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ABSTRACT

Electro-magneto-active membranes (EMAMs) represent a promising class of soft

active materials capable of undergoing large deformations in response to coupled elec-

trical and magnetic stimuli. Their unique ability to combine flexibility with multifunc-

tional actuation has attracted significant attention for applications in soft robotics,

biomedical devices, adaptive structures, and smart actuators. Despite these advan-

tages, a comprehensive understanding of their nonlinear dynamic behavior and sta-

bility under coupled electro-magneto-mechanical loading remains limited. This thesis

addresses this challenge by developing continuum mechanics-based models within the

framework of the Gent hyperelastic constitutive theory to investigate the dynamic

response and stability of reinforced electro-magneto-active circular membranes.

The study first examines the influence of particle reinforcement on the dynamic

behavior of EMAMs. The effects of filler volume fraction, shear modulus ratio, electric

field, and magnetic field are systematically investigated under both DC and AC loading

conditions. Time-history responses, phase portraits, Poincaré maps, and frequency-

response analyses are employed to characterize periodic, quasi-periodic, and chaotic

oscillations. The results show that increasing particle reinforcement enhances the

membrane stiffness, suppresses oscillation amplitudes, shifts the resonance frequency,

and significantly improves the overall dynamic stability.

The analysis is then extended by incorporating stretch-dependent electromagnetic

properties through constant, linear, and nonlinear models of electrical permittivity

and magnetic permeability. Unlike the conventional constant-property assumption,

the nonlinear model captures the strong influence of deformation on the electro-

magnetic response of the membrane. The numerical investigations demonstrate that

stretch-dependent material properties substantially modify the resonance characteris-

tics, oscillation amplitudes, beating phenomena, and stability boundaries under both

DC and AC excitations.

To investigate field-induced instabilities, a continuum framework based on taut

domain analysis is developed for particle-reinforced membranes. The proposed model
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predicts the critical conditions associated with pull-in and wrinkling instabilities and

provides a systematic description of the stability regions in the principal stretch space.

The results reveal that electric and magnetic fields, filler volume fraction, and rein-

forcement stiffness strongly influence the evolution of the taut domain and the critical

actuation limits. The corresponding stress-stretch characteristics further explain the

mechanisms governing local and global stability.

The final part of the thesis investigates snap-through instability and bifurcation in

fiber-reinforced active membranes by incorporating isotropic and anisotropic growth

together with fiber orientation effects. The combined influence of growth, anisotropy,

fiber orientation, and applied electric field on equilibrium configurations, natural fre-

quencies, and stability is examined. The results demonstrate that fiber reinforcement

and anisotropic growth significantly alter the critical actuation voltage and can trans-

form the membrane response from bistable to monostable behavior.

Overall, this thesis presents a unified continuum mechanics framework for analyz-

ing the nonlinear dynamics and stability of reinforced electro-magneto-active circular

membranes. The developed models provide new insights into the roles of particle

reinforcement, stretch-dependent electromagnetic properties, taut domain evolution,

and fiber-induced anisotropy in governing the mechanical response of soft active mem-

branes. The findings contribute to the fundamental understanding of electro-magneto-

active materials and offer useful design guidelines for the development of reliable soft

actuators, adaptive structures, and multifunctional smart material systems.

Keywords: Constitutive modeling, Mechanics of soft materials, Soft active ma-

terials, Particle reinforcement, Fiber reinforcement, Stability, Continuum mechanics,

Hyperelasticity, Isotropic and anisotropic growth, Fiber orientation, Dielectric elas-

tomer, Electro-magneto-active membranes.
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Chapter 1

Introduction

Preface

Soft active materials have attracted considerable interest due to their ability to undergo

large deformations under external electrical and magnetic fields. Understanding their

behavior requires a strong foundation in continuum mechanics and hyperelasticity.

This chapter introduces the fundamental concepts of elastomers, soft active materials,

constitutive modeling, deformation kinematics, and instability phenomena. It also

outlines the motivation, research gaps, objectives, and organization of the thesis.

1.1 Elastomers

Elastomers are a class of soft materials best known for their rubber-like behavior

and exceptional ability to deform under mechanical loading. Unlike most conventional

engineering materials, which experience only small strains before yielding or failing,

elastomers can undergo very large deformations and still return to their original shape

once the load is removed. This ability to recover after substantial stretching or com-

pression is a defining characteristic of elastomeric materials.

From a mechanical perspective, elastomers exhibit a fundamentally different

stress–strain response compared to traditional solids. While metals and other en-

gineering materials typically display a linear relationship between stress and strain

at low deformation levels, elastomers respond in a nonlinear manner from the very

1



beginning of loading. This nonlinear elastic behavior, commonly referred to as hyper-

elasticity, allows elastomers to sustain large, fully reversible strains without permanent

damage or loss of functionality.

The origin of this remarkable mechanical response lies in the polymeric nature

of elastomers. Their structure consists of long, flexible molecular chains that are

lightly interconnected through covalent cross-links, forming a three-dimensional net-

work. These cross-links serve to maintain the overall integrity of the material during

deformation, preventing irreversible chain slippage while still permitting significant

molecular rearrangement. As a result, elastomers combine high flexibility with me-

chanical robustness, exhibiting good tensile strength, toughness, and resistance to

permanent deformation under repeated loading.

Because of these properties, elastomers are used extensively in a wide range of

engineering applications. In biomedical contexts, they are commonly employed in soft

tissue substitutes, prosthetic components, and wearable devices, where their compli-

ance closely resembles that of natural tissues, improving comfort and performance.

In the automotive and aerospace industries, elastomers play a crucial role in com-

ponents such as tires, seals, and vibration-damping elements, where durability and

energy dissipation are essential. They are also widely used in consumer products, in-

cluding protective and sports equipment, where impact absorption and user comfort

are important considerations. More recently, elastomers have become a key enabling

material in soft robotics, where their large deformability and resilience allow the devel-

opment of compliant actuators and grippers capable of safe interaction with complex

and delicate environments.

1.2 Soft active materials: electroactive, magne-

toactive, and electro-magneto-active materials

Soft active materials constitute a class of deformable solids capable of undergo-

ing significant, reversible mechanical responses under external stimuli. Unlike con-
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ventional rigid actuators, these materials combine mechanical compliance with field-

induced actuation, enabling muscle-like behavior, large strains, and safe interaction

with uncertain environments. Owing to these characteristics, soft active materials have

attracted considerable attention in fields such as soft robotics, biomedical engineering,

adaptive structures, and smart materials. Among the various subclasses of soft ac-

tive materials, electroactive materials, magnetoactive materials, and electro-magneto-

active hybrid materials are of particular interest due to their strong electromechanical

and magneto-mechanical coupling mechanisms.

Electroactive materials are soft materials that deform in response to an ap-

plied electric field. In soft matter systems, this category is predominantly represented

by electroactive polymers (EAPs), which exhibit large elastic deformations and low

elastic moduli comparable to those of biological tissues. Electroactive polymers are

commonly divided into two major groups: dielectric electroactive polymers and ionic

electroactive polymers. Dielectric elastomers consist of an insulating elastomeric layer

sandwiched between compliant electrodes. When subjected to an electric field, elec-

trostatic (Maxwell) stresses induce in-plane expansion and thickness contraction, re-

sulting in large, rapid deformations. Dielectric elastomers are notable for their high

energy density, fast response time, and large actuation strains; however, their opera-

tion typically requires high driving voltages. In contrast, ionic electroactive polymers,

such as ionic polymer–metal composites, rely on ion migration within the polymer

matrix to produce bending or swelling deformations. These materials operate at rel-

atively low voltages but generally exhibit slower response times and sensitivity to

environmental conditions such as humidity and temperature. Electroactive materi-

als are widely investigated for applications including artificial muscles, soft actuators,

haptic interfaces, and micro-scale fluidic devices. From a modeling perspective, their

behavior is often described using nonlinear electro-elasticity frameworks that couple

large deformation mechanics with electrostatics.

Magnetoactive materials are soft composites whose mechanical properties or de-

formation states change in response to an applied magnetic field. A representative class

within this category is magnetoactive polymers, also referred to as magnetorheological
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elastomers. These materials typically consist of an elastomeric matrix embedded with

ferromagnetic or ferrimagnetic particles. When exposed to a magnetic field, magnetic

forces and torques acting on the embedded particles induce changes in stiffness, damp-

ing, or macroscopic shape. Depending on particle distribution and field configuration,

magnetoactive materials can exhibit field-dependent anisotropy, tunable elastic mod-

uli, and controlled deformation. Compared to electroactive materials, magnetoactive

systems enable wireless and remote actuation, which is particularly advantageous in

sealed, submerged, or biomedical environments. Despite these advantages, magne-

toactive materials often produce smaller strains than dielectric electroactive polymers

and require external magnetic field sources, which may limit portability. Constitutive

modeling of magnetoactive materials generally relies on nonlinear magneto-elasticity,

accounting for strong coupling between magnetic fields and mechanical deformation.

Applications of magnetoactive materials include soft robotic locomotion, adaptive vi-

bration isolation systems, tunable stiffness devices, and minimally invasive medical

microrobots.

Electro-magneto-active materials are an emerging class of multifunctional soft

materials that respond mechanically to both electric and magnetic fields. By integrat-

ing the actuation mechanisms of electroactive and magnetoactive systems within a

single material platform, EMA materials are able to exhibit controlled deformation,

stiffness variation, and tunable mechanical behavior under independently or simul-

taneously applied stimuli. This dual responsiveness provides a level of control and

adaptability that is difficult to achieve using single-field active materials.

From a structural standpoint, EMA materials are commonly realized as hybrid

elastomeric composites. In these systems, a soft elastomer matrix serves as the load-

bearing and deformable phase, while electroactive components—such as dielectric elas-

tomers or conductive polymer networks—and magnetically responsive particles are

embedded within the matrix. The elastomer ensures large, recoverable deformations,

whereas the functional inclusions enable field-driven actuation. By adjusting factors

such as particle concentration, spatial distribution, and polymer network properties,

the mechanical response of EMA materials can be tailored in terms of deformation
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magnitude, response time, and actuation direction under applied electric or magnetic

fields.

The coexistence of electric and magnetic actuation mechanisms significantly ex-

pands the functional scope of these materials. In soft robotics, EMA materials enable

actuators and grippers capable of complex, multi-axis motions and reconfigurable be-

havior, offering enhanced precision and versatility. In adaptive structures and sensing

applications, EMA materials can dynamically alter their stiffness or shape in response

to changing operating conditions. In biomedical contexts, their ability to respond to

multiple stimuli makes them promising candidates for minimally invasive devices that

can be remotely guided and reshaped within the body. Similarly, in aerospace and ad-

vanced mechanical systems, EMA materials offer opportunities for vibration control,

adaptive load management, and morphing structures.

A particularly attractive feature of EMA materials is their programmable and re-

versible response. The combination of electroactive and magnetoactive functionalities

enables actuation modes that are not accessible in single-stimulus materials, including

sequential or multi-stage deformation, directional control through field coupling, and

simultaneous tuning of shape and mechanical properties. As a result, EMA materi-

als represent a promising pathway toward the development of next-generation smart

materials that unite flexibility, adaptability, and multi-functionality within a single,

integrated system. A systematic comparison of the aforementioned materials is pre-

sented in Table 1.1.

The actuation behavior of soft active materials is closely linked to the large defor-

mation capability of their elastomeric matrix. Since these materials often experience

finite strains, their mechanical response is best described using hyperelasticity. The

fundamental concepts of hyperelasticity are therefore introduced in the next section.

1.3 Hyperelasticity

Hyperelasticity is a fundamental principle in analyzing materials capable of un-

dergoing substantial elastic deformations, such as rubber elastomers. Unlike linear
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Table 1.1: Comparison of Different Soft Active Materials

S.No. Aspect
Electroactive

Materials

Magnetoactive

Materials

Electro-Magneto-

Active Materials

1
External

stimulus
Electric field Magnetic field

Electric and magnetic

fields

2
Actuation

mechanism

Electrostatic forces

and polarization

Magnetic forces and

particle interactions

Combined

electro-mechanical and

magneto-mechanical

coupling

3

Typical

material

composition

Elastomers with

compliant electrodes or

ionic constituents

Elastomers embedded

with magnetic particles

Hybrid elastomers

containing

electroactive and

magnetic components

4
Response

speed
Fast Moderate to fast

Tunable depending on

field interaction

5
Actuation

strain
High Moderate Moderate to high

6
Control

capability

Precise electrical

control

Wireless and remote

control

Multi-field and

adaptive control

7 Key advantage
Large deformation and

high energy density

Remote actuation and

tunable stiffness

Enhanced versatility

and multifunctionality

8
Main

limitation

High operating voltage

may be required

Dependence on

external magnetic field

sources

Increased material and

modeling complexity

9
Typical

applications

Artificial muscles, soft

actuators, wearable

devices

Soft robotics, vibration

control, medical

microrobots

Smart actuators,

adaptive structures,

biomedical systems
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elasticity, which assumes small deformations and linear stress-strain relationships, hy-

perelasticity accounts for the nonlinear behavior observed in materials under signifi-

cant strains. A comprehensive overview of the fundamental concepts and mathemat-

ical formulations associated with hyperelasticity is presented in this section, which is

essential for understanding the deformation and failure modeling of rubber elastomers.

1.3.1 Deformation gradient tensor

The deformation gradient tensor is the primary kinematic quantity used to describe

finite deformations in continuum mechanics. It characterizes how an infinitesimal ma-

terial element transforms as the body moves from its reference configuration to its

current configuration, thereby capturing the full local deformation at each material

point. Let X denote the position vector of a material point in the reference config-

uration, and x its position in the current configuration. The motion of the body is

described by the mapping χ:

x “ χpX, tq. (1.1)

The deformation gradient tensor F is then defined as:

F “
Bx

BX
. (1.2)

F contains complete information about local stretching, shearing, and rigid-body ro-

tation.

Although the deformation gradient itself is not a strain measure, it serves as the

foundation for defining objective strain tensors that eliminate rigid-body motion. The

inverse deformation gradient, F´1, maps the current configuration back to its original

state, allowing for the analysis of deformation reversal. Two commonly used measures

are the right and left Cauchy–Green deformation tensors, defined respectively as:

C “ FTF, B “ FFT . (1.3)

A key physical quantity associated with the deformation gradient is its determinant,

J “ detF, (1.4)
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which represents the local ratio of deformed volume to reference volume. Values of

J ą 1 indicate local volume expansion, J ă 1 correspond to volume compression, and

J “ 1 denotes volume-preserving deformation. This property is of particular impor-

tance in the modeling of incompressible or nearly incompressible materials. Overall,

the deformation gradient tensor provides a comprehensive framework for analyzing

finite deformations and is essential for understanding the mechanical behavior of ma-

terials under large strains.

1.3.2 Significance of stretch invariants

In the analysis of finite deformations, invariants provide a powerful and intuitive

way to describe material deformation without dependence on coordinate systems or

observer orientation. Rather than working directly with tensor quantities, which can

be difficult to interpret physically, invariants reduce complex deformation states to a

small set of scalar measures that remain unchanged under rigid-body motions. This

objectivity makes invariants particularly well suited for the formulation of constitutive

models in continuum mechanics.

For isotropic materials, the mechanical response depends only on the extent of

deformation and not on its direction. In such cases, the deformation can be fully

characterized using invariants derived from the Cauchy–Green deformation tensors.

These invariants condense the essential information contained in the deformation gra-

dient into quantities that directly reflect stretching, shearing, and volumetric changes

within the material.

The first invariant (I1) is primarily associated with overall stretching and is often

interpreted as a measure of the average deformation experienced by the material.

It plays a dominant role in many hyperelastic models and is particularly effective in

capturing distortional deformation. The second invariant (I2) accounts for interactions

between the principal stretches and is sensitive to shear effects, becoming important in

more complex deformation states. The third invariant (I3) is directly related to volume

change and therefore governs the compressibility of the material. For elastomers and

other nearly incompressible materials, this invariant is typically constrained, reflecting
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their strong resistance to volumetric deformation.

Expressing constitutive relations in terms of invariants offers several advantages.

It ensures that material models are frame-indifferent and automatically satisfy the

requirement of isotropy. Invariant-based formulations also allow a clear separation

between volumetric and deviatoric contributions to the strain energy, which is essential

when modeling materials that deform easily in shear but resist changes in volume.

Moreover, working with scalar invariants simplifies both analytical derivations and

numerical implementations, particularly in finite element simulations.

In the context of active and multifunctional materials, the concept of invariants

extends naturally beyond purely mechanical deformation. For electroactive, magne-

toactive, and electro-magneto-active materials, additional invariants involving electric

and magnetic field quantities can be introduced to describe coupled field–mechanical

interactions in a consistent and objective manner. These extended invariants provide

a unified framework for capturing complex multiphysics behavior while preserving the

fundamental principles of continuum mechanics.

Therefore, invariants offer a physically meaningful and mathematically robust way

to describe deformation and material response. Their use is central to modern theories

of finite elasticity and plays a key role in the development of reliable constitutive

models for both passive elastomers and advanced active materials. The first, second,

and third invariants of the left Cauchy–Green tensor are given below:

I1 “ trpBq, I2 “
1

2

`

ptrpBqq
2

´ trpB2
q
˘

, I3 “ detpBq. (1.5)

1.3.3 Strain energy density function

The strain energy density function (SEDF), denoted by W, is a scalar quantity

that represents the elastic energy stored per unit reference volume of a material un-

dergoing deformation. In finite deformation theory, W is governed by the deformation

gradient F and may equivalently be expressed in terms of the invariants of the right

Cauchy–Green deformation tensor C, ensuring objectivity and coordinate indepen-

dence. By characterizing the stored elastic energy, the strain energy density function
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provides the basis for stress computation and enables prediction of material response

under various strain states. Furthermore, W represents the internal energy associated

with deformation, thereby establishing a direct link between deformation kinemat-

ics and the resulting stress state. The accurate modeling of hyperelastic materials,

such as rubber, under diverse loading conditions relies critically on the appropriate

formulation of the strain energy density function. In hyperelasticity, W is inherently

expressed as a function of invariants derived from the deformation gradient. Some

commonly used strain energy density functions are discussed below:

1. Neo-Hookean Material Model: The Neo-Hookean model is the simplest hy-

perelastic model and is often used for moderate strains. It assumes that the strain

energy density is a function of the first invariant of the deformation tensor. Despite

its simplicity, it provides a reasonable approximation for many rubber-like materials

under uniaxial or biaxial loading, particularly at small to moderate deformations.

W “
µ

2
pI1 ´ 3q `

κ

2
pJ ´ 1q

2, (1.6)

where µ is the shear modulus and κ is the bulk modulus.

2. Mooney-Rivlin Material Model: The Mooney-Rivlin model extends the Neo-

Hookean formulation by incorporating two material constants and allowing the strain

energy density to depend on both the first and second invariants of the deformation

tensor. This model more accurately captures the nonlinear stress–strain response

of elastomers over a wider range of deformations and is widely used in engineering

simulations.

W “ C1pI1 ´ 3q ` C2pI2 ´ 3q `
κ

2
pJ ´ 1q

2, (1.7)

where C1 and C2 are material constants.

3. Gent Material Model: The Gent model is designed to capture the strain-

stiffening behavior of elastomers at very large stretches. It introduces a limiting chain

extensibility parameter, which reflects the finite extensibility of polymer chains. This

model is particularly useful when modeling elastomers that exhibit a sharp increase
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in stress as the material approaches its maximum elongation.

W “ ´
µJm
2

ln

ˆ

1 ´
I1 ´ 3

Jm

˙

`
κ

2
pJ ´ 1q

2, (1.8)

here, µ denotes the shear modulus, while Jm is a material parameter that specifies the

limiting value of (I1 ´ 3). The invariants I1 and I2 are derived from the deformation

tensor and characterize the material response associated with distortional deformation.

The determinant of the deformation gradient tensor, denoted by J , quantifies the

volumetric change during deformation and is defined as the ratio of the deformed

volume to the reference volume. The contribution of the volumetric strain energy is

expressed as

Wvol “
κ

2
pJ ´ 1q

2. (1.9)

Elastomers, renowned for their exceptional flexibility and elastic properties, find

extensive applications across diverse fields. However, their unique properties also

present distinct challenges regarding their failure mechanisms.

Investigating these failure modes is critical for designing durable and reliable

elastomer-based products. Engineers can improve elastomer performance and lifespan

by addressing factors such as deformation instability, fatigue, tear and crack propa-

gation, thermal degradation, creep, and environmental and electrical influences such

as electrical breakdown, leakage currents, and electrical degradation in electroactive

elastomers. A deep grasp of these failure modes is vital for advancing continuum

mechanics and developing innovative elastomeric materials.

While hyperelastic models describe the behavior of elastomers under large defor-

mation, many practical applications require enhanced mechanical performance. This

is commonly achieved through reinforcement, making it important to understand the

role of particles and fibers in modifying elastomer response.

1.3.4 Stresses

Stress is a fundamental quantity in continuum mechanics that describes the inter-

nal forces developed within a material when it is subjected to external loading. For
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materials undergoing small deformations, a single stress measure is generally sufficient

to characterize the mechanical response. However, hyperelastic materials such as elas-

tomers often experience very large deformations and rotations, making it necessary

to define stress with respect to either the undeformed (reference) configuration or the

deformed (current) configuration. Consequently, several stress measures have been

developed in finite deformation theory, each serving a specific purpose in constitutive

modeling, theoretical analysis, and numerical implementation. The most widely used

stress tensors are the Cauchy stress, the First Piola–Kirchhoff (PK-1) stress, and the

Second Piola–Kirchhoff (PK-2) stress.

1. Cauchy Stress Tensor: The Cauchy stress tensor, denoted by T , represents

the true physical stress acting within the material in its deformed configuration. It

is defined as the force acting per unit area of the current configuration and therefore

corresponds directly to the stress that can be measured experimentally. Since the

Cauchy stress is evaluated after deformation has occurred, it provides the actual state

of stress experienced by the material during loading. In the absence of body cou-

ples, the Cauchy stress tensor is symmetric and is commonly employed in equilibrium

equations formulated in the spatial description. The relationship between the Cauchy

stress and the First Piola–Kirchhoff stress is expressed as:

T “
1

J
S˚FT , (1.10)

where J = det(F ) represents the local volume ratio associated with the deformation.

2. PK-1 Stress Tensor: The First Piola–Kirchhoff stress tensor, represented

by S˚, relates forces in the current configuration to areas measured in the reference

configuration. Since it connects quantities defined in two different configurations, it is

generally non-symmetric and is therefore referred to as a two-point tensor. Despite this

characteristic, the PK-1 stress plays an important role in finite deformation mechanics

because it naturally appears in the principle of virtual work, weak formulations, and

finite element implementations. For hyperelastic materials, the First Piola–Kirchhoff

stress is obtained directly from the strain energy density function by differentiating
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the energy with respect to the deformation gradient,

S˚
“

BW

BF
, (1.11)

where W denotes the strain energy density function. This relationship establishes a

direct connection between the constitutive model and the material deformation.

3. PK-2 Stress Tensor: The Second Piola–Kirchhoff stress tensor, denoted

by S˚˚, is entirely defined in the reference configuration and is energetically conjugate

to the Green–Lagrange strain tensor. Unlike the PK-1 stress, the PK-2 stress is

symmetric because it is independent of rigid-body rotations. This property makes

it particularly attractive for constitutive modeling and theoretical developments in

nonlinear elasticity. Since both stress and strain are expressed with respect to the

reference configuration, the PK-2 stress provides a convenient framework for deriving

material constitutive laws. It is defined as:

S˚˚
“ 2

BW

BC
, (1.12)

where C “ FTF is the right Cauchy–Green deformation tensor.

Although these three stress measures describe the same physical state of stress,

they differ in their mathematical formulation and practical applications. The Cauchy

stress provides the actual stress acting in the deformed body and is primarily used for

interpreting the physical response of the material. The First Piola–Kirchhoff stress is

particularly useful in variational formulations and finite element analysis because it

directly relates to the deformation gradient. In contrast, the Second Piola–Kirchhoff

stress is widely adopted in constitutive modeling due to its symmetry and reference-

configuration formulation. Together, these stress measures provide a comprehensive

framework for analyzing finite deformation problems and form the basis of modern

hyperelastic constitutive theories used for elastomers and electro-magneto-active ma-

terials.
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1.4 Reinforcement in elastomers

Elastomers are widely used in soft engineering applications due to their ability

to undergo large, reversible deformations. However, their inherent softness and low

stiffness often limit their load-carrying capacity, durability, and resistance to instabil-

ity or failure. To overcome these limitations, reinforcement strategies are commonly

employed to enhance the mechanical performance of elastomers while preserving their

desirable flexibility. Reinforcement modifies the material response by altering stiff-

ness, strength, anisotropy, and energy dissipation characteristics, thereby enabling

elastomers to meet the demands of advanced engineering applications. Reinforcement

in elastomers is generally achieved through the incorporation of particles or fibers into

the polymer matrix. Each reinforcement mechanism influences the mechanical and

electromechanical behavior of elastomers in distinct ways, and their effects become

particularly significant under large deformation and dynamic loading conditions.

1.4.1 Particle reinforcement

Particle reinforcement is one of the most widely used methods for improving

the mechanical properties of elastomers. In this approach, rigid or semi-rigid parti-

cles—such as carbon black, silica, ferrites, or metallic particles—are dispersed within

a soft polymer matrix. These fillers enhance the effective stiffness and strength of

the elastomer by restricting polymer chain mobility and increasing resistance to de-

formation as shown in Fig. 1.1. From a mechanical standpoint, particle reinforcement

leads to an increase in the effective shear modulus, tensile strength, and fatigue resis-

tance of elastomers. The overall material response depends strongly on factors such

as particle volume fraction, size, shape, and matrix–filler interaction. At moderate

filler concentrations, particles act as load-bearing inclusions that transfer stress from

the matrix, while at higher concentrations, filler–filler interactions can significantly

alter the nonlinear stress–strain behavior. In smart elastomers, particle reinforcement

plays an additional functional role. Magnetic or electrically active particles intro-

duce field-dependent mechanical behavior, enabling actuation and tunability under
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external electric or magnetic fields. In electro-magneto-active elastomers, particle

reinforcement directly affects electromagnetic coupling, dynamic stiffness, vibration

characteristics, and stability boundaries. Consequently, particle-reinforced elastomers

are extensively used in applications requiring controllable dynamic response, such as

soft actuators, sensors, and adaptive membranes.

1.4.2 Fiber reinforcement

Fiber reinforcement introduces a fundamentally different reinforcement mechanism

by imparting directional stiffness and anisotropy to elastomers. Fibers embedded

within a soft matrix can be aligned in specific orientations, allowing the mechanical

response of the material to vary with direction. This feature is particularly advanta-

geous for controlling deformation modes, enhancing load-bearing capacity, and sup-

Figure 1.1: A schematic representation of an electro-magneto-active filler-reinforced

elastomeric material undergoing deformation.
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pressing undesired instabilities. Fiber-reinforced elastomers are strongly inspired by

biological tissues, where collagen or muscle fibers play a dominant role in governing

mechanical behavior. In engineered systems, fibers may be continuous or discontinu-

ous and can be arranged in single or multiple families to achieve tailored mechanical

responses. The stiffness, orientation, and volume fraction of fibers directly influence

the stress distribution, stretch limits, and energy storage capability of the elastomer.

Under large deformation and dynamic loading, fiber reinforcement significantly affects

the nonlinear behavior. Fibers resist stretching along their orientation while allowing

compliant deformation in transverse directions. This anisotropic response becomes

particularly important in membrane structures, where fiber architecture can delay

instability, modify vibration characteristics, and regulate nonlinear oscillatory behav-

ior. In smart elastomers subjected to electric and magnetic fields, fiber reinforcement

further interacts with field-induced stresses, making it a critical design parameter in

advanced actuator and membrane applications.

1.4.3 Impact of reinforcement on failure modeling of elas-

tomers

Failure in elastomers is not a single event but a progressive process that develops

as deformation, loading rate, and environmental effects increase. In unreinforced elas-

tomers, failure is typically governed by excessive chain stretch, leading to molecular

scission and eventual rupture. The deformation is usually homogeneous, and failure

occurs once a critical stretch limit is reached.

When reinforcement is introduced, the failure process becomes more complex due

to material heterogeneity. Reinforcements alter local stress and strain fields, which

leads to the initiation of damage at specific locations before global failure occurs.

In particle-reinforced elastomers, failure often begins at the particle–matrix

interface. Under large deformation, stress concentrations develop around rigid inclu-

sions, which can trigger interfacial de-bonding, micro-void formation, or cavitation

within the matrix. These micro-defects grow and coalesce under continued loading,
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eventually forming macroscopic cracks. While particle reinforcement can delay overall

failure by increasing stiffness and energy dissipation, high filler concentrations may

accelerate damage localization and reduce stretchability.

In fiber-reinforced elastomers, failure mechanisms are strongly influenced by

fiber orientation and loading direction. Fibers restrict deformation along their align-

ment, which helps suppress excessive stretch and delay rupture. However, when crit-

ical stresses are exceeded, failure may occur through fiber fracture, fiber pull-out, or

fiber–matrix de-bonding. Damage tends to initiate in regions of high anisotropic stress,

and crack propagation often follows fiber directions, resulting in direction-dependent

failure behavior.

Under dynamic or cyclic loading, damage accumulates progressively through

fatigue mechanisms. Repeated loading promotes interface degradation, micro-crack

growth, and loss of stiffness, eventually leading to catastrophic failure at stress levels

well below the static strength.

In electro-magneto-active elastomers, additional failure modes arise due to

electromagnetic actuation. Electric fields can induce electrostatic thinning and pull-

in instability, while magnetic fields may lead to localized stress amplification. Re-

inforcement modifies these field-induced stresses, influencing the onset of electrical

breakdown, instability, or mechanical rupture.

Overall, failure in reinforced elastomers results from the interaction between large

deformations, material nonlinearity, reinforcement-induced stress concentrations, and

multi-field coupling. Capturing these mechanisms in failure models is essential for

predicting durability and defining safe operating limits in advanced elastomer-based

systems.

Besides influencing mechanical behavior, reinforcement also affects the interaction

of elastomers with electric and magnetic fields. This makes it important to understand

the deformation-dependent electromagnetic properties of these materials.
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1.5 Stretch-dependent electromagnetic effects

Electric permittivity and magnetic permeability are fundamental properties of elec-

tromagnetic materials that describe how a medium responds to electric and magnetic

fields, respectively. Electric permittivity, denoted by ε, characterizes the ability of a

material to polarize under an applied electric field and governs the relationship be-

tween the electric field E and the electric displacement field D, commonly expressed

as:

D “ εE. (1.13)

Magnetic permeability, denoted by α, quantifies the extent to which a material can

be magnetized in response to an applied magnetic field and relates the magnetic field

intensity H to the magnetic flux density B as:

B “ αH. (1.14)

In classical electromagnetic theory, both permittivity and permeability are often

treated as intrinsic constants of the material. However, this assumption becomes

inadequate for soft elastomeric materials undergoing finite deformation. Due to

the highly compliant nature of their polymeric networks, elastomers experience pro-

nounced micro-structural rearrangements when subjected to mechanical stretching.

These deformation-induced changes directly influence the polarization and magneti-

zation mechanisms, leading to electromagnetic properties that evolve with the mechan-

ical state of the material. At the micro-structural level, mechanical stretch promotes

alignment of polymer chains along the principal deformation directions, reducing con-

figurational entropy and introducing anisotropy. Electric dipoles associated with the

polymer backbone or side groups tend to reorient under the combined action of me-

chanical deformation and externally applied electric fields. In nearly incompressible

elastomers, in-plane stretching is accompanied by a reduction in thickness, which

modifies the local electric field distribution within the material. These effects col-

lectively alter the effective dipole density and polarization efficiency, resulting in a

stretch-dependent electric permittivity. This behavior is commonly referred to as

18



electrostriction in soft polymeric systems. In magnetoactive and electro–magneto-

active elastomers, deformation also affects magnetic permeability through additional

mechanisms. Such materials typically contain magnetic particles dispersed within a

soft elastomeric matrix. Mechanical deformation changes the relative spacing, orien-

tation, and interaction of these particles, thereby modifying magnetic dipole–dipole

interactions and magnetic flux pathways. As a result, the magnetization response

of the material becomes deformation-dependent, leading to a stretch-dependent mag-

netic permeability associated with magnetostrictive effects and particle rearrangement.

From a continuum mechanics perspective, the deformation dependence of permittivity

and permeability arises naturally within an energy-based constitutive framework. The

total free energy density W of a soft electromagnetic material can be expressed as a

function of the deformation gradient F, the electric field E, and the magnetic field H,

W “ WpF,E,Hq. (1.15)

Since polarization and magnetization energies are influenced by deformation-induced

microstructural changes, the constitutive relations take the form

D “ εpFqE, B “ αpFqH. (1.16)

or equivalently, for isotropic materials, as functions of stretch or strain invariants.

Thus, permittivity and permeability are introduced as deformation-dependent mate-

rial functions rather than fixed constants.

This deformation dependence has important implications for the mechanical re-

sponse of soft active materials. Electromagnetic body forces and stresses, commonly

represented through Maxwell-type stress tensors, depend explicitly on permittivity

and permeability. When these properties vary with deformation, the resulting elec-

tromagnetic stresses become strongly coupled to the mechanical state of the material.

This coupling significantly influences equilibrium configurations, stability behavior,

and dynamic responses, particularly under large strains and field-driven actuation.

Therefore, for a physically accurate and thermodynamically consistent description

of soft active materials undergoing finite deformation, it is essential to incorporate
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stretch-dependent permittivity and permeability into constitutive models. Neglecting

this dependence can lead to significant errors in predicting actuation forces, instability

thresholds, and nonlinear response characteristics, especially in regimes dominated by

large deformations.

The coupling between mechanical deformation and electromagnetic fields has a

direct impact on the stability of soft active materials. Under combined loading condi-

tions, membranes may develop regions that remain stretched and stable, while others

become susceptible to deformation. This behavior leads to the concept of taut do-

mains, which plays a significant role in understanding the stability and performance

of soft active systems.

1.6 Taut domains and field-induced instabilities

A domain is said to be taut when it is maintained in a state of tensile pre-stress

through stretching or boundary constraints as shown in Fig. 1.2. In soft elastomeric

materials, tautness plays a central role in governing mechanical stability. The presence

of tensile stress results in stored elastic energy, making deviations from the equilib-

rium configuration energetically unfavorable. Consequently, small perturbations are

suppressed, and the system remains in a stable, smooth configuration under modest

loading conditions.

In the absence of external fields, a taut soft domain typically represents a stable

equilibrium state. The elastic resistance associated with tension inhibits out-of-plane

deformation, buckling, and wrinkling, and the mechanical response to small distur-

bances remains linear. However, this stability is conditional and can be altered by

the application of external stimuli. When electric or magnetic fields are applied, ad-

ditional energetic contributions arise through polarization and magnetization of the

material. These field–matter interactions generate internal body forces and Maxwell-

type stresses that act in conjunction with the mechanical stresses induced by tension.

At low field intensities, the contribution of electromagnetic forces is small relative to

the elastic energy stored in the taut configuration, and the stabilizing effect of tension
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remains dominant. As the field intensity increases, the electromagnetic contribution to

the total free energy becomes increasingly significant. Beyond a critical field threshold,

the stabilizing influence of tension may be insufficient to counteract the field-induced

forces. Under such conditions, the taut equilibrium state loses stability, and the system

undergoes a field-induced instability. This transition corresponds to the emergence of

a new deformation mode that reduces the total energy under combined mechanical

and field loading.

Figure 1.2: A schematic representation of the taut and wrinkled region [1].

Field-induced instabilities in soft domains typically manifest as buckling, wrin-

kling, folding, or the formation of spatially periodic deformation patterns. From a

theoretical perspective, the onset of instability is characterized by a loss of stability

of the equilibrium solution and is commonly identified by the vanishing of the second

variation of the total energy or by the appearance of zero or negative eigenvalues in the

linearized stability problem. The instability marks a bifurcation point beyond which

multiple equilibrium configurations may exist. The critical conditions for instabil-

ity and the post-bifurcation behavior depend on several interacting factors, including

the level of pre-stretch, the geometry and thickness of the domain, boundary condi-

tions, and the constitutive response of the material. In electroactive, magnetoactive,

and electro-magneto-active elastomers, deformation-dependent electric permittivity
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and magnetic permeability further influence the instability behavior by modifying the

magnitude and distribution of electromagnetic stresses during deformation.

A rigorous understanding of taut domains and field-induced instabilities is essen-

tial for the accurate modeling of soft active materials. Such understanding underpins

the prediction of stability limits and deformation patterns in soft actuators, adap-

tive structures, and multifunctional smart material systems, where instabilities may

be exploited for controlled shape transformation or suppressed to ensure structural

reliability.

The behavior of taut domains provides valuable insight into the stability of soft ac-

tive materials. Under varying mechanical and electromagnetic loading, these materials

may experience different forms of instability that significantly influence their deforma-

tion and performance. Therefore, an understanding of common stability phenomena

is essential for the analyses presented in the next section.

1.7 Stability issues: pull-in, snap-through, bifurca-

tion, and dynamic instability

Structural stability refers to the ability of a system to maintain equilibrium under

external disturbances. In nonlinear systems, stability loss may occur through several

distinct mechanisms, including pull-in instability, snap-through instability, bifurcation

instability, and dynamic instability. These phenomena are characterized by sudden

changes in equilibrium configuration, deformation mode, or dynamic response, and

play a critical role in the design of structures ranging from macro-scale shells to micro

and nano electromechanical systems.

1. Pull-in Instability: Pull-in instability is a form of static instability com-

monly observed in systems where an attractive force increases nonlinearly with dis-

placement. It is particularly prominent in electrostatically actuated micro and nano-

scale structures. As the control parameter (e.g., voltage) increases, the equilibrium

between the restoring elastic force and the attractive force is maintained only up
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to a critical value. Beyond this point, no stable equilibrium exists, and the struc-

ture collapses abruptly onto the counter-electrode. Mathematically, pull-in instability

corresponds to the disappearance of equilibrium solutions, often associated with a

saddle–node (fold) bifurcation in the force–displacement curve.

2. Snap-through Instability: Snap-through instability occurs in structures

possessing multiple stable equilibrium configurations, such as shallow arches, shells,

and bistable mechanisms. Unlike pull-in instability, snap-through does not involve col-

lapse, but rather a sudden transition between distant equilibrium states. As loading

increases, the primary equilibrium path becomes unstable, causing the structure to

rapidly transition to an alternative stable configuration. This phenomenon is associ-

ated with a non-convex potential energy landscape containing multiple local minima.

Snap-through is typically reversible, though it may exhibit hysteresis depending on

the loading path.

3. Bifurcation Instability: Bifurcation instability arises when a system loses

stability by developing new equilibrium paths that branch from the original solution.

This type of instability is common in symmetric structures subjected to compressive

loads. The classical example is the Euler buckling of a straight column. At the

critical load, the trivial (straight) equilibrium becomes unstable, and two symmetric

buckled configurations emerge. The system selects one branch, often influenced by

imperfections or external disturbances. From a mathematical perspective, bifurcation

instability is identified by the vanishing of a critical eigenvalue of the system stiffness

matrix.

4. Dynamic Instability: Dynamic instability involves time-dependent effects

and cannot be captured through static equilibrium analysis alone. In these systems,

instability manifests as oscillations whose amplitudes grow with time due to insufficient

damping or continuous energy input. Common forms of dynamic instability include

flutter, parametric resonance, and self-excited oscillations. Even when the static con-

figuration is stable, inertial effects may destabilize the system under dynamic loading

conditions. Dynamic instability is generally analyzed through linearized equations of

motion, with stability determined by the sign of the real parts of system eigenvalues.
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Instability phenomena such as pull-in, snap-through, bifurcation, and dy-

namic instability represent fundamental nonlinear behaviors in structural systems.

Although often associated with failure, these mechanisms can also be exploited for

functional purposes, including sensing, actuation, and energy harvesting. Accurate

modeling and stability analysis are, therefore, critical components of modern struc-

tural design.

1.8 Motivation of the thesis

The growing demand for soft, adaptive, and multifunctional systems has shifted

engineering research toward smart elastomeric materials capable of large, controllable

deformations. Elastomeric membranes, in particular, have attracted significant atten-

tion due to their lightweight nature, geometric simplicity, and ability to undergo sub-

stantial deformation under relatively low actuation energy. These features make them

ideal candidates for applications such as soft actuators, artificial muscles, biomed-

ical devices, and adaptive structures. Electro-magneto-active elastomers represent

an advanced class of smart materials that can respond simultaneously to electric and

magnetic fields, offering greater actuation flexibility and tunability compared to single-

field systems. In real operating conditions, such membranes are typically driven by

time-varying electric and magnetic fields, resulting in inherently nonlinear dynamic be-

havior. This includes phenomena such as nonlinear oscillations, bi-stability, resonance,

and instability, which directly affect device performance, efficiency, and reliability. A

clear understanding of these nonlinear dynamic responses is therefore essential for the

rational design of electro-magneto-active membrane-based systems.

The material architecture plays a crucial role in the regulation of the response of

such membranes. Particle reinforcement is widely used to enhance the stiffness and

strength of soft elastomers while maintaining their compliance. The inclusion of filler

particles modifies the effective shear modulus of the membrane and significantly in-

fluences its dynamic characteristics, including vibration amplitude, natural frequency,

and stability limits. Despite its practical importance, the role of particle reinforcement
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in the nonlinear dynamic response of electro-magneto-active membranes has been ad-

dressed only in a limited and fragmented manner in existing studies. In addition to

particle reinforcement, fiber reinforcement introduces anisotropy, allowing the mechan-

ical response of the membrane to depend on direction. Fiber-reinforced membranes are

particularly relevant from a bio-inspired perspective, as many biological tissues and

membranes exhibit organized fiber architectures that regulate deformation, growth,

and stability. In engineered elastomeric membranes, fiber orientation and stiffness can

be strategically designed to control deformation modes, delay instability, and improve

load-bearing capacity. However, most existing models of electro- and magneto-active

membranes assume isotropic material behavior and therefore overlook the influence of

fiber-induced anisotropy, especially under dynamic electro-magneto-mechanical load-

ing.

Another important aspect that remains insufficiently explored is the coupling be-

tween reinforcement mechanisms and electromagnetic actuation. The simultaneous

presence of large deformations, nonlinear material behavior, particle- and fiber-induced

stiffness variations, and coupled electric and magnetic fields leads to highly complex

system dynamics. Current theoretical frameworks often treat these effects in isola-

tion, which limits their ability to accurately predict stability boundaries, resonance

behavior, and energy exchange in realistic membrane actuators.

Motivated by these limitations, this Ph.D. research focuses on developing a

continuum-mechanics-based analytical framework to study the nonlinear static and dy-

namic behavior of particle- and fiber-reinforced electro-magneto-active circular mem-

branes. The research systematically examines how reinforcement parameters—such

as filler content, shear modulus ratio, fiber orientation, and anisotropy—interact with

electro-magneto-mechanical loading to influence equilibrium states, stability, nonlinear

vibrations, and dynamic response characteristics. By combining advanced constitutive

modeling with nonlinear dynamical analysis tools, this work aims to bridge the gap

between material design and system-level performance. The outcomes of this research

are expected to provide physically grounded insights and practical design guidelines

for developing stable, tunable, and high-performance smart membrane actuators, with
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applications in soft robotics, biomedical engineering, and adaptive intelligent struc-

tures. The comparison of the findings of the existing studies with the present work is

shown in Table 1.2.

1.9 Organization of the thesis

This thesis is organized into seven chapters, each addressing a specific aspect of the

mechanics, dynamics, and stability of soft active elastomeric materials under electric

and magnetic fields.

• Chapter 1 introduces the fundamental concepts required for the present study.

It discusses elastomers and soft active materials, including electroactive, magne-

toactive, and electro–magneto-active systems. Key notions of finite deformation,

hyperelasticity, invariants, and reinforcement effects are presented. The chapter

also introduces stretch-dependent electromagnetic properties, taut domains, and

field-induced instabilities, and concludes with the objectives of the thesis.

• Chapter 2 reviews the relevant literature on soft active materials, reinforced

elastomers, and coupled field–mechanical behavior. Existing theoretical, experi-

mental, and numerical studies are critically assessed, leading to the identification

of research gaps and the formulation of the thesis objectives.

• Chapter 3 investigates the dynamics of particle-reinforced electro–magneto-

active circular membranes. A theoretical model is developed, governing equa-

tions are derived, and the DC dynamic response is analyzed, with particular

emphasis on nonlinear and chaotic behavior.

• Chapter 4 examines the role of stretch-dependent electric permittivity and

magnetic permeability in the dynamic response of soft active materials. Both

DC and AC excitations are considered, and the influence of different constitutive

models on system behavior is analyzed.
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Table 1.2: Comparison of existing literature and present work.

S.No. Study Area Key Findings Research Gap Present Work

1
Behera et

al. (2023)

Nonlinear

electroactive

membrane

dynamics

Resonance,

bifurcation, and

chaos

Limited

reinforcement

studies

Effects of filler

content and

modulus ratio on

dynamics.

2
Kuhl et al.

(2014)

Growth in

biological

membranes

Reinforcement

and viscous

effects

Combined

growth,

reinforcement,

and electric

loading

unexplored

Snap-through and

bifurcation in

fiber-reinforced

membranes.

3
Khurana et

al. (2022)

Instability and

taut domains in

DE membranes

Instability

analysis

Limited studies

on reinforced

EMA membranes

Taut domains and

stability under

coupled loading.

4
Joglekar et

al. (2021)

Particle-

reinforced

electro-magneto-

active actuators

Reinforcement

and viscous

effects

Circular geometry

not considered

Field coupling

and reinforcement

in circular

membranes.

5
Li et al.

(2021)

Instability with

stretch-dependent

permittivity

Pull-in instability

Stretch-

dependent

permeability

neglected

Stretch-

dependent

electromagnetic

properties.

6
Patra et al.

(2024)

Electro-magneto-

active membrane

dynamics

Periodicity and

stability

Circular geometry

not considered

Field coupling

and reinforcement

in circular

membranes.
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• Chapter 5 focuses on the formation and stability of taut domains in particle-

reinforced EMAMs. The effects of electric and magnetic fields, particle volume

fraction, and material shear modulus ratio are systematically studied.

• Chapter 6 extends the analysis to biological membranes. Snap-through insta-

bilities and bifurcation behavior are investigated for isotropic and anisotropic

growth, including membranes reinforced with fibers.

• Chapter 7 summarizes the main findings of the thesis and highlights their

significance. The chapter concludes with suggestions for future research and

possible extensions of the present work.
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Chapter 2

Literature Survey

Preface

A clear understanding of existing research is essential for identifying unresolved chal-

lenges. This chapter reviews the literature on electro-magneto-active membranes,

including particle reinforcement, stretch-dependent electromagnetic properties, taut

domain analysis, and field-induced instabilities. The limitations of current studies are

discussed, leading to the research objectives addressed in this thesis.

2.1 Literature review

The current trend in technology shows a gradual shift from hard, single-purpose

devices to soft, multifunctional alternatives. This transition has sparked an increase

in interest in innovative engineering materials for the next generation of electronic

devices, particularly soft active polymers, commonly referred to as smart elastomers

[2–8]. The most commonly used soft active materials include electroactive polymers

[9–11], magnetoactive polymers [12–14], and electro-magneto-active polymers [15–17].

Specifically, electro-magneto-active polymers are advanced materials with the unique

ability to simultaneously address multiple functional requirements in the design of

intelligent systems.
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2.1.1 Dynamics of particle-reinforced EMAMs

Significant advancements in polymer technology have enabled the incorporation

of reinforcement into rubber-like matrices [18, 19], resulting in materials capable of

large nonlinear deformations and enhanced properties such as light weight, cost-

effectiveness, and rapid response times. Fillers play a pivotal role in optimizing the

functional properties of these smart polymers while simultaneously reducing the over-

all cost of their composites. Extensive experimental research [20–22] has examined the

mechanical behavior of rubber elastomers with varying filler volume fractions. These

studies demonstrate that the mechanical properties of polymers can be precisely tai-

lored by modifying the volume fraction, shape, and size of the filler particles.

In practical applications, smart elastomer-based devices exhibit transient motion

as an integral part of their operation. Hence, for an efficient design of such devices, it is

very important to analyze the dynamic response of the elastomers. In this regard, the

energy-based technique (such as Euler-Lagrange and Hamiltonian techniques) [23–25]

and the direct equilibrium equation approach (DEEA) [26,27] are two distinct methods

used for analyzing the dynamic response of systems, including elastomeric membranes.

Specifically, under dynamic loading conditions, elastomeric materials display non-

linear vibrations. Nonlinear dynamical assessments are conducted by several re-

searchers on a range of structures, including planar, spherical, and cylindrical ones

[28, 29]. Pre-stretch and bi-stability effects are mainly considered in the dynamical

analysis. Studies on dielectric elastomer materials have documented dynamical fea-

tures such as chaos, quasi-periodicity, and the change in the quasi-periodic route to

chaos [30, 31]. Moreover, the dynamics due to an applied AC voltage alter the mem-

brane capacitance.

2.1.2 Stretch-dependent electromagnetic properties and dy-

namic response

In their study, Wissler and Mazza [32] conducted electrostriction experiments on a

VHB 4910 dielectric elastomer. They discovered the electrostrictive effect, which is de-
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fined as the field-dependent electromechanical pressure and the deformation-dependent

electric permittivity [32]. Zhao discovered that voltage-induced deformation can only

be explained by the Maxwell stress tensor in smart materials where the electric per-

mittivity is independent of deformation for very small deformation but restricted for

a large deformation case [33]. Similarly to the analysis of the electrostriction phe-

nomenon, the magnetostriction phenomenon has been studied to understand how

smart materials respond to an external magnetic field. The theoretical foundation for

magneto-sensitive elastomers was established by [34–36] through the application of

nonlinear magneto-elasticity principles. Their work provided a comprehensive frame-

work for understanding the complex interactions between magnetic fields and the

mechanical behavior of elastomers, laying the foundation for further advancements in

the field.

Incorporating stretch-dependent electric permittivity and magnetic permeability

in electromagnetic soft active materials (ESAMs) is essential for accurately predicting

and optimizing their performance in applications such as soft robotics, flexible elec-

tronics, and tunable metamaterials. These materials, including dielectric elastomers

(DEs) and magnetorheological elastomers (MREs), exhibit significant coupling be-

tween mechanical deformation and electromagnetic properties. As ESAMs undergo

deformation, their internal structures reconfigure, leading to variations in their dielec-

tric and magnetic responses. Neglecting these dependencies can result in substantial

discrepancies between theoretical models and experimental outcomes, thereby limiting

the effectiveness of these materials in practical applications. Recent studies have un-

derscored the importance of accounting for these stretch-dependent properties. Elec-

tric permittivity is a key factor in accurately modeling the nonlinear electromechanical

behavior of dielectric elastomers. This effect is especially significant in materials like

VHB, where permittivity changes with deformation [37, 38]. Empirical studies by

Srivastava and Basu [39] demonstrate that permittivity increases with stretch, while

dielectric breakdown strength shows a nonlinear dependence on deformation. For

instance, Moucka et al. [40] investigated the dielectric properties of MREs with dif-

ferent microstructures, demonstrating that the alignment of magnetic particles under
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an external magnetic field significantly influences the material’s permittivity. Simi-

larly, Isaev et al. [41] conducted numerical simulations on the magnetodielectric effect

in MREs, revealing that mechanical deformation and particle displacement within

the elastomer matrix lead to notable changes in effective permittivity. Additionally,

Snarskii et al. [42] investigated the effect of magnetic-field-induced restructuring on

the elastic properties of magnetoactive elastomers, demonstrating that mechanical de-

formation can lead to significant changes in both magnetic permeability and dielectric

permittivity.

2.1.3 Taut domain formation in particle-reinforced EMAMs

In recent years, taut domain analysis has emerged as a powerful tool for investi-

gating a wide range of instabilities in smart elastomers, significantly advancing the

understanding of their actuation behavior and operational limits [43–45]. Within

the context of smart polymer membranes, taut states describe the in-plane stretch

conditions that arise when the membrane is under mechanical tension. These states

are characterized by positive principal stretches—either in both directions, indicat-

ing a fully taut configuration, or in only one direction, representing a partially taut

or wrinkled state [46]. Conversely, regions where neither principal stretch is tensile

are classified as bounded or balanced zones. In these zones, the membrane is not in

a taut state, and while they do not immediately trigger localized instabilities, they

mark areas where mechanical support is lost, potentially compromising the functional

reliability of the device. Unlike regions within the taut domain, these zones are less

prone to sudden instabilities such as wrinkling or buckling, but their presence can still

influence the overall electromechanical performance. Identifying and mapping taut

domains within a smart elastomeric membrane is therefore critical for predicting crit-

ical operating conditions, avoiding instability-induced failure, and guiding the design

and material selection processes.

Several previous studies have investigated the formation of taut domains and their

relationship with instability phenomena in dielectric elastomer-based actuators [7,

43, 44, 47]. These studies primarily focus on failure mechanisms induced by applied
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electric fields, which are important for understanding the performance limitations of

such actuators. However, dissipative effects in elastomer-based actuators have received

comparatively less attention, despite their significant influence on the overall system

response [48–50]. Furthermore, various instabilities, including pinnacle vibrations [51],

dynamic snap-through [52], and pull-in instability [24], present considerable challenges

to the reliable performance of these actuators [33].

Motivated by these studies, the present work investigates the formation of taut

domains in particle-reinforced electro-magneto-active thin circular membranes. These

membranes offer potential applications in the development of reinforced smart actu-

ators for advanced engineering systems. To the best of our knowledge, this study is

the first to specifically investigate taut domain formation in such particle-reinforced

electro-magneto-active membrane systems.

2.1.4 Stability and field-induced instabilities in biological

membranes

Biological membranes deform, alter their shape, and change permeability in re-

sponse to variations in electro-mechanical field forces. Morpho-elasticity is the term

typically used to describe such phenomena by physically coupling the morphologi-

cal changes of the membrane (such as stretching, bending, folding, and growth) with

the electro-mechanical field responses of the material [53]. During growth, biological

membranes undergo changes in size, shape, and composition. The intricate signaling

pathways and electro-mechanical signals that control these activities heavily rely on

the morpho-elastic characteristics of the membrane [54]. Many applications, such as

innovative drug delivery, elucidating biological mechanics, and developing customized

biomimetic materials, nanotechnology, biophysics, and bioengineering, require investi-

gating these morphoelastic phenomena. Numerous studies [55–58] confirmed that the

emergence of biological membranes is triggered by differential volumetric growth. The

unique morphological dynamics of human pluripotent stem cell cysts have also been

studied in recent publications [59, 60], showing that elasticity and anisotropic growth
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control this process.

Only few existing studies [61–66] have explored how electric fields affect the be-

havior of biological membranes. Previous studies on such membranes, except a recent

one [26], neglected to take biological membranes’ nonlinear dynamics into account

in response to electro-mechanical stimuli. In particular, Behera et al. [26] examined

the nonlinear dynamics of a biological circular membrane under electrically induced

mechanical loading conditions. The study [26] forecasted the dynamic response of

the membrane subjected to electro-mechanical loads using a continuum physics-based

analytical modeling framework. The parametric studies explored varying sinusoidal

voltages to assess multi-frequency resonance behavior and stability parameters.

Despite these advances, certain important aspects of biological membrane me-

chanics remain insufficiently explored. In particular, differential volumetric growth

can drive membrane formation, while elasticity and anisotropic growth play crucial

roles in governing stem cell cyst dynamics. Moreover, biological structures such as

liposomes and micelles may exhibit fiber-reinforced characteristics that can signifi-

cantly influence their mechanical response. However, these growth-related effects and

fiber reinforcement have not been systematically incorporated into existing membrane

models, particularly in studies addressing their nonlinear dynamic behavior. Table 2.1

compares representative studies in terms of their modeling frameworks, loading con-

ditions, reinforcement mechanisms, analyses, and remaining research gaps.

2.2 Literature gap

Several potential research directions that should be explored to enrich the research

area are identified based on the literature:

2.2.1 Dynamics of particle-reinforced EMAMs

It is observed that, first, relatively few researchers have investigated the effect

of particle reinforcement on the dynamic behavior of elastomers, and only for pla-

nar geometries. Second, a handful of studies pertaining to the dynamic response of
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Table 2.1: Comparative summary of previous studies and the present thesis

Study Geometry and

model

Loading and

reinforcement

Analysis Research

Gap/contribution

Behera et

al. [26]

Biological

circular

membrane;

nonlinear model

Mechanical and

electric; no

reinforcement

Dynamic

response

Combined fields

and particle rein-

forcement

Khurana et

al. [1]

Thin active

membrane;

continuum model

Electric and

magnetic;

material

anisotropy

Taut

domains

Effect of particle re-

inforcement on taut

domains

Patra et

al. [16]

Active

membrane;

nonlinear model

Electric and

magnetic;

electrode effects

Dynamic

response

Particle-reinforced

circular membrane

dynamics

Li et al. [67] Soft dielectric;

variable

permittivity

Electric; no

reinforcement

Instability Combined variation

of permittivity and

permeability

Joglekar et

al. [68]

Particle-

reinforced active

actuator

Electric and

magnetic;

particles

Nonlinear

oscillations

Dynamics and

stability of circular

membranes

Present

thesis

Circular

membrane;

Gent-based

models

Mechanical,

electric and

magnetic;

particles and

fibers

Dynamics

and stability

Combined effects

investigated across

Chapters 3–6
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the elastomer subjected to electro-magneto-mechanical loadings have been reported.

Third, the effect of filler particles on the nonlinear dynamic response of the smart

elastomer-based actuators has not hitherto been addressed in the literature. This gap

in knowledge underscores the need for further investigation into how these complex

stimuli due to particle reinforcement influence membrane behavior. Additionally, the

current literature lacks a robust mathematical model that adequately captures the in-

tricate dynamics of the system, highlighting a significant opportunity for advancements

in theoretical frameworks. In this research, we aim to utilize a mathematical frame-

work to describe the nonlinear dynamics of a particle-reinforced circular membrane

using the direct equilibrium equation approach. The study integrates the membrane’s

electrical, magnetic, and mechanical control modes to explore their synergistic design

features.

2.2.2 Stretch-dependent electromagnetic properties and dy-

namic response

Existing studies on active membranes have largely considered electrical permittiv-

ity and magnetic permeability as constant material properties. However, these prop-

erties may vary with deformation in soft active materials undergoing large stretches.

The influence of such stretch-dependent electromagnetic properties on the nonlinear

dynamic response, resonance characteristics, and stability of electro-magneto-active

circular membranes remains insufficiently explored. In particular, systematic com-

parisons of constant, linear, and nonlinear stretch-dependent electromagnetic models

under both electric and magnetic loading are limited in the existing literature. This

forms an important research gap addressed in the present thesis.

2.2.3 Taut domain formation in particle-reinforced EMAMs

Previous studies on taut-domain formation and membrane instability have mainly

focused on homogeneous electroactive membranes. The combined influence of parti-

cle reinforcement and simultaneous electric and magnetic loading on the formation
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and evolution of taut domains remains insufficiently investigated. In particular, the

effects of filler volume fraction and filler-to-matrix shear modulus ratio on the stable

taut region and critical actuation conditions of electro-magneto-active circular mem-

branes have not been systematically examined. This represents a significant gap in

understanding the stability limits of reinforced active membranes.

2.2.4 Stability and field-induced instabilities in biological

membranes

The present study examines the combined effects of growth and fiber reinforce-

ment on the dynamic behavior of biological membranes, which were not considered by

Behera et al. [26]. Specifically, this work aims to explore the effects of such external

coupling fields in the present contribution. Biological membranes, such as cell mem-

branes, muscle cell membranes, and bilayer lipid membranes, may be represented as

circular membranes, assuming certain geometrical properties. The current work uses

the same methodology to suggest a dynamic model for circular biological membranes

based on continuum physics considering growing instability.

2.3 Research objectives

The following research objectives are proposed to address the identified research

gap and contribute significantly to the field of materials engineering:

• An analytical framework, employing the rule of mixtures to determine the effec-

tive shear modulus. This framework is utilized to analyze the impact of particle

reinforcement on the nonlinear dynamic behavior of an electro-magneto-active

circular membrane, with the dynamic equation formulated using the classical

continuum mechanics approach.

• A framework to analyze the dynamics of deformation-dependent (linear and

nonlinear) and independent (constant) permittivity and permeability on the
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electromagnetic behavior of the circular membrane, with the dynamic equation

formulated using the classical continuum mechanics approach.

• A framework based on the classical continuum mechanics approach that conducts

a detailed parametric study to reveal the influence of particle reinforcement and

shear modulus ratio on the taut domains of a smart thin circular membrane

under electromagnetic loading.

• A framework for investigating the effect of isotropic and anisotropic growth, fiber

reinforcement, and electric loading on the stability of biological membranes.
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Chapter 3

Dynamics of Particle-Reinforced

Circular EMAMs

Preface

Particle reinforcement plays a key role in improving the mechanical and dynamic per-

formance of electro-magneto-active membranes. This chapter investigates the nonlin-

ear dynamic response of particle-reinforced circular membranes under electrical and

magnetic loading. The influence of reinforcement parameters on resonance, oscilla-

tions, chaos, and dynamic stability is examined using a continuum mechanics frame-

work.

3.1 Introduction

EMAMs represent an important class of soft active materials that can undergo

large and reversible deformations under the combined influence of electric and mag-

netic fields. Owing to their coupled field–mechanical response, these membranes ex-

hibit highly nonlinear behavior, particularly under dynamic loading conditions. Such

behavior includes large-amplitude oscillations, changes in excitation frequency, and

transitions in stability. Understanding these nonlinear dynamic characteristics is es-

sential for the effective design of smart devices such as soft actuators, adaptive mem-

branes, and sensing systems.
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Despite the growing interest in this area, most of the existing studies on the dy-

namic response of EMAMs have been limited to homogeneous or unreinforced material

systems. The effect of particle reinforcement, which is commonly used in practical ap-

plications to enhance material performance, has not been sufficiently explored in the

context of dynamic analysis. In particular, the influence of filler content and the stiff-

ness contrast between filler and matrix on oscillatory behavior, frequency response,

and stability characteristics remains largely unexplored. Furthermore, the combined

effect of particle reinforcement and coupled electro–magneto-mechanical loading has

not been systematically addressed in the literature.

In view of these limitations, the present chapter develops a continuum-based frame-

work to study the nonlinear dynamic response of particle-reinforced EMAMs. The

formulation explicitly accounts for key reinforcement parameters, such as filler volume

fraction and shear modulus ratio, and examines their influence under combined elec-

tric and magnetic fields. Unlike earlier works, this study provides a detailed analysis

of both time-domain and phase-space responses, enabling a clearer understanding of

nonlinear oscillations and the conditions under which complex behaviors, including

chaotic response, may arise.

Particle reinforcement plays a significant role in governing the dynamic behavior

of elastomeric membranes. The presence of filler particles increases the effective stiff-

ness of the material and restricts the mobility of polymer chains, thereby altering

the deformation characteristics. As a result, important dynamic quantities such as

vibration amplitude, natural frequency, and stability limits are directly affected. In

electro–magneto-active systems, these particles also influence the interaction between

the material and external fields, further modifying the overall response. Therefore, in-

corporating the effects of particle reinforcement is essential for a realistic and accurate

analysis of EMAM dynamics. The specific objectives of this chapter are as follows:

• To develop a nonlinear dynamic model for particle-reinforced electro–magneto-

active circular membranes.

• To examine the influence of filler volume fraction and shear modulus ratio on

40



the time-history and phase-space response.

• To investigate the effects of coupled electro–magneto-mechanical loading on non-

linear oscillations and stability behavior.

3.2 Mathematical formulation

Membranes exhibit inherently nonlinear elastic behavior when subjected to com-

pressive transverse loading. The mechanical effects of such loading can be closely

replicated by externally applied electric and magnetic fields, which generate Maxwell-

type stresses acting through the membrane thickness and effectively mimic transverse

pressure. This analogy allows electromagnetic fields to be treated as equivalent trans-

verse loads in membrane models. Accordingly, this study formulates the nonlinear dy-

namics of an elastic, incompressible, particle-reinforced circular membrane subjected

to transverse electric and magnetic fields, providing a unified framework for analyzing

its coupled electromechanical and magnetomechanical response.

3.2.1 Assumptions

The formulation is developed based on the following assumptions:

• The membrane is modeled using membrane theory, and bending effects are ne-

glected due to its small thickness.

• The material is assumed to be incompressible, such that the volume remains

constant during deformation.

• The deformation is axisymmetric, and all field variables depend only on the

radial coordinate and time.

• The applied electric field (V ) and magnetic field (M) are uniform across the

membrane thickness.
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Figure 3.1: Schematic representation of the circular membrane: (a) Initial or reference

state, (b) Deformed or actuated state caused by a radial load P and a uniformly applied

transverse pressure Pt, and (c) Equivalent deformed state as in (b), achieved due to the

application of a radial load, along with transverse electric and magnetic fields.

• The particle-reinforced material is treated as an effective homogeneous medium,

where reinforcement effects are incorporated through the parameters Φ and

µf{µm.

In this study, we consider a circular membrane with the coordinate systems

pR,Θ, Zq in the reference state Ω0 and pr, θ, zq in the current state Ω, respectively.

Here, pR, rq denotes the radial coordinate, pΘ, θq represents the circumferential direc-

tion, and pZ, zq corresponds to the thickness direction.
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Under no-loading conditions, the membrane has an undeformed radius R0 with a

thickness H and is assumed to be axisymmetric and incompressible, with reinforcing

particles as shown in Fig. 3.1(a). Under the applied load (electro-magneto field

and tensile radial mechanical field), the membrane undergoes radial expansion and

thickness contraction, resulting in a deformed radius r0 and thickness h, as illustrated

in Fig. 3.1(b). To finalize the framework, we impose a uniform external pressure

Pt along the thickness direction. As previously mentioned, transverse pressure is

commonly observed in many membranes. This pressure can be effectively substituted

with electric and magnetic fields, which simulate a similar outcome by inducing electro-

magneto-static pressure, as depicted in Fig. 3.1(c). The mapping χ identifies the

electro-magneto-elastic deformation of the membrane, which is defined as:

x “ χpXq, χ : Ω0pR,Θ, Zq ÝÑ Ωpr, θ, zq, (3.1)

where the position vectors in the reference Ω0 and the current Ω configurations are

represented by X and x, respectively. As a result, the corresponding deformation map

for the membrane relating the deformed and undeformed variables is defined as:

r “ χpR, tq, θ “ Θ, z “ χpZ, tq. (3.2)

The deformation gradient tensor F, the left Cauchy–Green deformation tensor B, the

electric field vector E, and the magnetic field vector H for the given deformation map

(3.1) are defined as:

F “

»

—

—

—

–

λr 0 0

0 λθ 0

0 0 λz

fi

ffi

ffi

ffi

fl

, B “ FFT , E “

»

—

—

—

–

0

0

E0

fi

ffi

ffi

ffi

fl

, H “

»

—

—

—

–

0

0

H0

fi

ffi

ffi

ffi

fl

, (3.3)

where E0 and H0 are the applied electric and magnetic field intensities on the mem-

brane. λr, λθ, and λz are the principal stretch ratios in the radial, circumferential,

and thickness directions, respectively. These are defined as:

• λr: ratio of deformed radial length to initial radial length,

• λθ: ratio of deformed circumferential length to initial circumferential length,
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• λz: ratio of deformed thickness to initial thickness.

The principal stretches of an incompressible (λrλθλz=1) circular membrane expe-

riencing equi-biaxial deformation are defined as:

λr “ λ, λθ “ λ, λz “
1

λ2
, (3.4)

where λ “
r

R
and λz “

h

H
, respectively. The invariants associated with the left

Cauchy–Green deformation tensor B, the electrical field-based pseudo structural ten-

sor pEl
b El

q, and the magnetic field-based pseudo structural tensor pHl
b Hl

q

for an isotropic, incompressible, and electro-magneto-elastic deformation are defined

as [69,70]:

I1 “ tr B “ 2λ2
`

1

λ4
, I2 “

1

2

“

ptr Bq
2

´ tr B2
‰

“ λ4
`

2

λ2
,

I3 “ det B “ 1, I4 “
“

El
b El

‰

: I “ λ´4E0
2, I5 “

“

El
b El

‰

: B´1
“ E0

2,

I6 “
“

El
b El

‰

: B´2
“ λ4E0

2, I7 “
“

Hl
b Hl

‰

: I “ λ´4H0
2,

I8 “
“

Hl
b Hl

‰

: B´1
“ H0

2, I9 “
“

Hl
b Hl

‰

: B´2
“ λ4H0

2,

(3.5)

where El
“ FTE, and Hl

“ FTH represent the Lagrangian electric and magnetic

field vectors in the reference configuration. In general, circular smart membranes

exhibit limiting extensibility. For instance, the maximum stretch achievable in biaxial

deformation is less than that in uniaxial deformation. Consequently, phenomenological

models of such membranes account for their limited extensibility. The most popular

model to replicate such materials is the Gent model [71].

3.3 Governing equation

In this work, we use the following Gent type of total strain energy density function

W defined in terms of the above invariants I1, I5, and I8 as:

W “ ´
µe

2
Jm log

ˆ

1 ´
I1 ´ 3

Jm

˙

´
ε0
2

pC1I5q ´
α0

2
pC2I8q, (3.6)
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where µe is the effective shear modulus defined as [68]: µe “

µm

»

—

–

1 `

Φp
µf

µm

´ 1q

1 ` κp1 ´ Φqp
µf

µm

´ 1q

fi

ffi

fl

, Jm represents the chain extensibility parame-

ter of the membrane material, C1 and C2 are the constant material parameters of

the membrane, ε0 and α0 denote the electric permittivity and magnetic permeability

of the free space. In the above-mentioned expression of effective shear modulus, Φ

indicates the amount of fillers, µf and µm represent the associated shear moduli

of the filler and matrix of the membrane, and κ denotes the parameter associated

with the membrane Poisson’s ratio. When referring to an incompressible elastomeric

membrane, the value of κ is often taken to be 0.4 [20]. By following the theory of

electro-magneto-elasticity [72], we may express the total Cauchy stress tensor T,

the electric displacement field De , and the magnetic displacement field Dm for an

incompressible and isotropic circular membrane, as follows:

T “ ´ pI ` 2W1B ` 2W2

`

I1B ´ B2
˘

´ 2W5E b E ´ 2W6

`

B´1E b E ` E b B´1E
˘

` 2W8 pBH b BHq ` 2W9

`

BH b B2H ` B2H b BH
˘

, (3.7a)

De “ ´ 2
`

W4B ` W5I ` W6B
´1

˘

E, (3.7b)

Dm “ ´ 2
`

W7B ` W8B
2

` W9B
3
˘

H. (3.7c)

where p is a Lagrange multiplier to be obtained from the boundary conditions of

incompressibility constraint and Wi is defined as
BW

BIi
for i “ 1, 2...9. Substituting

(3.6) in (3.7) with the use of (3.3), (3.4), and (3.5), we obtain the principal stress,

electric displacement, and magnetic displacement components as:

Trr “ Tθθ “ ´p `
Jmµeλ

2

Jm ´ I1 ` 3
, (3.8a)

Tzz “ ´p `
Jmµeλ

´4

Jm ´ I1 ` 3
` C1ε0E

2
0 ´ C2α0λ

´8H2
0 , (3.8b)

De3 “ C1ε0E0, (3.8c)

Dm3 “ C2α0λ
´8H0. (3.8d)

In Eqs. 3.8(c-d), C1 = εr denotes the relative electric permittivity and C2 = αr

represents the relative magnetic permeability of the membrane. By implementing the
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specified traction-free boundary condition Tzz “ 0 in Eq. 3.8(b), we obtain the radial

and hoop stress components from Eq. 3.8(a) as:

Trr “ Tθθ “
µeJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ εrε0E

2
0 ` αrα0λ

´8H2
0 . (3.9)

In the absence of electric and magnetic fields, the stress tensor can be derived from

relation (3.7) and is given by:

T “ ´pI ` 2W1B ` 2W2rI1B ´ B2
s. (3.10)

To express the principal stress components for this case, we can derive them directly

from Eq. 3.10 as follows:

Trr “ Tθθ “ ´p `
Jmµeλ

2

Jm ´ I1 ` 3
, (3.11a)

Tzz “ ´p `
Jmµeλ

´4

Jm ´ I1 ` 3
. (3.11b)

It is important to note that T here excludes the electro-magneto-mechanical stress.

Given the uniform transverse stress at the boundary, Tzz = ´Pt, the Lagrange multi-

plier p can be determined as:

p “ Pt `
Jmµeλ

´4

Jm ´ I1 ` 3
. (3.12)

Upon invoking the above expression of p in Eq. 3.11(a), we obtain the radial and hoop

stress components as:

Trr “ Tθθ “
µeJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ Pt (3.13)

By comparing the stress expressions from Eqs. (3.9) and (3.13), we can conclude

that: Pt “
ˇ

ˇPtelect. ` Ptmag.

ˇ

ˇ = εrε0E
2
0 ´ αrα0H

2
0 . Here, E0 “ pυ

h
q “ λ2p υ

H
q and H0 “

pΨ
h

q=λ2pΨ
H

q, where υ and Ψ are the applied voltage and magnetic flux. Therefore,

PT “
ˇ

ˇPTelect.
` PTmag.

ˇ

ˇ, and Pt “ λ4PT .

The equilibrium equation of motion for an axisymmetric deformation in incom-

pressible and isotropic elastic circular membrane is given as:

dTrr

dr
`

Trr ´ Tθθ

r
` ρbf “ ρ

d2r

dt2
, (3.14)

46



where ∇.p.q, ρ, and bf represent the divergence operator, density of the membrane

material, and the body force per unit volume. For a given boundary condition Trrpr “

r0q “ P
2πr0h

with no body force bf “ 0, we may radially balance the equilibrium

equation (3.14) with the use of (3.9) as:

P

2πr0h
´ Trr “

ż r0

0

ρ
d2r

dt2
dr ñ

d2λ

dt2
`

2Trr

λρR2
0

´
P

πr0hλρR2
0

“ 0. (3.15)

Substituting Trr from Eq. (3.9) in Eq. (3.15), we obtain the governing equation of the

membrane as:

d2λ

dτ 2
`

JmUpλ ´ λ´5q
ˆ

Jm ´ 2λ2 ´
1

λ4
` 3

˙ ´ λ3V 2
` λ´5M2

´ S “ 0,
(3.16)

where U “

»

—

–

1 `

Φp
µf

µm

´ 1q

1 ` κp1 ´ Φqp
µf

µm

´ 1q

fi

ffi

fl

represents the normalized effective shear

modulus, τ “

?
2t

R0

c

ρ

µm

is the dimensionless time, S “
P

2πµmR0H
is the nominal

equal-biaxial normalized stress at the boundary, V “
v

H

c

µm

ε0εr

=

c

PTelec.

µm

is the

normalized voltage, M “
Ψ

H

c

µm

α0αr

=

c

PTmag.

µm

is the normalized flux.

Eq. 3.16 is a fully non-dimensional form, which allows the combined effects of me-

chanical loading, electric field, magnetic field, and material parameters to be analyzed

in a unified manner. Physical interpretation of each term in the above equation is

expressed as follows:

• Inertia term

ˆ

d2λ

dτ 2

˙

: It represents the dynamic response of the system and

governs time-dependent oscillations.

• Elastic contribution

ˆ

JmUpλ ´ λ´5q

Jm ´ 2λ2 ´ 1
λ4 ` 3

˙

: This term arises from the Gent

strain energy model and captures nonlinear elasticity. It acts as a restoring

force and is significantly influenced by particle reinforcement.
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• Electric force term (λ3V 2): It represents the effect of the applied electric field.

It tends to expand the membrane in-plane due to Maxwell stress.

• Magnetic force term (λ´5M2): It accounts for magnetic field-induced stresses,

which modify the deformation depending on field strength.

• External loading term (S): It corresponds to the normalized mechanical stress

applied at the boundary.

Based on the findings of [73], we reaffirm that the normalized voltage V and mag-

netic flux M can effectively be substituted with normalized transverse pressure to

achieve an equivalent impact on the dynamical system. This equivalence allows us to

treat normalized voltage and flux as normalized transverse pressure, as illustrated in

Fig. 3.1(c). Therefore, the normalized voltage and flux are interchangeable with nor-

malized transverse pressure, providing a consistent approach for analyzing the dynami-

cal system’s behavior. The dynamic behavior of the membrane undergoing equi-biaxial

electro-magneto-elastic deformation is elucidated by the ensuing governing equation:

d2λ

dτ 2
` gpλ;U, V,M, Sq “ 0,

(3.17)

where gpλ;U, V,M, Sq “
JmUpλ ´ λ´5q

pJm ´ 2λ2 ´ λ´4 ` 3q
´ λ3V 2

` λ´5M2
´ S.

3.3.1 Numerical solution procedure

The nonlinear governing equation is solved numerically in MATLAB using the

ode45 solver, which employs an adaptive Runge–Kutta (4, 5) scheme. The simulations

are performed using the initial conditions as:

λp0q “ 1, 9λp0q “ 0. (3.18)

Since ode45 automatically adjusts the integration step according to the response of the

system, a fixed time increment is not prescribed. The computed solution is evaluated

at 10,000 equally spaced time points for plotting and post-processing. A dimensionless
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simulation time of τ “ 20 is used for the regular dynamic responses and phase trajec-

tories. For the chaotic response and Poincaré analysis, the simulation is extended to

τ “ 400 to examine the long-term response of the membrane.

For the frequency-response analysis, the normalized excitation frequency is varied

from 0 to 2 with an increment of 0.1. At each frequency, the oscillation amplitude is

evaluated as:

A “
λmax ´ λmin

2
. (3.19)

The Poincaré section is constructed by sampling the stretch λ and stretch rate 9λ

once during each excitation period,

T “
2π

ω
. (3.20)

No separate transient-removal procedure is applied in the present numerical imple-

mentation; instead, the longer simulation duration is used to examine the long-term

nonlinear response. No user-defined solver tolerances are specified, and therefore the

standard adaptive error-control settings of ode45 are used.

3.4 DC dynamic response

In this section, the DC dynamic characteristics of the membrane are evaluated.

Specifically, in the governing Eq. (3.17), there are two state variables λ and
dλ

dτ
and

the corresponding initial conditions of these state variables at τ = 0 are given as:

pλqτ“0 “ 1 ;

ˆ

dλ

dτ

˙

τ“0

“ 0. A parametric study is carried out utilizing the time-

independent normalized voltage, denoted as V , to evaluate the effect of the amount of

filler (Φ = 0.01, 0.05, 0.10 and 0.20), shear modulus ratio (µf{µm = 1, 10, and 100),

normalized stress (S = 1, 3, and 5), applied normalized voltage (V = 0.25, 0.50, and

0.75) and magnetic flux (M = 0.25, 0.50, and 0.75) on the nonlinear dynamic response

of the membrane.

First, we plotted the time-history plots and phase diagrams to investigate the

effects of the amount of filler Φ (Figs. 3.2(a, c)) and shear modulus ratio µf{µm (Figs.

3.2(b, d)) on the nonlinear oscillatory behavior of the membrane. The time-history
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(a) (c)

(b) (d)

Figure 3.2: DC dynamic responses of the membrane with (a-b) time evolution diagrams,

and (c-d) phase diagrams for the different amounts of filler (Φ), and shear modulus ratio

(µf{µm).

data reveal that the system consistently exhibits stable oscillations around a steady

equilibrium stretch for all the considered levels of filler and shear modulus ratio (Figs.

3.2a-b). Furthermore, the amplitude of these steady oscillations decreases as Φ and

µf{µm increase. From Figs. 3.2(c-d), it is observed that the trajectories in a phase

portrait decrease with an increase in the amount of filler and shear modulus ratio.

This indicates that the membrane is undergoing smaller deformations or strains with

the increase in values of Φ and µf{µm. This behavior is attributed to the fact that the
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(a) (b)

Figure 3.3: DC dynamic responses of the membrane with (a) time evolution diagrams, and

(b) phase diagrams for different levels of normalized stress (S).

particle reinforcement acts like supporting columns, thereby preventing membrane

thinning and reducing overall deformation. Additionally, an increase in the shear

modulus ratio strengthens the membrane, further minimizing thinning and overall

deformation.

Next, Fig. 3.3 shows the effect of normalized stress S utilizing the time-history

and phase-portrait diagrams. Fig. 3.3(a) signifies that the membrane shows stable

oscillations around a steady equilibrium stretch for all the considered levels of nor-

malized stress. The amplitude of these steady oscillations increases with an increase

in normalized stress value. The phase trajectory in Fig. 3.3(b) becomes larger as the

normalized stress S increases. This corresponds to a greater range of stretch and a

higher stretch rate during the simulated response. The time histories in Fig. 3.3(a)

show the same increase in the oscillation amplitude.

Finally, Fig. 3.4 shows the evaluated effects of applied normalized magnetic flux

M and voltage V on the nonlinear dynamic behavior of the membrane. Figs. 3.4 (a,

c) show that increasing the normalized magnetic loading M reduces the oscillation

amplitude and the extent of the phase trajectory for the parameters considered. In

the present model, the magnetic loading modifies the magneto-mechanical restoring

response and the effective stiffness of the coupled membrane system, thereby reducing
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(a) (c)

(b) (d)

Figure 3.4: DC dynamic responses of the membrane with (a–b) time evolution diagrams, and

(c-d) phase diagrams for different levels of applied dimensionless voltage (V ), and magnetic

flux (M).

the oscillation amplitude for the considered parameters.

Figs. 3.4(b, d) show that increasing the normalized voltage V increases the oscil-

lation amplitude and the range of stretch and stretch rate. This trend is consistent

with the larger electric contribution in the governing equation, leading to more sig-

nificant deformation and dynamic behavior. Interpretation and trend patterns of the

parameters are illustrated as follows:

• Effect of filler volume fraction (Φ): From Figs. 3.2(a, c), it can be clearly seen
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that as Φ increases, the amplitude of oscillations decreases. This behavior is

expected because adding more filler particles makes the material stiffer. The

particles restrict the movement of polymer chains, which reduces the ability of

the membrane to deform freely. As a result, the oscillations become smaller.

The phase diagrams also reflect this trend, where the loops become tighter with

increasing Φ, indicating reduced motion and improved stability.

• Effect of shear modulus ratio (µf{µm): From Figs. 3.2(b, d), similar to the filler

fraction, increasing µf{µm reduces the oscillation amplitude. This is because

a higher modulus ratio means the filler particles are much stiffer compared to

the matrix. As a result, the overall material becomes more rigid and resists

deformation more strongly. This behavior is consistent with what is generally

observed in reinforced composite materials.

• Effect of magnetic field (M): From Figs. 3.4(a, c), the results indicate that the

magnetic field interacts with the material and changes its effective stiffness and

reduces the oscillation.

• Effect of electric field (V ): From Figs. 3.4(b, d), as the voltage increases, the

oscillation amplitude also increases. This can be understood from the fact that

the electric field generates Maxwell stress, which actively deforms the membrane.

In other words, the electric field supplies energy to the system, leading to larger

oscillations.

3.5 Chaotic behavior on enhancing field and parti-

cle content

The electro–magneto-active circular membrane exhibits complex nonlinear dynam-

ics under combined mechanical, electrical, and magnetic loading. Among these re-

sponses, chaotic behavior arises due to the strong nonlinear nature of the system and

the interaction between multiple coupled physical fields.
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The complexity of analyzing a circular membrane increases significantly when the

applied voltage fluctuates over time. A system’s changing dynamics could display

unpredictable chaos, leading to the examination of the membrane. This complex-

ity encourages a detailed investigation of membrane dynamics, taking into account

time-dependent voltage. Specifically, the membrane is excited by time-dependent AC

electric voltage of a harmonic nature given by [74,75]:

V “ vasinpωτq, (3.21)

where the term V represents the normalized voltage, va denotes the magnitude of the

applied AC voltage, ω denotes the dimensionless angular excitation frequency and is

given by ω “ 2π
τ , where τ is the dimensionless time period of oscillation. Thus, the

governing equation (3.17) for the applied AC voltage may be rewritten as:

d2λ

dτ 2
`

JmUpλ ´ λ´5q

pJm ´ 2λ2 ´ λ´4 ` 3q
´ λ3

pva sinpωτqq
2

` λ´5M2
´ S “ 0. (3.22)

Chaos in the present system is primarily caused by the following factors:

i. Material nonlinearity: The membrane is modeled using the Gent hyperelastic

model, which introduces strong nonlinear stiffness, especially at large stretches.

This leads to non-proportional restoring forces.

ii. Geometric nonlinearity: Large deformation of the membrane results in nonlinear

strain–displacement relations, further contributing to system nonlinearity.

iii. Electro–magneto–mechanical coupling: The applied electric and magnetic fields

generate Maxwell-type stresses that depend on deformation. As deformation

evolves, the electromagnetic forces also change, creating a bidirectional nonlinear

coupling between fields and mechanics.

iv. Particle reinforcement effects: The presence of filler particles modifies the ef-

fective stiffness and enhances nonlinear interactions, influencing energy transfer

within the system.
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(a) (b)

(c) (d)

Figure 3.5: AC dynamic responses of the membrane with (a–b) phase diagrams merged

with Poincaré plots, and (c-d) time-history plots at the excitation frequency, ω “ 0.50 for

different voltages at V = 0.4 and 0.6.

The system is subjected to time-dependent (AC) excitation, which continuously

supplies energy to the membrane. Because of the nonlinear coupling in the system,

the deformation of the membrane changes its electromagnetic properties, such as per-

mittivity and permeability, and these altered properties, in turn, affect the forces

acting on the membrane. This creates a continuous feedback loop where deformation

and electromagnetic forces influence each other. At certain excitation frequencies and

amplitudes, this interaction leads to resonance, a gradual loss of regular oscillation
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(a) (b)

(c) (d)

Figure 3.6: AC dynamic chaotic responses of the membrane with (a–b) phase diagrams

merged with Poincaré plots, and (c-d) time evolution diagrams corresponding to the excita-

tion frequency, ω “ 0.50 and voltage, V = 0.4 for different amounts of filler at Φ = 0.2 to

0.01.

patterns, and eventually irregular motion. As a result, the system moves from a pre-

dictable and stable response to a highly sensitive and non-repeating behavior, which

is typical of chaotic systems.

As system parameters such as applied voltage or particle content are varied, the

dynamic response evolves through distinct stages:

• Periodic Response: At low excitation levels, the system oscillates with a single
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dominant frequency. The motion is regular and repeatable, and phase trajecto-

ries appear as a single point or a set of finite points.

• Quasi-Periodic Response: With an increase in excitation or nonlinear effects,

multiple incommensurate frequencies emerge. The motion becomes more com-

plex, and phase trajectories form a closed curve.

• Chaotic Response: Beyond a critical threshold, the interaction of nonlinearities

and excitation leads to a breakdown of regular motion. The system exhibits sen-

sitive dependence on initial conditions, and phase trajectories become irregular

and non-repeating, indicating chaos.

It is important to distinguish these dynamic responses from bounded oscillation

and static stability. A bounded oscillation simply means that the stretch remains

within a finite range with time and does not necessarily imply periodic motion. Static

stability, on the other hand, refers to the stability of an equilibrium configuration and

is different from the periodic, quasi-periodic, or chaotic nature of the time-dependent

response.

We have investigated the effect of the applied electric field (Fig. 3.5) and filler (Fig.

3.6) on the chaotic behavior of the membrane. The parameters under consideration are

Φ = 0.2, ω “ 0.50, and S = 1. When the voltage parameter V is set to 0.4, the system

exhibits quasi-periodic behavior, as evidenced by the closed nature of the Poincaré

curve (Fig. 3.5a). This is further supported by the distinct appearance of beat patterns

in the time-history response (Fig. 3.5c). However, as V increases from 0.4 to 0.6 at

the same excitation frequency, the Poincaré plot (Fig. 3.5b) displays an uncountable

number of points, indicating the onset of chaotic oscillations. Additionally, the time-

history response (Fig. 3.5d) reveals irregular behavior, further confirming the presence

of chaos. Reducing the filler volume fraction from Φ “ 0.2 to 0.01 produces a larger

oscillation amplitude and a more dispersed set of Poincaré points for the parameters

shown in Fig. 3.6. These observations describe a change in the simulated motion;

they do not provide a direct measure of the membrane’s energy.

It is essential to highlight that these phenomena are specific to the values considered
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in this analysis and are significantly influenced by other system parameters, such as

the shear modulus ratio µf{µm, the normalized stress S, and the level of normalized

magnetic flux M .

3.6 Summary

This chapter presents a continuum-mechanics-based modeling framework to ex-

plore the intricate nonlinear behavior of a circular membrane excited by a combina-

tion of electro-magneto-mechanical loadings. To facilitate a qualitative examination of

this system, the traditional approach of applying transverse pressure on the membrane

is substituted with the corresponding electric and magnetic fields. The investigation

focuses on a nonlinear differential equation that describes the radial axisymmetric mo-

tion of the circular membrane. From this equation, several key insights are derived,

shedding light on the complex interplay of forces and the dynamic behavior of the

membrane. The following are the key inferences obtained from the present study:

i. In DC dynamics, the amplitude of steady oscillations decreases with an increase

in the amount of fillers and shear modulus ratio. This is due to the fact that the

particle reinforcement acts like supporting columns, thereby preventing mem-

brane thinning and reducing overall deformation. Additionally, an increase in

the shear modulus ratio strengthens the membrane, further minimizing thinning

and overall deformation.

ii. In DC dynamics, the amplitude of steady oscillations decreases on enhancement

in magnetic flux while there is an increase in trend on increasing pre-stress

and normalized voltage from the time history plot. The energy of the system

decreases on increasing flux and increases on enhancing pre-stress and normalized

voltage which affects the stability of membrane.

iii. In AC dynamics, it has been observed that when the voltage increases from 0.4

to 0.6 and the amount of fillers is reduced from 0.2 to 0.01 at the excitation fre-

quency, the Poincaré plot displays an uncountable number of points, indicating
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the onset of chaotic oscillations with irregular behavior in time history.

The results show that as the filler content and shear modulus ratio increase, the

membrane becomes stiffer, which naturally reduces its deformation. At the same

time, applying higher electric and magnetic fields improves the actuation response,

but it also makes the system more prone to instability. As the level of excitation

increases, the membrane response gradually shifts from a regular, periodic motion

to a more complex and chaotic behavior. Overall, the system response is mainly

controlled by the nonlinear interaction between the mechanical deformation and the

applied electromagnetic forces.

These results are useful from a practical design point of view, as they show that

adding reinforcement can help control vibrations and make the membrane more stable.

At the same time, electric and magnetic fields offer a simple way to adjust and control

the response of the system when needed. Understanding how the membrane behaves

at different frequencies also helps in avoiding resonance, which could otherwise lead

to large deformations or failure. Overall, these insights can be directly applied in

the design of smart membranes, soft actuators, and other adaptive systems where a

controlled and reliable response is important.

In this chapter, the focus was on understanding how particle reinforcement and

external electric and magnetic fields influence the dynamic response of the membrane.

However, throughout the analysis, the electromagnetic properties were assumed to

remain constant. In reality, this is not always the case. As the membrane deforms,

properties such as electric permittivity and magnetic permeability can change with

stretch, which in turn affects the overall system behavior. To account for this, the

next chapter builds on the present work by incorporating stretch-dependent electro-

magnetic properties into the model. Different representations, namely constant, linear,

and nonlinear models, are considered to examine how these variations influence the

response of the membrane. The analysis is carried out under both DC and AC load-

ing conditions, with particular attention to changes in deformation, energy response,

resonance behavior, and stability. This provides a more realistic understanding of the

coupled electro–magneto–mechanical behavior of the system.
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Chapter 4

Stretch-Dependent Electromagnetic

Properties and Dynamic Response

Preface

The electromagnetic properties of soft active materials often vary with deformation,

affecting their overall response. This chapter incorporates stretch-dependent electrical

permittivity and magnetic permeability into the constitutive model. The influence of

different material models on the dynamic behavior, resonance characteristics, and

stability of electro-magneto-active membranes is systematically investigated.

4.1 Introduction

The dynamic response of soft active materials is governed by strong coupling be-

tween mechanical deformation and electromagnetic fields. While electric permittivity

and magnetic permeability are often treated as constants, this assumption becomes

inadequate for soft elastomers undergoing large deformations, where microstructural

reorganization leads to deformation-dependent electromagnetic properties.

Although considerable research has been carried out on electroactive and magne-

toactive soft materials, most existing studies assume that electric permittivity and

magnetic permeability remain constant during deformation. In reality, these proper-

ties change with stretch because of the internal rearrangement of the polymer network
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and embedded particles. Ignoring these deformation-dependent effects can lead to in-

accurate predictions of the dynamic response and stability of soft active membranes,

especially under large deformation and time-dependent loading. In addition, only lim-

ited studies have examined the combined influence of stretch-dependent electric and

magnetic properties on the behavior of electro-magneto-active circular membranes

under both DC and AC excitations.

The main novelty of this chapter is the development of a continuum-based model

that incorporates stretch-dependent electric permittivity and magnetic permeability

into the dynamic analysis of electro-magneto-active circular membranes. Unlike con-

ventional studies that consider constant electromagnetic properties, this work inves-

tigates constant, linear, and nonlinear models and compares their influence on the

membrane response, resonance behavior, and stability characteristics. The main ob-

jectives of this chapter are as follows:

• To develop governing equations considering stretch-dependent electric permit-

tivity and magnetic permeability.

• To study the effect of constant, linear, and nonlinear electromagnetic models on

the DC and AC dynamic response of the membrane.

• To examine the influence of stretch-dependent electromagnetic properties on

resonance behavior and stability characteristics of the system.

An energy-based constitutive framework is adopted in which electromagnetic prop-

erties are introduced as explicit functions of stretch, allowing consistent coupling be-

tween elastic deformation and field-induced Maxwell stresses.

4.2 Mathematical formulation

This section formulates the dynamics of an elastic, incompressible circular mem-

brane considering constant and stretch-dependent (linear and nonlinear) variations of

the permittivity and permeability.
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Figure 4.1: Schematic representation of the circular membrane: (a) Initial or reference

state, (b) Deformed or actuated state caused by a radial load P and a uniformly applied

transverse pressure Pt, and (c) Equivalent deformed state as in (b), achieved due to the

application of a radial load, along with transverse electric and magnetic fields.

The present model assumes that the electro-magneto-active circular membrane is

homogeneous, isotropic, and hyperelastic in nature. The membrane undergoes large

elastic deformation and is considered incompressible. Since the membrane thickness

is very small compared to its in-plane dimensions, bending effects are neglected. Uni-
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form electric and magnetic fields are applied across the membrane thickness, and the

deformation is assumed to be axisymmetric. Stretch-dependent electric permittivity

and magnetic permeability are incorporated in the formulation, while thermal effects,

body forces, and material damping are neglected.

In this study, we examine a circular membrane using two coordinate systems:

pR,Θ, Zq for the reference state, β0, and pr, θ, zq for the deformed state, β. The

membrane has an initial radius R0 and thicknessH, and is assumed to be axisymmetric

and incompressible, as shown in Fig. 4.1(a). When subjected to external forces, the

membrane expands radially while its thickness reduces, resulting in a new radius r0

and a thinner profile h, as illustrated in Fig. 4.1(b). To complete the model, we

apply a uniform external pressure, Pt, along the membrane’s thickness. This type of

transverse pressure is frequently encountered in membranes, and it can be substituted

by external fields, which create a similar effect by generating electro-magneto-static

pressure, as shown in Fig. 4.1(c). The mapping ζ characterizes the electro-magneto-

elastic deformation of the membrane, defined as:

x “ ζpXq, ζ : β0pR,Θ, Zq ÝÑ βpr, θ, zq, (4.1)

Here, the position vectors for the reference configuration β0 and the current configura-

tion β are denoted by X and x, respectively. Consequently, the deformation mapping

that links the undeformed and deformed states of the membrane can be expressed as

follows:

r “ ζpR, tq, θ “ Θ, z “ ζpZ, tq. (4.2)

The deformation gradient tensor F, the left Cauchy–Green deformation tensor B, the

electric field vector E, and the magnetic field vector H for the given deformation map

(4.1) are defined as:

F “

»

—

—

—

–

λr 0 0

0 λθ 0

0 0 λz

fi

ffi

ffi

ffi

fl

, B “ FFT , E “

»

—

—

—

–

0

0

E0

fi

ffi

ffi

ffi

fl

, H “

»

—

—

—

–

0

0

H0

fi

ffi

ffi

ffi

fl

, (4.3)
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where λr, λθ, and λz are the principal stretches; E0 and H0 are the applied electric and

magnetic field intensities on the membrane. The principal stretches of an incompress-

ible (λrλθλz=1), isotropic circular membrane experiencing equi-biaxial deformation

are defined as:

λr “ λ, λθ “ λ, λz “
1

λ2
, (4.4)

where λ “
r

R
and λz “

h

H
, respectively. The set of invariants of the left Cauchy–Green

deformation tensor B, the electrical field-based pseudo structural tensor pEl
bEl

q, and

the magnetic field-based pseudo structural tensor pHl
b Hl

q for an incompressible,

isotropic, and electro-magneto-elastic material deformation is given by [69]:

I1 “ tr B “ 2λ2
`

1

λ4
, I2 “

1

2

“

ptr Bq
2

´ tr B2
‰

“ λ4
`

2

λ2
,

I3 “ det B “ 1, I4 “
“

El
b El

‰

: I “ λ´4E0
2, I5 “

“

El
b El

‰

: B´1
“ E0

2,

I6 “
“

El
b El

‰

: B´2
“ λ4E0

2, I7 “
“

Hl
b Hl

‰

: I “ λ´4H0
2,

I8 “
“

Hl
b Hl

‰

: B´1
“ H0

2, I9 “
“

Hl
b Hl

‰

: B´2
“ λ4H0

2,

(4.5)

where El
“ FTE, and Hl

“ FTH represent the Lagrangian electric and magnetic

field vectors in the reference configuration. In general, these membranes exhibit limit-

ing extensibility. For example, the limiting stretch in biaxial deformation will be less

than in uniaxial deformation. Thus, the phenomenological modeling of such mem-

branes is based on limited extensibility. The most popular model to replicate such

soft materials is the Gent model [71].

4.3 Governing equation

In this work, we use the following Gent type of total strain energy density function

W defined in terms of the above invariants I1, I5, and I8 as:

W “ ´
µ

2
Jm log

ˆ

1 ´
I1 ´ 3

Jm

˙

´
ε0
2

pC1I5q ´
α0

2
pC2I8q, (4.6)

where ε0 is the permittivity of the free space, α0 is the permeability of the free

space, µ is the shear modulus and Jm represents the strain stiffening parameter of
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the membrane material. By following the theory of electro-magneto-elasticity [72],

we may express the total Cauchy stress tensor T, the electric displacement field De

and the magnetic displacement field Dm for an incompressible and isotropic circular

membrane, as follows:

T “ ´ pI ` 2W1B ` 2W2

`

I1B ´ B2
˘

´ 2W5E b E ´ 2W6

`

B´1E b E ` E b B´1E
˘

` 2W8 pBH b BHq ` 2W9

`

BH b B2H ` B2H b BH
˘

, (4.7a)

De “ ´ 2
`

W4B ` W5I ` W6B
´1

˘

E, (4.7b)

Dm “ ´ 2
`

W7B ` W8B
2

` W9B
3
˘

H. (4.7c)

where p is a Lagrange multiplier to be obtained from the boundary conditions of

incompressibility constraint and Wi is defined as
BW

BIi
for i “ 1, 2...9. Substituting

(4.6) in (4.7) with the use of (4.3), (4.4), and (4.5), we obtain the principal stress

components as:

Trr “ Tθθ “ ´p `
Jmµλ

2

Jm ´ I1 ` 3
, (4.8a)

Tzz “ ´p `
Jmµλ

´4

Jm ´ I1 ` 3
` C1ε0E

2
0 ´ C2α0λ

´8H2
0 , (4.8b)

De3 “ C1ε0E0, (4.8c)

Dm3 “ C2α0λ
´8H0. (4.8d)

In Eqs. 4.8(c-d), C1 = εr denotes the relative electric permittivity and C2 = αr

represents the relative magnetic permeability of the membrane. By applying the given

traction-free boundary condition Tzz “ 0 in Eq. 4.8(b), we obtain the hydrostatic

pressure p as:

p “
Jmµλ

´4

Jm ´ I1 ` 3
` εrε0E

2
0 ´ αrα0λ

´8H2
0 . (4.9)

Upon invoking the above expression of p in Eq. 4.8(a), we obtain the radial and hoop

stress components as:

Trr “ Tθθ “
µJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ εrε0E

2
0 ` αrα0λ

´8H2
0 , (4.10a)

Trr “ Tθθ “
µJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ εE2

0 ` αλ´8H2
0 . (4.10b)
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In the absence of electric and magnetic fields, the stress tensor can be derived from

relation (Eq. 4.7) and is given as:

T “ ´pI ` 2W1B ` 2W2rI1B ´ B2
s. (4.11)

To express the principal stress components for this case, we can derive them directly

from Eq. 4.11 as follows:

Trr “ Tθθ “ ´p `
Jmµλ

2

Jm ´ I1 ` 3
, (4.12a)

Tzz “ ´p `
Jmµλ

´4

Jm ´ I1 ` 3
. (4.12b)

It is important to note that T here excludes the electro-magneto-mechanical stress.

Given the uniform transverse stress at the boundary, Tzz = ´Pt, the Lagrange multi-

plier p can be determined as:

p “ Pt `
Jmµλ

´4

Jm ´ I1 ` 3
. (4.13)

Upon invoking the above expression of p in Eq. 4.12(a), we obtain the radial and hoop

stress components as:

Trr “ Tθθ “
µJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ Pt. (4.14)

By comparing the radial stress expressions from Eqs. (4.10) and (4.14), we can

conclude that: Pt “
ˇ

ˇPtelect. ` Ptmag.

ˇ

ˇ = εrε0E
2
0 ´ αrα0H

2
0 = εE2

0 ´ αH2
0 . Here, ε is

electrical permittivity of material, α is magnetic permeability of material, E0 “ pυ
h

q “

λ2p υ
H

q and H0 “ pΨ
h

q “ λ2pΨ
H

q where υ is the applied voltage and Ψ is magnetic flux.

Therefore, PT “ ε0εrp
υ
H

q2 ´ αrα0p
Ψ
H

q2 and Pt “ λ4PT .

4.3.1 Governing equation of the stretch-dependent electric

permittivity

The permittivity of the elastomer ε exhibits a significant dependence on finite

deformation [37,38,46,67]. Hence, it becomes essential to explore the effect of stretch-

dependent permittivity on the dynamic behavior of the proposed membrane. In this
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regard, Li et al. [67] suggested a phenomenological model to explain the significant

electrostriction of these materials. Their approach describes the through-thickness

permittivity of the thin dielectric elastomer as a linear function of the in-plane stretch

ratios λ1 and λ2. Following [67], we express the stretch-dependent linear model of

electric permittivity utilized in this study as:

ε pλ1, λ2q “ ε̄ r1 ` c pλ1 ` λ2 ´ 2qs , (4.15a)

ε pλq “ ε̄ r1 ` 2c pλ ´ 1qs . (4.15b)

A nonlinear model intended to capture effectively the stretch-dependent permittiv-

ity phenomena in an elastomeric membrane was presented by Jiménez and McMeek-

ing [38], which is expressed as:

ε pλ1, λ2q “ ε̄ ` c0
“

2λ´2
1 λ´2

2 ´ λ2
2 ´ λ2

1

‰

, (4.16a)

ε pλq “ ε̄ ´ 2c0pλ2
´ λ´4

q, (4.16b)

here, the unique electrostrictive coefficient of the elastomer is symbolized by the sym-

bol c0, while the isotropic component of the permittivity tensor is represented by ε̄.

In particular, the values of these parameters, ε̄ and c0, vary between elastomers due

to many variables such as the volume density of chain molecules, the polarizability

of the intrinsic links and the number of links in a chain [38]. The stretch-dependent

permittivity models used in this study are based on experimentally supported phe-

nomenological formulations. The linear model [67] assumes that permittivity varies

linearly with in-plane stretch, capturing first-order electrostrictive effects observed

under moderate deformations. The nonlinear model [38] incorporates inverse and

quadratic stretch terms derived from thermodynamic principles, offering greater ac-

curacy at large deformations. These models reflect the physical mechanisms of chain

alignment and volumetric constraints, and are employed here to assess the influence of

stretch-dependent dielectric behavior on the membrane’s dynamic response. As noted

by Jiménez and McMeeking (see Equation (6) in [38]), the linear model (4.15) and

the nonlinear model (4.16) are equivalent in the small deformation regime, i.e., when

λ1, λ2 Ñ 1. We aim to use the parameters of the linear model (4.15) to characterize
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those of the nonlinear model (4.16), since the parameters ε̃ and c0 remain constant

regardless of the deformation magnitude. For small deformations, the stretches can

be expressed as λ1 “ 1 ` δ1 and λ2 “ 1 ` δ2, where δ1, δ2 ! 1. Substituting into the

nonlinear model (4.16), the permittivity becomes: ε “ ε̃ ´ 6c0pδ1 ` δ2q, whereas in

the linear model (4.15), the permittivity is given by: ε “ ε̄ ` ε̄cpδ1 ` δ2q. A direct

comparison of the two expressions yields the relationships: ε̃ “ ε̄, and c0 “ ´ ε̄c
6
.

Using the above expressions of ε̃ and c0 in Eq. (4.16b), and considering equi-biaxial

deformation, the linear and nonlinear models for the stretch-dependent permittivity

of the membrane are expressed as follows [67]:

εpλq “

$

’

&

’

%

εlpλq “ ε̄ r1 ` 2cpλ ´ 1qs pLinearq

εnlpλq “ ε̄
”

1 `
c

3
pλ2

´ λ´4
q

ı

pNonlinearq

,

/

.

/

-

. (4.17)

In the present study, c “ ´0.053 and ε̄ “ 4.68ε0 [32]. Eq. 4.10b is rewritten to

accommodate both the linear and nonlinear models of stretch-dependent permittivity

as:
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»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

$

’

&

’

%

Trr “ Tθθ “
µJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ ε̄E2

0 ` αλ´8H2
0

,

/

.

/

-

pStretch independent permittivity or constant modelq

$

’

&

’

%

Trr “ Tθθ “
µJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ ε̄r1 ´ 0.106pλ ´ 1qsE2

0 ` αλ´8H2
0

,

/

.

/

-

pLinear modelq

$

’

&

’

%

Trr “ Tθθ “
µJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ ε̄r1 ´ 0.01768pλ2

´ λ´4
qsE2

0 ` αλ´8H2
0

,

/

.

/

-

pNonlinear modelq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(4.18)

The equation governing the equilibrium of an incompressible, isotropic elastic cir-

cular membrane undergoing axisymmetric deformation can be expressed as follows:

dTrr

dr
`

Trr ´ Tθθ

r
` ρbf “ ρ

d2r

dt2
, (4.19)

In the above expression, ρ, and bf denote the material density of the membrane,

and the body force per unit volume, respectively. Under the boundary condition

Trrpr “ r0q “ P
2πr0h

and assuming the absence of a body force bf “ 0, the radial

equilibrium equation (Eq. 4.19) can be balanced using (Eq. 4.18) as:

P

2πr0h
´ Trr “

ż r0

0

ρ
d2r

dt2
dr ñ

d2λ

dt2
`

2Trr

λρR2
0

´
P

πr0hλρR2
0

“ 0. (4.20)

Upon invoking the expression of Trr for different model from Eq. (4.18) in Eq.
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(4.20), we obtain

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

$

’

’

&

’

’

%

d2λ

dτ 2
`

Jmpλ ´ λ´5q
`

Jm ´ 2λ2 ´ 1
λ4 ` 3

˘ ´ λ3V 2
` λ´5M2

´ S “ 0

,

/

/

.

/

/

-

pConstant modelq

$

’

’

&

’

’

%

d2λ

dτ 2
`

Jmpλ ´ λ´5q
`

Jm ´ 2λ2 ´ 1
λ4 ` 3

˘ ´ p1.106λ3
´ 0.106λ4

qV 2
` λ´5M2

´ S “ 0

,

/

/

.

/

/

-

pLinear modelq

$

’

’

&

’

’

%

d2λ

dτ 2
`

Jmpλ ´ λ´5q
`

Jm ´ 2λ2 ´ 1
λ4 ` 3

˘ ´ pλ3
´ 0.01748λ5

` 0.01768λ´1
qV 2

` λ´5M2
´ S “ 0

,

/

/

.

/

/

-

pNonlinear modelq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

(4.21)

where τ “

?
2t

R0

c

ρ

µ

is the dimensionless time, S “
P

2πµR0H
is the nominal

equal-biaxial normalized stress at the boundary, V “
υ

H

c

µ

ε

is the normalized

voltage, M “
Ψ

H

c

µ

α

is the normalized flux.

Essentially, we reiterate that normalized transverse pressure may successfully re-

place normalized voltage V and magnetic flux M to provide an analogous effect on

the dynamical system, as shown by the results of [73]. This equivalency enables us

to treat normalized voltage and flux as normalized transverse pressure. The behavior

of the dynamical system may be consistently analyzed by using the normalized volt-

age and flux in place of the normalized transverse pressure. The governing equation

that provides insight into the dynamic behavior of a circular membrane experiencing
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equi-biaxial electro-magneto-elastic deformation is written as:

d2λ

dτ 2
` gpλ; Jm, V,M, Sq “ 0,

(4.22)

where gpλ; Jm, V,M, Sq “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

"

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3V 2

` λ´5M2
´ S

*

pConstant modelq

"

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´

`

1.106λ3
´ 0.106λ4

˘

V 2
` λ´5M2

´ S

*

pLinear modelq

$

’

&

’

%

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´

`

λ3
´ 0.01748λ5

` 0.01768λ´1
˘

V 2

` λ´5M2
´ S

,

/

.

/

-

pNonlinear modelq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(4.23)

4.3.2 Governing equation of the stretch-dependent magnetic

permeability

By assuming the same variation as that of electric permittivity, the permeability

of material in terms of principal stretch for linear and nonlinear model is written as:

α pλq “

$

’

’

’

’

&

’

’

’

’

%

αl pλq “ ᾱ r1 ` 2κ pλ ´ 1qs pLinearq

αnl pλq “ ᾱ
”

1 `
κ

3
pλ2

´ λ´4
q

ı

pNonlinearq

,

/

/

/

/

.

/

/

/

/

-

, (4.24)

where κ is the magnetostrictive coefficient unique to the elastomer and ᾱ denotes the

isotropic component of the permeability. We consider ᾱ “ 3.45α0 by calibrating with

the experimental results reported by Vatandoost et al. [76] and κ “ ´0.053 [32]. Eq.

4.10b is rewritten to accommodate both the linear and nonlinear models of stretch-
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dependent permeability as:

»

—
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—

—

—

–

"
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´ εE2

0 ` ᾱλ´8H2
0

*

pStretch-independent permeability or constant modelq

"

Trr “ Tθθ “
µJm pλ2 ´ λ´4q

Jm ´ I1 ` 3
´ εE2

0 ` ᾱ r1 ´ 0.106pλ ´ 1qsλ´8H2
0

*

pLinear modelq

"

Trr “ Tθθ “
µJm pλ2 ´ λ´4q
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´ εE2
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q
‰
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0
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ffi
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ffi
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ffi

ffi

fl
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(4.25)

Upon invoking the expression of Trr from Eq. (4.25) in Eq. (4.20), we obtain

»
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—
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—

—

—
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—
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—
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"

d2λ

dτ 2
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Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3V 2

` λ´5M2
´ S “ 0

*

pConstant modelq

"

d2λ
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`

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3V 2

`
`
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˘

M2
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*
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$

’

&

’

%
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`
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`
`

λ´5
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˘
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,

/

.

/

-
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fi
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ffi
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ffi

ffi
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ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl
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(4.26)

The governing equation describing the dynamic behavior of the membrane, taking

into account the variation in the magnetic permeability of the material in Eq. (4.26),

can be written as:
d2λ

dτ 2
` fpλ; Jm, V,M, Sq “ 0. (4.27)
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where fpλ; Jm, V,M, Sq “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

"

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3V 2

` λ´5M2
´ S

*

pConstant modelq

"

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3V 2

`
`

1.106λ´5
´ 0.106λ´4

˘

M2
´ S

*

pLinear modelq

$

’

&

’

%

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3V 2

`
`

λ´5
´ 0.01748λ´3

`0.01768λ´9
˘

M2
´ S

,

/

.

/

-

pNonlinear modelq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi
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(4.28)

Table 4.1: Electromagnetic models with different considered parameters

Property Model Relation for equibiaxial

stretch

Parameters and

source

Permittivity Constant εpλq “ ε̄ ε̄ “ 4.68ε0; [32]

Permittivity Linear εpλq “ ε̄r1 ` 2cpλ ´ 1qs c “ ´0.053 (di-

mensionless); [67]

Permittivity Nonlinear εpλq “ ε̄r1 ` c
3pλ2 ´ λ´4qs c “ ´0.053 (di-

mensionless); [38]

Permeability Constant αpλq “ ᾱ ᾱ “ 3.45α0; [76]

Permeability Linear αpλq “ ᾱr1 ` 2κpλ ´ 1qs κ “ ´0.053 (di-

mensionless);

assumed in this

study

Permeability Nonlinear αpλq “ ᾱr1 ` κ
3 pλ2 ´ λ´4qs κ “ ´0.053 (di-

mensionless);

assumed in this

study
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In Table 4.1, ε0 and α0 denote the permittivity and magnetic permeability of

free space, respectively. The coefficients c and κ are dimensionless; therefore, all

three permittivity models have units of Fm´1, and all three permeability models

have units of Hm´1. The permeability relations adopt the same stretch-dependent

forms as the permittivity relations. The value of κ is a modeling assumption in this

study and has not been independently calibrated for the same membrane material.

These relations are applied only over the stretch range reached in the simulations;

extrapolation beyond that range requires material-specific measurements.

4.3.3 Numerical solution procedure

The nonlinear governing equations are solved numerically in MATLAB using the

ode45 solver based on an adaptive Runge–Kutta (4,5) scheme. The numerical sim-

ulations are initiated using λp0q “ 1 and 9λp0q “ 0. Since ode45 uses adaptive time

stepping, a fixed integration time step is not prescribed. The solutions are evaluated

at 10,000 equally spaced time points for plotting and post-processing.

A dimensionless simulation duration of τ “ 20 is used for the regular dynamic

responses, phase trajectories, whereas τ “ 400 is used for AC voltage dynamics by

constructing the time history, phase and Poincaré section. For frequency-response

calculations, the normalized excitation frequency is varied from 0 to 2.5 in increments

of 0.1, and the response amplitude is calculated as:

A “
λmax ´ λmin

2
. (4.29)

For the Poincaré analysis, the response is sampled once per excitation period,

T “ 2π{ω, using the corresponding values of stretch and stretch rate. No separate

transient-removal procedure or user-defined solver tolerance is imposed; the adaptive

error-control settings of ode45 are used.
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4.4 DC dynamic response of different models of

permittivity and permeability

Using the time-independent normalized voltage, V , the membrane’s DC dynamic

properties are assessed in this section. Specifically, in the governing Eqs. (4.21), there

are two state variables λ and
dλ

dτ
and the corresponding initial conditions of these state

variables at τ = 0 are given as: pλqτ“0 “ 1;

ˆ

dλ

dτ

˙

τ“0

“ 0. A parametric study is

specifically conducted to assess the impact of the permittivity (constant, linear, and

nonlinear), the impact of the permeability (constant, linear, and nonlinear), normal-

ized pre-stress parameter (S) and strain stiffening parameter (Jm) on the dynamic

response of the membrane.

First, to examine the influence of material parameter variations, time-history plots

and phase diagrams were generated for constant, linear, and nonlinear models of per-

mittivity and permeability, as shown in Fig. 4.2. The time-history results indicate

that, for all considered cases, the membrane exhibits stable oscillations about a steady

equilibrium stretch (Figs. 4.2a–b). In the permittivity-controlled case (Fig. 4.2a), the

constant model yields slightly higher oscillation amplitudes compared to the linear

and nonlinear models, whereas in the permeability-controlled case (Fig. 4.2b), the

amplitudes for all three models nearly coincide. The corresponding phase portraits

further highlight these trends: for permittivity variation (Fig. 4.2c), the closed-loop

trajectories shrink progressively from the constant to the nonlinear model, indicating

a reduction in dynamic range. In contrast, for permeability variation (Fig. 4.2d), the

trajectories exhibit only minor deviations among the three models, confirming that

permeability variation has a comparatively smaller effect on the membrane’s oscilla-

tory dynamics under the selected parameter set.

Figure 4.3 presents the DC dynamic responses of the membrane for the case of

higher actuation amplitudes, considering three different models of permittivity at

V “ 1,M “ 0.25 and permeability at V “ 0.25,M “ 1: constant, linear, and

nonlinear. At this elevated actuation level, the induced Maxwell stress is substan-

tially larger than in the low-actuation case (V “ M “ 0.25), resulting in significantly
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(a) (c)

(b) (d)

Figure 4.2: DC dynamic responses of the membrane with (a–b) time evolution diagrams,

(c-d) phase diagrams for different models (constant, linear, and nonlinear) of permittivity

and permeability at V = M = 0.25 with Jm = 20 and S = 1.

greater deformation amplitudes. In the time-evolution plots (Figs. 4.3(a) and 4.3(b)),

the stretch (λ) exhibits pronounced divergence between the constant, linear, and non-

linear models. The nonlinear model, in particular, produces distinctly higher peak

stretches compared to the other two, indicating the stronger influence of stretch-

dependent material properties under large electromechanical loads. In contrast, at

V “ M “ 0.25 (previously shown in Fig. 4.2), the oscillation amplitudes for the three

models were nearly coincident, reflecting only a marginal effect of stretch-dependence

at low actuation levels. The phase diagrams (Figs. 4.3(c) and 4.3(d)) further highlight
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(a) (c)

(b) (d)

Figure 4.3: DC dynamic responses of the membrane with (a–b) time evolution diagrams,

(c-d) phase diagrams for different models (constant, linear, and nonlinear) of permittivity

at V = 1, M = 0.25 and permeability at V = 0.25, M = 1.

these differences. At higher values of V and M , the trajectories expand significantly

in the stretch–stretch-rate (λ, dλ{dτ) space, and the loop shapes for the different

models become clearly distinguishable. The nonlinear model forms the widest loop,

demonstrating the strongest energy exchange between the electrical and mechanical

domains, whereas the constant model shows the narrowest trajectory. This contrasts

with the low-actuation case, where the loops for all three models were tightly clus-

tered, indicating minimal variation in dynamic response due to stretch-dependence.

Overall, the comparison confirms that the effect of stretch-dependent permittivity

and permeability is strongly amplitude-dependent. While negligible at low actuation,

these effects become increasingly significant at higher electromagnetic loading, where
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nonlinear electromechanical coupling dominates the system’s dynamic behavior.

4.5 AC dynamic response of different models of

permittivity and permeability

Analyzing a circular membrane becomes significantly more complex under time-

dependent voltage fluctuations. These dynamic changes can introduce chaotic behav-

ior, prompting a detailed investigation of the membrane’s response. Specifically in

the present study, the membrane is excited by a harmonic time-dependent AC voltage

described as:

V ptq “ Vasinpω0tq, (4.30)

where the term Va denotes the magnitude of the applied AC voltage, ω0 denotes

the excitation frequency of the system. The required governing equations for varying

electric permittivity and magnetic permeability models under the applied AC voltage

are provided in Appendix A. For consistency, the initial conditions used in this section

are the same as those defined in Section 4.4, with λ|τ“0 “ 1 and
dλ

dτ

ˇ

ˇ

ˇ

ˇ

τ“0

“ 0.

First, for the three models considered (constant, linear and nonlinear) of electric

permittivity (Figs. 4.4a-b) and magnetic permeability (Figs. 4.4c-d), we evaluate

the membrane oscillation amplitude (A) change with the applied dimensionless exci-

tation frequency (ω). Half the difference between the maximum and the minimum

values is known as the oscillation’s amplitude of the stretch λ, which can be found

using the formula: A “ pλmax ´ λminq{2. When the membrane is activated at its

natural angular frequency pω “ ωnq, the oscillation amplitude in all of the situations

under consideration (Fig. 4.4a-d) achieves its maximum value. This occurs because

the system’s energy transmission is most effective at the natural angular frequency,

which is its fundamental frequency. At lower actuation parameters (V “ M “ 0.25),

shown in Figs. 4.4(a, c), the amplitude-frequency response corresponding to constant,

linear, and nonlinear models is almost identical. This indicates that under weak
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(a) (b)

(c) (d)

Figure 4.4: Variation of stretch amplitude with the applied excitation frequency for different

models of (a, b) electric permittivity at V = 0.25 and 1.0 and (c, d) magnetic permeability

at M = 0.25 and 1.0.

electro-magneto-mechanical coupling, the effect of stretch-dependent permittivity and

permeability remains marginal, and the natural frequency is nearly unaffected by

the choice of model. In contrast, when the actuation levels are increased, as shown

in Figs. 4.4(b, d), a clear influence of the constitutive model can be observed. For

the permittivity case (V “ 1.0,M “ 0.25), Fig. 4.4(b) reveals noticeable shifts in

the resonance peaks for the nonlinear model compared to the constant and linear

ones, particularly around ω « 0.5 and ω « 1.0. Similarly, in the permeability case
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(V “ 0.25,M “ 1.0), Fig. 4.4(d) shows significant deviations in amplitude response

across multiple frequency bands depending on the selected model. This compari-

son highlights that the role of stretch dependency in permittivity and permeability

becomes more prominent at higher actuation levels due to stronger electro-magneto-

mechanical coupling. While at low excitation the influence of nonlinear constitutive

effects is negligible, at higher actuation they play a crucial role in governing the reso-

nance characteristics and natural frequency of the smart membrane.

(a) (b) (c)

(d) (e) (f)

Figure 4.5: AC dynamic responses of the membrane with (a–c) phase diagrams merged

with Poincaré plots, (d–f) time evolution diagrams corresponding to the resonant

excitation frequencies for different models of electric permittivity.

In the following discussion, a periodic response refers to a response that repeats af-

ter a fixed time period, whereas a quasi-periodic response contains multiple interacting

frequencies and does not repeat over a single period. A bounded oscillation indicates

that the membrane response remains within a finite range and does not necessarily

imply periodicity. Static stability refers to the stability of an equilibrium configuration
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and is therefore different from the nature of the time-dependent oscillatory response.

We further examine the influence of different models (constant, linear, and nonlin-

ear) of permittivity on the dynamic response of the membrane when it is excited at the

resonance frequency (Fig. 4.5). The phase diagram plots (Figs. 4.5a-c) show that on

moving from constant to nonlinear model, the envelope represents the magnitude of the

maximum and minimum feasible stretch rate (dλ{dτ). It is approximately the same for

each model with negligible variation. Phase diagrams also show that when activated

at resonance frequencies, the membrane shows substantial nonlinear oscillation behav-

ior. Poincaré points may effectively depict complicated dynamical behaviors, such as

periodicity, quasi-periodicity, and chaos, in a single visual representation, and hence it

is advantageous to display them together in the phase diagram [26, 49, 77]. For every

model taken into consideration, the Poincaré plot creates closed loops, indicating the

membrane’s quasi-periodic stable oscillation nature [78, 79]. Thus, we conclude that

the membrane’s dynamic stability is unaffected by the different permittivity models.

For every model taken into consideration, the membrane is shown to exhibit stable

oscillations with time-varying amplitude, according to the time history plot (Figs.

4.5d-f). It is known as the ”beating phenomenon” [80, 81]. On the other hand, the

amplitude of the steady oscillations is approximately the same for each model with

slight variation.

Similarly, we examine the influence of different models (constant, linear, and non-

linear) of permeability on the dynamic response of the membrane when it is excited at

the resonance frequency (Fig. 4.6). The phase diagram plots (Figs. 4.6a-c) show that

on moving from a constant to a nonlinear model, the envelope size is approximately

the same for each model with negligible variation. Phase diagrams also show that

when activated at resonance frequencies, the membrane shows substantial nonlinear

oscillation behavior. The Poincaré plot creates closed loops for each model indicating

the membrane’s quasi-periodic stable oscillation nature. Thus, we conclude that the

membrane’s dynamic stability is unaffected by different permeability models. Accord-

ing to the time history plot (Figs. 4.6d-f), the system exhibits stable oscillations with

varying amplitude. The amplitude of the steady oscillations is approximately the same
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(a) (b) (c)

(d) (e) (f)

Figure 4.6: AC dynamic responses of the membrane with (a–c) phase diagrams merged

with Poincaré plots, (d–f) time evolution diagrams corresponding to the resonant

excitation frequencies for different models of magnetic permeability.

for each model of permeability with slight variation.

The obtained results are found to be consistent with the physical behavior reported

in the literature for soft active elastomers and electro-magneto-active membranes. The

nonlinear stretch-dependent models of electric permittivity and magnetic permeabil-

ity predict larger deformation amplitudes and stronger resonance behavior compared

to constant and linear models, which agrees with experimental and theoretical ob-

servations that electromagnetic properties increase with deformation. Similarly, the

increase in oscillation amplitude and energy under higher electric and magnetic load-

ing follows the expected softening and field-coupling behavior of smart elastomeric

materials. The predicted phase trajectories, resonance characteristics, and nonlinear

dynamic responses also show good qualitative agreement with previously reported

studies on electroactive and magnetoactive membranes, confirming the validity and
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physical consistency of the present model.

4.6 Summary

This chapter presents a comprehensive modeling framework based on continuum

physics to explore the intricate nonlinear dynamics of a circular membrane subjected

to electro-magneto-mechanical loadings. By replacing conventional transverse pres-

sure with electric and magnetic fields, a qualitative analysis has been conducted to

investigate the system’s response under varying models of permittivity and permeabil-

ity. A nonlinear differential equation governing the radial axisymmetric motion of the

membrane has been analyzed.

i. In DC dynamics, results confirm that stretch-dependent electromagnetic effects

are negligible at low actuation, showing nearly identical responses but become

dominant at higher field strengths, where nonlinear coupling governs the system

dynamics.

ii. In AC dynamics, from the amplitude-frequency diagram, it is seen that at low ac-

tuation levels, all constitutive models yield nearly identical amplitude–frequency

responses, indicating a negligible effect of stretch-dependent permittivity and

permeability. At higher actuation, the nonlinear model exhibits clear shifts in

resonance behavior, demonstrating that stretch-dependent electromagnetic ef-

fects become dominant under strong electro–magneto–mechanical coupling.

iii. In AC dynamics, the membrane exhibits subtle variations in amplitude across

different permittivity and permeability models at the fundamental natural fre-

quency. The nonlinear model dominates the other models as the envelope size

increases, showing that the system contains more energy. The Poincaré map fur-

ther reveals the presence of quasi-periodic oscillations, demonstrating the com-

plex interplay between different models. These findings highlight the nonlinear

and intricate nature of the membrane’s oscillatory behavior, with important
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implications for the stability and control of such electro-magneto-mechanical

systems.

This chapter examined the dynamic behavior of electro-magneto-active circular

membranes by considering constant, linear, and nonlinear stretch-dependent mod-

els of electric permittivity and magnetic permeability. The results showed that the

nonlinear model produced larger deformation amplitudes and stronger resonance re-

sponses, particularly at higher electric and magnetic loading conditions (V = 1 and

M = 1), compared to the constant and linear models. Under AC excitation, the

nonlinear model also displayed wider resonance regions and more noticeable nonlin-

ear oscillations in the phase and Poincaré responses. Overall, the study demonstrates

that stretch-dependent electromagnetic properties play an important role in accurately

predicting the dynamic response and stability characteristics of smart membranes.

The next chapter investigates the formation and stability of taut domains in

particle-reinforced electro-magneto-active circular membranes under combined elec-

tric and magnetic fields. It examines the influence of electromagnetic loading, filler

volume fraction, and shear modulus ratio on membrane deformation, stability limits,

and field-induced instabilities.
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Chapter 5

Taut Domain Formation in

Particle-Reinforced EMAMs

Preface

Pull-in and wrinkling are important instability mechanisms that influence the per-

formance of soft active membranes. This chapter develops a taut domain framework

to predict these instabilities in particle-reinforced electro-magneto-active membranes.

The effects of electrical loading, magnetic loading, and reinforcement parameters on

the stability limits and stress-stretch behavior are discussed.

5.1 Introduction

Taut domains are a defining feature of stretched soft membranes and play a key

role in controlling their stability and deformation behavior. When a membrane is

sufficiently stretched, the resulting tensile stresses help maintain a stable configuration.

However, in soft active materials, the application of strong electric and magnetic fields

can significantly alter this balance, leading to changes in stress distribution and, in

some cases, the onset of instability.

Although several studies have examined wrinkling and instability in electroactive

and magnetoactive membranes, limited attention has been given to particle-reinforced

electro-magneto-active circular membranes under combined electric and magnetic
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loading. In particular, the influence of particle reinforcement on taut domain evo-

lution, attainable deformation states, and stability limits is still not well understood.

The novelty of this chapter lies in the development of a continuum-based framework for

analyzing taut domain formation in particle-reinforced electro-magneto-active circu-

lar membranes. The study investigates the combined effects of electric field, magnetic

field, filler volume fraction, and shear modulus ratio on membrane stability and de-

formation characteristics. The main objectives of this chapter are:

• To formulate the governing equations for taut domain analysis in particle-

reinforced electro-magneto-active circular membranes.

• To investigate the influence of electric and magnetic fields on taut domain for-

mation and stability behavior.

• To study the effects of filler volume fraction and shear modulus ratio on mem-

brane deformation and field-induced instabilities.

A theoretical framework is developed to capture the coupled effects of finite defor-

mation, electromagnetic loading, and material reinforcement. The influence of electric

and magnetic field strengths, particle volume fraction, and material shear modulus

ratio of filler and matrix of membrane is systematically examined to identify the con-

ditions under which taut domains form and lose stability. The results provide insight

into how electromagnetic fields can be used to control membrane stability and defor-

mation in soft active systems.

5.2 Mathematical formulation

In the present study, the particle-reinforced electro-magneto-active circular mem-

brane is assumed to behave as a homogeneous, isotropic, and hyperelastic material.

The membrane undergoes large elastic deformation and is considered incompressible

throughout the analysis. Since the membrane thickness is very small compared to

its in-plane dimensions, bending effects are neglected. Uniform electric and magnetic
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Figure 5.1: Schematic representation of the circular membrane: (a) Initial or reference

state, (b) Deformed or actuated state caused by a uniformly applied transverse pressure

Pt, and (c) Equivalent deformed state as in (b), achieved due to the transverse electric and

magnetic fields.

fields are applied across the membrane, and the deformation is assumed to remain

axisymmetric. The reinforcing particles are considered to be uniformly distributed

within the elastomer matrix, while thermal effects, body forces, and material damp-

ing are not included in the present model.

In the present study, we consider a circular membrane with the coordinate systems

pR,Θ, Zq in the reference state β0 and pr, θ, zq in the current state β, respectively.

The membrane has an undeformed radius R0 with a thickness H, and is assumed

to be axisymmetric and incompressible, with reinforcing particles as shown in Fig.

5.1(a). Under the applied load, the membrane undergoes radial expansion and thick-

ness contraction, resulting in a deformed radius r0 and thickness h, as illustrated in
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Fig. 5.1(b). To finalize the framework, we impose a uniform external pressure Pt

along the thickness direction. As previously mentioned, transverse pressure is com-

monly observed in many membranes. This pressure can be effectively substituted with

electric and magnetic fields, which simulate a similar outcome by inducing an electro-

magneto-static pressure, as depicted in Fig. 5.1(c). The mapping ζ characterizes the

electro-magneto-elastic deformation of the membrane, defined as:

x “ ζpXq, ζ : β0pR,Θ, Zq ÝÑ βpr, θ, zq, (5.1)

here, the position vectors for the reference configuration β0 and the current configura-

tion β are denoted by X and x, respectively. Consequently, the deformation mapping

that links the undeformed and deformed states of the membrane can be expressed as

follows:

r “ ζpR, tq, θ “ Θ, z “ ζpZ, tq. (5.2)

The deformation gradient tensor F, the left Cauchy–Green deformation tensor B, the

electric field vector E, and the magnetic field vector H for the given deformation map

(5.1) are defined as:

F “

»

—

—

—

–

λr 0 0

0 λθ 0

0 0 λz

fi

ffi

ffi

ffi

fl

, B “ FFT , E “

»

—

—

—

–

0

0

E0

fi

ffi

ffi

ffi

fl

, H “

»

—

—

—

–

0

0

H0

fi

ffi

ffi

ffi

fl

, (5.3)

where λr, λθ, and λz are the principal stretches; E0 and H0 are the applied electric and

magnetic field intensities on the membrane. The principal stretches of an incompress-

ible (λrλθλz=1) circular membrane experiencing equi-biaxial deformation are defined

as:

λr “ λ1 “ λ, λθ “ λ2 “ λ, λz “
1

λ1λ2

“
1

λ2
, (5.4)

where λ “
r

R
and λz “

h

H
, respectively. The invariants associated with the left

Cauchy–Green deformation tensor B, the electrical field-based pseudo structural ten-

sor pEl
b El

q, and the magnetic field-based pseudo structural tensor pHl
b Hl

q for an
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isotropic, incompressible, and electro-magneto-elastic deformation are defined as [70]:

I1 “ tr B “ λ2
1 ` λ2

2 ` λ´2
1 λ´2

2 , I2 “
1

2

“

ptr Bq
2

´ tr B2
‰

“ λ2
1λ

2
2 ` λ´2

1 ` λ´2
2 ,

I3 “ det B “ 1, I4 “
“

El
b El

‰

: I “ λ´2
1 λ´2

2 E0
2, I5 “

“

El
b El

‰

: B´1
“ E0

2,

I6 “
“

El
b El

‰

: B´2
“ λ2

1λ
2
2E0

2, I7 “
“

Hl
b Hl

‰

: I “ λ´2
1 λ´2

2 H0
2,

I8 “
“

Hl
b Hl

‰

: B´1
“ H0

2, I9 “
“

Hl
b Hl

‰

: B´2
“ λ2

1λ
2
2H0

2,

(5.5)

where El
“ FTE, and Hl

“ FTH represent the Lagrangian electric and magnetic field

vectors in the reference configuration. Smart circular membranes typically demon-

strate a finite limit to their stretchability, known as limiting extensibility. Notably,

the maximum stretch under biaxial loading is generally lower than that observed

under uniaxial conditions. To accurately capture this behavior, phenomenological

models have been developed that account for the membrane’s restricted deformability.

Among these, the Gent model is widely recognized for its effectiveness in representing

materials with limiting chain extensibility [71].

5.3 Governing equation

In this study, we adopt a Gent-type strain energy density function W , formulated

in terms of the invariants I1, I5, and I8 as [82]:

W “ ´
µe

2
Jm log

ˆ

1 ´
I1 ´ 3

Jm

˙

´
ε0
2

pC1I5q ´
α0

2
pC2I8q, (5.6)

where µe is the effective shear modulus defined as [68]: µe “

µm

»

—

–

1 `

Φp
µf

µm

´ 1q

1 ` κp1 ´ Φqp
µf

µm

´ 1q

fi

ffi

fl

, Jm denotes the chain extensibility parameter

of the membrane material, while C1 and C2 are constant material parameters. The

symbols ε0 and α0 represent the electric permittivity and magnetic permeability of

free space, respectively. In the expression for the effective shear modulus, Φ denotes

the amount of fillers, and µf and µm correspond to the shear moduli of the filler and

matrix phases of the membrane. The parameter κ is associated with the membrane’s
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Poisson’s ratio. For incompressible elastomeric membranes, κ is typically taken as

0.4 [20]. Following the theory of electro-magneto-elasticity [1], the total Cauchy stress

tensor T for an incompressible and isotropic circular membrane can be expressed as:

T “ ´pI ` 2W1B ` 2W2rI1B ´ B2
s ´ 2W5E b E ´ 2W6rB´1E b E ` E b B´1Es`

2W8rBH b BHs ` 2W9rBH b B2H ` B2H b BHs,

(5.7)

where p is a Lagrange multiplier introduced to enforce the incompressibility constraint,

and Wi denotes the partial derivative of the strain energy function with respect to the

invariant Ii, i.e.,
BW

BIi
for i “ 1, 2...9. By substituting Eq. (5.6) into Eq. (5.7), and

utilizing Eqs. (5.3), (5.4), and (5.5), we derive the expressions for the principal stress

components, electric displacement, and magnetic displacement as follows:

Trr “ ´p `
Jmµeλ

2
1

Jm ´ I1 ` 3
, (5.8a)

Tθθ “ ´p `
Jmµeλ

2
2

Jm ´ I1 ` 3
, (5.8b)

Tzz “ ´p `
Jmµeλ

´2
1 λ´2

2

Jm ´ I1 ` 3
` C1ε0E

2
0 ´ C2α0λ

´4
1 λ´4

2 H2
0 . (5.8c)

By implementing the specified traction-free boundary condition Tzz “ 0 (Fig.

5.1(c)) in Eq. 5.8(c), we obtain the radial and hoop stress components from Eq.

5.8(a-b) as:

Trr “
µeJm

`

λ2
1 ´ λ´2

1 λ´2
2

˘

Jm ´ λ2
1 ´ λ2

2 ´ λ´2
1 λ´2

2 ` 3
´ ε0C1E

2
0 ` α0C2λ

´4
1 λ´4

2 H2
0 , (5.9a)

Tθθ “
µeJm

`

λ2
2 ´ λ´2

1 λ´2
2

˘

Jm ´ λ2
1 ´ λ2

2 ´ λ´2
1 λ´2

2 ` 3
´ ε0C1E

2
0 ` α0C2λ

´4
1 λ´4

2 H2
0 . (5.9b)

For the sake of convenience, the following non-dimensional electric and magnetic field

variables (normalized voltage and normalized flux) and normalized effective shear mod-

ulus may be introduced in the above governing Eqs. (5.9), which are defined as:

U “

»

—

–

1 `

Φp
µf

µm

´ 1q

1 ` κp1 ´ Φqp
µf

µm

´ 1q

fi

ffi

fl

, V “ E0

d

C1ε0
µm

, M “ H0

d

C2α0

µm

, (5.10)
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where E0 “ pυ
h

q “ λ1λ2p
υ
H

q and H0 “ pΨ
h

q “ λ1λ2p
Ψ
H

q represent the electric and

magnetic fields, respectively. Invoking the above-defined normalized voltage and nor-

malized flux parameter (Eq. 5.10) in the governing Eqs. (5.9), the normalized principal

stress components (T ˚
rr and T ˚

θθ) are obtained as:

T ˚
rr “

UJm
`

λ2
1 ´ λ´2

1 λ´2
2

˘

Jm ´ λ2
1 ´ λ2

2 ´ λ´2
1 λ´2

2 ` 3
´ λ2

1λ
2
2V

2
` λ´2

1 λ´2
2 M2, (5.11a)

T ˚
θθ “

UJm
`

λ2
2 ´ λ´2

1 λ´2
2

˘

Jm ´ λ2
1 ´ λ2

2 ´ λ´2
1 λ´2

2 ` 3
´ λ2

1λ
2
2V

2
` λ´2

1 λ´2
2 M2. (5.11b)

It is important to note that when a uniform transverse stress is applied at the

boundary, the stress component satisfies Tzz = ´Pt (see Fig. 5.1(b)). The corre-

sponding expression for the transverse pressure is given by: Pt “
ˇ

ˇPtelect. ` Ptmag.

ˇ

ˇ “

C1ε0E
2
0 ´C2α0H

2
0 [82]. This highlights that the transverse pressure effectively captures

the combined influence of electric and magnetic fields. Consequently, the interaction

of these fields can mimic the mechanical compression of membranes, making electro-

magnetic loading functionally equivalent to an externally applied transverse stress.

In the analysis of taut regions in elastomers, the first Piola–Kirchhoff (PK-1) stress

tensor is preferred due to its formulation in the reference configuration, making it

compatible with energy-based methods and deformation-gradient-based models [44].

This stress measure allows for consistent evaluation of mechanical behavior relative to

the undeformed geometry, which is crucial during the design and prediction phases.

Unlike the Cauchy stress, which requires knowledge of the deformed state, PK-1 stress

supports predictive modeling and aligns with variational formulations commonly used

in electroactive elastomer studies. Therefore, the first Piola–Kirchhoff (PK-1) stress

components S˚
ii from the above developed principal stress components (Eq. 5.11) may

be obtained based on the following conversion given by:

S˚
iipλ1, λ2, V,M,Φ,

µf

µm

q “ T ˚
iipλ1, λ2, V,M,Φ,

µf

µm

qλ´1
i i “ 1, 2. (5.12)
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Figure 5.2: A schematic representation of the natural strain curves of the tensile stretch

region.

5.4 Taut domains in a smart circular membrane

This subsection presents the concept of taut domains, referring to regions within

the smart circular electro-magneto-active membrane that experience purely tensile

stretches, as illustrated in Fig. 5.2 and originally introduced by Steigmann [83]. To

derive the constitutive behavior within these domains, a state of local uniaxial tension

along the θ-direction is considered. Under this condition, the transverse stretch in

the r-direction assumes a specific value known as the natural width in tension, which

corresponds to a uniaxial stress state where T ˚
rr = T ˚

zz = 0. As a result, the gov-

erning equation for the taut regions of the electro-magneto-active circular membrane,

originally given by Eq. 5.11a, is reformulated as follows:

UJm
`

λ2
1 ´ λ´2

1 λ´2
2

˘

Jm ´ λ2
1 ´ λ2

2 ´ λ´2
1 λ´2

2 ` 3
´ λ2

1λ
2
2V

2
` λ´2

1 λ´2
2 M2

“ 0. (5.13)

The smart thin membrane is taken into consideration in the situation of a basic

boundary value problem, where an applied electromagnetic field causes zero traction

on the upper and lower faces. Using the concept of equi-biaxial equilibrium configura-

tions, i.e., λ1 “ λ2 “ λ and P1 “ P2 “ P in principal directions, the Piola–Kirchhoff
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stress components are derived using Eq. 5.12 as:

S˚
rrpλ1, λ2, V,M,Φ,

µf

µm

q “ S˚
θθpλ1, λ2, V,M,Φ,

µf

µm

q “ S˚
pλ, V,M,Φ,

µf

µm

q,

ñ
UJmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3V 2

` λ´5M2.

(5.14)

Further, the equibiaxial stretch λ satisfies the boundary condition of zero traction

along the membrane edges and corresponds to the following derived solution.

S˚
pλ, V,M,Φ,

µf

µm

q “ 0,

ñ
UJmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3V 2

` λ´5M2
“ 0.

(5.15)

In the simplified case of homogeneous equibiaxial deformation, the stability criterion

for identifying taut domains is given by:

dS˚pλ, λq

dλ
ą 0. (5.16)

The upcoming section presents a numerical solution of the governing Eq. (5.13)

to evaluate the distribution of taut domains in the smart circular thin membrane

composed of particle-reinforced electro-magneto-active material.

5.5 Results and discussion

This section begins by examining the influence of varying electric and magnetic

fields on the extent of the taut domain. Subsequently, the effects of filler content and

the shear modulus ratio under electromagnetic loading conditions are analyzed. To

investigate the role of filler content, five volume fractions are considered: Φ = 0.01,

0.05, 0.10, 0.20, and 0.40 [84]. The influence of the shear modulus ratio between the

filler and matrix is evaluated using µf{µm = 1, 5, and 20 [82].

5.5.1 Effect of electric and magnetic fields on the taut domain

This subsection investigates the influence of electric and magnetic fields on the taut

domain behavior of the membrane. The influence of applied electromagnetic loading
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on the taut domain behavior of the smart membrane is analyzed under conditions

of significant mechanical reinforcement, characterized by a high shear modulus ratio

(µf{µm “ 10) and moderate filler content (Φ “ 0.05), as shown in Fig. 5.3. Initially,

the influence of varying electric field levels on the taut domain of the membrane is

examined while maintaining a constant magnetic flux density of M “ 0.25, as shown

in Fig. 5.3(a). The results indicate that the taut region progressively contracts with

increasing normalized voltage V , eventually collapsing to a point at a critical voltage

Vcritical “ 0.731. Beyond this threshold, the membrane no longer exhibits any taut

states. In contrast, Fig. 5.3(b) presents the effect of varying magnetic field levels at a

constant electric voltage of V “ 0.50. Here, the taut domain expands with increasing

magnetic loading, suggesting that the magnetic field contributes positively to the

membrane’s mechanical stability. This stabilizing effect is attributed to the magneto-

mechanical coupling, which introduces additional tensile forces that counteract the

destabilizing influence of the electric field, thereby promoting larger stable deformation

regions within the membrane.

Finally, using the stability criterion defined in Eq. 5.16, the stress–stretch curves

of the membrane under equibiaxial loading are evaluated for varying levels of ap-

plied electromagnetic fields, as shown in Fig. 5.4. To facilitate interpretation, the

stress–stretch response corresponding to the conditions in Fig. 5.3a is reproduced in

Fig. 5.4a. It is observed that, for a fixed normalized magnetic flux, two equilibrium

solutions exist where the stress becomes zero. However, as the normalized electric

voltage approaches the critical value Vcritical “ 0.731, these two solutions merge into

a single point. Beyond this voltage, no real solution to Eq. 5.15 exists, signifying

the onset of pull-in instability—a phenomenon widely reported in experimental stud-

ies [85–88]. The critical voltage thus corresponds to the maximum stretch that the

membrane can stably attain before experiencing electromechanical failure. Similarly,

the stress–stretch response under varying magnetic field strengths is presented in Fig.

5.4b. The results reveal the existence of two distinct equilibrium solutions across all

levels of the applied magnetic field. The upper equilibrium branch (denoted by filled

circles) remains unaffected by changes in M , indicating that it is primarily governed
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(a) (b)

Figure 5.3: Taut domains of the smart circular membrane for (a) varying electric field

V at M “ 0.25, and (b) varying magnetic field M at V “ 0.50, with Φ “ 0.05,

µf{µm “ 10 and Jm “ 97.2. Empty circles indicate equibiaxial equilibrium solutions

that satisfy the stability criterion (Eq. 5.16), while blue-filled circles denote solutions

that fail to meet this criterion.

(a) (b)

Figure 5.4: Stress-stretch plots of the smart circular membrane for (a) varying electric

field V at M “ 0.25, and (b) varying magnetic field M at V “ 0.50, with Φ “ 0.05,

µf{µm “ 10 and Jm “ 97.2.

by the electric field V . In contrast, the lower equilibrium branch (denoted by empty

circles) exhibits a strong dependence on M , showing a noticeable reduction in stretch
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(a) (b)

Figure 5.5: Taut domains of the smart circular membrane for (a) varying amounts

of filler Φ, and (b) varying shear modulus ratio µf{µm under electromagnetic loading

conditions (V “ 0.50, M “ 0.50) with Jm “ 97.2.

with increasing magnetic field intensity. This highlights the magnetic field’s influ-

ence in modulating the membrane’s mechanical stability within the lower equilibrium

regime.

5.5.2 Effect of filler volume fraction and shear modulus ratio

on the taut domain

This subsection investigates the influence of filler content and shear modulus ratio

on the taut domain behavior of a circular membrane under coupled electromagnetic

loading. In the first case, we vary the filler volume fraction Φ while keeping V “ 0.50,

M “ 0.50, and µf{µm “ 10 constant (see Fig. 5.5a). The results show that increas-

ing Φ significantly expands the taut domain. This can be attributed to the overall

stiffening effect introduced by the fillers, which enhances the membrane’s resistance

to compressive stresses and delays the onset of wrinkling. The improved stiffness re-

distributes internal stresses more uniformly, thereby stabilizing the membrane under

applied loading. In the second case, we assess the effect of the shear modulus ratio

µf{µm while fixing V “ 0.50, M “ 0.50, and Φ “ 0.05 (see Fig. 5.5b). A similar
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expansion of the taut region is observed with increasing modulus ratio. This occurs

because a higher stiffness contrast between filler and matrix increases the membrane’s

effective rigidity, suppressing compressive instabilities. The resulting mechanical rein-

forcement enables the membrane to maintain a taut configuration over a broader range

of deformation, enhancing its wrinkle resistance under electromagnetic actuation.

To achieve effective surface morphology control in wrinkle-tunable materials, it is

essential to optimize both the filler volume fraction and the shear modulus ratio. In

this context, Fig. 5.6 illustrates the combined effect of varying the filler content Φ and

the shear modulus ratio µf{µm on the critical normalized voltage, Vcritical, defined as

the voltage at which the taut domain collapses to a point, under a constant magnetic

flux level of M “ 0.50. As expected, the figure shows that membranes with higher

filler content require a substantially larger Vcritical to eliminate the taut region, reflect-

ing their enhanced stiffness and resistance to wrinkling. Additionally, increasing the

shear modulus ratio also leads to a rise in Vcritical, indicating improved mechanical sta-

bility. However, this increase becomes marginal at higher modulus ratios, suggesting

a saturation effect wherein further stiffness contrast yields diminishing influence on

the critical voltage. This behavior underscores the need for a balanced design strat-

egy that considers both filler concentration and modulus contrast to fine-tune wrinkle

resistance in smart elastomer membranes.

Finally, the stress–stretch response of the membrane under equibiaxial deforma-

tion is analyzed for different filler contents and shear modulus ratios, with constant

applied electromagnetic loading, as illustrated in Figs. 5.7(a–b). In Fig. 5.7a, the

stress-stretch curves for different filler volume fractions Φ are plotted for a fixed shear

modulus ratio µf{µm “ 10, with normalized electric and magnetic loads V “ 0.50,

M “ 0.50. The system exhibits two equilibrium branches: the lower stretch solutions

(empty circles), which satisfy the stability criterion (Eq. 5.16), and the higher stretch

solutions (filled circles), which are unstable and do not satisfy this criterion. Increasing

Φ leads to unchanged lower stretch responses but higher stretch values in the unstable

branch, indicating a stiffening effect. Fig. 5.7b shows the response for varying shear

modulus ratios at fixed Φ “ 0.05, V “ 0.50, M “ 0.50. A similar bifurcation is
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Figure 5.6: Critical normalized voltage Vcritical of the smart circular membrane for varying

amounts of fillers Φ, and varying shear modulus ratio µf{µm excited by a magnetic flux of

M “ 0.50 with Jm “ 97.2.

(a) (b)

Figure 5.7: Stress-stretch plots of the smart circular membrane for (a) varying amounts

of filler Φ at µf{µm = 10, and (b) varying shear modulus ratio µf{µm at Φ = 0.05

under electromagnetic loading conditions (V “ 0.50, M “ 0.50) with Jm “ 97.2.

observed: stable lower stretch solutions remain consistent, while the unstable higher

stretch solutions increase with the modulus ratio. This reflects enhanced stiffness and
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delayed onset of instability with greater filler-matrix contrast.

The results show that electric and magnetic loading have different effects on the

taut domain for the parameters considered. Increasing the normalized electric voltage

contracts the taut region and brings the membrane closer to the critical condition. In

contrast, increasing the normalized magnetic loading expands the taut region. Higher

filler volume fraction and filler-to-matrix shear modulus ratio also enlarge the taut

domain and increase the critical voltage. These trends describe the response predicted

by the present constitutive model within the investigated parameter range.

5.6 Summary

This study presents a robust continuum physics-based modeling framework to ana-

lyze the intricate nonlinear behavior of a particle-reinforced smart circular membrane

subjected to simultaneous electric and magnetic fields. Departing from the conven-

tional application of transverse pressure, the membrane is actuated through tailored

electromagnetic loading to better capture its functional response. Central to this

approach is the concept of the taut domain, which is employed to derive coupled

nonlinear equations that rigorously assess the membrane’s stability. The key insights

drawn from the present study are summarized as follows:

i. The taut domains of the smart circular membrane under an applied magnetic

flux decrease with increasing levels of electrical loading.

ii. In contrast, the taut domains of the smart circular membrane under an applied

electric voltage expand with increasing levels of magnetic loading.

iii. An increase in filler content and shear modulus ratio enlarges the taut domains of

the smart circular membrane under applied electromagnetic loading conditions.

iv. Thus, it can be concluded that the extent of taut domains in the smart circular

membrane can be effectively tuned by adjusting the filler content and shear mod-

ulus ratio, in combination with the applied electromagnetic loading conditions.
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This chapter focuses on taut domain formation and stability in particle-reinforced

electro-magneto-active circular membranes under combined electric and magnetic

loading. The results showed that increasing the electric field (V ) reduces the sta-

ble region, while increasing the magnetic flux (M) enhances the stable taut region. In

contrast, higher filler volume fraction (Φ) and shear modulus ratio (µf{µm) improve

membrane stiffness and increase the stable deformation range. The stress–stretch re-

sponse also confirmed that reinforced membranes can sustain larger stable stretches

compared to unreinforced membranes. Overall, the study demonstrates the important

role of particle reinforcement in improving membrane stability and controlling taut

domain behavior.

The next chapter focuses on the stability behavior of biological membranes by con-

sidering the effects of isotropic and anisotropic growth along with fiber reinforcement.

It examines how growth parameters, material anisotropy, and fiber orientation influ-

ence snap-through instability, bifurcation behavior, and overall membrane deformation

under electric loading.
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Chapter 6

Stability and Field-Induced

Instabilities in Biological

Membranes

Preface

Fiber reinforcement and growth significantly influence the mechanical response of soft

active membranes. This chapter examines the effects of fiber orientation, isotropic

and anisotropic growth, and electric loading on equilibrium, snap-through instability,

and bifurcation. The study provides insight into the stability characteristics of fiber-

reinforced active membranes.

6.1 Introduction

Biological membranes exhibit rich and complex stability behavior due to the com-

bined effects of large deformation, material anisotropy, and internal growth. Unlike

purely passive systems, these membranes may evolve under the influence of growth-

induced stresses or external electromagnetic fields, leading to significant changes in

their equilibrium configuration. As a result, their response is often characterized by

nonlinear deformation patterns and sudden transitions between stable states.

Although the deformation and stability of electroactive membranes have been
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widely studied, limited work is available on the combined effects of growth and fiber

reinforcement in biological membranes under electric loading. Most previous studies

consider growth effects or material anisotropy separately, while the combined influ-

ence of growth, fiber orientation, and electric actuation on snap-through instability

and bifurcation behavior is still not fully understood. The novelty of this chapter

lies in developing a theoretical framework that incorporates isotropic and anisotropic

growth together with fiber reinforcement in electroactive membranes. The chapter

investigates how growth parameters, material anisotropy, and fiber orientation influ-

ence membrane deformation, snap-through instability, and bifurcation behavior under

electric loading. The main objectives of this chapter are:

• To develop the governing formulation for electroactive membranes considering

growth and fiber reinforcement.

• To study the effects of growth parameters and electric loading on snap-through

instability and bifurcation behavior.

• To examine the influence of fiber orientation and material anisotropy on mem-

brane deformation and stability characteristics.

6.2 Mathematical formulation

In the present analysis, the electroactive membrane is assumed to behave as a

homogeneous, incompressible, and hyperelastic material undergoing large elastic de-

formation. Since the membrane thickness is very small compared to its in-plane dimen-

sions, bending effects are neglected. Isotropic and anisotropic growth are incorporated

in the formulation, and the reinforcing fibers are assumed to be uniformly distributed

within the membrane. The membrane deformation is considered axisymmetric under

uniform electric loading, while thermal effects, body forces, and material damping are

not included in the present study.

In this study, we consider a circular biological membrane with coordinate systems

pR,Θ, Zq in the reference state Ω0 and pr, θ, zq in the current/deformed state Ω, respec-
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tively. The membrane has an undeformed radius R0 with thickness H in the specified

loading situation. It expands radially and compresses in the thickness direction, as

illustrated in Fig. 6.1. The membrane is assumed to be axisymmetric and undergoes

morpho-elastic growth with anisotropic reinforcement fibers at the micro-structural

level. The membrane is stretched by a radially applied mechanical load P and a uni-

formly generated Pelrine pressure Pt in the thickness direction. This Pelrine pressure

Pt is rationally evident in most biological membranes and is expressed as Pt “ ϵ0ϵrE
2

in terms of the electric field, where ϵ0 denotes the electric permittivity of the free

space, ϵr represents the relative permittivity, and E is an applied electric field inten-

sity in the current configuration. The mapping χ identifies the electro-morpho-elastic

deformation of the membrane, which is defined as:

x “ χpXq, χ : Ω0pR,Θ, Zq ÝÑ Ωpr, θ, zq, (6.1)

where X and x represent the position vectors in the reference Ω0 and current Ω

configurations, respectively. As a result, the corresponding deformation map for the

membrane connecting the undeformed and deformed variables is given by:

r “ χpR, tq, θ “ Θ, z “ χpZ, tq. (6.2)

To characterize morphological tissue growth of the membrane, Rodriguez et al. [89]

proposed a multiplicative decomposition of the deformation gradient F “ Grad x “

Bx

BX
into an elastic part Fe and a pure volumetric growth part Fg, as follows:

F “ FeFg “

»

—

—

—

–

λr 0 0

0 λθ 0

0 0 λz

fi

ffi

ffi

ffi

fl

»

—

—

—

–

gr 0 0

0 gθ 0

0 0 gz

fi

ffi

ffi

ffi

fl

, (6.3)

where pλr, λθ, λzq are the principal stretches and pgr, gθ, gzq denote the growth rates

in the principal directions. As depicted in Fig. 6.2, the growth tensor Fg maps the

tangent space and physically defines a naturally grown state incompatible with the

constraint. For the sake of simplicity, the current work takes into account a homo-

geneous growth tensor of the form Fg “ diag pgr, gr, gzq. Additionally, elastic defor-

mation is assumed to restore tissue deformation compatibility pdet Fe “ 1q, including
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Figure 6.1: (a) Actual structure of the biological organs and schematic representation of

the biological membrane: (b) Initial state, (c) Deformed state caused by a radial load P and

a uniformly applied transverse pressure Pt, and (d) Equivalent deformed state achieved due

to the application of a radial load, along with the transverse electric field.

g2rgz “ 1 (det Fg “ 1), while residual stresses arise. As previously stated, we model

the biological membrane as a homogeneous and incompressible tissue composed of a

continuous distribution of fibers (anisotropic) immersed in a homogeneous isotropic

parent substance. Also, the membrane is assumed to be vulnerable to an electric

field [90]. These membranes partition cells and organelles, keeping ions and molecules

apart and preserving electrical potential. For the given deformation map (Eq. 6.2),

the electric field vector E, the left Cauchy–Green deformation tensor B and the de-

formed fiber vector a transformed from the undeformed fiber vector a0 oriented at

104



angle θf with the X-axis are defined as:

B “ FFT , E “

»

—

—

—

–

0

0

E0

fi

ffi

ffi

ffi

fl

, a0 “

»

—

—

—

–

cos θf

sin θf

0

fi

ffi

ffi

ffi

fl

, a “ Fa0. (6.4)

For an incompressible and anisotropic biological membrane undergoing an equi-biaxial

deformation, the principal stretches are defined as follows:

λr “ λ, λθ “ λ, λz “
1

λ2
, (6.5)

where λ and λz are represented as λ “
r

R
and λz “

h

H
, respectively. The set of invari-

ants of the left Cauchy–Green deformation tensor B, the electrical field-based pseudo

structural tensor pEl
b El

q, and the structural tensor pa b aq for an incompressible,

Figure 6.2: Schematic representation of the multiplicative decomposition of the deformation

gradient F into the growth component Fg, which defines a naturally grown state, and the

elastic component Fe, which restores the compatibility of the deformation.
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anisotropic, and electro-elastic material deformation is given by [1, 72,91,92]:

I1 “ tr B, I2 “
1

2

“

ptr Bq
2

´ tr B2
‰

, I3 “ det B,

I4 “
“

El
b El

‰

: I, I5 “
“

El
b El

‰

: B´1, I6 “
“

El
b El

‰

: B´2,

I7 “ a0.Ba0, I8 “ a0.B
2a0,

(6.6)

where El
“ FTE represents the Lagrangian electric field vector defined in the ref-

erence configuration. In general, biological membranes exhibit limiting extensibility.

In biaxial deformation, for instance, the limiting stretch will be less than in uniaxial

deformation. The restricted extensibility of such membranes is the foundation for phe-

nomenological modeling. The Gent material model [71] is the most commonly used

model to imitate such biological materials in this domain.

6.3 Governing equation

In the current work, accordingly, we use the following Gent type of total strain

energy density W similar to [92, 93], defined in terms of the above invariants I1, I5,

I7, and I8 as:

W “ ´
µ

2
Jm log

ˆ

1 ´
I1 ´ 3

Jm

˙

´
ϵ0
2

pC1I5q `
µf1

2
pI7 ´ 1q

2
`

µf2

2
pI8 ´ 1q

4, (6.7)

where µ is the material parameter in the undeformed state, Jm represents the chain

extensibility parameter of the membrane material, ϵ0 denotes the electric permittivity

of free space, and µf1 and µf2 are the respective moduli of tensile and shear defor-

mations. These material parameters can be obtained by fitting the above-modified

energy function (Eq. 6.7) to a specific dielectric elastomer or biological material test

data, as mentioned in [69,72,91,92]. Following the theory of electro-elasticity [94,95],

we may express the total Cauchy stress tensor T for an incompressible and anisotropic
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biological membrane, as follows:

T “ ´p ` 2W1B ` 2W2rI1B ´ B2
s ´ 2W5E b E ´ 2W6rB

´1E b E ` E b B´1Es

`2W7ra b as ` 2W8ra b Ba ` Ba b as,

De “ ´2rW4B ` W5I ` W6B
´1

sE,

(6.8)

where p is a Lagrange multiplier obtained from the boundary conditions of incom-

pressibility constraint and Wi is defined as
BW

BIi
for i “ 1, 2...8. Substituting Eq. 6.7

in Eq. 6.8 with the use of Eqs. (6.4), (6.5), and (6.6), we obtain the principal stress

components given by:

Trr “ ´ p `
µJm pλ2g2rq

Jm ´ I1 ` 3
` 2µf1pI7 ´ 1q

`

λ2g2r cos
2 θf

˘

` 8µf2pI8 ´ 1q
3

`

λ4g4r cos
2 θf

˘

, (6.9a)

Tθθ “ ´ p `
µJm pλ2g2rq

Jm ´ I1 ` 3
` 2µf1pI7 ´ 1q

`

λ2g2r sin
2 θf

˘

` 8µf2pI8 ´ 1q
3

`

λ4g4r sin
2 θf

˘

, (6.9b)

Tzz “ ´ p `
µJm pλ´4g2zq

Jm ´ I1 ` 3
` C1ϵ0E

2
0 . (6.9c)

In the above Eq. 6.9(c), C1 = ϵr denotes the relative electric permittivity of the

membrane. By applying the given traction-free boundary condition Tzz “ 0 in (6.9 c),

we obtain the hydrostatic pressure p as:

p “
µJm pλ´4g2zq

Jm ´ I1 ` 3
` ϵrϵ0E

2
0 . (6.10)

Upon invoking the above expression of p in 6.9 (a-b), we obtain the radial and hoop

stress components as:

Trr “
µJm pλ2g2r ´ λ´4g2zq

Jm ´ I1 ` 3
` 2µf1 pI7 ´ 1q

`

λ2g2r cos
2 θf

˘

` 8µf2 pI8 ´ 1q
3

`

λ4g4r cos
2 θf

˘

´ ϵrϵ0E
2
0 , (6.11a)

Tθθ “
µJm pλ2g2r ´ λ´4g2zq

Jm ´ I1 ` 3
` 2µf1 pI7 ´ 1q

`

λ2g2r sin
2 θf

˘

` 8µf2 pI8 ´ 1q
3

`

λ4g4r sin
2 θf

˘

´ ϵrϵ0E
2
0 . (6.11b)
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In the absence of an electric field, the stress tensor can be derived from relation (6.8)

and is given by:

T “ ´pI ` 2W1B ` 2W2rI1B ´ B2
s ` 2W7ra b as ` 2W8ra b Ba ` Ba b as. (6.12)

To express the principal stress components for this case, we can derive them directly

from Eq. 6.12 as follows:

Trr “ ´ p `
µJm pλ2g2rq

Jm ´ I1 ` 3
` 2µf1pI7 ´ 1q

`

λ2g2r cos
2 θf

˘

` 8µf2pI8 ´ 1q
3

`

λ4g4r cos
2 θf

˘

, (6.13a)

Tθθ “ ´ p `
µJm pλ2g2rq

Jm ´ I1 ` 3
` 2µf1pI7 ´ 1q

`

λ2g2r sin
2 θf

˘

` 8µf2pI8 ´ 1q
3

`

λ4g4r sin
2 θf

˘

, (6.13b)

Tzz “ ´ p `
µJm pλ´4g2zq

Jm ´ I1 ` 3
. (6.13c)

It is important to note that T excludes the electro-mechanical stress. Given the

uniform transverse stress at the boundary, Tzz = ´Pt, the Lagrange multiplier p can

be determined as:

p “ Pt `
µJm pλ´4g2zq

Jm ´ I1 ` 3
. (6.14)

Upon invoking the above expression of p in Eq. 6.13(a), we obtain the radial and hoop

stress components as:

Trr “
µJm pλ2g2r ´ λ´4g2zq

Jm ´ I1 ` 3
` 2µf1 pI7 ´ 1q

`

λ2g2r cos
2 θf

˘

`8µf2 pI8 ´ 1q
3

`

λ4g4r cos
2 θf

˘

´ Pt,

Tθθ “
µJm pλ2g2r ´ λ´4g2zq

Jm ´ I1 ` 3
` 2µf1 pI7 ´ 1q

`

λ2g2r sin
2 θf

˘

`8µf2 pI8 ´ 1q
3

`

λ4g4r sin
2 θf

˘

´ Pt,

(6.15)

where Pt “ ϵrϵ0E
2
0 denotes the Pelrine pressure that acts on the membrane in the

thickness direction, E0 “ pυ
h

q “ λ2p υ
H

q. Therefore, PT “ ε0εrp
υ
H

q2 and Pt “ λ4PT .

The equilibrium equation of motion for an axisymmetric deformation of an incom-

pressible and anisotropic morpho-elastic biological membrane is given by:

∇ ¨ T ` ρbf “ ρ
d2r

dt2
, (6.16)

108



where ∇.p.q, ρ, and bf represent the divergence operator, density of the membrane

material, and the body force per unit volume. For a given boundary condition Trrpr “

r0q “ P
2πr0h

when there is no body force bf “ 0, we may radially balance the equilibrium

equation (6.16) with the use of (6.15) as:

P

2πr0h
´ Trr “

ż r0

0

ρ
d2r

dt2
dr ñ

d2λ

dt2
`

2Trr

λρR2
0

´
P

πr0hλρR2
0

“ 0. (6.17)

Substituting Trr from Eq. 6.15 in Eq. 6.17, we obtain the following.

d2λ

dτ 2
`

Jmpλ2g2r ´ λ´4g2zq
`

Jm ´ 2λ2 ´ 1
λ4 ` 3

˘ ` 2ξ1
`

λ2g2r cos
2 θf ` λ2g2r sin

2 θf ´ 1
˘

λ2g2r cos
2 θf

`8ξ2
`

λ4g4r cos
2 θf ` λ4g4r sin

2 θf ´ 1
˘3

λ4g4r cos
2 θf ´ λ3V 2

´ S “ 0,

(6.18)

where τ “

?
2t

R0

c

ρ

µ

is the dimensionless time, S “
P

2ΠµR0H
is the nominal equal-

biaxial normalized stress at the boundary, V “
υ

H

c

µ

ϵ0ϵr

=

c

PT

µ
is the normalized

voltage, respectively. The ensuing governing equation elucidates the dynamical be-

havior of a circular biological membrane undergoing equi-biaxial electro-elastic defor-

mation:

d2λ

dτ 2
` gpλ; ξ1, θf , S, V q “ 0,

(6.19)

where

gpλ; ξ1, θf , S, V q “
Jmpλ2g2r ´ λ´4g2zq

Jm ´ 2λ2 ´ 1
λ4 ` 3

` 2ξ1
`

λ2g2r cos
2 θf ` λ2g2r sin

2 θf ´ 1
˘

λ2g2r cos
2 θf

` 8ξ2
`

λ4g4r cos
2 θf ` λ4g4r sin

2 θf ´ 1
˘3

λ4g4r cos
2 θf

´ λ3V 2
´ S.

6.4 Snap-through instability and bifurcation crite-

rion for isotropic and anisotropic growth

When radial force (P ) and applied voltage (υ) or transverse pressure (Pt) remain

constant, the circular biological membrane reaches a state of equilibrium. The equa-
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tion governing this equilibrium state is expressed by Eq. 6.19 as follows:

gpλ; ξ1, θf , S, V q “ 0, (6.20)

Several real positive roots exist for the equilibrium stretch λeq. However, only one or

two of these roots hold relevance for the present problem. By utilizing the aforemen-

tioned Eq. (6.20), the connection between equilibrium stretch (λeq) and normalized

voltage (V ) can be articulated as:

V “

#

λ´3
eq

«

Jmpλ2
eqg

2
r ´ λ´4

eq g
2
zq

Jm ´ 2λ2
eq ´ λ´4

eq ` 3

` 2ξ1
`

λ2
eqg

2
r cos

2 θf ` λ2
eqg

2
r sin

2 θf ´ 1
˘

λ2
eqg

2
r cos

2 θf

` 8ξ2
`

λ4
eqg

4
r cos

2 θf ` λ4
eqg

4
r sin

2 θf ´ 1
˘3

λ4
eqg

4
r cos

2 θf ´ S

ff+1{2

.

(6.21)

As seen in Fig. 6.1(d), the actuation phenomena appear when an electric field is

applied to the biological membrane. However, the durability of electrically activated

biological membranes depends critically on the level of pre-strain or normalized static

pressure. Figs. 6.3(a) and (b) showcase the membrane response to normalized voltages

under a consistent, normalized static pressure. Biological elements like tissue, lipid lay-

ers, and red blood cells (RBC) showcase electro-mechanical instability [65, 66]. This

phenomenon is often accompanied by strain stiffening in these materials. Notably,

bio-inspired sensors have demonstrated snap-through instability under external pres-

sure, as evidenced in the existing findings [96]. This analysis showcases the feasibility

of achieving snap-through instability in biological membranes at lower pressures by

applying electrical actuation.

In Figs. 6.3(a) and (b), the bifurcation diagram depicts the membrane behavior

under constant isotropic growth (gr “ gz “ 1) at normalized stresses of 1 and 5,

respectively. The crucial parameters under consideration in these instances include

θf “ 0˝ and ξ1 “ ξ2 “ 0. Based on the observations in Fig. 6.3(a), it may be concluded

that snap-through instability occurs by exposing the membrane to a static electric

field at a lower static strain. As the normalized voltage gradually rises from zero, the
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(a) (b)

Figure 6.3: Variation of equilibrium stretch (λeq) and dimensionless natural frequency (ωn)

as a function of normalized voltage (V ) for (a) S = 1 and (b) S = 5.

equilibrium stretch experiences an increment. At the bifurcation point P1, the curve

features a vertical tangent, resulting in a sudden jump in equilibrium stretch from P1 to

a higher value P2. Beyond this point, the equilibrium stretch increases with the rising

voltage. A comparable jump-up occurs reversely during the backward path, moving

from P3 to P4. The numerical calculation yields bifurcation voltages of V “ 0.649 and

V “ 0.581, obtained by setting the first derivative of voltage concerning the parameter,
`

BV
Bλ

˘

λeq
“ 0. The stability of the equilibrium curve branches is verified through the

condition that the second derivative of voltage concerning the parameter,
´

B2V
Bλ2

¯

λeq

ą

0. In Fig. 6.3(a), a stable equilibrium stretch is indicated by the solid line, whereas an

unstable one is indicated by the dotted line. The equilibrium curve becomes singular

with increased static pressure, eliminating the bi-stable behavior of the membrane.

Notably, for a high normalized pressure S = 5 (Fig. 6.3b), the equilibrium curve

demonstrates single stability. Electrical actuation becomes prominent at elevated

potentials for higher normalized pressure, contributing to the strain-stiffening effect

observed in the biological membrane.

The preceding inquiry is centered on the bi-stability phenomenon, characterized

by the existence of two potential wells. Additionally, the examination explores the

dynamics associated with a double-well oscillation. When subjected to a perturbation
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from a static equilibrium stretch λeq, the temporal evolution of the membrane in the

stretch is formulated as follows

λpτq “ λeq ` δpτq, (6.22)

where δpτq represents an infinitesimal perturbation. The expression from Eq. (6.22)

is introduced into the governing Eq. (6.19) through a first-order Taylor series approx-

imation, yielding
d2δ

dτ 2
` δ

ˆ

Bgpλ; ξ1, θf , V, Sq

Bλ

˙

λ“λeq

“ 0. (6.23)

The dimensionless natural frequency, denoted as ωn, is derived by employing Eq.

(6.23) and expressed as

ω2
n “ Jm

»

—

–

´

Jm ´ 2λ2
eq ´ 1

λ4
eq

` 3
¯

p2λeqg
2
r ` 4λ´5

eq g
2
zq ´ pλ2

eqg
2
r ´ λ´4

eq g
2
zqp4λ´5

eq ´ 4λeqq

´

Jm ´ 2λ2
eq ´ 1

λ4
eq

` 3
¯2

fi

ffi

fl

`4ξ1λeqg
2
r cos

2 θf
`

2λ2
eqg

2
r cos

2 θf ` 2λ2
eqg

2
r sin

2 θf ´ 1
˘

´ 3λ2
eqV

2.

(6.24)

Eqs. (6.19), (6.23), and (6.24) are subsequently employed to ascertain the correlation

between the natural frequency of oscillation and the normalized voltage. This rela-

tionship is graphically depicted in Figs. 6.3(a-b) for S = 1 and S = 5, respectively.

The analysis is conducted when the system experiences a slight perturbation from its

equilibrium state. In Fig. 6.3(a), three equilibrium stretches are depicted, correspond-

ing to a specified voltage within the range delineated by the bifurcation points. Each

equilibrium stretch is found to correspond with a certain natural frequency, whereas

the unstable equilibrium stretch lacks the natural frequency. As shown in Fig. 6.3(a),

this phenomenon may be explained by the existence of two natural frequencies when

three equilibrium points coincide. The transition from P1 to P2 in the inset of Fig.

6.3(a) triggers a subsequent reverse transition from P3 to P4, owing to the strong

dependence of the linearized natural frequency on λeq. Consequently, each voltage

value corresponds to a singular natural frequency, exemplified in Fig. 6.3(b), where

the curve exhibits a monotonically increasing trend.
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(a) (b)

Figure 6.4: Variation of equilibrium stretch (λeq) and dimensionless natural frequency (ωn)

as a function of normalized voltage (V ) for different (a) levels of the anisotropy parameter

(ξ1 ) and (b) fiber orientation angle (θf ) for isotropic growth (gr “ gz “ 1).

Next, we evaluate the effect of the anisotropy parameter ξ1 (see Fig. 6.4a) and the

fiber orientation angle θf (see Fig. 6.4b) on the correlation between the normalized

voltage, the equilibrium stretch, and the natural frequency of oscillation. The cru-

cial parameters under consideration in these instances include the constant isotropic

growth (gr “ gz “ 1) at a normalized stress of 1. Specifically, in Case 1 (Fig. 6.4a),

to showcase the effect of anisotropy, we consider four different values of ξ1 = 0.05,

0.10, 0.15 and 0.20 [19] with θf “ 0˝. In Case 2 (Fig. 6.4b), to examine the impact of

fiber orientation, we consider the values of θf “ 30˝, 45˝, 60˝, and 90˝ with ξ1 = 0.05.

Notably, in the context of a high anisotropy parameter (ξ1 ą 0.05, as illustrated in

Fig. 6.4a), the equilibrium curve manifests a distinctive single stability. This observa-

tion implies that as membrane anisotropy increases, the equilibrium curve transforms,

leading to the elimination of the bi-stable behavior of the membrane. In essence,

the enhanced anisotropy unifies stability states, resulting in a singular equilibrium

configuration. The response of the natural frequency mirrors that of the equilibrium

curve, thereby establishing a direct correspondence between each voltage value and a

unique natural frequency in instances characterized by a high anisotropy parameter

(ξ1 ą 0.05). This relationship is exemplified in Fig. 6.4(a), where the curve shows a
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(a) (b)

Figure 6.5: Variation of (a) equilibrium stretch (λeq) and (b) dimensionless natural fre-

quency (ωn) as a function of normalized voltage (V ) for different levels of anisotropic growth.

monotonically increasing trend for higher values of ξ1, indicating a one-to-one mapping

between voltage values and singular natural frequencies. In Case 2 (Fig. 6.4b), it is

observed that the membrane exhibits bi-stable behavior for all the considered degrees

of fiber orientation. It is also observed that the normalized voltage required to initiate

snap-through instability decreases with the increase in fiber orientation angle. The

same trends are observed for the natural frequency of the membrane. The required

level of normalized voltage for attaining the natural oscillation frequency decreases

with the increase in fiber orientation angle. This implies that fiber orientation signifi-

cantly governs the normalized voltage required for attaining the natural frequency of

oscillations of the membrane.

Finally, we evaluate the effect of anisotropic growth of the membrane (gr ‰ gz) on

the correlation between the normalized voltage and the equilibrium stretch (see Fig.

6.5a) and natural frequency of oscillation (see Fig. 6.5b). To analyze these, we consider

five different values as gr “ gz, 2
?
2gz, 3

?
3gz, 4

?
4gz and 5

?
5gz. The other parameters

under consideration in these instances include θf “ 0˝, ξ1 “ 0.05 and S “ 1. In the

specific cases of anisotropic growth (denoted by gr ‰ gz, as depicted in Fig. 6.5a),

the equilibrium curve exhibits a unique type of singular stability. Essentially, the

intensified anisotropic growth consolidates stability states, yielding a single equilibrium
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configuration. Additionally, it is noted that the normalized voltage needed to initiate

snap-through instability rises with the augmentation of membrane anisotropic growth.

The natural frequency response is the same as that of the equilibrium curve (see Fig.

6.5b), thereby establishing a direct correspondence between each voltage value and

a unique natural frequency. This relationship is exemplified in Fig. 6.5(b), where

the curve showcases a monotonically increasing trend for all the considered levels of

membrane anisotropic growth, indicating a one-to-one mapping between voltage values

and singular natural frequencies. Moreover, the natural frequency of oscillation of the

membrane, along with the normalized voltage, increases with the enhancement in the

anisotropic growth of the membrane. This indicates that the anisotropic growth of the

membrane significantly governs the required normalized voltage and natural frequency

of oscillations of the membrane.

The obtained results agree well with the physical behavior reported in the literature

on electroactive biological membranes. Increasing the growth parameters enhances

membrane deformation and promotes snap-through instability due to growth-induced

softening effects. In contrast, fiber reinforcement and material anisotropy improve

membrane stiffness and influence the bifurcation response, resulting in better stability

under electric loading. The predicted deformation and instability behavior are also

consistent with previously reported theoretical and experimental studies, confirming

the reliability of the present model.

6.5 Limitations of the biological membrane model

This chapter uses a simplified model to study how electric loading, growth, and

fiber orientation affect a biological or bio-inspired membrane. The membrane is treated

as thin, uniform, incompressible, and hyperelastic, with axisymmetric deformation.

These assumptions make the main mechanical effects easier to examine, although real

tissues are generally more complex.

The applied electric field is represented by an equivalent pressure. This captures its

mechanical effect within the model, but it does not include biological processes such as
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ion transport or active cellular responses. The Gent model describes nonlinear elastic

behavior, while effects such as viscoelastic relaxation, fluid transport, damage, and

active contraction are not included. The model also assumes a single fiber orientation,

whereas fiber directions can vary within a tissue.

The condition g 2
r gz “ 1 means that growth preserves local volume in this analysis.

It is therefore used to represent changes in the direction of growth, rather than growth

caused by the addition of mass. Biological growth that changes local volume would

require a different growth formulation.

The results show how the selected model responds when its parameters change. To

predict the behavior of a specific tissue, its geometry and material properties would

need to be measured, and the model would need to be checked against experiments.

6.6 Summary

This chapter provides a modeling framework based on continuum physics to in-

vestigate the complex nonlinear dynamics of a biological circular membrane with dif-

ferent models of the membrane’s anisotropy parameter, anisotropic growth, and fiber

orientation under electro-mechanical loadings. The conventional method of exerting

transverse pressure on the membrane is replaced with a comparable electric field to

enable a qualitative analysis of this biological system. The analysis focuses on the

nonlinear differential equation governing the axisymmetric radial motion of a circular

biological membrane. The present study enhances our understanding of the overall

behavior of the membrane system when it is subjected to changes in the membrane’s

anisotropy parameter, anisotropic growth, and fiber orientation. The following are the

salient inferences drawn from the present analysis:

i. A bifurcation diagram, which plots the effects of changing normalized voltage

while keeping the normalized static pressure constant, shows that under specific

applied stress conditions, the biological membrane displays bi-stability. When

the normalized pressure rises and the equilibrium curve displays a single value

or single stability, the bi-stability disappears.
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ii. It is observed that the bi-stable characteristics vanish with an increase in the

anisotropy parameter, whereas there is no change with an increase in fiber ori-

entation angle.

iii. It is observed that the normalized voltage required for the initiation of snap-

through instability decreases with the increase in fiber orientation angle, but

increases with increasing anisotropic growth of the membrane.

This chapter examined the deformation and stability behavior of electroactive

membranes considering isotropic and anisotropic growth together with fiber reinforce-

ment. The results showed that increasing the growth parameter increased membrane

deformation and promoted snap-through instability at higher electric loading. In con-

trast, fiber reinforcement and material anisotropy enhanced membrane stiffness and

improved stability behavior. The study also showed that fiber orientation significantly

affects the bifurcation response and overall membrane deformation under electric load-

ing.

The next chapter presents the overall conclusions of the thesis by summarizing the

major findings related to the deformation, dynamic response, stability, and instabil-

ity behavior of electro-magneto-active and biological membranes. It also highlights

the key contributions of the present work and discusses possible directions for future

research in smart soft material systems.
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Chapter 7

Conclusion and Future Scope

Preface

This chapter summarizes the major findings and contributions of the thesis. It high-

lights the significance of the proposed continuum models in understanding the nonlin-

ear dynamics and stability of electro-magneto-active membranes and discusses possible

directions for future research.

7.1 Conclusion

This thesis contributes to the understanding of how circular active membranes re-

spond to mechanical, electric and magnetic loading. The work examines four related

aspects of their behavior: particle reinforcement, stretch-dependent electromagnetic

properties, taut domain formation, and the effects of growth and fiber orientation. To-

gether, these studies show how material properties and applied fields influence mem-

brane deformation, oscillation and stability.

The first part of the thesis investigates the dynamics of particle-reinforced electro-

magneto-active circular membranes. Increasing the filler volume fraction and the

filler-to-matrix shear modulus ratio reduces the oscillation amplitude for the parame-

ters considered. A higher applied voltage increases the deformation response, whereas

higher magnetic loading reduces the oscillation amplitude. Under AC excitation,

changes in voltage and filler content also produce more complex, aperiodic responses in

118



the investigated cases. These findings show that reinforcement offers a way to control

the membrane’s dynamic response.

The second part examines how stretch-dependent electric permittivity and mag-

netic permeability affect membrane dynamics. At low actuation levels, the constant,

linear and nonlinear property models predict similar responses. Their differences be-

come more noticeable at higher loading, particularly in the oscillation amplitude and

frequency response. This indicates that changes in electromagnetic properties with

deformation should be considered when predicting the response of a highly actuated

membrane.

The third part focuses on taut domain formation in particle-reinforced membranes.

Increasing electric loading contracts the taut domain and eventually leads to a critical

condition at which the equilibrium solutions merge. In contrast, increasing magnetic

loading expands the taut domain for the parameters investigated. Higher filler volume

fraction and filler-to-matrix shear modulus ratio also enlarge the taut region and

increase the critical normalized voltage. These results show how reinforcement and

electromagnetic loading can change the range of attainable taut configurations.

The final part extends the analysis to electrically active membranes with growth

and fiber reinforcement. Applied stress, material anisotropy, fiber orientation and

anisotropic growth all influence the equilibrium response and natural frequency. In the

cases examined, increasing the anisotropy parameter removes bistability, while chang-

ing fiber orientation alters the voltage required for snap-through. The anisotropic

growth cases show an increase in the voltage associated with instability as directional

growth increases. This study provides insight into the separate roles of growth and

fiber direction in membrane stability.

Taken together, the results provide a theoretical basis for examining the dynamics

and stability of reinforced soft active membranes. The present study is primarily

theoretical and numerical, and the conclusions are drawn from idealized continuum

models. Comprehensive experimental validation has not been performed for all the

considered loading conditions. Therefore, experimental measurements and material-

specific calibration are needed to assess the quantitative predictions for individual

119



actuators or biological tissues.

7.2 Future scope

The present study opens several promising directions for further research:

• Conducting controlled experiments to measure deformation-dependent permit-

tivity and permeability in reinforced elastomers would help validate the theoret-

ical framework and improve model reliability.

• Extending the current hyperelastic formulation to include viscoelasticity and

rate-dependent behavior would allow a more realistic description of dynamic

response, especially under cyclic or long-term loading.

• Future models may incorporate thermal effects and other coupled phenomena,

enabling the study of thermo-electro-magneto-mechanical interactions relevant

to high-field applications.

• Expanding the analysis beyond circular membranes to shells, multilayer systems,

and fully three-dimensional configurations would enhance applicability to soft

robotic components and adaptive structures.

• The growth and anisotropy framework developed here can be further extended

to study morphogenesis, tissue growth, and stability phenomena in biological

membranes.
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Appendix A

A.1 AC dynamic response

The governing Eqs. (4.21) for varying electric permittivity models under the ap-

plied AC voltage (Eq. (4.30)) may be rearticulated as:

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

$

’

&

’

%

d2λ

dτ 2
`

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3
´ λ3

rVa sinpωτqs
2

` λ´5M2
´ S “ 0

,

/

.

/

-

Constant

$

’

&

’

%

d2λ

dτ 2
`

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3

´ p1.106λ3
´ 0.106λ4

q rVa sinpωτqs
2

` λ´5M2
´ S “ 0

,

/

.

/

-

Linear

$

’

’

’

’

’

&

’

’

’

’

’

%

d2λ

dτ 2
`

Jmpλ ´ λ´5q

Jm ´ 2λ2 ´ λ´4 ` 3

´ pλ3
´ 0.01748λ5

` 0.01768λ´1
q rVa sinpωτqs

2

` λ´5M2
´ S “ 0

,

/

/

/

/

/

.

/

/

/

/

/

-

Nonlinear

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(A.1)

In the above equation, the dimensionless excitation frequency, denoted by ω, is de-

fined as: ω “ 1
2
ω0R0

b

ε
µ
. Likewise, the governing Eqs. (4.26) for varying magnetic
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permeability models under the applied AC voltage (Eq. (4.30)) are rewritten as:
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.
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