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ABSTRACT

This thesis develops the fundamental theory of computational algebraic geometry with
emphasis on polynomial ideals and Grobner bases. The preliminary part of the work is
based on standard material from Ideals, Varieties, and Algorithms [1], and includes the
study of polynomial ideals, affine varieties, monomial orderings, the division algorithm,
Dickson’s Lemma, and the Hilbert Basis Theorem, which establish the algebraic and
algorithmic foundations of the subject.

The central theme of the thesis is Grébner bases and their computational properties.
We present the theory of Grobner bases along with key algorithmic tools such as Buch-
berger’s algorithm and elimination theory. The role of Grobner bases in solving systems
of polynomial equations is highlighted through applications of the Hilbert Nullstellensatz
and methods for computing elimination ideals and minimal polynomials.

In addition, the thesis explores polynomial mappings and their algebraic structure
using Grobner basis techniques, illustrating how algebraic information can be extracted
computationally from ideals.

Finally, applications in combinatorial algebra are discussed, particularly in graph the-
ory. Algebraic encodings of the k-coloring problem are used to study 3-colorable and
general k-colorable graphs through associated polynomial ideals. These results demon-
strate how Grobner basis methods provide a powerful bridge between algebraic geometry
and combinatorial problems.

Overall, the thesis emphasizes Grobner bases as an effective computational framework
for translating geometric and combinatorial problems into algebraic form.
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Chapter 1

Preliminaries

In this chapter, we introduce the basic algebraic and geometric concepts that will be
used throughout this thesis. We review polynomial rings, affine varieties, ideals, and the
correspondence between algebraic sets and ideals. These notions form the foundational
language of algebraic geometry and provide the necessary background for the study of
Grobner bases and their applications in later chapters. Most of the results and definitions
in this chapter are standard; for a detailed treatment, see Chapter 1 of [1].

1.1 Monomials and Polynomials

Before defining monomials and polynomials, we introduce the ambient ring in which these
objects lie.

Definition 1.1.1. Let k be a field and let x1, 29, ..., x, be indeterminates over k. The
set of all polynomials in the variables xy, s, ..., x, with coefficients in k is called the
polynomial ring in n variables over k and is denoted by

k[l‘l, To, ... ,ZL‘n].
Definition 1.1.2. A monomial in x4, ..., x, is a product of the form
x?l e :Cg”’
where all of the exponents ay, ..., a, are nonnegative integers. The total degree of this

monomial is the sum oq + - - - + .

We can simplify the notation for monomials as follows: let @ = («y,...,a,) be an
n-tuple of nonnegative integers. Then we set

¢ =at

Qn
n -

When a = (0,...,0), note that z* = 1. We also let |a| = oy + -+ + «a,, denote the
total degree of the monomial z¢.

Definition 1.1.3. A polynomial in x4, . .., x, with coefficients in a field k is a finite linear
combination (with coefficients in k) of monomials. We will write a polynomial f in the
form

f= Zaaxa, aq € k,
(8%
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where the sum is over a finite number of n-tuples o = (v, ..., ).

When dealing with polynomials in a small number of variables, we will usually dispense
with subscripts. Thus, polynomials in one, two, and three variables lie in k[x], k[z,y],
and k[z,y, z|, respectively.

Example 1.1.4. For example,

. 3
=T+ — 17Y? + 5y

is a polynomial in Q[x,y, z].

Definition 1.1.5. Let
Y
be a polynomial in k[zy, ..., x,].
(i) We call a, the coefficient of the monomial z°.
(i) If an # 0, then we call a,z* a term of f.

(iii) The total degree of f # 0, denoted deg(f), is the maximum || such that the
coefficient a,, is nonzero. The total degree of the zero polynomial is undefined.

Example 1.1.6. Consider the polynomial

3
=Tz + > — Sayz + 57

4
in Q[z,y, z]. Then:
(i) The coefficients of the monomials are
3
7, 1, ——, 5.
Y Y 47
(ii) The terms of f are
3
Tty Yt —qayr Sy

(iii) The total degrees of the monomials are
deg(z'y®) =6,  deg(y’z®) =6,  deg(wyz) =3,  deg(y’) =2.

Hence,
deg(f) = 6.



1.2 Affine Space and Affine Varieties

Definition 1.2.1. Given a field k£ and a positive integer n, we define the n-dimensional
affine space over k to be the set

K" ={(a1,...,a,) | a1,...,a, € k}.

For an example of affine space, consider the case kK = R. Here we get the familiar
space R" from calculus and linear algebra. In general, we call k! = k the affine line and
k? the affine plane.

Let us next see how polynomials relate to affine space. The key idea is that a polynomial

f:Zaaxa € klxy, ...,z

gives rise to a function

f k" —k
defined as follows: given (a4, ...,a,) € k", replace every z; by a; in the expression for f.
Since all of the coefficients also lie in k, this operation gives an element
flay, ... a,) € k.

The ability to regard a polynomial as a function is what makes it possible to link
algebra and geometry.

A polynomial possesses both an algebraic and a functional interpretation. Consequently,
the statement f = 0 may mean either that f is the zero polynomial (that is, all coefficients
of f are zero) or that f defines the zero function on k™. In general, these two notions
are not equivalent. For instance, over the finite field Fy, the nonzero polynomial 22 — x
vanishes at every point of Fo.However, as long as k is infinite, there is no problem.

Proposition 1.2.2 ([I, Proposition 5, Section 1, p. 3]). Let k be an infinite field, and
let f € klzy,...,x,]. Then f =0 in k[z1,...,x,] if and only if f : k" — k is the zero
function.

Proof. Since the zero polynomial clearly defines the zero function, one implication is
immediate. For the converse, suppose that f(ay,...,a,) =0 for all (ay,...,a,) € k™. We
prove that f is the zero polynomial by induction on n.

If n =1, then f € k[x] is a polynomial in one variable. Since a nonzero polynomial
of degree d has at most d roots, and k is infinite, the assumption that f(a) = 0 for all
a € k implies that f must be the zero polynomial.

Now assume the result holds for polynomials in n—1 variables, and let f € k[xq,. .., x,]
vanish at every point of k". Viewing f as a polynomial in x, with coefficients in
klxi,..., T, 1], we may write



where g; € k[xq,...,z,_1].

Fix (ai,...,a,_1) € k"'. Then the polynomial f(ay,...,a, 1,%,) € k[z,] vanishes
for every x,, € k. By the case n = 1, it follows that f(as,...,a,_1,x,) = 0 as a polynomial
in k[x,]. Hence all of its coefficients vanish, so g;(a1,...,a,—1) = 0 for all 4.

Since (ay,...,a, 1) was arbitrary, each g; defines the zero function on k"~'. By the
induction hypothesis, each g; is the zero polynomial. Therefore f = 0in k[zy,...,z,]. O

Definition 1.2.3. Let k be a field, and let fi,..., fs be polynomials in k[xy, ..., z,].
Then we set

V(fi,-., fs) ={(a1,...,a,) € K" | filar,...,a,) =0, forall 1 <i < s}.

We call V(fi,..., fs) the affine variety defined by fi,..., fs.

Thus, an affine variety V(fi,..., fs) C k™ is the set of all solutions of the system of
equations

filzy, .. xn) = = fo(x1,...,2,) = 0.

Example 1.2.4. We will use £ = R so that we can draw pictures. Consider the plane
R? with the variety
V(z* +y* - 1),

which is the unit circle centered at the origin [1, p. 6]:

Figure 1.1: The affine variety V(2 + y? — 1).

The conic sections studied in analytic geometry (circles, ellipses, parabolas, and hy-
perbolas) are affine varieties.

Example 1.2.5. Now consider the three-dimensional space R3. A nice affine variety is
given by the paraboloid of revolution

V(Z - 'IQ - yz)a

which is obtained by rotating the parabola z = x? about the z-axis [I, p. 7]. This gives
us the picture:



Figure 1.2: The affine variety V(z — 2% — 3?).

Consider another affine variety
V(22 - I'2 - y2)7

which corresponds to the cone 22 = 22 + ¢? [I p. 7]. This gives the following picture:

Figure 1.3: The affine variety V(2% — 2% — ¢?).

Example 1.2.6. An interesting example of a curve in R? is the twisted cubic, which is
the affine variety
V(y — 22, 2z —2°)

[ p. 8].

For simplicity, we will restrict to the portion that lies in the first octant. To begin,



we draw the surfaces y = 2% and 2z = 2® separately:

0 ' 0

Figure 1.4: The surfaces y = 22 and 2z = 2° in R3.

Then their intersection gives the twisted cubic, i.e., the required variety:

o

Figure 1.5: Twisted cubic curve given by V(y — 22, 2 — x3).

Lemma 1.2.7 ([1, Lemma 2, Section 2, p. 11]). If V,W C k™ are affine varieties, then
VUW and VNW are also affine varieties.

Proof. Suppose that V.=V (f1,..., fs) and W =V (gy,..., ;). Then our claim is

VnWw = V(fl?"'?fsagla"'7gt)7
VUW =V (fig;|1<i<s, 1<j<t).

An n-tuple in k™ being in V N W implies that all fi,..., fs and ¢1,...,g; vanish at
that point, which is the same as f1,..., fs, 91, ..., g; vanishing there. Therefore, the first
equality is proved.

Now let (ai,...,a,) € V. Then all of the f; vanish at this point, which implies that
all of the f;g; also vanish at (ai,...,a,). Thus,

VCV(figill<6<s, 1<j<t).



Similarly,
WCV(figi|1<i<s, 1<j<t).
This proves that
VUW CV (fig;[1<i<s 1<) <4).

For the other inclusion, let (ai,...,a,) € V (fig; |1 <i<s, 1 <j <t).If this point
belongs to V, then we are done. If not, then f; (a1,...,a,) # 0 for some ip (1 < iy < s).
Since f;,g; vanishes at (aq,...,a,) for all j, it follows (since k is a field) that all g; must
vanish at this point. Hence,

(ay,...,a,) € W.

This shows that
V(figj|1§i§s, 1<ji<t)CVUW.

This completes the proof. O

Corollary 1.2.8. Finite intersections and unions of affine varieties are again affine
varieties.

Proof. The result follows by induction from Lemma [1.2.7. O]

As an example concerning unions, consider the union of the (z,y)-plane and the z-axis
in affine 3-space. By the above formula, we have V(2) UV (z,y) = V(zx, zy).
In the case of intersections, notice that the twisted cubic was given as the intersection

of two surfaces (see Example [1.2.6).

The examples given in this section lead to some interesting questions concerning affine

varieties. Suppose that we have fi,..., fs € k[z1,...,2,]. Then:

e (Consistency) Can we determine if V(f,..., fs) =0, i.e., do the equations f; =

-+ = f, = 0 always have a common solution?

e (Finiteness) Can we determine if V(fy,..., fs) is finite, and if so, can we find all

of the solutions explicitly?

e (Dimension) Can we determine the “dimension” of V'(fi,..., fs)?

The answer to these questions is yes, although care must be taken in choosing the field

k that we work over. Nevertheless, we will give complete solutions to all three problems.



1.3 Ideals

Definition 1.3.1. A subset I C k[z1,...,x,] is an ideal if it satisfies the following:
(i) 0 e I.
(ii) If f,g € I, then f+4 g € I.

(iii) If f € I and h € Ek[zy,...,x,], then hf € I.

The first natural example of an ideal is the ideal generated by a finite number of

polynomials.

Definition 1.3.2. Let fi,..., fs be polynomials in k[xy, ..., z,]. Then we set

hl,...,hSEk[ﬂfl,...,xn]}.

<f17"'7fs> = {Zhlfz

One can prove that (f,..., fs) is an ideal. We will call (f, ..., fs) the ideal generated
by fi,..., fs.

We say that an ideal I is finitely generated if there exist fi,..., fs € klz1,...,x,] such
that
I= <f17"'7f8>7

and we say that fi,..., fs are a basis of I.

In our later discussion, we will prove the amazing fact that every ideal of k[z, ..., x,]
is finitely generated (this is known as the Hilbert Basis Theorem).

Note that a given ideal may have many different bases. In later chapters, we will show

that one can choose an especially useful type of basis, called a Grobner basis.

Definition 1.3.3. Let [ be an ideal in k[xq, ..., z,]. The variety of I is defined as
V(I)={(a1,...,an) €K" | flar,...,a,) =0, VfeEI}.

Remark 1.3.4. If I, J are two ideals of k[z1, ..., x,] such that
IcJ,
then it follows directly from the definition that

V() > V(J).

8



Proposition 1.3.5 ([1, Proposition 9, Section 5, p. 81]). If f1,..., fs are a basis for an
ideal I C k[zy, ..., 2], so that I = (f1,...,fs), then V(I) =V (f1,..., fs).

Proof. Let (ay,...,a,) € V(I). Then f(ay,...,a,) =0, for all f € I. Since f; € I, so
filar,...,;a,) =0, for all 1 <i <s, that is, (a,...,a,) € V(f1,..., fs)
Conversely, let (ay,...,a,) € V(fi1,..., fs). Then fi(ay,...,a,) =0,V1<1i<s. Let

fel={fi. . f) then
= Zulf’H
=1

for some u; € k[xy,...,x,]. Thus f(ai,...,a,) = 0. Hence, (ay,...,a,) € V(I). Thus
we have that V(I) =V (f1,..., fs). O

Example 1.3.6. Consider the variety V (2z% 4 3y? — 11, 2? —y* —3) C R2. Let I be the
ideal generated by f; = 222 + 3y? — 11 and f, = 22 — y* — 3.
Now, fi = 2(2?=4)+3(y*~1), f2 = (¢*=4)—(y*—1). So, I = (f1, fo) C (a?—4, y*—1).
Also, clearly,
J1+3fe

7 =122 — 4,
and 9
g1 B2t =4 h-2p
3 5
Thus, (2*> —4, y* —1) C (fi, fo) =1
Therefore,

I=(fif2) = (a® — 4,y —1).

Hence, by above Proposition,

V(22 +3y* — 11, 2 —y* = 3) = V(I) = V(2 — 4, y* — 1) = {(£2,£1)}.

Definition 1.3.7. Let V C k™ be an affine variety. Then we set
I(V)=Af €klxy,...,x,] | fla1,...,a,)=0for all (ay,...,a,) € V}.

Lemma 1.3.8 ([I, Lemma 6, Section 4, p. 32]). If V. C k™ is an affine variety, then
I(V) C klxy,...,2,) is an ideal. We will call I(V') the ideal of V.

Proof. Clearly, 0 € I(V), since the zero polynomial vanishes on all of £, and so, in
particular, it vanishes on V. Next, suppose that f,g € I(V) and h € klzy,...,z,]. Let
(ay,...,a,) be an arbitrary point of V. Then

(f+9g)al,...,a,) = flar,...,a,) +g(a,...,a,) =04+0=0,

and
(hf)(ai,...,a,) = h(ay,...,a,)f(ay,...,a,) = h(ay,...,a,)-0=0.
So, f+g,hf € I(V), since (ay, ..., a,) was chosen arbitrarily. Hence, I(V') is an ideal. [

9



Example 1.3.9. For an example of the ideal of a variety, consider the variety {(0,0)}
consisting of the origin in k*. Then its ideal I({(0,0)}) consists of all polynomials in
k[x,y] that vanish at the origin, and we claim that

I({(0,0)}) = (z,y).

Any polynomial of the form A(x,y)z + B(x,y)y vanishes at the origin. For the
converse, suppose that
f= Zaijxlyj
2

vanishes at the origin. Then
oo = f(OaO) = Oa

f == Z Clij.ilﬁiyj.
(1.5)#(0,0)
Separating the terms according to whether ¢ > 0 or 7 > 0, we may write

and consequently,

f= Z aiv Y | o+ Z ai;r'y | y.
(4,5)7#(0,0) (4,5)7#(0,0)

>0 7>0

Hence f € (z,y), and therefore

1({(0,0)}) = (. y).

Example 1.3.10. Consider the case when V' = k. Then I (k™) consists of all polynomials
that vanish at every point of k™. Hence, by Proposition [1.2.2, we have

I(k") = {0},
whenever k is infinite.

Example 1.3.11. Now let’s give a more interesting example. Consider the twisted cubic
V=V(y—-2* z—a2*) CR.

We claim that
(V)= (y—a? z—2a?.

To prove this, we will first show that given a polynomial f € R[z,y, 2], we can write
f in the form
f=nhi(y—2*) + ha(z — 2°) + 1, (1.1)

where hy, hy € R[x,y, z] and r is a polynomial in the variable x alone. First, consider the
case when f is a monomial 2%y”27. Then the binomial theorem tells us that

B = 2@ 4 (g — )P+ (2 — )’
= 2%(2*” + terms involving (y — 22))(2® + terms involving (2 — z?)),

10



and multiplying this out shows that
2®Y’2" = hi(y — 2°) + ha(z — 2°) + 227209,

for some polynomials hy,hs € Rx,y,z]. Thus, is true in this case. Since an
arbitrary f € R[x,y,z] is an R-linear combination of monomials, it follows that
holds in general.

We now prove [(V) = (y—x?, z—a3). By the definition of the twisted cubic V', we have
y—12% z—a® € I[(V), and since I(V) is an ideal, it follows that hy(y — %) +ho(z — 23) €
I(V). This proves that

(y — 2% z—2°) C (V).

To prove the opposite inclusion, let f € I(V') and let
f=hi(y—2%) +ho(z —2%) +r

be the decomposition given by ([1.1)). To prove that r is zero, we will use the parametriza-
tion (¢,t%,¢3) of the twisted cubic. Since f vanishes on V', we obtain

0= f(t, 1) =0+ 0+7r(t).

Since t can be any real number, r € R[x] must be the zero polynomial by Proposition|1.2.2.
But 7 = 0 shows that f € (y — 2%, z — 2?%), and therefore I(V) = (y — 2%, z — 23).

The construction of the ideal I(V') above is a very important one. It provides the bridge
from geometry back to algebra since, in addition to the map

{Subsets of k[x1,...,z,|} — {Varieties of k"}
S — V(9),
we now have a map
{Varieties of "} — {Ideals of k[xy,...,z,]}
V— I(V).
Understanding the relationship between these two maps allows us to pass back and forth

between algebraic and geometric questions. In particular, we will be interested in the
relationship between an ideal I and the ideal I(V (1)).

It is easy to see that
I C I(V(I)),

but equality does not always hold. Thus, one may ask whether

[(V(f177fs)) = <f17---afs>'

Unfortunately, the answer is not always affirmative. The following result gives the
best general statement that can be made at this stage.

11



Lemma 1.3.12 ([I, Lemma 7, Section 4, p. 34]). Let I C k[z1,...,x,] be an ideal. Then
I CI(V(I)).
Equality need not hold in general.

Proof. Let f € I. Suppose that (ai,...,a,) € V(I). Then, by definition of the variety
of an ideal,
glay,...,a,) =0 forall g € I.

In particular, since f € I, we have

flay,... ;a,) =0.

Since (ai,...,a,) € V(I) was arbitrary, it follows that f vanishes on all of V(7).
Hence,

fe V().
Therefore I C I(V(I)). O

For showing that equality may not hold, we need an example Where I(V(I)) is strictly
bigger than I. For this, consider I = (:c y 2). By Proposition 1 I(V((z*9%)) =
I(V (2% y%). So, we first compute I(V (2% y?)). The equations x? = 0 and y? = 0 imply
that V(2% y*) = {(0,0)}. But Example @ showed that the ideal of {(0,0)} is (x,y),
so that I(V (2% 4?)) = (z,y). To see that this is strictly larger than (2% y?), note that
x & (2%, y?), since for polynomials of the form hy(x,y)z? + he(z,y)y?, every monomial
has total degree at least two.

Proposition 1.3.13 (][I Proposition 4, Section 4, p. 34]). Let V and W be affine varieties
m k™. Then:

(i) VC W if and only if I(V) D I(W).
(it) V=W if and only if I(V) = I(W).

Proof. To prove (i), first suppose that V' C W. Then any polynomial vanishing on W
must vanish on V', which proves that (W) C I(V).

Next, assume that (W) C I(V). We know that W is the variety defined by some
polynomials g1, ..., ¢ € k[x1,...,2,]. Then gq,...,9: € I(W) C I(V), and hence the g;’s
vanish on V. Since W consists of all common zeros of the g;’s, it follows that V' C W.

The proof of (ii) follows immediately from part (i). O

12



Chapter 2

Introduction to Grobner Bases

The theory of Grobner bases, introduced by Bruno Buchberger in 1965, provides an
algorithmic framework for studying ideals in polynomial rings and solving systems of
polynomial equations. In this chapter, we develop the basic theory of Grobner bases,
beginning with monomial orderings and the division algorithm in multivariate polynomial
rings. We then establish the Hilbert Basis Theorem, introduce Grobner bases and their
fundamental properties, and conclude with Buchberger’s Criterion, which gives a practical
characterization for determining whether a given basis is a Grobner basis.

2.1 Ordering on the Monomials in k[zy,...,x,]

Definition 2.1.1. A monomial ordering > on k[x1,...,x,] is a relation > on Z%, or
equivalently, a relation on the set of monomials =%, a € ZY,, satisfying:

(i) > is a total ordering on ZZ,.

(ii) If a > B and v € Z%;, then
a+v>B+7.

(iii) > is a well-ordering on ZZ,. This means that every nonempty subset of ZZ, has a
smallest element under >.

The following lemma clarifies the meaning and significance of the well-ordering condition
in part (iii) of the above definition.

Lemma 2.1.2 ([1l, Lemma 2, Section 2, p. 56]). An order relation > on Z%, is a well-
ordering if and only if every strictly decreasing sequence in Z%,

al > a® =3 < ...
eventually terminates.

Proof. We will prove this in contrapositive form: > is not a well-ordering if and only if
there is an infinite strictly decreasing sequence in ZZ,,.

Suppose that > is not a well-ordering. Then some non-empty subset S C 7%y has no
least element. Now pick a( € S. Since a! is not the least element, we can find o? € S
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such that o > a®. Then o!? is also not the least element, so there exists a® € §
such that o® > o(®. Continuing in this way, we obtain an infinite strictly decreasing
sequence

a® > a® > B - .

Now assume that there exists an infinite strictly decreasing sequence
a® > a®@ =B < ...

Then the set {a®,a® a®, ..} is a non-empty subset of Z2; having no least clement.
Hence > is not a well-ordering. O]

Definition 2.1.3 (Lexicographic Order). Let o = (a1, a9, ..., a,) and 8 = (81, o, ..., Bn) €
Z%,. We say that
O >lex B

if, in the vector difference o — 3 € Z", the leftmost nonzero entry is positive. We write
TY >y TP

if o >1ex ﬁ

Example 2.1.4. Some examples of the lexicographic order are as follows:

(a) Since the leftmost nonzero entry of
(5,3,0) — (4,4,2) = (1, —1,-2)

is positive, we have

(5,3,0) >1ex (4,4,2).
(b) Since the leftmost nonzero entry of
(8,7,4) — (8,7,1) = (0,0,3)

is positive, we have

(8,7,4) >1ex (8,7,1).
(c¢) The variables x1, ..., z, are ordered in the usual way by the lex ordering:
(17070)"'70) >lex <071707“'70) Zlex "t Plex (077071)

So,

L1 Zlex L2 Zlex " * Zlex Tn-

14



Definition 2.1.5 (Graded Lexicographic Order). Let a = (a1,a9,...,a,) and § =
(B1, B2, .-+, Bn) € Z%,. We say that

« >grlex /8

if either
la| > [B],

or
la] =8| and « > B.

Example 2.1.6. Some examples of the graded lexicographic order are as follows:

(a) Since
1(2,4,3)] =9 >3 =(1,2,0)],
we have
(2, 4, 3) > grlex (17 2a O)
(b) Since
(7,3,4)| =14 =(5,1,8)|
and
(7, 37 4) >lex (57 ]-7 8)7
we have

(7,3,4) >aex (5,1,8).
(c) The variables are ordered according to the lex order, i.e.,

T >grlex Z2 >grlex e >gr1ex L.

Proposition 2.1.7 ([1, Proposition 4, Section 2, p. 57|). The lex, grlex, and grevlex
orderings on Z%, are monomial orderings.

Proof. See the proof of Proposition 4 in [1l, Section 2, p. 57]. n

We conclude this section with a discussion of how a monomial ordering can be applied
to polynomials. If

f= ™ € klay, ..., a)

and a monomial ordering > has been selected, then the monomials of f can be arranged
uniquely in decreasing order with respect to >. For example, let

f=day*z +42° — 52° + Ta*2” € K[z, v, 2].

Reordering the terms of f in decreasing order, we obtain:
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(a) With respect to the lex order,

= =52 4+ 7022% + dwy’z + 42°
(b) With respect to the grlex order,

f =722 4 day?z — 5a® + 422
(c) With respect to the grevlex order,

[ =dwy?z + 70?2 — 52’ + 427,

We will use the following terminology:

Definition 2.1.8. Let
f= Z Qo

be a nonzero polynomial in k[xy, ..., z,], and let > be a monomial ordering.

(i) The multidegree of f is

multideg(f) = max{a € Z%; | an # 0},
where the maximum is taken with respect to >.
(ii) The leading coefficient of f is
LC(f) = amuttideg(s) € k.
(iii) The leading monomial of f is
LM(f) = gmuttides(s),
with coefficient 1.

(iv) The leading term of f is

LT(f) = LC(f) - LM(f).

To illustrate, Let f = 4xy?z + 422 — 52® + 72222 € k[z,y, 2] and let > denote the lex
order. Then

multideg(f) = (3,0,0), LC(f) = -5, LM(f) = 2°, LT(f) = =52
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2.2 A Division Algorithm in k[zq, ..., z,)]

To study the division process in the multivariable case, we formulate a division algorithm

for polynomials in k[z1, ..., x,], which extends the usual division algorithm in k[z].
In the general setting, the goal is to divide a polynomial f € k[zy,...,x,] by polyno-
mials fi,..., fs € k[z1,...,2,]. As we will see, this means expressing f in the form

fZQIf1+"'+Qst+T7

where the quotients ¢, ..., qs € k[z1,...,2,] and the remainder r € k[z1,. .., x,].

The basic idea of the algorithm is the same as in the one-variable case. We aim to
cancel the leading term of f (with respect to a fixed monomial ordering) by multiplying
one of the f; by a suitable monomial and subtracting it from f. This process is then
repeated, and each such step contributes to the corresponding quotient a;.

We illustrate this procedure with an example:

Example 2.2.1. We will first divide f = 2y?+1 by fi = 2y+1 and fo = y+ 1, using lex
order with x > y. Listing the divisors fi, fo and the quotients ¢i, g2 vertically, we have
the following setup:

qi :

g2 -
xy +1 > xy2—|—1
y+1

The leading terms LT(f;) = zy and LT(f;) = y both divide the leading term LT'(f) =
xy?. Since f; is listed first, we will use it. Thus, we divide zy into zy?, leaving y, and
then subtract y - f; from f:

@y

q2:
zy +1 ry? +1
y+1 ° xyity

—y+1

Now we repeat the same process on —y + 1. This time we must use fo since LT(f1) = zy
does not divide LT (—y + 1) = —y. We obtain:

qa- Yy
@ -1
xy +1 ) xy? + 1
y+1 zy? +y
—y+1
—y—1
2

Since LT(f1) and LT(f2) do not divide 2, the remainder is r = 2. Thus:

v+ l=y-(zy+ 1D+ (=1)-(y+1)+2

17



Theorem 2.2.2. [1, Theorem 3, Section 3, p. 64](The Division Algorithm) Fiz a mono-
mial order > on 7%, and let F' = (f1,..., fs) be an ordered s-tuple of polynomials in
klxi,...,x,). Then every f € klzy,...,x,] can be written as

fZQ1f1+"'+q<sfs+7a>

where ¢;, 1 € klx1, ..., x|, and either r =0 orr is a k-linear combination of monomials,
none of which is divisible by any of

LT(f1),...,LT(fs).

We call r a remainder of f on division by F.
Furthermore, if q;f; # 0, then

multideg(f) > multideg(g; f;)-

Proof. See the proof of Theorem 3 in [, Section 3, p. 64]. ]

Motivating Problems:

We now describe several fundamental problems in computational algebra that moti-
vate the theory of Grobner bases.

(1) The Ideal Description Problem: Does every ideal I C k[x1,. .., z,] have a finite
generating set? In other words, can we write

I'= <f1a"'7f8>
for some f; € k[zy,...,2,]7

(2) The Ideal Membership Problem: Given f € k[zy,...,z,] and an ideal I =
(f1,-.-, fs), determine whether f € I. Geometrically, this is closely related to
determining whether the variety V' (fi,..., fs) lies inside the hypersurface V (f).

(3) The Problem of Solving Polynomial Equations: Find all common solutions
in k" of a system of polynomial equations

filxy, ... xn) == fo(x1,...,2,) = 0.
Equivalently, this is the problem of finding the points in the affine variety V'(f1, ..., fs)-
(4) The Implicitization Problem: Let V' C k™ be given parametrically by
r1=q1(t, s tm), ooy Tp =gty tm).

If the g; are polynomials (or rational functions) in the parameters ¢;, then V' defines
an affine variety or a part of one. The goal is to find a system of polynomial
equations in the variables x; that defines the variety V.
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One implication is an easy corollary of Theorem [2.2.2If, after division of f by F' =
(f1,--.,fs), we obtain a remainder r = 0, then

f:a1f1+"'+a5fsa

so that f € (f1,..., fs). Thus, r = 0 is a sufficient condition for ideal membership.
However, as the following example shows, » = 0 is not a necessary condition for
membership in the ideal.

Example 2.2.3. Let f; = xy+ 1, fo = y* — 1 € k[x,y] with the lexicographic order.
Dividing f = zy* — x by F = (f1, f2), we obtain

vy’ —w=y-(2y+1)+0-(y* = 1) + (~z —y).
With F' = (fs, f1), however, we have
vy’ —z=z-(y*—1)+0-(zy+1)+0.

The second calculation shows that f € (fi, f2). The first calculation shows that even
if f € (f1, fa), it is still possible to obtain a nonzero remainder on division by F' = (f1, f2).

In dealing with a collection of polynomials fi,..., fs € klxy,...,z,], it is frequently
desirable to pass to the ideal I = (fi,..., fs) they generate. This allows the possibility
of replacing f1, ..., fs with a different generating set for /. Hence, we may ask whether
there exists a “good” generating set for I.

For such a set, we would want the remainder r obtained on division by these “good”
generators to be uniquely determined, and the condition r = 0 should be equivalent to
membership in the ideal.

Later, we will see that Grobner bases have exactly these desirable properties.

2.3 Monomial Ideals and Dickson’s Lemma

In this section, we consider the ideal description problem for the special case of monomial
ideals. We begin by defining monomial ideals in k[xy, ..., z,].

Definition 2.3.1. An ideal I C k[zy,...,z,] is called a monomial ideal if there exists a
subset A C ZZ, (possibly infinite) such that I consists of all polynomials which are finite
sums of the form

Z hoz®,

a€A

where h, € k[xy, ..., z,)].
In this case, we write

I=("|acA).
Example 2.3.2. An example of a monomial ideal is given by
I= (", a®y', a®y°) C klz,y].

Lemma 2.3.3 ([I, Lemma 2, Section 4, p. 70]). Let I = (z* | o € A) be a monomial
ideal. Then a monomial 2° lies in I if and only if 2° is divisible by x® for some a € A.
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Proof. If 2% is a multiple of 2* for some a € A, then 2” € I by the definition of an ideal.
Conversely, suppose that z” € I. Then

z? = i i@,
i=1

where h; € k[zy,...,z,] and a(i) € A. Expanding each h; as a linear combination of
monomials, we see that every term on the right-hand side is divisible by some x®®.
Hence, the left side 2 must also be divisible by some z*®. O

Note that z? is divisible by z® if and only if

2P =2 2"
for some v € Z%,. This is equivalent to
B=a+".

Thus, the set
a+ 25 ={a+v|veZi}
consists of the exponents of all monomials divisible by x®.
This observation allows us to draw pictures of the monomials in a given monomial
ideal.

For example, if

then the exponents of the monomials in I form the set
((6,0) +Z2,) U ((5,4) + Z%,) U ((3,6) + Z2,).

We can visualize this set as the union of the integer points in three translated copies
of the first quadrant in the plane:

n
4 L J L ] . a a
(2q5). L ] a a a
(3‘4). a a o
@2 ° °

m
(m,n) <> xMpn

Figure 2.1: Exponent set of the monomial ideal I = (2%, 25y*, 23y°).

20



Some books use different terminology. In Eisenbud [5], the leading term LT'(f) be-
comes the initial term in~(f). A more substantial difference appears in Becker and
Weispfenning [6], where the meanings of “monomial” and “term” are interchanged. For
them, the leading term LT'(f) is the head monomial H M (f), while the leading monomial
LM(f) is the head term HT(f). Page 10 of Kreuzer and Robbiano [7] contains a sum-
mary of the terminology used in different books. Our advice when reading other texts is
to check the definitions carefully.

Theorem 2.3.4 (Dickson’s Lemma [8, p. 414]). Let [ = (x| a € A) C k[xy,...,z,] be
a monomial ideal. Then I can be written in the form

I = (xo‘(l), . ,mo‘(s)),

where a(1), ..., a(s) € A.
In particular, every monomial ideal has a finite generating set.

Proof. We proceed by induction on n, the number of variables.

If n =1, then I is generated by the monomials x{, where @« € A C Z>o. Let § be
the smallest element of A C Zso. Then 3 < « for all a € A, so that ) divides all other
generators z{. Therefore,

I = ().

Now assume that n > 1 and that the theorem is true for n — 1 variables. We will write
the variables as z1,...,x,_1,y, so that monomials in k[z1,...,x,_1,y] can be written as
Y™, where a = (v, ..., 0, 1) € ZZ5" and m € Zs.

Suppose that I C k[zy,...,7,_1,y] is a monomial ideal. To find generators for I, let
J be the ideal in k[z1,...,z, 1] generated by the monomials z* for which z*y™ € I for
some m > 0. Since J is a monomial ideal in k[xq,..., 2, 1], our inductive hypothesis

implies that finitely many of the x®’s generate J, say
J = (z°W o),

The ideal J can be understood as the “projection” of I into k[z1,...,z,—1].

For each i between 1 and s, the definition of J tells us that x*®y™ € I for some
m; > 0. Let m be the largest of the m;. Then, for each k£ between 0 and m—1, consider the
monomial ideal J; C k[z1,...,x,_1] generated by the monomials 2? such that z%y* € I.
One can think of Ji as the “slice” of I generated by monomials containing y exactly to
the kth power. Using our induction hypothesis again, J; has a finite generating set of
monomials, say

Jp, = <xak(1)7 o ’xak(sk)>'

We claim that [ is generated by the monomials in the following list:

from J: x*Wym o p@ym
from Jy: a0 . geolso)
from J; : xal(l)y, . ,xal(sl)y,
from J,,_1 : xa’"*l(l)ymfl, . ,xo"”*l(sm*l)ym’l.
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We claim that every monomial in [ is divisible by one on the list. To see why, let
z®y? € I. If p > m, then 2%y” is divisible by some z*y™ by the construction of J. On
the other hand, if p < m — 1, then z®y? is divisible by some 2 y? by the construction
of J,.

It follows from Lemma [2.3.3 that the above monomials generate an ideal having the
same monomials as I. This forces the ideals to be the same, and our claim is proved.

To complete the proof of the theorem, we need to show that the finite set of generators
can be chosen from a given set of generators for the ideal. If we switch back to writing
the variables as x4, ..., x,, then our monomial ideal is

I=0@laeA) Cklry,...,x,).

We need to show that I is generated by finitely many of the x®’s, where a € A. By
the previous paragraph, we know that

I = (%0, 2P0))

for some monomials 2°® € I. Since 2°%) € I = (2 | a € A), Lemma [2.3.3 tells us that
each 270 is divisible by 22 for some a(i) € A. From here, it is easy to show that

This completes the proof. O

2.4 The Hilbert Basis Theorem and Grobner Bases

Definition 2.4.1. Let I C k[z1,...,z,] be a nonzero ideal.
(i) We denote by LT(I) the set of leading terms of elements of I. Thus,

LT(I) = {cx® | there exists f € [ with LT(f) = ca®}.

(ii) We denote by (LT'(I)) the ideal generated by the elements of LT(I).

Remark 2.4.2. If we are given a finite generating set for I, say I = (f,..., fs), then
the ideals (LT(f1),...,LT(fs)) and (LT(I)) need not be equal.

Indeed, by definition we have LT'(f;) € LT () for each i, which implies (LT'(f), ..., LT(fs)) C
(LT(1)).

However, the inclusion may be strict. The following example illustrates this phe-
nomenon.

Example 2.4.3. Let [ = (fy, f»), where f; = 23 — 2zy and fo=a%y — 2y* + x,
and use the graded lexicographic ordering on monomials in k[z,y|. Then

=z (aPy -2 + ) -y (2 — 2ay),

so that 2 € I. Thus, 2? = LT (2*) € LT(I).
However, z? is not divisible by LT(f1) = z3 or LT(f,) = x*y, so that 2* & (LT(f1), LT(f2)).
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Proposition 2.4.4 ([I, Proposition 3, Section 5, p. 77]). Let I C k[xy,...,x,] be an
ideal.

(i) (LT(I)) is a monomial ideal.
(ii) There exist g1, ...,q: € I such that (LT(I)) = (LT (g1),...,LT(g:)).

Proof. (i) The leading monomials LM (g) of elements g € I\{0} generate the monomial
ideal (LM (g) | g € I\ {0}). Since LM (g) and LT(g) differ by a nonzero constant,
this ideal equals (LT'(g) | g € I \ {0}) = (LT(I)). Thus, (LT(I)) is a monomial
ideal.

(ii) Since (LT(I)) is generated by the monomials LM (g) for g € I\ {0}, Dickson’s
Lemma implies that (LT(I)) = (LM (¢1),...,LM/(g;)) for finitely many ¢, ...,g; €
I. Since LM (g;) differs from LT (g;) by a nonzero constant, it follows that (LT'(I)) =

This completes the proof. n

We now use the above proposition together with the division algorithm to prove that
every polynomial ideal has a finite generating set, thereby giving an affirmative answer
to the ideal description problem.

Let I C k[xy,...,x,] be any ideal, and consider the associated ideal (LT'(I)). As al-
ways, we fix a monomial order to be used in the division algorithm and in the computation
of leading terms.

Theorem 2.4.5 (Hilbert Basis Theorem [9], p. 474]). Every ideal I C k[z1,...,x,] has a
finite generating set. That is,

[:<gla"'7gt>
for some g1,...,q, € I.

Proof. 1f I = {0}, we take our generating set to be {0}, which is certainly finite.

If I contains some nonzero polynomial, then a generating set gi,...,g; for I can
be constructed as follows. By Proposition [2.4.4, there exist ¢1,...,9; € I such that
(LT(I)) =(LT(g1),-..,LT(g:)). Weclaim that I = (¢1,...,¢:). Clearly, (¢1,...,9:) C I,
since each g; € I. For the reverse inclusion, let f € I be arbitrary. Applying the division
algorithm (Theorem to divide f by (g1,...,9:), we obtain

f=ag+ - +ag+r,

where no term of r is divisible by any of LT (¢1),...,LT(g;). We claim that r = 0. To
see this, note that

r=f-ag - —ag €l
If » # 0, then LT(r) € LT(I) C (LT(I)) = (LT(¢1),.-.,LT(g:)). Hence, by
Lemma [2.3.3, it follows that LT (r) must be divisible by some LT'(g;). This contradicts

the definition of the remainder in the division algorithm.
Therefore, » = 0, and so

f=agn+ - +ag €{g, ..,q)

Thus,
Ic <gl7' .. agt>‘
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Hence,
I = <gla s 7gt>'

This completes the proof. n
Remark 2.4.6. In addition to answering the ideal description problem, the generating

set {g1,...,9:} used in the proof of the Hilbert Basis Theorem has the special property
that

(LT(I)) = (LT(91),- - -, LT(gt))-

We have already seen in Example [2.4.3 that not every generating set of an ideal has
this property. We now give a special name to generating sets satisfying this condition.

Definition 2.4.7. Fix a monomial order. A finite subset G = {¢1,..., ¢} C I is called
a Grobner basis (or standard basis) of I if

(LT(I)) = (LT(g1), - - -, LT(ge))-

Equivalently, a finite subset {g1,...,g;} C I is a Grobner basis of I if and only if the
leading term of every element of I is divisible by one of the LT(g;).

Corollary 2.4.8 ([1, Corollary 6, Section 5, p. 78|). Fiz a monomial order. Then every
ideal
I Cklxy,...,xz,), I#{0},

has a Grobner basis. Furthermore, every Grobner basis of an ideal I generates I.

Proof. Given a nonzero ideal I, the set

G:{gla'-'agt}

constructed in the proof of the Hilbert Basis Theorem is a Grobner basis by definition.
Thus, the first assertion follows.

For the second assertion, note that if (LT'(1)) = (LT(¢1), ..., LT (g:)), then the argu-
ment used in the proof of the Hilbert Basis Theorem shows that I = (g1,..., ).

Hence, GG generates 1. O]

Remark 2.4.9. Let I C k[xy,...,z,] be an ideal. By the Hilbert Basis Theorem, there
exists a finite generating set

I= <gla"')gt>
for some g1,...,q9; € I. Hence, by Proposition [1.3.5,

V() =V({g1,---,9)) =V(g1,---, )

Therefore, V(1) is an affine variety.

2.5 Properties of Grobner Bases

We first prove that the remainder is uniquely determined when we divide by a Grobner
basis.
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Proposition 2.5.1 (I, Proposition 1, Section 6, p. 83]). Let

G=A{g1,---, 9t}
be a Grébner basis for an ideal I C klzy,...,x,], and let f € klxy,... ,x,]. Then there
exists a unique polynomial v € klxy, ..., x| satisfying the following properties:

(i) No term of r is divisible by any of LT (g1), ..., LT (gs).
(ii) There exists g € I such that f =g+ r.

In particular, r is the remainder on division of f by G, regardless of the order in
which the elements of G are listed in the division algorithm.

Proof. The division algorithm gives f = a;g; +- - - +a;g; + 1, where r satisfies (i). We can
also satisfy (ii) by setting ¢ = a;g1+- - -+ayg; € I. This proves the existence of . To prove
uniqueness, suppose that f = g+r = ¢+’ where both r and 7’ satisfy (i) and (ii). Then
r—r'=¢g—gel. lfr#r' then LT(r—v") € LT(I) C (LT(I)) = (LT (q1),.-.,LT(q1)).
By Lemma2.3.3, it follows that LT (r—7') is divisible by some LT'(g;). This is impossible,
since no term of either r or r’ is divisible by any of LT(¢g;),..., LT (g;). Thus, r —r" =0,
and hence r = 1. Therefore, uniqueness is proved.

The final part of the proposition follows from the uniqueness of r. O

Corollary 2.5.2 ([1, Corollary 2, Section 6, p. 84]). Let G = {g1,...,9:} be a Grébner
basis for an ideal I C klxy,... x|, and let f € k[xq,...,x,]). Then f € I if and only if
the remainder on division of f by G is zero.

Proof. If the remainder on division of f by G is zero, then by the division algorithm we
have f = a1g1 + -+ - + ayg; for some aq,...,a; € k[z1,...,x,], and hence f € I.
Conversely, suppose that f € I. Then f = f + 0 satisfies the two conditions of
previous proposition. Therefore, by uniqueness of the remainder, it follows that 0 is the
remainder on division of f by G. n

Proposition 2.5.3 ([1, Proposition 3, Section 6, p. 84]). Let I C klzy,...,z,] be an
ideal with Grébner basis G. Suppose f,g € klz1,...,x,]. Then

f=g (modI) ifand only if 7G g%,

Therefore, {?G | f € k[xq,... ,xn]} is a set of coset representatives for k[xy, ..., x,]/1.
Moreover, the map

Ng : k[zq, ... 2] — klzy, ..., 2]
—~G
fr—f
s k-linear.
Proof. Consider the map
Ng : klzy, ...z, — klzy, ... 2y
—a



By the Division Algorithm (Theorem , there exists ¢ € I such that f = ¢+
Ne(f), so that f — Ng(f) € I. Thus, f+1 = Ng(f)+ I in klzy, ..., x,]/1.

Also, for any ¢j,co € k and any fi, fo € kl[z1,...,2,], arfi + cafa — (ClNg(fl) +
eNa(f2)) € I, and e1Ng(f1) + c2Ng(f2) is reduced with respect to G. Therefore,
Ne(eifi + eafs) = eiNa(f1) + caNg(f2), and hence the map Ng is k-linear.

Now,

f=g (modI) <= there exists ¢ € I such that f =q+g.

Thus, Ne(f) = Ng(q) + Ne(g). But Ng(q) = 0, since ¢ € I by Corollary [2.5.2.
Hence, Ng(f) = Ng(g). Conversely, suppose that Ng(f) = Ng(g). Then f — g =
(f = Na(f)) — (9 — Ng(g)) € I, by Proposition 2.5.1(ii). Hence, f = ¢ (mod I). O

Using Corollary [2.5.2, we obtain an algorithm for solving the ideal membership prob-
lem, provided that a Grobner basis G for the ideal is known. Indeed, to determine whether
f € I, it suffices to compute the remainder of f upon division by G.

In the subsequent discussion, we will explain how to compute Grobner bases and
thereby obtain a complete solution to the ideal membership problem. We will use the
following notation for the remainder.

Definition 2.5.4. Let F' = (f1,..., fs) be an ordered s-tuple of polynomials. We write

TF for the remainder on division of f by F. If F'is a Grobner basis for (f1,..., fs), then
by Proposition [2.5.1, we may regard F' as a set (without any particular ordering).

For instance, let
F=(a%y — ¢, o'y —y*) C kfz, y],
and use the lexicographic order. Then
oy =y,
since the division algorithm yields
2’y = (2% + ay)(2y — y*) + 0 (z'y® — y°) + 2y,
Definition 2.5.5. Let f, g € k[z1,...,x,] be nonzero polynomials.

(i) If
multideg(f) = « and multideg(g) = 3,

then let v = (71, ...,79), where
vi = max(ay, 5;) for each 1.
We call 27 the least common multiple of LM (f) and LM/(g), written as
7 = LCM(LM(f), LM(qg)).

(ii) The S-polynomial of f and g is defined by

x7 x7

SO !
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Example 2.5.6. Let f = 23¢y* — 2%y + o and g = 3x'y +y? in R[z,y], and use
the graded lexicographic order. Then v = (4,2), and

:L,4y2 x4y2
S(f?.Q) - Igyg f - 3x4y g.

Hence,
1
S(f9)=xf-3yg

and therefore .
S(f,9) = =2’y + 2% — 2y’
Consider another example with f = 2yx — x and g =3y?> —x in R[z,y]. Sup-
pose > is the graded lexicographic order with y > z. Then LT(f) =2yx  and  LT(g) =
3y?, with v = (1,2). Hence, LCM(LM (f), LM (g)) = zy>.

Therefore,
2 2
xy xy
S == f-—9.
(f,9) 52 f 3,29
Thus,
Y x
S =Zf—-=
(f9)=5/-39
and hence { ]

Lemma 2.5.7 ([Il, Lemma 5, Section 6, p. 87]). Suppose we have a sum Y ;_, ¢; fi, where

¢ € k for all i, and multideg(f;) = 0 € Z2, for all i. If multideg(} ;_, c;f;) < 9, then

>oi_cifi is a k-linear combination of the S-polynomials S(f;, fx), 1<j,k<s.
Furthermore, each S(f;, fi) has multidegree strictly less than §.

Proof. Let d; = LC(f;), so that ¢;d; is the leading coefficient of ¢;f;. Since the ¢;f; all
have multidegree § and their sum has strictly smaller multidegree, it follows that

=1

Define p; = f;/d;, and note that p; has leading coefficient 1. Consider the telescoping

sum
s

Z cifi = Z cid;p;
i=1

i=1
= cldl(pl_p2)+(cldl+02d2)(p2_p3)+' ' '+(Cld1+' : '+Csfldsfl)(psfl_ps)_‘_(cldl—i_' : '+Csds)ps-
Using >°7 | ¢;d; = 0, the last term vanishes, and hence

S

Zcifi = c1di(p1 — p2) + (c1dy + cody) (P2 — p3) + -+ - 4 (c1dy + - - + co_1ds1) (Ps—1 — Ps)-
=1

Assume that LT(f;) = d;2°, which implies that the least common multiple of LM (f;)
and LM (fz) is 2°. Then
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2° ° 2° 0

S(fy; fu) = o7 (F) Ii— LTy Je = R Ji— 4 Jk =Dpj — Dk

Thus each difference p; — py is an S-polynomial, and so

(2.1)

Zcifi

=1

is a k-linear combination of S(f;, fi)’s.

Since p; and p;, have multidegree 0 and leading coefficient 1, the difference p; — p, has
multidegree strictly less than §. By Equation (1.1), the same is true of S(f;, f), and the
lemma is proved. O

When fi,..., fs satisfy the hypothesis of Lemma [2.5.7, we obtain an equation

S

Zcifi = chk S(fjv fk)-

i=1 3.k

In the sum on the right-hand side, each summand ¢;;S(f;, fr) has multidegree strictly
less than 4.

Theorem 2.5.8 (Buchberger’s Criterion [I1]). Let I be a polynomial ideal. Then a basis
G =A{q1,...,q} for I is a Grébner basis for I if and only if, for all pairs i # j, the
remainder on division of S(g;,9;) by G (listed in some order) is zero.

Proof. (=) If G is a Grobner basis, then since S(g;, g;) € I, the remainder on division
by G is zero by Corollary [2.5.2.

(<) Let f € I be a nonzero polynomial. We must show that if the S-polynomials all
have zero remainders on division by G, then

LT(f) € (LT(g1), ..., LT (g1))-

Before giving the details, let us outline the strategy of the proof.
Given

fEI:<gl7"'7gt>a

there are polynomials h; € k[z1,...,x,] such that

t
i=1
By the property of multidegree, we can say

multideg(f) < max(multideg(h;g;)). (2.3)

If equality does not occur, then some cancellation must occur among the leading
terms of . Lemma @ will enable us to rewrite this in terms of S-polynomials.
Then our assumption that S-polynomials have zero remainders will allow us to replace
the S-polynomials by expressions that involve less cancellation. Thus, we will get an
expression for f that has less cancellation of leading terms. Continuing in this way, we
will eventually find an expression for f where equality occurs in . Then

multideg(f) = max(multideg(h;g;))
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for some ¢, and it will follow that LT(f) is divisible by LT(g;). This will show that

LT(f) € {LT(q1), - .., LT(g:)),

which is what we want to prove.
We now give the details of the proof. Given an expression (2.2)) for f, let

m(i) = multideg(h;g;),
and define
d = max(m(1),...,m(t)).

Then inequality ({2.3]) becomes
multideg(f) < 0.

Now consider all possible ways that f can be written in the form . For each such
expression, we get a possibly different . Since a monomial order is a well-ordering, we
can select an expression for f such that ¢ is minimal.

We will show that once this minimal ¢ is chosen, we have

multideg(f) = d.
Then equality occurs in (2.3]), and as we observed, it follows that

LT(f) € (LT(q1), ..., LT(g0)).

It remains to show multideg(f) = J. We will prove this by contradiction. Equality
can fail only when multideg(f) < d. To isolate the terms of multidegree §, let us write f
in the following form:

[ = Z hig; + Z h;g;
m(i)=

) m(i)<d

- Z LT (hi)gi + Z (hi — LT (h))g: + Z hig;.
m(i)=4 i (i)<5

m(i)=0

(2.4)

The monomials appearing in the second and third sums on the second line all have
multidegree < §. Thus, the assumption multideg(f) < § means that the first sum also
has multidegree < ¢:

LT(h;) = c;z®®.

Z LT(hZ>gz: Z CiCL’a(i)gi
m(i)=9

m(i)=9

Then the first sum

has exactly the form described in Lemma [2.5.7. Thus Lemma [2.5.7 implies that this sum
is a linear combination of the S-polynomials

S(Ia(i)g“ xa(k)gk)'

However,

) 0 $5
T BT (g)

X

S(z0 g oW gy = T

xa(k)gk‘ = $5_7jk5(gj7 gk)7
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where 2% = LCM(LM (g;), LM(gy)). Thus there are constants c;;, € k such that
2 L1000 = 2 e a5a™00) = B nat ™ Slog ). (25)

The next step is to use our hypothesis that the remainder of S(g;, gx) on division by
J1,---,9¢ is zero. Using the division algorithm, this means that each S-polynomial can
be written in the form

g]7gk Zawkgz (26)

where a;;, € k[z1,...,2,]). The division algorithm also tells us that

multideg(a;;,g;) < multideg(S(g;, gx)) (2.7)

for all 7, 7, k.
Multiply the expression for S(g;, gx) by x°~%* to obtain

6 'YglcS g gk sz]kgza

where
S—rys
bijk = W’“aijk.

Then (2.7) and Lemma [2.5.7 together imply that

multideg(b;jrg;) < multideg(z’ 7 S(g;, gi)) < 6. (2.8)
Substituting the above expression into (2.5)), we get

t
Z LT (h;)g; Z c kx % S(g5, gr) Z Cjk (Z bz]sz) = Zﬁigia
m(i)=4 =1

7,k
where by ([2.8)) we have
multideg(h;g;) < 0

for all 7.
For the final step in the proof, substitute

t
Z LT(hi)g: =D higi
m(i)= i=1

into equation (2.4]) to obtain an expression for f as a polynomial combination of the g;’s
where all terms have multidegree < §. This contradicts the minimality of § and completes
the proof of the theorem. O

So far, it has been difficult to determine whether a basis of an ideal is a Grobner basis.
Using the S-pair criterion, however, it is now easy to determine whether a given basis is
a Grobner basis.
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Example 2.5.9. As an example of how to use Buchberger’s Criterion, consider the ideal
I=(y—x? z—21?) of the twisted cubic in R*. We claim that G = {y — 2%, z — 23} is a
Grobner basis for the lexicographic order with y > 2 > .

To prove this, consider the S-polynomial

Sy — 2% z—12%) = %(y — %) — %(z — 1) = —za® + ya®.
Yy z

Using the division algorithm, we find
—zr? +yr® = 2*(y — 2%) + (—=2?)(z — %) + 0,

so that

Sy — a2,z — x3)G =0.
Thus, by Theorem [2.5.8, G is a Grobner basis for 1.

Lemma 2.5.10 ([I, Lemma 3, Section 7, p. 92]). Let G' be a Grébner basis for an ideal
I. Let p € G be a polynomial such that LT(p) € LT(G \ {p}). Then G \ {p} is also a
Grobner basis for I.

Proof. We know that LT(G) = LT(I). Since LT(p) € LT(G \ {p}), removing p does not
change the leading term ideal generated by G. Hence,

LT(G\ {p}) = LT(C) = LT(1).

By definition of a Grobner basis, a set of polynomials whose leading term ideal equals
LT(I) is a Grobner basis for I. Therefore, G'\ {p} is also a Grébner basis for 1. O

Definition 2.5.11. A minimal Grébner basis for a polynomial ideal I is a Grobner basis
G for I such that:

(i) LC(p) =1for all p € G.

(ii) For all p € G, LT(p) ¢ (LT(G \ {p})).

Definition 2.5.12. A reduced Grobner basis for a polynomial ideal I is a Grobner basis
G for I such that:

(i) LC(p) =1 for all p € G.
(ii) For all p € G, no monomial of p lies in (LT(G \ {p})).

Proposition 2.5.13 ([I, Theorem 5, Section 7, p. 93|). Let I # {0} be a polynomial
tdeal. Then, for a given monomial ordering, I has a unique reduced Grobner basis.

Proof. Let G be a minimal Grobner basis for I. We say that ¢ € G is reduced for G
provided that no monomial of g lies in (LT(G \ {p})). Our goal is to modify G until all
of its elements are reduced.

A first observation is that if ¢ is reduced for GG, then g is also reduced for any other
minimal Grobner basis of I that contains g and has the same set of leading terms. This
follows because the notion of reduced depends only on leading terms.

Next, given g € G, let § = ¢“\19} be the remainder when g is divided by G'\ {g}, and

set
G = (G\{g}) U{g}
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We claim that G is a minimal Grébner basis for 1. To see this, note that
LT(g) = LT(9),

since when we divide g by G \ {g}, the leading term cannot be cancelled and hence
remains unchanged in the remainder.

Thus,

LT(G) = LT(G),
so G is also a Grobner basis for 1. Minimality follows since leading terms are preserved.
Moreover, by construction, g is reduced for G.

Now we repeat this process for each element of G. The basis may change at each
step, but once an element becomes reduced, it remains reduced because we never change
leading terms during the process. Hence, we eventually obtain a reduced Grébner basis.

Finally, we prove uniqueness. Suppose G and G are reduced Grobner bases for 1.
Then both are minimal, hence

LT(G) = LT(G).
Let g € G. Then there exists § € G such that

LT(g) = LT(9).
We claim that ¢ = g. Consider g — g € I. Since G is a Grobner basis,
(9—9)c=0.

But the leading terms cancel because LT (g) = LT(§). Since both bases are reduced, no

remaining monomial is divisible by any element of LT(G) = LT(G). Hence,
(g - g)G =4g— ga

which implies ¢ — § = 0. Therefore g = §, and so G = G.
This completes the proof. n
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Chapter 3

Hilbert’s Nullstellensatz,
Elimination and the Eigenvector
Theorems

In this chapter, we study some fundamental applications of Grobner basis theory to
algebraic geometry and the solution of polynomial systems. We begin with Hilbert’s
Nullstellensatz, which establishes a deep connection between ideals in polynomial rings
and algebraic varieties. This correspondence provides the algebraic foundation for the
geometric study of polynomial equations. We then discuss elimination theory, where
Grobner bases with respect to elimination orderings are used to eliminate variables and
analyze projections of algebraic varieties. Finally, we introduce the eigenvector theorems,
which give an effective method for computing the points of zero-dimensional varieties via
linear algebra on quotient rings.

3.1 Hilbert’s Nullstellensatz

Hilbert’s Nullstellensatz is a fundamental result in algebraic geometry that connects ideals
in polynomial rings with algebraic varieties. In this section, we present its weak and strong
forms together with some important consequences. Throughout this section, let k be an
uncountable algebraically closed field.

We begin with two preliminary lemmas that will be used in the proof of the Weak
Hilbert’s Nullstellensatz.

Lemma 3.1.1. Let V be a vector space and let W be a subspace of V' which is the linear
span of a countable set of vectors {vy,ve,...}. Then any linearly independent subset of
W s either finite or countable.

Proof. For each n > 1, define W,, = Span{vy,vs,...,v,}. Then each W, is a finite-
dimensional subspace of W with dim(W,,) < n, and since W is spanned by the countable
set {vq, vy, ...}, we have

W = QWH.

Let S C W be a linearly independent set. Since S C W, it follows that

S=5SNW=5n (GWn) = D(SmWn).

n=1 n=1
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For each n, the set S MW, is a linearly independent subset of the finite-dimensional
vector space W,,. Hence,
|ISNW,| <dim(W,,) <mn,

so each S N W, is finite.
Therefore, S is a countable union of finite sets. Consequently, S is either finite or
countable. This completes the proof. O

Lemma 3.1.2. The set {x—ia ’ a € k} C k(x) is linearly independent over k.

Proof. Suppose that
b b b,
2t =0,
T — aj T — Qg T — an

where by, bs, ..., b, € k, the scalars ay,ao,...,a, € k are distinct, and the equality holds
in k(x).
Multiplying both sides by the common denominator

(x —ay)(z—az) - (z— ay),

we obtain .
i=1  1<j<n
J#i
Fix i € {1,2,...,n} and substitute x = a;. Since the a;’s are distinct, every term in

the above sum vanishes except the i-th term. Thus,

bz‘ H (CLZ‘ - (lj) = 0.
1<j<n
J#i
Since a; # a; for j # 4, the product is nonzero, and hence b; = 0.
As this holds for every i = 1,2,...,n, we conclude that

blzbgzzbn:O

1
{ aek}
r—a

is linearly independent over k. O

Therefore,

Theorem 3.1.3 (Hilbert’s Nullstellensatz: Weak Form [10, pp. 320-324]). The maximal

ideals in the polynomial ring k[xq, ..., x,] are precisely the ideals of the form
m, = (r1 — a1, o — Az, ..., Ty — ay),
where a = (ay, az, ..., a,) € k™.

Proof. Let R = k[x1,2s,...,x,] and let M be a maximal ideal of R. Define
We claim that N is a maximal ideal of k[z;]. Consider the natural homomorphism

7 k[ = R/M,  f(x1) — f(x1) + M.
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Then ker(m) = N, so N is a prime ideal of k[z1].
Since k[z1] is a principal ideal domain, every nonzero prime ideal is maximal. Hence
either N = (0) or N = (21 — a1) for some a; € k.

Case 1: N # (0).
Then N = (z; — aq) for some a; € k, and hence x; — a; € M.

Case 2: N = (0).

Then 7 is injective, so we obtain an embedding
k[x1] — R/M.

Since R/M is a field, this extends to an embedding of fields
k(xy) — R/M.

Now R/M is a vector space over k of countable dimension, hence k(x;) must also be

1
r1—a

countable-dimensional over k. However, the set { ’ a € k¢ is an uncountable linearly

independent subset of k(x;), which is a contradiction. Therefore, N # (0).

Hence N = (z1 — aq) for some a; € k, so v1 —a; € M.
Repeating the same argument for each variable z,, ..., x,, we obtain as,...,a, € k
such that
x,i—a; €M fori=1,2,... n.

Thus
)
(x1 — a1, 29 —ag, ..., T, —a,) C M.

Since this ideal is maximal, we conclude
M = (x1 —ay, T3 — ag, ..., T, — a,) = M,.
this completes the proof. O

Corollary 3.1.4. Let f1, fo,..., fi € R =k[x1,...,2,]. LetV C k™ be the variety defined
by f1, fas- -y fi, and let T = (f1, fa, ..., fi). Then there is a one-to-one correspondence
between V' and the set of maximal ideals of R/1.

Proof. By the Weak Hilbert’s Nullstellensatz, maximal ideals of R are of the form
m, = (x1 —a1,To — g, ..., Ty — Ay)

for a = (aq,...,a,) € k™.
A point a € k™ lies in V' if and only if f;(a) = 0 for all ¢, which is equivalent to

I Cm,.

Thus, maximal ideals of R containing I correspond exactly to points of V.
Since maximal ideals of R/I are in one-to-one correspondence with maximal ideals of
R containing I, we obtain a bijection between V' and the maximal ideals of R/I. O

Corollary 3.1.5. Let I be an ideal of R = k[xy1,xa,...,2,]. Then V(I) =0 if and only
if I = R.
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Proof. First suppose that V(I) = (. We prove that I = R. Assume, for contradiction,
that I # R. Then [ is a proper ideal and is contained in some maximal ideal m C R.
By the Weak Hilbert’s Nullstellensatz, every maximal ideal of R is of the form

m= (1 —a,Ts — ag,. .., Ty — Ay)

for some a = (ay,aq,...,a,) € k™.
Since I C m, every f € I vanishes at a, i.e., f(a) = 0. Hence a € V(I), contradicting
the assumption that V' (I) = (). Therefore, I = R.

Conversely, suppose I = R. Then 1 € I. If a € V(I), then every polynomial in [
vanishes at a, in particular 1(a) = 0, which is impossible. Hence V (I) = 0. O

The Weak Hilbert’s Nullstellensatz gives a correspondence between maximal ideals
of klxy,...,z,] and points in k™. To extend this correspondence from points to general
algebraic sets, we need to consider arbitrary ideals and their vanishing behavior. This
leads naturally to the notion of radical ideals, which capture all polynomials vanishing on
a given variety. Hence we now introduce radical ideals in order to prepare for the Strong
Hilbert’s Nullstellensatz.

Definition 3.1.6. Let I be an ideal of R = k[z1, s, ...,2,]|. The radical of I, denoted
by V1, is defined as

VI={feR|f™el for some integer m > 1}.
If I = /I, then I is called a radical ideal.
Example 3.1.7. Let R = k[z] and let T = (x?). Then the radical of I is
VI = (z).

Indeed, if f(z) € k[z] satisfies f(z)™ € (z*) for some m > 1, then f(x) must be divisible
by x. Hence /I = (z), which is a radical ideal.

Example 3.1.8. Let R = k[z,y] and consider the ideal
I'=(z%y%).

Then its radical is

VI = (x,y).

Indeed, if f(z,y) € R satisfies f(z,y)™ € (z?,4?) for some m > 1, then f(z,y) must
vanish at (0,0). Hence f € (z,y), and therefore /T = (x,y).

Proposition 3.1.9. Let I, J be ideals of R = k[x1,...,x,]. Then:
(i) 1 S V1,

(ii) /T is an ideal of R,

(iii) VVI=VT,

(i) If I C J, then VICAVI.

Proof. (i) If f € I, then f!' € I, hence f € v/I. Thus I C /1.
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(ii) Let f,g € VI, so f™ € I and ¢g" € I for some m,n > 1. Then (f + g)™*" € I,
hence f 4 ¢ € VI. Also, for h € R, we have (hf)™ = h™f™ € I, so hf € V/I. Thus
V1 is an ideal.

(iii) From (i), I C VI implies VICVAVIL Conversely, if f € v/ \/7, then f™ € VT for

some m, hence (f™)" = f™ ¢ [ for some n, so f € v/I. Thus equality holds.

(iv) If I C J and f™ € I, then f™ € J, hence f € v/.J. Therefore vI C /J.
0

Theorem 3.1.10 (Hilbert’s Nullstellensatz: Strong Form [10, pp. 320-324]). Let J be
an ideal of R = k[xq,...,x,] with k as an algebraically closed field. Then

I(V(J)=VJ.

Proof. The inclusion J C I(V(J)) is clear from Lemma |1.3.12} since every polynomial in
J vanishes on V' (J). To prove the reverse inclusion, let 0 # g € I(V(J)). We show that
g€ VJ. Let J={(f1, fa,..., fm), and introduce a new variable ¢. Consider the ideal

I'= <f1af27"'7fmatg_1> g R[t]

Suppose b = (b1, b, ..., by, b,11) € V(I). Then fi(by,...,b,) =0 foralli=1,...,m,
s0 (by,...,b,) € V(J). Since g € I(V(J)), we get g(by,...,b,) = 0.
Also, since b € V(I),

(tg - 1)(b) - bn-‘rlg(bla s 7bn) —1= 07

which gives a contradiction —1 = 0. Hence V(1) = 0.
By Corollary [3.1.5, I = R[t]. Therefore,

Ll=gfi+tgfot+ -+ gnfm+ gnii(tg—1),

for some g1, o, ..., gmi1 € RJt].
Now substitute t = é. After clearing denominators, we obtain that there exists r > 1

such that ¢" € J. Hence g € v/ J.

Thus,
I(V(J) S V.
Combining both inclusions, we conclude
I(V(J) =VJ.
this completes the proof. n

Theorem 3.1.11 (Radical Membership Problem [1, Proposition 8, Section 2, p. 184]).
Let I = (fi,..., fs) be an ideal in k[zy, ..., x,). Then f € VT if and only if

Le(fi,.... fs, 1L —wf) Cklxy,...,z,w],

where w 1s a new indeterminate.
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Proof. We have v/I = I(V(I)), and hence f € /T if and only if f(a1,...,a,) = 0 for all
(a1,...,a,) € V(I).
Suppose f € VI. If (ay,...,a,,0) € V(f1,..., fs,1 —wf), then

filar,...;a,) =0foralli=1,..., s,

and
1—bf(a,...,a,) =0.

Thus (ai,...,a,) € V(I), so f(ai,...,a,) = 0, which implies a contradiction in the
equation 1 — bf(ay,...,a,) = 0. Therefore,

V(fla"‘7f571_wf> :Q)
By Corollary |3.1.5, this implies

L€ (fi, .., fs, 1 —wf).

Conversely, suppose

le <f1a"'7f871_wf>'
Then there exist hy, ..., hs,h € klzy,...,2,, w| such that

1= hifi+h(1—wf).
=1

For every (ay,...,a,) € V(I), we obtain
l=01—-wf(a,...,a,))h(ay,...,anw).

If f(ay,...,a,) # 0, then substituting w = m
f(a1,...,ay) =0 for all (ay,...,a,) € V(I), so f € VI O

gives a contradiction. Hence

The radical membership problem can be reduced to an ideal membership problem. To
determine whether f € v/I, we consider the ideal (f1,..., fs,1 —wf) C k[zy, ..., Tn, w],
where I = (f1,..., fs). We then compute a reduced Grébner basis G of this ideal with
respect to a fixed monomial order. If 1 € GG, then the ideal generated is the whole ring,
which implies 1 € (f1,..., fs,1 —wf), and hence f € VI. If 1 ¢ G, then the ideal is
proper, and consequently f & V1. Thus, the question of radical membership is reduced to
checking whether the reduced Grobner basis of an associated ideal contains the constant
polynomial 1.

Example 3.1.12. Consider the ideal I = (22, 3?) in R = Q[z,y]. We wish to determine
whether the element f = zy belongs to v/I. We consider the ideal J = (2?93, 1—way) C
Q[z,y,w]. We compute the reduced Grobner basis G for J with respect to a lexicographic
term ordering with x > y > w using SINGULAR.
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> ring A = 0, (x,y,w), lp;
characteristic : O

number of vars : 3

block 1 : ordering lp
names X y w
block 2 : ordering C

> poly pl = x2;
> poly p2 = y3;

> poly p3 = 1-wxy;
> iddeal J = pl,p2,p3;
> J;

J[1]=x2

J[2]=y3

J[3]=1-wxy

> option(redSB);
> ideal G = std(J);
> G;

G[1]=1

Since the reduced Groébner basis contains 1, we conclude that
leld

Hence zy € V.

3.2 Elimination Theory

Elimination theory is a key technique in computational algebraic geometry used to elim-
inate variables from systems of polynomial equations. It allows us to project algebraic
varieties onto coordinate subspaces by removing selected variables. This is achieved
effectively using Grobner bases with respect to suitable monomial orders, especially lex-
icographic order.

To illustrate the basic idea of elimination theory, consider the system of polynomial
equations

2y +z=1,
r+yt+z2=1,
r+y+ 22 =1.

Let
I=@+y+z—1, o+ +2-1, 2+y+2°2—1).

A Grobner basis for I with respect to the lexicographic order x > y > z is given by

g =z+y+z>—1,
g=y—y—2"+z
g3 = 2yz? + 24 — 22,

gs = 2% — 42t + 425 — A

39



Since Grobner bases preserve the solution set, the above system has the same solutions
as the system g; = ¢go = g3 = g4 = 0. Observe that

gr =20 — 42 +42° — 27 =2 (2 - 1)* (2P + 22— 1),

which depends only on z. Thus, we have eliminated the variables x and y, reducing the
original system to a single equation in one variable.
Solving g4 = 0, we obtain the possible values

2=0,1, =142, -1 V2.
Substituting these values into
=1y —y—22+2=0 and g3=2yz*+2*—2*=0,
we determine the corresponding values of y, and then use
G =r+y+2>—1=0
to determine x. Hence the system has exactly five solutions:
(1,0,0), (0,1,0), (0,0,1),
(—1+v2,-1+V2,-1+V2),
(—1-v2,-1-+v2,-1-2).

This example demonstrates the central idea of elimination theory: by computing a
Grobner basis with respect to a suitable monomial order, one can eliminate variables from
a polynomial system and reduce the problem to solving equations in fewer variables.

Definition 3.2.1. ([4]) Let = (x1,...,2,) and y = (y1, ..., ym) be two sets of variables
with monomial orders <, and <, respectively. For monomials X; = 2%, X, = 2% and
Y] =17, Yy =1, define an order < on k[zy,..., %, Y1, .., Ym] Dy

XY < XY, <— (X1 <z Xg) or (Xl = Xy and Y] <, Yg)
This is called an elimination order, where the x-variables are larger than the y-variables.
Example 3.2.2. Consider K|z, y] with the lexicographic order > y. Then
> oy >a >y >yt > 1.

Every monomial containing z is larger than any monomial involving only y. Hence, this
is an elimination order with z larger than y.

Example 3.2.3. Consider K[z, x2,y1, 3] with block order

(21, 22) > (Y1, 42)-

For example,

wiys > ™.
Monomials involving x-variables dominate those involving only y-variables. Hence, this
is an elimination order with the x-block larger than the y-block.
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Definition 3.2.4. Let I C k[xy,...,Zn, Y1, - -, Ym] be an ideal in a polynomial ring. For
the set of variables x = (1,...,,), the z-elimination ideal of I is defined as

INEyi, ..., Ynm)
That is, it consists of all polynomials in I that involve only the y-variables.

Theorem 3.2.5 (Elimination Theorem [I, Theorem 2, Section 1, p. 122]). Let I be a
non-zero ideal of k[z1,...,Zn, Y1, ..., Ym), and let < be an elimination order with the x-
variables larger than the y-variables. Let G = {g1,...,g:} be a Grébner basis for I. Then
GNk[y1,...,Ym] is a Grébner basis for the ideal I Nk[yy, ..., Ym].

Proof. Clearly,
Gﬂk[yh;ym] g Imk[ylvvymL

since G C I. Now let

07 f(yr;-- - ym) € LNy, .- ym]-

Since G is a Grobner basis for I, there exists some g; € G such that
LT(g:) | LT(f).

Because f involves only the y-variables, its leading term LT(f) contains no z-variables.
Hence LT(g;), being a divisor of LT(f), also contains no x-variables.

Suppose g; has a term involving an x-variable. Since the monomial order is an elim-
ination order with the x-variables larger than the y-variables, every monomial involving
an x-variable is larger than every monomial involving only y-variables. Therefore, the
leading term of g; must involve an z-variable, contradicting the fact that LT(g;) contains
only y-variables.

Thus every term of g; involves only the y-variables, and hence

g; GGﬂk[yl,...,ym].

Therefore, for every nonzero

felmk[yhvym]?

there exists

such that
LT(g:) | LT(f).

Hence G N k[yi, ..., ym] is a Grobner basis for I N kfyy, ..., ym]. this completes the
proof. n

Having established the theoretical foundation of elimination via Grobner bases, we
now consider some important applications of elimination theory in ideal computations. In
particular, elimination provides effective methods for computing intersections of ideals,
least common multiples of ideals, and colon ideals. These constructions illustrate the
computational power of elimination and further demonstrate its usefulness in algorithmic
commutative algebra.
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Proposition 3.2.6 ([I, Theorem 11, Section 3, p. 194]). Let I, J be ideals in k[xq, . .., x,],
and let w be a new variable. Consider the ideal (wl, (1 —w)J) C k[z1,...,x,, w]. Then

InJg=(wl, (1—-w)J)Nklzy,...,x,.
Proof. Let f € INJ. Since f € [ and f € J, we may write
f=wf+(1-w)f.

Hence
fe(wl, (1 —w)J)yNnklzy,...,x,).

Conversely, suppose that
fe(wl, (1 —w)JyNnklzy,...,x,).

Then ) »
f= waihi + Z(l — w)gihy,
i=1 j=1

where f; € I, g; € J, and h;, h; € klxy, ..., z,,w].
Since f does not involve the variable w, we may substitute w = 1 to obtain

f= Zfihi(éEl,...,xn,l) el
i=1

Similarly, substituting w = 0 gives

p
f = Zgjhj(l’l, e ,I’n,O) < J
j=1

Therefore,
feind
Hence,
InJ=wl, (1-w)J)Nklzy,..., z,)].
this completes the poof. O

The preceding proposition yields an effective procedure for computing generators of
the ideal INJ. Namely, one first computes a Grébner basis G for the ideal (wI, (1—w)J) C
klxy,...,z,, w| with respect to an elimination order in which w is larger than xq, ..., z,.
By the Elimination Theorem, the set

Gﬂk‘[xl,...,:vn]

forms a Grobner basis for I N J, and hence provides generators for the intersection ideal.
This method extends naturally to the computation of intersections of finitely many ideals.

Lemma 3.2.7 (I, Proposition 13, Section 3, p. 195]). If f, g € k[x1, ..., xz,] are non-zero,
then

{(f)n{g) = (LCM(/, 9)).
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Proof. Let | = LCM(f, g). Thenl € (f)N{g) by the definition of least common multiple.
Hence

(D) S ()N {g)
Conversely, let h € (f) N (g). Then

h=af =bg

for some a,b € k[xq,...,2,]. Thus f divides h and ¢ divides h. By the definition of
LCM(f, g), it follows that [ divides h. Hence

he(l).

Therefore,
(f) N {g) = {l) = (LCM(f, 9))-
O

Example 3.2.8. ([4]) Let f = 2%y* —y* + 22— 1 and g = 2y* —y* — 2 + 1 be
polynomials in Q[x,y]. To compute LCM(f, g), we first compute the reduced Grobner
basis GG for the ideal

(wf, (1 —w)g) = (w(a’y* —y* +2” - 1), (1 —w)(ay® —y* =z +1)) C Qlz, y, w]

using the lexicographic term ordering with w > x > y.
This yields

G={z"y" —2® —y' + 1, waey’ + wr + wy® —w+ 2y’ —x —y* + 1,
2wa® = 2w+ 2y’ —a® -y + 1.

Hence,
LCM(f,9) =1 -2 —y' +a*y".

To compute GCD(f,g), we divide fg by LCM(f, g) using the Division Algorithm.
The quotient obtained is
r—1.

Therefore,
GCD(f,g9) =z — 1.

Definition 3.2.9. Let [ and J be ideals in k[zy,...,x,]. The ideal quotient J : I is
defined by
J:I={g€klxy,...,x,] | gl CJ}.

We now discuss how elimination theory can be used to compute ideal quotients. The
following results reduce the computation of a general colon ideal to simpler cases and
provide an effective Grobner basis method for determining such ideals. These methods
further illustrate the computational utility of elimination in ideal-theoretic constructions.

Lemma 3.2.10 ([I, Proposition 13, Section 4, p. 204]). Let I = (fi,..., fs) and J be

ideals in k[xq,...,x,]). Then

J:I=(\(J:(f)

i=1
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Proof. Let g € J : I. Then, by definition, g/ C J. Since f; € [ foreach 1 =1,...,s, it
follows that gf; € J forallt=1,...,s. Hence,

geJ:(fy) foralli=1,... s,
and therefore )
g€+ (.
Conversely, let lj
gc ﬂ(Ji (fi))-
i=1

Then
gfieJ foralli=1,...,s.

Now every element h € I can be written as h = )., a;f; for some a; € klzy,...,z,].

Multiplying by g, we obtain .
gh=> aigf) €J,
i=1
since each ¢gf; € J and J is an ideal. Thus
gl € J,
which implies that

ge J: 1.

Hence,

O

Lemma 3.2.11 ([Il Proposition 13, Section 4, p. 204]). Let J be an ideal and let O #

f € klxy,...,x,]. Then ,
J:(f) Z?(Jﬂ<f>)-

Proof. Let g € %(Jﬂ (f)). Then there exists h € J N (f) such that g = % Since h € J,
we have

gf =heJ
Therefore,
g€ J:(f)

Conversely, let g € J : (f). Then, by definition, gf € J. Clearly, gf € (f)
hence gf € JN(f). Thus,

g=1(gp) e %(Jﬂ<f>)~

~| =

Therefore,



Example 3.2.12. ([4]) Let s = 2(x +4)?, g =vy, fi=22 fo=x+yin Qz, yl
Consider the ideals I = (f, fo) and J = (g1, 92). We wish to compute J : I.
By Lemma [3.2.10]
J:I=(J:(f)N(J:{f2)),

and by Lemma |3.2.11}
1 1
fi fo

First, we compute J N (f;) by finding a Grébner basis G for the ideal (wgy, wgs, (1 —
w)f1) € Q[z,y,w] with respect to the lexicographic order w > x > y. This gives
Gy = {7%w — 2%, wy, 2%, 2%y}, so that %(Jﬂ (f1)) = (z,y).

Next, we compute J N (f2) by finding a Grébner basis Gy for the ideal (wgq, wgs, (1 —
w) f2) € Q[z, y, w] with respect to the same order. This yields Gy = {wr—z—y, wy, 23+
y3, ry + y*}, so that f—12(Jﬂ (fo)) = (2% — 2y + %, ).

Finally, we compute

Jil=—(JN(fi))N—(JN(f2))

(@,y) N (@® —ay + 7, y)
using Proposition [3.2.6 by finding a Grobner basis for the ideal
(we,wy, (1 - w)(@® — 2y +y*), (1 —w)y) € Qlz, y, w]
with respect to the lexicographic order w > x > y. This yields
G = {wz, 2%, y}.

Therefore,
J I =(2y).

3.3 Eigenvalue Methods for Solving Polynomial Sys-
tems

In this section, we present an alternative approach for solving polynomial systems using
linear algebraic techniques. For zero-dimensional ideals, multiplication by a polynomial
defines a linear transformation on the quotient ring, and the solutions of the system can
be recovered from the eigenvalues of the corresponding multiplication operators. This
method provides an effective bridge between Grobner basis theory and linear algebra.

Theorem 3.3.1 (Finiteness Theorem [1, Theorem 6, Section 3, p. 251]). Let I be a proper
ideal of the ring R = k[x1, o, ..., x,], where k is an algebraically closed field. Then the
following are equivalent:

(1) V(I) is a finite set.
(i) R/I is a finite-dimensional k-vector space.
(i1i) I has a Grébner basis G containing polynomials g1, go, - . ., gn € G such that

LT(g;) = a% foralli=1,2,... n.

)
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Proof. We prove the equivalence of the three statements.
(i) = (ii): Assume that V(I) is finite. For each i =1,...,n, let
i1, A2y - - - Aip

be the distinct i-th coordinates of the points of V(I), and define

T

filw:) = H(ﬂﬁz‘ — ajj).

Then f; vanishes at every point of V(I), and hence

fie I(V(I)).

By the Strong Nullstellensatz,

1(V(I) = V1.

Therefore, there exists d; > 1 such that

fel

Since f, is a polynomial in z; whose leading term is a power of z;, it follows that
N. . . .
some power z;° can be expressed modulo / as a linear combination of lower powers of

x;. Thus every sufficiently high power of z; is reducible modulo 1.

Hence every residue class in R/ can be represented by a linear combination of mono-

mials
an

al
xl ...xn

with bounded exponents. Since there are only finitely many such monomials, R/I is

finite-dimensional over k.

(ii) = (iii): Assume that R/I is finite-dimensional as a k-vector space.

For each fixed 7 € {1,...,n}, consider the infinite sequence

1], [x], [27], [7], - - -

in R/I. Since R/I is finite-dimensional, these residue classes must be linearly dependent.

Therefore, there exist scalars
g, a1, ..., 04 €k,

not all zero, such that
ao[l] + o[z + - + oyzl] = 0.
Hence
fl(xz) =ay+aix; + -+ atflff el

It follows that
zt e LT(I).

Repeating this argument for each i = 1, ..., n, we conclude that for every variable z;,
some power xfi lies in LT (7). Hence a Grobner basis G of I may be chosen containing

polynomials
g; € G
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such that
LT(g;) = 2%, i=1,...,n.

(iii) = (i): Assume that [ has a Grébner basis G containing polynomials

91,5 9n
such that
LT(g;) = 2%, i=1,...,n.

After reordering variables if necessary, we may assume
Ly > - > T9 > T7.

Then each g; involves only the variables xq, ..., ;.
Thus the equation
g1(z1) =0

has only finitely many solutions for x;. For each such solution, the equation

g2(z1,22) =0

has only finitely many possible values of x5. Proceeding inductively, each variable admits
only finitely many choices. Hence V' (I) is finite. O

Definition 3.3.2. An ideal I C k[zy,...,x,] is called zero-dimensional if the variety
V(1) is finite. Equivalently, by the Finiteness Theorem, [ is zero-dimensional if and only
if R/I is finite-dimensional as a k-vector space.

3.3.1 Number of Solutions

For a zero-dimensional ideal, an important question is how the dimension of the quotient
ring R/I relates to the number of points in the variety V(). In general, dimy(R/I)
provides an algebraic measure of the size of the solution set, counting solutions with
multiplicity. The following result makes this relationship precise in the radical case.

We begin by recalling the construction of interpolating polynomials, which will be
used to distinguish points in a finite variety. These polynomials play an important role
in relating the number of solutions of a zero-dimensional ideal to the dimension of the
corresponding quotient ring.

Proposition 3.3.3. Let p1,ps,...,pm € k™ be distinct points. Then there exist polyno-
mials g1, ga, - - -, gm € k[x1, ..., x,] such that

9i(p;) =0 for j #1i,

and
9i(pi) =1

foreacht=1,2,...,m.
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Proof. Since the points py, ps, ..., pn, are distinct, for each pair i # j there exists at least
one coordinate index r = (¢, j) such that the r-th coordinates of p; and p; are different.
Write

Pi = (aﬂ,an, . 7am)-

For each fixed ¢ and each j # i, define the linear polynomial

Cij(T) = Tr(ig) — jr(ig)-

Then
lij(p;) =0 and  L;(p;) # 0.
Now define 0 ()
i\ T
gilw) = || 775
25 Lis(pi)

Since each ¢;;(p;) # 0, this is a well-defined polynomial in k[z1, ..., x,].
For j # i, one factor in the product vanishes at p;, namely ¢;;(p;) = 0, so

gi(p;) = 0.

On the other hand, evaluating at p; gives

ao) =TT =1

Hence the polynomials g1, 9o, - . ., g, satisfy the required properties. O

Definition 3.3.4. Let py,ps,...,pm € k™ be distinct points, and let g1, 92,...,9mn be
polynomials satisfying

gi(p;) =0 for j # 1, and gi(p;) =1

for each i = 1,2,...,m. Then the polynomials g1, go, ..., g, are called the interpolation
polynomials for the points pi, pa, ..., Pm.

Theorem 3.3.5 ([1, Proposition 7, Section 3, p. 253]). Let I be a zero-dimensional ideal
of R = kl[xy,xs,...,2,|, where k is an algebraically closed field. Then

V(I)| = dimy,(R/VT),

and

V()| = dim(R/I) if and only if 1 =/1.

Proof. Let
V([> = {plap27 s 7pm} g k™.

Define a k-linear map

¢R/I_>km7 ¢([f]) :(f(p1)7f<p2)7’f(pm>)

This map is well-defined, since if [f] = [¢g] in R/I, then f — g € I, and hence
(f =9)(p:) =0
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for every p; € V(I). Therefore, f(p;) = g(p;) foralli=1,... ,m.
Now,

ker(p) ={[fl€ R/I: f(p;) =0foralli=1,...,m}.
Hence,
ker(¢) = I(V(I))/1.
By the Strong Nullstellensatz,
I(V(I) = V1,
so that

ker(¢) = VI/1.

Next, let g1,...,¢9, be interpolation polynomials for the points pi,...,p,. Then
&([gi]) = e, where e; is the i-th standard basis vector of k™. Hence ¢ is surjective.
By the Rank—Nullity Theorem,

m = dimy (k™) = dimy(R/I) — dimy(ker ¢).
Substituting ker(¢) = v/I/I, we obtain
V()] = m = dimg(R/I) — dimg(VI/T).
Using the short exact sequence

0—+1/I - R/I— R/NI—0,
it follows that
V(I)| = dimg(R/VT).
Finally,
[V(I)| = dimy(R/T)
if and only if
dim, (VI/I) =0,

which holds if and only if
VIi=1

Therefore,
V()| = dimg(R/I) <= I=+1

3.3.2 The Eigenvector Theorems

Let I be a zero-dimensional ideal in the ring S = k[zy,z2,...,2,]. Then R = S/I is a
finite-dimensional k-vector space. We have seen that the number of points in V() is at
most dimy R, with equality if and only if I is a radical ideal.

We now study the role played by the eigenvalues of the multiplication maps

my: R — R.
We shall show that the eigenvalues of m, are precisely the values g(p), where p € V(I).

This observation leads to Stickelberger’s Theorem, which identifies all points of V' (I) from

common eigenvectors of the multiplication maps
Mgy s Mgy o ooy My

n*

We begin with an illustrative example in the case of polynomials in one variable.
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Example 3.3.6. ([4]) Let f(z) = apa™ + a12" ' + -+ + a, € S = C[z] be a polynomial
of degree n with ag # 0. Consider the multiplication map

my 2 S/(f(@)) = S/{f(2)),  ma(lg()]) = [zg(2)].

With respect to the basis

{1, [«], [2%), ... [=" 7]},
the matrix of m, is

~ Ay, -
000 -~ 0 —-=2

a0

100 -~ 0 ——2

a0

M,=10 10 --. 0 ——2=2
Qo

000 ... 1 -2
L CLO_

The transpose of M, is called the companion matrix of f(x).

We now show that the eigenvalues of m, are precisely the roots of f(z).

Let r € C be a root of f(x). Then f(x) = (z — r)g(x) for some g(x) € C[z]|. Passing
to the quotient ring, we obtain [f(z)] =0 = [(x — r)g(z)] = [xg(z)] — r[g(z)]. Hence

Since deg g < n, we have [g(z)] # 0, and thus r is an eigenvalue of m, with eigenvector

lg(x)].

Conversely, suppose that m,([g(x)]) = r[g(z)] for some nonzero [g(z)] € S/{f(x)) and
r GhC.hThen [zg(z)] = r[g(z)], so xzg(xz) —rg(x) € (f(z)). Thus there exists h(z) € C[z]
such that

f(@)h(z) = (x —r)g(z).
Suppose, for contradiction, that (z — r) divides h(x). Then we may write h(z) =
(x —7)hy(z) for some hy(x) € Clz]. Substituting into the relation f(z)h(z) = (x —1)g(z),
we obtain
f(@)hy () = g(x).
Hence f(z) divides g(x), which implies that

lg(x)] =0

in S/(f(x)), contradicting the assumption that [g(z)] # 0.
Therefore (z — r) does not divide h(x). Since

f(@)h(z) = (& —r)g(z),

it follows that (z — r) must divide f(x).
Thus each eigenvalue of m, is a root of f(z), and conversely each root of f(x) is an
eigenvalue of m,.

This establishes a direct connection between factorization of polynomials and eigen-
values of the multiplication operator, which is the key idea in extending this viewpoint
to multivariable polynomial systems.
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Theorem 3.3.7 (The First Theorem [2| pp. 143-146]). Let I be a radical ideal of R =
klxy, o, ..., x,] with
V(I) = {p17p27 cee 7pm}

Let g1, go, - . ., gm be interpolation polynomials for V(I). For any g € R, define the linear
map
mg: R/I — R/I, mg([f]) = [fg| for all f € R.

Then {[g1],[g2],-- - [gml]} is a basis of eigenvectors for m, with corresponding eigenvalues

{9(p1),9(p2), ..., 9(pm)}-

Proof. We first show that [g;] is an eigenvector of m, : R/I — R/I with eigenvalue g(p;)
foreach:=1,2,...,m.
For any j € {1,2,...,m}, we compute

(99: — 9(pi)9:)(p;) = 9(p;)9i(p;) — 9(pi)9i(p))-
If j # i, then ¢;(p;) = 0, and hence the above expression is 0. If j = 4, then g;(p;) = 1,
and the expression also equals 0. Therefore,
(99: — 9(pi)gi)(p;) = 0 for all j,

so the polynomial gg; — g(p;)g; vanishes on V'(I).
Hence,

99: — 9(pi)gi € I(V(D)).

Since [ is radical, by the Strong Nullstellensatz we have
I(V(I) =1,

and therefore
99i — 9(pi)gi € I.
Passing to the quotient gives
[99:] = 9(pi)lgi],
that is,
my([9:]) = 9(pi)[9i]-

Thus [g;] is an eigenvector of m, with eigenvalue g(p;).
Next, consider the map

¢:R/IT—= k", o([f]) = (f(pr),- . f(pom))-
As shown earlier, ¢ is an isomorphism, and for each 4,
o(lgi]) = e,

where e; is the i-th standard basis vector of k™. Hence the elements [g1],. .., [gm] are
linearly independent.

Since there are m of them and dimy(R/I) = m, they form a basis of R/I. As each
lgi] is an eigenvector of m,, this basis is an eigenvector basis with eigenvalues

g(pl)vg(pQ)a s >g(pm)
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Theorem 3.3.8 (Stickelberger [12 pp. 248-253]). Let I be a zero-dimensional radical
ideal of the polynomial ring R = k[z1,x9,...,2,]). Then

V(I) = {(ar, a9, .., an) : ma([g]) = ailg] for some [g] # 0, for all i}.

Proof. Suppose that V(1) = {p1,p2,...,pm}, where p; = (a1, as,...,a,). Let g1,92,..., 9m
be the interpolation polynomials corresponding to py,pa, - .., Pm-

We first show that (ay,...,a,) arises from a common eigenvector. For each i, consider
the polynomial

Tig1 — aig1-
Evaluating at the points of V(I), we obtain (z;¢1 — a;g1)(p1) = @; -1 —a; -1 =0, and for
J# 1, (xigr — a;g1)(p;) = zi(pj) - 0 —a; - 0 = 0. Hence x;g1 — a;g1 vanishes on V(I), so
;g1 — a;g1 € [(V(I)) = I,

since [ is radical. Passing to the quotient, we get

Mg, ([91]) = ai[g1] for all 4,

so pp arises as a tuple of eigenvalues corresponding to a common eigenvector.
Conversely, suppose that b = (by, bs, ..., b,) and there exists a non-zero class [g] € R/
such that
ma, ([g]) = bilg] for all 4.

Then

S0
(x; —b;)g € I for all i.

Since [g] # 0, we have g ¢ I, hence there exists p € V(I) such that g(p) # 0.
Evaluating (z; — b;)g at such a point p, we obtain

(zi(p) — bi)g(p) = 0.
Since g(p) # 0, it follows that
z;(p) =b; for all i.

Thus p = (by, b, ..., b,) € V(I).
Therefore,

V(I)=A{(a,...,an) : my,([g]) = a;[g] for some [g] # 0, Vi}.
[

Theorem 3.3.9 (The Second Eigenvector Theorem [2, pp. 143-146]). Let I be a radical
ideal of S = k[xy, 29, ..., 2, withV(I) ={p1,p2,...,Pm}. Let g be a linear form in S such
that g(p1), g(p2), - .., 9(pm) are distinct. Then {Cy,Cy,...,Cy} is a basis of eigenvectors
of M} such that
te L
M,C; = g(pi)Ci fori=1,2,...,m.
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Proof. Let {[z*], [x*2], ..., [x®"]} be a basis of R/I. Consider the multiplication map

mg: R/ — R/T, my([f]) = [9/].

For each basis element, we can write
m
my (%) = lga®) = 3 e la®).
i=1

Thus the matrix representation of m, with respect to this basis is M, = (¢;;).
Now evaluate the above identity at a point p, € V(I). Since evaluation is compatible
with the quotient structure, we obtain

m

g(pr) P = ey

i=1

Interpreting this relation in vector form, we see that the vector

C, = (P2, p*, ..., ptm)

satisfies
ty _
M,C,. = g(p,)C, forr=1,2,... ,m.

Hence each C, is an eigenvector of M} with eigenvalue g(p,).

Since the values g(p1), g(p2), ..., g(pm) are assumed to be distinct, the corresponding
eigenvectors C, Cy, ..., C,, are linearly independent. As there are m of them in an m-
dimensional space, they form a basis of eigenvectors of M, ;. O]
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Chapter 4

Minimal Polynomials of Elements in
Field Extensions

In this chapter, we study minimal polynomials of algebraic elements in field extensions
from a computational perspective. The main idea is to realize the minimal polynomial as
the kernel of a suitable polynomial map, and then compute it using elimination theory
and Grobner basis techniques. This approach allows us to translate questions about field
extensions into problems of ideal elimination in polynomial rings, making the computation
of minimal polynomials algorithmic.

4.1 Polynomial Maps

In this section, we study k-algebra homomorphisms between polynomial rings.

Definition 4.1.1. A k-algebra homomorphism is a ring homomorphism

O k[y1,y2, o Ym] — Elxy, zo, . 2]

which is also linear over k, i.e., it preserves addition, multiplication, and scalar multipli-
cation by elements of k.

Such a homomorphism is completely determined by the images of the generators. If
o(yi) = fi € k[xy, 29, ... 2], 1 <1< m,

then ¢ acts on any polynomial h € klyi, ..., yn,] by substitution.
Let

h:chy’1'1~~-y;’,;", ¢, € k.

Then
S(h) = e fit - frm = h(fi far- - fn):

v

Thus, ¢ is a substitution homomorphism induced by y; — f;.

Example 4.1.2. Let ¢ : k[y, y2] — k[z] be defined by

o(y1) = 2, O(y2) = + 1.

Then for h(yy,y2) = y1 + y3, we get
¢(h) = 2* + (z + 1)%
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The kernel of ¢ is an ideal in k[y, ..., yn], and its image is the k-subalgebra
lm(¢) = k[fl, fg, RN 7fm] g k’[xl, e ,iL‘n].

By the First Isomorphism Theorem for k-algebras,
klys, - ym]/ ker(¢) = k[f1, fo, -, fral.

Our main objective in this section is to use elimination theory and Grébner bases to

study ker(¢) and im(¢). In particular, we aim to:
e compute a Grobner basis for ker(¢) using elimination,

e determine whether a given polynomial lies in im(¢),

e and later apply these ideas to compute minimal polynomials in field extensions.

We will now develop the elimination framework required for this study.

Lemma 4.1.3. Let ay,as,...,a,,b1,bs,...,b, be elements of a commutative ring R.

Then
aiay - ay, —biby---b, € <a1—b17az—bzy--~;an—bn>-

Proof. We prove the statement by induction on n.
For n = 1, the statement is immediate since

ap — by € <6L1 — b1>

Assume that the result holds for all positive integers less than n, where n > 2. Since

R is commutative, we can write

ajag -+ Ap — blbg cee bn = an(alag o Ap—1 — blbg tee bn—l) + blbg tee bn_1<an - bn) (43)

By the induction hypothesis,
ajag - Qp_q — b+ -by1 € (a1 —by,a9 —bo, ... an_1 —by_q).
Multiplying by a,, preserves membership in the ideal, hence
ap(arag - apn_q —bibg---by_1) € (a1 —b1,...,an—1 — by_1).
Similarly, since a,, — b, € {(a, — b,), we have
biby - by_1(an — by) € (a, — by).
Combining these two observations and using equation (4.3), we conclude that
ajag -+ ap — biby - b, € {a; — by, a3 — b, ..., a, — by).

Thus, the statement holds for n, and by induction it holds for all n € N.

Theorem 4.1.4 ([1, Theorem 1, Section 3, p. 133]). Let ¢ : k[y1, Y2, . - -, Ym] — klx1, 22, . ..
be the k-algebra homomorphism defined by ¢(y;) = fi € k[z1,...,x,), 1 <i < m. Let

I= <y1_f17 y2_f27 ey ym_fm> Ck{ylw'wym’xla-”?‘xn]' Then

ker(gb) =1In k[yhyﬂy cee aym]
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Proof. First, let g € I Nk[y1, Y2, ..., Ym]. Then g € I, so we can write

m

9 ym) = D (= Filw, o)) Py Y T ),

i=1

where h; € k[y1,. .., Ym,T1,...,%,]. Applying ¢, and using the fact that ¢(y;) = fi, we
obtain

o(9) =9(f1,---, fm) =0.

Hence g € ker(¢).
Conversely, let g € ker(¢). Then ¢(g) =0, i.e.,

g(fl, e ,fm) =0.
We write
91, - ym) = Yy,
where ¢, € k, v = (11,...,Vp) € ZZ,, and only finitely many c, are non-zero. Then

g—0l9) =Y et vl — £ £,

v

By the previous lemma, each difference

yllll"'y:nm_ fl...f’slm
lies in the ideal
<y1_f17 y2_f27 SRR ym_fm> =1
Hence each term in the above sum belongs to I, and therefore g € I.
Since g depends only on vy, ..., y,, we conclude that

g€ INkly,yay- -\ Yml-

Thus,
ker(¢) =1In k[yl)y% cee aym]
]

This theorem allows us to compute the kernel of ¢ using elimination theory and
Grobner bases in a larger polynomial ring.

Definition 4.1.5. A k-algebra A is called an affine k-algebra if it is isomorphic, as a
k-algebra, to

k’[i[fl, To, ... ,iL‘n]/[
for some ideal I C k[xy, o, ..., x,].
Clearly, the polynomial ring k[x1, . .., ,] is an affine k-algebra. Moreover, if fi,..., fi, €
klxy,...,x,], then, as observed earlier, the image k[fi, ..., fiu] of the homomorphism
¢:k[y17"'7ym]—>k[‘r1""7‘rn]’ yl'_>f7n

is isomorphic to k[y1, ..., ym|/ ker(¢), and hence it is an affine k-algebra.
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We now study k-algebra homomorphisms between affine k-algebras. Let J C klyi, .. ., Ym]
and I C k[xy,...,x,] be ideals, and consider a k-algebra homomorphism

Vklyr, oyl — Elx, . )/ vi+J— fi+1.

This map is well-defined if and only if every polynomial relation defining .J is preserved
under substitution, that is, if

J={q1,--yq) = g(f1,-..,fm)€lforalli=1,... ¢t

This condition is a direct analogue of Theorem 77, and it naturally extends the
kernel-elimination correspondence to homomorphisms between affine k-algebras.

Theorem 4.1.6 ([1, Theorem 2, Section 3, p. 138)). Let K be the ideal of k[y1, ..., Ym, T1, - - ., Ty
generated by the ideal I together with the polynomials y; — fi, 1 < i < m, that s,
K={I, y1—fi, .-+, Ym — fm). Then ker(¢)) = (K N k[y1,...,Ym]) mod J. That is, if

KNElyi, . Ym) = (fr,.--, fp), then

ker() = (fi+J,.... [, +J).
Proof. Let f € KNEly1,y2,...,Ym). Then f € K, and hence we can write

o ym) = Z(yz — filz1, .o @) i +w,
i=1
where h; € k[y1, ..., Ym,T1,...,2,] and

w:Zuy(yl,...,ym,xl,...,xn)vu(xl,...,xn), v, € 1.
1%

Applying the homomorphism v and using ¥ (y;) = f;, we obtain ¥(f+J) = f(f1,. .., fm)+
I. Substituting the decomposition above gives

FOfis oo fm) F I =w(fr, .. for 1y Tn) + 1

Since each v, € I, we have w(fi,..., fm,21,...,2,) € I, hence ¥(f + J) = 0. Therefore
f+J € ker(¢).

Conversely, let f € klyi, ..., ynm] satisfy ©(f +J) =0. Then f(f1,..., fm) € . Write
f=>, ey -y Then

s oum) = P fm) = oo (g = 1o o).
By Lemma [4.1.3, each term lies in (y; — fi1,...,Ym — fm). Hence f € K. Since f
involves only y-variables, we conclude f € K Nkly1, ..., Ym)-
Thus,
ker(¢)) = (K Nk[y1, ..., Ym]) mod J.

This completes the proof. O

This establishes a direct connection between k-algebra homomorphisms and elimina-
tion theory. In particular, kernels of polynomial maps can be computed as elimination
ideals in a larger polynomial ring. This viewpoint will be crucial in the subsequent sec-
tions, where we apply these ideas to study algebraic elements in field extensions and
compute minimal polynomials using Grobner basis techniques.
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4.2 The Minimal Polynomials of Elements

Let k — K be a field extension. An element o € K is said to be algebraic over k if there
exists a non-zero polynomial p(z) € k[z] such that p(a) = 0. In this case, the minimal
polynomial of o over k is defined as the unique monic polynomial of least degree in k[z]
having « as a root.

Alternatively, consider the k-algebra homomorphism

¢ klx] — k[a], T .

Then ker(¢) is a principal ideal generated by the minimal polynomial p(x) of «, that is,
ker(¢) = (p(x)). Moreover, the map ¢ is surjective. Hence, by the First Isomorphism
Theorem for k-algebras, we obtain

Proposition 4.2.1. The minimal polynomial p(x) of a over k is irreducible in k|x].

Proof. Suppose that p(x) is not irreducible over k. Then there exist non-constant poly-
nomials py(x), p2(z) € k[x] such that

p(x) = pr(x)pa(x), 1 < deg(pr) < deg(p), 1< deg(py) < deg(p).
Evaluating at «, we obtain
pla) =0 = pi(a)pa(a),

which implies p;(a) = 0 or pa(a) = 0. This contradicts the minimality of the degree of
p(z) as the minimal polynomial of . Hence, p(z) is irreducible over k.
Since k[z] is a principal ideal domain, the ideal (p(x)) is maximal. Therefore,

klz]/(p(x))

is a field. Using the isomorphism k[z]/(p(z)) = kla], we conclude that k[a] is a field
whenever « is algebraic over k. O]

Definition 4.2.2. Let a be algebraic over a field k. The field generated by « over k,
denoted by k(«), is defined as the smallest field containing both k£ and a. Equivalently,

) = { 283 | @) 960) € ki, gle) 20}
Clearly, we have k[a] C k(«).

If «v is algebraic over k, then k[a] is already a field (as shown earlier). Hence every
element of k(«) lies in k[a], giving k(«) C k[a]. Since we always have kla] C k(a), it
follows that

k(o) = k[a].

Consequently, if p(x) is the minimal polynomial of a over k, then



We now come to the main computational objective of this section. Let K = k(«),
where « is algebraic over k with minimal polynomial p(z). Since we have the identifica-
tion K = k[z]/(p(x)), computations in K can be carried out inside the affine k-algebra
klz]/(p(x)).

Our goal is to determine, for any element § € K, its minimal polynomial over k. This
will be achieved by translating the problem into computations in the quotient algebra
and applying the techniques of elimination theory and Grobner bases developed in the
previous sections.

Theorem 4.2.3. [j] Let k C K be a field extension and let o« € K be algebraic over k.
Let p(z) € k[z] be the minimal polynomial of o over k. Let 0 # B € k(a) be given by
ap + ara + - - + apa”

p bo+bra+ -+ bpam’ i <

Let f(x) =ap+ a1z + -+ + ayaz”™ and g(x) = by + byz + - - - + b,2™. Consider the ideal

J = (p(x), yg(x) = f(x)) C kla,y].

Then the minimal polynomial of B over k is the monic generator of the elimination

ideal J N k[y].

Proof. Note that k[z]/(p(z)) = k(«), and let ¢ : k[z]/(p(x)) — k(a) be the corresponding
field isomorphism. Also, g(«) # 0 since = % € k(). Since p(z) is irreducible over k
and p 1 g, we have ged(p, g) = 1. Hence there exists [(x) € k[z] such that

gl=1 (modp), ie gl—1E¢€ (p).
Thus we may write gl = tp + 1 for some t(z) € k[z]. Let h = fl. Then
h(a) = f(a)l(a) = Bg(a)i(a) = Bgh)(a) = B(t(a)p(a) + 1) = B,
since p(a) = 0. Hence h(a) = 8.
Consider the k-algebra homomorphism
K[yl = k[l /(p) = k(o)
where 7(y) = h(z) + (p) and ¢(z) = a. Define ¢ = ) o 7. Then

¢(y) = (r(y)) = ¥(h(z) + (p)) = hla) = 5.

Thus, q(y) € ker(¢) if and only if ¢(8) = 0. Since ker(¢) is an ideal of k[y] and k[y] is a
PID, it is generated by a single polynomial. Hence, to determine the minimal polynomial
of /3, it suffices to compute the generator of ker(¢).

Clearly,

ker(¢) = (p(z), y — h(z)) N ky].

It remains to show that

(p(z), y — hz)) = (p(x), gy — f)-

Since gl =1 (mod p), we have
y—h=y—fl=llgy—[) (modp),
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soy —h € (p,gy — f), hence
(p,y —h) C (p,gy — f).

Conversely,
gy —f=gly—nh) (mod p),
so gy — f € (p,y — h), giving
(p,gy — f) S (p,y — h).
Therefore,
(p(x),y — h(x)) = (p(x), 9y — [)-
Hence,
ker(¢) = (p(x), gy — f) Nk[y] = J N k[y].

Since kly] is a PID, ker(¢) is generated by a single polynomial ¢(y). This polynomial
¢ is the minimal polynomial of 3 over k. m

Example 4.2.4. ([4]) Consider the extension field Q(«) of Q, where « is a root of the
irreducible polynomial 2° —  — 2. Now consider the elements = # € Qo). We
wish to find the minimal polynomial of 3. We consider the ideal J = (z° —z — 2, zy +
223 + 2 — 1) in Q[z,y]. We compute the reduced Grobner basis G for J with respect to
the lex term ordering with x > y using SINGULAR.

> ring A = 0, (x,y), 1lp;

characteristic : O
number of vars : 2

block 1 : ordering 1lp
names Xx y
block 2 : ordering C

poly pl = x5-x-2;
poly p2 = xy+2x3+x-1;
ideal J = pl,p2;

J;

J[1]=x5-x-2

J[2]=8x3+xy+x-1

> option(redSB);
ideal G = std(J);
G;
G[1]=y5+11/2y4-116y3-395y2+8807y+143737

G[2]=x-156671811691/67121160191y4
+60318217/67121160191y3
+324472719/67121160191y2
-3870713717/67121160191y
-11118796005/67121160191

Therefore the minimal polynomial of 3 is

11
y° + ?y4 — 116> — 395y* + 8807y + 143737.
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Example 4.2.5. Consider the cyclotomic extension field Q(«) of Q, where a = (7 is a
primitive 7th root of unity, defined as a root of the irreducible cyclotomic polynomial

D+t 41
Now consider the rational element

at =3 +a—-1

a2 —a+6

b= € Q(a).
We wish to find the minimal polynomial of 3 over Q. We consider the ideal
J=+25 +at + 2+ o+ 1, 2Py —ay + 6y — 2+ 32° — x4+ 1)

in Q[x,y]. We compute the reduced Grébner basis G for J with respect to the lexico-
graphic term ordering with z > y using SINGULAR.

> ring A =0, (x,y), 1p;

> A
// coefficients: QQ considered as a field
// number of vars : 2
// block 1 : ordering lp
// : names X y
// block 2 : ordering C
> poly pl = x76+x75+x74+x"3+x"2+x+1;

> poly p2 = x"2%y-x*y+6xy-x"4+3*%x"3-x+1;

> ideal J = pl,p2;
> option(redSB);

> iddeal G = std(J);
> G;

G[1]1=46831y6-124014y5-300548y4+98657y3
+23153944y2-88002359y+402310721

G[2]1=344569518335196596974942678584128x%
+142990518142305603207103676141y5
+352007798488198698663752651283y4
—-2233680896210531572257485647593y3
-1259657072548268382615203561558y2
+42860560966608792888555554879314y
+70439420407832116990789975488237

Therefore the minimal polynomial of 8 over Q is

4683195 — 12401497 — 300548y* + 98657y + 23153944y> — 88002359y + 402310721,

In the sequel, we extend the method developed in the previous section to compute
minimal polynomials in a more general setting of multivariate field extensions of the form
K = k(ag,q0,...,a,). The main idea is to reduce computations in the field extension
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to elimination problems in a suitable polynomial ring over k, thereby enabling the use of
Grobner basis techniques.

To make this precise, we introduce the following lifting notation. For each i =
2,...,n and for any polynomial p € k(ay,as,...,q;_1)[x;], we choose a polynomial
p € kl[zy,x9,...,x,] such that

ﬁ(ah%, cee 7%‘—17%’) =P

Although such a lift p is not uniquely determined, all constructions in which it is used
are independent of the particular choice. This allows us to carry out all computations
within polynomial rings over k£ while encoding elements arising from the field extension.

Theorem 4.2.6. [}/ Let K = k(aj,as,...,q,) be an algebraic extension of k. For
each i =1,2,...,n, let p; € k(ay, o, ..., a;_1)[z;] be the minimal polynomial of o; over
k‘(Oél, Qo, ... ,ai_l).

Let 6 € k(a,ag, ..., ) be given by

5= flag, o, ... ap)

g(a17a2a cee 7an)

I

where f,g € klxy, xa,. .., x,].
Consider the ideal J = (p1,pa, ..., pn, gy—f) C kl[z1,22,. .., 0, y]. Then the minimal
polynomial of 5 over k is the monic generator of the elimination ideal J N k[y].

Proof. We first show that
klxy, 2o, ... xn]/(p1, 02, - Dn) Zk(aq, an, ... o).
Define the k-algebra homomorphism
On k[, xo, . ] = Ko, ag, . ), T Q.
Clearly, ¢, is surjective. Hence, by the First Isomorphism Theorem,
klxy, ..., z,)/ ker(pn) = klag, ..., ay).

We claim that
ker(spn) - <p17p2) .. 7pn>

Proof of the claim: We proceed by induction on n. The case n = 1 is immediate.
First, observe that p; € ker(p,,) for each 4, since

pi(ZEl, . ,l’i) — pi(Oél, c.. ,Oéi) =0.
Conversely, let f € klzq,...,x,] satisfy f(aq,...,a,) = 0. Define
h(x,) = flar, e, ..., 1,2y) € k(aq, ..., an_1)[T,].

Then
h(a,) =0,

so by definition of the minimal polynomial p,, we have p, | h. Hence,

h=puln, C,€k(ag,...,on 1))
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Now consider
f — pnfn - k’[!L’l, - ,l‘n].
Writing
f - pngn - Zg’y<xla ce 7xnfl)x7u
v

and evaluating at (oq,...,q, 1, 2,) gives

(f - pn£n)<0517 < Qpg, xn) =0.

Thus each coefficient satisfies

gy(a1,...,an_1) =0.

Hence,
g“/ € ker(gon—l) )

where
On-1: k[T, .o ] = ko, .. ).

By the induction hypothesis,

g’y € <p17p27 s 7pn71>-

Therefore,
f = puln € (P1,P2, -, Pn-1),
and hence
f e p1,p2, - 0n)-
Thus,

ker(SOn) = <p17P27 o 7pn>

This completes the proof of the claim. The remainder of the proof follows the same
argument as in the previous theorem. O]

Example 4.2.7 ([4]). Consider the field extension Q C Q(v/2,+/5). The minimal poly-
nomial of v/2 over Q is p; = 22 — 2 € Q[z], and the minimal polynomial of v/5 over
Q(V?2) is py = 73 — 5 € Q(v/2)[x5]. We wish to find the minimal polynomial of v/2 + v/5.
We compute the reduced Grobner basis for the ideal

J = (p1,pa,y — (x1 +x2)) = (2] — 2, 25 — 5, y — (z1 + 2)) C Qlz1, T2, Y]

with respect to the lex term ordering with z; > x5 > y using SINGULAR.
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ring R = 0, (x(1),x(2),y),1p;

characteristic :
number of vars :

0
3

block 1 : ordering lp

names x(1) x(2) y
block 2 : ordering C

> poly pl = x(1)°2-2;

> poly p2 = x(2)°3-5;

> poly p3 = y-x(1)-x(2);
> ideal J = pl1,p2,p3;

> option(redSB);

> ideal G = std(J);

> G = simplify(G,1);

> G;

G[1]=y6-6y4-10y3+12y2-60y+17

G[2]=x(2)+48/1187*y5+45/1187*y4-320/1187*y3
+780/1187*y2-735/1187*y+1820/1187

G[3]1=x(1)-48/1187*y5-45/1187*y4+320/1187*y3
+780/1187*y2+735/1187*y+1820/1187

(48 5 45 4 320 5 TS0 ,
Y7 11e7Y T arsrY T aisrY T 1istY T 117
Go{ 48 . 45 , 320 5 T80 , -
2= "e7Y T1er? T st T1std T ist? T st

y® — 6y* — 105> + 12¢% — 60y + 17
Therefore the minimal polynomial of v/2 + /5 over Q is

yS — 6y* — 10y° + 122 — 60y + 17
We also see that v/2 + v/5 has degree 6 over Q and since
[Q(V2,V/5): Q] =6,

we obtain

Q(V2 + V/5) = Q(v2, V/5).

Example 4.2.8 ([4]). The minimal polynomial of v/2 over Q is p; = x} — 2 € Q|[x;]. The
splitting field of the polynomial is Q(v/2,4), where i> = —1. We consider the element

B=1+4

. We wish to find the minimal polynomial of 5 over Q. First, the minimal

polynomial of i over Q(+/2) is po = 22 + 1. Then p, = p; and P, = p;. We consider the

ideal

J = <x11l - 27 J’% + L ny — (',Bl + $2)> - @[mlax%y]'

The reduced Grobner basis GG for J with respect to the lex term ordering with z; >

o > y is computed using SINGULAR.
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> ring R = 0, (x(1),x(2),y), 1p;

> R;
characteristic : 0
number of vars : 3
block 1 : ordering 1lp
names x(1) x(2) y
block 2 : ordering C
> poly pl = x(1)74-2;
> poly p2 = x(2)72+1;
> poly p3 = x(1)*y-x(1)-x(2);

> ideal J = pl1,p2,p3;

> option(redSB);

> ideal G = std(J);

> G = simplify(G,1);

> G;
G[1]=y~4-4%y~3+6xy " 2-4xy+1/2
G[2]=x(2)-2+1

G[31=x(1)-2*x(2) xy~3+6*x(2) *y~2
-6*xx (2) xy+2*x(2)

T — 2x2y3 + 6x2y2 — 6x2y + 279,

G: $%+1,

1
yt — 493 + 62 ——4y‘+'§

Therefore the minimal polynomial of ( is

1
vt — 4y + 6y° —»4y-+-§.

Alter : The minimal polynomial of v/2 over Q is p; = 2+ — 2 € Q[z;]. We know
that Q(v/2,7) = Q(v/2,iv/2) = Q(ay, as), where oy = v/2 and o, = iv/2. The minimal
polynomial of iv/2 over Q(v/2) is py = 22 + 2. Thus p; = 7 — 2 and p, = 22 + 22. We
again want to compute the minimal polynomial of 3 =1 + %2

s
Hence,

B i+ V2 _ (V2)% +iv2 . oF + o _ flag, as)
V2 (V/2)? af glar, az)’
where f(xy,15) = 22 + x5 and g(x1, 22) = 2. Therefore,gy — f = 23y — (22 + z2).
We consider the ideal I = (x{ — 2, 22 + 22, 23y — (22 + 22)) C Q[z1, 2o,y]. The re-
duced Grobner basis H for I with respect to the lex term ordering with z; > x9 > y is
computed by SINGULAR.

B
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> rlng R = O:(Xl’X2sy)’lp;

characteristic : O
number of vars : 3

block 1 : ordering lp
names x1 x2 y
block 2 : ordering C

> poly pl = x174-2;

> poly p2 = x272+x172;

> poly p3 = x172xy-(x172+x2);
> idideal I = pl,p2,p3;

> option(redSB);

> ideal H = std(I);

> H = simplify(H,1);

> H;

H[1]=y~4-4y~3+6y~2-4y+1/2
H[2]=x2+2y~3-6y 2+6y-2
H[3]=x1"2+2y"2-4y+2

Hence,
o2+ 2y% — 4y + 2,

H— Ty + 2y — 6y + 6y — 2,

1

y4—4y3+6y2—4y+§
Therefore the minimal polynomial of 5 is

1
y4—4y3+6y2—4y+§.

Since [Q(B) : Q] = 4, and since [Q(v/2,1) : Q] = 8, we see that Q() is a subfield of
Q(v/2,1), but is not equal to it.

Example 4.2.9. Consider the multiquadratic extension field Q(a, as, a3) of Q, where
ap = \/5, g = \/5, and a3 = /5 are defined as the roots of the irreducible polynomials

2 2 2
] — 2, T5 — 3, T3 — 9,

respectively. Now consider the fully symmetric cubic rational element

3 3 3
g% 053 VE)
a1 + Qg + Qg

We wish to find the minimal polynomial of 5 over Q. We consider the ideal

I=(x]—2, 75— 3, 25 =5, 21y + Toy + T3y — T} — 13 — T3)

in Q[x1,x2, x3,y]. We compute the reduced Grobner basis H for I with respect to the
lexicographic term ordering with

X1 > Tg >T3>Y
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using SINGULAR.

VvV V V V

ring R = 0 , (x1,x2,x3,y), lp;

R;

// coefficients: QQ considered as a field
// number of vars : 4

// block 1 : ordering lp

// : names x1 x2 x3 y

// block 2 : ordering C

poly pl = x172-2;

poly p2 = x272-3;

poly p3 = x372-5;

poly p4 = xlxy+x2*y+x3*y-x1~3-x2"3-x3"3;
ideal I = pl, p2, p3, p4;

option(redSB);

ideal H = std(I);

H;

H[1]=2%y"~4-20%y"3+26xy"2+240%y-603
H[2]=x3"2-5
H[3]=15%x2-4*x3%y~3+22%x3*%y~2+44*x3*y-267*x3
H[4]=35*x1+4*x3%y~3-18*x3*%y~2-54*x3*y+218%x3

Therefore the minimal polynomial of § over Q is

2yt — 2043 + 26y* + 240y — 603.
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Chapter 5

Coloring of Graphs

In this chapter, we present an application of Grobner basis theory to graph coloring
problems. Graph coloring is a classical topic in combinatorics with numerous applications
in scheduling, optimization, and theoretical computer science. We show how the problem
of determining whether a graph admits a proper coloring can be translated into a system of
polynomial equations, thereby allowing algebraic methods to be applied to combinatorial
questions. In particular, Grobner bases provide an effective framework for analyzing the
solvability of these polynomial systems and hence for studying graph colorability.

5.1 Graphs and Graph Coloring

We begin this chapter by recalling some basic definitions and terminology from graph
theory that will be used throughout. These concepts are standard and can be found in
Chapter 1 of Bondy and Murty [13].

Definition 5.1.1. A graph is an ordered pair G = (V, E), where V' is a non-empty finite
set whose elements are called the vertices of G, and F is a set of unordered pairs of
distinct vertices, called the edges of G.

Thus, if {u,v} € E, then the vertices u and v are connected by an edge in the graph.
Example 5.1.2. Consider the graph

G=(V,E),

where
V= {?}17 V2, U3, V4, U5}a

and

E = {{v,va}, {v1, v3}, {v1, va}, {v2, 03}, {va, vs}, {vs, va}, {v3, U5}, {va, 05} } .

Then G is a graph with five vertices and eight edges, illustrated below.
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Uy U3

Figure 5.1: A graph with five vertices and eight edges.

Definition 5.1.3. A graph G = (V, F) is called a simple graph if it has no loops and no
multiple edges; that is, no edge joins a vertex to itself, and no two distinct edges connect
the same pair of vertices.

Two vertices u,v € V are said to be adjacent if {u,v} € E. In this case, u and v are
called adjacent vertices.

Example 5.1.4. The graph in the previous example is a simple graph, since it contains
no loops and no multiple edges.
Moreover, in that graph:

e v; and vy are adjacent because {vy, v} € E;
e v3 and v; are adjacent because {vs,v5} € E;
e v, and v, are not adjacent because {vq,v4} ¢ E.

Definition 5.1.5. Let G = (V, E) be a graph and let C' be a set of colors. A graph
coloring of G is a map
c:V—=C,

which assigns to each vertex of G a color in C.
A graph coloring is called a proper graph coloring if

c(u) # c(v) whenever {u,v} € E.
That is, adjacent vertices must receive distinct colors.
Example 5.1.6. Consider the graph from Example 5.1.2 and let
C' = {Red, Blue, Green}.
Define a coloring ¢ : V' — C' by
c(v1) = Red, c¢(v9) = Blue, c¢(v3) = Green, c¢(vy) = Blue, ¢(vs) = Red.

If every pair of adjacent vertices receives distinct colors under ¢, then c is a proper graph
coloring of G.
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5.2 3-Colorability of Graphs

One of the central problems in graph coloring is to determine whether a given graph
admits a proper coloring using only three colors. A graph possessing such a coloring is
called 3-colorable. In this section, we study the notion of 3-colorability and prepare for
its algebraic characterization.

Let w = €2™/3 € C be a primitive cube root of unity. Then the polynomial z® — 1 has
the three distinct roots 1,w,w?, and hence is separable over Q. We use these three cube
roots of unity to represent the three available colors, namely 1, w, and w?.

Let G = (V, E) be a simple graph with vertex set V' = {x1, s, ..., z,}. To assign one
of the three colors to each vertex x;, we require that the variable x; take values among
the cube roots of unity. This condition is encoded by
2 —1=0, 1<i<n.

)

Now let z; and x; be adjacent vertices. Since adjacent vertices must receive distinct
colors, we require x; # x;. As both z; and z; satisfy 2° — 1 = 0, we have z} — 27 = 0,
and hence

Because z; # x;, it follows that
o} + 3w + x? =0.
Thus, for every edge {z;,z,;} € E, we impose the polynomial equation
o} + 37 + :17? =0.
Accordingly, define the ideal
I= <xf —1:1<4i<n, m?+xix]~+x§ Az, zi} € E> C Clzy, o, ..., 20

Then the variety V(I) C C" consists precisely of all assignments of cube roots of
unity to the vertices satisfying the above coloring constraints. Consequently, each point
of V(I) corresponds to a proper 3-coloring of the graph G.

We now seek to determine when the variety V(I) is non-empty, equivalently, when
the graph G admits a proper 3-coloring.

Theorem 5.2.1. Let G = (V, E) be a simple graph with vertex set V- = {xy,z9,..., 2,7},
and let I = (2} —1:1<i<n, 2? + xx; + 23 {x;,2;} € E) C Clay, 2,...,3,). Then
G is 3-colorable if and only if V(I) # 0.

Proof. Suppose first that V(I) # (). Then there exists t = (t1, to, ..., t,) € C" such that
t € V(I). By definition of V(I), the point ¢ satisfies all generators of the ideal I. In

particular,
t#—-1=0, 1<i<n.

Hence each t; is a cube root of unity, and therefore t; € {1,w,w?} for all i = 1,2,... n.
Assign to each vertex x; the color represented by ¢;. This gives a coloring of the
vertices of G using the three colors 1, w, w?.
Now let {x;,z,;} € E. Since t € V(I), we have

2+ tit; + 12 = 0.
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If t; = t;, then 7 + t;t; + t? = 3t? # 0, a contradiction. Hence t; # t;, and so adjacent
vertices receive distinct colors. Therefore the coloring is proper, and thus G is 3-colorable.

Conversely, suppose that G is 3-colorable. Represent the three colors by 1,w, w?, and
let (vq,vg,...,v,) € C" be the corresponding coloring, where v; is the color assigned to
the vertex x;.

Since each v; is a cube root of unity, we have vy —1 = 0 for all 1 < i < n. Further,
if {x;,x;} € E, then v; # v; because the coloring is proper. Since v; and v; are distinct
cube roots of unity, it follows that

2 2 _
v; +vv; + v =0,

Thus (vq, ve, ..., v,) satisfies all generators of I, and hence (v, v, ..., v,) € V(I). There-
fore V(I) # 0.
Hence G is 3-colorable if and only if V/(I) # 0. O

Theorem [5.2.1 reduces the problem of determining whether a graph is 3-colorable to
deciding whether the variety V' (I) is non-empty. To make this criterion computationally
effective, we use the following standard Groébner basis characterization for emptiness of
affine varieties.

Lemma 5.2.2. Let k = k be an algebraically closed field, and let J C klxy, o, ..., x,] be
an ideal. If G is the reduced Grobner basis of J, then

V(J)=0 ifand only if 1€@G.

Proof. By Corollary|3.1.5, V(J) =0 <= J = k[x1, 2, ...,2,]. Since J = k[z1, 22, ..., 2y]
if and only if 1 € J, we obtain

V(J)=0 < 1€ J.

Let G be the reduced Grobner basis of J. If 1 € G, then clearly 1 € J since GG
generates J.

Conversely, suppose 1 € J. Then the remainder upon division of 1 by G must be
zero, because every element of J reduces to zero modulo a Grobner basis of J. Since 1
is a nonzero constant polynomial, this is possible only if some element of G has leading
term dividing 1, which can happen only when 1 € G.

Therefore 1 € J if and only if 1 € G, and hence

V(J)=0 < 1eaG.
O

Combining Theorem [5.2.1 and Lemma [5.2.2, we obtain an effective algebraic criterion
for deciding whether a graph is 3-colorable. Given a simple graph G = (V, E), one first
constructs the associated ideal

I= <:1c§—1 11 <4 <n, m?+xix]~+x§ Aw,z} €E> C Clzy, 9, ..., x4

One then computes a reduced Grobner basis G of the ideal I. The graph G is 3-colorable
if and only if 1 ¢ G. Equivalently, the graph is not 3-colorable if and only if the reduced
Grobner basis of I contains the polynomial 1.
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Example 5.2.3. ([4]) Consider the graph G = (V, E) shown below, where
V= {Il,l’g, NP 71’8},

and

E = {{x, 22}, {z1, 25}, {11, 76}, {72, ¥3}, {72, T4}, {72, 78},
{xs, x4}, {xs, v}, {24, w5}, {24, 27}, {25, w6 }, {25, 27},

{w6, x7}, {w7, 28} }.

Figure 5.2: Graph whose 3-colorability is analyzed in this example.
Represent the three colors red, green, and blue by the cube roots of unity 1,w,w?,
where w = €*™/3. To encode a 3-coloring algebraically, for each vertex x; we impose the
condition

r?—1=0, 1<i<8,

so that each vertex variable takes one of the three cube roots of unity.
Further, for every edge {z;,z;} € E, we impose the relation
x? + xmj + xf =0,

which guarantees that adjacent vertices receive distinct colors.
Hence the graph determines the ideal

[ = (2} —1:1<i<8, a} +xa;+a;:{x,z;} € E) CClay,ma,..., 5.

Since each variable x; can assume at most three values, we have |V (I)| < 3®. Therefore
V(1) is finite, and consequently I is a zero-dimensional ideal.
Let G ={g1,92,---,9:} be the reduced Grébner basis of I with respect to the lexico-
graphic term order
Tl > Tg > - > Ty

Since [ is zero-dimensional, the Elimination Theorem implies that the elements of G
may be ordered in triangular form so that:
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e ¢, involves only the variable xg,
e g, involves only the variables x7, x5 with LT(go) a power of x7,
e g5 involves only the variables xg, 27, g with LT (g3) a power of xg,

and so on.

Therefore, if 1 ¢ G, then V(I) # 0, and one can recursively solve the triangular
system determined by the Grobner basis to obtain a proper 3-coloring of the graph.
Using SINGULAR, we compute the reduced Grobner basis G for the ideal I, obtaining

_ (.3 2 2
G ={xg—1, xz+zrxs+us, T6—Ts, Ts+T7+Ts, Ty—Ts, T3—2T7, To+T7+Ts, T1—T7}.

Since 1 ¢ G, we conclude that V(1) # ), and hence by the previous theorem the
graph is 3-colourable.

We now use the reduced Grobner basis G' to obtain an explicit colouring, since the
system of equations represented by G is easy to solve.

The polynomial x3 — 1 € G involves only the variable xg. First, we fix a colour for
rg. Let xg = 1. Since x4 — 23 € G and xg — 3 € G, we obtain x4 = x4 = 1. Next,
from x% + xrxg + x% € G, we see that z7 must be a cube root of unity different from 1.
Hence we take x7 = w. Since 1 — 7 € G and z3 — x7 € G, it follows that =1 = x5 = w.
From x5 + 27 + 23 € G, we obtain 2y = —27 — 23 = —w — 1 = w?. Similarly, from
x5 + 27 + x5 € G, we get x5 = w?. Thus, we obtain a valid assignment of colours.

Finally, we interpret the cube roots of unity as colours:

1 =red, w=green, w? = blue.

Hence, one proper 3-colouring of the graph G = (V, E) is obtained as shown in the
following figure:

Figure 5.3: A proper 3-colouring of the graph obtained from the Grébner basis solution.
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We observe from the reduced Grobner basis GG in the above example that the 3-
colouring of the graph is unique up to a permutation of the colours.

However, if a graph admits multiple distinct 3-colourings, then the corresponding
Grobner basis typically has a more complicated structure.

This phenomenon is illustrated in the following example.

Example 5.2.4. ([4]) Consider the graph G = (V, E) shown below, where V' = {xy, x9,..., 29},
and

E = {{z1, 2}, {w1, 24}, {71, 25}, {21, W6}, {2, T3}, {72, 75}, {72, 77},

{3, 24}, {23, 26}, {3, 20}, {25, 26}, {6, x8 }, {7, 28}, {8, 0 } }.

Figure 5.4: Graph whose 3-colorability is analyzed in this example.

We associate to each vertex the relation 7 —1 =0 for i = 1,...,9, and for each edge
(1,4) € E the relation o7 4+ x;x; + 27 = 0. Let I C Clxy,...,xo] be the ideal generated
by these polynomials.

We compute a Grobner basis of I with respect to the lexicographic order z; > x5 >
cee > 2.

Using SINGULAR, the reduced Grébner basis G = {g1, ..., g12} is obtained as:

g1 = :L‘g -1

0> = 72 + 7570 + 22,

g3 = (27 — m9) (27 + 28 + T9),

g4 = T + Ty + g,

g5 = (w5 — o7) (25 — 738),

g6 = (x5 — x9) (427 + 1428 + 78 + T4Tg + 79 + XgTyg),
g7 = (14 — x5) (24 + 27 + 8),

2
gs = T3T7 + T3Tg — T7Tg + T3Tg + Xy,
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2
g9 = T3T4 + T4T5 — T4T7 + T5T7 — TaTg + T5Xg — T3Ty — Ty,
2 2
J10 = T3 + T3T9 + Xy,
g11 = T2 + T7 + g,

Ji2 = X1 + T5 — T7 — Ts.

Since 1 ¢ G, we conclude that V(I) # (), and hence the graph is 3-colourable.

We now construct an explicit solution. Let x9 = 1. From go, choose xg = w. From g,
take 7 = 1. Then from g4, we get 2 = w?. From g5, 5 = 1, and from g;, z4 = 1. From
gi1, we obtain o = w?, and from g2, 1 = w. Finally, from gg, we get x5 = w.

Thus the solution is z = (w,w? w,1,1,w? 1,w,1).

Interpreting 1 = red, w = green, and w? = blue, we obtain a proper 3-colouring of
the graph G, as shown in the following figure.

Figure 5.5: A proper 3-colouring of the graph obtained from the Grébner basis solution.

5.3 k-Colorability of Graphs

In this section, we extend the algebraic approach developed for 3-colorability to the gen-
eral case of k-colorability of graphs. The aim is to describe how the problem of assigning k
colors to the vertices of a graph can be translated into the language of polynomial ideals,
and how Grobner basis techniques can be used to study the existence of such colorings.

Lemma 5.3.1. [3, Polynomials over fields, Chapter 14] Let R be a domain and let
f € RJt]. Suppose a € R is a root of f. Then a is a multiple root of f if and only if
(t — a) divides both f and f'.

Proof. Let [ > 1 be the multiplicity of the root a. Then we can write

f(t) = (t —a)'g(t),
where ¢(t) € R[t] and g(a) # 0.
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Differentiating, we obtain

fit) =1t —a)"lg(t) + (t —a)'d'(t).

First suppose that a is a multiple root of f. Then [ > 2. In this case, both terms in
the expression of f’(t) contain the factor (t — a), so (t — a) divides f'(t). Since [ > 1, it
also follows that (t — a) divides f(¢).

Conversely, suppose that (t —a) divides both f and f’. Then f(a) =0 and f’(a) = 0.
Writing f(t) = (t — a)lg(t) with g(a) # 0, the condition f’(a) = 0 implies that [ > 2.
Hence a is a multiple root of f. O]

Theorem 5.3.2. [3, Polynomials over fields, Chapter 14] Let F' be a field whose charac-
teristic does not divide a positive integer n, and let E be the splitting field of f(t) =t"—1
over F'. Then E contains n distinct nth roots of unity. In particular, the polynomial f(t)
1s separable over F.

Proof. Let f(t) =t™ —1 € F[t]. Then its formal derivative is given by f’(t) = nt""!.

Since char(F') does not divide n, the element n is nonzero in F', and hence f'(t) # 0.
Moreover, any common divisor of f and f’ must divide both " — 1 and ¢"~*. This forces
ged(f, f') =1, so f and f’ are relatively prime in F'[t].

It follows that f(¢) has no repeated roots in its splitting field E. Therefore, all roots
of f in F are distinct.

Since a splitting field contains all roots of the polynomial, £ contains exactly n distinct
roots of t" — 1, namely the nth roots of unity. Hence f is separable over F. ]

Definition 5.3.3. Let G = (V, E) be a simple graph with V' = {1,2,...,n}. The graph
polynomial of G is defined as

fo= 1] (@-w)
(3,7)EE, i<j

Let F' be an algebraically closed field whose characteristic does not divide a positive
integer k. Then F' contains k distinct kth roots of unity.
Consider the polynomial ring F[zy,...,x,]. To encode k-colourability algebraically,
we associate to GG the following ideals.
First, we ensure that each vertex variable takes values among the kth roots of unity
by defining
Lip={(oF—1:4i=12...n).

Next, for each edge (i,7) € E, we impose the condition that adjacent vertices receive
distinct kth roots of unity. This is encoded by the polynomial

xf‘l + a:f_ij + -+ :L‘Z{L‘?_Q + ZL‘?_I.
Thus, we define the graph ideal
]GJf = In,k + <ZE£€_1 + l‘;c_2l'j + -+ $§_1 : (Z,]) c E> .

This construction provides an algebraic framework for studying k-colourability of
graphs using polynomial ideals and Grobner basis techniques.
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Proposition 5.3.4 ([I5, Lemma 3.1, Section 3, p. 405]). The varieties V(I ), V(Ick),
and V (I, x+(fc)) are in bijection with all k-colourings, proper k-colourings, and improper
k-colourings of G, respectively.

Proof. We prove the three parts separately.

(1) The variety V(I ;) consists of all points v = (vy,...,v,) € F™ such that vf =1
for all 7. Hence each coordinate v; is a kth root of unity. Therefore, each such point
corresponds naturally to an arbitrary assignment of k colours to the vertices of G, that
is, to all k-colourings of G.

(2) Let v = (v1,...,v,) € V(Igr). Then v € V(I,4), so each v; is a kth root of unity.
Moreover, for each edge {i,j} € E, we have

pij() = af T+ af a4 2l € Ty,

J

and hence p;;(v) = 0.
If v; = vj, then
pij(v) = kv~ =0,

which contradicts the assumption that char(F') does not divide k. Therefore v; # v,
whenever {i,j} € E, and thus v defines a proper k-colouring of G.

Conversely, let v = (vy,...,v,) be a proper k-colouring of GG, so each v; is a kth root
of unity and v; # v, for every edge {i,j}. Then v € V(I x).

For each edge {i,j} € E, we note that

pii(0)(vi —v;) =vf —vf =1-1=0.

i —

Since v; # vj, it follows that p;;(v) = 0. Hence v € V(g ).
Thus, proper k-colourings of G are in bijection with V (Ig ).

(3) Let v € V(Ix + (fa)). Then v € V(I,), so each coordinate is a kth root of unity,
and additionally fe(v) = 0. Since

fo= 11 @i—),

(i,5)EE

there exists at least one edge {7,j} € E such that v; = v;. Hence the corresponding
colouring is not proper, and so v represents an improper k-colouring.

Conversely, if v is an improper k-colouring, then v € V(I,, ;) and there exists an edge
{i,j} € E such that v; = v;. This implies fg(v) =0, and hence v € V(1. + (fg)). O

Lemma 5.3.5 ([15, Lemma 3.2, Section 3, p. 406]). The ideals I,, 1., Ic , and I, + (fa)
are radical ideals.

Proof. The proof follows from Lemma 3.2 in [15]. O

Lemma 5.3.6 ([1, Corollary 11, Section 4, p. 204]). Let k be a field and consider the
polynomial ring k[, ... ,x,]. Let V and W be varieties in k™. Then

(V) : I(W) = I(V\W).

Proof. See [1], Corollary 11, Section 4, p. 204]. ]
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Lemma 5.3.7 ([15, Lemma 3.3, Section 3, p. 406]). We have

Lk Ick =Lk + (fa).

Proof. Let V' denote the set of all k-colourings of the graph GG, and let W denote the set
of all proper k-colourings of G.
By Proposition [5.3.4, we have

V=V, W=V,

and the set difference V' \ W corresponds to the set of improper k-colourings. Again by
Proposition [5.3.4, this implies

VAW = V(L + (fa))-

Since F' is algebraically closed, we apply Hilbert’s Nullstellensatz and Lemma [5.3.5
to obtain
I(V) =1(V(Ing)) = Lok, IW)=1(V(Igw)) = La,

and
IVAW) = I(V(Ink + {fc)) = Ing + (fe)-
Now using Lemma [5.3.6, we have the identity

(V) I(W)=1(V\W).
Substituting the above identifications yields
Loy i Iag = Ing + (fa)
This completes the proof. O

Definition 5.3.8. Let G = (V| F) be a finite graph. The chromatic polynomial of G,
denoted by x¢(k), is defined as the number of proper k-colourings of G, i.e.,

Xc(k) = #{ proper k-colourings of G },

for every positive integer k.

Ilustration 5.3.9. Using the Finiteness Theorem (see [14)]), we can summarize all the
results discussed above.

#(k-colourings) = |V (I, 1)| = dimp M = k",
n,k
# (proper k-colourings) = |V (Ig )| = dimp M,
Gk
, , . Flay,. . 1)
# (improper k-colourings) = |V (L, x + (fa))| = dimp ————F———.
In,k + <fG>
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We now summarize the algebraic framework developed in this section for studying
k-colourability of a graph G. We have associated to G two ideals I,,, and Ig in the
polynomial ring F[xy, . .., z,], together with the graph polynomial fi. The variety V (1, )
corresponds to all k-colourings of G, while V(I ) corresponds to proper k-colourings.
Using Hilbert’s Nullstellensatz and the Finiteness Theorem, these combinatorial sets
are translated into algebraic objects such as quotient vector spaces and ideal-theoretic
conditions. In particular, the structure of these ideals completely determines whether the
graph admits a proper k-colouring or not. This leads to the following equivalent algebraic
characterizations of non-k-colourability.

Theorem 5.3.10 ([15] Theorem 1.1, Section 1, p. 401]). The following statements are
equivalent:

(i) The graph G is not k-colourable.
(i) dimp —F[“;;“] =0.
(ZZZ) 1e ]G,k'
(Z/U) fG € [n,k-
Proof. (i) (1) = (2): Suppose that G is not k-colourable. Then xg(k) = 0. Hence

(ii) (2) = (3): If the dimension is 0, then the quotient space is trivial. Hence Ig ) =
Flxy, ..., x,], 80 1 € Igy.

(iii) (3) = (4): Assume 1 € Igy. Then Iy = Flxy,...,x,]|. Using Lemma|5.3.6,
Lk lop =Ly + (fa),

so fa € L.

(iv) (4) = (1): Suppose f¢ € I,. Then I, + (fa) = Ink, which implies x¢(k) = 0.
Hence G is not k-colourable.
[

Example 5.3.11. Consider the graph G = (V, E) shown below, where
V= {xla Xy ,1'10},

and
E= {{xlv '732}7 {3317 '774}7 {xla {B5}, {x2> 373}7 {5527 :U4}7
{1'3, [E4}, {LU37 x8}7 {134, IQ}? {"L‘57 x6}7 {[L’5, C("7}7 {xﬁa [E7},
{we, o}, {w7, 28}, {w7, 10}, {@s, 2o}, {25, T10}, {29, 710},

{z1, 210}, {22, 29} }.
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Figure 5.6: Graph whose 4-colorability is analyzed in this example.

Represent the four colors red, green, blue, and yellow by the fourth roots of unity
1,7,—1, —i. To encode a 4-coloring algebraically, for each vertex z; we impose the condi-
tion

z;—1=0, 1<j<10,
so that each vertex variable takes one of the four fourth roots of unity. Further, for every
edge {z;,zx} € E, we impose the relation

3,2 2 .3 _
r; + xijrg + vy + v = 0,

which guarantees that adjacent vertices receive distinct colors. Hence the graph deter-
mines the ideal

I= <x?—1 1< <10, @) + 22y + xjai 4+ ) {2} € E) C Clay, o, ..., 210)-

Using SINGULAR, the reduced Grébmer basis G = {g1,..., 910} under the lexico-
graphic order xy > xy > - -+ > w1 is obtained as:

g = 951110 -1

go = J:g + xgxlo + .739(['%0 + xi’o,

g3 = T3 + TgTg + TgT1g + g + ToT1g + T,
g4 = T7 + X3 + Tg + T10,

g5 = Tg — s,

g6 = T5 — Xy,

g7 = T4 — 10,

gg = T3 — X,

g9 = T2 — Ts,

gio = 1 — T7.
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Since 1 ¢ G, we conclude that V(I) # (), meaning the graph is 4-colourable.

From g; = x{, — 1, we select the primary color root: x19 = 1. Substituting this into go
yields 3 + 23 + z9 + 1 = 0, from which we choose zg = i. From g3, substituting xyo = 1
and xg = 1 yields x2 + (1 +1)xg +14 = 0, which factors into (xg+1)(zg+17) = 0. We select:

xrg =

—1.

From g4, we calculate 7 = —xg — 29 — 219 = —(—1) —i — 1 = —i. The remaining
variables collapse linearly from the single-variable polynomials in the basis:

e From g5: 16 = x5 = —1.
e From gg: x5 = 19 = 1.

e From g7: x4 =129 =1.
e From gg: 3 =17 = —i.
e From gg: 2o = x5 = —1.
e From ¢gi9: 1 = x7 = —1.

Mapping our final coordinates back to the color key 1 = red, i = green, —1 = blue,
and —¢ = yellow, we construct a flawless proper 4-colouring where no connected vertices
share a color:

Figure 5.7: A proper 4-colouring of the graph obtained from the Grobner basis solution
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