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ABSTRACT

KEYWORDS: Analytic functions, Approximations of analytic functions, Area problem,
Close-to-convex functions, Convex functions, Dirichlet finite, Karush-
Kuhn-Tucker conditions, Meromorphic functions, Meromorphically con-
vex functions, Quadratic programming, Quasiconformal extension, Qua-
siconformal mappings, Schwarzian derivative, Spirallike functions, Star-

like functions, Successive coefficients, Univalent functions.

Most of the work in the present thesis is concerned with the class of functions analytic
and univalent in the unit disk with the standard normalization. The theory of univalent
functions builds a relation between analytic structure and geometric behaviour of complex
function theory.

In Chapter 1 we give a short literature survey of univalent function theory and state
some main results of this thesis. This chapter also provides basic definitions, properties
and some results which are useful in later chapters.

Chapter 2 deals with the area problem which extends the Yamashita’s extremal
problem for the class of normalized analytic univalent functions defined in the unit disk.
We determine the area of the image of the subdisk of radius r, 0 < r < 1, under a function
z/f when f varies over the class of normalized analytic univalent functions in the unit
disk with quasiconformal extension to the entire complex plane. Further, we construct
a new function which is an extremal function for the above area problem and also an
extension of the Koebe function z/(1 — z)%.

In addition to the above, the area problems are also studied in Chapter 3. In this
chapter, we estimate areas of images of the subdisks of radius r, 0 < r < 1, under non-
vanishing analytic functions of the form (z/f)*, u > 0, in principal powers, when f ranges
over certain classes of analytic and univalent functions in the unit disk. We found that

most of the estimations are sharp in nature by constructing some extremal functions.



Chapter 4 focuses on coefficient problems for univalent functions. We consider the
family of all analytic and univalent functions in the unit disk of the form f(z) = 2z +
asz? + azz® + ---. We determine the difference of the moduli of successive coefficients,
that is ||ani1| — |a,]|, for f belonging to the family of y-spirallike functions of order .
Our particular results include the case of starlike and convex functions of order o and
other related class of functions.

Chapter 5 is devoted to the family of all meromorphic functions ¢ having a simple
pole at the origin and locally univalent in the puncture disk Dy := {2z € C: 0 < |z] < 1}.
We obtain a sufficient condition for g to be meromorphically convex of order a, 0 < o < 1,
in terms of the fact that the absolute value of the well-known Schwarzian derivative of g
is bounded above by a smallest positive root of a non-linear equation. We also consider
a family of functions f of the form f(z) = z + a22? + a32® + -+ analytic and locally
univalent in the unit disk, and show that f is belonging to a family of functions convex in
one direction if Schwarzian derivative of f is bounded above by a small positive constant
depending on the second coefficient as. In particular, we show that such functions f are
also contained in the starlike and close-to-convex family.

Finally, in Chapter 6 we consider a family of analytic functions f defined on the
unit disk so that the values of zf’/f lie on a parabolic region in the right-half plane. A
subfamily of this family is constructed by considering a sufficient condition for functions
to be in the original family in terms of the Taylor coefficients of z/f. The main objective
of this chapter is to find a best approximation of non-vanishing analytic functions of the
form z/f by functions z/¢g with members g from the above said subfamily. A technique
for solving a semi-infinite quadratic programming problem has been used to calculate the

best approximation.
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NOTATION

A class of normalized analytic functions in D

ACB A is a subset of B

ACB A is a proper subset of B

(a)n the Pochhammer symbol or shifted factorial

C complex plane

C class of convex functions

Cla) class of convex functions of order o, 0 < v <1

D unit disk

Dy puncture disk {z € C: 0 < |z| < 1}

D, disk of radius 7 (2 : |z] <71, 0 <r <1)

o Fy Guassian Hypergeometric Function

f=g f is subordinate to g

oG boundary of G

G closure of G

G* complement of G

H class of analytic functions in D

H., class of analytic functions in ID which take origin into a € C
K class of close-to-convex functions

Log(z) the principal value of the logarithmic function log z for z # 0
S class of univalent functions

S* class of starlike functions

S*(a) class of starlike functions of order o, 0 < o <1

S, (a) class of v-spirallike functions of order o, 0 < <'1
Sy Schwarzian derivative of f

Rez real part of z

Im z imaginary part of z
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Q {z:|z] > 1}
A(r, f) area of the image of I, under analytic function f

r gamma function
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CHAPTER 1

INTRODUCTION

Geometric Function Theory is a classical area of complex analysis to study geometric
properties of analytic functions. In some sense, it is about study of relationships between
the geometries of various domains in the complex plane. Theory of univalent functions is
one of the most interesting topics of Geometric Function Theory which was originated by
Koebe [39] in 1907. From the introduction of the Bieberbach conjecture in 1916, until its
proof given by de Branges in 1985, a lot of methods and concepts have been developed in
the field of univalent function theory.

One of the classical problems in univalent function theory is to consider the class of
functions f for which the area of the image of the disks of radius r centered at origin under
f is bounded. We consider such type of area problems for certain analytic functions f,
for which the problem was not studied before.

The univalency of an analytic function is an important problem in geometric func-
tion theory, and there are many necessary and sufficient conditions for univalency in the
literature. Bieberbach’s conjecture is one of the most popular necessary conditions for
the class of univalent functions. On the other hand, the problem of estimating bounds
for successive coefficients is also another interesting necessary condition which was stud-
ied with an idea to solve the Bieberbach conjecture. We investigate similar problem for
certain subclasses of univalent functions, as the problem is still open for the whole class
of univalent analytic functions. Such investigations sometimes may lead to a new tech-
nique to deal the main open problem or related problems. The study of necessary and
sufficient conditions for functions to be univalent in terms of Schwarzian derivative are
also attracted by a number of mathematicians. Similarly, we also find some sufficient
conditions for f when Schwarzian derivative is bounded by a small constant.

If a function is not univalent, then, in practical problems, it is of interest to find a best
approximation of it by a univalent function. We intend to compute best approximations

of non-vanishing analytic functions of the form z/f in a parabolic region.



In this chapter, we discuss preliminary results and definitions along with a brief de-
scription of the work explained in the later chapters. These include meromorphic func-
tions, univalent functions, basic properties of several subclasses of univalent functions,
several well known interesting problems on univalent functions, and some main results of
the thesis. This chapter also defines the objective of the thesis.

The following section deals with basic literature on analytic univalent functions in the

unit disk and importance of considering subclasses of univalent functions.

1.1. Analytic univalent functions

A domain is an open connected set in the complex plan C. An analytic function F
is said to be univalent (or one-one) in a domain D C C if it never takes the same value
twice: F(z1) # F(z9) for all z; # 25 in D. An analytic function F' is said to be locally
univalent at a point zg if it is univalent in some neighborhood of z;. As an application
of Rouche’s Theorem (see [96, p. 198]), it is well-known that if F' is analytic on D, then
F’'(z9) # 0 if and only if F' is locally univalent at zy. An analytic univalent function F

defined in the unit disk D := {z : |z| < 1} has the Taylor series expansion of the form

Since univalent functions don’t possess zero derivatives, F'(0) = A; # 0. So we can divide
by A; and rewrite (1.1) as

F(z) — Ao
(1.2) f(2) ;:A—1:Z+a222+a323+...’
where a,, = A,/A;. We observe that if F' is univalent then so is f and vice versa.
Thus studying functions of the form (1.2) is sufficient to study general functions of the
form (1.1). To normalize an analytic function we use the most usual set of conditions
f(0) =0, f'(0) =1, however, other normalizations may also be possible.

The well known Riemann Mapping Theorem was formulated by Riemann in his
Ph.D. thesis in 1851 with an incomplete proof. The first complete proof was given by
Carathéodory in 1912. The Riemann Mapping Theorem states that for every simply con-
nected domain (i.e. a domain whose complement is connected in the extended complex

plane) D & C, there is an analytic univalent function f : D — D such that f is onto.



Therefore, statements about univalent functions in arbitrary simply connected domains
D can be translated into statements about univalent functions in D. For this reason,
mathematicians working in this field prefer to study univalent functions in detail in the
unit disk. Hence, the unit disk is usually considered as a standard domain for the theory
of univalent functions.

Let us denote the family of all analytic functions f defined in D of the form (1.2) by
A. The family of all univalent functions f € A is denoted by S. That is,

S={f:D— C| f is analytic univalent, f(0) =0, and f'(0) = 1}.

The Koebe function is an important example for the class S and is defined for z € D by

k(z) = = Z nz"

It maps D onto the entire plane excluding the part of the negative real axis (—oo, —1/4].
The Koebe function and its rotations are solutions to many extremal problems for the
class S.

The study of the family S became popular when the Bieberbach conjecture [15] was
first posed in 1916 which states that the Taylor coefficients a,, of functions f € S which
are of the form (1.2) satisfy the inequality |a,| < n and furthermore, equality could only
occur if f is some rotation of the Koebe function, i.e. if f(z) = kg(2) = e ¥k(e?2).
For n = 2, the proof of |as| < 2 was given in 1916 by Biebarbach himself. In 1923
Léwner [48] proved |as| < 3 using parametric representation of slit mappings, and in
the intervening years it was also proved for n = 4,5, and 6. In 1925, Littlewood [46]
proved that |a,| < e-n for n > 2, and this result was refined by Bazilevic [12] in 1951
to be |a,| < (e-n)/2+ 1.51, n > 2. Biebarbach’s conjecture has been attracted by
many mathematicians and has inspired to develop important new methods in geometric
function theory. One way to encounter this conjecture is to analyze it for some special
univalent functions which generate certain subclasses of §. The Bieberbach conjecture
was remained as a challenge to all mathematicians until it was solved by de Branges [16]
in 1985. Since then, the conjecture is known as the de Branges Theorem. In the sequel,
there are several intresting results proved in the literature to attempt the Bieberbach

conjecture. We refer to the standard books [21,24,26, 73] for more details about this.



Closely related to the class S is the class X. By Y, we denote the class of functions

of the form

by o
(1.3) g(z):z+b0+;+---:z+b0+2bnz

n=1
that are analytic and univalent in the domain €2 := {z : |z] > 1}, except for simple pole at
infinity with residue 1. The class ¥’ denotes the collection of functions ¢ in ¥ such that
g(z) # 01in Q. It is easy to verify that each f € S is associated with a function g € ¥
through the relation g(z) = {f(1/2)}~!, which gives

1
g(z2)=z—as+ (a3 —az)—+--- forzeQ.
z
So, there exists a one-to-one correspondence between S and ¥’ (see [21, p 28]). Using a
simple geometric argument, Gronwall [28] in 1914 proved the classical area theorem which

says that the coefficients of g € ¥ satisfy the sharp inequality

oo

(1.4) > nlb* < 1.

n=1
The first three coefficients of g € X satisfy the inequalities |b;| < 1, [bs] < 2/3 and
|bs] < 1/2+ e7%. For the class X, the problem of finding the bounds of b, for n > 4 are
still open.

In the following section, we recall certain well-known classes of functions that will

help in relating the classes of functions on which our problems are studied.

1.2. Some special subclasses of univalent functions

In this section, we consider some special subclasses of univalent functions defined by
simple geometric properties. These classes can more often be characterized by simple
mathematical inequalities. A domain D C C is said to be starlike with respect to a point
zo € D if the line segment joining zo to every other point z € D lies entirely in D. A
function f € A is called starlike if f(D) is a starlike domain with respect to origin. The
class of univalent starlike functions is denoted by §*. This class obeys a very nice analytic

characterization that f € §* if and only if

Re (zjc:j)) >0 for z € D.




In 1920, Nevanlinna [58] first proved the Bieberbach conjecture for starlike functions.

A domain D C C is said to be conver if the line segment joining any two arbitrary
points of D lies entirely in D; that is, if it is starlike with respect to each points of D.
A function f € A is said to be convez in D if f(D) is a convex domain. The class of all

univalent convex functions is denoted by C. Analytically, a function f € C if and only if
2 ( Z)
f'(z)

Every convex function is evidently starlike. Thus C C &* € S. From the above strict

Re(l—l— )>0 for z € D.

inclusion relations, it is evident that there are functions in & which neither belong to
S* nor belong to C. However, there is another close analytic connection between convex
and starlike functions. Alexander [6] in 1915 first observed that f € C if and only if
zf" € §*. This is named as the Alexander Theorem. Note that if I(z) = z/(1 — z) then
2l'(z) = k(2) and [ € C whereas k € §*\ C. The function [(z) maps D onto the half-plane
Re{w} > —1/2. The function [ plays the role of extremal function for many problems
in the class C. For f € C of the form (1.2) we have the sharp inequality |a,| < 1 for all
n € N which was proved by Lowner [47] in 1917.

Natural generalizations of S* and C are respectively the so-called the class of starlike
functions of order av and convex functions of order a. These classes were generated by
Robertson [84] in 1936. A function f € A is said to be starlike of order «, denoted by
S*(a) for 0 < a < 1, if

21'(2)
Re (77

In particular, we have §*(0) = S§*. The class S*(«) is meaningful even if o < 0, although

>>a for z € D.

the univalency may be destroyed in this situation.

A function f € A is called convex of order «, denoted by C(«), if, for some 0 < a < 1,
zf'(z) belongs to S*(a); i.e.
2f"(2)
f'(z)
Clearly, if « = 0, C(0) = C. Recall that the class S*(1/2) contains the class C given by
Marx [51] and Strhohécker [95] (see also [54, p. 57]).

(1.5) Re (l—l— ) >a for zeD.

There is a beautiful and simple sufficient condition for univalency due to Nashiro [59]
(1934 — 35) and Warschawski [98] (1935), and then onward the result is known as the

Nashiro-Warschawski Theorem. This says, if a function h is analytic in a convex domain



D and Re(eh'(z)) > 0, then h is univalent in D, see also [21]. Let f be a function in A.
We say that f is close-to-convex on D if there exists a real number 6 € (—7/2,7/2) and

a convex function g on D such that

(1.6) Re (e“’ ;:8) >0 for z € D.

In fact it is an equivalent statement of Nashiro-Warschawski Theorem. Note that the
condition Re(f’/g’) > 0 is equivalent to Re(h’) > 0, if we take h(w) = f(g ' (w)) where
w lies in a convex domain D. Using Alexander’s Theorem, we can replace (1.6) by the

requirement that

Re (e’p Z]L:(S)) >0 forzeD,

here p is a starlike function in the unit disk. We denote the class of close-to-convex
functions by K. Obviously C € §* € K C §. Let f € A be locally univalent. Then,
according to Kaplan’s Theorem [36], it follows that f is close-to-convex if and only if for
each r (0 < r < 1) and for each pair of real numbers ¢; and 0y with 6; < 6,
/92 Re (1 + zf”(z)) o > —m, z=re".
01 f'(z)

The notion of starlike domains and starlike functions can be extended by us-

ing logarithmic spirals instead of line segments. A logarithmic ~-spiral (or ~y-spiral),

v € (—=m/2,7/2), is a curve in the complex plane given by
w(t) = woe " for t € R,

where wg € C\ {0}. A domain D containing the origin is said to be y-spirallike with
|v| < 7/2 if for all point wy # 0 in D, the arc of the v-spiral joining wy to the origin
lies entirely in D. Such a domain is simply connected. A function f € § is said to
be vy-spirallike if f(D) is a ~y-spirallike domain. We use S, to denote the subclass of
S consisting of y-spirallike functions and they do not necessarily belong to the starlike
family §*. Obviously &g = S*. Analytically, a v-spirallike function f is characterized by

the relation

Re (e‘iv%) >0 for z € D.

The class S, was first introduced by Spacek [94] (see also [21]). It is easy to see that the

function k(z) = z(1 — z)72¢" <7 belongs to the class S,.



There is one natural generalization of v-spirallike functions which leads to a useful

criterion for univalency. The family S, («) of y-spirallike functions of order o is defined

by

(L.7) S, (a) = {f € A:Re (eiv ZJJ:;S)

where 0 < o < 1 and v € (—7/2,7/2). Each function in S,(«) is univalent in D
(see [45]). Clearly, S (o) C S,(0) C S whenever 0 < o < 1. Moreover, Sp(a) =: S*(w).

) > cosy, 2 € ]D},

More literature on spirallike functions can be found in [4,45].

For two analytic functions f and ¢ in D, we say that f is subordinate to g if f(z) =
g(w(2)), |z| < 1, for some analytic function w in D with w(0) = 0 and |w(z)| < 1. We
express this symbolically by f < g. Note that if g is univalent then the condition f < g is
equivalent to the conditions f(0) = ¢g(0) and {f(2) : |z| <r <1} C{g(z): |z| <r < 1}.

We consider the following generalization of ~-spirallike functions. For normalized

analytic functions f in D, we consider the class

zf'(z) 1+ Az
ZED}

S%AB)—{feA:f@)<1+Bg

for -1 < B <0,A € Cand A # B. Geometrically, when f € S§*(A, B), we mean
that the values of zf’/f lie on the disk of radius (|B — A|r)/(1 — B?r?) with center
(1 — ABr?)/(1 — B*r?) for |z| = r < 1. The class S*(A, B) was initially considered by
Janowski [33] for the restriction —1 < B < A < 1 and further extensively studied in the

literature (see for instance [78,82]). Note that for 0 < a < 1 we have
S*(1—2a,—1) =S*(a) and S*((1 —a)e® —a,—1) = S,(a),

where v € (—7/2,7/2).
We also consider the family S,(a), —1 < a < 1, studied in [88], associated with
parabolic regions:
zf'(2) zf'(2)
——1‘ <Re———q, zEID)}.
f(2) f(2)

In the notation S, the set S comes from schlicht and the symbol p, not a parameter, comes

(1.8) &ﬁw:{feS:

from parabolic. Geometrically, f € S,(«) if and only if the function zf'(z)/f(2), z € D,



satisfy the parabolic inequality

(Im(2f'(2)/£(2)))* < (1 = a)[2Re(2f'(2)/ f(2)) = (1 + a)].

Clearly, if —1 < a < 1 then S,(or) C §*. This is the reason, we can call a function
f € S,(a) as a parabolic starlike function of order c. Note that if o < —1, then the family
S,(a) must contain non-univalent functions, see [88]. Setting S, := S,(0), the family of
parabolic starlike functions. It is appropriate to state that the family S, is connected to
another family of functions, namely, the family of uniformly convex functions. Indeed,
due to [49, Theorem 2] and [89, Theorem 1], the family S, consists of functions f = zF",
where F' is uniformly convex, i.e. for every circular arc v € D centered at ( the image
arc F(7y) is convex. One can refer to [25, Theorem 1] for an analytic characterization of
uniformly convex functions in ID and more properties on this and its related families can
be found from the survey [8]. The class S, has also been studied in [62, 81].

Conformal mappings play extremely important role in complex analysis, as well as in
many areas of physics and engineering. The class of conformal mappings turned out to
be too restrictive for some problems. For instance, Liouvilles theorem says that the only
conformal mappings in R”, n > 3, are the Mobius transformations. Hence, the theory
of conformal mappings in plane does not directly generalize to the higher dimensions.
Thus, a natural generalization of conformal mapping is introduced, namely, quasiconfor-
mal mapping. We provide the definition of quasiconformal mappings and some classes of

functions associated with this in the next section.

1.3. Quasiconformal mapping

In response to the classical Grotzsch problem raised in 1928, Ahlfors introduced the
notion so-called “quasiconformal mappings” in 1935. Quasiconformal mappings are noth-
ing but natural generalizations of conformal mappings. There are several equivalent def-
initions of quasiconformal mappings in the literature; see for instance [3,41]. We adopt
the following definition of Ahlfors. Let K > 1. A C! homeomorphism f from one region

to another is called K-quasiconformal if Dy < K where

|21+ 1] K1

(19) A M R

=k<1,



fz=0f/0%z and f, = 0f/0z. Dy is called the dilatation of f at the point z. Note that f
is conformal if and only if Dy = 1. Therefore, 1-quasiconformal mappings are nothing but
conformal mappings. For basic properties of quasiconformal mappings, we refer to [41].

Let k be defined as in (1.9). We denote X(k) by the class of all functions g € 3 that
admit K-quasiconformal extension to the unit disk D, and ¥y(k) is obtained from X (k)
by assuming ¢(0) = 0. Similarly, let us denote S(k) by the class of all functions f € S
that admit K-quasiconformal extension to the plane. Clearly, f € S(k) if and only if
1/f(1/¢) € Eo(k).

Every function defined on D may not be analytic. It may have singularities inside D.
The functions for which poles are the only singularities are of independent interest. Such
functions are important for several reasons. We present such functions briefly in the next

section.

1.4. Meromorphic functions in D with a simple pole

Recall that a function h which is analytic in a region, except possibly at poles, is said
to be meromorphic in that region. Hence, analytic functions are by default meromorphic
without poles. In this thesis, we consider the family of all meromorphic functions A of

the form
1
h(z) = ;+bo+blz+b222+~~

defined in D. Clearly, h has a simple pole at the origin, and hence it is analytic in the
punctured disk Dy := D\ {0}. Let us denote this family of meromorphic functions by B.
The set of all univalent functions in B is usually denoted by .

Let us now recall the definition of the Schwarzian derivative. Let h be a meromorphic
function and h'(z) # 0 in D (in other words, we say, h is locally univalent in D), then the
Schwarzian derivative of h at z is defined as

/ 2

h//

h” 1
=1 o\ w
It is appropriate here to recall from texts that S, = 0 if and only if h is a Mobius

transformation (see for instance, [41, p 51]). A quick observation which can easily be



verified that

(1.10) heB < f=1/he A

A simple computation through (1.10) yields the useful relation
Si(z) = ()

for all locally univalent meromorphic functions h € B and f = 1/h € A. Note that if
f € A is univalent then (1.10) leads to the useful coefficient relation |a3 — as| = |Sy,(0)|/6;
see [21, p. 263].

The remaining section concerns about the definition of a subclasses of the class B,

namely, the meromorphically starlike and convex functions of order v having simple pole

at z = 0. If h € B satisfies h(z) # 0 in Dy and

/
—Re(i?é?) >a forzeD 0<a<,

then h is said to be meromorphically starlike of order . A function h € B is said to
be meromorphically starlike (of order 0) if and only if complement of h(Dy) is starlike
with respect to the origin (see [24, p. 265, Vol. 2]). Note that meromorphically starlike
functions are univalent and hence they lie in the class Y. Similarly, if h € B satisfies
h(z) # 0 in Dy and

zh"(z)
W(z)

(1.11) —Re(1+ )>a for2€D, 0<a<1,

then h is said to be meromorphically convezr of order o. If o = 0, the inequality (1.11)
is equivalent to the definition of meromorphically convex functions. That is, h maps D
onto the complement of a convex region [22,60]. In this case, we say h is meromorphically
convex. Note that meromorphically convex functions are also univalent and hence they lie
in the class ¥. For more geometric properties of these classes, we refer to the standard

books [24, 54].

1.5. Outline of the thesis

This thesis consists of seven chapters and each of the remaining chapters presents

solution to a number of problems. In the thesis we consider the following problems:

e Area problem

10



e Successive coeflicient problem
e Sufficient conditions invloving Schwarzian derivative

e Approximation problem

1.5.1. Area problem

For an analytic function f in D, we denote by A(r, f), the area of the image of D,

under f counting multiplicities. If
f(z) = Zanz" and f'(z) = Znanzn_l,
n=0 n=0

then as an application of the classical Parseval-Gutzmer formula, the Dirichlet integral of

f has the area formula [24, Vol 1, pp. 25-26]

(1.12) Ar, f) = //D |f'(2)Pdxdy = ﬂZn|an|27’2n.
T n=1

Estimating the area A(r, f) is called the area problem for functions of type f. We call
f the Dirichlet-finite if A(1, f) < oo. In such situation, we call the quantity A(1, f) as
Dirichlet-finite area of f(D). The area A(r, f) may not be bounded for all f € S as can

be seen from the fact that
Alr k) =mr?(r* + 4 + 1)(1 — )™ —

as 7 — 1, where k(z) is the classical Koebe function. However, surprisingly, as an appli-
cation of the classical Area Theorem and Bieberbach’s Theorem, Yamashita [99] proved

in 1990 that A(r, z/f) is bounded for all f € S. Indeed, he proved that
Theorem A. [99, Theorem 1] We have

z
max A (7", f_> = 27mr%(r® + 2),

jes (2)

for 0 < r < 1. The maxzimum is attained only for a suitable rotation of the Koebe function.

We also call the problem of type Theorem 1 as Yamashita’s extremal problem for the
class S or area problem for functions of type z/f when f € S. Further, in the same
paper, he stated a conjecture that A(r,z/f) < mr? for all functions f € C. In 2013,
this conjecture was settled in [65]. Indeed, [65] solves the area problem for a wider class,

namely, the class S*(«) of starlike functions f of order a, 0 < a < 1. Subsequently,

11



in 2014, Ponnusamy and Wirths [82] solved Yamashita’s extremal problem for the class
S, («) of y-spirallike functions of order a. Further, in [78], Yamashita’s extremal problem

for the classes S*(A,0) and S*(A, B) are proved in the following forms:

Theorem B. Let f € S*(A,0), 0 < |A| < 1. Then we have

A(r, %) < r|APr2oFy (2 | AP,

The inequality becomes equality only for the rotations of kao(z) = zet?.

Theorem C. Let f € S*(A,B) for =1 < B <0 and A # B. Then we have

z — A A
< P22 5. P22
A<T’_f(z)> < 7|A - B| r2F1<—B,—,2,B7">,

where the equality holds only for the rotations of ka p(z) = z(1 + B2)A/B=1 B #0.

Related work in this direction can also be found in [66, 78,90]. Our objective is to
extend the extremal problem of Yamashita from the class S to itself with quasiconformal
extension to the whole complex plane and to extend Theorem B and Theorem C for
analytic functions of type (z/f)*. Being motivated by the above discussion, we establish
Chapter 2 and 3.

Chapter 2 deals with the area problem for functions of type z/f for f in the class S
with quasiconformal extension to the whole complex plane and the motivation to study
such problems comes from a conjecture of Yamashita [99] which is settled in [65]. We are

interested to discuss the following extremal problem of determining the upper bound of

A(r,z/f) where f € S(k).

Theorem 1.1. For 0 < r <1, we have

z
Al 7, —— | = 21r°k* (2 + 1?).
7es(h) (’"’ f(z)) R 2

The maximum is attained only for a suitable rotation of the function

12



z
_— 1
1 —2kz + k2% for |zl <1,
(113 f(e) =
2z
> 1.
\ Z—2k2z + k2’ for |zl =

Remark 1.2. Observe that Theorem 1.1 is a natural extension of Theorem A. In fact,

for k=1, Theorem 1.1 is equivalent to Theorem A.

Chapter 3 is again about the area problem. We estimate the areas of images of D,
under non-vanishing analytic functions of the form (z/f)*, > 0, in principal powers,
when f ranges over certain classes of analytic and univalent functions in D. One of our

results is for the class S*(A, B) and is of the following form:

Theorem 1.3. Let f € S*(A,B) for =1 < B <0 and A # B. Then we have

A (+=)") < 7la - BRrr PR P E—1 +1:2; BY?
\ie) )= AV e VI A

The inequality becomes equality only for the rotation of ka p(2) = z(14+ B2)A/B~1 B #£ 0.

1.5.2. Successive Coefficient Problem

In general, the coefficient problem is to determine the size of a,, in the complex plane.
Recall that one of the popular necessary conditions for a functions f of the form (1.2)
to be in S is the sharp inequality |a,| < n for n > 2, which was first conjectured by
Bieberbach in 1916 and proved by de Branges in 1985. On the other hand, the problem
of estimating sharp bound for successive coefficients, namely, Hanﬂ\ — \anH, is also an
interesting necessary condition for a function to be in §. This problem was first studied
by Goluzin [23] with an idea to solve the Bieberbach conjecture. Several results are known
in this direction. For example, Hamilton [29] proved that lim,_,oc||@nt1| — |a,|| < 1. Prior

to this paper, Hayman [30] proved in 1963 that
(1.14) ans1] = lan]| < A, n=1,2,3,...,

where A > 1 is an absolute constant, for functions f in S of the form (1.2). Milin [52,53]
found a simpler approach, which led to the bound A < 9 and Ilina [32] improved this to
A < 4.26. It is still an open problem to find the minimal value of A which works for all

13



f € S, however, the best known bound as of now is 3.61 which is due to Grinspan [27] (see
also [53]). The fact that A in (1.14) cannot be replaced by 1 may be seen from the work
of [91]. On the other hand, sharp bound is known only for n = 2 (see [21, Theorem 3.11]),

namely

Since Schaeffer and Spencer [91] showed that for each n > 2 there corresponds an odd
function h(z) = z+azz®+--- in S with all of its coefficients real such that |ag,.1(h)| > 1,
it is also clear that the constant A in (1.14) must be greater than 1 for odd functions in the
class S. Note that for the Koebe function k(z) = z/(1 — 2)? and its rotation e~ “k(ez),
we have ||an 1] — |a,|| =1 for n > 1.

Concerning the class S*, Leung [42] (see also [44]) in 1978 has proved that A =1 for
starlike functions that was first conjectured by Pommerenke in [73]. More precisely, we

have
Theorem D. [42] For every f € 8* given by (1.2), we have

llans1| = lan|| <1, n=1,2,3,....

Equality occurs for fixed n only for the function

2
(1 —72)(1 = (2)
for some v and ¢ with |y| = |¢| = 1.

We remark that, as an application of the triangular inequality, Theorem D leads to
la,| < n for n > 2 which is the well known coefficient inequality for starlike functions.
This is one of reasons for studying the successive coefficients problem in the univalent
function theory. From the above discussion, we understand the importance of finding
the minimal value of A for functions to be in §. Later, the problem of finding the
minimal value of A was considered for certain other subfamilies of univalent functions
such as convex, close-to-convex, and spirallike functions. Among other things, Hamilton
in [29] has shown some bound for successive coefficients for spirallike functions and for
the class of starlike functions of non-positive order. For convex functions, recently Li and
Sugawa [44] obtained the sharp upper bound which is |a,, 1| — |a,| < 1/(n+1) for n > 2,
and for n = 2,3 sharp lower bounds are 1/2 and 1/3, respectively. For n > 4, it is still

14



an open problem to find the best lower bound for convex functions. These information
clearly shows the level of difficulty in determining the bound on the successive coefficients
problem and encourage us to study such problem on other subclasses of S. This leads to
the results presented in Chapter 4.

In Chapter 4 we find successive coefficient bounds for functions f € S,(«) which
shows that Theorem D continues to hold for v-spirallike functions. More generally, as a
generalization and the extension of Leung’s result (Theorem D), we prove the following

result whose proof will be presented in Section 3.3.

Theorem 1.4. For every f € S,(a) of the form (1.2),
HanH\ — |an|} < exp(—Macos7y)
for some constant M > 0 depending on f and n, and for n > 2.

Note that for a = 0, the above theorem extends the result of Leung [42] from starlike
to y-spirallike functions and hence Theorem 1.4 contains the result of Hamilton [29]. For a
ready reference, we recall it here. However we get his result as a consequence of a general

result with an alternate proof.

Corollary 1.5. Let f € S,(0) for some |y| < 7/2, and be of the form (1.2). Then
ans1| = lan|| <1 forn > 2.
1.5.3. Sufficient condition involving Schwarzian derivative

Recall that the de Branges theorem gives a necessary condition for a function f to be
in S in terms of its Taylor’s coefficient. On the other hand, several important sufficient
conditions for functions to be in & were also introduced by several researchers to generate
its subclasses having interesting geometric properties. In fact, various new families have
been introduced, for example, the family of convex functions, starlike functions, close-
to-convex functions, etc. Later, counterpart of this development for the family >, of
meromorphic univalent functions were also studied extensively. We refer to the standard
books by Duren [21], Goodman [24], Lehto [41], and Pommerenke [74] for the literature
on the topic. Therefore, the study of sufficient conditions for functions to be in S, in
particular, in its subfamilies are important in this context. We mainly deal with such

properties in terms of the well-known Schwarzian derivative of locally univalent functions.
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The study of necessary and sufficient conditions for functions to be univalent, in
particular to be starlike, convex, close-to-convex, in terms of Schwarzian derivatives is
attracted to number of mathematicians. A surprising fact is that most of such necessary
conditions are proved using standard theorems in complex variables, whereas sufficient
conditions are proved through initial value problems of differential equations; see for

instance [21,41]. The conditions of the form

Co

(1.15) 1Sn(2)] < A=

for a positive constant Cy, have been most popular to many mathematicians. For instance,
Nehari in 1949 first proved that if h is an analytic and locally univalent function in D
satisfying (1.15) with Cy = 2 then A is univalent in D. This condition becomes necessary
when the constant Cy = 6; see [55]. Hille [31] showed that the constant 2 in the sufficient
condition of Nehari is the best possible constant. Related problems are also investigated
in [56,57,72]. Thus, applications of the Schwarzian derivative can be seen in second order
linear differential equations, univalent functions, and also in Teichmiiller spaces [21,74].
Another form of sufficient condition for univalency in terms of Schwarzian derivative,

attracted by many researchers in this field, is
(1.16) |Sh(2)| < 204,

for some positive constant C;. Note that if S,(z) is uniformly bounded in C, then the
Schwarzian derivative is still well defined. Hence the assumption that h is locally univalent
at a point z (or h'(z) # 0), in (1.16) is not chosen; see also Tichmarsh [96, p. 198]. If
h € A satisfies (1.16) with C; = 72 /4, then it is proved by Nehari [55] that h is univalent
in D. Gabriel [22] studied a sufficient condition for a function h € A to be starlike in
the form (1.16) for some optimal constant C. Sufficient condition in the form (1.16) for
convexity of order « is investigated by Chiang in [17]. However, the best possible constant
is not yet known in this case. Kim and Sugawa in [38] obtained a sufficient condition in
the form (1.16) for starlikeness of order a by fixing the second coefficient of the function.

Gabriel modified Nehari’s technique to show univalency and convexity property of

functions h € B and proved the following;:

16



Theorem E. [22, Theorem 1] If h € B satisfies
(1.17) |Sh(2)| <2¢o  for|z| <1,
where ¢ is the smallest positive Toot of the equation

2/ — tan\/z = 0,

then h is univalent in the punctured disk and maps the interior of each circle |z] =r < 1
onto the exterior of a convex region. The constant co is the largest possible constant

satisfying (1.17).

An analog to this result for meromorphically convex functions of order « is one of our
main results which is stated in Theorem 1.6.

Chapter 5 deals with functions whose Schwarzian derivatives are bounded above by
some constant, that is, functions satisfying (1.16). We obtain some sufficient condition
for starlike, close-to-convex and meromorphically convex functions and one of the main

results is stated in the following form:

Theorem 1.6. Let 0 < o < 1. If h € B satisfies

(1.18) ISh(2)| < 2¢q  for|z] <1,
where ¢, is the smallest positive root of the equation
(1.19) 2vx — (1+a)tan/z =0

depending on «, then

a. h is meromorphically convex of order o; and

b. the quantity c, is the largest possible constant satisfying (1.18).

In particular, if &« = 0, Theorem 1.6 reduces to Theorem E.
1.5.4. Approximation Problem

Intuitively, in one hand, researchers started finding the largest disk D, C D (or the
largest r < 1) for which a function f € S also belongs to §*. Such a number r is known as
the radius of starlikeness in §. Similarly, the radius of convexity was also studied in the
literature (see [21] for the best radii of starlikeness and convexity). In the later periods,

radii problems for several other families of analytic univalent functions were studied by
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several authors (see for instance, [20,62,76,79,85]). On the other hand, if a function f € S
does not belong to §* then it is of interest to find a best approximation of f by a function
g € §*. This problem was first considered in 2012 by Pascu and Pascu [69] connecting
through a measure of the non-univalency of an analytic function. In the same paper, they
derived a method for constructing the best starlike univalent approximations of analytic
functions, suitable for both practical problems and numerical implementation. However,
the problem of constructing the best starlike univalent approximations of analytic func-
tions was handled by considering the sufficient condition >, nla,| < 1 for a function
f € A to be in §*. In general, sufficient conditions for functions to be in a particular
family are helpful to generate functions in that family. In a similar way, in [37,70], Pascu
and his co-authors have respectively studied locally univalent approximations and convex
approximations of analytic functions.

To generate functions in a particular family, the best way is to look for suitable suffi-
cient conditions for functions to be in that family. In this context, we recall the following
sufficient conditions for functions in the family S,(a). For the sake of simplification we

use the notation
(1.20) Aln,a) =
Lemma 1.7. [76] Let z/f be a non-vanishing analytic function in D of the form

z

1.21 145 0,2, b, eC.
(1.21) ot

Then the condition
S A, )bl < 1
n=1

is sufficient for f to be in the family S,(cv), where the quantity A(n, «) is defined by (1.20).

Using Lemma 1.7, we now define the following subfamily of S,(«):

> S [eS)
(122)  Fo= {f €S: oh 1+ byz"and Y A(n,a)lb,| <1, -1 < o < 1}.
n=1

n=1
In order to find the best approximation of an analytic function of type (1.21) by a

function z/g, g € F,, here we consider a distance between two functions f,g € S using
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the idea of the L?-norm as follows:

d(f.g) = (/D

Note that since z/f and z/g are non-vanishing analytic functions in D, the integral is

z z

2 1/2
& o) da:dy) , 2= +1.

well-defined and hence the space (S, d) becomes a metric space. Further, if f € S then

we define a distance from f to F, in the following form:

(1.23) Aa(f, Fa) = inf d(f9)

This measures how far is the function f from being in the family F, (see Theorem 6.3 for
the details). Note that, if f € F, then d,(f, Fo) = 0.

Chapter 6 focuses on determining the best approximation of an analytic function in
the family F,. For this, we introduce and solve a semi-infinite quadratic programming
(Theorem 6.2). With the help of Theorem 6.2, we investigate the following approximation

problem.
Theorem 1.8. Let f € S be a function of the form (1.21) and assume that

bn
lim — = 0.
n—oo N

The following two properties hold:
(1) If Y00, A(n,)|b,| < 1 then do(f,Fa) = 0 and the minimum for the quantity

do(f, Fo) is attained by the function g = f € F.
(ii) If X7 A(n,a)|b,| > 1 then

[0n]” (X ez Aln, a)lba] - 1)2 1/2
da(f;fa):<ﬂ'z n_|_1+77 ZneIAQ(n7a)(n+1) ) )

ne’le

where T = {’il, ig, . ,iN} and (in)n:1,2

P={n>1:b, >0} such that

ip| i a permutation of the indices in

-----

2[b;,|(1 — )
in S T - , =12,...,|P
T A D@t —a) [P
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is a non-increasing sequence. The minimum for the quantity d.(f, F,) is attained

for the function g € F,, where z/g(z) =1+ > 7 ¢, 2" with

A(n,a)(n+ 1)<Zm61A(m, a)|by,| — 1)
ool (- e

0, n 1.

)eiargbn, n el

Finally, Chapter 7 deals with concluding remarks and provides some direction for

future study.
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CHAPTER 2

AREA PROBLEM FOR UNIVALENT FUNCTIONS WITH
QUASICONFORMAL EXTENSION

In this chapter!, we extend the problem of Yamashita to the functions belonging to
the family & having quasiconformal extension to the entire complex plane. We observe
that the modified Koebe function studied in [40] does not play an extremal role in our
investigation. However, we construct a new function which also extends the Koebe func-
tion z/(1 — 2)? to the K-quasiconformal setting and show that it plays the extremal role
in our problem. Section 2.2 is devoted to the comparison of the areas obtained in Section

2.1 for our extremal function with the modified Koebe function.

2.1. Preliminaries and proof of the main result

We remark that if f € S then z/f is non-vanishing and hence, f € S may be expressed

as
z

- Fy(z)
Yamashita in [99] considered the area problem for functions of type Fy for f € S, and
proved that the area of Fy(D,) is bounded (see Theorem A).

f(2) where Fp(z) =1+ > 7 ¢,2", z € D.

Area theorem is so important in the theory of univalent functions which says that
the function g € ¥ satisfies the sharp inequality (1.4). Lehto [40] generalized the area
theorem by assuming the additional hypothesis that g admits a quasiconformal extension
to the closed unit disk, where the resultant inequality is sharp. For updated research
work related to the area theorem, readers can refer to [14,18]. To consider the Yamashita
problem for functions in S having quasiconformal extension to the entire complex plane,
the following theorem of Lehto [40] is useful.

I This chapter forms by the paper S. Agrawal, V. Arora, M. R. Mohapatra, and S. K. Sahoo in Bull.
Iranian Math. Soc., 45 (2019), no. 4, 1061-1069.



Theorem F. Let g € 3(k) be of the form (1.3). Then

(2.1) > nlba)* < K.
n=1

The equality holds for the function
1

g(z) = ;+ao+a1z7 z €D,
with |a1| = k. Moreover, its k-quasiconformal extension is given by setting

1 a —
g(Z):;“—CL(]‘i‘— z €.

— )

We also need an immediate consequence of Theorem F, proved by Lehto in the same
paper, which gives the sharp bound for second coefficient of functions in & having qua-
siconformal extension to the plane. The consequence is stated as follows, which provides
the sharp bound of the second coefficient of f € S(k). Note that the definition of S(k) is
provided in Section 1.3 of Chapter 1.

Theorem G. [40, Corollary 3] For a function f € S(k) of the form (1.2) with f(o0) = oo,
we have |as| < 2k.

Using Theorem F and Theorem G, we now prove our main result.

2.1.1. Proof of Theorem 1.1

Let f € S(k) be of the form (1.2). Then

1
1)

1 b
:z—a2+(a§—a3);+...:z+b1+;2+... (say).

Substituting 1/z by z and multiplying z, we obtain

Fi(z) = =1—agz+ (a2 —a3)® +...=14+bz+byz® +...
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It is clear that b; = —as. Now, we compute

o0

1
—A(r, Fy) = b |*r"
—A(r Fy) > nlbafr

n=1

oo
= b+ nlba)
n=2

= 1
= = a2t S

n=1

Using the estimate for as from Theorem G, we obtain

1 o0
;A(r, Fy) < 4rk* 4 2r! Zn|bn+1|2.

n=1

Then by Theorem F, we have
1
—A(r, Fy) < 47K + 2r'k* = 2> (r* + 2).
T

Now, it remains to consider the sharpness part. For |z| < 1, consider the function
f(z) = z/(1 — 2kz + kz?). So, fz = 0. That is, f is conformal in D. Since Fy(z) =
1 — 2kz + k22, by (1.12) we obtain

1 (o9}
—A(r, Fy) = bo|2r?" = 4r?k? 4 2r'k? = 2r%K2 (r? + 2).
- (r, Fy) Zn| |*r ok + 2r kS (r° + 2)

n=1

For |z] > 1, let

ZZ
()= Z—2kzz+kz

An easy calculation shows that

I = 2(Z — 2k2Z + kz) — 22Z(1 — 2kz) k2?

° (Z — 2k2Z + kz)? (2 - 2k2Z 4 k2)?
and
i = Z(Z — 2k2Z + kz) — 22(—2kZ + k) i
o (Z — 2kzZ + kz)? (2 —2k2Z + k2)?

Thus, |fz/f.| = k.
Both the functions defined in (1.13) agree on the boundary 0D of D. The proof is
complete. 0

Remark 2.1. [t is easy to check that for f € S(k), A(1,Fy) < 6nk* and hence Fy is
Dirichlet finite.
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2.2. Comparison of areas

Recall the modified Koebe function from [40] which is defined by

(
© f
_— 1
(1+ ke9z)? or ]2 <1,
(2.2) 9(z) =
2z ¢ | |
: , for |z| > 1.
| (VZ + keio\/2)?

A simple computation yields
A(r, F)) = 2r°k?* (k*r* 4 2)m,
which geometrically describes the area of Fj(ID). Note that
22k (k*r? + 2)m = A(r, F,) < A(r, Fy) = 2r°k* (r* + 2).

To see the graphical and numerical comparisons of the Dirichlet finites A(1, F})
and A(1, Fy), we end this section with the following observations (Table 2.1; Figs.
2.1,2.2,2.3,2.4). First we show the graphs of Fy and F,, where f and g are defined
by (1.13) and (2.2) respectively, for different values of k. Observe that as k — 1 the
graphs of F, are approaching to those of F.

00

\ 7 -02f
\ ,

-04f R

L L
L L 1 0.8 1.0 12 14
08 10 12 14 16

FIGURE 2.1. Graphs of F; and F, for k = 0.2

Second, for these choices of k, Table 2.1 compares the area A(1, F,), of the image of
D under Fj, and the area A(1, Fy), of the image of D under F}.
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FIGURE 2.3. Graphs of Fy and F, for k = 0.7

L L L - L L L L
[ 1 2 3 0 1 2 3

FIGURE 2.4. Graphs of Fy and F, for k£ = 0.9
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k | A(1,F,) | A(L, Fy)
0.2]0.16327 | 0.247
0.5| 1.1257 1.57
0.7 ] 244027 | 2.947
0.9 | 4.55227 | 4.867

1 67 6m

TABLE 2.1. Comparison of areas of F(D) and F,(D).
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CHAPTER 3

AREA ESTIMATES OF IMAGES OF DISKS

As we discussed in Chapter 1, Yamashita’s extremal problem (or equivalently area
problem) for functions of type z/f has been studied for several well-known subclasses
of the class S. However, area problems for functions of type (z/f)*, u > 0, have not
been considered before although such type of functions are studied in different contexts
in the literature; see for instance [76] and references therein. Considering area problems
for functions of type (z/f)*, where f is in some subclasses of analytic univalent functions,
is our main objective of this Chapter!.

If f € S then z/f is a non-vanishing analytic function in D. Let g > 0. Now, we can

write the function (z/f)* of the form

(3.1) <f(zz))u =1+ gbnz”, z €D,

where (z/f)* represents principal powers. Non-vanishing analytic functions of type (3.1)
were first considered by Goodman in [24, p. 193, Vol. 2] and later by others; see for

instance [76].

3.1. Preliminaries and main results

To state our main results, we need some preparation. Let oF](a,b;c; z) denote the
Gaussian hypergeometric function defined by
2 (@)n(b)n2"

oF1(a,b;c; z) = 1+Z——, zeD,

— (¢)n n!

where (a),, denotes the Pochhammer symbol (a), := a(a+1)---(a+mn —1) forn € N

and a, b, ¢ are complex numbers such that ¢ # 0, —1, =2, .... According to the well-known

!The results of this chapter will appear in: V. Arora and S.K. Sahoo, Area estimates of images of

disks under analytic functions, submitted



Gauss formula, if Re (¢ —a — b) > 0 then

I'e)l'(c—a—»5b
(3.2) oF1(a,b;c;1) = FEC)—<G)F(C — b; < 00.

Similarly, the function ¢Fi(c; 2) is defined as

Fi( eD
0 ICZ Z C)n’n/" )

n=0
where c is a complex number other than 0, —1, -2, .. ..
For a better clarity in our presentation, we divide this section into several subsections
consisting of different families of functions from 4 and state main results associated with

those classes of functions.

3.1.1. The class S

Let us start discussing certain basic observations. Considering first the Koebe function

k, we write the series expansion of (z/k)* to obtain

n=0

In this situation, the area formula (1.12) for the function of type (z/k)* simplifies to

o)) B (- B

n=1

(=2)nt1) 2
— 2 - " r 2n—2 __ 2 2n
_WT;n!(n—l WTZ n!(n +1)!

= mr?(=2p) % Fy (—2p 4+ 1, —2p 4 1;2; r%).

Clearly, the case pn = 1 leads to the equality part of Theorem A. This observation motivates

us to investigate the following problem:
Problem 3.1. If f € S with u > 0, then
NG
A(r, (m) ) <Arr?pPoFy(—2u + 1, —2u + 1; 2;7%).
z

FEquality holds only for the rotations of the Koebe function k(z) = z/(1 — 2)2.
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Figure 3.1 and Table 3.1 respectively describe the image domains (z/k)*(D) for a

couple of particular choices of i and their respective areas computed numerically.

04— ' " J——

— T -
il o5k \ il
02 = 1

0.0

S S S S S S R
0.0 0.2 0.4 0.6 0.8 1.0 12

FIGURE 3.1. Images of the unit disk under (z/k)'/% and (z/k)*/°

Area of (z/k)Y/S(D) (g) 2F1(2/3,2/3;2;1) ~ 0.593

25

167
Area of (z/k)?°(D) <—> 2 F1(1/5,1/5;2;1) ~ 2.071

TABLE 3.1. Dirichlet-finite areas of (z/k)/%(D) and (z/k)?/>(D)

In this chapter, we deal Problem 3.1 only for the case yu = 1/2 (see Theorem 3.2
stated below whose proof is given in Section 3.3). For the remaining positive values of y
(i.e. for 0 < pu # 1/2), at this moment, we do not have any solutions. Investigation for a

complete solution to this problem may lead to new techniques in this development.

Theorem 3.2. If f € S has the form

z (o]
— =1+ b,2", zeD,
CREAp>

then we have

— | <
fe) |~
The equality holds only for the rotations of the Koebe function.

However, in the following sections, we intend to provide solutions to Problem 3.1 for
certain subclasses of analytic functions other than the class S and see how the areas are

estimated in those classes of functions. We start with the following class.
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3.1.2. The class S*(A4, B)

Recall the definition of S*(A, B) as

2f'(z) 1+ Az
f(2) = 1+ B2’ : ED}’

where —1 < B <0, A € C and A # B. An extremal function belonging to the class
S*(A, B) is obtained in the following way: let f € S*(A, B) and we set g(z) = (z/f(2))".

S*(A,B):{feA:

Then g is analytic in D, ¢(0) = 1, g(z) # 0 in D and a simplification of the logarithm

derivative obtains

2f'(2) 29'(2)

—1- .
f(2) pg(z)
Since f € §*(A, B), by the definition we write
2¢'(z) 1+ Az D
1—
ng(z) 1+Bz ST
or, equivalently,
w(z) (B - A)
=:p(z), zeD.

g(z) R + Bz
Note that p(0) = 0 and p(z) is clearly convex in D being p(DD) a half-plane. Then

(f(ZZ)Y =g <ew ([ @C@ - (mm)

which follows from [54, Corollary 3.1d.1, p. 76]. It is a simple exercise to compute that

2(1 4+ Bz)A/B=V " for B #0,
kap(z) =
zet?, for B =0,
and see that k4 p(2) € S*(A, B). Note that, in most of the situations, the function k4 p
acts as a role of an extremal function for the class S*(A, B). This can also be seen from
several well-known results on this class of functions available in the literature (see for
instance, [33,77]) and our main results stated below.
Our main objective is to extend Theorem B and Theorem C for analytic functions
of type (z/f)" defined by (3.1). We also present their consequences resulting to area
problems for functions of type (z/f)* when f ranges over the classical classes of analytic

functions other than the class §. In this setting, first we state an extension of Theorem B.
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Theorem 3.3. Let f € §*(A,0), 0 < p|A| < 1. Then we have

A K
A(r, (m) ) < m|APpPr? o Fr(2; | AP ).
Az.

The inequality becomes equality only for the rotation of kao(z) = ze

Indeed, we see that © = 1 brings Theorem 3.3 back to Theorem B. The following
Figure 3.2 and Table 3.2 respectively describe areas of image domains (z/k4)"(D) for

some A, j1, and their areas computed numerically with the help of Theorem 3.3.

FIGURE 3.2. Images of the unit disk under (z/k5/6,0)2/3 and (z/k(2-3i)/5,0) /5

257
31 0F1(2;25/81) ~ 1.127

Area of (z//i?5/6,0)2/3(D)

625

92T
Area of (Z/k(g_gi)/570)2/5(ﬂ)) < ) 2F1<27 52/625) ~ 0.272

TABLE 3.2. Dirichlet-finite areas of (2/ks/60)*3(D) and (2/k@—3i50)*°(D)

Similarly, the generalization of Theorem C for S*(A, B) presented in Chapter 1 by
Theorem 1.3. In Figure 3.3 given below, we describe the image domains (z/k4 )" (D) for

some choices of A, B and pu, whereas, their areas numerically are given in Table 3.3.
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FIGURE 3.3. Images of the unit disk under (z/ks/s,_4/5)"/® and (z/ke_si)5,-3/5)>"°

Area of (z/k5/6,_4/5)1/3<D)

(24017r

<100 > 2 F1(23/72,23/72;2:16/25) ~ 0.970

625

3067
Area of (Z/k(g_gi)/57_3/5)3/5(]D)) ( ) 2F1 (3@/5 3’&/5 9/25) ~ 1.647

TABLE 3.3. Dirichlet-finite areas of (z/ks6—4/5)">(D) and (z/k@_3i)/5-3/5)>°(D)

3.1.3. The class S*(a)

As noted in Chapter 1, for a given 0 < a < 1, a function f € A is called starlike
of order «a, denoted by f € S*(«a), if Re(zf'(2)/f(z)) > « for z € D. Since §*(a) =
S*(1 — 2, —1), the substitutions A = 1 — 2av and B = —1 bring Theorem 1.3 into the

form

Corollary 3.4. Let f € S*(a), 0 < a < 1. Then we have

A(r, (%) H) <drr?p(1 — )’ Py (2u(a — 1) + 1, 2u(a — 1) + 1; 2;77).

The inequality becomes equality only for the rotation of ka(z) = z/(1 — 2)2(0=),

It is now appropriate to remark that when p = 1, Corollary 3.4 coincides with [65,
Theorem 3]. For some specific choices of a and p, we here present a figure and a table

respectively describing the image domains (z/k,)*(ID) and their areas.
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FIGURE 3.4.

Images of the unit disk under (z/ky/2)"/* and (z/ki/4)"/?

Area of (z/k19)"/*(D)

(7/16)2F1(3/4,3/4:2;1) ~ 0.424

Area of (z/ky4)/3(D)

(m/4)2F1(1/2,1/2:2:1) = 1

TABLE 3.4. Dirichlet-finite areas of (z/ki/2)"4(D) and (z/k1/4)/3(D)

3.1.4. The class C

As stated in Chapter 1, f € C are characterized by the condition Re(1 +
z2f"(2)/f'(2)) > 0 for z € D. Recall from the literature that the class S*(1/2) con-
tains the class C of normalized convex univalent functions (see for instance [54, p. 57]).

Thus, if we choose o = 1/2 in Corollary 3.4, as a consequence of it one obtains

Corollary 3.5. Let f € C be of the form (3.1). Then we have

A(r, (%) “) < mrf o By (1 — p, 1 — s 2577).

The equality holds only for the rotations of the function l(z) = z/(1 — z).

Corollary 3.5, for © = 1, was initially a conjecture raised by Yamashita in 1990
(see [99, p. 439]) and it was settled after twenty three years by Obradovié¢ et al. (see [65,
Theorem 2]). However, none of the techniques so far developed are applicable to solve
the area problem for functions of type z/f when f ranges over the class C(«) of convex
functions of order o, 0 < o < 1, that is, f satisfies Re (1 + zf"(2)/f'(z)) > «, z € D.
Figure 3.5 and Table 3.5 describe maximal areas of the domains (z/f)?D,, r = 1,0.5,

when f ranges over the class C.
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FIGURE 3.5. Images of D and Dy 5 under (z/1)?

Area of (2/1)*(D) | 4moFi(—1,—1;2;1) ~ 18.850

Area of (2/1)*(Dys) | moFy(—1,—1;2;0.25) ~ 3.534

TABLE 3.5. Areas of (2/1(2))*(D,), r=1,0.5

3.1.5. The class S,(«)

Recall from Chapter 1 that for o € [0,1) and v € (—7n/2,7/2), the class S,(a)
of ~-spirallike functions of order « is defined by (1.7). Also as noted in Section 1.5.1,
Yamashita’s area problem for functions of type z/f when f ranges over the class S, ()
was proved in [82]. Indeed, by choosing A = (1 — a)e?*” —a and B = —1 in Theorem 1.3,

we have a more general result as follows.

Corollary 3.6. Let f € S,(«) for 0 <a <1 and vy € (—n/2,7/2). Then we have

A(r, (%)M) < RSP R (1 — 61— 5:2:02),

with § = p(1 —a)(1+€*?) = 2u(1 — a)e” cosy. The inequality becomes equality only for
the rotations of k(a)(z) = z/(1 — Z)Q(l—a)eiw cosy_

If one chooses 1 = 1, then Corollary 3.6 reduces to [82, Theorem 3].
3.1.6. Dirichlet Finite
We end this section by verifying the cases for which the function (z/f)* is Dirichlet

finite when f € S*(A,B). First, recall from Theorem 1.3 that if f € S*(A, B) for
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—1 < B<0and A # B, then we have

A(r, (m)) < Bpan(r),

where E, 4 p(r) can be rewritten as

A/B — L)+ 1) B)

Euas(r) = rl4 = By 1 *Z D@

We notice that the coefficients of the series are all non-negative with some are in positive
powers. Thus, the function E,, 4 p(r) is an increasing function of real variable r, 0 < r < 1.

This observation shows that
Euap(r) < Buap(l) = 7lA = B2 ((A/B = Du+1,(A/B — 1)+ 1;2; B%).
Now, for B = —1, with the help of (3.2), the last expression becomes

I'(2u(1+ Re A))
Bracalr) € B0 = A s i+ o~
if 2u(1 + ReA) > 0 i.e., if ReA > —1. This implies that if f € S*(A,—1) then the
function (z/f)* is Dirichlet finite for Re A > —1. In particular, (z/f)* is Dirichlet finite

for f € S*(a),0 <a <1 aswell asfor f € S(a), 0 < a < 1land —7/2 <y < 7/2.

Similarly, from Theorem 3.3 we have the estimate

o
Eua0(r) < Eyao(l) = w|APu® ) W(\A!u)% = 7| APpP0F1(2; |APL?).
n=0 n n

3.2. Preliminary Results

Recall the following result (see [24, Theorem 11, p. 193, Vol-2] and also [76]) which

is required for proving Theorem 3.2.

Lemma 3.7. Let n >0 and f € S be in the form (3.1). Then we have

o0

S = it < g

n=1

A refinement of [78, Lemma 3.1] for functions f € S*(A, B) of the form (3.1) is the

following lemma. This is used to prove Theorem 3.3 and Theorem 1.3.
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Lemma 3.8. Let p > 0 and f € S*(A,B), —1 < B <0 and A # B, be of the form (3.1).

Then we have

> (0 —[(B = A)u — BnP)|ba|* < |B — APp?

n=1

Proof. Let f € S*(A, B) and setting

o) = (}Cé))u 14 gbnz".

The logarithmic derivative of g(z) leads to

s )

Rewrite the above equation and use the definition of $*(A, B), we obtain

1z¢'(z2) =zf'(2) 14 Az

a9 ) 1+Be

Then by the definition of subordination, there exist a function w : D — D analytic in the

unit disk such that
1z¢'(z) (B—A)zw(z)

pg(z) 14 Baw(z)’

and so

(3.3) 9'(2) = [(B — A)ug(z) — Bzg'(2)]w(z).

Writing this in series form, we obtain

Z kbpzFt = ((B — A),uz brz" — Bz Z kbkzkl)w(z),
k=1 k=0 k=1

or equivalently,

Zk:b AR Z kb2t = (i:: ((B — A)pby, — Bkbk) zk)w(z).

k=n+1

By Clunie’s method [19] (see also [65]), for any n € N, we derive the inequality

)_n

Zk2lb i < Z|(B—A)M—Bk|2|bkl2r2’“,

for 0 < r < 1. A simplification leads to

-1
B2 = |(B = A)ps = BEPr) 2 4 2o 7 < B — APy
k=1

3
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Multiplying by 72, we obtain

(3.4) Z by[2(K2 — |(B — A)ps — BRPr2)r® 4 nlo, 5™ < |B — ARur?.
Allowing r = 1 and n — oo in (3.4), we obtain our desired inequality. ]
If we choose A =1 — 2a and B = —1, as an immediate consequence of Lemma 3.8,

we have a generalized version of [65, Lemma 1] for the functions f € S*(«) but of the

form (3.1).

Corollary 3.9. If a function f of the form (3.1) with pn > 0 is in S*(a), 0 < a < 1, we
then have the following inequality

o

S = (1= a)ylhal* < (1 - a)u.

n=1

The following lemma plays a crucial role in the proof of Theorem 3.3.

Lemma 3.10. Let f € S*(A,0), with 0 < plA| < 1. If f is of the form (3.1) and

h(z) = e M —1+Z

then for any ny € N we have the valid inequality

o

(3.5) Zk|b 22k < Zk|c 272k,

for0<r<1.

Proof. First we check that the function h(z) = e~#* satisfies the differential equation
h'(z) = —Auh(z). By comparing with (3.3), we conclude that the equality in (3.4) holds

for by = (—1)*c; when n — co. Rewrite the equation (3.4) in the form
(3.6) D 1Bk (B = Ao + 02 [b, Pr*" < |Ao[*r?,

where Ay = Apu. Following the ideas from [78, Lemma 3.2], we devided the remaining

proof into two steps.

Step 1: Cramer’s Rule. We consider the inequalities corresponding to (3.6) for
n = 1,...,n¢ and multiply the n-th inequality by a factor A, ,,. Here we are choosing

An.ne 1 such a way that the addition of the left sides of the modified inequalities results
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the left side of (3.5). To find the factors A, ,,, we obtain the following system of linear

equations

no
(3.7) B =k Xeo + D> Mg (B — Ag™?), k=1,... ng.
n=k+1

The solution of this system is uniquely determined since the matrix of this system is upper
triangular matrix with positive integers as diagonal elements. We can get the solution of

the system (3.7) in the form
)\nn = T N
10 (no!)z )
using Cramer’s rule, where A,, ,,, is the (ng —n + 1) x (np —n + 1) matrix constructed as

follows:

n o n?—Ayr? .- n? — Ag?r?
n+1 (n+1)2 - (n+1)2— Ag%?
An,no = . . . .
no 0 na

Determinants of these matrices can be obtained by expanding according to Laplace’s
rule with respect to the last row, wherein the first coefficient is ny and the last one is n3.
The rest entries are zeros. This expansion and a little mathematical induction results in

the following formula. If £ < ng — 1, then

1 A027’2 no—1 A027’2
Meng = Memg—1 — n_(1 - ) H ( — )

0 m=k+1

For fixed k € N and ng > k, we see that the sequence {\;,,} is strictly decreasing, i.e.

Neng — Meng—1 < 0 with

1 < 1 =l Az
v (-5 501 (5)

n=k+1 m=k+1

To prove that Ag,, > 0 for all ng € N, 1 < k < ny, it is adequate to show that A\, > 0 for
k € N. This will be done in step 2. But before that we want to remarks that the proof

of the said inequality is sufficient for the proof of the theorem, since, as we remarked, for

(3.6) equality holds for by = (—1)*c.
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Step 2: Positivity of Multipliers. In this step we need to show A\, > 0 for k € N,

or equivalently
- < = —
2 | = 2
n=k+1 n m=k+1 m 14027n2 k 0 k

which is indeed easy to prove. This completes the proof of Lemma 3.10.

]

Lemma 3.11. For -1 < B <0 and A # B let f € S*(A,B). If f is of the form (3.1)

and

h(z)=(1+ Bz)u(lfA/B) =1+ Z(_l)ncnzn7
n=1
then for any ng € N we have the valid inequality
no no
(3.8) Z k|bg|*r?* < Z k|ci|*r?*,
k=1 k=1
for0<r<1.

Proof. Rewrite the equation (3.4) in the form

—_

(3.9) (K — [k = o[ B*)[bi*r* + n?[ba[*r*" < B?|¢[*r*
1

where ¢ = (B — A)u/B. As the function h(z) = (1 + Bz)*1=4/B) gatisfies the differential

i

equation

g(z) = (B = A)ug(z) — Bzg'(z), z€D,
it is clear from a similar agument as in Lemma 3.10 that, in the inequality (3.9), equality
is attained for by, = (—1)kc.

Rest of the proof is divided into two steps.

Step 1: Cramer’s Rule. We consider the inequalities corresponding to (3.9) for
n =1,...,n and multiply the nth coefficient by a factor A, ,,. These factors are chosen
in such a way that the addition of the left sides of the modified inequalities results the left

side of (3.8). To obtain the factors A, ,, we get the following system of linear equations

no
(3.10) E=kNong + Y MoK — [k = ¢’B*?), k=1,....ng.

n=k+1
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Since the matrix of this system is an upper triangular matrix with positive integers
as diagonal elements, the solution of this system is uniquely determined. Cramer’s rule

allows us to write the solution of the system is (3.10) in the form

((n—1)1)?

Anng = WDet Anng

where A, ., is the (ng —n+ 1) x (ng —n + 1) matrix constructed as follows:

n n?—|n— ¢*B*r? ... n? —|n — ¢|*B*r?
| n+1 (n+1)? s (1) — |1 — 2B
n,no = . . . .
No 0 ng

The evauation of the determinants of these matrices can be done by expanding according
to Laplace’s rule with respect to the last row, wherein the first coefficient is ng and the
last one is ng?. The rest of the entries are zeros. This expansion and a mathematical
induction results in the following formula. If £ < ng — 1, then

¢

1— —
m

2 np—1 2
B27‘2) H B?r2.

1 ¢
)‘k,no = )‘k,no—l N _<1 - ’1 - E
m=k+1

o

Let us use the abbreviation Vj, = Vi(A, B,u) =1 — |1 — ¢/k‘2B2r2, we get

1 no—l
3.11 Meno = Meno—1 — —V 1-V,,).
(3.11) R km:rk[Jrl( )

Case (i): Suppose that V} is negative. From the relation (3.11), we see that for fixed

k € N,k <ng— 1, the sequence {Ayn,} is strictly increasing, i.e.,
)\k,no - Ak,nofl > 0

so that

)\k,no > )\k,no—l > e > Ak,k = 1/]€ > 0,

and thus Ay > 0 when ng — 0o as required.
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Case (ii): Now, we consider that V} is positive. For fixed k € N, ng > k, the sequence

{Akng } 1s strictly decreasing, i.e. Mgy — Akng—1 < 0 with

1 00 1 n—1
(3.12) Ae= lim A, = 2= Vi > - IT a-v).

noTree n=k+1 = m=k+1
For all ny € N, 1 < k < ng, to prove that Ay ,, > 0, it is sufficient to prove \; > 0 for
k € N. This will be completed in Step 2. But before that we want to annotate that the
proof of the said inequality is sufficient for the proof of the theorem, since, as we noted

in the begining of the proof, equality is received for by, = (—1)*c.

Step 2: Positivity of the multipliers. Set as an abbreviation

o) 1 n—1
Se= Y - I[ t-Ww), keN

n=k+1 m=k+1

We now prove that

1
Sp < ——
b= kVy
We see from (3.12) that
1
Again set for abbreviation
1
It suffices to show that
- 1
3.13 <
(3.13) <

To prove (3.13), we use the following inequality and the identity

1 1 1 1 1=V,
3.14 > d —=-
( ) nV, (n+ 1)V, an nV, n + nV,
which are valid for each n € N. Repeated application of (3.14) for n = k,k+1,..., P

results the inequality

1 P 1n-1 HP—k(l - V)
— -11a-v, = = . fork<P.
A > Z - ( V, ) + o Sk,p =+ Rk’p or k <
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Since Ry p > 0, taking the limit as P — oo we obtain

1 )
ﬁz>£&&P—§;g1

and we complete the inequality (3.13). This completes the proof of Lemma 3.11.

3.3. Proof of the main results

We begin with the proof of Theorem 3.2

3.3.1. Proof of Theorem 3.2

We first estimate

Zn|b 2r?" < r? Zn\b |
_ (Z(zn R S 1>|bn|2>

where the last inequality follows from Lemma 3.7 with g = 1/2 and hence

o0
z
=7y nbPr <arf=ArAl —
; " N\ |

A 4
"\ T

completing the proof.

3.3.2. Proof of Theorem 3.3

Consider the function kao(z) = ze4?. It is a simple exercise to compute that

(Apz)"

(i) ==

n=1
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It directly follows from the area formula (1.12) that

o0

1
= |APpr ZZW(’AWT)%

n=0

= |AP o 1 (2; | AP p*r®),

for u|A] < 1. Note that from the last identity, it is enough to prove the inequality
A(r, (z/)*) < A(r, (2/kap)*) to conclude the proof. Therefore, we may deduce the

inequality from Lemma 3.10 by letting ng — oo

A(n (%) “’) _ ngbkwk < ngk\ck\zrz’“ = A(“ (kA,j(z))“)’

since ¢, = (Ap)*/k! in this case. This completes the proof of Theorem 3.3. O

3.3.3. Proof of Theorem 1.3

Consider the function ka p(z) = z(1 + Bz)4/B~1. An easy computation shows that

o0

(%)“ (14 Bz)(-A/B _ 1+Z ne o —Z

kan -

where 9 = (A/B — 1)u. Now applying the area formula (1.12) to obtain

”_IA( (kAB )) Z"
(90 + D5 + 1)

212 2 " H2n 2n
= B B
|70| r nZ:O (]-)n(Q)n r

= ol B*r*:Fi(y + 1,9 + 1;2; B*r?)

B2n 2n — E n BQnTQn

= |A - B**r*sFy((A/B — D)u+1,(A/B — 1)+ 1;2; B*r?).

Note that it is enough to prove the inequality A(r, (z/f)*) < A(r, (2/ka,p)") to conclude

the proof. Allowing ng — oo in Lemma 3.11, we get

A(r, (%)“) - ”g Ko Pr* < ﬂg Klaaf*r = A(’”’ (k:A,Z(z))M)

and the proof of Theorem 1.3 is complete. 0
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Though Corollary 3.5 is a direct consequence of Corollary 3.4, we have a direct proof
of this corollary for the case yu = 2 only using the classical Bieberbach theorem for the

second coefficient. For an independent interest, we present it here.

3.3.4. Proof of Corollary 3.5 for y =2

It is well known that C € S§*(1/2). Thus, Corollary 3.9 is also true for f € C with
a =1/2 and p = 2. Hence, we obtain

o0

(3.15) D (n=1)b> < 1.

n=2
We already know that
2 o] o] o)
W_IA(T, (%) ) = Zn|bn|27‘2n = Z 2(n — 1)|b, [*r*" + 2(2 —n)|b, |2,
z
n=1 n=2 n=1

Since r < 1, this simplifies to

7rlA<7", (ﬁy) < ort g(n — )b — g(n — 2)[ba| 2.

By equation (3.15), we have

2 o
7T_1A(h (ﬁ) ) <2+ by [ - Z(n — 2)|b 7 < 20t 4 by [Pr.

n=3

Note that for f(z) = z + Yoo, a,2" € C satisfying (z/f(2))? = 14+ > o2, by2™, we have
|b1| = 2|az| < 2 and this implies that
L\ 2
A(r, (—f< >> ) < w(2rt +4r%) = drr® (14 r%/2) = drr?y Fi (-1, —1; 2, 77).
z
We now proceed to prove the equality part. It is well-known that [ € C and clearly

z

(@>2:(1—z)2:1—22+22.

This, using the area formula (1.12), gives

A (7’, (%)2) = m(4r® +2r),

concluding the proof. 0
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3.4. Concluding Remarks

In the similar line of Lemma 3.7, Lemma 3.8 and Corollary 3.9, we have certain
necessary conditions for functions to be in some other class of functions in the literature.
Those are recalled in the following two subsections in which we intend to investigate the
area problems for functions of type (z/f)*, for p > 0. However, we find that the techniques
used in the above section are not enough to find the sharp area estimates for these classes.
Finding sharp estimates may lead to development of new techniques in function theory.
Therefore, in the following subsections, we present some optimal area estimates using the

available necessary conditions talked above. The sharpness parts remain open.

3.4.1. The class S,(«a)

As noted in Chapter 1, for —1 < o < 1, the class Sp(«), a subclass of the class of
starlike functions of order «, is defined by (1.8). In general, it is not easy to find a function
belonging to the class S,(a). However, to generate functions in a particular class, the best
way is to collect sufficient conditions for functions to be in that class. For the class S,(«),

we know that if

o0

(3.16) SR+ (1 = )bl < 1 - )

n=1
holds for a non-vanishing analytic function f, of the form (3.1) then f, € S,(a) (see [76,
Theorem 2]). For constructing an example of a function in S, (), for simplicity, we assume

that 4 =1 1in (3.16). One can easily verify that the coefficients b,, defined by

-«
, forn=1,

bn: 3—(1/
0, for n > 2,

satisfy (3.16). This gives that

z l—a B = (3—a)z
fp(Z)_1+(3—04> = 5 B—a)+(1-a)z

and f, € Sy(«). Clearly, by (1.12), one computes that

s (i) - (5)

Now, for estimation of area problem, recall the following necessary condition proved

in [76].
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Lemma 3.12. If a function f € S,(«) is of the form (3.1) with b, > 0, we then have
> (2 u(1 — a))b, < (1~ a).

n=1

Using this, we now prove the following area estimate for functions of type (z/f)*,

p > 0, when f ranges over the class S,(a).

Theorem 3.13. Let f € S,(«) and have the form (3.1), where pu(1 — ) <1, b, > 0 for

n>1. Then
A (55) ) sma- o,

Proof. Let f € S,(a). Then we have

z H o0 o0 o0
(3.17) W_IA(T, (W) ) = Zn|bn|2r2n =7’ anir%_Q <r? ani
z
n=1 n=1

n=1

Now by Lemma 3.12, (2n — u(1 — «))b, < p(l — «) since (2n — pu(1 — «))b,, is positive
which can be deduced from the hypothesis. Thus,

u(l — )
b < 2n — u(l —a)

Again, since n > 1, using the hypothesis we obtain

u(l — )
2n — pu(l — «)

<1
and hence 0 < b, <1 which gives 0 < nb, <n and n < 2n — u(1 — «). Therefore,

nb? < (2n — p(l — a))b,

thus
D onby <> (20— p(l = a)b,) < p(l — a).
n=1 n=1
Plugging this into the equation (3.17), we obtain the desired inequality. [
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3.4.2. The class N/

This section deals with the class N of functions f € A which satisfy the condition
|IN¢(2)| <1 for z € D where

Ny(z) == <f()) A (f()) !

This class was introduced in [63]. It is interesting to observe that the Koebe function

belongs to the class A/ although functions in A are not necessarily starlike but univalent

in D (see [63]). Indeed, in [63], the following necessary condition was proved.

Lemma 3.14. Let f € N and have the form z/f(z) =14 > ", byz". Then we have

o0

> (n=1)b < 1.

n=2

This gives us Yamashita’s extremal problem for the class N which is stated below.

Theorem 3.15. Let f € N has the form z/f(z) =1+ > " b,2". Then

2

Alr,— | <7ar2(d+2r2 +rh).
() == )

Proof. Suppose f € N. Recall that, for z/f(z) =1+ > " b,z" we have

z o
78 1A(T, f(Z)) = Zn|bn|2r2

n=1

= |b1[*r? + 2|bo|*rt + r® Zn|bn|2r2n_6.
n=3

Note that f € S and hence |b1| = |as]| < 2. Also, by Lemma 3.14

b < >0 — 1)0fb? < 1

n=2
and . .
D nlba <D (n = 10> < 1—|bo)* < 1.
n=3 n=3

It now follows that

z
FlA(T, —) < 4r? 4 27 41,

f(2)

concluding the proof. O]
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CHAPTER 4

ESTIMATES ON SUCCESSIVE COEFFICIENTS

In this chapter! our objective is to obtain results related to successive coefficients
for starlike functions of order «, convex functions of order «, spirallike functions and
functions in the close-to-convex family. The chapter is organized as follows. Section 4.1
deals with definition of some classes of functions, statement of some main results and
some well known theorems. In Section 4.2, we state and prove a lemma which will be

used in the proof of our main results in Section 4.3.

4.1. Definitions and results

We consider a family of functions that includes the class of convex functions as a
proper subfamily. For —n/2 < v < /2, we say that f € C,(«) provided f € A is locally

univalent in D and zf’(z) belongs to S, (a), i.e.

2f"(2)
f'(2)

(4.1) Re {e” <1 + )} > acosy, z€D.

We may set C,(0) =: C, and observe that the class Cy(a) =: C(«) consists of the normalized
convex functions of order a. For general values of v (|| < 7/2), a function in C,(0) need
not be univalent in D. For example, the function f(z) = i(1—2)"—i is known to belong to
Cr/2\S. Robertson [87] showed that f € C, is univalent if 0 < cosy < 0.2315---. Finally,
Pfaltzgraff [71] has shown that f € C, is univalent whenever 0 < cosy < 1/2. This settles
the improvement of range of v for which f € C, is univalent. On the other hand, in [93]
it was also shown that functions in C, which satisfy f”(0) = 0 are univalent for all real
values of v with |y| < m/2. For a general reference about these special classes we refer

to [24].

IThis chapter is based on the paper: V. Arora, S. Ponnusamy, and S. K. Sahoo in Rev. R. Acad.
Cienc. Exactas Fs. Nat. Ser. A Mat., 113 (2019), no. 4, 2969-2979.



Theorem H. [44] For every f € C := C(0) of the form (1.2), the following inequality
holds

_ < -
|ang1] — |an| < T

forn > 2, and the extremal function is given by

1 1 —e 2
Lolz) = et — e~io log ( 1 — ez >
for ¢ = w/n, where a principal branch of logarithm is chosen.

A straightforward application of Theorem 1.4 yields the following generalization of
Theorem H for convex functions of order o and also for locally univalent functions that

are not necessarily univalent in the unit disk D.

Corollary 4.1. Suppose that f € C,(«) for some o € [0,1) and —7w/2 < v < w/2. Then
we have
exp(—Ma cos )

n+1

|na| = fan| <
for some constant M > 0 depending on f and n. In particular, we have

(1) For f € C,(0),

vl o] < —
Ant1| — |an| < ——.
+1 1
(2) For f € C(a) we have
exp(—Ma)
Cay| < —— 7
1| — |an] < nt 1

for some constant M > 0 depending on f and n.

Proof. By the classical Alexander theorem, f(z) = z+ Y, a,z" belongs to C,(«) if and
only if zf'(z) =z + > o, by2" is S, () and clearly, b, = na,. Thus, by Theorem 1.4, we

have
(TL + 1)|an—i-1| - n|an| = ‘bn-i-l' - |bn‘ < eXp(—MOé COS’Y)'
This gives,
exp(—Ma cos )
— < — <
|ans1]| = fan| < |ania| nT 1|an| > nt1
The proof of the corollary is complete. O
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We would like to remark that Hamilton generalized Leung’s result to the case of

starlike functions of non-positive order and proved the following:

Theorem I. [29] For a function f € S*(«) for some o <0,
['(1—2a+mn)
1—-20)T(n+1)
Equality holds for the function f(z) = z(1 — z)2@=1,

||an+1| - |an|| < F(

If a locally univalent analytic function f defined in D satisfies

z2f"(z) 1
Re(1+ 72) ) >—§ for z €D

then by the Kaplan characterization it follows easily that f is close-to-convex in D, and

hence f is univalent in D. This generates the following subclass of the class of close-to-

convex (univalent) functions:

C(—1/2) = {f € A: Re (1+ ZJ{(Z)) > —% for eID)}.

This class of functions is also studied recently by the authors in [9], and others in different
contexts; for instance see [1,43,80] and references therein. Functions in C(—1/2) are not
necessarily starlike but is convex in some direction as the function

z—(2*/2)
4.2 2) = ———5—
(12) 16) = =y

shows. Note that

1
>—§ for z €D

2f"(2)\ 1+22
i) e

and thus f € C(—1/2), but not starlike in D.

Re <1+

Remark 4.2. In Theorem 4.3, we see that Theorem D and Corollary 1.5 continue to
hold for functions that are not necessarily starlike but is close-to-convex. At this place it
1s worth pointing out that there are functions that are ~y-spirallike but not close-to-convex.
It is also equally true that there exist close-to-convex functions but are not ~y-spirallike.

Theorem 4.3 is supplementary for this reasoning.
Theorem 4.3. Let f € C(—1/2). Then

|G| — |an| <L
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The following result is an immediate consequence of Theorem 4.3 which solves the
Robertson conjecture problem for the class C(—1/2). It is worth pointing out that in 1966
Robertson [86] conjectured that the Bieberbach Conjecture could be strengthened to

Inlan| — mlan|| < |n* —m?|  for all m,n > 2,
however, two years latter Jenkins [34] showed that this inequality fails in the class S.
Theorem 4.4. Let f € C(—1/2). Then for n > m we have
(n*—m*)+n—m) (n—m)n+m+l)

‘n|an| —m|a,m|| < 5 = 5

Equality holds for f(z) = (z — (2%2/2))/(1 — 2)%.

4.2. Preliminary result

The following lemma plays a crucial role in the proof of our main results.

Lemma 4.5. Let p(z) =1+ 7 ¢,2" be analytic in D such that Rep(z) > « in D for
some o < 1. Suppose that (z) = €7 > N\yc,2" is analytic in D, where \, > 0 and
Re(z) < M for some M > 0. Then we have the inequality

COS’}/Z)\n|Cn’2 <2M(1 — «).

n=1

Proof. Let us first prove the result for « = 0. Consider the identity

4Rep)(Rev)) = (p+2) (¥ + ¥) = (¥ + ¢¥) + (0¥ + 1)

so that

(4.3) 4 /| ‘:T(Re ©)(Ret)) df = 2Re ( / = 0(2)0(2) d9> ,

since (with z = rei?)

1z

(4.4) / T o(2)0(z) db = /| P =0,
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by the Cauchy integral formula and the fact that ¢(0) = 0. Using the power series

representation of ¢(z) and v(z), it follows that (since Z =12?/z on |z| = 1)

e} [e.e] 2n
/ p(2)P(z)d) = e / 1+chz”] [ZEAHTT] dz
|=l=r |2 =r =1 ! 2" | iz

(4.5) = 2me " Z Anlen| 22",
n=1

By (4.4), (4.5) and the assumption that Rev(z) < M for some M > 0, the identity (4.3)

reduces to
e 2 27
4 cosvz Anlen]?r?™ = 4/ (Rey(z))(Ret(z)) db < 4M/ Re p(z)df = 8M,
n=1 0 0

where we have used the fact that

L 2ﬂRe<p(z)d9 ! /ZﬂMdG

2m Jo " or 2
1 dz dz
~E [ eoF [ of]

_Loryom =1

The desired result for the case a = 0 follows by letting » — 17 in the last inequality.

Finally, for the general case, we first observe that Re ®(z) > 0, where

o(z) — « Cn
¢ = =1 n n’ n — .
(2) o + ; dnz d T2
Also, the given condition on ¢ gives Re U(z) < %, where
W) = S e = — (S ) = o)
! l—«a vt 11—«

Applying the previous arguments for the pair (®(z), U(z)), one obtains that

- oS w—
COSVZ)\n|dn|2 = u_—a)QzAn|0n|2 < 1
n=1 n=1

so that cosy > 07 Aulca]® < 2M (1 — ), as desired. O

2M
-«

Remark 4.6. We remark that Lemma 4.5 for v = 0 is obtained by MacGregor [50] (see
also [42] and [21, p.178, Lemma)).
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4.3. Proof of the main results

We begin with the proof of Theorem 1.4

4.3.1. Proof of Theorem 1.4

Let f € S,(a). Then by the definition, we may consider ¢ by

I A R
P e T +isiny| = p(z)
so that
NS
e m—l = cosy (p(z) — 1),

where Re {¢(2)} > aand p(z) =1+, ¢,2" is analytic in D. We may rewrite the last
equation as

f'z) 1

— i n—1
(4.6) T e cosy ;cnz

which by simple integration gives

f(z) . =, 2"
A7 1 ="
(4.7) og | — e 0087; —

where we use the principal value of the logarithm such that log 1=0. By the Taylor series

expansion of log(1 — £z) and (4.7), we get

%) Cn __n %)
(4.8) log (1 — fz)f(;) = - : 2" = Z 2",

where C,, = e cos~ ¢, and

Gy =& ecosye, —&"

n n

Qn

Also, for || = 1, we have

flz) &
(49) (1 - 52)72 = Zﬁnzna 571 = Qn+1 — éan-
n=0

From (4.8) and (4.9), it follows that

exp (iam") = iﬂmﬂ Bo = 1.
n=1 n=0
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Then, by the third Lebedev-Milin inequality (see [21, p. 143]), we have

n 1
<o 3 (st - 1) .
k=1
or equivalently

n C, — gk 2 1
(4.10) |1 — Eay|* < exp { Z (% — E) } :

k=1

Now we consider
ckz
= e
=e Z .
and let M be the maximum of Re{¢(2)} on |z| = 1. Applying Lemma 4.5 with A\, = 1/k

for 1 <k <nand A\, =0 for £ > n, we obtain

n (|G =€ 1 LNPAE n Re(eel)
>\ %) —r
k=1

< 2M(1 — a)cosy — 2cosyRe{y(€)}.

Choosing ¢ (say &) so that Re{(&)} = M, we see that

z”: (!Ck - &P 1

’ _E> < 2M (1 — a)cosy — 2M cosy = —2M v cos 7.
k=1

Hence from (4.10), |an+1 — &oan| < exp(—Macosy) for some & with |{y| = 1. Since
sl = lanl] < lanss — €oaal < exp(~Ma cos7),
the proof of our theorem is complete. O

Here we provide one example that associates to Theorem 1.4.

Example 4.7. Consider the function f(z) := f,a(2) = 2/(1 — 2)P, where 3 = 2(1 —
a)cosy. It is easy to check that f € S, (o),

zf(2) . z
z+z n+ﬂ z” and e ze_w+2(1—oz)cosyl_z

f(2)

Again consider the function

LA <
p(z) =e f(z)_e +2(1 a)cos'yZz.

n=1

55



It is clear that Re (p(z)) > acosy. Now, if we adopt the proof of Lemma 4.5 and Theorem
1.4 by assuming (z) = 2(1 —a) > 02 2" and v = 0, then for f € S*(«) we obtain

llans1] = an|| < exp(—aM), M =2(1—a)(logn+ 1).

4.3.2. Proof of Theorem 4.3

Let f € C(—1/2). Then the function g(z) = > >° b,2" = zf'(z), where b, = nay,,
belongs to S*(—1/2). From Theorem I, we obtain that

n
(4.11) “bn-i-1| |bn || = ’ (n+1)|an41| — n|an|| = (n+1) ||ans1] — nt 1|an| <n+1

which implies that

|an+1| - ’an’ < |an+1’ - |an’ <1,

n+1
and the proof is complete. O
Example 4.8. Consider the function f defined by (4.2), namely,

z—2°/2 “n+1,
f(z):(l——z)QZZ 5 2",

n=1

It is easy to check that f satisfies the hypothesis of Theorem 4.3. For this function, we
have

n+2 n+1 1
:§<1

2 2

|ant1] — lan| =
Example 4.9. Consider the function f defined by

> I'(n+1/2)
\/1—,22 Z?TF )

2n+1

f(z) =
A simple computation shows that f € C(—1/2) and for this function, we see that

T(n+1/2)

— <1
7l'(n+1) ’

|an+1| - |an| =

so the result is compatible with Theorem 4.35.
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4.3.3. Proof of Theorem 4.4
Let f € C(—1/2). Then we have
|(k + 1)|ags1| — kla|| <k +1for k> 1,

by (4.11). Here a; = 1. Using the triangle inequality, we deduce that for n > m

n—1
[1nlan] = mlam|| = | (k + Dlar| - Klax]
k=m
n—1
< Dk + Dlarsa] = klaxl|
k=m
n! (n?* = m?) + (n —m)
=Y (k+1)=
2
k=m
Clearly the equality holds for f € C(—1/2) defined by (4.2) in which the coefficient of 2™
is (n+1)/2. O
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CHAPTER 5

MEROMORPHIC FUNCTIONS WITH SMALL
SCHWARZIAN DERIVATIVE

The Purpose of this chapter! is to study the sufficient conditions of the form (1.16)
involving Schwarzian derivative for meromorphically convex functions of order o and for
functions in a family that are convex in one direction, in particular in the starlike and

close-to-convex family.

5.1. Definitions and main results

For 8 > 3/2, we consider the class Cs introduced by Shah in [92] as follows:

Cﬁ:{fEA: 2g€3<Re<1+ZJ{i’;(Z§)><ﬁ, ZG]D}.

This originally follows from a sufficient condition for a function f to be convex in one
direction studied by Umeraza in [97]. Note that the special cases Cs /2 and Cy, are con-
tained in the family of starlike and close-to-convex functions respectively (see the detailed
discussion below in this section). It is a natural question to ask for functions belonging to
the family Cs for all 5 > 3/2. Such functions can be generated in view of [92, Theorem 12],
which says that for all functions f € A satisfying

p__ Re<zf/(2)

3-28 ) <*

the Alexander transform of f belongs to the family Cg, 8 > 3/2.
Chiang proved the following sufficient condition for convex functions of order a in

terms of small Schwarzian derivative:

'Results of this chapter are published in: V. Arora, S. K. Sahoo in Stud. Univ. Babes-Bolyai Math.,
63 (2018), no. 3, 355-370.



Theorem J. [17, Theorem 2] Let f € A and |as| =n < 1/3. Suppose that

sup [Sy(2)| = 26,

zeD

where 6 = 0(n) satisfies the inequality
6n + 50(1 + n)e’? < 2.

Then f is convex of order
2 — 61 — 5(1 + n)dse’/?
2—2n—(1+mn)de/? "

Our aim in this section is to state results similar to Theorem J for certain functions
convex in one direction, in particular, for functions in the family of starlike and close-to-
convex functions.

We now state our second main result which provides a sufficient condition for functions

to be in Cg with respect to its small Schwarzian derivative.
Theorem 5.1. For 3 > 3/2, set

B—1 6(8—1) B+3 11815

Of) =ming Zo5 . omg gy and VB = maxd gem ey

Let f € A and |ay] =n < ¢(B). Suppose that
sup |Sf(2)| = 20,
zeD

where § = 0(n) satisfies the inequality
(5.1) 20 + Y (B8)6(1 +n)e’? < 26(8),
Then f € Cg. In particular, f is convex in one direction.

Recall the sufficient condition for starlike functions f € A from [75, (16)] which tells
us that

z ”(z)><3 . 2f'(z)  2; 2

Re(l + 72) =

2 (2) 3
This generates the following subclass of the class of starlike functions:
z2f"(2) 3
= : 1 ) i
03/2 {fG.A Re( + f’(Z) < 9

This particular class of functions is also studied in different contexts in [77].

The following corollary immediately follows from Theorem 5.1 for the class Cs/s.
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Corollary 5.2. Let f € A and |as| =n < 1/5. Suppose

sup |5 (2)] = 20

zeD

where 6 = 0(n) satisfies the inequality
(5.2) 10m + 96(1 +n)e’? < 2.
Then f € C3/9. In particular, f is starlike.

We next recall what is close-to-convex function followed by a subclass of the class of
close-to-convex functions and then state the corresponding result which is again an easy
consequence of Theorem 5.1.

If a locally univalent analytic function f defined in ID satisfies

zf”(z)
f'(z)

then by the Kaplan characterization it follows easily that f is close-to-convex in D (here 6,

Re<1 n ) > —1/2,

and 6, are chosen as 0 and 27 respectively) and hence f is univalent in ID. This generates

the following subclass of the class of close-to-convex (univalent) functions:

Coo := {f eA: Re(l—i— ZJJ://;S)) > —%}

This class of functions is also studied recently by several authors in different contexts; for

instance see [1,13,43,80] and references therein.
Now we are ready to state our sufficient condition for functions f to be in C, in terms

of their Schwarzian derivatives bounded by small quantity.
Corollary 5.3. Let f € A and |ay] =n < 3/7. Suppose that
sup |Sf(2)] = 20
z€D
where § = 6(n) satisfies the inequality

(5.3) 147 + 116(1 + n)e’’? < 6.

Then f € Cy and hence f is close-to-convex function.
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5.2. Preliminary results
Connection with a linear differential equation

In this section we study a relationship between Schwarzian derivative of a meromor-
phic function A and solution of a second order linear differential equation depending on
h.

Recall the following lemma from Duren [21, p. 259].

Lemma 5.4. For a given analytic function p(z), a meromorphic function h has the
Schwarzian derivative of the form Sy(z) = 2p(z) if and only if h(z) = w1 (z)/wa(z) for any

pair of linearly independent solutions wi(z) and wq(z) of the linear differential equation
(5.4) w” + p(z)w = 0.

Note that an example satisfying Lemma 5.4 is described in the proof of Theo-

rem 1.6(b). Assume now that w;(z) and wy(z) satisfy the following conditions:

w1(0) =1, wy(0) = 0;

w!(0) = 0, wh(0) = 1.

Clearly w;(0) and w9 (0) are linearly independent since the Wronskian W (w1 (0),wy(0)) is

non-vanishing. Recall that

Hence, a simple computation on logarithmic derivative of h'(z) leads to

h'(2) wy(2)wi(z) — wi(2)w

W(z)  wa(z)wi(z) — wi(2)w

SRR
—~

N
N—

[\

g
o~
—

N
SN—

Since wy(z) and wy(z) satisfy (5.4), it follows that

h'(z) _ _2w§(z)
h'(z) ws(2)’
and hence we have the relation
zh"(z)\ 2wh(z)
(5.6) Re<1 e ) —1 2Re< o )
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The Function 2z — (1 4+ «) tan x.

For 0 < a <1, we set

r(z) =2z — (14 «)tanz.

Derivative test for 7(z) tells us that r(x) is decreasing in (arctan(y/(1 — a)/(1 + a)), 7/2).

Then the following lemma is useful.

Lemma 5.5. Let < 7/2 be the smallest positive root of r(z) = 2x — (1 + a)tanz =0

for some a > 0. Then

B> arctan /(1 — a)/(1 + )

holds true.

Proof. Given that r(8) =0 =25 — (1 + a)tan 8. This gives

26

(5.7) a= g

On contrary, suppose that 0 < 8 < arctan /(1 —a)/(1 +«) < 7/2. This implies
that
1—-a
1+«
Substituting the value of o in (5.7), we obtain

tan® f <

tan® B < tonf -1
g
equivalently,
tan 3
sec? B < 3 <= 20 <sin2p,
which is a contradiction. Thus, the proof of our lemma is complete. O

Let ¢, be the smallest positive root of the equation (1.19). Since r(y/cq) = 0, it
follows by Lemma 5.5 that

>0, for0<x < /co

(5.8) r(z)
<0, for /co <x<m/2

If we replace x by z+/c, ¢ > 0, in (5.8), we obtain

(5.9) r(zy/c) = 2zy/c — (14 a) tan(z/c) > 0 for 0 < zv/c < \/cq
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and

(5.10) r(zv/c) = 2zy/c — (1 4+ a) tan(z/c) < 0 for /¢, < zv/c < /2.

We may have the following two cases when r(x4/c) is negative.
Case 1: If ¢ < ¢,, then (5.10) gives that r(z+/c) is also negative in [1,7/2/c).
Case 2: If ¢ > ¢,, then (5.10) gives that r(z+/c) is also negative in (y/ca/c, 1).

In the sequel, we collect the following lemmas to be used in the proof of Theorem 1.6.

Lemma 5.6. A function h € B in the form (5.5) is meromorphically convex of order «

if and only if wo(2) is starlike of order (a+ 1) /2.

Proof. Condition (5.6) is equivalent to

)

which yields

zh"(z) zwh(z) a+1
h'(2) ws(2) ) ~

Since w(0) = 0 and w}(0) = 1, we(2) is starlike of order (av+1)/2. Thus, completing the

—Re<1~|— >>a — Re(

proof of our lemma. O

Remark 5.7. A simple computation using the identity (5.6) yields

Re (S5 = g +Re ()~ aRe (14 55

Therefore, the function wy is not necessarily starlike when the function h is meromorphi-

cally convex.

Lemma 5.8. For 0 < a < 1, let ¢, (0 < ¢ < ¢,) be the root of the equation given by
(1.19). Then we have

a—+1

(5.11) Re(zv/ccot(zy/c)) > 5

|z] < 1.

Proof. Substituting z = x + iy in (5.11), we see that the desired inequality is equivalent

to

cos(/2(x + iy))
sin(v/e(z + i)

2Re<\/5(x+iy) > >a+ 1.



This is, using the basic identities 2Rew = w + w, cos(iy) = cosh(y), and sin(iy) =

isinh(y), we see that it is equivalent to proving

2z+/csin(y/cx) cos(vex) + 2yy/csinh(y/cy) cosh(y/cy)
> (1 + a)(sin®(y/cx) + sinh?(Vey)).

So, it suffices to prove the inequality

sin(y/cz) cos(y/cx)[2y/cx — (1 + ) tan(y/cx)]

> sinh(y/cy) cosh(v/ey)[(1 + a) tanh(v/ey) — 2y/cy]
for 0 < ¢ < ¢, and 2%+y? < 1. First consider the points x, y in the first quadrant. Then we
see that sin(y/cr), cos(y/cx), sinh(y/cy) and cosh(y/cy) are all positive since ¢ < ¢, < 72/4.
Also 2z+/c — (1 + «) tan(y/cz) is positive which follows from (5.9). On the other hand,
(1 4+ «) tanh(y/cy) — 2(y/cy) is non-positive because f(y) = (1 + «) tanh(y/cy) — 2(\/cy)

is decreasing, hence for y > 0 we obtain

(5.12)

f(y) = (1 + a) tanh(v/cy) — 2¢/cy < 0.

Hence, the inequality (5.12) holds true in the first quadrant. Now if we replace = by —x
and y by —y then the inequality (5.12) remains same in all the other quadrants of . The
desired inequality thus follows. ]

The following results of Gabriel are also useful.

Lemma 5.9. /22, Lemma 4.1] If w(z) satisfies (5.4) with w(0) =0 and w'(0) = 1, then
for 0 < p<r <1 and for a fivred 6 € [0, 27|, we have
(5.13)

. reww’ 19 ]w(pew)|2
|w(7“€’9)|zRe<7 —7“/ W' (pe’)[Pdp — / e(p’e®p(pe”’)) ———

e dp.

Lemma 5.10. /22, Lemma 4.2] Let y(p) and y'(p) be continuous real functions of p for
0 < p < 1. For small values of p let y(p) = O(p). Then

(5.14) r /Or[y’(m]zdp —cr /Or[yz(pﬂdp — ry/ccot(ry/c) - y*(r) > 0

for 0 <r <1 andc > 0. Equality holds for

y(p) = ¢ V2sin(pV/e), ¢ >0,
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5.3. Proof of the main results

5.3.1. Proof of Theorem 1.6

Given that h € B satisfies (1.18) and ¢, is the smallest positive root of the equation
(1.19). A simple computation yields

2,/co — tan /c,
N tan/c,

Differentiating o with respect to ¢,, we obtain

do tan/cq — \/Cq SeC? \/Co
de, /Co tan? \/c, ’

Since tanz — zsec? x < 0 is equivalent to sin 2z < 2z, which is always true for all z € R,

it follows that ¢, increases if and only if « decreases.

Now we proceed for completing the proof of (a) and (b).

a. In this part we prove that h is meromorphically convex of order «, 0 < o < 1, that
is h satisfies (1.11).
Set Sp(z) = 2p(z) for a given analytic function p(z). Then by (1.18), it follows

that |p(2)| < c¢a, and hence we have
Re(2*p(2)) < cqlz|* for |z| < 1.

By Lemma 5.4, the function has the form h(z) = w;(2)/ws(z) for any pair of
linearly independent solutions wi(z) and wy(z) of the linear differential equation
(5.4). Clearly, the particular solution ws(z) satisfies the hypothesis of Lemma 5.9.
Since Re(2%p(2)) < cqlz|? holds, (5.13) implies

i0

: refwl (re?
(5.15) |w2(rew)|2Re< ™ 2el9 / |wh(pe’ |d,0—rca/ lws(pe'®)|?dp,

for 0 < p <r < 1 and for some fixed 6.

Putting wy(pe?) = ug(p, ) + iva(p, #). For a constant ray 6, w, will become
a function of p only. Note that uy(p) and ve(p) satisfies the hypothesis of Lemma
5.10. We obtain the following two inequalities after substituting us(p) and ve(p) in
(5.14) and replacing ¢ by ¢,

516) 1 [ Lo = cor [ [o)dp — Vearcot(yer) () = 0.
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and
6a1) [P = car [ ellde — vearcot(year) ) > 0.
Since wq(pe®) = ua(p, 0) + ivy(p, #), addition of (5.16) and (5.17) leads to
518) [l o = e [ lunlpe)Pdp = Ve corlyGarfusP

Comparing (5.15) with (5.18), we obtain

/ 6
|w2(rei0)|2Re<M> > \/Car cot(y/Car)|wa(re)?
way(re?) ) — ’
that is,
zwh(2)
(5.19) Re( ) > \/carcot(y/cor) for |z| =71 < 1.
wa(2)

It follows from Lemma 5.8 that

a—+1
5

(5.20) Vear cot(y/car) = Re(y/car cot(\/car)) >

Comparison of (5.19) with (5.20) yields

zwh(2) a+1

e( wo(2) > Ty
and hence it follows from Lemma 5.6 that A is meromorphically convex of order «.
b. We prove that the quantity ¢, is the largest possible constant satisfying (1.18), i.e.
we can not replace ¢, by a larger quantity. We prove this by contradiction. If we
replace ¢, by a larger number ¢ = ¢, + € for some € > 0, then we observe that there

exists a function h € B satisfying
(5.21) |Sh(2)] < 2(ca +€), 2] <1,

but h is not meromorphically convex of order a. For this, we consider the function

wile)

h(z) = 2| < 1,

with the two linearly independent solutions

sin(y/cz)

wi(z) = cos(v/cz) and wsy(z) = 7
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of the differential equation w” + cw = 0. Clearly, by a simple computation, the
function h(z) = \/ccot(y/cz) satisfies Si(z) = 2¢. It remains to show that this
function h is not meromorphically convex of order «, equivalently, by definition,
we prove that
zoh"(20)

h'(z) ) =«

for some 2z, € D. By Lemma 5.6, it is equivalently to proving

—Re(l +

zowh(2p) Vezg cos(v/czp) a+1
Re(W) - Re( sin(v/czo) ) =5

for some non-zero zy € D, since for zy = 0 the relation (5.22) contradicts to the

(5.22)

assumption « < 1. Substituting 0 # zg = x¢ + iyo € D in (5.22) and simplifying,

we obtain

2z0v/csin(v/cxzo) cos(v/exo) + 2yov/csinh(v/cyo) cosh(v/eyo)

< (1 + o) (sin®(v/exo) + sinh®(Veyo)),

or

sin(v/cxo) cos(v/cxo) [2z0v/c — (1 + a) tan(v/cx)]
< sinh(v/cyo) cosh(v/eyo)[(1 + ) tanh(veyo) — 2(Veyo)],

for 0 < ¢ = ¢4 + € and 23 + y3 < 1. Choose yo = 0. Then to obtain our desired

inequality, we have to find zg € (—1,1), zg # 0, such that

(5.23) sin(y/cxg) cos(v/cxg)[2x0v/c — (1 + a) tan(y/cxg)] < 0

holds. Now, we see that sin(y/czq) and cos(y/cxg) are positive in (0,7/24/c), and

2x0v/c — (1 + a) tan(y/czo) is negative in (y/ca/\/c, m/2¢/c), where the latter part
follows by (5.10). Therefore, (5.23) holds true for some x( in the intersection

(0,7/2v/e) N (Vea/Ve, 1) € (0, 1),

since ¢, < c¢. This completes the proof of our first main theorem. O

In the following example, we construct a function meromorphically convex of order «

satisfies the hypothesis of Theorem 1.6.
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Example 5.11. For a constant ¢ > 0, consider the function h defined by

hz) = U142 cot(ve),

wa(z)
where wy(z) = cos(y/cz) and we(z) = (1/+/c) sin(y/cz) that satisfy the differential equation

w” + 2cw = 0.

By Lemma 5.4, it follows that Sy(z) = 2¢. Now, for any such constant ¢ < ¢, where ¢,

is the smallest positive oot of the equation (1.19), one clearly sees that
|Sh(2)] < 2¢4.

Next, by comparing with Lemma 5.8, we see that

1+«
5

Re(ﬂ(z)) = Re(zv/ccot(y/cz)) >

ws(2)
This is equivalent to saying that h is meromorphically convex of order o, by Lemma 5.6.

Thus, Theorem 1.6 is satisfied by the function h(z) = \/ccot(y/cz).

5.3.2. Proof of Theorem 5.1

We adopt the idea from the proof of [17, Theorem 2]. Suppose that u(z) and v(z) are
two linearly independent solutions of the differential equation (5.4) with S¢(2) = 2p(z),
where u(0) = v'(0) = 0 and «/(0) = v(0) = 1. Then by a similar analysis as in the proof
of [17, Theorem 2|, we obtain

u(z)
(z) = cu(z) +v(z)
where ¢ = —ay. An easy computation yields
z2f"(2) cu'(2) + v'(2)
24 1 =1-2
o2 M T e
Now, by the hypothesis, it is easy to see that
-1 6(5—1) 1 g+3 115 —15
= mi 1 = 1.
0(8) = min § 5 g gy (< Land v(8) = max § So e >

Also, we note that

2n+ (1+ 77)5@5/2 <2n+Y(B)o(1 + 77)66/2 < 2¢(P) <2
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follows from the assumption (5.1). Hence n + (1 +7)de’/?/2 < 1. Now [17, (13)] also
satisfied by our hypothesis. Thus, it follows from the similar argument as in the proof

of [17, Theorem 2] that

cu'(2) +v'(z) _ 2n+ (14 1)8¢°/?)
‘ cu(z) + v(z) ) —2—-2n—(1+mn)se’?
which yields

(e (2) +2'(2)) 2w + ) 2(n + (1 +n)6e’/?)
(5.25) Re( a2 T o0e] ) > - BTt ey ey sy 762
and

e (2) +0(2)y e +0) 2n+ (1+m)de?)
(5.26) Re( cu(z) + v(z) ) ‘ cu+v ) - 2n — (1 +mn)oe’/?”

The relations (5.24), (5.25) and (5.26) together lead to

2 — 61— 5(1+mn)de /2
<
2= 21 — (1+n)ded)2
The hypothesis (5.1) thus obtains

zf”(z)> 2+ 20+ 3(1 +n)de’ /2

Re<1+ f'(2) = 2—2n—(1+mn)oe/2"

2+ 20+ 3(1 +n)de’ /2
2—2n—(1+mn)e’/2 <

and
2 — 61— 5(1 +n)de’ /2 - B
22— (1+nse/2 ~ 28-3
completing the proof. O

Remark 5.12. The constant ¢(3) in the statement of Theorem 5.1 is not sharp. For
2z — 22

instance, the function f(z) = 5 € Coo for which |ag| = 3/2 > 1.

2(1—2)
In the following example we construct a function that agree with Theorem 5.1 for

some (3 > 3/2.

Example 5.13. For any constant ¢ with |c| < 3/7, consider the function f defined by

flz2) = ——, J2|<1

1—cz

We show that f € Cs/o and it satisfies the hypothesis of Theorem 5.1.
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First, we note that f is a Mobius transformation and hence Sy = 0. Therefore, it
trivially satisfies the hypothesis of Theorem 5.1.

Secondly, an easy computation yields
z2f"(z)  1+ecz

L fl(z)  1—cz

From this, we have

Zf”(Z)) _ 1= el
fil2) /) L—ezP

By the usual triangle inequalities, it follows that

Re(l +

1= Jelz] 1= Je?eP _ 1+ Jellz]

Ltellz] = [L—cz[* 7 1—|cf|2]
Since |c| < 3/7, for|z| < 1, it is easy to verify that

T+]el|lz| 5 5 1—|c||z|

— <= and —-<-——F——

1—|c]z] 2 4 1+ |c||z|

hold true. Thus, f € Cs2.
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CHAPTER 6

APPROXIMATION OF ANALYTIC FUNCTIONS

As we discussed about approximation problem in Chapter 1, Section 1.5.4, the purpose
of this chapter! is to consider non-vanishing analytic functions of the form z/f, f € S,
and study their best approximations by functions z/g when g belongs to the family F,
defined by (1.22).

Clearly, z/f with f € S has a Taylor series expansion of the form (1.21). Such
forms of non-vanishing analytic functions have been widely studied by many authors for
different purposes. For instance, in 1990, Yamashita [99] proved that the maximal area
of the images of D under non-vanishing analytic functions of the form z/f, f € S, is
bounded. For more research works on non-vanishing analytic functions of the form z/f,

one can refer to [7,62,64,65,76,78].

6.1. Preliminaries

We recall the following result from [69] which describes the L?*norm of an analytic
function f : D — C in terms of the coefficients of the Taylor series of f. This plays an

important role in the proof of our main results.

Lemma 6.1. If f : D — C is analytic and has series expansion

flz) = Zanz”, zeD,
n=0

then
0 |an|2

n+1

n=0

/ |f(z +iy)Pdedy = 7
D

In the spirit of [37,69,70] we determine the best approximation of an analytic function

of the form z/f, for f € S, by functions belonging to the family F,. The method is based

'Results of this chapter are based on paper: V. Arora, S. K. Sahoo, and S. Singh, Approximation of

certain non-vanishing analytic functions in a parabolic region, submitted.



on solving a particular quadratic problem with an infinite number of variables using the

classical Karush-Kuhn-Tucker (KKT) conditions.

6.2. Approximation by functions in the family F,

In this section, we intend to find the best approximation of an analytic function of
the form z/f by a function z/g, where g € F,. In view of (1.23) and Lemma 6.1, it is

enough to consider the quadratic problem of finding

' o) (Cn o bn)2
(61) lnfz n—_|—17
n=1

where (b,,) is a given sequence of non-negative real numbers and the infimum is taken over

all non-negative sequence (¢,) of real numbers satisfying

(6.2) iA(n,a)cn <1,

with A(n, «) as given in (1.20). The following result is our first main result which gives
a solution of the quadratic problem of finding the quantity given by (6.1) satisfying the
condition (6.2):

Theorem 6.2. Let A(n,a) be given by (1.20). If (b,) is a sequence of non-negative real

numbers with
ZA(n, a)b, > 1
n=1

and
bn

am =0
then there exists an integer N > 1 such that the minimum of the quadratic problem (6.1)
and (6.2) is

B2 (X, Aln,a)b, —1)°
Z n+1 N Yoner A%(n,a)(n+ 1)

ne’le

which is attained for the sequence (c,) given by

A(n,a)(n+1)
(6.3) Cr = by, — N 9 , nel;

0, (INSIAR
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where

ZnGI A(”? Oé)bn —1
UN = 2 3
> oner A*(n,a)(n + 1)

T = {ir,i2,...,in} and (in)n=12,.|p| 15 a permutation of the indices in P = {n >1: b, >

0} such that

2b;

in

Bin 1= (in + D) A(in, @)

15 a non-increasing sequence. Moreover,
N =min{n >1: 8, <, <8},

where

Z:z:l A(im’ a)bim —1
i = 2= - . )
Hin oS A2 (i, ) (i + 1)

Proof. Consider the quadratic problem of finding
2

- (bn — cn)
LD D
n=1

where (b,),>1 is a given sequence of non-negative real numbers, and the infimum is taken
over all non-negative sequence (¢,),>1 of real numbers satisfying Y > | A(n, a)c, < L.

Note that for P = {n > 1:0b, > 0}, the above problem becomes

mle n—i—l 1112 n+1 ’
= nepP

where the infimum is taken over all non-negative sequence (¢, ),>1 of real numbers satis-

fying > > | A(n,a)c, < 1. The following two possibilities arise.

Case 1: If Y | A(n,a)b, < 1. Then the infimum in (1.23) becomes 0 and it attains

for ¢, = b,, n > 1.

Case 2: If Y | A(n,a)b, > 1. Then the Lagrangian becomes
L= Z — +u(ZAn e 1)
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with the Karush-Kuhn-Tucker conditions (see [35,69])

oL  2(c, — by) 4
. B > > 1.
(6.4) . | +pA(m, ) >0, n>1;
oL =
6.5 — = An,a)ec, —1 <0;
(6.5) gy = 2 Al
oL 2(cp, — by) )
(6.6) g = en( S A ) =0,
(6.7) u(Azx —b) = u(ZA(n, a) e, — 1) = 0;
n=1
(6.8) ¢, >0, n>1;
(6.9) p > 0.

From the equation (6.7), we see that either =0 or Y>>, A(n,a)c, =1 holds. If u =0,
then from the equation (6.6) we obtain ¢, = 0 or ¢, = b, and the equation (6.4) shows
that ¢, > b,. If ¢, = 0, then b, < 0. But, by the hypothesis b, > 0. Thus, we conclude
that ¢, = b, for all n > 1. However, this contradicts (6.5) which can be seen from the
assumption of the case. Thus, in this case we must have g > 0 and Y2 | A(n, a)c, = 1.

Now rewrite the above conditions (6.4)-(6.9) as follows:

2(c,, — by) )

1 _ > > 1;

(6.10) A, 20,
2(c,, — by) A

. - — > 1-
(6.11) cn< e + 1 (n,a)) 0, n>1;
(6.12) ZA(n,a)cn =1;

n=1

(6.13) ¢, >0, n>1;
(6.14) p> 0.

The equation (6.11) shows that either

pA(n, a)(n+ 1)

C, or ¢ B
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We denote by Z¢ the set of indices n > 1 for which ¢, = 0 and

pA(n, a)(n + 1)}'

I:{1,2,3,...}—IC:{nZl:cn:bn— 5

Hence by (6.12), we now obtain

1= iA(n,oz) Cn
n=1

=Y Aln,a) (bn A, a)(n + 1))

2
ne’l

= ZA(n,a) b, — gz A%(n,a)(n +1).

nel ne’l

This simplifies to

Znel A(n,a)b, — 1

6.15 =2 > 0.
(6.15) h S B a)nt 1)

Also from the equations (6.10) and (6.13), we have

(6.16) u < B, forneZ; and p > f, for n € Z¢

where
2b,,
(n+1)A(n, o)

By the hypothesis, we observe that (3,) is a sequence of positive numbers such that

Bn:::

lim,, 0 B, = 0. Therefore, we can find a permutation of (i,) of the indices in P such
that (5;,) is a non-increasing sequence with lim,, ., ;, = 0. The set of indices Z must
be finite, otherwise if we pass to the limit n — oo in the first inequality of (6.16) along a
sequence of indices in Z, we obtain that u < 0, contradicting (6.14). Therefore, we can
write Z = {iy,i2,13,...,ix} due to finiteness of Z.

Claim: N =min{n >1:5; ., < p, < f;,} where

ZZ:I A(im’ a)bim -1
n ::2 n . . .
S A1y, ) (i + 1)

In view of the hypothesis

i A(n,a)b, = iA(in, a)b;, > 1.
n=1 n=1

7



Hence, there exists a smallest integer ng > 1 such that

no k
> A(in,a)by, > 1 and > A(in, a)b;, <1
n=1 n=1

for all £ < ng— 1. Note that for ng = 1, we have

A(il, Oé)bil -1 2b“
f = 2 ; ; < = ;
A2(iy, ) (iy + 1) = (i1 + 1) A(d, @)

If ng > 1, then by the choice of ny we obtain

= Bh'

S A, )by, — 1 Co- 2b;,,
S0 A2 (i, @) (i + 1) 7 (ing + 1) Aling, @)
Using the mediant inequality

= Bingy-

,u’no—l -

S|

+

)
IN

[\
Ul O
[\

S| 2
ool S
S
+
QL
W

(6.17)

where b, d > 0, it follows that

fing—1 < Hng
, S0 Alim, )by, — 14 Aling, @by,
S0 A2 (i, @) (G + 1) 4 Aling, )2 (iny + 1)
_ 2b;,,,
T (lny + 1) A(ip,, @)
Thus, we proved that p,,, < /Bino for ng > 1.

= Bing-

Next we consider the following two cases in order to complete the proof.

Case (i): Bing i1 < Hng-

Since (f3;,) is a non-increasing sequence and i, < f;, , it follows that

Bing i1 < tng < By < Biny n€{1,2,...,n0},

and
Bin < Bingsr < g < Biny, nE€{no+1Lng+2,...}.
In this case, we can then choose N = ng and Z = {iy, 42, ..., 0, }-

Case(ii): Bi,, 1 > Hno-

Using the observation (6.17), we again have

Hnyg S Mng41 S /Bin0+1'
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Then either 3, ., < fngt1 OF Bi, 4o > fngt1- I Bi, 4o < fingt1, Proceeding as in Case (i)
above, we can choose N =ng+ 1 and Z = {iy,42,...,ipo11}. If Bing s > Hng+1, then from

the observation (6.17) we obtain

[/[/no S ,uno-i-l S Mn0+2 S /Bi”0+2'

Continuing as above, either at some point we can find an integer £ > 1 such that

(618) 6in0+k+1 S /’l’n0+k‘ S Bin0+k

and then N = ng + k, or else we have

(619) 0< Hng < Hng+1 < Hng+2 - Ung+k < /Bin0+k'

However, since (f;,) is a non-increasing sequence of positive real numbers with
lim,, o B;,, = 0, the inequalities in (6.19) cannot hold for every k > 0. It follows that we
can always find an integer k& for which (6.18) holds.

Now we justify the applicability of the Karush-Kuhn-Tucker conditions for an infinite
(instead of a finite) number of variables ¢, to find the minimum in the quadratic problem
(6.1) and (6.2). Note that for any integer m > 1, we have

(bn — cn)? ™ (bn — cn)’
n+1

(6.20) inf ; — > inf Zl — T

where both the minimum quantities are taken over all non-negative sequence (¢,) of real
numbers satisfying Y > | A(n,a)c, < 1. Solving the Karush-Kuhn-Tucker conditions as
above for finite dimensional problem of computing the second infimum in (6.20) with
Yo A(n,a)e, <1, it follows that for m > max{i,is,...,in}, the second infimum in

(6.20) is attained for the sequence (c,) given by

A(n,a)(n+1)

Cp = bn — UN 9 , NE Iu
0, neZnN{l,2,...,m}.
This argument can be applied for any arbitrary m > max{i,ds,...,ix}. From (6.20), we

obtain

b2 (> ner Aln, a)b, — 1)2
n+1 * Yoner A2(n,a)(n+1)

. [e’s) (bn_cn)2
) Tz 2

n=1 neZen{l,...,m}
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Since the above inequality is true for m > max{iy,is,...,in}, letting m — oo, we obtain

that

< (b, —c,)? b2 An,Ozbn—l2
inf Z —( ) > lim Z + ( 2inez Aln, @) )
~ n+l m—00 yntl Y oner A%2(n,a)(n + 1)

From the above inequality, it follows that the infimum of the quadratic problem (6.1) and
(6.2) is attained for the sequence (c,) defined by (6.3) and this justifies the use of the
Karush-Kuhn-Tucker conditions in infinite dimensional setting. This completes the proof

of our theorem. O

An application of Theorem 6.2 is to determine the best approximation of an analytic
function in the family F, stated in Chapter 1 (Theorem 1.8).
The family S,(«) can be characterized in terms of d,(-, S,(«)) as follows.

Theorem 6.3. For f € S, do(f,Sp()) =0 iff f € Sp(a).

Proof. If f € S,(a), then we clearly get dn(f,Sp(«)) = 0. On the other hand, if

do(f,Sp(a)) = 0, then we can find a sequence of functions (f,,),>1 in S,(«) such that
z z

(6.21) A;f@>‘ﬁxa

Consider the power series expansion of z/f and z/f, of the form
z

o0 z o
f(z):1+mZ::1me z):1+n;bn’mz )

It follows from Lemma 6.1 and the inequality (6.21) that

2 T
drdy < —, n>1
n

s ‘bm - bn,m|2
6.22 —_— < -
( ) mz:l m+1 n

We now proceed to prove that the sequence z/f, converges to z/f uniformly on every
compact subset of . For any arbitrarily £ € D, := {z : |z] <7}, 0 < r < 1, an easy

computation and analysis show that

f( ‘ ‘23 m = b))

Z [N PR
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Now using the classical Cauchy-Schwarz inequality and (6.22), we find that

m=1 m=1 m=1

However, the last expression in the above inequality approaches to 0 as n — oo. This
shows that the sequence z/f, converges to z/f uniformly on D, for every 0 < r < 1 and
hence the sequence z/ f,, converges to z/f uniformly on every compact subset of . Thus,
the sequence f,, converges to f uniformly on every compact subset of . As we know that

fn € Sp(a), it satisfies

2fn(2) 2fn(2)
.02 — 1‘ < Re 709 —a, z € D.
Taking the limit n — oo, we conclude that
2f'(2) 2f'(2)
) — 1‘ < Re ) —a, z € D.
Thus f € S,(«), completing the proof. ]

6.2.1. Proof of Theorem 1.8

It is easy to check that, if >  A(n,a)[b,| < 1, then the infimum in (1.23) becomes
0 and it attains for ¢, = b,, n > 1.

Assume that Y A(n,a)|b,| > 1. Lemma 6.1 together with the triangle inequality

lead to
p 5 (2 1/2 — e\ 12
2 f - — f
629 =it ([ |7 g o) (mZ ")
> ([bn] — [en])?\ /2
> (i -
> (Wlnf; 1 ) ,

where the last two infimum quantities are taken over all sequences (¢;,),>2 of complex
numbers satisfying >~ | A(n, «)|c,| < 1.
We now apply Theorem 6.2, by replacing b, with |b,| and by replacing ¢, with |c,|,

to obtain the last infimum which is attained for the sequence (c,) given by

(|bn| — A(n,a)(n+1) <ZZ:II;((Z?)|(5;+$>) nel;

0, n e Z°.

|cn] =
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The equality holds in (6.23) if arg b, = argc,, i.e. the infimum is attained for the sequence
of complex number ¢, = |¢,|e!*8% on Z and ¢, = 0 on Z°.

It remains to prove that g € F,. For this, we consider

5 0= 5 [0 (1 - - )

S ez A2(m, @)(m 1 1)

=D _Aln, )b — <ZA(m,a)]bm\ - 1> _1

nel meL

Hence g € F, with z/g(z) =1+, ¢,2". Further, we have
(Ibn] = lenl)*\ 1/
f
do(f, Fo) (7T1n Z —— )
bal? Lz Alm a)lbal 1)\ 2
(2 )

+m
—n+l Y oner A%(n,a)(n + 1)

and the proof is complete.

Here we provide an example that associates with Theorems 6.2, 6.3, and 1.8.

Example 6.4. Consider the univalent function f, : 1D — C defined by

z
fa(2) = 152702
where a € C is a non-zero constant such that |a| < 1. Then z/f, = 1+ z + az* =
L+ by2" and by = 1, by = a, b, = 0 for n > 3. Applying Theorems 6.2 and 1.8 for
an arbitrarily fired o, —1 < o < 1, we conclude what follows next.

By the choice of a and o, we have (5 —a)|a| > 0 > —2. Then Theorem 6.2 gives that
P ={1,2} and i, =n for n > 1. It arises with the following cases:

If la] <3(5—)/(3 — a)?, then we have N =1, T = {i;} = {1}.

If la] > 3(5 —)/(3 —)?, then N =2, T = {iy,io} = {1,2}. A simple computation

gives

|al? 2T\ V2 _ 3(5 — )
(5 mm) s

(24 (5 —a)lal)? \1/2 3(5 — a)
<2<3_a>2+3<5_a>2) el > 545

da(faafa) = I%_E d(favg) =
9€S
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where the infimum is attained for the function g = g, € F, defined by

4

1—a . 36— )
1+3 ZfMﬁm;
= 23— a)(2+ (5 —a)lal)
w5 ) (B s ar )
3(5 — (2+(5—a)\a|) e 3(5 — a)
S =ar s —ap )e Wl > G

Fig. 6.1 and Fig. 6.2 describe the images of D under f, and g, for some particular
values of a and a where f, is the given function and g, is the corresponding function for

which the minimum distance is attained.

T T
T T T \ T 1ol -
20 ]
05
ir ] /

FIGURE 6.1. Images of D under f, and g, fora = 1/4, a = 1/2.
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FIGURE 6.2. Images of D under f, and g, for a = 1/2, a = —3/4.

6.3. Approximation by functions in the class U, and P,,

We have seen that a sufficient condition for functions to be in that family played an
important role. In this section, we recall some classes of functions and corresponding

sufficient conditions of the form (1.21). Also, with the help of these sufficient conditions,
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here we generate some subclasses for which the Quadratic problem and approximation
problem can be done. Although we are not much concerned about the proof as it follows
similarly using the idea described in Theorem 6.2 and Theorem 1.8.

A function f € A is said to be in U(a) if

fl(Z)(ffa)Q‘l’ = 2el

for some a > 0. Aksentév [5] proved the inclusion U(a) C S for 0 < a < 1. Many

properties of U(«) and its various generalizations have been investigated in the literature,
we refer for example [7,67,83] and the references therein. The following lemma gives the

coefficient condition for functions in U(«).

Lemma 6.5. [76] Let ¢(z) =1+ 7, b,2" be a non-vanishing analytic function in D
satisfying the coefficient condition

oo

D (n=1)[ba| < 0

n=1

Then the function f defined by the equation z/f = ¢ is in U(«).

The above lemma generate the following subclass of the class U(«):

Ua:{fES:%:1+§:bnz" and i(n—1)|bn|ga,Ogagl}CU(a).

Consider the quadratic problem of finding

n=1

(6.24) inf i (b

— n+1

where (b,) is a given sequence of non-negative real numbers and the infimum is taken over

all non-negative sequence (¢, ) of real numbers satisfying

(6.25) i % <1.

n=1
A technique which is adopted in Theorem 6.2 and Theorem 1.8 further leads to the
solution of Quadratic problem and approximation problem for the class U, presented

below in Theorem 6.6 and Theorem 6.7.
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Theorem 6.6. If (b,) is a sequence of non-negative real numbers with

. n—1
Z b, > 1
n=1
and
by
n—oo N,

then there exists an integer N > 1 such that the minimum of the quadratic problem (6.24)
and (6.25) is

2 (aer((n—1by/a) —1)°
2 1T S D/l T

neZe

which is attained for the sequence (c,) given by

pn(n —1)(n+1)
_ ) b,— , nel;
Cn = 200

0, n el

where
iy =2 > ner((n—1)/a)b, — 1
N — )
> ner((n—=1)/a)*(n+1)
T = {ir,i2,...,in} and (in)n=12, p| i a permutation of the indices in P = {n >1: b, >

0} such that

QOébin
(i + 1) (i, — 1)

18 a non-increasing sequence. Moreover,

/Bin:: n:1a277|73|

N =min{fn >1:6; ., <, <05},

where
L Cilim = D/a)b, —1
Hon o (i — 1)/a)(im + 1)

Next, we present an application of Theorem 6.6. Here, we determine the best approx-

imation of analytic function in the subclass U,,.

Theorem 6.7. Let f € S be a function of the form

P o0
— =1+ b,2", zeD,
O
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and assume that

bn

lim — = 0.
n—oo N2

If > ((n— 1D)|ba|/av < 1 then dist(z/f,Us) = 0 and the minimum is attained for the
function g = f € U,
If 57 [(n—1)|by|/a > 1then

_ b, |? (ZnEI((n —1)|bn|/c) — 1)2 1/2
da(f;Ua)—(WZn+1+7T Znez((n_1>/a)2<”+1> ) ,

nelre
where T is as given in Theorem 6.6 with |b,| instead of b,. The minimum value of

dist(z/ f,Uy) is attained for the function z/g(z) = 14> 7 cx2", g € Uy, where

(w = (n=1)(n+1) 3 er((m —1)/(@))|bm| — 1
Cn = " o S er((m —1)/a)2(m + 1)
’ n € Z°.

)6”@1’", n e Z;

The next gives the characterization of U, and derived by using the same techniques

of Theorem 6.3.
Theorem 6.8. For f € S, dist(z/f,U,) =0 iff f € U,.

In [61], the authors studied the subclass P(2«) of U(«), consisting of functions f for

which
()

Close connections between the classes P(2a) and U(«) is given by P(2a) C U(«), see [61].

<2a, ze€D.

Now, recall the following coefficient conditions for function in P(2«).

Lemma 6.9. [76] Let ¢(z) = 1+ > 07 byz" be a non-vanishing analytic function in D
and f = z/¢. Then if

NE

n(n —1)b,| < 2«

3
I
N

then we have f € P(2a).

We consider the subclass Pa, of P(2a) generated via sufficient conditions proved in

Lemma 6.9:

z (e.] (o ¢]
Poo = €ES: —=1+ b,z" and n(n —1 bn§2a,0§a§1}CP2a.
w={resiso=1+ Y > nn— e (20)

n=1 n=1
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Consider the problem of finding

(cn 2

(6.26) inf) ———
n=1 + 1

n

where (b,,) is a given sequence of non-negative real numbers and the infimum is taken over
all non-negative sequence (¢, ) of real numbers satisfying

(6.27) i w <1

3
—_

Theorem 6.10. If (b,) is a sequence of non-negative real numbers with

>~ n(n—1
PP
2av

n=

[y

and
bn

am 5= 0
there exists an integer N > 1 such that the minimum of the quadratic problem (6.26) and
(6.27) is

B2 (X, (n(n—1)b,/2a) —1)°
2 it S (n(n—1)/2a)(n +1)°

nele

which is attained for the sequence (c,) given by

pxn(n = 1)(n +1)
Cn = n 4oy ’
0, n el

n e Z;

where
B Y oner(n(n —1)/2a)b, — 1
Y e = D)/20(n + 1)
T = {ir,i2,...,in} and (in)n=12,.|p| 15 a permutation of the indices in P = {n >1: b, >

0} such that

40{bin
in(in + 1) (in — 1)

18 a non-increasing sequence. Moreover,

/Bin:: n:1)277|73|

N =min{fn >1:6; ., <, <05},
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where

_9 Z:n:1<im(im —1)/2a)b;, — 1
Al = /20 (i +1)

Theorem 6.11. Let f € S be a function of the form

z

fz)

1+ibnz”, zeD,
n=1

and assume that

bn

lim — =0.
n—oo n3

If > n(n—1)|b,| /20 < 1 then dist(z/f, Paa) = 0 and the minimum is attained for the
function g = f € Paq.
If 57 n(n —1)|b,|/2a > 1 then

by|? nez(n(n —1)[by, 2a) — 1)°\ 1/2
1P = (30 I (Bl Dl 20) 11y

weze VT 1 o Y onez(n(n —1)/2a)%(n + 1)

where T is as given in Theorem 6.10. The minimum value of dist(z/f, Pay) is altained

for the function z/g(z) =1+ ", cy2", g € Pao, where

etaebn e T,

(]b _ n(n—1)(n+1) 2,7 (m(m — 1)/(20))|bn| - 1)
Cn = " 2 > mez(mim —1)/2a)2(m + 1)
' (NSHIAS

Theorem 6.12. For f € S, dist(z/f, Pas) = 0 iff [ € Paq.

The proof being similar to the proof of the characterization of the class F, (Theorem

6.3) and so we omit the proofs.

88



CHAPTER 7

CONCLUSION AND FUTURE DIRECTIONS

Chapter 1 gives a brief introduction to the basic definitions and some concepts of the
theory of analytic-univalent functions. In Chapter 2 and Chapter 3, we are particularly in-
terested to solve area problems. In particular, we study in Chapter 2 about the Yamashita
extremal problem for f € S with quasiconformal extension to the whole complex plane.
Area problems for functions of type (z/f)*, u > 0 for f belonging to some subclasses of S
(eg. §*, S*(a), C, S*(A, B)) are considered in Chapter 3. For f € S, the area problem of
type (z/f)* is solved in this thesis only for g = 1/2 and for the remaining positive values
of i (i.e. for 0 < p # 1/2), this problem is still open. Also, one can think to estimate
areas of images of I, under non-vanishing analytic functions of the form (z/f)* when f
is in the class S with quasiconformal extension to the whole complex plane.

The problem of finding bounds for successive coefficients i.e. ||an11] — |a,||, proposed
by Goluzin [23] with an idea to solve the Bieberbach conjecture, is still open for the class
S. We discussed this problem in Chapter 4 for some subclasses of S, in particular for
the class of vy-spirallike functions of order «, the classes of starlike and convex functions
of order «, and other related classes of functions, but sharpness of these results remain
open. It would be interesting to see improved version of our results in which the upper
bounds are depending upon an absolute constant M.

The sufficient conditions for functions to be univalent, starlike, close-to-convex
and meromorphically convex functions, in terms of Schwarzian derivatives of the form
|Sh(2)| < 2C} are considered in Chapter 5. One of our main results on this deals with the
sharpness of a sufficient condition for meromorphic convex functions of order a. Next,
the sufficient conditions for functions in a family that are convex in one direction, in
particular the starlike and close-to-convex family, are not sharp. So, further work in this
direction is possible to prove the sharpness. Also, one can find the necessary conditions
for these subclasses when the absolute value of Schwarzian derivative is bounded by some

constant.



Main purpose of Chapter 6 is to find a best approximation of non-vanishing ana-
lytic functions of the form z/f in a parabolic region using the technique of semi-infinite
quadratic programming problems. We have seen that a sufficient condition for functions
to be in that family played an important role. It would be quite interesting to make
investigations on approximation problems for subfamilies which could be generated out
of sufficient conditions of other type (not necessarily in terms of Taylor’s coefficients) for
several classical families of analytic univalent functions. Such investigations may lead to

introduction of new techniques in the literature.
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