefore, the second column of W,, contains only ¢(r) distinct
values, and so rank W,, = ¢(r). As a result, the matrix Q,, also has rank ¢(r) = ¢(¢:/p),

as claimed. 0
Finally, we prove Theorem 3.18.

Proof of Theorem 3.18. We first prove (i). Consider the case when ¢; € ©, and r =
1. Then the corresponding individual collection {Lxc, }r -, contains ¢(q;) consecutive
elements since N > ¢(¢;) for any i € Zx. Then by [146, Theorem 4], the collection
{Lycy, }n=y contains a basis of S;,, and hence forms a frame for Sy ,,. Next, consider the

case when ¢; ¢ ©, and the decimation ratio is p. Since S;, is invariant under shifts,
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thus each of the individual collection {L,c,, }9— for any p lies inside S, ,,. Furthermore,
{Lprcy, Y=t contains a basis of S, since rank Q,, = #(¢;) = dim S, ,, and hence forms
a frame for S 4. Thus for each ¢ € Tk, the corresponding collection from the given non-
uniform filter bank forms a frame for S ,,. Then by using the orthogonal decomposition
of (*(Zy) in terms of Ramanujan subspaces S ,, for i € Zx and Lemma 3.16, it follows
that R} x forms a frame for (*(Zy).

The proof of (ii) follows analogously by using Theorem 3.14 and Lemma 3.16. This
completes the proof. O

Example 3.20. Let N = 12 and choose p = 3, so that d = 4. In this case, the set
D3, as defined in Theorem 3.18, is given by ®3 = {3,6, 12}. Then, by Theorem 3.18, the

collection

R0 = {Laecr Yo U {Larca oo U {Lrcs}ito U {Larcatio U {Lico oo U {Lici2 b ito

generated from a non-uniform filter bank with Ramanujan sums ¢y, ¢, ¢3, ¢4, ¢g, and co,

and with respective decimation ratios 3,3,1,3,1,1, forms a frame for (*(Z;5).

Remark 3.21. It is worth noting that a non-uniform filter bank based on Ramanujan
sums can also be constructed when d is even, such that the resulting collection Ry n can
be modified to form a frame for ¢2(Zy). In particular, consider p = 2 and a divisor ¢; | N
satisfying 2 | ¢; but 22 1 ¢;. In this case, it can be observed that ¢(g;) = ¢ (¢;/2), which
implies that the decimation ratio for ¢, need not be modified, as the matrix Q,, already
has rank ¢(q;). Therefore, the set ©, consists precisely of those divisors ¢; | N for which

2?2 | ¢;. With this characterization of 5, a non-uniform filter bank can be constructed.

3.1.4 Erasures in the context of Ramanujan sums

In this subsection, we investigate the conditions for the robustness of the filter bank
and the associated frame systems, R, n, under erasures in the context of Ramanujan
sums. Filter bank erasures refer to the removal of one or more channels from a filter bank
when certain channels become noisy and fail to preserve the original signal’s information.

Many researchers have studied the effect of such erasures on filter banks and obtained

conditions under which the underlying collection {Lp;jzj}igﬁd\{jhh’“"j"’} (after removing
the channels corresponding to hj,, hj,, ..., h; ) remains a frame, where h;,i € Z, are the
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signals representing the channels of the given filter bank. When this condition holds, the
filter bank is said to be robust to n filter bank erasures. See, for example, [34, 86, 102].
In practical scenarios, it may happen that a subset of frame elements {kaﬁi}(m)ez
is lost due to erasures, where Z denotes the corresponding index set and #7 = e. For
stable reconstruction in the presence of such e erasures, it is essential that the remaining
collection {kaili}(k,i)el'c still forms a frame. If this condition holds, the original frame
{kaﬁi}(m)gup is said to be robust to e erasures. It is shown in [70] that uniform tight
frames are robust to 1 erasure, whereas general tight frames may not possess this property.
In our work, we show that the tight frames R x and Rq n are robust to 1 erasure, despite
not being uniform. Furthermore, we establish conditions under which these tight frames

are robust to 2 erasures.
3.1.4.1 Filter bank erasures

Let U;(m), for m € J; and j € Zk, denote the analysis polyphase matrix obtained
by removing the ¢;-th Ramanujan sum c,; from the filter bank based on the Ramanujan
SUINS Cgy, Cgos - - - » Cqre- This is a (K —1) X p matrix obtained by removing the j-th row from
U(m). The following result provides an equivalent condition under which the filter bank
based on the Ramanujan sums ¢y, Cg,, - - ., Cq is Tobust to 1 filter bank erasure, under

the assumption that it forms a tight frame.

Proposition 3.22. Let the collection R,y (defined in (3.4)) be a tight frame for (*(Zy)
with frame bound A. Then, the filter bank based on Ramanujan sums cq,,Cqy, - . ., Cqp 1S
robust to 1 filter bank erasure if and only if, for all m € J; and j € Ik, the following

condition holds:
d
-~ (1Z¢q,(m, 0)* + |Zcq, (m, 1)]* + - -+ + [ Zcq,(m, p — 1)) #0.

Proof. By Lemma 3.7, it is clear that the filter bank, after the removal of the channel
corresponding to c,;, exhibits a frame only if rank U;(m) = p. We therefore show that
rank U;(m)*U;(m) = rank U;(m) = p for j € Tx. Note that, for any matrix M with rows
R;,i € Iy, we can write M*M = Y7 R*R;. Thus, if C,,(m) denotes the i-th row of
U(m), ie.,

Cp(m) = Vd|Zey (m,0) Zcy(m,0) -+ Zeg(mp—1)|, meTa

74



then for k € Zx and m € J;, we have
Us( Z Cgi(m)*Cy,(m) — Cy,(m)*Cyy(m) = U(m)U(m) — Cy;(m)*Cy; (m).

Taking the inverse on both sides of the above equation and using the identity (P—QS)™! =
P71+ P7'Q(1 — SP'Q)"'SP~! along with U*(m)U(m) = AL, for m € Jy, we get

(U (m)"Uy(m)) ™" = U(m)U(m) = Cy, (m)*Cyy (m)) ™ = (AL, = Cy, (m)"Cy (m) ™

1 1 . 1 AN 1
= it B ) (1= Colm) Gy m))  Cymi g,

1 1 1 AN .
— ot (17 GGy ") Gy Gy o),
(3.29)
j € Ik and m € Jy. Note that U;(m)*U;(m) is invertible if and only if 1—%Cy (m)Cy, (m)* #
0, which is equivalent to 1 — 4 Sl |Z¢q,(m,n)? # 0 for j € T and m € J;. Hence the

claim follows. OJ

We have the following result.

Theorem 3.23. The filter bank based on Ramanujan sums cq,,Cqy, . - ., Cqy 5 N0t TODUSE

K

to one filter bank erasure for any decimation ratio.

Proof. Note that for p > 2, and for p = 2 with even d, R, n, as shown in Theorem 3.6,
does not form a frame for ¢?(Zy), and hence the corresponding filter bank is trivially not
robust to one filter bank erasure for these cases.

Let p = 2 with d odd. Note that for ¢; = 1 and m = 0, we have

d2
|ZCl(0 0)‘2+|chol < ZCl 26‘ +|ZC1 2€+ > d QdIN,

where we have used ¢; = (1,1,...,1). The above equation implies

1

d N
N(1- 27122 1Z¢1(0,n)]?) = 0.

Similarly, for p =1,¢; = 1, and m = 0, we have

1

12610, = |



Then by Proposition 3.22, the corresponding filter banks are not robust 1 filter bank
erasure for p = 2 with d odd, and for p = 1. On combining everything, the claim
follows. O

Theorem 3.23 suggests that filter banks associated with the tight frames Ry y and Ro n
do not allow perfect reconstruction after the erasure of even one channel. This raises the
question: if instead of one channel, several vectors are deleted from R; x or Rs n, does
the remaining collection still retain its frame properties? We address this question in the

following subsection.
3.1.4.2  Frame erasures

In this subsection, we prove that the tight frames R4y and Rgn are robust to 1
erasure. Moreover, we have also obtained the conditions under which tight frames R4 y

and Ry y are robust to 2 erasures.

Theorem 3.24. Let N > 2. Then, the following statements hold:

(i) The system Ry n is robust to 1 erasure.

(17) For odd d, the system Ron is robust to 1 erasure.

Proof. We begin by proving part (i). For any (¢, j) € Jn X Lk, define
R = Ron \ {Lecy, }-

The system R; n is robust to one erasure if and only if R ) forms a frame for *(Zy)
for every such index pair (¢,7). By Lemma 3.16, it suffices to verify that the collection
{LkCQj}kf ;ZeN forms a frame for the subspace S, since for all i # j, the collections
{Lkcy, }kegy continue to be frames for S; ,, by Theorem 3.6 and Lemma 3.16.

Observe that for any N > 2, we have N — 1 > ¢(g;) for all ¢ € Zx. Thus, after one
erasure, the collection {Lycy, }re ;ZN contains at least ¢(q;) elements. Moreover, due to

periodicity, it must include a set of ¢(g;) consecutive shifts of ¢, i.e., {Lrcy, }f:”ﬁ f{) -

{Licy, tre ;ZN' Therefore, this collection contains a basis of 51 4;, and hence forms a frame

for Sy 4,. Consequently, by Lemma 3.16, the system R( 9 is a frame for (2 (Zy) for every
(¢,7) € In X L, completing the proof of (i).
The proof of part (ii) follows analogously, by applying Theorem 3.14 and Lemma 3.16.

[
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Theorem 3.25. The following statements hold:

(i) If N —1>2¢(N), then the system Ry n is robust to 2 erasures.
(i1) If d is odd and d — 1 > 2¢(N), then the system Ran is robust to 2 erasures.

Proof. We first prove (i). For indices (k;, 1), (kj,7) € Iv X Lk and p € {1,2}, we define
Ri{)f]%’i)’(kj’j)} = RpN\{Lk;Cq;s Li;cq;}- 1f i # j, then the claim follows from Theorem
3.24 (i) as there is at most one erasure in each of the individual collections of Ry . We
divide the case i = j into two subcases: |k; — k;| > ¢(¢;) and |k; — k| < ¢(¢;). Now if
\k; — kj| > ¢(q;), then {Ly,11¢q,, Li,+2Cq, - - -y Li,—1¢4, } 1s a subcollection of {Lyc,, : k €
In, k # ki, k;}, containing at least ¢(g;) consecutive elements and hence contains a basis
of Siq. Also if |k — kj| < ¢(qi), then {Ly;11¢q,, Lij12¢q,, -, Ln-1€q;, - -, Li,—1¢4,} is a
subcollection of {Lyc,, : k € Jn, k # ki, k;}, containing at least ¢(¢;) consecutive elements

since the total number of elements in this subcollection is:
(N=1)—(kj+1)+1+k=N—-1+k —k; >N—-1—9¢(q;) > &(q:),

where the last inequality follows from the hypothesis, using ¢(q;) < ¢(N) for i € Tg.
Therefore this subcollection also contains a basis of S} ,,. Thus, in both the cases {Lyc,, :
ke JIn,k # ki k;} is a frame for S;,, and hence each of the individual collections in
Rg]]i,"’i)’(kj’j W is a frame for their corresponding subspaces. Then, the claim follows from
Lemma 3.16.

We now prove (ii). As in the proof of (i), if ¢ # j, the claim follows from Theo-
rem 3.24 (ii). For ¢ = j, we divide the proof into two subcases: |k; — k;| > ¢(¢;), and
|ki—Fk;| < ¢(q:). For the first case, the subcollection { Lo, 41)Cq;, La(ki+2)Cq;» - - - » Lok, —1)Cq, }
of the collection {Loxcy, : k € JIn,k # ki, k;}, contains at least ¢(g;) consecutive ele-
ments and hence contains a basis of Sy, by using Theorem 3.14. For the second case,
the subcollection { Lok, +1)Cq» Lak;+2)Cqis - - - » La(a—1)Cqr» - - - » Lagk—1)Cq; } of the collection

{Laokcy, + k € Ju, k # ki, k;} contains at least ¢(g;) consecutive elements since

d=1) = (ki+ 1) +14+k=d—1+k—k>d—1-¢(q) > ¢(q),

using reasoning similar to that in (i). Consequently, each collection in R;Eﬁ’i)’(kj Mg a

frame for its corresponding subspace. The result then follows from Lemma 3.16. m

From the proofs of Theorems 3.24 and 3.25, it follows that a tight frame system R, v

(for p € {1,2}) is robust to k erasures if and only if each of its constituent tight frames
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{Lprcy, Y=t is Tobust to k erasures, for all i € Zx. Thus, the problem of determining
the robustness of R, y reduces to analyzing the robustness properties of these individual
collections. The next remark shows that, for p € {1,2}, each such collection can be
interpreted both as a dynamical frame and as a harmonic frame. Such frames have a wide

range of applications and are studied widely in the literature; see, for example, [7, 43, 150].

Remark 3.26. Let p € {1,2}. Then, the tight frame {kacqi}g;é can be realized as the
orbit of a single vector under the action of a unitary operator. Indeed, let T : (*(Zy) —

(*(Zy) be defined by
(Tz)(n) = z((n —p) mod N), n € Zy,
so that T" = L, is the circular shift by p. Then

d—1 __ n d—1
{kaCQi k=0 — {T Cq; Fn=0>

showing that it is a dynamical frame generated by T

Furthermore, the same frame can also be interpreted as a harmonic frame for the
Ramanujan subspace S,,,. For that, let U(S,,) denote the group of unitary operators
on Sy, Since Sy, is invariant under circular shifts, the restriction L,,|s,, belongs to

U(Sp,) for all m € Zy. Define the subgroup
Gp = {Lpk |s,,,: k=0,1,...,d =1} CU(Spyq),

which is abelian because circular shifts commute. The collection {kacqi}z;é is precisely
the G,—orbit of ¢,
{kacqi}ilé ={gcq 19 € Gy},

and satisfies || Lyicy || = ||cg || for all k. By [150, Theorem 5.4], such a frame is harmonic.

Remark 3.27. Note that for 2 erasures, it is necessary that for any ¢;|N, N —2 > ¢(¢;)
in case of the erasures from Ry and d — 2 > ¢(¢;) in case of erasures from R, y since
to accommodate a basis after erasures, we need at least ¢(¢;) elements in each of the
individual collections of the erased versions of Ry y and Ry n. Both of these conditions
are implied by the conditions in the hypotheses of Theorem 3.25 (i) and Theorem 3.25
(ii), respectively. Indeed, we have N — 1 > 2¢(N) from Theorem 3.25 (i). This implies
N —22>2¢(N)—1> ¢(N) > ¢(g;) for any ¢]|N. Similarly, the necessary condition

d—2> ¢(q) for ¢;| N also follows from the condition in Theorem 3.25 (ii).
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Example 3.28. (a). Let N = 4. The matrix M representing R 4 is:

M:[L()Cl L3Cl LoCQ L302 L()C4 L304

ax12’
where c; = (1,1,1,1)%, ¢, = (1,-1,1,—-1)%, and ¢; = (2,0, —2,0)”. Due to the orthogonal
decomposition of ¢*(Z4), the set of columns D,, := {Loc,,, L1¢,,, Lac,,, Lsc,, } is orthogonal
to Dy, = {Locy;, Licy;, Lacy,, Lscy, } for qi,q; € {1,2,4}, and j # i. After removing
one column from some D, each D, still contains at least 3 columns, preserving ¢(g;)
consecutive columns for each divisor ¢; = 1,2,4, since ¢(¢;) < 3 holds for each ¢;. Then,
by Lemma 3.16, R; 4 is robust to 1 erasure. But note that after the erasure of columns
Locy and Locy from Dy, it will be left with {L;c4, L3cs}, which are linearly dependent and
thus not able to span S; 4 since dim S;4 = ¢(4) = 2 > 1. This shows R, 4 is not robust
to 2 erasures. It is due to the fact that the necessary condition N — 2 > ¢(g;) for ¢;|4
(discussed in Remark 3.27) fails here for ¢; = 4, since 2 # 2 x ¢(4) = 4.

(b). Let N = 210. Then for p =2,d = 105 is odd. Also, 105 — 1 > 2 x ¢(210) = 96.
Thus, both the conditions given in Theorem 3.24 (ii) and Theorem 3.25 (ii) are satisfied

and hence R y is robust to 1 erasure and 2 erasures.

3.1.5 Fusion frames based on Ramanujan subspaces

Fusion frames, also known as frames of subspaces, arise naturally in the context of
distributed processing. Unlike classical frames, which analyze signals via one-dimensional
projections, fusion frames perform analysis by projecting signals onto multidimensional
subspaces. For further details on fusion frames, we refer the reader to [33, 36].

In this subsection, we show that the tight frames R, y and Rg x admit an interpre-
tation as tight fusion frames in terms of Ramanujan subspaces.

To that end, we begin with the definition of a fusion frame adapted to our setting.

Definition 3.29. Let S, ,, denote the Ramanujan subspace corresponding to the divisors
p and g; of N, for i € Tk, as defined in (3.25), and let (w;);ez, € R be a corresponding

set of positive weights. Then the family {(S,,,, w:)} is called a fusion frame for (*(Zy)

1€l

if there exist constants 0 < A < B < oo such that
Allz|* <> wil|Ps, ()| < Bllz|* for all z € £*(Zw),
€L
where for a subspace W C (*(Zy), Py denotes the orthogonal projection onto W.
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The constants A and B are referred to as the lower and upper fusion frame bounds,
respectively. If A = B, the fusion frame is said to be a tight fusion frame with bound
A. When A = B =1, the fusion frame is called a Parseval fusion frame. If the weights

satisfy w; = 1 for all ¢ € Tx, we simply write {S, 4, }iezy -
We have the following result.

Theorem 3.30. The following statements hold:

(¢) The family {S1,4,};cz, s a Parseval fusion frame.

(i1) For odd d, the family {Sa2.4} is a Parseval fusion frame.

1€TK

The following proposition, adapted from [36, Corollary 13.2] to our setting, establishes
a connection between the tight frame property of R, y and the tight fusion frame structure

of the Ramanujan subspaces S, ., for @ € Zx. For brevity, the proof is omitted.

Proposition 3.31. Let the collection {Lykc,, }rey, be a tight frame for S, , with frame
bound A for each i € Ix. Then, the following conditions are equivalent.

(1) The family {Spy;};cq, 15 a tight fusion frame for (*(Zy) with bound C.

(i) The system R, n is a tight frame for (*(Zy) with bound AC.

We now prove Theorem 3.30.

Proof of Theorem 3.30. We first prove part (i). By Theorem 3.6(i), the system R,y
forms a tight frame for ¢%(Zy) with frame bound N?. Consequently, Lemma 3.16 implies
that each individual collection {Lycy, }, . ;  forms a tight frame for the subspace S 4, with
the same frame bound N?2. Since AC = N? and A = N2, Proposition 3.31 ensures that

the family {51} forms a tight fusion frame for ¢*(Zy) with frame bound C' = 1.

1€LK
Hence, {S14,},c7, 15 a Parseval fusion frame for (*(Zy), completing the proof of part (i).
The proof of part (ii) follows analogously by applying Theorem 3.6(ii), Lemma 3.16,

and Proposition 3.31. O

As previously discussed, if the frame system R, y is robust to k erasures, then each
individual collection {L,i¢, }res,, for i € Tk, must also be robust to k erasures. In light
of this, Theorems 3.24 and 3.25 (for p € {1,2}) provide sufficient conditions under which
the collection {L,cy, }res, remain robust to one or two erasures. The following result,

motivated by [35, Theorem 4.1], builds upon these conditions and shows that the deletion
80



of a prescribed number of local frame vectors from each individual collection preserves

the fusion frame property.

Theorem 3.32. Let L; C J; for each i € Tx. For the divisors p and q; of N, define the

subspaces

Spq; =span{Lyicy 1 k€ Ju\ Li}, 1€ Ik.

Then the following statements hold:

(a) Single erasure case: Assume #L; <1 for all i € Tk.
(i) If p=1 and N > 2, then the family {Sy 4, Yicr, forms a fusion frame for (*(Zy).
(17) If p = 2, N > 2, d is odd, then the family {gg,qi}iGIK forms a fusion frame for
C(Zy).

(b) Double erasure case: Assume #L; < 2 for all i € T.

(1) Ifp=1and N —1 > 2¢(N), then the family {gl,qi}ieIK forms a fusion frame for

*(Zy).
(17) If p=2, d is odd, and d — 1 > 2¢(N), then the family {ggm}iezl( forms a fusion
frame for (*(Zy).

Moreover, in all cases above, the collections { LpiCq, }regpr, form frames for S, for

1 € Lk for respective values of p, and the associated fusion frame bounds are given by

min Ay ;
’LGIK

——— and 1,
pd?

where Ap; denotes the lower frame bound of { LpkCq, freg,\L, -

Proof. We begin with proving (a). Let x € ¢*(Zy) be arbitrary. For each i € Tk, set

yi == Ps, , x. Since §17qi C 51,4, we decompose
Yi = U; + vy, where u; 1= Pgl’qiyi S SLQN v; € Sl,qi &) Slv‘li'
For any k € Jy \ L;, we have Lyc,, € S’/Lqi, and thus
<yia ch%> = <ui7 ch‘]i>7
since v; L §17qi. Using the fact that the collection {Ljcy, treg, forms a tight frame for
S1.4; with bound N? (due to Theorem 3.6(i) and Lemma 3.16), we estimate:

Yo WunLuca)®= D Nus Lucg)l” < ) [{us, Leey,)

kejN\Li kejN\Li keIn
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Summing over ¢ € Zx and using the fact that for N > 2 and #;, < 1, the collection
{Licg, Yregn 1, forms a frame for S 4, for i € Zx due to Theorem 3.24(i) with bound A ;,
we obtain:

K
N*Y_IPs,, ol = N?Znuzu%z S (s Lncy)
i=1

1=1 keIn\L;

K
> ZALZ'HPSL%;CHQ > (mln Al 1,) Z ”Psl ql,jCHZ

i=1 i=1
Finally, since {5, }iez, forms a Parseval fusion frame for £2(Zy) by Theorem 3.30(i), we
conclude that 325 |Ps, , x||* = ||lz||*, and thus

K min A
€T A1
So11ps, P > L AL

The upper frame bound 1 is immediate, since projections are norm-contracting and §17qi C
S1,4;- This proves (a)(i).

When p = 2, the same argument applies, as the collection {Lagc,, }res, forms a tight
frame for S, ,, with frame bound 2d? (Theorem 3.6(ii) and Lemma 3.16). Moreover, under
the assumptions N > 2, odd d, and #, < 1, the collection {Laycy, treg,\r, also forms a
frame for Sy, for all i € Ty, by Theorem 3.24(ii). This establishes part (a)(ii).

The proof of part (b) follows analogously by applying Theorem 3.6, Lemma 3.16,
Theorem 3.25, and Proposition 3.30. O]

In the following section, we introduce an uncertainty principle for signal representa-
tions in ¢*(Zy), comparing the canonical basis {e,}nez, with a tight frame R, y. We
further explore the utility of this principle in addressing practical challenges, such as

recovering signals with missing information and signal denoising.

3.2 Uncertainty principle and signal recovery

In this section, we utilize Theorem 2.1, developed in the previous chapter, to establish
an uncertainty principle in the context of Ramanujan sums. Specifically, we consider the
one-dimensional case by setting d = 1, B = p, and choosing the analysis functions as
h; = c,,, where K denotes the number of divisors of N. Before applying Theorem 2.1
to derive the corresponding uncertainty relations, we first present a few auxiliary results

that will be instrumental in this development.
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Proposition 3.33. Let the collection R, v (defined in (3.4)) form a tight frame for (*(Zy)
with frame bound A. Then A = pd?.

Proof. In view of (3.7), the trace of the matrix (U*(m)U(m)) can be simplified as follows:

trU*(m)U(m)) = dZ i |Zcy, (m,n)|? = i An(m), (3.30)

where for each m, {\,(m)}’_{ is the set of eigenvalues of the matrix *(m)U(m). Since
R, n is a tight frame with frame bound A, therefore U*(m)U(m) = Al, for m € J;. From
(3.30), we get 2t = SR S| Ze,, (m, n)|?. Taking summation from m =0 to d — 1 on
both sides of the last equality, the left side becomes pA and the right quantity becomes
S 1260 P = S, lleg % Finally we have,

1 K
A= _ZHC%‘
pi:l

where the second equality follows using Proposition 3.1(v), according to which ||c,,

N x ¢(q;). Hence the claim follows. O

K 2

, N N ,
= — ) = — = d7
p§¢(q) PR

i=1

2

Lemma 3.34. Let N be any positive integer. Then, for any divisor q of N, we have
lcq(n)] < @(N), n € Zy, and hence max{|c,(n)| : n € Zy, q divides N} = ¢(N).

Proof. By the definition of ¢,(n), we have

q

§ 627rikn/q
k=1
(k,q)=1

Note that ¢(N) = ¢(k - q) > ¢(k)p(q) > ¢(q), where N = k.q for some integer k£ > 1 and

< ¢(q). (3.31)

[cq(n)| =

the inequality ¢(k.q) > ¢(k)o(q) holds since for any positive integers m and n, ¢(mn) =
d(m)op(n)l/o(f) with £ = (m,n). Consequently from (3.31), we get |c,(n)| < ¢(IV) for any
divisor ¢ of N. Since ¢ (0) = ¢(N), therefore max{|c,(n)| : n € Zy, g divides N} = ¢(V).

Hence the claim follows. O]

From Remark 2.3 and Lemma 3.34, it is clear that $, = ¢(N) in this case. Utilizing this

and Proposition 3.33, we obtain the following version of Theorem 2.1 in this case.

Theorem 3.35. Let the collection R, nx form a tight frame for (*(Zy). Then, for any sig-

nal x € (*(Zy), its representations with respect to the tight frame R, x and the canonical
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basis {e, tnezy yield the following uncertainty inequalities:

2
S, + B, > %, and S,B, > p <%) , (3.32)

where Sy = #{(k,1) € Ju X Ik | (z * c,,)(pk) # 0} and B, = #{n € Iy | a,, # 0}.

Remark 3.36. Note that, if N = kq for some positive integer k, then by using Proposition
(3.1)(ii), we get

éq(n) = cy(—n) = co(N —n) = cy(kqg —n) = c,(n), n € Zy.

Thus the collection {(z * ¢y, )(pk) : (k,i) € Ty x I}, without the involution of ¢, i € Tk,

is the output from the filter bank based on Ramanujan sums ¢, ¢y, - - -, Cgx -

We now turn to the problem of signal recovery in the framework of Ramanujan sums
utilizing 3.35. For this purpose, we restate Problems 1 and 2 from Subsection 2.4 in the
context of Ramanujan sums.

We define M€ := (Jy x Zx) \ M for any M C J; x Zx. We focus on the following two
problems:

Problem 1: Suppose a signal z € (*(Zy) has a subset of its samples {(z * ¢,,)(pk) :
(k,i) € J°} missing or unavailable, for some J C Jy x Zx. We ask under what conditions
x can be uniquely reconstructed from the truncated sum

Trx = ]% Z (z % cq,) (Pk) Lykcy,, (3.33)
(ki)eTg
assuming that R, x forms a tight frame for (*(Zy).
The following result is a particular case of Theorem 2.18 for the case of Ramanujan

sums and serves as a solution to Problem 1.

Theorem 3.37. Let © € (*(Zy) be a signal supported on a set C C Zy, and let J C
Ja X Ik be such that a subset {(x * c,,)(pk) : (k,i) € T} of the samples are lost or
unavailable. Suppose that the collection R, x forms a tight frame for (*(Zy). If

24 yedhe < p (ﬁ)z, (3.34)

then x can be uniquely recovered from Tzx (defined in (3.33)). Moreover, the unique

reconstruction T is given by

& = argmin {|[2'|, : T72’ = Tz}, (3.35)
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Problem 2: Given a noisy observation y = x + 7, where z € (*(Zy) is an unknown
signal and n € (?(Zy) is a sparse noise vector, under what conditions can z be uniquely

reconstructed?

For M C J3 X I, we define
Sy = {h € (*(Zy) | (h * c,,)(pk) = 0 for (k,i) € MC} ) (3.36)

The following result is a particular case of Theorem 2.19 for the case of Ramanujan sums

and serves as a solution to Problem 2.

Theorem 3.38. Let x € Sy, as defined in (3.36), for some fized set M C Jy x Ly, and
let N ={m € Zy : n(m) # 0} denote the support of the noise vector n. Suppose that the
collection R, N forms a tight frame for (*(Zy). If
d \2
2H#mFN <D (W) , (3.37)
then the signal x can be exactly recovered from the noisy observation y = x+n. Moreover,

the unique reconstruction T is given by

T =arg min ||y — 2'[. (3.38)
' €S

3.3 Applications

The signal recovery conditions stated in Theorem 3.37 and Theorem 3.38 may not
always be met in practice, raising two fundamental questions: Do the optimization prob-
lems (3.35) and (3.38) yield exact recovery when the proposed signal recovery conditions
do not hold? If not exact recovery, can we still ensure stable and accurate approxima-
tion? Intuitively, as the number of missing samples increases or the noise level worsens,
the recovery quality deteriorates.

In this section, we address these questions using Ramanujan sums. Instead of
relying on the support of the signal and its samples, this approach exploits the inherent
periodic structure of the signal. This is achieved using Ramanujan filter banks, where the
analysis filters are given by the Ramanujan sums corresponding to the divisors of N.

We show that incorporation of the periodicity information of signals using the prop-
erties of Ramanujan filter bank leads to greater signal-to-noise ratio (SNR) gains for each

of the optimization problems (3.35) and (3.38).
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The SNR gain metric measures the improvement in the signal after applying a par-
ticular signal processing technique, such as filtering, noise reduction, or amplification. It
compares the quality of the signal before and after processing, in terms of how much the
signal’s power is boosted relative to the noise. SNR is defined as the ratio of the power of
the signal (Pygnai) to the power of the noise and is typically expressed in decibels (dB),
using the formula: SNR (dB) = 10log;( (Psignal/ Proise) , Where the power P of a signal
x € (*(Zy) is given by the formula P = & ||z[|%. The SNR gain is the difference between
the SNR after processing (e.g., filtering) and the SNR, before processing:

SNR gain (dB) = SNR after (dB) — SNR before (dB).

3.3.1 Application in signal recovery from missing data

The condition (3.34) is impractical for applications for two main reasons. First, the
value of Np is often unavailable, and second, the bound on the right-hand side is typically
too small to be meaningful. For instance, consider N = 38 and p = 2. Here, d = 19, and
the bound evaluates to p (ﬁ)Q =2 <%)2 = 2.111. This implies that # sc#¢ < 1.055,
which is not meaningful in practical scenarios and thus it is reasonable to expect that the
value 2# 7c# will surpass the bound p (ﬁ)%

The condition (3.34) can be regarded as ideal in nature. In particular, the closer the
quantity 2# 7c#¢ is to the bound p (%)2, the more accurately the signal x can be re-
covered from Tz via the optimization problem (3.35). Therefore, the reconstruction from
T7x can be expected to be worse if a significant number of samples are missing from the
signal. In such cases, the problem (3.35) admits further refinement under the assumption
that the period of the signal (say, P) is known and satisfies P | N. Suppose the periodic
components of the signal x are P, P, ..., P,. Since P = lem(P,, P, ..., P,,), it follows
that each P; also divides N. Consequently, (x * cq;)(pk) = 0 for ¢; ¢ {P1, P»,..., Py}
This information can be incorporated into the optimization problem (3.35), modifying it

as follows:

= argmiln{Hw’Hl : Ty’ =Ty and (2’ *¢g) =0forall ¢ | N and q ¢ {P1, Ps,..., Pn}}.
(3.39)
The solution provided by (3.39) achieves a significantly higher SNR gain from 7;x

compared to the SNR gain obtained from the solution of (3.35).
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In order to illustrate this, we consider an example of a signal x with length N = 70 and
periodic components P, = 5 and P, = 7, represented by solid blue line in Fig. 3.3. The
divisors of N =70 are ¢ = 1,90 = 2,93 = 5,q4 = 7,95 = 10,95 = 14,q7; = 35, and ¢35 =
70, yielding K = 8. We consider the filter bank with decimation ratio p = 2, whose i-th
channel corresponds to the ¢;-th Ramanujan sum ¢, for 1 <7 < 8. For p = 2, Theorem 3.6
guarantees that Ro 7o forms a tight frame for ¢2(Zy), satisfying the tight-frame condition

of Theorem 3.37. Now, suppose the following samples of the signal x are missing:

{(@ * cq)(2K) 1o U {( * c45)(20) Filoy U {(z * cq,)(2K) Fil10- (3.40)

The set J for the truncated sum 77z in this case is the complement of the set

{(k, 3) 3520 U {(k, 5) }ilor UL (. 7)o,

within {0,1,...,34} x {1,2,...,8}. The solution to the optimization problem (3.35) for
this case is depicted by the green line with triangular markers in Fig. 3.3. It is clear
from the figure that the present solution deviates significantly from the original signal,
yielding a low SNR gain of —8.4547 dB. It is due to the reason that the value 2# 7c.#¢ is
large compared to the bound p(d/¢(N)?) in this case. By incorporating the information
that the original signal x has periodic components P, = 5 and P, = 7, the modified

optimization problem (3.39) becomes:
& =argmin {|[2||ly : T72' = T7z and (2’ * ¢,) = 0 for ¢|70 and ¢ # 5,7} .

The solution for the missing sample set (3.40) is illustrated using red square markers
in Fig. 3.3. It is evident that this solution perfectly aligns with the original signal and
achieves an SNR gain of 197.3205 dB.

The SNR gains obtained from optimization problems (3.35) and (3.39) for various
cases of missing samples of the signal x are compared in Table 3.1. It is clear from
the table that the solutions obtained from problem (3.39) consistently outperform those
obtained from problem (3.35) for all cases. This indicates that even when a significant
number of samples are missing—or equivalently, when the value of 2# s.#. deviates
substantially from the bound p(d/¢(N))?>—the signal = can still be recovered with high
accuracy from Tzx, provided that the periodicity information of the signal is known in

advance.
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S.No. Missing sample locations 2# 7¢#c | SNR gain (dB) | SNR gain (dB)

(k,1) (3.35) (3.39)
1. {(k, 22 {(k,3))2% 0 {(k,5) 122, 20#c 174.8449 193.6376
2. {(k, 4)13L . 404#¢ 163.9832 223.7594
3. {(k,3) 124, {(k, 8)}24, 1004¢ 2.7150 210.6610
4. {(,3) 1100, {(k, 5) 134, {(k, 1) 134, 1004¢ -8.4547 197.3205
5. | {(k, 4134, {(k,5)134,, (12,6), {(k, T)}34, | 200#c -12.3595 207.8186
6. (kDo (U Dizs {8 3) iz 200#c -6.1835 224.2178

{(k, )33 100 Ak, 5) L7 Ak, 1)L

Table 3.1: Comparison of SNR gains obtained from the solutions of opti-

mization problems (3.35) and (3.39) across various cases of missing samples.

0.6 — Original
b —>—Recovered (3.12)
o Recovered (4.1)

Amplitude
(==}

-0.2¢

04F

Figure 3.3: Original signal (blue line) of length N = 70 with periodic com-
ponents 5 and 7, the solution of the optimization problem (3.35) (green line
with triangular markers) for missing sample set (3.40) with SNR gain -8.4547
dB, and the solution of the optimization problem (3.39) for missing sample set

(3.40) (red square markers) with SNR gain 197.3205 dB.

In some scenarios, there may be no a priori knowledge of the periodic components
of a signal. This raises the question: Is it still possible to recover the original signal
x from Tzx with high-accuracy if a significant amount of samples are missing? The

¢

answer to this question is “yes”. In such cases, the periodic components can be extracted
from T7x, provided the available samples in 77z are sufficient to accurately predict the

periodic components of the original signal and the period of the signal is a divisor of
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N. The energy outputs for the truncated sum 77z, corresponding to the missing sample

sets listed in Table 3.1, are shown in Fig. 3.4. It is evident from the figure that 7,z

(a) (b) (©)
3000 3500 900
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2500 3000
700
2000 2500 600
Z 2 2
=4 202000 2500
5 1500 2 E
= 1500 400
1000 300
1000
200
500
500 100
0 0 ? 0
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Channel index Channel index Channel index
(d) (e ®
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1000 = 22400
& 292000 =4
= = 1500 = 300
600
200
400 1000
200 500 100
0 0 0
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Channel index Channel index Channel index

Figure 3.4: Energy outputs for 7,z for various choices of J associated with

missing sample sets listed in Table 3.1.

accurately identifies the periodic components g3 = 5 and g5 = 7 of the original signal
in all cases listed in Table 3.1, except for case 5. In this instance, the energy from the
fourth channel, corresponding to c7, is notably low, as shown in Fig. 3.4(e). This occurs
because the missing sample set for case 5, specified in Table 3.1, includes a significant
portion of the output {(k,4)};2,, from the Ramanujan sum ¢;. Consequently, 77x cannot
reliably predict a periodic component P if a substantial portion of the output from the
corresponding Ramanujan sum cp is missing.

In summary, when more samples are missing, utilizing information about the periodic

components of the original signal can enhance the SNR gain.

3.3.2 Application in denoising

In this subsection, we explore the recovery of the original signal x € £*(Zy) from the

noisy signal y = x + 7 using a filter bank based on Ramanujan sums corresponding to the
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divisors of N. Additionally, we examine the relationship between the condition (3.37) in
our denoising result, Theorem 3.38, and the SNR gain for various signals.

For recovery of the original signal x from noisy signal y using Theorem 3.38, x € S\
for some M C J; x Zk. In practice, it is possible that Sy, is unknown. In such scenarios,
a filter bank based on Ramanujan sums ¢y, cg,, - .., Cqx, Where K denotes the number
of divisors of NV, can be employed to recover the support set Sps from the observation
y under the assumption that the (unknown) period P of the signal satisfies P | N. To
this end, consider a signal x € (*(Zy), with the assumption that its (unknown) period
P is a divisor of N. Let the noisy signal y = x + 1 be input to the filter bank with
channels based on Ramanujan sums c,,,? € Zx. Under moderate noise conditions, it is
reasonable to expect that the channels corresponding to divisors of P, say, q1,q2, .., Gm
will produce outputs with significantly higher energies compared to the remaining channels
in the filter bank due to Theorem 3.4. The small non-zero outputs produced by other
channels are primarily attributable to the presence of noise. Since P | N, it follows that
each of the divisors q1,¢o,..., ¢, of P also divides N. To filter out the low energies,
we apply a threshold to the output energies. An appropriately chosen threshold should
ideally preserve energies from those channels ¢, cq,, - .., ¢,,, Which would have yielded
non-zero outputs if the noiseless signal x had been passed through the filter bank instead
of the noisy signal y. Once the divisors ¢;, 1 < i < m are known, the set M is given by
M=A{(k,1): k€ Ty ¢ € {q1,%,---,qn}} and the set Syq can be computed as follows:

Swi={w € C(Zx) | (&' % c)(ph) = 0, k € Ty, for g | N with q £ g1, ¢, i}
Finally, the denoised signal = is given by:
T =arg min ||y — 2'[;. (3.41)
' €S

Table 3.2 lists signals of length N = 30 with different periodic components, which are
processed using a filter bank with filters ¢y, ¢o, ¢3, c5, Cg, 10, €15, ¢30 and decimation ratio
p = 1. The table demonstrates that as the number of periodic components in the signal
increases, the SNR gain from the noisy signals (with varying SNR’s) decreases. This drop
in SNR gain is attributed to the increasing value of # ,,, which leads to 2# y,#7 deviating
from the bound p (ﬁ)a as shown in Table 3.2.

We explain the denoising process using an example.
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S.No. | True Periodic | Estimated Components | 2#(#7 | SNR (dB) | SNR gain (dB)

Components | (via Filter Energies) (Noisy Signal) (3.41)
. |13 3 6047 0.0007 11.1245
2. 3,9 3,9 12041 0.0006 9.4778
3. |2,15 2,15 12041 0.0009 6.7987
4. 13,5,10 95,10 12041 0.0004 6.6875
o. 1,2,3,6 3,6 12047 0.0008 6.3936
6. 1,3,5,6,10 9,6,10,30 24041 0.0005 1.4456
7. |23,56,10,15 9,6,10,15,30 300 0.0008 0.3772

Table 3.2: Comparison of SNR gains from optimization problem (3.41) with the

values 2# p# 7 corresponding to the signals with various periodic components.
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Figure 3.5: (a) Original signal (solid blue line) with length N = 30, the noisy

signal (dashed green line) obtained by adding white Gaussian noise with SNR

6x10~* dB and the denoised signal (solid magenta line with circular markers), i.e.,

the solution of the optimization problem (3.41) with SNR 9.4778 dB. (b) Energy

output from each channel of the filter bank and the corresponding threshold value.

Consider a signal = with length N = 30 depicted by the blue solid line in Fig. 3.5(a).
The divisors of N = 30 are ¢1 = 1,¢0 = 2,q3 = 5,q5 = 6,96 = 10,q; = 15, and
gs = 30, resulting in K = 8. We consider a filter bank with decimation ratio p = 1,
where the i-th channel corresponds to the ¢;-th Ramanujan sum ¢, for 1 < i < 8. For
p = 1, Theorem 3.6 ensures that Ry 39 forms a tight frame for ¢?(Zsy), thus satisfying

the tight-frame condition of Theorem 3.38. The green dashed line in Fig. 3.5(a) shows
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the noisy signal obtained by adding white Gaussian noise with SNR 6 x 10~* dB. The
noisy signal is then passed through the filter bank and the energy of each channel is
recorded. The threshold value is set to 0.45 times the maximum energy output of the
filter bank. The energy output from each channel of the filter bank is illustrated in
Fig. 3.5(b). It is evident from the figure that the channels corresponding to c¢3 and c;
(indicated by the dashed blue lines) exhibit energies above the threshold whereas the
channels corresponding to ¢y, ¢o, ¢g, €10, C15, and ¢3¢ (indicated by the solid green lines) are
below the threshold value 1.68 x 107. Consequently, the set M in this case is given by:
M = {(k,i): 0 <k <29,i =34} and the solution of the optimization problem (3.41)
after taking Sy = {z € 2(Zn) | (2/ x¢,)(k) =0, 0 < k <29, for ¢ | 30 with ¢ # 3,5} is
depicted in Fig. 3.5(a) using solid magenta line with circular markers.

From the figure, it is clear that the solution from the optimization problem (3.41)
resembles the original signal, achieving an SNR gain of 9.4778 dB. However, the solution
is not perfect as the value 2# y#7 = 120#7 exceeds the bound p(d/¢(N))? = 7.031 for

any noise vector n with #r > 1.
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Chapter 4
Random sampling involving derivatives for

periodic shift-invariant spaces

In this chapter, we establish probabilistic sampling inequalities for periodic shift-
invariant (PSI) spaces in L?(T), incorporating random derivative samples of the underly-
ing function. Motivated by the work of Antezana, Carbajal, and Romero [14] on random
sampling in shift-invariant spaces over RY, we show that such inequalities for PSI spaces
hold with high probability when the sampling density is sufficiently large. The analysis
employs harmonic tools on the circle group, including the Zak transform and fiberiza-
tion map to obtain stability conditions for reconstruction. Applications are discussed
for trigonometric polynomials, periodic multi-band signals, wavelet subspaces, and PSI

spaces generated by Haar-type scaling functions.

4.1 Introduction to the problem

We consider a PSI space V' C L?(T) generated by a finite set ® C L?*(T) consisting
of r-times differentiable functions. To formulate the sampling problem, we introduce a

periodic non-uniform sampling set Q C T of the form

1
=—7 M, Ao A
Q N NH{AL A AL

and study whether stable recovery is possible from samples of the function and its deriva-

tives taken on Q. Specifically, we analyze the validity of the sampling inequality

14
@ ()\j + N)

The results presented in this chapter are based on our work:

2

< B|fIF, VfeV, (4.1)

r—1 L
AlFIP<d0 >,
p=0

j=1 LeLy

Kalra, S. and Shukla, N. K. 2025. Random sampling involving derivatives for periodic shift-invariant

spaces, Under preparation.



for some constants A, B > 0, where f® denotes the p-th derivative of f. The goal is to
derive sufficient conditions under which (4.1) holds, thereby ensuring stable reconstruction
from non-uniform derivative samples in V.

Unlike classical sampling schemes that rely solely on point evaluations of the signal,
incorporating derivative samples in (4.1) provides access to additional local information,
which further enhances the stability and accuracy of reconstruction. In the periodic set-
ting, sampling with derivatives in shift-invariant spaces has been studied in [130]. For the
non-periodic case, non-uniform sampling involving derivatives has been explored for ban-
dlimited functions in [68, 71, 124, 125], and more recently in the context of shift-invariant
spaces in [2, 77, 79]. PSI spaces provide a unifying framework for a wide range of sam-
pling problems, encompassing trigonometric polynomials, periodic splines, and subspaces
generated by periodic wavelets. A prototypical example is the space Pg of trigonometric
polynomials of degree at most R, which arises naturally as a PSI space. These spaces play
a central role in harmonic analysis and have broad applications in the theory of periodic
wavelets, finite frames, and approximation theory.

Our main result (see Theorem 4.2) establishes probabilistic sampling inequalities for
signals in PSI subspaces of L*(T). Specifically, we demonstrate that if the sampling nodes
{1, A2, ..., A} C T are chosen independently at random, then the sampling inequalities
(4.1) hold with high probability, provided the number of samples L are sufficiently high.
The sampling strategy carried out in this chapter is inspired by the work of Antezana,
Carbajal, and Romero [14], who established similar result for shift-invariant spaces on R¢
without derivatives. In contrast, our approach utilizes the framework of PSI spaces and
incorporates derivative information in the sampling process. The novelty of the periodic
framework lies in its compact structure, where the boundedness of continuous functions
and the inherent Reproducing Kernel Hilbert Space (RKHS) property of PSI subspaces
simplifies the analysis and reconstruction.

Our methodology for finding the probability of the sampling inequalities (4.1) is based
on the study of random matrices arising from the Zak transform on T, evaluated at the
random sampling nodes {1, ..., Ap}. The use of random matrices for random sampling of
bandlimited functions is facilitated in [18, 19] and extended to several other signal models
including shift-invariant spaces [58, 69, 89, 153] and more general reproducing kernel
Hilbert spaces [105]. To derive a probabilistic bound for (4.1), we reformulate the problem
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using the fiberization map and the associated range function, reducing it to a spectral
estimate for a random matrix defined via the Zak transform. This reformulation enables
the application of matrix Bernstein inequality to control the deviation of eigenvalues,
thereby yielding high-probability bounds for the sampling inequalities. The literature on
random sampling is extensive. For instance, [41, 128] investigate sampling for bandlimited
signals by checking that deterministic conditions for sampling apply to certain random
perturbations of the integer grid. In addition, [17, 103, 123] investigates random sampling

of frequency-sparse multivariate trigonometric polynomials.

4.2 Analytic framework for random sampling in PSI spaces
We begin by recalling the definition of PSI spaces. Let N € N. A closed subspace
Vy C L3(T) is called a peridodic shift-invariant (PSI) space if
f(-—L£)evy forall fe€Vyandke Zy.

Given a finite collection ® = {¢1, ¢, ..., dpr} C L*(T), the associated finitely generated

PSI system and space are defined by
En(®):={¢:(-—%):i=1,....M, k€ Zy}, Vyn(®) :=span Ex(®).  (4.2)

A fundamental tool for analyzing PSI spaces is the fiberization map, which provides
a bridge between the spatial and frequency domains. It enables the study of translation-
invariant structures through their frequency localization properties.

For a function f € L'(T), let its Fourier coefficients be defined by

1
f(n) = / f(@)e ™ dh, n e Z.
0
Using these coefficients, the fiberization map

T : L*(T) — L*(Zn x Z) (4.3)

~

is defined by (7 f)(¢,m) = f(mN + {),{ € Zy, m € Z. This map is an isometric

isomorphism that preserves inner products, i.e.,
(Tf.Tg)=(f.qg), forf geL*T), (4.4)
and intertwines periodic translations with frequency modulations as

T(F(—2))(,m) =e > N Tfl,m), kL€ Ly, mE L (4.5)
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The fiberization map thus decomposes each function into its frequency fibers indexed
by ¢ € Zy. This representation allows one to describe PSI spaces in terms of range
functions, as established by Helson’s theorem [84]. Specifically, every PSI space V' C L*(T)

admits a range function representation of the form
V={feLl*T): Tf(,-)eJ{), €Ly},

where J assigns to each ¢ € Zy, a closed subspace of L*(Z). In the finitely generated
case, when V' = Vy(®) with ® = {¢1,..., ¢}, the range function is explicitly given by

J(0) = span{Tes(L,-) :i=1,..., M}. (4.6)

Since Vi (®) is finite-dimensional, it forms a RKHS. Consequently, for each 6 € T,

there exists a unique element Ky € Vi (®P) satisfying

f(0) = ([, Kq), [ eVn(®),

with the reproducing kernel defined as
K(H,(S) = <K5,Kg>, 0,0 €T.

If, in particular, Ex(®) forms an orthonormal basis of Viy(®), then the kernel admits the
explicit representation

M

Ko(0)=>_ > ¢i(0+ %) d:i(5+%), 6,0€T. (4.7)

i=1 tely
For more details, we refer the reader to [28, 42].
It is important to note that the derivation of bounds in (4.1) relies on the family of

fiber systems
G ={To(t.): 1<i<M 0<p<r—1},

which naturally lies in the range space J(¢) for each ¢ € Zy. Indeed, for every generator

¢i, with 1 <7 < M, and for all £ € Zn, m € Z, and 0 < p < r — 1, we have

—_

TP (6, m) = ¢ (mN + 0) = 2ri(mN + ) ¢s(mN + €) = (2mi(mN + €))? T (¢, m).

Hence, for each fixed ¢ € Zy, the fiber

T (¢,-) = ((2mi(mN + 0) Tey(6,m))
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is obtained by pointwise multiplication of T ¢;(¢,-) with the scalar sequence (2mwi(mN +
0))P, confirming that G, C J(¥).

Moreover, since the subcollection {7 ¢;(¢,-) : 1 <i < M} C G, forms an orthonormal
basis for J(¢), it follows that G, constitutes a frame for J(¢) for every ¢ € Zy. Let u, and
vy denote its corresponding lower and upper frame bounds, respectively. Then, for any

c e J({), we have
Ullel? < uellell® < Aaecl® < vellel® < Vel (4.8)
where U := minyez, uy and V := maxyez, vy.
4.2.1 Probability bounds
For a matrix X € C"", we define the norm
[ X1 = sup{[| Xall2: a € C", |lafls =1}

For two Hermitian matrices A, B € C™"*", we write A < B to denote that B — A is a
positive semi-definite matrix. This relation is known as the Loewner partial order.
In the sequel, we use the matrix Bernstein inequality, stated below, to establish prob-

abilistic bounds.

Lemma 4.1. Let {X,..., Xy} be a sequence of independent, random self-adjoint n x n

matrices. Suppose that
E[X;]=0 and ||X;]| < B almost surely, foralli=1,... ¢,

and define

Then, for all m > 0, we have

P ()\max (Zj; Xi> > m) < nexp <—#B/i/3) .

Throughout this chapter, we assume that the collection ® = {¢y, ¢, ..., dn} C L*(T)
consists of functions that are r-times differentiable on T such that Ex(®), defined in (4.2),
is an orthonormal set in L*(T). We further assume that J, as given in (4.6), denotes
the range function associated with Vi (®), and Ky represents the reproducing kernel

associated with Vi (®) at point # € T. Additionally, we fix the set A = {\, Ao, ..., A\r}
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to be composed of L independent random variables that are uniformly distributed over

T. For any f € L?(T), the notation f® is used to indicate its p-th derivative.

4.3 Random periodic sampling with derivatives

We begin by presenting our main result, which establishes probabilistic sampling
inequalities for PSI subspaces of L?(T). This result is inspired by the framework developed
n [14, Theorem 2.1]. We show that if the sampling points {A\, Ao,..., Az} C T are
chosen independently at random, then stable reconstruction of any signal from a given
PSI subspace holds with high probability, provided that the number of samples L exceeds
a threshold that depends on the dimension and the cardinality of the generating set of
the PSI subspace.

We now state our main result.

Theorem 4.2. Let ® = {¢1,...,¢n} C L*(T) be a collection of r-times differentiable
functions such that Ex(®) (defined in (4.2)) forms an orthonormal system and ® satisfies

the bounded frequency periodization condition

max max Z \(/b\i(mN—i-ﬁ)] < 0. (4.9)
€z

1<i<M (eZn

Assume that the sampling set A = {1, ..., AL} consists of L independent random variables

uniformly distributed over T, and that for some e >0 and 0 < a < 1,

3(NMC +1 2N M
s HONC) (200,
Q@ €
where
C := max su i 0+ . 4.10
Jnax. Gepkeizileb (4.10)

Then, with probability at least 1 — €, the following sampling inequalities hold for every
f S VN((I))

r—1

INVA=a) [fIP <D S5 1205+ L) P < LNU( +a) || £]1%, (4.11)

p=0 j=1 LeZy
where U,V > 0 denote, respectively, the uniform lower and upper frame bounds corre-

sponding to the family of fiber systems

G ={ToP () 1<isMo<p<r—1},  (eZy
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Remark 4.3. Observe that the value C' defined in (4.10) is finite since the mapping

0 — ZkGZN |gz§i (8 + %) ‘2 is continuous on T and due to its compactness, we have

k

Remark 4.4. The bounded frequency periodization condition, described in (4.9), guar-

2
< Q.

max sup
1<i<M geTp 2
k€Zn

antees the absolute convergence (and hence uniform convergence) of the Fourier series

$i(0) =Y di(n)e*™, 0eT, i=12,.. M, (4.12)
nez
since as a consequence of (4.9), we get >, |9i(n)] = > tezy Domez |9 (mN + 0)] < 0.
It is important to observe that if the collection ® consists of continuously differentiable
functions on T, then by [134, Exercise 14, Chapter 3], the Fourier series representation
(4.12) converges absolutely for each ¢ = 1,2,..., M. Thus, for r > 2, the condition (4.9)

can be relaxed.

Remark 4.5. An important feature of the sampling inequalities (4.11) is its snugness,
which refers to the fact that the ratio between the upper and lower stability bounds
remains close to one. Specifically, when the number of random samples L satisfies the
logarithmic lower bound in Theorem 4.2, the constants 1 — « and 1 + « appearing in the
inequalities are close to each other. This implies that the sampling operator is nearly
an isometry on the space Vy(®), thereby ensuring stable and computationally efficient

recovery of functions from their random derivative samples.

4.3.1 Analysis of the main result via Zak matrix

We define the Zak transform in the setting of the circle group, which serves as a crucial

tool for analyzing the structure of PSI spaces.
Definition 4.6. The Zak transform is the mapping Z : L*(T) — L*(Zy x T) defined by
Zf(0,0):= L ST FO+E) e HIN teZy, 0€T, fe LX)
’ \/N 5 N ) ) )

For the random set A = {\1, Aa, ..., AL}, we define the Zak matrix 34 of size rM xrL
consisting of repeating M x L blocks. The first M x L block, denoted by By, is given

as:

99



2006 A) Z61(6 ) Z6,(0, ML)
Bir = VN Z¢2(‘€> A1) Z¢2(‘f, A2) Z¢2(.€, AL)  tez. (4.13)
_Z¢M(€, M) Zom(l, Ag) Zom (L, )\L)_

Now, the full matrix 3,4 is formed by repeating By s along the diagonal:

Bia 0 0 - 0
0 Bea 0 - 0
BZ,A = 0 0 B&A s 0 , leZLy.
0 0 0 - Bl

It can be noted that the matrices B, and 34 are random for each ¢ € Zy due to
their dependence on the random set A.

The following result characterizes the sampling inequalities (4.11) through equivalent
formulations in terms of frame property linked with reproducing kernel K and the Zak
matrix 3, . The result is motivated from the work of [14], who also utilize similar equiva-
lences (without involving derivatives) in their framework to prove their main result. While
similar results already exists in the literature (see, for instance, [23, 32]), the key novelty
here is the inclusion of derivatives in the frame system and its associated system in the
fiber space given by the range function.

We have the following result:

Theorem 4.7. The following statements are equivalent for some constants 0 < A < B <
00 :

(i) The sampling inequalities

r—1 L

2.2

p=0 j=1teZy

hold for all f € Vy(®).

2

AllfI* < < B| fII*

f(p < i)
(ii) The set of translates of the reproducing kernel and its derivatives

{K§§> ( -

is a frame for Vy(®) with frame bounds A, B.
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for J(£) with uniform frame bounds % %.
);

(iv) For all ¢ € Zy and all a € Ag (J({)
A — B
2ol < Geadiaana) < Sl (.14

where for each € Zy, 3}, denotes the transpose of the matriz 3,5 and Agpy

denotes the analysis operator associated with the frame G,.

Proof. First, we claim that for any f € Vy(®) and p = 0,1,...,r — 1, the derivatives
f® belong to L*(T). Indeed, by the definition of the PSI space V! (¢), f® admits the

representation

ZZ% (9—%), 6T,

=1 belN

for some sequence (c;)/S2Y | € (2(Zy x {1,2,...,M}). Since ¢’ € C(T) C L*(T) for

,,,,,

allp=0,1,...,r—land i = 1,2,..., M, it follows that f® € L?(T), completing the
claim.
(i) <= (ii). Note that by using (4.7) and the orthonormal expansion of f in Vy(®)

in terms of the orthonormal basis Ex(®), we obtain
FP0) = (f,KP), 6T, p=01,....r—1. (4.15)

Again using (4.7), we compute

P RAESIRICE)

=1 bElLN
- k k
0 Z Yok (w=2), GweT kezy.
MM o (045 )0 (v g-x)—Fo(w-%). bweT ety
Then by substituting # = A; + £ into (4.15) and using (4.16), we obtain

) <Aj + %) - <f, Kipl%> = <f, K ( - %)> (4.17)

for k€ Zy,p=0,1,...,r—1land j =1,2,..., L. Then (i) <= (ii) is a consequence of
(4.17).

(4.16)
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(ii) <= (iii). By using this fact along with (4.4), (4.5) and Parseval’s identity, we

obtain

L r—1 2 L r—1 2
23 2 [ (- %)> PRBNICECACS))
j=1 p=0 k€Zn j=1 p=0 k€Zyn

L r—1 2

TN (T r, ), TEP (L, (4.18)
>\J
j=1 p=0 keZy |tcZy
L r—1 9
Ny ]<Tf(e,.),TK§§>(z,.)> Y EVi(e)

Suppose (iii) holds. Note that by using (4.6), we have T f(¢,.) € J({) for all ¢ € Zy.
Then by (iii), there exists constants 0 < A < B < oo such that
L r—1 9 B
i <SS (7o) TR @) < SITHCOI ez

7j=1 p=0

Summing over { = 0,..., N — 1 and using (4.18) along with the isometry property of T,

e ()

we get

r—1 2

< B||fI*>, VfeL*T).

L
AlFIP <)

j=1 p=0 k€ZN

Hence (ii) holds.
Conversely, assume (ii) holds with frame bounds A, B. Suppose (iii) is false. Then

there exists £ € Zy and u € J(¢) such that at least one of the following two happens:

—_
[y

r—

EL: < >,u>>£l|ul|2 or XL: < ),u><%||u||2. (4.19)

j=1p j=1p

<

I
o
I
o

Suppose the first inequality of (4.19) is true. Define g € L?*(T) such that for all k € Zy,

u, ifk=1¢
(Tg) (k,.) =

0, otherwise.
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Since Tg(k,.) € J(k) for all k € Zy, then by the definition of V! (¢), we have g € Vi (P).
Finally by using (4.18) for g, and (4.4), we get
L or—1
S Y (e k(- %)
j=1 p=0 kElLy j=1 p=0 kEZy

> Bllul* =B Y [I(Tg)(k.)|I* = BlITg|* = Bllgl?,

keZn

which is a contradiction to (ii). Similarly if the second inequality of (4.19) holds, it also
contradicts condition (ii). Hence (iii) is true.

(iil) <= (iv). For @ = (ajp) j=1.2..... € C", we compute
1.1

p=0,1,..., r—
r—1 M
Aq)g(Bngz \/NZZ(ZZQE)\ ajp>T¢ ( )
p=0 i=1

L —
D PIPIL (Z mw) (cbﬁp) (mN + e))
: meZ
M —_—_—
ZZ Z O‘Jp@ )\ —i— / ¢p) e 2mi(mN+£)(6— k/N)d9>
meEZ

1
(») k —271i(mN+£)6
| .(Aj+%)/0 ¢ (9+N)62 ( +>d9>
jp/ K(p )—27r7,mN+€9d9>
0

r—1 L

r—1 L
:< Za]pK(p)(mN‘i‘é)) ZZa]p K(P) .AKKOz

mMEZ p=0 j=1

meZ

[
T oY
|
= IM= I
Q »tvjh
(]
L2
s
e

meZ

where for ¢ € Zy, Ak, is the analysis operator associated with the system {7 K /(\f ) (¢,.):
1<j<L,0<p<r—1}. This gives A}, = AE,@% for all ¢ € Zy. Then note that for
ce J(0), we get
(3ea 364 Ave, Aspc) = (A 30 3pa Asyc, ©)
<.A .AKgC C> AK7gC, AK7ZC>

= {<c TEOW )} e o {6 TESC)} 1 >

0<p<r-1 0<p<r-1




which proves the equivalence (iii) <= (iv). This completes the proof. O

The following result provides a reformulation of the sampling inequalities (4.11). It pro-
vides a sufficient condition, expressed in terms of the matrix By, under which the Zak
transform based inequalities (4.14) and consequently, all equivalent conditions in Propo-

sition 4.7 are satisfied.

Proposition 4.8. Let Byn € CM*L be the matriz defined in (4.13). Suppose that for
every { € Zy, there exist constants A, B > 0 (independent of £) such that

Allel* < (Bea By se, ¢) < Bl (4.20)
for all c € CM. Then, for every { € Zy and all a € C™ | we have
Allal* < (31 3ipa, a) < Bllal*.
Proof. Notice that any a € C"™ can be written in the form:
t
a = |:a6 atl P ai*l] y

where a, € CM for 0 < p <r — 1. Then for any ¢ € Zy and a € C"™ | we have

r—1
<m3)2/\a, a> = Z <W,ABE,AGP’ ap>'

p=0

Applying the assumption (4.20) to each term in the sum yields
AH@pH2 < <B€,A BZA% ap> < BHapHQ;

for all 0 < p <7 — 1. Summing these inequalities over p gives

r—1 r—1 r—1
AN o> <D (BiaBisay, a) < B lay|*.
p=0 p=0 p=0

r—1
Noting [|a|* = > ||a,||*, we conclude that
p=0

Allal]* < (3ea 300, a) < Bllal]?, foralla e C™.

This completes the proof. O
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Observe that if the inequalities (4.20) hold for all £ € Zy and all @ € CM | with con-
stants A and B denoting the lower and upper bounds, respectively, then Proposition 4.8,
Proposition 4.7 and the fact that Ag(J(¢)) C C™™ ensure that the following sampling

inequalities
r—1 L £ 2
ANISIP < 33 | ( —) < BN||f?
p=0 j=1 ¢eZpn

hold for all f € Vy(®) with scaled lower and upper bounds scaled by N, i.e., NA and
N B, respectively.
In view of this, define the event £ by

E={VleZy, VaeCY |a]|=1: L(1—a) < (BaBja, a) < L(1+a)}, (4.21)

and let G denote the event that the sampling inequalities (4.11) hold for all f € Vi (®).

Then, by the above discussion and standard probabilistic arguments, we obtain
P(E) <P(G).

Consequently, if P(£) > 1 — ¢, it necessarily follows that P(G) > 1 — € as well. Therefore,
to establish Theorem 4.2, it suffices to show that the event £ occurs with probability at
least 1 —e.

The following lemma is required in the sequel.
Lemma 4.9. Let Uy, € CM*M be the random matriz defined by
(UE,)\j)i,i’ = NZQ%(K, )\]) Z¢Z/(£, )\j), i,i, € {1,...,M}, (422)

foreach j=1,...,L and ¢ € Zy. If we assume that the condition (4.9) is satisfied, then
forany l € Zy and j = 1,..., L, the following properties hold:
(1) E [Upp,] = In-
(ii) || U, — In|| < NMC + 1.
(i) 0% = szzlE [(U“j - IM)2] H < L(NMC —1).

Proof. We first prove (i). By using Remark 4.4, the Fourier series of ¢; converges ab-

solutely for i = 1,2,..., M. Consequently, the Zak transform of ¢; admits the following
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representation:

Zoi(l,w) Z qu 2min(w+k/N) ,—2mikt/N
EZN NEZ

27rimu E eQﬂik(n—K)/N

kEZN

Z

€L
Z ¢Z(mN + g) 2mi(mN+)w ’
meZ

<1<ﬂ

for{ € Zy,weT,andi=1,2,..., M. We now compute
E[Us . N/ ZH(0.0) 26, (£,0) d

- 1
=N* > ¢:i(mN +{) ¢y (nN +0) / ?miln=mINO g
0

mne”

=N Y gi(mN +0) g (mN +0) = N(Tgu(C,.), T(l,.)).

mEZ

It is a routine exercise to show that the orthonormality of the system FEn(®) implies
that for each ¢ € Zy, the set {T¢;(¢,.) : i =1,2,..., M} is an orthogonal basis for the
subspace J(£) C (*(Z) and satisfies

(Toi(l,.), To;t,.)) = %@J, i,j=1,2,..., M. (4.23)

As a consequence of (4.23), we get
E[Ugx,| = Iy, forl€Zyandj=1,2,..., L.
Now we prove (ii). Using (4.22) and the Cauchy-Schwarz inequality, we have

Vel = sup {[|Uenjalla =0 € ©, flalls = 1} < [Ugn 1

M M 1/2 M
=N (; ; [Z6:(0 ) Zu (L, )\j)’2> = N; | Z¢i(0, \)]? (4.24)
_ . —2mike/N 2 . E\
_ZZ EEZ:N@(A + ) gN;gZ:N @(AﬁN) < NMC.
This gives,

|Uex, — Il < NUes || + Hml| S NMC +1, Le€Zy,j=1,2,...,L.
106



Finally, we prove (iii). For each ¢ € Zy and j = 1,2,..., L, observe that U(¢, \;) is a

rank-one Hermitian matrix of the form

¢
Uiy, = Nvv®,  where v = [Zgbl(f, Ni) Zoa(l,Ng) - Zom(CN)| € cM.

This representation yields 2*Uyx, = N|z*v[* > 0 for all z € CM | and hence U((, \;) is
positive semi-definite. Since ||Uy,| denotes the largest eigenvalue of Uy, the positive

semi-definiteness of Uy, implies
UZA]. < NUes | Uex, < NMC Uy,

where the final inequality follows from (4.24). Using (i) and the linearity of the expectation

operator, we obtain
NMC Iy —E(Ufy,) = E(NMC Upy,) — E(UZy,) = E(NMC Uy, — Ufy,) >0,
where we have used the fact that the expectation of a positive semi-definite random matrix
is again positive semi-definite. As a consequence, we compute
E [(Uea, — In)?] = E[UZ5, — Uex; — Ue, + Iud]
=E[U7),] =20y + Iy = E[U},\ ] — In
< (NMC = 1) Iy.

Finally, summing over j = 1,..., L and applying the triangle inequality for the operator
norm, we obtain

L

> E | (U, — )]

j=1

< LINMC —1), (€Zy.

This completes the proof. n

We are now ready to provide the proof of our main result.
4.3.2 Proof of the main result

We will develop the proof of our main result in this section. The basic idea is similar
as in the paper [14] by Antezana et. al. However, there are also significant differences
due to the compact setting, which in turn leads to a simpler and less technical proof.

Let &€ be the success event (4.21). In view of the equations min,—1 (B B} ra,a) =
Amin (Bea B ) and maxq—1(Bea Bj ya,a) = Amax(Bea Bl ), the failure event £° can be
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be expressed in terms of the extreme eigenvalues as

g — {mln Amin(BeaBj ) < L(1 — 04)} U {in%x Amax(BeaBl y) > L(1 + a)} :
€ELN ’

VISVAN

Therefore, we obtain the following upper bound on the failure probability:

PE) <P (mln Amin(Bea ABg A < L(1— a)> +P (max Amax (Bea. ABZ A) > L(1+ a)> )
VISYAN: el N
(4.25)
To simplify (4.25), let Uy, € CM*M be the random matrix as defined in (4.22) for
j=1,...,Land ¢ € Z". Tt can be observed that

L
t §
BK,AB&A - U&/\j.

J=1

As its consequence, we obtain the following implications:

L
)\min(mBZA) <L (1 - Oé) mln (Z UZ Ar IM ) < _LOZ, (426)
r=1
and
L
Amax (BeaBp ) > L (14 ) Amax (Z U, — I ) > Lo (4.27)
r=1

By (4.25), (4.26) and (4.27), we get

L
) < : . _ —
P(ES) <P (%2%2 Amin (; (Upa, ]M)> < La)
L
+P (gel%)v( Amax (2 (Upn, — ]M)> > Loz) )

(4.28)

Define X; := Uy, — I for j = 1,2,..., L. From Lemma 4.9, we have E[X}] = 0 for all j.

Applying Lemma 4.1 to the sequence {X;}%_,, with B=NMC +1, 0> < L(NMC — 1),

and m = La, we obtain the following bounds on the lower and upper tail probabilities

stated in (4.28).
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For the lower tail in (4.28), we have

L
IP’({;?ZH; Amin<Z(UZ,AT - IM)> < —La>

|
=
VR
=
%
/N
M-
N
&
kg
+
~
=
N——
V
b.
Q

)

(4.29)

L2 2/2
L(NMC —1)+ (NMC +1)La/3

Lo?
< N exp <_ 2(NMC + 1)(1 +a/3))

La?
< NM- N
= P\ T 3(NMCe T 1))

Similarly, for the upper tail in (4.28), an identical estimate yields:

r=1

L
La?
P (?el%])\f)\max (E (Up,a, ]M)) > La) < NM exp( SINMC 1)) (4.30)

Substituting the bounds (4.29) and (4.30) into (4.28), we get the following success prob-

ability estimate:

P(E)=1—P(E) >1—2NM - exp (—m) .

To ensure P(€) > 1 — ¢, it suffices to impose

L>

3(NMC +1) (2NM>
—— log ,
a €

under which the sampling inequalities

-1 L 2

LNV(1—a)|f]* < < LNU(1+ o)l f]1%,

(-4)

hold for every f € Vy(®) with probability at least 1 — e. O
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4.4 Applications

In this section, we illustrate the applicability of our main result for various cases
including the space of trigonometric polynomials. The reconstruction of trigonometric
polynomials from random samples has been investigated in [17, 123], where the focus was
on recovery using random point evaluations. In the present setting, our result directly
applies to this problem, allowing stable reconstruction from random derivative samples.

Similarly, the result extends to periodic multi-band signals with well-separated fre-
quency bands, providing a stable recovery framework under random derivative sampling.
We further demonstrate its applicability to wavelet subspaces and periodic shift-invariant

spaces generated by scaling functions associated with multi-resolution analyses.
4.4.1 Random sampling in the space of trigonometric polynomials

As an application of Theorem 4.2, we consider the periodic shift-invariant space gener-
ated by the Dirichlet kernel, which corresponds to the space of trigonometric polynomials

of bounded degree. Let R € N, and define

R
Pr = {f c LA(T) : f() = Z cne®™™ e, € (C} :

n=—R
the space of trigonometric polynomials of degree at most R. A natural generator for Pr

is the Dirichlet kernel

R .
Dp(8) = Y & = Sm(zgiﬁr Z) D9 ger (4.31)

n=—R

Clearly, D € Pg.

Let ¢ = \/W Dpg. Then the collection Fspi1(¢) := {Lkj@ri1)¢ 1 k= 0,1,...,2R}
forms an orthonormal basis for Pg. Indeed, for k,¢ € {0,...,2R},

<¢(' - #) 7¢(' - #) > - /¢ 2R+1 ¢(9 2R£+1) dg

E E —27 ’L’)’Li’€ 27 imif 27 z(n—m)o9
—= 2R+1 e 2R+1 e

—Rm=—R T
_ 1 27”;"2@12;4?1 _
= E : 2R+1° = Ope-
n=—R

Hence, Eor.1(¢) is an orthonormal basis for Pg.
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Next, we verify the assumptions of Theorem 4.2. Since ¢ € Pp is infinitely differ-
entiable, the bounded frequency periodization condition (4.9) is trivially satisfied. To

compute the constant C' in (4.10), we have

2R , 2R R ’
) 1 2min(6+5p7)
L ) = 1 E 1
> ‘¢(9+ 2R+1)‘ E:‘\/m €
=0 =0 n=—R

2R R

_ Z ’ 1 Z p2mind 2mint/(2R+1)

V2R+1
=0 n=—R

‘ 2

2

R
=Y | =2R+1,  G€ET,

n=—R

where the last equality follows from Parseval’s identity. Thus, C' = 2R + 1.

Although the exact values of U and V' are not computed here, the system G, is finite-
dimensional and spans J({), so the frame bounds exist and are strictly positive and finite.
Consequently, all the hypotheses of Theorem 4.2 are satisfied, and the random sampling
inequalities (4.11) hold in the space Pg.

4.4.2 Random sampling in the space of periodic multi-band signals

As a further application of Theorem 4.2, we consider the case of periodic multi-band

signals.
Let W C Z be a finite union of s disjoint frequency bands of equal width, defined by
W = O([—RJF&, R+6]NZ),
i=1
where R € N and the shifts {0;};_, C Z satisfy the separation condition
10; — 0;] > 2R, i #j.
The corresponding periodic shift-invariant (PSI) space is
By = {f € LX(T) : supp(f) C W}.

A natural generating set for Byy is given by

1
D
V2R+1 ¢
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where Dpg denotes the Dirichlet kernel defined in (4.31). For £ =0,1,...,2R and each 1,

we have

R+0;
(o- p2mind ,—2mink/(2R+1) 4.32
¢ ( 2R+ 1) Z verT1o ot -

—R+5;
Since the bands in W are disjoint, the frequency supports of ¢; and ¢; are non-overlapping

for i # j. Therefore, the orthogonality of the exponential system {e*™™}, 7 yields

(di(- — 2R+1) éi (- — 2R+1)>:07 0<kl{<2R,i#].

For ¢ = j, following the computation in the trigonometric polynomial case, we get

<¢i(' - 2Rk+1) @( 2R+1)> = Ot

Combining both cases, the system
Espi1(®) := {Lyjors19i : 0 <k <2R, 1 <i < s}
forms an orthonormal basis for Byy, which therefore has dimension s(2R + 1).

Next, we verify the assumptions of Theorem 4.2. By Parseval’s identity and (4.32),
for each ¢ and 0 € T,

Z|¢Z 2R+1 | = Z "QZMHG‘QZQR"’_L

=—R+96;

Summing over ¢ = 1,...,s, we obtain

ZZ‘@ 2R+1 | =s(2R + 1), 0cT.
=0

=1

Hence, the constant C' in (4.10) is
C=s2R+1).

Finally, as in the trigonometric polynomial case, the derivative fiber system associated
with @ is finite-dimensional and spans the corresponding range spaces. Thus, all the
hypotheses of Theorem 4.2 are satisfied, and the random sampling inequalities (4.11)

hold in the space of periodic multi-band signals By .
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4.4.3 Random sampling in wavelet subspaces

Let 1 be a 1-periodic real-valued function such that it is continuously differentiable
and having the Fourier series decomposition
W(0) =Y d(m)e™m, e,
mez
where the coefficients satisfy ¢ (m) > 0 for all m € Z. Any such ¢ will be called a
periodic basis function. Periodic basis functions are special cases of a class of the positive
definite spherical functions and are useful for solving scattered data interpolation (or
least-squares) problems on the circle [127].

For a positive integer N, consider the shift-invariant systems Eyn (1) and Ean(v)).
Clearly, En(v) C Ean(v). Let Uy be the orthogonal complement of En (1) in Ean (1)),
ie.,

Uy = Ean(¥) © En(¥).
In the context of multiresolution theory, the space Uy serves as a detail space that captures
the components of Fyy(1) not contained in En(1). The inclusion En(¢) C Ean ()
reflects a refinement in resolution, and Uy represents the new information introduced at
the finer scale.

The following result provides a wawvelet function in Uy, i.e., a function f € Uy whose

((4)ven]

forms an orthonormal basis for the space Uy.

set, of translates

Theorem 4.10. [111] Let N be a positive integer and let ¢ be a periodic basis function.
For any 0 € Z and 0 € T, define
Yon(0) = Z V(MmN + €)™ im?

meEZ

Further, let ¢ € L*(T) be defined as

1L e nanl)?
) = —= Y N T Vean (0). (4.33)
UF 2 I RErE
Then ¢ s real-valued and has the same smoothness as v, and the set

{¢ ( - %)}eezN
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is an orthonormal basis for Uy.
In addition, ¢ has the absolutely convergent Fourier series decomposition
¢(9) _ Z Qg(m)e%rimH,
meZL

where for { € Zon, the Fourier coefficients are given by

[Yernonl® -

AQmN—I—E — etkm/N 2mN + 7).
i ) Toean Ploen? ! )

The above result implies that ¢ is at least continuously differentiable, since ¢ inherits
the smoothness of ¥ and v is continuously differentiable. In particular, ¢ admits an

absolutely convergent Fourier series. Therefore for r = 2, Theorem 4.2 applies to the

space Vy(¢) = Un by choosing & = {¢}, where ¢ is defined in (4.33).
4.4.4 Random sampling in Haar-type PSI spaces

We now consider periodic shift-invariant spaces generated by Haar-type scaling func-

tions. Let N = 8, and define a trigonometric polynomial ¢ € L*(T) by

() = % [1 + 2 cos(270) + 2 cos(6m6) + 2 cos(47r€ — %) cos(%)

+ 2cos(127r9 — %’“) cos(%”) ] + % [sin(87r0 — %”) cos(g) — sin(247r€ — %) cos(%) } .
The function ¢ serves as a scaling function of an MRA of order N = 8, associated

with the low-pass filter u € (%(Zg) defined by

u(n) = e~™n/8 cos(%) , nE ZLs.

The filter u is induced by the discrete Haar mask ¢ € ¢(Zy), given by
c(0) =c(1) = =, c¢(n)=0 forn#0,1,
and satisfies the standard two-scale relation
b(2k) = u(k) o(k),  keZ

As shown in [90], the Fourier coefficients of ¢ are real and supported on the set
[—12,12] N Z. Consequently, ¢ is a real-valued trigonometric polynomial of degree at
most 12. Since its Fourier expansion contains only finitely many nonzero terms, the series

converges absolutely, allowing the frequency periodization condition (4.9) to be relaxed.
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Furthermore, by [90, Theorem 3.5], the scaling function ¢ satisfies the orthonormality
condition, ensuring that Fy(¢) forms an orthonormal system. Hence, all the assumptions
of Theorem 4.2 are met, and the random sampling inequalities (4.11) hold for the periodic
shift-invariant space Vg(¢) for any derivative order r > 0.

To determine the constant C' in (4.10), we evaluate numerically the function

Y |60+ %)

LEL N

2

I

whose maximum value corresponds to C. As shown in Figure 4.1, the peak of this function

is approximately 9.9059, giving C' = 9.9059.

100 ‘ ‘ Max = 9.9059
9.5 o T
= 9 [
Z 2
3 85 —
+ S 1.
> 8 =
= Q
s o~ /
S 75 0 \ P
i » =
L7 T N - S
1 1
6.5 S ///
. . . . 0 ~. 0
0 0.2 0.4 0.6 0.8 1 - .
0 cos(270) 1 1 sin(270)

Figure 4.1: Left: The function 6 — >, ’gzﬁ 0+ %) ‘2 indicating the C-

value. Right: The scaling function ¢ over unit circle.
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Chapter 5
Multi-channel stable sampling for

translation-invariant spaces

In this chapter, we study multi-channel stable sampling for translation-invariant (TI)
spaces over locally compact groups, not necessarily abelian. The available literature on
multi-channel sampling utilizes the abelian property of the underlying group. To develop
the theory of multi-channel sampling for T1 spaces over locally compact groups, we first
develop the theory for multiplication-invariant (MI) spaces in the vector valued space
L*(X,H), where X is a finite measure space and H is a separable Hilbert space. The
idea is motivated by the work of Iverson [88], who studied the frame properties of the
TT systems over locally compact groups using the generalized Zak transform. Utizing the
tools developed by Bownik and Iverson [26], we characterize the stable sampling for MI
spaces and develop necessary density conditions. Finally, employing the Zak transform,

the results are transferred to TI spaces over locally compact groups.

5.1 Background on SI/TI spaces and Zak transform

Let ¢ be a second countable locally compact group (need not to be abelian) and H be
a closed abelian subgroup of 4. A closed subspace V in L?(¥) is said to be H -translation-
invariant (H-TI) if Lef € V for all f € V and £ € H, where for each n € ¢ the left
translation L, on L*(¥) is defined by

(Lyf)(v) = f(n'y), y€Z and [ € L*(9).

For a countable family of functions &/ C L*(%4), let us consider a H-TI system £ (/)
and its associated H-TI space ST (&) generated by &, i.e.,

ENd) ={Lep:pe o, &€ Hy and S? () :=span £ (),

The results presented in this chapter are based on our work:
Kalra, S. and Shukla, N. K. 2025. Multi-channel stable sampling for translation invariant spaces over

locally compact groups, Under preparation.



respectively.

For z € ¢, a right coset of H in ¢ with respect to x is denoted by Hz. For a function
f:9 — C, we define a complex valued function f% on H by fH4%(¢) = f(EZ(Hx)), £ €
H, where the space of orbits H\Y = {I'z : x € ¢} is the set of all right cosets of H in
¢, and = : H\Y — ¥ is a Borel section for the quotient space H\¥. Then the Fourier
transform of f7* € L1(H) is given by fH’f = [y [T(Ea(E") du(§) for a € H, which
can be extended to L*(H). The Zak tmnsformatwn Z . I2(¥) — LX(H,L2(H\9)) of
[ € L*(¥) for the pair (¢4, H) is defined by

(Zf)(a)(Hz) :]@(a) ae. o€ H and Hz € H\Y, (5.1)

where H denotes the dual of H [88]. It is a unitary is closely associated with the fiber-
ization map . when ¢ becomes abelian. For a second countable locally compact abelian
(LCA) group G and its closed subgroup A, the fiberization .Z is a unitary map from L?*(G)
to L2(G /A, L2(AL)) given by

~

(ZP(BAY)(2) = F(z ((BAY)), w € AL, Beg, (5.2)

for f € L*(G), where A+ := {3 € G : B(A) = 1 forall A\ € A}, Al\é = Q\/AL and
¢: G /A — G is a Borel section which maps compact sets to pre-compact sets. The Zak
transform and the fiberization map on the Euclidean space R™ by the action of integers

7" are

(ZA)(En) =D f(E+k)e ™™ and (F £)(€)(k) = [(€ + k)

kezZm

for k€ Z", &,n € T" and f € L'(R™) () L*(R"). The fiberization map for the case G =T
and A = $Zy is defined in (4.3).

The Zak transform provides a framework for handling TI spaces over locally com-
pact groups, analogous to the way the fiberization map treats SI spaces in the abelian
setting. Both transforms allow TT spaces to be studied via MI spaces by converting trans-

lation operators L¢ into multiplication operators My, for suitable functions ¢¢ € L>(X).

Specifically, for f € L?(¥4), we have
(ZLef)(a) = (Mg Zf)(a), forae a€ H and € € H,
where My, denote the multiplication operator on L*(H,L2(H\¥)), defined by

(My F)(n) = ¢c(n)F(n), for F € L*(H,L*(H\%)), ¢¢ € L*(H) and 1 € H.
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Therefore our goal of studying sampling theory for SI/TT spaces can be established by
converting the problem of H-TI space S¥ (&) into the MI spaces on L?(X,H) with the
help of the Zak transform, where X = H and H = L2(H\¥).

One of the benefits of the Zak transform for the pair (¢, H) is that the various
previously inaccessible examples pairs, like (R",R™), (R",Z™), (Qp,Z,), (G, ), etc., can
be accessed through it where n > m, A (not necessarily co-compact, i.e., G/A-compact,
or uniform lattice) is a closed subgroup of the second countable LCA group G, and Z, is

the p-adic integer in the p-adic number field Q,.

5.2 Stable sampling for MI spaces

For studying stable sampling techniques for M1 spaces, we fix (X, i) to be a finite mea-
sure space such that L?*(X) is separable. We also assume that the set B := { g, }mem C
L>=(X) is such that it forms an orthonormal basis for L?(X), where the index set M is
countable and pp is a counting measure.

We briefly discuss the MI systems and the associated spaces in L?*(X,H), where
L*(X;H) = {g0| ¢ : X — H is measurable such that / lo(@)|)? du(x) < oo} .
X

Now we define the multiplication operator on L*(X, H).

Definition 5.1. Let ¢ € L>(X). The operator MM, on L?(X, H) defined by
(M f)(x) = ¢(x) f(z), forae zeX, feLl’(X,H),

is called the multiplication operator.

The operator 9, is a bounded linear operator on L?(X; H) satisfying ||9,]| = ||¢|| 1
provided X is a o-finite measure space. If X is not a o-finite measure space, then ||9,||

need not be same as ||¢||p~ [44, Theorem 1.5].

Definition 5.2. [88, Definition 2.1] Let V be a closed subspace of L*(X,H). We say V

is a multiplication invariant (MI) space if
Myf eV, foral ¢ € L(X) and f € V.

Let us consider a finite collection of generators A = {®1, ®,...,®,} C L*(X,H). We

define the multiplication invariant (MI) system E 44 and its associated MI space W4 g
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as follows:

Epp ={M, 0, :t e M, keZ} and Wyyp :=5pan E 43, (5.3)
respectively.
5.2.1 Local setting

We introduce essential definitions and fundamental concepts necessary for formulating

localized versions of our results.

Definition 5.3. [26] Let W C L*(X,H) and W' C L*(X,H’) be two multiplication-
invariant spaces. Then, a multiplication-invariant operator between them is a bounded

linear operator T': YW — W such that
M, =M, T for all p € L>(X).
Definition 5.4. [26] An H-valued range function on X is a mapping
J : X — {closed subspaces of H}.

In other words, it is a choice of an orthogonal projection P,y € B(H) for every z € X,
where B(H) denotes the set of bounded operators on H and Py, projects onto J(x).
A range function J is measurable if P; is weakly measurable i.e., for any u,v € H, the
mapping

= (Pyz)u,v)
is measurable on X. With every range function J : X — {closed subspaces of H}, we

associate a closed subspace
Vi={pe L*(X,H): p(zx) € J(x) for a.e. € X}.
It is easy to see that V; is multiplication-invariant.

The following result characterizes MI spaces using range functions. It is provided in
[88] for determining sets [88, see Definition 2.1] in a o-finite measure space. Here, we
consider the case where B is an orthonormal basis of L?*(X) with functions in L>(X),

which serves as a determining set for L'(X) assuming pu(X) < oo.

Theorem 5.5. [26] Let A= {®,Py,..., P, } C L*(X,H) be a finite collection of gener-

ators. Then, the following statements are equivalent:
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(i) Wass is an MI space.
(ii) For every g € B, MW C Wasm.

(i11) There exists a measurable range function J such that Wae = V.

Moreover, the associated range function J satisfies
J(x) =span{®;(z) : i € Z,}, fora.e x€ X.

Additionally, the mapping J — V; establishes a one-to-one correspondence between the
collection of measurable H-valued range functions on X (considered up to equality a.e.)

and the set of MI subspaces of L*(X,H).

Assumptions: Throughout this chapter, we assume that A4 = {®1, Dy,..., D} C
L*(X,H) is chosen in such a way that the MI system Eyp = {9,y : t € M,k € T,}
is a Riesz sequence in L*(X,H), i.e., there exist constants 0 < A < B < oo such that for
every finitely supported family of scalars {cj+}rez,, tem the following inequality holds:

A Sl < | LS amti < BTl

keI, te M k€L, te M ke, te M

Under these assumptions, the space W4 g has the following form:

Wys = {Z Z Oék f)ﬁgmq)k‘( ( ))meMEEQ(M),gmG’B, kGIT}. (54)

ke, meM

We also assume that J is the range function associated with MI space W4 .

We now provide a few examples of Riesz sequences in the MI setting.

(1) Let X = (0,1) with the Lebesgue measure, H = C, and M = Z. For A =
{X1=1/2,1/27(*)}, consider the system

Eam = {6 X[ 1/2, 1/2]( )}n627

where B = {e~27™m()}, ;. Then E 45 forms a Riesz sequence in L?(0, 1). Indeed,
it is well known that the system {sinc(- —n)},ez is a Riesz sequence in L*(R) [42].

Since the inverse Fourier transform F~! is unitary on L*(R), and

F(sinc(- — n))(y) = €™x_1/2,1/9(¥), Y ER,

the claim follows.
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(i7) Let G be an LCA group with Haar measure, and let M = A be its uniform lattice.
For ¢ € L?(G), consider the system

Exm = {xe(") Z¢}en,

where X = A is the dual group of A, H = L2(A\G), B = {xc}een, and A = {Z¢}.
Then E 4 forms a Riesz sequence in L?(X, H) if and only if there exist constants

0 < A < B < oo such that
A< ||Z¥()|* < B forae. a€ H.

(131) Let X =0,1) x [0,1) with Lebesgue measure, H = C, and M = Z x Z. Then the

family B = {e*™m@e2mny} 7 forms an orthonormal basis for L?([0,1) x [0,1)).

For ® € L*([0,1) x [0,1)), the system
{627rim:ve—27riny (I)(l', y)}m,nEZ
is a Riesz basis for L?([0,1) x [0,1)) with bounds A, B > 0 if and only if
A< |®(z,y)? < B forae. (x,y)€10,1) x[0,1).

(See [42].) Such systems are closely related to the Gabor system

{Mmanaf}m,nGZ = {GQWimbxf(x - na)}m,nGZ; for ab = 1,

via the transform Z, : L*(R) — L?([0,1) x [0, 1)), defined by

(Zah)(z,y) = Va ) _hla(x —n))e*™™, z,yeR

nez

as this transform satisfies the identity Z,M,,;Thof = e*™mee=27ny 7 f.
5.2.1.1 The map Ty

Define the linear map 74 by
Ta: L*(X,C") — Wam, Z Z ar(m)gm(x)e, — Z Z agp(m)M,, @x(z), (5.5)
keZ, meM keZ, meM
for (ag(m))mem € (3(M) and z € X, where the standard basis vector ey, is given by
ev=(0,...,0, 1 .,0,...,0).
k-th place
It follows that T4 is linear, bounded, and invertible, since the system {mtgm@}ff@ forms

a Riesz basis for W4 4.
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To understand the structure of the operator T4, it is useful to examine its pointwise

action. For each x € X, the operator T4 can be represented through a local map
R(z) : C" — span{®y(2) }rez,,

defined by
T)u = Zuk(ﬁk(x), u = (uy,us,...,u,) €C". (5.6)

kel

We observe that this pointwise operator R(x) captures how the global synthesis map T4
acts locally on the fiber over each x. We first present a result characterizing the uniform

boundedness of the operators R(x) for a.e. x € X.

Proposition 5.6. For a.e. © € X, the operator R(x) : C" — span{®y(z) }xez, defined in
(5.6) is uniformly bounded i.e., there exists a constant C' > 0 such that |R(x)u|| < C||ull
I

for any uw € C" and a.e. x € X if and only if IAX e88-SUP, ¢ x |k (2)]]? < 0.
€z,

Proof. By the Cauchy-Schwarz inequality, we have the following inequality for a.e. x € X
and u € C":

IR(@)ull® =) Y wig (Pl )< D> lul[@lex(@) 125 ()l < C () ull?,

k€L, jELy k€L, jELy
(5.7)

where C(z) = C3C%(z), Ci(z) = Igg}(”cbk(m)“, and (3,7 lug) < Collul| for some

OQ>O.

If IAX e55-SUP e x |®1(2)]|> < oo, then by using (5.7), R(z) is uniformly bounded
€z,

for a.e. z € X since ess-sup,. y C(z) = C3 IAX e55-SUP e x |®1(2)]|?. Conversely, assume
€Z,

IMAX ess-SUPyex |®r(x)||* is not finite. Then there exist £ € Z, and a set V of positive
€1y

measure such that sup ||®¢(z)||* is not finite. Therefore for any M > 0, there exists a
zeV

measurable set W C V with u(W) > 0 such that ||®.(z)||* > M for x € W. Now for

u=(0,,...,up...,0) € C" with |lu|| = 1, we have |R(x)u||? = ||®o(x)||* > M, which is

a contradiction. Hence the claim follows. OJ

The next proposition provides a precise pointwise characterization of the synthesis
operator T'4. It shows that T4 can be represented as a direct integral of the local operators
R(z) over X, linking the global action of T4 to its behavior on each fiber. Moreover,
under the uniform boundedness condition of R(z) (as in Proposition 5.6), the operator

T 4 satisfies a natural intertwining relation with multiplication operators.
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Proposition 5.7. The mapping Ts : L*(X,C") — W given by (5.5) has the represen-
tation of the form Ty = ff? R(x)du(x), satisfying

(TAF)(y) = ( / ) R(x)du(x)F) () = R [F)], F e LX(X,C).y € X,

provided for a.e. © € X, R(x) is uniformly bounded (in the sense of Proposition 5.6).

Moreover, it satisfies the intertwining relation
TuMy, =MDy for each g € B, (5.8)
where for g € L=(X), M, denotes the multiplication operator on L*(X,C").

Proof. Since &, : X — H is measurable, thus by Petti’s Measurability Theorem it follows
that the map = — (R(x)u,v) is measurable for v € C",v € H and a.e. = € X. Also
for F = > > ag(m)gmer € L*(X,C"), (ag(m))mem € 2(M), we have R(z)F(x) =

k€L, meM
(TAF)(z) for a.e. x € X which follows by

R($)F($) = R(l’)( Z O‘l(m)gm(x)a Z a2(m)gm(x)a R z ar(m)gm(l'))

meM meM meM
= > ap(m)gm(z)@x(x).
k€L, meM

Employing the theory of direct integrals from [55], we can represent T4 in the form of
direct integral of R(z), i.e, Ty = f;? R(x)du(z), provided R(x) is uniformly bounded for
a.e. x € X. Consequently, TAM, =M, T, for each m € M [26, Theorem 3.7]. O]

L2(X,C7) —25 Wap

Mgl lfmg

L(X,C7) —2 Was

Figure 5.1: Commutative diagram representing the intertwining relation of 7.

Remark 5.8. It is important to observe that by applying (5.8) and invoking [26, Theorem
3.7] for B, it follows that T4 is an MI operator. Furthermore, an application of [26,
Theorem 4.1] establishes that the adjoint operator 77 is also an MI operator, satisfying
(T3h)(x) = R*(z)h(x), for a.e. x € X and h € W, where R*(x) = (R(z))*. Moreover,
it satisfies,
M, =M, T, meM. (5.9)
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For the remainder of this chapter, we use the notation My to denote the multiplication

operator on L?(X,C") for ¢ € L®(X).
5.2.2 Stability of the sampling set

Let us consider a collection of functions N = {n;}icz. € Wa, where s > r (over-

sampling case), such that the system
Exnss = {My,. 0} mein
forms a Bessel system. That is, there exists a constant B > 0 satisfying

Do) KA < BIFIP, Vf € Was.

1€Zs meM

The analysis operator Sy associated with the Bessel system Exr g is given by
Sy Wams = C(M XTI, fr Sif, (5.10)
where Sy f is defined component-wise as

(SNf)(mv Z) = <fa E):ngm772‘>L2(X,3'-L)a (m7 Z) €M x L. (5'11)

The values Sy f(m,i) are the generalized samples of a signal f € W, where the set

M x I is called the sampling set.

Definition 5.9. A set M x Z; is said to be a stable set of sampling for W if the

collection Ey g is a frame for Wy g, i.e., there exist constants 0 < a < b < oo such that

1/2
al| fllr2(xm) < (Z Z |SNf(m7i)|2) < bl fll2xy forevery f € Wasm. (5.12)

1€, meM

Our main aim is to reconstruct any signal f € W4y from its samples Sy f(m,i). We

begin with defining the Fourier transform F of F € L*(X) associated with B as follows:

(FF)(m) = /XF(x)gm—(at)d,u(m),m e M. (5.13)

The map F is surjective and satisfies the Plancharel formula || FF|emnw) = ||F|l2x)-
Therefore, F is an isomorphism and its inverse Fourier transform ! : (2(M) — L*(X)
is defined by

(Fla)(@) = ) a(m)gn(x), for a = (a(m))mem € F(M), z € X, (5.14)

meM
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where the above sum is interpreted as its limit in L*(X) [126, Lemma 3.9]. The map
F can be naturally extended to define the k-valued Fourier transform on L*(X,CF), for
k € N, given by

F® L LX(X,CH) — (M, CF), (FPF)(m) = (FFi(m), FFy(m),..., FF.(m)),

where F = (F|, Fy, ..., F,) € L*(X,CF) and m € M.
The k-valued Fourier transform establishes a connection between the analysis operator
Sy i Was — 2(M x Z,) and its pointwise representation, as stated in the following

proposition. The following result is re-statement of [26, Theorem 5.7].

Proposition 5.10. The analysis operator Sy : Wams — (2(M X Z) associated with Exr
maps into the range of the s-valued Fourier transform F©) : L*(X,C*) — (3(M, C?) via

@ ~
Sy = .7-'(8)/)( Sy (x) du(x), (5.16)

where, for a.e. x € X, the map Sy (x) : J(x) — C* is given by

Sy (x)(u) = (SN(x)(u, 1), SN(x)(u, 2),...,Sv(x)(u, s)), u € J(x) = span{®y(x) }rez,,

where each component is defined as

Sn(z)(u,i) = (u,n;(z)), i€ L.

5.2.2.1 Matrix representation of samples:

The samples expression (5.11) can be represented in the matrix form. For that pur-
pose, simplifying (5.11) further for
F=Y"" aglm)M,, & € Wam,
k€Z, meM
we get
Sy f(m,i) = < D> an(t)My, D, gmm> >0 )My, @, My, ), (5.17)
keI, teM ke, teM

for each m € M, i € Z;. We now define the block operator Lg,,, which acts on elements

of /2(M,C") and maps them to ¢*(M, C?), as

£SN = [‘Ckﬂ ke RS IS}.
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where each operator £y ; is defined by

(Lrio)(m) =Y an(t) (Mg, &5, My, i), m € M.
teM

Then for @ = (ay,as,...,a,.)7 € (*(M,C"), the multiplication Lg, « is computed as

follows:

> > al(t) (g, P, M, 1)

k€L, teM

> 2 ap(t) (M, Dk, My, 1o)
(Lsy)(m) = | k€L teM | , meM. (5.18)

DY g (t) (Mg, P, My, 1)

ke, teM

Comparing with the definition of Sy f, we obtain

Sy f(m,1)
S ,2
(Lgy)(m) = Nf(,m N oomem
SNf(ma 3)
For a.e. z € X and u € J(z), we write u = Y 1%Pr(x), 1 € C, which leads to
keL,
(w,mi2)) =Y (i), mi()).
keZ,

Analogous to (5.18), we define the pointwise operator of order s x r as follows:

Ls, (x) = [<<I>k($),m(x)>];i€§£'

Then, the multiplication £~§N (x)y with an r x 1 column vector v = (71,72, ..., )" € C7,

as follows:
T wll@m@n e
£e @)y = éw@k_@),m(x» _ | 2] (5.19)
3l @e(@). () Sw (@) (u 5)

We have the following result, which is an abstract version of the existing results on stability
of the sampling set [10, 78, 129]. Additionally, it offers equivalent a.e. local conditions,

which is a novel aspect of our findings.
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Theorem 5.11. Let A = {0y, ®y,...,®,} C L*(X,H) be such that Wy has the form
(5.4) with corresponding range function IWag = J. Further, let N = {n; }iez, C Wy be
such that the system Ex s = {Dﬁgmm};fgjw s Bessel. Then the following statements are

equivalent:

(i) The set M x L is a stable set of sampling for W as. That is, there exist constants

0<a<b< oo such that

1/2
allfll < (2 3 |<st><m,z'>|2) <bl\f| for all f € Wam.

1€Zs meM

(it) For a.e. x € X and every u € J(x), there exist constants 0 < a < b < oo such that

allull® < Y 1(Sw(@)(w, 0)I* < blfull.
i€,
(iii) For each a = (ay,q,...,q,) € £2(M,C"), there exist constants 0 < ¢ < d < o0
such that

e llakllepy < 1Lsval <d ) lallem:

kel k€L,

(iv) For a.e. v € X and every v = (71,72, ---,%) € C", there exist constants 0 < ¢ <

d < oo such that

el < ILg @? < d ) Il
ke, k€T,
Proof. (i) <= (ii). Since the stability of the sampling set M x Z; implies that Ex
forms a frame for W g, the equivalence follows directly from [88, Theorem 2.10].

(i) <= (iii). Since the norm of Lg, «, defined in (5.18), is

1Lsyall = QO D IS f(m,i)P)2,
1€Zs meM
the result follows by utilizing the Riesz basis property of E 4 .

(i) <= (iv). Since the norm of ﬁgN(x)fy defined in (5.19) for a.e. 2 € X is
HﬁSN (@)9)* = 3 cz. [Sn () (u, 9)[%, the result follows by utilizing the Riesz basis property
of EA,%- ]
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5.2.3 Sampling formula: global and local form

In this subsection, we characterize the stability of the sampling set M x Z; through
both the global and local formulations of a generalized sampling formula. In particular,
the approach of range functions enable the sampling problem to be analyzed within finite-

dimensional fiber spaces determined by the corresponding range function for a.e. x € X.

Proposition 5.12. Let A = {®, Dy, ..., P, } C L*(X,H) be such that W s has the form
(5.4). Further, let N' = {n;}icz, C Wass be such that the system Enos = {9, n;}'<E,
is Bessel. Then the following statements hold true under the standing assumptions of

Proposition 5.7:

(i) For each f € Wass, the samples Sy f defined in (5.11) can be represented in the

following form
Sy f(m,i) = (F, M, Tn;), me M andi € T, (5.20)

where F € L*(X,C") is such that ToF = f and T% is the adjoint of T.
(¢4) For any F = (I, Fs,...,F,) € L*(X,C"), the pointwise-multiplication T4n;.F*
(and hence F.(Tin;)") is a member of L*(X), where

(T - F)(2) = (Timi(e), F(@))er, @ € X.

(i1i) The collection {M,, Tin;}.SEs, associated with the samples Sy f is Bessel if and
only if

esS-SUp Az |U(2)] < 00,
reX

T
where U(z) := S*(z)S(z), and S(z) := (Sp,{(q;) of(x) - - SOZ(QC)) is the s X r
matriz for g;(x) = Thin;(x) € L*(X,C") for a.e. x € X and i € T,.
(iv) Any f € Wap can be recovered from the samples Sy f if and only if the collection

{M,, Tn;}SE, is Bessel and

ess—}(nf Amin|U(z)] > 0.

S

Remark 5.13. Referring to (5.20), it is evident that the samples Sy f will recover

the function f € W,y uniquely if and only if the system {M, Tin:}:S%, is com-

plete. Therefore, the oversampling condition s > r is necessary to ensure that the sys-

tem {M,, Thn;}'SE, is complete in L?(X,C"). Indeed, it can be shown that the system
129



{M,, Tini}'SE, is complete if and only if rank S(z) = r, a.e. € X. However, we won’t
be presenting the proof here. Its proof for shift-invariant spaces and unitary invariant

subspaces in the LCA group set-up can be found in [59, 60].
We have the following main result of this section:

Theorem 5.14. Let A = {01, ®y,..., D} C L*(X,H) be such that Wy has the form
(5.4) with corresponding range function Jw, , = J. Further, let N' = {n;}icz, C Wass be
such that the system Ex s = {?,Utgmm}isgjw is Bessel. Then the following statements are

equivalent under the standing assumptions of Proposition 5.7:
(i) The set M x I is a stable set of sampling for W4 .
(ii) There exist hy € W, i € I, such that the collection {9, h;}:SX, is a frame for
Wass and the sampling formula (global form) for any f € W is
F=>")" Sxf(m,i)My, hi. (5.21)
i€Ts meM

(i4i) There exist h; € Wass, @ € Is such that for a.e. x € X, {h;(z)}icz, is a frame for
J(z) and the sampling formula (local form) is

w=Y_Sy(z)(u,ihi(x), u€ J(x)=span{®u(r) }rez,. (5.22)

1€7s

(iv) The collection {M,, T'n:}:SX, is a frame for L*(X,C"). That is, there exist 0 <
a < b < oo such that

allFliexen <D D

1€Zs meM

2

/X (F(2), gon (@) T (@) crdp(x)| < B|F |2y oy, F € L2(X,C).

(v) For a.e. x € X and every u € C", there exist 0 < a < b < oo such that

allul> <Y~ [(u, B (z)mi(x))er |* < blfull® holds,

1€Ts

where R*(x) is the adjoint of the operator R(z) (defined in (5.6)) for a.e. x € X.

(vi) There exists an v X s matriz V(x) with each column in L>(X,C") satisfying
U (zx)S(z) = I, for a.e. z € X,

where S(x) is defined in Proposition 5.12 and I, is the r X r identity matriz.
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Example 5.15. Let X = (0,1), H =C, M =Z, B = {€*™™ },,cz and A = {®}, where

® is the Gaussian function ® = e**/2,0 < 2 < 1. Then the collection
Eam = {1}, cn
is a Riesz basis for L?(0,1) since the Gaussian generator ® satisfies

0 < ess-inf e /2 < ess-supe /% < 0o (5.23)

wE(O,l) IE(O,].)

(65, Theorem 2]. For s = 1, consider the cubic B-spline function defined by

m(#) = N3(2) = X011 * X011 * Xpo,y * Xpy(2), @ € (0,1),
where ‘x” denotes the convolution in L'(R). This also satisfies,

0 < ess-inf | N3(x)| < ess-sup |N3(z)| < oo, (5.24)
l‘E(O,l) IE(O,I)

and therefore the system
Ens = {€"™ Ns}mez

is a frame for L?(0,1) [65, Theorem 2|. This implies that Z is a stable set of sam-
pling for span{627”"””6*”2 }mez. Then by application of Theorem 5.14, there exists ¥ €

spam{e®™mre ™"} such that the following sampling formula holds for any f € L?(0,1)
f(I) _ Z <f; eQﬂm'N;;)eQmmz\I/(x) _ Z <f, 627rim.\1j>€27rimmN3 (.73), (525>
meZ meZ

where the convergence of the series is pointwise due to the unconditional convergence of
the frame expansion, which is uniform as a consequence of (5.24).

Further, for any u € span{e~™""}, the local form of (5.25) gives:
u = (u, N3(z))¥(z) = (u, ¥(x))N3(z), fora.e. z € (0,1).
We are now ready to provide the proof of Proposition 5.12.

Proof of Proposition 5.12. Note that (i) holds using (5.9) for f € Wy with Tyf = F,

we have

Sy f(m,i) = (TaF, My, n;) = (F, TuMy, mi) = (F, My, Tm:).
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For (ii), fix i € Z,.. Then by the application of the Cauchy—Schwarz inequality, we get
* * 2 *
i U2 = [ |Tia) - F @) dute) = [ | T, Pla)) e

/IITAm @)1 F (@)]*dp(=) /IIR* )0 (@) 7|7 () |[*dpa ).

Since R(x) is uniformly bounded for a.e. z € X, then | R*(x)n;(z)||* < Cy||ni(x)|]?, ae. z €
X for some Cy > 0. Furthermore, the functions n;(z) € J(z), for a.e. x € X, can be ex-
pressed as n;(r) = > ;.7 YPr(z), for some coefficients {7y }rez, C C". By Proposition
5.6, we obtain the following bound for some constant Cy > 0:

esssup |ni(z) DF<Y Y [yl ess sup (1w (@)IH112;(2)1l)

k€T, jET, (5.26)
< Cymaxess sup || (z)[[|v]]* < oc.
k€L, zeX

By combining the above estimates, we conclude that
1T - FT |1 < CiCamaxesssup |4 () ||y ]*| F]* < oo.
keZr zeX

Now we prove (iii). Let the collection {M,, T%n:}'<Z, be Bessel with bound B.
Using (5.20), we have the inequality Y, 7 > o\ [Saf(m,i)[> < B|F||* for f = TyF.
The samples Sy f can be further simplified for F = (Fy, Fy,..., F,) and ¢; = Thn; =
(i1, Pigs- - pir) in L2(X,C") as follows:

SNf(TTL,Z) mSO’I, ZFk (sz ( )dﬂ<$>
¥ ke, (5.27)

- /X<so@-.FT><x>gm—<w>du<x> = FlpiF")(m),

for each m € M and i € Z; since ¢;.F'T € L?(X) using (ii). Then, by using Plancherel

formula and using (5.27), we have

DD IS fm )P =) IF (i F ) fapny = D i F 720y = ISF [ 72x 09y

1€Ls meM 1€Ls 1€Ls
(5.28)
where for a.e. z € X, S(z)FT(z) = [¢1(2)FT (2), 2(x) FT (), . ., gps(x)FT(x)]T. Since

|SET|? = / 1S()FT (2) |Pdpx) = /X (S() F" (), S(2) FT (2)) du(z)

_ /X (S(2)FT(2)) ' S(2)FT (@)dp(e) = | F@U@)F @)du(z)  (5.29)

< 555D Ay [U(2)] /X |F(@)|Pdp(z),

zeX



therefore by using (5.28), we get >,z >\ [Snvf(m,i)]* < L||F|* for each F e
L*(X,Cr), where L := ess-Sup, ¢y Amaz|U(2)]. We now claim that L is the smallest con-
stant satisfying the above inequality. For that, choose L' < L. Then by the definition of
essential supremum, there exists a set V' C X such that p(V) > 0 and A, [U(z)] > L'
for a.e. # € V. Choose G € L*(X,C") such that

0, if 2 € X\ V,

G(x) =
@) v(z), ifzeV,

where y(z) is the eigenvector corresponding to the maximum eigenvalue of U(z). Then
by (5.28), we get

> Y ISwglm, ) = 1867 = | GEIU@)E @)dua) = LG

i€Zs mEM X
where g = T4G. This gives L < B < oo and proves the claim. Converse part follows from
(i), (5.28) and (5.29).

For (iv), it is clear that any f € W4 g can be stably recovered from the samples
{Snf(m, i)}, if and only if {M,, Tin;}/SE, is a frame for L*(X,C"). Assume that
the system {M,, Timi}:<, is a frame for L*(X,C") with frame bounds A, B. Consider
M := ess-inf e x Apin[U(2)]. Then by (5.28),

SO [Swf(m, ) = [SFTIP = / F@)U()F” (2)du(x)
i€Z, meM X (5.30)
> esseinf A [U(@)]|FI12 = M| FJ2,

zeX

where f = T4F. Similar to the proof of (iii), it can be observed that M is the largest
constant satisfying this inequality. Therefore 0 < A < M. The converse part holds using
the above inequality and (iii). O

Finally, we provide the proof of Theorem 5.14.

Proof of Theorem 5.14. (i)<=(iv) follows from 5.12 (i) and the Riesz basis property of
Eas.
(iv)<=>(v). Suppose (v) holds. For F' € L*(X,C"), there exist constants 0 < a < b <
oo such that we have the following for a.e. z € X :
al|F(@)|* < Y [(F(@), B (@)mi(x))er | < I F (@))%, Fz) € C. (5.31)

1€Ts
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Integrating (5.31), we get
llFIP <3 [ 1P @) (Tim(a) Puta) < BIF
1€Ls
Then by using the Plancherel formula, we get

3 / (P (@), (Th) (@) Pdpu(r) =

1€Ls ’LEI meM ‘

IDY \ [ @, gnte i)

1€Zs meM

2
[ AF @ (T3 @) g @ (o)

and hence (iv) holds with bounds as in (v).

For the converse part (iv) = (v), we choose a countable dense subset {z,}5°, C
C". We use the same technique as used in proving Theorem 5.11. If (v) is not true,
then either p({z € X : 3.7 [(zn, R*(2)mi(x)) > — bl|zal* > 0}) > 0 or p({z € X :
>ier, [(zn R (@) ni(2)) | — allz||* < 0}) > 0 for some n € N. Equivalently,

M( G {x € X 23 (s RE@)mi(a)) — (b + 1/0) |zl > 0}) >0 or

v=1 1€

(U frex: Sl R @l - @ ol <0}) >0

v=1 i€,
Similar to the proof of Theorem 5.11, we can observe that both the above conditions lead
to a contradiction to (iv). Hence (iv) <= (v) holds.

(vi) = (ii). Assume (vi) holds. Observe that by using Proposition 5.12 (ii) and the
Fourier transform F, we have the following equality for ¢; := m, 1 € I, and for any
Fe Ll*X,C):

S (F My, T (@) = 3 ( / <F.so?><y>gm—@>du<y>)gm<x>

meM meM
= > FF@h)(m)gm(x) = F'F(Fo) (@) = F(z).¢] (z) = gi(x).F'(z), z€X.
meM
(5.32)

Consequently, we have the following equality for a.e. x € X :

S(@)F" (2) = [p1(2)F' (2), () F' (@), ..., ps(2) F' ()]

T

= ( > F, My, Tim)gm (), Y (F, My, Tam)gm (), ..., > _ (F, Mng,ngm(w)) :

meM meM meM
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Let W(z) = (¢T(x),vI(x),...,¢T(x)) be the r X s matrix satisfying ¥(z)S(z) = I, for
a.e. v € X with ¢; € L®(X,C"),i € Z,. By left multiplication of ¥(z) with S(z)FT(z),
we get FT(2) =37 Y mend(F My, Thni) ] () gm(x) and hence
F(zx) = Z Z (F, M, Tini)i(x)gm(x) for ae. z e X. (5.33)
i€Zs meM

Since the functions 1; € L>(X,C") for i € Z,, therefore F.y7 € L*(X) and we get

ST UE M, ) =3 |FED )|

1€Ls meM 1€Ls meM
SR < (z ||wz-||m,m) IR
€L i€l
i€Ls

As its consequence, {My, 1;}ie=5, is a Bessel sequence in L?(X,C"). Further, Ey g is
Bessel and T4 is a bounded operator implies that the collection {T%(M,, )} St =
{M,, Tini}'<Xs, is Bessel. Then the Bessel sequences {M,, T%n; /<, and { M, 1}/ S5,
satisfy (5.33) and according to [42, Lemma 6.3.2], they are dual frames for L*(X,C").
Applying the map T4 on both sides of the equation (5.33) and using Proposition 5.7
along with equation (5.20), we get

fx) =" > Swfm ) Ta(My, 0i())(x) =D > Snf(m, i)y, Ta(i)(x),

1€Zs meM 1€Zs meM
(5.34)

for a.e. z € X. Finally by [42, Corollary 5.3.2], {90, Ta(1;)}:S%, is a frame for L2(X, C").
Hence (ii) holds, where h; := T4 (¢;) € Wa .

(iv) == (vi). Assume (iv) holds. Then, by using Proposition 5.12, we have
ess-inf, e x Amin[S*(2)S(x)] > 0. Consequently, the Moore-Penrose pseudo inverse matrix
is defined and is given by ST(z) = [S*(2)S(z)]~!S*(z) for a.e. x € X and it satisfies
St(x)S(x) = I,. Since A\puin[S*(2)S(z)] > ¢ > 0 for some ¢ and a.e. z € X, then the

matrix, S*(x)S(z) is Hermitian positive semi-definite and therefore

I[S*(2)S(2)] M| = )\miH(S*:<l$)S(;p)) <c!' aereX

This shows that the entries of the matrix S*(x)S(z) are essentially bounded. Further, the

entries of S(z) are also bounded a.e. since

ess-sup | T ()] = ess-sup | R(z) ()] < oo,
rzeX zeX
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where the last inequality follows since R(z) (hence R*(x)) is uniformly bounded for a.e.
r € X and using (5.26). Consequently, the entries and hence the columns of Sf(x) are
essentially bounded. Hence (vi) holds.

(ii) => (iv). Assume (ii) holds. Applying T;' on both sides of (5.21), we get

F =Y (F M,Tum)T (M,r).
i€, meM
Since le is bounded (by open mapping theorem) and surjective, then again by [42
Corollary 5.3.2], the collection {T7;"(9M,, 7:)}'<Z5  is a frame for L2(X, C"). Finally by [42,
Lemma 6.3.2], the collections {M,, T%n; }:$Z: , and {T;* (M, 7:)}/SE5, are dual frames for
L*(X,C") and hence (iv) holds.

(ii)«=(iii). Assume (iii) holds. For any f € W4, there exist h; € W, € Zs such
that for a.e. € X, f(v) = > .7 Sn(x)(f(z),i)hi(x) and the collection {h;(z)}iez. is
a frame for J(z) for a.e. @ € X. Thus the collection {9, h;}'<%  is a frame for Wy .
Further note that by using [26, Theorem 5.5], the collection {n;(x)}iez, is Bessel with

same bound as that of Ex g (say, B). Then, we have

> [ @) i) = [ Y|t n)dut) < B [ 176 Pduto) <

1€l 1€l

This implies that the map = — Sy (x)(f(z),4) = (f(x),5:(z)) is in L*(X) for each i. Then
by using the property F~'F = I and Proposition (5.10) to the above expression of f(z),

we have

=5 % ([ v danidnt) ) anoino

1€Ls meM
- F) dp(z) f ) (m,3)gm(x)h;(x 5.35
Zm%( [ Sxtwante ) dante o) (5.35)
=33 Sy f(m, i) (M, hi)(x), ae z€X.
1€Zs meM

Hence (ii) holds true. Conversely, assume (iii) is not true. Then for any set {h;}icz, of
functions in W g, there exists a set V' C X of positive measure such that for any x € V,
either the collection {h;(z)};ez. is not a frame for J(x) or it is a frame for a.e. z € X
but (5.22) does not hold for some u € J(x) and = € V. If the first case holds, then the

collection {9y, h;}'SE, is not a frame for W, g, which is a contradiction to (ii).
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If the second case holds, then the R.H.S. of (5.22), given by

> Swl@)(uihi(x) =Y (u,mix)hilx), u € J(x) = span{Px(z)} ez,

1€Ls €L

is not equal to u for z € V. This is only possible when {n;(x) };cz, is not a dual of the frame
{hi(2)}iez, for € V. Therefore, {M,, h;}'<E, is not a dual of the frame {IM, n;}'<E,
[26, Corollary 5.13|, which contradicts (ii) using (5.11) and (5.21). Hence the claim
follows. O

5.2.4 Stability of the multi-channel filter bank

We begin with assuming H and I" to be uniform lattices of R? such that H C I' and
I'/H is finite, say ¢. The filter bank in our case is designed to process signals in ¢?(T") with
the help of low-pass filters a, € ¢*(T') for k € Z,. The analysis stage of the filter bank
involves the convolution of the input signal with the low-pass filters where the convolution

of two sequences x,y € ¢*(T) is defined by

(@xy)(n) =) x(y)y(n—7), neT.
~yel'
The above series converges absolutely for any n € I'. The condition a; € ¢}(T') for k € Z,
on low-pass filters guarantees that = * a, € (') and ||z * ap|l2 < ||z|2]|ax|i. The

output from the low-pass filters is downsampled using the H-fold downsampling operator
Dy : (3(T) — ¢*(H) defined by Dyz(¢) = x(€), £ € H.

Fig. 5.2 is the schematic diagram of the analysis phase of a p-channel filter bank,
where | H represent the H-fold downsampling operator Dy.

T a H {(z*a1)(§) }een

a H {(z % a2)(&) Jeen

ap H {(@xa,) (&) teen

P77

Figure 5.2: Analysis phase of a p-channel filter bank
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The stability of filter bank is governed by the analysis operator H : (*(T') — @per, (*(H)
associated with the filter bank and is defined as follows for each x € £2(T") :

H: oz — {Hz(& k) e, Ha(€, k) = Dp(z + @) () =z * ar(€), (5.36)

where the involution @ for any sequence a € ¢2(T") is defined by a(y) = a(—),y € I'. One
can notice that,

Ho(€,k) = Y e(Mar(€ =) =Y r(Mar(y =€) = Y x(1)Lear(r) = (z, Lear) (5.37)

~er ~er ~er
where (L,a)(n) = a(n—y),a € ¢*(T") and y € T. For « € (*(T), the collection {Hz (¢, k)|¢ €
H.k € Z,} is the output of the analysis phase of the filter bank as shown in Fig. 5.2.
The filter bank given by the low-pass filters a;, as, ..., a, is said to be stable if there

exist constants 0 < A < B < oo such that

AllelP < 30 3 Ha(e, B < Bl for v € A(D)

keI, teH

In view of (5.37) and the above condition, the underlying filter bank is stable if and only
if the collection {Lgak}]ggf is a frame for ¢*(T).
Connection with a finitely generated Fourier-like system:

Let H denote the dual group of H. We assume that the measure on H is normalized.
Then the collection {x¢ | xe(w) = w(€), w € H}eep of characters on H forms an orthonor-
mal basis for L2(H) [55]. To characterize the stability of the filter bank, we utilize the Zak
transform for the setting of discrete abelian groups. It is the map 3 : ¢*(T") — LQ(F[ ,C9)

defined by

(32)(n, ) = > _w(§+0)e ™", forne H,(eC,
¢EeH

and satisfies (3z,3y) = Z[el'q<3‘r('7‘6)73y('7£)>L2(H) = Zeezq Z.ﬁeH‘T(§ + Oy +1) =
(z,y). Moreover, it satisfies the intertwining relation 3(L¢z) = x¢3z for z € (*(T) and
e H.

Fix a generator g € L2(H, CY) such that the system Ej 5 := {Xc@}ecn is a Riesz basis
for W, 5 := span E, 5. To set-up the connection, we fix A = {g},B =B, X = ]f[, M=H
and H = C%.

The subsequent theorem asserts that the stability of a filter with appropriate choice of

low-pass filters bank is equivalent to the stability of the sampling set associated to W, 5.
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Theorem 5.16. Assume W, 5 := span{e > glecy C L*(H,CY) for g € L*(H,CY) and
B = {x¢}een. Let the filter bank be given by the low-pass filters ai,as, -+ ,a, in (*(T)
such that

a; = 3_17’]2‘, Z € IS.
Then the following statements are equivalent:

(i) The set H x I, is a stable set of sampling for Wy s.
(i1) The filter bank given by the low-pass filters ay,as, ..., a, is stable.

Proof. The proof is a consequence of the following equality:

Snf(&,4) = (f,xem) = (2,37 (xem)) = (2, Le3 ™ 'mi) = (@, Leas), €€ H,i €T,
(5.38)
where [ = 3z € Wy 5. O

Now we define a Z, x Z, matrix A(w) for a.e. w € H associated with the low-pass filters

ai, as, ..., a, as follows:

(3ap) (W, 1) (3ap)(w,2) - (3ap)(w; q)

The following result is a consequence of Proposition 5.12.

Theorem 5.17. With the assumptions of Theorem 5.16, the following statements are

equivalent:

(i) The filter bank given by the low-pass filters ay, as, ..., a, is stable.

(17) The collection {Xng*Z)ai}’ggép is a frame for L2(H), where Ty is the adjoint of
T, : L*(H) — L*(H,C%) mapping the orthonormal basis {x¢}ecu to the Riesz basis
By

(ii1) ess-inf 5 (Amin[A% (W) A(w)]) > 0.

Proof. (i)<=>(ii) is a consequence of Theorem 5.16 and Proposition 5.12.
(i)<=-(iii). Assume (i) holds. Let the given collection be frame with lower frame

bound K. Then by the isometry property of the Zak transform, we get the following
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equality for any x € ¢*(T) :

> oD HaLeadP =3 Y 13axedan =) > IF (Y 3u( 0)3ar( )€’

keI, ¢cH keI, ¢€H k€I, ¢eH (€I,
=D IFQ 32 03a ()P = D 1> 32( 03ak( Ol 72
keT, ez, keI, (eI,

= HAXH%Q(Q,(CS)u
(5.39)
where X = (3z(.,1),32(,,2),...,3z(.,q))" is a ¢ x 1 column vector. Finally by (5.39)
and the equality || X ||?

LQ(H’CQ) ||3$||L2 H(C‘I
SO (, Leas) P = [ AX]? = / X* () A" () A(w) X (w)deo

keI, ccH " (5.40)
> essinf (Apnin | A" (@) A(w)]) 2]

weH

= ||z||?, we have

Now consider U := ess-inf,cq(Amin[A*(w)A(w)]). Then similar to the reasoning provided
in the proof of Proposition 5.12, it can be shown that U is the largest constant satisfying
(5.40). Now K being the lower frame bound satisfies (5.40), therefore 0 < K < U. Hence,
(iii) holds. Conversely, if (iii) holds, then by (5.40), it is clear that I is the lower frame
bound of the collection {Lfak}gelf Moreover, by using (5.36) and (5.37), we get

Yo> HeLea)P =Y Jax @@ < Y o+ @l

kel, E€H kel, E€H keI,
(5.41)
21, 1|2 2
< > llelPllaxli = Bll=|?,
keZ,
where B =3}, ., lla||#. Hence (i) holds. This proves the result. O

The following result is an application of Theorem 5.14 for the set up of filter banks.

Theorem 5.18. Under the assumptions of Theorem 5.16, the following statements are

equivalent:

(i) The filter bank given by the low-pass filters ay, as, ..., a, is stable.
(ii) There exist d; € (*(T) for i € I, such that the sequence {Lgdi}zgf; forms a frame
for 2(T), and the sampling formula for any x € (*(T) is given by
v=Y > Ha(l i)Led;. (5.42)
i€T, t€H

(iit) The set H x I, is a stable sampling set for Wy .
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(iv) There exist r; € (*(T') for i € I, such that the sequence {X§3ri}2€€II§ forms a frame
for Wy g, and the sampling formula for any f € Wy is given by

F=Y  Snf(&i)xe3r (5.43)

i€T, (e H

(v) The collection {XgT;:’)ai}éeé’l’ forms a frame for L*(H).

(vi) There exists a q X p matriz U(w) with each column in L°(H,CY) satisfying
U(w)A(w) =1, forae weH,
where 1, is the ¢ X q identity matriz.

Proof. (1)<=(iii) follows from Theorem 5.16. (i)<=(v) follows from Theorem 5.17. The
proofs of (iv)<=(v), (v) = (vi) and (vi) = (iv) follow from the reasoning provided in
the proof of Theorem 5.14 by taking X = H,r = ¢, A = {g}, B = B and S(w) = A(w)
for w € H and using Theorem 5.17. Finally (ii)<=(iv) follows from the unitary property
of the Zak transform and using [42, Corollary 5.3.4]. Hence, the result holds. O

Remark 5.19. Unlike Theorem 5.14, the uniform boundedness condition is not required
to establish the above result. This is because, in Theorem 5.14, uniform boundedness
was specifically used to prove that T4 satisfies the intertwining relation. However, in
the context of filter banks, the operator 7; inherently satisfies the intertwining relation
Toxe = xely for £ € H by definition, as demonstrated in the following computation:

(X a©xess) = (L€ 0)xe) = X ale— 6 xen = ) xeesn

¢eH ¢eH ¢eH ¢eH

for (a(§))een € (*(H) and S € H. Furthermore, the Bessel condition required in the
hypothesis of Theorem 5.14 is satisfied by virtue of (5.41).

5.3 Density conditions for stable sampling and interpolation

In this section, we establish the necessary density conditions on the sampling set
M x I, for stable sampling and stable interpolation. Our work is inspired by the con-
tributions of Fiihr et al. [57], where necessary density conditions for stable sampling and
interpolation were derived for reproducing kernel Hilbert spaces. Additionally, we draw

motivation from Mitkovski et al. [110], who obtained density conditions for sampling and
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interpolation by comparing two continuous frames (not necessarily discrete) in a Hilbert
space. Utilizing the unifying framework developed in [57], we extend these ideas to derive
density conditions for stable sampling and interpolation in L?(X,H).

We begin with characterizing the stable interpolation condition for W4 .
5.3.1 Stable interpolation

A set M x I, is called a stable set of interpolation for W 4 if for any sequence
(Cmi) (miyemxz, € L2(M x I,), the interpolation problem for the analysis operator Sy
(defined in (5.11)),

Sy fm,i) = cmy

has a solution f € Wy .

We characterize the stable interpolation in W4 s with respect to the analysis operator
Sy in terms of a Riesz basis in L?(X, C") utilizing the concept of the moment sequences.
A moment sequence of any F € L*(X,C") with respect to a fixed sequence of vectors
{G}eer C L*(X,C), for any countable set £, is the collection {{F, G¢) }ser. The collection
of all such sequences for all F € L*(X,C") is called the moment space of {Gy}er C
L?*(X,C"). Further, the stable interpolation of the set M x Z, is also characterized in
terms of local condition involving Sx/(z) (defined in Proposition 5.10) for a.e. z € X. Our
result is an abstract version of [154, Theorem 9], [13, Proposition 2.7] and [59, Lemma 2]

in the measure-theoretic set-up.

Theorem 5.20. Let A = {0y, ®y,..., D} C L*(X,H) be such that Wy has the form
(5.4). Further, let N' = {ni}icz, C Was is such that the system Ex-s = {9y, n:}.S5, is
Bessel and complete in W4, t.e., span Ex g = Wa . Then the following statements are

equivalent under the assumptions of Proposition 5.7:
(i) The set M x I is a stable set of interpolation for W4 .
(i1) The system {M,, Tini}:Sx, is a Riesz sequence in L*(X,C") or equivalently it is
a Riesz basis for a closed subspace of L*(X,C").

(4ii) For any sequence (Cpm;)miyemxz, € L2(M x L), the problem

FLSnOf (), D] (m) = e,

has a solution f € Wy, where F is the Fourier transform defined in (5.13).
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Proof. (i)<=(iii). For each f € Wy and i € Z;, the following equation holds using
(5.16)

S f(m, ) = (f<s> / SN<:c>du<x>f) m.) = [ En@) (@ D). a1

Since the mapping @ — (Sx(2)(f(x),7)) = (f(z), ni(x)) is in L3(X) for each i € Z,, then

the equation (5.44) can be written as

Sy f(m,i) = }"[S’N()(f(),@)} (m), f€ Wy, and i € Z;.

Consequently, the equivalence holds. (i)<=>(ii). Note that by using (5.20), (i) is equiva-
lent to (i’): The moment space of {M,, T%n:}:S%, is equal to £2(M x Z,). Then (i")<=>(ii)

is a consequence of [154, Theorem 8, Sec. 4]. O

Critically sampled filter banks: The filter bank given by the low-pass filters
ai,as,...,as in (1(T) is critically sampled if the collection {Lgak}lggés, given in (5.36),
governing the output of the analysis phase of the filter bank is a Riesz basis for £2(T).
The following result is an application of Theorem 5.20 for the setting of filter banks. It
provides a characterization of critically sampled filter bank given by the low-pass filters

ai,as,...,as in terms of stable interpolation condition on the set H X Z; in W5 =

span{xeg}een C L2(H,CY).

Theorem 5.21. In addition to the standing assumptions of Theorem 5.16, if the collection

{Lgak}ggis is complete in (*(T), then the following statements are equivalent:

(i) The set H X I, is a stable set of interpolation for W s.
(17) The system {X5T9*3ai}é€€% is a Riesz basis for L*(H).
(iii) The filter bank given by the low-pass filters ay,as, ..., as is critically sampled.

Proof. (i)<=(ii) follows from Theorem 5.20 by taking X = H, A = {g}, B = B and

using Theorem 5.17. For the proof of (ii)<=>(iii), note that (7,)~" satisfies (T;) "x¢ =

Xe(Ty)~' for £ € H. Then the bounded invertible operator U := 37(T;)~" maps the
i€,

system {x¢T;3ai}ccy; to the system {Lgai}éeeﬁ and preserves Riesz basis, proving the

equivalence. O
5.3.2 Density conditions for stable sampling and stable interpolation

The results presented in Fuhr et al. [57] establish fundamental density conditions

for stable sampling and interpolation in a reproducing kernel Hilbert space H. In their
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framework, sampling is based on function evaluations at discrete points, i.e., {f(x): z €
A}, where X is a metric measure space with some geometrical conditions (see [57] for
more details) and A C X is relatively separated.

This way, if {K, : x € X} is the set of reproducing kernels, the stability of the
sampling set is characterized by the system {K, },cx forming a discrete frame for H and
the stability of the interpolation is characterized by the system {K},cx forming a Riesz
sequence for H.

To extend the density conditions established in [57] to the more general sampling
model of the current work, we replace the reproducing kernel system { K, },cx in Fuhr et

al.’s framework with the continuous system

{My, Tni tyeviier. (5.45)

where Y is a metric measure space chosen appropriately such that M C Y. The discrete

system {K,} e is then replaced by the corresponding discrete system

{My,, Thmi ymemiict, (5.46)

involved in our sample expression (5.20) This adaptation requires a careful analysis of
localization and approximation properties to ensure that the MI system satisfies analogous
frame conditions to those considered in Fiihr et al. To this end, we begin with the following
assumptions:

Assumptions: In addition to the standing assumptions of the previous section,

(1) We assume that (Y, d, v) is a metric measure space with Borel measure v and metric
d. The metric d is chosen in such a way that for all > 0 and a € Y, v(B) < o0,
where B := B(a,r), an open ball centered at a with radius r. We fix this notation
unless some other center or radius is specified. In addition to this, we assume that
there exists 7 > 0 such that inf,cyv(B) > 0 and for every t1,t, > 0,

i sy ZBUT+ 10\By.r — 1)
PRV uB)

= 0. (5.47)

The condition (5.47) is known as the annular decay property of the measure v.
(1) We also assume that the set M C Y is uniformly discrete i.e., there exists p > 0
such that d(t,m) > p for every t,m € M with ¢t # m € M and counting measure

#m, where #,(S) = #(S N M) for every Borel set S C Y.
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(1) We fix a continuous family {g,},ey C L*(X) such that its sub-family {g, }mem

corresponds to ‘B.

We denote D~ (M) and D (M) as the lower density and upper density of the set M C Y
with respect to v and are defined by

D7 (0 =gt R, DY) — sy ST
An essential requirement for establishing density conditions on M is that the system Q :=
{ngTj\m};gﬁ forms a continuous frame for L*(X, C"), i.e., the map (y, 1) — (f, My, Tn:)

is a measurable function on Y x Z, and there exist constants 0 < A < B < oo such that

Al < Z/ (s My, Tma) Pdi(y) < BI| |1 for all f € I*(X,R).

1€l

The continuous frame {My T jm};g/ is Parseval continuous frame it A= B =1 and it is

called normalized continuous frame if || My, Tn;|| = 1 for y € Y,i € Z,.

Associated with Q, we define the quantities:

T7(Q) :=liminf inf ——— ‘ Z/ My, Ty, My, Tm:)dv(y)|,
B(a,r)

r—o0o a€Y l/
i€Ls

TH(Q) := limsupsup ——=—— ’

r—oo a€Y V

2 / ( ij,ngij)du(y)‘,
B(a,r)

1€l

ieZ,
where Q := {M,y, Thn;} yey denotes the canonical dual of the frame Q.

For the remainder of this section, we use the notation Q@ = { My T%n;}yey,icz, for the
continuous system and & = {M,, T41; }mem.icz, for the discrete system. Additionally, if
& forms a frame for L?(X,C"), we denote its canonical dual as E= {M;\T/jm}me MieT, -

The following main results of this subsection establish necessary density conditions

on M for stable sampling and interpolation in W4 .

Theorem 5.22. In addition to the standing assumptions of Theorem 5.1/, assume that
the system Q forms a continuous frame for L*(X,C"). Moreover, suppose that for every

0 > 0, there exists R > 0 such that for all © € Zg, the following conditions hold:

(i) (Weak localization property)

sup S [ M, T, M, T P ) < 7,
Y\B(z,R)

zeY jeT
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(1) (Homogeneous approzimation property)
sup > My, Tami, My, Thn) P < 6.
VY eI, meMAY\B(y,R)

Then the following results hold:
1. If M x I, is a stable set of sampling for W4, then

D~ (M) = T(Q), and D*(M) > T+(Q).
2. If M x I 1s a stable set of interpolation for W s, then

D= (M) <T(Q), and DY (M) < TH(Q).

Theorem 5.23. In addition to the standing assumptions of Theorem 5.22, if Q is a

normalized continuous Parseval frame for L*(X,C"), then the following results hold:

1. If M X I, is a stable set of sampling for Wa s, then D~ (M) > 1.
2. If M x I is a stable set of interpolation for Wa s, then DT (M) < 1.

Before proceeding with the proofs of the theorems, we introduce a key result inspired
by Mitkovski and Ramirez’s work [110, Theorem 3.2]. Their result provides a density
comparison of the measures m; and my associated with continuous frames { f; }zey € F
and {g,}zc C G, with indexing spaces (U, r,m1) and (U,r, my), respectively, where F
and G are two closed subspaces of a Hilbert space H, r is the metric on ¢, and m; and
mey are Borel measures on U.

Our goal is to apply this framework to compare a continuous frame, Q, with its

discrete counterpart, £. We now present the following result:

Theorem 5.24. Let Q be a continuous frame for L*(X,C") and let € be a frame for
L*(X,C"). Further, suppose that for any § > 0, there exists R > 0 such that for allv > R
and B = B(a,r) with a € Y, we have

—_—

SN0 T My, T O T My, Ty

i€Zs J€Ls me MN(Y'\B)

- Z Z / Z MngAnw ngT:\m)(M TAnu MngAnz>dV( )| < 5(V<B) + #M(B))v

1€Ls jELs Y\B meMNB

(5.48)

then the following conditions hold:
(i) D=(M) 2T (Q), and D*(M)=T"(Q).
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(it) Moreover, if (Mg, Tin;, My, Tin:;) =1 for allm € M and i € I, then
D (M) < T (Q), and DT (M)<THQ).

Proof. Note that by using [57, Lemma 3.9], we have \(Mngjni,MmmH < 1. If #7,
denotes the counting measure on Z, then by setting one of the appropriate continuous
frame to be Q with indexing space (Y x Z, d, v x #z,) and other continuous frame to be
& with indexing space (Y x Zs, d, #p X #71,) in [110, Theorem 3.2(i)], (i) holds.
Similarly, (ii) is an application of [110, Theorem 3.2(ii)]. O

From the above theorem, it is certain that the condition (5.48) is the key condition to
obtain the required density conditions. Now we provide a result which gives the conditions
under which (5.48) holds true. For this purpose, we define

(Py): For all j € Z,

limsup ~ > [(M,, Ty, My, Tims)|* = 0, and

r—00
VY T, meMAY\B(y,r)

i sup 3 [ o 1 T My, TP () =0
Y\B(m,r

T meM T
(P2): For every w > 0, sup #r(B(a,r + w)\B(a,r)) = O(v(B(a,r))), as r — .
The first condition of Plaiesyhomogeneous approximation property and second condition
of Py is a modified version of weak localization property. Further, the condition P is a
slight modification of the annular decay property of the measure #,4 [57, 110].
The following proposition provides the necessary conditions for the validity of (5.48),

adapting [110, Theorem 3.7] to our setting. For brevity, we omit its proof.

Proposition 5.25. Let Q be a continuous frame for L*(X,C"), and let € be a frame for
L*(X,C"). Suppose there exists a constant L > 0 such that || My, Thn;|| < L fora.e. y €Y
and all © € Iy. Furthermore, if the conditions Py and Py hold, then (5.48) is satisfied.

Now we are ready to provide the proof of Theorem 5.22. The idea of its proof is
adopted from [110, Theorem 4.1].

Proof of Theorem 5.22. To apply Theorem 5.24 in proving the result, we first verify
that (5.48) holds by utilizing Proposition 5.25. The first equality in P; follows from the
homogeneous approximation property, while the second equality follows from the weak

localization property. It remains to establish that Py holds.
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Choose 6 = 1. Then by applying the first condition of the hypothesis, there exists
R > 0 such that for all z € Y and i € Z,, we have

3 / [(My, T, My, Ty Pd(y) < 1.
Y\B(z,R)

J€ELs
Therefore,
1<y / (M, Thi, M, T, [Pdv(y)
JETs B(z,R)

for all z € Y and ¢ € Z,. This implies for any w > 0,7 > R and 7 € Z,, we have

MO (Bla,r +w)\Bla,r) < 3 3 / A T, M i) Pl

JETs mEMNB(a,r+w)\B(a,r) Y B

(5.49)
Since B(m, R) C B(a,r+w+R)\B(a,r—R) forr > R,w > 0 and m € B(a,r+w)\B(a,r),
therefore,

S [ M, T M T Py
B(m,R)

J€Ls me MNB(a,r+w)\B(a,r)

>yy/ Oy, T My T Pvly) 550

JETs i€Ts mEM B(a,r+w+R)\B(a,r—R)
< sCLv(B(a,r +w+ R)\B(a,r — R)) < sC Lv(B(a,r)),

using the annular decay property of v in the last inequality, where C' is the Bessel bound
of {M,, Tn:}:Sxs,. Combining (5.49) and (5.50), P, is satisfied and hence (5.48) holds
true using Proposition 5.25. Now we are ready to use Theorem 5.24.

If M x I, is a stable set of sampling for W g, then by Theorem 5.14, the system &
is a frame for L?(X,C"). Consequently, it follows from [57, Lemma 3.9] that

(M, Thni, M, Tim:)| <1, Vm e M,i€ T,

Thus, (1) holds by using Proposition 5.24.
Similarly, if M x Z; is a stable set of interpolation for W4 ¢, then by Theorem 5.20,
the system {M,, T }memiicz, is a Riesz sequence in L?(X,C"). In this case, it follows

from [57, Lemma 3.9]

(Mg, Thani, My, Thmi) =1, Vme M, i€ T,

Thus, (2) follows by Proposition 5.24, completing the proof. m
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Proof of Theorem 5.23. From Theorem 5.22, we already have
D™ (M) =T (Q), and D"(M)<T"(Q),

under the assumptions that M x Z; is a stable set of sampling for W4 g and M x Z; is
a stable set of interpolation for W4 &, respectively.
If Q is a normalized continuous Parseval frame, then its canonical dual coincides with

Q itself. Consequently, we obtain

(Mg, Tomi, My, Tomi) = (Mg, Tomi, My, Tm:) = IIngTmeHZ =1
Thus, we conclude that 7-(Q) = 7(Q) = 1. This completes the proof. O

5.3.3 Applications of density results
In this subsection, we discuss applications of our density results.
5.3.3.1 Paley-Wiener Spaces

For a measurable set ) C R? with finite Lebesgue measure y, the Paley- Wiener space
PWo = {f € L*(R?) | supp f € 0}

consists of band-limited functions whose spectrum is contained in {2.
The density result established in Theorem 5.22 provides the necessary density condi-

tions for the stability of sampling and interpolation sets in the space
PWo = {f| f € PWqo} C L} (),

where f denotes the Fourier transform of f on R

Let A C R? be a discrete subgroup such that the set {2 },c, forms an orthonormal
basis for L%(Q)). We set X = Q, H = C, and B = {e 2"}, ca. Additionally, we take
Y = R? equipped with the Lebesgue measure v, and choose s = 1 along with n; such that
Tim = lg, where Ty : L*(Q) — P/I/I7Q maps the orthonormal basis 28 onto a Riesz basis
for P/V[79

Let f € PWq. The samples in this setting involves the collection:

{(f, e 1g) : X e A} ={f(\): A € A}. (5.51)

It is straightforward to verify that the collection Q := {e™*™1g}¢cga forms a con-

tinuous Parseval frame for L?(Q2). The quantities 7 (Q) and 7+(Q) both equal u(<).
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Specifically, we have

— T : 1 —2mi&-  _—2mi&-
T (Q) = liminf inf —a’r))‘/B(am)(e e >L2(Q)dl/(§)'

r—00 geRd V(B(
1

D) du(x)| = u().

/Bw)m ) du(e)| = ()

— fminf inf
IO aex w(B(a,T))

Similarly, we obtain 7(Q) = ().
Since R? with the Euclidean metric and Lebesgue measure satisfies the assumptions of
Subsection 5.3.2, we verify the weak localization and homogeneous approximation prop-

erties for this case. The central quantity of the weak localization property is given by
<€—27riy~7 6_27rix'>L2(Q) = 1Q(y - ’T) - K(I7 y)a

where K (x,y) denotes the reproducing kernel of the Paley-Wiener space PW¢,. Then the
verification of these properties can be adopted from [57, Subsection 5.1].
Consequently, we are in a position to apply Theorem 5.22. This yields the following

density conditions:
o If A is a stable sampling set for PWg, then D=(A) > u(Q).
e If A is a stable interpolation set for ﬁﬁ/Q, then DT(A) < u(Q).

Thus, considering (5.51) along with the aforementioned density conditions, Theorem 5.22

yields Landau’s fundamental density theorem for band-limited functions.
5.3.3.2  For multi-channel filter banks.

For the setting of the fiter bank considered in Subsection 5.2.4, Theorem 5.22 estab-
lishes necessary density conditions on H that ensure the stability or critical sampling of
a multi-channel filter bank composed of low-pass filters ay, as, ..., as in £*(T).

Specifically, by setting ¥ = R? with Lebesgue measure and Euclidean metric, X =
H A={g}, B=B, M=H and defining Q = {6_2”5‘7’;3@1}23@, Theorem 5.22,

along with Theorem 5.18 and Theorem 5.21, provides the following conditions:

(1) The filter bank given by the low-pass filters aj, as, ..., as is stable, then
D™ (H) <T(Q).
(#7) The filter bank given by the low-pass filters aq, as, . . ., as is critically sampled, then

D™ (H) =T (Q).
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5.4 Applications for shift-invariant spaces

In this section, we provide an interpretation of the measure-theoretic results from the
previous sections, emphasizing their application to SI spaces. To achieve this, we utilize
the Zak transform introduced in [88], which extends the classical Zak transform on R
in a non-trivial way and converts translations into multiplications. This transformation
allows us to translate our earlier findings into the setting of SI spaces invariant under

translations by an abelian subgroup. We begin by outlining a few key assumptions.
5.4.1 Stable sampling associated to translation-invariant systems

Throughout the remainder of this section, we assume that ¢ is a second-countable,
locally compact group (not necessarily abelian) and that H is a discrete abelian subgroup
of 4. As usual, we denote the Pontryagin dual group of H by H. Let p and o represent the
Haar measures on ¢ and H , respectively. Our objective is to interpret the results from the
previous sections within the specific framework: X = H, H = L*(H\Y), p=0,Y =9,
v=p, M=H, and B = {x¢}ecn, where x¢ : H — T is defined by xe(v) =7(&), v € H.
Furthermore, assuming that the Haar measure on H is normalized, Pontryagin duality
implies that B forms a set of characters on H and thus constitutes an orthonormal basis
for L?(H) [55].

Let us consider & = {¢1, ¢a, ..., d,} C L*(¥4) such that the TT system

EM) = {Lety - € € H, k €T}
is a Riesz basis for S¥ (o). Then S (.&7) has the representation of the form:

$(et) = { 5 T an(e)Leon | (@nlOeen < Ut n € S k€T, (552

kel {eH

In this setup, the range function corresponding to the H-TI space S¥ (/) in L*(¥) is the
map J,, : H — {closed subspaces of L2(H\%)}, where for a.e. a € H, J,/(a) is defined
by

Jo/(a) = Span{(Z2¢:)(a) : k € T,} (5.53)

(see [88]).
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By applying the Zak transform Z (see (5.1)), the TI space S¥ (&) can be expressed
as an MI space of the form (5.4), defined by

Wzym = ZSH(JM) = span{imnggbk}lggﬁr.

Let N' = {d;}icz. C S"(&) be such that Ey := {Led;}icz, is Bessel. Then the
analysis operator associated with Ey is the map Sy : S¥ (/) — (?(H x Z,) defined as

SN f(& 1) = (f, Ledi) 12 ()

The set H x Z, is said to be stable set of sampling for S (/) if the collection Ey is a
frame for S (7).

Proposition 5.26. Let the collection En be Bessel. Then the following statements are

equivalent:

(i) The set H x I, is a stable set of sampling for S ().
(i1) The set H x I, is a stable set of sampling for Wz .

Proof. Observe that the system Ezy g = {DﬁX§Zdi}2€€% is a Bessel system due to the

Bessel property of £ur and the unitary property of Z. The following equality:
6Nf<§72) = <f7L§dz> = <Zf7mX§Zdl> :SZJ\/’<Zf)(§72)7 f € Ha i GI& (554>

implies that the samples of f € S (&) with respect to the Bessel system &y are identical
to the samples of Zf € Wz o with respect to the Bessel system Ezy 5, where ZN =
{Zdy, Zds, ..., 2Zds}. Thus (5.54) establishes that the frame property of Ex and Ezy s

are mutually implied, proving the claim. O]

For local analysis, we define the pointwise operator Sz (n) : Jo(n) — C* for a.e.

n € H, associated with ZA and is given by
San(n)(u) = (Szn()(u, 1), Szp(n)(w,2), ..., Szx(n)(u,s)),
for u € J(n) = span{Zpk(n) | k € Z,.}. The components of the operator are defined as
Szn(n)(u,i) = (u, Zd;(n)), forae. ne H,iecI,.

The following theorem is an application of Theorem 5.11 and can be proved using
it by taking X = H, H = L*(H\Y),B = {x¢}cen and utilizing Proposition 5.26. It
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generalizes the results of [10, Theorem 4.2], [129, Theorem 2.1] and [9, Proposition 1] for
the TT subpaces of L*(%¢) in the group setting:

Theorem 5.27. Let & = {¢1,¢9,..., 0.} C L*(94) be such that S* (<) has the form
(5.52) with corresponding range function J., . Further, let N = {d;}icz. C S™ () be such
that the system Ex = {Lgdi}égj is Bessel. Then the following statements are equivalent:

(i) The set H x I, is a stable set of sampling for S¥ (/). That is, there exist constants

0<a<b< oo such that

1/2
allfll < ( ZZ\(GNf)(fJ)P) <Ol for all f € ST (t).

1€Ts EeH

(ii) For a.e. n € H and every u € J(n), there exist constants 0 < a < b < oo such

that
allul® <Y 1(Sza(n)(u,0))[* < blfull®.
i€ZLs
(iii) For each a = (ay,q,...,a,) € (*(H,C"), there exist constants 0 < ¢ < d < oo
such that

ey lanlle < ILeall < d Y llarlem,

kEeZ, ke,

where Lg,, is defined analogously to (5.18) for G .
(iv) For a.e. n € H and every v = (71,72, ...,%) € C", there exist constants 0 < ¢ <
d < oo such that
el < L, P <dD Il

ke, ke,

where Lg_ . is defined analogously to (5.19) for Sz

Next, we characterize the stability of the sampling set H x Z, in terms of a sampling
formula for f € S¥ (&) along with its associated local conditions. The next result is an
application of Theorem 5.14 for locally compact groups and generalizes the results of [60,

Theorem 1], [59, Theorem 2.1] and [64, Theorem 1] and [95, Theorem 3].

Theorem 5.28. In addition to the standing assumptions of Theorem 5.27, assume
max ess-sup [[(Z¢;)(§)]]* < 0.
€Ly geﬁ

Then the following statements are equivalent:
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(i) The set H x I, is a stable set of sampling for S ().
(ii) There exist h; € S* (), i € I, such that the collection {L¢h;})\ ey, is a frame for
S () and the sampling formula (global form) for any f € SH (&) is

F=Y) 6xf(&i) Leha.

1€ls EEH
(iii) There exist h; € ST (a7), i € I, such that for a.e. n € H, {Zh;(n)}iez. is a frame
for Jos(n) and the sampling formula (local form) is
u=>Y_ &zx(n)(u,i)(Zh:)(n), u € Jos(n) = span{ Z¢w(n) }rez, (5.55)
i€l
(iv) The collection {ngTgﬂZdi}égj is a frame for L*(H,C").
(v) For a.e. n € H and every u = (uy, us, ..., u,) € C, there ezist 0 < a < b < 0o
such that

alul” < STIS wnl(Zo)(n), (Zds) (m)er < bllul]> holds.

i€T, ke,

(vi) There exists a rxs matriz U (n) with each column in L>°(H,C") satisfying ¥(n)S(n) =
I, for a.e. n € H, where S(n) := <<P1T(77) oln) - ¢Z(n)>T is the s X r matrix for

1 x r matriz p;(n) = T4, Zd;(n) for a.e. n € H, i € T, and I, is the r x r identity

matriz.

Proof. Notice that the equivalences (i)<=>(iii) <=(iv)<=(v)<=(vi) follow directly from
Theorem 5.14 by taking X = H, H = L*(H\%),B = {x¢}ccnr and Proposition 5.26.
The equivalence (i)<=>(ii) is a consequence of Proposition 5.26 and the properties of

the Zak transform. This proves the claim. O

Next, we characterize the stable interpolation for TT spaces. The sampling set H x Zg is
called a stable set of interpolation for S¥(<7) if for any (c¢;)eiyenxz, € (*(H % L), the
interpolation problem Sy f(£,7) = c¢; has a solution f € S (7). The following result is
an application of Theorem 5.20 for TI spaces and generalizes the results of [59, Lemma

2], [154, Theorem 9] and [13, Proposition 2.7].

Theorem 5.29. In addition to the standing assumptions of Theorem 5.28, assume Exr =
{Lgdi}égj is complete in S¥ (<), i.e., span €y = S (/). Then the following statements
are equivalent:
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(i) The set H x I, is a stable set of interpolation for SH (7).
(1) The system {ngTg_ﬂZdi}ég} is a Riesz basis for L*(H,C").
(iit) For any ¢ = {ce;} € (*(H X L), the problem }"(@g/\/(.)Zf(.))i(f) = c¢; has a
solution f € S ().

Proof. First, note that by using (5.54), statement (i) is equivalent to the following refor-

mulation:
(i) The set H x Z; is a stable set of interpolation for Wz 4 .

The equivalences (i) <= (iii) and (i) <= (ii) follow from Theorem 5.20. by taking
X =H,H=1L*H\Y), and B = {xc}ecn. O

Finally, we establish the necessary density conditions on the subgroup H for stable sam-
pling and stable interpolation by applying the results from Subsection 5.3.2 within the
framework of locally compact groups.

We make the following additional assumptions.

(1) The subgroup H C ¢ is uniformly discrete, meaning, there exists an open set U
such that the sets £U are pairwise disjoint for all £ € H. It is equipped with the
counting measure #p.

(#7) The group ¢ is compactly generated, meaning, there exists an open set N con-
taining the identity element with the property N = N~! and with compact closure
such that ¢ = [J;=, N*. The corresponding metric on ¢ is the word metric, which

is defined as
d(a, B) :=min{i € (0,00) : 0 'BE N}, «a,B€Y.

(737) The group ¢ has polynomial growth, meaning, there exist positive constants A, B

such that

p(N) < A%, ieN.

Under these assumptions and [141, Corollary 10}, the metric measure space (¢,d, p)
satisfies the assumptions made in the beginning of Subsection 5.3.2. See, [30, 57] for more
details.

The next two results are application of Theorems 5.22 and 5.23 for the group setting.

They generalize the results of [75, Theorem 1], [3, Theorem 3.4] and [4, Theorem 2.18].
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Theorem 5.30. In addition to the standing assumptions of Theorem 5.27, assume that
the system
Q= {MxyTg,;z/Zdi}iyeelé;’f
forms a continuous frame for LQ(FI, C"), where {xy }yew is the set of continuous characters
on 9, given by Xy ¢ — T, Xy(w) =w(y), we 9.
If for every e > 0, there exists R > 0 such that for all i € Zg, the following conditions
hold:

(1) (Weak localization property)

* * 2
SUPZ L\ (©.R) ‘<MXxTZQ/ZdZ’MXyTZQ/ZdJ>’ dp(y) < 627
Y\B(z,R

xe¥ JeT,
(17) (Homogeneous approzimation property)
* * 2
sup» Y (M, T3, 2d;, M\ T3, 2d)|” < €,
VeY jeI, ceHNY\B(y,R)

then the following results hold:
1. If H x Z, is a stable set of sampling for S¥ (<), then

D (H)>T (Q) and D (H)>T"(Q).
2. If H x I, is a stable set of interpolation for SH (<), then
D (H)<T (Q) and DT (H)<THQ).

Here, D~ (H) and D (H) denote the lower and upper densities of the set H, respectively,

and are defined analogously as in Section 5.3.

Theorem 5.31. In addition to the standing assumptions of Theorem 5.30, if Q s a

normalized continuous Parseval frame for L2(ff ,C"), then the following results hold:

1. If H x Z; is stable set of sampling for S7 (), then D~(H) > 1.
2. If H x I is stable set of interpolation for S¥ (<), then DY (H) < 1.

The proofs of Theorems 5.30 and 5.31 follow directly from Theorems 5.22 and 5.23,
respectively, upon noting that condition (1) (or (2)) in both theorems ensures that H is
a stable set of sampling (or interpolation) for Wz, .

For locally compact abelian groups. At the end, we provide a discussion for the case

when ¢ is abelian. In the abelian setting, the Zak transform has a sibling, known as the
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fiberization map. For a second countable locally compact abelian group G and its discrete
subgroup H, we can utilize the fiberization map as defined in (5.2). It is worth to note
that G/H' = H+\G in the abelian setting. In this case, the set 9B for L2(G/H"') is given
by B = {x¢ € L~(G/H*): ¢ e H, Xe(nH*Y) = n(€) for nH* € G/H*}. By replacing the
Zak transform with the fiberization map, the Theorems 5.27, 5.28, 5.29, 5.30 and 5.31
can be provided for this case with the corresponding assumptions.

The p-adic group Q, by the action of its discrete subgroup. For a prime number
p, consider the group of p-adic numbers Q,. The group Q, possess a quasi-metric |.|, such
that |a +b|, < max{|a|,, |b[,} for all a,b € Q,. The p-adic group Q, is an LCA group and
all its proper subgroups (say K, one of them) are compact and open, and hence Q,/K is
not compact. Therefore Q, does not have uniform lattice while the maximum literature
for sampling on LCA groups is mainly based on the action of uniform lattices [3, 60].
Note that in our situation, we only require a discrete subgroup. For that purpose, let
Z, ={zx € Q, : |z|, < 1} be the compact open subgroup of Q,. Then we can consider
the TI space generated by a finite family A C L*(Q,) where the translations are given
by the action of its discrete subgroup Q,/Z,. To define the Zak transform, let R be a
fundamental domain for Zlf = {x¢ : £ € Z,}, where for each £ € Q,, x¢ defines a charac-
ter on Q, given by x¢(x) = €*™®¢. Then for f € L'(Q,) N L*(Q,), the Zak transform is
defined by Zf(z,y) = pr/Zp fly +&e ™ dpug, /7, (€) for z,y € R. Thus, we can derive
the characterization results for the stability of the sampling and interpolation sets in this

set-up using Z and the results of this section.

In the next chapter, we study the supremum cosine angle between TI spaces and
establish its relation to the injectivity of the sampling operator associated with a TI
space defined as a union of TT subspaces. Following a similar approach as in this chapter,
we first develop the theory for MI spaces and subsequently employ the Zak transform Z

to transfer the results to the setting of T1I spaces.

157






Chapter 6
Supremum cosine angle and sampling

injectivity

In this chapter, we derive equivalent conditions for the injectivity of the sampling
operator associated with a translation-invariant (TT) system defined on a union of TI
spaces. Motivated by [107], where sampling on unions of finitely generated shift-invariant
(SI) spaces was analyzed to model signals lying in unions of subspaces, we extend this
framework to the TI setting. Following the approach in Chapter 5, the problem is first
studied for multiplication-invariant (MI) spaces by considering a union of MI spaces. The
supremum cosine angle between any two MI spaces in the union yields sufficient conditions
for injectivity through its link with the closedness of their sum. These results are finally

extended to TI spaces over locally compact groups using the Zak transform.

6.1 Supremum cosine angle between MI spaces

Let E and F' be two closed subspaces of a separable Hilbert space H, then the supre-

mum cosine angle between E and F' is defined by

o8, 1) i=sup { T € (0L = 1l (6.1)

where Pr is the orthogonal projection of H onto F' and Pg|g is its restriction on E. It
is clear from the definition that J(E, F) = 0 if either £ = {0} or F' = {0}. In general,
Y(E, F) = 9(F, E). The application of the supremum cosine angle has many practical uses
in the field of sampling theory. The closedness of the sum of two closed subspaces of a

Hilbert space has been shown to be connected with the supremum cosine angle in several

studies [6, 25, 98, 99, 101, 137]. Kim et al. [97] established conditions for the closedness of

The results presented in this chapter are based on our published work [92]:

Kalra, S., Sarkar, S. and Shukla, N. K. 2025. An application of the supremum cosine angle between
multiplication invariant spaces in L?(X,H), Proc. Indian Acad. Sci. Math. Sci. 134 (1), Paper No.
15, 16.


https://doi.org/10.1007/s12044-024-00785-3
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the sum of two singly generated shift-invariant subspaces of L2(R¢). Later, in [100], Kim
et al. extended the result to shift-invariant subspaces of L*(R?) with multiple generators.

To investigate the injectivity of the sampling operator, we consider a broader class
of MI spaces in L?(X,H) defined through a Parseval determining set, in contrast to the
orthonormal basis 8B employed in Chapter 5. Here, (X, ) denotes a o-finite, complete
measure space such that L?(X) is separable, and H is a separable Hilbert space. The no-
tion of a Parseval determining set was introduced by Iverson [88] for L!(X) and generalizes

the role of characters to a measure-theoretic setting on LCA groups.

Definition 6.1. Let (M, un) be a o-finite measure space. A set B = {gs € L>®(X) :
s € M} is said to be Parseval determining set for L'(X) if for each f € L'(X), s

Ix f gs(x) du(x) is measurable on M and

2)gs(2) du(x)

duM /If )1? du(x

Remark 6.2. Note that if B = {g;};er is an orthonormal basis for L?*(X), where M

identity gives

is a countable set and paq is the counting measure, then for any f € L*(X), Parseval’s
z)gi(z d,u
tGM

/ F @) dp(a
For each f € L'(X), the coefficient mapping

ter [ 1)) dunto)

is measurable on M, since it is a function from a countable set to C and every such

function is measurable. Moreover, the basis functions satisfy ¢g; € L>(X) C L*(X), so
these integrals are defined for all f € L'(X). Consequently, an orthonormal basis 98 and
the measure space (M, ) satisfy the requirements of a Parseval determining set for
L'(X) as in Definition 6.1.

Thus, the MI spaces considered in this chapter form a more general setting than those

studied in Chapter 5.

Let us consider a countable set of generators A = {p; : i € I} C L*(X,H) and a
Parseval determining set B = {g; }1eam such that the the MI system E 45 is Bessel, where
I is an index set and M is a o-finite measure space. Then for a.e. x € X, the system

{@i(z) : 1 € I} is Bessel [88, Theorem 2.10]. Let J denote the range function associated
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with the MI space Wae = span Eae. The analysis operator Ty(x) : J(zx) — (*(1)
associated with {¢;(z) : i € I'} is given by

Ta(x)(h) = {(h, pi(2)) }ier for every h € J(z).

The synthesis operator of {y;(x) : ¢ € I} is the adjoint of analysis operator T4(x) and is
given by

Ti(w) : (1) = J(x), Ti(2)(e) =Y cipilx)
icl
for ¢ = {¢; }ies having finitely many non-zero terms. The operator G 4(z) := Ta(z)Ti(z)
on (2(I) is the Gramian of {@;(x) : i € I'}. Let A" = {1);}ser C L*(X,H) be another count-
able collection such that E 4 g is also Bessel, then the operator G4 a/(x) := Ta(z)T ;i (x)

is the mized Gramian of {p;(z)}icr and {¢;(z)}ier [42]. The matrix representations of

Gramian and mixed Gramian operator corresponding to the collections A = {¢; : i € I}

and A" = {¢; :i € [} is

Ga(r) = [{pj (@), pi(2)]; ;; and Gau(x) = [(p;(2), ¥i(2))]; ;-

Our next result explains the supremum cosine angle between two multiplication in-
variant spaces by utilizing range functions and connecting it with the supremum cosine
angle between the corresponding fibers pointwise. This theorem also establishes a link
between the supremum cosine angle between two multiplication invariant spaces and the
Gramians and mixed Gramians connected with the respective generating sets, all within
a measure-theoretic context. This result is essentially a measure-theoretic version of [100,
Lemma 3.6].

For an MI space V in L*(X,H), we denote o(V) = {x € X : J(x) # 0}.

Theorem 6.3. Let A= {yp; :i € I} and A" = {¢; : i € I} be two countable collections
of functions in L*(X,H). Define Q@ := c(Wys) No(Wa ). Then the supremum cosine
angle between W4 and W o5 1s given by
Y Was, Wa ) = ess-SQup {z?(J(x), J’(x)) },
Te
where J' denote the range function associated with W a . In addition, if the multiplication

generated systems E 9 and E x5 are frames for Wi and Wa s, respectively, then

N |—=

)

(W, W) = esssup | (Ga(@)!) G (@) (Gala))

e
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where t denotes the pseudoinverse.

Our second main result, which is presented in Theorem 6.4, provides a condition that
determines when the sum of two MI spaces will be closed in terms of the supremum cosine
angle. Furthermore, we demonstrate that this condition is preserved by the corresponding
fiber spaces almost everywhere. Specifically, we show that the sum of two MI spaces will
be closed if and only if the supremum cosine angle between the corresponding fiber spaces
is less than 1 almost everywhere. This result generalizes [100, Lemma 3.6] for the MI

spaces, providing a set-theoretic abstraction of the aforementioned lemma.

Theorem 6.4. In addition to the standing assumptions as in Theorem 6.3, let
Q= \o(Wams N Was),

and Wl == {f € Wan : f(z) =0 a.e. on X\Q'}. Then the following are equivalent:

(1) Wamlg +Wasly is closed.

(i) OWasslors Warasley) < 1.
(11i) J(x) + J'(x) is closed for a.e. x € V.
(i) I(J(x), ] (x)) <1 for a.e. x €.

Before proving the above results, we first provide a couple of propositions which will
be required in the sequel. The following Proposition 6.5 is a set-theoretic version of [100,
Lemmas 3.3 and 3.4]. The technique of the proof follows on the same line.

From now on, we frequently use V(x) := {f(x) : f € V} to denote the fiber of the MI
space V at x € X.

Proposition 6.5. Let A ={y; :i € I} and A" = {4; : i € I} be two countable collections
of functions in L*(X,H). For the MI spaces Wass and Wy in L*(X,H), the following
hold true:

(i) If Wi N Wy = {0}, then J(x) N J'(z) = {0} for a.e. x € X.

(it) c(Wam "Wy ) ={z € X :J(@)NJ(z)#{0}} Co(Wam) No(Was).

Proof. (i) Firstly, it is easy to observe that Wy, N Wy o is again an MI space. Also,

Was NWaes ={f € L*X,H): f(z) € J(x)Nn J(z) for a.e. v € X},
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by the definitions of W44 and W 5. Now, by the application of Theorem [28, Theorem
2.4], the corresponding range function is J N J'. Now, we begin the proof of (i). Let us
assume J(x) N J'(x) # {0} for a.e. € X, then there exists a measurable set A C X
such that pu(A) > 0 and for all x € A, J(z) N J'(x) # {0}. Let {d1,ds,...,dp,...}
be a countable dense subset of H and U(z) = J(z) N J'(x). Since U(z) # {0} on A,
then for each z € A, there exists d,, such that Py d, # 0, where Py, projects onto
U(z). Let i(xz) be the least positive integer for which Py)di;) # 0. Consider the set
A, ={x € A:i(x) =n}, then it is clear that A = @,enA,,. Since pu(A) > 0, there exists
N € N such that Ay has positive measure. Define a function f : X — H such that :
fa) = Pyydy when o € Ay,
0, otherwise.

Since f(z) € J(z) N J'(z), then by [28, Theorem 2.4], 0 # f € Wag N W p, which is a
contradiction.

(ii) We prove that o(Was N Wan) = {z € X : J(z) N J'(z) # {0}} as the later
containment of sets is quite obvious. Let # = Waas N Wan, B := Waps © # and
F':= Wx s ©W. Since # is the intersection of two MI spaces, therefore # is again
an MI space. Further from definition (2.2), it is clear that if g, € D, then g, € D for
any s € M and hence D is closed under conjugation. Then by [44, Ch. II, Proposition
3.7, #'*+ is also an MI space. Consequently, E’ and F’ are MI spaces. Then W4y =
E'aoW and Wao s = F' @ W implies J(z) = E'(x) & # (x) and J'(x) = F'(z) & # (z),
by the pointwise projection property of D-multiplication invariant spaces. Now if x €
o(Was N Wys) = o(#), then {0} # #(x) C J(x) N J'(z). Conversly, let z € X
is such that J(x) N J'(x) # {0}. Then, there exists 0 # h € J(z) N J'(x). Also there
exists hy € E'(x),hy € F'(x) and wy, ws € # (x) such that h = hy + w; = hy + wy. Since
hi—hy € # (x)*+ and wy —wy € # (x) implies hy = hy and w; = wy. Therefore, h = hy+w,
with hy € E'(x)NF'(x). Also it is clear that, E'NF" = {0} which further by Proposition 6.5
implies E'(z) N F'(z) = {0}. Hence, hy =0 and 0 £ h € # (z) = (Wans N Was)(z). O

The next proposition proves that the restriction of a multiplication invariant space to a
measurable subset is again multiplication invariant. The following result is a set-theoretic

abstraction of [100, Lemma 2.5].
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Proposition 6.6. For a countable collection of functions A in L*(X,H), consider the MI

space Sp(A) and its restriction to a measurable subset A of X defined by,
Wasla :={f €Was: f(z) =0 a.e. on X\A}.
Then Wy s|a is also an MI space.

Proof. Let {u,}nen be a sequence in Wy | such that u, — u in L*(X,H) as n — oo
for some u € L?(X,H). Since W4 is closed and Wy ms|yn € Wam, we have u € Wy .
Also note that, supp(u,,) = A implies supp(u) = A. Hence, u € W4 5|s. Therefore Wy o)a

is closed and an MI space. O
We are now ready to prove our main results Theorems (6.3) and (6.4).

Proof of Theorem 6.3 .

Let {d, : n € N} be an orthonormal basis of L?*(X,H). For each n € N, define
a function s, : X = R,z — s,(x) = (Pjz)|s(2)dn, dn). By definition of range func-
tion, the sequence (s,)neny is measurable. Denote s := sup,cys, defined by, = —
S(J(x), J'(x)) = suppen(Pi@)|r@)dn, dn) = HPJ/(:C)L](:E)”. Then the map s is weakly
measurable, where the last equality holds because projection maps are self adjoint. Let
c=0(Wan, Was) = |Pw, ulwasll and ¢ = ess-sup,cq {9(J(x),J'(x)) }. Foru € Wagm,
we have ||Ppyu(z)| < 9(J(x), J'(x))||lu(x)|| for a.e. x € X and hence

HPWA/ u)||> = /HPWA/ Hz /HPJ/;B)U > du(z)
/ | Pyoy(a) 2 dpu(a) < & /X lu(@)[? du(z) < & lul®

by observing Py, , (u)(z) = Ppyu(x) given in [28, Proposition 2.2]. Taking the supre-
mum over all u € W4 u we have ¢ < ¢.

By choosing ¢ < ¢, there exist € > 0 and a measurable subset A C Q. with p(A) >0
such that u + ¢ < 9(J(z),J'(x)) for a.e. & € X. Construct A; = {z € Wygp : 0 <
(c+ || Prw)dil] < |1Prw)(Prwydi)||}- Then X = J;2; A;. Hence there exists ig such that
w1(A;,) > 0. Define a function h by

Pj(m)di if v € A;

10

hz) =
0, otherwise.
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Then, h € W5 and hence the following calculation

1P (1l = / | Py () 2 dpa() = / | Py ooy |2 dpa()

Ajy

> (4 [ Padal du(o) =+ [ h@)? diuta)

0 A7'0

= (c+e)hl* >0,

1Pw 4y Pl

implies that ¢ = J(Wam Wan) = —

> ¢+ €, a contradiction. So ¢ > ¢. Hence
c=C¢C.

For the remaining part, first observe that the fibers {¢;(x) : ¢ € I} and {¢;(x) : 1 € I}
are frames for J4(z) and J/(z) for a.e. © € X, since E4 5 and E 4 5 are frames for W x

and W g by [88, Theorem 2.10]. The hypothesis imply that
7:4(-17)7 TA’(x)a T:\(ZL‘), T,Z\k’(x)a GA(£)7 and G.A’(-r)

have closed ranges and their pseudo-inverses exist. Now, the result follows using [100,

Theorem 2.1]. O

Next, we provide a proof of Theorem 6.4 by observing that for two closed subspaces E
and F' of H, the sum F + F is closed and E N F = {0} if and only if 9(E, F) < 1 [137,
Theorem 2.9].

Proof of Theorem 6.4 . (i) < (ii) By Proposition 6.6, W4 x|o and W g|o are mul-
tiplication invariant spaces. Now applying Proposition 6.5, o(Was|lor N Was|a) = ¢
therefore Was|lor N Wa sl = {0}. Applying [137, Theorem 2.9], (i) and (ii) are equiv-
alent. The statements (iii) and (iv) are also equivalent by following the same arguments
since for a.e. z € ', J(x) N J'(z) = {0}.

The statements (ii) and (iv) are equivalent by noting

Y Wasly, Wa sly) = ess-sup {ﬂ(J(x), J’(:L'))}

zeQ)

using Theorem 6.3 and V(W4 |y, Wa slg) < 1 if and only if 9(J(z), J'(x)) < 1 for a.e.
xe Q. O

In the next section, we will provide an application of the supremum cosine angle for the

sampling problem.
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6.2 Injectivity of the sampling operator

In this section, we discuss the application part of the of supremum cosine angle.
In sampling theory, it is desirable for the sampling operator to be one-to-one for the
unique representation of a function. We find out the conditions under which the sampling
operator associated with a Bessel MI system in L*(X,H) is one-to-one. We also connect
our result with the injectivity of the pointwise sampling operators defined on fiber spaces
for each x € X. The results presented in this section are a generalization of the previously
established results for the closed subspaces of a separable Hilbert space or, more generally,

shift-invariant spaces [12, 107]. We begin with some definitions.

Definition 6.7. Let 8 = {g;}ica be a Parseval determining set and A = {p;}ier C
L*(X,H) be a countable set of generators such that the MI system F 4y is Bessel. Then

the sampling operator associated with the system E 4 is defined by
T:LH(X,H) = LM xI), Tf = {{f, Mg, i) hemier- (6.2)

With every sampling operator T, we can associate pointwise sampling operator T(x)

of Bessel family {¢;(x)}ic; defined on the fiber space J(z) for a.e. x € X and is given by

T(z) : J(x) = (1), T(2)(9) = {{9, 2i(2)) }ier-
The sampling operator T" associated with the Bessel system F 4 is the analysis operator
T4 of the Bessel system E4 9. The requirement is to obtain conditions for the sampling
operator to be one-to-one to uniquely obtain a signal from its samples. The following result
is an abstract version of [12, Theorem 5.12] for the setting of MI spaces. Additionally, it
provides the equivalent conditions for the sampling operator T to be one-to-one in terms

of injectivity of the pointwise sampling operators T(x) for a.e. z € X.

Proposition 6.8. Let A = {p;}ic; C L*(X,H) be a countable family of functions and
B = {g; }rem be a Parseval determining set such that E 4 is Bessel in L*(X,H) and T be
the associated sampling operator. Then for a finite set A" = {1y, s, ..., } C L*(X,H),

the following are equivalent:
(i) The sampling operator T' is one-to-one on W4 .

(ii) Exs is complete in W s, i.e., Wa 5 = 5pan Ea 5.
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(iii) T(x) is one-to-one on J'(z) for a.e. x € X.

(iv) For a.e. x € X, the system {@;(x) : 1 € I} is complete in J(x).
(v) ker(Gar.a)(x) = ker(Tx/(x)) for a.e. x € X.

(vi) dim(range(Ga 4)(x)) = dim J'(z) for a.e. x € X.

Proof. The sampling operator 7" is one-to-one on W 4 o if and only if for allt € M and ¢ €
I,(f, My, ¢;) =0 will imply f = 0 for any f € W g which is equivalent to (ii). Therefore
statements (i) and (ii) are equivalent. Similarly, statements (iii) and (iv) are equivalent.

Also, if (ii) is true, then by [26, Theorem 3.5], the corresponding range function J’ satisfies

J'(x) = span{p;(x) : i € T}.

Since J'(z) is closed, then by [12, Proposition 3.2], T'(z) is one-to-one on J'(z) for a.e.
x € X and hence the statements (ii) and (iii) are equivalent. The equivalence of the
statements (i), (v), and (vi) follows from the fact that the fiber space J'(z) is finite

dimensional and the range of the synthesis operator T3 (z) is J'(z). O

In classical sampling theory, the signals to be sampled come from a single space. Prac-
tically, signals for sampling should be considered from the union of subspaces. This
approach has applications in sparse signal representation, compressed sampling, nonuni-
form splines, and more. The extension of the sampling problem to a union of subspaces
was introduced by Lu and Do [107] and extended further by M. Anastasio and C. Cabrelli
[12]. In our setup, we consider a union of the finitely generated multiplication invariant
subspaces of L?(X,#H) and discuss the injectivity of sampling operator 7' on the union.

Question: Corresponding to an arbitrary index set A, let {Ns}sea be the finitely
generated MI spaces in L*(X,H) and

X =N (6.3)
sEA
When can each element f € X be uniquely represented by its samples?

The discussion of injectivity of the sampling operator for a union of MI spaces in the
collection {Ns}sea comes with a problem. The definition of an injective operator (say
A) says that for any x;, 2z, in the domain of the operator, Az; = Az, implies x; = xo.
The issue while considering the union of subspaces is that the points x; and x5 can be

from different subspaces of the union and exploits the linearity. To deal with the issue,
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we consider the union of a sum of MI subspaces of L?(X,H). The idea was originated in
[107] and supported further by [12] where the author considered the collection {Ss}sea of
shift-invariant spaces and took the union of the sum of each shift-invariant spaces in the
collection. Similarly, we consider the union

X = U ./\/’5,9 (6‘4>

0eA

of the sum of the finitely generated MI spaces in the collection {Ns}sea. Each space Ny

in the union has the following form
Ng’g = N5+ Ny = {U+U U ENg,U EN@}, (6.5)

and every vector in the union is a secant vector which has importance in dimensionality
reduction [31].

The following proposition implies that the closedness of the sum of the two multipli-
cation invariant spaces results in another multiplication invariant space, and this fact will

be necessary in the subsequent discussion.

Proposition 6.9. For A, A" C L*(X,H), Waouw s = Wams + Wa .

Proof. The proof follows by the linearity of multiplication operator M, and observing

Wap +Wap =5pan{Myp: 9o € A ¢ € D} +5pan{Myp: p € A, ¢ € D}

=span{My(p+¢) e A ¢ € A, ¢ € D}.
0

Now, we deal with the injectivity of sampling operator 7' on X given in (6.4). The
conditions for the injectivity of the sampling operator for the case of the union of closed
subspaces have been passed to those of single space [107, Proposition 1]. But here the
problem is sum of two MI spaces Nsg := N5+ Ny = {u+v:u € Ns,v € Np} need not to
be closed and therefore Ny need not to be an MI space. This directly shifts the problem
into the field of closedness of subspaces where we will take the help of Section 6.1. The
following Proposition suggests that the closure of the sum of two MI spaces is again an MI
space generated by the union of the generators of two MI spaces and thus for the space
N to be an MI space, it is enough for it to be closed. A similar result for the case of
shift-invariant spaces can be found in [12].

The following result is a measure-theoretic abstraction of [12, Theorem 6.5].
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Theorem 6.10. Let A = {1;}icr be a sequence in L*(X,H) such that E 4 is Bessel and

the supremum cosine angle
(N5, Np) < 1 for every 6,60 € A.

If A5y is a finite set of generators for Nsyg, defined in (6.5), then the sampling operator
associated with Ea s is one-to-one for Usgea Nso if and only if dim(range(Ga;, 4)(z)) =
dim Jy (x) for a.e. x € X, and 6,0 € A.

Proof. Using Theorem 6.3, Ny is closed for each 0,6 € A, and then by applying Propo-
sition 6.9, it is clear that for each 6,0 € A the space Nsy is an MI space. Also, the
sampling operator T is one-to-one on | J s.0eA Nsyp if and only if T is one-to-one on Ny
for each 0,0 € A [107, Proposition 1|. Finally by applying Proposition 6.8, we get the
desired result. ]

6.3 Application to locally compact groups

To transfer our results to TI spaces in the setting of locally compact groups, we adopt
the terminology introduced in Section 5.4 and employ the Zak transform defined therein.
Since Z : L*(¥) — L2(ﬁ, H\%) is an unitary operator, we have

I(SH (), S" (")) = sup {M cu € SH(A)\{0},v € SH(M’)\{O}}

lullllvll

= su M - Zu H v H /
= p{||Zu||||Zv|| cZu e Z87 (A )\{0}, Zv e ZS8 (d)\{o}}

= 928" (), 28" ().
(6.6)
The relation (6.6) of the angle between two MI spaces and the corresponding TI spaces
will allow us to have results similar to Theorem 6.3 and Theorem 6.4 for the set up of TI
spaces. The next theorem is an application of the Theorem 6.3 to T1I spaces. A similar
result has been proved for shift-invariant spaces [100, Theorem 3.6].
Following the terminology of Chapter 5, we denote by J 4 the range function associated

with the TT space S¥ (&), corresponding to the generating set o € L*(X,H).

Theorem 6.11. Let o7 = {p;:i € I} and o' = {1; : i € I} be two countable collections
of functions in LX(¥4). Define o(S" () = {a € H : Jy(a) # {0}} and Q := o(SH (o))"
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o(SH(a")). Then the supremum cosine angle between S (/) and S (") is given by

IS (), S (")) = ess-sup{V(J (), Jop())}.

a€ef)

In addition, if the translation-invariant systems EX (o) and E¥ (") are frames for SH (o)
and S ("), respectively, then

V(S (), 8™ (")) = ess-5uDgeq | (Gurr(@)) 2 G urr(@) (Gr (@)

where 1 denotes the pseudoinverse.
Similarly, the next result is an application of Theorem 6.4 to TT spaces.
Theorem 6.12. In addition to the standing assumptions as in Theorem 6.11, let
O = {a € Q: y(a) N rla) = {01} = Qo (S7 (/) NS (1)
Then the following are equivalent:

i) SH( )| + S ()| is closed.
19( )|, ST (")) < 1.
J

() + Joyr () is closed for a.e. o € €Y.

Remark 6.13. In the case of LCA group G and its closed abelian subgroup I'; we can
state the above theorems using the fiberization map (5.2). For this case, the equation

(6.6) will be modified as follows
WS (), 8 (") = NF S (), 7S (o)),

Similar to the case of MI spaces, here also we can talk about the injectivity of the

sampling operator associated to T1I space S (7). Let us first give some definitions.

Definition 6.14. Let & = {; }icr C L*(¢) be a countable collection such that the H-TI
system £ (o) is Bessel. Then the sampling operator assocated with the system £ (&)
is defined by

T:L*9) — L*(H x I), Tf = {{f, Lewi) }een.ic1- (6.7)
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Corresponding to a arbitrary index set A, let {Ss}sea be a collection of finitely gen-

erated TT spaces in L?(¥). Let

X = U 8579,

seA
where S59 := S5+ Sp = {u+v:u € Ss,v € Sp}. The next result is an application of

Theorem 6.10 for translation-invariant spaces.

Theorem 6.15. Let o/ = {p;}icr be a countable collection in L?(9) such that EX () is

Bessel and the supremum cosine angle
V(Ss,Sp) < 1 for every 6,0 € A.

If o5, is a finite set of generators for Ssp, then the sampling operator associated with
EM () is one-to-one for Jsea Ssp if and only if dim(range(Gy, o) () = dim Jy («)
for a.e. a € ﬁ, and 6,60 € A.

Example 6.16. For a prime number p, let Q, be the group of p-adic numbers and Z,
be its closed subgroup. It is a locally compact abelian group. All its subgroups are
compact and open. Let the fundamental domain for Z, is A which is discrete. The Zak
transform for (Q,,Z,) is Zf(z,v) fZ (y + &)e 2™ dug, (§) for z,y € A. We can find

the supremum cosine angle between two Z,-invariant subspaces by the Theorem 6.3.

Example 6.17. Let G = R" and A = Z". Then, G = R", At = Z" and the fundamental
domain for Z" is G\A+ = T". Then, the fiberization map .Z : L2(R") — L2(T"; (2(Z")) is
defined by .Z f(&) = {f(€ + k) }rezn, & € T™. Therefore by considering countable families
o/ and &' in L*(R"), we can find supremum cosine angle between S*(«7) and S*(&")

and discuss their closedness using Theorem 6.11.
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Chapter 7
Stable sampling for generalized twisted

shift-invariant spaces

In this chapter, we extend the results of Chapter 5 on multi-channel stable sampling
for translation-invariant (TI) spaces to the setting of generalized twisted shift-invariant
(GTSI) spaces on the Heisenberg group. Twisted shift-invariant spaces were introduced
by Radha and Saswata [116], extending shift-invariant spaces to the non-abelian setting
of the Heisenberg group. Using the Weyl-Zak transform [121], we establish necessary
and sufficient conditions for a system of generalized twisted translates to form a Riesz
sequence or a frame. As a consequence, we obtain reconstruction formulas for functions in
GTSI spaces from generalized samples. As a special case, by selecting appropriate filters,
we derive a sampling formula for GTSI spaces involving functional values as samples.

Finally, we demonstrate the results for the GTSI space generated by a twisted B-spline.

7.1 History and background

A simple and natural example of a non-abelian group is the famous Heisenberg group
H"™. Tt is a nilpotent Lie group whose underlying manifold is R" x R” x R with the group
operation defined by (z,y,t)(u,v,s) = (¢ +u,y +v,t + s+ 3(u-y —v-x)) and the Haar
measure is the Lebesgue measure dx dydt on R™ x R® x R. By using the Schrodinger

representation my, A € R*, given by

7T)\(l’,y,t)¢(§) _ 627ri)\t€27ri)\(a€§+%$y)¢(f + y)’ Qb e L2(R),

we define the group Fourier transform of f € L'(H") as
J/C\O\) = / fz,y, t)m\(z,y,t) dedydt, where A € R*,
H

The results presented in this chapter are based on our work:
Kalra, S., Velsamy, R. and Shukla, N. K. 2025. Stable sampling for generalized twisted shift-invariant

spaces, Under review.



which is a bounded operator on L*(R™). It can be extended from L' N L?(H") to L?*(H")
by using the density argument. Let f € L?(H"), then we define a function f* € L!(R?")
by fMx,y) = / f(z,y,t)e*™ dt, which is the inverse Fourier transform of f in the ¢
variable. An essﬂintial approach to study the problems on the Heisenberg group is to take
the partial Fourier transform in the ¢ variable and reduce the problem to the case of R*".
In fact, for f,g € L*(H"), the group convolution of f and g is defined by

fxg(z,yt)= - f((z,y,t)(u,v,s) Hg(u, v, s) dudvds.

It is easy to show that (f * g)*(z,y) = P —u,y —v)g*(u, v)e™ =) dydy. This
R2n
led us to define a new convolution (non-standard convolution) operation on L'(R*") in
the following way. Let F,G € L'(R*"), then we define
Fx,G(x,y) = / TN P (g y — )G (u, v) dudv.
R2n
These are usually referred as the A-twisted convolution. When A = 1, it is called the
twisted convolution. With respect to the twisted convolution, L'(R*") turns out to be
a non-commutative Banach algebra. For a detailed study of analysis on the Heisenberg

group we refer to [142]. One can notice that the twisted convolution involves the non-

standard translation (A-twisted translation) on R?".
7.1.1 Generalized Weyl-Zak transform

To define generalized Weyl-Zak transform, we first study Weyl-transform. Let g €
L'(R?). Then, the Weyl transform of g, denoted by W (g), is defined by

W(@o(©) = [ alan)e™Ho(¢ + ) dady,

where ¢ € L*(R). The Weyl transform is an integral operator with kernel

Ky(&,m) = /Rg<x,77 — &)™ &N g

If g € L' N L*(R?), then K, € L*(R?), which implies that W (g) is a Hilbert-Schmidt
operator whose norm is given by || W (g)||3, = HKQH%Q(RQ), where B, is the Hilbert space of
Hilbert-Schmidt operators on L?(R) with inner product (T, S) = tr(T'S*). The Plancherel
formula for the Weyl transform is given by ||[W(g)|ls, = [|gl/z2®). For the study of the

Weyl transform, we refer to [54, 142].
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Now, we introduce the generalized Weyl-Zak transform which will be used to study
a GTSI space. It is denoted by Zji;. When m = 1, we shall denote Zj;, by Zy. It was
introduced and referred as the Weyl-Zak transform in [121]. The map Zi : L*(R?) —
L2([0, 1) x [0,m) x R) is defined by
Zio(&,€ n) Z =K (§+ e TR
pEZ

Let ¢ € L?*(R?). Then by using Fubini’s theorem, we have

1 i m P o ip g
Zm 22 ) _ K e 27rzm§
|| W¢||L ([0,)x[0,m) xR) m/o /R/o Z ¢(€+m,?7)e
- i/ ,z/ / mZK¢<£+ P e S Ky(e+ L et de ande
mJo JrJo = m p m
p EZ
, m _omile p ’
m/ /Zm e+ B [ e g dng
0
/ /Zmu— WES(e+ L ) dnde

PEZL

/ [ S ate + P dnd

PEZ

2
d€ dndé

= ||K¢||L2(R2) = ||¢||%2(R2)‘

Now, we aim to show that Z{j; is surjective. Let F € L*([0, =) x [0,m) x R). Then the
Fourier series of F' with respect to the £ variable is given by

’ - p 7

F(,¢,n) = Zaiﬁ"e%’ﬁg , for some {aiﬁ"} e r? (—) .
el m m ) pEZ m

For each £ € R, there exist unique elements p € Z and v € [0, %) such that £ = v+ £
Using this representation, we define a function K on R? by K(£,n) = a7". Now, by
making use of the Plancherel theorem for the Fourier series, we have

//!K£n|2d£dn—// S K+ L) dydy

PEZL

// > lax"Pdydy

PEZ

/// F(y,& n)* d¢ dydn < .



Since the Weyl transform W is onto, there exists f € L?(R?) such that W(f) = K,
which is a Hilbert Schmidt operator with the kernel K € L?(R?). Moreover, we can
show that Z{(f) = F. Therefore ZJJ* is an isometric isomorphism between L?(R?) and

L2([0, 1) x [0,m) x R).

Given two functions ¢, € L*(R?), we define the bracket [¢,v] by

6,000 (6€) = [ Zipo(e.€ WZFOEE My for ac. (€.€) € [0.0) x [0.m).

In fact, by using Cauchy-Schwartz inequality, we get

116,91, (6,€) |<</|ZW¢£5 n|dn) (/|wa§§ n)|2d77>1<oo, (7.1)

Further,
6.0, (€.€) = / (e € )P diy. (7.2)

Now, consider

116, 8l 10,2 0y / [ ([1zees. nld?7> ( [zt n>12dn) i de
= ( / " I \Z$¢<5,5’,n>r2dnds’d§)2( / ; I rZV@w(é,f’,n)Fdndf’d&)Q

= | Zw | 2w, xe) | Ziw || L2 (W, xR)
= ||l 22 1Yl L2 R2),

by applying Cauchy-Schwarz inequality and using (7.1).

Hereafter, we shall denote [¢,¢],, by wj* and [0,X) x [0,m) by W,,. Recall that
Ef(,€) 1= e2mhmee2ming for (¢,€') € Wy,

7.2 Generalized twisted shift-invariant spaces

We begin by recalling the definition of twisted shift-invariant spaces. A closed sub-
space V of L*(R?") is said to be a twisted shift-invariant (TSI) space if f € V, then
T (tk,l) f eV for k,t € Z". Here T(th) denotes the twisted translation given by

T(tk,l)f<x7 y) = em’(w-lfy-k)f(x - k7 Yy— l)

for x,y € R, k,l € Z™.
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In this chapter, we assume that functions belong to the GTSI space of the form
Vi (9) = span{T(,,, . 6 k.1 € Z},

for some ¢ € L*(R?*") and m € N. The main objective of this chapter is to identify
the conditions under which any function f € V! (#) can be recovered from the sam-
ples {(f, T(tmk%)nﬂ : (k1) € Z% 5 = 1,...,s}, for some suitable collection of filters
{n;}521 C Vi.(#), through a sampling formula. This falls within the framework of gen-
eralized sampling, where the aim is to reconstruct a function using a sampling formula
based on the samples {(f, T(tmk,%)nj) :(k,0) € Z?,7 = 1,2,...,s}. This idea traces back
to the work of Papoulis [113], which presents a sampling formula for reconstructing a
bandlimited function {(f, T(tmk’%)nﬁ : (k1) € Z%,5 = 1,2,...,s}. Papoulis’ result was
later extended to general shift-invariant spaces using filter bank techniques (see, e.g.,
[48, 59, 63, 118, 144]).
We now formally define GTSI spaces.

Definition 7.1. [120] Let ¢ € L?(R?). For (k,l) € Z* and m € N, the generalized twisted
translation Tt ¢ of ¢, is defined by

mi(z L —ym
T(lemh%)(b(I?y) =€ (w5~ k)¢(x - kvy - l)7 (I,y) S RQ'
Using the definition of generalized twisted translation, we have

L %):e‘““kll?_11"’2)T5m(k1+k2)7%), V (ki ), (ka, 1) € 2% (7.3)

A closed subspace V' C L?(R?) is said to be a generalized twisted shift-invariant space
(GTSI) if f € V, then T ( " l)f e V, for any k,l € Z, where T(tmk L)f denotes the
generalized twisted translation of f.

We begin with some auxiliary results which are required in the sequel.

Theorem 7.2. [116] Let ¢ € L?(R?). Suppose {T(tmk%@ k.l €Z} is a frame for V! (¢)

with frame operator S. Then S~ 1T(t kL) = T(t " Z)S L

Remark 7.3. In this chapter, we consider the orthonormal basis {e?"i( mh&+ 1 E) pmikl
k.l € Z} in L*([0, =) x [0,m)). With respect to this system, the Plancherel theorem is

given by

// Fle)Pdudy = 371U ERP, F € 20, -0) x [0,m),

k,leZ
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where Ekl(f g) e2mi(mké+ L ) ikl

Lemma 7.4. Let {c,,. L}k 1625 1y, L}kleZ be the Fourier coefficients of f, g € L*([0, L) x
[0,m)) with respect to the orthonormal system {Ee™" : k.1 € Z}. Then

/ " |10t P i = 3

kIEZ

2
E Cmp ¢ - (l—q) em'(plfkq) eﬂ’ikl . (74>

P,qEL

Proof. The Fourier series of f, g with respect to the system {Ek ekl k1 € 7} is given
by

_ ikl mm . mikl m
f= E Conk, 1€ Eyy and g = E dmk’ie Ey.
kl€Z k€L

Let us define ¢ = {cmk,%e”kl}klez and d = {dmh#e“kl}k’lez. Then, for k,1 € Z, we have
(¢ * d)(mk, L) = D pqgez Cmp, L€ pqd )7%6“(’%?)(1—(1)7 , where % denotes the usual
convolution on L*(R?). Assume L.H.S of (7.4) or R.H.S of (7.4) is finite. By making use
of the Parseval’s identity with respect to the orthonormal system {E} : k,l € Z}, we

obtain our required result. O

Remark 7.5. Let f € L2(Wm), which can be extended to a function on R? and T(uw) D€
a translation operator defined by 7, f(z,y) = f(x — u,y — v) for u,v € R. Then the

(mk, %)th Fourier coefficient of 7, f can be computed as

—_— l . vl l
w ko —) = 27rz(umk+;) E—).
T(,)f(m 7m) € f(m 7m)

Proposition 7.6. Let ¢ € L*(R?). Then the generalized Weyl-Zak transform of T(tmk L)¢

15 given by

I T 19966 ) = B(E €)™ Zig0(6.€ ), kil €Z, (§,€) € Wy, nER.
(7.5)

Proof. Now, we shall compute the kernel of the Weyl transform of T’ (t gb Consider

K ¢>(§,§,) = /T;mk,l)¢($,77 — &)™t qy
e R m
— / 6ﬂi(%*(ﬁff)mk)¢<x — mk M — 6_ ) miz(n+E) dx
R m
. I ,
= emkl€2mmk§/ (b(x’ n— (5 + _))€mz(n+£+%) dx
R m

, , l
_ ewzkl€27rzmk§K¢(§ + E’ 7]) (76)
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By applying (7.6) in the definition of Z{}V transform, we obtain

p —2mi 2 !

pEZ

[l p b
— 7rzkl 27rzmk(§+ K o —2mi €
=3 e o+ —+Z e

PEZL

_ 7T’Lk‘l 27szk§ 2mi L 5 Z K¢ §+ P 77)6_27”%&/
pEZ

= e"MERY (&, €) Zipo(€,€ ),
proving our assertion. O

The following proposition characterizes the elements of GTSI spaces in terms of their
generalized Weyl-Zak transform. Specifically, any f € V! (¢) can be expressed through
a multiplier r; acting on Zyj;¢, with an explicit formula for r; in terms of the expansion

coefficients of f.
Proposition 7.7. Let ¢ € L*(R?). Then f € V! () if and only if

Zpf(&€ m) =16, E)Zno(€,€ n), for ace. (£,€) € Wi,n €R,

or some ry € L*(W,,;wT). The explicit form of ry is given by
f ¢ f

_ m ikl _ t
ry = E :ka,%Ekle , Jor [ = E :ka,%ka7#¢-

k,lEZ k€T
Proof. Let f € span{T(tmk N )¢ . k,1 € Z}, and let ¢y (Z*) denote the space of all sequences
in (*(Z?) that are eventually zero. Then, for some {a,,; 1 }ricz € co0(Z*), we have
f - Z amk:#T(tmk,i)gb'
k€7 "
By applying Proposition 7.6 in the definition of Zj}}, we get
ZRFEE ) =Y 1 Z T 1 06, )

k,l€Z

_ Z amk l 2m (mké+L f) MklZm¢(f,§/,7])

k,leZ

Ti(m ey i m /
= (Z Ay, 1 €T e kl>Zw¢(§7§m)

k€
=rp(&,E) (€, € ). (7.7)
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Then by the isometry of Zjj;, we have

Hf“%%n@) = HZI?/fH%%WmXR)

:/ (6, €2 /\Z o(&,€ )| dnde’ de
W
_ / (€. €V 6,6, (6,€) de de

= ||rf||%2(Wm;ng)' (7.8)

Thus the map f +— 7y is an isometric isomorphism of span{T(tmk L)gb : k,l € Z} into the
collection of all trigonometric polynomials in L*(W,,; wg'). The surjectivity follows from
retracing the steps as in (7.7). Moreover, the map f — r; can be extended from V! (¢)

onto L*(Wi,;wyj'), which gives an isometric isomorphism between them. O

The following result characterizes when the system of twisted translates {’ﬁilqﬁ ke
Z} forms a frame sequence for V! (¢) in terms of the essential bounds of the associated

weight function wy' on its support.

Theorem 7.8. Let ¢ € L*(R?). Then {T(tmk L)gb : k,l € Z} is a frame sequence for V! (¢)
if and only if
0<A<Wl(E)<B<ooae () ey, (7.9)

where QU = {(&,6) e W, : wZ‘(é,E’) #0}.

Proof. Let f € V! (¢). Now, by applying Proposition 7.6 and Proposition 7.7, we obtain
(f, T(tmk,%)@m(w) = (Zy f, ZV"’}TI‘/ - L)¢>L2 (WnxR)

/ / rp(€.EVZR(E, € eI mmM 7 S N dnde de

Thus

s T g O 2@y = / rr(6, € ) (€, €V BT, (6,6 )e ™M dE de.

m

Now, by using Remark 7.3, we have

Z |<fv T(tmk7#)¢>L2(R2)|2 = Z

k|€Z k,l€Z

2

/ rp(&, Ny (&, E)VET, _(6,€)e ™ dE dE

= |!wa$|!%z<wm)
- /W (6, € Y (€, € P e de. (7.10)
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Assume that the system {T(tmk N )¢ . k,l € Z} is a frame sequence for V/ (¢), then there
exist A, B > 0 such that
APy € S NE T 1 Bzl < Bl sy ¥ FEVEG).  (T1)
klEZ

Substituting (7.8) and (7.10) in (7.11), we get

Alrs sy < | (6 €066 P g, (712)
and

[ 1€, €. €)P de de < Blirg gy (713)

m

Let N :={(¢£,¢) e Qp w(€,€) — B > 0} be a measurable subset of W,,. By choosing
[ € Vit (¢) such that r; = xn in (7.13), we obtain

/ / WP (EE) W E) — B)de de = / / (6 € )Pl (6.6 (W€ — B) dE de <0,
N le

which implies that x(N) = 0, where p is the Lebesgue measure d¢’ d¢ on W,,,. Similarly, we
can show that A < wj'(€, ¢ for a.e (€,£) € QF, which proves our assertion. Conversely,

assume that (7.9) holds. Then we have

/ (6 €) Pl (6,6 )(A — (€, €) de de < 0,
Qg

and
/ (6 € )Pl (6,6 )Wl (6.6 — B) d€ de < 0.
Qg

Now retracing the steps back, we get { ¢ : k0l € Z} is a frame sequence with

t
T(mk,#)
bounds A and B. ]

Remark 7.9. The above results (Proposition 7.6, Proposition 7.7, Theorem 7.8) were

proved for the case m =1 in [121].

Corollary 7.10. Let ¢ € L*(R?). Then {T(ltm]c L)¢ : k,l € Z} is a Bessel sequence in
V(@) if and only if
w;”(f,é) < B <o ace (5,5/) c Oy,

where QUF = {(£,€) e W, : w;?(é,ﬁl) # 0}.
181



The following result characterizes the canonical dual of a twisted shift-invariant frame

system.

Theorem 7.11. Let ¢ € L*(R?) be such that the family {T(tmk ¢k le Z} is a frame
for Vi (¢). Define ¢ € Vi, (¢) by

Tea A& i (6€) ey

0 otherwise.

Zipd(&, € n) = (7.14)

Then {Tt - l)gb k,l € Z} is the canonical dual frame for VI (¢). Moreover, we have
ar = Q.

k’L)S_l(b :
k,l € Z} (see Theorem 7.2). It remains to show that ¢ = S~'¢. Now, by using Proposition

Proof. The canonical dual frame for the system {7’ (tmk ¢kl e Z} is given by {T(tm

7.6, we obtain
<(57 T(tmk,%)¢> = <ZIT/%1/(5, ZIT/[n/T(tmk,%)w>

:/ /RZV’qﬁ‘;(fvf'ﬂ7 T o OE € ) dndeds

—1 T NTm oA & ; L . ,
- / / /me(g gy Zwels:€ ) Zipd(€, € m)e 2R ) =T e de
o Je W (€

2 m — ikl '
//m (w¢ (€,€) /|Z Cb(ff ol dU)E—k (6, f) d&dé

= [ xop€. B 6. €)™ andsa

—

(Xay)(ka ).

The frame operator corresponding to the system {T(tmk n )gb : k,l € Z} is given by

SF =D AL Tl 1O 1165 Tor £ €V (0).

k€L
In particular, by choosing f = ¢, we have S¢ = 3 (¢, T(tmk L)¢> ik l)qﬁ Again, by
k,lEZ 'm
making use of Proposition 7.6, we obtain
~ / —_— l / . / !
Zi(99)(&,€ m) = (Z (xay ) (mk, —)E{5 (6,6 )e““) Zig (&, € ), forae €& €Wy neR,
k,IEZ

which implies that

Zi(S9)& € m) = xap (&) Zie(&, & m),  forae & eW,,neR.
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However, it can be shown that xqn (&, ENVZma(€, € n) = Zmé(€, €, n). This leads to the
fact that ZV”‘}(SQNS) = Z{;¢, proving our assertion. ]

We now focus on Riesz sequences in twisted shift-invariant spaces. The following
result gives equivalent conditions under which the system {T(tmk L )qb . k,l € Z} forms a

Riesz sequence for V[ (¢).

Theorem 7.12. Let ¢ € L*(R?). Then the following conditions hold:
(1) The system {T(tmk,%@ k.l € Z} is a Riesz sequence for V! ().
(i) 0 < A< W& E) < B <o ae((E) €W,
(1ii) The system {e™™ B, - k,1 € Z} is a Riesz sequence for L*(Wp;wp').

Proof. (i) <= (ii) Assume (i) holds. Let {a,,, +} € (*(mZ x £). By using Proposition
(7.6), we get

Zamsz kl¢

2

HZVW&( 2 amkvéTfmka))
L2(R2)

klEZ kleZ L2(Wi xR)
= || 2 Okt T T 1
kI€Z L2(Wy xR)
2
:/ / Za k:l 27r'L mk£+ 5 ﬂzklZW(b(é-é; 7]) d?]df dé.

m YR 1ez
— [ | awg Bl O /‘ZV%M | dnas'ag

W | ez
/ Z Ao, lEkl(§ e m}d (fafl)dfldf- (7.15)
Wi | ez

Let p € L*(W,,). Then the Fourier series representation of p is given by

D= Z amk,iElTlemm
klez
It follows from (7.15) that

Zasz kl)qﬁ

k,leZ

- / Ip(E, €2 (6,6 )de de.
[2(R?) ”

Moreover, by using Remark 7.3, we have ||p||2w,,) = > [@y 2| for any p € L*(W,,).
klcZ m

Assume that {Tt ¢ : k,l € Z} is a Riesz sequence. Then there exists A, B > 0 such

mk, L)
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that for all {a,,, + : k,{ € Z} € (*(mZ x Z), we get

A Z |a’mk,%|2 S Z amk,%ir(tmk,#)gZS

kIEZ kI€Z

<BY gyt (7.16)

2
L2(R2) klez
Thus,
A / p(6.€)|? de de < / p(6, € )P (6,6 dé dé < B / p(e,€) 2 de'de, (7.17)

Win

for any p € L*(W,,). Let M = {(£,€) € W, : w;”(f,ﬁ/) > B} be a measurable subset of
W,. By taking p = xp in R.H.S of (7.17), we get

[[wree)-pacic<o

which implies that p(M) = 0, where p is the Lebesgue measure d¢ dé on W,,. Similarly,
we can show that p{(¢,€) € W, w;”(f,{/) < A} =0. Thus

0<A<w](é€)<B<ooae (£E) €W,

Now, assume (ii) holds. Let {amk’i} € coo(mZ x £). Then by using (7.15), we get

/ Zamkl 2mi(mké+-L §)7rzk:l Zalekl)¢
W

2

de de <

klEZ klEZ L?(R?)
2
/ Z 27rz(mk§+ 5) ikl dg’dg
Wi | ez
(7.18)
Then the result follows by using Remark 7.3.
(i) <= (iii). It follows from (7.15) that
2

Z amk,%T(tmhL)gb Z s, L Eszemm 5 (7.19)

k,cZ "L (r2 k,lcZ L2 (Ww}')

for any {a,,. L } € (2(mZ x £). As an immediate consequence of (7.19), we can prove

(iii) == (i) directly. Assume (i) holds. The boundedness of wj' leads to the fact that
span{e™ B} k,l € Z} = L* (Wi w}').
By making use of (7.19), we obtain our required result. O

Remark 7.13. The equivalence (i) <= (ii) in Theorem 7.12 was proved for the case
m =1 in [119)].
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The following lemma characterizes the continuity of the functions in V! (¢) in terms

of the continuity of the generator and its uniform boundedness.

Lemma 7.14. Suppose ¢ € L*(R?), Then the following statements are equivalent:
1. For any {amk,i}klez € *(mZ x Z),
> o £ T g 1)9
k,lcZ "

converges pointwise to a continuous function.

2. ¢ € C(R?) and

l
sup |p(x —mk,y — —)J” < oc.
m,yGRQkJZeZ m

Proof. Assume (1) holds. By choosing agg = 1 and a,,, + = 0 for all (k,1) # (0,0) in (1),
we obtain ¢ € C(R?). Since ¢ € L?(R?), we have

// Z!M—mky——)\dydw:Z// 60— mh,y — )P dy d

k,leZ kleZ

m(k+1) pltL
= / / (z,y)|* dy dz
mk

kleZ

=/R/R|¢<x,y>|2dxdy<oo,

Hence Y |¢(z — mk,y — %)‘2 < oo for a.e. x € [0,m), y € [0, +). Moreover, by using
k€L

continuity of ¢, we obtain > |gz5(q;—mk;, y—#) !2 < oo forall z,y € R. For each z,y € R,
kl€Z

define an operator T{,,) on (*(mZ x Z) by

T(a:y {CL k, l} Z mk: fn ¢( y)

kleZ

Consider

’T(m,y)<{amk,#})| < Z ‘amk,#HT(tmk,%)(b(xay)‘

kIEZ

— m‘(%)—ymk —mk.y — L
Z |amk,%||€ ¢(I mr,y m)’

k€7

: N

= ( > |amk,;n|2> < > [o(w—mhy - 5)}2) )
k€7 k€7

185



%
which in turn leads to ||T; || < ( > |o(z—mk,y—L) ‘2) for all z,y € R. Furthermore,
k,IEZ

2
we can show that T, is a bounded operator with ||T, || = ( > |o(z—mk,y— L) ‘2)
k,IEZ

by choosing ¢, + = ¢(x —mk,y — %)e‘”i(%)_ymk. From our assumption (1), we have
sup } Z amk7%T€mk7L)¢(I7 y)’ < 00,
(z,y)€l0,m)x[0,:)  kicz "

which implies that

SUP Toy({Cpp, L 1)| < o0
(z.y)€[0,m)x[0,L m

By applying the uniform boundedness principle for the family {7, : (z,y) € [0,m) x

[0,-1)}, we obtain sup | Ty,y|| < co. That is, there exists M > 0 such that
(z,y)€[0,m)x[0,1)

Z |gb(ac —mk,y — %)’2 < M?* for all (x,y) € [0,m) x [0, %)

k€L
Since the function (x,y) — > {qb(x —mk,y — %HQ is m x % periodic on R?, we get
JeZ
sup Y. |o(x — mk,y — %)|2 < M?, proving our assertion. Conversely assume that (2)
z,yER k,I€Z
holds. For all z,y € R,
mi(Z —ym l
Z |amk,%T(tmk’#)¢(x7y)| = Z |amk,%|’6 Gy k)¢(x - mk7y - E)|

kEZ k€T

l
<D [y 1|0l = mh,y — —)

klEZ
1 ; 1
2 2
(S lomsl) (3 bt - mboy - 1)
kl€Z kl€Z
1 1
2\’ L2)\?
< (Y lorl) s (S lole —mhy— ) < oo,
k€7 YER \ 1 ez
which follows that the series k%Z Oy, L T(tmk’ L )¢ converges uniformly on R2. Since ¢ is
continuous, then the limit function is continuous. O

Remark 7.15. For m = 1, the above characterization lemma was proved in [119].

With the assumption on ¢ being continuous and uniformly bounded, the following

lemma assures the continuous property of functions in VY (¢) for ¢ € V! (¢),
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Lemma 7.16. Let ¢ € C(R?) N L*(R?) be a function such that the system {T(tmk ¢
k,l € Z} is a frame for V', (¢) and > |¢p(x—mk,y—L)|* < M, for all z,y € R. Suppose,

k,IEZ
for v € Vi(p), the system {Tt ke L )w k1 € Z} is a frame for V! (¢). Then there exists
a constant C > 0 such that

NS N
D (e —mky— )P <C Yol —mhy — ).

k,l€Z kl€Z

Proof. The generalized Weyl-Zak transform of v is given by

Ziap(6,€ ) = rp(&,€) Z(6,€ ), for ae. (£,€) € WonER,

(see Proposition 7.7). By applying Theorem 7.8, we can show that r, is bounded a.e. on
Q. Define 7 € L2(Wp; wy') by 7 = X One can notice that 7 is bounded a.e. on W,,.

Thus the Fourier series representation of 7 is given by 7 = »_ a mk, L Ee mird Tt follows
k€7

from Remark 7.5 that the (mk, L) Fourier coefficient of T(—u,z)(7) is given by

— l

~ mi(Z —ym
T,z (7)(mk, E) == k)amk%, for all z,y € R.

Now, for a.e. (§,¢) € W, n € R, we have 7#(&, ) Z6(,6',n) = 14(&,€) Z{0(,€ m),
which implies that Z (€, & n) = 7(&,€)Zmp(€,€',1). As a consequence of Proposition

7.7 and Lemma 7.14, we obtain ¢(x,y) = Zamk’LT(tmk L)qﬁ(a:,y), x,y € R. Hence, by
Kl ™ vm

making use of Lemma 7.4, we get

[
Z|wx+mky+ Z Zamp oz +mk,y + )
k,l€Z k,€Z ' p,qeZ
(- mk) L~y L ymp) (1—a),|
:Z Zampie m m ¢(x+m<k_p)7y+ m )
kJIEZ ' p,qeZ
ikl (24 i(pl—k (l—q) ’
=D MY 2 eI DG (ke — p),y + )
k,IEZ P,qEZ m
2
= / T(5.5)(7) (Z O +mp,y -+ ) Eye ) (6.€)| dede
m P,qEL
2
< 17,2y (P13 / ( > dla+mp.y+ 1)Efe ) (&) dedg
Win 1\ pgez
- q
<72 3 16 + mp.y + L,
D,qEL
which completes the proof. O

187



Remark 7.17. Note that if any one of the condition of the Lemma 7.14 is satisfied, then
any f €V, (¢) is defined on R? as the pointwise sum f(z,y) = >, oz amk%T(tmk’%)gzﬁ(x, Y).
Moreover, if {T(tmk%)gb : k,l € Z} is a Riesz basis for V! (¢), i.e.,
A P <D0 it T 10l < B Jay 1, (7.20)

k€T k,IEZ k,€EZ
then V! (¢) is a RKHS since the point evaluation functionals L, for any (z,y) € R?,
defined by the formula

Lapf =F@.9) =Y a1t Tl 1,0(2,y), [ € Vi(9)

k€L

are bounded in V! (¢). Indeed, by applying Cauchy-Schwartz inequality in the above
equation and using (7.20) for any (z,y) € R* and f € V! (¢), we have

2
feaP < EES s

kl€Z
< AP ri(—ymb) . NG
<Dl o —mhk,y - —) (7.21)
k,l€Z
l 2
< sup Y |p(x —mhk,y — —>|2@-
zyeR? ez

In the next section, we characterize the recovery of a function f € V! (¢) from its gen-
eralized samples, which are given by the inner products of the signal with elements of
a Bessel family constructed using twisted translations of appropriately chosen functions.
Additionally, we establish conditions under which these samples correspond to the func-

tion’s pointwise values, leading to the classical Shannon sampling formula for V().

7.3 Stable sampling for generalized twisted shift-invariant spaces

We choose {n;}5_; € V(¢) such that the collection {T ik, 1113 kle; """ * is a Bessel
sequence in V! (¢). For j = 1,2,...,s, the sampling operator S? : Vi(¢) — (*(Z?) corre-
sponding to the Bessel sequence {T(tmk n )nj}ﬁég """ *in V! (¢) is defined by

S](f)(ka l) = <f7 T(tm]%%)nj% J=L2...s (722>
We call the collection {S7(f)(k, l)}{kllzigs as the generalized samples of f. We ssume

that the generator ¢ is continuous on R? and sup Y. [¢p(z — mk,y — %)\2 < 00. In
z,y€R2 k,I€Z
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addition, we also assume that the system {T(tmk . )gzﬁ : k,l € Z} is a Riesz sequence. Define
T35 - LA(Winwi') = Vi (9) by
m m ikl
T(F) = (F, Ee )Lz(wm;wgl)Tgmk’%@.
k,l€Z
Since the system {T(t gzﬁ k,l € Z} is a Riesz sequence with bounds A and B, we have
the following inequality:

AN (F By e P <

k€T

< B [(F,Ep e, (7.23)
kJl€Z

> AR BLem™ T, 1
kI€Z

for all F' € L*(W,,;wj'). Moreover, from Theorem 7.12, we have
ANF (2 womy < I Fll2w) < BIF2wgwr), ¥ F € L (Win; wy') (7.24)

for some A', B > 0. Hence, the boundedness and injectivity of T3 follows from (7.23)
and (7.24). Now, we aim to show that T}" is surjective. Let f € V! (¢). Then f can
be represented as f = > a,, zT b L gb for some {a,,.. z} € (*(mZ x L). Define

k,l€Z
FeL*(Wy) by F= 3 a,, zEﬁlem’“l Now,
k,l€Z
F F
Tgl [ Z —,E,aneﬂlkl Tt N
w wm 0 (mk, 1)
¢ klez V¢ L2(Wmiwit)
_ Z < Z p, lEm mipq Em mkl> T(tmk L)Qb
bict \ pact LWn) (7.25)
m m m 7rzkl
— ]{g:z ZZ mk, l E Pq E >L2(Wm)T(tmk’#)¢
€4 p,qc
= k;zamk,fnT(tmk’L)gb =/,
Ne

proving our assertion. Thus the operator 7" is bounded and invertible.

The adjoint of T7" is denoted by (77")* and it is calculated as

(T3 (F) = Y AF Tl 1) Br2an BRi™, v f € LA(R?), (7.26)

k,leZ

which Satisﬁes <T$F, f>L2(Wm;wGT) = <F, (T(;n)*f>L2(R2)

Remark 7.18. Recall that QF' = {(¢, &) e W, : wi (&, ¢) # 0}. Since the system
{T(tmk L)gzﬁ : k, [ € Z} is a Riesz sequence, by using Theorem 7.12, we have (W, \ Q') = 0,
where p is the Lebesgue measure on W,.
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Remark 7.19. Throughout this chapter, we assume that the system {Tt ke, L )¢ k1 €7}
is a Riesz basis for V! (¢). Then, by making use of Theorem 7.12, there exist a, 8 > 0

such that o < wgl({,f/) < Bforae. (£,€)eW,

..... s

The following proposition provides an expression of the samples {S7(f)(k, 1)}/

kl)eZ2
in terms of inner product in L*(W,; wj').
Proposition 7.20. The sample expression (7.22) has the equivalent form:
ST )k, D) = (F, ™ BiiGiom) 2w, (7.27)
where F' € L*(Woy; w§') is such that TJN(F) = f, gjm = >, S7¢(p, q) E} e ™.
P,qEL

Proof. Let f € V! (¢). Then there exists F € L*(Wy,;wy') such that T;*(F) = f. By
making use of (7.26) and (7.3), we get

() T 15 = D (o)) Tl 115, 6) Epe™

P,qEZL
_ Z SR l)n],gﬁ)queﬂqu
D,qEZL
—mi(gk—pl) it m 7rz
_ Z (gk—pl)p (m(k; . )7717¢>E Pq
P,QEZL
7.28
= Z 77]a¢ k P’ l—q’eﬂpqeﬂikl ( )
P,qEZ
_ Elt;nl ikl Z 77J7¢ _p e 7r7,pq
P,qEZ
= E}g?le”kl Z Sig(p, q) B e~mrd.
P,QEZL

From (7.28), we obtain

Sf(k,1) = <T$(F)’Tgmk7%)nj>L2(R2) = (F, <T$)*T(tmk,%)nj>LQ(Wm;w = (F,e™™ By 1im)
(7.29)

where gjm = > S7¢(p,q)EJ,e” ™9 in L*(W,,; w}'), proving our assertion. O
P,qEL

From above Proposition, it is clear that the recovery of f € V! (¢) from the sam-

ples {S7(f)(k, l)}]kl eif reduces to the recovery of F' € L*(Wy,;w}') from the sequence
{(F, ™™ Emg;m) L2 (W) Zk:ll)zzzs To study the frame properties of the system
mikl pm —Jj=1,2,...,
{ Ekl 9jm zkl)QZQSa
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we now consider a s x 1 matrix for each (£,¢) € W, as follows:

’ T
UEE) = Jog (€. 8) (91066 9206 ). gunl6.6))  EE W (7.30)

We shall denote the transpose conjugate of the matrix U(£,£") by U*(€,¢') and the func-
tion U (£, ENU(E,€) by E(&,€).

We have the following result:

Theorem 7.21. Let {n;}5_, C V;\,(¢) be chosen such that the samples (7.22) are defined.
For gin = Y., S7¢(p,q) Ere” ™iPd | consider the matriz U(E, &) defined in (7.30). Then

P,qEZ
the following statements are equivalent:

(i) The collection {Tt e L )nj}j 1 s a Bessel sequence in V(o).
(17) The collection {e’”klEk lg]m}(k ners” i a Bessel sequence in L2 (Wis wi).

(i) ess-5Up e g en, (z gy (6 )2 )

Proof. The equivalence (i) <=> (ii) follows from (7.29) and boundedness of T7".
(i) <= (ili). Let F € L*(Wy;wy'). Then, by using the Plancherel theorem with

respect to an orthonormal basis { E},e™* : k, 1 € Z}, we have

ZZ [(F. mmEklgﬂm>L2 mem)| _ZHFQmegLHL? W)
7=1 klEZ
// (Z!\/wqb £.€)g5m(E,€) \)\Féf P ¢y e de

~ [ eeOireorapie e (7.31)
From equation (7.31), it is clear that
Z > K e™ENgm) o, wm)l < esssup E(6E)IF 1w, (7.32)
=1 keZ (5& YEWm

for every F' € L?(Wp,;wj'). If (iii) holds, then (ii) holds directly from (7.32) and Remark
7.19. Conversely, assume (ii) holds. Let B > 0 be such that

Z Z (F, e’”]’“lEmg]m>L2 Wi )‘ < BHFH%Q(Wm;ng), for all F € L*(Wy,;w}').
=1 kleZ

(7.33)
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In order to prove (iii), it is sufficient to show that ess-sup ¢ycy,, €(§, ¢) < B (in view
of Remark 7.19). Suppose not, then there would be a positive measurable set W C W,
such that zi,n (W) > 0 and E(6,€) > B for ae. (£,¢) € W, where pe is the weighted
Lebesgue measure with respect to the weight wi* on W,. Define H € L>* (W, w;’f) such
that
ey =1 ° %f <f,§:> € ((0.) x [om)\ W
if (§,&)eW.

Then, by using (7.31), we get

SN KH M Engm | = / E(& E)H (&) Pwp (€,€)dE'de > BIH | 2w, ),
j=1 kteZ Wi
(7.34)
which is a contradiction to (7.33), proving our assertion. Now we prove (i). If the system

{e ’”ME,Tlg]_m} (k) Ei’; is a Bessel sequence in L*(W,,; wj') with Bessel bound B. Then from

our claim, it is clear that B < B < oco. Hence the claim follows. O

We have the following main result:

Theorem 7.22. Let {n;}i_; C V,\(¢) be chosen so that the collection {T(tmk’%)nj}jzl is
a Bessel sequence in V! (p). Assume gjm € L (W wit) for which the matriz UEE) is
defined in (7.30). Then the following conditions are equivalent:

(1) The set mZ x % is a stable set of sampling for V(o).
(it) There exist functions B;,j =1,2,...,s such that the collection {T(tmk,%)ﬁj};:l is a
frame for V(@) and the following sampling formula holds for any f € V! (¢) :

Z Z STf(k,DT, mk, L Ba(x y), (x,y) € R% (7.35)

=1 keZ

where the convergence of the series in (7.35) is in the L*(R?)-sense and uniform
on R2,

(iii) The system {e™k E™ lgjm} ) n2ev® is a frame for L*(Woy;wi'). That is, there exist
constants 0 < A < B < oo such that the following inequality holds for any F &
L2 (W w}')

AIFIP <) > F ™ Egia)l® < B F|I”

=1 k,lcZ
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(iv) There exists a 1 X s matriz W with entries in L=(W,;wi') for a.e. §& € Wy,

satisfying

W& EWEENUEE) =1 forae (£€) W,

(v) ess-inf(e ey, <j21 Igj,m(ﬁ,é')P) >0
Proof. (i) <= (iii). Assume (i) holds. Then there exist two constants A, B > 0 such that

AP < D187 (R DI < BIFI, ¥ f € Vi(9). (7.36)

k€T
By applying Proposition 7.20 and bounded property of 77" and (Tdr)”)*1 in (7.36), we get
the following inequality for any F' € L*(W,y,; wg') :

T 1||2”F”2 <30 3 IF e g < BITE

j=1 kl€Z
proving our assertion. Conversely, assume (iii) holds. Then proceeding as before we
obtain our required result.
(ii) = (iii). By applying (7}}*)~" on both sides of (7.35) and using Proposition 7.20,

we get the following expression for any F' € L*(W,; w}')

F=Y Y (Fe™Ep 1Tim) (T3 (T, 1)B5). (7.37)

j=1 klcZ

Since (T(;”)_1 is bounded and surjective, then by [42, Corollary 5.3.2], the collection

(T (T B Vi

is a frame for L?(W,,; wy'). Further, by Lemma [42, Lemma 6.3.2], the collections
{e mklE,TlW}(;ll 25 and {(T5)~ (Tt —y BJ)}]M 27 are dual frames for L?(W,,; w]")

and hence (iii) holds.

(v) <= (iii). Assume (v) holds. Then by using hypothesis that {T(tmk N )77;'}}9':1 is a
Bessel sequence in V}/,(¢) and Theorem 7.21, we have ess-sup ¢ ¢/\cyy,, ( > i1 195m (€ §l)|2) <
oo. Consequently, by using Remark 7.19 and (7.31), we have

ess mf EEEFI? < Z Z [(F mmEmgjm>L2(W i )| < ess-sup E(E,E)||FIP,

j 1 kﬂeZ (gvgl)ewm
(7.38)
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for any F € L*(W,,;w}'). This leads to the fact that the collection {e™" E}"g; zk ll)é’zg’s
is a frame for L*(W,,;w}"). Finally, by using (7.29) and bounded property of T}" and
(T")~" in (7.38), we get

ess-inf ;. .y E(§,
jjfT)})HQ Dy < DAL T o) e | < esssup €6, IR,

J=1k,JI€Z (& 5 YEWm

Hence (iii) holds. Conversely, assume (iii) holds with lower frame bound A > 0. Following
the proof of Theorem 7.21, it can be easily shown that ess-inf ¢ .y, E(&,€) is the largest

constant satisfying

ess- mf EENF|? < Z Z [(F, ™ B ng>L2 Wi )‘2 V F € L(Wp;wi).
(6£)e =1 k,tez

This gives 0 < A < ess-inf o)y, E(8, ¢') and hence (v) holds. This completes the proof.
(v) = (iv). Assume (v) holds. Then, from Remark 7.19, we have

ess-inf U™ (&, €U E) >0

(&E)eEWn,

Thus the Moore-Penrose pseudo inverse matrix is given by

UNEE) = U (& EUE O UEE) forae(E,E) € W, (7.39)

and it satisfies Ut (€, €U, €) = 1. Moreover, the entries of YT are essentially bounded

since the functions g;,,, j = 1, ..., s, are essentially bounded and

ess-inf U*(&,ENU(E,€) >0

(&€ )EWn

(iv) = (ii). Let F' € L*(W;,;w}'). From the assumption that there exists 1 x s matrix

W such that wgl(f,f’)W(f,5/)U(§,§/)F(§,5/) = F(&,¢€) for ae. (£,&) € W,,. Let us
define W(E,€) = (T4(£,€), ..., U (£,€)) for some Uy, ..., U, € LWy, wy). Then, we
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have
F(E€) = \Jw (& EIW(EEMUEEF(EE)

gl,m(&a 5/)F(£7 5/)
= (68) (1(6.6). - 1(E8) '
g1,5(&EVF(EE) (7.40)

= WP E) D gm(EE)F(EE),(E8)
j=1

= () Fgjmwy¥;)(5,6).
j=1

On the other hand, since the functions g¢;,,, 7 = 1, ..., s are essentially bounded, we have
the following Fourier series representation
Z (Fgjmwy's BLye™) 2w, Brie™ = Fgjmnwy. (7.41)
kl€Z

By substituting (7.41) in (7.40), we obtain

Z Z (F, Eklemklgjm>L2(me )Eklemm\llj

=1 k,€Z

(7.42)
Z Z Fgjmwy ,Tle’”kl> 2w, )Ekle’”kl\lfj =F.
=1 k,le
By applying Tj" on both sides, we have the following equation:
f= Z Z<Fa Eszemklgj,mﬁ?(Wm;w;?)T (Eklemkl\pj)’ (7.43)
j=1 klE€Z
where T7"F = f. Now, by the definition of T}", we get
Tm<Ekzemkl\IJj) = Z <Ekz€mkl‘1’j’ E;)?qeﬂipq>T(tmp,%)¢
P,qEZ
S B T,
DP,qEZ
_ m 7rz —mi(pl+qk)
- Z <\Il E Pe P >T( (p+k), (q+l))¢'
P,qEZ
By making use of (7.3), we get
T (Epem M) = Z <\Ifj7E;’:‘qe”pq>T( kL T(mp )9 = ka L \Bi (7.44)

DP,qEL
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where B, = > (U, E;?qemm)T(tmp%)qS. By substituting (7.44) in (7.43), we obtain

D,9EL

S

F=Y>(F EL"zemklgy,m>L2(Wm;wgl)T(tmk,#)5j~
j=1

=1 k,lcZ

1,2,...,s

Now, we aim to show that the system { e L BJ }]k ez

is a frame for L*(W;,;wy'). As
a consequence of the Plancherel Theorem for the Fourier series, we have

Z > WE B e™ W) 1o (Wi Z > UFTw, ERe™) )

=1 kcZ j=1 k,lcZ

= Z ||F‘I’JW¢ ||L2 W)

< "\I[j(’°$||%°°(wm;w7") H} ||%2(Wm;wm)'
[ [

This shows that the system {E}e™*W; }Zk ll ’é’ZQ’S is a Bessel sequence in L*(W,;wj').

1,2,...,s

Moreover, the system {T mk, L ﬁ]}jk 1)ez?

is a Bessel sequence for V() since T}" is
invertible.

Further, by Theorem [42, Lemma 6.3.2], the collections

1,2, j=1,2
{ka L nﬂ}%kleZQ and {T mk, L BJ}kleZQ

are dual frames for L*(W,,;wy') and hence (7.35) holds. The convergence of the series
(7.35) in L?(R?) norm is due to the Bessel property of the collection {T ik L @ }gkllé’zg :
For its uniform convergence, note that for given e, there exists N, M € N such that we

have

ZZ ZSJ (k, 0T kl)ﬁjxy ZZS] (k, DT, kz)ﬁg(xy)

j=1 k=—N (=— J=1 k.teL (7.45)
1 l

< = z : o k 72 o 2<

- Ax,sylgﬁ?kmzww ey m)| | fv.0a = 1 ©

where fy o = Z; 1Zk_ NZZ_ STf(k, l)Tt ke, Z)ﬂj, the first inequality is due to
(7.21), the last inequality follows from the convergence of the series (7.35) in L?(R?)-

norm. This completes the proof. O

Remark 7.23. To establish the equivalences (i) <= (iii) and (v) <= (iii) as well
as the implication (i) == (iii), we can relax the condition that g is in L>(W,;w}). In
fact, the proof shows it is sufficient for g is in L?(W,,; wy).
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In the above theorem, we obtained a sampling formula for a function f in V(o)
with the generalized samples {(f, T ik, L m)}” k) Ei‘; as the coefficients. Now, we wish to
obtain a characterization theorem for the sampling formula with functional value samples
{f(mk, #)}k,lez as the coefficients. The following lemma will be used to prove such
a characterization theorem. In fact, in Lemma 7.24, we shall express the generalized

samples {(f, Tfmk,i)w}(k,l)eZ? in terms of the functional value samples {f(mk, L)} ez

for some ¢ € V! ().
Lemma 7.24. Let ¢ € C(R?*) N L*(R?) be a function such that
0<A<L|BEE) <B<oo, forae (€)W, (7.46)

Define ¢ € V! (4) by

0 otherwise.

Zyb(&, € m) = (7.47)
Then there exists a function ¥ € L*(R?) such that the system {T(tmk L)lﬁ ck,l € Z} is the
canonical dual frame for {T(tmk L)w :k,l € Z} and satisfies

l

(f.T,, L b)) = f(mk, E)’ for all f €V, (9). (7.48)
Proof. Let f € V!(¢). Then, f can be expressed as
— t

x,y) = Z e, L T L)gzﬁ(x,y), for all z,y € R. (7.49)

kiez "
One can notice that Q7' = Q7. By using (7.46) and Remark 7.19 in Theorem 7.12, we can
show that the system {Tt Y@ k,l € Z} is a Riesz sequence for V! (¢). Now, by making
vkl eZ}is

mk,-L)
use of the Theorem 7.11, the canonical dual frame of the system {Tt

given by {Tfmk7#)¢ : k,l € Z}, where

mk,-L)

~ ’ W;Zmiﬂ(&f/»ﬁ) if (575/) S Qy
Z(e € m) = § e ’

0 otherwise.

Hence every function f € V! (¢) can be written as

f Z fa mk, l)w mk, l)w in L2(R2)

'm
k,leZ
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By using (7.46) and (7.47), the generalized Weyl-Zak transform of 7, can be rewritten as

SRR ) i (6,€) ey

0 otherwise.

Zpap(€,€ n) =

Now, by making use of Proposition 7.6, Proposition 7.7 and (7.50), we get

T 1)) = T3, T )
// /Zv@f &€ ZmTtmk i w(f,f’,n) dnde’ de

- / / / (6, € ) Zii(E, € me2mimke ) gkl gy e’ ge

// / (& E)ZHo(6.E ) (é?)zv%(éé T2tk )

(7.50)

—mikl d'f]d§ dg

/ / / (€. €) 2ol € ) ol) Zmre ottt ) ikt g’ g

wy'(€,¢)

w

P
- [ e A .l ([ 1zmote.¢ mpPan ez eomiag ag

= [ eyt hetrimenie i ag ag

Since r® € L*(W,,), then the (mk, %)th Fourier coefficient of r® is given by

Z U, 2 p(m(k — p), (l_q>)€ﬂ(pl—kq)emkz.

m
p,9EL

Thus,

(1T ) = ’“’// H(E,E)B(E, € )e 2R ) gegg’

[ — . )
_ —mkl Z amp— p) ( Q))em(Pl—kq)emkl

m
p,q€EZ

= ) 2™ PG (m(k — p),

P,qEZ

l
- Z amP%Tfmp%)qb(mk, E)

P,qEL

(l—q)

m

)

Then the result follows by substituting (7.49) in (7.52).
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Theorem 7.25. Let ¢ be a function such that ® € L>(W,,;wi'). Define m € V5. (¢) by

, D) (e € i (£,€) eqr
Zywm(&,&n) = (“)W( W R e

0 otherwise.

Then the following conditions are equivalent.

(i) The set mZ x £ is a stable set of sampling for V!, (¢).
(it) There exists a function ¢ € V(@) such that the collection {T(tmk L)@/J ck,l€Z} s
a frame for V! (¢) and the following sampling formula holds for any f € V(o) :

l
f= Flmhk, )T(, 10, (7.53)

where the convergence of the series (7.53) is in the L*(R?)-sense and uniform on

R2.
(11i) The system {e™™ B\ ®} g neze is a frame for L*(Wo,;wi').
(iv) There exists a function W in L>(W,,;wi') satisfying

Wi (& EWEEMUEE) =1 forae (§,€)eW,
where U(E,€) = /o7 (£,€)D(E.€).

(v) There exists a positive constant A such that

@(6,€)| = A, for ace. (£€) €W,
Proof. (ii) <= (v) Assume (7i) holds. Then, by choosing f = ¢ in (7.53), we get

¢ = qumk— ey i L(R?).

kleZ

By applying Proposition 7.7, we have

Zigo(€,€ n) (Zcb )erilmke e ’”kl)Zm@D(fS n

for a.e. (£,€) € Wy, n € R, which implies that

Zmo(&,& n) = (&) Zm(€,& \n) for ae. (£,€) € Wy,neER.

Hence one can obtain «'(¢,€) = / Zo(E, € )2 dy = [B(E,€) Pl (€,€), which in
R

turn leads to the fact that Q' C Q. By applying Theorem 7.8 for the spaces V(o)

and V! (), we can show that there exists a constant A > 0 such that |®(&,¢)] > A > 0,

for a.e. (£,€) € W,,. Conversely, assume (v) holds. From Theorem 7.22, there exists a
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function ¢ € V! (¢$) such that the system {T(t Y : k,l € Z} is the canonical dual frame

mk,%)

for the system {T(tmh I k,l € Z} and the following sampling formula holds:

F= A Tty )T 1 ¥ f € Vi (0).

k,EZ

This leads to the fact that the system {T(tmk%)@b : k,l € Z} is a frame for V! (¢). Then
the result follows from Lemma 7.24. Now, from Remark 7.19 and Corollary 7.10, we
have that the system {T(tmh L )'rh} is a Bessel sequence in V! (4). Recall that g, =
ST e, T(t k%)nﬁE}g?le”kl and ® = > ¢(mk, L)Efe™ . Tt follows from the similar

klcZ m k,€Z
steps as in (7.51), we obtain

’ . / . ’ l
0T eym) = [ @€ meriemitdgde’ — gimb, ),

This shows that g, = ®. Hence the proof of the remaining equivalence conditions follows

directly from the Theorem 7.22. O

7.4 An application using twisted B-spline as a generator

Example 7.26. Define ¢; by ¢1(z,y) = xj0,1)()Xp0,1)(¥). Let ¢ = ¢1 x ¢1, where x is
a twisted convolution. Then, the explicit form of ¢, is given by

(

0y (1 = cos(mzy)), if (z,y) € (0,1] x (0,1]
2 (cos(ma(y — 1)) — cos(mz)), if (x,y) € (0,1] x (1,2]
27, Y) | 7= (cos(m(x — 1)y) — cos(my)), if (z,y) € (1,2] x (0,1] (7.54)
= (cos(m(x — y)) — cos(m(x +y —ay))), if (v,y) € (1,2) x (1,2)
0 otherwise.

\

(see [46]) and is depicted in Figure 7.1.

Now, we aim to show that ¢, is continuous on R?. Let E denote the boundary
points of the square [0, 2] x [0,2] The continuity of ¢ on R?\ E follows directly from the
definition of ¢ since the polynomial functions with two variables and the cosine function
are continuous. Let us split the set £\ {(0,0),(0,2),(2,2),(2,0)} into eight segments,
namely, F, By, B3, Ey, E5, Eg, E7, Es, where B} = {(a,0): 0 < a <1}, By ={(a,0) : 1 <
a<2}, BE3={(2,0):0<b<1}, By ={(2,b): 1 <b<2}, E5={(a,2) : 1 < a< 2},
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Figure 7.1: Twisted B-spline ¢,.

Figure 7.2: Real part of ¢ (left) and imaginary part of ¢ (right).

Es={(a,2):0<a <1}, Bz ={(0,b) : 1 <b< 2} and Eg = {(0,b) : 0 < b <1}. One
can notice that ¢g(a,b) = 0 for all (a,b) € E. Hence, it is enough to show that

lim )q§2(:c,y) =0 V (ab)e€F.

(z,y)—(a,b

Fix (a,b) € £y U Eg U {(0,0)}. Now, by using Taylor series expansion for any (z,y) €
(0,1] x (0,1), we have

(1 —cos(mzy)) = %Z (_1)? (may)? L.

m2ay

Thus ¢o(z,y) — 0 as (z,y) — (a,b) along any direction in a neighbourhood of (a,b), for
all (a,b) € By U B, U {(0,0)}.
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Let (a,0) € E;U{(2,0)}. Then, by applying the fact that cos(rzy — my) — cos(my) =
—2sin(™2) sin(T2=2) and |sin("2Y)| < |™2¥|, we have

my(x — 2)

5 )|, forall z,y € (1,2) x (0,1).

2
|22, y)| < =|sin(
™

Hence ¢o(z,y) — 0 as (z,y) — (a,0) along any direction in a neighbourhood of (a,0), for

l<a<2.

It is easy to show that the continuity of ¢ on Ej3. In fact, as (x,y) approaches (2, b)
along any direction in the neighbourhood (1,2) x (0, 1), we have

G2, y) — 7T22b(cos(7rb) — cos(mb)) = 0.

Furthermore, the continuity of ¢, on E4 U {(2,2)} follows in a similar way. Indeed, we

have

(@, 1>m?2b o, y) = 5oy

Similary, we can show that the function ¢, is continuous on E;5 U Eg.

(cos(m(2 — b)) — cos(m(2 —10))) = 0. (7.55)

Fix (0,b) € E; U{(0,2)}. Since cos(rmzy — mx) — cos(mz) = —2sin("5) sin(@)

and [sin(75¥)| < |55|, we have

2 -2
oa(e.)) < 2]sin™ L2 for ail ey € (0,1) x (1.2).
m
Thus ¢o(z,y) — 0 as (z,y) — (0,b) along any direction in a neighbourhood of (0, b), for

1 < b < 2. This completes the proof that the function ¢, is continuous on R2.

In order to apply the Theorem 7.25, it is necessary to verify the uniform boundedness
of ¢5 and Riesz property of the system {T(tkyl)gbg : k,l € Z}. Since supp ¢y = [0,2] x [0, 2],
which in turn leads to the fact that

sup Y [da(z — k,y — ) < 00

TYER | ez

It has been proved that {T(tk,l)(b? :k,l € Z} is a Riesz sequence by using Gram matrix in
[46]. Now, we aim to obtain a sampling formula for a function f € V'(¢,) by using the
Theorem 7.25. As ¢o(k,l) =0 for all k,l € Z\ {1}, we have

BE,€) = —ha(1,1)e2mERE) = _4

_Ami(Ere) (7.56)
e
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Moreover, there exist two positive constants A, B such that A < |®(£,¢)| < B for all
(€,¢) € [0,1) x [0,1). It follows from the proof of the Theorem 7.25 that the relation
between the functions ¢, and v is given by

Zwéa(€,€,m) = (6, €) Zw(&,€ n) forae. (£,¢)€[0,1) x[0,1),n R, (7.57)

By substituting (7.56) in (7.57), we obtain

ZW,QZ)(€a 5/7 77) = _%GQM(_g_gl)ZWQSQ(ga 5,7 77) for a.e. (57 5,) S W17 n eR.

Now, by making use of the Proposition 7.7, we have

w = _¢2(17 1)T(t71,71)¢27
whose real and imaginary parts are shown in Fig. 7.2. Then, for any f € V'(¢y), we have
F= f DTG,
kIEZ
where the convergence is in the L?(R?)-sense and uniform on R?. In addition, the sampling
formula can be rewritten as

4
f===5 2 T DT Ty

kIEZ

4 mi(k—
=5 Z e f (kDT 1y1)¢o

klEZ

4 .
-5 > eI (ke + 1,1+ )T, o

klEZ

for any f € V(¢o).
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Chapter 8
Summary and future directions

The first chapter of this thesis provides an overview of the research area, outlining the
motivation, background, and organization of the work presented. Chapter 2 investi-
gates a Donoho—Stark type uncertainty principle for convolutional tight frames arising
from finite-dimensional filter banks. The classical uncertainty bound between a signal
and its Fourier transform is extended to a frame-theoretic setting by linking the support
of frame coefficients with stable signal recovery under erasures. The results are further
refined using restriction-type estimates for filter banks, with applications to signal recov-
ery and sparse representation. Chapter 3 explores perfect reconstruction properties of
filter banks constructed from Ramanujan sums, analyzing their robustness to erasures in
the finite-dimensional space ¢*(Zy). Non-uniform Ramanujan filter banks are developed
to overcome the limitations of uniform ones, and an uncertainty principle associated with
Ramanujan tight frames is established, providing sufficient conditions for perfect recov-
ery in noisy or incomplete sampling scenarios. Chapter 4 focuses on random periodic
sampling involving derivatives in periodic shift-invariant (PSI) spaces over L*(T). Ex-
tending probabilistic sampling techniques, the chapter establishes sampling inequalities
with high probability using tools such as the Zak transform and fiberization, and demon-
strates applications to trigonometric polynomials, periodic multiband signals, and wavelet
subspaces. Chapter 5 develops a unified framework for multi-channel stable sampling in
shift- and translation-invariant (SI/TT) spaces on locally compact, possibly non-abelian,
groups. Through the theory of multiplication-invariant (MI) spaces in L*(X,H), and
employing range functions and the generalized Zak transform, the chapter establishes
stability and density conditions that generalize classical sampling results beyond abelian
settings. Chapter 6 addresses the injectivity of sampling operators associated with
translation-invariant systems defined on unions of TI spaces. By analyzing the supre-
mum cosine angle between constituent MI spaces, sufficient conditions for injectivity and
closedness of the sum of spaces are derived and extended to TI spaces on locally com-
pact groups through the generalized Zak transform. Chapter 7 extends the framework

of multi-channel stable sampling to generalized twisted shift-invariant (GTSI) spaces on



the Heisenberg group. Using the generalized Weyl-Zak transform, the chapter provides
necessary and sufficient conditions for twisted translates to form a Riesz sequence or a
frame, yielding sampling and reconstruction formulas within a non-commutative setting.
As a special case, a Whittaker—-Shannon—Kotelnikov type sampling theorem is derived,
and the theory is illustrated for the GTSI space generated by a twisted B-spline.

An exciting extension of the work done in Chapter 2 is to obtain sharp uncertainty
principles for filter banks using the concept of additive energy. Recent work by K. Aldahleh
et al. [5] employed combinatorial techniques to derive refined forms of the Donoho—Stark
uncertainty principle in terms of additive energy. Motivated by their approach, one may
pursue analogous results in the filter-bank setting, thereby establishing new quantitative
bounds connecting sparsity and spectral concentration.

A natural continuation of the ideas developed in Chapter 3 involves the formulation of
Affine Ramanugjan sums, which generalize classical Ramanujan sums through the discrete
affine Fourier transform (DAFT). These affine extensions preserve key number-theoretic
and orthogonality properties while introducing an additional affine degree of freedom, en-
abling the analysis of non-stationary and chirp-periodic signals that classical Ramanujan
sums cannot capture. Future research will focus on establishing frame-theoretic condi-
tions for perfect reconstruction, exploring uncertainty relations between canonical and
affine representations, and developing applications in denoising and reconstruction of
non-stationary or modulated signals. This direction naturally bridges arithmetic har-
monic analysis with affine signal models, opening avenues for robust, structure-aware
signal recovery.

Another important direction is to extend the results of Chapter 5 to the Heisen-
berg group in particular. Such an extension would explore the interplay between non-
commutative group structures and filter-bank or sampling-theoretic frameworks, poten-
tially leading to new uncertainty principles, frame constructions, and reconstruction al-
gorithms in the setting of the Heisenberg group. This direction also connects harmonic
analysis on groups with applications in quantum signal processing and time-frequency

analysis.
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