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Abstract

This thesis studies the mathematical foundations and signal processing applica-

tions of Ramanujan sums, Ramanujan subspaces, and Ramanujan filter banks,

together with their a!ne generalizations for non-stationary signal analysis. Ra-

manujan sums provide an e!cient framework for detecting and representing peri-

odic structures in discrete-time signals due to their orthogonality and arithmetic

properties. Using these properties, finite-dimensional Ramanujan subspaces and

finite Ramanujan representations are developed for signal decomposition and pe-

riodicity analysis.

The thesis further investigates Ramanujan filter banks constructed from

Ramanujan sums and analyzes their frame-theoretic properties. In particular,

su!cient conditions for frame and tight frame structures are established, ensur-

ing stable signal representation and perfect reconstruction. These results demon-

strate the usefulness of Ramanujan systems in signal denoising, reconstruction,

and periodic component extraction.

To address the limitations of classical Ramanujan systems for non-stationary

signals, a!ne Ramanujan sums and a!ne Ramanujan Fourier transforms are in-
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troduced. Their orthogonality properties, recursive structures, and finite-dimensional

representations are studied in detail. A!ne Ramanujan subspaces and finite a!ne

Ramanujan transforms are constructed for chirp and time-varying signal analy-

sis. The thesis also discusses the potential development of a!ne Ramanujan filter

banks for improved non-stationary signal processing applications.
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CHAPTER 1

Introduction

Signal processing is one of the most important areas of modern applied mathe-

matics and engineering. It has wide applications in communication systems, radar

technology, biomedical signal analysis, image processing, speech processing, and

many other scientific fields. One of the central objectives in signal processing is

to analyze and represent signals in terms of their frequency and periodic struc-

tures. Classical transforms such as the Fourier transform and wavelet transform

play a fundamental role in this direction because they provide e!cient tools for

frequency analysis and signal decomposition.

For a discrete-time signal x(n), the discrete Fourier transform (DFT) [9][5]

is given by

X(k) =
N→1∑

n=0

x(n)e→j
2ωkn
N ,

which provides a representation of the signal in the frequency domain. Peri-

odic signals naturally arise in many practical situations, and the identification of

hidden periodic structures is essential in understanding signal behavior. In this
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context, Ramanujan sums provide a remarkable mathematical framework for the

study of periodicity in discrete-time signals. Ramanujan sums were introduced

by the Indian mathematician Srinivasa Ramanujan in 1918 in connection with

problems in analytic number theory. Due to their arithmetic and orthogonality

properties, they later attracted considerable attention in harmonic analysis and

signal processing.

The Ramanujan sum corresponding to a positive integer q [14][1]is defined

by

Cq(n) =
∑

1→k→q

(k,q)=1

exp

(
2ωikn

q

)
,

where the summation extends over all integers relatively prime to q. Unlike the

conventional Fourier basis, Ramanujan sums are closely related to the divisibility

structure of integers, which makes them highly e!ective in detecting periodic

components in signals. Their orthogonality and recursive properties have led to

the development of Ramanujan subspaces and Ramanujan Fourier representations

for finite-dimensional signal spaces.

A Ramanujan subspace corresponding to a positive integer q is defined as

Sq = span {Cq(n), Cq(n→ 1), . . . , Cq(n→ ε(q) + 1)} ,

where ε(q) denotes Euler’s totient function. These subspaces consist of signals

having exact period q and are mutually orthogonal for distinct values of q. Using

shifted Ramanujan sums as basis elements, finite-duration signals can be decom-

posed into sums of orthogonal periodic components. Such representations are

useful in periodicity estimation, denoising, reconstruction, and compression of

signals.

Based on these ideas, Ramanujan filter banks were introduced as collections

of filters generated from Ramanujan sums. Each filter extracts components as-

sociated with a specific period,this allows signals to be separated into di!erent

components based on their underlying periodic behavior[10]. A Ramanujan filter
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corresponding to period q may be represented as

yq(n) = (x → Cq)(n),

where → denotes convolution. An important aspect of these filter banks is their

frame-theoretic behavior[11]. In particular, the tight frame property guarantees

stable signal representation and perfect reconstruction[3]. A collection {fk}k→I

forms a tight frame for a Hilbert space H if
∑

k→I

|↑x, fk↓|
2 = A↔x↔2, x ↗ H,

for some positive constant A.

However, classical Ramanujan sums are mainly suitable for stationary pe-

riodic signals and are not su!ciently e”ective for non-stationary signals whose

spectral characteristics vary with time. Many practical signals, including radar

signals[21, 15], biomedical signals, chirp signals, and communication signals[20,

26], exhibit non-stationary behavior. Therefore, there is a need to generalize

Ramanujan-based methods for time-varying frequency analysis.

A!ne Fourier analysis provides a natural framework for studying such sig-

nals. The a!ne Fourier transform generalizes the classical Fourier transform

by incorporating chirp-modulated structures and a!ne parameters. The a!ne

Fourier kernel may be written as

Fk(m,n) =
1
↘
k
exp

(
j
a

2b
(m#t)2 ≃ j

2ωmn

k
+ j

d

2b
(n#u)2

)
,

where

ε =



a b

c d



 , ad≃ bc = 1.

Combining a!ne Fourier analysis with Ramanujan sums leads to a!ne Ra-

manujan sums and a!ne Ramanujan Fourier transforms, which are more suitable

for analyzing chirp-like and non-stationary signals.

The a!ne Ramanujan sum is defined by

$ω

k
(m) =

k∑

n=1
(n,k)=1

Fk(m,n).
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A!ne Ramanujan sums retain several important properties analogous to

those of classical Ramanujan sums, including orthogonality and recursive struc-

tures. Using these properties, a!ne Ramanujan subspaces and transform matri-

ces can be constructed for finite-dimensional signal spaces. These developments

provide a new multiresolution framework for chirp period estimation and non-

stationary signal analysis.

The main objective of this thesis is to study the mathematical structure

and signal processing applications of Ramanujan sums, Ramanujan subspaces,

Ramanujan filter banks, and a!ne Ramanujan sums. Special emphasis is given

to the frame-theoretic analysis of Ramanujan filter banks and their possible ex-

tensions toward a!ne Ramanujan filter banks for non-stationary signal analysis.

The thesis begins with a detailed study of Ramanujan sums and their mathe-

matical properties. Fundamental results such as orthogonality relations, recursive

formulas, autocorrelation properties, and discrete Fourier transform representa-

tions are established. The concept of Ramanujan subspaces is then introduced to-

gether with their basis structure, dimensionality, and orthogonality properties[29].

The next part of the thesis focuses on signal decomposition using Ra-

manujan sums. Two finite Ramanujan representations for finite-duration sig-

nals are developed. The first representation expresses a signal as a finite linear

combination of Ramanujan sums, while the second representation utilizes Ra-

manujan subspaces and shifted Ramanujan sums to obtain structured orthogonal

decompositions[19].

After establishing the decomposition framework, the thesis studies Ra-

manujan filter banks and their applications [16]. Ramanujan filters are analyzed

through their frequency-selective properties and frame-theoretic structures. Suf-

ficient conditions under which the associated filter bank forms a frame or a tight

frame are established. Tight frame are useful in applications such as compressed

sensing, denoising, and data compression [2][4][25][3]. The final part of the the-
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sis introduces a!ne Ramanujan sums and a!ne Ramanujan Fourier transforms.

Orthogonality relations, recursive structures, a!ne Ramanujan subspaces, and

finite a!ne Ramanujan transforms are studied in detail. Two finite a!ne Ra-

manujan representations, namely ARFT-I and ARFT-II, are developed together

with their matrix formulations and reconstruction properties.

Finally, the thesis concludes with future research directions related to a!ne

Ramanujan filter banks and their frame properties. Since a!ne Ramanujan sys-

tems are capable of handling chirp-like and non-stationary signals, they may

provide e!cient tools for denoising, reconstruction, and time-varying signal anal-

ysis.

Overall, this thesis aims to build a bridge between number theory, harmonic

analysis, frame theory, and signal processing by developing both theoretical and

application-oriented aspects of Ramanujan and a!ne Ramanujan systems.
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CHAPTER 2

Ramanujan Sums and its Properties

2.1 Ramanujan sums

Ramanujan sums is trigonometric summation which was introduced by Indian

mathematician Srinivasa Ramanujan in 1918.

Definition 2.1. [14] For any positive integers q → 1 and any integer n, the

Ramanujan sum cq(n) is defined by

cq(n) =
∑

1→k→q

(k,q)=1

exp

(
2ωikn

q

)
,

where the summation is taken over all integers k such that 1 ↑ k ↑ q and

gcd(k, q) = 1.

It can also be expressed in terms of the Möbius function µ and the divisor function

as [27]
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cq(n) =
µ
(

q

gcd(q,n)

)
ω(q)

ω
(

q

gcd(q,n)

) ,

where ω is Euler’s totient function.

Equation (2.1) also shows that the DFT of cq(n) is

Cq[k] =






q if (k, q) = 1,

0 otherwise.
(2.1)

For example, if q = 10, then (k, q) = 1 for k → {1, 3, 7, 9} , thus

c10(n) = ej2ωn/10 + ej6ωn/10 + ej14ωn/10 + ej18ωn/10, n ↑ 1.

c10 = {4, 1, ↓1, 1, ↓1, ↓4, ↓1, 1, ↓1, 1}.

2.2 Properties of Ramanujan sums

One of the key properties of Ramanujan sum is that it is real valued

Theorem 2.1. [27] The Ramanujan sum cq(n) is real valued sequence. More-

over,it is symmetric modulo q.

Proof. If (k, q) = 1, then (q ↓ k, q) = 1 as well. Further,

W→(q→k)n
q

= W kn

q
= W→kn

q
,

so the terms corresponding to k and q ↓ k occur as complex conjugate pairs.

Hence, their sum is real, and therefore the Ramanujan sum is real-valued. By

combining each conjugate pair, we obtain

W kn

q
+W→kn

q
= 2 cos

(
2εkn

q

)
,

which gives the cosine representation above.

Since

cos

(
2εkn

q

)
= cos

(
↓
2εkn

q

)
,
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it follows that cq(n) = cq(→n). Finally, using the periodicity of Ramanujan sums

modulo q, we obtain cq(→n) = cq(q → n), and hence cq(n) = cq(q → n).

Next, we present two significant aggregate characteristics of Ramanujan

sums over a complete period modulo q . The first identity shows that the sum

of all the values of cq(n) over a full period is zero. This is because Ramanujan

sums are oscillatory and balanced in nature. The second identity evaluates the

sum of the squares of these values, yielding qω(q), which represents the energy of

the sequence over one period. These relationships are essential in the harmonic

analysis of arithmetic functions and play an important role in applications related

to orthogonality and discrete Fourier transforms.

Theorem 2.2. [27] Let q > 1 be a positive integer and let cq(n) denote the

Ramanujan sum. Then the following identities hold:
q→1∑

n=0

cq(n) = 0, (2.2)

and
q→1∑

n=0

c2
q
(n) = qω(q), (2.3)

where ω(q) is Euler’s totient function.

Proof. Recall that the Ramanujan sum is given by

cq(n) =
∑

1↑k↑q

(k,q)=1

e
2ωikn

q .

First, consider the sum
q→1∑

n=0

cq(n).

Substituting the definition of cq(n), we obtain
q→1∑

n=0

cq(n) =
q→1∑

n=0

∑

1↑k↑q

(k,q)=1

e
2ωikn

q .
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Interchanging the order of summation gives
∑

1→k→q

(k,q)=1

q↑1∑

n=0

e
2ωikn

q .

For each k with (k, q) = 1, the inner sum is a geometric progression with ratio

e
2ωik
q →= 1,

since q > 1. Hence,
q↑1∑

n=0

e
2ωikn

q = 0.

Therefore,
q↑1∑

n=0

cq(n) = 0.

Next, we evaluate the sum of squares. By Parseval’s identity for the discrete

Fourier transform,
q↑1∑

n=0

c2
q
(n) =

1

q

q↑1∑

k=0

|Cq(k)|
2,

where Cq(k) denotes the discrete Fourier transform of {cq(n)}.

For Ramanujan sums, the transform satisfies

|Cq(k)| =






q, if (k, q) = 1,

0, otherwise.

Hence exactly ω(q) values of k contribute, and so
q↑1∑

k=0

|Cq(k)|
2 = ω(q) q2.

Substituting into Parseval’s identity, we obtain
q↑1∑

n=0

c2
q
(n) =

1

q
ω(q) q2 = qω(q).

This completes the proof.

Ramanujan sums form an important arithmetic functions that exhibit or-

thogonality properties comparable to those of exponential functions in Fourier

analysis. This orthogonality plays a crucial role in number theory, especially in

the study of multiplicative functions and expansions of arithmetic functions.

9



Theorem 2.3. [27][Orthogonality of Ramanujan sums] Let q1, q2 → N and let

m = lcm(q1, q2).

Then the Ramanujan sums cq1(n) and cq2(n) satisfy the orthogonality relation

m→1∑

n=0

cq1(n)cq2(n) =






q1ω(q1), if q1 = q2,

0, if q1 ↑= q2,

where ω denotes Euler’s totient function. More generally, for any integer ε, we

have
m→1∑

n=0

cq1(n)cq2(n↓ ε) = 0, whenever q1 ↑= q2.

Proof. Recall that the Ramanujan sum admits the exponential representation

cq(n) =
q∑

k=1
(k,q)=1

e2ωikn/q.

Let us write

Wq := e2ωi/q.

Then

cq(n) =
q∑

k=1
(k,q)=1

W kn

q
.

Consider

S :=
m→1∑

n=0

cq1(n)cq2(n↓ ε).

Substituting the exponential form,

S =
m→1∑

n=0




q1∑

k1=1
(k1,q1)=1

W k1n
q1








q2∑

k2=1
(k2,q2)=1

W k2(n→ε)
q2



 .

Rearranging sums,

S =
q1∑

k1=1
(k1,q1)=1

q2∑

k2=1
(k2,q2)=1

W→k2ε
q2

m→1∑

n=0

W k1n
q1

W k2n
q2

.

Now, since m = lcm(q1, q2), there exist integers ε1, ε2 such that

m = q1ε1 = q2ε2.

10



Thus,

W k1n
q1

= W k1ω1n
m

, W k2n
q2

= W k2ω2n
m

.

Hence the inner sum becomes
m→1∑

n=0

W (k2ω2→k1ω1)n
m

.

Using the standard identity for roots of unity,

m→1∑

n=0

W rn

m
=






m, if r → 0 (mod m),

0, otherwise.

Thus the sum is zero unless

k2ω2 ↑ k1ω1 → 0 (mod m).

But since 1 ↓ ki < qi, we have

|k2ω2 ↑ k1ω1| < m,

so the only possibility is

k2ω2 ↑ k1ω1 = 0,

which implies
k2
q2

=
k1
q1
.

Since (k1, q1) = 1 and (k2, q2) = 1, this equality can hold only if

q1 = q2 and k1 = k2.

Therefore, if q1 ↔= q2, all inner sums vanish, and hence

S = 0.

This proves the orthogonality relation
m→1∑

n=0

cq1(n)cq2(n↑ ω) = 0 (q1 ↔= q2).

Finally, when q1 = q2 = q, only the diagonal terms contribute, giving
q→1∑

n=0

cq(n)
2 = qε(q),

which completes the proof.

Next we discuss some additional properties that will be used in later parts of the

11



thesis.

Theorem 2.4. [27][Recursive Formula for Ramanujan Sums] The Ramanujan

sum cq(n) can be expressed recursively in terms of Ramanujan sums of lower

order divisors of q as

cq(n) = q ω((n)q)→
∑

qk|q
qk<q

cqk(n), (2.4)

where qk | q denotes that qk runs over all positive divisors of q less than q, and

ω((n)q) is defined as

ω((n)q) =






1, q | n,

0, q ⊋ n.

Proof. A fundamental identity satisfied by Ramanujan sums is
∑

d|q

cd(n) = q ω((n)q), (2.5)

where the summation is taken over all positive divisors d of q. Separating the

term corresponding to d = q from the above sum, we obtain

cq(n) +
∑

d|q
d<q

cd(n) = q ω((n)q).

Rearranging the terms gives

cq(n) = q ω((n)q)→
∑

d|q
d<q

cd(n),

which proves the recursive relation (2.4).

The recursive formula is particularly useful for computational purposes, since it

allows cq(n) to be determined successively from lower-order Ramanujan sums,

beginning with the initial value

c1(n) = 1.

For example,

c10(n) = 10 ω((n)10)→ c1(n)→ c2(n)→ c5(n),

12



and

c5(n) = 5 ω((n)5)→ c1(n).

Thus, only simple addition and subtraction operations are required.

2.3 Ramanujan subspace Sq

In this section, we show that starting from the Ramanujan sum cq(n), one can

generate an entire subspace Sq of period-q signals with dimension ε(q), which we

call the Ramanujan subspace. Such a subspace captures a much broader class of

arithmetic structures representable via cq(n).

The purpose of this section is to define this subspace and develop some of

its fundamental mathematical properties. Starting from cq(n), we first define the

q ↑ q integer circulant matrix as follows:

Bq =





cq(0) cq(q → 1) cq(q → 2) · · · cq(1)

cq(1) cq(0) cq(q → 1) · · · cq(2)

cq(2) cq(1) cq(0) · · · cq(3)
...

...
...

. . .
...

cq(q → 2) cq(q → 3) cq(q → 4) · · · cq(q → 1)

cq(q → 1) cq(q → 2) cq(q → 3) · · · cq(0)





(2.6)

The matrix Bq is circulant, meaning that each row is a cyclic shift of the previous

one. This structure plays a key role in analyzing the Ramanujan subspace Sq and

its algebraic properties. There are several characteristics of the matrix:

• The 0th row is the time-reversed Ramanujan sum sequence cq(→n).

• Since cq(→n) = cq(n), the matrix Bq is symmetric.

• The matrix is Toeplitz because it is circulant, meaning that all entries along

any line parallel to the principal diagonal are identical.

13



The Ramanujan space Sq is defined as the column space of Bq. It is obvious that

the sequence cq(n) and all of its circularly shifted versions belong to the space

Sq. The space Sq → Cq has dimension ω(q), since the matrix Bq has rank ω(q).

Any circulant matrix is diagonalized by the discrete Fourier transform (DFT)

matrix. Thus,

Bq = W→1AqW, (2.7)

where W is the q ↑ q DFT matrix, and

Aq =





Cq[0] 0 0 · · · 0

0 Cq[1] 0 · · · 0

0 0 Cq[2] · · · 0
...

...
...

. . .
...

0 0 0 · · · Cq[q ↓ 1]





. (2.8)

Here, Cq[k] denotes the DFT coe!cients of the Ramanujan sum sequence cq(n),

given by

Cq[k] =
q→1∑

n=0

cq(n) e
→j2ωnk/q =






q, if (k, q) = 1,

0, otherwise.
(2.9)

Since Bq = W→1AqW , it follows that

BqW = WAq.

Because W/
↔
q is unitary, we also have W→1 = WH/q, where WH denotes

the Hermitian transpose of W . Since both cq(n) and Cq[k] are real-valued, one

may equivalently write

BqW = WAq.

Hence, the eigenvectors of Bq are represented by the columns of W , and the

associated eigenvalues are the diagonal entries Cq[k]. Since exactly ω(q) of the

entries Cq[k] are nonzero, the rank of the circulant matrix Bq, and consequently

the dimension of the Ramanujan subspace, is

dim(Sq) = ω(q).
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The circulant matrix Bq can therefore be factorized as

Bq = V V →, (2.10)

where V is a q → ω(q) submatrix of the DFT matrix W , obtained by retaining

only those columns indexed by k such that (k, q) = 1. Thus, the column space of

Bq is precisely the column space of V , and is spanned by the ω(q) columns.

Let W = e↑2ωi/q denote the primitive qth root of unity. Consider the

following set of column vectors:





1

W k1

W 2k1

...

W (q↑1)k1









1

W k2

W 2k2

...

W (q↑1)k2





· · ·





1

W kω(q)

W 2kω(q)

...

W (q↑1)kω(q)





,

where (ki, q) = 1 for each i. These vectors correspond to selected columns

of the q→ q Discrete Fourier Transform (DFT) matrix. Therefore, the connection

between the DFT matrix and the Ramanujan subspace Sq can be summarized as

follows:

The Ramanujan subspace Sq ↑ Cq is identical to the subspace spanned by those

ω(q) columns of the q → q DFT matrix whose column indices k are coprime to q.

Thus, the Ramanujan subspace Sq is given by the span

Sq = span
{
W kn

q
= e↑2ωikn/q : 1 ↓ k ↓ q, (k, q) = 1

}
,

where (k, q) denotes the greatest common divisor of k and q.

Observe that W k

q
is a primitive qth root of unity if and only if (k, q) = 1.

In this case,

W kq

q
= 1 only when n is a multiple of q.

Equivalently, if (k, q) = 1, then the sequence

x(n) = W kn

q
,
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has fundamental period q.

Theorem 2.5. [27] Let M be a submatrix of the circulant matrix Bq obtained by

retaining any consecutive ω(q) columns, i.e., r, r+1, . . . , r+ω(q)→ 1 for some r.

Then submatrix M has rank ω(q).

Proof. Based on (2.10), the matrix Bq can be expressed as

Bq = V V →,

where V is a q ↑ ω(q) matrix and V → denotes its conjugate transpose. Conse-

quently, the submatrix mentioned in the theorem can be represented as

M = V V1,

where V1 is a ω(q) ↑ ω(q) matrix. Now, let us consider the jth row of the V1

matrix, which can be written as



ar
j

ar+1
j

...

ar+ω(q)↑1
j




= ar

j





1

aj
...

aω(q)↑1
j




(2.11)

where

aj = e↑2εikj/q, (kj, q) = 1.

Considering (2.11), the matrix V1 can be expressed as the product of a

diagonal matrix and a Vandermonde matrix. This is possible because the values

of aj are distinct for di!erent rows. Specifically, the matrix V1 takes the form

V1 = ”V2,

where ” represents a diagonal matrix with non-zero diagonal elements, and V2

denotes a ω(q)↑ ω(q) row-wise Vandermonde matrix.

Consequently, the matrix V1 is non-singular due to the presence of the non-

zero diagonal elements in ” and the Vandermonde structure of V2. Additionally,

considering the definition of V , which is a column-wise Vandermonde matrix with
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ω(q) distinct columns, it can be inferred that V has rank ω(q). As a result, the

product matrix M = V V1 also has rank ω(q).

Theorem 2.6. [27] The Ramanujan sum cq(n) and its ω(q)→1 consecutive shifts,

that is, the first ω(q) columns of the circular matrix Bq, constitute an integer basis

for the Ramanujan space Sq.

Proof. According to the Theorem (2.5) mentioned, it can be established that the

first ω(q) columns of the circular matrix Bq exhibit linear independence. This

implies that these columns form a linearly independent set. Additionally, the

dimension of the Ramanujan space Sq is precisely ω(q). As a consequence, the

Ramanujan sum cq(n), along with its ω(q) consecutive shifts, serves as an integer

basis for the Ramanujan space Sq. In other words, they form a set of integers that

spans the entirety of Sq and are linearly independent, allowing them to represent

any element within Sq uniquely.

In simple terms, the integer basis for the Ramanujan space Sq can be represented

by the following set:

{cq(n), cq(n→ 1), . . . , cq(n→ ω(q) + 1)}.

This set of ω(q) circularly shifted Ramanujan sequences forms an integer basis

for Sq. Consequently, any signal x(n) belonging to Sq can be expressed in either

of the following equivalent forms:

x(n) =
ω(q)→1∑

i=0

bi cq(n→ i) =
q∑

k=1
(k,q)=1

ak W
kn

q
,

where bi represents the coe!cients in the integer basis and ak denotes the coe!-

cients in the complex basis {W kn

q
: 1 ↑ k ↑ q, (k, q) = 1}. Both representations

hold true for expressing signals within the Ramanujan space Sq.

One of the key properties of the Ramanujan space Sq is that any signal

belonging to this space has a period of q. This property can be stated as follows:
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Theorem 2.7. [8] Any signal x(n) in the Ramanujan space Sq has period q unless

x(n) = 0 for all n.

Proof. Any signal x(n) → Sq can be expressed as

x(n) =
q∑

k=1
(k,q)=1

ake
→2ωikn/q.

Now, let us consider x(n+ q):

x(n+q) =
q∑

k=1
(k,q)=1

ake
→2ωik(n+q)/q =

q∑

k=1
(k,q)=1

ake
→2ωikn/qe→2ωik =

q∑

k=1
(k,q)=1

ake
→2ωikn/q = x(n).

Since we have shown that x(n) = x(n + q), it remains to prove that the period

is not a proper divisor of q. We will use proof by contradiction. Suppose P is

the period of x(n), so that P | q. Assume that P < q, implying q = Pr for some

integer r > 1. Since x(n) = x(n + P ), we can express x(n) uniquely in terms of

the P -point DFT as follows:

x(n) =
P→1∑

ε=0

bεe
→2ωiεn/P . (2.12)

Since q = Pr, (2.12) can be rewritten as:

x(n) =
P→1∑

ε=0

bεe
→2ωiεrn/q. (2.13)

Both (2.12) and (2.13) can be considered as q-point DFT representations of x(n)

for 0 ↑ n ↑ q ↓ 1. Therefore, the terms of the summation must match. This

implies that there exists a pair k and ω such that k = rω. Hence, (k, q) = r > 1,

which contradicts the condition (k, q) = 1. Therefore, it can be concluded that

x(n) → Sq has a period of q unless x(n) = 0 for all n.

The second property of the Ramanujan space is its orthogonality for di!erent

values of qi and qj. Now, we present a theorem that establishes the orthogonality

within the Ramanujan space.

Theorem 2.8. [27] The spaces Sqi and Sqj are orthogonal for qi ↔= qj.
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Proof. Suppose we consider m, which is the least common multiple (lcm) of

(qi, qj), where qi and qj are distinct elements. We can express m as

m = qiωi = qjωj

for some integers ωi and ωj. By rearranging terms, we obtain:
m→1∑

n=0

W kin
qi

W→kjn
qj

=
m→1∑

n=0

W (kiωi→kjωj)n
m

.

This sum evaluates to zero unless kiωi → kjωj = mk for some k ↑ N. However,

since 1 ↓ kω ↓ qω, it follows that kωωω < m. As a result,

|kiωi → kjωj| < m,

implying that the sum is zero unless kiωi → kjωj = 0. In other words,
ki
qi

=
kj
qj

or equivalently
ki
ωi

=
kj
ωj
.

Nevertheless, this scenario is not feasible since both ki and kj are coprime with

qi and qj, respectively, denoted by (ki, qi) = (kj, qj) = 1. Thus, the assumption

ki
qi
= kj

qj
cannot hold, leading to a contradiction.

The elements in the space Sq exhibit the following exquisite autocorrelation prop-

erties:

Theorem 2.9. [27] The circular autocorrelation of the Ramanujan sum cq(n) is

expressed as follows:

rqq(l) =
q→1∑

n=0

cq(n)cq(n→ l) = q cq(l),

where the term (n→ l) is considered modulo q due to the periodic nature of cq(n)

with period q.

Proof. Given rqq(l) =
∑

q→1
n=0 cq(n)cq(n→ l). So by (2.1) the DFT of rqq(l) is given

by

Rqq[k] = Cq[k]C
↑
q
[k] =






q2 if (k, q) = 1,

0 otherwise.

Hence Rqq[k] = q Cq[k]. So rqq(l) = q cq(l) indeed.
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Building upon these mathematical properties, the next chapter will bridge

its properties and digital signal processing. We will investigate Signal Decom-

position using Ramanujan Sums, focusing specifically on time-invariant systems

through the lens of the First and Second Ramanujan Finite Impulse Response

(FIR) representations. This mathematical framework will serve as the core en-

gine for the signal analysis applications developed throughout the remainder of

this thesis.
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CHAPTER 3

Signal Decomposition using Ramanujan Sums

Ramanujan showed that several standard arithmetic functions in number theory

can be expressed as a linear combination of the form

x(n) =
→∑

q=1

ωq cq(n), n → 1. (3.1)

This is called the Ramanujan sum expansion of x(n).

The purpose is to develop Ramanujan sum expansions for finite duration

(FIR) signals based on these Ramanujan spaces, and thereby to develop tech-

niques to identify periodic components in signals. It turns out that (3.1) is not

useful for this purpose. Instead, we develop two di!erent approaches to expand

FIR signals in terms of Ramanujan sums. The second approach is particularly

useful for identifying periodic components.
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3.1 First Ramanujan FIR representation

We consider the finite Ramanujan sum expansion of the form

x(n) =
N∑

q=1

aq cq(n), 0 → n → N ↑ 1. (3.2)

This can be written in matrix–vector form as



x(0)

x(1)
...

x(N ↑ 1)





︸ ︷︷ ︸
x

= AN





a1

a2
...

aN





︸ ︷︷ ︸
a

. (3.3)

The qth column of AN is formed by the sequence cq(n), repeated periodically

with period q until N samples are obtained, i.e.,

AN(:, q) =





cq(0)

cq(1)
...

cq(N ↑ 1)




, 1 → q → N. (3.4)

Theorem 3.1. [28] The matrix AN has full rank N .

Proof. The recursion relation shows that each column cm can be written in the

form

cm = em ↑ cm1 ↑ cm2 ↑ · · · , (3.5)

where em is a vector having the value m at positions 0,m, 2m, . . . , and zeros

elsewhere. Here, cmi are columns of the matrix AN corresponding to indices

mi < m that are factors of m.

This representation allows us to perform elementary column operations on

AN to reduce it to a simpler form. In particular, an elementary column operation

consists of replacing a column cm by cm + ωcl, where ω ↓= 0 and l ↓= m. This is

equivalent to multiplying AN on the right by a matrix of the form (I+ωJ), where

J is a matrix with all zero entries except for a 1 in the (l,m)-th position. Such
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elementary column operations do not change the determinant, and hence do not

change the rank of the matrix. Starting from the Nth column, we can successively

apply these operations to eliminate contributions from columns corresponding to

its proper divisors. Repeating this process for all columns, the matrix AN can

be reduced to a diagonal form:

AN →





1 0 0 · · · 0

0 2 0 · · · 0

0 0 3 · · · 0
...

...
...

. . .
...

0 0 0 · · · N





. (3.6)

Since the resulting matrix is diagonal with all nonzero entries on the diagonal,

its determinant is nonzero. Therefore, AN has full rank N .

Example 3.1. Consider the signal

x(n) = c24(n), 0 ↑ n ↑ 255,

where c24(n) denotes the Ramanujan sum of period 24. The corresponding coe!-

cient magnitudes are shown in (3.1). In this case, a single dominant peak occurs

at k = 24, confirming that the Ramanujan representation accurately captures the

exact periodic structure of the signal.

Now consider a circularly shifted version of the Ramanujan sum,

x(n) = c24(n↓ 3),

with signal length N = 256. Since the signal has period M = 24, the corre-

sponding coe!cient magnitudes are displayed in (3.2). Unlike the previous case,

several coe!cients become significant, and the energy spreads across multiple

indices. This demonstrates that the first finite Ramanujan representation is sen-

sitive to circular shifts of the signal. Consequently, shifted periodic signals may

not always be represented by a single dominant Ramanujan coe!cient.
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Figure 3.1: x(n) = c24(n)

Figure 3.2: x(n) = c24(n→ 3).

From the above figure, it is evident that the coe!cient distribution is not con-

centrated at a single value of k. Hence, we cannot directly conclude that x(n)

consists of only one periodic component.

3.2 Second Ramanujan FIR representation

As discussed in the earlier section, the representation using Ramanujan sums does

not, in general, possess orthogonality properties.

we know that each Ramanujan sum cq(n) generates an entire subspace Sq of
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dimension ω(q). By combining such subspaces corresponding to di!erent values

of q, we can construct representations for finite-duration (FIR) sequences.

In (3.1), we represented x(n) as

x = [cq1 cq2 · · · cqK ]d, (3.7)

where qi are the K divisors of N , with K < N . However, each cq(n) corre-

sponds to only a single vector in the Ramanujan subspace Sq, whose dimension

is ω(q). To fully exploit the structure of Sq, we replace each cqi by a basis for the

corresponding subspace:

Gqi =
[
cqi c(1)

qi
· · · c(ω(qi)→1)

qi

]
, (3.8)

where c(k)qi denotes a circular downward shift of cqi by k samples. Thus, Gqi is

an N → ω(qi) matrix whose columns form a basis for the subspace Sqi . now we

replace cqi by Gqi for each ki then we get

FN = [Gq1 Gq2 · · · GqK ] .

This has N rows and
∑

qi|N ω(qi) columns. But it is well-known that

∑

qi|N

ω(qi) = N.

We observe two crucial properties of FN

Theorem 3.2. [28][Orthogonality] Let FN be the transform matrix and let Gqi

and Gqk
be its submatrices corresponding to qi and qk, respectively. If i ↑= k, then

the column spaces of Gqi and Gqk
span orthogonal subspaces of CN .

Proof. Since qi | N , each column in (3.8) has an integer number of periods of

cqi(n). Therefore, in view of the orthogonality property given in Theorem (2.2) ,

it follows that the column space of Gqi is orthogonal to that of Gqk
for i ↑= k.

Theorem 3.3. [28] The matrix FN has full rank N , so that any N → 1 vector x

can be represented in the form

x = FNb. (3.9)
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Thus FN defines an integer basis for CN .

Proof. The ω(qi) columns of each Cqi are independent, and form a basis for the

ω(qi)-dimensional space Sqi , as shown in theorem 5 of [27]. Since each Gqi has

rank ω(qi) and the column spaces of Gqi are orthogonal for di!erent qi, it follows

that FN has rank
∑

qi|N

ω(qi) = N.

Now let us examine the implications of this Ramanujan representation. From

(3.8) of FN , we have

x =
[
Gq1 Gq2 · · · GqK

]
b =

K∑

i=1

Gqibqi . (3.10)

Let xqi = Gqibqi . Then,

x =
K∑

i=1

xqi . (3.11)

Since the columns of Gqi are circularly shifted versions of cqi(n), the components

of xqi are given by

xqi(n) =
ω(qi)→1∑

l=0

εi,l cqi(n→ l). (3.12)

In addition to the first representation based on Ramanujan subspaces, an

alternative formulation expresses a finite-length sequence directly as a linear com-

bination of shifted Ramanujan sums. This provides a constructive and structured

way to decompose signals in terms of arithmetic basis functions associated with

the divisors of the sequence length.

Definition 3.1. [28][Second Ramanujan FIR Representation] Any sequence x(n)

of length N can be represented as

x(n) =
∑

qi|N

ε(qi)→1∑

l=0

εil cqi(n→ l), (3.13)

where qi are the positive divisors of N , ω(·) denotes Euler’s totient function, εil

are expansion coe!cients, and cqi(n) is the Ramanujan sum of order qi.
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This representation shows that any finite-length discrete-time signal can be de-

composed into a superposition of shifted Ramanujan sums corresponding to the

divisors of N . The total number of basis functions involved is
∑

qi|N

ω(qi) = N,

which ensures completeness of the representation. The coe!cients εil determine

the contribution of each shifted Ramanujan component to the overall signal.

Theorem 3.4. [28] The N → N matrix FN is an orthogonal matrix (i.e., its

columns are pairwise orthogonal) if and only if N is a power of two, i.e., N = 2m.

Proof. When N = 2m, all its divisors qi are powers of two. From Lemma 2 in

[27], each of the matrices Cqi is orthogonal, i.e., C
T

qi
Cqi is diagonal, so the same

holds for Gqi . Furthermore, the columns of Gqi and Gqk
are orthogonal for i ↑= k

(Theorem (2.2)). So the columns of FN are pairwise orthogonal.

For the converse, assume N is not a power of two, so it has a prime factor

qi > 2. We know from Lemma 2 of [27] that Cqi (hence Gqi) is not orthogonal,

so FN is not orthogonal.

The first and second finite Ramanujan representations are both useful for

identifying hidden periodic patterns in finite-length signals. However, their per-

formance depends on the nature of the signal as well as the relationship between

the signal’s true period and the data length.The first Ramanujan representation

expresses a signal directly in terms of Ramanujan sums. In many situations,

this method identifies the hidden period very e”ectively by producing a strong

peak at the correct period value. The representation clearly detects the correct

period. This shows that the first representation can successfully identify peri-

odicities even when the signal period is not a divisor of the data length.On the

other hand, the second Ramanujan representation is based on projections onto

Ramanujan subspaces. This approach works particularly well when the hidden

period divides the signal length. An important advantage of this method is that
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it is less sensitive to circular shifts of the signal because shifted versions of Ra-

manujan sums are embedded within the subspace framework. As a result, shifted

periodic signals that may not be detected clearly by the first representation can

often be identified accurately by the second one.

Despite this advantage, the second representation also has limitations. When

the signal period is not a divisor of the data length, the projection energy spreads

over several subspaces instead of concentrating at a single period. In such cases,

identifying the true hidden period becomes di!cult.
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CHAPTER 4

Ramanujan Filter Banks

Ramanujan sums and Ramanujan subspaces have gained attention in signal pro-

cessing due to their ability to extract periodic components from discrete-time

signals. The primary objective of our study is to analyze the perfect reconstruc-

tion properties of the filter bank associated with Ramanujan sums,also known as

Ramanujan filter bank.

4.1 Ramanujan filters and filter banks

Definition 4.1. [23] If the Ramanujan sum cq(n) is regarded as the impulse

response of a digital filter, then from (2.1) its frequency response is given by

Cq(e
jω) = 2ω

∑

1→k→q

(k,q)=1

ε

(
ϑ →

2ωk

q

)
, 0 ↑ ϑ < 2ω, (4.1)

and is periodically extended with period 2ω outside this interval. Thus, Cq(ejω) is

zero everywhere except at the coprime frequencies 2ωk/q, where k is coprime to
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q.

A collection of such filters {C1(ejω), C2(ejω), . . . , CQ(ejω)} forms a Ramanu-

jan filter bank. Each filter extracts the signal components corresponding to period

q, thereby enabling decomposition of a signal into exactly periodic components

of di!erent periods.

Lemma 4.1. [23] The Ramanujan filter Cq(ejω) can produce a nonzero output

in response to a period-P signal x(n) only if q is a divisor of P .

Proof. Let x(n) be a discrete-time signal with period P . Since x(n) is periodic,

it can be represented by its discrete Fourier series as

x(n) =
P→1∑

k=0

Xke
j
2ωk
P n,

where Xk are the Fourier series coe”cients. The Ramanujan filter Cq(ejω) is de-

signed to pass only those frequency components corresponding to the Ramanujan

subspace of period q. These frequencies are of the form

ωl =
2εl

q
, l → {1, 2, . . . , q},

where gcd(l, q) = 1. For the filter output to be nonzero, at least one frequency

component of x(n) must coincide with one of the frequencies passed by Cq(ejω).

Therefore, there must exist integers k and l such that 2εk
P

= 2εl
q
. Equivalently,

k

P
= l

q
, which implies kq = lP.

Since k and l are integers, this equality can hold only when q divides P ,

i.e., q | P. Hence, the Ramanujan filter Cq(ejω) produces a nonzero output for a

period-P signal only if q is a divisor of P . Therefore, the lemma is proved.

Theorem 4.2. [23][24][Ramanujan filter banks] Consider a Ramanujan analysis

filter bank {cq(n)} with 1 ↑ q ↑ N , and let x(n) be a period-P input signal

with 1 ↑ P ↑ N . Then non-zero outputs can only be produced by those filters
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cq(n) such that the filter index q is a divisor of P .Furthermore, assuming non-zero

outputs are produced by the subset of filters cq1(n) with periods q1, q2, . . . , qK, the

input period P is exactly equal to lcm(q1, q2, . . . , qK).

Proof. We already know that nonzero outputs can only be produced by Ramanu-

jan filters with periods q | P . So clearly P is a common multiple of qi. Suppose

it is not the lcm. Let L = lcm{q1, q2, · · · , qK} so that P = LM for some integer

M > 1.

Now, x(n) has the frequency components 2ωl/P for 0 → l → P ↑ 1 where

1 → P → N . The filter cq(n) on the other hand passes the components 2ωk/q

where 1 → k → q with (k, q) = 1. But the set of rationals l/P where 1 → l → P

and 1 → P → N is the same as the set of rationals k/q satisfying

(k, q) = 1, 1 → k → q, 1 → q → N. (4.2)

Thus, every nonzero frequency component in x(n) will be seen by one or other

of the filters, and will produce a nonzero output in that filter. So x(n) can be

represented as a linear combination of W kin
qi

where (ki, qi) = 1 and 1 → ki → qi.

Now, since L = lcm{q1, q2, · · · , qK} it follows that L = qimi for some integer mi.

So that Wqi = Wmi
L

. This shows that x(n) is a linear combination of the form

x(n) =
L→1∑

m=0

εmW
mn

L
. (4.3)

That is, x(n) has a period L (or a divisor of L) which is smaller than P . This is

a contradiction.

4.2 Frame properties of Ramanujan filter bank

In signal processing, a fundamental requirement for perfect reconstruction in filter

banks is that the underlying system forms a frame[12, 6, 7, 13]. Consider a K-

channel filter bank with analysis filters h1, h2, . . . , hK . The associated system is
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defined as:

FB,K := {Lmh1}m→BZd
N
→ {Lmh2}m→BZd

N
→ · · · → {LmhK}m→BZd

N
,

where Lm denotes the translation operator.

Definition 4.2 (Frame). The system FB,K is a frame for ω2(Zd

N
) if there exist

constants A,C > 0 (called frame bounds) such that:

A↑x↑2 ↓
K∑

i=1

∑

m→BZd
N

|↔x, Lmhi↗|
2
↓ C↑x↑2, for all x ↘ ω2(Zd

N
).

If A = C, the frame is called a tight frame with bound A.

In the context of Ramanujan filter banks, we consider a K-channel sys-

tem where the i-th analysis channel employs the qi-th Ramanujan sum cqi . The

corresponding system is:

QN := {Lkcq1}
N↑1
k=0 → {Lkcq2}

N↑1
k=0 → · · · → {LkcqK}

N↑1
k=0 .

A key structural result ensures that any signal x ↘ ω2(ZN) admits an orthogonal

decomposition:

x(n) =
K∑

i=1

xqi(n),

where each component xqi lies in a distinct subspace spanned by shifts of cqi , and

↔xqi , xqj↗ = 0 for i ≃= j.

Sahil Kalra and Niraj K. Shukla [17, 18] provided a key breakthrough in this

area by introducing this foundational theorem within the context of Ramanujan

filter banks. This result is important as it connects the frame properties of Ra-

manujan filter banks with signal recovery under noise and incomplete data and

e!ectively expanding the tight frame property to dictionaries constructed from

Ramanujan sums. By doing so,they proved an important result which provides

the conditions under which the collection QN forms a tight frame for ω2(ZN) for

di!erent downsampling factors.
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Theorem 4.3. [18][Tight Frame Property] The collection QN forms a tight frame

for ω2(ZN) with frame bound N2.

Proof. By using above equation for x → ω2(ZN) , the central quantity in def (4.2)

with respect to QN simplifies to:

K∑

i=1

N→1∑

k=0

|↑x, Lkcqi↓|
2 =

K∑

i=1

N→1∑

k=0

∣∣∣∣∣∣

〈
K∑

j=1

ω(qj)→1∑

ε=0

εε,iLεcqj , Lkcqi

〉∣∣∣∣∣∣

2

=
K∑

i=1

N→1∑

k=0

∣∣∣∣∣∣

K∑

j=1

ω(qj)→1∑

ε=0

εε,i↑Lεcqj , Lkcqi↓

∣∣∣∣∣∣

2

=
K∑

i=1

N→1∑

k=0

∣∣∣∣∣∣

K∑

j=1

ω(qj)→1∑

ε=0

εε,i

N→1∑

n=0

cqj(n)cqi(n↔ (k ↔ ω))

∣∣∣∣∣∣

2

=
K∑

i=1

N→1∑

k=0

∣∣∣∣∣∣

ω(qi)→1∑

ε=0

εε,i

N→1∑

n=0

cqi(n)cqi(n↔ (k ↔ ω))

∣∣∣∣∣∣

2

=
K∑

i=1

N→1∑

k=0

∣∣∣∣∣∣

ω(qi)→1∑

ε=0

εε,iNcqi(k ↔ ω)

∣∣∣∣∣∣

2

= N2
K∑

i=1

N→1∑

k=0

∣∣∣∣∣∣

ω(qi)→1∑

ε=0

εε,icqi(k ↔ ω)

∣∣∣∣∣∣

2

= N2
K∑

i=1

N→1∑

k=0

|xqi(k)|
2 = N2

↗x↗2.

This confirms the tight frame condition with bound N2.

The Ramanujan filter bank system in [17] is generalized as:

Rp,N =
K⋃

i=1

{Lpkcqi}
d→1
k=0,

where N = pd. Known results include:

• For p = 1: R1,N is a tight frame for ω2(ZN) with bound N2.

• For p = 2 with M odd: R2,N is a tight frame for ω2(ZN) with bound 2M2.
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• For p > 2: The system is not a frame for ω2(ZN).

In their analysis, author established that the collection Rp,N , for p > 2, does not

span the entire Hilbert space ω2(ZN), and consequently does not form a frame

for ω2(ZN). The main reason is that, for p > 2, certain individual subcollections

{Lpkcqi}k→Jd
within Rp,N fail to span their corresponding Ramanujan subspaces

of ω2(ZN). As a result, the union of these subcollections is insu!cient to provide

a complete representation of the ambient signal space.
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CHAPTER 5

A!ne Ramanujan Sums

The Ramanujan Fourier transform is one of the e!cient multiresolution analy-

sis tools, but it only works for stationary or periodically characterized signals.

The A!ne Fourier transform, a general form of the Fourier transform, is suitable

for nonstationary signal analysis but with fixed resolution. In this study, Ra-

manujan sums are combined with the a!ne Fourier transform to provide a!ne

multiresolution analysis tools for nonstationary signals.

5.1 A!ne Ramanujan sums and its properties

Definition 5.1. [22][Discrete A!ne Fourier Transform] For a sampled signal

x = [x(”t), . . . , x(k”t)]
T ,

the discrete a!ne Fourier transform (DAFT) is defined as

X = Fx,
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where F is the kernel matrix with elements

Fk(m,n) =

√
1

k
exp

(
i
a

2b
(m!t)

2
→ i

2ωmn

k
+ i

d

2b
(n!u)

2

)
.

The parameters satisfy

ε =



a b

c d



 , with ad→ bc = 1,

and the sampling condition is given by !t!u = 2ω|b|
q

.

Theorem 5.1. [22][Chirp Periodicity] The function ”ε

k
(m) satisfies the chirp

periodicity property

e→j
ω
2ε (m+k)!t

2
”ε

k
(m+ k) = e→j

ω
2εm!t

2
”ε

k
(m), (5.1)

where k is the chirp period.

Proof. It can be verified that the kernel function satisfies

e→j
ω
2ε (m+k)!t

2
Fk(m+ k, n) = e→j

ω
2εm!t

2
Fk(m,n). (5.2)

From this relation, the chirp periodicity of ”ε

k
(m) follows directly.

Theorem 5.2. [22][Orthogonality] The functions ”ε

k
(m) satisfy the orthogonality

property

k1k2∑

m=1

”ε

k1
(m)

(
”ε

k2
(m)

)↑
=






0, k1 ↑= k2,

k1 ϑ(k1), k1 = k2.
(5.3)

Proof. Substituting the expression of ”ε

k
(m) into the left-hand side of (5.3), we

obtain
k1k2∑

m=1

”ε

k1
(m)

(
”ε

k2
(m)

)↑
=

√
1

k1k2

k1k2∑

m=1

k1∑

n1=1
gcd(n1,k1)=1

↓

k2∑

n2=1
gcd(n2,k2)=1

e
→j2ωm

(
n1
k1

→n2
k2

)

ej
ω
2ε (n

2
1→n

2
2)(!t)2 . (5.4)

The value of the above expression depends on the relationship between k1

and k2.
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Case (i): k1 →= k2. In this case, n1
k1

→= n2
k2
, and hence

k1k2∑

m=1

e
→j2ωm

(
n1
k1

→n2
k2

)

= 0, (5.5)

which implies
k1k2∑

m=1

!ε

k1
(m)

(
!ε

k2
(m)

)↑
= 0. (5.6)

Case (ii): k1 = k2 = k. Then the summation becomes
k
2∑

m=1

e→j2ωm
(n1→n2)

k . (5.7)

If k ⊋ (n1 ↑ n2), the sum evaluates to zero. If k | (n1 ↑ n2), i.e., n1 = n2, then
k
2∑

m=1

1 = k2. (5.8)

Thus, only terms with n1 = n2 contribute, and the expression reduces to
k
2∑

m=1

!ε

k
(m)

(
!ε

k
(m)

)↑
= k ω(k). (5.9)

Hence, the orthogonality property is established.

Based on a”ne Ramanujan sums, the ARFT for infinite sequences is defined as

follows.

Definition 5.2. Let x(m) be a infinite discrete-time sequence. The A”ne Ra-

manujan Fourier Transform (ARFT) of x(m) is defined by

Xε(k) =
1

ω(k)

(
lim

M↓↔

1

M

M∑

m=1

x(m)!ε

k
(m)

)
, (5.10)

where ω(k) denotes Euler’s totient function and !ε

k
(m) represents the a!ne Ra-

manujan basis function. The corresponding inverse A!ne Ramanujan Fourier

Transform is given by

x(m) =
↔∑

k=1

Xε(k)!ε
→1

k
(m). (5.11)

We introduce a canonical circular time-shift operator F̂n. Specifically, the

canonical time-shift operator can be represented as

Fn(x)(m) = x(m↑ n)ej
a
2b ((m→n)!t)2e→j

a
2b (m!t)2 . (5.12)
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Replacing the time-shift operator with circular time-shift operator in (5.12), the

canonical circular time-shift operator is defined as follows

F̂n(x)(m) = x(m→ n)ej
a
2b ((m→n)k!t)2e→j

a
2b (m!t)2 . (5.13)

5.2 The ARFT-I for finite sequences

A natural idea to calculate the ARFT for finite sequences is assigning M in

(5.10) as a finite number, such as assigning M as the length of sequence x(m),

m = 1, · · · ,M . In this way, the first type of ARFT (ARFT-I) for finite sequences

is obtained as follows.

Definition 5.3. [22] The ARFT-I for a finite sequence x(m), m = 1, · · · ,M , is

defined as

Xω(k) =
1

ω(k)M

M∑

m=1

x(m)!ω

k
(m), k = 1, · · · ,M. (5.14)

Accordingly, its matrix form is

Xω =
1

M
!ωx, (5.15)

where

Xω = [Xω(1), · · · , Xω(M)]T , x = [x(1), · · · , x(M)]T ,

and !ω is an M ↑M square transform matrix expressed as

!ω =





1

ω(1)
!ω

1 (1) · · ·
1

ω(1)
!ω

1 (M)

...
. . .

...

1

ω(M)
!ω

M
(1) · · ·

1

ω(M)
!ω

M
(M)




. (5.16)

If matrix !ω is reversible, x can be obtained from Xω, which is

x = M (!ω)→1 Xω. (5.17)
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Theorem 5.3. [22][Recursive Representation and Reversibility of ARFT-I] Let

Fk(m,n) be the function introduced in Theorem , and let m be fixed. Then the

a!ne Ramanujan sums satisfy the relation
k∑

n=1

Fk(m,n) =
∑

q|k

q∑

n=1
(n,q)=1

Fq(m,n) =
∑

q|k

!ω

q
(m). (5.18)

Consequently, the a!ne Ramanujan sum !ω

k
(m) admits the recursive representa-

tion

!ω

k
(m) =

k∑

n=1

Fk(m,n)→
∑

q|k
q<k

!ω

q
(m). (5.19)

Furthermore, the transform matrix !ω defined in (5.16) can be reduced by ele-

mentary row operations to the matrix Qω given by

Qω =





1

ω(1)
F1(1, 1) · · ·

1

ω(1)
F1(M, 1)

...
. . .

...

1

ω(M)

M∑

n=1

FM(1, n) · · ·
1

ω(M)

M∑

n=1

FM(M,n)





. (5.20)

Moreover,

|!ω
| = |Qω

| . (5.21)

Hence, the reversibility of !ω is equivalent to the reversibility of Qω.

Proof. Fix an integer m. By the definition of Fk(m,n) introduced in Theorem 1,

we obtain
k∑

n=1

Fk(m,n) =
∑

q|k

q∑

n=1
(n,q)=1

Fq(m,n).

Recognizing that the inner summation corresponds exactly to the a”ne Ramanu-

jan sum !ω

q
(m), we obtain (5.18). Rearranging the terms yields the recursive

formula (5.19). Now, consider the matrix !ω defined in (5.16). By perform-

ing elementary row operations while preserving the determinant, we successively

transform !ω. Specifically, adding ω(q) times the qth row to the last row, for
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every divisor q | M with q < M , transforms the last row into
M∑

n=1

FM(m,n)/ω(M).

Similarly, adding the qth row to the (M → 1)th row, for every q | (M → 1) with

q < M → 1, transforms the (M → 1)th row into
M→1∑

n=1

FM→1(m,n)/ω(M → 1).

Repeating this process successively up to the first row, the matrix !ω is reduced

to the matrix Qω given in (5.20). Since elementary row operations preserve the

determinant up to non-zero constants, it follows that

|!ω
| = |Qω

| .

Therefore, !ω is reversible if and only if Qω is reversible.

Example 5.1. [ARFT-I Amplitude Illustration with Circular Shift] Fig.(5.1)

illustrates the amplitudes of the ARFT-I of !ω

8 (m) and its one-step canonical

circular time shift given by !ω

8 (m→ 1) ej
a
2b (m→1)2→m

2
.

This example demonstrates how a circular shift in the time domain a”ects the

amplitude distribution in the ARFT domain. While the magnitude structure

remains preserved, the phase term introduces a modulation governed by the

quadratic exponential factor.The significant strength located at the 8th point

in Fig.(5.1) represents the chirp period 8, but the chirp period strength is dis-

tributed on almost all independent variables of ARFT-I in Fig.(5.2). In the second

case, ARFT-I fails in estimating the chirp period, which explains that Xω(k) is

sensitive to the canonical circular time shift.
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Figure 5.1: Amplitudes of ARFT-I of !ω

8 (m)

Figure 5.2: Amplitude of ARFT-I of one step canonical circular time shift of

!ω

8 (m)
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: The a!ne Ramanujan basis matrix Bω

k
is given by

Bω

k
=





ωω

k
(0) ωω

k
(k → 1) e→

1
2ω0

((k→1)!t)2
· · · ωω

k
(1) e→

1
2ω0

(!t)2

ωω

k
(1) ωω

k
(0) e

1
2ω0

(!t)2
· · · ωω

k
(2) e

1
2ω0

(1→22)(!t)2

...
...

. . .
...

ωω

k
(k → 1) ωω

k
(k → 2) e→

1
2ω0

((k→2)2→(k→1)2)(!t)2
· · · ωω

k
(0) e

1
2ω0

(k→1)2(!t)2





(5.22)

Next we will discuss a!ne Ramanujan subspace and some of its properties

Theorem 5.4. [22] Any consecutive ε(k) columns of Bω

k
are linearly independent.

Proof. Denote the submatrix by selecting the lth to the (l+ε(k)→ 1)th column

of Bω

k
as

Sω

k
= Bω

k
A, (5.23)

where A = [0ε(k)↑(l→1) Iε(k) 0ε(k)↑(k→l+1→ε(k))]T , 0ε(k)↑(l→1) is a ε(k)↑(l→1) matrix

with all elements being 0, I is an identity matrix, and 1 ↓ l ↓ k → ε(k) ↔ Z. Sω

k

becomes

Sω

k
= sub(F→1)F1, (5.24)

where F1 = sub(F T

0 )
TA is obtained by retaining the lth to (l + ε(k) → 1)th

column of sub(F T

0 )
T . As explained in Theorem 4 of [28], F1 is full-rank. Due to

the columns of a reversible matrix F→1 being linearly independent, the rank of

sub(F→1) is ε(k). Further, Sω

k
has rank ε(k).

Without loss of generality, the first ε(k) columns of Bω

k
are selected as Sω

k
in

the rest part of this paper. The kth a!ne Ramanujan sum and its ε(k) → 1

canonical circular time shift, which are actually the columns of Sω

k
, constitute

a set of basis for a ε(k)-dimensional a!ne Ramanujan subspace Sk. A signal

satisfies x(m) ↔ Sk if it can be decomposed as

x = Sω

k
[X(0), . . . , X(ε(k)→ 1)]T, (5.25)
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for some complex numbers X(m) → C,m = 0, . . . ,ω(k) ↑ 1, where C is a set of

complex numbers. In detail, every element x(m) is represented as

x(m) =
ω(k)→1∑

l=0

X(l)!ε

k
(m↑ l)ke

→j
a
2b ((m→l)k!t)2+j

a
2b (m!t)2 . (5.26)

As explained in (5.25), Sε

k
is a k ↓ ω(k) matrix. The M ↓M transform matrix

for x(m),m = 1, . . . ,M can be built by the following steps:

1. Determining all the divisors k1, . . . , kp of M satisfying
∑

p

l=1 ω(kl) = M ;

2. Chirp periodically extending every Sε

kl
vertically by canonical time shifting

it M/kl times, that is,

S̃ε

kl
=





Sε

kl

D1Sε

kl

...

DM/kl→1Sε

kl




, (5.27)

where the size of S̃ε

kl
is M ↓ ω(kl). Dm,m = 1, . . . ,M/kl ↑ 1 is a diagonal

matrix and it is expressed as

Dm = diag
(
e→j

a
2b (0

2→(0+mk)2)(!t)2 , e→j
a
2b (1

2→(1+mk)2)(!t)2 , . . . ,

e→j
a
2b ((k→1)2→(k→1+mk)2)(!t)2

)
,m = 1, . . . ,M.

3. Ranging the matrices S̃ε

kl
horizontally, that is

Gε = [S̃ε

k1
, . . . , S̃ε

kp
]. (5.28)

Theorem 5.5. [22][Block Orthogonality] The columns in S̃kl
and S̃kn are orthog-

onal, such that:

S̃†
kl
S̃kn = 0, for l ↔= n, (5.29)

where S† denotes the conjugate transpose of S.

Proof. According to the orthogonality of the a”ne Ramanujan sum shown in

(5.3), the orthogonality of the columns in two di#erent matrices S̃kl
and S̃kn is

similarly obtained.
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Theorem 5.6 (Full-rank property). The rank of matrix Gω is M .

Proof. As explained in Theorem (5.4), columns in Skl
are linearly independent.

Thus, columns in S̃kl
are linearly independent. Moreover, as explained in orthog-

onality, columns in di!erent matrices are orthogonal. Thus, columns in Gω are

linearly independent, which means Gω is full-rank.

Based on this theorem, the second type of ARFT for finite sequences x =

[x(1), . . . , x(M)]T is given as follows:

Definition 5.4. [22][ARFT-II] The ARFT-II for a finite sequence x(m),m =

1, . . . ,M is defined as

x = GωX, (5.30)

where x = [x(1), . . . , x(M)]T , and X is the coe!cient vector that can be calculated

as

X = (Gω)→1x. (5.31)

We want to show by example that if the periods are divisor of the length of

signal, then which perform better and how it is able to do it .

Example 5.2. The periodic signal x(m) is composed of N complex periodic

components with quadric polynomial initial phases, which is

x(m) =
N∑

n=1

ej
2ω
k εnm→jϑε

2
n , m = 1, · · · ,M.

where N denotes the number of periodic components and ωn represents the cor-

responding frequency indices.

For this experiment, the signal length and basic period are selected as M =

k = 128. The number of periodic components is chosen as N = 2 with frequency

indices ω1 = 4, ω2 = 7 .The a”ne parameter vector used for both ARFT-I and

ARFT-II is given by ε = [0, 1, →1, 1]
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Figure 5.3: Amplitude of ARFT-I of x(m)

Figure 5.4: Amplitude of ARFT-II of x(m)
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As show in Fig.(5.3) that ARFT-I can identify the hidden periodic compo-

nents through concentrated spectral peaks. Since the a!ne frequencies

ω1 = 2ε →
4

128 and ω2 = 2ε →
7

128 are integer multiples of the frequency

resolution interval 2ω
128 . The hidden period corresponding to 32 can be estimated

accurately. Furthermore, the second hidden period is determined using the great-

est common divisor relation as 2ω
gcd(4,7)→ 2ω

128

= 128 which correctly estimates the

second hidden period.

As shown in Fig,(5.4), ARFT-II also detects the existence of hidden period-

icity; however, the transform coe!cients are distributed over a range of neighbor-

ing indices instead of appearing as sharp peaks. The method estimates hidden

periods based on nonzero projections over several subspaces generated by the di-

visors of the signal length. The divisors of 128 are 1, 2, 4, 8, 16, 32, 64, 128 and

the corresponding Euler totient values areϑ(1) = 1, ϑ(2) = 1, ϑ(4) = 2, ϑ(8) =

4, ϑ(16) = 8,ϑ(32) = 16, ϑ(64) = 32, ϑ(128) = 64 Therefore, corresponds

to hidden period 32, the nonzero coe!cient should start from 17th position and

continue until 32th. and similarly period of 128 start from 65th position to 128th

position. ARFT-II is superior for periodic estimation if it is divisor of M over

ARFT-I.
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CHAPTER 6

Future Work

In this thesis, we studied the tight frame property of Ramanujan filter banks and

their applications in signal reconstruction and denoising. The obtained results

show that Ramanujan filter banks are e!ective in recovering missing components

of periodic and stationary signals, as well as in reducing noise contamination.

However, a major limitation of classical Ramanujan sums is that they are pri-

marily suited for stationary signals and are not su”ciently e!ective for analyzing

non-stationary signals whose spectral characteristics vary with time.

In future work, we aim to extend this framework to the study of non-

stationary signals by using a”ne Ramanujan sums. In particular, we will investi-

gate the tight frame property of a”ne Ramanujan filter banks, which are defined

by

Rω

p,N
=

K⋃

i=1

{
Lpk#

ω

qi

}d→1

k=0
, ω → SL2(Z),

where #ω

qi
denote the a”ne Ramanujan sums.

The proposed framework is expected to provide a more suitable representa-
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tion for non-stationary signals, particularly signals exhibiting chirp-like behavior

and time-varying frequency characteristics. We also plan to investigate whether

a!ne Ramanujan filter banks preserve useful properties such as signal reconstruc-

tion, recovery of missing data, and denoising capability.

Establishing these properties would contribute toward the development of

more e!cient mathematical and signal processing tools for the analysis of non-

stationary signals.
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