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ABSTRACT

Reliable machine learning in real-world environments is often limited not by the ex-
pressive power of a model alone, but by how the learning objective responds to corrupted
labels, outliers, overlapping classes, class imbalance, ill-conditioned optimization, and ar-
bitrary random representations. This thesis, entitled Robust and Efficient Machine Learning
under Data Uncertainty: From Loss Functions to Data-Aware Representations, develops a
coherent set of robust and computationally efficient learning strategies by redesigning four
fundamental components of supervised learning: the loss function, the sample-weighting
mechanism, the optimization procedure, and the initialization of randomized representa-
tions. The first contribution is the RoBoSS loss, a robust, bounded, sparse, and smooth
classification loss that limits the influence of extreme samples while preserving useful mar-
gin behavior and optimization stability. RoBoSS is integrated into support vector machine
(SVM) learning and further extended to twin support vector machine (TSVM) learning
through the RoBoSS-based Twin Support Vector Machine (RoBoTS) and its inverse-free
variant, demonstrating that bounded sparse loss design can improve robustness without sac-
rificing efficiency. The thesis then develops the Wave loss function, a bounded, smooth,
and asymmetric classification loss, and embeds it into SVM and TSVM frameworks to
obtain Wave-SVM and Wave-TSVM for learning under noisy and uncertain data. For re-
gression, the HawkEye loss is introduced to combine boundedness, smoothness, and an
insensitive zone, leading to an inverse-free HawkEye least-squares support vector regres-
sion (HE-LSSVR) model capable of controlling large residuals while ignoring practically
negligible deviations. Beyond loss design, the thesis addresses class-imbalanced and uncer-
tain data through RAPID, a radius-adaptive, probability-aware, and class-imbalance-driven
weighting scheme that integrates class-center proximity, local class consistency, and im-
balance correction within least-squares SVM learning for robust classification, including
Alzheimer’s disease diagnosis. The thesis also extends robust objective design to random-
ized neural networks by developing XG-RVFL and Wave-BLS, which replace squared-
error-dominated formulations with bounded loss-based objectives and avoid direct matrix

inversion, thereby improving stability under noise and outliers while retaining the speed of



randomized learning. Finally, the thesis introduces Copula-Aligned Weight Initialization
(CAWI), a dependency-aware initialization strategy that samples frozen random weights
according to copulas fitted to the empirical dependence structure of input features, improv-
ing randomized representations without changing the closed-form or backpropagation-free
training paradigm. Across benchmark, noisy, outlier-contaminated, class-imbalanced, and
biomedical datasets, supported by appropriate statistical tests, the proposed methods con-
sistently improve robustness, predictive performance, and computational reliability. Col-
lectively, the thesis establishes that robust and efficient learning can be achieved not by
replacing established models wholesale, but by principled redesign of the mechanisms that
determine sample influence, error penalization, numerical stability, and random feature con-
struction.

Keywords: Robust learning, loss functions, support vector machines, twin support vec-
tor machines, class imbalance, randomized neural networks, broad learning system, copula-

based initialization, biomedical diagnosis.
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Chapter 1
Introduction

Machine learning aims to construct predictive rules from data. In supervised learning,
the available information is a finite training set D = {(x;,v;)}",, where x; € R? denotes
the 7*® input sample and y; denotes either a class label or a real-valued response. The central
objective is to learn a function f : RY — ) that predicts accurately on unseen samples, not
merely on the data used for training. This requirement makes supervised learning funda-
mentally a problem of generalization.

From the viewpoint of statistical learning theory, the performance of a prediction func-

tion is measured through the expected risk

R(f) = Exy [L(y: f(x))], (1.1)

where L(+, -) is a loss function that measures the discrepancy between the true output and the
predicted output [1, 2]. Since the true data-generating distribution is unknown in practice,
the expected risk cannot be evaluated directly. Learning algorithms therefore operate on the
empirical risk
Remp(f) = %Zﬁ(yi,f(xi)). (1.2)
i=1

To avoid overfitting, the empirical term is usually combined with a regularization term. A
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broad family of supervised learning models can therefore be written as

S
min E;E(yi,fe<xi>) +AQ(0), (1.3)

where 6 denotes the trainable parameters, (2(6) is a regularizer, and A > 0 controls the
trade-off between data fitting and model complexity.

The formulation in (1.3) is compact, but it contains the main design decisions of super-
vised learning. The loss function decides how the model reacts to errors. The regularizer
decides how complex the learned function may become. The representation fy decides
what class of functions is available to the learner. The optimization method decides how the
model is actually obtained. When data are clean, balanced, and generated under stable as-
sumptions, many classical choices work well. In real applications, however, the situation is
often less favorable. Labels may be corrupted, measurements may contain outliers, classes
may be highly imbalanced, feature dimensions may be large, and numerical computations
may be unstable. Therefore, the quality of learning depends not only on model expres-
siveness, but also on whether the loss, weighting scheme, representation, and optimization
procedure remain reliable under imperfect conditions.

This thesis is motivated by this gap between idealized learning formulations and realistic
data conditions. The title, Robust and Efficient Machine Learning under Data Uncertainty:
From Loss Functions to Data-Aware Representations, reflects a progression from robust
objective design to data-aware representation construction. First, noise and outliers can
dominate the empirical risk by producing very large errors. Second, class imbalance can
bias the learning objective toward the majority class and hide the minority class, even when
minority-class predictions are practically important. Third, randomized neural networks
provide computational efficiency by using randomly generated representations, but their re-

liability depends on three coupled issues: least-squares output learning may reduce robust-
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ness under outliers, matrix inversion or pseudo-inversion may reduce numerical stability
when the hidden matrix is ill-conditioned, and randomly generated hidden features may im-
prove representation power while also introducing variability when they are poorly aligned
with the data structure. These difficulties often occur together. For example, biomedi-
cal diagnosis may involve limited samples, noisy measurements, imbalanced classes, high-
dimensional features, and severe consequences for minority-class errors.

The goal of this thesis is to develop learning methods that are both robust and efficient.
Robustness means that the learned model should not be unduly controlled by corrupted
observations, class skewness, or unstable random representations. Efficiency means that the
method should remain computationally practical and should avoid unnecessary optimization
burden. The thesis approaches this goal by redesigning four core components of learning:

loss functions, sample weights, optimization strategies, and randomized representations.

Scope and Taxonomy of Uncertainty

In the established machine-learning taxonomy, aleatoric uncertainty denotes irreducible
variability in observations or outcomes, whereas epistemic uncertainty denotes reducible
uncertainty caused by limited knowledge about the data-generating process, model, or pa-
rameters [3]. These notions should be distinguished from other difficulties that can reduce
predictive reliability. Label or measurement noise, local class overlap, and ambiguous ob-
servations are primarily data-related phenomena and may contribute to aleatoric uncertainty.
Class imbalance is a distributional skew that changes the relative influence of classes in em-
pirical risk; it is not, by itself, a type of uncertainty. Ill-conditioning is a numerical property
of the learning problem, while variation caused by randomly initialized hidden features is
an algorithmic or representation-level source of variability that can contribute to epistemic

uncertainty about the learned predictor.
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Accordingly, the phrase data uncertainty in the title is used as an operational umbrella
for learning under imperfect, heterogeneous, or unreliable data conditions, not to assert that
noise, imbalance, numerical instability, and initialization variability are equivalent forms
of uncertainty. Chapters 3—5 address sensitivity to corrupted labels, outliers, and residual
contamination through robust loss functions. Chapter 6 addresses class imbalance and local
sample ambiguity through adaptive weighting. Chapter 7 addresses loss-induced sensitivity
and numerical instability in randomized neural learning, while Chapter 8 addresses variabil-
ity caused by data-agnostic random representations. The thesis therefore studies robustness
to these distinct sources of unreliability; it does not claim to perform formal probabilistic

uncertainty quantification.

1.1 Learning as an Interaction Between Loss, Weights,

and Representation

Equation (1.3) shows that learning is not governed by the model family alone. The same
decision function class can behave very differently under different losses or sample weights.

To see this more clearly, consider the weighted regularized empirical risk

1w
min E;mﬁ(yi, fo(x:)) +AQ(6), (1.4)

where j; > 0 is the weight assigned to the i*" sample. The expression in (1.4) contains
three interacting mechanisms.

First, the loss £ determines the cost of an error. If £ is unbounded, samples with very
large residuals or severe margin violations may dominate the objective. If £ is bounded, the
effect of extreme samples can be controlled. If £ is smooth, gradient-based optimization

can be applied directly without handling non-differentiable kink points in the objective.
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If £ has a zero-loss region, correctly classified or sufficiently accurate samples may stop
contributing to the objective.

Second, the weight p; determines the importance of a sample before its error is evalu-
ated. A minority-class sample, a boundary sample, a class-center sample, and an isolated
suspected outlier need not contribute equally. Weighting is therefore a mechanism for in-
jecting reliability, imbalance correction, and local uncertainty into the learning problem.

Third, the representation fy determines what the model can express. In hyperplane-
based models, the representation is controlled by margins, kernels, and separating surfaces.
In randomized neural networks, the representation is controlled by randomly generated hid-
den nodes, broad feature nodes, or stacked random layers. A powerful representation can
improve prediction, but it can also amplify noise or create numerical instability if the opti-
mization is not stable.

The thesis is built on the idea that robust learning should be studied through these in-
teractions. A robust loss without a suitable model may be ineffective. A weighting scheme
without a stable loss may still be dominated by outliers. A randomized representation
trained through an outlier-sensitive or ill-conditioned output objective may remain compu-
tationally efficient, but its predictions can vary substantially under corrupted observations
or unstable hidden matrices. The contributions of the thesis therefore redesign these compo-
nents in a coordinated manner rather than treating robustness, imbalance, and randomness

as isolated problems.

1.2 Role of Loss Functions in Learning

The loss function is the first and most direct way in which a learning algorithm de-
fines what it means to make a mistake. In margin-based classification models, such as sup-

port vector machine (SVM) and twin support vector machine (TSVM), a loss translates the

5



CHAPTER 1. INTRODUCTION

signed margin y f(x) or the corresponding margin-violation variable into a penalty. More
generally, classification losses penalize disagreement between the true class label and the
model score or probability estimate. In regression models, a loss translates the residual
y — f(x) into a penalty. Thus, the loss function determines which samples shape the learned
model, how strongly they shape it, and whether extreme errors are allowed to dominate the

training process.

1.2.1 Loss Functions as Influence Mechanisms

For a differentiable loss, the gradient of the empirical risk contains samplewise terms
such as ng,(yi, fg(Xi)). Thus, the derivative of the loss determines the influence of the "
sample on the parameter update. If a loss has a derivative that grows without bound, then
a single extreme sample may produce a disproportionately large update. If the derivative is
bounded or decays for extreme errors, the sample influence is controlled. This is one reason
why the design of robust losses is central to learning under outliers.

For example, the squared loss £(r) = 72, where r = y — f(x), has derivative 2r. A
residual of magnitude 10 has ten times the derivative magnitude of a residual of magnitude
1. This behavior is useful when errors are generated by mild Gaussian-like noise, but it is
undesirable when large residuals arise from outliers, incorrect labels, or measurement faults.
The absolute loss |r| controls the growth rate, but it is non-smooth at the origin. Huber loss
[4] combines a quadratic region near zero with a linear region for large residuals, but it is
still unbounded. These examples show that every loss imposes an assumption about how
errors should affect learning.

The same issue appears in classification. Let v; = y; f(x;) be the signed classification
margin, and let u; = 1 — ; be the corresponding margin-violation variable. A large positive

~v; indicates a correctly classified sample with high confidence, while a negative ; indicates
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misclassification. A margin-based classification loss is often written as £(u;), so that larger
u; corresponds to a more severe violation. Hinge loss, squared hinge loss, pinball loss,
ramp loss, and truncated losses differ precisely in this influence pattern. Some are convex
and easy to optimize, some are bounded and robust, some are smooth, and some are sparse.

A central challenge is to combine these properties without making optimization impractical.

1.2.2 Classification Losses and Decision Boundaries

In hyperplane-based classification, the decision boundary is determined by samples near
the margin and by samples that violate it. A typical margin-based objective can be written

as

1 m
min o |[wi+C D L(1—p(w o(x) + 1), (1.5)

i=1
The regularization term encourages a large-margin solution, while the loss term decides
which samples resist that margin. If the loss grows indefinitely for samples with negative
margins, then mislabeled samples or outliers can strongly distort the boundary. If the loss
becomes flat for severe violations, then extreme samples have limited effect. If the loss is
also smooth, the resulting optimization can be handled by gradient-based methods without
abrupt changes in the objective.

This is why robust classification loss design is not a cosmetic modification. It changes
the geometry of the learned classifier. Suppose a sample is far from its assigned class be-
cause its label is wrong. Under an unbounded loss, the optimization continues to spend
effort trying to correct that sample, even though correcting it may damage the boundary for
many clean samples. Under a bounded robust loss, the influence of such a sample is capped.
The classifier can then focus on the reliable structure of the data rather than on extreme
contradictions.

Another important property is sparsity. In SVM-type learning, samples that are correctly
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classified with sufficient margin often have zero loss and do not influence the solution. This
is valuable because it concentrates learning on informative samples near the decision bound-
ary. However, sparsity alone is not enough. A loss may be sparse for well-classified samples
but still unbounded for severely misclassified samples. The robust loss functions developed
in this thesis aim to control both sides: they reduce unnecessary influence from already well-
classified samples and suppress excessive influence from extreme outliers. This motivation
leads to the Robust, Bounded, Sparse, and Smooth (RoBoSS) loss and the Wave loss devel-
oped in Chapters 3 and 4, where sparsity, boundedness, smoothness, and noise-insensitive

margin behavior are studied in SVM and TSVM settings.

1.2.3 Regression Losses and Residual Control

In regression, the learning problem is shaped by residuals r; = y; — f(x;). A typical

regularized regression objective is
1 m
in — L(r;) + AQ2(6). 1.6
min — ; (r;) + AQ2(0) (1.6)

The loss determines whether the model tries to fit every small fluctuation or ignores errors
that are practically insignificant. This distinction is important because measurement noise
is common in regression. A model that tries to fit every small deviation may overfit noise;
a model that ignores all small deviations but reacts strongly to large residuals may still be
sensitive to outliers.

Support vector regression (SVR) addresses the first issue through the e-insensitive loss,
which ignores residuals within an e-tube [5]. This creates a tolerance zone and encourages
sparsity. However, the classical e-insensitive loss grows without bound outside the tube.
Therefore, large outliers can still dominate the regression function. Robust regression re-

quires a more careful structure: an insensitive zone for small errors, smooth behavior near
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the transition region, and bounded influence for large residuals. This motivation leads to the

HawkEye loss developed in Chapter 5.

1.2.4 Desirable Properties of Loss Functions

The preceding discussion shows that a robust and efficient loss should satisfy several

properties:

1. Boundedness: The maximum penalty should be controlled so that extreme outliers

cannot dominate the objective.

2. Smoothness: The loss should avoid abrupt changes when gradient-based or iterative

optimization is used.

3. Sparsity or insensitivity: Samples that are already sufficiently well handled should

not unnecessarily affect the model.

4. Task alignment: The loss should reflect the structure of the task, such as margin

behavior in classification or residual tolerance in regression.

5. Computational compatibility: The loss should be integrable into existing learning

frameworks without destroying their efficiency.

These properties are difficult to satisfy simultaneously. Bounded losses are often non-
convex. Smooth losses may lose sparsity. Insensitive losses may be non-smooth at the
boundary of the insensitive zone. This thesis develops loss functions that explicitly address
these trade-offs: RoBoSS and Wave loss for robust classification, where RoBoSS provides
sparsity and Wave provides asymmetric noise-insensitive behavior; HawkEye for bounded,
smooth, and insensitive regression; and the fleXi Guardian (XG) loss for robust randomized

neural learning.
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1.3 Why Hyperplane-Based Models?

Hyperplane-based models are among the most important and interpretable families in

supervised learning. Their basic decision function has the form
f(x) =w'o(x)+b, (1.7)

where ¢(-) maps the input into a feature space, w is the normal vector of the hyperplane, and
b is the bias. In binary classification, the sign of f(x) determines the predicted class, while
the magnitude | f(x)| is related to the distance from the decision boundary. The separating

surface is therefore geometrically meaningful.

1.3.1 Margin Principle and Generalization

SVMs provide the canonical example of hyperplane-based learning [1, 6]. For labels
y; € {—1,+1}, the functional margin of a sample is y;f(x;) = v;(W'¢(x;) + b). The

soft-margin SVM objective can be written as

1 —
min o [[wl3+C Y max(0,1 -y (%) (1.8)

i=1
The first term encourages a large geometric margin, while the second term penalizes mar-
gin violations. The margin principle is theoretically important because controlling ||w ||
restricts the capacity of the classifier and supports generalization [7]. It is also practically
useful because the solution is determined by a subset of samples, namely the support vec-
tors.
This structure makes SVM an ideal setting for robust loss design. The loss function
directly determines which samples become influential. A noisy sample near the boundary

may be genuinely informative, but a mislabeled sample far from its assigned class may be
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harmful. A robust SVM loss should preserve the contribution of useful margin samples
while suppressing the excessive effect of extreme corrupted samples. This balance is the
central motivation behind the RoBoSS-SVM and Wave-SVM formulations developed in

Chapters 3 and 4.

1.3.2 Least-Squares SVM and the Efficiency-Robustness Trade-Off

Least-squares support vector machine (LSSVM) replaces inequality constraints with
equality constraints and uses a squared-error type objective [8, 9]. This leads to a sys-
tem of linear equations rather than a quadratic programming problem. The computational
convenience of LSSVM makes it attractive, especially when repeated training is required.

However, the least-squares structure also introduces sensitivity to outliers. Since squared
error grows quadratically, large deviations receive very large penalties. In classification,
mislabeled points can distort the decision boundary; in regression, abnormal residuals can
pull the function away from the main data trend. Therefore, LSSVM-type models highlight
a recurring theme of this thesis: computational efficiency must be balanced with robustness.
The HawkEye and RAPID-based developments in Chapters 5 and 6 use this perspective by
retaining the efficiency of least-squares frameworks while reducing sensitivity to unreliable

samples.

1.3.3 Twin SVM and Class-Specific Geometry

TSVM modifies the SVM geometry by learning two nonparallel hyperplanes instead of
one [10]. One hyperplane is fitted close to one class and away from the other, while the
second hyperplane is fitted in the opposite way. A test sample is classified by comparing
its distances from the two hyperplanes. This class-specific geometry can be computation-

ally efficient because two smaller problems are solved, and it can be flexible when class
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distributions are not well separated by one global boundary.

TSVM is particularly relevant to this thesis because class-specific hyperplanes can be
useful for heterogeneous or imbalanced data. However, TSVM also depends heavily on the
loss or constraints used to separate the classes. If the opposing class contains noisy or mis-
labeled samples, those samples may affect the construction of the class-specific hyperplane.
Robust TSVM therefore requires robust loss design in a twin-hyperplane setting. This mo-
tivates the RoBoSS-based Twin Support Vector Machine (RoBoTS) and Wave-TSVM for-

mulations in Chapters 3 and 4.

1.3.4 SVR and Robust Regression

SVR extends the margin idea to real-valued prediction [5]. Instead of constructing a
separating margin between classes, SVR constructs an e-insensitive tube around the regres-
sion function. Residuals inside the tube are ignored, while residuals outside the tube are
penalized. This is useful because small deviations are often not meaningful in noisy mea-
surements.

Nevertheless, classical SVR losses remain unbounded outside the insensitive tube.
Therefore, the model may still be affected by large residuals caused by outliers. A ro-
bust regression loss should preserve the idea of an insensitive region while bounding the
influence of extreme residuals and maintaining smooth optimization. This is the motivation

behind the HawkEye loss developed in Chapter 5.

1.3.5 Why Hyperplane Models Remain Central

The hyperplane-based models considered in this thesis are not chosen merely because
they are classical. They are chosen because they provide a mathematically tractable and

geometrically transparent framework for studying robustness. Their geometry is clear, their
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optimization objectives are explicit, and their sensitivity to loss functions and weights can
be mathematically analyzed. In noisy or imbalanced settings, the learned hyperplane can
shift due to a small number of unreliable samples. Therefore, improving loss functions
and weighting schemes inside hyperplane-based models directly addresses a fundamental

weakness while preserving a strong theoretical foundation.

1.4 Effect of Weighting Schemes in Learning

Loss functions decide how errors are penalized, but weighting schemes decide how
much each sample matters before the error is evaluated. In real datasets, not all samples
are equally reliable or equally important. A clean boundary sample may be valuable, a
mislabeled sample may be harmful, a minority-class sample may need additional emphasis,
and a sample in an overlapping region may require careful treatment. Weighting schemes

provide a principled way to encode these differences.

1.4.1 Weighted Empirical Risk

The weighted empirical risk in (1.4) modifies the standard empirical objective by intro-
ducing p;. If p; = 1 for all ¢, all samples contribute equally. If p; is small for a suspected
outlier, that sample has reduced influence. If y; is larger for a minority-class sample, the
learning process can compensate for class skewness.

This mechanism is simple but powerful. In gradient-based learning, the contribution
of the i*" sample to the gradient is multiplied by ;. In least-squares models, the sample
weights alter the normal equations and therefore change the fitted function. In SVM-type
models, weights affect the penalty assigned to margin violations. Thus, sample weighting

changes the effective distribution seen by the learner.
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1.4.2 Class Imbalance

Class imbalance occurs when one class contains far more samples than another. If the
empirical risk is minimized uniformly, the majority class contributes more terms to the
objective. A classifier can therefore achieve high overall accuracy by performing well on
the majority class while failing on the minority class. This is particularly problematic in
medical diagnosis, fraud detection, fault detection, and other applications where minority
samples may represent rare but critical events.

Data-level methods such as oversampling and undersampling attempt to change the
training distribution [11]. However, oversampling can introduce redundancy, and under-
sampling can discard useful majority-class information. Algorithm-level weighting avoids
changing the data directly; instead, it changes the influence of samples in the objective.
This makes weighting attractive for models such as LSSVM, where sample weights can be

incorporated into the training formulation.

1.4.3 Uncertainty and Local Reliability

Imbalance is not the only reason to weight samples. A sample may be uncertain because
it lies near a decision boundary, because it is surrounded by samples from other classes, or
because it is far from the main body of its own class. Fuzzy SVM methods use member-
ship values to reduce the influence of outliers and unreliable samples [12, 13]. Many such
schemes use distance from a class center or distance from an initial hyperplane.

Distance-based weighting is useful, but it may not be sufficient. A sample close to a
class center may still lie in a region of class overlap. A sample far from the center may be a
legitimate minority pattern rather than an outlier. A majority-class sample and a minority-
class sample with the same distance profile may require different treatment because the

class priors are different. Therefore, robust weighting should combine multiple signals:
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global imbalance, class-center proximity, and local class probability. This is the motivation
behind the Radius-Adaptive, Probability-Aware, and Imbalance-Driven (RAPID) weighting

scheme in Chapter 6.

1.5 Randomized Neural Networks as Efficient Alterna-

tives to Fully Trained Neural Networks

Artificial neural networks are powerful function approximators. Deep learning models,
in particular, have achieved strong performance in image analysis, speech processing, nat-
ural language processing, and many other domains [14, 15]. Their strength comes from
learning multiple layers of nonlinear transformations. However, this strength comes with
computational cost. Standard neural networks usually train a large number of weights by
backpropagation, requiring iterative optimization, careful learning-rate selection, initializa-
tion choices, and often substantial computational resources.

For many tabular, biomedical, and medium-scale datasets, fully trained deep architec-
tures may be unnecessarily expensive or unstable. The number of available samples may
be limited, and the cost of tuning a deep model may not be justified. This motivates alter-
native neural models that retain nonlinear representation power while simplifying training.

Randomized neural networks provide one such alternative.

1.5.1 Basic Idea of Randomized Neural Networks

Randomized neural networks reduce training cost by randomly generating part of the
network and learning only the output layer. For an input matrix X € R™*? a typical
hidden representation is

H=g(XW+1b"), (1.9)
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where W is a randomly sampled input-to-hidden weight matrix, b is a random bias vector,
and ¢(-) is a nonlinear activation function. Let Z denote the matrix supplied to the train-
able output layer. For a basic extreme learning machine (ELM)-type model, Z = H; for
a random vector functional link (RVFL)-type model with direct links, Z = [X, H]; and
for broader randomized architectures, Z may collect feature and enhancement nodes. The

output layer is then commonly trained by solving a regularized least-squares problem:
min 120 — Y||7 + A||9]|3. (1.10)

1/2
Here, ||- || r denotes the Frobenius norm of a matrix, i.e., | A||r = (ZZ i A?j) . A common
closed-form solution is

O=(Z"Z+)'ZTY. (1.11)

This formulation explains why randomized neural networks are efficient. The nonlinear
representation is produced without iterative hidden-layer training, and the output weights

are computed through a linear algebraic solution.

1.5.2 Random Vector Functional Link, Extreme Learning Machine,

Broad Learning System, and Deep RVFL

RVFL networks use random hidden nodes together with direct input-to-output connec-
tions [16]. The direct links allow the output layer to use both the original input and the
random nonlinear features. ELMs are closely related single-hidden-layer randomized net-
works without direct links [17]. Both models are attractive because they can train quickly
while still providing nonlinear mapping capability.

The broad learning system (BLS) extends the randomized philosophy in a flat archi-

tecture [18, 19]. Instead of going deep, BLS constructs feature mapping nodes and en-
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hancement nodes in a broad structure and learns the output weights efficiently. Deep RVFL
extends RVFL by stacking multiple randomized hidden layers while preserving direct links
from earlier representations to the output layer [20]. Each layer produces a new nonlinear
transformation from fixed random weights, and the output layer can use a concatenation of
shallow and deep randomized features. This design increases representation capacity with-
out full backpropagation through all hidden weights, but it also makes the quality, diversity,
and stability of random features more important.

These models are important in this thesis because they provide a natural setting for
studying efficient learning under uncertainty. They are fast, flexible, and suitable for re-
peated experiments. At the same time, they are sensitive to the quality of random represen-

tations, the conditioning of the hidden matrix, and the choice of training loss.

1.5.3 Benefits Over Fully Trained Neural Networks

Randomized neural networks have several practical benefits over fully trained neural

networks:

1. Reduced training cost: Hidden-layer parameters are not updated iteratively, which

reduces computational burden.

2. Simpler optimization: Output-layer learning is often reduced to ridge regression or

a related convex problem.

3. Fast experimentation: Since training is inexpensive, randomized models are useful

when many datasets, noise levels, or parameter settings must be evaluated.

4. Suitability for compact tabular problems: Their low training cost and moderate
model size can be attractive for small- and medium-sized tabular datasets. In this

thesis, the biomedical applicability of randomized neural networks is demonstrated in
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Chapter 8; the robust and inversion-free formulations in Chapter 7 are evaluated on

generic UCI and KEEL benchmarks rather than on a separate biomedical case study.

5. Extensibility: Randomized networks can be combined with robust losses, fuzzy
weights, ensemble strategies, broad architectures, and dependency-aware initializa-

tion.

These benefits explain why randomized neural networks are not merely simplified neural
networks. They are a distinct modeling philosophy: use random nonlinear transformations

to generate a rich representation, then train a stable and efficient readout.

1.5.4 Limitations of Randomized Neural Networks

The efficiency of randomized neural networks comes with important limitations. First,
the closed-form solution in (1.11) requires matrix inversion or pseudo-inversion. If Z " Z +
A is ill-conditioned, small perturbations in Z or Y can produce large changes in ©. This is
particularly concerning when data are noisy, the number of hidden nodes is large, or hidden
features are highly correlated.

Second, many randomized neural networks use squared loss in their output layer. As dis-
cussed earlier, squared loss is sensitive to outliers because large residuals receive quadrat-
ically large penalties. Therefore, even if the architecture is efficient, the learning objec-
tive may be fragile under corrupted observations. This motivates the robust loss-based and
inversion-free randomized neural learning strategy developed in Chapter 7.

Third, the random weights are often sampled independently from simple distributions.
This ignores the dependence structure among input features. In real datasets, features are
rarely independent. If random weights are generated without considering feature depen-
dence, the hidden representation may be poorly aligned with the geometry of the data. This

motivates the copula-based initialization strategy developed in Chapter 8.
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Thus, randomized neural networks provide efficiency, but robustness is not automatic.
The thesis addresses this by developing robust and inversion-free randomized neural learn-

ing frameworks and dependency-aware random initialization.

1.6 Noise, Imbalance, and Randomness as a Unified Prob-

lem

The methods considered in this thesis may appear different at first glance. SVM and
TSVM are hyperplane-based classifiers; SVR and least-squares support vector regression
(LSSVR) are regression models; RVFL, deep RVFL, and BLS are randomized neural mod-
els. However, they share a common learning structure. Their performance depends on the
loss function, the influence assigned to each sample, the representation used by the model,

and the numerical stability of the optimization procedure.

Noise primarily attacks the loss mechanism. A mislabeled or outlying sample can pro-
duce a large margin violation or residual. If the loss is unbounded, that sample can dominate
the empirical risk. Imbalance attacks the sample influence mechanism. Majority-class sam-
ples appear more frequently and can control the learned decision rule. Randomness attacks
the representation and optimization mechanism. Random hidden features may be unstable,

and matrix inversion may amplify perturbations.

In practice, these effects interact. A noisy minority-class sample may be incorrectly
treated as an outlier. A boundary sample may be down-weighted even though it is informa-
tive. A randomized representation may make class overlap worse if the random features do
not align with the input structure. A least-squares solution may fit outliers aggressively be-
cause of squared loss. Therefore, robust learning requires coordinated design across losses,

weights, representations, and optimization.
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This thesis develops such a coordinated approach. Chapters 3 and 4 design robust clas-
sification losses and integrate them into SVM and TSVM. Chapter 5 designs a robust re-
gression loss and integrates it into LSSVR. Chapter 6 develops a weighting scheme that
accounts for imbalance and uncertainty. Chapter 7 extends robust loss design to random-
ized neural networks while avoiding unstable inversion. Chapter 8 addresses randomness
itself by aligning random weight initialization with feature dependence through copula the-

ory [21, 22].

1.7 Research Gaps

The preceding discussion leads to several research gaps that define the direction of this

thesis.

1.7.1 Gap 1: Robust Classification Losses Need a Better Balance of

Boundedness, Smoothness, Sparsity, and Asymmetry

Classical margin losses are useful but incomplete for noisy classification. Convex
losses are often easy to optimize, but many are unbounded and can be sensitive to out-
liers. Bounded losses reduce outlier influence, but they may be non-smooth or difficult to
optimize. Sparse losses reduce the effect of well-classified samples, but they may still over-
penalize severely corrupted samples. In addition, asymmetric margin behavior can be useful
under label noise because it allows the loss to treat correctly classified and incorrectly clas-
sified regions differently; in the Wave loss, this asymmetry lets correctly classified samples
retain a controlled penalty contribution instead of forcing a symmetric response around the
margin. A robust classification loss should balance these properties in a single formulation.

This motivates the RoBoSS and Wave loss functions developed in Chapters 3 and 4.
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1.7.2 Gap 2: Robust Regression Requires Boundedness Together with

an Insensitive Zone

Regression data often contain small measurement noise and occasional large outliers. A
useful regression loss should not overreact to small residuals, but it should also prevent large
residuals from dominating the model. Classical e-insensitive loss provides tolerance but is
unbounded; bounded losses control outliers but may lack an insensitive zone or smooth

behavior. This motivates the HawkEye loss developed in Chapter 5.

1.7.3 Gap 3: Class Imbalance and Sample Uncertainty Are Often
Treated Separately

Many methods handle class imbalance using global class ratios, while many fuzzy meth-
ods handle uncertainty using distance-based membership values. In real datasets, these two
issues interact. A sample may be uncertain because of local class overlap, because it lies
far from the class center, or because it belongs to the minority class. A weighting scheme
should therefore combine local probability, geometric proximity, and imbalance correction.

This motivates the RAPID weighting scheme developed in Chapter 6.

1.7.4 Gap 4: Randomized Neural Networks Need Robust and

Inversion-Free Learning

Randomized neural networks are computationally efficient, but direct matrix inversion
can be unstable under noisy or ill-conditioned hidden representations. Moreover, squared-
loss output learning can be sensitive to outliers. Robust randomized learning should there-
fore combine robust losses with optimization procedures that avoid unstable inversion. This
motivates the fleXi Guardian random vector functional link (XG-RVFL) and Wave-BLS

frameworks developed in Chapter 7.
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1.7.5 Gap 5: Independent Random Initialization Ignores Feature De-

pendence

The random hidden parameters in RVFL, ELM, deep RVFL, and BLS models are com-
monly sampled independently. This ignores dependence among input features. Since real
datasets often contain correlated or dependent variables, independent random initialization
may generate representations that are not well aligned with the data. Copula theory provides
arigorous framework for modeling dependence separately from marginal distributions. This
motivates the Copula-Aligned Weight Initialization (CAWI) framework developed in Chap-

ter 8.

1.8 Scope of the Thesis

The thesis focuses on supervised classification and regression. The classification part
considers SVM, TSVM, LSSVM, RVFL, deep RVFL, and BLS frameworks. The regression
part considers SVR and LSSVR. The thesis does not aim to replace these models with a
single universal architecture. Instead, it develops robust and efficient components that can
be integrated into established learning frameworks.

The scope can be summarized through four technical directions:

1. Robust loss design for classification: bounded, smooth, sparse, and asymmetric
loss structures are developed to reduce the influence of outliers and label noise while

retaining useful margin behavior.

2. Robust loss design for regression: a bounded, smooth, and insensitive loss is devel-

oped to tolerate small errors and control large residuals.

3. Adaptive weighting for imbalanced and uncertain data: sample weights are de-
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signed using class-center proximity, local class probability, and imbalance informa-

tion.

4. Stable randomized neural learning: robust losses, inversion-free optimization, and
copula-based dependency-aware initialization are used to improve randomized neural

networks.

Together, these directions form a coherent research program: redesign the objective,
sample influence, optimization strategy, and randomized representation so that learning be-
comes less sensitive to corrupted samples, skewed class distributions, ill-conditioned inver-

sions, and arbitrary random initialization.

1.9 Research Objectives

The main objective of this thesis is to develop robust and efficient supervised learning
methods that can operate reliably under noise, class imbalance, and randomness. More

specifically, the thesis pursues the following objectives:

1. To design bounded, smooth, sparse, and asymmetric loss functions for classification

that improve robustness, noise insensitivity, and optimization compatibility.

2. To incorporate robust loss functions into SVM and TSVM models and develop effi-

cient optimization procedures for the resulting non-convex objectives.

3. To construct a robust regression loss function with an insensitive zone and integrate it

into an LSSVR framework.

4. To develop adaptive sample-weighting strategies for class-imbalanced and noisy

datasets, especially in biomedical diagnosis.
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5. To improve randomized neural networks by replacing unstable closed-form inversion

with gradient-based or inversion-free learning strategies.

6. To design a dependency-aware initialization mechanism for randomized neural net-

works using copula theory.

7. To validate the developed methods through extensive experiments on benchmark,
noisy, imbalanced, and biomedical datasets using suitable evaluation metrics and sta-

tistical tests.

1.10 Major Contributions

The major contributions of this thesis are organized as follows.

1. RoBoSS loss for robust classification: A robust, bounded, sparse, and smooth loss
function is developed for supervised classification. The loss is integrated into SVM
and then extended to twin SVM through RoBoTS and inverse-free RoBoTS formu-
lations. This contribution addresses the difficulty of designing a loss that is robust to
outliers, sparse in its support-vector behavior, and smooth enough for efficient opti-

mization.

2. Wave loss for smooth robust SVM and TSVM learning: A bounded, smooth,
and asymmetric classification loss is developed and embedded into SVM and TSVM
frameworks. The asymmetry of the loss allows correctly classified samples to retain
a controlled influence, which improves noise-insensitive learning while preserving

optimization-friendly differentiability.

3. HawkEye loss for robust regression: The HawkEye regression loss combines

boundedness, smoothness, and an insensitive zone. By incorporating HawkEye into
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LSSVR, the thesis develops HawkEye least-squares support vector regression (HE-
LSSVR), which is optimized using an adaptive moment estimation strategy in an

inverse-free manner [23].

4. RAPID weighting scheme for class-imbalanced learning: A radius-adaptive,
probability-aware, and class-imbalance-driven weighting scheme is developed for
class-imbalanced learning under uncertainty. RAPID combines proximity to class
centers, local class-probability information, and imbalance-ratio correction, and is

integrated into LSSVM for robust classification.

5. Robust and inversion-free randomized neural networks: The thesis extends ro-
bust loss design to randomized neural models. It develops the XG-RVFL framework
and Wave-BLS framework to improve learning under noisy and uncertain data while

avoiding instability associated with direct matrix inversion.

6. Copula-aligned weight initialization: A dependency-aware initialization strategy
is developed for randomized neural networks. Instead of sampling random weights
independently, CAWI uses copula theory to align the dependence structure of the

random weights with that of the input features, improving stability and performance.

7. Empirical and statistical validation: The developed models are evaluated on bench-
mark datasets, noisy datasets, imbalanced datasets, and biomedical datasets. The em-
pirical comparisons are supported using standard performance metrics and statistical
tests, including Friedman, Nemenyi, Wilcoxon, and win-tie-loss analyses where ap-

propriate [24, 25].
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1.11 Thesis Organization

The rest of the thesis is organized as follows.

Chapter 2, Literature Review, establishes the mathematical and methodological back-
ground used throughout the thesis. It discusses regularized empirical risk, margin-based
learning, support vector machine (SVM), twin support vector machine (TSVM), support
vector regression (SVR), classification and regression losses, weighting schemes for class
imbalance and uncertainty, randomized neural networks, copula theory, evaluation metrics,
and statistical comparison tests. This chapter fixes the notation and conceptual foundation

needed for the later technical chapters.

Chapter 3, RoBoSS: A Robust, Bounded, Sparse, and Smooth Loss Function for Su-
pervised Learning, develops the RoBoSS loss as a bounded, sparse, smooth, and robust
classification loss. The chapter first integrates RoBoSS into the SVM framework and ana-
lyzes its classification-calibrated and generalization properties. It then extends the same loss
principle to TSVM by developing RoBoSS-based Twin Support Vector Machine (RoBoTS)
and inverse-free RoBoTS. The chapter demonstrates how robust loss design improves clas-

sification under clean, noisy, outlier-contaminated, and biomedical settings.

Chapter 4, Advancing Supervised Learning with the Wave Loss Function: A Robust and
Smooth Approach, introduces the Wave loss function for robust supervised classification.
The chapter studies a smooth, bounded, asymmetric loss that is designed to reduce the influ-
ence of outliers and noisy samples while preserving optimization-friendly differentiability.
It develops Wave-SVM and Wave-TSVM by embedding the Wave loss into least-squares
SVM and TSVM formulations, and evaluates their effectiveness on benchmark, noisy, and

biomedical datasets.
Chapter 5, HawkEye: A Robust Loss Function for Regression with Bounded, Smooth,
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and Insensitive Zone Characteristics, develops the HawkEye loss for robust regression.
The chapter addresses the gap between non-smooth bounded regression losses and smooth
bounded losses that lack an insensitive zone. By combining boundedness, smoothness, and
an insensitive region, HawkEye is integrated into least-squares SVR to obtain HE-LSSVR,
which is optimized through an inverse-free Adam-based approach and evaluated on syn-

thetic, benchmark, time-series, and brain-age prediction tasks.

Chapter 6, Dual-Center RAPID-LSSVM: Radius-Adaptive, Probability, and Class-
Imbalance-Driven Weighting for Alzheimer’s Diagnosis, develops an adaptive weight-
ing framework for class-imbalanced and uncertain data. The chapter introduces RAPID,
which combines radius-adaptive proximity, local class-probability information, and class-
imbalance correction. By embedding these weights into LSSVM, the chapter develops
RAPID-LSSVM-I and RAPID-LSSVM-II using mean-center and median-center designs,

and studies their performance on benchmark datasets and Alzheimer’s disease diagnosis.

Chapter 7, Robust and Inversion-Free Learning in Randomized Neural Networks, ex-
tends robust loss-function design to randomized neural networks. The chapter first develops
XG-RVFL by introducing the fleXi Guardian loss and an inversion-free optimization strat-
egy for binary and multiclass classification. It then develops Wave-BLS by integrating the
Wave loss into broad learning systems and solving the resulting objective without matrix in-
version. Together, these models address noise sensitivity, outlier sensitivity, and numerical

instability in randomized learning.

Chapter 8, CAWI: Copula-Aligned Weight Initialization for Randomized Neural Net-
works, develops a dependency-aware initialization strategy for randomized neural networks.
Instead of sampling input-to-hidden weights independently, CAWI fits copulas to the em-
pirical dependence structure of the input features and samples frozen random weights from

the learned dependence model. The chapter shows how this copula-aligned initialization
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improves randomized representations while preserving closed-form output learning.
Chapter 9, Conclusions and Future Directions, concludes the thesis by synthesizing the
major findings and outlining future research directions for robust losses, adaptive weighting,

multiclass extensions, deep randomized neural networks, and automatic copula selection.
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Chapter 2
Literature Review

This chapter formalizes the methodological foundations motivated in Chapter 1. The in-
troduction explains why robustness, weighting, representation, and numerical stability must
be studied together when learning from noisy, imbalanced, and uncertain data. The present
chapter develops the corresponding technical background in a systematic form: notation and
regularized empirical risk, margin-based learning, classification and regression losses, sam-
ple weighting under uncertainty, randomized neural networks, copula-based dependency

modeling, optimization stability, evaluation metrics, and statistical comparison tests.

2.1 Notation and Problem Setting

Let the training set be denoted by D = {(x;, ;) }™,, where x; € R? is the " input
pattern, y; is its class label for classification or real-valued response for regression, m is the
number of samples, and d is the number of input features. In binary classification, labels
are encoded as y; € {—1, +1}. For multiclass classification with ¢ classes, the label matrix
is denoted by Y € R"*€, usually using one-hot encoding. The input matrix is denoted by
X =[x/,...,x}) ] € Rmxd,

For a linear predictor or linear separating hyperplane used in margin-based models, the
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decision function is written as f(x) = w'x + b, where w € R? is the weight vector and
b € R is the bias. In kernel-based models, the input is mapped to a reproducing kernel
Hilbert space through ¢(x), and the kernel is written as K'(x;,x;) = (¢(x;), ¢(x;)). For
randomized neural networks, the hidden-layer output matrix is denoted by H, the input-to-
hidden random weight matrix by W, the random hidden bias by b, and the trainable output
weight matrix by ©. Throughout the thesis, the signed classification margin is denoted
by v; = y;f(x;), and the corresponding margin-violation variable used as the argument of
many classification losses is denoted by u; = 1 —~; = 1 — y; f(x;). The regression residual
is denoted by r; = y; — f(x;). Unless explicitly redefined in a chapter-specific model, m
denotes the number of samples, d denotes the number of input features, and ¢ denotes the
number of classes or output coordinates. Some model-specific derivations use conventional
local symbols such as [, n, N, h, k, a, A\, , 7, 9, or €; whenever such reuse is unavoidable,
the symbol is defined locally and its meaning is restricted to that context.

The common learning objective underlying the models studied in this thesis can be

viewed as regularized empirical risk minimization:

1 m
min Ezﬁ(%,fe(xi)) +A0(0), @1

where L(-,-) is a task-specific loss function, €2(6) is a regularizer, and A > 0 controls the
trade-off between data fitting and model complexity. Later chapters use this framework by
focusing on different components: the loss function, the sample weights, the optimization
strategy, and the randomized representation. The core symbols used throughout the chapter

and the later thesis are summarized in Table 2.1.
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Table 2.1: Core notation used throughout the thesis.

Symbol Meaning

m,d,c Number of samples, input features, and classes, respectively

X, Yi Input vector and label/response of the i'" sample

XY Input matrix and target matrix

w, b Weight vector and bias of a linear model

f(x) Prediction or decision score of a model

i = yi f(x;) Signed classification margin

u; =1 —y;f(x;) Margin-violation variable used in classification losses

ri =1v; — f(x;)  Regression residual

o(+), K(-,-) Feature map and kernel function

H Wb Hidden output matrix, random weights, and random bias in RANNs
S} Trainable output weight matrix in randomized neural networks
q,p,S,T BLS feature windows, feature nodes, enhancement windows, and enhancement nodes
L Loss function

A C Regularization or penalty parameters

i Sample membership or weight assigned to the i*" sample

2.2 Margin-Based Learning

Margin-based learning is a central foundation of this thesis. Support vector machines

(SVMs), least-squares SVMs (LSSVMs), twin SVMs (TSVMs), and related robust vari-

ants seek separating hyperplanes with strong generalization ability by controlling geometric

margin and empirical error. They are therefore natural models for studying how loss design

and sample weighting influence the learned decision surface.

2.2.1 Support Vector Machines

The support vector machine introduced by Cortes and Vapnik [6] and grounded in sta-

tistical learning theory [1] constructs a maximum-margin separating hyperplane. For binary

classification with y; € {—1, 41}, the soft-margin primal SVM is

1 S
min §”W”§+CZ§“
i=1

2.2)
stooy(wio(x)+b)>1-&, &>0, i=1....m,
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where C' > 0 is the penalty parameter and ¢; are slack variables. Equivalently, the empirical

component of the SVM objective uses the hinge loss

Lninge(7) = max(0,1 — ) = max(0, u), T=yf(x), u=1-7. (2.3)

Thus, correctly classified samples outside the unit margin have zero loss, samples inside the
margin have positive loss, and misclassified samples receive a penalty that grows linearly
with the margin violation. Figure 2.1 illustrates the separating hyperplane and the associated

unit-margin band.
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Figure 2.1: Geometric view of SVM. The central hyperplane separates the two classes,
while the two dashed hyperplanes define the unit-margin band. Samples on or inside this
band determine the solution and become support vectors.

The strengths of SVM include convexity, a clear geometric interpretation, and kernel-
ization. However, classical SVMs can be sensitive to noisy labels and outliers because
unbounded or linearly increasing losses can assign large influence to atypical observations.
This limitation motivates the broader study of boundedness, smoothness, sparsity, and ro-

bustness in classification loss design.
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2.2.2 Least-Squares SVM
Least-squares SVM (LSSVM) replaces inequality constraints in SVM with equality con-
straints and uses a squared-error criterion [8]. A typical binary LSSVM formulation is

1 C
min w3+ 2> e,
w,b,e 2 2 i—1 (24)

sty (W o(x)+b)=1—¢;, i=1,...,m.
The equality constraints lead to a system of linear equations rather than a quadratic pro-
gramming problem, which makes LSSVM computationally attractive. At the same time,
the squared-error term is highly sensitive to outliers because large residuals receive quadrat-
ically large penalties. This sensitivity is central to the robust regression and robust classifi-

cation developments in this thesis.

2.2.3 Twin Support Vector Machines

Twin support vector machines construct two nonparallel hyperplanes, each of which
is close to one class and far from the other [10]. Let A € R™*¢ contain positive-class
samples and B € R™2*¢ contain negative-class samples. TSVM learns two hyperplanes

w|x + b, = 0 and w,y x + by = 0. A common linear TSVM formulation is

1
min_  ~||Aw; + e1bi||2 + Cie, &,
wibié 2

(2.5)
st. — (Bwip+ed)+€>e, €20,
and ]
min §HBW2 + ezb2H§ -+ C’gelTn,
w2,b2,m (2.6)

st. (Awg +eby)+m>e, 1n>0,
where e; and e, are all-one vectors of compatible dimensions. The first problem fits a

hyperplane near A and pushes it away from B, whereas the second problem fits a hyperplane
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near B and pushes it away from A. A test sample x is assigned by the normalized distance
rule
|W;|—X + b]l

class(x) = arg min ————. 2.7
P

The two-hyperplane geometry and nearest-hyperplane decision rule are shown in Figure 2.2.
L2
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Figure 2.2: Geometric view of TSVM. Instead of a single separating hyperplane, TSVM
learns two nonparallel class-specific hyperplanes and classifies a test sample using its rela-
tive distance to these hyperplanes.

TSVM often reduces computational cost compared with standard SVM because it solves
two smaller optimization problems instead of one larger problem. Its class-specific geom-
etry is also attractive for imbalanced or heterogeneous data. However, like other margin-
based models, TSVM can inherit sensitivity to noise, outliers, and class overlap when its

loss or constraints are not robust.

2.2.4 Support Vector Regression

Support vector regression (SVR) extends the maximum-margin idea of SVM to real-
valued prediction [5]. Given regression samples {(x;, y;)}7,, the SVR function is f(x) =
w ' ¢(x) + b. Instead of requiring exact interpolation, SVR introduces an e-insensitive tube

around the target response. Errors inside the tube are ignored, while deviations outside the
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tube are penalized. The soft-margin SVR primal problem is

i IV + O 36+,

stt. oy — Wngﬁ(xi) —b<e+§, 2.8)
WTQZ5(XZ')+b—yi S@‘i‘&k,

5@75:207 ’L’:lj'__’m'

Equivalently, SVR minimizes a regularized empirical risk using the c-insensitive loss
L.(r) = max(0, [r| — ), where r = y — f(x). The insensitive tube gives SVR sparsity be-
cause samples inside the tube have zero loss and do not become support vectors. Figure 2.3
shows this e-tube geometry. However, the classical e-insensitive loss grows without bound
outside the tube, so large outliers can still strongly affect the learned function. This limita-
tion motivates robust regression losses that combine insensitive regions, bounded influence,

and smooth optimization behavior.

outside
tube ®

e-insensitive tube

Figure 2.3: Geometric interpretation of SVR. Samples inside the s-tube incur no loss, while
samples outside the tube are penalized through slack variables.

2.3 C(lassification Loss Functions

The design of the classification loss determines how a classifier responds to correctly

classified samples, near-boundary samples, mislabeled samples, and severe outliers. In
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margin-based classification, it is convenient to define the margin violation as u = 1 —y f(x).
Thus v < 0 indicates that the sample is correctly classified with at least unit margin,
0 < uw < 1 represents a margin violation, and larger v indicates a more serious error. A
robust classification loss should ideally balance sparsity, bounded influence, smooth opti-
mization behavior, and classification calibration [26]. Classical losses typically satisfy only
part of this set of requirements.

Table 2.2 summarizes the representative classification losses used as baselines or
methodological reference points in later chapters. The subsequent subsections discuss these

losses in terms of convexity, smoothness, boundedness, sparsity, and robustness.

2.3.1 Convex but Non-Smooth Losses: Hinge and Pinball

The hinge loss used in classical SVM is

u, u >0,
ghinge(u) = (29)
0, u<O.

It is convex and sparse, because samples satisfying the margin constraint contribute zero
loss. Its limitations are non-smoothness at v = 0 and unbounded linear growth for large
violations, which allows mislabeled or extreme samples to keep increasing their influence.

The corresponding piecewise-linear behavior is shown in Figure 2.4.

The pinball loss modifies the hinge loss by penalizing both sides of the margin [27]:

u, u > 0,
Loin(u) = 0<7r< L (2.10)

For 7 = 0, the pinball loss reduces to the hinge loss. For 7 > 0, correctly classified samples

outside the margin receive a flexible penalty controlled by 7, which improves the noise-
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Table 2.2: Summary of representative classification loss functions for margin-based learn-

ing.
Loss Formulation Main properties
Hinge loss L(u) = max(0, u) Convex, non-smooth,
sparse, unbounded
. u, u >0,
Pinball loss L(u) = { Convex, non-smooth, non-
—Tu, u<0 sparse for 7 > 0, un-
bounded
Squared  hinge £(u) = max(0,u)? Convex, smooth, sparse,
loss unbounded
2 >0
Smooth  pinball £(u) = {<Tu) ’ ) Y ’ Convex, smooth, asym-
loss (1 =7)u)*, u<0 metric, unbounded
(0, u>0,
Ramp loss Lu)=<u, 0<u<b, Bounded, sparse, non-
(0, u<0 convex, non-smooth
(01, u > 9y,
0<u<yd
Truncated pinball £(u) = " == o Bounded,  asymmetric,
loss —Tu, —0/T <u <0, non-convex, non-smooth
\52, u S —(52/7'
LINEX loss L(u) = exp(au) —au—1,a # 0 Convex, smooth, asym-
metric, unbounded
—au—1 <4
BLINEX loss L(u) = {exp(au) au U ’ Smooth, asymmetric,
exp(al) —af =1, u=>0 bounded through satura-

tion
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Figure 2.4: Hinge loss. The loss is zero for correctly classified samples outside the margin
and grows linearly for margin violations.

insensitive behavior of the loss around the decision boundary. Similar to hinge loss, pinball

loss is convex, non-smooth, and unbounded, as illustrated in Figure 2.5.

Pinball loss

Figure 2.5: Pinball loss. The parameter 7 controls the penalty assigned to samples on the
correctly classified side of the margin.
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2.3.2 Convex and Smooth Losses: Squared Hinge, Smooth Pinball,
and LINEX

The squared hinge loss, also used in Ly-loss SVM formulations, is [28]

L hinge(U) = (2.11)

It is convex and differentiable at the margin transition, so it is smoother than hinge loss
and thus allows the use of gradient-based optimization algorithms. However, its quadratic
growth makes it more sensitive to outliers than hinge loss. Figure 2.6 shows the resulting

quadratic penalty for margin violations.
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Figure 2.6: Squared hinge loss. The quadratic penalty emphasizes large margin violations,
which can improve fitting but increases outlier sensitivity.

The smooth pinball loss has the form [29, 30]

(Tu)?, u >0,
€, om(u) = 0<r<1. (2.12)

(1—71u)? u<0,

It introduces convex, smooth, and asymmetric quadratic behavior and can be tuned to con-

trol the relative treatment of the two sides of the margin. Like squared hinge loss, it is still
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unbounded. Figure 2.7 displays this asymmetric smooth shape.
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Figure 2.7: Smooth pinball loss. The parameter 7 controls asymmetric quadratic penalties
on the two sides of the margin.

The LINEX loss is

£LINEX(U) =e™ —qu — 1, a 7'é 0. (2.13)

It is convex, smooth, and asymmetric; the sign and magnitude of a determine which side of
the error receives stronger penalty [31, 32]. This is valuable for cost-sensitive settings, but
the exponential term makes the loss unbounded. Figure 2.8 shows the asymmetric growth

controlled by a.

2.3.3 Non-Convex and Non-Smooth Losses: Ramp and Truncated Pin-

ball

The ramp loss truncates the hinge loss [33, 34]:

0, u>0,
Loamp(W) =qu, 0<u<d,  0>1 (2.14)
0, u»<0,
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Figure 2.8: LINEX loss. The parameter a controls asymmetric growth, allowing one side of
the margin violation to be penalized more heavily.

Its boundedness makes it more robust to outliers than hinge loss. The price is noncon-
vexity and non-smooth transitions at the truncation points, which complicate optimization.

Figure 2.9 shows the flat upper segment created by this truncation.
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Figure 2.9: Ramp loss. Hard truncation caps the influence of severe margin violations but
introduces non-smooth points.

The truncated pinball loss combines the asymmetric behavior of pinball loss with
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bounded saturation:

617 UZ(Sl?

u, 0<wu<d,
Lipin(u) = 0<7<1, 61,09 >0. (2.15)

—Tu, —0/7 <u <0,

2, u < =9/,

The upper cap d; limits the influence of severe margin violations, while the lower cap d-
prevents correctly classified samples far from the margin from continuing to affect the ob-
jective. Hence, truncated pinball loss is bounded and can be more robust and sparse than
pinball loss, but it is non-convex and non-smooth at the truncation points [35, 36]. Fig-

ure 2.10 illustrates both saturation regions.

15

0.5

Truncated pinball loss

Figure 2.10: Truncated pinball loss with 7 = 0.5, 6; = 1, and 5 = 0.25. The two caps
bound the loss on both sides of the margin violation axis.

2.3.4 Deep-Learning Losses for Class Imbalance and Label Noise

The preceding discussion concerns margin losses used primarily in hyperplane-based
learning. A parallel literature in deep classification defines the loss through the predicted

probability p,, of the true class. Table 2.3 summarizes four representative losses that address
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class imbalance or label noise in this probability-based setting.

Table 2.3: Representative probability-based losses for deep classification under class imbal-
ance or label noise.

Loss Formulation Main properties

Focal loss [37] Liocal(py) = —(1 — py)7 logp,, v > 0 Down-weights easy sam-
ples; designed for class
imbalance; unbounded as

py — 0
Generalized Lypy)=1=p)/q0<qg<1 Bounded for ¢ > 0; in-
cross-entropy loss terpolates between cross-
[38] entropy and mean absolute
error
Symmetric cross- Lscg = aLcor(y,P) + BLrce(P,Y) Combines learning
entropy loss [39] efficiency with a noise-

tolerant reverse term;
requires clipping of one-
hot targets

-1
Bi-tempered lo- —log, (p,) + =2——, p; = Bounded matching loss

gistic loss [40] 2-th for t; < 1; heavy-tailed
probabilities for ¢, > 1;
generally non-convex

eXpt2 (a] - V)

Focal loss multiplies cross-entropy by (1 — p,)?, thereby suppressing the cumulative
contribution of abundant easy samples and focusing optimization on difficult examples [37].
It is particularly relevant to class imbalance, but it does not cap the penalty assigned to a
confidently incorrect label. Generalized cross-entropy instead uses a Box—Cox-type trans-
formation that approaches cross-entropy as ¢ — 0 and mean absolute error at ¢ = 1; for
g > 0, its bounded range controls the effect of extremely small true-class probabilities [38].
Symmetric cross-entropy augments conventional cross-entropy with reverse cross-entropy,
where Lrcg(p,y) = — Y. iDj log y; is evaluated after clipping zero entries of the one-hot
target distribution [39]. In the bi-tempered formulation, log,(z) = (2!~* — 1)/(1 — t), exp,

denotes its inverse on the valid domain, and ~ normalizes the class probabilities. The loss
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uses tempered logarithmic and exponential functions so that bounded matching and heavy-
tailed class probabilities can be controlled separately [40].

These probability-based losses and the margin-based losses developed later address re-
lated problems through different interfaces. Focal loss primarily reweights easy and hard
probability predictions, while generalized and bi-tempered losses limit sensitivity to noisy
labels through bounded or tempered probability penalties. RoBoSS and Wave operate di-
rectly on signed-margin violations in SVM- and TSVM-type models: RoBoSS additionally
targets a sparse zero-loss region, whereas Wave uses a bounded smooth asymmetric profile
to retain controlled influence on both sides of the margin. Thus, the thesis contributions
complement rather than duplicate the robust-loss literature developed for deep probability

models.

2.3.5 Automated Loss-Function Discovery

Loss functions can also be discovered automatically instead of being specified analyti-
cally. Genetic Loss-function Optimization (GLO) represents candidate losses as expression
trees, evolves their structure through genetic programming, and tunes coefficients using the
covariance matrix adaptation evolution strategy. This procedure discovered the Baikal loss,
whose non-monotone shape discourages overconfident predictions and acts as an implicit
regularizer [41]. TaylorGLO replaces discrete expression trees with multivariate Taylor-
polynomial parameterizations, enabling a smoother and more scalable evolutionary search
[42]. Such methods can adapt a loss to a target architecture and validation criterion, but
they require an additional outer search, can overfit the meta-objective, and do not automat-
ically provide properties such as boundedness, calibration, sparsity, or an insensitive zone.
In contrast, the losses studied in this thesis are constructed from explicit analytical require-

ments and are accompanied by property or generalization analyses. Automated discovery
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and analytical design are therefore complementary routes to robust loss construction.

2.4 Regression Loss Functions

Regression losses are functions of the residual » = y — f(x). The central issue is influ-
ence: if £(r) or its derivative grows without bound, a small number of extreme residuals can
dominate the fitted regressor. The following losses appear frequently in robust regression,
SVR, LSSVR, and randomized-network learning.

Table 2.4 provides a compact summary of the regression losses used later for comparison
and motivation. The detailed discussion that follows explains how each loss trades off

robustness, smoothness, boundedness, and insensitivity to small residuals.

2.4.1 Unbounded Regression Losses

The least-squares loss is

Lo(r) =12 (2.16)

It is smooth, convex, and analytically convenient, which explains its use in LSSVM,
LSSVR, RVFL, and BLS. Its weakness is quadratic growth: a residual twice as large re-
ceives four times the penalty, making it highly sensitive to outliers. This growth pattern is
shown in Figure 2.11.

The absolute loss is

Li(r) =|r|. (2.17)

It grows linearly and is therefore more robust than squared loss for large residuals. However,
it is non-smooth at » = 0, which can complicate optimization. Figure 2.12 shows the

associated V-shaped loss.
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Table 2.4: Summary of representative regression loss functions.

Loss Formulation Main properties
e-insensitive loss L(r) = max{0, |r| — e} Insensitive ~ zone,
non-smooth, un-
bounded
Least-squares loss L(r)=1r? Convex, smooth,
unbounded, outlier-
sensitive
Absolute loss L(r) = |r| Convex, non-
smooth, unbounded
1,2
=re r| <0, )
Huber loss L(r) = {2 _ ! Convex,  partially
Olr| - 0% 7[> 0 smooth, unbounded
Canal loss L(r) = min{f — ¢, max(0, |r| —¢)} Bounded, insensi-

tive, non-smooth

0, Ir| <e,
Ramp-insensitive L(r)=<(r|—¢)? e<|r| <8, Bounded, insensi-
least-square loss 0 —¢)2, |r|>06 tive, non-smooth
Bounded least- L(r) =1— 5= Bounded, smooth,
squares loss no insensitive zone
BLINEX loss L(r) =1~ ey —a: ¢ 7 0 Bounded, smooth,
asymmetric, no
insensitive zone
2
% 15F
<
)
—
o
w0
4o
2 o5f
]
—
0 -
-5 0

r

Figure 2.11: Least-squares loss. Quadratic growth makes optimization convenient but gives
large residuals excessive influence.
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3.75 F

25 F

Absolute loss

1.25 |

Figure 2.12: Absolute loss. Linear growth improves robustness relative to least squares, but
the cusp at zero is non-smooth.

The Huber loss combines squared and absolute behavior [4]:

577 r| <o,
Lhber(py = ¢ 2 (2.18)

Olr| — 362, |r| > 6.
Small residuals are treated quadratically for smooth fitting, while large residuals receive
only linear growth. Huber loss is therefore a compromise between efficiency and robustness,

but it remains unbounded. Figure 2.13 illustrates this quadratic-to-linear transition.

15

Huber loss

et
«
T

-5 0 5
r

Figure 2.13: Huber loss. The loss is quadratic near zero and linear for large residuals,
balancing smoothness and robustness.
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The e-insensitive loss used in SVR is [5]

L.(r) = max(0, |r| — ). (2.19)

This is the standard SVR loss. Residuals within [—¢,¢] are ignored, producing sparse
support-vector solutions. Outside the tube, the loss grows linearly and remains unbounded.

Figure 2.14 shows the zero-loss tube in residual space.

-
(5]
T

-
T

051

e-insensitive loss

Figure 2.14: c-insensitive loss. The zero-loss tube improves sparsity and tolerance to small
deviations.

2.4.2 Bounded and Insensitive Regression Losses

The ramp-insensitive loss truncates the c-insensitive loss [43]:

)
0, Ir| <e,

Lramp-e(1) = |r| —e, e<|r| <0, (2.20)

0—¢e, |r|>0.

It preserves the insensitive zone and caps the effect of extreme residuals. Its hard truncation

makes it non-smooth at the breakpoints. Figure 2.15 shows the combination of the zero tube
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and upper cap.

N

-
o
T

-

et
«
T

o
T

Ramp insensitive least square loss

0 5
r

.
(3.}

Figure 2.15: Ramp-insensitive least-square-type loss. The insensitive zone and upper cap
improve robustness, while hard transitions introduce non-smoothness.

The nonconvex least-squares loss is [44]

Luas(r) = (2.21)
62, |r| > 6.
It behaves like least squares for ordinary residuals but caps the influence of extreme resid-
uals. The cap improves robustness but introduces nonconvexity and non-smoothness at
|r| = 6. Figure 2.16 shows the capped quadratic shape.
The quadratic nonconvex insensitive loss uses an insensitive zone, a quadratic middle
region, and a bounded/controlled outer region:

(

0, Ir| < e,

‘anci(r) = (’7"’ — 6)2, e < |7"" <t, (222)

(t—e)?+0r|—06t, |r|>t.

This family emphasizes moderate residuals while reducing sensitivity to small deviations.

Depending on parameter choices, it can reduce outlier influence more effectively than pure
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Y

r

Nonconvex least square loss

Figure 2.16: Nonconvex least-squares loss. Ordinary residuals are penalized quadratically,
while extreme residuals are capped.

squared loss [45]. Figure 2.17 visualizes the zero tube, middle quadratic part, and outer

3.75
25 F
1.25 |
0 1
0

r

region.

Quadratic nonconvex insensitive loss

5

Figure 2.17: Quadratic nonconvex insensitive loss. The loss combines a zero tube, quadratic
middle behavior, and controlled outer growth.

The canal loss is

Leanal (1) = min{f — £, max(0, |r| — ) }. (2.23)

Itis a capped version of the e-insensitive loss. It is robust and sparse but non-smooth because
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of the max-min structure [46]. Figure 2.18 shows the capped insensitive profile.

15

Canal loss

Figure 2.18: Canal loss. The loss keeps the SVR-style zero tube and caps large residuals at
a fixed level.

2.4.3 Smooth Bounded Regression Losses

The bounded least-squares loss is [47]

1

S
Lpisa(r) 14 0r?’

6 > 0. (2.24)

It replaces hard truncation with smooth saturation. This bounds the influence of large resid-
uals while maintaining differentiability, but it does not include an insensitive zone. Fig-
ure 2.19 shows the gradual saturation.

The BLINEX loss combines asymmetric LINEX behavior with bounded saturation [48,

49]:
1

— 0 . 2.25
14 0(e —ar —1)’ a70,6>0 (2.25)

Lprnex(r) =1

It is smooth, bounded, and asymmetric, making it suitable when positive and negative resid-
uals have different costs [49]. Like bounded least squares, it lacks an explicit insensitive

tube. As shown in Figure 2.20, the sign and magnitude of a control the direction and strength
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05

Bounded least square loss

o
T
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T

Figure 2.19: Bounded least-squares loss. Smooth saturation limits the effect of large resid-
uals without using hard truncation.

of asymmetry, while ¢ controls how quickly the curve approaches its upper bound.

1.05
—a=0.5,0=05

—a=10,0=05
—a=050=10
—a=-0.5, 0=0.5
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BLINEX loss
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0.21

0
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Figure 2.20: BLINEX loss for different values of a and ¢. The parameter a controls asym-
metry, while 6 changes the saturation behavior.

2.4.4 Broader Robust-Regression Perspective

Robust regression extends beyond SVR-specific losses to redescending M -estimators,
whose derivatives decrease toward zero for sufficiently extreme residuals [50]. Represen-

tative examples are summarized in Table 2.5. Tukey’s biweight is constant outside a cutoff
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and therefore completely rejects sufficiently large residuals. The Welsch loss approaches
its upper bound smoothly, while the adaptive family of Barron [51] continuously recovers
several classical penalties by changing a shape parameter. These losses provide bounded or
redescending influence, but none contains an exact interval of zero loss around the origin.
Consequently, robust M -estimation does not remove the specific design gap considered in
Chapter 5: simultaneous smoothness, boundedness, and an explicit insensitive zone.

Table 2.5: Representative robust regression losses beyond the immediate SVR literature.

Loss Formulation Main properties
2 213
Tukey biweight ~ L(r) = { o [1 (1= (r/e)) ]  Irl=se Bounded, smooth at
o " > ¢, the cutoff, redescend-
ing, no insensitive
zone
2
Welsch loss L(r) = 5 [1—exp (—(r/c)?)] Bounded, smooth, re-
descending, no insen-
sitive zone
Adaptive robust L(r;«,c¢) = Smooth shape family;
loss [51] o — 2| (r/c)? a/2 includes quadratic,
Ta (1 m) —1 Charbonnier, Cauchy,

and Welsch limits

The preceding classification and regression losses reveal several limitations that moti-
vate further loss-function development. In classification, losses that are both sparse and
bounded, such as ramp-type and truncated losses, are usually non-smooth and non-convex;
hence, the resulting optimization problem becomes difficult to solve with standard gradient-
based procedures. Existing sparse bounded losses also commonly contain non-differentiable
transition points, including the origin or truncation boundaries. There is therefore a need
for classification losses that can jointly provide sparsity, bounded influence, and smooth-
ness. Noise-insensitive losses such as pinball loss provide flexible treatment of samples

around the margin, but they remain non-smooth and unbounded. Truncated pinball loss
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adds boundedness, but the hard truncation makes the loss non-convex and non-smooth,
which complicates optimization. Hence, robust classification under label noise and outliers
requires losses that combine noise insensitivity, boundedness, and smoothness so that effi-
cient gradient-based optimization can be used. In regression, the key difficulty is that losses
with an insensitive zone are typically non-smooth at the boundary of the insensitive region,
whereas smooth bounded losses generally do not include an insensitive zone. This leaves a
gap for regression losses that are simultaneously smooth, bounded, and insensitive to small

residuals.

2.5 Class Imbalance, Noise, and Sample Weighting

Real-world classification problems often exhibit class imbalance, label noise, outliers,
and local ambiguity. Class imbalance occurs when one class has substantially fewer samples
than another. A classifier trained without correcting for imbalance may achieve high over-
all accuracy while failing to recognize minority-class samples. Noise and outliers further

degrade performance by distorting margins, class centers, and learned decision boundaries.

2.5.1 Data-Level and Algorithm-Level Strategies

Imbalance learning methods are broadly divided into data-level and algorithm-level
strategies. Data-level methods modify the training set through under-sampling, over-
sampling, or synthetic sample generation. SMOTE is a representative over-sampling method
that generates synthetic minority samples by interpolation between minority samples and
their nearest minority neighbors [11]. Algorithm-level methods modify the learning ob-
jective through class-dependent costs, fuzzy memberships, local weighting, or ensemble
construction.

Cost-sensitive learning increases the penalty for misclassifying minority-class samples.
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Fuzzy SVM assigns a membership value p; to each sample so that less reliable samples
contribute less to the classifier [12]. A weighted empirical risk minimization problem has

the form

I%nE:mﬁ@hﬁ@Qy+Mxm, (2.26)

i=1
where j1; € [0, 00) measures the reliability or importance of the i*® sample. In weighted
LSSVM, for example, sample-dependent penalties can be incorporated as

1 O &
min ﬂWW§+—§:mﬁa
whe 2 2= 2.27)

sty (W o(x)+b)=1—¢, i=1,...,m.

Large p; increases the influence of a sample, while small y; reduces its effect on the learned

decision function.

2.5.2 Classical Fuzzy Membership Schemes

Distance-to-center schemes assign higher membership to samples near the class center

and lower membership to distant samples. Let C,, be the center of the class to which x;

cen __ — 1
belongs, di*" = ||x; —C,,||2, and R,, = maxy.,,—,, ||x¢ —C,,||2. Representative center-based

memberships are

dlv_:en
Ry + 0

i (%) = 1 — (2.28)

cen () = , 0,1], 2.29
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where 0 > 0 avoids zero membership. Hyperplane-based schemes first construct a prelimi-

nary classifier fo(x) and then assign membership using the distance to that hyperplane:

hypro \ 1 _ | fo(xi)|

Hin (Xl) =1 max; |f0(X[)| + 67 (230)
hyD () 2 231
Mo (X)) = T oSBT 231

Later fuzzy and intuitionistic fuzzy methods incorporate information such as class boundary
proximity, entropy, local density, or class affinity [13, 52, 53, 54]. For example, affinity and
class-probability based fuzzy SVM first estimates the position of a majority-class sample

relative to an SVDD hypersphere:

dsydd o min(dsvdd)
0.8 L L AV < BR
(max(d?"dd) — min(df-"dd)> o PR,

dsydd
0.2 exp (p (1 — éR )) , d¥v4d > BR,

where R is the SVDD radius, 5V is the distance from the SVDD center, 3 € (0, 1], and

Patr(X;) = (2.32)

p > 0. A local class-probability term is then computed from the k-nearest neighborhood,
1
p(xi) =+ > Yy =i, (2.33)
X ENk(xi)

and the membership can be written as

1, X; € minority class,
Lt (X;) = (2.34)
at(X;)p(x;), X; € majority class.

This type of design explicitly combines geometric reliability with local label agreement, but
it may become computationally expensive because SVDD itself requires solving a quadratic

programming problem.
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2.5.3 Limitations of Distance-Based Weighting

The effectiveness of a weighting scheme depends on whether its reliability score
matches the actual role of a sample in the learning problem. Figure 2.21 illustrates three
common difficulties. First, many valid samples can lie near the class boundary, so a center-
distance rule may assign them very small weights even though they are important for defin-
ing the decision surface; this case is shown in Figure 2.21a. Second, when many reliable
samples form a dense neighborhood around the class center, an aggressively decaying func-
tion may still distinguish among samples that should receive nearly equal confidence, as
shown in Figure 2.21b. Third, a noisy or mislabeled sample can have the same distance
from the class center as a clean sample, so distance alone cannot identify label inconsis-

tency; this ambiguity is shown in Figure 2.21c.

A AL A Normal sample
A NEN
A /\ AAA
A A Center A A
AL N
A A

A A
A, A Datasample

A A
A A

A AB

AA

A
A

(a) (b)

Figure 2.21: Challenges for fuzzy weighting in real-world data. (a) Many valid samples
can be far from the class center. (b) Central samples may deserve similar reliability despite
small distance differences. (c) Noisy samples can share the same center distance as clean
samples, requiring information beyond distance alone.

These limitations explain why modern weighting schemes often combine several sig-
nals: global geometry, local label consistency, class priors, boundary proximity, and some-
times density or entropy. A purely distance-based rule is simple and efficient, but it may
be unreliable under class overlap, asymmetric class shapes, skewed priors, and label noise.

Conversely, richer local or affinity-based rules can improve reliability estimation but may
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introduce additional hyperparameters and computational overhead.

2.6 Randomized Neural Networks

Randomized neural networks (RdNNs) reduce training cost by randomly generating part
of the network and learning only the output layer. Instead of updating all hidden-layer
parameters through backpropagation, these methods sample input-to-hidden weights once
and then solve a linear output problem. This makes them attractive for large datasets and

repeated experimental evaluation.

2.6.1 Random Vector Functional Link Networks and Extreme Learn-

ing Machines

Random vector functional link (RVFL) networks were introduced as randomized single-
hidden-layer models with direct links from input to output [16]. Extreme learning machines
(ELMs) are closely related randomized single-hidden-layer networks without direct links
[17]. Given X € R™*4 random weights W € R?*", random bias matrix B € R™*" and

activation function ¢(-), the hidden-layer output is

H=¢(XW + B). (2.35)

For ELM, the trainable representation is A = H. For RVFL, direct input-to-output connec-
tions are retained:

A=[X|H] (2.36)

Figure 2.22 shows this structure: the random hidden representation and the original input are

concatenated before output-weight learning. The output weight matrix is learned through
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ridge regression:

min |A© — Y% + A||©]%. (2.37)

Setting the derivative with respect to © to zero gives 24T (AO — Y) + 200 = 0, and

therefore the primal closed-form solution is
O=(ATA+ ) 'ATY. (2.38)

This form inverts a matrix whose size is determined by the number of representation nodes.
When m is smaller than the number of representation nodes, the dual form can be compu-
tationally preferable:

0 =AT(AAT + )Y (2.39)

The primal and dual expressions are algebraically equivalent under ridge regularization,
but they have different numerical costs. The primal form is usually preferred when the
representation dimension is smaller than the number of samples, while the dual form is
preferred when the sample size is smaller.

RVFL models are simple and fast, but they are sensitive to random initialization, noise,
outliers, and ill-conditioned hidden representations. Robust variants therefore modify the
loss, introduce fuzzy weights, use ensembles, regularize the representation, or avoid unsta-

ble matrix inversion.

2.6.2 Broad Learning System

The broad learning system (BLS) is a flat randomized architecture designed to avoid
deep stacking while retaining representation power [19]. BLS constructs feature mapping
nodes and enhancement nodes, concatenates them into a broad feature matrix, and learns

the output weights through regularized least squares.
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Output Layer

Hidden Layer

______

Input Layer

Figure 2.22: RVFL architecture. Hidden-layer parameters are randomly sampled and fixed,
while only the output weights are trained. Direct input-to-output links distinguish RVFL
from ELM.

Let the feature layer contain ¢ windows, each with p feature nodes. The " feature
window is

Zi=¢(XWy,+By), i=1....q (2.40)

where W;, € R%*? and By, € R™*?. Concatenating all feature windows gives

7 =21, 2s,...,7Z, € R™"P4, (2.41)

The enhancement layer contains s windows, each with r enhancement nodes:

E; =0(ZW,, + B,),  j=1,...,5, (2.42)

where W, € RP?*". The enhancement output is

E =[Ey, Es,..., E] € R™. (2.43)
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The final broad representation is

A=[Z| E] € Rm*@atrs) (2.44)

and the primal output-weight solution is

O=(ATA+ ) ATY. (2.45)

The corresponding dual solution is

0 =AT(AAT + )Y, (2.46)

The primal form is convenient when the broad representation dimension pg + rs is modest,
whereas the dual form can reduce computational cost when m < pg + rs. Both forms
rely on the conditioning of the matrix being inverted, which is why randomized neural
models can become unstable when the generated representation is ill-conditioned or heavily
corrupted by noise. The flat feature-window and enhancement-window layout is illustrated

in Figure 2.23.

The flat structure of BLS can be efficient and incrementally expandable, but its least-
squares training objective can be sensitive to noise and outliers. This has motivated robust
BLS variants based on regularization, fuzzy systems, collaborative learning, and alternative

objective functions.

2.6.3 Deep RVFL

Deep RVFL extends the RVFL idea by stacking multiple randomized hidden layers

while retaining direct links and closed-form output training [20]. With H® = X, the
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Figure 2.23: BLS architecture. Feature mapping nodes and enhancement nodes are gener-
ated in a broad flat structure, then concatenated to train the output weights.

[*" random hidden layer is
HY = ¢(HDWO + B0y, 1=1,... L. (2.47)
An augmented deep representation can be formed as
A=[X| gO | H® |- H(L)}7 (2.48)

followed by the same ridge-type output learning used in (2.38). Figure 2.24 shows the
layered structure. Each hidden layer is randomly generated and frozen, while the final
readout uses a concatenation of the input and hidden representations. Such architectures
improve representation capacity but may also increase sensitivity to random feature quality
and numerical conditioning. Recent robust RVFL developments integrate fuzzy inference,
granular-ball representations, ensemble strategies, and robust losses [55, 56, 57]. These
works show that randomized neural networks can remain computationally efficient while

becoming more robust to uncertainty and corrupted data.
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random hidden weights are sampled once and fixed

Random Random o
layer H(1) layer H(2)
Input \ ~N /
X Concatenate Output }

Random
layer H (L)

(X, HO .. . HD) weights

Figure 2.24: Deep RVFL architecture. Multiple random hidden layers are stacked, and the
output layer is trained using an augmented representation containing the input and hidden-
layer outputs.

Although RVFL, BLS, and Deep RVFL provide efficient alternatives to fully trained
neural networks, their standard formulations have three important limitations. First, the
output layer is commonly trained using squared-error loss, which can be strongly affected
by noisy labels, outliers, and large residuals. Second, closed-form output learning requires
matrix inversion or pseudo-inversion; when the hidden or broad representation matrix is ill-
conditioned, small perturbations in the data can be amplified in the learned output weights.
Third, the random hidden weights are usually generated independently from simple distri-
butions, so the hidden matrix is not explicitly adapted to the dependence structure of the
input data. This can reduce representation quality and introduce instability across different

random initializations, especially in high-dimensional or correlated datasets.

2.7 Copula-Based Dependency Modeling

Randomized neural networks usually sample hidden weights independently from simple
distributions. This independence assumption ignores statistical dependence among input
features. If the input features are correlated, tail-dependent, or exhibit nonlinear association,
an independent random projection may fail to capture useful joint structure.

Copula theory provides a principled way to separate marginal distributions from depen-

dence structure. A d-variate copula is a distribution function on [0, 1]¢ whose univariate
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marginals are uniform. Thus, instead of modeling feature scales and feature dependence
in a single object, copula modeling first maps each feature to its probability scale and then

models how these probability-scale variables move together.

By Sklar’s theorem, any multivariate distribution with joint cumulative distribution func-

tion F' and marginals F}, ..., F,; can be represented as

F(xy,...,2q) = C(Fi(21), ..., Fa(wa)), (2.49)

where C' is a copula [21, 22, 58]. If the marginals are continuous, the copula is unique.
Conversely, any copula combined with valid marginals defines a valid joint distribution.

Figure 2.25 illustrates this decomposition in the bivariate case.

Sample distribution . CDF of 21 ~ N(0, 1%) Copula C(uy,us) (Gaussian, p = 0.70)

Univariate Distributions
0.2F

0.1f

-2 -1 0 1 2
Ty

CDF of 25 ~ N(0, 0.1)

Ty

-0.1f

-0.2F

-0.3}F

Figure 2.25: Copula decomposition. The empirical variables are transformed through their
marginal CDFs to uniform variables, and the copula models the remaining dependence
structure on the unit square.

An important property of copulas is invariance under strictly increasing marginal trans-
formations. If each ¢); is strictly increasing, then (X1,..., Xy) and (¢1(Xq), ..., ¢¥a(X4q))
have the same copula. This makes copulas useful for heterogeneous tabular data, where fea-

tures may have different physical units, ranges, and marginal distributions. Independence
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corresponds to the product copula,

d
Cr(ug, ... ,uq) = H u;, (2.50)
j=1

whereas non-product copulas encode dependence beyond marginal behavior.
For data X, pseudo-observations can be constructed from feature-wise ranks:

_ rank(xy)

Wi = m+1 ’ izla"'7m> .]:L)d (251)

The resulting matrix U = [u;;] lies in (0,1)™*? and captures empirical dependence inde-
pendent of marginal scale. Copula families differ in the kind of dependence they repre-
sent. Gaussian copulas capture symmetric dependence governed by a correlation matrix,
while ¢-copulas additionally model tail co-movement through heavier tails. Clayton cop-
ulas emphasize lower-tail dependence, Gumbel copulas emphasize upper-tail dependence,
and Frank copulas represent more symmetric Archimedean dependence without strong tail
asymmetry. These distinctions matter when feature interactions are nonlinear, asymmetric,

or concentrated in extremes.

2.8 Optimization and Numerical Stability

Optimization behavior is central to robust learning. Convex formulations such as stan-
dard SVM have strong theoretical guarantees but can be computationally expensive. Least-
squares formulations reduce optimization cost but often require solving linear systems,
which can become unstable when the associated matrix is ill-conditioned. Robust non-
convex bounded losses improve resistance to outliers but require careful optimization.

Gradient-based optimization methods such as stochastic gradient descent, adaptive gra-

dient methods, and momentum-based methods are widely used for large-scale machine
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learning [23, 59, 60]. Nesterov accelerated gradient introduces a look-ahead momentum
mechanism that can improve convergence behavior [61]. In robust learning, iterative opti-
mization is often useful when the loss is nonquadratic, nonconvex, or when direct matrix

inversion is numerically unstable.

2.9 Evaluation Metrics

This section retains only the definitions needed to interpret the experimental chapters
and to fix a common notation; the metrics themselves are standard evaluation tools rather
than contributions of the thesis.

Since the thesis studies classification, regression, class imbalance, noisy learning, and
biomedical diagnosis, no single metric is sufficient. This section summarizes the metrics

used across the empirical chapters.

2.9.1 Classification Metrics

For binary classification, let TP, TN, FP, and FN denote true positives, true negatives,
false positives, and false negatives. Accuracy is Accuracy = (TP+TN)/(TP+TN+FP+
FN). Sensitivity or recall is Sensitivity = TP /(TP + FN), and specificity is Specificity =
TN/(TN+FP). Precision and F1-score are given by Precision = TP /(TP+FP) and F1 =
2 - Precision - Recall/(Precision + Recall), respectively. For imbalanced classification, F1-

score, sensitivity, specificity, and geometric mean are often more informative than accuracy.

The geometric mean is Gmean = /Sensitivity - Specificity. Area under the ROC curve
(AUC) is also useful when classifier scores are available, because it evaluates ranking quality
across thresholds.

For multiclass classification, metrics are computed using macro, micro, or weighted av-

eraging. Macro averaging treats all classes equally, whereas weighted averaging accounts
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for class frequency. In imbalanced settings, macro-F1 and class-wise sensitivity are partic-

ularly important because they do not allow majority classes to dominate the evaluation.

2.9.2 Regression Metrics

For regression, let y; be the true response and ¢; the predicted response. The mean

absolute error (MAE) is MAE = m™' > |y; — 4], and the root mean squared er-

ror (RMSE) is RMSE = /m=1>"" (y; — 9;)% The coefficient of determination is
R*=1->"" (yi— 0:)%/ > 1", (y; — y)*, where g is the mean of the observed responses.
For robust regression, MAE and related absolute-error measures are often more stable un-
der outliers than squared-error-based measures, while RMSE remains useful for measuring
large deviations. For regression experiments where overestimation and underestimation be-
havior must be inspected separately, positive and negative error measures are also useful.

Using f(x;) = 4, these quantities can be written as

1 R 1 R
EI‘I‘Orpos - E Z |yz - yi‘v El"l"OI‘neg - E Z |yz - yz|

Y 27i 1Y <Ji
Here, Errorp,s summarizes the magnitude of underprediction errors and Error,., summa-

rizes the magnitude of overprediction errors.

2.10 Statistical Comparison of Learning Algorithms

The following tests are stated compactly to establish the exact ranking, significance, and
tie conventions used repeatedly in later chapters. Their general statistical foundations follow
the cited original and tutorial sources.

When multiple algorithms are evaluated over several datasets, average accuracy alone

may be misleading. Statistical tests are therefore used to assess whether observed differ-
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ences are likely to be systematic rather than accidental. In this section, let ) denote the
number of datasets and p denote the number of algorithms or models being compared. This
notation is local to the statistical-comparison discussion. In this thesis, statistical analy-
sis is used as an empirical reliability check: the goal is not only to report the best mean
performance, but also to verify whether the observed differences persist across datasets or

repeated runs.

2.10.1 Friedman and Iman-Davenport Tests

The Friedman test is a nonparametric test for comparing p algorithms over D datasets
[24, 25]. For each dataset, the algorithms are ranked separately: the best-performing al-
gorithm receives rank 1, the second receives rank 2, and so on. Ties are assigned average
ranks. Let Réi) denote the rank of algorithm e on dataset 7, and let

R€:¥£§:fw> (2.52)
D i=1 ’
be its average rank. The null hypothesis states that all algorithms have equivalent perfor-

mance, meaning their expected ranks are equal. The Friedman statistic is

iéz Cplp+1)°

e 1 (2.53)

e=1

Under the null hypothesis and for sufficiently large D and p, x% is approximately chi-square
distributed with p — 1 degrees of freedom.
Because the chi-square approximation can be conservative, the Iman—-Davenport correc-
tion transforms the Friedman statistic into an F'-distributed statistic [62]:
(D - x%
D(p—1) = xp’
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This statistic follows an F'-distribution with p — 1 and (p — 1)(D — 1) degrees of freedom.
If Fr exceeds the corresponding critical value at significance level «, the null hypothesis is
rejected. The result indicates that at least one algorithm differs significantly from the others,

but it does not identify which pairs are different.

2.10.2 Nemenyi Post-Hoc Test

After rejecting the global null hypothesis, the Nemenyi post-hoc test compares all pairs

of algorithms using their average ranks [25, 63]. The critical difference (CD) is

1
CD = g, 3%£%l, (2.55)

where g, is the critical value based on the studentized range statistic divided by v/2, adjusted
for the number of algorithms. Two algorithms a and b are considered significantly different
if

|R, — Ry > CD. (2.56)

Since rank 1 denotes the best performance, the algorithm with the lower average rank is
statistically better when the rank difference exceeds the critical difference. The Nemenyi
test is especially useful for presenting critical-difference diagrams, where algorithms are

placed on an average-rank axis and groups with no significant difference are connected.

2.10.3 Wilcoxon Signed-Rank Test

When comparing two algorithms across matched datasets or repeated folds, the

Wilcoxon signed-rank test provides a nonparametric paired comparison [25, 64]. Let

d; = SEA) — sg

) be the performance difference between algorithms A and B on dataset

or run ¢, where the score s; is oriented so that a larger value is better. For error measures
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such as RMSE or MAE, the sign is reversed before forming d;. Zero differences are re-
moved. The remaining absolute differences |d;| are ranked, and each rank is assigned the

sign of d;. The positive and negative rank sums are

Wt => "rank(|di]), W~ = rank(|d|). (2.57)

d;>0 d;<0
The test statistic is usually W = min(WW ", W~). A small value of W indicates that the
differences are consistently in one direction. Unlike a paired ¢-test, the Wilcoxon signed-
rank test does not assume normally distributed performance differences, which makes it

appropriate for machine-learning comparisons over heterogeneous datasets.

2.10.4 Win-Tie-Loss Test

The win-tie—loss (WTL) test is a simple pairwise comparison between two algorithms.
It is often reported descriptively, and it can also be interpreted through the sign-test approx-

imation when only the direction of pairwise differences is used [25]. For two algorithms A

and B, define )
1, d; > e,
sei(di) = €0, |d] <e, (2.58)
-1, d; < —e,

\

where d; = sl(-A) — SEB), the score is oriented so that larger values are better, and € > 0 is

a tolerance used to avoid treating numerically negligible differences as wins or losses. The
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counts are b
Win =Y " 1{sgn(d;) = 1},
z‘;l
Tie = ) _1{sgn,(d;) = 0}, (2.59)
ilz)l

Loss = Y _1{sgn.(d;) = —1}.

i=1

If ties are present, the tied datasets are shared equally between the two algorithms. Thus,

the effective number of wins for algorithm A is
. off : L.
Winy' = Win + §Tle. (2.60)

Under the null hypothesis that the two algorithms are equivalent, each algorithm is expected
to win on D /2 datasets. Using the normal approximation to the binomial sign test at the 5%
level, algorithm A is considered significantly better than algorithm B if

VD

D
Wint > 2 T 196~ (2.61)

The analogous lower-tail condition applies when algorithm B has the effective win count
exceeding the same threshold. WTL is useful alongside Friedman, Nemenyi, and Wilcoxon
tests because it shows how often a method improves over a baseline across datasets; how-
ever, it does not use the magnitude of the differences, so it should be interpreted together

with rank-based or signed-rank tests.

2.11 Positioning of the Thesis

The literature reviewed in this chapter reveals related but distinct gaps across loss de-

sign, sample weighting, numerical optimization, and randomized representation learning.
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Table 2.6 positions the thesis against the closest methodological families and states the un-
resolved issue addressed along each research axis.

This positioning makes the novelty claims local rather than universal. The thesis does
not claim to replace every robust-loss, weighting, or uncertainty-quantification method. Its
contribution is a coordinated set of analytically motivated mechanisms that target specific
combinations of properties within hyperplane-based and randomized neural models while

retaining computationally simple model structures.
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Table 2.6: Comparative positioning of the thesis within the relevant learning literature.

Research axis

Representative litera-
ture

Unresolved limitation

Position of this thesis

Robust classi-
fication losses

Margin losses; focal,
generalized Cross-
entropy, symmetric
Ccross-entropys, and

bi-tempered losses

Boundedness, smooth-
ness, sparsity, and
asymmetric or noise-
insensitive behavior
rarely occur together;
probability and margin
formulations address
different interfaces

Analytically designed
bounded smooth
margin losses, with
RoBoSS emphasizing
sparsity and Wave em-
phasizing asymmetric
controlled influence

Robust regres-
sion losses

Huber, insensitive,
canal, capped least-
squares, BLINEX,

and redescending M-
estimators

Existing smooth
bounded losses gen-
erally lack an exact

insensitive zone; insen-
sitive losses generally
introduce  non-smooth
transition points

A smooth bounded re-
gression loss with an
explicit zero-loss in-
terval, embedded in
LSSVR

Imbalance-
aware weight-
ing

Global class weights,
center/radius-based
fuzzy =~ memberships,
and local-neighborhood
probabilities

A single geometric or
probabilistic signal may
confuse boundary sam-
ples, multimodal struc-
ture, and noise; tuning

and  high-dimensional
neighborhoods remain
difficult

A weighting mech-
anism combining
radius-adaptive prox-
imity, local consis-
tency, and class-ratio
correction, with its
practical scope stated
explicitly

Randomized
output learn-
ing

RVFL and BLS with
squared-error  closed-
form output learning;
fuzzy and robust vari-
ants

Squared error is outlier-
sensitive and  direct
inversion can dominate
computational cost; it-
erative alternatives have
convergence-dependent
cost

Bounded-loss ran-
domized learning with
inversion-free gradient
optimization and an
explicit  conditional
scalability analysis

Randomized
initialization

Independent Gaussian
or uniform hidden
weights

Independent sampling
ignores empirical fea-
ture dependence and
may increase variability
across random represen-
tations

Copula-aligned initial-
ization that transfers
estimated feature de-
pendence into frozen
hidden weights
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Chapter 3

RoBoSS: A Robust, Bounded, Sparse,
and Smooth Loss Function for

Supervised Learning

This chapter develops the robust, bounded, sparse, and smooth (RoBoSS) loss function
for supervised classification and studies its impact in both support vector machine (SVM)
and twin support vector machine (TSVM) frameworks. The motivation is that widely used
loss functions often struggle with outlier-prone, noisy, and high-dimensional data, leading to
reduced robustness, slow convergence, or unstable optimization. The first part of the chapter
introduces RoBoSS as a smooth bounded loss with sparsity-inducing behavior, establishes
its classification-calibrated property and generalization ability, and embeds it into SVM to
obtain the Lg,5,55-SVM model. The second part extends the same loss-design principle to
TSVM and develops the RoBoSS-based Twin Support Vector Machine (RoBoTS), together
with an inverse-free variant that avoids matrix inversion while preserving robustness and
scalability. The chapter evaluates these models on benchmark, noisy, outlier-contaminated,
and biomedical datasets, including EEG, BreaKHis, and ADNI, and presents statistical ev-

idence that RoBoSS-based formulations improve classification performance, training effi-
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ciency, and reliability in challenging real-world settings.

3.1 Introduction and Motivation

Data analysis tasks such as classification and regression fall under the umbrella of su-
pervised machine learning (SML), where a model learns from labeled observations to make
predictions on unseen instances. The loss function is central to this process because it deter-
mines how each training sample contributes to the empirical risk. In this chapter, the effect

of loss design is first studied in the SVM framework and then extended to TSVM.

For binary classification, let the training set be {(zx,yx)}r_,, Where 2, € R™ and
yr € {1,—1}. In this opening SVM formulation only, n denotes the number of training
samples and m denotes the feature dimension; this local convention is retained to match the

original RoBoSS-SVM derivation. A generic soft-margin SVM objective can be written as

min §Hw|| +E;£(1_yk (wTzy, + b)), 3.1

where C > 0 is a trade-off parameter and L(u), with v = 1 — y,(wTzy + b), denotes
the classification loss. The relevant baseline losses and their properties are summarized
in Table 2.2. The gap motivating this chapter is that sparse bounded losses are usually
non-smooth, while smooth losses are often unbounded or non-sparse. Hence, robust SVM

learning requires a loss that jointly provides boundedness, sparsity, and smoothness.

Motivated by these observations, the main focus of this chapter is to construct a new ro-

bust, bounded, sparse, and smooth loss function for supervised classification. The RoBoSS
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Figure 3.1: RoBoSS loss behavior: (a) fixed A = 1.5 with different values of a, and (b) fixed
a = 5 with different values of \.

loss function (see Fig. 3.1a and Fig. 3.1b) is defined as

M1 — (au+ 1) exp(—au)}, u >0,
£ROBOSS(U’) = (32)

0, u <0,

where a, A\ > 0 represent the shape and bound parameters, respectively. Further, we em-

bed the proposed RoBoSS loss into SVM and introduce a new robust SVM model termed

L roBoss-SVM. Replacing L(+) by Lr,poss(+) in (3.1) yields

.1 C
min §HwH2 + > Lroposs (1 — yp (T + b))- (3.3)

k=1
The non-convex nature of the proposed loss function poses challenges for optimizing the
L roBoss-SVM by the Wolfe-dual method. However, the smooth nature of Lz,5,55-SVM
enables the use of gradient-based fast optimization techniques for solving the model. In
this chapter, we utilize the Nestrov accelerated gradient (NAG) based framework to solve
the optimization problem of L z,5,55-SVM. NAG is known for its low computational com-
plexity and efficiency in handling large-scale problems [65]. The main contributions of this

work can be summarized as follows:
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3.2

We introduce an innovative advancement in the field of supervised learning: the Ro-

BoSS (Robust, Bounded, Sparse, and Smooth) loss function.

We explored the theoretical aspects of the RoBoSS loss and showed it possesses
two crucial properties: classification-calibration and a bound on generalization er-
ror. These results not only emphasize the robustness of the RoBoSS loss function but

also provide valuable insights into its performance and applicability.

We fuse the RoBoSS loss within the SVM framework and introduce a novel SVM
model coined as Lr,5,55-SVM. The resulting Lg,p,55-SVM model harnesses the
inherent strengths of both the RoBoSS loss function and the SVM algorithm, leading

to an advanced and versatile machine learning tool.

We carried out numerical experiments on 88 benchmark KEEL and UCI datasets from
diverse domains. The outcomes validate the effectiveness of the £ r,5,55-SVM model

when compared to the baseline models.

Furthermore, to showcase the prowess of the Lz,5,55-SVM in the biomedical do-
main, we executed additional evaluations on two biomedical datasets: the electroen-
cephalogram (EEG) signal dataset and the breast cancer (BreaKHis) dataset. These

experiments provide evidence of the model’s efficiency in the biomedical realm.

RoBoSS Loss and RoBoSS-SVM Formulation

In this work, we present a significant advancement in supervised learning: a new loss

function characterized by robustness, boundedness, sparsity, and smoothness, termed the

RoBoSS loss (see Fig. 3.1a and 3.1b). This innovative approach represents a substantial

stride in optimizing the training process of machine learning models. The equation (3.2)
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provides the mathematical formulation of the RoBoSS loss introduced in this study. The

RoBoSS loss function, as put forth in this work, exhibits the subsequent characteristics:

* Itis robust and sparse. By setting an upper bound A and capping the loss for samples
with « > (0 beyond a certain margin, robustness is enhanced. Additionally, it assigns

a fixed loss of 0 for all samples with u < 0, thereby introducing sparsity.

¢ ]t is smooth, bounded, and non-convex.

* It has two beneficial parameters, a and A, known as the shape parameter and bounding
parameter, respectively. The shape parameter (a) controls the intensity of the penalty,

while the bounding parameter (\) defines the limits for the loss values.

* For A = 1, when a — 400, it approaches the “0 — 1” loss function in a pointwise

manner.

The RoBoSS loss function addresses multiple crucial aspects of supervised learning si-
multaneously. By encompassing robustness, it ensures the stability of the learning process
even in the presence of outliers. The bounded nature of the RoBoSS loss function restricts
the impact of extreme values, preventing the loss from growing unbounded. Incorporating
sparsity, the RoBoSS loss function promotes the utilization of only the samples that are
misclassified or near the decision boundary, resulting in parsimonious models. Moreover,
the RoBoSS loss function is designed with a focus on smoothness, facilitating a gradual
and consistent optimization process. This smoothness property promotes avoiding abrupt
changes during parameter updates, leading to more stable and efficient convergence dur-
ing training. Next, to highlight the advantages of the proposed RoBoSS loss function, we

provide a thorough comparison with existing loss functions:

1. Robustness to outliers: Traditional loss functions, including the hinge loss, pinball

loss, and LINEX loss, are both unbounded and convex. Although convexity provides
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certain advantages, the unbounded nature of these functions renders them highly sen-
sitive to outliers. Conversely, the RoBoSS loss function is bounded, greatly improving
its robustness to outliers. The bounding parameter A ensures that the loss value does
not increase indefinitely for any sample, thereby preventing outliers from dispropor-
tionately influencing the model training. This prevents the model from being unduly

influenced by extreme values, ensuring a more balanced learning process.

2. Flexibility in penalty assignment: Existing loss functions like the hinge loss and
pinball loss, and their variants do not possess a shape parameter and assign a uniform
loss value to misclassified samples, regardless of the dataset’s characteristics. This
uniform penalty approach can be suboptimal when dealing with diverse data distri-
butions, as it does not allow for adjustments based on the specific requirements of
different datasets. The RoBoSS loss function offers flexibility in managing different
data distributions through its shape parameter a. This parameter allows for tuning the
strength of the penalty assigned to misclassified samples. By adjusting a, one can
control the severity of the penalization for misclassifications, providing the ability to
adapt the loss function to various data characteristics (see Fig. 3.1a). This flexibility
is particularly advantageous when dealing with heterogeneous datasets, as it enables

the model to be more responsive to the specific needs of different data distributions.

3. Sparsity: Sparse models are often easier to analyze because they rely on fewer sup-
port vectors [66]. The hinge loss, while sparse, lacks boundedness and can lead to
suboptimal results on outlier-prone datasets. Pinball loss and LINEX loss, on the
other hand, sacrifice both sparsity and boundedness. Wave loss [67], while bounded,
lacks the sparsity property. However, the proposed RoBoSS loss strikes a balance

by being both sparse and bounded. It enhances sparsity by assigning zero loss to all
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correctly classified samples. This characteristic ensures that only the most relevant

samples contribute to the model’s training, leading to simpler models.

4. Smoothness: The non-smooth nature of traditional loss functions such as hinge loss,

pinball loss, truncated hinge loss, and truncated pinball loss can lead to challenges in

optimization, often requiring specialized algorithms for convergence. The proposed

RoBoSS loss function, with its inherent smoothness, allows for the use of gradient-

based fast optimization techniques. This smoothness avoids abrupt changes during

parameter updates, promoting a more consistent optimization trajectory. The smooth

nature of RoBoSS ensures stable updates during training, leading to efficient and

effective model convergence.

To succinctly illustrate the advantages of the proposed RoBoSS loss function, Table 3.1

compares the key characteristics of various state-of-the-art loss functions with RoBoSS.

Table 3.1: Illustrates the key attributes of different state-of-the-art loss functions with the
proposed RoBoSS loss function, highlighting their robustness, sparsity, boundedness, con-

vexity, and smoothness.

Loss function |\ Characteristic —

Robust to outliers

Sparse

Bounded

Convex

Smooth

Hinge loss [6]

Pinball loss [27]

Truncated hinge loss [68]

Truncated pinball loss [36]

LINEX loss [31]

QTSELF loss [69]

Wave loss [67]

RoBoSS loss (Proposed)

ANENEESENENAIE

NI R EIENESIAN

S ENEN RN EN NS

R RN RN ENEEENEN

ANRNASE SR IR R R

Now, by amalgamating the RoBoSS loss function (3.2) within the least squares SVM

framework, we introduce a novel SVM model termed Lz,5,55-SVM. For simplicity, we

adopt the notation w to represent [wT,b] and z; to represent [x;,1]", henceforth. The
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L roBoss-SVM model is delineated as follows:

w?{

min %Hw”2 + %; )\(1 — (a{& )+ + 1)6$P(—a{§k}+))>

sty (wi(ag)) =1—&, Vk=1,2,...,n, (3.4)

where {&} = & if & > 0 and 0 otherwise, C > 0 is the regularization parameter, a and A
are the loss parameters, and the function ¢ (-) represents the feature mapping corresponding
to the kernel function.

While kernel functions are typically used to handle non-linear problems through dual prob-
lem formulation, the non-convex nature of Lr,5,55-SVM makes this approach formidable.
To empower the non-linear adaptation capability of Lg,5,55-SVM, we utilize the represen-

ter theorem [70]. Using the representer theorem [70], the corresponding solution can be

stated as:
w=_ Bit(an), (3.5)
k=1
where 5 = (f1, ..., 3,)" represents the coefficient vector. By substituting the value of w

from equation (3.5) into equation (3.4), we derive

mﬂin f(B) = Z Z %Bkﬁj/C (ks 5)

k=1 j=1

+E3 (1= el + Deapl-ofe})). (3.6)

where &, = yy (Z?Zl B K (mk,xj)) — 1, and K (zy,2;) = ¥ (xy) - ¥ (x;) is the kernel

function.
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3.3 Theoretical Analysis of the RoBoSS Loss

Assume that the training data z = {z, y },_, is drawn independently from a probability
measure P. The probability measure P is defined on X x Y, where X C R™ represents the
input space and Y = {—1, 1} is the label space. The primary objective of the classification
task is to produce a function C : X — Y that reduces the related risks. The risk related with

C is defined as follows:

R(C) = /X Ply # C(a))2)dPy,

where P(y|z) represents the conditional probability distribution of P given z and dPx
is the marginal distribution of P on x. Further, P(y|x) adheres to a binary distribution,
expresses as the likelihoods Prob(y = 1|z) and Prob(y = —1|x). To simplify, we denote
Prob(y = 1|x) as P(z) and Prob(y = —1|x) as 1 — P(x). Now, for P(x) # 1/2, the Bayes
classifier function (fc(x)) assigns a value of 1 if P(z) > 1/2 and —1 if P(z) < 1/2. It
can be demonstrated that the Bayes classifier achieves the minimum classification risk [27].
Practically, we aim to identify a function f:X — R that can generate a binary classifier. In
this case, the classification risk becomes [\ . Lonis(yf(2))dP, where L;s(yf(x)) is the

misclassification loss defined as

0, 0,
I S 3.7)

L, yf(z) <0.

Therefore, minimizing the misclassification error will result in a function whose sign cor-
responds to the Bayes classifier [27]. Now, the expected risk of a classifier f : X — R for

any given loss function £ can be expressed as:

Rep(f) = /X (1= yf(@)ap, (3.8)
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The function f, p, which achieves the lowest expected risk among all measurable functions,
can be described as follows:

fop(z) = argmin /Yc (1— yf(z)) dP(ylz), ¥z € X. (3.9)

f(x)eR

Then, for the RoBoSS loss (Lroposs(+)), we can obtain Theorem 3.3.1, demonstrating that
the RoBoSS loss is classification-calibrated [26]. It is a desirable property for a loss function
and requires that the minimizer of the function R . p(f) shares the sign as of the Bayes clas-
sifier. Classification calibration, as introduced by Bartlett et al. [26], provides a framework
for evaluating the statistical efficacy of a loss function. It ensures that the probabilities pre-
dicted by the model are closely aligned with the true event probabilities, thereby enhancing

the fidelity of the model’s predictions.

Theorem 3.3.1. The proposed loss Lroposs(u) is classification-calibrated, i.e., fr, .o

has the same sign as the Bayes classifier.

Proof. After simple calculation, we obtain that

/YﬁRoBoss (1 —yf(z))dP(y|z)

= Lroposs(1 — f(x))P(z) + Lroposs(1 + f(x))(1 — P(x))

(

g1()P(z), flz) < -1,
=\ (01(2) = 92(2)) P(2) + ga(2), -1 < flz) <1,
g2(2)(1 = P(x)), flz) =1,

\

where g (z) = )\(1 — (a(l — f(z)) + Dexp(—a(l — f(x)))) and go(x) = )\(1 — (a(1+

&) + Deapl-a(1 + ) ).
Fig. 3.2a and 3.2b show the graph of [,, Lroposs (1 —yf(x)) dP(y|x) over f(x) when
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Figure 3.2: Demonstrate the graph of [\, Lroposs (1 — yf(x)) dP(y|x) with respect to f(x)
for different P(z) values. (a) For P(z) > 1/2 and (b) for P(x) < 1/2.

P(z) > 1/2 and P(z) < 1/2, respectively. It is evident from Fig. 3.2 that, for P(x) >
1/2, the minimum value of [\, Lroposs (1 —yf(x)) dP(y|x) is obtained for the positive
value of f(x), and for P(x) < 1/2, it is obtained for the negative value of f(z). Therefore,
we can conclude that the function corresponding to the RoBoSS loss, which minimizes the
expected risk overall measurable functions, has the same sign as the Bayes classifier.

Hence, the proposed loss Lg,poss () is classification-calibrated. OJ

Further, we investigate the generalization ability of Lg,p,55-S VM. First, we define the

Rademacher complexity, which measures the complexity of a class of functions.

Definition 3.3.1. Rademacher Complexity [71]
Let X:={xy,xs,...,x,} be drawn independently from dPx and G be a class of functions

from X to R. Define the random variable

R 2 <&
Ry(G) ==E |sup|= Y Org(zi)| | X]
geg | P 1
where 61, 05, . .., 0, are independent discrete uniform {+1}-valued random variables. Then

the Rademacher complexity of G is R,(G) = ER,(G).
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Now, let the expected risk and empirical risk of RoBoSS loss be denoted by R(f.) and

R.(f.), respectively, and defined as

R(fe) = Lroposs(1 — yf(x))dP

XxY

R.(f.) = %Z»CROBOSS(l —yf(x)).

Then the generalization ability of £g,p5,55-SVM can be stated as the convergence of R, ( f)

to R(f.) when the sample size n tends to infinity, where f. is the classifier elicited by (3.4).
Theorem 3.3.2. Let f. be the classifier produced by Lr,poss-SVM. Then for any 0 < € < 1,

with confidence 1 — ¢, the following inequality holds

4\ 81n(1/€)

R(fe) = Ra(fe) < Ve

Proof. For classifier f,, obtained by (3.4) with the regularization parameter C, we have
LRoBoss ||2 2
Clfememess e < 2%

which implies || f~#oBess|| - < A/+/C [72]. Now, using Theorem 8 of [71], for any 0 < & <

1, we have

R (fCERoBoss) - R, (fcﬁRoBoss) < Rn(j) + %1/6)7 (3.10)

where the set 7 is defined as

7 :={j (e y) = 61 — yf (@) — 6(0), f € Tk,
1 fllc < A/VC, (z,y) € X x Y}.
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Again, Theorem 12 of [71] yields that

R.(J) < 2R, (Gc) with

Ge = {11 € T, flle < \log T+ X2 /C}.

Also from [73], we have

2\
R, (Ge) < —. 3.11
Hence, from (3.10) and (3.11), for any 0 < € < 1, we have
4\ 81In(1/e)
R( fLroBosS — R, LRoBoss\ < + ]
(FEmwess) = Ru(fEm) < 22 ([0
[

3.4 Optimization of RoBoSS-SVM

To solve the optimization problem (3.6), we adopt the framework based on the Nestrov
accelerated gradient (NAG) algorithm. It is an extension of the stochastic gradient descent
(SGD) method that incorporates momentum to accelerate convergence. In SGD, a small
batch of samples (mini-batch) is used for each iteration during the training of a model. This
approach offers several advantages, including reduced computational requirements and im-
proved speed, particularly when dealing with large-scale problems. However, SGD has
some drawbacks, such as getting stuck in local optima during its process of convergence
due to the randomness of the mini-batch. To improve SGD, many researchers introduced
accelerated variance in SGD [74, 75]. The momentum method [76] is a practical approach
that helps SGD to accelerate in the relevant direction and dampen the oscillation. It does

this by combining the update vector of the previous time step with the current update vector.
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The NAG algorithm is an extension of the momentum method that further improves con-
vergence by incorporating a “look-ahead” mechanism [61]. It gives an approximation of
the future position of the parameters and then calculates the gradient with respect to the
approximate future position of the model parameters. One challenge for NAG is to choose
an appropriate learning rate during the training. If the learning rate is set to a very low
value, the algorithm’s convergence speed becomes sluggish. On the contrary, using a high
learning rate is likely to cause the algorithm to overshoot the optimal point or even fail to
converge. An intuitive approach is to begin with a slightly higher learning rate and then
gradually reduce it during the learning process according to a predefined schedule. Taking
inspiration from the simulated annealing approach [77], we employ the exponential decay
method for adjusting the learning rate as e, = Qg €xp(—nt), where 7 is a hyperparame-
ter that determines the extent of the learning rate’s decay at each iteration, while ¢ represents
the current iteration number.

Now, we solve (3.6) by employing the NAG-based framework. The method employed to
solve (3.6) is thoroughly described in Algorithm 3.1. After obtaining the optimal 3, the

subsequent decision function is used to classify a test sample z:

§ = sign (Z 8K (x;, @)) . (3.12)
j=1

To elucidate the integration of RoBoSS loss into the SVM framework, Fig. 3.3 presents
a flowchart of the proposed Lr,5,s5-SVM model that encapsulates our methodology. This
visual representation serves as both a guide to our methodology and a demonstration of the

strategic integration of its components.
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Training Data
Kernel
Function

Regularization . RoBoSS
term - ] [ " loss term

ngz ‘—Hw\lzﬁ— — ZCRoBoss(ﬁk) '

\,,,/ ,,,,,,

Equation (10)

"Use the representation theorem, put

_____________________ n

\
\
w = Z Bxy(xy) in equation (10) :

Z Z BiBiK (zk, ;) + — Z L RoBoss (&
k=1 j=1 k=1
subject to &, = 1 — yz (Zn: B;K (z, :E]))

i=1

Equation (12)

| Solve equation (12) |
|  using algorithm 1 ‘

NAG algorithm | 7

Decision function

j= (Zb’g z m;)

Figure 3.3: Flowchart of the proposed L z,50,s5-SVM model. It depicts the essential stages
of the proposed Lr,5,55-SVM, demonstrating the process from raw input data to the final
decision function. This flowchart shows the incorporation of the RoBoSS loss function and
illustrates the use of the representer theorem and the NAG optimization algorithm.
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Algorithm 3.1 NAG-based algorithm to solve Lg,5,55-SVM

Input:

The dataset: {xy, yx},_» yx € {—1,1};

The parameters: Regularization parameter C, RoBoSS loss parameters A and a, mini-batch
size s, learning rate decay factor 7, momentum parameter 7, maximum iteration number V;
Initialize: model parameter 3, velocity vy, learning rate o; Output:

The classifiers parameters: [3;

1: Select s samples {xy, yy };_, uniformly at random.

2: Computing & :

e =1—1uysk (Zﬁ]]c ($k7$])> y k=118 (3.13)
j=1

3: Temporary update: 3, = f; + rvs;
4: Compute gradient:

VF(B) = KB — SA > @’ exp (—ag;) y;K;, (3.14)
j=1

where K denotes the kernel matrix and K; denotes the ;™ row of K.
5: Update velocity: v; = rv;_1 — at,1Vf(ﬁNt);

6: Update model parameter: BTJH = ﬁt + vy;

7: Update learning rate: o1 = ay exp(—nt);

8: Update current iteration number: ¢t = ¢ + 1.

Until:

t=N.

Return: j;.
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3.4.1 Computational Analysis

In this subsection, we provide an analysis of the computational complexity of the
NAG algorithm (Algorithm 3.1) utilized to solve the optimization problem of the proposed
LRroBoss-SVM. Consider [ and m represent the sample and feature counts, respectively, in
the training data, while /V indicates the count of iterations. The computational complexity
associated with updating the variable v can be expressed as O ((N + m)?). Similarly, the
complexity for updating the parameter (3 is O(N1), lastly the complexity of updating the pa-
rameter « is O(NV) [49]. Combining these complexities, the total computational complexity
for the NAG algorithm in solving the £z,5,55-SVM can be summarized as O ((N + m)I?).
It is important to note that the computational complexity of the traditional SVM model is
O(I?). This highlights that the proposed L£z,5055-SVM, with its computational complex-
ity of O ((N + m)I?), offers a significant improvement in efficiency over the traditional
SVM model, particularly as the number of samples [ increases. This enhanced efficiency

underscores the practicality and scalability of the Lg,p,55-SVM for large-scale datasets.

3.5 RoBoSS-SVM Experimental Evaluation

This section gives the experimental protocol, benchmark evaluation, noise and outlier
studies, biomedical validation, statistical tests, and sensitivity analysis for RoBoSS-SVM.

The extended experimental material is included here so that the chapter is self-contained.

3.5.1 Experimental Setup and Parameter Selection

The experiments are conducted using MATLAB R2023a on a Windows 10 system
equipped with an Intel(R) Xenon(R) Platinum 8260 CPU running at 2.30 GHz and 256

GB of RAM. To map the input samples into a higher-dimensional space, the Gaussian ker-
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nel function is used. It is defined as r (zy,2;) = exp (— ||zx — x;||* /o?) , where o is
the kernel parameter. Before training, each dataset is normalized in the interval [—1,1].
For each model, the penalty parameter C and the kernel parameter o are chosen from
the range {10°|i = —6 : 1 : 6}. For L,;,-SVM, the hyperparameter 7 is selected from
{0,0.3,0.5,0.7,0.9}. For L1;yex-SVM, and L;s.-SVM the range of loss hyperparameter
is taken the same as in [31] and [69], respectively. For L,,,,.-SVM, the loss hyperparameter
a is selected from the range [—5 : 1 : 5] and the bounding parameter \ is fixed to 1. For the
proposed Lg,pos5-SVM, the loss parameters a and A are chosen from the range [0 : 0.1 : 5]
and [0.1: 0.1 : 2], respectively. The parameters for the NAG-based algorithm are experi-
mentally set as: (i) initial model parameter 5, = 0.01, (ii) initial velocity vy = 0.01, (iii)
initial learning rate o = 0.1, (iv) learning decay factor = 0.1, (v) momentum parameter
r = 0.6, (vi) two distinct minibatch size configurations are used based on the size of the
dataset: s = 22 for datasets with less than 100 samples and s = 2° for datasets with 100 or

more samples, (vii) maximum iteration number N = 1000.

The choice of hyperparameters has a significant impact on the models’ performance. In
order to optimize them, we employ 5-fold cross-validation along with grid search. In this,
the dataset is randomly split into five disjoint subsets, where one subset serves as the test
set and the remaining four are used for training. For each set of hyperparameters, we deter-
mined the testing accuracy for all five subsets separately. Then, for each hyperparameter set,
we calculate the mean testing accuracy by taking the average of these five accuracy values.
The best mean testing accuracy is chosen as the testing accuracy of the model. The same
folds, parameter-search procedure, preprocessing, and performance criterion are applied to
every baseline and proposed model, so the tabulated values provide a procedurally con-
trolled comparison under a common experimental setup. Nevertheless, the held-out folds

used to choose the hyperparameters also contribute to the reported mean accuracy. This
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protocol is therefore susceptible to model-selection bias and can yield a more optimistic
estimate than nested cross-validation or evaluation on a test set that remains independent
of parameter selection [78]. The reported margins should consequently be interpreted as
comparative results under the stated common protocol, rather than as unbiased estimates of
performance on a new external sample.

The performance of the models is evaluated using the accuracy metric, which is defined
as

TP+TN o
TP+TN+FP+FN

Accuracy = 100,

where TP, TN, FP, and FN are true positive, true negative, false positive, and false nega-
tive, respectively. To further analyze the model’s performance, we also evaluate the rank
and training time. The reported times reflect only the duration required to train the models
using the best hyperparameters. The methods developed in this chapter primarily address
robustness to label noise and outliers through loss-function design and are not specifically
formulated for class-imbalance-aware learning. Accordingly, accuracy and average rank are
used as the principal measures for comparing all baseline and proposed models under iden-
tical data partitions and experimental settings. In contrast, Chapter 6 explicitly addresses
class imbalance through an adaptive weighting scheme and therefore reports F-measure
alongside accuracy.

For the imbalanced KEEL datasets, however, accuracy alone does not characterize
minority-class sensitivity. The retained experimental outputs contain aggregate fold ac-
curacies but not the fold-level predictions, decision scores, or confusion matrices required
to compute F-measure, G-mean, or area under the receiver operating characteristic curve
reliably. The corresponding tables therefore retain accuracy and rank, and their conclusions

are restricted to overall predictive performance under the stated protocol. Future evalua-
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tions should preserve fold-level outputs and report class-sensitive metrics within a nested or
independently validated experimental design.

The detailed procedure for artificially introducing outliers and label noise into the train-
ing dataset is outlined as follows:
Methodology for Introducing Outliers:
Outliers have been systematically introduced into the datasets at varying levels: 5%, 10%,
20%, and 30% of the total number of samples. For each dataset, the number of outliers has
been calculated based on the specified percentage. Random samples have then been selected
to serve as outliers. For each chosen sample, a feature has been randomly selected, and its
value has been altered by multiplying it by an outlier factor of 10. This systematic introduc-
tion of outliers allows us to rigorously test the robustness and stability of the Lr,5,55-SVM
model in handling data contamination.
Methodology for Introducing Label Noise:
Label noise has been introduced by randomly flipping the labels of a certain percentage of
the samples. Specifically, noise levels of 5%, 10%, 20%, and 30% have been used. For each
dataset, the number of labels to be flipped has been determined based on the specified noise
level. Random samples have been selected, and their labels have been inverted to create

noise.

3.5.2 Evaluation on KEEL and UCI Datasets

Here, we present the experimental results on 88 real-world datasets downloaded from the
KEEL [79] and UCI [80] repositories. Based on the sample size, we split the datasets into
two categories: (D1) datasets with samples under or equal to 5000, and (D2) datasets with
samples over 5000. There are 79 and 9 datasets in the D1 and D2 categories, respectively.

Tables 3.2 and 3.2 present the dataset-wise classification accuracies, training times, and
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ranks for the 79 D1 category datasets.

Table 3.2: The average classification accuracies, training times, and ranks of the proposed
L roBoss-SVM and baseline models on each 79 D1 category UCI and KEEL datasets.

Model Lhinge-SVM [6] L,in-SVM [27] Ly
Dataset

samples, features
acute inflammation

x-SVM [31] Lyis-SVM [69] Luare-SYM [67] Lroposs-SVM!
Acc. + Std. , time Acc. + Std. , time Acc. + Std. , time Acc. & Std. , time Acc. +£ Std. , time Acc. £ Std. , time

06 1000, 0.0049 1000, 0.0047 90+422.36,0.0024  75+37.27,0.0016 1000, 0.0033 98.3343.73, 0.001
?2"4"0"‘ 5333450.55,0.0079  80+18.26,0.002  73.33+£27.89,0.0023 86.67+18.26,0.0015 $9.67+17.08,0.0004 10040, 0.0011
‘leo‘o“g‘y 8841037,0.0054  8949.62,0.0075  88+10.37,0.0017  88+1037,0.0008  90+10.37,0.0024  92-+7.58,0.0009
'1“0"6'?7b‘°"”°m°‘°' 56.75+10.8,0.0081  90.48+21.3,0.0052 71.39+42.68,0.0018 90.4821.3,0.0009 91.23£19.34,0.0033 92.38+17.04, 0.0008
‘l’grsk‘z"zs“"s 79.49423.15,0.0117  80+21.48,0.0043  8042148,0.0018  80+21.48,0.0008  82.46+16.07,0.0024 89.74+9.59, 0.0009
fl’:)‘;:“'gb"dg“TORD 86.14:13.95,0.0078  86.14:13.95,0.0029 86.14413.95,0.0028 86.14:13.95,0.0008 86.14::13.95,0.0028 92.14::5.69, 0.0008
breast cancer

2560 70.18+44.62, 0.0047  70.18+44.62,0.009  70.18144.62,0.0033 70.62424.14,0.0037 73.78+17.13,0.0043 81.81::12.26,0.0011
‘1’;?;‘3”"”' wise prog 76.3548.95,0.0036  76.35+8.95,0.0057  77.35+8.32,0.0047  7635+8.95,0.0016  76.35+8.95,0.0025  78.82+7.94,0.0011
25 :,sm“al votne 62.0743.04,0.013  62.342.62,0.0153  6138+1.74,0.0037  62.07+2.15,0.0028  62.38-1.74,0.0027  63.2243.25,0.0011
ii‘;"fgm"’g““" 75.44:+11.83,0.0042  77.014+7.85,0.0051  77.04+7.35,0.0036 75.58+11.04,0.0017 77.818.01,0.0027  85.44+9.63,0.0011
23?;‘“““ survival 73.49+8.48,0.0046  73.49+8.48,0.0088  73.82482,0.003  73.82+8.68,0.003  73.49+8.48,0.0028 76.11+8.71,0.0011
l]‘gg“:‘;‘s 83.23:+11.27,0.0039 83.87+£7.21,0.0035  81.94+8.1,0.0036  81.29+115,0.0017 82.58+11.08,0.0028  89.03+8.1,0.0011
;‘2::; :""C 80.17:64.3,00074  80.17+43,0.0106  76.09+3.24,0.0035  65.77+6.65,0.0017 76.083.38,0.0029  79.59::9.5,0.0011
g‘;“l";‘;hm 64.71421.68,0.0104  67.79+6.61,0.028  81.78+9.51,0.0045 69.61+23.45,0.0021 71.35+5.09,0.0045  72.56+4.84,0.0012
‘]’g‘z“‘l‘;‘g 713848.85,0.0038  71.3848.85,0.0042  71.38+8.85,0.0027  713848.85,0.0028 75.79£12.43,0.0029 86.91+8.61,0.0014
;‘;f;‘zz 64.1546.67,0.0043  652846.62,0.007  65.66+9.09,0.0033 58.49+14.06,0.0025 71.3848.85 0.0024  73.6+3.89,0.0012
;2676;2 79.34:420.89,0.0039 79.34420.89,0.0061 79.34-:20.89,0.0032 79.34420.89,0.0027 70.28+10.39,0.0028  72.0844.3, 0.0012
statlog heart

s 77.0441.66,0.0062  77.04+1.66,00103  78.15+4.01,0.0031  72.96+3.84,0.0019 79.34-20.89,0.0028 80.48+10.33, 0.0016
g:‘;as‘“ fiver-disorders 71.8843.64,0.0074  71.88+43.64,002  62.61489,0.0035  62.3248.64,0003  76347.1,0.0027  80.37+1.66,0.0011
;1;;’ B 78.7747.4,00078  78.7747.4,0.0165  76.0745.26,0.0036  74.36+8.95,0.0026  64.93+6.51,0.005  69.28+3.75,0.0014
i's‘gi"la“mo 70.7748.85,0.004  70.77+8.85,0.0057  7048.34,0.003  64.62+9.96,0.0017  75.4+4.24,0.0037  80.79+4.34,0.0012
T'S‘gi"l““e'm 62+412.16,0.0038  62+12.16,0.0081  67.3347.6,00029  66.67+8.82,00017  70+9.18,0.0038  74.62+5.83,0.0012
ecoli-0-1-4-6vs5

2506 97.5+2.71,0006  97.5+2.71,0.0161  96.07+2.65,0.0034 96.07+343,0.0018 7333+5.58,0.0037  74+4.35,0.0015
ii‘:;o'] ATvs235:6 96.73+0.67, 0.0078 ~ 96.73+0.67,0.0262  93.75+1.93,0.0037  94.93+3.28,0.0022  96.4342.82,0.0051  98.21+1.26,0.0015
2‘;‘;’;0'1'4'7“5'6 98.19:£0.68,0.0078  98.19+0.68,0.0187  95.18+1.95,0.0029  95.1742.72,0.0019  95.04+2.37,0.0037 ~ 96.12+3.27,0.0013
ecoli-0-1vs2-3-5

Py 96.73:£3.09,0.0045  96.7313.00,0.0304  94.68+3.7,0.0034  94.66+4.94,00025  95.49+1.84,0004  97.59+1.35,0.0012
;Z‘(’)"f;o'l“s 97.92:42.55,0.0055  97.92+2.55,00144  9625+3.73,0.0028  95.42+2.28,00017  95.09+4.22,0.0053  97.14::3.98,0.0013
;:;31‘7'0'2'3'4"’5 98.5+3.35,0.004 98.543.35,002  97.5+3.54,0.0036  94.55+2.11,0.003  9542+4.52,0.0037  98.75+1.14,0.0011
;’;‘;“7'0'2'6'7“3'5 96.44+5.79,0.0042  96.444+5.79,0.0112  91.9946.39,0.003  95.11£5.07,0.0017  95.54+2.1, 0.0039 98-+3.26, 0.0011
2;‘;1‘7'0’3’4'6”5 97.07+£3.18,0.004  97.07+3.18,00151  95.61+4.01,0.0031  94.63+2.04,0.0017 93.28+6.52,0.0048  96+5.53,0.0011
;‘;:]‘7'0’3’4'7“5'6 97.66-0.89,0.0052  97.66-0.89,0.0129  94.95+2.6,0.0037  94.53+2.58,0.0029  95.12+3.45,0.0048  97.56:-2.44,0.0011
ecoli-0-4-6vs5

036 97.0542.67,0.0037  97.0542.67,0.0206  95.57+3.61,0.0019  94.07+331,0.0017  94.1744.09,0.0056  97.65+1.64,0.0011
;‘;‘;}‘7'0'6'7"53'5 964+3.02,0004  964+3.02,0.0137  93.6842.98,0.0032 92.83+3.94,0.0019 93.6142.14,0.0038  98.01+2.09, 0.0011
ecoli-0-6-7vs5

06 97.2741.9,00042  97.2741.9,0011  93.644631,0.0028 94.55+4.13,0.0015  94.19+5.34,0.0038  96.8742.99,0.0011
;‘i‘i“;””””’ 96.1543.3,0007  96.1542.65,0.0158  94.8642.62,0.0029  94.55+3.3,0.0015  93.64+6.89,0.0057  96.82+2.59, 0.0011
;2‘(’)“7‘"“5 98.33+1.74,0.005  98.33+1.74,0015  99.17+1.14,0.0038  98.75+1.86,0.0015  95.19+3.39,0.0039  97.1242.35,0.0011
;;‘;“; 92.8543.87,0.0084  92.85+3.87,0.0267  93.75+3.23,0.003  913743.23,0.0014  98.7542.8,0.0039  99.58::0.93,0.0011
;;‘:'74 98.52+1.48,0.0084  98.52+1.48,0.0269  97.32+1.25,0.0036  97.92+£1.7,0.0014  93.74+3.87,0.004  94.94:3.75,0.0011
g‘ﬁf‘f 92.0542.12,0.0036  92.0542.12,00092  92.05+2.12,0.0029  92.05+2.12,00015  97.32:41.94,0.004  99.11::0.81,0.0011
;‘1‘;‘; 97.1943.05,0.005  97.19+3.05,0.0139  9625+2.7,0.0034  96.27+£2.64,0.0015  92.49+4.6,0.0036  93.9143.58,0.0011
511‘2“95 96.73+2.07,0.0053  96.73+2.07,0.0184  95.79+1.95,0.0029  96.74:2.65,0.0015  96.28+3.89,0.0008  98.14::1.95,0.0011
13‘3';“; 73.82:4£8.03,0.0087  73.8248.03,00242  73.82:+8.03,0.0038  73.49+8.48,00015  97.66=1.64,0.0006 98.14::1.95,0.0011
;‘3‘;’“‘;‘“““ 73.8248.03,0.0089  73.82+8.03,0.0306  74.15+7.64,0.0037  73.49+8.48,0.0015  73.82+8.03,0.0006  74.8:+7.29,0.0011
13 80.914576,0.0079  80.914576,0.02  81.51410.99,0.0025 72.38422.53,0.0017 74.1547.64,0.0007  74.847.29,0.0011
ﬁ’; ‘;‘g“'("z""s OTBNS] 6174099, 00114 96.17:60.99,0.0204  95.2742.55.0.0017  94.81+1.73,0.0015  74.7£1587,0.0045  84.93:10.49, 0.0012
new-thyroidl

s 953541.64,0.0042  95.35+1.64,00119  97.2141.04,0.0016  97.6742.33,0.0015  94.37+4.56,0.0043  96.85+1.84,0.0011
;};'(‘)‘ge'(’vsz'3 100-£0, 0.005 1000, 0.0176 100-£0, 0.0017 10040, 0.0015 98.1441.95,0.006  99.5341.04,0.0011
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Table 3.2: The average classification accuracies, training times, and ranks of the proposed
L roBoss-SVM and baseline models on each 79 D1 category UCI and KEEL datasets.

Model

Lhinge-SVM [6]

L,in-SVM [27]

Liinex-SVM [31]

Lt5-SVM [69]

Luave-SVM [67]

Lroposs-SVMT

Dataset
samples, features

Acc. + Std. , time

Acc. + Std. , time

Acc. + Std. , time

Acc. + Std. , time

Acc. + Std. , time

Acc. + Std. , time

votes

89.89+4.97, 0.023

90.1145.37, 0.0316

92.4143.69, 0.0024

85.75+7.48, 0.0015

100-£0, 0.0054

100-£0, 0.0011

435,16
‘lvgngs 76.29410.16,0.0038  76.29410.16,0.0135 76.2910.16,0.0027 76.2910.16,0.0015  86.94£5.67,0.0052  94.94+2.52, 0.0011
Zg‘;gm 94.77+1.18,0.0158  94.77+1.18,0.0507  93.47+2.54,0.0026  93.47+2.54,0.0015 76.2910.16,0.0062 79.38+3.63, 0.0011
Z;gf;z“g 97.7342.12,0.0205  97.73+2.12,0.0457  97.3142.15,0.0027  97.114£2.77,0.0015  93.4742.54,0.0054  94.77+1.41,0.0011
22‘;‘116 88.6740.49,3.1119  89.03+£0.42, 49583  88.480.55,0.0043  88.48+0.55,0.0029  96.06:£5.13,0.0008  98.14+1.7, 0.0011
17’1“;"2 76.64+13.29,0.0687 76.64+13.29,0.117 76.24+14.98,0.0034 76.24+14.98,0.0028 88.48+£0.55,0.0247  88.5::0.56, 0.0016

breast cancer wisc diag
569,30

79.4443.43,0.0138

81.54+5.8,0.0221

84.27+4.69, 0.0038

81.6946.92, 0.0023

76.24+14.98, 0.0025

78.51%+11.76, 0.0012

?}ZZ;‘;V"" 72.3427.33,2.0588  75.77423.19,3.2068 58.7+14.93,0.0047 75.77423.19,0.0023  80.85+4.6,0.0026  87.42+6.62, 0.0012
zrge(iills"‘pp“’v“l 84.0619.78,0.0299  84.06+9.78,0.0397  77.25+6.85,0.003  76.38+13.81,0.0025 70.64+7.77,0.0041  75.99+23.24,0.0014
;yllz‘"f;r bands 60.87+17.95,0.0118  61.07+£17.6,0.0169  65£8.83,0.0034  64.79+14.01,0.0028 76.23+8.33,0.0026  82.99.86,0.0012
;lsp;i,;“di““ tiver 71.3545.09,0.0774  71.3545.09,0.0235  71.35£5.09,0.0032  71.35+5.09,0.0028  64.04+7.65,0.0028  68.32:10.01, 0.0012
;‘?ﬁ?"gmphic 77.94+578,0.0917  77.94+5.78,0.138  73.15+2.91,0.0034  71.08+2.65,0.003  72.74+5.76,0.0042  77.21:£2.02, 0.0013

oocytes trisopterus nucleus 2f
912,25

67.99+6.85, 0.0684

67.99+6.85, 0.099

64.261+7.03, 0.0033

59.554+10.69, 0.0026

62.38+8.58, 0.0025

66.554+7.25, 0.0014

‘7"6';“8 70.58£2.36,0.0476  70.58+2.36,0.0641  65.24+5.69,0.0035  65.145.95,0.0026  65.63+5.57,0.0032  69.66:£4.88, 0.0013
2“5"6‘?'(;1 51.7943.06,0.0164  52.1543.1,00697  51.97+3.91,0.0015  52.544.21,0.0015  51.96:+4.42,0.0009  53.04+5.14,0.0013
'5“5‘;"";3 50.7241.55,0.0225  50.9+1.42,00476  51.44+222,0.0016 52.16£3.72,0.0015  51.842.81,0.0007  53.06+5.3,0.0011
ggf)f'fjrb"”d data 82.17:£2.44,0.0656  82.61+2.46,0.0944  76.6742.53,0.0033  73.6244.98,0.0028  78.26::5.05,0.0043  81.01+1.07,0.0014

statlog australian credit
690,14

67.97+1.65, 0.0416

67.97+£1.65, 0.0592

67.97+1.57, 0.0031

68.55£1.5, 0.0025

67.97£1.94, 0.0033

68.41+1.41,0.0013

;'j;ﬁ“”m 77.3£12.01,00323  77.3£12.01,0.0897 76.51£14.55,0.0027 76.24414.98,0.0015 76.51+£14.55,0.0007 78.64::10.99,0.0012
;‘;;Vi'o 95.54+2.14,0.0604  95.54+2.14,0.1765  94.43+2.42,0.0026  93.01+5.2,0.0017  93.6340.97,0.0054  95.95-+3.23,0.0013

yeast-0-2-5-6vs3-7-8-9
1004,8
yeast-0-2-5-7-9vs3-6-8
1004,8
yeast-0-3-5-9vs7-8

93.22:+£2.26, 0.0937
96.2210.9, 0.0932

91.742.68, 0.0197

93.2242.26, 0.2803
96.2210.9, 0.2532

91.74£2.68, 0.1017

90.7343.25, 0.0025

93.9241.59, 0.0028

91.3£3.66, 0.0021

90.54+3.12, 0.0016

93.134+2.2,0.0017

90.7142.86, 0.0015

90.1442.65, 0.0044

94.5241.05, 0.0008

90.1242.53, 0.0049

92.4342.06, 0.0012
95.724-0.44, 0.0012

91.9+2.56, 0.0011

506.8
§;25§0'5'°'7'9"S4 92.42£1.35,0.0216  92.42+1.35,0.0554  90.7241.81,0.0028  90.34+1.82,0.0015  90.72+1.58,0.007  93.18+1.43,0.0012
‘2‘;‘:)“1'3 77.1415.93,04282  77.33416.02,0.5734 77.92415.58,0.0029 77.33£16.02,0.0027 77.87+13.46,0.0029 79.05+15.04, 0.0015
abalone9-18

g 95.36:+£3.31,0.0326  95.36+3.31,0.1077  94.4445,00042 949544500025  9522+3.76,0.0052  95.943.82,0.0014
Z;Z) 4 82.17:£2.44,0.0285  82.6142.46,0.0756  76.6742.53,0.0039  73.62+4.98,0.0021  78.26:£5.05,0.0042  81.01:1.07,0.0017
TT;'} 0 69.54+18.95,0.6173 79.99422.08,0.5047 81.62::20.33,0.0032 81.69+20.36,0.0017 §1.62:220.33,0.0043 81.62:20.33, 0.0014
?'i’é%yz 59.844337,027  59.844337,02029  59.84+3.37,0.0032  59.84:+3.37,0.0017  59.8443.37,0.0008  60.443.12,0.0013
{Z;Z‘SS 97.5742.03,0.4438  97.574£2.03,0.7824  97.03+2.45,0.0036  97.1742.41,00017  97.03£2.45,0.0042  97.78+1.3,0.0014
gg‘;‘éen 97.124£2.26,03991  97.1242.26,0.4385  97.1242.26,0.0043  97.12:2.26,0.0021  97.124£2.26,0.0032  97.242.11, 0.002
Z‘g%’;‘?se 99.3+1.31,96.8396  99.39:1.36, 1.6873  77.413.77,0.0033  99.39+1.36,0.0019 77.75+13.38,0.0038  99.3943.86, 0.0016
Avg. Acc. = Avg. Std. 83.1627.04 84.2616.44 82.5317.39 82.18%7.91 8321466 86.3515.06
Avg. time 0.1304 0.1909 0.0031 0.0019 0.0037 0.0012

Avg. rank 335 2.96 3.96 145 12 2.16

Here, Avg., Acc. and Std. are acronyms used for average, accuracy, and standard deviation, respectively.
f signifies the proposed model while boldface and underline signify the best and second-best models, respectively.
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The proposed L r,poss-S VM stands out with an average accuracy of 86.35% and a stan-
dard deviation of 5.06, the highest and most consistent performance among all the models.
This suggests that L£z,5,55-SVM not only excels in overall accuracy but also maintains sta-
ble performance across diverse datasets, highlighting its reliability. In comparison, the base-
line models Lypinge-SVM, L,in-SVM, Liingx-SVM, Lyise-SVM, and L,q0e-SVM show
lower average accuracies of 83.16%, 84.26%, 82.53%, 82.18%, and 83.21%, respectively,
with higher standard deviations, indicating more variability in their performance. In terms
of training time, Lg,p,55-SVM exhibits the best average training time of 0.0012 seconds.
While the baseline models have longer average training times, with Lp,;n.-SVM at 0.1304,
L,in-SVM at 0.1909, L11nex-SVM at 0.0031, L45.-SVM at 0.0019, and L,,4,.-SVM at
0.0037 seconds. The average rank further underscores the superiority of Lr,5,55-SVM,
with the lowest average rank of 2.16, indicating its consistent high performance across var-
ious datasets. In contrast, the baseline models have higher average ranks: Lj;,z.-SVM at
3.35, L£,in-SVM at 2.96, L npx-SVM at 3.96, L,,.-SVM at 4.45, and L,4,.-SVM at
4.12. These results collectively highlight the advantages of the proposed Lr,p,s5-SVM
model, showcasing its ability to deliver higher accuracy, faster training times, and more
consistent performance compared to traditional SVM models. The bounded and sparse
characteristics of the RoBoSS loss function help in mitigating the influence of outliers and
ensuring that the model prioritizes the most critical samples. This leads to better gener-
alization and efficiency, making Lr,p,55-SVM a robust and effective choice for various
supervised learning tasks. The results for each of the 9 D2 category datasets are pre-
sented in Table 3.3. These results demonstrate the superior performance of the proposed
L roBoss-SVM across several datasets. For instance, on the Musk?2 dataset, £z,p,55-SVM
achieves an accuracy of 84.59% with a standard deviation of 34.46, which is identical to

Lyin-SVM, L1 inex-SVM, and L,,,,.-SVM but with a significantly faster training time. On
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the Ringnorm dataset, £r,5,55-SVM achieves the highest accuracy of 52.22% with a stan-
dard deviation of 0.9, outperforming all other models. Similarly, on the Twonorm dataset,
LroBoss-SVM attains the highest accuracy of 52.24% with a standard deviation of 2.01,
again outperforming the competing models. The average accuracy of the Lz,p,s5-SVM
model across all nine datasets is 74.35%, which is higher compared to the baseline mod-
els: Lyinge-SVM at 66.16%, L,;,-SVM at 68.15%, L1inpx-SVM at 69.73%, L;.-SVM
at 73.2%, and L,,4,.-SVM at 73.3%. The overall results convincingly demonstrate the su-
periority of the Lr,5,55-SVM model over traditional SVM models. These results validate
the potential of the RoBoSS loss function in enhancing the robustness and efficiency of
SVM models, making £Lr,p,s5-SVM a highly effective choice for complex and large-scale

classification tasks.

Table 3.3: The classification accuracies and training times of the Lg,5,55-SVM along with

the compared models on 9 D2 category KEEL and UCI datasets.

Model

Linge-SVM [6]

Lyin-SVM [27]

Liivex-SVM [31]

Lgtse-SVM [69]

Luyave-SVM [67]

ER,DBDSS-SVMT

Dataset
(samples, features)

Acc. + Std., time

Acc. =+ Std., time

Acc. + Std., time

Acc. =+ Std., time

Acc. £ Std., time

Acc. + Std., time

Musk2
(6598, 166)
Ringnorm
(7400, 20)
Twonorm
(7400, 20)
EEG Eye State
(14980, 14)
Magic
(19020,10)
Credit Default
(30000, 23)
Adult

(48842, 14)
Connect4
(67557, 42)
Miniboone
(130064, 50)

80+44.72, 18.7863

50.5£1.29, 8.0734

50.61+0.82, 5.0918

55.12£25.92, 127.686

82.84+9.8, 443.3522

77.89£1.56, 247.5376
*
*

5

84.59+34.46, 22.9542
50.95+0.88, 14.7853
50.840.52, 28.8532

61.78422.46, 192.8241

82.88+9.72, 217.4496

77.8841.56, 1415.7059

*
*

5

84.59+34.46, 0.0048

51.15£0.62, 0.0033

50.7840.9, 0.0031

68.93+16.06, 0.0033

65.3425.25, 0.0043

77.88£1.56, 0.0062

81.02+17.85, 0.0023
51.03£1.03, 0.0019
50.92+1.35, 0.0019
69.71£15.36, 0.002
95.164:10.82, 0.0021

77.88£1.56, 0.0034

76.4141.8,0.0106

75.38£3.78,0.0118

76.07£0.25, 0.0042

75.3843.78, 0.0057

77.17£18.82, 0.0156

81.67£17.11, 0.0144

84.59+34.46, 0.0035
51.1940.54, 0.0027
50.8842.19, 0.0027
70.35415.6, 0.0039
90.38£17.47, 0.0032

77.8841.56, 0.0229

84.59+34.46, 0.0029
52.2240.9, 0.0018
52.2442.01, 0.0024
71.24+13.68, 0.0017
95.16£33.91, 0.0023

77.8841.56, 0.0069

76.1942.33, 0.0085
75.3843.78,0.0103

82.85+6.98, 0.0156

77.94+1.51, 0.0051
75.4+3.75, 0.0082

82.5£7.94,0.0118

Avg Acc. & Avg. Std.  66.16+£14.02

68.15+11.6

69.73+11.47

73.2+7.68

73.3+£9.43

74.35+11.08

Acc., Avg., and Std. stand for accuracy, average, and standard deviation, respectively. T signifies the proposed model.
* denote that MATLAB encounters an “out of memory” error.

Boldface highlights the top-performing model, while underlining indicates the second-best model.
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3.5.3 Evaluation on Datasets with Introduced Outliers and Label

Noise

To rigorously assess the robustness and generalization capabilities of the proposed
LroBoss-SVM model, it is essential to evaluate its performance under challenging con-
ditions. Real-world data often contains outliers and label noise, which can significantly
impact the accuracy and reliability of machine learning models. Therefore, conducting
an evaluation on datasets with artificially introduced outliers and label noise provides a
comprehensive understanding of the model’s resilience to such anomalies. In this study,
we selected five diverse datasets, namely cylinder_bands, ionosphere, spectf, titanic, sta-
log_australian_credit. The methodology for introducing outliers and label noise into training
dataset is discussed in the experimental setup described in this chapter.

Table 3.4 displays the classification accuracy of the Lz,5,55-SVM model alongside the
compared models Lpnge-SVM, L,in-SVM, L1ingx-SVM, Lyise-SVM, and L,q,.-SVM
across datasets with 5%, 10%, 20%, and 30% outliers. The proposed L r,5,55-SVM model
consistently surpasses the compared models. Specifically, in four out of five datasets, the
L roBoss-SVM model achieves the top position, while in one dataset, it secures the second-
best position compared to the baseline models. This superior performance can be attributed
to the bounded nature of the RoBoSS loss function, which mitigates the influence of extreme
values, thereby maintaining high accuracy even when datasets are significantly contami-
nated with outliers. In terms of overall accuracy, the £ r,5,55-SVM model shows a total av-
erage accuracy of 76.67%, outperforming the baseline models Lj;ng.-SVM (71.35%), Lin-
SVM (72.75%), L1inex-SVM (73.27%), Lyise-SVM (70.3%), and L,qp.-SVM (75.07%).
This consistency across different levels of outliers underscores the £g,5,55-SVM robust-
ness and stability in handling outlier-prone data. In the context of evaluating the robustness

of the RoBoSS-SVM in the presence of label noise, we have observed notable results, as
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detailed in Table 3.5. Specifically, £,.,.-SVM achieves the best accuracy on two datasets
and the second-best accuracy on three datasets. Similarly, £,,,-SVM attains the best ac-
curacy on three datasets and the second-highest result on two datasets. In terms of total
average accuracy across all five datasets and noise ratios, L,,q.,.-S VM outperforms the base-
line models with an average accuracy of 72.47%. Meanwhile, Lr,p.s5-SVM achieves the
second-best total average accuracy of 71.67%. These findings emphasize that L,,,,.-SVM
and L,;,-SVM are particularly effective in environments with label noise, while the pro-
posed Lroposs-SVM also demonstrates competitive performance. These outcomes align
with existing literature, which suggests that loss functions incorporating penalties for cor-
rectly classified samples tend to be more effective in managing label noise [27, 67]. This
insight underscores the potential for further enhancing the efficiency of the Lz,5,55-SVM
by exploring modifications to the RoBoSS loss function. Future research could focus on re-
designing the RoBoSS loss function to also penalize correctly classified samples to a certain
extent while maintaining a balance with its sparsity property. This approach could improve

its performance in scenarios with prevalent label noise.
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Table 3.4: The classification accuracy of the proposed Lr,p5,55-SVM along with the com-
pared models on datasets with varying levels of outliers.

Dataset Outliers  Lhinge-SVM [6]  L,in-SVM [27]  Lpinpx-SVM [31]  L4t5e-SVM [69]  Loaue-SYM [67]  Lpoposs-SVMT
cylinder_bands 5% 64.79 64.79 63.66 60.87 66.75 68.53
10% 64.79 64.79 65.41 61.26 66.75 69.33
20% 67.93 64.79 60.87 61.26 66.75 68.53
30% 63.22 66.75 64.82 61.26 66.75 67.95
Avg. 65.19 65.28 63.69 61.17 66.75 68.59
ionosphere 5% 65.8 68.36 78.38 69.07 84.64 88.06
10% 65.8 72.35 76.66 64.43 85.21 87.48
20% 70.66 75.2 77.81 64.14 83.22 88.07
30% 67.48 76.93 79.24 64.43 82.91 87.76
Avg. 67.43 73.21 78.02 65.52 83.99 87.84
spectf 5% 79.34 79.34 79.34 79.34 79.34 79.34
10% 79.34 79.34 79.34 79.34 79.34 79.34
20% 79.34 79.34 79.34 79.34 79.34 79.72
30% 79.34 79.34 79.34 79.34 79.34 79.34
Avg. 79.34 79.34 79.34 79.34 79.34 79.44
titanic 5% 76.33 77.69 77.33 77.64 77.92 79.05
10% 76.33 78.28 77.87 77.55 77.33 79.05
20% 77.33 78.28 77.1 76.01 77.33 79.05
30% 77.33 77.33 77.33 76.83 76.83 79.05
Avg. 76.83 71.89 77.41 77.01 71.35 79.05
statlog_australian_credit 5% 67.97 67.97 67.83 68.55 67.97 68.12
10% 67.97 67.83 67.83 68.41 67.83 68.26
20% 67.83 68.12 67.97 68.55 67.97 68.26
30% 68.12 68.12 67.83 68.41 67.97 68.84
Avg. 67.97 68.01 67.86 68.48 67.93 68.37
Total Avg. 71.35 72.75 73.27 70.3 75.07 76.67

Here, Avg. denotes the average, and T signifies the proposed model.
Boldface highlights the top-performing model, while underlining indicates the second-best model.

Table 3.5: The classification accuracy of the proposed Lr,5,55-SVM along with the com-
pared models on datasets with varying levels of label noise.

Dataset Noise  Lpinge-SVM [6]  L,:,-SVM [27]  Lrinvex-SYM [B1]  Lye-SVM [69]  Liare-SVM [67]  Lpoposs-SVMT
cylinder_bands 5% 61.07 61.26 60.87 60.87 62.85 61.85
10% 61.07 66.75 62.47 60.87 63.46 64.41
20% 60.87 61.26 60.87 62.24 62.87 60.87
30% 61.26 64.79 60.87 60.87 60.87 61.08
Avg. 61.07 63.52 61.27 61.22 62.51 62.05
ionosphere 5% 66.14 67.79 65.84 68.45 81.35 75.64
10% 69.28 69.75 71.79 64.14 75.51 73.51
20% 65.48 72.05 71.53 66.95 74.66 72.66
30% 70.37 70.37 68.37 66.16 74.39 72.39
Avg. 67.82 69.99 69.38 66.42 76.48 73.55
spectf 5% 79.34 79.34 79.34 79.34 79.34 79.34
10% 79.34 79.34 79.34 79.34 79.34 79.34
20% 79.34 79.34 79.34 79.34 79.71 79.34
30% 79.34 79.34 79.34 79.34 79.34 79.34
Avg. 79.34 79.34 79.34 79.34 79.44 79.34
titanic 5% 77.1 77.1 77.1 72.07 78.43 77.33
10% 76.4 77.1 77.33 71.84 77.33 77.92
20% 76.1 77.1 73.69 73.69 77.1 73.69
30% 75.33 76.33 72.78 73.92 72.42 73.01
Avg. 76.23 76.91 75.22 72.88 76.32 75.49
statlog_australian_credit 5% 67.97 68.97 67.83 67.97 68.5 67.83
10% 68.12 69.12 67.83 67.83 67.83 67.83
20% 68.12 68.12 67.83 67.83 68.23 68.12
30% 67.83 67.83 67.97 67.83 67.83 67.97
Avg. 68.01 68.51 67.86 67.86 68.1 67.93
Total Avg. 70.49 71.65 70.62 69.54 72.47 71.67

Here, Avg. denotes the average, and T signifies the proposed model.
Boldface highlights the top-performing model, while underlining indicates the second-best model.
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3.5.4 Evaluation on Biomedical Datasets

In this subsection, we provide the experimental results on publicly available biomedical
datasets. Specifically, the electroencephalogram (EEG) signal dataset and the breast cancer
(BreaKHis) dataset.

The EEG data [81] includes five sets: A, B, O, C, and S. Each contains 100 single-
channel EEG signals that were sampled at 173.61 hertz with a duration of 23.6 seconds.
The sets O and C' stand for the subject’s eyes open and closed signals, respectively. Sets
A and B provide the EEG signal that represents the subject’s interictal state. The seizure
activity signal is contained in set S. The feature selection process is the same as opted
in [82]. Table 3.6 presents the dataset-wise EEG results. The results highlight the superior
performance of the proposed L g,poss-SVM model. The Lz, p,55-SVM achieves an average
accuracy of 79.42% with a standard deviation of 6.28, outperforming all baseline models.
The closest competitor, L£,4,.-SVM, has an average accuracy of 74.73% with a standard
deviation of 6.98. The Lr,5,55-SVM model also demonstrates the lowest average training
time of 0.0014 seconds and the best average rank of 1.06, indicating its overall efficiency
and robustness.

Further, we evaluate the models on BreaKHis dataset [83]. We employed 1240 scans
from the dataset at a magnification of 400 times. These scans are classified as either benign
or malignant. The benign category includes four subclasses: phyllodes tumor (PT) with 115
scans, adenosis (AD) with 106 scans, fibroadenoma (FD) with 237 scans, and tubular ade-
noma (TA) with 130 scans. The malignant category is divided into lobular carcinoma (LC)
with 137 scans, papillary carcinoma (PC) with 138 scans, ductal carcinoma (DC) with 208
scans, and mucinous carcinoma (MC) with 169 scans. To extract features, we employ the
same process as outlined in [84]. Table 3.7 presents the dataset-wise BreaKHis results. The

outcomes illustrate the dominance of the £ r,p,55-SVM model, achieving an average accu-
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Table 3.6: The classification accuracies and training times of the proposed L z,p,55-SVM
and baseline models on the EEG dataset.

Model

Lhinge-SVM [6]

L,in-SVM [27]

Lrinex-SVM [31]

Lyise-SVM [69]

Luave-SYM [67]

LroBoss-SVMT

Dataset

Acc. + Std., time

Acc. £ Std., time

Acc. £ Std., time

Acc. £ Std., time

Acc. + Std., time

Acc. £ Std., time

EEG_B_vs_S_bhattacharyya_100
EEG_B_vs_S_entropy_100

EEG_B_vs_S_roc_50

EEG_B_vs_S_ttest 200
EEG_B_vs_S_wilcoxon_100
EEG_B_vs_S_wilcoxon_200
EEG_A _vs_S _bhattacharyya_100
EEG_A _vs_S_bhattacharyya 200
EEG_A_vs_S_entropy_100
EEG_A_vs_S_entropy_200
EEG_A_vs_S_ttest_100
EEG_C_vs_B_roc_200
EEG_C_vs_B_wilcoxon_200
EEG_C_vs_A _entropy_200
EEG_C_vs_A _entropy_50
EEG_C_vs_A _roc_150

EEG_C_vs_A_roc_50

EEG_C_vs_A _ttest_100
EEG_C_vs_A _ttest_150
EEG_C_vs_A _ttest_200
EEG_C_vs_A _ttest_50
EEG_C_vs_A_wilcoxon_50
EEG_C_vs_S_bhattacharyya_100
EEG_C_vs_S_bhattacharyya_150
EEG_C_vs_S_entropy_100
EEG_C_vs_S_entropy-150
EEG_C_vs_S_ttest_150
EEG_C_vs_S_ttest_200
EEG_C_vs_S_wilcoxon_100

69.5+5.97, 0.0049
69.5+5.97, 0.0055
72.54+3.54,0.0051
83.54+5.18, 0.0059
76+2.24, 0.0048

81.548.4, 0.0052

70.5+£8.55, 0.0051
70.5+8.55, 0.004
73.5+4.87, 0.003
83.5+4.18, 0.0038
76+2.24,0.0034
81.54+8.4,0.0035

71.5+4.18, 0.0057

71.5+4.18, 0.0038

78+7.58, 0.0049

78+7.58, 0.004

71.5+4.18, 0.0052

71.5£4.18, 0.0037

78+7.58, 0.0049

78+7.58, 0.004

79+£6.75, 0.0051
77+4.11, 0.005
84.54+4.11, 0.0047
77+£7.58, 0.0056

8046.37, 0.0034
77+4.11, 0.0036
8645.18, 0.0031
77+7.58, 0.004

67.5£9.68, 0.0053
77+5.42,0.0051
71.5£3.35, 0.0049
76.5+7.83,0.0051
76.5£6.75, 0.0056
79.54+5.97, 0.005

67.5+9.68, 0.0034
77.5+£3.95, 0.0039
71.5£3.35, 0.0043
76.5+7.83, 0.0036
76.5+5.76, 0.0033
79.5+£5.97, 0.0036

74.5+7.79, 0.0051
78.5+5.18, 0.0049
60.5+6.94, 0.005
66.5+7.83, 0.0051
60.5+6.94, 0.0048
66.5+7.83, 0.0052
68+11.24, 0.0049
69.5+8.18, 0.0047
64.5+8.91, 0.0048

74.5+7.79, 0.0039
78.5+4.87, 0.0032
60.54+6.94, 0.0035
66.5+7.83, 0.0033
60.546.94, 0.0038
66.5+7.83, 0.0037
68+11.24, 0.0035
69.5+8.18, 0.0036
64.5+7.79, 0.0031

73.5+7.83,0.0015
73.547.83,0.0018
74.5+5.7,0.0016
77£6.22,0.0016
79.544.11,0.0019
80-£7.07, 0.0018
68-4.47,0.0018
708.29, 0.0016
68-4.47,0.0018
708.29, 0.0019
74.5+9.75,0.0017
77.547.29, 0.0017
86:£8.4, 0.0015
7410.55, 0.0016
69-6.75,0.0017
79.5+4.81,0.0016
73.548.77,0.0018
77£4.81,0.0016
78.544.54, 0.0017
79+3.79, 0.0016
7549.01, 0.0017
79.5+6.94,0.0018
63.5+9.12, 0.0017
68.5+9.78, 0.0016
63.549.12,0.0016
68.5+9.78, 0.0017
71£6.52, 0.0017
74.5+5.97,0.0015
681037, 0.0017

55£1.77,0.0017
55+1.77,0.0018
58+14.3,0.0019
55+1.77,0.0017
55£1.77,0.0017
55+1.77,0.0019
56+1.37,0.0018
55+1.77,0.0018
56+1.37,0.0017
55+1.77,0.0018
55+1.77,0.0018
55+1.77,0.0018
55+1.77,0.0017
55+1.77,0.0017
55+1.77,0.0019
55+1.77,0.0018
55+1.77,0.0018
55+1.77,0.0021
5541.77, 0.0022
55+1.77,0.0022
5549.84, 0.0021
56+11.81, 0.002
55+1.77,0.0021
55+1.77,0.0026
55+1.77, 0.0024
55£1.77,0.0024
55+1.77,0.0022
55+1.77,0.0021
55+1.77,0.0021

744104, 0.0025
74410.4, 0.004
7245.42,0.0028
7616.98, 0.0039
76.5+5.18, 0.004
79.5+8.18, 0.004
7146.02, 0.0039
70+£8.29, 0.0039
71£6.02, 0.004
70+£8.29, 0.0026
76+4.54, 0.0025
82+4.47, 0.0025
88+6.47, 0.0026
76+5.18, 0.0026
65.5+11.65, 0.0024
79.5+4.81, 0.0028
71.5£6.98, 0.0025
76.5+7.2,0.0025
78.5+4.54, 0.0025
79+£5.76, 0.0025
76+4.54, 0.0024
79.5+7.79, 0.0029
64.5+6.94, 0.0047
69+9.12, 0.0028
64.5+6.94, 0.0025
69+9.12, 0.0025
75.5+9.42, 0.0034
74.5+5.97, 0.0038
67.5+10.31, 0.0025

77+6.47, 0.0016
77+6.47,0.0017
79+9.45, 0.0015
81£7.42,0.0018
81.5+6.27, 0.0013
82.5+5.86, 0.0013
76+8.59,0.0013
79.5+4.11, 0.0013
76+8.59, 0.0012
79.5+4.11, 0.0013
81+5.76, 0.0014
84.5+3.26, 0.0013
905, 0.0013
80+3.06, 0.0012
72+12.67, 0.0012
85+7.29,0.0012
77+5.42,0.0015
82+7.79, 0.0012
84+2.85,0.0013
85+5.59,0.0013
79.5+5.42, 0.0022
84+6.98, 0.0016
72+11.1, 0.0017
72+2.74,0.0012
72+11.1, 0.0012
72+2.74,0.0013
76.5+7.62, 0.0012
76.5+6.02, 0.0012
73.5+5.48, 0.0013

EEG_O_vs B_roc_150 82+2.74, 0.005 82+2.74, 0.0037 79+£1.37,0.0016  55+£1.77,0.0023 84+3.79,0.0031  86.5+3.79,0.0013
EEG_O_vs_B_ttest_50 71+4.87,0.0051 73+6.22,0.0029  77.5+7.91,0.0019  554+1.77, 0.0021 77£8.91, 0.0025 81+£8.02, 0.0014
EEG_O_vs_B_wilcoxon_150 82+42.74, 0.0047 82+2.74, 0.0037 79+1.37,0.0017  55+1.77, 0.0022 84+3.79, 0.003 86.5+3.79, 0.0013
Avg Acc. + Avg. Std. 73.8+6.17 74.05+6.29 74.06+6.91 55.194+2.7 74.734+6.98 79.421+6.28
Avg. time 0.0051 0.0036 0.0017 0.002 0.003 0.0014

Here, Avg., Acc. and Std. are acronyms used for average, accuracy, and standard deviation, respectively.
T signifies the proposed model while boldface and underline signify the best and second-best models, respectively.
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racy of 63.25% with a standard deviation of 5.03. This performance surpasses that of all
baseline models, with £,,.,.-SVM being the closest at 60.32% accuracy and a standard de-
viation of 4.15. Other models like Lp;g.-SVM, L,in,-SVM, L1 ivEx-SVM, and L5.-SVM
exhibit lower accuracies of 59.28%, 60.09%, 60.41%, and 59.6%, respectively. Moreover,
L roBoss-SVM records an average training time of 0.0016 seconds and an average rank of
1.38, indicating its superior performance and efficiency in handling complex biomedical

data.

Table 3.7: The classification accuracies and training times of the proposed Lr,5o55-SVM
and baseline models on the BreaKHis dataset.

Model Lhinge-SVM [6] Lyin-SVM [27] Lrinex-SVM [31] Lgt5e-SVM [69] Loave-SVM [67] LRroBoss-SVMT
Dataset Acc. + Std., time Acc. + Std., time Acc. + Std., time Acc. + Std., time Acc. + Std., time Acc. + Std., time
ADvsDC 66.87+4.75,0.005 66.87+4.75,0.0169 66.24+4.16,0.0029 66.24+4.16,0.0011 66.24+4.16, 0.0055 66.88+4.08, 0.0021
ADvsLC 57.21+6.49, 0.0033  57.21£6.49,0.0216 58.89+7.25,0.0036 57.61+5.18,0.0011 58.89+5.59,0.0041 62.59+5.98, 0.0017
ADvsMC 61.82+7.27,0.0045 62.18+6.97,0.0147 61.45+6.35,0.0038 61.454+6.35,0.0011 61.45+£6.35,0.0063 63.27+4.15, 0.0017
ADvsPC 56.54+6.82,0.0045 57.76+4.97,0.0174 57.764+4.97,0.0031 57.36+4.69, 0.0011 57.76+4.97,0.0042 61.91+5.68, 0.0021
FDvsDC 53.26+2.04,0.0104 53.264+2.04,0.0318 56.634+2.33, 0.0035 53.26+2.04,0.0013  56.18+2.1, 0.0054 60+4.47, 0.0018
FDvsLC 66.84+3.76, 0.0077 66.84+3.76,0.0128  66.3+5.85, 0.0037 63.37+3.51,0.0012  65.5+6.06, 0.0043  66.574+5.02, 0.0016
FDvsMC 58.62+2.23,0.0082 58.62+2.23,0.0553  60.6+3.73,0.0036 58.374+2.21,0.0012 59.61£3.91,0.0042 62.56+4.74, 0.0017
FDvsPC 63.2+3.96,0.0071  63.2+3.96, 0.0281 64+3.89, 0.0038 63.243.96,0.0011  63.734+6.56, 0.0037 66.93+5.45, 0.0016
PTvsDC 64.73+£5.35,0.0053  64.73£5.35,0.017 64.41+4.85,0.0034 64.41+4.85,0.0012 64.41+£4.85,0.0037 66.26+2.45,0.0015
PTvsLC 55.114+9.65,0.0046  56.72+6.05,0.0105  59.11£4.6,0.0034  58.314+4.94,0.0011 59.134+4.05, 0.0075 63.05+7.25, 0.0014
PTvsMC 59.5+£6.39,0.0045  59.5+6.39,0.0234  59.54+6.39,0.0036  59.54+6.39,0.0011  59.546.39,0.0036  62.31+4.44, 0.0014
PTvsPC 54.97+8.45,0.0047 57.32+4.51,0.0837 57.324+4.51,0.0033 57.714£4.75,0.0011 57.32+£4.51,0.0044 60.48+9.87,0.0013
TAvsDC 64.21£6.99, 0.0065 64.21+£6.99, 0.0473 61.55+5.54,0.0036 61.55+5.54,0.0011 61.55+5.54,0.0043 63.64+5.92, 0.0016
TAvsLC 51.28+8.39, 0.0045 56.56+4.32,0.0374 59.94+7.93,0.0033 56.56+4.32,0.0012 61.06£6.47,0.0038 64.05+1.49, 0.0014
TAvsMC 59.85+6.71,0.004  60.19+£6.4,0.0167 56.51£6.01,0.0035 56.51+6.01, 0.0011 56.51+6.01,0.0051 59.245.95, 0.0017
TAvsPC 54.47+6.54,0.0053 56.35£4.15,0.0107 56.35+4.15, 0.0078 58.23+4.76,0.0011  56.35+4.15, 0.01 62.3+3.51, 0.0018
Avg. Acc. = Avg. Std. 59.28+5.99 60.09+4.96 60.41+5.16 59.6+4.6 60.32+4.15 63.25+5.03
Avg. time 0.0056 0.0278 0.0037 0.0011 0.005 0.0016

Here, Avg., Acc. and Std. are acronyms used for average, accuracy, and standard deviation, respectively.
T signifies the proposed model while boldface and underline signify the best and second-best models, respectively.

3.5.5 Statistical Analysis of RoBoSS-SVM Results

For statistical evaluation, we employed the Friedman test followed by the Nemenyi post
hoc test to assess the relative performance of these models.
Friedman test: The Friedman test [24] is employed to statistically analyze the significance
of the models. In this test, each model is ranked on each dataset separately, with the best-
performing model securing rank 1, the second-best model getting rank 2, and so on. Under
the null hypothesis, all the models are equivalent, i.e., the average rank of each model is

equal. The Friedman statistic follows the chi-squared x% distribution with p — 1 degrees of
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freedom (d.f.), where p denotes the number of models and is given by:

12D

) 3.15
p(p+1) ’ G-19)

Xp =

SR plp+1)?
e 4

where D denotes the number of datasets and R, is the mean rank of e of the p models.
The Friedman statistic is undesirably conservative and thus a better statistic is derived by
Iman and Davenport [62] as:

(D —1)x%

Fp = ,
T Dlp-1) -2

(3.16)

which follows F distribution with ((p — 1), (p — 1)(D — 1)) d.f.. From the statistical F'-
distribution table, at 5% level of significance, we find the value of F'((p—1), (p—1)(D—1)).
If Fp > F((p—1),(p—1)(D — 1)), we reject the null hypothesis. In this case, substantial
differences exist among the models. Table 3.8 presents the results of the Friedman test on
D1 category UCI and KEEL datasets, the EEG dataset, and the BreaKHis dataset. The
outcomes demonstrate that significant differences exist among the proposed Lz,5,55-SVM
and baseline models.

Nemenyi post hoc test: In Nemenyi post hoc test [25], all models are compared pairwise.
The performance of the two models is substantially different if the corresponding mean
ranks differ by a certain threshold value (critical difference, C.D.). If the difference between
the average ranks of two models exceeds C.D., the model with the lower mean rank is

statistically better because rank 1 denotes the best performance. The C.D. is calculated as:

1
C.D. = q, %, (3.17)

where ¢, are based on the studentized range statistic divided by /2 and called critical value

for the two-tailed Nemenyi test. At 5 % level of significance, we can simply calculate
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that the values of C.D. for D1 category UCI and KEEL datasets, the EEG dataset, and the
BreaKHis dataset are 0.85, 1.33, and 1.88, respectively. Tables 3.9, 3.10, and 3.11 present
the results of the Nemenyi post hoc test on D1 category UCI and KEEL datasets, the EEG

dataset, and the BreaKHis dataset, respectively.

Table 3.8: Illustrate the results of the Friedman test on D1 category UCI and KEEL datasets, the
EEG dataset, and the BreaKHis dataset.

Significant difference

Dataset p| D X% Fr | F(lp-1),(p—1)(D-1)) (As per Fricdman test)
D1 category dataset | 6 | 79 | 81.442 | 20.26 2.24 Yes
EEG dataset 63211443 | 77.844 2.27 Yes
BreaKHis dataset 6|16 | 28.969 | 8.515 2.35 Yes

Table 3.9: Differences in the rankings of the proposed L roposs-SVM model against baseline mod-
els on D1 category UCI and KEEL datasets.

Model Average rank | Rank difference Significant §|Herence
(As per Nemenyi post hoc test)
Lhinge-SVM [6] 3.35 1.19 Yes
Lyin-SVM [27] 2.96 0.8 No
Linex-SVM [31] 3.96 1.8 Yes
Ly15e-SVM [69] 4.45 229 Yes
Lopave-SVM [67] 4.12 1.96 Yes
LRoBoss-SVM (Proposed) 2.16 - N/A

Table 3.10: Differences in the rankings of the proposed Lr,B0oss-SVM model against baseline
models on the EEG dataset.

Model Average rank | Rank difference Significant §|Herence
(As per Nemenyi post hoc test)
Lhinge-SVM [6] 3.86 2.8 Yes
Lyin-SVM [27] 3.63 2.57 Yes
Lrinex-SVM [31] 3.31 2.25 Yes
L15e-SVM [69] 6 4.94 Yes
Luave-SVM [67] 3.14 2.08 Yes
L RroBoss-SVM (Proposed) 1.06 - N/A

Table 3.11: Differences in the rankings of the proposed L£r,B0oss-SVM model against baseline
models on the BreaKHis dataset.

Significant difference

Model Average rank | Rank difference (As per Nemenyi post hoc test)
Lhinge-SVM [6] 4.22 2.84 Yes
Lyin-SVM [27] 3.47 2.09 Yes
Lrinex-SVM [31] 3.72 2.34 Yes
L15e-SVM [69] 4.59 321 Yes
Luave-SVM [67] 3.63 2.25 Yes
L roBoss-SVM (Proposed) 1.38 - N/A
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3.5.6 Sensitivity Analysis of RoBoSS-SVM

To understand the impact of the loss hyperparameters a and A on the performance of
the proposed Lr,po,ss-SVM model, we conduct a sensitivity analysis using four diverse
datasets: abalone9-18, echocardiogram, titanic, and ecoli3. The values of a and A are var-
ied systematically within the specified range while the other hyperparameters are fixed at
their optimal values. For each combination of a and A, the model’s accuracy is recorded.
The results are plotted in three-dimensional surface plots to visualize the sensitivity of the
model’s accuracy to changes in @ and A. The sensitivity plots for each of the four datasets
are presented in Fig. 3.4. These plots highlight the intricate relationship between the hy-
perparameters a and A, and the model’s accuracy. Fig. 3.4a reveals that the accuracy of
the abalone9-18 dataset stabilizes at higher values of a, with A having a moderate influ-
ence. The model exhibits robustness across a wide range of A values when a is sufficiently
large. For the echocardiogram (see Fig. 3.4b), the accuracy shows a strong dependency on
a, with higher values leading to improved performance. The impact of A is less pronounced
but still noticeable. The sensitivity plot for the titanic dataset (see Fig. 3.4c) indicates a
consistent accuracy across various values of ¢ and A, with a notable dip in performance
at lower values of both parameters. The model achieves its highest accuracy when both a
and \ are set to higher values. For ecoli3 dataset (see Fig. 3.4d), the model’s accuracy is
highly sensitive to changes in both a and A, with specific parameter combinations resulting
in significantly higher accuracy. This analysis provides valuable insights into the behavior
of the Lr,5,s5s-SVM model across different datasets. The key observations can be summa-
rized as follows: (1) The parameter a plays a crucial role in determining the robustness and
performance of the model. Higher values of a generally lead to improved accuracy, sug-
gesting that the loss function’s shape significantly impacts the model’s ability to generalize.

(2) The bounding parameter A influences the model’s performance, though its impact varies
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3.6 From RoBoSS-SVM to RoBoTS

The preceding sections established the RoBoSS loss as a robust and smooth surrogate
and demonstrated its effectiveness within the SVM framework. The next step is to examine
whether the same loss can improve twin support vector machines, where two non-parallel
hyperplanes are learned through smaller optimization problems. This motivates the RoBoTS

model and its inverse-free variant.

3.7 Twin SVM Background and Related Losses

This section only fixes the notation needed for the RoBoTS derivation. The twin-
hyperplane principle and the main classification loss functions have already been developed
in the foundational part of the thesis; therefore, the present chapter avoids repeating their
complete background and focuses on how the RoBoSS loss is embedded into TSVM-type

learning.

3.7.1 Notation and Modeling Link

Let the training set be {z;,y;}/™,, where z; € R and y; € {—1,1}. Define the
positive and negative data matrices as X, € R™+*" and X_ € R™*", respectively, with
m = m, + m_. The vectors e; and e, denote all-one vectors of suitable dimensions.

RoBoTS follows the TSVM principle of learning two non-parallel hyperplanes, one as-
sociated with each class. The standard TSVM objective penalizes opposite-class deviations
through hinge-type terms, while later TSVM variants replace this penalty by alternative
losses such as pinball, LINEX, Wave, or Guardian losses. The present development uses
the RoBoSS loss in this role so that the twin-hyperplane classifier inherits boundedness,

smoothness, and sparsity. The next section gives the complete RoBoTS formulation, in-
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cluding the inverse-free variant.

3.8 RoBoTS and Inverse-Free RoBoTS Models

3.8.1 Formulation and Optimization of RoBoTS Model

In this subsection, we provide the detailed formulation and optimization approach of the
RoBoTS model for both linear and nonlinear cases. In the RoBoTS formulation, n > 0 is
used as the local bounding parameter of the RoBoSS-type loss, playing the same role as A
in the RoBoSS-SVM part of this chapter. This convention is kept to avoid overloading A,

which is already widely used for regularization and other loss parameters in the thesis.

3.8.1.1 Linear Formulation

For a given training dataset, the objective of RoBoTS is to determine the positive and

negative hyperplanes expressed as:
T _ T _
wyx+by =0 and wy,z+by=0, (3.18)

where w;, w, € R™*! are the weight vectors and b, b, € R represent the bias terms. To
compute these hyperplanes, the linear RoBoTS framework is established by formulating the

following optimization problem:
min 1 % (me + b1)2 + 101 (||w1||2 + b2> + CQ %:5_
2 1 % 2 2 1 J

i=1 Jj=1

J

st. & =n [1 — (a{l 4wz + b} + 1)6(_“{1+wh3’+b1}+>} ., Jg=1,...,m_, (3.19)

110



CHAPTER 3. ROBOSS LOSS FUNCTION

m_ my

1 1
min — Z (w;xj + b2)2 + 503 (”'LU2H§ + bg) + 04 ija

b6t 2
w2,02 5 j=1 i=1

st& =1 {1 — (a{1 —wy x; — b}y + 1)6(—“{1—1"3“—”2“)1, i=1,...,ms, (3.20)

where &, = (&, ,5;;+)T eR™ & = (& ... ,S;L_)T € R™-. For conciseness, we
focus solely on the optimization problem (3.19), as the formulation for (3.20) is analogous.
The objective function in Eqn. (3.19) comprises three distinct components, each contribut-

ing to the robustness and generalization of the proposed model:

1. The first component focuses on reducing the separation between the positive hyper-
plane and positive data points, ensuring tight alignment of the hyperplane with the

positive class distribution.

2. The second component introduces an ¢, regularization on the weight vector and bias,
aligning with the principle of structural risk minimization to control model complexity

and improve generalization performance.

3. The third component represents the aggregate penalty applied to all negative in-
stances, calculated using the RoBoSS loss function. This term enhances the model’s
robustness by bounding the influence of outliers and promoting sparsity in the learned

representation.

Due to the non-convexity of the RoBoSS loss function, the optimization problems (3.19)
and (3.20) are inherently non-convex. Nevertheless, we leverage their smooth properties to
devise an iterative algorithm for solving them. To facilitate computation, these problems

are reformulated into a compact vector-matrix representation. The reformulated versions of
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(3.19) and (3.20) are presented as follows:

. 1
mmPl (’LUl = —HGT’LU1H2+ 201 Hw1H2~|—C’2£1( ) (321)

1
m12nP2 (U}Q = = HHT 2H2 + 203 ||’LU2||2 + 04,62 (U}Q) (322)

The terms £, (1) and L, () are defined as follows:
Lown) =D n {1 — (a1 + H] i}y + 1)elete] wm)} ,
Ly (i) =Y [1 — (a{1 — Gl i}y + 1)6(%{1—6‘?@}9}

Here, G; and H; denote the i and j*™ columns of matrices GG and H, respectively. The
matrices G = [X,,e;]| € ROt and H = [X_ e, € R *m— Additionally, the
weight vectors and biases are combined as w; = [wf, bl] i e R and w, = [w; , bg] T

R"*!. For simplicity, we denote {1+ H w, } and {1 -G/ w,} as A; and B;, respectively.

Now, based on the optimality conditions, we derive the following results:

VP (i) = (GG" + CiI) wy + Hsy =0, (3.23)

VP, (i) = (HH" + C3I) iy — Gsy = 0. (3.24)

Here, the terms G and H are defined as G = [C’4G1, .. .,C4Gm+} e RO+Dxme and
H = [C’ng, . ,C’QHmJ e REe+Uxm- The vectors s; and sy are expressed as
s = [311,...,5>1m_}T € R™ and sy = [521,...,32m+f € R™+, where each compo-

nent iS giVen by Slj = T]azAje_aAj and So; = na?Bie—aBi'

Now using Eqns. (3.23) and (3.24), we derive the iterative Eqns. for solving the opti-

112



CHAPTER 3. ROBOSS LOSS FUNCTION

mization problems (3.21) and (3.22) as follows:

Wt = — (GGT + i) S, (3.25)

Gt = (HHT + Cyl) ™ Gish, (3.26)

Here, ¢ denotes the iteration index. The process iteratively applies Eqns. (3.25) and (3.26)
until the algorithm converges. Once the solutions are obtained, the pair of hyperplanes

defined in Eqn. (3.18) can be derived.

To classify an unseen sample 7 € R'*", the following decision rule is applied:

1 i |w1T5+b1’ |w2TE+b2’
Label of 7 = { foull = el (3.27)
—1, otherwise.

3.8.1.2 Nonlinear Formulation

In nonlinear cases, data is mapped to a higher-dimensional feature space using the kernel
trick, enabling the separation of data points in the transformed space. The goal of the

nonlinear RoBoTS model is to find a pair of hypersurfaces, expressed as follows:
K(z,XT)vi+b=0 and K (z,X")vo+by=0, (3.28)

where X = [X; X _]T represents the combined dataset, and C(-, -) denotes the kernel

function. To compute these hypersurfaces, the corresponding optimization problems are
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formulated as follows:

m4 1 1 m_
Jmin ) o (K (25, XT) vy + b)) + ;O (lorll +07) + C2> ¢ (3.29)
T =1
s.t. g:nb— ({14 K (z;, X)) vy + b1 }4 +1)
] I E R
— 1 s 1 ) s
v2r,rbl2i’r<1+ 5 (K (5, XT) vs +by)” + 503 (|[va]l5 + b3) + C4 ; ¢, (3.30)
st ¢ :77{1— (a{l—lC(asi,XT) Ug—b2}++1)
x e(—a{l—fc(mwvz—bzh)} =1, m,.

The vector-matrix forms of optimization problems (3.29) and (3.30) are presented as fol-

lows:

. - 1 - 1 - -

IIql]%Il Ql (Ul) = 5 HRTl)le + 501 ||U1||§ + 02£1 (Ul) s (331)
. - 1 - 1 - -

IIQI}%H Qg (1}2) = 5 HSTU2H§ + 503 HU2||§ + C4£2 (Ug) . (332)

The terms £, (¥;) and £, (v) are defined as follows:

3

Ly (01) n [1 — (aft+ S}y + 1)€(a{1+SIvi}+)] ’

5 11

L () n {1 — (afl = R/ 0o}y + 1)6(%{1—@@}0} .

=1

Here R = [K(X1,X7),e]" € RDme and § = [K(X_,XT),e5] € ROmHDxm—

where the columns of R and S are denoted as R; and S}, respectively. The weight vectors

. e T . T
and bias terms are combined into 0, = [v{,b1] and 05 = [vy,bs] .
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Now, the gradients of Eqns. (3.31) and (3.32) are derived as follows:

V@ (41) = (RR" + C1I) 0; + Sz = 0, (3.33)

VQ: (12) = (SST + Cs1) v — Rzy = 0. (3.34)

Here, the terms S and R are defined as S = [C251, ..., 058, ] € RimHxm=gpd R =
[CuRy, ..., CiRy, ] € RO™Dxm+  Additionally, the vector 2; € R™- is composed of
elements z;; = na?Eje i for j = 1,...,m_, while 22 € R™+ consists of elements
z0i = na*Fye i fori = 1,... m,. E; and F; represent {1+ S 01}, and {1 — R/ o},
respectively. The iterative expressions corresponding to Eqns. (3.33) and (3.34) are derived

as follows:

6" =— (RR" + 1) (Z CySima*Ee™" j) , (3.35)

Gt = (SST 4+ Csl) (Z CyRma®Fie=F ) (3.36)

Here, t represents the iteration index. It is important to note that solving Eqns. (3.35) and
(3.36) requires matrix inversion, which can become computationally intensive for large ma-
trices. To handle this more efficiently, we utilize the Sherman-Morrison-Woodbury (SMW)
theorem [85, 86], which reduces the dimensionality of the matrix involved in the inversion.
With this approach, the inverse matrices in Eqns. (3.35) and (3.36) are substituted with the

following expressions:

. 1 B T -1 57
h=a (1-RrR(CI+RR)RT), (3.37)
1 -1
h =g (1-5(Cor+578)7"57). (3.38)
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By using Eqns. (3.37) and (3.38), the iterative procedure can be written as follows:

ot = — 8z, (3.39)

H_ Rt (3.40)

The iterative method involves alternately solving Eqns. (3.39) and (3.40) until the algorithm
converges. Once the solutions vy, b; and vy, by are obtained, the corresponding hypersur-
faces generated by the kernel can be determined.

To determine the class label of a given sample & € R!*", the following decision rule is

applied:

+1, if |IC(:3 X )v1:b1| < |IC<: )UQ:‘ZD’
Label of 7 = VPTR(ONTJor T o (X XT s (3.41)
—1, otherwise.
The iterative algorithm for finding the parameters of the positive hyperplane of nonlinear

RoBoTS is detailed in Algorithm 3.2, and the algorithm to find the negative hyperplane

follows a similar structure.
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Algorithm 3.2 Optimization Procedure for nonlinear RoBoTS

1: Input: Training data {(z;, ;) }/,, Gaussian kernel parameter o, regularization parame-
ters (', Cy; RoBoSS loss parameters a, 77; convergence threshold §; maximum iterations
T.

2. Initialization: Set iteration counter ¢ = 0, and initialize 650) =0.

3: Compute:

R=[K(X;,X) e] ., S=[K(X_X) e

4: Construct:
1
h=a (I-R(CI+R'R)'R"),
1
S:CQ' [Sl SQ Sm_}

5: whilet < T do

6: Compute soft margins:
E® = max (0, 14+ S]T@Y)) CVj=1,....m.
7: Compute gradients:
)
N R L RO
8: Update:
@§t+1) = —J182§t)

o if |5 — 5" < 6 then

10: break

11: else

12: t—t+1
13: end if

14: end while
15: Output: Extract final parameters v; and b; from:

[U;—, bl] T _ f)%t-i-l)
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3.8.2 Inverse-Free RoBoTS (i-RoBoTS): An Alternate Optimization

Approach

The RoBoTS model described in Section 3.8.1 is solved through an iterative optimiza-
tion algorithm involving matrix inversion. Although this approach effectively addresses
the optimization problem, it becomes computationally expensive when applied to large-
scale datasets. The cubic complexity of matrix inversion renders it unsuitable for high-
dimensional data or datasets with large sample sizes. To alleviate this computational bot-
tleneck, we propose an alternative optimization strategy for RoBoTS using Nesterov’s ac-
celerated gradient (NAG)-based method. This technique preserves the original objective
function but eliminates the need for matrix inversion, significantly enhancing the scalability

of the model.

3.8.2.1 Linear Formulation

Unlike the inverse-based approach discussed in Section 3.8.1, here we directly minimize
the objective functions Py (10 ) and Py(ws), as defined in Eqns. (3.21) and (3.22), using their
respective gradients derived in Eqns. (3.23) and (3.24). The optimization is performed iter-
atively using the NAG-based algorithm, which augments gradient descent with a lookahead
step, thereby accelerating convergence. The NAG method is an improvement over the tra-
ditional gradient descent algorithm, incorporating a lookahead mechanism that improves
convergence speed and stability. In contrast to standard momentum-based methods, NAG
computes the gradient at a future (lookahead) position, providing more precise updates for
faster convergence.

The NAG optimization algorithm comprises the following steps:

1. Imitialization: Initialize @9 = 0, w) = 0, V? = 0, and V) = 0. Select a learning rate

a, momentum coefficient 7, stopping tolerance €, and maximum iteration count 7.
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2. Lookahead Step:

3. Gradient Computation: Use Eqns. (3.23) and (3.24) to evaluate the gradients:
g = VP (i),

g2 = VP (03)).

4. Velocity Update:

5. Parameter Update:

2 — Wy

6. Convergence Check: If both conditions are satisfied:

(t+1) (¢

@) — || < eand ol — ol || < e,

or if the maximum number of iterations 7' is reached, then terminate the optimization

process. Otherwise, proceed to the next iteration starting from Step 2.
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3.8.2.2 Nonlinear Formulation

The NAG-based optimization strategy for the nonlinear RoBoTS model follows a sim-

ilar procedure. Instead of optimizing over w; and w,, we optimize over v; and v9, as de-

scribed in Eqns. (3.31) and (3.32), using the gradients defined in Eqns. (3.33) and (3.34).

The optimization updates are identical to those described in the linear formulation. For im-

plementation details, the procedure for estimating the parameters of the positive hyperplane

is summarized in Algorithm 3.3. A similar methodology is employed for determining the

negative hyperplane.

Algorithm 3.3 Optimization Procedure for nonlinear i-RoBoTS

1:

Input: Training set {z;, y; }/",, Gaussian kernel parameter o, regularization parameter
C1, Cs, RoBoSS loss parameters a, 1), learning rate o, momentum coefficient +, conver-
gence threshold ¢, maximum iteration count 7'.

2: Tnitialize 5" = 0, V¥ =0, ¢ = 0.

9:
10:
11:
12:
13:
14:

while not converged and ¢ < 7" do
Lookahead step:
1~)§t) _ ﬁgt—n 4 ﬂ/l(t—1)

Compute gradients: Using Eqn. (3.33):
9= V(")

Update velocity:
Update parameters:

Convergence check:
if |50 — 3| < ¢ then
break
end if
t«—t+1
end while
Output: Extract final parameters v, and b, from:

[vir, bl]T _ 6§t+1)
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3.8.3 Generalization Analysis of RoBoTS Model

In this subsection, we derive a generalization error bound for the proposed RoBoTS
model. Our analysis leverages the key properties of the RoBoSS loss function, namely
boundedness and Lipschitz continuity, and employs the framework of Rademacher com-
plexity. The result provides a theoretical guarantee on the expected performance of the

learned classifier under the RoBoTS framework.

Let D = {(x, y;) }, denote the training data drawn i.i.d. from an unknown distribution
P over R" x{—1,+1}. Let ¢ : R™ — H denote the feature map induced by a Mercer kernel
K(x,x") = (¢(x), ¢(x')) into a reproducing kernel Hilbert space (RKHS) H. Consider the

function class:

Fp={f(x) = (W,0(x)) +b : [|w]x < B}.

The goal is to minimize the expected risk under the RoBoSS loss:

R(f) = Exy)~p [LroBoss(1 — 4.f(x))],

given only the empirical approximation:

N

R (f) = % Z Lroboss (1 — vi f(x;)) -

=1

To bound R(f) in terms of Ry, (f), we use Rademacher complexity-based generalization

theory [71], [87].

Theorem 3.8.1. Let Lgoposs : R — [0,7] be a bounded loss function that is "*-Lipschitz.

Then, for any f € Fpg, with probability at least 1 —  over the draw of a training set of size
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m, the following generalization bound holds:

2naBk N log(1/6)
e\/m g 2m

R(f) < Ru(f) +

where k? = sup, K(x, x) denotes the bound on the kernel diagonal.

Proof. The proof proceeds in three steps.

Step 1: Rademacher generalization bound. Let R,,(Fp) denote the empirical

Rademacher complexity of the function class Fp:

sup i Z o f (%)

m
fers 1T

R (Fp) =E,

Y

where o; are i.i.d. Rademacher variables taking values in {—1, +1} with equal probability.

For any loss function ¢(z) that is L-Lipschitz and bounded by 7, it is known [71] that

with probability at least 1 — ¢, the following holds:

R(f) < Rpn(f) + 2L - R (Fp) + 1 W.

Step 2: Lipschitz constant of RoBoSS loss. From Section III-B, we have shown that:
D rromss(©) < ™2, Ve R
df RoBoSS = e 9 )

hence, the RoBoSS loss is %‘l—Lipschitz.

Step 3: Bounding the Rademacher complexity. For RKHS-induced functions of the form
f(x) = (w,d(x)) + b, where ||w|| < Band ||¢(x)|3, = K(x,x) < k%, the Rademacher

complexity is bounded as (see [87]):

B
R (Fp) < 2,

122



CHAPTER 3. ROBOSS LOSS FUNCTION

Putting it all together: Using L = * and the bound on 3},,(F3), we obtain:

. na Bk log(1/6)
R(f) SRm(f)+2'?'\/—%+77 oy

This concludes the proof. [

3.8.4 Computational Complexity

The computational complexity of RoBoTS is predominantly driven by the matrix in-
version operations required during optimization. In the linear scenario, the model involves
computing the inverse of two matrices, each of size (n + 1) x (n + 1), corresponding to
the positive and negative class optimization problems. This results in a total complexity
of O(2T - (n + 1)?), where T denotes the maximum number of iterations. In the non-
linear case, the model computes the inverse of two kernel-induced matrices of dimensions
my X my and m_ X m_, yielding a computational complexity of O(T - (m3 + m?)). The
cubic dependence on either the feature dimensionality (in the linear case) or the number of
training samples per class (in the nonlinear case) makes the original RoBoTS formulation
computationally demanding, especially for large-scale datasets. To address this limitation,
the inverse-free RoBoTS variant employs NAG-based algorithm for optimization, thereby
eliminating matrix inversion entirely. In the linear case, the computational cost per iteration
is dominated by matrix-vector multiplications, leading to a total complexity of O(T"-m - n).
For the nonlinear formulation, where kernel evaluations dominate, the total complexity be-
comes O(T - m?). These improvements significantly enhance the scalability of RoBoTS

across both linear and nonlinear settings.
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3.9 RoBoTS Experimental Evaluation

This section aims to validate the effectiveness of the proposed RoBoTS models against
baseline models. The evaluation is conducted using a suite of statistical metrics and tests,
including accuracy, rank analysis, the Friedman test, the Nemenyi post-hoc test, and win-
tie-loss comparisons, to ensure a thorough and reliable comparison. The evaluation is per-
formed on several benchmark datasets from the KEEL and UCI repositories. Addition-
ally, to demonstrate the applicability of the proposed RoBoTS model in real-world scenar-
i0s, we assess it on two biomedical datasets: the breast cancer dataset (BreaKHis) and the

Alzheimer’s dataset (ADNI).

3.9.1 Compared Models, Experimental Setup, and Hyperparameter

Tuning

We evaluate the proposed RoBoTS models against a comprehensive set of benchmark
algorithms. Specifically, we compare the linear RoBoTS model with SVM [6], TSVM [10],
pinball loss-based generalized TSVM (Pin-GTSVM) [88], symmetric LINEX loss-based
TSVM (SLTSVM) [89], wave loss-based TSVM (Wave-TSVM) [67], and RoBoSS loss-
based SVM (RoBoSS-SVM) [90]. For the nonlinear RoBoTS model, we further broaden
the comparison by incorporating representative ensemble and randomized neural network
methods, specifically random forest (RF) [91], XGBoost (XGB) [92], random vector func-
tional link network (RVFL) [16], and deep RVFL (dRVFL) [20], in addition to the kernel-

based baselines used for the linear variant.

All experiments are implemented in MATLAB R2023a and executed on a Windows 10
workstation equipped with an Intel(R) Core(TM) 17-6700 processor (3.40 GHz, 4 cores,

8 threads) and 16 GB of RAM. To maintain consistency and ensure fair evaluation, all
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datasets are preprocessed through feature normalization, transforming each attribute to have
zero mean and unit variance. Model performance is assessed using a 4-fold cross-validation
strategy, where in each fold, 75% of the samples are used for training and the remaining
25% for testing. For every hyperparameter configuration, training and testing are performed
across all folds, and the highest testing accuracy obtained among them is reported as the
final result for each dataset.  This selection-and-reporting rule is applied identically to
all RoBoTS baselines and proposed variants, which preserves fairness of the comparison
under the adopted protocol. It does not, however, separate hyperparameter selection from
final performance estimation. Selecting the best value from the testing folds can introduce
optimistic selection bias [78]; hence, these results are conditional on the reported four-
fold protocol and should be confirmed in future work through nested cross-validation or a
separate validation and test design. The retained outputs likewise do not contain fold-level
confusion matrices, so additional class-sensitive metrics cannot be reconstructed without

rerunning the experiments.

For nonlinear models, we utilize the Gaussian kernel function. For SVM and RoBoSS-
SVM the regularization parameter and the kernel parameter are selected from the set
{10°|i = —6,—4,...,4,6}. Similarly, for TSVM-based models—including TSVM, Pin-
GTSVM, SLTSVM, Wave-TSVM, and the proposed RoBoTS—the regularization param-
eters (Cy and C}), as well as the kernel parameter, are chosen from the same set. For
Pin-GTSVM, the hyperparameter 7 is selected from the values {0.1,0.3,0.5,0.8,1}. In
the case of Wave-TSVM and RoBoSS-SVM, the loss function parameters are set to the
same values as reported in [67] and [90], respectively. For the proposed RoBoTS mod-
els, the shape parameter (a) and the bounding parameter () are tuned within the ranges
0.1 : 0.2 : 5.1] and [0.5 : 0.5 : 1.5], respectively. In SLTSVM, Wave-TSVM, and

RoBoTS, the structural risk minimization parameters (C; and C}3) are also selected from the
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set {10"|7 = —6, —4,...,4,6}. For these models, we set C; = C5 and Cy = Cj. To solve
the optimization problems using the iterative algorithm in SLTSVM, Wave-TSVM, and pro-
posed RoBoTS, the convergence precision (6) is set to 107%, and the maximum number of
iterations () is fixed at 50. For the i-RoBoTS model, the parameters of the NAG-based
optimization algorithm are configured as follows: the learning rate « is set to 0.001, the mo-
mentum coefficient 7y is 0.9, the convergence tolerance € is 1079, and the maximum number
of iterations 7" is set to 100. For random forest, the number of trees € {50, 100,200}, min-
imum leaf size € {1,3,5,10}, and maximum number of splits € {10, 20,50,100}. For
XGBoost, we explore maximum tree depth € {3, 5, 7}, learning rate () € {0.05,0.1,0.2},
number of boosting rounds € {50, 100,200}, subsample ratio € {0.8,1.0}, and column-
sampling ratio € {0.8,1.0}. For the RVFL model, the ridge regularization parameter and
and the number of hidden nodes are selected from {10° | i = —6:2:6} and [3:20:203], respec-
tively. For deep RVFL, hyperparameter tuning is performed in two stages: in Stage 1 (coarse
search), the regularization parameter € {10°|¢ = —6:2:6} and number of hidden nodes
€ {256,512,1024}; in Stage 2 (refined search), the number of layers € {1,2,...,10}, and
scaling as well as local perturbations of C' and N are applied within +10% of the best Stage-
1 values to further optimize model performance. Both RVFL and deep RVFL employ the

ReLU activation function in all experiments.
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Table 3.12: Classification accuracy comparison of proposed linear RoBoTS with baseline
models on UCI and KEEL datasets.

Dataset | | Model — SVM [6] TSVM [10] Pin-GTSVM [88] SLTSVM [89] Wave-TSVM [67] RoBoSS-SVM [90] i-RoBoTS! RoBoTS’
breast_cancer 100 100 98.59 98.59 100 96.71 98.88 100
(286, 9)

breast_cancer_wisc 95.43 96.68 98.68 78.16 91.43 75.59 76.99 93.10
(699, 9)

congressional_voting 64.22 63.89 66.91 65.14 66.97 66.99 66.57 67.89
(435, 16)

credit_approval 69.94 91.84 94.08 83.82 93.64 93.66 98.91 96.22
(690, 15)

horse_colic 82.61 84.22 84.89 73.91 76.09 90.41 90.55 89.52
(368, 25)

monks_1 50.36 71.22 79.73 89.93 89.21 84.19 86.11 93.53
(556, 6)

pima 75.52 76.21 75.40 71.88 73.96 80.59 80.97 75.48
(768, 8)

pittsburg_bridges_ T_OR_D 92.31 96.00 95.83 96.00 100 96.71 97.50 100
(102,7)

spect 71.64 72.27 73.67 68.18 77.27 79.13 80.18 76.24
(265,22)

statlog_heart 80.88 85.55 88.04 67.65 70.59 88.05 89.30 73.13
(270, 13)

vertebral_column_2clases 100 100 100 100 100 96.71 99.24 100
(310, 6)

aus 87.86 89.12 88.37 78.03 76.30 87.40 89.81 81.98
(690, 14)

ecoli0137vs26 93.59 92.12 93.13 92.31 94.81 95.47 98.14 97.40
(311,7)

ecoli01vs5 100 93.24 93.25 95.00 95.00 91.88 94.03 95.00
(240,7)

ecoli3 91.67 90.31 92.44 92.86 92.86 94.41 96.49 97.62
(336,7)

led7digit-0-2-4-5-6-7-8-9_vs_1 93.69 96.40 94.32 93.69 97.27 94.97 96.91 96.40
(443,7)

monk1 53.96 56.12 56.20 56.83 60.43 60.43 59.78 60.43
(556, 6)

monk3 51.80 54.68 55.95 56.83 58.27 58.44 59.50 59.99
(554, 6)

shuttle-6_vs 2-3 100 100 100 100 100 96.71 99.42 100
(230,9)

shuttle-c0-vs-c4 100 100 100 97.16 97.82 94.99 92.85 97.81
(1829, 9)

transfusion 59.36 87.17 83.87 87.17 87.70 86.82 87.04 88.24
(748, 4)

votes 94.33 95.17 96.48 79.82 95.25 95.39 98.02 97.41
(435, 16)

vowel 95.55 95.14 96.43 91.50 93.12 93.98 96.16 95.55
(988, 10)

yeast-0-3-5-9_vs_7-8 92.13 95.24 84.19 95.24 95.24 93.65 95.80 95.24
(506, 8)

yeastlvs7 94.78 92.10 92.78 94.78 94.78 95.66 94.02 100
(483, 8)

Average Acc. 83.67 86.99 87.33 84.18 87.12 87.56 88.93 89.13
Average Rank 5.50 5.06 4.78 5.76 4.12 4.60 3.32 2.86
W, T, L of baseline w.r.t. RoBoTS (6,4, 15) (5,5,15) (5,2,18) 0,4,21) 3,7,15) (5,1,19) (11,0, 14) N/A

T denotes the proposed models. Best and second-best results are shown in bold and underlined, respectively.

(2,9, ) denotes the number of wins, ties, and losses of each baseline model when compared against the proposed RoBoTS model, respectively.
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Table 3.13: Classification accuracy comparison of proposed nonlinear RoBoTS with base-
line models on UCI and KEEL datasets.

Dataset | | Model — SVM [6] RF[91] XGB[92] RVFL[16] TSVM[10] Pin-GTSVM [88] SLTSVM [89] Wave-TSVM [67] RoBoSS-SVM [90] dRVFL [20] i-RoBoTS" RoBoTS"
breast_cancer 100 5622 5484 100 100 100 100 100 100 100 100 100
;::;;:,cancer,wisc 100 9714 9628 94.83 100 100 100 100 77.98 9555 78.16 100
::.’:;ressional,vming 65.14 6207 6207 64.14 6330 67.62 66.97 66.97 69.38 65.74 67.89 6789
::‘:d‘:(]xppruval 84.39 86.38 85.51 95.27 98.84 90.37 97.11 96.00 97.50 98.42 99.42 99.42
::;s‘:colic 7609 8886 8614 87.13 88.04 86.76 85.87 83.00 9220 89.30 93.48 89.13
:fm;'sl 7266 7320 7662 90.24 7338 87.74 78.42 81.00 86.00 92.68 87.05 86.33
;f.",.il 7969 7826 7734 79.69 79.69 79.64 8021 80.21 8298 79.69 83.33 81.77
;::Q:ng,hridgeslom) 96 89.08  88.12 96.15 96.15 97.92 96 100 100 100 100 100
;::;;; 63.64 72.08 73.22 74.24 75.76 74.80 74.24 77.27 81.52 76.79 81.82 80.30
::;i;:g,hem 7463 8522 83.00 83.58 85.07 8531 88.06 88.06 89.80 85.55 91.04 89.71
t;:t:;)ral,colnmnlc]ases 100 63.91 65.21 96.10 100 100 100 100 100 100 100 100
;:;m 8497 884l 88.26 91.91 88.95 87.93 90.70 91.28 89.79 9191 92.44 91.86
:‘:Zl;:;lﬂvs% 9359 9679 9679 95.72 93.12 93.42 98.72 97.50 97.86 96.72 98.72 100
:;;l;;}lvss 100 98.33 98.33 100 94.35 94.26 95.00 93.50 93.50 100 95.00 95.00
Liilm 9167 9405 93.16 95.62 91.40 93.40 97.62 97.62 96.80 96.62 97.62 97.62
;;ﬁ;;ign-o-z-4-5-6-7-8-9,vs,1 9640 9662 9639 96.20 9730 94.79 97.30 97.00 97.36 97.20 98.20 98.20
r:m;;d 5396 5126 5180 56.83 55.40 57.34 55.40 55.40 62.82 56.83 61.15 56.83
:::;LS 51.08 51.44 51.44 55.40 57.55 56.66 55.40 56.12 60.83 56.12 60.43 57.55
:tjzzéle.e,vsg.s 100 100 98.71 100 100 100 100 100 99.10 100 100 100
:l::;:;le-co-vs-ca 100 100 99.89 100 100 100 100 100 97.38 100 94.09 100
(1829, 9)

transfusion 87.17  79.01 78.74 85.17 87.17 87.17 87.17 87.70 88.70 86.17 87.70 88.24
J;:; 8991 9633 96.56 96.08 98.17 98.57 99.07 99.07 97.78 97.08 99.07 99.08
:Jw:; 95.14 9767 9787 9538 99.19 99.55 95.95 98.38 95.90 96.60 97.17 98.79
;Z:s‘::ﬂ-}s-‘),vsj-s 93.65 91.70 91.31 93.24 95.24 84.11 95.24 95.50 96.04 95.83 96.83 95.24
;;Z;élvs7 8418 9499 9412 89.65 93.10 9531 94.78 9478 97.50 91.52 9478 100
::L?agc Acc. 8536 8356 8327 88.50 88.45 8851 89.17 89.45 89.95 89.85 90.22 90.92
Average Rank 9.04 8.74 9.34 7.70 6.30 6.68 6.02 548 488 5.62 372 348
W, T, L of baseline w.r.t. RoBoTS (1,5,19) (1,2,22) (1,0.24) (3,4,18) (17,17 (3,5,17) (0,8, 17) (1,7,17) 9,3, 13) G.6,14 (9097 N/A

T denotes the proposed model. Best and second-best results are shown in bold and underlined, respectively.

(,y, z) denotes the number of wins, ties, and losses of each baseline model when compared against the proposed RoBoTS model, respectively.
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3.9.2 Experimental Results on Benchmark KEEL and UCI Datasets

To evaluate the effectiveness of the proposed RoBoTS models, we downloaded 25
benchmark datasets obtained from the KEEL [79] and UCI [80] repositories. The selected
datasets cover a broad range of domains, such as health and medicine (e.g., breast_cancer),
business and finance (e.g., credit_approval), and biology (e.g., ecoli3), ensuring that the
evaluation encompasses both homogeneous and heterogeneous feature distributions. The
datasets vary in size and complexity, with the number of features ranging from 4 to 25 and
the number of samples ranging from 102 to 1829, thereby enabling a comprehensive assess-
ment of model generalization capability. The results for the linear models (Table 3.12) and
nonlinear models (Table 3.13) clearly indicate that the proposed RoBoTS models consis-
tently outperform their respective baseline across the majority of datasets.

For linear models (see Table 3.12), the proposed RoBoTS achieves the highest average
accuracy of 89.13%, while the proposed i-RoBoTS model, optimized via an inverse-free
strategy, delivers the second-best average accuracy of 88.93%, demonstrating that the inte-
gration of the RoBoSS loss function significantly enhances the robustness of linear TSVM
classifiers. Notably, the RoBoSS-SVM model also performs strongly, achieving the third-
highest average accuracy of 87.56%, which further affirms the general efficacy of the Ro-
BoSS loss across different SVM variants. Other baseline models such as Pin-GTSVM and
Wave-TSVM follow closely with average accuracies of 87.33% and 87.12%, respectively.
Other models like TSVM (86.99%), SLTSVM (84.18%), and SVM (83.67%) rank lower,
emphasizing the limitations of the unbounded loss functions. In terms of average rank,
RoBoTS also achieves the best consistency with a rank of 2.86, better than i-RoBoTS at
3.32. Wave-TSVM secures the third-best average rank of 4.12, followed by RoBoSS-SVM
and Pin-GTSVM with a rank of 4.60 and 4.78, respectively. TSVM achieves a rank of

5.06, while SLTSVM and SVM perform less consistently, with ranks of 5.76 and 5.50, re-
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spectively. These rankings underscore the robustness and reliability of proposed models

compared to baseline linear models.

For nonlinear models (see Table 3.13), the proposed RoBoTS model achieves the high-
est average classification accuracy of 90.92%, demonstrating its robustness and adaptability
across diverse datasets. The inverse-free variant, i-RoBoTS, follows closely with an accu-
racy of 90.22%, confirming the consistency of the proposed framework. The RoBoSS-SVM
ranks third with an accuracy of 89.95%, reaffirming the effectiveness of the RoBoSS loss
function across different SVM-based architectures. Among the other competitive baselines,
Wave-TSVM and SLTSVM achieve average accuracies of 89.45% and 89.17%, respec-
tively, while Pin-GTSVM and TSVM record slightly lower performances of 88.51% and
88.45%. The RVFL and dRVFL models yield accuracies of 88.50% and 89.85%, indicating
that although randomized neural networks perform well, the proposed RoBoTS framework
provides superior stability and accuracy. Traditional ensemble methods such as random for-
est and XGBoost attain average accuracies of 83.56% and 83.27%, respectively, whereas the
conventional SVM exhibits an accuracy of 85.36%. In terms of average rank, the proposed
RoBoTS achieves the best ranking of 3.48, followed by i-RoBoTS with 3.72. RoBoSS-
SVM, Wave-TSVM, and SLTSVM follow with ranks of 4.88, 5.48, and 6.02, respectively.
Classical methods such as TSVM (6.80), Pin-GTSVM (6.68), RVFL (7.70), and SVM (9.04)
show comparatively higher average ranks, indicating less consistent performance across
datasets. These results collectively highlight the superiority and generalization capability of

the proposed RoBoTS models over both kernel-based and ensemble-based baselines.

To further substantiate the superior performance of the proposed models compared to
baseline methods, we conduct several statistical tests, including the Friedman test, the Ne-
menyi post-hoc test, and win-tie-loss comparisons to provide a comprehensive evaluation

of the results.
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Friedman test: The Friedman test [25] is conducted to determine whether the performance
differences among the models are statistically significant. This test evaluates the relative
performance of models by ranking them across multiple datasets. For each dataset, the
model with the highest performance is given a rank of 1, followed by the second-best model
with a rank of 2, and so on. According to the null hypothesis, all models are considered
equivalent, implying that their average ranks do not significantly differ. The findings of the
Friedman test for both linear and nonlinear models are summarized in Table 3.14. For linear
models, with [ = 8 and D = 25, the computed values are X% = 30.0667 and Fr = 4.9788.
For nonlinear models, with | = 12 and D = 25, the corresponding values are x% = 87.8954
and Fr = 11.2744. In both cases, the computed F statistics exceed the critical values,
leading to the rejection of the null hypothesis that all models perform equivalently. This
result confirms that the observed performance differences among the models are statistically
significant.

Table 3.14: Friedman test results for linear and nonlinear RoBoTS models against baseline models
on KEEL and UCI datasets.

. . | Significant difference
Modeltype | 1| D X Fr F=-1.(t-)(D-1) (Af per Friedman test)
Linear 8 | 25| 30.0667 | 4.9788 2.06 Yes
nonlinear 12 | 25 | 87.8954 | 11.2744 1.82 Yes

Table 3.15: Nemenyi post-hoc test results for the linear RoBoTS model against baseline models on
KEEL and UCI datasets.

Model Average rank | Rank difference Significant cl:hfference
(As per Nemenyi post-hoc test)
SVM [6] 5.5 2.64 Yes
TSVM [10] 5.06 22 Yes
Pin-GTSVM [88] 4.78 1.92 Yes
SLTSVM [89] 5.76 29 Yes
Wave-TSVM [67] 4.12 1.26 No
RoBo0SS-SVM [90] 4.6 1.74 No
RoBoTST 2.86 - N/A

T denotes the proposed model.

Nemenyi post-hoc test: The Nemenyi post-hoc test [25] is employed to identify pairwise
differences between models after determining that performance differences exist. This test

assesses whether the mean ranks of two models vary beyond a predefined threshold known
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Table 3.16: Nemenyi post-hoc test results for the nonlinear RoBoTS model against baseline models
on KEEL and UCI datasets.

Significant difference

Model Average rank | Rank difference (As per Nemenyi post-hoc test)
SVM [6] 9.04 5.56 Yes
RF [91] 8.74 5.26 Yes
XGB [92] 9.84 6.36 Yes
RVFL [16] 7.70 422 Yes
TSVM [10] 6.80 3.32 Yes
Pin-GTSVM [88] 6.68 3.20 Yes
SLTSVM [89] 6.02 2.54 No
Wave-TSVM [67] 5.48 2.00 No
RoB0SS-SVM [90] 4.88 1.40 No
dRVFL [20] 5.62 2.14 No
RoBoTST 3.48 - N/A

T denotes the proposed model.

as the critical difference (C.D.). If the deviation between the mean ranks of two models
surpasses the C.D., the model with the lower mean rank is considered statistically better
because rank 1 denotes the best performance. In this study, at a 10% significance level, the
computed value of C.D. is 1.92 for the linear models and 3.09 for the nonlinear models.
Tables 3.15 and 3.16 provide the results of the Nemenyi post-hoc test for linear and nonlin-
ear models, respectively. For linear models (see Table 3.15), the following observations are
made: RoBoTS exhibits a rank difference of 2.9 from SLTSVM, 2.64 from SVM, 2.2 from
TSVM, and 1.92 from Pin-GTSVM. These differences exceed the critical value and confirm
that the RoBoTS model significantly outperforms these classical formulations. In contrast,
the rank differences between RoBoTS and other baselines are below the critical threshold
and thus not statistically significant. Specifically, the rank difference with RoBoSS-SVM
is 1.74, and with Wave-TSVM is 1.26. Although these differences suggest that RoBoTS
performs better in terms of rank. Despite some rank differences not reaching statistical sig-
nificance, the combined results from accuracy, rank, and the Friedman test clearly highlight
the remarkable performance of RoBoTS compared to all baseline models. For nonlinear
models (see Table 3.16), the proposed RoBoTS model achieves the best average rank of
3.48. The rank differences between RoBoTS and several baseline models, SVM (5.56),

RF (5.26), XGB (6.36), RVFL (4.22), TSVM (3.32), and Pin-GTSVM (3.20), all exceed
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the critical difference value of 3.09, indicating that the proposed RoBoTS model performs
significantly better than these methods. In contrast, the rank differences with SLTSVM
(2.54), Wave-TSVM (2.00), RoBoSS-SVM (1.40), and dRVFL (2.14) fall below the criti-
cal difference threshold, suggesting that while RoBoTS maintains the best overall rank, its
improvements over these models are not statistically significant. Nonetheless, when consid-
ered alongside the average accuracy and Friedman test results, these outcomes substantiate
the robustness and consistent superiority of the proposed RoBoTS model against baseline

models.

Win-tie-loss test: The win-tie-loss test [25] is a commonly used pairwise statistical method
to determine whether there is a significant difference between the performances of two mod-
els. Under the null hypothesis, it is assumed that the two models are equivalent, meaning
that each model is expected to win on D /2 out of D datasets, where D is the total number
of datasets. At a 5% level of significance, two models are considered significantly different
if one model achieves at least D/2 + 1.96/D/2 wins. In cases where there is a tie, the
score is shared equally between the two models. For D = 25, the threshold for a significant
difference is calculated as D/2 + 1.96/D/2 = 17.4 wins. The win-tie-loss analysis for
linear and nonlinear models is presented at the bottom of Tables 3.12 and 3.13, respectively.
For clarity, the triplet notation (z,y, z) represents the number of wins, ties, and losses of
each baseline model when compared against the proposed RoBoTS model, respectively.
For the linear models, RoBoTS demonstrates clear superiority over the majority of base-
lines. Specifically, when compared with SVM (6, 4, 15), TSVM (5, 5, 15), Pin-GTSVM (5,
2, 18), SLTSVM (0, 4, 21), Wave-TSVM (3, 7, 15), and RoBoSS-SVM (5, 1, 19), the num-
ber of losses for each baseline far exceeds the wins, indicating that RoBoTS outperforms
all competing methods on most datasets. Even when compared with its inverse-free coun-

terpart, i-RoBoTS (11, 0, 14), the results show competitive performance, with both variants
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performing strongly across datasets. For the nonlinear models, RoBoTS again exhibits dom-
inant performance. Baseline methods such as SVM (1, 5, 19), RF (1, 2, 22), XGB (1, 0, 24),
RVFL (3, 4, 18), TSVM (1, 7, 17), and Pin-GTSVM (3, 5, 17) record significantly fewer
wins than losses, confirming that RoBoTS outperforms them across most datasets. Although
SLTSVM (0, 8, 17), Wave-TSVM (1, 7, 17), RoBoSS-SVM (9, 3, 13), and dRVFL (5, 6, 14)
achieve closer competition, their win counts remain well below the 17.4 threshold required
for statistical significance. The i-RoBoTS model (9, 9, 7) performs comparably to RoBoTS,
further validating the stability and reliability of the proposed framework. Overall, after dis-
tributing ties equally between the compared models, RoBoTS consistently outperforms the
majority of baselines in both linear and nonlinear settings.

These findings, together with the Friedman and Nemenyi test outcomes, provide strong
evidence of the robustness and general effectiveness of the proposed RoBoTS models across

diverse datasets and configurations.

Table 3.17: Classification accuracy comparison of proposed RoBoTS with baseline models
on the BreaKHis dataset.

Dataset | | Model -~ SVM [6] RF [91] XGB[92] RVFL[16] TSVM[10] Pin-GTSVM [88] SLTSVM [89] Wave-TSVM [67] RoBoSS-SVM [90] dRVFL [20] RoBoTS'

ad_vs_dc 70.89 84.42 84.72 70.89 88.46 91.46 88.46 89.74 90.21 74.68 91.03
(314,768)
ad_vs_lc 63.93 60.48 61.29 73.33 72.13 69.09 63.93 68.85 68.41 70.00 717.05
(243,768)
ad_vs_mc 66.67 67.62 64.71 70.59 72.46 70.88 68.12 73.91 73.06 72.46 7391
(275,768)
ad_vs_pc 63.93 62.30 62.30 68.85 67.21 77.15 67.21 70.49 70.90 67.21 72.13
(244, 768)
fd_vs_dc 64.86 83.15 82.02 69.37 86.49 78.84 84.68 86.49 86.25 71.17 89.19
(445, 768)
fd_vs_lc 66.67 68.21 66.86 68.82 70.97 70.44 70.97 69.89 69.42 70.97 70.97
(374,768)
fd_vs_mc 64.36 62.57 60.85 65.69 65.35 63.02 64.36 66.67 67.15 67.65 68.32
(406, 768)
fd_vs_pc 66.67 68.55 68.81 72.34 69.15 68.13 67.74 69.15 69.64 73.12 75.27
(375,768)
pt_vs_dc 67.90 86.69 85.15 70.37 91.36 90.33 88.75 90.12 89.55 72.84 91.36
(323,768)
pt-vs_lc 58.73 57.54 57.14 60.32 61.90 60.82 65.08 66.67 66.20 66.67 66.67
(252,768)
pt_vs_me 63.38 65.85 63.73 66.20 74.65 74.68 71.83 71.83 71.29 66.20 71.83
(284,768)
pt_vs_pc 59.38 64.83 63.20 62.50 68.25 76.36 70.31 70.31 70.68 65.08 70.31
(253,768)
ta_vs_dc 81.18 71.79 79.25 69.05 8235 80.24 81.18 82.35 81.79 72.94 84.71
(338,768)
ta_vs_lc 61.19 73.40 72.27 65.67 77.61 76.59 74.63 72.73 7232 71.21 74.24
(267,768)
ta_vs_mc 60.00 68.86 67.55 65.33 70.67 70.56 65.33 69.33 68.88 64.00 72.00
(299,768)
ta_vs_pc 62.69 66.42 58.96 61.19 67.16 68.78 67.16 68.66 69.11 68.66 74.63
(268,768)
Average Acc. 65.15 69.92 68.68 67.53 74.14 74.21 7248 74.20 74.05 69.68 76.48

Average Rank 9.81 8.34 9.09 7.84 4.00 4.44 6.03 4.03 4.31 6.19 191
T denotes the proposed model. Best and second-best results are in bold and underlined, respectively.
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Table 3.18: Classification accuracy comparison of proposed RoBoTS with baseline models

on the ADNI dataset.

Dataset | \ Model — SVM [6] RF[91] XGB[92] RVFL[16] TSVM[10] Pin-GTSVM [88] SLTSVM [89] Wave-TSVM [67] RoBoSS-SVM [90] dRVFL [20] RoBoTS"
CN_VS_AD 76.92 87.71 87.47 91.23 91.35 91.59 91.35 93.27 92.37 93.15 94.23
(415,91)

CN_VS_MCI 75.16 72.35 72.99 76.07 71.07 76.41 72.61 75.16 74.26 76.43 78.98
(626,91)

MCI_VS_AD 72.60 72.65 71.79 77.51 76.71 75.07 78.77 78.77 77.87 79.19 80.82
(585,91)

Average Acc. 74.89 77.57 77.42 81.60 81.71 81.02 80.91 82.40 81.50 82.92 84.68
Average Rank 9.17 9.67 10.00 6.33 5.17 5.67 6.67 4.00 5.67 2.67 1.00

T denotes the proposed model. Best and second-best results are in bold and underlined, respectively.

3.9.3 Experimental Results on Biomedical Datasets

To demonstrate the practical applicability and effectiveness of the proposed RoBoTS

model in real-world scenarios, we evaluate its performance using the proposed nonlinear

RoBoTS model on two widely used biomedical datasets: the BreaKHis dataset, a breast

cancer dataset, and the Alzheimer’s Disease Neuroimaging Initiative (ADNI) dataset.

* BreaKHis dataset: The BreaKHis dataset [83] comprises histopathological images,

and for this study, we utilize 1,240 scans captured at a magnification of 400 times.

These scans are categorized into benign and malignant classes, each further subdi-

vided into specific subclasses. The benign class includes phyllodes tumor (PT) with

115 scans, adenosis (AN) with 106 scans, fibroadenoma (FD) with 237 scans, and

tubular adenoma (TA) with 130 scans. The malignant class consists of lobular car-

cinoma (LC) with 137 scans, papillary carcinoma (PC) with 138 scans, ductal carci-

noma (DC) with 208 scans, and mucinous carcinoma (MC) with 169 scans. Feature

extraction is performed following the same methodology as described in [84]. Ta-

ble 3.17 presents the performance comparison of the proposed nonlinear RoBoTS

model against the baseline models on the BreaKHis dataset, highlighting the supe-

rior classification capability of the proposed RoBoTS model. RoBoTS achieves the

highest average accuracy of 76.48%, outperforming all baseline models. Among the

baseline methods, TSVM, Wave-TSVM, and Pin-GTSVM show competitive results
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with average accuracies of 74.14%, 74.20%, and 74.21%, respectively. SLTSVM and
RoBo0SS-SVM record accuracies of 72.48% and 74.05%, while ensemble and ran-
domized neural network models such as RF, XGB, RVFL, and dRVFL attain lower
accuracies of 69.92%, 68.68%, 67.53%, and 69.68%, respectively. SVM performs
the least effectively, with an average accuracy of 65.15%. The difference in accuracy
between RoBoTS and the best-performing baseline model, Pin-GTSVM, is 2.27%,
reflecting the enhanced robustness and adaptability of the proposed model. Simi-
larly, RoBoTS surpasses Wave-TSVM and TSVM by 2.28% and 2.34%, respectively,
showcasing its superior generalization ability across the subclassification tasks of the
BreaKHis dataset. In terms of average rank, the proposed RoBoTS achieves the best
rank of 1.91, indicating consistent top-tier performance across most subclassification
tasks. Among the baselines, TSVM, Wave-TSVM, and RoBoSS-SVM follow with
ranks of 4.00, 4.03, and 4.31, respectively, while Pin-GTSVM records a rank of 4.44.
SLTSVM (6.03), RVFL (7.84), and the ensemble methods (RF: 8.34, XGB: 9.09) per-
form less consistently, and SVM ranks the lowest with 9.81. Overall, the results in
Table 3.17 demonstrate that the proposed RoBoTS model consistently achieves higher
accuracy and superior rank compared to all baseline models. This performance can be
attributed to the bounded, smooth, and sparse properties of the RoBoSS loss function,
which collectively enhance the model’s robustness and stability in histopathological

image classification tasks.

» ADNI dataset: We now evaluate the performance of the proposed nonlinear RoBoTS
model against baseline models on the ADNI dataset, accessible at adni.loni.usc.edu.
Alzheimer’s disease (AD) is a well-known neurodegenerative disorder that gradually
leads to memory loss and cognitive decline [93]. The progression of AD is irreversible

and is characterized by significant atrophy in the brain’s inner regions. Research sug-
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gests that early detection and timely intervention can help slow the progression of AD,
emphasizing the importance of initiating treatment at the earliest possible stage [94].
The ADNI project was established to investigate various neuroimaging techniques,
such as positron emission tomography, magnetic resonance imaging, and other diag-
nostic methods, particularly focusing on detecting mild cognitive impairment (MCI)
as an early stage of AD. The ADNI dataset serves as a valuable resource for de-
veloping and evaluating machine learning models for AD diagnosis. In this study,
we use the same feature extraction pipeline as described in [95]. The dataset in-
cludes three classification cases: control normal (CN) versus AD, CN versus MCI,
and MCI versus AD. Table 3.18 presents the performance comparison of the pro-
posed RoBoTS model against various baseline models for these three classification
tasks. The proposed RoBoTS model demonstrates superior performance across all
cases, achieving the highest average accuracy of 84.68%, outperforming all com-
peting methods. Among the baseline approaches, dRVFL attains the second-highest
average accuracy of 82.92%, followed by Wave-TSVM with 82.40% and TSVM with
81.71%. Pin-GTSVM, RoBoSS-SVM, and SLTSVM achieve comparable accuracies
of 81.02%, 81.50%, and 80.91%, respectively. Ensemble and traditional models such
as RVFL (81.60%), RF (77.57%), XGB (77.42%), and SVM (74.89%) perform rel-
atively lower. For the CN versus AD classification, RoBoTS achieves the highest
accuracy of 94.23%, outperforming all baselines, including the next best-performing
model, Wave-TSVM, which attains 93.27%. Similarly, for CN versus MCI, RoBoTS
records an accuracy of 78.98%, surpassing TSVM (77.07%) and dRVFL (76.43%).
In the MCI versus AD case, RoBoTS achieves 80.82%, again outperforming dRVFL
(79.19%) and Wave-TSVM (78.77%). The consistent improvements across all three

cases highlight the robustness and adaptability of the proposed RoBoTS model in
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Table
noise

handling the subtle variations and overlapping patterns inherent in Alzheimer’s dis-
ease progression. In terms of average rank, RoBoTS secures the top position with a
rank of 1.00, reflecting its consistent superiority across all classification tasks. The
dRVFL model ranks second with 2.67, followed by Wave-TSVM (4.00) and TSVM
(5.17). Pin-GTSVM, RoBoSS-SVM, and SLTSVM follow with ranks of 5.67, 5.67,
and 6.67, respectively. Traditional and ensemble methods, including RVFL (6.33),
SVM (9.17), RF (9.67), and XGB (10.00), exhibit comparatively weaker consistency
and performance. Overall, the results in Table 3.18 clearly demonstrate that the pro-
posed RoBoTS model not only achieves the highest accuracy across all classification
scenarios but also consistently ranks first among all compared methods. These find-
ings reaffirm the effectiveness of the RoBoSS loss function and the robustness of the
proposed RoBoTS framework in modeling the complex decision boundaries associ-

ated with AD classification.

3.19: Classification accuracy comparison of models on noise-injected datasets. The
level indicates the percentage of label corruption. The proposed RoBoTS model

demonstrates superior robustness to increasing noise levels.

Dataset Noise (%) SVM[6] RF[91] XGB[92] RVFL[16] TSVM[I0] Pin-GTSVM [88] SLTSVM [89] Wave-TSVM [67] RoBoSS-SVM [90] RoBoTS'
5 97.2 95.8 94.9 93.7 97.9 97.6 97.3 97.5 96.8 98.6
10 95.1 93.4 92.8 91.6 96.2 95.8 95.1 95.3 94.7 97.9
breast_cancer_wisc 20 91.3 88.9 88.1 86.4 93.2 92.4 91.7 92.1 91.0 96.5
30 86.8 83.7 824 80.9 89.1 88.3 87.6 88.0 87.1 95.1
Avg. Acc. 92.6 90.5 89.6 88.1 94.1 93.5 92.9 93.2 92.4 96.8
5 81.9 83.5 82.7 90.6 94.3 87.9 925 91.6 94.0 97.8
10 79.4 80.2 79.5 87.3 92.1 85.2 89.6 88.8 91.2 96.4
credit_approval 20 75.6 76.8 75.9 834 88.3 81.5 85.1 84.2 87.3 94.8
30 71.8 72.6 72.1 79.2 83.7 77.4 81.6 80.8 83.5 92.7
Avg. Acc. 77.2 78.3 71.6 85.1 89.6 83.0 87.2 86.4 89.0 95.4
5 743 86.2 84.3 854 86.6 85.7 84.6 829 90.5 88.8
10 71.6 83.4 815 82.7 83.9 83.1 81.8 80.3 87.7 87.1
horse_colic 20 67.9 79.1 71.0 78.6 80.2 79.5 78.2 76.8 84.1 854
30 63.8 75.4 72.9 74.2 76.3 75.8 74.5 73.1 80.6 832
Avg. Acc. 69.4 81.0 78.9 80.2 81.8 81.0 79.8 78.3 85.7 86.1
5 94.1 94.5 94.3 94.1 95.8 94.2 95.6 95.4 95.9 97.6
10 91.6 91.8 91.5 91.2 93.7 92.1 933 93.1 93.5 96.8
led7digit-0-2-4-5-6-7-8-9_vs .1 20 88.4 88.7 88.5 88.0 90.6 89.0 90.1 89.8 90.3 95.3
30 84.2 84.6 84.3 83.8 86.9 85.2 86.0 85.6 86.4 93.8
Avg. Acc. 89.6 89.9 89.6 89.3 91.8 90.1 91.3 90.9 91.5 95.9
5 51.8 49.5 50.3 54.8 53.9 55.7 53.9 54.0 60.4 559
10 493 47.0 478 523 51.4 53.1 51.3 515 58.0 54.6
monk1 20 46.1 44.0 44.7 49.1 48.4 50.0 48.3 48.4 54.9 53.0
30 43.0 412 41.8 46.0 453 47.0 452 453 52.1 51.8
Avg. Acc. 47.6 45.4 46.2 50.5 49.8 515 49.7 49.8 56.4 538
T denotes the proposed model. Best and second-best results are bold and underlined, respectively.
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3.9.4 Experimental Results on Noisy Datasets

To further assess the robustness of the proposed RoBoTS model in noisy environ-
ments, we conduct additional experiments on noise-injected datasets. This analysis pro-
vides empirical evidence of the model’s stability under label perturbations and supports
its claimed resilience to noise. In the experiment, label noise is simulated by randomly
flipping a specified percentage of class labels in each dataset. Four levels of noise, 5%,
10%, 20%, and 30%, are introduced to evaluate how progressively corrupted labels affect
model performance. Five datasets are selected to cover a diverse range of data distribu-
tions: breast_cancer_wisc, credit_approval, horse_colic, led7digit-0-2-4-5-6-7-8-9_vs_1, and
monk1. These datasets are chosen strategically to analyze different scenarios of model be-
havior under noise. Specifically, breast_cancer_wisc represents a case where the proposed
RoBoTS model performs comparably to the best baseline methods under clean conditions (a
tie). The credit_approval and led7digit-0-2-4-5-6-7-8-9_vs_1 datasets are selected as repre-
sentative cases where RoBoTS achieves the best overall performance, allowing us to exam-
ine its robustness when it already dominates under clean data. Conversely, horse_colic and
monk1 are included as challenging cases where RoBoTS does not yield the best accuracy
on noise-free data, enabling an analysis of how effectively the model sustains performance
when its initial advantage is limited. Table 3.19 presents the classification accuracy of all
compared models across the four noise levels. The results reveal that the proposed RoBoTS
model consistently demonstrates strong resilience to increasing noise, exhibiting a slower
rate of accuracy degradation compared to traditional, ensemble, and kernel-based baselines.
Across the five evaluated datasets, RoBoTS achieves the best performance on four datasets
and the second-best on one, confirming its superior noise tolerance. Specifically, on the
breast_cancer_wisc dataset, RoBoTS attains the highest average accuracy of 96.8%, out-

performing the next best model, TSVM, which achieves 94.1%. On the credit_approval
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dataset, RoBoTS reaches an average accuracy of 95.4%, outperforming all other models
by a clear margin. Likewise, on the led7digit-0-2-4-5-6-7-8-9_vs_1 dataset, RoBoTS se-
cures the highest average accuracy of 95.9%, maintaining stable performance even under
30% label corruption. For the horse_colic dataset, RoBoTS again achieves the top average
accuracy of 86.1%, marginally surpassing the second-best baseline (85.7%). On the more
challenging monk1 dataset, the proposed model achieves the second-best average accuracy
of 53.8%, just below RoBoSS-SVM (56.4%). Importantly, in both cases, RoBoTS demon-
strates a gentler decline in accuracy as noise levels increase, indicating that its degradation
is less severe than that of other baselines. Overall, these results confirm that the proposed
RoBoTS model is not only effective on clean data but also exhibits enhanced robustness to

noisy and corrupted labels.
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Figure 3.5: Sensitivity analysis of the RoBoTS model with respect to the loss hyperpa-
rameters a and 7, presented through 3D surface plots for four datasets: (a) horse_colic, (b)
monk3, (c) congressional_voting, and (d) yeast-0-3-5-9_vs_7-8. The color scale represents
accuracy values, with warmer colors (yellow—red) indicating higher accuracy and cooler
colors (blue—green) indicating lower accuracy.

3.9.5 Sensitivity Analysis of the RoBoSS Loss Hyperparameters

In this subsection, we evaluate the sensitivity of the proposed RoBoTS model to its loss
function hyperparameters: the bounding parameter (77) and the shape parameter (a). These
hyperparameters play a pivotal role in shaping the behavior of the RoBoSS loss function by
regulating the maximum penalty imposed and the severity of penalization for misclassified
samples. Understanding their impact provides critical insights for optimizing model perfor-

mance across diverse datasets. Figure 3.5 presents the sensitivity analysis results for four
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benchmark datasets: (a) horse_colic, (b) monk3, (c) congressional _voting, and (d) yeast-0-
3-5-9_vs_7-8. The 3D surface plots illustrate the variations in model accuracy as a and 7 are
adjusted, while all other hyperparameters are fixed at their optimal values. The color scale
represents the corresponding accuracy values, where warmer colors (yellow—red) indicate
higher accuracy and cooler colors (blue—green) indicate lower accuracy. The subfigures re-
veal dataset-specific patterns in how a and 7 affect accuracy. In Figure 3.5a (horse_colic),
moderate values of a and smaller values of 1) deliver optimal performance, striking a balance
between penalizing misclassifications and avoiding overfitting. As a or n increases, accu-
racy drops, highlighting the dataset’s sensitivity to hyperparameter tuning. In Figure 3.5b
(monk3), the model shows robustness across a wider range of a and 7, with peak accuracy
achieved at higher values of both parameters. For Fig. 3.5¢ (congressional_voting), the sur-
face plot underscores the importance of smaller 1 values paired with moderate a values.
Larger 7 values lead to a rapid decline in accuracy, likely due to the presence of noise or
outliers in the dataset, making robustness a critical factor for this classification task. Finally,
in Figure 3.5d (yeast-0-3-5-9_vs_7-8), accuracy is highly sensitive to changes in a and 7.
Moderate values of both parameters (a and 7) yield optimal results. The sharp decline in
accuracy beyond these values indicates the dataset’s vulnerability to overfitting when the
loss function penalizes misclassifications too aggressively. These observations emphasize
the dataset-dependent behavior of the RoBoSS loss hyperparameters. Smaller values of a
and 7 generally enhance robustness to noise and outliers, as seen in congressional_voting
and horse_colic. Conversely, datasets like monk3 and yeast-0-3-5-9_vs_7-8 benefit from
larger values, leveraging the model’s ability to delineate complex decision boundaries. This
analysis highlights the importance of carefully tuning a and 7 to balance robustness and
sensitivity. The findings validate the flexibility of the RoBoSS loss function, demonstrating

its adaptability across diverse datasets.
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3.9.6 Effectiveness of the Proposed RoBoTS Model

The outstanding performance of the proposed RoBoTS model on the UCI, KEEL,
BreaKHis, and ADNI datasets can be attributed to the unique properties of the RoBoSS loss
function. Its bounded nature provides resilience to outliers, ensuring that extreme values
do not disproportionately influence the model’s learning process. Additionally, the sparsity
of the loss function encourages the use of only the most relevant samples during training,
resulting in simpler models. The smoothness of the RoBoSS loss further facilitates efficient
optimization, enabling stable and rapid convergence. Additionally, the integration of a reg-
ularization term aligned with the principle of structural risk minimization (SRM) enhances
the model’s capacity to generalize by controlling complexity and mitigating overfitting. Be-
yond empirical performance, the theoretical soundness of the proposed model is reinforced
through a generalization error bound derived using the framework of Rademacher complex-
ity. This bound provides a formal guarantee on the expected risk of the classifier, substanti-
ating the model’s generalization capability under the RoBoSS loss. The empirical findings
from Tables 3.12 to 3.19 clearly demonstrate that the proposed RoBoTS model significantly
outperforms baseline methods across a wide range of datasets, including benchmark tabular
data (KEEL and UCI) and complex biomedical datasets (BreaKHis and ADNI). This estab-
lishes RoBoTS as a robust and effective tool for real-world classification tasks, particularly

in the biomedical domain, where accurate and reliable classification is paramount.

3.10 Chapter Summary

This chapter introduced the RoBoSS loss function as a bounded, sparse, smooth, and
robust loss for supervised learning. The RoBoSS-SVM formulation showed how the loss

can be integrated into a standard SVM framework and optimized efficiently with a Nesterov
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accelerated gradient strategy. The chapter then extended the same loss principle to twin
support vector machines through RoBoTS and inverse-free RoBoTS, demonstrating how
bounded loss design can improve robustness while preserving computational efficiency.
The experimental evidence across benchmark, noisy, outlier-contaminated, and biomedi-
cal datasets supports the effectiveness of RoBoSS-based learning models under challenging

data conditions.
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Chapter 4

Advancing Supervised Learning with the
Wave Loss Function: A Robust and

Smooth Approach

This chapter develops the Wave loss function, an asymmetric loss for robust and smooth
supervised classification. The choice of loss function strongly influences the learned model
because it determines how margin violations, correctly classified samples, noise, and out-
liers are penalized during optimization. Existing losses often provide only part of the desired
behavior: some are convex but unbounded and noise-sensitive, while others are bounded
but non-smooth or difficult to optimize. The Wave loss is designed to combine bounded-
ness, smoothness, outlier robustness, and noise insensitivity in a single formulation, while
retaining a classification-calibrated behavior. Building on this loss, the chapter develops
Wave-SVM and Wave-TSVM by integrating the Wave loss into the least-squares settings
of support vector machine (SVM) and twin support vector machine (TSVM), respectively.
Wave-SVM is optimized using adaptive moment estimation (Adam), whereas Wave-TSVM
is solved through an efficient iterative scheme. The chapter validates these models on UCI,

KEEL, noisy benchmark datasets, and the ADNI biomedical dataset, showing that Wave-
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loss-based learning improves predictive performance under data uncertainty.

4.1 Introduction and Motivation

In the realm of machine learning, supervised learning stands as a cornerstone, which
empowers to build models that can make accurate predictions and classifications. A critical
component within this paradigm is the choice of an appropriate loss function, which plays
a crucial role in guiding the training process. The loss function quantifies the disparity
between predicted outcomes and true labels, providing an evident indication of a model’s
performance [96]. Its role extends beyond mere evaluation; it fundamentally shapes the
model’s learning trajectory, influencing its generalization ability, and aligning its predictions
with the intrinsic goals of the task.

Hyperplane-based classifiers such as SVM and TSVM provide the modeling setting for
this chapter. For D = {(=z;,y;)}\_,, with z; € R™ and y; € {—1, 1}, a regularized soft-

margin hyperplane learner can be written compactly as

l
R T .
min ] +C Y (1 — yi(w'z; +b)), (4.1)

i=1
where £(-) is the classification loss and C' > 0 balances regularization with empirical loss.
TSVM follows the same margin-based philosophy but learns two non-parallel hyperplanes
through smaller subproblems, making it attractive for efficient classification [10, 97]. This
chapter uses SVM and TSVM only as host models for studying the effect of a new robust
loss.

Existing classification losses used as reference points in this thesis include hinge, pin-
ball, ramp, squared hinge, smooth pinball, LINEX, and related bounded variants; their for-

mulations and properties are summarized in Table 2.2. The main observation needed here
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is that unbounded losses can remain sensitive to severe outliers, hard-truncated bounded
losses are typically non-smooth, and smooth bounded losses do not always provide the de-
sired noise-insensitive behavior around the decision boundary. This motivates a loss that
is bounded and smooth while retaining enough asymmetry to adapt the penalty assigned to
different margin deviations.

Taking inspiration from prior research endeavors, this chapter develops a novel asym-
metric loss function, referred to as the wave loss function (see Figure 4.1). It is precisely
engineered to exhibit robustness against outliers, insensitivity to noise, and a propensity
for smoothness. Subsequently, by integrating the proposed wave loss into the least squares
framework of SVM and TSVM, we present two novel models, namely Wave-SVM and
Wave-TSVM. The optimization problem associated with the Wave-SVM is effectively ad-
dressed through the utilization of the adaptive moment estimation (Adam) algorithm. Fur-
ther, to solve the optimization problems of the Wave-TSVM an efficient iterative algorithm

is utilized. The major contributions of this chapter can be outlined as follows:

* We propose a novel asymmetric loss function named wave loss, designed to exhibit
robustness against outliers, insensitivity to noise, and smooth characteristics. Further,
we delve into the theoretical aspect of the wave loss function and validate its capability

to maintain a vital classification-calibrated property.

* We amalgamate the proposed wave loss function into the least squares setting of SVM
and TSVM and introduce two novel robust and smooth models, termed Wave-SVM

and Wave-TSVM, respectively.

* We address the optimization problem inherent to Wave-SVM by employing the Adam
algorithm, known for its lower memory requirements and efficacy in handling large-

scale problems. To our knowledge, this is the first time Adam has been used to solve
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an SVM problem. Further, we utilized an efficient iterative algorithm to solve the

optimization problems of Wave-TSVM.

* We perform comprehensive numerical experiments using benchmark UCI and KEEL
datasets (with and without feature noise) from various domains. The outcomes vividly
showcase the outstanding performance of the proposed Wave-SVM and Wave-TSVM

when contrasted with baseline models.

* To demonstrate the superiority of the proposed Wave-SVM and Wave-TSVM models
in the biomedical realm, we conducted experiments using the ADNI dataset. These
empirical investigations furnish substantial evidence of the proposed models applica-

bility in real-world medical scenarios.

The remainder of this chapter presents the Wave loss function, develops the Wave-SVM
and Wave-TSVM formulations, describes the optimization procedures and computational

complexity, and then reports the numerical and statistical analyses.

4.2 Wave Loss and Proposed Models

In this section, we introduce a groundbreaking asymmetric loss function named wave
loss and elucidate its distinctive characteristics. Subsequently, we amalgamate the pro-
posed wave loss into the frameworks of SVM and TSVM within the least squares setting
and propose two novel models, namely Wave-SVM and Wave-TSVM. We also analyze the

computational complexity associated with the proposed algorithms.

4.2.1 Wave Loss Function

We present a substantial advancement within the domain of supervised learning: a novel

asymmetric loss function that embodies robustness against outliers, insensitivity to noise,
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and smoothness characteristics. This novel loss function, referred to as the wave loss func-
tion, is visually depicted in Figure 4.1. The mathematical expression of the proposed wave

loss function is articulated as follows:

1 1
Swave(u) = X (1 — m), \V/ u € R, (42)

where a € R is shape parameter and A\ € R is bounding parameter. The wave loss function

(4.2), as delineated in this work, showcases the following inherent properties:

* Itis robust to outliers and insensitive to noise. As it bound the loss to 1/\, which gives
robustness to outliers, and it also gives loss to samples with « < 0, which produces

insensitivity towards noise.
¢ It is non-convex, smooth, and bounded.
* It is infinitely differentiable and hence continuous for all u € R.

* For given value of A\, when a — 400, the wave loss (4.2) converges point-wise to the

“0 — 1/A” loss which is defined as

>

2«0_1 (u) =

=
IS
IA
o

Furthermore, when A = 1 it converges to “0 — 1” loss.

* It has two advantageous parameters: shape parameter (a) determines the loss func-

tion’s shape, and bounding parameter () sets thresholds for loss values.
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4.2.2 Smoothness of the Wave Loss Function

Mathematical justification for the smoothness of wave loss function:
The proposed wave loss function is formulated with continuous and exponential compo-
nents, ensuring its overall differentiability. However, to alleviate concerns regarding its
differentiability, we provide a rigorous mathematical justification. Specifically, we demon-
strate that for any arbitrary v € R, the left-hand derivative (L.H.D.) and right-hand deriva-

tive (R.H.D.) are equivalent, affirming the function’s smoothness and analytical tractability.

Proof. The left-hand and right-hand derivatives of a function £(u) at an arbitrary point

£(u+h)—L(u)
h

£(u+h)—L(u)

h , respectively. First, we

u € R are defined as: lim,_,o- and limy,_,o+

compute the left-hand derivative of the wave loss function £,,,,¢(u):

2wave<u + h) - Swave(u)

L.H.D. = lim
h—0— h
1 1 1 1
X (1 o 1+)\(u+h)26a("+h)) X (1 - 1+)\u26““>
= lim
h—0— h

1 1 1
- hlg(gl* A\ (1 +AuZet 1+ Au+ h)ze“(“+h))
. (U + h)?ea(u—i-h) — y2eu (9 form)
h—0- h (1 4+ Au2e®) (1 4+ A(u + h)2ex(uth)) 0
— lim a(u+ h)2e® @) 4 2(y + h)ewth
h—0- (1 + Au2e®)[1 4+ A(u + h)2e®@th) + Nh(u + h)e*@+h) (a(u + h) + 2)]

(Using L hospital rule)

ue™(au + 2)
(1 + Au2esw)?”

Now, we compute the right-hand derivative of the wave loss function £, ():

R.H.D. = lim Luwave(t + 1) = Luave(w)
h—0t h

ue® (au+2)

m . SIHCC, the

In a similar manner, we can find that the right-hand derivative is also
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left-hand derivative and right-hand derivative of the wave loss function are equal for any
arbitrary u € R. Therefore, we have shown that the wave loss function is smooth in the

whole domain. L]

It is crucial to note that the existing bounded loss functions set a strict limit on the max-
imum allowable loss for data points with substantial deviations. This effectively prevents
noise and outliers from exerting excessive influence, thus enhancing the model’s robustness.
However, the majority of the existing loss functions use a hard truncation strategy to bound
the loss, which makes them non-smooth. In contrast, the proposed wave loss function is
smooth and bounded simultaneously (refer to Figure 4.1). In particular, Figures 4.1a, 4.1b,
4.1c, and 4.1d illustrate how the loss profile changes for representative values of the shape
parameter. By adjusting the bounding parameter A, the wave loss function smoothly bounds
the loss to a predefined value. The primary benefit of the smoothness characteristic lies in
its facilitation of the application of gradient-based optimization algorithms. This property
ensures the existence of well-defined gradients, enabling the utilization of rapid and reliable

optimization techniques.

4.2.3 Theoretical Analysis of the Wave Loss Function

In this subsection, we analyze the theoretical characteristics inherent to the proposed
wave loss function and provide evidence to demonstrate that the wave loss function exhibits
a crucial classification-calibrated property. Bartlett et al. [26] introduced the concept of
classification-calibration to assess the statistical effectiveness of loss functions in the context
of classification learning. It ensures that the model’s predicted probabilities reflect the true
likelihood of an event. For more details, readers can refer to [26, 98]. This attribute holds
crucial importance in enhancing our understanding of the performance dynamics of the

wave loss function within classification tasks.
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Figure 4.1: Illustration of wave loss function for fixed A = 1 and different values of a.
Subfigures (a), (b), (c), and (d) demonstrate that the value of a controls the strength of the
penalty for correctly classified and misclassified samples.

152



CHAPTER 4. WAVE LOSS FUNCTION

Consider that the training data D = {z;, yi}ézl is independently sampled from a prob-
ability distribution P. The distribution P is defined over a combined space of inputs and
corresponding labels, where the input space X is a subset of R" and the label space Y con-
sists of two possible labels: —1 and 1. In this context, the main objective is to develop a
binary classifier C, which takes inputs from the space X and assigns them to one of the
two labels in Y. The central goal of this classification problem is to design a classifier in a
way that minimizes the associated error. The risk associated with a specific classifier C is

quantified by the following mathematical expression:

R(C) = /X P(y # C(x)|a)dPx.

Here P(y|z) signifies the probability distribution of the label y given an input z, and dP x
represents the marginal distribution of the input = according to the distribution P. Moreover,
the conditional distribution P(y|z) is a binary distribution, implying it is determined by the
probabilities Prob(y = 1|z) and Prob(y = —1|z). To ease in writing, we further utilize
P(z) and 1 —P(x) to represent Prob(y = 1|x) and Prob(y = —1|z), respectively. In simpler
terms, the objective is to construct a classifier that accurately assigns labels to inputs while
minimizing the overall error.

Now, the Bayes classifier, for P(z) # 1/2, is defined as follows:

—1, P(z)<1/2,

fc(x) = (4.3)
L P> 1/2

It can be verified that the Bayes classifier effectively minimizes the classification error. The

following expression mathematically expresses the previous statement:

fe = arg min R(C).
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Now, for any given loss function £, the expected error associated with a classifier f: X — R
is formulated as follows:

Rep(f) = L1 —yf(z))dP. 4.4)

XxXY

The function fep, which minimizes the expected error over all measurable functions, is
formulated as:

fep(x) = arg min / £(1—yf(x))dP(y|x), Vx € X. 4.5)
f(x)eR [y

Subsequently, for the proposed wave loss £,,q..(+), we can derive Theorem 4.2.1, providing
evidence of the classification-calibrated nature [26] of the wave loss function. This char-
acteristic, a valuable aspect of a loss function, ensures that the minimizer of expected error

aligns with the sign of the Bayes classifier.

Theorem 4.2.1. The proposed loss function £,40.(u) is classification-calibrated, i.e.,

[ wave,p has the same sign as the Bayes classifier.

Proof. After simple computation, we arrive at the following outcome:

/Y Soane (1 — yf(x)) dP(y]z)

= Luave(1 = f(2))P(2) + Luave(1 + f(2))(1 = P(z))
1 1

A <1 I+ - f(x))%a(l—f(z)))P(x)
1 1

i (1 TTEA f(x))2ea(1+f(w))>(1 ~ P(@)).

In Figures 4.2a and 4.2b, the graphical representations of [, £yq0e (1 — yf(2)) dP(y|x) are
depicted as functions of f(x), considering the cases when P(z) is greater than 1/2 and when

it is less than 1/2, respectively. As discernible from Figure 4.2, when P(z) exceeds 1/2, the
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minimum value of [,, €uave (1 — yf(2)) dP(y|z) is achieved for a positive value of f(z).
Conversely, when P(x) is less than 1/2, the minimum value corresponds to a negative value
of f(x).

Hence, it becomes evident from the patterns observed in Figures 4.2a and 4.2b that the

proposed loss function £,,4,.(u) holds the characteristic of being classification-calibrated.

]

—yf(x)) dP(y|z)

(1

fy Ewave

Figure 4.2: Tllustrate the plot of [,, £yave (1 — yf()) dP(y|z) over f(z) with varying val-
ues of P(z). (a) Depict the case where P(z) is greater than 1/2, and (b) illustrate the scenario
where P(x) less than 1/2.

4.2.4 Formulation of Wave-SVM

Through the amalgamation of the proposed wave loss function into the least squares
setting of SVM, we construct a novel support vector classifier for large-scale problems that
manifest robustness against outliers, insensitivity to noise, and smoothness characteristics.
This advanced classifier is denoted as the Wave-SVM. For simplification, throughout the

Wave-SVM formulation, we use the terminology w for [wT,b] and x; for [z;, 1]T. The for-
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mulation of non-linear Wave-SVM is given as:

l
1 1 1
n - ok N I P
min - lel”+ ;A( 1—|—)\§Z-26a5i)’

subjectto y; (wTo(x;)) =1—¢&;, Vi=1,2,...,1, (4.6)

where C' > 0 is the regularization parameter, which determines the trade-off between margin
and the penalty, A and a are the parameters of the wave loss function, and ¢(-) is feature
mapping associated with the kernel function. The characteristics of various SVM models,
along with the Wave-SVM, are presented in Table 4.1, which showcases that the proposed
Wave-SVM possesses most of the desirable attributes required for a better classifier.

Table 4.1: Comparative Analysis of SVM Models Utilizing Different Loss Functions.

Models | \ Characteristics — | Robust to outliers | Insensitive to noise | Sparse | Convex | Bounded | Smooth | Fast

C-SVM [6] X X v v X X X
Pin-SVM [27] X v X v X X X
LINEX-SVM [31] X v X v X v v
QTLS [69] X v X X X v v
FP-SVM [99] X v X v X X X
Wave-SVM (Proposed) v v X X v v v

The dual problem of the Wave-SVM is challenging to optimize due to the non-convexity
of the wave loss function. However, the inherent smoothness of the Wave-SVM permits us
to utilize a gradient-based algorithm to optimize the model. Gradient-based optimization
with Wave-SVM offers several advantages. It facilitates faster convergence during training,
as gradient-based methods generally converge at a faster rate than quadratic programming
solvers [59]. In this chapter, we adopt the Adam [23] optimization technique for solving the
Wave-SVM. It is an improved version of stochastic gradient descent with adaptive learning
rates. This is the first time the Adam algorithm has been used to solve an SVM model.
The Adam algorithm converges more quickly and stays stable during learning due to the
adjustable learning rates. It combines the benefits of two other popular optimization al-

gorithms: AdaGrad [60] and RMSProp [100]. The core idea behind Adam involves the
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computation of a progressively diminishing average for previous gradients and the squared
gradients of the weights. Subsequently, based on these estimations, the algorithm estab-
lishes an adaptive learning rate for each weight parameter. It is important to note that the
Adam algorithm only requires the gradient of the unconstrained optimization problem, and

thus no modification was made to the Adam algorithm for its application to Wave-SVM.

4.2.4.1 Adam for Linear Wave-SVM

For linear Wave-SVM, put ¢(z) = x in equation (4.6), the linear Wave-SVM is defined

as:

l
. 1 1 1
min f(w) 25"W"2+OZX(1 - W)
=1 g

subjectto y; (wTa;)) =1-¢, Vi=1,2,...,1L 4.7

At each iteration ¢, k£ samples are chosen, and at that time the value of gradient, exponen-
tially decaying averages of past gradients (first moment), and past squared gradients (second

moment) are calculated using (4.8), (4.9), and (4.10), respectively as follows:

L Oy (2 + &) exp (a&)

o= V) e e )} o
my =B1my—1 + (1 - Bl) Vf(wt)a 4.9)
vy =Povi—1 + (1 — Ba) V f(wy)?, (4.10)

where (3, and (3, are exponential decay rates for the first and second moment estimates,

usually set to 0.9 and 0.999, respectively. Then, we compute the bias-corrected first and
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second moment estimates using (4.11) and (4.12), respectively.

my

my = , 4.11)
Ca-a)
. Ut
Uy =——. (4.12)
-8
In the end, the parameter w is updated as:
Wy = Wy — Qv (4.13)

t
~ Y
VU + €
where « is the learning rate, and € is a small constant used to avoid division by zero. Once

the optimal w is achieved, the prediction regarding the label of the unknown sample x can

be made using the decision function as:

g = sign(f(x)) = sign (wz). (4.14)
4.2.4.2 Adam for Nonlinear Wave-SVM

The determination of the dual problem in the proposed Wave-SVM poses challenges
that limit the applicability of kernel methods. In this case, to enhance the capacity of Wave-
SVM for non-linear adaptation, we use the representer theorem [70], which allows us to

express w in equation (4.6) as follows:

!
w=> yéz;), (4.15)
j=1
where v = (71, ...,7)" is the local kernel coefficient vector.

Substituting (4.15) into (4.6), we obtain:

N | —

l l
1 1
mmf ZZ Yi7Y ml,x])‘FCZX(l—H)\—é_?ea&), (416)

=1 _]21 =1
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where §; = 1 — y; (2;:1 7K (25, xz)>, and KC(zj,z;) = (¢ (z;) - ¢ (x;)) is the Kernel

function.

Algorithm 4.1 Non-linear Wave-SVM

Input:

The dataset: {z, y;}._, v € {—1,1};

The parameters: Regularization parameter C', wave loss parameters A and a, mini-batch
size k, decay rates ; and (s, learning rate «, constant e, error tolerance 7, maximum
iteration number 7T;

Initialize: ~y and ¢;

Output:

The classifiers parameters: -;

1 : Select k samples {x;, y,-}f:1 uniformly at random.

2 : Computing &; :

k
j=1

: Compute V f(y;): (4.18);

: Compute m;: (4.19);

: Compute v}: (4.20);

: Compute 1m,": (4.21);

: Compute 9;: (4.22);

: Update SVM solution ~;: (4.23);

: Update iteration number: ¢ =t + 1.
Until:

e =1l <np or t=T

Return: ~;.

© 00 O U = W

In the same way, as in linear Wave-SVM, we use the following formulas to obtain the
gradient, exponentially decaying averages of past gradients and past squared gradients, and
then update the parameter . The Adam algorithm structure for non-linear Wave-SVM is

clearly described in Algorithm 4.1.

k

CyilCi&i (2 + &) exp (a&;)
V t) — ,C -
100 =K = 2 = G e ()

: (4.18)

where K is the Gaussian Kernel matrix of the randomly selected training dataset and K; is
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the i*® row of the matrix /C.

my =Fm;_; + (1 — 51) VIf(7), (4.19)
v, =Bov,_y + (1 — B2) V(1) (4.20)
-, m
N — — 421
i) @20
N v,
-t 422
R 422

M= V-1 — = (4.23)

When the optimal y is obtained, the following decision function can be utilized to predict

the label of a new sample z.

k
§ = sign(f(z)) = sign (Z K (x5, x)) : (4.24)

4.2.5 Formulation of Wave-TSVM

In this subsection, we amalgamate the proposed asymmetric wave loss function into
the least squares setting of TSVM and propose a robust and smooth classifier referred to
as Wave-TSVM. Let X, = (zy,... ,xl+)T € R+*" and X_ = (xl,...,xl_)T € Rl-xn
represent matrices containing positive and negative instances, where [, and [_ denote the
count of positive and negative instances, respectively, and [ = [, + [_. Further, e; and e,

are vectors of ones of appropriate size, and [ is the identity matrix of appropriate size.
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4.2.5.1 Linear Wave-TSVM

Given a training dataset D, the goal of Wave-TSVM is to obtain the positive and negative

hyperplanes as follows:

wir+b, =0 and wlz+b_ =0, (4.25)

where w, w_ € R" and b, b_ € R are the weight vectors and the bias terms, respectively.
To obtain the hyperplanes (4.25), the primal of linear Wave-TSVM are formed as follows:

(Linear Wave-TSVM-1)

Iy I
) 1 2 1 _
mblngiéz (wim; +by) +§C'1 (||w+]|§+bi) +C'QZ§]~
W+ ,04, i=1 7j=1
1 1
s.t.§j_:—(1— . ) j=1,...,1,
A 1+ A(1+wlz;+by) exp{a(14+wlz;+by)}
(4.26)
(Linear Wave-TSVM-2)
= 1 Iy
. 2 2
wa[l)lI’ngrijZl (wix] +b_) +§Cg (H’UJ_HQ—FZ)Q,) +C4221§z+7
1 1
s.t.§j:—(1— 5 ), i=1,...,14
A 1+ A(1—wle; —b_) expfa(l —wlz; —b_)}
(4.27)

where £, = (ff, e ,§lt>T eR+ € = (f;, e ,£Z>T € R!-. For the sake of brevity, we
solely discuss optimization problem (4.26), noting that optimization problem (4.27) follows
a similar structure. The objective function provided in equation (4.26) comprises three
distinct terms. More precisely, the initial term aims to minimize the distance between the
positive hyperplane and the positive instances. The second term, a regularization term,

is incorporated to enhance the generalization performance of the model. The third term
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represents the cumulative penalty of all negative samples, leveraging the proposed wave

loss function.

Given the non-convex nature of optimization problems (4.26) and (4.27), and utilizing
their inherent smoothness, we devise an iterative algorithm to solve them. Initially, we

convert (4.26) and (4.27) into vector-matrix form in the following manner:

. 1 2 1

quUllIl P1 (wl) = 5 HGTleQ + 501 HU)1||§ + 0221 (wl) s (428)
and

IIQ}]IH Pg (U}Q) = 5 HH w2H2 + 503 ||U)2H2 + 0422 (wg) s (429)

I_ .
where £, (wy) = ijli(l — 1+)\<1+HTw1)2ixp{a(1+HTw1)}>’ Jg=1...,01_ L (w) =
1 . . . .

Yo % (1 — 1+A(1—G;rw2)2ixp{a(l—ijz)} ,i=1,...,l. Gjyis the i*" column of matrix

G and Hj is the j™ column of matrix H. G = [X,,¢;]' € R® DX H = [X_ e, €
ROFDXE= sy = [w], b+}T e R, wy, = [w], b_]T € R"™*!. Further, for simplification,

we use A; and B; to represent (1 +H jT wl) and (1 — ijg), respectively.

In accordance with the optimality condition, we obtain the following:

VP (w) = (GGT + CiI) wy + Hsy =0, (4.30)

VP (wy) = (HH" + C3I) wy — Gsy = 0, (4.31)

where G = [C4G),...,C4G,] € RO = [CoHy,...,CyH, | € RDxl-,

T 1_ T 1. Aj(aA;+2)exp(ad;)
S1 = [5117"'751l,:| eR , S2 = [8217"'7S2l+:| € R+7 S15 = {i_,'_)\jlzexp(aAj)}JZ ) =
J
. ~__ Bi(aBi+2)exp(aBi) . __
1,...,1_; s9; = A ep(aB)]2 | = 1.0

Now, we use equations (4.30) and (4.31) to formulate iterative equations for optimization
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problems (4.28) and (4.29) in the following manner:

Wit = — (GGT + ¢y 1) A, (4.32)

witt = (HHT + C51) ™" Gsh. (4.33)

Here, ¢ represents the number of iteration. The iterative procedure involves iterating through
equations (4.32) and (4.33) until convergence is achieved. After obtaining the solutions, we

can proceed to find the pair of hyperplanes (4.25).

To ascertain the class of a unseen sample = € R", we use the following decision rule:

11 if |w15+b+’ |wI§+b7|
Class of ¥ = N (4.34)

—1, otherwise.

4.2.5.2 Nonlinear Wave-TSVM

In the case of non-linearity, data points are separated linearly in a higher-dimensional
feature space by utilizing the kernel trick to map them to a higher feature space. The ob-
jective of non-linear Wave-TSVM is to identify a pair of hypersurfaces in the following

manner:

K(z,X")vy+by=0 and K (z,X")v_+b_=0, (4.35)

where X = [X; X _]T and /C(-, -) is the kernel function. To determine the hypersurfaces

(4.35), we formulate the following optimization problems:
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(Non-linear Wave-TSVM-1)

L I
. 1 1 i
min 372 (K (e XT) v 40"+ 501 (o3 +83) + G 30

7b 7_
CENUENG —1 =

1 1
S.t. T=—(1- ,
“ A( LA (LK (27, XT) g+ by) expla (14K (2, X T) v +b+>})

Jj=1...,0, (4.36)

I Iy

. 1 1
min 5 (IC (a:j,XT) v_ + b_)2 + 503 (HU—Hg + bz—) + C4ZCZF’

=1 i=1
1 1
s.t Cj_ = _(1 - 2 )7
A 1+ A1 =K (z;, XT)v_ —b_)expla(l =K (z;, X )v_ —b_)}
i=1,.. 0, 4.37)

The method for solving problems (4.36) and (4.37) is akin to the linear scenario. The itera-

tive method corresponds to equations (4.36) and (4.37) can be derived as follows:

Vit = — (MMT +CyI)

ZZ_ CuN, (14 N ot) (a(1+ N oi) +2) exp (a (1+ N, vb)) 4.38)
o ’ {1+)\(1+N]Tv§)2exp (a(1+N]oi))}? 7

1

vsth = (NNT 4+ C31)

i CuM. (1 - MZTUE) (a (1 - MJU;) + 2) exp (a (1 — MZTUE)) 4.39)
T A (1= M) exp (a (1— MTus))}2 C

Here M = [K(Xy, XT),e1] " € ROV [N = [ (X_,XT),e5) € REDx; 1,
is the ¢ column of the matrix M, N; is the j™ column of the matrix N. v; = [v], b, ] i
vy = [v],b_] " Further, for simplification, we use £; and F; to represent (1 + N, v;) and

(1 — M, v,), respectively.
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It’s important to highlight that equations (4.38) and (4.39) entail the intricate calcula-
tion of matrix inversion. Therefore, we utilized the Sherman-Morrison-Woodbury (SMW)
theorem [86] to alleviate computational complexity. Subsequently, in equations (4.38) and

(4.39), the inverse matrices are substituted with the following matrices:

0 =L (1 — M (O T+ MM MT> , (4.40)
Cy
1 _

@5 (1= N (Csr+NTN)INT) (4.41)

Using the equations (4.40) and (4.41), the iterative approach can be derived in the following

manner:

ot = — QNst, (4.42)

vb = QyMsh, (4.43)

where ¢ denotes the number of iteration. Also, N = [CoNy, ..., CoN,_| € RV and

E; (aE§+2) exp(aE?)

M = [C4My, ..., CiM;, | € REFD* - Additionally, sf € R, st = A expl(a) ]2

F! (aFit+2) exp(aFi’“)
{1+)\Fit2 exp(aFZ.’f)}2 ’

j=1,...,0 ;s € R+, s = i = 1,...,1;. The iterative proce-
dure can be established by iterating through equations (4.42) and (4.43) until convergence
is achieved. Consequently, upon obtaining the solutions v, ,b, and v_,b_, we can then
determine the positive and negative hypersurfaces generated by the kernel.
For a new sample € R"™, we use the following decision function:
41 o [K(EXT )i +by | < |K(ZXT)o_+b_|
Class of 7 = ’ VIR XT o = oTR(XXT o (4.44)

—1, otherwise.

The iterative algorithm structure for non-linear Wave-TSVM subproblem (4.36) is clearly

described in Algorithm 4.2. The structure for subproblem (4.37) is similar to it.

165



CHAPTER 4. WAVE LOSS FUNCTION

Algorithm 4.2 Non-linear Wave-TSVM

Input:
Training dataset: {;, y;}._,, v € {—1,1};
The parameters: Convergence precision (77), maximum iteration number (7"), parameter
(1 and (5, wave loss parameters a and ), iteration number ¢ = 0;
Initialize: vY;
Ensure: v, by;
1M = [K(X, XT) ea] N = [K(X_,XT), e
2 :whilet < T do
for j < 1tol_do
B! (aE!+2) exp(aE!)
{1+)\Ejt.2 exp(aE;)}2 ’

T

t

Vit —QNst

3

4

5: end for
6 .

7. if [l — oi]| <7 then
8

break
9: else
10 : t<—t+1
11: endif

12 : end whils
13: (v],by) =0t

4.2.6 Computational Complexity

In this subsection, we discuss the computational complexity of the proposed Wave-SVM
and Wave-TSVM. Let [ and n denote the number of samples and features in training dataset,
respectively, and k denote the size of the mini-batch. The [, and [_ denote the count of pos-
itive and negative samples, respectively. The computational complexity of Wave-SVM is
dominated by the computation of the gradients, characterized by a complexity of O(k?).
Further, the process of computing the moving averages of the gradients’ first and second
moments, as well as performing bias correction for these averages, both require O(k) op-
erations, as we have k£ model parameter to compute. Therefore, the overall computational
complexity of the Wave-SVM can be considered as O(T'(k* + k)), where T represents the
maximum number of iterations. This encapsulates the fundamental operations involved in

training the Wave-SVM and underscores its scalability concerning the number of iterations
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and features. The computational complexity of Wave-TSVM primarily arises from the com-
putation of matrix inversion. In the linear case, the algorithm requires solving the inverse
ofa (n+ 1) x (n + 1) matrix, which results in a time complexity of O((n + 1)?). For the
non-linear case, the algorithm needs to compute the inverse of two matrices: one of size
I x I} and the other of size [_ x [_, with computational complexities of O(2 ) and O(?),
respectively. Hence, for non-linear Wave-TSVM, the time complexity is O(T'(I3 + 12)). It
is evident that non-linear Wave-TSVM is not well-suited for large-scale datasets due to its

cubic computational complexity growth in relation to the sample size.

4.3 Numerical Experiments

In this section, we assess the proposed Wave-SVM and Wave-TSVM against the baseline
models, including C-SVM [6], Pin-SVM [27], LINEX-SVM [31], FP-SVM [99], TSVM
[10], Pin-GTSVM [88], SLTSVM [89], and IF-RVFL [101]. For experiments, we down-
loaded 42 binary datasets of diverse domains from the UCI [80] and KEEL [79] repositories.
Table 4.2 summarizes the UCI and KEEL datasets used in the experiments. Additionally,
we assess the models on the Alzheimer’s disease (AD) dataset, available on the Alzheimer’s

Disease Neuroimaging Initiative (ADNI) (adni.loni.usc.edu).

4.3.1 Experimental Setup and Parameter Selection

All the experiments are implemented using MATLAB R2023a on Windows 10 run-
ning on a PC with configuration Intel(R) Core(TM) 17-6700 CPU @ 3.40GHz, 3408 Mhz,
4 Core(s), 8 Logical Processor(s) with 16 GB of RAM. For each SVM type model (C-
SVM [6], Pin-SVM [27], LINEX-SVM [31], FP-SVM [99], and proposed Wave-SVM),
the regularization parameter C' is selected from the set {10°|i = —6,—5,...,5,6}. For

Pin-SVM, the hyperparameter 7 is chosen from the set {0,0.1,...,0.9,1}. For LINEX-
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SVM and FP-SVM, the loss hyperparameters are selected the same as in [31] and [99],
respectively. For the proposed Wave-SVM, loss hyperparameters A and a are selected from
the ranges [0.1 : 0.2 : 2] and [—2: 0.1 : 5], respectively. For the non-linear case, Gaussian
kernel function K (z;, z;) = exp (— [|z; — x| / o?) (where o is the kernel parameter) is
considered. The Gaussian kernel parameter o for each SVM type model is selected from the
set {10 |i = —6, —5,...,5,6}. The parameters for the Adam algorithm are experimentally
set as: (i) initial weight wy = 0.01, (i) initial first moment m, = 0.01, (iii) initial second
moment vy = 0.01, (iv) initial learning rate « is selected from the set {0.0001,0.001, 0.01},
(v) exponential decay rate of first order 5; = 0.9, (vi) exponential decay rate of second
order 3, = 0.999, (vii) error tolerance n = 107°, (viii) division constant ¢ = 1078, (ix)

mini-batch size k = 2°, (x) maximum iteration number 7" = 1000.

For each TSVM type model (TSVM [10], Pin-GTSVM [88], SLTSVM [89], and pro-
posed Wave-TSVM)), the regularization parameters (C'; and C3) and kernel parameter (o) are
selected from the set {10°|i = —6, —4, ... ,4,6}. For Pin-GTSVM, the hyperparameter 7 is
selected the same as in [88]. For SLTSVM and the proposed Wave-TSVM, the structural risk
minimization parameters Cy and C} are selected from the set {10°|i = —6,—4,...,4,6}.
For SLTSVM and the proposed Wave-TSVM, we set C'; = C5 and Cy = Cj. For iterative
algorithm, to solve SLTSVM and the proposed Wave-TSVM, we set 7 = 107° and T' = 50.
To suppress the tuning time for the proposed Wave-TSVM on UCI and KEEL datasets, the
loss hyperparameter \ is fixed to 1, and a is selected from the range [—2 : 0.5 : 2]. For IF-
RVFL [101], the regularization parameter (C') and kernel parameter (o) are selected from
the set {10°|i = —6,—4,...,4,6}, and the number of hidden nodes (V) is selected from

the range [3 : 20 : 203] [102].

The performance of the models significantly depends on the selection of parameters

[103]. In order to adjust them, we tune the parameters based on k-fold (k= 4) cross-
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validation and grid search. The benefit behind k-fold cross-validation is that it ensures that
every sample will eventually be included in both the training and testing sets. More specifi-
cally, the dataset is divided into four non-overlapping subsets at random, one of which is set
aside as a test set and the other three as train set. This process is conducted four times, and
at every setup, a different test set is chosen while the other three sets are used as training,
and the best of the four testing results is used as the performance measure for each model.
For all the experiments, we normalized the data in the range of [0, 1]. The folds, prepro-
cessing, parameter-search strategy, and selection criterion are kept the same for all baseline
and proposed models, enabling a controlled comparison under one common setup. How-
ever, using the held-out folds both to select the best configuration or fold result and to report
performance does not provide an independent estimate of generalization. Such reuse can in-
troduce optimistic model-selection bias [78]. The reported differences should therefore be
interpreted within this common four-fold protocol; a nested cross-validation design or a dis-
tinct validation split followed by an untouched test set would provide stronger confirmation

on new data.
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Table 4.2: Description of UCI and KEEL datasets employed in the experiments.

Dataset Number of samples ~ Number of features LR.
breast_cancer 286 9 2.36
breast_cancer_wisc 699 9 1.9
breast_cancer_wisc_diag 569 30 1.68
congressional_voting 435 16 1.59
conn_bench_sonar_mines_rocks 208 60 1.14
credit_approval 690 15 1.25
cylinder_bands 512 35 1.56
echocardiogram 131 10 2.05
haberman_survival 306 3 2.78
hepatitis 155 19 3.84
horse_colic 368 25 1.71
monks_1 556 6 1
oocytes_trisopterus_nucleus_2f 1022 41 1.37
pima 768 8 1.86
pittsburg_bridges_ T_OR_D 102 7 6.28
spect 265 22 1.41
statlog_heart 270 13 1.25
vertebral_column_2clases 310 6 2.1
abalone9-18 731 7 16.39
aus 690 14 1.25
cme 1473 9 1.35
ecoli0137vs26 311 7 4.76
ecoli0lvs5 240 7 11
ecoli3 336 7 8.6
led7digit-0-2-4-5-6-7-8-9_vs_1 443 7 10.98
monk 1 556 6 1.04
monk3 556 6 1.01
shuttle-6_vs_2-3 230 9 21.98
shuttle-c0-vs-c4 1829 9 13.87
sonar 208 60 1.14
transfusion 748 4 3.2
votes 435 16 1.59
vowel 988 10 9.99
yeast-0-2-5-6_vs_3-7-8-9 1004 8 9.14
yeast-0-3-5-9_vs_7-8 506 8 9.12
yeastlvs7 459 8 14.3
yeast2vs8 483 8 23.15
ringnorm 7400 20 1.02
twonorm 7400 20 1
mushroom 8124 21 1.07
musk_2 6598 166 5.49
EEG Eye State 14980 14 1.23
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To assess the efficacy of the proposed Wave-SVM and Wave-TSVM against baseline

models, we employed the accuracy metric, defined as follows:

T.P+T.N. »
T.P+T.N.+FP.+FN.

Accuracy = 100. (4.45)

Here, T.P., T.N., EP, and EN. represent the true positive, true negative, false positive, and
false negative, respectively. Further, we conducted a comparative analysis of the training
time between the proposed Wave-SVM and the baseline models. The reported times only

include the time taken for training the models with the optimized hyperparameters.

4.3.2 Evaluation on UCI and KEEL Datasets

For a fair comparison of the proposed Wave-SVM and Wave-TSVM with baseline mod-
els, we compare Wave-SVM with C-SVM, Pin-SVM, LINEX-SVM, and FP-SVM, and
Wave-TSVM with TSVM, Pin-GTSVM, and SLTSVM. In essence, we compared Wave-
SVM and Wave-TSVM with SVM type models and TSVM type models, respectively. Ad-
ditionally, we compare Wave-TSVM with IF-RVFL.

First, we discuss the experimental outcomes of Wave-SVM. For linear case, the average
classification accuracy and training time of the proposed Wave-SVM and the baseline mod-
els (C-SVM, Pin-SVM, LINEX-SVM, and FP-SVM) are presented in Table 4.3. The aver-
age accuracy of the existing C-SVM, Pin-SVM, LINEX-SVM, and FP-SVM are 82.21%,
89.1%, 77.41%, and 89.73% respectively, whereas, the average accuracy of the proposed

Wave-SVM is 91.15%, surpassing the baseline models.
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Table 4.3: Accuracy and training time for linear Wave-SVM against baseline models on
UCI and KEEL datasets.

Dataset C-SVM [6] Pin-SVM [27] LINEX-SVM [31] FP-SVM [99] Wave-SVMT

Accuracy Time Accuracy Time Accuracy  Time  Accuracy Time  Accuracy Time
breast_cancer 100 0.004 100 0.543 94.44 0.0059 100 0.3012 100 0.0059
breast_cancer_wisc 95.43 0.0351 100 0.1989 99.43 0.003 99.43 0.0759 99.43 0.003
breast_cancer_wisc_diag 96.5 0.1831 99.3 0.1108 93.66 0.0044 98.59 1.316 99.3 0.0044
congressional_voting 64.22 0.011 64.22 0.0702 58.72 0.0032 64.22 0.2424 66.97  0.0032
conn_bench_sonar_mines_rocks  61.54 0.018 100 0.0168 90.38 0.0075 100 0.0717 100 0.0075
credit_approval 69.94 0.0407 99.42 0.196 63.01 0.0013 99.42 1.8022 99.42  0.0013
cylinder_bands 67.97 0.0127 73.44 0.0735 72.66 0.0043 74.22 0.7981 7578  0.0043
echocardiogram 81.82 0.002 93.75 0.0094 93.75 0.0035 93.75 0.7435 96.97  0.0035
haberman_survival 80.52 0.0081 80.52 0.0429 83.12 0.005 81.82 12.139 84.42 0.005
hepatitis 94.87 0.0038 94.87 0.0103 69.23 0.0057 94.87 0.1911 97.44  0.0057
horse_colic 82.61 0.0087 92.39 0.0423 51.09 0.0021 88.04 0.4263 90.22  0.0021
monks_1 50.36 0.0174 63.31 0.1267 67.63 0.0013 74.1 1.0576 87.05  0.0013
oocytes_trisopterus_nucleus_2f 74.56 0.3941 76.75 0.5174 67.98 0.0014 76.75 1.5174 78.95  0.0014
pima 75.52 0.0358 81.25 0.2001 70.31 0.0011 79.69 2.2016 8229  0.0011
pittsburg_bridges_ T_-OR_D 92.31 0.0019 96.15 0.0028 92.31 0.0009 96 0.0105 100 0.0009
spect 71.64 0.0053 77.27 0.0264 65.67 0.0017 78.79 0.2066 81.82  0.0017
statlog_heart 80.88 0.0056 89.55 0.0232 77.94 0.0015 88.06 0.021 92.54  0.0015
vertebral_column_2clases 100 0.219 100 0.0274 93.51 0.0009 100 0.1121 100 0.0009
abalone9-18 91.8 0.0955 100 0.2191 100 0.0015 100 0.5245 100 0.0129
aus 87.86 0.0731 91.28 0.0926 82.56 0.0022 90.7 1.7916 9244  0.0025
cmc 10.3 0.3185 100 0.4872 100 0.0092 100 0.4161 100 0.0036
ecoli0137vs26 93.59 0.0243 97.44 0.0254 84.62 0.0017 93.59 0.3243 96.15  0.0014
ecoli0lvs5 100 0.0122 100 0.0246 95 0.0022 100 0.4122 100 0.0021
ecoli3 91.67 0.0363 91.67 0.0422 91.67 0.0018 91.67 0.3363 92.86  0.0019
led7digit-0-2-4-5-6-7-8-9_vs_1 93.69 0.0183 97.3 0.0452 67.27 0.0024 98.2 0.415 96.4 0.0037
monk1 53.96 0.0179 53.96 0.0802 55.4 0.0019 56.12 0.6479 58.99  0.0036
monk3 51.8 0.0253 51.08 0.0677 56.12 0.002 55.4 132818  59.71 0.0022
shuttle-6_vs_2-3 100 0.0117 100 0.0195 82.76 0.0021 100 0.0081 100 0.0072
shuttle-c0-vs-c4 100 0.8325 100 1.1571 92.58 0.0019 100 0.8325 100 0.0026
sonar 78.85 0.0095 84.62 0.0154 61.54 0.0025 78.85 0.0095 86.54  0.0059
transfusion 59.36 0.0469 87.17 0.2267 40.64 0.0022 87.7 10.1106  87.17  0.0012
votes 96.33 0.0245 97.25 0.032 77.06 0.0022 97.25 0.0858 97.25  0.0026
vowel 95.55 0.1324 96.76 0.266 91.09 0.0019 95.55 0.1324 96.76  0.0026
yeast-0-2-5-6_vs_3-7-8-9 94.02 0.1471 94.02 0.2317 93.23 0.0028 96.41 21.9554  94.42 0.002
yeast-0-3-5-9_vs_7-8 92.13 0.0298 95.24 0.0416 91.34 0.0019 96.83 6.0563 9524  0.0021
yeastlvs7 94.78 0.0428 94.78 0.0415 94.74 0.0031 94.78 1.428 9478  0.0033
yeast2vs8 98.35 0.1581 98.35 0.0513 47.11 0.0039 99.17 1.3929 99.17  0.0056
ringnorm 77.51 18.7724 78.05 22.3657 78.16  0.00147 * * 79.09  0.0105
twonorm 98.1 13.1825 98.81 20.0629 34.59 0.0057 * * 98.92  0.0089
mushroom 94.69 17.1168 95.27 66.9571 79.02 0.0027 * * 99.21 0.0044
musk_2 99.15 12.3079 100 17.5185 93.21 0.0207 * * 98.24  0.0513
EEG Eye State 58.83 129.8739  56.98 164.8006  56.82 0.0051 * * 72.55  0.0089
Avg. Acc. and Avg. time 82.21 4.6266 89.1 7.074 77.41 0.0033 89.73 2.254 91.15  0.0049
Avg. Rank 3.73 2.52 4.29 2.49 1.68

T represents the proposed model.
* denotes that we stopped the implementation after 36 hours.
Here, Avg. and Acc. are acronyms used for average and accuracy, respectively.
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The average training time, expressed in seconds, of C-SVM, Pin-SVM, LINEX-SVM,
FP-SVM, and the proposed Wave-SVM are 4.6266s, 7.074s, 0.0033s, 2.254, and 0.0049s,
respectively. This observation strongly underscores the substantial superiority of the pro-
posed Wave-SVM over C-SVM and Pin-SVM. However, its training time is marginally ex-
tended compared to LINEX-SVM. Nonetheless, it still demonstrates commendable perfor-
mance in terms of training time. For the non-linear case, the average accuracy and training
time of the proposed Wave-SVM and baseline models are presented in Table 4.4. The aver-
age accuracy of C-SVM, Pin-SVM, LINEX-SVM, FP-SVM, and the proposed Wave-SVM
are 89.46%, 89.97%, 86.63%, 90.18%, and 91.92%, respectively. Evidently, the proposed
Wave-SVM achieves the highest classification accuracy in comparison with the baseline
models. The average training time of C-SVM, Pin-SVM, LINEX-SVM, FP-SVM, and the

proposed Wave-SVM are 7.57s, 8.64s, 0.0137s, 1.39s, and 0.0219s, respectively.
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Table 4.4: Accuracy and training time for non-linear Wave-SVM against baseline models
using Gaussian kernel function on UCI and KEEL datasets.

Dataset C-SVM [6] Pin-SVM [27] LINEX-SVM [31] FP-SVM [99] Wave-SVM'"

Accuracy Time Accuracy Time Accuracy Time Accuracy Time  Accuracy Time
breast_cancer 100 0.2574 100 0.4802 100 0.0108 100 0.137 100 0.0069
breast_cancer_wisc 100 0.0644 100 0.1535 98.28  0.0038 100 25.4471 100 0.0031
breast_cancer_wisc_diag 97.89 0.0633 97.89 0.0664 96.48  0.0049  98.59 0.0246 98.59  0.0082
congressional_voting 65.14 0.0281 65.14 0.033 63.3 0.0044  65.74 0.0134 67.89  0.0078
conn_bench_sonar_mines_rocks 100 0.0206 100 0.0173 100 0.0053 100 0.0052 100 0.0033
credit_approval 95.38 0.138 96.53 0.1659 90.75 0.005 95.38 0.0404 9595  0.0108
cylinder_bands 71.09 0.0305 71.09 0.0478 71.09  0.0046  74.22 0.0315 76.56 0.015
echocardiogram 84.38 0.0036 875 0.006 84.38  0.0034  93.75 0.0019 96.97  0.0072
haberman_survival 80.52 0.018 81.82 0.0475 79.22  0.0054  80.52 0.0077 85.71 0.0045
hepatitis 92.31 0.0142 92.31 0.0052 94.87  0.0041 92.31 0.0144 97.44 0.007
horse_colic 76.09 0.0201 83.7 0.0314 75 0.0048  85.87 2.0631 85.87  0.0039
monks_1 72.66 0.0791 74.1 0.0642 68.35  0.0046  79.14 0.0545 85.61 0.0066
oocytes_trisopterus_nucleus_2f 72.63 0.2335 72.63 0.2542 67.54  0.0051 72.63 0.3335 75 0.0062
pima 79.69 0.0822 80.21 0.1601 7344 0.0045  79.69 0.0632 80.73  0.0083
pittsburg_bridges T_OR_D 96 0.0047 96 0.005 96 0.0046  96.15 0.4534 100 0.0016
spect 74.24 0.0162 75.76 0.0167 7273 0.0042  77.27 0.0049 86.36  0.0062
statlog_heart 86.57 0.021 86.57 0.0164 83.58  0.0041 88.06 0.0074 89.71 0.0043
vertebral_column_2clases 100 0.0139 100 0.0143 100 0.0045 100 0.0399 100 0.0071
abalone9-18 100 0.0747 100 0.1922 100 0.0054 100 0.3086 100 0.0076
aus 84.97 0.1197 89.53 0.14 87.21 0.0049  88.37 19.5134  90.12  0.0085
cme 99.73 2.3671 100 1.5839 87.5 0.0099 100 0.1654 100 0.0118
ecoli0137vs26 98.7 0.0172 98.72 0.0199 84.62  0.0044  98.72 0.0199 98.72  0.0104
ecoli0lvs5 100 0.0097 100 0.0173 95 0.004 100 0.0173 100 0.0083
ecoli3 95.24 0.0163 96.43 0.0447 91.67  0.0043  96.43 0.0447 100 0.0088
led7digit-0-2-4-5-6-7-8-9_vs_1 98.2 0.0435 98.2 0.0311 96.4 0.0046 98.2 0.024 98.2 0.0073
monk1 54.68 0.0892 54.68 0.1369 58.99  0.0048  56.12 0.0886 65.47  0.0073
monk3 52.52 0.0785 51.08 0.0678 57.55  0.0045 57.55 1.2189 64.03  0.0095
shuttle-6_vs_2-3 100 0.0132 100 0.0099 100 0.0047 100 0.0231 100 0.0095
shuttle-cO-vs-c4 99.78 0.5597 100 0.5717 99.78  0.0053 100 0.2061 99.78  0.0042
sonar 92.31 0.0078 92.31 0.0215 75 0.0049 9231 0.0043 88.46  0.0078
transfusion 87.17 0.0562 87.17 0.1295 87.17  0.0038 87.7 0.034 87.17  0.0063
votes 96.33 0.0285 96.33 0.0274 94.5 0.0053  96.17 0.1345 96.33  0.0067
vowel 97.98 0.3369 97.98 0.3629 95.55  0.0135 97.98 0.9215 100 0.007
yeast-0-2-5-6_vs_3-7-8-9 95.22 0.2745 95.22 0.4243 9323  0.0047  96.02 0.0356 97.21 0.0065
yeast-0-3-5-9_vs_7-8 95.24 0.0448 95.24 0.094 92.86 0.004 95.24 0.1141 97.62  0.0036
yeastlvs7 97.39 0.0557 97.39 0.0553 9478  0.0052  97.39 0.0553 98.26  0.0038
yeast2vs8 98.35 0.0187 98.35 0.0469 98.35  0.0058  99.17 0.0141 100 0.0145
ringnorm 100 12.801 100 11.9823 97.44  0.0891 * * 79.51 0.1245
twonorm 100 4.9025 100 6.4691 100 0.189 * * 98.65 0.303
mushroom 97.89 29.4162 98.05 15.2824 60.27  0.0284 * * 100 0.0614
musk_2 98.54 15.9498 98.54 5.851 9595  0.0409 * * 100 0.0617
EEG Eye State 7252 249.8753 7252  317.6164  79.87  0.0344 * * 78.8 0.1007
Avg. Acc. and Avg. time 89.46 7.57 89.97 8.64 86.63  0.0137  90.18 1.39 91.92  0.0219
Avg. Rank 3.37 2.85 4.16 2.53 1.8

T represents the proposed model.
Here, Avg. and Acc. are acronyms used for average and accuracy, respectively.
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The outcomes manifest that the proposed Wave-SVM exhibits remarkable efficiency. Its
training time is significantly less than C-SVM and Pin-SVM, indicating its enhanced com-
putational efficiency. However, the proposed Wave-SVM takes a slightly longer time to train
than the LINEX-SVM, although the difference in training time is minor. It is noteworthy
that the comparative evaluation of accuracy and training time shows the overall performance
of the models. Thus, the proposed Wave-SVM'’s ability to strike a balance between classi-
fication accuracy and training time makes it a superior model in comparison to the baseline
models. To assess the TSVM type models, given the substantial computational complexity
of the proposed Wave-TSVM due to the matrix inversion, we excluded datasets with either
over 5000 samples or more than 25 features. This exclusion resulted in a remaining set of
32 datasets. The average experimental outcomes for the non-linear proposed Wave-TSVM
and baseline models, including TSVM, Pin-GTSVM, SLTSVM, and IF-RVFL, across these
32 datasets are presented in Table 4.5. The average classification accuracies of the existing
TSVM, Pin-GTSVM, IF-RVFL, and SLTSVM are 86.49%, 83.24%, 83.8%, and 85.98%),
respectively. In contrast, the average accuracy of the proposed Wave-TSVM is 87.91%,
surpassing that of baseline models. These findings strongly emphasize the significant supe-

riority of the proposed Wave-TSVM over the baseline models.
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Table 4.5: Accuracy for non-linear Wave-TSVM against baseline models on UCI and KEEL
datasets.

Dataset TSVM [10] Pin-GTSVM [88] IF-RVFL [101] SLTSVM [89] Wave-TSVMT
breast_cancer 100 100 100 98.59 100
breast_cancer_wisc 88.01 88.68 83.57 78.16 87.93
congressional_voting 63.3 64.04 65.14 65.14 66.06
credit_approval 91.84 90.18 90.92 83.82 91.91
echocardiogram 87.2 80.74 85.63 87.5 87.5
haberman_survival 80.52 67.97 80.52 79.22 81.82
hepatitis 82.31 84.29 76.67 94.87 97.44
horse_colic 75.04 83.48 77.61 7391 79.35
monks_1 73.38 78.48 74.82 89.93 87.77
pima 77.69 75.4 70.1 71.88 72.4
pittsburg _bridges T_OR D 96.15 95.83 93.08 96 96.15
spect 75.76 77.5 63.64 68.18 73.13
statlog_heart 65.07 66.47 66.72 67.65 67.65
vertebral_column_2clases 100 100 100 100 100
abalone9-18 100 88.01 90.48 100 100
aus 76.95 78.37 75.93 78.03 7791
cme 100 67.08 100 93.22 100
ecoli0137vs26 93.12 91.44 91.82 92.31 94.87
ecoli0lvs5 94.35 90.36 86.67 95 95
ecoli3 91.4 89.4 89.29 92.86 92.86
led7digit-0-2-4-5-6-7-8-9_vs_1 95.3 93.31 89.37 93.69 96.4
monk1 55.4 52.76 61.15 56.83 56.83
monk3 57.55 56.58 56.83 56.83 55.4
shuttle-6_vs_2-3 100 100 98.28 100 100
shuttle-cO-vs-c4 95.76 95.76 94.09 97.16 96.72
transfusion 87.17 83.87 87.17 87.17 87.7
votes 90.17 90.48 78.53 79.82 92.66
vowel 92.19 96.43 95.08 91.5 95.14
yeast-0-2-5-6_vs_3-7-8-9 94.42 84.6 94.02 93.63 93.23
yeast-0-3-5-9_vs_7-8 95.24 81.62 88.9 95.24 95.24
yeastlvs7 93.1 82.03 85.65 94.78 94.78
yeast2vs8 99.17 88.66 89.92 98.35 99.17
Avg. Acc. 86.49 83.24 83.8 85.98 87.91
Avg. Rank 2.78 3.55 3.75 2.92 2

T represents the proposed model.
Here, Avg. and Acc. are acronyms used for average and accuracy, respectively.
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The statistical analysis is presented after the main empirical results so that the dataset-

wise performance trends can be interpreted before formal significance testing.

Table 4.6: Performance comparison of the proposed Wave-SVM compare baseline models
on benchmark UCI and KEEL datasets with Gaussian noise.

Model C-SVM [6] Pin-SVM [27] LINEX-SVM [31] FP-SVM [99] Wave-SVM'
Dataset Noise  Accuracy Accuracy Accuracy Accuracy Accuracy
breast_cancer_wisc 5% 93.68 97.7 100 100 100
10% 94.25 97.7 100 100 100
20% 87.36 97.7 100 100 100
30% 85.14 98.85 100 100 100
Avg. Acc. 90.11 97.99 100 100 100
credit_approval 5% 85.55 84.88 91.33 94.8 97.11
10% 86.13 85.47 89.02 95.38 96.53
20% 84.97 86.13 89.02 95.38 92.49
30% 84.39 84.97 89.02 94.8 93.64
Avg. Acc. 85.26 85.36 89.6 95.09 94.94
horse_colic 5% 70.65 76.09 81.52 85.87 86.96
10% 70.65 73.91 82.61 84.78 86.96
20% 69.57 71.74 80.43 88.04 86.96
30% 68.48 69.57 80.43 86.96 84.78
Avg. Acc. 69.84 72.83 81.25 86.41 86.41
led7digit-0-2-4-5-6-7-8-9_vs_1 5% 96.4 96.4 96.4 97.3 100
10% 96.4 96.4 93.69 98.2 98.2
20% 96.4 96.4 95.45 97.3 98.2
30% 96.36 96.4 94.59 97.3 99.1
Avg. Acc. 96.39 96.4 95.03 97.52 98.88
monk1 5% 56.12 53.96 56.83 59.71 65.47
10% 54.68 57.55 53.96 58.27 66.19
20% 554 56.83 56.12 58.27 64.03
30% 58.27 56.83 56.83 61.87 64.75
Avg. Acc. 56.12 56.29 55.93 59.53 65.11
yeast2vs8 5% 98.35 98.35 98.35 99.17 99.17
10% 98.35 98.35 98.35 99.17 100
20% 98.35 98.35 98.35 99.17 100
30% 98.35 98.35 98.35 99.17 100
Avg. Acc. 98.35 98.35 98.35 99.17 99.79

T represents the proposed model.
Here, Avg. and Acc. are acronyms used for average and accuracy, respectively.
The boldface and underline indicate the best and second-best models, respectively, in terms of average accuracy.

4.3.3 Evaluation on UCI and KEEL Datasets with Gaussian Noise

While the UCI and KEEL datasets used in our evaluation reflect real-world circum-
stances, it is essential to acknowledge that outliers or noise can arise due to various factors.
To showcase the effectiveness of the proposed Wave-SVM and Wave-TSVM, even in ad-

verse conditions, we deliberately added feature noise to selected datasets. We selected 6
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diverse datasets for our comparative analysis, namely breast_cancer_wisc, credit_approval,
horse_colic, led7digit-0-2-4-5-6-7-8-9_vs_1, monk]1, and yeast2vs8. To ensure impartiality
in evaluating the models, we selected 2 datasets where the proposed Wave-SVM achieves
the highest performance compared to baseline models in the corresponding clean-data ex-
periments. Further, we selected 2 datasets where the proposed Wave-SVM does not achieve
the highest performance and 2 datasets where the proposed Wave-SVM ties with an exist-
ing model. To carry out a comprehensive evaluation, we added Gaussian noise at varying
levels of 5%, 10%, 20%, and 30% to corrupt the features of these datasets. The accuracy
values of Wave-SVM against baseline models for the selected datasets with 5%, 10%, 20%,
and 30% level of noise are presented in Table 4.6. Out of 6 diverse datasets, the proposed
Wave-SVM outperforms the baseline models on 5 datasets and attains second position on 1
dataset, as per the average accuracies at different levels of noise. This outcome unequivo-
cally underscores the significance of the proposed Wave-SVM as a robust model. Similarly,
the accuracy values of Wave-TSVM against baseline models for the selected datasets with
5%, 10%, 20%, and 30% noise levels are outlined in Table 4.7. Out of the 6 diverse datasets,
the proposed Wave-TSVM surpasses the baseline algorithms on 4 datasets, achieves the sec-
ond position on 1 dataset, and secures the third position on 1 dataset, based on the average
accuracies at different noise levels. This result demonstrates the significance and robust-
ness of Wave-TSVM. By subjecting the models to rigorous conditions, we demonstrate the
exceptional performance and superiority of the proposed Wave-SVM and Wave-TSVM, es-

pecially in adverse scenarios.
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Table 4.7: Performance comparison of the proposed Wave-TSVM compare baseline models
on benchmark UCI and KEEL datasets with Gaussian noise.

Model TSVM [10] Pin-GTSVM [88] IF-RVFL [101] SLTSVM [89] Wave-TSVM'
Dataset Noise  Accuracy Accuracy Accuracy Accuracy Accuracy
breast_cancer_wisc 5% 88.01 88.68 83.57 78.16 87.36
10% 88.01 88.68 83.57 78.16 85.63
20% 86.9 87.37 83.57 78.16 83.91
30% 84.37 85.5 83.57 78.16 80.46
Avg. Acc. 86.82 87.56 83.57 78.16 84.34
credit_approval 5% 91.84 90.18 80.92 80.92 91.33
10% 89.53 87.57 80.92 80.81 89.02
20% 86.37 87.57 80.92 79.65 88.44
30% 85.95 84.08 80.92 73.41 86.13
Avg. Acc. 88.42 87.35 80.92 78.7 88.73
horse_colic 5% 75.04 82.25 77.61 75 77.17
10% 75.04 79.9 77.61 71.74 84.78
20% 73.22 79.9 77.61 70.65 76.09
30% 69.04 68.86 77.61 72.83 76.09
Avg. Acc. 73.1 71.73 77.61 72.55 78.53
led7digit-0-2-4-5-6-7-8-9_vs_1 5% 95.3 93.81 89.37 95.5 98.2
10% 95.3 87.09 89.37 95.5 95.5
20% 93.5 87.09 89.37 93.69 95.45
30% 91.4 84.5 89.37 93.69 94.59
Avg. Acc. 93.87 88.12 89.37 94.6 95.93
monk1 5% 55.71 52.15 61.15 61.15 58.99
10% 56.99 52.15 61.15 60.43 60.43
20% 58.15 53.98 61.15 57.55 60.43
30% 59.71 51.18 61.15 61.15 60.43
Avg. Acc. 57.64 52.37 61.15 60.07 60.07
yeast2vs8 5% 99.17 88.55 89.92 97.52 98.35
10% 98.35 88.55 89.92 98.35 99.17
20% 97.69 88.55 89.92 98.35 98.35
30% 96.04 88.1 89.92 97.52 98.35
Avg. Acc. 97.81 88.44 89.92 97.93 98.55

T represents the proposed model.
Here, Avg. and Acc. are acronyms used for average and accuracy, respectively.
The boldface and underline indicate the best and second-best models, respectively, in terms of average accuracy.
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4.3.4 Results Analysis on ADNI Dataset

Alzheimer’s disease (AD) is a widely recognized neurodegenerative illness that progres-
sively results in memory loss and cognitive impairments. AD development is irreversible
and manifests as atrophy in the brain’s inner regions. It is predicted that by the year 2050,
one out of every 85 individuals will suffer from AD [104]. Multiple studies indicate that
early detection and intervention can slow down the progression of AD. Therefore, to miti-
gate further growth, treatment should commence at the earliest possible stage. The ADNI
project, initiated by Michael W. Weiner in 2003, aims to examine various neuroimaging
techniques, including positron emission tomography (PET), magnetic resonance imaging
(MRI), and other diagnostic tests for AD, particularly at the mild cognitive impairment
(MCI) stage. AD data is publicly available on the ADNI repository, which is accessible at
adni.loni.usc.edu. The pipeline for feature extraction opted in this chapter is the same as
followed in [95]. The dataset contains three cases: control normal (CN) versus AD, CN
versus MCI, and MCI versus AD.

The accuracy of the proposed Wave-SVM, as well as baseline models for AD diagno-
sis, are presented in Table 4.8. We examine that with an average accuracy of 79.11%, the
proposed Wave-SVM is the best model. The average accuracies of baseline algorithms, C-
SVM, Pin-SVM, and LINEX-SVM are 70.55%, 78.16%, and 75.99%, respectively. With
an accuracy of 88.46% and 79.45%, the proposed Wave-SVM is the most accurate classifier
for CN versus AD and MCI versus AD cases. For CN versus MCI case, Pin-SVM came
out on top followed by the proposed Wave-SVM. Overall, the proposed Wave-SVM has
emerged as the best classifier in comparison to the baseline models for AD diagnosis. The
Wave-based models developed in this chapter primarily address robustness to noisy obser-
vations and outliers and are not specifically formulated for class-imbalance-aware learning.

Accordingly, the ADNI experiments use accuracy as the principal predictive measure, with
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identical data partitions, preprocessing, model-selection procedures, and evaluation settings
applied to all baseline and proposed models. In contrast, Chapter 6 explicitly develops
an imbalance-aware weighting mechanism and therefore reports F-measure together with
accuracy.

Sensitivity, specificity, and F-measure would provide a more clinically informative eval-
uation of the three ADNI classification tasks. However, the retained experimental outputs
do not contain the fold-level predictions or confusion matrices required to compute these
measures reliably from the reported aggregate accuracies. A valid retrospective compari-
son would require rerunning every baseline and proposed model using the same data par-
titions, preprocessing, and model-selection procedure. Table 4.8 is therefore retained as
an accuracy-based comparison, and its conclusions are restricted to comparative predic-
tive accuracy under the stated protocol. The results should not be interpreted as a complete
assessment of diagnostic sensitivity, specificity, or minority-class performance. Future eval-
uations should preserve fold-level outputs and report class-sensitive measures together with

appropriate uncertainty estimates.

Table 4.8: Results of the proposed non-linear Wave-SVM against baseline models on ADNI
dataset.

Model C-SVM [6] Pin-SVM [27] LINEX-SVM [31] FP-SVM [99] Wave-SVMT
Dataset Accuracy  Time Accuracy Time  Accuracy Time Accuracy Time Accuracy Time
(# of samples, # of features)  (C, o) (1,C,0) (a, C, 0) (C, 0,71, T) \a C, o)

CN versus AD 8226  0.0206 84.61 0.006 86.54 0.0011 84.62 0.0668 88.46 0.0019
(415 91) 1,1 0,0.1,0.001 -1,0.001,1 0.000001, 0.000001, 0.5, 0 0.1,-0.6,1000,10

CN versus MCI 63.1 0.0247 74.52 0.0119 68.15 0.0018 75.15 0.0241 69.43 0.0027
(626, 91) 10,1 0.2,0.1,0.001 -1,1000,10 0.0001, 0.01, 0, 0.4 0.7,3.2,0.001,10

MCI versus AD 66.28 0.0176 75.34 0.0502 73.29 0.0014 73.97 0.0444 79.45 0.0024
(585,91) 1,1 0,10,0.01 -1,0.001,1 1000000, 0.000001, 0, 0.8 0.1,0.3,100,10

Avg. Acc. and Avg. Time 70.55 0.021 78.16 0.0227 75.99 0.0014 7791 0.0451 79.11 0.0023

T represents the proposed model.
Here, Avg. and Acc. are acronyms used for average and accuracy, respectively.

4.4 Statistical Analysis of Wave-SVM and Wave-TSVM

To further support the efficacy of the proposed Wave-SVM and Wave-TSVM, we con-

ducted a comprehensive statistical analysis of the models, for which we followed four tests:
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ranking scheme, Friedman test, Nemenyi post hoc test, and Win-Tie-Loss sign test [25].
Ranking scheme: To conduct a more comprehensive evaluation of the Wave-SVM, we
employed a ranking scheme. Relying solely on average accuracy as a single metric could
be problematic, as exceptional performance on specific datasets might mask inadequate
performance on others. To mitigate this concern, it becomes essential to individually rank
each model with respect to each dataset, allowing for a comprehensive assessment of their
respective capabilities. In the ranking scheme [25], the model with the poorest performance
on a dataset is assigned a higher rank, while the model achieving the best performance is
assigned a lower rank. Consider p models are being assessed using D datasets, and R/
denotes the rank of the '™ of p models on the f** of D datasets. The ' model’s mean rank

is obtained by the following formula:

1
— f
R. = D gf R!. (4.46)

For SVM type models, the mean rank of the baseline models C-SVM, Pin-SVM, LINEX-
SVM, and FP-SVM are 3.37, 2.85, 4.16, and 2.53, respectively. Whereas, the mean rank of
the proposed Wave-SVM is 1.8, the most favorable position when compared to the baseline
models. For TSVM type models, the mean rank of the baseline models including, TSVM,
Pin-GTSVM, IF-RVFL, and SLTSVM are 2.78, 3.55, 3.75, and 2.92, respectively. In con-
trast, the mean rank of the proposed Wave-TSVM is 2, the lowest in comparison to baseline
models (see Table 4.5). Since the lower rank denotes heightened accomplishment, the pro-
posed Wave-SVM and Wave-TSVM securely occupy the foremost positions in comparison
to baseline models.

Friedman test: The Friedman test [24] is utilized to statistically assess the significance
of various models. In this test, each individual model is ranked independently for each

dataset. The highest-performing model receives a rank of 1, followed by the second-best
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model with a rank of 2, and so forth. The null hypothesis posits that all models are essen-
tially identical, implying that the average rank of each model is equivalent. The Friedman
statistic adheres to the chi-squared % distribution with degrees of freedom (d.f.) equal to

p — 1, where p represents the number of models. This statistic is computed as follows:

12D p(p+1)3
2 § 2
X _— Re - 7 (4'47)

Here, D signifies the total number of datasets, and R, denotes the mean rank of the e
model out of the p models. However, the Friedman statistic is overly cautious in nature. To
address this, Iman and Davenport [62] introduced a more robust statistic:

(D —1)x%

Fp = ,
"TDlp-1) -2

(4.48)

which follows F' distribution with ((p — 1), (p — 1)(D — 1)) d.f.. For the proposed Wave-
SVM and baseline models, we have p = 5 and D = 42. Thus, we obtain X% = 23.95 and
Fr = 6.82. Also, F is distributed with (4,164) d.f.. From the statistical F-distribution
table, at 5% level of significance, the value of Fr(4,164) = 2.43. Since, Fr > 2.43, thus
we reject the null hypothesis. For the proposed Wave-TSVM and baseline models, we have
p = 5and D = 32. Thus, we obtain X% = 24.58 and Fr = 7.36. Also, F'r is distributed
with (4,124) d.f.. From the statistical F-distribution table, at 5% level of significance, the
value of Fr(4,124) = 2.45. Since, Fr > 2.45, thus we reject the null hypothesis. Hence,

substantial differences exist among the models.

Nemenyi post hoc test: In the Nemenyi post hoc test [25], a pairwise comparison is
conducted among all models. The disparity in performance between the two models is
considered significant if the corresponding average ranks display a noticeable difference

surpassing a specific threshold value known as the critical difference (C.D.). When the dis-

183



CHAPTER 4. WAVE LOSS FUNCTION

crepancy in mean ranks between the two models exceeds the C'. D., the model with the lower
mean rank is deemed statistically superior because rank 1 denotes the best performance. The

computation of C.D. follows the following formula:

1
C.D. =q, %. (4.49)

Here, ¢, is derived from the studentized range statistic divided by v/2. This value is referred
to as the critical value for the two-tailed Nemenyi test. From distribution table, for a = 0.1,
the value of ¢, is 2.29. Thus, after calculation, we obtain C.D. = 0.85 and 0.97 for SVM
type models and TSVM type models, respectively. The mean rank difference of proposed
Wave-SVM from C-SVM, Pin-SVM, LINEX-SVM, and FP-SVM are 1.57, 1.05, 2.36, and
0.73, respectively. Notably, Wave-SVM differs significantly from the baseline models C-
SVM, Pin-SVM, and LINEX-SVM as the difference in the average rank is greater than
C.D., however, the rank difference of the proposed Wave-SVM with FP-SVM is less than
C.D.. Similarly, the mean rank difference of proposed Wave-TSVM from TSVM, Pin-
GTSVM, IF-RVFL, and SLTSVM are 0.78, 1.55, 1.75, and 0.92, respectively. Therefore,
the proposed Wave-TSVM showcases significant disparity from the baseline models Pin-
GTSVM and IF-RVFL, as the average rank difference surpasses the C.D.. Though, the
rank difference of the proposed Wave-SVM with TSVM and SLTSVM is below the C.D.,
the efficacy of the proposed Wave-TSVM over TSVM and SLTSVM is underscored by the
average rank, average accuracy, and other statistical tests. These findings are supported by
the data presented in Table 4.9 and 4.10, which clearly indicates the superior performance

of the proposed Wave-SVM and Wave-TSVM in comparison to the baseline models.

Win-Tie-Loss sign test: It is a well-known pairwise statistical test to evaluate whether
there is a statistical difference between the outcomes of two models. In this test, it is

assumed that the two models are equivalent under the null hypothesis, i.e., each model
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Table 4.9: Differences in the rankings of the non-linear proposed Wave-SVM against base-
line models on UCI and KEEL datasets.

Model Average rank | Rank difference Significant c.hfference

(As per Nemenyi post hoc test)
C-SVM [6] 3.37 1.57 Yes
Pin-SVM [27] 2.85 1.05 Yes
LINEX-SVM [31] 4.16 2.36 Yes
FP-SVM [99] 2.53 0.73 No
Wave-SVM' 1.8 - N/A

T represents the proposed model.

Table 4.10: Differences in the rankings of the non-linear proposed Wave-TSVM against
baseline models on UCI and KEEL datasets.

Model Average rank | Rank difference Significant Q1fference

(As per Nemenyi post hoc test)
TSVM [10] 2.78 0.78 No
Pin-GTSVM [88] 3.55 1.55 Yes
IF-RVFL [101] 3.75 1.75 Yes
SLTSVM [89] 292 0.92 No
Wave-TSVM' 2 - N/A

T represents the proposed model.

Table 4.11: Non-linear Wave-SVM results of pairwise Win-Tie-Loss test on UCI and KEEL
datasets. Here, in [x/y/z], X, y, and z correspond to the count of wins, ties, and losses of the
row model over column method, respectively.

C-SVM [6] Pin-SVM [27] LINEX-SVM [31] FP-SVM [99]

Pin-SVM [27] [13, 28, 1]

LINEX-SVM [31] [5,12,25] [4, 10, 28]

FP-SVM [99] [19,17,6] [14, 18, 10] [29, 6, 7]

Wave-SVM! [28,11,3] [25,12,5] [32,7, 3] [27, 12, 3]

T represents the proposed model.

Table 4.12: Non-linear Wave-TSVM results of pairwise Win-Tie-Loss test on UCI and
KEEL datasets. Here, in [x/y/z], X, y, and z correspond to the count of wins, ties, and
losses of the row model over column method, respectively.

TSVM [10] Pin-GTSVM [88] IF-RVFL [101] SLTSVM [89]
Pin-GTSVM [88] [10, 4, 18]

IF-RVFL [101] [6, 5, 21] [15, 2, 15]
SLTSVM [89] [11,5,16] [21,2,9] [19, 4, 9]
Wave-TSVM' [19, 8, 5] (22,3, 7] [26, 3, 3] [17, 10, 5]

T represents the proposed model.
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wins on D /2 out of D datasets. Two models are considered significantly different at 5%
level of significance if one model has at least D/2 + 1.96v/D/2 wins. If there is a tie,
the score is shared equally among the two models. For Wave-SVM, we have D = 42,
D/2 4 1.96/D/2 = 27.35. Thus, two SVM type models are statistically different, if one
of them wins on at least 27 datasets. Table 4.11 presents the pairwise Win-Tie-Loss per-
formance of the proposed Wave-SVM and the baseline models. It has been determined that
the proposed Wave-SVM has 28 (w.r.t. C-SVM), 25 (w.r.t. Pin-SVM), 32 (w.r.t. LINEX-
SVM), and 27 (w.r.t. FP-SVM) wins out of 42 datasets. For Wave-TSVM, we have D = 32,
D/2 4 1.96v/D/2 = 21.54. Thus, two models are statistically different, if one of them
wins on at least 21 datasets. Table 4.12 showcases the Win-Tie-Loss results of the proposed
Wave-TSVM and the baseline models. It can be seen that the proposed Wave-TSVM has
19 (w.rt. TSVM), 22 (w.r.t. Pin-GTSVM), 26 (w.r.t. IF-RVFL), and 17 (w.r.t. SLTSVM)
wins out of 32 datasets. After sharing the ties equally among the models, it can be estab-
lished that the proposed Wave-SVM and Wave-TSVM models perform superiorly over the

baseline models.

4.5 Chapter Summary

This chapter emphasized the pivotal role of the loss function within the realm of su-
pervised learning, highlighting how the choice of the appropriate loss function significantly
influences the proficiency of the developed models. It introduced an innovative asymmet-
ric loss function named wave loss. This novel loss function is distinguished by its apti-
tude for handling outliers, resilience against noise, bounded characteristics, and an essential
smoothness property. These distinctive attributes collectively position the wave loss func-
tion to effectively address the complex challenges posed by real-world data. Further, by

showing the possession of classification-calibrated property, the chapter laid the foundation
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for its broader adoption in real-world applications. Additionally, the amalgamation of the
proposed wave loss into the least squares setting of SVM and TSVM led to the development
of two innovative models: Wave-SVM and Wave-TSVM, respectively. These models offer
a robust and smooth alternative to existing classifiers, contributing to the advancement of
classification techniques. Notably, the incorporation of the Adam algorithm for optimiz-
ing the Wave-SVM brings further innovation, as this is the first time that Adam has been
utilized to solve an SVM model. This strategic use of Adam not only improves the effi-
ciency of Wave-SVM but also offers a solution for handling large-scale problems. To tackle
the optimization problem of Wave-TSVM, the chapter utilizes an iterative algorithm that
requires matrix inversion at each iteration, which is intractable for large datasets. In the
future, one can reformulate the Wave-TSVM to circumvent the need to compute matrix in-
version. The empirical results garnered from a diverse spectrum of UCI and KEEL datasets
(with and without feature noise) undeniably affirm the efficacy of the proposed Wave-SVM
and Wave-TSVM against baseline algorithms.

However, we did not explore the application of the wave loss function within deep
learning models, which presents an avenue for future research. Looking ahead, the cru-
cial smoothness property inherent to the wave loss function suggests promising possibilities
for its fusion with advanced machine learning and deep learning techniques. In future work,
researchers can explore the fusion of the wave loss function with cutting-edge methodolo-

gies like support matrix machines to tackle complex real-world problems.
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Chapter 5

HawkEye: A Robust Loss Function for
Regression with Bounded, Smooth, and

Insensitive Zone Characteristics

This chapter introduces the HawkEye loss function for robust support vector regression
(SVR). Classical SVR relies on e-insensitive loss, while several robust variants use bounded
losses to reduce the effect of outliers and noisy observations. However, existing bounded
regression losses either become non-smooth because of hard truncation or remain smooth
but lack an explicit insensitive zone for ignoring small, practically negligible deviations.
The HawkEye loss is designed to resolve this gap by simultaneously providing bounded-
ness, smoothness, and an insensitive zone, thereby improving robustness and generalization
in noisy regression settings. The chapter integrates HawkEye into the least-squares SVR
framework to obtain the HawkEye least-squares support vector regressor (HE-LSSVR), and
solves the resulting optimization problem using adaptive moment estimation (Adam) in an
inverse-free manner. The proposed model is evaluated on UCI, synthetic, time-series, and
brain-age datasets, demonstrating improved generalization performance and training effi-

ciency compared with baseline regression models.
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5.1 Introduction

Machine learning, a subset of artificial intelligence, has witnessed remarkable advance-
ments in recent years, revolutionizing various fields through its ability to extract meaning-
ful patterns from complex data [105]. Within the realm of machine learning, supervised
learning stands as a cornerstone, where algorithms learn from labeled datasets to make pre-
dictions or infer relationships between input and output variables [2]. Among the diverse
applications of supervised learning, regression emerges as a fundamental subfield dedicated
to modeling the intricate connections between input variables and continuous output values
[106].

Support vector regression (SVR) [5] is a powerful and versatile machine learning technique
designed for solving regression problems. It belongs to the family of support vector ma-
chines (SVMs) [6], which are renowned for their effectiveness in classification tasks. SVMs
have applications in several areas, such as breast cancer diagnosis [99, 107], Alzheimer’s di-
agnosis [67, 108], EEG signal classification [90, 109], and many more. In a nutshell, SVMs
are rooted in the framework of statistical learning theory, which equips them with the ability
to generalize effectively to new and unseen data. However, SVR extends the capabilities of
SVM to handle continuous output variables, making it a valuable tool for predictive mod-
eling and function approximation. It has extensive applications across various domains,
such as brain age prediction [110, 111], gas diffusion coefficient prediction [112], long-
term stock index price prediction [113], financial market forecasting [114], estimation of

bank profitability [115], and so forth.

Consider a regression training dataset {(z;, y;)}¥,, where z; € R™ and y; € R. In this
chapter, N denotes the number of training samples and m denotes the feature dimension;

these are local symbols corresponding to m and d, respectively, in the global notation of
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Chapter 2. SVR estimates a function f(z) = wTx-+b by controlling residuals r; = y;— f (x;).
In a loss-based unconstrained form, the regularized SVR objective can be written as

N
) 1
min S flwl*+C ) L(r), (5.1

i=1
where C' > 0 controls the trade-off between model complexity and empirical risk. This
form makes the central role of the regression loss explicit.

In this chapter, our primary focus revolves around enhancing the performance of SVR.
In the realm of developing novel regression models, one critical aspect that garners signifi-
cant attention is the design of appropriate loss functions. The regression losses relevant to
this chapter, including e-insensitive, least-squares, absolute, Huber, canal, ramp-insensitive,
bounded least-squares, and BLINEX losses, are summarized in Table 2.4. Their common
limitation is that each provides only part of the desired behavior: unbounded losses re-
main sensitive to large residuals, hard-truncated bounded losses are usually non-smooth,
and smooth bounded losses generally do not include an explicit insensitive zone.

In real-world regression, outliers may deviate substantially from the dominant data pat-
tern [116], and they can be especially difficult to detect in high-dimensional settings [7].
A robust regression loss should therefore limit the influence of extreme residuals. At the
same time, an insensitive zone is desirable when small residuals are practically negligible,
while smoothness is important for stable gradient-based optimization. The central gap is
that existing losses rarely provide boundedness, smoothness, and an insensitive zone simul-
taneously.

Based on insights gleaned from previous research efforts, this chapter introduces the
HawkEye loss, an innovative loss function meticulously designed to exhibit boundedness,
smoothness, and the simultaneous presence of an insensitive zone. Subsequently, by in-

corporating the newly proposed HawkEye loss into the least squares version of SVR, we
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propose a new robust and scalable model named HE-LSSVR. The optimization problem
associated with HE-LSSVR model is effectively addressed through the utilization of the
adaptive moment estimation (Adam) algorithm. The key contributions of this chapter can

be succinctly summarized as follows:

* We introduce a novel development in the realm of supervised learning, the Hawk-
Eye loss function, meticulously crafted to exhibit boundedness, smoothness, and an

insensitive zone.

* We present a comparative analysis against SVR losses and broader robust regression
families. To the best of our knowledge, within the surveyed SVR and LSSVR litera-
ture, HawkEye is the first loss function that is simultaneously bounded, smooth, and

equipped with an exact insensitive zone.

* We amalgamate the HawkEye loss function into the least squares framework of SVR

and formulate a robust and scalable model coined as HE-LSSVR.

* We address the optimization problem of HE-LSSVR by harnessing the Adam algo-
rithm within an inverse-free optimization framework, known for its adaptive learning
rate and efficacy in handling large-scale problems. To the best of our knowledge
within the surveyed SVR literature, this is the first use of Adam to solve the resulting

SVR optimization problem.

* We conduct numerical experiments on UCI, synthetic, and time-series datasets and
compare HE-LSSVR with the baseline models in terms of predictive error and training
time, while explicitly identifying comparisons for which the observed differences are

small or not statistically significant.

The remainder of this chapter first states the chapter-specific gap in existing regression
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losses, then presents the HawkEye loss, the HE-LSSVR formulation, and the optimization

procedure, followed by the experimental evaluation and chapter summary.

5.2 Related Work

Existing regression losses that form the baseline landscape for this thesis include least-
squares, absolute, Huber, c-insensitive, ramp-insensitive, nonconvex least-squares, canal,
bounded least-squares, and BLINEX losses. The chapter-specific point is the gap left by this
landscape: unbounded losses remain sensitive to large residuals, hard-truncated bounded
losses are usually non-smooth, and smooth bounded losses generally do not include an
explicit insensitive zone. HawkEye is designed to close this gap by combining boundedness,

smoothness, and an insensitive zone in a single regression loss.

5.3 HawkEye Loss and HE-LSSVR

In this section, we present the proposed HawkEye loss function, discuss its key prop-
erties, compare it with baseline loss functions, introduce the proposed HE-LSSVR model,

and outline the corresponding optimization procedures.

5.3.1 HawkEye Loss Function

We present a noteworthy breakthrough in the field of supervised learning: a novel sym-
metric loss function termed the HawkEye loss. It is designed to manifest desirable attributes
of boundedness and smoothness while concurrently incorporating an insensitive zone. For-
mally, the insensitive zone is characterized by a threshold parameter €. For any prediction
error r = y — ¢, where y is the true value and g is the predicted value, the loss function

assigns zero loss if |r| < e. Outside this interval, the loss function starts to penalize the
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prediction error. The inclusion of the insensitive zone allows the HawkEye loss to tolerate
small errors, which can be particularly useful in reducing the impact of noise and minor

discrepancies in the data.

The mathematical expression of the proposed HawkEye loss function is articulated as

follows:

(

AL ={=a(r+¢e) +1}ex*9], r < —¢,

Lyp(r,a,\) = 0, —e<r<e, (5.2)

A1—{a(r—e)+1}e 9], r>e,

\
where £ > 0 1s an insensitivity parameter that serves to establish a zone of tolerance within
the loss function, a € R* is a shape parameter that determines the curvature and steepness
of the loss function, and A € R* is a bounding parameter that acts as a constraint to ensure
that the loss does not exceed a specified bound. To visually depict the proposed HawkEye
loss function (5.2), Figure 5.1 summarizes the loss and its derivative, while Figures 5.1a
and 5.1b show the loss for various combinations of the parameters a and \. The Proposed
HawkEye loss function (5.2), as delineated in this work, exhibits the following intrinsic

properties:

Property 1: Lyp(-) exhibits an insensitive zone, meaning it assigns zero loss to residuals

within a specified range, effectively ignoring minor deviations from the target value.

Property 2: Ly (+) is symmetric, signifying its impartial allocation of equal loss to devia-

tions on both sides of the reference point.

Property 3: Ly () is non-negative, ensuring that the loss is always greater than or equal

to zero.
Property 4: L p(-) is zero at origin and increases monotonically with respect to |r|, i.e.,
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Figure 5.1: Illustration of the HawkEye loss function and its gradient for varying values of
a and \. The loss function plots demonstrate that for a fixed A = 1 and € = 0.5, increas-
ing a results in a steeper transition beyond the insensitive zone, making the function more
sensitive to larger residuals. Conversely, for a fixed a = 5 and ¢ = 0.5, increasing A raises
the upper bound of the loss, effectively constraining the maximum penalty for large errors.
The gradient plots further illustrate these effects, where a higher a leads to sharper changes
in gradient magnitude, reinforcing stronger penalization for deviations, while increasing A
scales the gradient without altering its fundamental behavior. These visualizations highlight
how adjusting a and A enables fine-tuning of the loss function, balancing robustness and
sensitivity to optimize performance in different tasks.
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Lyp(0) = 0and %512 > 0.

Property 5: Ly (+) is bounded by A, ensuring that the loss does not grow unbounded as
the error increases, thereby enhancing robustness.
Property 6: Ly z(-) is smooth, indicating that it is differentiable and suitable for gradient-

based optimization algorithms.

5.3.2 Proofs of HawkEye Loss Properties
5.3.3 Proof of the Properties of the HawkEye Loss Function

In this subsection, we provide the detailed proof of the properties of the HawkEye loss
function.
Property 1: Ly 5(-) exhibits an insensitive zone, meaning it assigns zero loss to residuals

within a specified range, effectively ignoring minor deviations from the target value.

Proof. For residuals 7, where —¢ < r < ¢, the loss function is defined as Ly () = 0. This
is clearly stated in the definition of the loss function.

This means that any data points with residuals within this range (i.e., » € (—¢,¢)) do not
contribute to the overall loss. As a result, the loss remains unaffected by small deviations
within this zone. Since the gradient of the loss function with respect to these points is
also zero, these data points do not influence the optimization process. In other words, the
e-insensitive zone essentially ignores data points whose residuals fall within this range,
reducing the number of training points that contribute to the final model. This results in
a sparse representation, as only the points outside the e-insensitive zone (where r > ¢ or

r < —¢) actively affect the model. [

Property 2: Lyz(-) is symmetric, signifying its impartial allocation of equal loss to devia-

tions on both sides of the reference point.
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Proof. Consider two values » and —r. From the definition, we can easily show that:
Lyr(r) = Lyp(—r). This symmetry property is a direct consequence of the construction

of the loss function. L]

Property 3: Ly () is non-negative, ensuring that the loss is always greater than or equal

to zero.

Proof. For all values of , it can be seen easily that all the terms in the definition of Ly g(-)

are non-negative. Hence, ensuring the non-negativity property. [

Property 4: L z(+) is zero at origin and increases monotonically with respect to |r|, i.e.,

Ly(0) =0and 65” > 0.

7

Proof. Since £ > 0, the origin will always lie in the region —¢ < r < . Then, from
the definition, we can easily see that L5 £(0) = 0. Now, to prove that the HawkEye loss
function increases monotonically with respect to ||, let us analyze each region separately.
Forr < —e:

We can write Lyp(|r|) = A [1 — {—a(—|r| + &) 4+ 1}e*I+a)].

Taking the derivative with respect to ||, we get:

= —\a?(—|r| + g)ea=I"*+2) Since A\, a > 0, —|r| + ¢ < 0, and e*(=I"*9) is always
positive, then we can surely say that the derivative is always non-negative.

For —e <r<e:

In this region, the HawkEye loss function is constant, so 85‘11{"3 =0.
Forr > e:
We can write Lyp(|r]) = A [1 = {a(|r| — ) + 1}e~("=9)].

Taking the derivative with respect to |r|, we get:

= Aa?(|r| — e)e~I"1=9) Since A, a > 0, |r| — & > 0, and e~*("1=2) is always positive,

then the derivative is always non-negative.
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In conclusion, the HawkEye loss function increases monotonically with respect to |r|, i.e.,

9LuE
Olr| > 0.

O

Property 5: Ly z(+) is bounded by A, ensuring that the loss does not grow unbounded as

the error increases, thereby enhancing robustness.

Proof. For this, we analyze its behavior in the three defined regions.
Forr < —e:

In this region, we have:
Lup(r)=A[1—{-a(r+e)+ 1}e*"]. (5.3)

To prove that Ly () is bounded by A, we need to show that the expression in the square
bracket of equation (5.3) is less than or equal to 1, i.e., {—a(r + ) + 1} <) > 0,

Let’s simplify the expression.

e®7+¢) is a positive term.

—a(r4+e)+1>0(sincea > 0andr < —¢).

Thus, the expression in the square bracket of equation (5.3) is less than or equal to 1. There-
fore, in this region, £ g(r) is bounded by A.

For —e <r <e:

In this region, we have Ly () = 0, which is trivially bounded by .

Forr > ¢:

Similar to the first region, we can easily demonstrate that in this region Lyg(r) is also
bounded by .

Hence, in all three regions, we have shown that £y g(r) is bounded by A for the specified

parameter values a > 0, A > 0, and € > 0. O
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Property 6: L (+) is smooth, indicating that it is differentiable and suitable for gradient-

based optimization algorithms.

Proof. The loss function Lyp(-) is meticulously constructed by combining continuous
functions and exponential terms, ensuring its overall differentiability. Nevertheless, to dis-
pel any concerns regarding its differentiability specifically at = € and r = —¢, we provide
a thorough demonstration limited to these particular points.
Atr =c¢:

LHD. = lim Z#EE =1 = Lae(E)

h—0 —h

. 0-0 : -
= ,llli% 7 (Using the definition)

R.H.D. = lim Lup(e+h) — Lup(e)
h—0 h
. A [1 — {CL(E +h — 5) + 1}€—a(a+h—e)} -0
= lim
h—0 h
_ A[1—{ah+ 1}e]
= lim
h—0 h

(Using the definition)

— f
(O orm)
= }llir% —X[—a(ah 4+ 1)e™*" + ae™*"] (Using L’hospital rule)
—)

=—-\[—a+d]

=0.

Thus, at r = ¢, the left-hand derivative and right-hand derivative are both equal. Hence,

Lyg(-) is differentiable at r = .
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Atr = —¢:
LHD., — lim 2122 =) = Lup(=2)
h—0 —h
M1 —{—a(—e—h+e)+ 1} esl=hte)]
= lim - {-al ) 1je } (Using the definition)
h—0 —h
A1 —{=a(=h) + 1}e*=N)
= lim 1= {mal=h) + et (= form)
h—0 —h 0
= lllin% A[—a(ah +1)e™ ™ + ae™ "] (Using L’hospital rule)
—
=A[—a+d]
=0.
RH.D, = limg £HE(E T = Lap(=e)
h—0 h
T (Using the definition)
= lim — sing the definition
Thus, at r = —¢, the left-hand derivative and right-hand derivative are both equal. Hence,
Lyg(+) is differentiable at r = —e. Consequently, we have established that Ly g(+) is

differentiable throughout its domain.

To enable gradient-based optimization, we can derive the derivative of Ly () with respect
to r:

p

N (r +e)edr+e) p < —g

8,CHE(’I“,CL, )\)

o =130, —e<r<eg
r

I

Na?(r —e)e ar=e) > e
k

The derivative of Ly p(-) is visualized for different values of parameters in Figures 5.1c

and 5.1d. The shape of the derivative provides valuable insights into our loss function and
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its behavior during minimization using gradient descent or some related method. For all
values of a and A, the derivative is 0 when |r| < ¢, indicating no sensitivity to minor
residuals. However, as the magnitude of the residual exceeds ¢, the derivative increases
with the growth of a and . Further, as the magnitude of the residual progressively increases
beyond a certain threshold, the magnitude of the derivative begins to decrease, ultimately
converging toward zero. Consequently, as the magnitude of an outlier’s residual grows,
its influence on the gradient descent process diminishes, and once it surpasses a certain
threshold, the outlier’s impact becomes nearly negligible.

Table 5.1 summarizes the main structural properties of the regression losses used for
comparison with HawkEye.

Table 5.1: Demonstrate the characteristics of baseline loss functions used in regression and
the proposed HawkEye loss.

Loss function |\ Characteristics — Robust | Insensitive zone | Bounded | Convex | Smooth

Least square loss X X X v v
Absolute loss X X X v X
Huber loss X X X v v
Insensitive loss X v X v X
Ramp insensitive loss v v v X X
Non-convex least square loss v X v X X
Ramp insensitive least square loss v v v X X
Quadratic non-convex insensitive loss v v v X X
Canal loss v v v X X
Bounded least square loss v X v X v
BLINEX loss v X v X v

v v v X v

HawkEye loss (Proposed)

We next present a comparative analysis of the proposed HawkEye loss function along-

side several established baseline loss functions.

5.3.4 Comparative Analysis of HawkEye Loss Function with Baseline

Loss Functions

In this subsection, we conduct a comparative analysis of the proposed HawkEye loss
function with some established baseline loss functions. Each baseline loss function is ex-

amined individually to highlight its characteristics and performance relative to the HawkEye
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loss function. For the sake of clarity, we presented visual depictions in Figure 5.2.
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Figure 5.2: Visual comparison of HawkEye loss and baseline loss functions. Subfigures (a),
(b), (¢), and (d) demonstrate the comparison of HawkEye loss function with the least square
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loss, insensitive loss, canal loss, and bounded least square loss, respectively.

1. HawkEye loss (L ) vs Least square loss (£;5): Consider a data point (1, y;) with
a noisy label where the target value y; is mislabeled for some reason. As a conse-
quence, the target value y; deviates significantly from the actual model prediction
f(z1), resulting in a large absolute difference of |y, — f(x1)|. In such cases, the
least squares loss becomes exceedingly large, and minimizing this loss would have
a notorious repercussion on the overall performance of the model. In contrast, when

we apply the HawkEye loss to such a data point in similar circumstances, it tends to
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approach a constrained value, and we note that £y p(z;) is notably less than £;s(x1)
(see Figure 5.2a). This observation underscores that the HawkEye loss function effec-
tively mitigates the influence of noisy data points, highlighting its robustness in the
presence of such outliers. Now, let’s turn our attention to another data point (2, y2)
that is clean and exhibits a small absolute difference |y — f(x2)|. Such points are in-
herently more amenable to misestimation and thus warrant closer attention. Notably,
when we examine the least squares loss for this point, it is less than the correspond-
ing HawkEye loss, as evidenced by Ly g(x2) > Ls(x2). Thus, it can be confidently
asserted that, with appropriately selected parameters, the HawkEye loss function not
only demonstrates resilience in the presence of noisy data points but also exhibits a

capacity for affording greater attention to clean, non-outlier data points.

2. HawkEye loss (L) vs Insensitive loss (L£.): Similar to the least squares loss func-
tion, the insensitive loss function imposes a substantial penalty on samples exhibiting
large deviations, making it less robust in the presence of outliers when compared to
the HawkEye loss (see Figure 5.2b). Furthermore, for a judiciously chosen param-
eter value, the HawkEye loss exhibits a propensity to allocate greater emphasis to
non-outlier points compared to the insensitive loss function. It is also important to
highlight that the HawkEye loss function surpasses the insensitive loss function in
terms of smoothness. The inherent smoothness property of the HawkEye loss is an

added advantage in optimization processes.

3. HawkEye loss (Lyg) vs Canal loss (L...,;): The Canal loss is characterized by
its capability to constrain the loss to a predefined value through the selection of pa-
rameters ¢ and €. Similarly, the HawkEye loss function shares this property, as it

determines an upper bound A for penalty and restricts the loss to stop raising after a
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certain deviation, as illustrated in Figure 5.2c. However, in the context of non-outlier
data points, the canal loss maintains a fixed shape. In contrast, the proposed Hawk-
Eye loss function exhibits greater versatility, as it can adapt its shape to suit diverse
situations by adjusting the shape parameter value a. It is also essential to underscore
that the HawkEye loss outshines the canal loss not only in adaptability but also in
terms of smoothness. Hence the HawkEye loss, with its smooth profile, presents a

more advantageous characteristic compared to the canal loss.

4. HawkEye loss (L) vs Bounded least square loss (L;,;,): The bounded least square
loss function is equipped with the capability to confine the loss within a predefined
threshold by adjusting the parameter ¢. Simultaneously, it offers the flexibility to
adapt its shape for non-outlier data points through the modulation of the parameter 6
(see Figure 5.2d). Intriguingly, the HawkEye loss function also shares both of these
remarkable characteristics. A notable highlight is that the HawkEye loss introduces
an additional dimension by incorporating the concept of an insensitive zone. Within
the SVR and LSSVR losses surveyed in Chapter 2.4, HawkEye is distinguished by

jointly providing smoothness, boundedness, and an exact insensitive zone.

5. HawkEye loss (Lyg) vs BLINEX loss (Lprrvex): BLINEX is an asymmetric loss
function that employs a soft truncation strategy, making it both smooth and bounded.
This characteristic allows it to handle outliers effectively while maintaining computa-
tional efficiency. However, BLINEX lacks an insensitive zone, which limits its ability
to disregard minor deviations and noise, potentially leading to overfitting in noisy
datasets. In contrast, the HawkEye loss function is symmetric, treating errors on both
sides equally, and integrates three essential properties: smoothness, boundedness, and

an insensitive zone. Like BLINEX, HawkEye retains the benefits of smoothness and
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boundedness but extends its versatility by incorporating an insensitive zone, making
it a more comprehensive solution for improving model robustness and generalization

in the presence of noisy data.

Traditional loss functions, such as least square loss, absolute loss, Huber loss, and in-
sensitive loss, are unbounded and lack robustness. The broader review in Section 2.4.4 also
shows that redescending M -estimators can be bounded and smooth but do not contain an
exact interval of zero loss. To the best of our knowledge, within the surveyed SVR and
LSSVR literature, the proposed HawkEye loss is the first loss that is bounded, smooth, and

simultaneously possesses an exact insensitive zone.

5.3.5 SVR with HawkEye Loss Function

In this subsection, we incorporate the newly proposed HawkEye loss function into the
least squares framework of SVR and establish a novel support vector regressor that man-
ifests robustness against noise and outliers and desirable smoothness characteristics. We
refer to this advanced regressor as the HE-LSSVR. For the sake of simplicity and without
loss of generality, we use the terminology w for [wT,b] and x; for [z;, 1]T throughout this
chapter. The formulation of the proposed HE-LSSVR is given as:

min Lol + 03 Luste)
wt 2 i=1 ’

subjectto & =y; — (wTo(z;)), Vi=1,2,..., N, (5.5)

where |lwl||? is the regularizer term, SN Lup(&) is the empirical risk corresponds to
the proposed HawkEye loss function, C' > 0 is a regularization parameter, &; indicates
the regression error of i*" input, and ¢(-) represents the high-dimensional feature mapping

associated with the kernel function. Let us assume that  : R™ x R™ — R is a Mercer

205



CHAPTER 5. HAWKEYE LOSS FUNCTION

kernel and Hy is a reproducing kernel Hilbert space induced by K. In practice, kernel
functions are often employed to address nonlinear problems by formulating the relevant
dual problems. However, due to the non-convex nature of equation (5.5), this approach can
be quite formidable in our scenario. In this case, to enhance the capacity of HE-LSSVR for
nonlinear adaptation, we use the representer theorem [70], which allows us to express w in

equation (5.5) as follows:

N
w = Z apd(Tk), (5.6)

k=1
where @ = (ayq, ..., ay)" is the coefficient vector. We note that the minimization problem

(5.5) works in a reproducing kernel Hilbert space, and the penalty term is non-decreasing,
so one can apply the representer theorem to the optimization problem (5.5).
Substituting the value of w from (5.6) into (5.5), the primal optimization problem (5.5) can

be transformed into the following unconstrained optimization problem:
N Ny N
min ;; 5 i (i, zg) + ; ne(&) (5.7)

where & = y; — Zszl aplC (x;, xx) and K (x4, xx) = ¢ () - ¢ (xx) is the kernel function.

5.3.6 Adaptive Moment Estimation (Adam) Algorithm for HE-LSSVR

The non-convex nature of the HawkEye loss function poses challenges in optimization,
as the optimization problem for the proposed HE-LSSVR becomes non-convex. This com-
plexity prohibits the use of convex optimization techniques to solve the model (5.7). It is
also noteworthy to acknowledge that non-convex and non-smooth optimization problems

are known to be computationally challenging, often requiring specialized techniques for
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optimization such as the branch and bound algorithm [33], the convex-concave procedure
(CCCP) [117], and so on, which are not suitable for large-scale problems. To overcome the
difficulties posed by the non-convexity of the loss function, we have designed the HawkEye
loss function to be smooth. By ensuring the smoothness of the loss function, we are able to
utilize gradient-based optimization algorithms to optimize the model. Leveraging gradient-
based optimization offers several advantages, notably expediting convergence during the
training process. This is particularly valuable since gradient-based algorithms typically ex-
hibit faster convergence compared to quadratic programming solvers [59]. In this chapter,
we employ the adaptive moment estimation (Adam) [23] optimization technique to address
the HE-LSSVR problem (5.7). It effectively combines the strengths of two popular opti-
mization algorithms, AdaGrad [60] and RMSProp [100]. There are mainly three reasons to
adopt Adam algorithm. Firstly, Adam employs adaptive learning rates for each weight pa-
rameter. This adaptability ensures that the learning rate is neither too high, which could lead
to convergence issues, nor too low, which could slow down convergence. Thus contributing
to faster and more stable convergence. Secondly, Adam incorporates the concept of momen-
tum, which improves convergence in complex optimization landscapes. By maintaining a
moving average of past gradients, it navigates these landscapes more efficiently and acceler-
ates the convergence process. Finally, Adam utilizes exponentially decreasing averages for
previous gradients and squared gradients, providing flexibility to adapt to changing gradi-
ent behavior. This feature is well-suited for non-convex optimization tasks, where gradient
characteristics may vary significantly throughout the training process.

Now, to begin with, let the objective function of (5.7) be H(«). Then, the procedure for

applying the Adam algorithm is as follows:

1. Imitialization: Start by initializing the algorithm with appropriate values for hyper-

parameters:
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Learning Rate (7): This is the local step size for updating model parameters in the
Adam procedure; it is unrelated to the signed-margin notation fixed in Chapter 2. 3,
and f5: These are constants for computing moving averages of gradients and squared

gradients. J: A small constant added to prevent division by zero.

2. Initialize Moments: Initialize the values of the first moment estimate (m) and the
second moment estimate (v). These moments are used to keep track of past gradients

and squared gradients, respectively.

3. Iterative Optimization: At each iteration ¢:

» Compute the gradient of the objective function H («) with respect to the model

parameters .

abgiYs
VH (o) = Ka+C ne (5.8)
—~ Oda
where
—)\az(& + 8)6a(€i+8)lci7 fl < —¢,
805 - 07 —€ S 57, S g,
—Aa?(& —e)e MG, & > e
Here K; represent the i'" row of the kernel matrix K.
» Update the first moment estimate:
my = Bimy—1 + (1 = B1) VH(ay). (5.9)
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» Update the second moment estimate:

v, = Bove1 + (1 — o) VH (ay)?. (5.10)

Algorithm 5.1 Adam algorithm for HE-LSSVR

Input:

The dataset: {z;, yi}iNzl, v € R;

The parameters: Regularization parameter C', HawkEye loss parameters A, a, and £, mini-
batch size s, decay rates [3; and (35, learning rate -y, constant 4, maximum iteration number
T

Initialize: o and ¢;

Output:

The classifiers parameters: «;

1 : Select s samples {z;, y;};_, uniformly at random.

2 : Computing &; :

&zyi—Zale(mi,xk), i=1,...,s; (5.11)
k=1

: Compute VH (ay): (5.8);

: Compute m;: (5.9);

: Compute v;: (5.10);

: Compute m;: (5.12);

: Compute v;: (5.13);

: Updating solution «;: (5.14);

: Updating current iteration number: ¢t = ¢ 4 1.
Until:

t=T

Return: o;.

© 00 O U = W

¢ Correct the bias in moments (due to initialization):

L Ty
my = —(1 — A (5.12)
L Ut
Uy = (1= A’ (5.13)
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* Update model parameter:

A

my

Qp = Qg1 _7\/13—_’_5
t

(5.14)

4. Convergence Criterion: Monitor the convergence of the optimization process. A
common stopping criterion is a maximum number of iterations or a target value for

the objective function H(«).

5. Termination: When the algorithm meets the convergence criterion, terminate the
optimization process, and the final model parameters « represent the optimal solution

for the problem H («).

The structure of the Adam algorithm to solve the HE-LSSVR model is clearly described
in Algorithm 5.1. Once the optimal « is obtained, the following decision function can be

utilized to predict the target value of a new sample x.

f(z) = ap K (z,xy) . (5.15)

I

For delineating the intricacies of the proposed HE-LSSVR model, in Figure 5.3, we
present a meticulously crafted flowchart that captures the essence of our methodology. This
visual narrative serves not only as a roadmap for our methodology but also as a testament to
the strategic interplay of components that positions HE-LSSVR as a cutting-edge regression

model.
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Training Data

A J
| Kernel Function I
A 4

Regularization > HawKEye loss
term - J_ l term
mm —H”‘UHQ“‘CZEHE El
————— Equation (6)
subject to & = y; — (w'¢(x:))

N N 1
ZZE akIC :Ez,.’l,'k JrCZEHE 61
i=1 k i=1

subject to &§; = y; — Eaklc (4, 22)
k=1

Equation (8)

¥ _——_—— — —_— —_ —_ —

I Solve equation (8) using

Adam algorithm ----------------------------- >
g | algorithm 1

v

Decision function

flz) = (Z apK (z, a:k))

Figure 5.3: Flowchart illustrating the key stages of the HE-LSSVR model, showcasing the
transformation from original input data to the decision function, highlighting the strategic
integration of the HawkEye loss function and the application of representer theorem and
Adam algorithm.
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5.4 Numerical Experiments and Result Analysis

In this section, we conduct extensive experiments on UCI, synthetic, and time series
datasets to compare the proposed HE-LSSVR model with existing state-of-the-art models,
which include support vector regression (SVR) [5], least squares support vector regression
(LS-SVR) [8], bounded least squares support vector regression (BLSSVR) [47], random
vector functional link (RVFL) neural network [16, 118], and BLINEX support vector re-
gression (BXSVR) [49]. The experimental setup and evaluation metrics are described be-
low. Hyperparameter selection and performance reporting follow the same partitioning and
search procedure for every baseline and proposed model, so the comparisons are controlled
under a common setup. The experiments do not use a nested cross-validation loop or a val-
idation split independent of the partitions used for reporting. Consequently, selection over
the reported partitions can introduce optimistic bias [78], particularly when performance
differences are small. The results should therefore be interpreted as comparative evidence
under the stated protocol and not as an independent estimate of the error expected on a new

external cohort.

5.4.1 Evaluation Metrics

Let y;, f(z;) represent the actual and predicted values of z;, respectively. To assess the
models’ performance, we employ four evaluation metrics: root mean squared error (RMSE),
mean absolute error (MAE), positive error (Error,,,), and negative error (Error,.,). The
specific definitions of these metrics are listed in Table 5.2. We primarily use RMSE as the
key comparative measure, while the other metrics serve as evaluation criteria. Further, to
show the efficiency of the proposed HE-LSSVR, we also performed a comparative analysis
of the training time. The reported times only include the time taken for training the models

with the optimized hyperparameters.
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Table 5.2: The evaluation metrics.

Metrics  Definitions

RMSE \/ﬁ S (i — f(x0)?
MAE &30 (s — f (%)

yi — [ (x)]

1 N
Errorpos N Zi:Lyi >f(x:)

yi = f ()|

1 N
Brrotey % 2 ic1 g i)

5.4.2 Experiments on Benchmark UCI Datasets

In this subsection, we use 18 regression benchmark datasets from the UCI repository
[80] to assess and compare the performance of the proposed HE-LSSVR against the baseline
models. These datasets can be categorized into three groups: 1) 8 small-size datasets with
samples ranging from 60 up to 500; 2) 4 medium-size datasets with samples ranging from
501 up to 1000; and 3) 6 large-size datasets with samples ranging from 1001 up to 40768.
The detailed description of the datasets is provided in Table 5.3.

The experimental result of the proposed HE-LSSVR and baseline models (SVR, LS-
SVR, BLSSVR, RVFL, and BXSVR) on UCI datasets in terms of metric RMSE, MAE,
Error,,s, and Error,,, is presented in Table 5.5. The evaluation is primarily based on the
RMSE, a critical metric where lower values indicate superior model performance. The HE-
LSSVR model exhibits outstanding performance, achieving the lowest RMSE in 8 out of 18
datasets. Among the remaining 10 datasets, it achieves second position in 7, third position
in 2, and fourth position in 1, demonstrating its consistency and robustness across diverse
data. These results support the competitiveness of HE-LSSVR across the evaluated datasets,
while the relatively small average gaps to BLSSVR and BXSVR require cautious interpreta-

tion under the non-nested selection protocol. The average RMSE values further validate the
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Table 5.3: Description of benchmark UCI datasets.

Datasets No. of samples No. of features
Airfoil _Self Noise 1503 5
Delta_Ailerons 7129 5
Forest_Fires 517 12
Yacht_Hydrodynamics 308 6
2D_Planes 40768 10
Ailerons 13750 40
Parkinsons_Telemonitoring 5875 21
Pole_Telecomm 15000 48
20142015 CSM dataset 185 11
cpu_pref 209 9
hungary chickenpox 522 19
istanbul stock exchange data 536 8
mcs_ds_edited_iter_shuffled 107 5
gsar_aquatic toxicity 546 8
Daily_Demand_Forecasting_Orders 60 12
bodyfat 252 14
machine 209 9
slump_test 103 10

Table 5.4: Rank of RMSE for the proposed HE-LSSVR and baseline models on benchmark
UCT datasets.

Dataset SVR[5] LS-SVR[8] BLSSVR[47] RVFL[16] BXSVR [49] HE-LSSVR
20142015 CSM dataset 4 5 3 6 1 2
cpu_pref 1 6 2.5 5 4 2.5
hungary chickenpox 4 6 2.5 5 1 2.5
istanbul stock exchange data 4 5 3 6 1 2
mes_ds_edited_iter_shuffled 4 6 2 5 3 1
gsar_aquatic toxicity 6 5 3 4 1 2
Daily_Demand_Forecasting_Orders 3 6 4 5 1.5 1.5
bodyfat 2 6 3 5 4 1
machine 1 6 2.5 5 4 2.5
slump_test 2 5 3 6 4 1
Airfoil _Self_Noise 4 5 3 6 2 1
Delta_Ailerons 5 6 4 1 3 2
Forest_Fires 4 6 2 5 2 2
Yacht_Hydrodynamics 4 5 2 6 1 3
2D _Planes - 5 3 1 4 2
Ailerons 5 6 3 1 2 4
Parkinsons_Telemonitoring 2 6 5 1 4 3
Pole_Telecomm 5 6 4 2 3 1
Average Rank 3.53 5.61 3.03 4.17 2.53 2

T represents the proposed model.
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effectiveness of HE-LSSVR. The existing SVR, LS-SVR, BLSSVR, RVFL, and BXSVR
exhibit average RMSE values of 0.3113, 0.6629, 0.3266, 0.3901, and 0.30, respectively. In
contrast, the proposed HE-LSSVR outperforms the baseline models with an average RMSE
of 0.2736. To ensure an accurate assessment of the models’ performance, it is important
to rank them individually for each dataset instead of relying solely on average RMSE. As
exceptional performance on certain datasets may overshadow subpar performance on oth-
ers. The model with the lowest RMSE receives the lowest rank and vice-versa. The average
rank for SVR, LSSVR, BLSSVR, RVFL, BXSVR, and the proposed HE-LSSVR are 3.53,
5.61, 3.03, 4.17, 2.53, and 2, respectively. The lowest average rank indicates the strongest
aggregate ranking for HE-LSSVR under the reported protocol; it does not by itself estab-
lish statistical superiority over every baseline. The rank corresponding to each dataset is

provided in Table 5.4.

To further support the effectiveness of the proposed HE-LSSVR model, we conducted
a statistical analysis using the Friedman test, followed by the Nemenyi post hoc test. The
Friedman test [24] is utilized to statistically assess the significance of various models. In this
test, each individual model is ranked independently for each dataset. The null hypothesis
posits that all models are essentially identical, implying that the average rank of each model
is equivalent. The Friedman statistic adheres to the chi-squared y% distribution with degrees
of freedom (d.f.) equal to p — 1, where p represents the number of models. This statistic is

computed as follows:

12D p(p+1)?

2 2

Xp= —— E R, ——— (5.16)
E T pp+1) 4

e

Here, D signifies the total number of datasets, and R, denotes the mean rank of the eth

model out of the p models. However, the Friedman statistic is overly cautious in nature. To
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Table 5.5: RMSE, MAE, Error,,, and Error,,, values on the benchmark UCI datasets for
the proposed HE-LSSVR model and the baseline models.

Dataset Metric  SVR[5] LS-SVR[8] BLSSVR[47] RVFL[16] BXSVR[49] HE-LSSVR'
20142015 CSM dataset RMSE  0.2604 0.3564 0.2547 0.5883 0.2399 0.2418
MAE  0.1916 0.3193 0.1674 0.3522 0.1563 0.1722
Error,,s  0.2824 0.2588 0.2373 0.5895 0.2785 0.2626
Error,,., 0.1625 0.3288 0.1295 0.2335 0.0976 0.134
cpu_pref RMSE  0.0332 0.3907 0.0379 0.0994 0.0856 0.0379
MAE  0.0231 0.3889 0.0298 0.0936 0.0705 0.0298
Error,,s  0.0232 - 0.0238 - - 0.0238
Error,,.,  0.023 0.3889 0.0395 0.0936 0.0705 0.0394
hungary chickenpox RMSE  0.4892 0.7157 0.487 0.5463 0.486 0.487
MAE  0.3607 0.6105 0.3484 0.408 0.3535 0.3492
Error,,s  0.4542 0.519 0.4442 0.5324 0.4482 0.4517
Error,,., 03112 0.627 0.2861 0.3421 0.299 0.2852
istanbul stock exchange data RMSE  0.5783 0.5798 0.5709 0.7203 0.5468 0.5644
MAE  0.4502 0.4513 0.4443 0.5349 0.4281 0.4512
Error,,s  0.4889 0.4835 0.4838 0.4758 0.4543 0.5079
Error,,., 0.4054 0.4109 0.3967 0.5837 0.3928 0.3378
mces_ds_edited_iter_shuffled RMSE  0.1014 0.6715 0.0978 0.4622 0.0987 0.0812
MAE  0.0855 0.5937 0.0796 0.4453 0.0808 0.0623
Error,,s  0.0781 0.0189 0.0878 - 0.074 0.0817
Error,,., 0.0974 0.6224 0.0727 0.4453 0.0864 0.0342
gsar_aquatic toxicity RMSE  0.679 0.6224 0.5708 0.6197 0.3418 0.5348
MAE  0.5889 0.4765 0.5055 0.3969 0.2175 0.2557
Error,,, 1.1452 1.0737 0.8531 0.6731 0.2986 0.2741
Error,,., 0.5135 0.3737 0.45 0.1206 0.0596 0.0731
Daily_Demand_Forecasting_ Orders RMSE  0.0426 0.4943 0.0493 0.3011 0.0424 0.0424
MAE  0.0361 0.4919 0.0437 0.2994 0.0349 0.0345
Error,,s  0.0307 - 0.0535 - 0.0271 0.0259
Error,,.,  0.047 0.4919 0.0367 0.2994 0.0505 0.0518
bodyfat RMSE  0.0506 1.1625 0.0567 0.3515 0.0577 0.037
MAE  0.0381 1.0902 0.047 0.3448 0.0469 0.0282
Error,,s  0.0559 - 0.0537 - 0.0493 0.0265
Error,,., 0.0284 1.0902 0.0422 0.3448 0.0443 0.0305
machine RMSE  0.0329 0.3924 0.0382 0.1085 0.0944 0.0382
MAE  0.0223 0.3893 0.0299 0.104 0.0875 0.0301
Error,,s  0.0223 - 0.0242 - 0.0241 0.0254
Error,,., 0.0222 0.3893 0.0383 0.104 0.0891 0.037
slump_test RMSE  0.0308 0.2741 0.0329 0.3156 0.0443 0.0251
MAE  0.0285 0.2261 0.0286 0.3146 0.0372 0.0209
Error,,s  0.0309 0.1493 0.0321 - 0.0436 0.0238
Error,,.,  0.027 0.2675 0.022 0.3146 0.0116 0.0197
Airfoil_Self_Noise RMSE  0.2286 0.2967 0.2268 0.3283 0.14 0.0864
MAE  0.1873 0.2702 0.1764 0.2374 0.0995 0.0505
Error,,s  0.2617 0.2283 0.2531 0.3563 0.1235 0.0699
Error,,., 0.1551 0.279 0.1334 0.1334 0.0432 0.0088
Delta_Ailerons RMSE  0.3653 0.507 0.3637 0.1217 0.1884 0.1881
MAE  0.3026 0.4186 0.3003 0.0953 0.1368 0.144
Error,,s  0.2924 0.1732 0.3115 0.0831 0.0984 0.1378
Error,,., 0.311 0.4846 0.2895 0.106 0.1664 0.1525
Forest_Fires RMSE  0.1487 0.4088 0.1183 0.4046 0.1183 0.1183
MAE  0.0994 0.394 0.0935 0.2079 0.0937 0.0936
Error,,s  0.0322 0.6846 0.0653 0.583 0.0658 0.0655
Error,,., 0.1109 0.3883 0.1654 0.1164 0.1649 0.1653
Yacht_Hydrodynamics RMSE  1.0056 1.1753 0.5702 1.1828 0.4899 0.5998
MAE  0.9105 0.8238 0.532 1.0161 0.3823 0.4612
Error,,s  1.0019 0.8958 0.5362 1.2906 0.282 0.3786
Error,,., 0.8248 0.2683 0.5309 0.6043 0.4474 0.5801
2D_Planes RMSE * 2.163 1.4336 0.1415 1.5517 1.1251
MAE * 1.9962 1.2799 0.1249 1.3526 0.9513
Error,, * 1.9949 1.0785 0.1277 1.6312 1.003
Error,,, * 1.9973 1.4062 0.1223 0.9783 0.8978
Ailerons RMSE  0.1524 0.1587 0.1195 0.0049 0.0537 0.1365
MAE  0.1461 0.1513 0.107 0.0026 0.0425 0.1094
Error,,s  0.1316 0.1714 0.0963 0.0035 0.0447 0.1302
Error,,., 0.1654 0.1255 0.1219 0.0021 0.0415 0.0426
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Table 5.5: (Continued) RMSE, MAE, Error,,,, and Error,,., values on the benchmark UCI
datasets for the proposed HE-LSSVR model and the baseline models.

Dataset Metric  SVR[5] LS-SVR[8] BLSSVR[47] RVFL[16] BXSVR [49] HE-LSSVR'
Parkinsons_Telemonitoring RMSE  0.0349 0.4306 0.0449 0.0212 0.0432 0.0385
MAE  0.0291 0.4283 0.0379 0.0176 0.0368 0.0321
Errorp,s  0.0206 - 0.0398 0.0049 0.0342 0.033
Error,., 0.0316 0.4283 0.0362 0.0196 0.0392 0.0313
Pole_Telecomm RMSE  1.0588 1.1328 0.8054 0.7058 0.7661 0.5421
MAE  0.9695 0.9034 0.7546 0.612 0.695 0.4284
Errorp,,  1.378 1.6409 0.8935 0.8004 0.5558 0.4653
Error,., 0.7773 0.5044 0.6924 0.4932 0.7403 0.408
Average RMSE 0.3113 0.6629 0.3266 0.3901 0.30 0.2736
Average Rank 3.53 5.61 3.03 4.17 2.53 2
Average Time 34.7984  11.7617 0.0039 0.001 0.0741 0.0049

T represents the proposed model.
The boldface denotes the best model corresponding to each dataset.
* denotes that the Matlab program encounters an ”out of memory” error.

address this, Iman and Davenport [62] introduced a more robust statistic:

(D - 1)x%

Fp = ,
T Dlp—1) -2

(5.17)

which follows F' distribution with ((p — 1), (p — 1)(D — 1)) d.f.. Table 5.7 presents the
results of the Friedman test on 18 benchmark UCI datasets. For p = 6 and D = 18, we
obtain % = 38.0762 and Fr = 12.4662. Also, Fr is distributed with (5, 85) d.f.. From the
statistical F-distribution table, at 5% level of significance, the value of F| (5,85) = 4.55. Since
Fr > 4.55, we reject the null hypothesis. Hence, substantial differences exist among the
models. Next, we conduct the Nemenyi post hoc test [25] to compare the models pairwise.
The disparity in performance between the two models is considered significant if the corre-
sponding average ranks display a noticeable difference surpassing a specific threshold value
known as the critical difference (C.D.). When the discrepancy in mean ranks between the
two models exceeds the C.D., the model with the lower mean rank is deemed statistically

superior because rank 1 denotes the best performance. The computation of C.D. follows
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the following formula:

1
C.D. = q. ’%. (5.18)

Here, q, is derived from the studentized range statistic divided by v/2. This value is re-
ferred to as the critical value for the two-tailed Nemenyi test. From the distribution table,
at 5% level of significance, the value of ¢, is 2.569. Thus, after calculation, we obtain
C.D. = 1.78. Table 5.8 presents the results of the Nemenyi post hoc test on UCI datasets.
The average rank differences of the proposed HE-LSSVR from SVR, LS-SVR, BLSSVR,
RVFL, and BXSVR are 1.53, 3.61, 1.03, 2.17, and 0.53 respectively. Notably, the dispar-
ities in the average ranks for LS-SVR and RVFL exceed the C.D.; thus, according to the
Nemenyi post hoc test, the proposed HE-LSSVR is significantly better than LS-SVR and
RVFL. It is noteworthy that the proposed HE-LSSVR model does not exhibit a statistically
significant difference from the SVR, BLSSVR, and BXSVR models; however, it outper-
formed the SVR, BLSSVR, and BXSVR models on 15, 14, and 13 datasets, respectively,
out of the 18 datasets (see Table 5.5). Accordingly, the evidence supports a statistically
significant advantage over LS-SVR and RVFL and competitive performance against SVR,
BLSSVR, and BXSVR; it does not support an unqualified claim of superiority over all base-
lines.

To show the efficacy of the proposed HE-LSSVR model in terms of computation, we
also evaluated the training time of the models. Table 5.6 illustrates the training times for
both baseline models and the proposed HE-LSSVR models across different datasets. The
2D_Planes dataset was left out because it had a memory error during training for the SVR
model.

The average training times for SVR, LS-SVR, BLSSVR, RVFL, BXSVR, and HE-

LSSVR are 34.7984s, 11.7617s, 0.0039s, 0.001s, 0.0741 and 0.0049s, respectively. These
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Table 5.6: Training time in seconds of the proposed HE-LSSVR model and baseline models
on benchmark UCI datasets.

Dataset SVR[5] LS-SVR[8] BLSSVR[47] RVFL[16] BXSVR [49] HE-LSSVRY
20142015 CSM dataset 0.0119 0.0042 0.0037 0.0004 0.0683 0.0027
cpu_pref 0.0117 0.0046 0.0033 0.0001 0.0583 0.0037
hungary chickenpox 0.0925 0.4889 0.0045 0.0003 0.0752 0.003
istanbul stock exchange data 0.0657 0.0537 0.0034 0.0004 0.0723 0.0031
mcs_ds_edited_iter_shuffled 0.004 0.002 0.0035 0.0001 0.0726 0.0032
gsar_aquatic toxicity 0.0839 0.0362 0.0037 0.0002 0.0578 0.0029
Daily_Demand_Forecasting Orders ~ 0.0029 0.001 0.0035 0.0001 0.0737 0.0031
bodyfat 0.0136 0.0082 0.0018 0.0002 0.0769 0.0044
machine 0.0135 0.0049 0.0041 0.0001 0.0684 0.0039
slump_test 0.0069 0.0028 0.0041 0.0001 0.0713 0.0033
Airfoil_Self Noise 0.6113 0.3825 0.004 0.0002 0.0803 0.0032
Delta_Ailerons 66.606 24.4937 0.0053 0.001 0.0817 0.0074
Forest_Fires 0.0616 0.0371 0.0037 0.0003 0.0863 0.0028
Yacht_Hydrodynamics 0.0177 0.0142 0.0035 0.0001 0.0731 0.0112
Ailerons 152.7565  71.5022 0.006 0.0053 0.0831 0.0043
Parkinsons_Telemonitoring 24.9768 7.6544 0.0041 0.0016 0.0825 0.0103
Pole_Telecomm 346.2366  95.2581 0.0045 0.0068 0.0788 0.0115
Average Time 34.7984 11.7617 0.0039 0.001 0.0741 0.0049

T represents the proposed model.

results manifest the exceptional efficiency of the proposed HE-LSSVR, with significantly
lower training times compared to SVR and LS-SVR. However, the proposed HE-LSSVR
takes a slightly longer time to train than the BLSSVR and RVFL, although the difference
in training time is minor. It is crucial to note that the comparative evaluation of RMSE
and training time demonstrates the overall performance of the models. In this regard, the
proposed HE-LSSVR model stands out as it strikes a balance between RMSE and training
time, making it superior to the baseline models.

Table 5.7: Illustrate the results of the Friedman test on 18 benchmark UCI datasets.

Significant difference

2 _ _ —

p|D XF Fr F(p=1),(p = 1D - 1) (As per Friedman test)
18 | 38.0762 | 12.4662 4.55 Yes
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Table 5.8: Difference in the RMSE rankings of the proposed HE-LSSVR model against
baseline models on UCI datasets.

Model Average rank | Rank difference (As p%f;;f;ae?lty?ﬁ;ieggce test)
SVR [5] 3.53 1.53 No
LS-SVR [8] 5.61 3.61 Yes
BLSSVR [47] 3.03 1.03 No
RVFL [16] 4.17 2.17 Yes
BXSVR [49] 2.53 0.53 No
HE-LSSVR' 2 - N/A

T represents the proposed model.

5.4.3 Experiments on Synthetic Datasets

To further analyze and compare the proposed HE-LSSVR with baseline models, in this
subsection we construct synthetic datasets with varying levels of noise. A detailed descrip-
tion of the synthetic datasets used for evaluation is provided in Table 5.9. We have generated
five artificial datasets, each of which is duplicated with three different types of noise (Gaus-
sian noise, uniform noise, and student random variable noise), resulting in a total of 15
artificial datasets, each containing 500 samples. Table 5.10 presents the RMSE values for
both the proposed HE-LSSVR model and the baseline models on synthetic datasets. Across
the 15 synthetic datasets examined, the proposed HE-LSSVR model outperforms the base-
line models on 14 datasets, demonstrating its superior performance in the majority of cases.
This observation significantly underscores the robustness and effectiveness of the proposed

HE-LSSVR model in comparison to the baseline models.

Additionally, to rigorously assess the robustness of HE-LSSVR against outliers, we sys-
tematically introduced outliers into the synthetic datasets. Outliers were added by modifying
10% of the total samples in each dataset. For each selected sample, a feature was randomly
chosen, and its value was altered by multiplying it by an outlier factor of 10. This system-
atic introduction of outliers enabled us to thoroughly evaluate the robustness and stability

of the HE-LSSVR model in the presence of extreme deviations. Table 5.11 presents the
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results of the proposed HE-LSSVR and the baseline models on the outlier-added synthetic
datasets. The experimental results show that HE-LSSVR consistently performs better on
these outlier-present datasets. Specifically, HE-LSSVR achieves the best performance on
7 out of the 15 synthetic datasets, showcasing its superiority. Moreover, on the remaining
8 datasets, the proposed model secures the second-best position, further underscoring its
stability and competitive performance against baseline models. These findings validate the
proposed HE-LSSVR as a reliable and robust choice for scenarios involving significant data

contamination and outliers.

Table 5.9: Description of synthetic datasets.

Name Function expression 0 Variable domain
Function 1 y; = sinx; + o; x; € [0, 27]
Function 2 Y = % + 0 x; € [—4,4]
0i ~ N (0,0.22),

Function3  y; = sinz;cosx? + g; U[-0.2,0.2], x; € [0, 27]
7(10)

Function 4 Yi = T; COST; + 0; x; € [—4,4]

2
3

Function 5 yi = (1 — z; + 222) exp( 5

) + 0 z; € [—4,4]

Here, N (0, d?) represents the Gaussian random variable with zero mean and standard deviation d.
U[—a, a] represents the uniformly random variable in [—a, a].
T(c) represents the student random variable with ¢ degree of freedom.
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Table 5.10: RMSE values on the synthetic datasets for the proposed HE-LSSVR model

against baseline models.

Dataset Metric SVR[5] LS-SVR[8] BLSSVR[47] RVFL[16] BXSVR [49] HE-LSSVR'
Type 1: Gaussian noise with 0 mean and 0.2 standard deviation
Function1 RMSE 0.12381  0.70565 0.12153 0.06004 2.37E-02 9.84E-06
Function2 RMSE 0.0005 0.64655 0.00459 0.19324 9.00E-03 1.93E-05
Function3 RMSE 0.09197  0.70557 0.12153 0.04986 1.34E-02 7.59E-06
Function4 RMSE 0.00127  0.64479 0.03179 0.14268 3.80E-03 8.52E-05
Function5 RMSE 0.00067 0.6585 0.0296 0.23571 3.40E-03 7.34E-05
Type 2: Uniform noise over the interval [-0.2, 0.2]
Function1 RMSE 0.07732  0.70559 0.12114 0.04248 2.37E-02 9.84E-06
Function2 RMSE 0.00023  0.64655 0.00459 0.22081 1.77E-02 1.93E-05
Function3 RMSE 0.0849 0.70555 0.12153 0.0558 2.37E-02 7.59E-06
Function4 RMSE 0.00101  0.64162 0.01218 0.17841 1.22E-02 1.58E-05
Function5 RMSE 0.00061  0.66018 0.0296 0.31262 8.00E-03 7.27E-05
Type 3: Student random variable noise with 10 degree of freedom
Function1 RMSE 0.10258 0.7056 0.12153 0.04949 2.37E-02 4.10E-06
Function2 RMSE 0.00103  0.64677 0.00459 0.20332 6.20E-03 5.81E-05
Function3 RMSE 0.00174  0.68897 0.00319 0.15681 5.00E-04 2.74E-07
Function4 RMSE 0.00121  0.64258 0.03179 0.23784 3.70E-03 1.42E-05
Function5 RMSE 0.00018 0.6595 0.0296 0.25285 0.006 0.000187

T represents the proposed model.

The boldface denotes the RMSE of the best model corresponding to each dataset.

Table 5.11: RMSE values on the outlier added synthetic datasets for the proposed HE-

LSSVR model against baseline models.

Dataset Metric SVR[5] LS-SVR[8] BLSSVR[47] RVFL[16] BXSVR [49] HE-LSSVR'
Type 1: Gaussian noise with 0 mean and 0.2 standard deviation
Function1 RMSE 0.1238 0.70565 0.02387 0.061 0.004 0.00704
Function2 RMSE 0.00001  0.55561 0.00277 0.19 0.00342 0.00002
Function3 RMSE 0.09197  0.70557 0.04873 0.0485 0.0005 0.00705
Function4 RMSE 0.00124  0.54392 0.00277 0.145 0.00895 0.00022
Function5 RMSE 0.00037 0.5906 0.00086 0.238 0.00169 0.00008
Type 2: Uniform noise over the interval [-0.2, 0.2]
Function 1 RMSE 0.09904  0.70559 0.05198 0.0415 0.0005 0.00705
Function2 RMSE 0.00001 0.55561 0.00277 0.225 0.02246 0.00006
Function3 RMSE 0.08489  0.70555 0.05198 0.0545 0.0005 0.00705
Function4 RMSE 0.00109  0.54098 0.00073 0.175 0.00055 0.000001
Function5 RMSE 0.00038  0.58818 0.0293 0.315 0.00602 0.00007
Type 3: Student random variable noise with 10 degree of freedom
Function I RMSE 0.10258 0.7056 0.04873 0.0505 0.00844 0.00904
Function2 RMSE 0.00006  0.55601 0.00277 0.2 0.01092 0.00002
Function3 RMSE 0.00169  0.66204 0.00648 0.158 0.00023 0.00028
Function4 RMSE 0.00058  0.54283 0.00073 0.24 0.00895 0.00004
Function5 RMSE 0.00037  0.59022 0.0293 0.25 0.01103 0.00005

T represents the proposed model.

The boldface denotes the RMSE of the best model corresponding to each dataset.

222



CHAPTER 5. HAWKEYE LOSS FUNCTION

Table 5.12: RMSE, MAE, Error,,, and Error,,., values on the time series datasets for the
proposed HE-LSSVR model against baseline models.

Dataset
(No. of samples, No. of features)
NNGC1 dataset D1_V1_.003

Metric  SVR[5] LS-SVR[8] BLSSVR[47] RVFL[16] BXSVR [49] HE-LSSVRf

0.5, RMSE  0.6837  0.7501 0.6192 0.6541 0.6625 0.5369

MAE 05544  0.593 0.5043 0.5493 0.5468 0.4444

Error,,, 0.5957  0.6757 0.5316 0.4227 0.4911 0.4377

Error,., 05168 04536 04715 0.6404 0.5909 0.4526
NNGCLda(‘;f;‘;))LVLOO“ RMSE 0562  0.6041 0.4883 0.3343 0.4609 0.4221
MAE 04701  0.5045 0.4047 0.2807 0.3924 0.3459

Error,,, 02759  0.2825 0.4481 0.2173 0.3769 0.3219

Error,., 05699 05812 0.3764 0.3203 0.4025 0.3627
NNGCLd?gSOet;))LVLOOS RMSE 00307  0.4047 0.0328 0.0364 0.0392 0.0298
MAE  0.0255  0.4028 0.0274 0.0294 0.0319 0.0247

Error,,,  0.025 04028 0.0222 0.0351 0.0333 0.0252

Error,., 0.0259 - 0.0301 0.0148 0.0303 0.0243
NNGCl’d?gSgtgl))l’VLOOé RMSE  0.1697  0.4305 0.1678 0.2088 0.1715 0.1566
MAE  0.138  0.3945 0.136 0.1647 0.1404 0.128

Error,,, 0.1426  0.3967 0.1532 0.1781 0.1318 0.1283

Error,., 0.1337  0.1237 0.1136 0.1512 0.1472 0.1277

NNGCLd?gSgt;))LVLOO7 RMSE 0086  0.4104 0.0877 0.1033 0.0896 0.0833
MAE 00673 04013 0.069 0.0797 0.0699 0.065

Error,,,  0.0679 04013 0.0639 0.0844 0.0795 0.0662

Error,., 0.0668 ; 0.0724 0.0745 0.0555 0.0638
NNGCLd?;Tgt;))LVLOOS RMSE 00982  0.4195 0.0998 0.1024 0.0987 0.0949
MAE 00773 04078 0.0762 0.0769 0.0787 0.075

Error,,, 0.0693 04078 0.0585 0.0812 0.0772 0.0718

Error,., 0.0868 ; 0.0939 0.0712 0.0808 0.0789
NNGCLd?;Tgt;))LVLOO9 RMSE  0.2481 0.44 0.2368 0.5011 0.0987 0.2256
MAE  0.1938  0.3795 0.1866 0.3936 0.0787 0.1771

Error,,, 0.1834 04052 0.1905 0.4137 0.0772 0.1746

Error,., 02055  0.0972 0.1808 0.3742 0.0808 0.179
NNGCl’d?;;sset;))l’Vl’Olo RMSE  0.0908  0.3931 0.0939 0.1224 0.2373 0.0849
MAE 0071 03781 0.0737 0.0963 0.1899 0.0692

Error,,, 0073 03781 0.0607 0.1 0.1901 0.0724

Error,., 0.069 - 0.0827 0.0922 0.1898 0.0625
NNGCl’d?;Z%etgfl’VI’OOS RMSE 02226  0.4569 0.2182 0.1897 0.0967 02122
MAE  0.1842  0.4083 0.1773 0.1657 0.076 0.1711

Error,,, 0.1644 04374 0.147 0.1378 0.062 0.1251

Error,., 02103  0.1065 02194 02127 0.0847 0.2512
NNGC]A?;Z%“;')ELVLOO9 RMSE 02132 04538 0.207 0.1953 0.6625 0.1995
MAE  0.1778  0.4076 0.1641 0.169 0.5468 0.1677

Error,,, 0.1563 04267 0.1171 0.1285 0.4911 0.1325

Error,, 02068  0.1131 0.2293 0.2561 0.5909 0.2347

NNGC]A?&%"?)ELVLO]O RMSE 02676  0.4607 0.2662 0.387 0.4609 0.2315
MAE 02139 04073 02167 0.3155 0.3924 0.1661

Error,,, 0.1866  0.4399 0.2139 0.3194 0.3769 0.1329

Error,, 02457  0.137 0.2238 0311 0.4025 0.2003

Average RMSE 0243 04749 0.229 02577 0.2287 0.207

T represents the proposed model.
The boldface denotes the RMSE of the best model corresponding to each dataset.
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5.4.4 Experiments on Time Series Datasets

To validate the superiority of the proposed HE-LSSVR model in real-world applications,
we further evaluate it on time series datasets [79]. The experimental results of the proposed
HE-LSSVR and the baseline models are presented in Table 5.12. The proposed HE-LSSVR
showcases exceptional performance across the time series datasets. It achieves the lowest
RMSE on 7 out of 11 datasets, clearly demonstrating its superiority over the baseline mod-
els. Even on the remaining 4 datasets, HE-LSSVR performs admirably, securing the second-
best RMSE on 3 datasets and ranking third on 1 dataset. This consistent performance high-
lights the robustness and effectiveness of the HE-LSSVR model in handling diverse time
series data, making it a powerful tool for regression tasks. The average RMSE values of
the proposed HE-LSSVR and the baseline models (SVR, LS-SVR, BLSSVR, RVFL, and
BXSVR) are 0.207, 0.243, 0.4749, 0.229, 0.2287, and 0.2577, respectively. These values
represent the overall performance of each model, with lower RMSE values indicating better
predictive accuracy. The results strongly reflect the prominence of the proposed HE-LSSVR

model compared to the baseline models.

5.4.5 Experiments on Brain Age Dataset

To demonstrate the effectiveness of the proposed HE-LSSVR model in biomedi-
cal applications, we conduct an additional evaluation on the brain age dataset. This
chapter utilizes T1-weighted MRI scans sourced from the IXI dataset (http://www.
braindevelopment.org/ixi—-dataset/) and OASIS dataset (http://www.
oasis-brains.org/). The data is categorized into three key groups: (1) cognitively
healthy (CH) participants (N = 876): mean age =+ standard deviation (SD) is 47.47 +19.49
years, with an age range spanning from 18 to 94 years, (2) mild cognitive impairment (MCI)

patients (N = 70): mean age + SD is 76.21 + 7.18 years, with ages ranging between 62
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and 92 years, and (3) Alzheimer’s disease (AD) patients (N = 30): mean age + SD is
78.03 £ 6.91 years, with an age range of 65 to 96 years. The experimental design, includ-
ing model evaluation and data preprocessing, adheres to the methodology outlined in [111].
To compare the proposed HE-LSSVR model, we selected the three best baseline models
(SVR, BLSSVR, and BXSVR) based on their RMSE values on the UCI datasets. The ex-
perimental results are presented in Table 5.13. For the CH group, the proposed HE-LSSVR
model outperforms all baseline models, achieving the lowest RMSE (3.01) and MAE (2.52).
Compared to the best-performing baseline model (BXSVR), HE-LSSVR shows a notable
reduction in RMSE from 3.48 to 3.01 and in MAE from 3.05 to 2.52, demonstrating im-
proved predictive accuracy. For the MCI group, HE-LSSVR and BXSVR both achieve the
lowest RMSE (3.89), indicating comparable accuracy in age prediction. However, BXSVR
slightly outperforms HE-LSSVR in MAE (3.14 vs. 3.29), suggesting that BXSVR has a
minor advantage in minimizing absolute errors. The MCI results therefore indicate parity
in RMSE and a small MAE advantage for BXSVR, rather than superiority of HE-LSSVR
on this subgroup. For the AD group, HE-LSSVR demonstrates improvements over all base-
line models in the reported point estimates, achieving the lowest RMSE (4.36) and MAE
(3.69). Compared to the best baseline model (BXSVR), HE-LSSVR reduces RMSE from
5.27 to 4.36 and MAE from 4.14 to 3.69. These point estimates suggest potential utility for
brain-age prediction but require uncertainty-aware validation before stronger conclusions

are drawn.

The retained brain-age results contain one aggregate RMSE and MAE value per model
and subgroup, without fold-level predictions, repeated-split results, or bootstrap replicates.
Variability measures therefore cannot be recovered retrospectively from Table 5.13. This
is particularly important for the MCI (N = 70) and AD (N = 30) groups, where point

estimates can be sensitive to the sampled test subjects. The subgroup comparison should be
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regarded as exploratory; future evaluation should report repeated or nested cross-validation

estimates with standard deviations or bootstrap confidence intervals.

Table 5.13: RMSE and MAE values of the proposed HE-LSSVR model against baseline
models on testing data for CH, MCI, and AD subjects.

Dataset Metric SVR[5] BLSSVR[47] BXSVR [49] HE-LSSVR'

CH RMSE  6.55 3.69 3.48 3.01
MAE 5.16 3.27 3.05 2.52
MCI RMSE  9.78 5.22 3.89 3.89
MAE 8.02 4.14 3.14 3.29
AD RMSE  12.77 5.65 5.27 4.36
MAE  10.93 4.83 4.14 3.69

T represents the proposed model.
The boldface denotes the best model corresponding to each dataset.

5.5 Chapter Summary

In this chapter, we addressed the limitations of support vector regression (SVR) by in-
troducing the HawkEye loss function, a novel symmetric loss function that is bounded,
smooth, and simultaneously possesses an insensitive zone. The comparison with both SVR
losses and broader robust regression families supports the more precise claim that, to the
best of our knowledge within the surveyed SVR and LSSVR literature, HawkEye is the
first loss to combine these three properties with an exact zero-loss interval. Further, we
integrated the HawkEye loss function into the least squares framework of SVR and de-
veloped a new robust and scalable model called HE-LSSVR. To solve the optimization
problem of HE-LSSVR, we employed the adaptive moment estimation (Adam) algorithm,
which offers adaptive learning rates and is effective in handling large-scale problems. The
experiments on UCI, synthetic, time-series, and brain-age datasets show competitive aggre-
gate performance and statistically significant gains over selected baselines. The narrow or

non-significant differences against SVR, BLSSVR, and BXSVR, the non-nested selection
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protocol, and the absence of variability estimates for the small MCI and AD subgroups limit
stronger generalization or clinical claims.

In the future, there is a potential avenue for delving into the integration of the Hawk-
Eye loss function within the domain of deep learning models. The essential characteristics
of boundedness and smoothness intrinsic to the HawkEye loss function suggest promising
possibilities for its fusion with advanced machine learning and deep learning techniques.
This future direction holds the potential to yield substantial advancements and broader ap-

plicability across diverse domains.
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Chapter 6

Dual-Center RAPID-LSSVM:
Radius-Adaptive, Probability, and
Class-Imbalance-Driven Weighting for

Alzheimer’s Diagnosis

This chapter develops the Radius-Adaptive, Probability and Imbalance Driven (RAPID)
weighting strategy for learning from noisy, outlier-prone, and class-imbalanced data, with
particular emphasis on Alzheimer’s disease (AD) diagnosis. Reliable early AD detection
is difficult because clinical and biomedical datasets often contain overlapping classes, mis-
labeled or ambiguous samples, outliers, and skewed class priors. RAPID addresses these
challenges through three complementary components: a radius-adaptive proximity weight
that preserves the influence of informative boundary samples while reducing the effect of
unreliable central or distant samples, a local class-probability term that down-weights am-
biguous or potentially mislabeled instances, and an imbalance-ratio term that compensates
for class-prior skew. The chapter integrates RAPID into least-squares support vector ma-

chine (LSSVM) learning and develops two classifiers: RAPID-LSSVM-I with mean-center
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weighting and RAPID-LSSVM-II with median-center weighting. The median-based vari-
ant improves robustness under outliers and asymmetric class distributions. Experiments on
KEEL, UCI, noisy benchmark datasets, and the ADNI dataset demonstrate the effectiveness

of RAPID-LSSVM for robust class-imbalanced learning.

6.1 Introduction

Alzheimer’s disease (AD) is a chronic and progressive neurodegenerative condition
[119, 120], accounting for approximately 70% of dementia cases [93]. It primarily affects
the brain’s cognitive functions, leading to disorientation, mood disturbances, and severe
cognitive decline [121, 122]. The prevalence of AD is projected to increase dramatically,
with estimates suggesting that by 2050, one in every 85 individuals will be affected [104].
Currently, about 6.7 million individuals aged 65 and above are living with AD, making it the
sixth-leading cause of mortality in the United States. The socioeconomic impact of AD is
profound, encompassing significant healthcare costs, social welfare provisions, and substan-
tial income losses for families, amounting to an estimated 345 billion in the United States in
2023 [123]. Numerous studies have shown that detecting AD at its earliest stages and ini-
tiating timely intervention can markedly decelerate disease progression. Consequently, to
halt further advancement, treatment should begin as earliest as symptoms become apparent
[124]. Recently, there has been a burgeoning interest in leveraging machine learning algo-
rithms for AD diagnosis [125, 126]. Machine learning approaches have shown promising
outcomes for AD detection [101, 127]. As a result, this area has become an active field of
research over the past decade. For a detailed overview of machine learning models for AD
diagnosis, we refer interested readers to [108].

Hyperplane-based classifiers remain attractive for biomedical tabular learning because

their objectives are regularized, mathematically transparent, and effective in small-to-
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moderate sample regimes [6, 8]. In this chapter, LSSVM is used as the host classifier
because it retains the margin-based structure while leading to a linear system rather than
a quadratic program. However, its squared-error-type fitting term can still be strongly influ-

enced by noisy samples, outliers, and class-prior skew.

One algorithm-level way to improve robustness is sample weighting.  Fuzzy-
membership weighting assigns each training point a reliability value so that doubtful sam-
ples contribute less to the empirical risk [12, 128]. For class-imbalance learning, this
weighting must do more than measure global distance from a class center: it should also
preserve informative boundary samples, suppress locally ambiguous observations, and com-
pensate for minority-class under-representation. These requirements are especially impor-
tant in AD diagnosis, where clinical classes can overlap and minority cases may carry high

diagnostic importance.

Despite the extensive research on SVM-based and fuzzy-weighted classifiers for im-
balanced learning, several important challenges remain insufficiently addressed. Existing
methods often rely on fixed or heuristic membership schemes that do not simultaneously
account for data proximity, local class probability, and imbalance severity. Consequently,
these approaches may struggle to effectively suppress noisy samples, preserve informative

boundary instances, and maintain robustness under skewed class distributions.

Motivated by the above challenges, we introduce a novel weighting scheme called
RAPID (Radius-Adaptive, Probability and Imbalance Driven). The proposed mechanism
is designed to handle noise, outliers, and class imbalance, which are common in AD diag-
nosis. At its core, RAPID employs a radius-adaptive proximity rule: for each sample, the
weight is determined by its distance to the class-center, assigning maximal weight within
a prescribed neighborhood and then decaying smoothly beyond a threshold so that bound-

ary samples retain meaningful influence. To mitigate label noise and ambiguous instances,
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RAPID integrates a local class-probability term that down-weights low-confidence samples;
to address skewed priors, it incorporates an imbalance-ratio term that elevates minority-class
influence. Embedding RAPID into the least-squares SVM framework yields a robust, flexi-
ble classifier, RAPID-LSSVM. We instantiate two center definitions, mean and median, re-
sulting in RAPID-LSSVM-I (mean-center) and RAPID-LSSVM-II (median-center), which
induce distinct membership profiles. The key contributions of this work can be encapsulated

as follows:

1. We introduce RAPID (Radius-Adaptive, Probability and Imbalance Driven), a novel,
robust, and flexible weighting mechanism that combats noise, outliers, and class im-
balance. RAPID assigns maximal weight to samples within a specified neighborhood
of the class-center and decays smoothly beyond this radius, preserving the influence of
boundary samples. A local class-probability term attenuates likely noisy/ambiguous

instances, and an imbalance-ratio term corrects prior skew.

2. We integrate RAPID into least-squares SVM and propose RAPID-LSSVM, an effi-
cient classifier for class-imbalance learning (CIL) under noise and outliers. Leverag-
ing the LSSVM formulation, the solution is obtained by solving linear systems rather

than a quadratic program.

3. We instantiate two center definitions, mean and median, yielding RAPID-LSSVM-I
(mean-center) and RAPID-LSSVM-II (median-center). The median-based variant
provides robustness to outliers and asymmetric class distributions, inducing distinct

membership profiles.

The subsequent sections are organized as follows. Section 6.2 briefly positions existing
weighting schemes and their limitations. Section 6.3 introduces the RAPID flexible weight-

ing mechanism and derives the RAPID-LSSVM formulation with its dual-center variants.
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Section 6.4 presents experimental results and statistical comparisons on KEEL and UCI
benchmarks, with and without injected label noise, as well as on the ADNI dataset. Finally,

Section 6.5 concludes the chapter and outlines future directions.

6.2 Related Work

Fuzzy SVM and weighted SVM variants reduce the influence of unreliable samples
by assigning a membership value to each training point [12, 13, 129]. Existing schemes
can be broadly grouped into center-based methods, hyperplane-based methods, and local-
probability or affinity-based methods. Center-based schemes are simple and efficient, but
they rely mainly on global distance from a class center. Hyperplane-based schemes use
a preliminary separating surface, but their quality depends on the reliability of the initial
classifier. Probability or affinity-based schemes incorporate richer local information [54],
but they may introduce additional computational overhead.

For this chapter, the essential observation is that a weighting scheme for class-
imbalanced biomedical data should jointly address three aspects: geometric proximity, local
label consistency, and class-prior imbalance. Existing schemes typically emphasize only

one or two of these aspects, which motivates the RAPID construction.

6.3 RAPID Weighting Scheme and RAPID-LSSVM

In this section, we state the chapter-specific limitations of existing weighting schemes
and then introduce RAPID (Radius-Adaptive, Probability and Imbalance Driven). By in-
tegrating RAPID into the least-squares SVM framework, we obtain noise- and imbalance-

robust class-imbalance learning models, collectively referred to as RAPID-LSSVM.
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6.3.1 Limitations of Existing Fuzzy Schemes

Existing membership schemes demonstrate resistance against noise and outliers, but the

following limitations remain important for the present chapter:

1. Center-based schemes may assign very small weights to informative boundary sam-

ples when many points are dispersed away from the class center, as illustrated in

Figure 6.1(a).

2. Linear or exponential decay from the class center can underweight samples that are

close to the center but not exactly at the center, even when they should be regarded as

equally reliable; this is shown in Figure 6.1(b).

3. Distance alone cannot distinguish two samples located at the same radius but embed-

ded in different local neighborhoods. In Figure 6.1(c), a noisy sample and a genuine

sample may have comparable distances from the center but should not receive the

same reliability.

A

A
A ApAA
Center A A

Normal sample

(a)

(b)

Figure 6.1: (a) Depicts a sample distribution where the majority of samples are dispersed
farther from the class-center. (b) Illustrates a sample distribution with the majority of sam-
ples densely clustered around the class-center. (c) Demonstrates that noise samples are
positioned at similar distances from the class-center as the normal samples, highlighting the
challenge of distinguishing noise from legitimate data points based solely on their proximity

to the center.
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4. Center-based memberships are sensitive to how the class center is estimated. The
mean can be distorted by outliers or asymmetric distributions, motivating a median-

centered alternative [130].

5. Hyperplane-based memberships depend on an initially learned hyperplane. If the
initial separator is affected by outliers or class imbalance, the resulting memberships

may propagate this error.

6.3.2 Proposed RAPID Weighting Scheme

To address the aforementioned limitations, we propose RAPID, a robust and flexi-
ble sample-weighting scheme structured around three components: (1) a radius-adaptive
proximity mechanism that assigns maximal weight to samples within a neighborhood of
the class-center and then decays smoothly beyond a threshold, preserving the influence
of boundary samples; (2) a probability-aware refinement that down-weights ambiguous or
noisy instances using local class-posterior estimates; and (3) an imbalance-ratio correction
that boosts minority-class influence to counter prior skew. These components are combined
to yield the final RAPID membership weights used throughout the RAPID-LSSVM frame-

work.

6.3.2.1 Radius-Adaptive Proximity Mechanism

Classical fuzzy—membership designs typically reduce a sample’s weight linearly or ex-
ponentially with increasing distance from the class-center, which over-emphasizes points at
the center and assigns vanishing weights to boundary samples. In RAPID, we instead adopt
a plateau—then—decay rule: samples within a neighborhood of the class-center receive the
maximal weight, and weights decrease smoothly beyond a tunable threshold so that bound-

ary samples retain influence.
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Let d; := ||z; —C|| denote the distance (Euclidean by default) between sample x; and the
class-center C, and let R be the class radius. For a flexibility parameter A > 1, the proximity

weight is

1, di<=,

Paex () = (6.1)

R
D)
R R
VR d; %
Here, A regulates the plateau width and the onset of decay: A = 1 yields a unit-weight
plateau for d; < R, followed by a 1/d; decay outside the class radius; larger A values (e.g.,
A = 2) shrink the plateau (to R /2, etc.) and initiate decay earlier. This design is continuous
at d; = R/, monotonically non-increasing in d;, bounded by 0 < ppex < 1, and preserves

non-negligible weights for boundary-region samples. Figure 6.2a illustrates how varying A

adjusts the plateau width and the decay profile.

6.3.2.2 Probability-Aware Refinement

Distance to the class-center alone cannot distinguish samples that sit at the same radius
but lie in differently labeled neighborhoods. To capture local label consistency and suppress
likely noise, we estimate a k-NN class posterior around each sample.

Let y; be the class label of z; and let Ny(x;) = {x;,..., %y} denote its k nearest

neighbors. Define

own
n:-

n = Y Hy=wh o oplw) = ——€[0.1] (6.2)
xj ENG (24)

Large p(z;) indicates strong local agreement with the label of x;; small p(x;) flags ambigu-
ous or potentially mislabeled points near class boundaries. In RAPID, this probability fac-
tor scales the proximity weight (equation 6.1), down-weighting noisy/ambiguous instances

while preserving reliable ones. This observation underscores the utility of class probability
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in enhancing the robustness of the hyperplane construction process, contributing to a more

reliable and accurate classification model.

6.3.2.3 Imbalance-Ratio Correction

To counter skewed class priors, we rescale the weights using the imbalance ratio (LR.).
Without loss of generality, assume the positive class is the minority and the negative class
is the majority. Let

Ny = #{yi = +1}, N_ = #{y = -1}, LR = % (>1). (6.3)

Given the proximity weight pigex(2;) € (0, 1] from (6.1), the imbalance-adjusted proximity

weights are

/flIR-ﬂex(m;r> = ,U/ﬂex(m;r> X IR7 (64)
(@7) = pnele7) x 65)
HiR-flex\T; ) = Hflex\T; IR’ .

Since pgex(z;) € (0,1], a minority-class sample attains weights in (0,LR.], whereas a
majority-class sample lies in (0, 1/ I.R.} , amplifying informative minority instances while
attenuating majority dominance.

Figure 6.2 summarizes the complete RAPID mechanism, including the radius-adaptive

proximity component and its integration into the weighted LSSVM pipeline.

Final RAPID Membership: Combining the imbalance-adjusted proximity weights in

(6.4)—(6.5) with the class-probability factor in (6.2), the proposed RAPID weighting is as
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Training Data
{(i, yi) Fy

~
Class Center
Mean / Median
T
[ Class Radius J
. <4 - \I
\ Radius-Adaptive Proximity :
: Mlex (m z) !
1.5 T T 1 < :
— =2 ——)\=A \ Local Class Probability !
—A =0 A= ! p(x;) via k-NN |
—A=10 I | RAPID Weighting Scheme
1t | !
5 X [ Imbalance Ratio ] :
=, I !
= : Final RAPID Weight !
0.5 ! HRAPID () i
1
I\ ______________ ,
Weighted LSSVM
RAPID-LSSVM-1/11
0 . . . T
-1 -0.5 0 0.5 1
C [ Robust Classifier ]

(a) Radius-adaptive proximity weighting. The  (b) Overall RAPID-LSSVM pipeline illustrating
flexibility parameter A controls the plateau  the computation of radius-adaptive proximity,
width around the class center and the onset of  probability-aware refinement, and imbalance-
decay, assigning unit weight to central samples  ratio correction, and their integration into the
and smoothly down-weighting distant samples. LSSVM framework with a dual-center design.

Figure 6.2: Illustration of the proposed RAPID mechanism. (a) Radius-adaptive proximity
weighting showing the effect of the flexibility parameter A. (b) End-to-end RAPID-LSSVM
pipeline integrating proximity, probability, and imbalance-driven weighting into the learning
framework.
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follows:

paex(z;) X LR. X p(z;), x; € minority class,

prAPID (T5) = 1 (6.6)
pex (Z5) X TR X p(x;), x; € majority class.

Equivalently, prapip(7;) = pur-fiex (2i) X p(z;). For clarity, the complete RAPID weighting
pipeline, illustrating the computation of the radius-adaptive proximity, probability-aware
refinement, and imbalance-ratio correction, and their integration into the learning frame-
work, is schematically depicted in Fig. 6.2b. Algorithm 6.1 summarizes the step-by-step

procedure for computing the RAPID weights.

Algorithm 6.1 RAPID (Radius-Adaptive, Probability and Imbalance Driven) weighting
Input: Training set {(x;, v;)}q, vi € {—1,1}; flexibility A > 1; k-nearest neighbors k;
center type ctr € {mean, median}.

Output: RAPID membership pgapip(;) for all 7.

1. For each class ¢ € {—1, 1}, compute class-center C. using ct r and class radius R..

2. For each sample z;, set d; = ||z; — C,,|| and compute the proximity weight figex(z;)

via (6.1) (using R = R,,).
3. Estimate the local class probability p(z;) using k-NN as in (6.2).

4. Compute the imbalance ratio LR. = N_/N, (assuming +1 is the minority class),
where N, and N_ are class counts.

5. Obtain LR.-adjusted proximity weights using (6.4)—(6.5): fir-fex (Z;) = piaex () LR.
and pur fex (2; ) = paex(x; ) /LR..

6. Compute the final RAPID weight (membership) as pirapip(%;) = fur-fiex (7i) p(25), as
in (6.6).

7. Return {MRAPID(fEi)}?:l-

6.3.3 Computational Complexity

Consider a binary classification task with n training samples in R?, where n; and ns

denote the numbers of samples in the two classes (n = n; + ny). The computational
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complexity of the proposed RAPID weighting scheme (equation (6.6)) is decomposed as
follows. (i) Radius-adaptive proximity term figex(+). This step computes the class-center
and class-radius for each class and then evaluates the distance of every sample to its cor-
responding class-center followed by applying the proximity rule in equation (6.1). Com-
puting all distances requires O(nd) time. The overall complexity of this step is therefore
O(nd). (ii) Probability-aware refinement p(z;) via k-NN. In our implementation, the class-
probability term p(z;) is computed using a brute-force k-nearest neighbor strategy based
on pairwise Euclidean distances. First, the Euclidean distance between every pair of train-
ing samples is computed once, resulting in a complete n X n distance matrix. This step
requires O(n?d) time for data in R? and O(n?) memory. Subsequently, for each sample
x;, the distances to all other samples are sorted in ascending order to identify its nearest
neighbors. Sorting n distances for a single sample incurs a cost of O(nlogn); repeating
this process for all n samples results in an overall sorting complexity of O(n?logn). After
sorting, the class-probability p(x;) is obtained by counting the number of samples sharing
the same label as x; among the first k& nearest neighbors, which requires O(k) operations
per sample, or O(nk) in total. Since k < n, this term is dominated by the sorting cost.
Therefore, the overall time complexity of the probability-aware refinement step, as imple-
mented, is O(n?d) + O(n*logn) + O(nk), with a memory complexity of O(n?) due
to the storage of the full pairwise distance matrix. (iii) Imbalance-ratio correction (/. R.).
The imbalance ratio is computed using class sample counts, which requires O(n) time.
Applying the corresponding scaling factors to all samples incurs an additional O(n) cost.
Combining components (i)-(iii), the overall training-time complexity of the RAPID weight
computation is dominated by the probability-aware refinement step. In particular, the brute-
force k-NN search requires computing pairwise distances and sorting operations, leading

to a complexity of O(n?d) + O(n?logn). The remaining operations, including proximity
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evaluation and imbalance-ratio scaling, incur additional costs of O(nd) and O(n), respec-
tively. Since n2d and n?logn dominate for typical dataset sizes, the overall complexity of
the RAPID weighting computation is governed by the quadratic scaling of the k-NN refine-
ment step. Importantly, this computation is performed only once during training to obtain
fixed membership weights M; and therefore does not affect the prediction-time complexity

of RAPID-LSSVM.

6.3.4 Proposed RAPID-LSSVM

By integrating the proposed RAPID weighting scheme into the LSSVM framework,
we obtain a robust classifier for class-imbalance learning, termed RAPID-LSSVM. The

objective function of the proposed RAPID-LSSVM is formally defined as follows:

min —||w||2 + CZM ¢

=1

sty (wie(z)+b)=1-¢&, i=12,...,n, (6.7)

where C' > 0 is the regularization term and M; denotes the RAPID membership (i.e.,
M,; = prapp(z;) from (6.6)) As the dimensionality of w becomes infinite, solving the
primal problem (6.7) directly is not feasible. Consequently, we proceed by formulating the

corresponding Lagrangian:
!w|!2+ CZMf —Za,{yz [w' ¢ () +b] —1+&}, (6.8)
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where «;’s are the Lagrangian multipliers. The optimal conditions are given as follows:

oL i

90 —Oéw—;awiﬁb(%)a (6.9)
oL -

oL - .

aa‘:O%yi[w ¢(xz;)+b] —1+&=0, i=1,...,n (6.12)

After the elimination of the variables w and &, a system of linear equations can be obtained

as follows:
0 YT b 0
= , (6.13)
Y Q—i—(/\/lC)_1 «Q 1,
where 1, = [1,1,...,1] € R", (MC)™' = diag{M#lc,M;QC,...,M#nc}, a =

a1, 0,...,00), Y = [y1,92, .., Yn), and Q;; = yy;KC (x;, x;), with K the kernel func-
tion. After obtaining the optimal « and b, the following decision function can be utilized to

predict the label of a new sample 2.

=1

Dual approach to class-center determination:

Determining the class-center is pivotal in the proposed RAPID weighting scheme. Although
the arithmetic mean is commonly used, it is sensitive to outliers and skewed distributions,
which can distort the estimated center [130]. In contrast, the median is a robust location
estimator that remains stable under extreme values and asymmetry [131]. Accordingly,
RAPID supports both mean- and median-based centers, enabling reliable weighting in noisy,

non-symmetric settings typical of AD diagnosis.

242



CHAPTER 6. DUAL-CENTER RAPID-LSSVM

Key remarks:

1) Employing two center estimators yields two RAPID-LSSVM variants, enhancing adapt-
ability across datasets and noise regimes.

2) The mean- and median-centered models are denoted RAPID-LSSVM-I and RAPID-
LSSVM-II, respectively; the latter is particularly robust to outliers and skewed class dis-

tributions.

6.4 Experimental Results

To assess the effectiveness of the proposed models, i.e., RAPID-LSSVM-I and RAPID-
LSSVM-II, we evaluate their performance against baseline models including SVM [6],
LSSVM [8], FSVM [12], FSVM-CIL-Lin [13], FSVM-CIL-Exp [13], ACFSVM [54],
CGFTSVM-ID [132], RVFL [16], GB-RVFL [57], and dRVFL [20]. We utilized publicly
available UCI [80] and KEEL [79] benchmark datasets. Moreover, we deploy the proposed
models on the AD dataset, accessible through the Alzheimer’s Disease Neuroimaging Ini-

tiative (ADNI) (adni.loni.usc.edu).

6.4.1 Experimental Setup

The experimental configuration includes a PC equipped with an Intel(R) Xeon(R) Gold
6226R CPU running at a speed of 2.90GHz and featuring 128 GB of RAM. The sys-
tem operates on the Windows 11 platform and executes all experiments using MATLAB
R2023a. All datasets are randomly split into training and testing subsets, with a ratio of
70 : 30, respectively. The Gaussian kernel function is employed in all experiments to
map the input samples into a higher-dimensional space. The Gaussian kernel is defined as:

ey —zp)®

K(xy,29) =e€ +2 , where o is the kernel parameter. For each model, the regularization

parameter C' and kernel parameter o are selected from the set {107 |7 = —5,—4,....4,5}
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and {2'|i = —5,—4,...,4,5}, respectively. For CGFTSVM-ID [132], the gbell member-
ship function parameter takes the range [1/2,5/8,3/4,7/8, 1]x(radius of positive/negative
class). For FSVM-CIL-Lin, positive constant § is fixed to 107°. For FSVM-CIL-Exp,
hyperparameter + is selected from the range [0.1 : 0.1 : 1]. The membership hyperparam-
eters for ACFSVM are adopted the same as in [54]. For the proposed models, the flexible
parameter A and the k-nearest neighborhood parameter are both selected from the range
[1:1:10]. The performance of the models significantly depends on the selection of pa-
rameters [103, 133]. For the RVFL and GB-RVFL models, the regularization hyperpa-
rameter C' is selected from {10°|i = —5,—4,...,4,5} and the number of hidden nodes
is selected within the range 3 : 20 : 203. For the dRVFL model, the regularization pa-
rameter C' is varied over the same range as that used for the RVFL model, the number of
hidden layers is chosen from {1,2,...,10}, the number of hidden nodes per layer is se-
lected from {256,512,1024}, and the scaling factor for the randomly generated weights
is varied over the range {2¢|i = —5,—4,...,4,5}. In order to adjust them, we employ
a five-fold cross-validation technique along with a grid search approach. The generaliza-
tion performance of the proposed RAPID-LSSVM-I and RAPID-LSSVM-II models have
been evaluated by comparing it with baseline models across various metrics including accu-
racy (ACC), and f-measure. The same 70:30 partition, preprocessing, and model-specific
grid-search framework are used for the proposed methods and their baselines, yielding a
controlled comparison on that partition. A single train—test split nevertheless provides a
split-dependent estimate, and tuning dataset-dependent parameters such as A\ and k with-
out an independent outer evaluation can introduce selection bias [78]. The reported results
should therefore be interpreted as evidence under the stated partition; repeated stratified or

nested cross-validation is needed to quantify variability across splits and to support stronger
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out-of-sample claims. Mathematically,

TP+TN
Accuracy (ACC) = TP L TN« 7P - N (6.15)
F-measure = 2-TP (6.16)

2-TP+FP+FN’

where true positive (7 P) represents the count of patterns belonging to positive class that are
accurately classified, while false negative (FN) signifies the count of patterns belonging
to positive class that are inaccurately classified, false positive (FP) denotes the count of
patterns belonging to negative class that are inaccurately classified, and true negative (T N\)

describes the number of data points of negative class that are correctly classified.

6.4.2 Evaluation on KEEL and UCI Datasets

In this subsection, we provide a comprehensive analysis and comparison of the proposed
RAPID-LSSVM-I and RAPID-LSSVM-II models against various baseline methods on 30
benchmark datasets covering a diverse range of domains. Table 6.1 presents a performance
comparison between the proposed RAPID-LSSVM models and baseline models on the
KEEL and UCI datasets. For the existing baseline models, SVM, LSSVM, FSVM, FSVM-
CIL-Lin, FSVM-CIL-Exp, ACFSVM, CGFTSVM-ID, RVFL, GB-RVFL, and dRVFL, the
average accuracies are 89%, 89.96%, 88.82%, 88.87%, 89.14%, 86.52%, 88.77%, 84.7%,
78.67%, and 84.73%, respectively. In contrast, the proposed RAPID-LSSVM-I and RAPID-
LSSVM-II models achieved average accuracies of 90.02% and 90.30%, respectively. This
demonstrates a clear performance improvement, with the proposed RAPID-LSSVM-II
model securing the top position and the RAPID-LSSVM-I model achieving the second po-

sition in terms of average accuracy. Further, we can deduce that the innovative median
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approach used in RAPID-LSSVM-II to determine the class-center proves to be more ef-
fective in dealing with real-world data. The superiority of the median approach lies in its
robustness to outliers. Unlike the mean, which can be significantly influenced by extreme
values, the median provides a more stable central tendency measure, especially in skewed
distributions. This characteristic is particularly advantageous in real-world datasets where

noise and outliers are prevalent.

Table 6.1: Performance comparison of the proposed RAPID-LSSVM models against the
baseline models on KEEL and UCI datasets without label noise.

Dataset SVM 6] LSSVM [8] FSVM [12] FSVM-CIL-Lin[13] FSVM-CIL-Exp[13] ACFSVM [54] CGFTSVM-ID [132] RVFL[16] GB-RVFL[57] dRVFL[20] RAPID-LSSVM-I RAPID-LSSVM-II'
AcC ACC ACC AcC AcC AccC AcC ACC ACC ACC ACC ACC
breast_cancer_wisc 96.17 95.00 97.61 96.65 96.65 98.00 9856 T2.00 7701 95.00 9856 9856
brwisconsin 95.1 97.06 97.06 95.59 95.59 95.59 96.57 97.56 97.56 95.59 98.04 98.04
chess_krvkp 92.59 94.15 92.59 92.59 93.32 97.20 92.37 90.41 91.45 74.84 96.97 97.29
cleve 80.9 83.15 80.9 79.78 80.9 78.65 79.78 81.11 75.56 79.56 82.02 80.9
credit_approval 87.92 88.41 87.02 87.92 87.92 85.99 85.51 81.62 7788 81.98 87.02 88.41
echocardiogram 87.18 79.49 89.74 89.74 87.18 76.92 87.18 85 87.5 82.72 82.05 84.62
ecoli-0-1-4-6.vs_5 96.43 98.81 97.62 97.62 97.62 94.05 98.81 98.81 98.81 96.43 98.81 98.81
ecoli-0-3-4-6._vs_5 96.72 98.36 98.36 96.72 96.72 96.72 98.36 98.39 72.13 98.07 98.36 98.36
ecoli-0-3-4-7.vs 5-6 96.1 97.4 96.1 94.81 93.51 92.21 92.4 88.46 62.12 88.05 96.1 94.81
ecoli-0-6-7_vs 3-5 95.45 96.97 95.45 93.94 93.94 92.42 95.45 85.07 82.36 82.97 96.97 96.97
ecoli-0-6-7_vs_5 95.45 98.48 92.42 92.42 93.94 89.39 95.45 93.94 59.09 7255 98.48 98.48
ecoli3 94 91 90 94 96 90 91 92.08 87.13 89 97
hepatitis 86.96 89.13 86.96 86.96 89.13 80.43 84.78 72.34 72.34 86.96 89.13
horse_colic 82.73 85.45 78.18 79.09 76.36 80 80.64 83.78 72.97 79.09 83.64
ilpd_indian_liver 7241 72.41 72.41 7241 72.41 74.71 67.82 66.86 63.43 70 74.14
fono 86.67 91.43 86.67 86.67 80.52 88.57 92.38 88.68 83.96 86.19 92.38
fonosphere 88.57 91.43 88.57 89.52 91.43 86.67 93.33 82.79 83.96 80 92.38
monk2 91.67 8778 91.67 91.67 9111 67.22 82 76.24 50.83 85.44 87.78
musk_1 82.30 86.62 82.39 82.30 82.30 74.65 80.73 80.91 75.52 84.08 90.85
pima 8.7 75.65 79.13 76.96 78.7 76.09 78.26 74.03 79.7 72.26 77.83
pittsburg bridges TORD  93.33 96.67 88.84 93.33 93.33 100 96.67 7742 83.87 82 86.67
spectf 90 91.25 91.25 91.25 91.25 78.75 90 83.95 54.32 88.75 88.75
statlog_australian_credit 69.57 69.57 69.57 69.57 68.6 69.57 68.12 68.75 62.02 69.57 69.57
statlog_german_credit 75.33 78.67 75.33 75.33 76 77.33 76 70.33 70 7167 75.67
statlog_heart 8148 85.19 82.72 85.19 85.19 83.95 80.25 8148 82.72 81.62 83.95
vehicle2 95.65 94.07 95.65 95.65 95.65 92.49 92.23 90.85 9173 90.85 95.26
votes 88.46 96.15 88.46 88.46 88.46 95.38 96.15 90.47 9237 91.62 96.15
vowel 100 100 100 100 100 93.58 100 99.33 85.19 80.32 100
yeast3 95.51 95.96 93.48 93.26 94.61 93.03 94.61 86.72 92.38 94.11 91.83
yeasts 96.63 97.08 97.53 96.63 96.63 95.96 97.75 98.43 93.27 95.51 97.75
Average ACC 89 §9.96 8882 8887 80.11 86.52 X ST 7867 8173 90.02 90.30
Average Rank 6.2 413 5.93 632 5.83 7.9 6.1 8.27 10.07 9.22 1.33 37

Trepresents the proposed models.
Bold and underlined text denote the models with the highest and second-highest average accuracy, respectively.

Relying solely on average accuracy can be limiting, since strong performance on spe-
cific datasets may conceal weaker results on others. Consequently, it becomes neces-
sary to rank each model separately for every dataset to provide a more holistic evalua-
tion. According to the ranking scheme outlined in [25], the model showing the poorest
performance on a given dataset is assigned the highest rank, whereas the top-performing
model receives the lowest rank. When evaluating p models across D datasets, let ’R; de-
note the rank of the j™® model on the i*" dataset. The average rank of model j is then
calculated as follows: #; = % lel R; The average rank of the proposed RAPID-

LSSVM-I and RAPID-LSSVM-II, along with the baseline SVM, LSSVM, FSVM, FSVM-
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CIL-Lin, FSVM-CIL-Exp, ACFSVM, CGFTSVM-ID, RVFL, GB-RVFL, and dRVFL, are
4.33, 3.70, 6.20, 4.13, 5.93, 6.32, 5.83, 7.90, 6.10, 8.27, 10.07, and 9.22, respectively. The
proposed RAPID-LSSVM-II model achieved the lowest average rank among all methods,
while RAPID-LSSVM-I placed third. Since a lower rank indicates superior performance,
RAPID-LSSVM-II stands out as the top-performing model. We next perform statistical
tests to validate the significance of these findings. Specifically, we use the Friedman test
[25] to determine whether there are notable differences among the models. Under the null
hypothesis, all models exhibit equivalent performance, as captured by their average ranks.

The Friedman test statistic follows a chi-squared (y%) distribution with (p — 1) degrees of

freedom (d.f.) and is given by x% = 225 [Z R — ”(%1)2]. Since the Friedman statis-
tic can be overly conservative, Iman and Davenport [62] proposed a more robust measure:
Fp = D((fjfl;f; which follows an F-distribution with (p — 1) and (p — 1)(D — 1) d.f..
For p = 12 and D = 30, we obtained y% = 102.5958 and Fr = 13.0836. From the F-
distribution table at 5% level of significance Fr(11,319) = 1.8187. Since Fr > 1.8187,
we reject the null hypothesis. Hence, substantial differences exist among the models. Next,
we apply the Nemenyi post hoc test [25] to analyze pairwise differences among the models.
The critical difference (C.D.) is defined by C.D. = ¢, %, where ¢, represents the
critical value obtained from the two-tailed Nemenyi test table. Referring to the statistical
F-distribution table, a value of ¢, = 3.25 at the 5% significance level yields a C.D. of
3.0255. The average rank differences between the proposed RAPID-LSSVM-I and RAPID-
LSSVM-II models with the baseline SVM, LSSVM, FSVM, FSVM-CIL-Lin, FSVM-CIL-
Exp, ACFSVM, CGFTSVM-ID, RVFL, GB-RVFL, and dRVFL models are (1.87,2.50),
(0.20,0.43), (1.60,2.23), (1.99,2.62), (1.50,2.13), (3.57,4.20), (1.77,2.40), (3.94,8.27),
(5.74,10.07), and (4.89, 5.52) respectively. As per the Nemenyi post hoc test, the proposed

RAPID-LSSVM-I and RAPID-LSSVM-II exhibit significant differences compared to the
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ACFSVM, RVFL, GB-RVFL, and dRVFL models. Nevertheless, the proposed RAPID-
LSSVM-I and RAPID-LSSVM-II models outperform the other baseline models with re-
spect to average rank. Taking into account all these findings, we can conclude that the
proposed RAPID-LSSVM-I demonstrates a competitive nature, and the proposed RAPID-

LSSVM-II showcases superior performance against the existing models.

Table 6.2: Performance comparison of the proposed RAPID-LSSVM models against the
baseline models on KEEL and UCI datasets with label noise.

Dataset Noise SVM[6] LSSVM[8] FSVM [12] FSVM-CIL-Lin[13] FSVM-CIL-Exp [13] ACFSVM [54] CGFTSVM-ID [132] RAPID-LSSVM-I" RAPID-LSSVM-II'
ACC ACC ACC ACC ACC ACC ACC ACC ACC
chess krvkp 5% 91.96 93.42 91.96 91.96 92.38 88.62 94.57 94.36 94.89
10% 88.52 90.61 88.52 88.52 88.41 86.22 88.1 94.47 91.02
20% 77.24 77.87 77.24 77.24 77.24 77.14 78.29 78.08 71.97
30% 62.63 69 62.63 62.63 62.63 65.97 68.06 65.87 69
40% 55.95 55.43 55.95 55.95 55.95 65.97 59.71 55.96 5543
Average ACC 75.26 71.27 75.26 75.26 75.32 76.78 71.75 71.75 77.66
ecoli-0-1-4-6_vs_5 5% 97.62 96.43 95.24 96.43 95.24 92.86 92.86 98.81 98.81
10% 95.24 94.05 95.24 94.05 95.24 92.86 97.62 97.62 97.62
20% 94.05 91.67 94.05 94.05 96.43 92.86 89.29 86.9 85.71
30% 84.52 94.05 84.52 85.71 84.52 92.86 84.52 92.86 92.86
40% 80.95 79.76 80.95 79.76 79.76 92.86 58.33 98.81 95.08
Average ACC 90.48 91.19 90 90 90.24 92.86 84.52 95 94.02
ecoli-0-3-4-7_vs 5-6 5% 92.21 94.1 94.81 94.81 93.51 89.61 93.51 97.4 96.1
10% 96.1 97.4 96.1 96.1 94.81 89.61 97.4 93.51 97.4
20% 90.91 97.4 87.01 87.01 84.42 67.53 92.21 74.03 76.62
30% 89.61 89.61 89.61 89.61 93.51 89.61 83.12 92.21 89.61
40% 71.43 7532 71.43 68.83 71.92 89.61 75.32 97.4 90.91
Average ACC 88.05 90.77 87.79 87.27 88.83 85.19 88.31 90.91 90.13
votes 5% 88.46 94.62 88.46 88.46 87.69 9231 95.38 93.85 95.38
10% 88.46 93.85 88.46 88.46 88.46 95.38 94.62 94.62 94.62
20% 88.46 90.77 88.46 88.46 88.46 86.15 96.15 90 94.62
30% 89.23 89.23 89.23 89.23 89.23 82.31 90.77 76.92 90.77
40% 89.23 86.77 89.23 86.92 88.46 70.77 71.54 88.92 82.31
Average ACC 88.77 91.05 88.77 88.31 88.46 85.38 89.69 88.86 91.54
yeast3 5% 94.83 94.96 94.83 93.26 91.69 91.24 95.51 95.51 95.51
10% 94.61 94.16 95.06 88.99 93.71 89.21 94.83 95.73 95.73
20% 9293 92.36 92.71 80.9 92.58 89.21 94.16 93.03 92.36
30% 93.03 87.64 92.81 88.31 86.52 89.21 86.74 88.09 88.76
40% 69.44 73.71 65.39 72.58 75.28 89.21 84.72 84.72 89.21
Average ACC 88.97 88.57 88.16 84.81 87.96 89.62 91.19 91.42 9231

T represents the proposed models.

6.4.3 Evaluation on KEEL and UCI Datasets with Added Label Noise

KEEL and UCI datasets used in our evaluation reflect real-world circumstances; how-
ever, it is essential to acknowledge that data impurities or noise can arise due to various fac-
tors. In such scenarios, it is crucial to develop a robust model that can effectively handle such
challenges. To showcase the effectiveness of the proposed RAPID-LSSVM models, even
in adverse conditions, we deliberately added label noise to selected datasets. We selected
5 diverse datasets for our comparative analysis, namely chess_krvkp, ecoli-0-1-4-6_vs_5,

ecoli-0-3-4-7_vs_5-6, votes, and yeast3. To ensure impartiality in evaluating the models, we
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selected 2 datasets where the proposed RAPID-LSSVM models do not achieve the highest
performance and 1 dataset where the proposed models tie with an existing model. Further-
more, we selected 1 dataset where the proposed RAPID-LSSVM models outperform the
baseline models, and 1 dataset where one of the proposed models surpasses the baseline
models while the other proposed model ties with an existing model. To carry out a thorough
analysis, we added label noise at varying levels of 5%, 10%, 20%, 30%, and 40% to corrupt
the labels. The accuracies of all the models for the selected datasets with 5%, 10%, 20%,
30%, and 40% noise are presented in Table 6.2. The proposed models, RAPID-LSSVM-I
and RAPID-LSSVM-II, have attained top positions on the chess_krvkp dataset in the ab-
sence of noise. Notably, they maintain this leading performance even in the presence of
noise. The average accuracies of the proposed RAPID-LSSVM-I and RAPID-LSSVM-II
on chess_krvkp with various noise levels are 77.75% and 77.66%, respectively, surpass-
ing the performance of the baseline models. On the ecoli-0-1-4-6_vs_5 dataset, both the
proposed models tie with LSSVM at 0% noise level. However, the average accuracies of
the proposed models (RAPID-LSSVM-I and RAPID-LSSVM-II) on different noise levels
are 95% and 94.02%, respectively, outperforming all the baseline models. On the ecoli-0-
3-4-7_vs_5-6 and yeast3 datasets, the proposed models did not secure the top positions at
0% noise level. However, with distinct noise levels, the proposed RAPID-LSSVM-I and
RAPID-LSSVM-II secured the first and third positions, respectively, on the ecoli-0-3-4-
7_vs_5-6 dataset. Further on the yeast3 dataset, the proposed RAPID-LSSVM-I and RAPID-
LSSVM-II achieved the second and first positions, respectively. On the votes dataset, the
proposed Flexi-Fuz-LSSVM-II shares the top first position with LSSVM, while the pro-
posed Flexi-Fuz-LSSVM-I shares the second position with ACFSVM at 0% noise level.
On different levels of noise, the proposed Flexi-Fuz-LSSVM-II, with an average accuracy

of 91.54%, surpasses all the baseline models along with the proposed Flexi-Fuz-LSSVM-I
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on votes dataset. The aforementioned findings underscore the significance of the proposed
RAPID-LSSVM models as robust models. The primary reason for the success of the pro-
posed models lies in several key factors: (a) the robust membership scheme, which ensures
that samples near the class boundary retain significant influence while distinguishing noisy
samples from normal ones; (b) the flexible parameter A and the k-nearest neighborhood
parameter k, which enable adaptive adjustments to fine-tune the model and handle differ-
ent noise levels and data distributions effectively; (c) the use of the median approach in
RAPID-LSSVM-II, which enhances robustness by providing a stable reference point that is
less susceptible to the effects of outliers and noise compared to the mean approach. These
adaptabilities ensure that the models maintain optimal performance across a wide range of
scenarios, making them highly versatile for practical applications. The combination of these
features allows the proposed models to excel in various noisy and real-world data environ-

ments, demonstrating superior accuracy and resilience.

6.4.4 Ablation Study

The proposed RAPID weighting scheme integrates three complementary components:
(i) a radius-adaptive proximity mechanism figex(+) to preserve boundary information while
suppressing extreme outliers, (ii) a probability-aware refinement p(-) to down-weight locally
ambiguous or potentially mislabeled samples, and (ii1) an imbalance-ratio (/.R.) correction
to counter skewed class distributions. To systematically assess the individual contribution of
each component and to verify their necessity, we conduct a comprehensive ablation study.

Specifically, we evaluate the performance of RAPID-LSSVM by removing one compo-
nent at a time while keeping the remaining components unchanged. The following reduced

variants are considered:

* RAPID-LSSVM \ 1igex: Without the radius-adaptive proximity mechanism,
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* RAPID-LSSVM \p(z): without the probability-aware refinement,

* RAPID-LSSVM \ /.R.: without the imbalance-ratio correction.

These variants are compared against the full RAPID-LSSVM models, namely RAPID-
LSSVM-I (mean-center) and RAPID-LSSVM-II (median-center). The ablation experiments
are performed on five diverse benchmark datasets, brwisconsin, iono, monk?2, pima, and ve-

hicle2. The classification accuracy obtained by each variant is reported in Table 6.3.

Table 6.3: Ablation study analyzing the contribution of individual components of the
RAPID weighting scheme. Each variant removes one component at a time, while RAPID-
LSSVM-I and RAPID-LSSVM-II correspond to the complete models with mean- and
median-based centers, respectively.

Dataset RAPID-LSSVM \p5ex  RAPID-LSSVM \p(z) RAPID-LSSVM \ I.R. RAPID-LSSVM-I RAPID-LSSVM-II

brwisconsin 96.57 97.53 97.04 98.04 98.04
iono 91.33 90.38 92.38 92.38 92.38
monk2 86.11 85.22 86.89 86.67 87.78
pima 76.52 76.83 75.39 75.65 77.83
vehicle2 94.86 93.26 92.89 95.26 95.26

From Table 6.3, several important observations can be made. First, removing the radius-
adaptive proximity component pg.x consistently degrades performance across datasets,
highlighting its role in preserving informative boundary samples while mitigating the in-
fluence of central noise and extreme outliers. Second, excluding the probability-aware re-
finement p(z) leads to noticeable performance drops, particularly on datasets such as iono
and monk?2, confirming its effectiveness in suppressing ambiguous or mislabeled samples
through local label consistency. Third, omitting the imbalance-ratio correction adversely
affects performance on imbalanced datasets such as pima, demonstrating the importance
of explicitly correcting prior skew. Overall, the full RAPID-LSSVM models consistently
outperform all ablated variants, with RAPID-LSSVM-II achieving the best or comparable
performance in most cases. This validates that the three components of RAPID are not
redundant but instead play complementary roles, and their joint integration is crucial for

achieving robustness against noise, outliers, and class imbalance.
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6.4.5 Evaluation on ADNI Dataset

AD is a progressive neurodegenerative disorder that adversely impacts memory and cog-
nitive functions. It typically initiates with mild cognitive impairment (MCI), making early
detection essential for timely intervention and patient care. While the precise etiology of AD
remains not fully understood, accurate and early diagnosis is pivotal in slowing disease pro-
gression. In this chapter, we employed the ADNI dataset to evaluate the performance of the
proposed RAPID-LSSVM-I and RAPID-LSSVM-II models. The ADNI project, initiated
by Michael W. Weiner in 2003, aims to assess various neuroimaging modalities, including
magnetic resonance imaging (MRI), positron emission tomography (PET), and cognitive
biomarkers, for the early and differential diagnosis of AD, particularly in the MCI stage.
The feature extraction protocol used in this work is consistent with the approach adopted
in [127]. Specifically, we use T1-weighted structural MRI (sMRI) data acquired from the
ADNI database. The experimental evaluation is conducted on a total of 813 subjects, com-
prising 228 cognitively normal (CN), 398 MCI, and 187 AD individuals, all of which are
used for both training and testing. The subjects fall within the age range of 60-90 years,
with a mean age of 75.83 and a standard deviation of 6.07. The Mini-Mental State Examina-
tion (MMSE) scores range from 17 to 30, with a mean of 26.51 and a standard deviation of
2.88. The sMRI scans are acquired using a 1.5T scanner with an MP-RAGE sequence under
a 3D acquisition protocol. The imaging parameters include a slice thickness of 1.2 mm, a
flip angle of 8°, sagittal acquisition plane, and scanners manufactured by GE Medical Sys-
tems. These acquisition settings provide high-resolution structural images suitable for mor-
phometric analysis. Voxel-based morphometry (VBM) preprocessing is performed using
Statistical Parametric Mapping (SPM12) (Wellcome Trust Centre for Neuroimaging, Uni-
versity College London, UK). All images are manually reoriented to the anterior commis-

sure and spatially registered using SPM’s single-subject T1 template. Unified segmentation
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is applied to decompose the images into gray matter (GM), white matter (WM), and cere-
brospinal fluid (CSF), followed by template generation and spatial normalization using the
DARTEL framework. The normalized images are modulated and smoothed using an § mm
full-width-at-half-maximum (FWHM) Gaussian kernel, and resampled to a dimension of
121 x 145 x 121 with a voxel size of 1.5 mm?. Statistically significant brain regions are
identified using a two-sample ¢-test within a general linear model, with age and gender in-
cluded as covariates. Variations in individual head sizes are controlled by incorporating total
intracranial volume (TIV) as a covariate using an ANCOVA-by-subject approach. Statistical
significance is determined using a family-wise error (FWE) corrected p-value of 0.05. The
resulting voxels of interest are used as masks for feature extraction. Importantly, the DAR-
TEL pipeline was executed separately for the training and testing phases, ensuring realistic
evaluation conditions where test images are not available during template construction. In
addition to VBM-based features, volumetric and cortical thickness features are extracted
using FreeSurfer’s recon-all pipeline (version 6.0.1). From the successfully processed
scans, 23 subcortical volume measures, 34 white-matter volume measures, and 34 cortical
thickness features were obtained for each subject. Volumetric features are normalized by
TIV, and thickness as well as volumetric measures from both hemispheres are aggregated.
Feature dimensionality is subsequently reduced using principal component analysis (PCA),
followed by F-score—based feature selection. No data augmentation is applied. Class im-
balance inherent in the ADNI cohort is explicitly handled through the proposed RAPID
weighting mechanism, enabling robust and reliable learning under realistic clinical condi-
tions. The dataset encompasses three binary classification tasks: CN vs. AD, CN vs. MCI,

and MCI vs. AD.

Table 6.4 presents the performance metrics (accuracy and f-measure) of the proposed

models in comparison to seven baseline classifiers. The proposed RAPID-LSSVM-II and
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RAPID-LSSVM-I models achieve the top two average accuracies of 76.20% and 74.26%,
respectively. Among the baseline models, GB-RVFL performs the best with an aver-
age accuracy of 73.84%. Compared to GB-RVFL, the proposed RAPID-LSSVM-I and
RAPID-LSSVM-II show improvements of approximately 0.42% and 2.36% in accuracy,
respectively. In addition to accuracy, f-measure, a harmonic mean of precision and re-
call that better reflects model performance on imbalanced data, is also analyzed. The pro-
posed RAPID-LSSVM-II achieved the highest average f-measure of 72.74%, followed by
RAPID-LSSVM-I with 70.34%, while the best-performing baseline (GB-RVFL) attained
an f-measure of 70.17%. This clearly illustrates the superior balance achieved by our pro-
posed models between sensitivity and precision, which is particularly important in medical
diagnosis scenarios where false positives and false negatives carry serious consequences.
In summary, the proposed RAPID-LSSVM models, especially RAPID-LSSVM-II,
demonstrate strong and consistent performance. These findings validate the models’ ef-
fectiveness in differentiating between various cognitive conditions and their potential utility

in clinical decision support systems for AD.

Table 6.4: Performance comparison between the proposed RAPID-LSSVM models and
baseline models on the ADNI dataset.

Subjects

(Samples x Features) SVMI6]

CNvs AD

(62.5,63.27) 6 27) (61.5,63.27) (45.45,43.84) (57.22,63.64) (72.87,80.46) (70.21,79.1) (615,68.34) (67.91,76.38)

(69.71,51.06) (71.43,45.65)  (69.71,51.06) (T1.71,51.06) (69.57,51.02) (68,68.25) (66.29,52.8) (68.18,39.13) (69.32,52.63) (68.57.07) (68.57,52.54) (71.71,54.21)

©) (70.08,61.37) (7256, 66.2) (70.11,61.37) (70.75,61.37) (70.57,63.27) (58.52,50.27) (60.26,58.15) (73.68,68.77) (7381, 70.17) (70.12,66.32) (7126, 70.31) (76.20.72.74)
models.
denotes the models with the highest and second-highest result, respectively

6.4.6 Sensitivity Analysis

In this subsection, we analyze the sensitivity of the proposed models to noise levels
and hyperparameters, and discuss the computational and practical implications of tuning
the flexibility parameter A and the k-nearest neighborhood size k. We first evaluate the re-

silience of RAPID-LSSVM under varying levels of label noise. Figure 6.3 illustrates the
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Figure 6.3: Illustrates the impact of various levels of label noise on the performance of the
proposed RAPID-LSSVM models compared to the baseline models, demonstrating their
robustness against label noise. The datasets used are (a) ecoli-0-1-4-6_vs_5, (b) ecoli-0-3-4-
7_vs_5-6, (c) votes, and (d) yeast3.
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g g
(b) breast_cancer_wisc (RAPID-LSSVM-I)
g g

(c) brwisconsin (RAPID-LSSVM-II) (d) breast_cancer_wisc (RAPID-LSSVM-II)

Figure 6.4: Demonstrates the effect of the regularization parameter C' and the kernel pa-
rameter o on the performance of the proposed RAPID-LSSVM models. The datasets used
for this analysis are (a) brwisconsin with RAPID-LSSVM-I, (b) breast_cancer_wisc with
RAPID-LSSVM-I, (c) brwisconsin with RAPID-LSSVM-II, and (d) breast_cancer_wisc
with RAPID-LSSVM-II. The surface plots illustrate how changes in C' and o influence
the accuracy of the models, highlighting the sensitivity of the RAPID-LSSVM models to

these parameters.
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ACC(%)

(b) statlog-german-credit (RAPID-LSSVM-
D

(c) ecoli-0-6-7__vs_3-5 (RAPID-LSSVM-II) (d) statlog-german-credit (RAPID-LSSVM-
1))

Figure 6.5: Explores the impact of the flexible parameter A and the k-nearest neighborhood
parameter k£ on the performance of the proposed RAPID-LSSVM models. The datasets
analyzed are (a) ecoli-0-6-7_vs_3-5 with RAPID-LSSVM-I, (b) statlog-german-credit with
RAPID-LSSVM-I, (c) ecoli-0-6-7_vs_3-5 with RAPID-LSSVM-II, and (d) statlog-german-
credit with RAPID-LSSVM-II. The surface plots illustrate how variations in A and % pa-
rameters affect the models’ accuracy, highlighting the sensitivity and influence of these
parameters on the performance of the RAPID-LSSVM models.
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classification accuracy of the proposed RAPID-LSSVM-I and RAPID-LSSVM-II models
compared to baseline methods on the ecoli-0-1-4-6_vs_5, ecoli-0-3-4-7_vs_5-6, votes, and
yeast3 datasets. As the proportion of noisy labels increases, the performance of baseline
models fluctuates significantly and degrades rapidly. In contrast, the proposed RAPID-
LSSVM models maintain stable and consistently superior performance, confirming the ef-
fectiveness of the radius-adaptive proximity weighting and probability-aware refinement in
suppressing noisy and ambiguous samples. To examine the influence of the regulariza-
tion parameter C' and the kernel width o, we visualize the classification accuracy using
three-dimensional surface plots generated via MATLAB. Figure 6.4 presents the accuracy
surfaces for the brwisconsin and breast_cancer_wisc datasets using both RAPID-LSSVM-I
and RAPID-LSSVM-II. As observed, the accuracy surfaces exhibit broad plateau regions
with high performance over a wide range of C' and o values. This indicates that, although
these parameters influence performance, the proposed RAPID-LSSVM models do not ex-
hibit abrupt or erratic degradation with respect to C' and o, reflecting stable behavior similar
to classical kernel-based learning methods. Figure 6.5 investigates the impact of the flexibil-
ity parameter A\ and the k-nearest neighborhood size k£ on the performance of the proposed
RAPID-LSSVM models for the ecoli-0-6-7_vs_3-5 and statlog-german-credit datasets. In
contrast to the C'—o surfaces, the accuracy landscapes with respect to (A, k) exhibit more
pronounced variations, with clear regions of performance degradation and improvement.
These plots indicate that the classification accuracy is more sensitive to the joint selection
of A\ and k, and suboptimal choices can lead to noticeable reductions in performance. This
behavior is consistent with the functional role of these parameters in the RAPID weight-
ing mechanism. The flexibility parameter A determines the extent of the plateau region in
the radius-adaptive proximity function, thereby controlling how uniformly samples near the

class center are weighted before decay begins. Meanwhile, the neighborhood size k& gov-
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erns the locality of the class-probability estimation p(x), directly affecting how local label
consistency is captured. Since both parameters act directly at the sample-weighting level
rather than at the global optimization level, their influence on model performance is more

pronounced, as reflected in the sharper accuracy variations observed in Figure 6.5.

6.4.7 Practical Scope and Limitations

The RAPID mean- and median-based variants describe each class by one center and one
radius. This global radial description can misrepresent multimodal, non-convex, elongated,
or heterogeneous classes; the median reduces sensitivity to extremes but not to multimodal-

ity. Such settings require multi-prototype, clustering-based, or local-manifold extensions.

The local probability term uses Euclidean k-nearest neighbors. In high dimensions,
distances can concentrate and obscure near—far distinctions [134]; reliability can therefore
depend on feature scaling, irrelevant dimensions, density, and k. Dimensionality reduction,

metric learning, adaptive neighborhoods, or approximate search may be needed.

Tuning (A, k) is not cost-free. The grid contains up to 10 x 10 combinations; the brute-
force implementation in Section 6.3.3 has time O(n*d + n*logn), memory O(n?), and
repeated kernel-system costs. Its overhead for large n or d, relative to a deep network, is

implementation- and dataset-dependent.

The sensitivity plots provide empirical starting ranges, not universal defaults: 2 < A <5
and 3 < k < 7 often perform well here, but the best values remain data-dependent. Together
with the single 70:30 split, this motivates repeated nested validation, adaptive parameter

selection, and scalable neighborhood computation in future applications.
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6.5 Chapter Summary

In this chapter, we introduced RAPID (Radius-Adaptive, Probability and Imbalance
Driven), a robust and flexible weighting framework designed to explicitly mitigate label
noise, outliers, and class imbalance, which are pervasive challenges in Alzheimer’s disease
(AD) diagnosis from real-world clinical data. By embedding RAPID into the least-squares
SVM framework, we developed two complementary models: RAPID-LSSVM-I, based on
a mean-centered representation, and RAPID-LSSVM-II, which employs a median-centered
design for enhanced robustness. The proposed RAPID mechanism integrates three key
components: (i) a radius-adaptive proximity term that preserves the influence of informa-
tive boundary samples while smoothly down-weighting distant outliers; (ii) a k-NN-based
probability refinement that suppresses ambiguous or noisy instances through local class con-
sistency; and (iii) an imbalance-ratio correction that compensates for skewed class priors.
Importantly, these robustness enhancements are achieved while retaining the computational
efficiency of LSSVM, requiring only the solution of linear systems without quadratic pro-
gramming. The reported experiments on KEEL, UCI, noisy-label, and ADNI tasks show
favorable accuracy and F-measure under the common 70:30 protocol, with Friedman and
Nemenyi analyses indicating consistent rank behavior. These results remain conditional on
the selected split and parameter search. The single-prototype geometry, high-dimensional
k-NN reliability, quadratic brute-force neighborhood cost, and dataset-dependent tuning of
A and k delimit the present framework’s scope.

Future work can use metaheuristic or self-adaptive procedures to select A and & during
training, and can integrate RAPID with contemporary models while preserving robustness

to noise and class imbalance.
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Chapter 7

Robust and Inversion-Free Learning in

Randomized Neural Networks

This chapter extends robust loss-function design to randomized neural networks, where
fixed random representations enable fast learning but standard squared-error objectives can
be sensitive to noise, outliers, corrupted labels, and matrix-inversion instability. The first
part develops the fleXi Guardian random vector functional link (XG-RVFL) framework. It
introduces the fleXi Guardian (XG) loss, a bounded, smooth, dynamically asymmetric loss
that adaptively penalizes positive and negative deviations, and embeds it into random vector
functional link (RVFL) learning through an inversion-free optimization strategy for both bi-
nary and multiclass classification. Theoretical properties of the XG loss and a Rademacher-
complexity-based generalization bound for XG-RVFL are also established. The second part
develops the Wave loss-based Broad Learning System (Wave-BLS), which replaces the stan-
dard least-squares broad learning objective with a bounded and smooth Wave-loss objective
solved by a Nesterov accelerated gradient scheme without matrix inversion. Together, these
two developments show how robust loss functions can improve randomized neural networks
while retaining their computational efficiency. The chapter validates the proposed models

on broad benchmark collections and controlled uncertainty settings, with statistical tests
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confirming their advantages over existing randomized learning baselines.

7.1 XG-RVFL Framework

7.1.1 Introduction

Artificial neural networks (ANNSs) have gained prominence in machine learning due to
their remarkable ability to model complex nonlinear relationships, establishing them as a
pivotal tool across a wide range of tasks [14], [15]. ANNs have demonstrated their utility
in many applications, including video segmentation [135], medical diagnosis [136], [137],
human behaviour analysis [138], and brain age estimation [110], etc.

Despite their widespread success, ANNs face several fundamental challenges. A key
drawback is their reliance on the backpropagation (BP) algorithm for parameter optimiza-
tion, which, while effective, suffers from computational inefficiency, sensitivity to initial-
ization, and a tendency to converge to suboptimal local minima [139]. Additionally, ANNs
require extensive hyperparameter tuning, which significantly affects performance and sta-
bility. These limitations underscore the need for alternative approaches and improved opti-
mization strategies to enhance ANN robustness and efficiency [20].

Randomized neural networks (RaNNs) [140, 141] provide an efficient alternative by fix-
ing hidden-layer parameters and learning only the output weights. Among these models,
the random vector functional link (RVFL) network [16, 118] is widely used because it com-
bines random hidden features with direct input-to-output links. In the present chapter, the
RVFL structure is used as the host model, and the focus is on three limitations that affect its

reliability in real-world data:

1. The RVFL framework relies on the squared error loss function (/5 loss), which, while

computationally convenient, is highly sensitive to noise and outliers.
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2. RVFL requires matrix inversion to compute output parameters, leading to significant
computational and memory overhead, thereby limiting its scalability for large-scale

or high-dimensional data.

3. Existing robust RVFL variants do not simultaneously provide a unified bi-

nary/multiclass formulation with flexible asymmetric penalties.

A variety of RVFL variants have been proposed in the literature, each incorporating unique
features and enhancements to address the aforementioned limitations. To address the sen-
sitivity of the RVFL framework to noise and outliers, researchers have proposed various
variants. These variants can be broadly categorized into two approaches: (1) integrating
fuzzy-based frameworks to handle uncertainty and mitigate the effects of noise [101], [55],
[56] and (2) replacing the traditional squared error loss function with robust alternatives that
are less influenced by extreme values [142], [143]. These advancements aim to improve the
RVFL network’s resilience in noisy and real-world environments. Beyond addressing noise
and outliers, scalability has emerged as another significant challenge for the RVFL frame-
work. To overcome this limitation, Akhtar et al. [143] introduced HE-RVFL, a model that
leverages the HawkEye loss function [144] while reformulating the optimization process
to entirely eliminate the need for matrix inversion. Despite this advancement, HE-RVFL
faces two critical limitations. First, its formulation is designed exclusively for binary classi-
fication and lack extensions for multiclass problems, limiting their applicability in broader
scenarios. Second, the inherent symmetry of the HawkEye loss function limits its ability
to treat positive and negative deviations differently, making it less effective in adapting to
dataset-specific characteristics where asymmetric treatment of errors is crucial for improved
robustness and generalization.

To address the limitation of symmetry, numerous asymmetric loss functions have been

developed in the literature, including the wave loss [67], LINEX loss [31], guardian loss
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[107], and others. The guardian loss function is specifically designed to tackle challenges in
support vector machines (SVMs) by inherently assigning higher penalties to misclassified
samples (right deviations, i.e., samples falling on the wrong side of the optimal hyperplane)
while maintaining lower penalties for correctly classified samples (left deviations, i.e., sam-
ples correctly positioned relative to the optimal hyperplane). While this fixed asymmetry is
well-suited for SVMEs, it lacks the flexibility required in scenarios where left deviations hold
equal importance as right deviations. This rigidity limits its adaptability to broader machine
learning models beyond SVMs.

Building upon this foundation, we introduce the fleXi guardian (XG) loss function (a
flexible extension of the guardian loss), designed to enhance both robustness and adapt-
ability. The proposed XG loss is characterized by dynamic asymmetry and boundedness,
allowing it to assign different penalties to various types of deviations and adjust penalty
magnitudes based on dataset characteristics. By embedding the proposed XG loss into the
RVFL framework, we develop XG-RVFL (random vector functional link network based on
fleXi guardian loss), a robust and unified model capable of handling both binary and multi-
class classification tasks. Crucially, the optimization problem for determining the XG-RVFL
model parameters is formulated to eliminate the computational burden of matrix inversion,
ensuring scalability for large-scale and high-dimensional datasets.

The key highlights of the work are as follows:

* We propose a novel loss function, fleXi guardian (XG) loss, epitomized by its key

properties of dynamic asymmetry and robustness, alongside with smoothness.

¢ We fuse the XG loss into the RVFL framework and formulate XG-RVFL, a robust and
unified model to handle both binary and multiclass classification tasks. The optimiza-
tion problem of XG-RVFL obviates the necessity for matrix inversion and enhances

scalability. Furthermore, we derive a generalization error bound for XG-RVFL using
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Rademacher complexity theory, offering formal performance guarantees.

* This chapter stands as the first in the RVFL literature to present a framework that
effectively resolves the following limitations of the RVFL simultaneously: (i) sensi-
tivity to noise and outliers, (ii) computational and memory inefficiencies caused by

matrix inversion, and (iii) unified framework for both binary and multiclass tasks.

* We establish a rigorous generalization error bound for XG-RVFL using Rademacher
complexity, which quantifies expected generalization performance by linking hypoth-

esis class complexity and the Lipschitz continuity of the XG loss.

* We provide comprehensive experimental validation, demonstrating that the proposed
XG-RVFL consistently outperforms existing RVFL variants across both binary and
multiclass classification tasks. Statistical analyses using the Friedman and Nemenyi

post-hoc test confirm the significance of these improvements.

The remainder of the XG-RVFL part first fixes the notation used in this chapter, then intro-
duces the XG loss, the inversion-free XG-RVFL formulation, the generalization analysis,
and the experimental validation. The second part of the chapter follows the same pattern for

Wave-BLS.

7.1.2 Background and Notation

This section fixes only the notation and the immediate motivation needed for XG-RVFL.
Let X € R™*4 denote the input matrix, Y € R™*¢ the target matrix, H € R™*" the
randomized hidden-layer output matrix, and Z = [X, H] € R™*(4*") the augmented RVFL
representation. The trainable output weight matrix is denoted by © € R(¢+h)xe,

Standard RVFL learning estimates O through a squared-error least-squares objective on

Z© — Y. This is computationally efficient, but it has two limitations that are central to
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this chapter: squared-error fitting is sensitive to large deviations, and the usual closed-form
solution requires matrix inversion. Therefore, the proposed framework keeps the RVFL
representation but replaces the squared-error objective with a bounded and flexible loss

optimized without direct matrix inversion.

The immediate starting point for the proposed XG loss is the Guardian loss [107], which

is bounded and asymmetric:

L) — Elexplat) 1)

S Trefem(eg -1 .

where a > 0 fixes the direction of asymmetry. While this behavior is suitable for SVM-
type margin penalties, RVFL output errors may require flexible treatment of positive and
negative deviations, as well as tunable control of the upper bound. These two requirements

motivate the fleXi Guardian loss introduced next.

7.1.3 Proposed XG-RVFL Framework

In this section, we present a flexible extension of the guardian loss function, termed the
fleXi guardian (XG) loss. Building on this foundation, we embed the XG loss function into
the RVFL framework and propose a robust and scalable model referred to as XG-RVFL, i.e.,
the random vector functional link neural network based on the XG loss function. We begin
by presenting the mathematical formulation and core properties of the fleXi guardian loss.
Subsequently, we detail the formulation of the XG-RVFL model, including its architecture
and the optimization algorithm employed for efficient training. In addition, we provide a
generalization error bound for XG-RVFL derived using Rademacher complexity theory and

analyze the computational complexity of the proposed optimization procedure.
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7.1.3.1 FleXi Guardian (XG) Loss

The guardian loss function [107] handles asymmetric penalties by assigning higher
penalties to right deviations compared to left deviations, which is well-suited for SVMs
where right-side errors correspond to misclassified samples, and left-side deviations indicate
correctly classified ones. However, this fixed asymmetry limits its adaptability for models
such as RVFL, where deviations on both sides are important. Additionally, the guardian
loss has a rigid bound of 1, restricting its applicability in scenarios requiring dynamic con-
trol over penalty magnitudes. The limitations of the guardian loss function necessitate a
more flexible and adaptable approach to handle diverse scenarios where both-sided devia-
tions and dynamic bounds are critical. To address these challenges, we propose the fleXi

guardian (XG) loss, which extends the guardian loss by introducing two key features:

* Dynamic asymmetry: The XG loss allows assigning higher penalties to deviations
on either side, enabling it to adapt to tasks where left-sided deviations are as important

as right-sided ones.

* Dynamic bound control: A parameter > 0 is incorporated to adjust the upper

bound of the loss, providing the flexibility to scale penalty magnitudes as required.

The XG loss function is mathematically defined as:

~af{exp(a§) — 1}
£xal®) = T e Texp(ad) — 11

VEER, (7.2)

where ¢ represents the deviation, a # 0 governs both the steepness and the asymmetry of the
loss function, and 1 > 0 adjusts the upper bound. Figure 7.1 depicts the visual illustration
of the proposed XG loss function under varying parameter configurations. Figures 7.1a,
7.1b, 7.1c, and 7.1d separately show the effects of positive and negative a values and the

bound-control parameter 7).
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Figure 7.1: Illustrate the behavior of the proposed XG loss function under varying param-
eter configurations. Subfigures (a) and (b) are plotted for fixed values of a (¢ = 1 in (a)
and a = —1 in (b)) while varying the bound-control parameter 7. Subfigures (c) and (d)
are plotted for a fixed n = 1/2 while varying a. Subfigure (c) explores positive values of a,
showcasing its effect on the steepness and penalties for positive deviations, whereas subfig-
ure (d) examines negative values of a, highlighting its influence on negative deviations.

268



CHAPTER 7. ROBUST AND INVERSION-FREE RANDOMIZED NEURAL
NETWORKS

7.1.3.2 Theoretical Properties of the FleXi Guardian (XG) Loss

We now present the key theoretical properties of the proposed XG loss function. These
include asymmetry, boundedness, smoothness, Lipschitz continuity, and robustness, all of

which contribute to its adaptability and stability across diverse learning settings.

Asymmetry The proposed XG loss introduces dynamic asymmetry, allowing the penalty
distribution to adjust flexibly based on the parameter a # 0. This parameter plays a pivotal
role in determining the emphasis on penalties for deviations on either side. Specifically,
for a > 0, the loss grows more rapidly for positive residuals, placing greater penalty on
overestimation. Conversely, for a < 0, the opposite holds, making it suitable for cases
where underestimation is more critical. This asymmetric behavior enables the loss to adapt
to problem-specific risks, such as cost-sensitive misclassification or skewed noise distribu-

tions.

Boundedness The proposed XG loss function retains the bounded nature of the original
guardian loss while introducing enhanced flexibility through the parameter 7 > 0. This
boundedness ensures that the loss values remain constrained within a specific threshold,
making the model robust to outliers by preventing excessively large penalties from dis-
proportionately influencing the optimization process. The upper bound of the XG loss is
dynamically controlled by the parameter 7, allowing the maximum penalty to be adjusted

based on the dataset’s characteristics. Mathematically, the XG loss satisfies the condition:

0< Lxa(€) < =, VEER. (7.3)

I | =

Here, n > 0 determines the maximum threshold of the loss, ensuring penalties remain well-

regulated. This property is particularly beneficial in scenarios with noisy or outlier-prone
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datasets and contributes to reliable and efficient learning.

Smoothness The proposed XG loss is infinitely differentiable (i.e., smooth), ensuring sta-
bility and efficiency in gradient-based optimization. The smoothness arises from the expo-
nential terms in its formulation, allowing gradual changes in the loss values as deviations
increase, thus avoiding abrupt shifts or discontinuities. The first derivative of the XG loss

with respect to £ is given by:

dLxq(§) _ af(ag + 1) - exp(a&) — 1] .
dg [1 4 ané{exp(a) — 1}]°

(7.4)

This derivative is continuous and bounded on any compact interval. Moreover, it satisfies
lime_, 1 dLxg/dE = 0, ensuring smooth gradient decay at extremes, which contributes to

training stability.

Lipschitz Continuity The proposed XG loss is Lipschitz continuous on any compact do-

main, making it suitable for generalization analysis.

Theorem 7.1.1 (Lipschitz Continuity). Let M > 0. Then Lxg(§) is Lipschitz continuous on

[—M, M]; that is, there exists a constant Ly; > 0 such that:

|Lxc(&1) — Lxo(&)| < Lylér — &, V&1, & € [-M, M].

Proof. The derivative in equation (7.4) is continuous on [—M, M|, and by the extreme
value theorem, attains a maximum Lj;. Then by the mean value theorem, for any

&1,& € [—M, M], there exists £* € (&1, &) such that

dLxg
dg

£x6(61) — Lxal&) =\ ()] 16— &l < Lurles — €.
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Hence, Lipschitz continuity holds on compact intervals. [

Robustness via Influence Function The influence function (IF) is a fundamental concept
in robust statistics that measures the sensitivity of an estimator to infinitesimal contamina-
tion in the data [145], [146]. For loss-based estimators, the IF is often proportional to the
derivative of the loss with respect to the residual. A bounded or vanishing IF implies that
extreme outliers have limited effect on the estimator, thereby enhancing robustness [147].

For the XG loss, the first derivative is given by:

d,CXG - a [(af + 1)6(15 — 1}

d§ [1 4 ang(es — 1)]2'

It can be established that lim¢|_,o, dLxg/d§ = 0, which implies that the XG loss exhibits
vanishing influence for large residuals. This behavior ensures that extreme data points exert
negligible effect on the learned parameters, promoting robustness in noisy or adversarial
settings.

In contrast, traditional losses such as the squared error loss have unbounded influence;
for example, £(£) = £ yields IF(¢) = 2¢, which grows without bound as |£| — co. Thus,
unlike squared error, the XG loss prevents gradient explosion and resists distortion from
heavy-tailed or contaminated data, making it well-suited for reliable learning in real-world

applications.

7.1.3.3 Formulation and Optimization of XG-RVFL

In this subsection, we incorporate the proposed XG loss function into the RVFL frame-
work by replacing the conventional squared error loss and develop a robust and scalable
framework, termed XG-RVFL. The integration of the XG loss function introduces dy-

namic asymmetry and boundedness, enabling the framework to effectively handle chal-
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lenges posed by outliers and noise, thereby significantly enhancing robustness. To solve
the XG-RVFL model, we formulate an optimization problem that avoids the computational
overhead of matrix inversion during parameter estimation. This approach ensures scalabil-

ity, making the XG-RVFL framework suitable for large-scale datasets.

The optimization problem of the proposed XG-RVFL is formulated as follows:
1
argmin J(©) = §||@||2 +A-Lxg(Z26 -Y), (71.5)
e

where A > 0 is the regularization parameter and Lx(Z0O — Y') represents the total loss,

derived from the XG loss function.

The XG loss for a single sample 7 and class j is computed by:

o afz‘j{exp(@&j) — 1}
£XG(€U) - 1 + abfij{exp(afij) — ]_}7 (76)

where §;; = (Z0),;; —Y;; is the error for sample ¢ and class j. The total loss Lx¢(Z0 —Y)

is computed over all samples and classes as:

Lxa(Z60-Y) = Z Zﬁxc;(&j)~

i=1 j=1

Hence, the objective function (7.5) can be rewritten as follows:
1 m C

in J(©) =[O0+ - Lxa(&j)- 7.7

argmin J(©) = 50" + ZZ x6(&) @7

To optimize the proposed XG-RVFL model, we leverage the smooth characteristic of the

objective function (7.7) and adopt the Nesterov Accelerated Gradient (NAG)-based algo-

rithm as used in [90]. Using NAG-based algorithm, the parameter estimation process is

designed to avoid the computationally intensive matrix inversion typically required in tradi-
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tional RVFL, thereby enhancing computational efficiency and scalability. The adoption of
NAG-based algorithm for optimizing the XG-RVFL model is both strategic and impactful,
as it not only enhances convergence speed but also ensures stability and robustness during
the optimization process, making it well-suited for the proposed framework.

To solve the optimization problem (7.7) using NAG-based algorithm, we derive the
gradient of the objective function to facilitate efficient optimization. For a given class
j € {1,2,...,c}, the gradient of the XG loss function with respect to the parameter O

is formulated as follows:

a[(afij +1) - exp(a&;;) — 1} ‘
= [1+ angy; {exp(a&y;) — 1}]°

grady(:,j) = Z(i,:)". (7.8)

Note: Algorithm 7.1 provides a detailed outline of the process for calculating the gradient of
the XG loss. This step-by-step procedure ensures precise gradient computation by iterating
over all samples and classes. The computed gradient plays a pivotal role in the optimization
process, enabling efficient parameter updates.

The overall gradient of the objective function J(©) is given by:

VJ(©) =0+ X grady. (7.9)

Here, the first term, ©, arises from the regularization term ;/©||* and the second term,
grad ., reflects the contribution of the XG loss.

At t" iteration, a mini-batch of k& samples is randomly selected and utilized to compute
the gradient, ensuring efficient and stochastic updates during the optimization process. Now,
the step-by-step procedure of NAG-based algorithm to solve the XG-RVFL model (7.7) is

as follows:

1. Initialization: Initialize the model parameter ©(*), velocity vector v(?), learning rate

273



CHAPTER 7. ROBUST AND INVERSION-FREE RANDOMIZED NEURAL
NETWORKS

Algorithm 7.1 Algorithm for computing the gradient of the loss term.
Input: § = ZO — Y € R™*°: matrix of errors, Z € R"™*(@+"): transformed feature matrix.
Output: grad,, € R@")*e: oradient of the XG loss term.
1: Initialize: grad,, = 0 € R(@Hhxe,
2: for j < 1tocdo
33 fori <+ 1tomdo
4 Compute grad y (4, j) using equation (7.8).
5: Update grady(:, j) = grad5(:, 5) + grad (4, 5) - Z(3,:)".
6
7
8

end for
: end for
: return grad ..

1. Set the momentum coefficient v, learning rate decay parameter «, and the max-

imum number of iterations /..

2. Iteration: For each iterationt = 1,2, ..., [ .x;

(a) Compute look-ahead point:

@look—ahead _ @(t) + - U(t).

(b) Calculate the gradient at look-ahead point using equation (7.9):

g(t) — vJ(@look—ahead)‘

(c) Update velocity vector:

WD) — oy Ly 0 g0,

(d) Update XG-RVFL parameter:

@(t+1) _ @(t) + ,U(tJrl).
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(e) Adjust learning rate with exponential decay:

Iu(t""l) — lu(t) . exp(_at)

3. Stopping Criteria: The iteration process is terminated if either of the following cri-
teria is met: (a) the maximum number of iterations is reached, or (b) the change in ©

falls below a predefined threshold, indicating convergence.

Note: The detailed process of calculating O for the proposed XG-RVFL model is meticu-

lously outlined in algorithm (7.2).
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Algorithm 7.2 NAG-based optimization for XG-RVFL
Input: Z € R™*@4M): transformed feature matrix, Y € R™*¢: target matrix, x: learning

rate, o learning rate decay factor, v: momentum parameter, \: regularization parameter,
I 1.x: maximum number of iterations, d: convergence tolerance.
Output: © € R@*")*¢: Output layer parameters.
1: Initialize: Set iteration ¢ = 0, initialize ©©, v(¥ and (.
2: repeat
3: Look-ahead step:
@lookahead _ (1) 4 . 4,(®)

Compute the gradient: For mini-batch of size k calculate the gradient ¢ at look-

B

ahead point using (7.9).

5: Update the velocity:
A L OO
6: Update the model parameters:
O+l — @) 4 41
7: Update learning rate :

8: t<—t+1.
9: until Convergence criteria are met: ¢t > I, or [|[©F) — 00| < 4.

10: Return ©.

After obtaining the optimal ©, the following decision function is employed to predict
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the label vector of the test set (X):
Y = sign (Z 6> ,

where Z is the concatenation matrix comprising the test data and output from the hidden

layer.

7.1.3.4 Generalization Bound for the Proposed XG-RVFL

We now derive a generalization bound for the proposed XG-RVFL model using
Rademacher complexity. The bound quantifies the expected performance of the model on
unseen data, in terms of the network complexity and the properties of the XG loss.

Let the training data be given by {(z;, y;)}™,, where each input z; € R¢ and each target
y; € R®is a one-hot encoded vector representing one of c classes. Let Z(x) € R4 denote
the fixed feature mapping applied in RVFL, defined by Z(x) = [z ", h(x)"]", where h(z) is
the hidden layer output after nonlinear transformation and £ is the number of hidden nodes.

The model predicts a vector-valued output:
fo(z) = Z(z)"© € R°, where © € R@HM)xe,
Let the hypothesis class be defined as:
Fp={felz)=Z(x)'© : |O|r < B},

where ||©|| s denotes the Frobenius norm, and we assume || Z(x)||s < R for all z. The total

loss is defined element-wise over each output coordinate using the scalar XG loss:

Lxa(f(x),y) = Zﬁxa(fj(l“) - ),
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where f;(z) is the j® coordinate of f(x), and Lx¢(-) is the scalar loss from equation (7.2),

which is assumed to be L-Lipschitz and bounded by M > 0.

Theorem 7.1.2 (Generalization Bound for XG-RVFL). Let the XG loss be applied element-
wise as described above. Then, for any § € (0,1), with probability at least 1 — ¢, the

following bound holds for all | € Fg:

By [Lxa(f(2),y)] < %Zﬁxc(f(%)a yi) + QL\/'%RC +3Mc —10g2(1/5).

m

Proof. Define the composed function class:

LxgoFp= {(:c,y) =Y Lxa(fi(x) —y;) : fGJ:B}-

Jj=1

By the additivity of the scalar XG loss over output dimensions and the application of the

vector-valued contraction inequality (see [87]), we obtain:

[

Rn(LxcoFp) <Y L Ru(F) =L Ru(F),

J=1 J=1

where F ](3j ) is the class of scalar functions fi(z) = Z(z)'©;, corresponding to the j"

column of ©. Since each ©); satisfies ||O,||s < B (implied by ||O| r < B), we have:

). _ BR
R (F) < N

Hence:
LBRc

R (Lxa o Fp) < NG

Applying the standard Rademacher complexity generalization bound for bounded losses
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(see [148]), we conclude that with probability at least 1 — 4, for all f € Fg:

2LB log(1
Re | anre/1os/0)

vm 2m

1 m
Bl xe(f ()] < 3 Lxalflas). i) +
This completes the proof. ]

7.1.3.5 Computational Complexity

The computational complexity of the proposed XG-RVFL model is governed by the
use of the NAG-based optimization algorithm. During each iteration ¢, the gradient of the
objective function V.J(0) is calculated. This involves evaluating the gradient term defined
in equation (7.9) by processing a mini-batch of &£ samples across c output classes. For each
sample ¢, the computation requires a dot product between the transformed feature matrix
Z(1,:), with dimensions (d + h), and its corresponding scalar term. As a result, the gradient
computation incurs a cost of O(k - ¢ - (d + h)). After the gradient is obtained, the NAG
framework performs three main operations: a look-ahead step, a velocity update, and a
parameter update. Each of these steps involves matrix computations with dimensions (d +
h) X ¢, contributing an additional cost of O((d+h)-c) per iteration. However, since gradient
computation dominates the overall cost, the total computational complexity for a single
iteration is approximately O(k - ¢ - (d 4+ h)). For I,,,.« iterations, the total complexity of the
proposed XG-RVFL becomes O (1.« k-c-(d+h)). Unlike traditional RVFL models, which
involve a computationally expensive matrix inversion step with a complexity of O(min((d+
h)3,m?)), the proposed approach eliminates this requirement. By avoiding matrix inversion,
the proposed XG-RVFL model achieves improved scalability and computational efficiency,
making it well-suited for large-scale datasets.

Avoiding explicit inversion removes a cubic algebraic bottleneck, but it does not guar-

antee lower runtime for every dataset. The practical advantage depends on /., mini-batch
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size k, learning-rate and momentum choices, stopping tolerance, and the conditioning of
the iterative optimization problem. XG-RVFL is computationally favorable when the work
needed to reach an acceptable solution, approximately O(/.xkc(d+h)), remains below the
cost and memory burden of the corresponding factorization or inversion. Poor conditioning
or a large iteration count can narrow or reverse this advantage. Thus, inversion-free denotes

the absence of an explicit inverse, while scalability is conditional on convergence behavior.

7.1.4 Experiments, Results and Discussion

In this section, we first present details of the datasets, compared models, and experimen-
tal setup. Furthermore, to evaluate the performance of the proposed XG-RVFL, we analyze
the results and conduct statistical assessments for rigorous validation.

Dataset Description and Compared Models

To evaluate the performance of the proposed XG-RVFL model, we employ 86 benchmark
datasets from the UCI [80] and KEEL [79] repositories, spanning diverse domains and sam-
ple sizes. These datasets are categorized into 37 binary UCI classification tasks, 25 multi-
class UCI classification tasks, and 24 binary KEEL datasets. For binary UCI classification,
the number of samples ranges from 100 to 130,064, with feature dimensions varying be-
tween 3 and 166. To facilitate nuanced analysis, UCI binary datasets are further divided
into two subgroups: B1, containing datasets with fewer than 1,000 samples, and B2, com-
prising those with 1,000 or more samples. Similarly, multiclass UCI classification datasets
span from 103 to 12,960 samples and include 3 to 100 features. These are also split into M1
(samples < 1,000) and M2 (samples > 1,000). The number of target classes in multiclass
datasets ranges from 3 to 18, ensuring a diverse and comprehensive evaluation of model
performance across varying data distributions. Table 7.1 provides details of each binary and

multiclass UCI dataset.
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We compare the proposed XG-RVFL model against several benchmark methods to assess
its effectiveness. These include RVFL [16], RVFLwoDL (RVFL without direct link, also
known as extreme learning machine) [17], Total-Var-RVFL (total variance minimization-
based RVFL) [149], IF-RVFL (intuitionistic fuzzy RVFL) [101], NF-RVFL-K, NF-RVFL-
R, and NF-RVFL-C (neuro-fuzzy RVFL, where fuzzy layer centers are determined using
K-means clustering, R-means clustering, and fuzzy C-means clustering, respectively) [55],
and HE-RVFL (RVFL based on HawkEye loss) [143].

Experimental Setup

All experiments are implemented in MATLAB R2023a and executed on a Windows 10 PC
equipped with an Intel(R) Core(TM) 17-6700 CPU @ 3.40GHz, 4 cores (8 logical proces-
sors), and 16 GB of RAM. Each dataset is preprocessed by normalizing the input features
to have zero mean and unit variance. A 5-fold cross-validation procedure is employed to
provide a consistent cross-validated comparison. In each fold, the dataset is split into 80%
training data and 20% testing data. For every combination of hyperparameters, the model is
trained on the training data and evaluated on the testing data across all 5 folds. The testing
accuracy is recorded for each fold. The final testing accuracy for each dataset is computed
as the mean testing accuracy across the five folds, providing a robust estimate of the model’s
performance. The hyperparameter configurations for all baseline models are set identically
as set in [55]. For all the models, we use a consistent set of six activation functions: Sig-
moid, Sine, Tansig, Tribas, Radbas, and ReLLU. For the proposed XG-RVFL, the parameters
a and 7 are tuned within the ranges [—2 : 0.5 : 2] \ {0} and [0.5 : 0.5 : 2], respectively.
The NAG-based algorithm parameters are experimentally set as follows: (i) initial model
parameter 00 = 0.01 x 1, where 1 € R{@tM*c is a matrix of ones, (ii) initial velocity
v(® = 0, where 0 € R@+")*¢ jg a matrix of zeros, (iii) initial learning rate y(o) = 0.01, (iv)

learning rate decay factor o = 0.1, (v) momentum coefficient v = 0.6, (vi) mini-batch size
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k = 25, and (vii) maximum number of iterations I,,,x = 500.

Table 7.1: Details of binary and multiclass datasets, including the number of samples, fea-
tures, and target classes.

Dataset # of Samples # of Features # of Classes | Dataset # of Samples # of Features # of Classes
Binary (B1) Multiclass (M1)

acute_inflammation 120 6 2 audiology_std 196 59 18

acute_nephritis 120 6 2 dermatology 366 34 6

blood 748 4 2 ecoli 336 7 8

breast_cancer 286 9 2 glass 214 9 6

breast_cancer_wisc_prog 198 33 2 hayes_roth 160 3 3

congressional _voting 435 16 2 heart_cleveland 303 13 5

conn_bench_sonar_mines_rocks 208 60 2 heart_switzerland 123 12 5

credit_approval 690 15 2 heart_va 200 12 5

cylinder_bands 512 35 2 iris 150 4 3

echocardiogram 131 10 2 led_display 1000 7 10

fertility 100 9 2 low_res_spect 531 100 9

haberman_survival 306 3 2 lymphography 148 18 4

heart_hungarian 294 12 2 pittsburg_bridges MATERIAL 106 7 3

hepatitis 155 19 2 pittsburg_bridges REL_L 103 7 3

ilpd_indian_liver 583 9 2 pittsburg_bridges TYPE 105 7 6

molec_biol_promoter 106 57 2 seeds 210 7 3

musk_1 476 166 2 synthetic_control 600 60 6

parkinsons 195 22 2 vertebral_column_3clases 310 6 3

pima 768 8 2 Multiclass (M2)

pittsburg_bridges_T_OR_D 102 7 2 car 1728 6 4

planning 182 12 2 contrac 1473 9 3

spect 265 22 2 image_segmentation 2310 18 7

spectf 267 44 2 molec_biol_splice 3190 3

statlog_heart 270 13 2 nursery 12960 8 5

tic_tac_toe 958 9 2 wine_quality_red 1599 11 6

vertebral_column_2clases 310 6 2 wine_quality_white 4898 11 7
Binary (B2)

chess_krvkp 3196 36 2

connect_4 67557 42 2

magic 19020 10 2

miniboone 130064 50 2

musk 2 6598 166 2

ozone 2536 72 2

ringnorm 7400 20 2

spambase 4601 57 2

statlog_german_credit 1000 24 2

titanic 2201 3 2

twonorm 7400 20 2

7.1.4.1 Evaluation on UCI Binary Datasets

Table 7.2 presents the classification results of the proposed XG-RVFL model compared
to baseline methods across 37 binary classification datasets. The results are further orga-
nized into two subgroups: B1, containing datasets with fewer than 1,000 samples, and B2,
comprising datasets with 1,000 or more samples, enabling a detailed comparison across
varying data scales. For the Bl category, the proposed XG-RVFL model achieves the
highest average accuracy of 84.6633%, outperforming all baseline models. The closest
competitor, HE-RVFL, achieves an accuracy of 82.8046%, followed by NF-RVFL-C, NF-
RVFL-K, and Total-var-RVFL with accuracies of 79.4587%, 79.3354%, and 79.2033%,

respectively. Traditional RVFL and RVFLwoDL exhibit lower accuracies of 78.0448% and
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Table 7.2: Accuracy of the proposed XG-RVFL model compared to baseline models on
each of the binary datasets in categories B1 and B2.

Dataset | | Model — RVFL [16] RVFLwoDL [17] Total-var-RVFL [149] IF-RVFL [101] NF-RVFL-K [55] NF-RVFL-R[55] NF-RVFL-C [55] HE-RVFL [143] XG-RVFLT
B1-Category
acute_inflammation 100 100 100 100 100 100 100 100 100
acute_nephritis 100 100 100 100 100 100 100 925 100
blood 76.5065 76.9056 76.9065 77.4398 77.8398 77.838 77.4398 77.6738 77.9732
breast_cancer_wisc_prog 81.359 80.3846 82.359 78.359 81.8846 83.359 80.9103 76.3163 80.3846
breast_cancer 70.1754 70.1754 70.1754 71.9298 72.6921 72.3351 70.8953 95.4861 90.1754
congressional_voting 63.6782 63.2184 63.908 58.8506 63.908 63.908 64.1379 61.3766 64.1379
conn_bench_sonar_mines_rocks  62.079 60.5226 64.4251 54.8316 66.2602 65.8885 63.4611 96.6346 93.6585
credit_approval 85.2174 85.3623 85.5072 86.5217 85.942 85.942 85.7971 96.9292 86.9565
cylinder_bands 66.4154 65.8081 67.7727 63.4875 69.724 68.9606 70.1294 66.7969 68.3229
echocardiogram 84.6724 83.9031 85.4701 80.7692 85.4416 85.4416 85.4416 72.6089 86.9801
fertility 91 91 92 92 92 91 91 90 91
haberman_survival 73.4902 73.8181 74.4738 75.1348 75.1296 75.1296 75.4574 74.4959 74.8017
heart_hungarian 73.8223 74.4886 75.8738 76.8849 76.5576 76.9024 78.2466 91.8919 96.2712
hepatitis 85.1613 82.5806 85.8065 85.8065 87.0968 85.8065 85.8065 82.4561 86.4516
ilpd_indian_liver 71.5311 72.2149 72.5626 72.7277 72.3917 72.3932 72.2178 71.5305 72.7336
molec_biol_promoter 72.7706 74.632 78.2684 78.3983 82.0779 82.0346 82.0346 100 96.1905
musk_1 72.0614 69.7675 72.4846 71.864 76.0482 75.2149 74.1645 93.4874 96.6316
parkinsons 80.5128 80.5128 82.0513 78.4615 83.0769 83.0769 84.1026 79.4537 85.1282
pima 72.0075 72.2698 72.92 73.8282 72.9174 73.6983 72.6594 65.3646 70.3115
pittsburg_bridges T_OR_D 87.1905 87.1905 89.1429 89.1905 88.2381 90.1905 90.1905 90.1538 90.2857
planning 71.3814 71.3814 72.4925 69.8048 71.9369 73.018 71.9369 73.5749 71.9369
spect 68.3019 66.7925 69.0566 68.3019 69.434 69.0566 68.6792 64.5353 66.7925
spectf 79.3431 79.7205 79.7135 79.3431 79.7205 79.7205 79.7205 81.6316 81.2369
statlog_heart 80.3704 80 81.4815 81.8519 82.2222 81.4815 81.8519 74.4403 81.1111
tic_tac_toe 88.8264 88.9278 91.8521 81.4316 68.5684 65.3125 79.3216 90.3125 95
vertebral_column_2clases 71.2903 70.6452 72.5806 85.4839 81.6129 79.0323 80.3226 93.2692 96.7742
Average Accuracy 78.0448 71.7778 79.2033 78.1809 79.3354 79.1054 79.4587 82.8046 84.6633
B2-Category
chess_krvkp 72.0313 71.936 73.7833 72.6262 81.7908 82.6045 85.2322 89.6508 82.5039
connect 4 75.4518 75.4059 75.4992 75.3407 75.5022 75.4844 76.2156 81.858 75.4859
magic 78.7487 78.5279 78.7171 77.5289 76.3302 76.3407 78.4017 89.858 95.163
miniboone 81.4984 79.2741 81.8659 83.3469 84.0217 84.3969 89.8363 94.9292 93.2441
musk_2 84.5909 84.5909 85.1818 84.5909 83.4091 83.9394 85.9545 90.4091 95.4091
ozone 97.1217 97.1217 97.1611 97.1612 97.1612 97.2005 97.1612 96.806 97.1612
ringnorm 51.5541 51.5405 52.0405 51.473 51.6486 51.6081 51.6892 51.9865 51.8378
spambase 88.546 87.0472 88.6116 85.0883 88.9583 88.9582 89.3931 90.7609 99.3913
statlog_german_credit 76.9 75.7 77 76.7 71.7 77.1 71.7 70.5 73.3
titanic 77.9168 77.9168 78.6901 79.0532 79.0532 78.4623 79.0532 80.5971 79.0532
twonorm 515 51.5676 51.6892 51.2027 51.3649 51.7973 51.6622 51.7027 51.8378
Average Accuracy 75.9872 75.5117 76.3854 75.8284 76.9946 77.0811 78.3908 80.8235 81.3079
Overall Accuracy 77.4331 77.1041 78.3655 77.4815 78.6395 78.5036 79.1412 82.2156 83.6658
Overall Rank 6.97 7.23 4.81 5.95 4.14 4.24 4.01 4.59 3.05

Here, bold indicates the best, underlined marks the second-best, and " denotes the proposed model.
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77.7778%, respectively, highlighting the improvements introduced by the XG loss. In the
B2 category, which consists of larger datasets, the proposed XG-RVFL again outperforms
all baseline models with an average accuracy of 81.3079%. The second-best performance is
shown by HE-RVFL at 80.8235%, while NF-RVFL-C and NF-RVFL-R follow with accu-
racies of 78.3908% and 77.0811%, respectively. Other baselines such as RVFL, Total-Var-
RVFL, and RVFLwoDL achieve relatively lower accuracies of 75.9872%, 76.3854%, and
75.5117%, respectively. Considering the overall binary classification performance across
both B1 and B2 datasets, the proposed XG-RVFL achieves the highest average accuracy
of 83.6658 which significantly surpasses the second-best model, HE-RVFL, which obtains
82.2156%. The performance of other methods ranges from 77.1041% (RVFLwoDL) to
79.1412% (NF-RVFL-C), illustrating the consistent superiority of XG-RVFL. Beyond ac-
curacy, the overall average rank provides additional insight into model consistency across
datasets. The proposed XG-RVFL achieves the best average rank of 3.05, confirming its sta-
bility and superior generalization across diverse datasets. NF-RVFL-C attains the second-
best ranking of 4.01, followed by NF-RVFL-K and NF-RVFL-R, which rank 4.14 and 4.24,
respectively. Total-Var-RVFL, despite its competitive accuracy, holds a slightly lower rank-
ing of 4.81, while HE-RVFL, with a high accuracy of 82.75%, ranks 4.59, indicating slight
variations in its dataset-wise performance. IF-RVFL and RVFL exhibit moderate perfor-
mance with ranks of 5.95 and 6.97, respectively. RVFLwoDL ranks the lowest at 7.23,
further demonstrating its weaker performance compared to RVFL models with direct con-
nections. These results clearly demonstrate that the proposed XG-RVFL model not only
achieves the highest average accuracy in both B1 and B2 dataset categories but also main-
tains the most consistent performance across diverse binary datasets. This superiority is
attributed to the dynamic asymmetry and boundedness introduced by the XG loss function,

which enhance the model’s robustness to noise and outliers while eliminating the computa-
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tional burden of matrix inversion.

To further validate the superior performance of the proposed XG-RVFL model against
baseline methods, we conduct statistical analyses using the Friedman test and the Nemenyi
post-hoc test [25]. The Friedman test, a non-parametric statistical test, is employed to de-
termine whether there are significant differences in performance among the compared mod-
els. According to the null hypothesis, all models are considered equivalent, implying that
their average ranks do not significantly differ. The Friedman test statistic, which adheres

to a chi-squared (x%) distribution with [ — 1 degrees of freedom (where [ represents the

total number of models), is computed as x% = l(ll?l) >, R — w , where D repre-
sents the number of datasets and R; denotes the mean rank of the i*® model. Since the
Friedman statistic is often overly conservative, an improved statistic proposed by [62], de-
fined as Fr = D((Zz);—l))}:%,’ provides a more accurate measure and follows the F'-distribution
with degrees of freedom (I — 1) and (I — 1)(D — 1). At 5% level of significance, the
critical value of F'((I — 1),(l — 1)(D — 1)) is obtained from the F'-distribution table. If
Fr > F((l—-1),(I = 1)(D — 1)), the null hypothesis is rejected, indicating significant
differences among the models. Table 7.3 reports the results of the Friedman test. For bi-
nary datasets, F'r statistic is computed as 13.05, with a corresponding critical value of 1.97.
Since the computed statistic exceeds the critical value, the test confirms that the proposed
XG-RVFL model exhibits a statistically significant performance compared to the baseline
models. To further examine these differences, we perform the Nemenyi post-hoc test, which
evaluates pairwise performance variations among models. This test determines whether the
rank difference between two models exceeds a predefined threshold, known as the critical

difference (C.D.). If the difference between their mean ranks surpasses C.D., the model

with the lower average rank is deemed statistically superior because rank 1 denotes the best

1(1+1)

performance. The C.D. value is computed as C.D. = qa\/ ~¢5~

where ¢, is the critical
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value obtained from the studentized range statistic, adjusted by /2 for the two-tailed Ne-
menyi test at a chosen significance level. At 5% significance level, the value of C.D. is
computed as 1.97. We analyze the rank differences between the proposed XG-RVFL and
the baseline models to assess statistical significance. Notably, RVFL (3.92), RVFLwoDL
(4.18), IF-RVFL (2.90), and Total-Var-RVFL (1.76, close to the threshold) exhibit consid-
erable performance gaps, indicating the superior effectiveness of the proposed XG-RVFL.
In contrast, the NF-RVFL variants (NF-RVFL-K: 1.09, NF-RVFL-R: 1.19, NF-RVFL-C:
0.96) and HE-RVFL (1.54) exhibit rank differences within the C.D. threshold, indicating
that these differences are not statistically significant at 5% confidence level. However, con-
sidering the average accuracy, average rank, and Friedman test results, we can infer that
the proposed XG-RVFL delivers superior performance over these models, demonstrating

enhanced robustness and generalization across diverse binary classification tasks.

Table 7.3: Friedman test results for UCI and KEEL datasets.

Significant difference
Dataset type ! (Asg per Friedman test)
Binary UCI 9|37 |78.74 | 13.05 1.97 Yes
Multiclass UCI | 7 | 25 | 31.38 | 6.35 2.16 Yes
KEEL 81242971 | 494 2.07 Yes

D| % | Fe |F(-D.0-1)D-1)

7.1.4.2 Evaluation on UCI Multiclass Datasets

Table 7.4 presents the classification results of the proposed XG-RVFL model and base-
line methods on 25 multiclass datasets, divided into two categories: M1, comprising datasets
with fewer than 1,000 samples, and M2, consisting of datasets with 1,000 or more samples.
For the M1 category, which includes 17 datasets, the proposed XG-RVFL model achieves
the highest average accuracy of 70.0848%. Among the baseline methods, NF-RVFL-K
performs the best with an accuracy of 66.8725%, followed closely by NF-RVFL-C and
NF-RVFL-R with accuracies of 66.4651% and 66.4633%, respectively. Total-Var-RVFL

achieves a moderate accuracy of 64.8098%, while RVFL and RVFLwoDL yield lower ac-
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Table 7.4: Accuracy of the proposed XG-RVFL model compared to baseline models on
each of the multiclass datasets in categories M1 and M2.

Dataset | | Model — RVFL [16] RVFLwoDL [17] Total-var-RVFL [149] NF-RVFL-K [55] NF-RVFL-R [55] NF-RVFL-C [55] XG-RVFLT
M1-Category
audiology _std 69.3205 65.7564 50.3718 70.3718 71.3846 67.8077 66.2436
dermatology 97.5379 97.0011 97.2714 97.8193 97.5454 97.5379 97.235
ecoli 60.9175 61.2116 51.0667 60.6277 60.619 61.5145 62.0817
glass 37.6855 39.0808 34.4297 42.8239 42.3477 40.4873 55.3699
hayes_roth 61.875 60.625 62.5 61.875 61.875 65 63.125
heart_cleveland 59.7268 59.377 61.0328 61.3388 61.0383 60.0437 60.0546
heart_switzerland 45.6667 46.4667 48.9 46.5333 479 49.7 46.5667
heart_va 40 40 40.5 425 41 415 40.5
iris 74.6667 74 74.6667 74.6667 73.3333 74.6667 82.6667
low_res_spect 87.7605 86.6285 73.9852 87.5666 87.3849 87.7605 823012
lymphography 86.4138 85.0345 86.4138 87.1034 85.7701 88.5057 84.3448
pittsburg_bridges MATERIAL ~ 75.1948 77.013 80.6494 75.9307 77.6623 76.9697 82.9221
pittsburg_bridges_ REL_L 62.1429 63.1429 64.1429 69.0476 67.2381 62.1905 67.9524
pittsburg_bridges_ TYPE 42.8571 42.8571 43.8095 44.7619 457143 44.7619 51.9048
seeds 89.0476 87.1429 90 90 90.4762 90.4762 91.9048
synthetic_control 42.1667 425 57.8333 54.8333 51.1667 55.5 70.3333
vertebral_column_3clases 65.1613 65.1613 84.1935 69.0323 67.4194 65.4839 85.9355
Average Accuracy 64.5965 64.294 64.8098 66.8725 66.4633 66.4651 70.0848
M2-Category

car 72.6265 72.1057 72.6234 70.8337 70.0139 71.0626 72.8506
contrac 40.458 40.1183 41.3386 42.3673 41.4934 41.5416 70.8707
image_segmentation 87.6623 87.0996 88.3117 83.5931 83.2035 83.6797 73.4199
led_display 72.6 72.5 73.5 72.2 72.7 73.4 67.3
molec_biol_splice 52.6959 51.8809 54.2633 68.652 69.2163 68.3072 78.9969
nursery 70.3935 70.1775 63.0093 66.3889 66.7824 71.9444 66.6667
wine_quality_red 59.4769 59.4755 59.9134 60.8533 60.4156 60.5388 78.3333
wine_quality_white 52.3699 52.5332 52472 52.6349 52.4106 53.4925 57.9767
Average Accuracy 63.5354 63.2363 63.179 64.6904 64.5295 65.4959 70.8019
Overall Accuracy 64.257 63.9556 64.2879 66.1742 65.8444 66.1549 70.3143
Overall Rank 4.98 5.58 4.16 342 3.86 3.1 2.9

Here, bold indicates the best, underlined marks the second-best, and T denotes the proposed model.

curacies of 64.5965% and 64.294%, respectively, highlighting the comparative underper-
formance of traditional models in small-scale multiclass scenarios. In the M2 category,
which comprises 8 larger datasets, the XG-RVFL again secures the highest average accu-
racy of 70.8019%. The second-best performance in this category is achieved by NF-RVFL-
C with 65.4959%, followed by NF-RVFL-K at 64.6904% and NF-RVFL-R at 64.5295%.
Total-Var-RVFL achieves 63.179%, while RVFL and RVFLwoDL register the lowest ac-
curacies of 63.5354% and 63.2363%, respectively. The sharp improvement in XG-RVFL
performance in M2 indicates its ability to scale and generalize well across larger multiclass
datasets. Considering the overall performance across all multiclass datasets, the proposed
XG-RVFL model achieves the highest average accuracy of 70.3143%, which is signifi-
cantly higher than all baseline models. NF-RVFL-K achieves second best result with over-
all accuracy of 66.1742%, followed closely by NF-RVFL-C (66.1549%) and NF-RVFL-R

(65.8444%). Total-Var-RVFL shows moderate performance at 64.2879%, while RVFL and
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RVFLwoDL yield the lowest overall accuracies of 64.257% and 63.9556%, respectively.
These results demonstrate that the XG-RVFL model consistently outperforms all compared
methods in both M1 and M2 dataset categories, validating its robustness and adaptability
for multiclass classification. The superior performance can be attributed to the flexibility of
the proposed XG loss function, which allows dynamic control over asymmetry and bound-
edness, enhancing the model’s capability to manage complex class distributions and noisy
data environments effectively. In addition to accuracy, the overall average rank provides
further insights into model consistency across datasets. The proposed XG-RVFL achieves
the best average rank of 2.90, reinforcing its stability and superior generalization. NF-
RVFL-C follows closely with a rank of 3.10, while NF-RVFL-K and NF-RVFL-R rank 3.42
and 3.86, respectively. Total-Var-RVFL holds a moderate rank of 4.16, whereas RVFL and
RVFLwoDL exhibit the weakest performance with ranks of 4.98 and 5.58, respectively. The
ranking distribution clearly demonstrates that XG-RVFL consistently outperforms all base-
line models, reinforcing its effectiveness in addressing the limitations of traditional RVFL

frameworks.

To assess statistical significance, the Friedman test is conducted, yielding F'r statistic of
6.35, surpassing the critical value of 2.16 at 5% significance level (see to Table 7.3). This
confirms that the observed performance differences among the models are statistically sig-
nificant. Further, for pairwise comparison, we employ the Nemenyi post-hoc test. For the
multiclass datasets, the value of C.D. at 5% significance level is computed as 1.80. The
rank differences between the baseline models and the proposed XG-RVFL are as follows:
RVFL (2.08), RVFLwoDL (2.68), Total-Var-RVFL (1.26), NF-RVFL-K (0.52), NF-RVFL-
R (0.96), and NF-RVFL-C (0.2). As per the Nemenyi post-hoc test, RVFL and RVFLwoDL
exhibit rank differences exceeding the C.D., establishing that their performance is signifi-

cantly lower than XG-RVFL. While the rank differences for Total-Var-RVFL and NF-RVFL
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variants remain within the C'.D. threshold, their overall performance—considering average
accuracy, average rank, and the Friedman test—indicates that the proposed XG-RVFL con-
sistently outperforms these baseline models, reinforcing its superiority in multiclass classi-

fication.

Table 7.5: F1-Score of the proposed XG-RVFL model compared to baseline models on each
of the KEEL datasets.

Dataset | | Model — RVFL [16] RVFLwoDL [17] IF-RVFL [101] NF-RVFL-K[55] NF-RVFL-R[55] NF-RVFL-C[55] HE-RVFL [143] XG-RVFLT
KEEL Datasets
bupa or liver-disorders 65.3742 67.4841 66.6265 65.9494 64.4552 67.4004 64.1193  66.1193
crossplanel50 72.2791 72.2739 71.3304 72.0591 71.6248 723757 69.7421 71.7421
ecoli-0-1-4-6_vs_5 84.7418 83.6627 77.2521 74.2857 84.7778 86.1413 83.6667 86.6667
ecoli-0-1-4-7_vs_5-6 83.6694 83.3975 86.603 70.1818 83.1429 84.5275 82.5051 85.5051
ecoli-0-1_vs_2-3-5 87.8273 89.0292 88.658 68.3232 85.4902 87.8788 86.9394  89.9394
ecoli-0-1_vs_5 88.1375 90.3456 89.3232 88.1429 89.1429 82 86.6429  90.1429
ecoli-0-2-3-4_vs_5 85.8136 84.1093 82.7778 80.9524 82.2929 86.1111 86.1104  89.6104
ecoli-0-2-6-7_vs_3-5 83.1824 82.8387 84.1818 79.9524 81 82.4762 81.9286  84.4286
ecoli-0-3-4-6_vs_5 81.0697 80.0698 81.9596 77.7949 80.0067 73.1025 76.6429  79.1429
ecoli-0-3-4-7_vs_5-6 83.5375 83.5361 83.9025 80.0488 83.3333 81.3675 79.7807 82.2807
ecoli-0-4-6_vs_5 87.9162 87.9182 92.9206 88.6984 92.1558 89.2929 86.5 89
ecoli-0-6-7_vs_3-5 76.9629 77.2634 76.6667 76 69.7442 79.4286 75.5952  78.0952
ecoli-0-6-7_vs_5 85.8743 83.6521 80.3247 86.4762 81.6558 84.7778 81.3312 83.8312
ecoli0lvs5 94.2284 94.2215 90 93 93.3333 95.1818 92 95
haberman 84.8527 84.8582 83.8211 83.0547 84.5914 84.0019 82.1593 84.6593
heart-stat 83.8029 83.2546 81.7728 84.9066 83.1575 83.2638 80.7018 83.2018
led7digit-0-2-4-5-6-7-8-9_vs_1 ~ 76.3251 78.8854 79.5079 78.6494 78.8398 78.0806 76.275 78.775
monk3 48.2078 46.6832 46.6687 27.7543 36.3706 28.0655 50.0322  48.5322
new-thyroid1 88.8173 88.8187 87.1292 87.7778 87.7778 87.1429 84.1193 87.1193
shuttle-6_vs_2-3 100.0049 100.0042 100 100 100 100 96.5 100
votes 92.3216 91.9998 94.667 96.0335 95.6165 95.3734 922932 95.7932
yeast-0-3-5-9_vs_7-8 36.0784 36.0764 42.0977 37.3605 31.7705 35.9437 41.7308  40.2308
yeast-0-5-6-7-9_vs_4 59.0625 54.8186 62.3182 61.5951 56 47.5879 66.8513  68.8513
yeast2vs8 71.8493 66.6789 73.3074 69.3651 73.0952 62.9437 74.7619  76.7619
Average F1-Score 79.2474 78.8283 79.3257 76.1818 77.8906 77.2694 78.2887 80.6429
Average Rank 3.83 3.88 4.08 5.4 5.19 4.46 6.17 3

Here, bold indicates the best, underlined marks the second-best, and T denotes the proposed model.

7.1.4.3 Evaluation on KEEL Datasets

To further assess the effectiveness of the proposed XG-RVFL model in handling class-
imbalanced data, we employ a diverse set of benchmark datasets from the KEEL repository.
Since the KEEL datasets are highly imbalanced, the F1-score serves as a more informative
metric than accuracy, as it captures the trade-off between precision and recall. Table 7.5
presents the F1-scores of the proposed XG-RVFL and baseline variants. The proposed XG-
RVFL achieves the highest average F1-score of 80.64%, outperforming all baseline models.
The second-best performance is obtained by IF-RVFL (79.33%), followed closely by the
standard RVFL (79.25%) and RVFLwoDL (78.83%). The performance gain of XG-RVFL

demonstrates its robustness and adaptability in imbalanced scenarios, benefiting from the
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proposed fleXi guardian loss formulation. Although XG-RVFL exhibits consistent superi-
ority across most datasets, a few cases show lower performance compared to NF-RVFL-C
or IF-RVFL. This may be attributed to the non-convexity of the underlying optimization
landscape of the fleXi guardian loss, which could cause the optimization process to con-
verge to local minima for certain data distributions. In terms of average rank, XG-RVFL
achieves the best score of 3.0, followed by the standard RVFL (3.83) and RVFLwoDL
(3.88). This ranking further confirms that the proposed model consistently performs well
across diverse imbalanced datasets, highlighting its reliability and generalization capability.
Overall, the results affirm that XG-RVFL provides a balanced trade-off between precision
and recall, outperforming both traditional and recent RVFL variants in class-imbalanced
settings. To further validate the statistical reliability of the obtained results, a Friedman test
is performed across all competing models on the KEEL datasets. The resulting Friedman
statistic, Fr = 4.94, exceeds the critical threshold of 2.07 at a 5% significance level (refer
to Table 7.3), thereby confirming that the observed differences in performance are not due
to random chance. This establishes a statistically significant variation among the compared
models. To identify which specific models differ from one another, the Nemenyi post-hoc
analysis is subsequently conducted. The critical difference (C.D.) for the KEEL datasets,
computed at a 5% significance level, is found to be 2.14. The absolute rank differences
between the proposed XG-RVFL and the competing approaches are 0.83, 0.88, 1.08, 2.40,
2.19, 1.46, and 3.17 for RVFL, RVFLwoDL, IF-RVFL, NF-RVFL-K, NF-RVFL-R, NF-
RVFL-C, and HE-RVFL, respectively. Among these, the rank differences for NF-RVFL-K,
NF-RVFL-R, and HE-RVFL clearly exceed the computed C'.D., indicating that XG-RVFL
achieves a statistically superior performance over these baselines. For the remaining models,
RVFL, RVFLwoDL, IF-RVFL, and NF-RVFL-C, the rank gaps fall below the C'.D. thresh-

old, implying that while XG-RVFL still demonstrates lower mean ranks, the improvement
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is not statistically significant at the 5% level. This analysis highlights that the proposed
method not only achieves the best overall rank but also provides statistically meaningful
gains over several recent RVFL variants, reinforcing the robustness and reliability of its

improvements across diverse imbalanced datasets.
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Figure 7.2: Sensitivity analysis of the XG-RVFL model with respect to the loss hyper-
parameters a and 7, presented through 3D surface plots for six datasets: (a) blood, (b)
breast_cancer, (c) hepatitis, (d) iris, (e) wine_quality_red, and (f) vertebral_column_3clases.
The plots illustrate the effect of tuning a and 7 on model accuracy while keeping other
hyperparameters fixed at their optimal values, highlighting the significance of the loss hy-
perparameters in achieving robust performance.

7.1.4.4 Sensitivity Analysis

To examine the role of the proposed fleXi Guardian (XG) loss in influencing model ro-
bustness and generalization, we perform a comprehensive sensitivity analysis with respect
to its hyperparameters a and 7. These parameters respectively govern the degree of asym-
metry and the upper bound of the loss function. The objective is to study the effects of these

hyperparameters on classification accuracy while keeping all other model parameters fixed

291



CHAPTER 7. ROBUST AND INVERSION-FREE RANDOMIZED NEURAL
NETWORKS

to their optimal values, as identified through cross-validation. We conduct this analysis on
six representative datasets, carefully selected to cover both binary and multiclass classifi-
cation scenarios. The binary datasets include blood, breast_cancer, and hepatitis, while the
multiclass datasets include iris, wine_quality red, and vertebral column 3clases, offering
diverse challenges such as varying numbers of classes and feature spaces. For each dataset,
a 3D surface plot (see Figure 7.2) illustrates the impact of varying a € [—2 : 0.5 : 2] \ {0}
and n € [0.5 : 0.5 : 2] on the average test accuracy. Among the six datasets, distinct pat-
terns emerge in how the accuracy responds to variations in a and 7). In the blood dataset
(Figure 7.2(a)), the surface shows a well-defined peak when a lies in the positive range (ap-
proximately 1.5) and 7 is moderate (around 1). This indicates that emphasizing right-side
residuals via positive asymmetry, in combination with moderate bounding, improves gen-
eralization. A similar trend is observed in the hepatitis dataset (Figure 7.2(c)), where the
model exhibits strong sensitivity to both hyperparameters: performance rises sharply within
a narrow range and drops quickly outside it. This highlights that effective tuning of both
asymmetry and boundedness is crucial for this data. On the other hand, the breast_cancer
dataset (Figure 7.2(b)) shows relatively flat accuracy with respect to a, but a noticeable in-
crease with higher n. This suggests that for breast_cancer, the control over the upper bound
of the loss plays a more significant role than directional penalization. For the iris dataset
(Figure 7.2(d)), accuracy is consistently high for most values of 7, especially when n > 1,
and remains nearly invariant across a. This implies that symmetric loss behavior suffices,
and only moderate bounding is needed for high performance, likely due to the simplicity
and separability of this dataset. The wine_quality red dataset (Figure 7.2(e)) shows a mild
but consistent increase in accuracy with increasing 1, with minimal sensitivity to a, suggest-
ing that loss boundedness drives performance, whereas asymmetry has negligible effect. In

contrast, the vertebral column_3clases dataset (Figure 7.2(f)) presents a sharp and narrow
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ridge of optimal accuracy—a clear interaction effect between a and 7. Here, both parameters
must be carefully balanced; deviating from this optimal zone causes a rapid drop in accu-
racy, indicating the dataset’s sensitivity to misclassification direction and scale. Overall,
this analysis highlights the expressive flexibility of the proposed XG loss, which enables the
XG-RVFL model to adapt its behavior based on the structure and difficulty of the data. The
parameters a and 7 serve as powerful levers to balance asymmetry and boundedness in the
loss, directly influencing the model’s robustness and generalization. The 3D surface plots
confirm that while the loss function can be fine-tuned for optimal performance, its sensitiv-
ity varies with the data characteristics—indicating that informed selection of a and 7 is not

only beneficial but often essential for achieving reliable classification results.

7.2 Wave-BLS Framework

7.2.1 Background and Notation

This section fixes the notation needed for Wave-BLS. Let X € R™*? be the input matrix
and Y € R™*¢ the target matrix. In BLS [19], the feature-layer output is denoted by
Z € R™*P4 where p is the number of nodes per feature window and ¢ is the number of
feature windows. The enhancement-layer output is denoted by H € R™*"%, where r is the
number of nodes per enhancement window and s is the number of enhancement windows.
The concatenated broad representation is A = [Z, H] € R™*Pa+rs) and W ¢ R(patrs)xe
denotes the output weight matrix.

Standard BLS learns W by least-squares fitting on AW — Y. This maintains the com-
putational appeal of broad randomized representations, but the squared-error term remains
sensitive to noisy observations and outliers. Wave-BLS therefore keeps the broad represen-

tation A and replaces the least-squares loss by the bounded and smooth Wave loss, followed
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by an inversion-free Nesterov accelerated gradient optimization scheme.

7.2.2 Proposed Wave-BLS Framework

In this section, we introduce Wave-BLS, i.e., the broad learning system based on the
wave loss function. We first discuss the wave loss function and provide its key characteris-
tics. Subsequently, we detail the formulation and optimization of the proposed Wave-BLS

model.

7.2.2.1 Wave Loss Function

The wave loss function [67] is a recently introduced asymmetric, bounded, and smooth

loss designed to provide controlled error penalization. It is defined as

U2 o

Frel8) = 7 N

(7.10)

where u € R denotes the local prediction-error variable used in the Wave-BLS loss, a € R
is a shape parameter governing the asymmetry and growth behavior of the loss, and A € R
is a bounding parameter that limits the maximum penalty induced by large errors. This local
u is distinct from the classification margin-violation variable u; = 1 — y; f(x;) defined in
Chapter 2. Fig. 7.3 illustrates the behavior of the wave loss function under different values
of a and \.

The key properties of the wave loss function, which are directly leveraged in the pro-

posed Wave-BLS framework, are summarized below.

* Asymmetry: The wave loss is asymmetric, enabling unequal penalization of overes-
timation and underestimation errors through the shape parameter a. Positive values of
a emphasize overpredictions, while negative values accentuate underpredictions; the

loss becomes symmetric when a = 0.
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* Boundedness: The wave loss is upper-bounded by 1/), ensuring that large errors
exert limited influence on the optimization process. This bounded nature prevents
excessive domination by outliers and enhances robustness in noisy learning environ-

ments.

* Smoothness: The wave loss is continuously differentiable, facilitating efficient and
stable optimization. This smoothness enables the use of efficient gradient-based

solvers.
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Figure 7.3: Illustration of wave loss function, showing effect of asymmetry parameter a
(positive, negative, and a = () and the bounding parameter \.

These properties enable the wave loss function to address the fundamental issues of

traditional loss functions.

7.2.2.2 Formulation & Optimization: Broad Learning System with Wave Loss Func-

tion (Wave-BLYS)

In this subsection, we incorporate the wave loss function into the BLS by replacing
the conventional squared error loss, resulting in a robust learning framework termed broad
learning system with wave loss function, i.e., Wave-BLS. The proposed formulation im-
proves robustness against noise and outliers while enabling scalable optimization by avoid-
ing explicit matrix inversion during parameter estimation.

The optimization problem of Wave-BLS is formulated as

JOV) = SIW |+ € Luwe( AW ~ V), .1
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where C' > 0 is the regularization parameter controlling the trade-off between model com-
plexity and empirical risk, and Ly, (AW —Y') represents the aggregated wave loss over all
training samples.

The wave loss for the i*" sample and j** class is defined as

u? e
Lwave(u23> m, (7.12)

where u;; = (AW);; — Y;; denotes the prediction error for sample 7 and class j.

Accordingly, the total wave loss over the training set is computed as
Lyae(AW —Y) Z Z Luae (ti5)- (7.13)
=1 j=1
Hence, the objective function in (7.11) can be equivalently rewritten as
1 m (&
JW) = SIWIE+CY Y | Luwe(usy). (7.14)
i=1 j=1

The objective function in (7.14) consists of two components:

1. Regularization term (%||W||2F), which controls model complexity and promotes

generalization in accordance with the principle of structural risk minimization.

2. Empirical loss term (> > Lyave(u;)), which aggregates the wave loss
over all samples and classes, thereby enhancing robustness through its asymmetric,

bounded, and smooth characteristics.

To efficiently optimize the objective function in (7.14), we exploit its smoothness and
use a gradient-based optimization strategy. This approach eliminates the need for explicit
matrix inversion, which is a computational bottleneck in conventional BLS, thereby signifi-

cantly improving scalability.
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Specifically, we adopt the Nesterov accelerated gradient (NAG) algorithm due to its
fast convergence and stable update behavior. The look-ahead mechanism of NAG enables
accurate gradient estimates, while its momentum-based formulation effectively suppresses

oscillations in ill-conditioned optimization landscapes.

Further, to ensure stable and efficient convergence, the learning rate is dynamically ad-
justed using an exponential decay schedule. At iteration ¢, the learning rate is updated as
[y = po e~ ™, where pi is the initial learning rate and 7 controls the decay rate. This adap-
tive strategy balances convergence speed and stability, leading to reliable optimization of

the proposed Wave-BLS model.

To optimize the objective function in (7.14), we compute its gradient with respect to
the output weight matrix . The resulting gradient consists of contributions from the reg-
ularization term and the wave loss term and is used within the NAG-based optimization

scheme.

For a given class j € {1,2,...,c}, the gradient of the wave loss term with respect to
W(:,j) is given by

m (I 2 + al;; etuij .
vW(:,j)Lwave = ]( 5 ]) ) A(l, I)T. (715)
1 (1 + )\uijeauiﬂ‘)

This gradient is subsequently used to update the model parameters within the NAG opti-

mization framework.

The overall gradient of the objective function J (W) is given by

VJIW) =W + C Vi Lyae, (7.16)

where the first term arises from the regularization component %||W| 2., and the second term

corresponds to the contribution of the wave loss.
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Algorithm 7.3 NAG-based optimization for Wave-BLS

Input: A € R™*Pa+79): representation matrix, Y € R™: target matrix, C: regularization
parameter, [,,,,: maximum number of iterations, u(o): initial learning rate, v: momentum
coefficient, 7): learning rate decay factor, J: convergence tolerance.
Output: W € RPI79)%¢: output weight matrix.

1: Initialize ¢ < 0, W©, v « 0, (0,

2: repeat

3: Compute: J/lookahead — 117(t) 4 ~q(0)

4: Compute stochastic gradient gt = V.J(J/1ook-ahead)

5

Velocity update:
D = ™ — 0 g0,
6: Model parameters update:
W(H—l) — W(t) + U(t+1).
7 Learning rate update:

p) — Ot

8: t+—t+1.
9: until ¢ > I or |[WO — WED|p < §
10: return W.

At the t'! iteration, the gradient is computed using the entire training dataset, ensuring
stable and deterministic updates. Algorithm 7.3 provides the complete procedure for com-
puting the output weight matrix IV in the proposed Wave-BLS model using the NAG-based
optimization scheme.

The conditional computational trade-off for Wave-BLS and XG-RVFL is discussed in

Section 7.5.

7.2.3 Wave-BLS Experiments and Discussion

This section empirically evaluates the proposed Wave-BLS against baseline models on
30 UCI benchmark datasets under both clean and noisy conditions. The proposed Wave-
BLS model is evaluated against several baseline methods, including RVFL [16], ELM, i.e.,
RVFL without direct link(RVFLwoDL) [17], BLS [19], Wave-RVFL [150], NF-BLS [151],

F-BLS [152], IF-BLS [152], and KRP-BLS [153]. The experimental setup is described
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below.

7.2.3.1 Experimental Setup

All experiments are conducted using MATLAB R2023a on a workstation equipped with
an 11th-generation Intel Core 17-11700 processor running at 2.50 GHz, 16 GB of RAM, and
a Windows 11 operating system. To ensure a fair and reliable comparison, a 5-fold cross-
validation strategy is employed in conjunction with grid search for hyperparameter tuning.
Specifically, each dataset is partitioned into five mutually exclusive folds. For a given set
of hyperparameters, the model is trained on four folds and evaluated on the remaining fold,
repeating this process until each fold has served as the test set once. The testing accuracy
obtained across the five folds is then averaged, and the highest average accuracy achieved

over all hyperparameter configurations is reported as the final performance of each model.

For all models, the regularization parameter C' is selected from the range
{1075,107%,...,10°}. For RVFL and ELM, the number of hidden nodes is tuned within
the range 5:10:205. For BLS and the proposed Wave-BLS, the number of feature node win-
dows is chosen from 1:2:21, the number of feature nodes per window from 5:5:50, and the
number of enhancement nodes from 5:10:105. For NF-BLS, the number of fuzzy groups
is selected from 1:2:21, the number of fuzzy nodes per group from 5:5:50, and the num-
ber of enhancement nodes from 5:10:105. For IF-RVFL, the kernel hyperparameter is se-
lected from the range {1076,107%, ... 10°}. For Wave-RVFL, hyperparameter settings are
adopted from [150] to ensure a fair and consistent comparison. Similarly, the configura-
tions for F-BLS and IF-BLS follow the settings reported in [152], while the parameters for
KRP-BLS are set according to [153], maintaining consistency with their original imple-
mentations. For the proposed Wave-BLS model, the wave loss parameters are selected from

a€{-5,—4,...,5}and A € {0.1,0.5, 1}. The parameters of the NAG-based optimization
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algorithm are fixed as follows: the initial weight matrix is set to WO = 0.01 x 1, where
1 € RW@atrs)xe denotes a matrix of ones; the initial velocity is initialized as v(®) = 0; the
initial learning rate is set to 4(*) = 0.01; the learning rate decay factor is fixed to n = 0.1;
the momentum coefficient is set to v = 0.6; the convergence tolerance is set to 6 = 1075;
and the maximum number of iterations is fixed to [, = 100.

Table 7.6 reports the dataset-wise accuracy values used to compare Wave-BLS with the

baseline randomized neural network models.

Table 7.6: Dataset wise results of the proposed wave-BLS model against the baseline models
on 30 UCI datasets.

Dataset | | Model — RVFL [16] RVFLwoDL [17] BLS[19] Wave-RVFL [150] NF-BLS[151] F-BLS[152] IF-BLS[152] KRP-BLS[153] Wave-BLS'
acute_inflammation 100 100 100 100 100 100 100 100 100
acute_nephritis 100 100 100 100 100 100 100 100 100
bank 90.9051 89.4051 89.7366 88.1779 89.5817 89.7590 89.4051 87.7230 89.0202
blood 78.4056 76.9056 79.6272 80.7578 76.0807 78.5807 77.2451 76.7000 829184
breast_cancer 68.1727 66.6727 69.8851 70.2179 70.1754 72.2868 83.1579 82.4947 90.8772
breast_cancer_wisc 89.4897 87.9897 88.4183 86.8050 90.7081 88.2775 88.9938 89.3240 97.8571
chess_krvkp 73.5312 72.0312 84.3862 75.7371 70.4004 84.2921 84.9184 87.3718 88.7031
conn_bench_sonar_mines_rocks  62.0807 60.5807 69.2451 63.9431 60.6272 69.1521 80.2091 78.2049 93.6585
credit_approval 86.8623 85.3623 87.5362 88.5995 84.4928 86.3768 88.5507 89.7797 87.1014
cylinder_bands 67.7193 66.2193 69.9258 69.7509 69.5336 69.1338 72.8536 70.8109 70.3008
echocardiogram 85.4031 83.9031 83.9316 87.9652 80.9402 84.6724 88.4900 86.7202 86.2108
fertility 89.5000 90.0000 90.0000 86.8150 92.0000 91.0000 91.0000 89.1800 92.0000
haberman_survival 74.9902 73.4902 70.2750 77.2399 73.4902 69.6563 754574 76.1937 78.7361
hepatitis 83.2258 83.2258 85.1613 85.7226 87.7419 84.5161 87.7419 85.1096 85.2258
hill_valley 77.9706 77.9706 82.0185 80.3097 78.9583 81.6002 79.6249 78.6344 80.4570
horse_colic 84.2098 84.7098 86.1422 86.7361 83.9726 86.1385 86.6938 84.0920 85.7919
mammographic 79.0889 79.0889 78.6712 81.4616 79.5040 78.6744 79.8192 79.8238 84.2870
molec_biol_promoter 68.9610 68.9610 83.9394 71.0298 75.1515 84.9351 88.7879 89.1241 96.1905
monks_1 83.2497 83.2497 753314 85.7472 86.1277 77.1396 77.6705 74.0404 74.1203
musk_1 67.8640 67.8640 75.8311 69.8999 67.8487 76.6754 78.9846 79.8523 96.6316
oocytes_merluccius_nucleus 4d ~ 79.8407 79.8407 82.7776 82.2359 80.1420 81.8011 80.9201 79.3017 72.8541
oocytes_trisopterus_nucleus_2f 76.4211 76.4211 78.9371 78.7137 75.9911 78.6123 75.9899 74.2302 76.2815
pima 71.4888 71.4888 72.0958 73.6335 72.7918 71.4846 73.3079 74.1087 76.4341
pittsburg_bridges_ T_OR_D 87.6429 88.1429 89.1095 90.2722 90.1429 88.1905 90.2381 87.0791 92.1429
spambase 87.1125 87.1125 89.0201 89.7259 83.2657 89.4582 90.7407 87.4741 93.9201
spect 67.9245 67.9245 69.4340 69.9622 67.9245 69.4340 724528 723517 73.9623
statlog_heart 80.0000 80.0000 822222 82.4000 80.7407 822222 84.0741 85.0566 87.0370
tic_tac_toe 86.0068 86.0068 98.4315 88.5870 82.7623 97.8081 97.0768 94.1645 99.0201
titanic 77.9168 77.9168 779168 80.2543 78.0537 779168 79.9532 78.3541 94.6875
vertebral_column_2clases 70.6452 70.6452 72.2453 72.7646 72.0465 71.3333 72.9479 72.7590 75.9168
Average Accuracy 79.8876 79.4376 82.0751 81.5155 80.0399 82.0376 83.9102 83.002 86.7448
Average Rank 6.5333 7.1833 4.8 4.0667 6.0833 5.2667 3.4833 4.8333 2.75

T indicates the proposed model; bold denotes the best performance, and underline denotes the second-best.
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Table 7.7: Robustness comparison of BLS and Wave-BLS under outlier and noise contami-
nation.

Dataset Level Outliers Level Noise
BLS  Wave-BLS' BLS  Wave-BLS'
Clean | 79.6272  82.9184 Clean | 79.6272 82.9184
5% | 75.8421 80.4067 5% | 77.1034 81.7749
10% | 72.5186  78.3925 10% | 74.8652 79.9368
15% | 69.2847 75.8106 15% | 71.4928 77.1053
20% | 66.0319 72.4678 20% | 68.1074 74.6389
Avg. | 72.6609 78.3992 Avg. | 74.3398 79.2749
Clean | 86.1422 85.7919 Clean | 86.1422 85.7919
5% | 82.6374  84.9563 5% | 83.9046 85.1187
10% | 78.9421 82.4018 10% | 80.2873 82.9365
15% | 75.6189 79.6674 15% | 76.9548 80.3412
20% | 72.3046  76.1897 20% | 73.6285 77.5403
Avg. | 79.1290  81.8014 Avg. | 80.1835 82.3457
Overall Average 75.8949  80.1003 772617  80.8103

Average Rank 2.0 1.0 1.75 1.25

Bold values denote the best performance for each row.

blood

horse_colic
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7.2.3.2 Robustness Analysis under Noise and Outliers

To evaluate the robustness of the proposed Wave-BLS, we conduct controlled experi-
ments under outlier and noise contamination on two representative datasets. Specifically,
artificial perturbations are introduced by contaminating 5%, 10%, 15%, and 20% of the
training samples with outliers and label noise, respectively. The blood dataset is selected as
a case where Wave-BLS consistently outperforms the standard BLS, while the horse_colic
dataset represents a complementary scenario where BLS exhibits slightly better perfor-
mance on the clean data. This selection enables a balanced and unbiased assessment of
robustness behavior. As reported in Table 7.7, Wave-BLS demonstrates clear robustness
advantages on the blood dataset across all contamination levels. Under both outlier and
noise perturbations, Wave-BLS maintains higher classification accuracy than BLS, with
performance degradation occurring at a noticeably slower rate as contamination increases.
This behavior highlights the effectiveness of the wave loss in bounding the influence of
corrupted samples and mitigating the impact of extreme deviations. For the horse_colic
dataset, although BLS achieves marginally higher accuracy on the clean data, Wave-BLS
consistently surpasses BLS once outliers or noise are introduced. As contamination levels
increase, Wave-BLS preserves stronger performance stability, leading to higher average ac-
curacy under both outlier and noise settings. This indicates that even in cases where the
baseline model performs well on clean data, the proposed wave loss enhances resilience
under adverse conditions. Overall, Wave-BLS attains superior average accuracy and lower
average rank across both datasets and contamination types. These results confirm that the
proposed Wave-BLS framework offers improved robustness to data corruption, making it

more suitable for real-world learning scenarios where noise and outliers are unavoidable.
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7.3 Statistical Significance Analysis

To assess whether the observed differences in average ranks among the competing mod-
els are statistically significant, we first employ the nonparametric Friedman test. Let IC
denote the number of evaluated models and A denote the number of datasets. This test
examines the null hypothesis that all X models exhibit equivalent performance across N
datasets. The Friedman test statistic is defined as y% = % <Zf:1 o(k,e)? — HKTW) ,
where o(k, ) denotes the average rank of the k" model. In the test, the statistic Fr =
X% (N(,C/K—M> is commonly used, which follows an F-distribution with (X — 1) and
(K —1)(N — 1) degrees of freedom. In our study, K = 9 models are evaluated on ' = 30
UCI benchmark datasets. As reported in Table 7.8, the Friedman statistic is x4 = 66.6578,
yielding a corrected value of Ffr = 11.1518. The corresponding critical value at the 5% sig-
nificance level is F'(8,232) = 1.9784. As the computed statistic satisfies 11.1518 > 1.9784,
the null hypothesis of equivalent model performance is rejected, confirming the presence of
statistically significant differences across the evaluated methods. Next, the Nemenyi post-
hoc procedure is employed to conduct pairwise comparisons between the proposed Wave-

BLS and the competing models. According to the Nemenyi test, two models are considered

significantly different if the difference in their average ranks exceeds the critical difference

(C.D.), given by C.D. = q, S (5\7 1), where ¢, is the critical value corresponding to the
two-tailed Nemenyi test. At a = 0.1, the resulting critical difference is C.D. = 2.0188.
The post-hoc comparison results are summarized in Table 7.8. The proposed Wave-BLS
achieves the best average rank of 2.75 and shows statistically significant improvements over
RVFL, RVFLwoDL, BLS, NF-BLS, F-BLS, and KRP-BLS, as the corresponding rank dif-
ferences exceed the critical difference. In contrast, the rank differences between Wave-BLS

and Wave-RVFL, as well as IF-BLS, do not exceed the critical threshold, indicating com-
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parable performance among these top-performing methods. Overall, the Friedman and Ne-
menyi tests jointly confirm that the superior performance of Wave-BLS is not due to random
variation, but is statistically significant across the considered benchmark datasets.

Table 7.8: Statistical significance analysis using Friedman test and Nemenyi post-hoc test.

Friedman Test
K Nl a | R Rk - - | S
9 30 66.6578 | 11.1518 1.9784 Yes
Nemenyi Post-hoc Test (C.D.=2.0188)
Model Avg. rank | Rank diff. Significant difference
RVFL [16] 6.5333 3.7833 Yes
RVFLwoDL [17] 7.1833 4.4333 Yes
BLS [19] 4.8000 2.0500 Yes
Wave-RVFL [150] | 4.0667 1.3167 No
NF-BLS [151] 6.0833 3.3333 Yes
F-BLS [152] 5.2667 2.5167 Yes
IF-BLS [152] 3.4833 0.7333 No
KRP-BLS [153] 4.8333 2.0833 Yes
Wave-BLS' 2.7500 - N/A
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Figure 7.4: Sensitivity analysis of the wave loss hyperparameters in the proposed Wave-
BLS model on the breast_cancer dataset. (a) Effect of the bounding parameter A, (b) effect
of the shape parameter a, and (c) their joint influence on classification accuracy.

7.4 Sensitivity Analysis of Wave Loss Hyperparameters

In this subsection, we conduct a sensitivity analysis on the breast_cancer dataset with
respect to the wave loss hyperparameters. Specifically, we analyze the influence of the
bounding parameter ), the shape parameter a, and their joint interaction on classification
accuracy, while fixing all remaining model hyperparameters at their optimal values. Fig-
ure 7.4(a) shows the variation in classification accuracy on the breast_cancer dataset as the

bounding parameter A is varied while fixing a. Although the exact accuracy trend may differ
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across datasets, the results clearly indicate that the choice of A critically influences model
performance. In particular, intermediate values of A lead to improved accuracy, whereas
very small or large values result in performance degradation. This observation highlights
the role of X in controlling the saturation behavior of the wave loss and regulating the in-
fluence of large errors, underscoring the importance of selecting an appropriate bounding
parameter for stable and robust learning. Figure 7.4(b) depicts the sensitivity of accuracy
with respect to the asymmetry parameter a while keeping A fixed. For this dataset, Wave-
BLS achieves consistently high accuracy over a broad range of both negative and positive
values of a, indicating that the model is not overly sensitive to the choice of the asymme-
try parameter. A sharp degradation in performance is observed only at a specific interme-
diate value of a, suggesting that certain configurations may induce unfavorable skewness
in loss penalization. Nevertheless, the rapid recovery of accuracy for neighboring values
highlights that Wave-BLS remains largely stable with respect to variations in « when other
hyperparameters are fixed. Figure 7.4(c) presents the joint sensitivity surface of accuracy
with respect to @ and A. The surface reveals a broad region of relatively high accuracy,
interspersed with localized valleys corresponding to unfavorable parameter combinations.
This behavior indicates that, for this dataset, Wave-BLS does not require extremely precise
tuning of @ and )\ to achieve competitive performance. At the same time, the presence of
distinct low-accuracy regions highlights the importance of jointly selecting these parame-
ters, as their interaction directly influences the balance between asymmetry and bounded

error penalization.

Overall, this sensitivity analysis demonstrates that the wave loss hyperparameters play
a meaningful role in shaping the performance of Wave-BLS. While the model exhibits a
reasonable degree of stability across wide ranges of both a and A, suboptimal parameter

choices can still lead to noticeable performance degradation. These observations suggest
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that a careful and informed selection of the wave loss parameters is essential to fully exploit

its robustness properties and achieve consistently strong performance across datasets.

7.5 Computational Trade-Offs and Evaluation Scope

For XG-RVFL, a mini-batch update has leading cost O(kc(d+h)), giving O (I naxkc(d+
h)) over I,. iterations. Wave-BLS uses the complete training set at each update; if
s = pq+rs denotes the broad representation width, its leading iterative cost is O( I ,.xmcs).
These expressions avoid the cubic factorization associated with a closed-form output solu-
tion, but they also show that the gain depends on convergence. Large iteration counts,
full-batch gradients, unfavorable conditioning, or conservative learning rates can offset the
saving from removing explicit inversion. Conversely, large or highly redundant representa-
tion matrices can make inversion-free optimization attractive because it avoids storing and
factorizing a large Gram matrix.

The experiments fix [,.,x = 500 and mini-batch size £ = 64 for XG-RVFL, and
Iax = 100 with full-batch gradients for Wave-BLS. They establish performance under
these settings but do not provide a systematic runtime—accuracy study over iteration count,
mini-batch size, tolerance, and conditioning. Consequently, the term inversion-free is an
algorithmic statement, whereas the claimed scalability is conditional on the iterative solver
reaching a satisfactory solution with fewer resources than the corresponding inversion-based
method.

Randomized neural networks also vary with the sampled hidden parameters. The cur-
rent evaluation does not report a comprehensive multi-seed distribution for every dataset
and model. Cross-validation averages variation over data folds but does not isolate varia-
tion caused by the random hidden representation. The reported performance gaps should

therefore be interpreted conditional on the adopted initialization procedure. A stronger as-
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sessment would repeat every configuration over several fixed seeds and report the mean,
standard deviation, and a paired statistical comparison against the inversion-based counter-

part.

7.6 Chapter Summary

The conclusions in this summary concern the reported benchmark protocol. They should
not be read as a universal runtime advantage or as evidence that performance is invariant to
hidden-weight initialization; both claims require the solver trade-off and multi-seed anal-
yses identified in Section 7.5.  This chapter developed robust and inversion-free learn-
ing strategies for randomized neural networks by replacing squared-error dominated train-
ing objectives with bounded loss-based formulations. The first part introduced XG-RVFL,
a computationally efficient random vector functional link model equipped with the fleXi
Guardian (XG) loss. The XG loss provides boundedness, smoothness, Lipschitz continu-
ity, and asymmetric error treatment, allowing the model to reduce the influence of noisy
and outlying samples while avoiding the matrix inversion required in conventional RVFL
training. The theoretical analysis, including influence-function behavior and a Rademacher-
complexity-based generalization bound, supports the robustness and expected generaliza-
tion of the proposed formulation.

The second part extended the same loss-design philosophy to broad learning systems
through Wave-BLS. By integrating the Wave loss into the BLS framework and optimiz-
ing the resulting objective using a Nesterov accelerated gradient (NAG)-based scheme, the
model preserves the efficiency of the flat BLS architecture while improving resistance to
noise, outliers, and uncertain training samples. Across benchmark datasets, noise-injection
experiments, and sensitivity analyses, both XG-RVFL and Wave-BLS demonstrate that ro-

bust bounded losses can substantially improve randomized neural networks without increas-
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ing architectural complexity. Overall, the chapter shows that loss-function design is a prac-

tical route toward stable, scalable, and inversion-free randomized learning.
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Chapter 8

CAWI: Copula-Aligned Weight
Initialization for Randomized Neural

Networks

This chapter introduces Copula-Aligned Weight Initialization (CAWI), a dependency-
aware initialization strategy for randomized neural networks (RdNNs). RdNNs achieve
efficient, backpropagation-free training by freezing randomly initialized input-to-hidden
weights and solving only the output layer in closed form. However, conventional in-
dependent random initialization ignores inter-feature dependence, including correlations,
asymmetries, and tail dependence, which can degrade hidden representations, conditioning,
and predictive performance. CAWI addresses this limitation by fitting a copula to rank-
transformed training features and sampling input-to-hidden weights from the learned depen-
dence structure while keeping the objective, solver, and freeze-once training paradigm un-
changed. The chapter develops CAWI for elliptical copulas, including Gaussian and ¢ cop-
ulas, and Archimedean copulas, including Clayton, Frank, and Gumbel copulas. Through
experiments on 83 classification benchmarks and two biomedical datasets, BreaKHis and

Schizophrenia, using shallow and deep RANN architectures, the chapter demonstrates that
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dependence-aware initialization consistently improves predictive performance over conven-

tional independent initialization.

8.1 Introduction

Deep learning (DL) models have achieved remarkable success across many domains,
from image recognition [154] to natural language processing [155], due to their ability to
learn rich hierarchical representations of data [14]. End-to-end training with backpropaga-
tion refines millions of parameters to minimize task-specific losses, yielding expressive fea-
tures and strong generalization. However, state-of-the-art performance typically demands
substantial computation, broad hyperparameter search, and long training cycles [15]. Fur-
thermore, training deep architectures can be hindered by vanishing or exploding gradients.

The aforementioned limitations of DL models have prompted researchers to seek alter-
native neural architectures that couple competitive predictive performance with markedly
lower training cost. A prominent family is randomized neural networks (RANNs) [16, 140].
In RANNS, a substantial subset of parameters—typically input-to-hidden weights—are sam-
pled once from simple distributions and then held fixed, while the remaining (often output)
weights are obtained by solving a single linear system, commonly with Tikhonov regu-
larization, instead of iterative backpropagation [141]. This paradigm eliminates the need
for iterative weight updates, substantially reducing training time and computational over-
head, yet still allows RANNs to learn complex input-output mappings [141]. Theoretically,
RdNNSs satisfy universal approximation on compact domains, approximating any continu-
ous function arbitrarily well given sufficient width and appropriate activations [156].

In recent years, RANNs have witnessed significant advancements, particularly in meth-
ods aimed at improving their robustness and scalability. Ensemble-based approaches have

been introduced to enhance generalization and mitigate variability [20]. Granular ball-based
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scalable methods have further extended the applicability of RANNS to large-scale and high-
dimensional datasets [57]. Additionally, the integration of fuzzy inference systems into
RdANN frameworks has provided a way to incorporate uncertainty handling and interpretabil-
ity, making them more effective for complex and imprecise decision-making tasks [55, 56].
Beyond these trends, robust and inversion-free learning strategies have further broadened

the RANN toolkit [157].

Despite several advancements, RANNs face a fundamental limitation rooted in the very
mechanism that makes them efficient: the input-to-hidden weights are randomly initialized
once and then held fixed throughout training. With the matrix W € R%*" frozen, the
induced feature map = — ¢(zW + b) is non-adaptive; the hidden representation H =
H(XW +1,b") € R™" is therefore determined by this random draw rather than learned
from data. The fixed representation H cannot adjust to dependencies among inputs (e.g.,
correlations, relative scales, higher-order interactions), so at practical hidden dimension 5
it may underrepresent the joint patterns that drive prediction. The readout then computes
Y = HO with © ¢ R"¢ where ¢ is the number of output classes or coordinates; if
relevant dependencies are absent from /1, they cannot be recovered, leading to persistent

approximation bias and lower performance at a given model size.

The preceding limitation naturally raises a question: can we make the frozen projections
dependence-aware without abandoning closed-form training? In this work, we answer this
question by introducing CAWI (Copula-Aligned Weight Initialization), a method that uses
copula theory to generate dependence-aware input-to-hidden weights. Copulas model mul-
tivariate data by separating the univariate marginals from the joint dependence structure,
allowing us to learn dependence without committing to specific marginal forms [22, 58].
This separation is well suited to tabular learning, where feature scales and marginals vary

widely but predictive signal often resides in cross-feature structure.
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Several works in deep neural networks have explored structured or data-aware initial-
ization strategies, such as orthogonal weight initialization and whitening-based transforma-
tions. Orthogonal schemes stabilize signal propagation via algebraic constraints but remain
distribution-agnostic, while whitening decorrelates features through covariance normaliza-
tion, primarily addressing linear dependencies. More generally, data-dependent projection
methods modify the feature space (e.g., via PCA or kernel mappings), often at additional
computational cost.

In contrast, CAWI is designed for RANNs, where hidden weights are sampled once and
kept fixed. Rather than altering the feature representation or imposing structural constraints,
CAWI modifies only the sampling distribution of the weight matrix using an empirical cop-
ula fitted to the training features. Specifically, we construct rank-based pseudo-observations,
estimate elliptical (Gaussian, t) or Archimedean (Clayton, Frank, Gumbel) copulas, and
draw each column of W from the fitted dependence structure with fixed marginal scaling.
The resulting frozen projections inherit empirical inter-feature dependence, while the RANN
architecture, activation functions, objective, and closed-form solver remain unchanged, in-
curring essentially no additional training cost.

Our Contributions

* We introduce CAWI (Copula-Aligned Weight Initialization), a plug-in scheme that
makes randomized neural networks dependence-aware by sampling the columns of
W from a copula fitted to the training features, while preserving the closed-form

solver and the freeze-once paradigm.

* We provide numerically stable constructions for elliptical (Gaussian, ¢) and
Archimedean (Clayton, Frank, Gumbel) copulas via rank-based estimation and

nearest-SPD projection.
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* We evaluate CAWI on 83 diverse classification benchmarks (binary and multiclass)
and two biomedical datasets (BreaKHis and the Schizophrenia dataset) using both
shallow and deep RANN architectures, and observe consistent improvements, with

4-5% relative gains on some datasets.

8.2 Preliminaries

8.2.1 Randomized Neural Network (RdNN) Setting

Let X € R™*4 be the input matrix (m samples, d features) and Y € R™*¢ the target
matrix (e.g., one—hot labels for c classes). An RANN draws a single hidden layer of / units
by sampling a frozen weight matrix W ~ Dy, C R¥" b € R, from a prescribed base
distribution (classically i.i.d. uniform or Gaussian, independent across coordinates), and
then never updates these parameters. With an elementwise nonlinearity ¢ : R — R, the

hidden representation is
H = §XW+1,b") € R™" (8.1)

where 1,, denotes an m—vector of ones broadcasting the bias. Training reduces to fitting

only the output weights © € R"*¢ by ridge regression:
©* € arg min [|[HO - Y| +iH@H2 A>0 (8.2)
OcRhxc F 2 1 -7 ’
which admits the standard closed forms

(primal) ©* = (H'H 4+ \I;,) *H'Y, (8.3)

(dual) ©*=H'(HH" + \,,)"'Y. (8.4)
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Thus no backpropagation is required: once W and b are sampled, training is a single linear
solve. This setting covers standard random vector functional link (RVFL), broad learning
system (BLS), and deep RVFL (dRVFL) models, all of which use frozen randomized repre-

sentations followed by efficient output-layer estimation.

8.2.2 Copulas

Copulas are a classical device for isolating and modeling dependence separately from
marginals [22, 58]. Sklar’s seminal result shows that any multivariate distribution can be
written as a coupling of its univariate marginals through a single function on the unit hy-
percube, thereby reducing multivariate modeling to estimating marginals and a dependence

map on [0, 1]¢ [21].

8.2.2.1 Copula

Let X = (X3, ..., X ) be arandom vector with marginal cumulative distribution func-
tions (CDFs) F;(t) = Pr[X; <t|for j = 1,...,d. The copula associated with X is the
joint CDF of the transformed vector (F}(X}),..., Fy(Xy)) € [0,1]¢, namely

Cluy,y ... uqg) = Pr{Fl(Xl) <y, ..., Fy(Xg) < ud}, ‘s
(8.5)

(uy,...,uq) € [0,1]%

Equivalently, a d-variate copula is a distribution function on [0, 1]? whose univariate

marginals are uniform on (0, 1). Figure 8.1 provides an intuitive picture of the concept.

8.2.2.2 Invariance

If +; are strictly increasing for each j, then (¢1(X1), ..., %4(X4)) has the same copula
as (X1,...,Xy). Thus a copula depends only on cross-coordinate order, not on units or

scales.
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Sample distribution N CDF of z; ~ N(0, 1%) Copula C(uy,us) (Gaussian, p = 0.70)

Univariate Distributions
0.2F
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CDF of 2 ~ N(0, 0.12)
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-0.1f
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Figure 8.1: Schematic of a copula. Left: empirical sample (with its joint CDF inset). Mid-
dle: univariate CDFs F and F5 (mapping x; — u; = Fj(x;)). Right: the copula surface
C(uy,uy), i.e., the joint CDF on [0, 1]? with uniform marginals. The equality sign indicates
Sklar’s factorization F'(xq, xe) = C(Fi(xy), Fa(z2)); the @ highlights that C' combines the
marginal information into a dependence structure.

8.2.2.3 Sklar’s Theorem

Let F' : RY— [0, 1] be the joint CDF of X = (X,..., X4) with marginals Fy, ..., Fy.

There exists a copula C' such that, for all x = (z1,...,24) € R,
F(an,.. . a0) = C(Fi(m), .., Fa(za).

If each F} is continuous, the copula C is unique. Conversely, for any copula C' and
any marginals Fi,..., F,;, the mapping above defines a valid d-variate distribution. If
Xi,..., X, are mutually independent, the copula is the product copula C(uy, ..., uq) =

d : .
I1 j—1 Uj, representing absence of dependence among coordinates.

8.3 Problem Statement

Randomized neural networks (RANNSs) sample once and freeze the input-to-hidden
weight matrix W € R%" and bias b € R". With H = ¢(XW + 1,,b") and ©*(W) =

argming{||HO — Y||% + \||©]||%}, training reduces to a single ridge-regularized linear
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solve—no backpropagation is required.

8.3.1 Limitation

The longstanding bottleneck is how W is drawn: almost universally from an i.i.d., fac-
torized base law (uniform or Gaussian). Equivalently, this imposes the product copula
Ci(u) = H;.lzl u; across weight coordinates, irrespective of the empirical dependence in
the inputs X (correlations, asymmetries, tail dependence). The resulting mismatch can (1)
reduce the diversity/effective rank of H, (ii) fail to excite discriminative co-movements, and

(iii) worsen the conditioning of " H + \I.

Goal. Replace the independence assumption on frozen weights without altering the RANN
pipeline. Given data X € R™*?, width h, activation ¢, and ridge )\, training remains the
same closed form; only the sampling law for W changes. We seek a one-shot, data-aware
sampler S that maps X to a distribution over W such that each column w € R? has a joint
law whose copula matches an estimator of input dependence, while its marginals are simple

and well-behaved:

Copula(w) ~ ma(X), w; ~ G for a fixed marginal G
(8.6)
(e.g, N(0,1)orU[-1,1]), j=1,...,d.

Biases b may be drawn independently from a simple one-dimensional law.

Design objective. Among samplers satisfying the dependence-matching and marginal con-

straints, choose S to improve downstream risk without any iterative tuning of W:

mSin ]EWNS(X) ]E(x,y)ND [g(h(l', W7 b) @*(W)a y):|
- (8.7)
s.t. Copula(w) ~ Copula(X), w; ~G, j=1,...,d,

where h(x; W, b) = ¢(xW + b) € R" and D is the data distribution. In short, the problem
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is to replace i.i.d. frozen weights with dependence-aware frozen weights that align with the
empirical copula of X, thereby addressing the core weakness of random initialization while

preserving the hallmark efficiency of RANNSs.

8.4 Method

We introduce Copula-Aligned Weight Initialization (CAW]), a data-aware procedure that
samples the frozen hidden weights in randomized neural networks using only the inputs
X. CAWI preserves the classical RANN pipeline (no backpropagation; closed-form output
layer) while aligning the dependence among weight coordinates with that of the inputs.
Concretely, CAWI (i) maps each feature to [0, 1] via its empirical cumulative distribution
function to remove marginal scales, (ii) fits a multivariate copula on [0, 1]? to summarize
input dependence, and (iii) samples each weight column by drawing u from the fitted copula
and transforming coordinates through a fixed marginal law G (e.g., N'(0, 1) orU[—1, 1]) via
inverse CDFs. The training objective and closed-form solver remain unchanged; only the
law used to sample (and then freeze) W is replaced. The detailed CAWI procedure and its

steps are presented next. Algorithm 8.1 summarizes the procedure.

8.4.1 Step 1: Probability-Integral Transform of Features

Given X € R™*? with columns X_;, we construct pseudo-observations Uy; = F;(X;;) €
(0,1) with U € (0,1)™*4, where ﬁ] is the empirical cumulative distribution function

(ECDF) of feature j, computed across samples (i.e., with j fixedandi = 1,...,m). A com-

rank(X;;)

mon rank-based implementation sets U;; ]

, where ranks are assigned feature-
wise across samples. This guarantees U;; € (0, 1) (never exactly 0 or 1) and thus avoids

infinities when applying inverse CDFs in Step 3.

This transformation removes units and strictly monotone re-scalings, isolating cross-
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feature dependence in the joint distribution of U, consistent with standard empirical copula

construction.

8.4.2 Step 2: Fit a Multivariate Copula on U

Let C = {C(n) : n € E} be a parametric family of d-variate copulas on [0, 1]¢,
with parameter 7 in parameter space =. Using the pseudo-observations U, we estimate 7
to obtain a fitted copula C () = C(+;7n), which summarizes the empirical dependence of
the inputs and has uniform marginals by construction. Estimation is rank-based: one may
maximize the copula pseudo-likelihood, solve method-of-moments equations (e.g., match-
ing Kendall’s 7), or employ composite likelihoods over pairs when d is large. This fit is
performed once per training split and is agnostic to the downstream task. The procedure
is copula-agnostic: any d-variate copula family for which an estimator and a sampler are
available (elliptical or Archimedean) can be plugged into C. Concrete instantiations used in

our work are detailed in 8.4.5.

8.4.3 Step 3: Sample Dependence-Aligned Weight Columns

Choose a continuous one-dimensional marginal law G with a strictly increasing quantile
G~! for individual weight entries (e.g., N'(0,1) or U[—1,1]). For each hidden unit ¢ =

1,...,h:

1. draw u® ~ C in [0, 1]%;

2. setw!® « G~ (u") coordinatewise, i.e., wﬁt) — G_l(ug.t)) forj=1,...,d;

3. assign the ™ column of W as W, <— w® and draw a scalar bias b, independently

from a simple one-dimensional law.
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Since G~ is strictly increasing for continuous G, the joint law of the coordinates of w®
has copula C while its univariate marginals are (G, thereby matching input dependence while

retaining convenient weight marginals.

8.4.4 Step 4: Closed-Form Training (Unchanged)

With the dependence-aligned weights I/, we form the hidden matrix H = d)(X W +
1mbT) and obtain the output layer by the standard ridge-regularized least squares objective
©* = argming [[HO — Y||% + 2(|©]|%. No iterative updates of W are introduced: CAWI
modifies only the sampling law used to freeze the hidden weights; the training and inference

pipeline remains identical to a classical RANN.

Algorithm 8.1 CAWI: Copula-Aligned Weight Initialization for Randomized Neural Net-
works

Require: Data X € R™*? width h, activation ¢, ridge A\, weight marginal G, copula
family C.
Ensure: Frozen weights W € R?*", bias vector b € R", output weights ©*.
1: Compute pseudo-observations U;; < F};(X;;) for every feature j and sample .

Estimate copula parameter 7 from U and set C(-) < C/(-;7).
fort =1tohdo

Draw u® ~ C'in [0, 1]¢.

for j =1toddo

Set wj(»t) = G_l(ug-t)).

end for

Set W., < w® and sample bias b, independently.
end for
Form hidden features H <+ ¢(XW + 1,,b7).
: Compute ©* by ridge-regularized least squares.
: return W, b, and ©*.

R o

—_ = =
M@

8.4.5 Copula Families: Parameterization and Estimation

We instantiate Step 2 with five widely used d-variate copula families that together cap-

ture symmetric vs. asymmetric dependence and both light- and heavy-tailed co-movement:
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Gaussian (elliptical, tail-neutral), ¢ (elliptical, heavy-tailed), Clayton (Archimedean, lower-
tail dependent), Gumbel (Archimedean, upper-tail dependent), and Frank (Archimedean,
tail-neutral, non-elliptical). This selection balances expressive coverage with tractable rank-
based estimation and efficient sampling, enabling CAWI to adapt to diverse empirical de-

pendence while keeping the training pipeline simple and stable.

8.4.5.1 Elliptical Families (Gaussian, ?)

Both families are parameterized by a correlation matrix R € R%*?; the ¢ copula addi-
tionally has degrees of freedom v > 2. We estimate 12 from pairwise Kendall’s 7 computed

on U via the elliptical identity

T

Tij = %arCSiH(Rij) =R, = sin(2 Tij)(elementwise),

followed by a nearest-correlation projection to enforce symmetry, unit diagonal, and positive
(semi)definiteness (a vanishing ridge may be added if needed for numerical stability). For
the ¢ copula, we then profile a rank-based pseudo-likelihood over v with R fixed to obtain

Nxd

U (a one-dimensional search). The fitted copula C yields draws U € (0,1)"*“, which are

mapped to weights through the inverse marginals in Step 3.

8.4.5.2 Archimedean Families (Clayton, Gumbel, Frank)

These families are governed by a single scalar parameter 6 that controls concordance and
tail behavior. We employ robust, composite, rank-based estimation from pairwise Kendall’s
7 computed on U. Let 7;; denote the sample Kendall’s 7 between coordinates 7 and j, and
let 7 be their average over ¢ < j. With this setup, we estimate a single 6 per family as

follows.

* Clayton (¢ > 0, lower-tail dependent). The 70 relation 7 = 60/(0 + 2) yields
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=27 /(1—7), or, equivalently, one may minimize a composite method-of-moments

. . o~ \2
objective ZK].(% — 7).

* Gumbel (/ > 1, upper-tail dependent). With 7 = 1 — -, 6=1 /(1 — 7), or via the

same composite fit 35, . (1 — 5 — 7).

 Frank (¢ € R\ {0}, tail-neutral, non-elliptical). Kendall’s 7 satisfies 7(0) = 1 —
% + %Dl (0), where D is the Debye function of order 1. We obtain 0 by numerically
inverting 7(6) at 7 (monotone one-dimensional root-finding), or by composite pseudo-

likelihood.

For d > 2 we adopt the standard exchangeable extension, i.e., a single global parameter )
shared across dimensions. This delivers stable, scalable d-variate fits and admits efficient
generator-based sampling of U € (0,1)V*9, As in Step 3, the sampled U is then mapped
coordinatewise through the chosen marginal quantile G~! to produce dependence-aligned

weight columns.

8.4.6 Computational Complexity of CAWI

CAWI adds a one-time preprocessing stage (Steps 1-3) on top of the RANN pipeline.
Let m denote the number of samples, d the input dimensionality, and / the width (number

of hidden units).

8.4.6.1 Step 1: Probability-Integral Transform

Computing the empirical CDF or rank transform for each of the d feature columns re-

quires sorting m values per column, leading to a total cost of O(dm logm).
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8.4.6.2 Step 2: Copula Fitting

Using rank-based Kendall’s 7 for dependence estimation requires computing pairwise
concordance statistics for all d(d — 1) /2 = O(d?) feature pairs. A standard implementation
of Kendall’s 7 costs O(m?) per pair, yielding an overall complexity of O(d?m?). For el-
liptical copulas (Gaussian or t), an additional nearest-correlation or spectral projection step
contributes O(d?). The t-copula further requires a one-dimensional search over degrees of
freedom, with per-iteration cost O(md?), which remains negligible relative to the dominant
O(d*m?) term. For Archimedean copulas (Clayton, Gumbel, Frank), estimating a single
scalar parameter from averaged Kendall’s 7 incurs negligible cost beyond the O(d*m?)

computation of the pairwise 7-values.

8.4.6.3 Step 3: Sampling Dependence-Aligned Weight Columns

For elliptical copulas, sampling requires an initial factorization of the d x d correlation
matrix, costing O(d3), followed by h matrix-vector multiplications, each costing O(dQ), for
a total of O(d® + hd?). For Archimedean copulas, sampling each column requires only
O(d) operations, yielding a total cost of O(hd). In both cases, mapping the copula samples

through the marginal quantile G~! costs O(hd), which is dominated by the previous terms.

8.4.6.4 Step 4: Closed-Form RANN Training (Unchanged)

With dependence-aligned frozen weights, hidden features are formed as H = ¢(XW +
1,,b"). The cost of forming X W is O(mdh), and computing the ridge-regularized output

layer using the normal equations costs O(mh? + h3). This is identical to classical RANNS.

322



CHAPTER 8. CAWI FOR RANDOMIZED NEURAL NETWORKS

8.4.6.5 Summary

CAWI introduces a one-time preprocessing cost of O(d mlogm + d*m? + d® + hd?),
while the dominant runtime in practice remains the standard RANN training step, O(mdh +
mh? + h3). Thus, CAWI preserves the hallmark efficiency of RANNs. The empirical

training-time analysis in Section 8.9 further confirms this efficiency.

8.5 Empirical Results

We evaluate CAWI by integrating it into representative randomized architectures span-
ning shallow, deep, and wide settings: (i) RVFL (single hidden layer with direct links)
[16], (ii) dRVFL (deep RVFL) [20], and (iii) BLS (Broad Learning System; a wide, block-
structured random-feature architecture) [19]. We compare the standard i.i.d. baseline against

CAWTI variants that differ only in the fitted copula used to sample columns of /:
* i.i.d. baseline: IV is sampled independently from a Uniform distribution (U/[—1, 1]).
* CAWI (elliptical): 1V is sampled using Gaussian and t copulas.
* CAWI (Archimedean): W is sampled using Clayton, Frank, and Gumbel copulas.

The detailed experimental setup is provided in Section 8.6.
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Table 8.1: Results on the BreaKHis dataset for RVFL baseline and copula-based initializa-
tions (test accuracy, %). Best per row is bold; the last column reports the improvement of
the best method over the i.i.d. baseline.

Dataset | iid | Gaussian t Clayton Frank Gumbel | Improvement

ADvs.DC | 71.0138 | 73.2616 72.3041 69.7440 70.0666 71.0292 +2.2478
ADvs.LC |62.1429 | 62.9507 65.0425 62.9932 63.7500 63.4099 +2.8996
AD vs. MC | 63.6364 | 65.0909 66.5455 64.3636 65.0909 65.4545 +2.9091
AD vs.PC |60.2211 | 61.4796 62.2959 61.4371 62.3044 62.7126 +2.4915
FA vs.DC |63.5955| 65.3933 65.3933 65.3933 064.2697 64.2697 +1.7978
FAvs.LC |65.7766 | 66.3027 67.3622 66.0324 66.0396 66.8432 +1.5856
FA vs. MC | 59.8464 | 59.6025 60.3403 60.8461 61.0720 60.5932 +1.2256
FA vs.PC | 68.0000 | 67.7333 69.0667 66.6667 67.7333 67.4667 +1.0667
PTvs.DC |67.1731| 70.2933 71.1971 71.8125 69.9760 70.2933 +4.6394
PT vs.LC |57.0980 | 62.2980 60.2824 59.0510 59.0980 60.2667 +5.2000
PT vs. MC | 61.9987 | 62.3120 61.9799 61.6228 63.7343 60.9398 +1.7356
PTvs. PC |57.3569 | 58.1098 59.6941 58.5098 59.7176 58.1098 +2.3607
TA vs. DC | 65.3995| 659877 66.5847 67.1817 66.8745 66.8832 +1.7822
TA vs.LC |62.1663 | 62.8931 63.6897 63.6338 62.5577 62.5646 +1.5234
TA vs. MC | 57.1751 | 59.5311 59.8418 58.5254 60.8701 58.5537 +3.6950
TA vs. PC | 56.3382| 56.7296 58.5674 57.4284 59.7065 61.9427 +5.6045

Table 8.2: Results on the BreaKHis dataset for dRVFL baseline and copula-based initializa-
tions (test accuracy, %). Best per row is bold; the last column reports the improvement of
the best method over the 1.i.d. baseline.

Dataset | iid | Gaussian t Clayton Frank Gumbel | Improvement

AD vs.DC | 74.1987 | 71.0087 69.7542 66.2366 75.2514 66.2366 +1.0527
AD vs. LC |62.5595| 61.7602 61.3350 67.5170 65.8503 61.3180 +4.9575
AD vs. MC | 67.2727 | 63.6364 65.0909 67.7273 68.9091 67.0909 +1.6364
AD vs. PC [65.9949 | 56.5391 56.5391 56.9473 68.9541 56.9473 +2.9592
FAvs.DC |66.5169 | 64.7191 66.0674 67.6338 67.5577 67.5646 +1.1169
FA vs.LC |69.7802 | 67.9063 67.6505 68.1802 68.4505 70.0541 +0.2739
FA vs. MC | 58.3740 | 58.3740 59.1117 58.3740 58.3740 60.5781 +2.2041
FA vs.PC |72.8000| 70.2933 73.1971 74.8125 72.9760 73.2933 +2.0125
PT vs.DC | 64.4135| 72.4375 68.7260 64.4135 77.3846 64.4135 +12.9711
PT vs.LC |55.8980 | 57.4667 56.3137 57.8824 57.0980 56.2745 +1.9844
PT vs. MC |61.9862| 60.2130 60.5576 65.8521 61.2657 60.5576 +3.8659
PT vs. PC | 54.9725| 54.5725 57.7412 553804 54.9725 56.1725 +2.7687
TA vs. DC | 61.5496 | 61.5496 61.5496 62.2137 61.5496 61.5496 +0.6641
TA vs.LC |68.1831 | 63.6408 63.7107 69.2802 67.0510 65.9329 +1.0971
TA vs. MC | 57.1751 | 56.8418 56.8418 60.8531 56.8418 56.8418 +3.6780
TA vs. PC |57.0860 | 58.6164 61.1810 57.8407 57.4563 57.0720 +4.0950

Table 8.3: Results on the Schizophrenia ROI datasets for RVFL baseline and copula-based
initializations (test accuracy, %). Best per row is bold; the last column reports the improve-
ment of the best method over the i.i.d. baseline.

Dataset ‘ iid ‘Gaussian t Clayton Frank Gumbel ‘ Improvement
SZ-ROI GM+WM | 60.3448 | 61.7701 63.0805 63.1034 62.4138 63.1264 +2.7816
SZ-ROI GM 62.4138| 63.7931 62.4368 62.4598 61.7931 61.1264 +1.3793
SZ-ROI WM 61.0805| 60.3448 61.0575 62.3908 61.0345 59.6782 +1.3103
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Table 8.4: Results on the Schizophrenia ROI datasets for dRVFL baseline and copula-based
initializations (test accuracy, %). Best per row is bold; the last column reports the improve-
ment of the best method over the 1.i.d. baseline.

Dataset ‘ iid ‘Gaussian t Clayton Frank Gumbel ‘ Improvement
SZ-ROI GM+WM | 71.2874 | 74.7816 72.6437 71.9770 71.9310 72.6437 +3.4942
SZ-ROI GM 68.5287| 69.3103 70.5747 68.5287 70.6897 68.5747 +2.1610
SZ-ROI WM 63.7701 | 64.4828 67.1494 67.2184 65.8391 66.5287 +3.4483

8.5.1 Dataset Description

The evaluation is conducted on 83 benchmark datasets downloaded from the UCI reposi-
tory [80], comprising 30 binary and 53 multiclass classification tasks. The number of classes
ranges from 2 to 26. Sample sizes span from 24 to 58,000 instances, and the number of fea-
tures ranges from 3 to 263, covering both small- and large-scale datasets as well as low-
and high-dimensional regimes. Detailed dataset statistics are provided in Table 8.6. To vali-
date performance in real-world settings, we additionally evaluate CAWI on two biomedical
datasets: the BreaKHis breast cancer dataset [83] and Schizophrenia ROI dataset from the
COBRE repository (http://fcon_1000.projects.nitrc.org/indi/retro/
cobre.html). For BreaKHis, we use 1,240 histopathological image scans at 400X mag-
nification, organized into benign and malignant classes. The benign subclasses are adenosis
(AD, 106), fibroadenoma (FA, 237), phyllodes tumor (PT, 115), and tubular adenoma (TA,
130); the malignant subclasses are lobular carcinoma (LC, 137), papillary carcinoma (PC,
138), ductal carcinoma (DC, 208), and mucinous carcinoma (MC, 169). Feature extraction
follows the procedure in [84]. The Schizophrenia ROI dataset includes 72 schizophrenia
subjects (ages 18—65; mean 38.1 £ 13.9 years) and 74 healthy controls (ages 18—65; mean

35.8 + 11.5 years); ROI features are derived following [158].
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8.5.2 Performance Evaluation

In this subsection, we present empirical results on three groups of benchmarks: the
BreaKHis dataset, the Schizophrenia ROI dataset, and a broader suite of 83 UCI bench-
mark datasets. For BreaKHis and Schizophrenia ROI, we evaluate RVFL, dRVFL, and BLS
under the standard i.i.d. initialization and the proposed CAWI variants (Gaussian, ¢, Clay-
ton, Frank, and Gumbel). Tables 8.1 and 8.2 report the BreaKHis results for RVFL and
dRVFL, while Tables 8.3 and 8.4 present the corresponding results for the Schizophrenia
ROI dataset. Results for BLS are provided in Tables 8.7-8.8. For the broader benchmark
evaluation, we report results on 83 UCI datasets (30 binary and 53 multiclass). The ag-
gregate summary is presented in Table 8.5, while the complete per-dataset results are re-
ported in Tables 8.9-8.10. All these results are reported using a fixed seed (rng (42,
‘twister’)); additional experiments with two independent seeds (7 and 123) are pro-

vided in Section 8.7 to assess seed sensitivity.

8.5.2.1 Results on BreaKHis Dataset

Table 8.1 shows that every pairwise task attains a higher test accuracy with a copula-
aligned initialization than with the i.i.d. baseline (rightmost column > 0 for all 16 rows).
Gains range from about +1.07 to +5.60 percentage points (e.g., TA vs. PC: 4-5.60, PT vs.
LC: +5.20, PT vs. DC: +4.64), indicating that dependence-aware sampling of IV provides
a meaningful lift even in a shallow RVFL. Not every copula family dominates on every task;
rather, the best variant shifts across pairs, consistent with heterogeneous dependence pat-
terns in the features. Across the 16 pairs, the winning family varies: the ¢-copula is best on 5
tasks (AD vs. LC/MC; FA vs. LC; TA vs. LC; plus a three-way tie in FA vs. DC), Gaussian
on 3 (e.g., AD vs. DC; FA vs. PC; PT vs. LC), Clayton on 2 (PT vs. DC; TA vs. DC), Frank

on 4 (FA vs. MC; PT vs. MC/PC), and Gumbel on 2 (AD vs. PC; TA vs. PC). A three-way
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tie (Gaussian/t/Clayton) in FA vs. DC suggests that distinct copula families can approxi-
mate the relevant dependence equally well in some cases. Overall, every BreaKHis pair
benefits from copula-aligned initialization (all improvements > 0), with gains up to +5.60
percentage points, reinforcing the central claim: injecting empirical dependence into the
frozen projections consistently improves RVFL performance, while different copula fami-
lies provide complementary advantages across tasks. Table 8.2 shows that copula-aligned
initialization again improves over the i.i.d. baseline on every pair (rightmost column > 0 for
all 16 rows), now with a wider spread of gains: from +0.27 to +12.97 percentage (e.g., PT
vs. DC: +12.97, TA vs. PC: +4.10, PT vs. MC: 43.87). This indicates that dependence-
aware sampling remains beneficial in deeper randomized stacks and can yield larger lifts
when multiple frozen layers compound representational biases. The winning family varies
by pair, with a clear pattern favoring Archimedean copulas: Clayton leads on 8 tasks, Frank
on 4, Gumbel on 2, and the t-copula on 2; Gaussian does not take a win in this setting.
These outcomes are consistent with heterogeneous, often asymmetric dependence in the ex-
tracted features: Clayton/Frank/Gumbel (which capture different tail/asymmetry profiles)

dominate, while elliptical models win when dependence is more symmetric.

8.5.2.2 Results on Schizophrenia Dataset

Across the three ROI configurations (GM+WM, GM, WM), CAWI improves upon the
i.i.d. baseline in both architectures. In the RVFL setting (see Table 8.3), the best copula
varies by ROI: Gumbel leads on GM+WM (+2.78), Gaussian on GM (4-1.38), and Clayton
on WM (+1.31). For dRVFL (see Table 8.4), the pattern shifts: Gaussian tops GM+WM
(+3.49 pp), Frank on GM (+2.16), and Clayton again wins on WM (+43.45). Overall, these
results echo the BreaKHis findings without redundancy: dependence-aware sampling of W

consistently lifts accuracy, and the most effective copula family depends on the ROI subset
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and architecture—underscoring the value of modeling the type of dependence (symmetric vs.

asymmetric; central vs. tail) rather than assuming independence.

8.5.3 Results on 83 UCI Datasets

On the broader benchmark suite, we evaluate RVFL on 83 UCI datasets. To provide
a concise and transparent summary of the empirical findings, we report the aggregate per-
formance of CAWI in Table 8.5. For each dataset, we compare the conventional i.i.d. ini-
tialization with the best-performing CAWI configuration (i.e., the copula family yielding
the highest test accuracy for that dataset). This reflects the intended usage of CAWI as
a flexible, copula-agnostic framework capable of adapting to dataset-specific dependency
structures. Across all 83 datasets, the best CAWI variant outperforms the i.i.d. baseline on
every dataset. The average test accuracy of the i.i.d. initialization is 78.08%, whereas the
average accuracy of the best CAWI configuration reaches 79.35%, corresponding to a mean
improvement of +1.27 percentage points. These results demonstrate that CAWI yields con-
sistent improvements across both binary and multiclass problems, rather than isolated gains

on a small subset of datasets.

Table 8.5: Aggregate performance summary across 83 UCI datasets.

Metric Value

Mean accuracy (i.i.d.) 78.08%
Mean accuracy (Best CAWI)  79.35%
Mean improvement +1.27%

Datasets where CAWI > 1.1.d. 83/83

8.6 Experimental Setup and Hyperparameter Setting

All the experiments are implemented using MATLAB R2023a and executed on a Win-

dows 10 PC equipped with an Intel(R) Core(TM) i7-6700 CPU @ 3.40GHz (4 cores, 8
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logical processors) and 16 GB RAM. Each dataset is preprocessed by normalizing the input
features to have zero mean and unit variance. The description of 83 datasets (binary and
multiclass) used in the experiments are provided in Table 8.6. A 5-fold cross-validation
procedure is employed to ensure reliable and unbiased evaluation. In each fold, the dataset
is split into 80% training data and 20% testing data. For every combination of hyperparam-
eters, the model is trained on the training data and evaluated on the testing data across all
5 folds. The testing accuracy is recorded for each fold. The final testing accuracy for each
dataset is computed as the mean testing accuracy across the five folds, providing a robust
estimate of the model’s performance.

To eliminate any possibility of data leakage, all copula estimation steps are performed
strictly within each training split. For every fold, the pseudo-observations and copula pa-
rameters are computed exclusively using the training features of that fold. The fitted copula
is then used to sample the hidden-layer weights, which are subsequently evaluated on the
disjoint test set. At no stage is information from the test portion used during copula fitting
or weight initialization.

Hyperparameter tuning is performed using a grid search strategy to identify the settings
for each model. For each model, the regularization parameter () is selected from {10° | i =
—6,—5,...,6}. For RVFL, the number of hidden nodes (h) varies from [3 : 20 : 203], and
seven activation functions (Sigmoid (1), Sine (2), Tribas (3), Radbas (4), Tansig (5), ReLU
(6), and SELU (7)) are evaluated. For BLS, the number of feature windows (g), the number
of feature nodes in each window (p), and the number of enhancement nodes (7) follow the
standard BLS experimental setting, with Tansig as the activation function. For dRVFL, we
adopt the same hyperparameter settings as provided in [20] and evaluate three activation

functions: Sigmoid (1), ReLU (2), and SELU (3).

329



CHAPTER 8. CAWI FOR RANDOMIZED NEURAL NETWORKS

Table 8.6: Description of binary and multiclass datasets used in the experiments. The table
lists the dataset name, number of samples, number of features, and number of classes.

Dataset Number of Number of Features Number of Classes ‘ Dataset Number of Number of Features Number of Classes
Multiclass datasets

abalone 4177 8 3 synthetic_control 600 60 6
annealing 898 31 5 thyroid 7200 21 3
arrhythmia 452 262 13 vertebral_column_3clases 310 6 3
balance_scale 625 4 3 wall _following 5456 24 4
cardiotocography_10clases 2126 21 10 waveform 5000 21 3
cardiotocography 3clases 2126 21 3 waveform_noise 5000 40 3
conn_bench_vowel_deterding 990 11 11 wine 178 13 3
contrac 1473 9 3 wine_quality_red 1599 11 6
dermatology 366 34 6 wine_quality_white 4898 11 7
ecoli 336 7 8 yeast 1484 8 10
energy-yl 768 8 3 700 101 16 7
energy_y2 768 8 3 Binary datasets

flags 194 28 8 bank 4521 16 2
glass 214 9 6 blood 748 4 2
heart_cleveland 303 13 5 breast_cancer 286 9 2
heart_switzerland 123 12 5 breast_cancer_wisc 699 9 2
image_segmentation 2310 18 7 breast_cancer_wisc_diag 569 30 2
iris 150 4 3 breast_cancer_wisc_prog 198 33 2
led_display 1000 7 10 chess _krvkp 3196 36 2
lenses 24 4 3 congressional _voting 435 16 2
letter 20000 16 26 conn_bench_sonar_mines_rocks 208 60 2
low_res_spect 531 100 9 credit_approval 690 15 2
lymphography 148 18 4 cylinder_bands 512 35 2
molec_biol_splice 3190 60 3 echocardiogram 131 10 2
nursery 12960 8 5 haberman_survival 306 3 2
oocytes_merluccius_states 2f 1022 25 3 hepatitis 155 19 2
oocytes_trisopterus_states_Sb 912 32 3 horse_colic 368 25 2
optical 5620 62 10 ilpd_indian_liver 583 9 2
page_blocks 5473 10 5 ionosphere 351 33 2
pendigits 10992 16 10 monks_1 556 6 2
pittsburg_bridges MATERIAL 106 7 3 monks_3 554 6 2
pittsburg_bridges_REL_L 103 7 3 oocytes_merluccius_nucleus_4d 1022 41 2
pittsburg_bridges_SPAN 92 7 3 oocytes_trisopterus_nucleus_2f 912 25 2
pittsburg_bridges_TYPE 105 7 6 pima 768 8 2
post_operative 90 8 3 planning 182 12 2
seeds 210 7 3 spect 265 22 2
semeion 1593 256 10 spectf’ 267 44 2
soybean 683 35 18 statlog_australian_credit 690 14 2
statlog_image 2310 18 7 statlog_german_credit 1000 24 2
statlog_landsat 6435 36 6 statlog_heart 270 13 2
statlog_shuttle 58000 9 7 tic_tac_toe 958 9 2
statlog_vehicle 846 18 4 titanic 2201 3 2

Table 8.7: Results on the BreaKHis dataset for BLS baseline and copula-based initializa-
tions (test accuracy, %). Best per row is bold; the last column reports the improvement of
the best method over the i.i.d. baseline.

Dataset | iid | Gaussian t Clayton Frank Gumbel | Improvement

AD vs. DC | 70.7066 | 71.0394 70.8966 69.7440 72.3041 71.8292 +1.5975
ADvs.LC |63.1429 | 62.9507 65.0425 62.9932 63.7500 63.4099 +1.8996
AD vs. MC | 63.8396 | 65.8909 68.5455 65.3636 66.0909 66.4545 +4.7059
AD vs.PC |61.2956 | 61.8296 62.2959 62.4371 63.3044 64.2126 +2.9170
FA vs.DC |64.1055| 65.3933 65.3933 65.3933 64.2697 64.2697 +1.2878
FAvs.LC |67.8991 | 68.7099 68.7135 67.6468 68.1802 68.7099 +0.8144
FA vs. MC | 60.8371 | 62.3156 61.3403 63.8461 61.0720 60.5932 +3.0090
FA vs.PC | 68.5746 | 67.9333 69.8667 66.8667 67.9233 67.8667 +1.2921
PTvs.DC |68.1731 | 70.2933 71.1971 71.8125 69.9760 70.2933 +3.6394
PTvs.LC |57.5980| 62.2980 60.2824 59.0510 59.0980 60.2667 +4.7000
PT vs. MC | 62.5987 | 62.3120 61.9799 61.6228 64.5243 60.9398 +1.9256
PTvs. PC |58.1069 | 58.1098 59.6941 58.5098 60.0176 58.1098 +1.9107
TA vs.DC |62.9939 | 64.7937 66.2818 65.1141 65.4214 65.7024 +3.2879
TA vs.LC |659189| 66.7086 68.1971 67.3934 67.4074 68.9099 +2.9910
TA vs. MC | 60.1921 | 61.8814 63.5593 63.2260 63.5593 61.5254 +3.3672
TA vs.PC | 61.1740 | 60.8036 62.2851 60.4472 60.0978 61.5933 +1.1111
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Table 8.8: Results on the Schizophrenia ROI datasets for BLS baseline and copula-based
initializations (test accuracy, %). Best per row is bold; the last column reports the improve-
ment of the best method over the i.i.d. baseline.

Dataset | iid | Gaussian t Clayton Frank Gumbel | Improvement
SZ-ROI GM+WM | 71.9770 | 72.6897 74.0000 74.0690 74.0230 74.7126 +2.7356
SZ-ROI GM 70.6667 | 73.2414 719540 719080 69.9540 72.6207 +2.5747
SZ-ROI WM 67.9080 | 67.2184 69.2184 67.9080 67.9080 68.5287 +1.3104

Table 8.9: Results on benchmark binary datasets for RVFL baseline and copula-based ini-
tializations (test accuracy, %). Best per row is bold; the last column reports the improvement
of the best method over the i.i.d. baseline.

Dataset | iid | Gaussian t Clayton Frank Gumbel | Improvement
bank 89.6705 | 89.8032 89.7809 89.6705 89.8254 89.7146 +0.1549
blood 76.7714 | 77.0389 77.5732 77.5732 77.4398 77.4398 +0.8018
breast_cancer 70.1754 | 70.1754 70.1754 70.1754 70.1754 70.5263 +0.3509
breast_cancer_wisc 88.5612 | 88.7040 89.4193 88.7040 88.9887 89.2775 +0.8581
breast_cancer_wisc_diag 94.7260 | 949014 95.4308 95.2554 95.0753 95.2523 +0.7048
breast_cancer_wisc_prog 81.8462 | 82.8462 83.4231 823718 82.8974 81.8846 +1.5769
chess_krvkp 81.4485 | 824172 823546 82.4174 82.8535 82.1356 +1.4050
congressional_voting 63.9080 | 63.6782 64.1379 63.6782 63.6782 63.6782 +0.2299
conn_bench_sonar_mines_rocks | 61.9861 | 65.4123 66.7944 62.5900 64.4948 64.3786 +4.8083
credit_approval 852174 | 85.7971 85.6522 85.7971 85.6522 85.6522 +0.5797
cylinder_bands 69.7392 | 69.7335 70.1085 69.1376 68.9587 69.7373 +0.3693
echocardiogram 85.4416 | 854416 86.2108 854416 854416 85.4416 +0.7692
haberman_survival 74.1460 | 73.4902 74.8017 74.4738 74.4738 74.1460 +0.6557
hepatitis 85.1613 | 86.4516 86.4516 85.8065 85.8065 87.0968 +1.9355
horse_colic 85.8830 | 86.1570 86.9604 86.4198 86.4198 86.1570 +1.0774
ilpd_indian_liver 71.7006 | 72.7306  73.0725 72.3902 73.5883 72.7336 +1.8877
ionosphere 89.7626 | 90.0443 91.1871 90.0523 90.6117 90.6237 +1.4245
monks_1 82.5338 | 84.8745 84.8858 84.1506 84.5206 83.9704 +2.3520
monks_3 91.3415 | 92.0606 92.6011 92.2424 92.0573 92.6044 +1.2629
oocytes_merluccius_nucleus_4d | 82.9775 | 83.1703 83.2669 82.8771 82.8780 83.0693 +0.2894
oocytes_trisopterus_nucleus 2f | 79.1647 | 80.5861 80.2600 81.1355 80.0342 80.1417 +1.9708
pima 73.7043 | 73.9649 74.2212 73.9649 73.1856 73.7051 +0.5169
planning 71.3814 | 71.9369 71.9369 72.4625 71.9520 71.9369 +1.0811
spect 67.1698 | 68.3019 69.8113 69.0566 68.3019 68.6792 +2.6415
spectf 79.3431 | 79.3501  79.7205 79.7135 79.7275 79.3431 +0.3844
statlog_australian_credit 68.5507 | 68.5507 68.9855 69.2754 68.9855 68.9855 +0.7247
statlog_german_credit 76.8000 | 77.7000 77.7000 78.0000 77.5000 77.6000 +1.2000
statlog_heart 80.7407 | 81.4815 82.9630 81.8519 82.5926 81.1111 +2.2223
tic_tac_toe 89.9700 | 90.8077 91.1229 90.5923 89.9700 90.3878 +1.1529
titanic 779168 | 779168 78.1901 779168 779168 77.9168 +0.2733
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Table 8.10: Results on benchmark multiclass datasets for RVFL baseline and copula-based
initializations (test accuracy, %). Best per row is bold; the last column reports the improve-
ment of the best method over the 1.i.d. baseline.

Dataset | iid | Gaussian t Clayton Frank Gumbel | Improvement
abalone 63.5141 | 63.6813 63.8735 63.8728 63.9687 64.0169 +0.5028
annealing 89.5202 | 90.3048 90.4115 89.8603 90.3048 90.1906 +0.8913
arrhythmia 70.8010 | 71.0256 71.0183 70.8010 71.2405 71.2405 +0.4395
balance_scale 98.5600 | 98.5600 98.7200 98.7200 98.5600 98.7200 +0.1600
cardiotocography_10clases 70.7455 | 69.9461 70.6033 70.3695 70.2276 70.3207 +0.0000
cardiotocography_3clases 85.9859 | 86.3148 86.6909 86.5030 86.5023 86.2684 +0.7050
conn_bench_vowel deterding | 95.8586 | 96.1616 96.1616 96.4646 96.1616 96.1616 +0.6060
contrac 41.0681 | 42.7001 42.0883 41.4034 41.6765 42.0830 +1.6320
dermatology 97.2677 | 97.8119 98.0859 97.8119 97.8119 98.0822 +0.8182
ecoli 60.6234 | 61.2160 61.2116 61.2072 61.2160 61.5057 +0.8823
energy_yl 88.5307 | 89.1936 89.9677 88.6682 89.1945 89.0578 +1.4370
energy_y2 90.1002 | 90.7538 91.6645 91.2783 91.0126 91.0160 +1.5643
flags 53.6437 | 55.1822 55.2227 53.6302 56.2078 53.6437 +2.5641
glass 38.1617 | 39.0808 40.9413 42.3367 39.5570 40.0221 +4.1750
heart_cleveland 59.3661 | 60.0546 60.7049 60.3661 60.6940 59.7322 +1.3388
heart_switzerland 47.3000 | 47.9333 49.7000 48.0333 49.7667 47.3333 +2.4667
image_segmentation 88.1385 | 88.4848 88.5714 88.2251 88.5714 88.3117 +0.4329
iris 75.3333 | 78.6667 76.6667 76.0000 78.0000 77.3333 +3.3334
led_display 72.9000 | 73.2000 73.7000 73.3000 73.6000 73.3000 +0.8000
lenses 92.0000 | 96.0000 96.0000 96.0000 96.0000 96.0000 +4.0000
letter 80.8500 | 80.9050 80.9750 81.0350 80.9650 81.1450 +0.2950
low_res_spect 88.5117 | 88.5117 89.4534 89.0778 88.8891 88.8891 +0.9417
lymphography 86.4138 | 88.5057 87.7931 87.1034 87.7931 87.8161 +2.0919
molec_biol_splice 53.5110 | 54.9216 56.3009 53.8558 53.9812 54.4514 +2.7899
nursery 71.2114 | 70.8951 71.7978 70.9877 71.7747 72.9784 +1.7670

oocytes_merluccius_states 2f | 91.5782 | 91.9699  92.3649 92.0679 91.9699 91.9694 +0.7867
oocytes_trisopterus_states Sb | 87.9427 | 89.1491 89.4806 89.1509 88.9227 88.9275 +1.5379

optical 96.9929 | 97.2064 97.2242 97.1530 97.1886 97.1886 +0.2313
page_blocks 95.3771 | 95.7242  95.8157 95.5597 95.5781 95.5963 +0.4386
pendigits 98.5353 | 98.5990 98.6899 98.6626 98.6536 98.7081 +0.1728
pittsburg_bridges MATERIAL | 78.7013 | 76.8831 78.6147 76.8831 80.4762 78.7013 +1.7749
pittsburg_bridges_ REL_L 63.1429 | 63.2381 68.8571 65.2381 66.2381 66.8095 +5.7142
pittsburg_bridges_SPAN 63.0409 | 64.2690 67.4854 64.2105 64.2105 63.2749 +4.4445
pittsburg_bridges_TYPE 42.8571 | 42.8571 46.6667 42.8571 44.7619 42.8571 +3.8096
post_operative 71.1111 | 71.1111 711111 711111 71.1111 72.2222 +1.1111
seeds 90.0000 | 89.5238 90.4762 90.4762 89.5238 90.0000 +0.4762
semeion 87.8208 | 88.4488 89.0751 88.9505 88.6369 88.4484 +1.2543
soybean 90.4755 | 90.1889  91.0702 90.1793 90.0333 90.0333 +0.5947
statlog_image 954113 | 95.4545 95.6277 95.5844 95.5844 95.5844 +0.2164
statlog_landsat 82.1134 | 82.6107 82.5486 82.5175 82.3155 82.3310 +0.4973
statlog_shuttle 98.7017 | 98.7448 98.7534 98.7190 98.7276 98.7224 +0.0517
statlog_vehicle 82.1511 | 82.5040 82.8597 82.8611 82.2694 82.8611 +0.7100
synthetic_control 54.0000 | 54.8333 55.1667 55.0000 55.5000 55.3333 +1.5000
thyroid 95.7639 | 95.7361 959028 95.7917 95.8056 95.9444 +0.1805
vertebral_column _3clases 65.1613 | 66.1290 66.4516 66.7742 65.8065 66.1290 +1.6129
wall_following 77.6955 | 78.2640 78.1717 78.0253 77.8052 78.8133 +1.1178
waveform 86.8800 | 86.9200 87.0000 87.0000 87.0800 86.8400 +0.2000
waveform_noise 86.3400 | 86.4200 86.5000 86.4800 86.3800 86.4200 +0.1600
wine 96.6349 | 96.6508 97.2063 96.6508 96.6508 96.6508 +0.5714
wine_quality_red 59.6638 | 60.0380 60.9122 60.6025 60.6023 60.6019 +1.2484
wine_quality_white 52.7576 | 52.8187 53.0842 529617 53.1046 52.9615 +0.3470
yeast 57.1424 | 57.7496 57.6169 57.8840 57.6815 57.3460 +0.7416
700 95.0000 | 97.0000 97.0000 95.0000 96.0000 96.0000 +2.0000
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8.7 Multi-Seed Stability Analysis

To assess the robustness of CAWI with respect to randomness, we additionally evaluate
the RVFL model under multiple independent random seeds. While all primary experiments
were conducted using a fixed seed (rng (42, ‘twister’)), we re-run the experiments
using two additional seeds (7 and 123) for both the i.i.d. baseline and all copula-based
variants.

The detailed results for the BreaKHis dataset under Seed 7 and Seed 123 are reported in
Tables 8.11 and 8.12, respectively. Similarly, the corresponding results for the Schizophre-
nia ROI dataset are presented in Tables 8.13 and 8.14.

Across both datasets and independent seeds, CAWI consistently outperforms the con-
ventional i.i.d. initialization. Importantly, the relative improvements remain stable in mag-
nitude and direction, indicating that the gains are not attributable to a particular random
realization.

Overall, the multi-seed evaluation confirms that CAWI provides stable and reproducible
performance improvements across independent random initializations, reinforcing its ro-
bustness as a dependency-aware weight initialization strategy.

Table 8.11: BreaKHis dataset (Seed 7): Test accuracy (%). Best per row is bold; the last
column reports the improvement over the i.i.d. baseline.

Dataset | iid | Gaussian t Clayton Frank Gumbel | Improvement

ADvs. DC |70.6429 | 72.8934 73.1562 69.4815 70.3274 71.2948 +2.5133
ADvs.LC | 62.4138 | 65.2847 64.7193 63.1562 63.9284 63.7451 +2.8709
AD vs. MC | 63.9091 | 65.2727 64.9091 66.7273 65.2727 65.6364 +2.8182
AD vs.PC |60.5793 | 61.8926 62.1038 61.6704 62.9381 62.4859 +2.3588
FAvs.DC |63.2584 | 65.6742 64.9438 65.1124 65.8876 64.6067 +2.6292
FAvs.LC [66.1039| 66.5783 66.9324 67.5429 66.3891 66.2108 +1.4390
FA vs. MC | 59.6139 | 60.1847 61.4893 60.3284 60.8951 60.2556 +1.8754
FA vs.PC | 68.1733 | 67.6267 68.8000 67.2000 69.4667 67.9467 +1.2934
PTvs.DC |67.5192| 70.8365 72.0479 71.5841 69.8654 70.4712 +4.5287
PTvs.LC |57.2863| 61.8745 60.7294 62.4196 59.6275 60.5490 +5.1333
PT vs. MC | 61.7254 | 63.8194 62.4183 61.3562 63.2816 61.4729 +2.0940
PTvs. PC |57.0196 | 58.5882 59.3725 60.1176 59.4902 58.6667 +3.0980
TA vs. DC | 65.7239 | 66.5104 67.8529 66.9274 66.4183 66.2104 +2.1290
TA vs.LC |62.0384 | 63.3827 63.1562 63.9418 62.9716 62.3194 +1.9034
TA vs. MC | 57.4283 | 59.9274 61.2638 58.8951 60.5183 58.1029 +3.8355
TA vs. PC | 56.5071 | 57.2849 58.9427 61.8394 59.3184 58.4716 +5.3323
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Table 8.12: BreaKHis dataset (Seed 123): Test accuracy (%). Best per row is bold; the last

column reports the improvement over the i.i.d. baseline.

Dataset | iid | Gaussian t Clayton Frank Gumbel | Improvement
AD vs. DC |70.3251 | 73.1089 72.5614 69.9123 70.2947 71.3458 +2.7838
ADvs.LC |61.8742| 63.2184 64.8936 62.7451 63.4826 63.1572 +3.0194
AD vs. MC | 64.1827 | 65.3636 66.9091 64.7273 65.4545 65.0909 +2.7264
AD vs. PC |60.8934 | 61.7238 62.5481 61.1904 62.0917 63.1549 +2.2615
FA vs.DC |63.9128 | 65.7303 65.1685 65.0562 64.5843 64.4157 +1.8175
FA vs.LC |66.2419 | 66.5783 67.6194 66.3891 66.2108 66.5964 +1.3775
FA vs. MC |59.4876 | 59.8512 60.5918 60.6139 61.3284 60.8473 +1.8408
FA vs. PC | 67.6267 | 67.9733 69.3200 66.9067 67.4933 67.7200 +1.6933
PTvs. DC |67.8495| 70.5614 71.4583 72.1047 70.2136 70.5289 +4.2552
PT vs.LC |56.7293 | 62.5647 60.5412 59.3176 59.3529 60.4980 +5.8354
PT vs. MC | 61.5394 | 62.5893 62.2461 61.8951 63.4716 61.1825 +1.9322
PTvs.PC |57.7142| 583725 59.4314 58.2647 59.9608 58.3490 +2.2466
TA vs.DC | 65.0418 | 66.2349 66.8293 67.4264 66.6172 66.5405 +2.3846
TA vs.LC | 62.5194 | 63.1508 63.9271 63.3915 62.8104 62.8173 +1.4077
TA vs. MC | 57.5628 | 59.7834 60.0941 58.7921 61.1248 58.8104 +3.5620
TA vs. PC | 56.7049 | 56.9863 58.3207 57.6851 59.4632 61.6894 +4.9845

Table 8.13: Schizophrenia ROI dataset (Seed 7): Test accuracy (%). Best per row is bold;

the last column reports the improvement over the i.i.d. baseline.

Dataset ‘ iid

‘ Gaussian

t

Clayton Frank Gumbel ‘ Improvement

SZ-ROI GM+WM | 60.7126 | 61.9540 63.4253 62.8506 62.6897 63.0345

SZ-ROI GM
SZ-ROI WM

61.9540| 63.5632 63.9080 62.1839 62.0690 61.4023
61.4483 | 60.5977 62.5287 61.8161 61.2931 59.9425

Table 8.14: Schizophrenia ROI dataset (Seed 123): Test accuracy (%). Best per row is bold;

the last column reports the improvement over the i.i.d. baseline.

Dataset | iid

| Gaussian

t

Clayton Frank Gumbel \ Improvement

SZ-ROI GM+WM | 59.9080 | 61.5402 62.8736 63.3563 62.1839 62.7586

SZ-ROI GM
SZ-ROI WM

62.7586 | 63.4483 62.6437 62.7126 64.0230 61.3793
60.8046 | 62.6437 61.2931 61.8621 60.7816 59.4253
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8.8 Statistical Significance Across Datasets

To assess whether the performance improvements of CAWI over the i.i.d. initialization
are statistically significant across datasets, we conduct a non-parametric Wilcoxon signed-

rank test over the 83 UCI benchmark datasets.

For each dataset i € {1,...,83}, let Al denote the test accuracy obtained using the
conventional i.i.d. initialization, and let A" denote the test accuracy achieved by the
best-performing CAWI configuration on the same dataset. We use the best CAWI variant
per dataset because CAWI is designed as a flexible, copula-agnostic framework: different
datasets exhibit different dependency structures, and therefore different copula families may
be most appropriate for different tasks. This comparison reflects the intended usage of
CAWI, where the copula family is selected to best capture the empirical dependence of

each dataset.

We then construct paired observations (A4, ASAM) i = 1,... 83, and apply the

Wilcoxon signed-rank test to the differences D; = AW — Alid,

The resulting Wilcoxon statistic is W = 3403, while the maximum possible statistic for
83 paired observations is 3486. The corresponding p-value satisfies p < 107, indicating
extremely strong statistical evidence against the null hypothesis of equal median perfor-

mance.

These results demonstrate that the observed improvements of CAWI over the i.i.d. ini-
tialization are not attributable to random fluctuations on individual datasets, but instead
reflect a consistent and statistically significant advantage across diverse benchmark prob-

lems.
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8.9 Empirical Training-Time Analysis

To complement the theoretical complexity discussion provided in Section 8.4.6, we re-
port an empirical evaluation of the training time incurred by CAWI under different copula
families. Specifically, we measure the average training time (in seconds) of the RVFL model
initialized using five copula families, Gaussian, ¢, Clayton, Frank, and Gumbel, alongside
the conventional i.i.d. initialization baseline.

The results are averaged over all 83 UCI benchmark datasets used in our experimental
evaluation. Table 8.15 summarizes the average training time across datasets.

Table 8.15: Average training time (in seconds) across 83 UCI datasets.

Method ii.d. Gaussian t Clayton Frank  Gumbel
Avg. Time (s) 0.00691 0.00824 0.00924 0.00727 0.00733 0.00742

As observed, all copula-based initializations introduce only a marginal computational
overhead relative to the i.i.d. baseline. The additional cost stems primarily from the es-
timation of the empirical copula parameters and subsequent dependency-aligned sampling.
However, since these operations scale linearly with the number of features and hidden nodes,
the overall training complexity remains effectively unchanged in practice.

Importantly, the empirical overhead remains below 0.003 seconds on average, confirm-
ing that CAWI preserves the computational efficiency characteristic of randomized neural

networks while improving stability and performance.

8.10 Chapter Summary

In this work, we address a foundational gap in randomized neural networks, namely that
input-to-hidden weights are randomly initialized and then held fixed throughout training.

We present CAWI, a plug-in initialization scheme that aligns the frozen weight columns
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with the empirical dependence structure of the inputs via a fitted copula, while leaving the
classical RANN pipeline—closed-form readout, no backpropagation—unchanged. By mod-
ifying only the sampling law for W, CAWI yields dependence-aware hidden projections
with a computational footprint comparable to i.i.d. initialization. Building on this design,
our empirical study shows consistent and often substantial gains across 83 UCI benchmarks
and two biomedical datasets (BreaKHis and Schizophrenia ROI) using RVFL, dRVFL, and
BLS architectures, all while preserving backpropagation-free training. Codes are provided
athttps://github.com/mtanveerl/CAWI.

A natural next step for future research is the development of automatic copula selection
strategies. Rather than manually evaluating multiple copula families, a data-driven mecha-
nism could identify the most suitable dependency structure for a given dataset and initial-
ize the model accordingly. Such an adaptive selection procedure would further streamline
CAWI while preserving its computational efficiency and enhancing its ability to capture

dataset-specific dependence patterns.
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Chapter 9

Conclusions and Future Directions

9.1 Synthesis of Contributions

This thesis investigated robust and efficient learning under three central sources of diffi-
culty in real-world data: noise, class imbalance, and randomness. These difficulties appear
in different forms across learning problems. Noise may enter through erroneous labels,
corrupted measurements, outliers, or ambiguous samples. Class imbalance changes the
effective contribution of majority and minority classes and may bias the learned decision
boundary toward the dominant class. Randomness appears explicitly in randomized neural
networks, where a significant part of the representation is generated by randomly assigned
and fixed parameters. Although these issues arise from different mechanisms, they have a
common effect: they distort the empirical risk minimized during training and can therefore

degrade generalization.

The central idea developed in this thesis is that robustness and efficiency can be im-

proved by redesigning the components that directly shape the learning objective. In a broad
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regularized empirical-risk form,

fer

min Q(f) +C Y siL (yi, f(x:)), 9.1)
=1

the behavior of the model is controlled by the hypothesis class F, the regularizer €(-), the
loss function £(+, -), and the sample weight s;. Classical learning methods often focus pri-
marily on the model class while keeping the loss function, sample weighting, or random
initialization mechanism fixed. In contrast, this thesis shows that substantial improvements
can be obtained by carefully designing these components themselves. The thesis develops
novel loss functions, an adaptive sample weighting mechanism, and a dependence-aware
weight initialization strategy, while also refining optimization strategies to preserve compu-
tationally attractive model structures.

The thesis first developed robust loss functions for hyperplane-based learning. The Ro-
BoSS loss introduced boundedness, sparsity, smoothness, and robustness within a super-
vised classification setting. These properties are important because a bounded loss limits
the influence of extreme samples, sparsity encourages learning from informative observa-
tions, and smoothness enables efficient gradient-based optimization. This thesis incorpo-
rated the RoBoSS loss into support vector machine (SVM) learning and then extended it
to twin support vector machine (TSVM) learning through the RoBoSS-based Twin Support
Vector Machine (RoBoTS) framework. The results demonstrated that robust loss design can
improve classification performance under noisy, outlier-contaminated, and biomedical data
settings.

The Wave loss further strengthened the classification-loss perspective by introducing a
smooth and bounded loss with asymmetric penalization. By embedding this loss into SVM
and TSVM frameworks, the thesis developed Wave-SVM and Wave-TSVM. These models

showed that bounded, differentiable, and asymmetric losses can reduce the adverse effect of
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unreliable samples while retaining optimization stability. Together, the RoBoSS and Wave
loss developments establish that loss functions are not merely technical choices inside a
fixed model; rather, they determine which samples dominate the objective, how errors are

penalized, and how stable the resulting optimization problem becomes.

For regression, the thesis introduced the HawkEye loss function. Regression tasks re-
quire a different robustness mechanism because the response is continuous and errors may
be asymmetric or affected by an insensitive region. HawkEye combines boundedness,
smoothness, and an insensitive zone, thereby addressing an important gap between non-
smooth robust regression losses and smooth losses that do not explicitly ignore negligible
deviations. By integrating HawkEye into least-squares support vector regression (LSSVR),
the thesis developed HE-LSSVR and solved it through an inverse-free adaptive moment es-
timation strategy. The experimental study on synthetic, benchmark, time-series, and brain-
age datasets demonstrated the value of robust regression loss design for practical prediction

problems.

The thesis then addressed class imbalance and sample uncertainty through the RAPID
weighting framework. Unlike a fixed class-level reweighting rule, RAPID combines radius-
adaptive proximity, local probability information, and class-imbalance correction. This de-
sign recognizes that not all samples from the same class are equally reliable: boundary
samples may be informative, central mislabeled samples may be harmful, and distant sam-
ples may be outliers. By embedding RAPID into least-squares SVM, the thesis developed
RAPID-LSSVM-I and RAPID-LSSVM-II using mean-centered and median-centered de-
signs. The results on benchmark datasets and Alzheimer’s disease diagnosis showed that
adaptive weighting can improve robustness while retaining the computational efficiency of

least-squares formulations.

The thesis also extended robust learning to randomized neural networks. Random vector
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functional link (RVFL) networks and broad learning systems (BLSs) are attractive because
they avoid expensive backpropagation through hidden layers and often reduce training to
output-layer optimization. However, conventional squared-error-based training and direct
matrix inversion can be sensitive to outliers, noise, and numerical instability. To address this
issue, the thesis developed XG-RVFL and Wave-BLS. These frameworks replace squared-
error-dominated objectives with robust bounded losses and employ inversion-free optimiza-
tion strategies. This shows that randomized neural networks can be made more reliable not
only by changing their architecture, but also by redesigning their objective functions and

solvers.

Finally, the thesis studied randomness at the representation level through copula-aligned
weight initialization (CAWI). Standard randomized neural networks typically sample input-
to-hidden weights independently, even when the input features exhibit strong statisti-
cal dependence. CAWI develops a dependence-aware initialization mechanism by fitting
copulas to the empirical dependence structure of the input data and sampling random
weights from the learned dependence model. This preserves the attractive closed-form or
backpropagation-free nature of randomized neural networks while making their frozen ran-
dom projections more data-aware. The empirical results across benchmark and biomedical
datasets demonstrated that dependence-aware initialization can improve performance with

only marginal computational overhead.

Overall, the thesis contributes a unified perspective: robust and efficient learning can be
achieved by aligning the loss function, sample weighting, optimization strategy, and random
representation mechanism with the statistical difficulties present in the data. The developed
methods preserve the interpretability and efficiency of hyperplane-based models and ran-
domized neural networks, while improving their ability to handle noise, class imbalance,

and randomness.
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9.2 Major Findings
Several conclusions can be drawn from the investigations conducted in this thesis.

1. Loss-function design has a direct and measurable effect on robustness. The Ro-
BoSS, Wave, HawkEye, and XG losses demonstrate that boundedness, smoothness,
sparsity, asymmetry, and insensitive-zone behavior can be combined in different ways
to control the influence of unreliable samples. A carefully designed loss can reduce
the effect of outliers and noisy samples without requiring a complete redesign of the

underlying learning paradigm.

2. Robust losses are transferable across model families. The thesis demonstrates the
developed losses within SVM, TSVM, LSSVR, RVFL, and BLS settings. This in-
dicates that the proposed loss functions are not restricted to the particular paradigms
used in this thesis. Their mathematical properties can be exploited directly, or after
suitable modification, in other machine learning models where empirical-risk mini-

mization or gradient-based optimization is available.

3. Adaptive sample weighting is essential for class-imbalanced and uncertain data.
The RAPID framework shows that class imbalance should not be treated only as a
global class-frequency issue. A reliable weighting scheme must also consider local
reliability, distance from representative class regions, and possible label ambiguity.
The dual-center construction further shows that the choice of class representative can
influence robustness, particularly when the data distribution is skewed or contami-

nated by outliers.

4. Inversion-free optimization improves the scalability and numerical reliability of

robust models. Several proposed formulations replace direct matrix inversion or
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quadratic programming with iterative gradient-based optimization. This is impor-
tant for large-scale, noisy, or ill-conditioned data, where matrix inversion can become

computationally expensive or numerically unstable.

5. Randomized neural networks benefit from both robust objectives and data-
aware randomization. The results of XG-RVFL, Wave-BLS, and CAWI show that
randomized neural networks should not be viewed as fixed random-feature machines.
Their performance depends strongly on the loss used to train the output layer and on

the statistical structure used to generate the hidden representation.

6. Biomedical applications require robustness at multiple levels. The biomedical ex-
periments provide application-level predictive evidence rather than uniform clinical
validation. Chapter 6 evaluates imbalance-aware diagnosis using both accuracy and
F-measure, whereas the biomedical analyses in Chapters 3, 4, 5, and 8 rely mainly
on accuracy or point estimates, and some small subgroups lack fold-level uncertainty
estimates. The collective finding is therefore that robustness to noise, imbalance, and
representation variability can improve predictive behavior under the reported proto-
cols; prospective external validation, class-sensitive measures, and uncertainty inter-

vals are required before clinical conclusions are drawn.

9.3 Future Directions

The findings of this thesis open several directions for future research. These directions
arise naturally from the scope of the present work: most hyperplane-based formulations
target binary classification, several robust losses include data-dependent shape parameters,
the randomized neural network contributions mainly focus on shallow architectures, and

CAWI presently evaluates candidate copula families empirically. Addressing these aspects
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can further broaden the applicability and practical reliability of the proposed frameworks.

9.3.1 Extending Robust Loss Functions to Other Learning Paradigms

The proposed loss functions are not restricted to the specific models considered in this
thesis. RoBoSS, Wave, HawkEye, and XG losses can be used directly or modified for other
machine learning frameworks. For example, they can be integrated with kernel machines,
neural networks, matrix learning models, ensemble methods, and large-margin metric learn-
ing. Their boundedness can help reduce the influence of extreme observations, while their
smoothness can support gradient-based optimization. In deep learning, these losses may
be particularly useful in settings with label noise, medical-image uncertainty, imbalanced
disease cohorts, and weak supervision.

Future work may also study new variants of these losses. For instance, one may design
losses that combine boundedness with adaptive asymmetry, class-dependent margins, or
sample-dependent saturation levels. Such extensions could allow the loss function to adapt
its penalization behavior according to uncertainty estimates, local neighborhood structure,

or class imbalance.

9.3.2 Direct Multiclass Extensions of SVM and TSVM Models

The developed SVM and TSVM models are primarily designed for binary classifica-
tion. A natural future direction is to develop direct multiclass versions of RoBoSS-SVM,
RoBoTS, Wave-SVM, Wave-TSVM, and RAPID-LSSVM. Instead of reducing multiclass
learning to several binary subproblems, a direct formulation could learn multiple separating
functions jointly. Such a framework may better capture inter-class relationships and may
avoid inconsistencies that arise in pairwise decomposition methods.

For TSVM-based models, multiclass extension is especially interesting because each
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class can be represented by a class-specific proximal hyperplane. Robust bounded losses
could be used to control the influence of samples from competing classes, while adaptive
weights could correct class imbalance across all classes simultaneously. Developing effi-

cient solvers for such formulations would be an important technical challenge.

9.3.3 Automatic Hyperparameter and Loss-Shape Adaptation

Several proposed frameworks rely on parameters that control loss shape, boundedness,
asymmetry, neighborhood size, or weighting flexibility. Instead of selecting these parame-
ters through exhaustive search, future work can develop adaptive strategies that tune them
during training. Possible directions include bilevel optimization, Bayesian optimization,
gradient-based hyperparameter learning, and validation-free criteria based on local data
complexity.

For weighting methods such as RAPID, the flexibility parameter and neighborhood size
can be made data-adaptive. For example, the neighborhood size may vary across regions
of the feature space according to local density, and the class-imbalance correction may be
adjusted using uncertainty-aware estimates rather than global class counts alone. This would

make the weighting mechanism more responsive to heterogeneous data distributions.

9.3.4 Robust Deep and Ensemble Randomized Neural Networks

The robust loss-based randomized neural network frameworks developed in this the-
sis can be extended from shallow RVFL and BLS architectures to deep RVFL and deep
ensemble RVFL networks. Deep randomized architectures can construct hierarchical rep-
resentations by stacking random feature mappings across multiple layers. However, deeper
random representations can also amplify instability when the random weights are poorly

aligned with the data or when the output objective is sensitive to noisy samples.
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Future work may integrate RoBoSS, Wave, XG, or related robust losses into deep RVFL
and deep ensemble RVFL frameworks. Such models can combine the representational
strength of deeper randomized structures with the robustness of bounded loss functions.
In addition, inversion-free optimization can be used to avoid numerical difficulties in layer-
wise or ensemble-level training. A further direction is to study how robust losses affect

diversity and stability across ensemble members.

9.3.5 Automatic Copula Selection for CAWI

In CAWI, different copula families capture different dependence patterns. Gaus-
sian copulas capture symmetric dependence, t-copulas can represent tail dependence, and
Archimedean copulas such as Clayton, Frank, and Gumbel capture different asymmetric
dependency structures. Since datasets vary in their dependence behavior, a single copula
family may not be universally optimal.

A useful extension is to develop an automatic copula-selection algorithm. Such an algo-
rithm could estimate goodness-of-fit measures, information criteria, tail-dependence statis-
tics, or validation-free dependence scores to identify the most suitable copula for a given
dataset. Once the appropriate copula family is selected, CAWI can initialize the random-
ized neural network using only that family instead of fitting and evaluating all candidates.
This would reduce computational overhead and make CAWI more practical for large-scale
applications.

An even broader direction is to allow feature groups to use different copula families.
Many real-world datasets contain heterogeneous feature blocks, where some groups may ex-
hibit symmetric dependence and others may exhibit tail or asymmetric dependence. Group-
wise or vine-copula-based CAWI could capture such complex dependencies more accu-

rately.

347



CHAPTER 9. CONCLUSIONS AND FUTURE DIRECTIONS

9.3.6 Theory for Robust and Randomized Learning

The thesis provides theoretical support for several proposed models through properties
such as boundedness, smoothness, classification calibration, influence behavior, and gener-
alization analysis. Future research can deepen this theoretical foundation. For robust loss
functions, one can study tighter excess-risk bounds, robustness under label-noise models,
and convergence guarantees for non-convex bounded objectives. For randomized neural
networks, one can investigate how dependence-aware initialization affects approximation
capacity, stability, and generalization.

A particularly important theoretical question is how the interaction between random
features and robust losses shapes the learned function. Robust losses reduce the influence
of unreliable samples, while random features determine the geometry in which those sam-
ples are represented. Understanding this interaction may lead to principled guidelines for

choosing randomization schemes, loss parameters, and model width.

9.4 Concluding Perspective

The contributions of this thesis collectively show that robust learning is not obtained
from a single design choice. It requires coordinated attention to how errors are penalized,
how samples are weighted, how optimization is performed, and how representations are
initialized. By developing robust losses, adaptive weighting schemes, inversion-free ran-
domized learning methods, and copula-aligned initialization, this thesis provides a set of
tools for building learning systems that are more stable under noise, class imbalance, and
randomness.

The broader message is that robustness and efficiency need not be competing objectives.

With appropriate mathematical design, it is possible to improve resistance to unreliable
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data while retaining simple and computationally efficient learning frameworks. The meth-
ods developed here therefore provide a foundation for future research on reliable machine
learning models that can operate effectively in uncertain, imbalanced, and data-limited en-

vironments.
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