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Abstract

The nature of dark matter sets the timeline for the formation of first collapsed halos and thus affects
the sources of reionization. In this work1, we consider two different models of dark matter: cold
dark matter (CDM) and thermal warm dark matter (WDM), and study how they impact the epoch of
reionization (EoR) and its 21-cm observables. Using a suite of simulations, we find that in the WDM
scenarios, the structure formation on small scales gets suppressed resulting in a smaller number of
low mass dark matter halos compared to the CDM scenario. Assuming that the efficiency of sources
in producing ionizing photons remain the same, this leads to a lower number of total ionizing photons
produced at any given cosmic time and thus in a delay in the reionization process. We also find visual
differences in the neutral hydrogen (H i) topology and in 21-cm maps in case of the WDM compared
to the CDM. However, differences in the 21-cm power spectra, at the same neutral fraction, are found
to be small. Thus, we focus on the non-Gaussianity in the EoR 21-cm signal, quantified through its
bispectrum. We find that the 21-cm bispectra (driven by the H i topology) are significantly different
in WDM models when compared with CDM, even for same mass averaged neutral fractions. This
establishes that the 21-cm bispectrum is a unique and promising way to differentiate between different
dark matter models, and can be used to constrain the nature of the dark matter in the future EoR
observations.

1A significant portion of this thesis is adapted from the article: "Impact of dark matter models on the EoR 21-cm signal
bispectrum"; Anchal Saxena, Suman Majumdar, Mohd. Kamran, Matteo Viel; Submitted in the Monthly Notices of the
Royal Astronomical Society. arXiv:2004.04808

http://arxiv.org/abs/2004.04808
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Chapter 1

Introduction

Cosmology is the study of the evolutionary history of the Universe, and
one crucial missing chapter in this history is the Cosmic Dawn and Epoch
of Reionization. This was the period when the first sources of light in
the Universe were formed, and these and subsequent population of sources
emitted the high energy X-ray and UV radiation, which in turn heated up and
reionized the intergalactic medium (see e.g. Barkana et al. 2001; Furlanetto,
Oh, et al. 2006, for reviews). This is the period in cosmic history when the
Universe has witnessed the formation of the first bound structures. Thus,
the CD-EoR has significant implications on the large scale structures that
we see around us today.

After the cosmological recombination, the Universe went into the dark
ages, so named because the luminous sources including the stars and galaxies
that we observe today had yet to form. During these dark ages, the density
fluctuations in thematter distribution grew, and after reaching a threshold, the
matter collapsed to make the first bound objects. The nature of dark matter
sets the timeline of formation and the characteristics of these first bound
objects, which were the hosts for the first sources of light. Thus, it is essential
to analyse the impact of different darkmatter models on the observables from
the Cosmic Dawn and EoR. The subsequent natural question that arises is
whether one can use the differences in these observables, estimated for
different dark matter models, in order to constrain the nature of dark matter.
The present observational probes that allow us to have a peak in this epoch
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are the absorption spectra of high redshift quasars (Boera et al. 2019; Loeb et
al. 2001; White et al. 2003) and the Thompson scattering optical depth of the
Cosmic Microwave Background Radiation photons (Kaplinghat et al. 2003;
Komatsu et al. 2011). However, these indirect probes provide very limited
and weak constraints on the CD-EoR. The H i 21-cm line, which arises
due to the hyperfine splitting of the ground state of the neutral hydrogen,
is a direct and most promising probe to study this period. Motivated by
this, a large number of radio interferometers, including the GMRT1 (Paciga
et al. 2013), LOFAR2 (Ghara et al. 2020; Mertens et al. 2020), MWA3

(Barry et al. 2019; Li et al. 2019) and PAPER4 (Kolopanis et al. 2019) are
attempting a statistical detection of this signal using the power spectrum
statistic. In parallel, there is a complementary approach to detect the sky
averaged global 21-cm signal from the CD-EoR using experiments e.g. the
EDGES5 (Bowman et al. 2018), DARE6 (Burns et al. 2017), and SARAS7

(Singh et al. 2018). The next-generation interferometers like the SKA8

(Koopmans et al. 2015; Mellema et al. 2015) are expected to see a giant leap
in the sensitivity, which will enable them to make tomographic images of
the H i distribution across cosmic time.

The nature of the dark matter is mostly unknown to us. We can classify
the dark matter into cold, warm, and hot categories based on the free
streaming length scale of the dark matter particles (see Schneider 2012,
and references therein). The ΛCDM cosmology is consistent with several
observations at large scales, including the observations of Lyman-U forest at
small and medium scales, clusters and CMB anisotropies. However, some
discrepancies between the theory and observations arise at small scales
≤ 1.0 Mpc. Some of these are labeled as the too-big-to-fail problem,
the core-cusp problem, satellite abundance, and galaxy abundance in mini-
voids (see Bullock et al. 2017; Primack 2009; Weinberg et al. 2015, for

1http://www.gmrt.ncra.tifr.res.in/
2http://www.lofar.org/
3http://www.mwatelescope.org/
4http://eor.berkeley.edu/
5https://www.haystack.mit.edu/ast/arrays/Edges/
6https://www.colorado.edu/dark-ages-radio-explorer/
7http://www.rri.res.in/DISTORTION/saras.html
8https://www.skatelescope.org/

2

http://www.gmrt.ncra.tifr.res.in/
http://www.lofar.org/
http://www.mwatelescope.org/
http://eor.berkeley.edu/
https://www.haystack.mit.edu/ast/arrays/Edges/
https://www.colorado.edu/dark-ages-radio-explorer/
http://www.rri.res.in/DISTORTION/saras.html
https://www.skatelescope.org/


more details). These issues may be resolved either by invoking astrophysical
baryonic processes or by assuming the dark matter to be warm instead
of cold. Cosmology and especially structure formation and evolution can
thereby be a suitable probe for studying such dark sectors (Schneider 2012;
Viel, Becker, et al. 2013).

Two potential candidates for the warm dark matter are sterile neutrinos
and gravitinos, both of which require the extensions of the standard model
of particle physics (Boyarsky et al. 2019; Dodelson et al. 1994; Viel,
Lesgourgues, et al. 2005). However, in this work, we consider a thermal relic
to be the candidate for the WDM. Unlike sterile neutrinos, this candidate
is probably less motivated but easier to simulate given the fact that its
transfer function has been more studied by several authors, also in terms of
non-linear structure formation. Several studies have constrained the WDM
particle mass using galaxy luminosity function of high redshift galaxies and
Lyman-U forest data (P. S. Corasaniti et al. 2017; Dayal et al. 2017; Kennedy
et al. 2014; Safarzadeh et al. 2018) and found a robust lower bound on the
thermal warm dark matter particle mass to be ≥ 2 keV. Recent Lyman-U
forest power spectrum analyses point to somewhat tighter limits > 3.5 keV
at the 2f C.L. (Iršič et al. 2017). However, for the purposes of the present
work, it is appropriate to investigate the values of the thermal masses that
are also in principle already ruled out by other observables.

In this work, we consider the standard CDM model and thermal warm
dark matter (WDM) with masses of the thermal relic of 2 and 3 keV.
Investigations of the structure formation processes in the WDM scenario
and especially at high redshifts have been performed by e.g.Maio et al.
2015 (and references therein). Recently, reionization has been studied in the
warm dark matter models or extensions of the standard CDM scenario by
several authors (Carucci, P.-S. Corasaniti, et al. 2017; Carucci, Villaescusa-
Navarro, et al. 2015; Das et al. 2018; Dayal et al. 2017; Gao et al. 2007;
Lapi et al. 2015; Lovell et al. 2014; Sitwell et al. 2014; Villanueva-Domingo
et al. 2018). These studies have focused on the 21-cm power spectrum and
found the differences in the 21-cm power spectrum to be significantly small
between different models of the dark matter, and probably not large enough
to be detectable by the first generation of radio interferometers.
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However, the 21-cm power spectrum can provide a complete description
of a signal only if it is a Gaussian random process in nature. Whereas,
the EoR 21-cm signal is highly non-Gaussian, specifically during the
intermediate and later stages of reionization [see also (Pillepich et al.
2007)]. The power spectrum, therefore, can not capture this non-Gaussian
feature of the signal. The effort to differentiate between different models of
dark matters using the 21-cm power spectrum will not be optimal as it does
not capture the non-Gaussian information present in the signal. To capture
this evolving non-Gaussianity, one would need to use a higher-order statistic,
the bispectrum, which is the Fourier equivalent of the 3-point correlation
function. Recently, the CD-EoR 21-bispectrum has been investigated using
both analytical models and numerical simulations, see e.g. Bharadwaj
and Pandey 2005; Hutter et al. 2020; Majumdar, Pritchard, et al. 2018;
Shimabukuro et al. 2016; Catherine A Watkinson et al. 2018. These
authors have independently confirmed that there are two major sources
of non-Gaussianity in this signal, they are the matter density fluctuations
and the neutral fraction fluctuations. In this work, we aim to quantify the
differences in the observables of the CD-EoR 21-cm signal for different
dark matter models. Through this analysis, we would like to identify the
optimal statistics that can be used to distinguish between different dark
matter models and their signature on the CD-EoR 21-cm signal.

This thesis is organized as follows: In chapter 2, we discuss the formation
of structures in different dark matter models followed by our approach to
simulate these dark matter cosmologies. In chapter 3, we concisely describe
our semi-numerical approach to simulate the redshifted 21-cm signal and
methods to estimate different statistics out of it. Chapter 4 describes our
results. In chapter 5, we summarize our findings.

Throughout this work, we have used the values of cosmological
parameters as Ωm = 0.308, Ωb = 0.048, ΩΛ = 0.692, ℎ = 0.678 and
f8 = 0.829 (Planck Collaboration et al. 2016).
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Chapter 2

Structure formation in different
dark matter models and the EoR
21-cm signal as an observational
probe

Dark matter is abundant in the Universe. There are several observational
pieces of evidence for the existence of the dark matter, including galaxy
rotation curves, gravitational lensing, cosmic microwave background, and
the baryonic acoustic oscillation measurements etc. However, its nature
remains one of the major mysteries of the Universe. Most of the dark matter
is thought to be composed of some yet undiscovered subatomic particles
which are non-baryonic in nature. The primary proposed candidate for the
dark matter is a Weakly Interacting Massive Particle (WIMP), having mass
in range 10 GeV - TeV (see Arcadi et al. 2018; Roszkowski et al. 2018, for
reviews). These are the hypothetical particles that interact through gravity
and any force, whose interaction strength is less than or comparable to the
weak nuclear force. This force potentially does not belong to the standard
model itself.

Darkmatter interacts dominantly via gravity with the ordinarymatter and
alsowith itself. Several hypothetical particles have been proposed as the non-
baryonic candidates for the dark matter, including WIMPs, axions, GIMPs,
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sterile neutrinos, supersymmetric particles, etc. (Bergström 2009; Bertone
et al. 2005; Feng 2010). In the next section, we discuss the nature of the
currently favoredΛCDMmodel and its inconsistencies with the observations
on small scales.

2.1 ΛCDM model and its discrepancies on small scales

According to the currently favored ΛCDMmodel, the dark matter candidate
is a neutralino, which is the lightest stable particle in supersymmetry. These
particles have a mass of around 100 GeV with negligible thermal velocities.
These velocities are too low to affect the formation of structures on the
galactic scales, and so, we have hierarchical structure formation in cold
dark matter scenario (Diemand et al. 2011; Frenk et al. 2012; Press et al.
1974; Yoshida, Abel, et al. 2003). ΛCDM model is consistent with plenty
of observations, including the large scale structures of galaxies and galaxy
clusters except for the discrepancies which arise at relevant small scales
≤ 1.0 Mpc. Here, we summarize some of these issues, which are discussed
in Primack (2009) and Del Popolo et al. (2017).

1. Core-cusp problem: Simulations of structure formation in the CDM
model predicts a density profile of the form d(A) ∼ A−= where = ∼ 1
in the galaxy cores [Figure 1 of Del Popolo et al. (2017)], which is
inconsistent with the observed flat profiles of the dwarf galaxies and
the galaxies having low brightness.

2. Missing satellites problem: The number of subhalos predicted by the
N-body simulations is more than the observed satellite galaxies. A
possible explanation would be that these galaxies are too faint to be
observed.

3. Galaxy abundance in mini-voids: Most of the dwarf galaxies are
observed to be located near the bright and large galaxies. Simulations
of the CDM predict a larger abundance of such dwarf galaxies than
the observed.

All of the above issues arise on small scales ≤ 1.0 Mpc, so the key
is to find a mechanism that suppresses the formation of structures on such

6



small scales. In the next section 2.2, we discuss how the warm dark matter
suppresses the formation of structure on small scales. So, in principle, these
issues may get resolved by assuming the dark matter to be warm instead of
cold.

2.2 Impact of dark matter models on structure formation

Dark matter can be classified into cold, warm, and hot categories. This
classification is done according to the free streaming scale of the dark matter
particles (Abazajian et al. 2001; Bode et al. 2001; Kolb et al. 1990; Schneider,
Smith, and Reed 2013; Smith et al. 2011). In the early Universe, primordial
density perturbations on scales smaller than this length scale get damped
because dark matter particles at these scales stream out from the overdense
to the underdense regions. However, the density fluctuations on the scales
larger than this scale remain unaffected.

2.2.1 Free streaming scale of the dark matter particles

We can define the free streaming length _FS as the length traversed
by a dark matter particle before the density perturbations start to grow
significantly. It can be calculated as

_FS =

∫ CMRE

0

E(C) dC
0(C) =

∫ CNR

0

2 dC
0(C) +

∫ CMRE

CNR

E(C) dC
0(C) , (2.1)

where CMRE represents the epoch of matter-radiation equality, and CNR

represents the onset of non-relativistic behavior of dark matter particles.
Also, we have made use of the fact that in relativistic domain, E(C) ∼ 2.
In the non-relativistic regime as E(C) ∼ 0(C)−1 and during the radiation
dominated era, 0(C) ∝ C1/2, so Equation (2.1) leads to

_FS ∼
22CNR
0NR

[
1 + log

(
0MRE
0NR

)]
. (2.2)

So, if the dark matter particles become non-relativistic later, thereby
increasing the CNR, they will lead to a larger free streaming scale _FS.

These erased initial perturbations will cause the formation of a halo to
get suppressed. The mass of such haloes can be calculated as

"FS =
4
3
c

(
_FS
2

)3
d̄ . (2.3)
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In cold dark matter, the dark matter particles become non-relativistic
already at the time of decoupling CNR ∼ Cdec, leading to a very small free
streaming length. Hence, we have a bottom-up scheme for the formation of
structure in the CDM model with galaxies forming first and galaxy clusters
later. Several dark matter simulations confirm this. However, this model is
inconsistent with the observations on small scales.

We can consider the other extreme also where the transition of the dark
matter particles from being relativistic to being non-relativistic takes place
around the matter radiation equality (i.e. CNR ∼ CMRE). This leads to a very
large free streaming length. This model predicts a top-down scheme for
the formation of structure even at large length scales as confirmed by Bode
et al. (2001); Brandbyge et al. (2017), where clusters and superclusters were
formed first, which later fragment into the galaxies, which is inconsistent
with the observations.

In warm dark matter scenario, the particles become non-relativistic
later compared to the CDM model and the CNR lies somewhere in between
Cdec < CNR < CMRE. Thus, the dark matter particles’ free streaming scale
in the WDM model is larger compared to the CDM model. It results in
a bottom-up structure formation at scales greater than _FS and a top-down
structure formation at scales less than _FS leading to a suppressed formation
of structures at small scales (Bode et al. 2001; Schneider, Smith, Macciò,
et al. 2012).

2.2.2 Evolution of Jeans mass through cosmic history

The impact that the free streaming of the dark matter particles have
on structure formation can be understood by studying how the Jeans mass
evolves through cosmic history (Schneider 2012; Schneider, Smith, and
Reed 2013). To describe the growth of perturbations, one can consider the
small perturbations on top of the uniform background density of the dark
matter particles. We can define these perturbation as

X(r, C) = d(r, C) − d̄(C)
d̄(C) , (2.4)

where d(r, C) is the matter density at position r at time C and d̄(C) is the
background matter density at time C with the peculiar velocity of particles
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as v = u − �r. The description of this fluid is given by the continuity and
Euler equation [Equation (2.5) and (2.6) respectively].

mX

mC
+ 1
0
∇ · [(1 + X)v] = 0 (2.5)

mE

mC
+ �v + 1

0
(v · ∇)v = −1

0
∇q − 1

0d̄
∇(X?) (2.6)

The gravitational potential can be calculated using the Poisson equation as

∇2q = 4c�02 d̄X . (2.7)

Thus, the linear evolution of thesematter density fluctuations is described
as [by combining Equations (2.5), (2.6) and (2.7)]

m2X

mC2
+ 2
¤0
0

mX

mC
=
f2

02 ∇
2
xX + 4c�d̄(C)X . (2.8)

For convenience, we use the Fourier representation to describe the matter
density field where the strength of fluctuations on a length scale _ = 2c/:
is given by the amplitude of that :-mode.

X(x, C) =
∫

d3: Xk(C)4 8 k·x (2.9)

Then, Equation (2.8) leads to the following ordinary differential equation
which describes the behavior of the linear density perturbations.

d2Xk

dC2
+ 2
¤0
0

dXk
3C

=

[
4c�d̄(C) − f

2(C):2

02

]
Xk (2.10)

So, the density perturbations can grow only if the right-hand side of the
Equation (2.10) stays positive; otherwise, the density perturbations will
become oscillatory in nature, and structures will not form. This translates to
satisfy the following condition.[

4c�d̄(C) − f
2(C):2

02

]
≥ 0 (2.11)

This leads to the Jeans wave number and the physical Jeans scale as

:J =

[
4c�d̄(C)02

f2(C):2

]1/2
=⇒ _J(C) = 0

2c
:J
=

[
cf2(C)
�d̄(C)

]1/2
. (2.12)
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Jeans mass can then be scaled as

"J(C) =
4c
3
dm

[
_J
2

]3
=

4c
3
dm

[
cf2(C)
4�d̄(C)

]3/2
. (2.13)

Now, we can understand the evolution of the Jeansmass"J(C) at different
cosmic times following Equation (2.13).

• C < CNR: During the radiation dominated era, when the dark matter
particles were relativistic in nature (i.e. 0 < 0NR), f ∼ 2, dm ∼ 0−4

and d̄ ∼ 0−4. This implies that the Jeans mass increases as "J ∼ 02.

• CNR < C < CMRE: Now, once the dark matter particles become non-
relativistic in nature (i.e. 0NR < 0 < 0MRE), dm ∼ 0−3 and f ∼ 0−1.
So, during this period, the Jeans mass becomes constant "J ∼ const.

• C > CMRE: However, after thematter radiation equality, when thematter
starts dominating over the radiation (i.e. 0 > 0MRE), the background
mean density evolves as d̄ ∼ 0−3. Hence, the Jeans mass decreases
substantially following "J ∼ 0−3/2.

aNR aMRE

loga

lo
g
M

∼ a2 ∼ a−3/2

MFS

MJ

Figure 2.1: Schematic representation of the evolution of the Jeans mass
(magenta line) and free streaming mass (cyan line) at different cosmic times.
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Figure 2.1 shows how the Jeans mass evolves schematically. Density
perturbations can not grow at a mass scale " < "J. So, the free streaming
mass scale represents the maximum value that Jeans mass can have. Also,
Schneider, Smith, and Reed (2013) have shown that at matter-radiation
equality, the free streaming scale and Jeans scale happen to be of the
same magnitude. In Figure 2.1, the magenta-colored region represents
the mass scale of the density fluctuations with " < "J, and hence they
can not grow while the cyan-colored region represents the mass scale of the
density fluctuations with " > "J and hence these perturbations can have
the growing mode solution, but their initial perturbations are erased due to
free streaming of the particles.

2.3 Simulating different dark matter cosmologies

It is not appropriate to follow the linear perturbation method (discussed in
subsection 2.2.2) for the evolution of the dark matter field throughout the
cosmic time, as it breaks down once X > 1. So, there are various numerical
as well as analytical approaches that are widely used for simulating the
evolution of the dark matter field.

In this work, we used a numerical approach for simulating the darkmatter
distribution. It is based on # hypothetical dark matter particles which are
moving in a force field defined by their self-gravity expressed as (where
1 < = < #):

u= =
3r=
3C

; a= =
3u=
3C

= −∇Φ(r=). (2.14)

Then, we do the leap frog integration as follows.

1. We first calculate the particle positions at half a time step as

r= (C8+1/2) = r= (C8) + u= (C8)
ΔC

2
. (2.15)

2. Then, we recalculate the forces using equation (2.14) for the particle
positions at half a time step, and calculate the velocities of particles at
a full time step as

u= (C8+1) = u= (C8) + a= (C8+1/2)
ΔC

2
. (2.16)
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3. Finally, we drift the particle positions at a full time step as

r= (C8+1) = r= (C8) + [u= (C8) + u= (C8+1)]
ΔC

2
. (2.17)

In the above leap frog integration scheme, the force calculation is
computationally very expensive. For this purpose, there are various efficient
approaches, including particle-particle algorithm, tree code, particle-mesh
algorithm, particle-particle-particle-mesh algorithm (a combination of both
tree and particle-mesh method), etc.

In this thesis, we used GADGET-21 N-body simulations (Springel 2005)
for simulating the dark matter cosmologies. It is based on a particle-particle-
particle mesh (P3M) method, which uses a tree algorithm for calculating the
short-range forces and a particlemesh for long-range forces. Our simulations
are done over a volume of [50 h−1 Mpc]3 in comoving coordinates with
[1024]3 dark matter particles. The gravitational softening is chosen to be
1/30 of the mean linear interparticle separation. The mass of each dark
matter particle is 9.95× 106 M�/ℎ, thereby dark matter haloes of 109 M�/ℎ
are resolved with about 100 particles. Compared to other investigations of
the dark matter structure formation, this is more focused on the small scales,
and the volume and resolution used here are ideal for probing the EoR 21cm
signal and the induced effects.

The choice of the transfer function depends on how the dark matter
particle is produced. Here, for the thermally produced dark matter, the
initial conditions for are generated according to the fitting formula presented
in (Viel, Lesgourgues, et al. 2005), with thermal velocities drawn from a
Fermi-Dirac distribution as

)2
WDM(:) =

%lin
WDM

%lin
CDM

= [1 + (V:)2`]−10/`
, (2.18)

where ` = 1.12 and

V = 0.049
[
ΩWDM
0.25

]0.11 [
<WDM

keV

]−1.11 [
ℎ

0.7

]1.22
ℎ−1 Mpc. (2.19)

The characteristic scale at which the WDM power spectra have a cut
off can be defined as the half mode scale :hm where the transfer function

1https://wwwmpa.mpa-garching.mpg.de/gadget/
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gets reduced to 1/2. From the choice of our transfer function given by
Equation (2.18), we have

:hm =
[(2)`/5 − 1]1/2`

V
. (2.20)
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Figure 2.2: Toppanel: Linearmatter power spectra at I = 99 for CDM(solid
grey), 3 keV WDM (dotted-dashed green) and 2 keV WDM (dashed red)
model. Bottom panel: Squared transfer function along with the half-mode
wavenumber for 3 keV WDM (green) and 2 keV WDM (red) model.
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The top panel of Figure 2.2 shows the linear matter power spectra at
I = 99 for CDM, 3 keV WDM and 2 keV WDM models. We notice
that in WDM scenarios, the power gets suppressed on small scales (or
large : values). Also, as we decrease the value of <WDM, we see the
damping of power at a larger length scale (or smaller : mode). The bottom
panel of Figure 2.2 shows the squared transfer function in WDM scenarios.
The horizontal line represents the transfer function corresponding to the
half-mode scale where )WDM(:) = 1/2. The vertical lines represent the
wavenumber corresponding to the half-mode length scale :hm in different
dark matter models [see Equation 2.20]. They correspond to the length scale
where the WDM first affects the halo properties.

The simulations’ snapshots store the position and velocities of the dark
matter particles at these predesignated redshifts. We, next use a Friends-
of-Friend algorithm to identify the collapsed gravitationally bound objects
(haloes) in these dark matter fields.

0 10 20 30 40 500

10

20

30

40

50

Y 
(M

pc
/h
)

CDM

0 10 20 30 40 50
X (Mpc/h)

3 KeV WDM

0 10 20 30 40 50

2 KeV WDM

Halo den ity

200

400

600

800

1000

1200

1400

10−1 100 101

1 + delta

Figure 2.3: Dark matter overdensity field obtained from our simulation,
over-plotted with the halo mass field at I = 8 using CIC algorithm for CDM
(left panel), 3 keV WDM (central panel) and 2 keV WDM (right panel).

Figure 2.3 shows the two-dimensional slices of the matter overdensity
field over-plotted with the halo fields obtained through these simulations.
This plot shows all dark matter models at I = 8, where one can observe
some visual evidence of the damping of matter density fluctuations on small
scales in the WDM scenarios. Also, note that the free streaming length _fs

scales with the mass of the warm dark matter particle as _FS ∝ (<WDM)−4/3.
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These scaling relations have been derived in (Schneider, Smith, Macciò,
et al. 2012; Smith et al. 2011). So, the lighter the WDM particle, the larger
the free streaming scale, and the suppression will be more pronounced in 2
keVWDMmodel compared to 3 keVWDMmodel. This feature can also be
seen in Figure 2.3 if we compare the matter overdensity and the halo mass
field in the two WDM models.
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Figure 2.4: Halo mass function obtained through simulations for CDM
(circles), 3 keV WDM (squares) and 2 keV WDM (triangles) model at z =
10 (blue), 8 (green) and 6 (red). The Sheth-Tormen mass function estimated
using the top-hat window function is shown for CDM (solid), 3 keV WDM
(dotted-dashed) and 2 keV WDM (dashed) model.

This suppression of density fluctuations at small scales will reduce the
number of low mass halos in the WDM scenarios. In Figure 2.4, we show
the halo mass function obtained at three redshifts I = 10, 8, and 6 for all dark
matter models. We observe that at any redshift, the number of low mass
dark matter halos gets reduced in the WDM model if we compare it to the
ΛCDM model. Also, we observe that the suppression of low mass halos is
more for 2 keV WDM model compared to the 3 keV WDM model because
the lighter the WDM particle, the larger the free streaming scale, and the
formation of a more massive halo will be suppressed [see Equation (2.3)].
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However, the number of massive halos in the WDMmodel is very similar to
the CDM model, as, above the free streaming scale, the structure formation
proceeds similarly to the CDMmodel. We have also shown the theoretically
predicted Sheth-Tormen halo mass function estimated using a top-hat filter
for all the darkmatter models, where the transfer function inWDM scenarios
is computed following the approach of Schneider, Smith, and Reed (2013);
Viel, Lesgourgues, et al. (2005).

2.3.1 Effect of redshift space distortions on the density field

The peculiar velocities of thematter particles have a significant impact on
the matter density field. It causes the overdense regions to get squeezed and
underdense regions to get stretched along the line of sight. This effect, termed
as redshift space distortions make any signal from this field, anisotropic in
nature.
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Figure 2.5: Effect of the redshift space distortions (RSD) on the overdensity
field. Left panel: without RSD; Right panel: with RSD for CDM model.
Here, we have chosen the I direction as the line of sight.

To take into account its effect, we map the particle distribution from real
space (x) to redshift space (s) using Equation (2.21).

s = x + =̂
=̂vp

0 � (0) , (2.21)
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where =̂ represents the line of sight from a distant observer and vp = v/0 is
the peculiar velocity. So, the above mapping translates as

s = x + =̂ =̂v
02� (0)

. (2.22)

Figure 2.5 shows the impact of redshift space distortions on the simulated
overdensity field for CDM at I = 8. Here, we have chosen the I direction as
the line of sight, and one can notice that the redshift space distortions cause
the over-densities to get squeezed and under-densities to get stretched along
the I direction.

2.4 Epoch of Reionization

About 400, 000 years after the Big Bang at I ∼ 1100, the cosmic expansion
caused the Universe to get cooled enough so that the ions and electrons
can combine to form neutral atoms. Immediately after the cosmological
recombination, the photons decoupled from the matter and started to stream
freely, which we observe today in the form of cosmic microwave background
radiation, after which the Universe went into the dark ages. During the dark
ages, the density fluctuations in the matter distribution, grew and the matter
distribution collapsed at certain locations to make the first bound objects.
These bound objects were the hosts for the first sources of light, the first
stars and galaxies etc. These sources of light emitted the huge amount of
ultraviolet and X-ray radiation, which gradually heated up and ionized the
Universe (see Barkana et al. 2001; Fan et al. 2006; Furlanetto, Oh, et al.
2006, for reviews). This specific phase of the cosmic history when our
universe had its last drastic phase change, from neutral to ionized, is known
as the epoch of reionization.

However, some fundamental issues regarding this era, such as the exact
redshift range that reionization spans, the nature of this process: sudden or
gradual, homogeneous or inhomogeneous, and the sources responsible for
the reionization (stars, quasars, exotic particles, etc.) are still unresolved. We
discuss some of these in the next few subsections.
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2.4.1 Reionization process

The gravitational instability in matter distribution initially drives the
formation of galaxies in the high-density peaks of the matter density
fluctuations.However, one also has to take into account all the baryonic
physics to model the cooling of the gas and also the feedback effects
within these galaxies (Dijkstra et al. 2006; Mo et al. 2010). The general
understanding of galaxy formation tells us that the primordial gas first
condenses in the potential wells created by dark matter, where it cools
through the radiative processes and eventually fragments into the stars
(Bromm and Larson 2004; Faucher-Giguère et al. 2010; Haiman et al.
2000). With the further condensation of the gas, the first stars and black
holes begin to form. These objects work as sources of ionizing radiation.
However, the efficiency of these objects to produce ionizing radiation
depends on many complex astrophysical processes that goes on inside them.

The radiation emitted from these sources ionizes their immediate
surroundings, and as a result, ionized H ii bubbles form around these
sources. These bubbles grow in size as the photons traverse through the
IGM. With time, as more ionizing sources form, the number and size of
these bubbles increase, and eventually, the Universe gets ionized.

However, one has to quantify how many of these ionizing photons can
escape from the galactic environment into the IGM and ionize it i.e. escape
fraction of the ionizing photons. It is difficult to constrain this parameter
observationally due to the lack of information at high redshifts (B. Ciardi
et al. 2002; Rivera-Thorsen et al. 2019; Steidel et al. 2001). Also, we do not
know what decides the formation of these sources of light and the number
of ionizing photons that they emit. One has to understand all the baryonic
physics, galaxy formation and evolution, and properties of metal-poor stars
to answer these questions.

2.4.2 Sources of Reionization

We need ultraviolet photons to ionize the Universe as the ionization
energy of a hydrogen atom is 13.6 eV. The sources of these UV photons
include the first stars (Population III stars), second-generation stars
(Population II stars), and mini quasars. Population III stars were formed
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out of the primordial gas clouds, which only contain hydrogen and helium.
To form a star, the gas cloud has to find a cooling mechanism so that it
can radiate some energy, which is gained by gravitational contraction.
Population III stars are very different from the present-day stars as they do
not contain the dust grains and molecules with heavy elements, and this
makes them a poor radiator of energy. As a result, the star-forming clumps
for these stars reach high temperatures and they become very massive.
This type of stars can efficiently produce UV photons, but their lifetime is
generally short (see Ishiyama et al. 2016; Yoshida, Bromm, et al. 2004, for
reviews). At the end of their life, some of these stars would have exploded
as supernovae and expelled the metals generated in their cores into the IGM,
whereas some of them would have also ended up in a black hole (Madau
et al. 2001).

The transition fromPopulation III to Population II stars occur due through
this process of metal enrichment. Population II stars can cool efficiently due
to the metal enrichment, and so they were less massive. The gas clouds,
of which these Population II stars form, have a metallicity / ≥ 10−4 /�

(Barkana et al. 2001; Benedetta Ciardi et al. 2005).

Quasars have also been considered as the source of ionizing radiation.
They are the black hole powered sources that emit X-ray photons, and these
photons can heat the IGMmuch further from the source than theUVphotons,
due to their longer mean free path. The ionization profile around these mini-
quasars is similar to that of the stars, but the heating profile is generally
very different as the X-ray photons can penetrate through the IGM, and even
after absorption, their energy is sufficient to heat the medium (Thomas et al.
2008).

Although stars have been considered as the primary source in most of the
reionization studies (Bromm, Coppi, et al. 2002; Yoshida, Abel, et al. 2003),
several studies have focused on mini-quasars as an essential contributor
(Furlanetto and Loeb 2002; Furlanetto, Zaldarriaga, et al. 2004; Ricotti
et al. 2004). Though there is considerable uncertainty about the ionizing
sources, the observational data up to I ∼ 6 suggests that the ionizing source
population can potentially be a mixture of stars and mini-quasars.
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Observationally, we can probe this period by several indirect methods.
The two widely used methods among these are

1. the absorption spectra of high redshift quasars, but it is not a useful
probe at I ∼ 6 because the absorption lines become saturated at these
redshifts (Loeb et al. 2001; White et al. 2003) and,

2. the optical depth due to Thompson scattering for the CMBR but it can
only constrain the integrated reionization history (Kaplinghat et al.
2003; Komatsu et al. 2011).

The 21-cm line, which arises due to the hyperfine splitting of the ground
state in a neutral hydrogen atom, is a crucial and direct probe to study this
period. In the next section, we discuss how it can be used as an observational
probe.

2.5 Observing the structures in the early Universe: 21-cm
signal

21-cm signal, which arises due to the hyperfine splitting in the ground state
of neutral hydrogen atom because of the interaction between the proton and
electron magnetic moment is a key direct probe of the EoR. The 1B ground
state of hydrogen splits into two distinct energy levels, namely 1B-singlet
and 1B-triplet states, which are separated by a wavelength of 21.1 cm (or
a frequency of 1420.4 MHz). This signal is characterized using the spin
temperature, which is the excitation temperature of the signal. It quantifies
the ratio of the number density of hydrogen atoms in the triplet and the
singlet state.

=1
=0
=
61
60

exp
(
−)∗
)S

)
, (2.23)

where =1 and =0 are the number densities of hydrogen atoms in the triplet
and singlet state respectively, 61/60 shows the ratio of degeneracy factors
(61/60 = 3), )∗ = ℎae/:B = 0.068K (ae = 1420.4 MHz) and )S is the spin
temperature.

Three processes that decides the spin temperature )S and so the ratio
=1/=0 are: (i) Radiative transition due to the interaction of 21-cm photons
with the CMB, (ii) Collisional transition due to the collision of the photons
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with the hydrogen atoms or electrons (Furlanetto, Oh, et al. 2006) and
(iii) Lyman-U pumping which results in the spin-flip via an intermediate
state (Pritchard et al. 2006; Wouthuysen 1952). In equilibrium, the spin
temperature will get coupled to the CMB temperature )W, the kinetic
temperature of the gas )K, and color temperature )K (where )C ≈ )K) for the
three processes respectively. The rate equation which decides the dynamics
of =1/=0 can be written as:

¤=0 = −=0 (% W

01 + %
�
01 + %

U
01 ) + =1 (% W

10 + %
�
10 + %

U
10 ) , (2.24)

where % W

01, %
�
01 and % U

01 are the excitation rates and % W

10, %
�
10 and % U

10 are
the de-excitation rates due to radiative transition, collisional transition and
lyman-U pumping respectively.

From the argument of detailed balance where each process is balanced
individually in equilibrium, one arrives at:

) −1
S =

) −1
W + Gc)

−1
K + GU) −1

C
1 + Gc + GU

, (2.25)

where Gc = % �
10/%

W

10 and GU = % U
10/ %

W

10 are the efficiencies of collisional
coupling and lyman-U coupling respectively.

By solving the radiative transfer equation for the CMB photons traveling
through the hydrogen clouds, one can arrive at the following expression for
the 21-cm brightness temperature as:

X)b = 27 GH i(1 + Xb)
(
Ωbℎ

2

0.023

) (
0.15
Ωmℎ2

1 + I
10

)1/2

×
(
)S − )W
)S

) [
mrEr

(1 + I)� (I)

]
,

(2.26)

where GH i is the neutral hydrogen fraction, Xb is the fractional baryon
overdensity, )S and )W are the spin temperature and the CMB temperature
respectively, and the last term accounts for the velocity gradient along the
line of sight.
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Chapter 3

Simulating the redshifted EoR
21-cm signal

We have used the ReionYuga1 semi-numerical simulations to simulate the
redshifted 21-cm signal (Majumdar, Bharadwaj, et al. 2013; Majumdar,
Mellema, et al. 2014; Mondal et al. 2017). This simulation method is
somewhat similar to the methods followed by Choudhury et al. (2009);
Furlanetto, Zaldarriaga, et al. (2004); Mesinger et al. (2011); Zahn et al.
(2011). Steps that are involved in this method can be summarized as
follows: (I) Generating the dark matter density field, (II) Identifying the
position and mass of the collapsed structures, i.e. haloes, in the dark matter
field, (III) Assigning the ionizing photon production rates to these haloes,
(IV) Generating the ionization maps including the effect of redshift space
distortions and (V) Converting these ionization maps into redshifted 21-cm
brightness temperature field.

As discussed in section 2.3, we have used GADGET 2.0 N-body
simulations to accomplish steps I and II. For the purpose of this work,
we next assumed that the hydrogen follows the simulated dark matter
distribution at these redshifts (Table 3.1). Further, as our reionization source
model (step III), we assume that the number of ionizing photons produced
by a halo is proportional to its mass (Choudhury et al. 2009; Majumdar,

1https://github.com/rajeshmondal18/ReionYuga
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Mellema, et al. 2014):
#W (") = #ion

"

<H
, (3.1)

where <H is the mass of a hydrogen atom, " is the mass of the halo, and
#ion is a dimensionless free parameter, which may depend on various other
degenerate reionization parameters including star-formation efficiency of a
source, escape fraction of ionizing photons from these sources, etc. We set
#ion = 23.21 to achieve ḠH i ≈ 0.5 at I = 8 in the ΛCDM model. This
additionally ensures that for the ΛCDM scenario, reionization ends by I ∼ 6
and produces a Thompson scattering optical depth that is consistent with the
CMBR observations.

Table 3.1: This tabulates the redshift I and corresponding mass averaged
neutral fraction ḠH i for all the dark matter models, for which we have
simulated the 21-cm signal.

Redshift ḠH i ḠH i ḠH i

I (CDM) (3 keV WDM) (2 keV WDM)

10.00 0.84 0.90 0.94
9.25 0.75 0.84 0.90
9.00 0.71 0.81 0.88
8.65 0.64 0.77 0.84
8.00 0.47 0.64 0.75
7.50 0.30 0.51 0.64
7.00 0.11 0.34 0.51
6.00 0.00 0.03 0.13

Next we perform the step IV, i.e. we produce the ionization map, using
the H i density map and the ionizing photon density maps. We use an
excursion-set based algorithm to produce the ionization map at the desired
redshifts. In this formalism, we first map the hydrogen density and ionizing
photon density fields on a coarser [1024/8]3 = [128]3 grid with grid spacing
[0.07 × 8] = 0.56 Mpc. Next, to identify the ionized regions, we smooth
both the H i and ionizing photon fields using spheres of radius ' for 'min ≤
' ≤ 'max, where 'min is the resolution of the simulation which is equal
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to the grid spacing and 'max is the mean free path of the ionizing photon
('mfp). In these simulations, we keep the value of the mean free path of
the ionizing photons 'mfp = 20 Mpc. The choice of the value of 'mfp is
inspired by the findings of Songaila et al. (2010). For any grid point x, if the
averaged ionizing photon density 〈=W (x)〉R exceeds the averaged H i density
〈=H(x)〉R for any ', then we flag that grid point to be ionized. The points
which do not meet this criteria, we assign an ionization fraction GH ii(x) =
〈=W (x)〉Rmin/〈=H(x)〉Rmin to them. This is repeated for all grid points in the
simulation volume and for all ' within the allowed range and the ionization
map is produced. This ionization is then converted into the 21-cm H i
brightness temperature map (step V) following the Equation (3.2).

X)b = 27 GH i (1 + Xb)
(
Ωb ℎ

2

0.023

) (
0.15
Ωm ℎ2

1 + I
10

)1/2

×
(
)s − )W
)s

)
,

(3.2)

where GH i is the neutral hydrogen fraction, Xb is the fractional baryon
overdensity, )s and )W are the spin temperature and the CMB temperature
respectively. In this work, we assume that during reionization the IGM is
substantially heated above the CMB ()s ≈ )K � )W). This is a reasonable
assumption once the global neutral fraction is GH i ≤ 0.9 and has been
independently observed in different studies of reionization (Choudhury et
al. 2009; Furlanetto, Zaldarriaga, et al. 2004; Majumdar, Bharadwaj, et al.
2013; Majumdar, Mellema, et al. 2014; Mondal et al. 2017). So, the term
()s − )W)/)s → 1 in Equation (3.2). The matter peculiar velocities will
make the redshifted 21-cm signal anisotropic along the line-of-sight of a
present day observer. This unavoidable anisotropy in any cosmic signal is
popularly known as the redshift space distortions (see Figure 2.5). We follow
the formalism of Majumdar, Bharadwaj, et al. (2013) to map the real space
brightness temperature field into the redshift space.

3.1 One-point statistics of the simulated EoR 21-cm signal

Once the redshift space 21-cmH i brightness temperaturemaps are produced,
we estimate the one-point statistics (e.g. variance, skewness, etc.) of this
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signal. For a continuous random variable G, following the probability density
function 5 (G) with the mean Ḡ, the variance and the skewness can be
calculated following equation (3.3) and (3.4) as

f2 =

∫ ∞

−∞
(G − Ḡ)3 5 (G)dG (3.3)

W1 =
`3

(f2)3/2
=

∫ ∞
−∞(G − Ḡ)

3 5 (G)dG(∫ ∞
−∞(G − Ḡ)2 5 (G)dG

)3/2 . (3.4)

However, we will estimate these statistics in the distribution of brightness
temperature )b(x) simulated at (128)3 grid, which is a discrete distribution.
In this case, equations (3.3) and (3.4) translates to

f2 =
1
#

∑
8

(
)8 − )̄

)2 (3.5)

W1 =
1
#

∑
8

(
)8 − )̄

)3[
1
#

∑
8

(
)8 − )̄

)2
]3/2 , (3.6)

where # = (128)3 is the total number of pixels (or grid points) in the
simulation volume, )8 is the brightness temperature at the 8Cℎ pixel, and )̄ is
the mean brightness temperature.

3.2 Fourier Statistics of the simulated EoR 21-cm signal

Visibilities, which are the Fourier transform of the sky brightness
temperature, are the basic observables in any radio interferometric
observation. This is one of the major reasons why most of the efforts to
quantify the 21-cm signal are focused on using various Fourier statistics. For
this work, we consider an idealistic scenario where there is no foreground
emission or noise present in the data, and the visibilities contain only the
Fourier transform of the signal brightness temperature Δ)b(k). The two
Fourier statistics that are in our focus for this work are the power spectrum
and bispectrum.

3.2.1 21-cm power spectrum

One can define the 21-cm power spectrum as

〈Δ)b(k)Δ)b(k
′)〉 = (2c)3X3(k − k

′)%(:) , (3.7)
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where X3(k − k′) is the Dirac delta function, defined as

X3(k − k
′) =


1, if k = k′

0, otherwise .
(3.8)

To estimate the 21-cm power spectrum, we divide the entire :

range (determined by the smallest and largest length scales probed by our
simulation) into 10 equispaced logarithmic bins. Next, we Fourier transform
the simulated 21-cm brightness temperature volume and use Equation (3.7)
to estimate the power spectrum.

3.2.2 21-cm bispectrum

Similar to the power spectrum the bispectrum can be defined as

〈Δ)b(k1)Δ)b(k2)Δ)b(k3)〉 = +X3
k1+k2+k3, 0�b(k1, k2, k3) , (3.9)

where X3
k1+k2+k3, 0 is the Kronecker Delta function that ensures that the three

k-modes involved form a closed triangle (see top panel of Figure 3.1) i.e.

X3
k1+k2+k3,0 =


1, if (k1 + k2 + k3) = 0

0, otherwise .
(3.10)

Following the definition of the bispectrum one can define a binned
estimator for this statistic as

�̂(k1, k2, k3) =
1
#+

∑
(k1+k2+k3=0)∈=

Δ)b(k1)Δ)b(k2)Δ)b(k3) , (3.11)

where the total number of triangles that belong to the =Cℎ triangle
configuration bin is # , and + is the simulation volume. To estimate the
bispectra from the simulated signal we follow the algorithm of Majumdar,
Pritchard, et al. (2018). In their algorithm Majumdar, Pritchard, et al.
(2018) have parametrized the triangle configurations using two independent
parameters:

1. The ratio between the length of the two arms of a k triangle

:2/:1 = =. (3.12)
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2. The cosine of the angle between these two arms

cos \ =
k1 · k2
:1:2

. (3.13)

This parametrization helps in reducing the overall computation time for
bispectrum estimation.
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Figure 3.1: Top panel: For our unique triangle configurations, the tip of the
k2 can move only in the green shaded region shown here, thereby satisfying
Equation 3.14. Bottom panel: Unique triangles parameter space in terms of
cosU showing the different limits of the :-triangles (Bharadwaj, Mazumdar,
et al. 2020), for which we estimate the bispectra
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For a comprehensive understanding of the 21-cm bispectra, we need to
estimate the bispectrum for all possible unique triangle configurations. We
follow the prescription of Bharadwaj, Mazumdar, et al. (2020), that allows
us to identify all possible unique triangles using the two parameters defined
in Equations (3.12) and (3.13) and by imposing the additional condition on
the triangle parameter space i.e.

:1 ≥ :2 ≥ :3 =⇒ :2
:1

cos \ ≥ 0.5. (3.14)

Figure 3.1 shows the unique triangle configurations in the =−cos \ parameter
space.
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Chapter 4

Results and Discussion

4.1 Reionization history and 21-cm topology

5 6 7 8 9 10
z

0.0

0.2

0.4

0.6

0.8

1.0

x̄
H
I

0

5

10

15

20

25

30

T̄
b
(z
)
(m

K
)

CDM

3 keV WDM

2 keV WDM

x̄HI

T̄b

Figure 4.1: Reionization history for CDM (red), 3 keV WDM (green) and 2
keVWDM (blue) with the variation of mass avg. neutral fraction ḠH i (solid)
and mean 21-cm brightness temperature )̄b (dotted-dashed) with redshift I

The differences in the dark matter models have two prominent impact on the
21-cm signal from theEoR.One of them is the delay in the global reionization
process, which is evident from the ḠH i− I and )̄b− I curves for different dark
matter models in Figure 4.1. The reionization starts and finishes later in the
WDM scenarios compared to the CDM scenario. This is a clear signature
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of the differences in the structure formation history in different scenarios
(shown through the halo mass functions in Figure 2.4). The halo mass
functions plotted in Figure 2.4 reveals that the low mass halos cumulatively
are the dominant sources of ionizing photons (when we assume all halos are
equally efficient in producing ionizing photons) at any redshift for all dark
matter models considered here. In case of the warm dark matter models,
the low mass end of the halo mass function gets suppressed compared to the
cold dark matter scenario, which results in an overall decrease in the total
number of ionizing photons produced at any redshift. This overall reduction
in the total number of ionizing photon produced at any redshift leads to
a delay in the reionization process for the WDM models compared to the
CDM one. The suppression of the low mass end of the halo mass function
is more pronounced in the case of the 2 keV WDM model compared to the
3 keV WDM model, which leads to an even longer delay in the reionization
process in case of the 2 keV WDM model.

The other prominent impact that the differences in the dark matter
models on the reionization process have is the differences in the H i 21-cm
brightness temperature topology. This is also caused by the different level of
suppression of the low mass end of the halo mass function in different dark
matter models. Figure 4.2 shows two-dimensional slices of the H i 21-cm
brightness temperature maps at three different redshifts: I = 9, 8 and 7 for
all dark matter models. In these figures, a clear difference in the size and
location of the ionized regions is visible in different models of dark matter.
However, it is important to note that even if the 21-cm maps are shown at
the same redshifts, they are not at the same state of reionization for different
models of the dark matter. One may ask the question how much of this
observed difference in 21-cm topology is due to the delay in reionization
history. To address this, Das et al. (2018) have tuned the ionizing photon
production efficiency (i.e. the parameter #ion in our simulations) of halos
in different dark matter models to get the same global neutral fraction at the
same redshifts for all dark matter models. With this modification in their
simulations, they still observed significant differences in the 21-cm topology
and its Fourier statistics for different dark matter scenarios. However, one
should note that, changing the #ion in different scenarios effectively means
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changing the reionizationmodel all together. Therefore, for themain analysis
and results in this paper we keep the value of #ion same for all dark matter
scenarios. We briefly discuss the impact of changing the #ion (to get the
same reionization history) for different dark matter models on the 21-cm
statistics (observable) in section 4.4.
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Figure 4.2: The three columns show the redshift space 21-cm H i brightness
temperature maps for CDM, 3 keV WDM and 2 keV WDM (from left to
right) respectively at I = 9, 8 and 7 (from top to bottom). The color-bar
represents the amplitude of 21-cm brightness temperature.

4.2 One-point statistics of the signal

To begin with, we first focus our attention to the one-point statistics of the
21-cm signal: variance and skewness. We estimate these statistics based on
the distribution of 21-cm brightness temperature X)b(x).
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The top panel of Figure 4.3 shows the probability density function (PDF)
of the simulated X)b(x) at different redshift for all the models. One can also
notice the signature of an inside-out topology of reionization in all the
dark matter models. This moves the high brightness temperature points [or
equivalently high density regions; X)b ∝ (1+ X)] into the X)b = 0 bin (where
GH i = 0) as the reionization progresses with decreasing redshift.

4.2.1 Variance

Figure 4.4 shows the evolution of X)b variance as a function of redshift.
From the figure, we observe that the variance decreases as the reionization
progresses (with decreasing I) for any DM model. This is because with the
progressing state of reionization, the spread in the distribution of X)b also
decreases as the high X)b tail gets shorten (see Figure 4.3).

Further, in Table 4.1, we compare the variance at the same neutral fraction
and observe that at any stage of reionization, the variance varies with the
DM model as: f2 (CDM) < f2 (3 keV WDM) < f2 (2 keV WDM).
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Figure 4.4: Evolution of variance of brightness temperature with redshift for
CDM (red), 3 keV WDM (green) and 2 keV WDM (blue)
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Table 4.1: This tabulates the X)b variance f2 corresponding to the mass
averaged neutral fraction ḠH i = {0.84, 0.64} for all the models.

Neutral fraction Variance (f2)
ḠH i CDM 3 keV WDM 2 keV WDM

0.84 126.36 141.84 161.94
0.64 99.16 109.01 122.75

4.2.2 Skewness

It is clear from the distribution of 21-cm brightness temperature in
Figure 4.3 that there is a significant non-Gaussianity present in the 21-cm
signal. Initially, this non-Gaussianity is driven by the non-linear gravitational
clustering and later by the growth of ionized regions which are non-randomly
distributed. These non-Gaussian features of the signalwill not be captured by
the variance. So, we need to go for the higher-order statistics e.g. skewness.
In Figure 4.5, we show the evolution of the skewness, estimated using
equation (3.6), with redshift for all dark matter models.
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Figure 4.5: Evolution of skewness of brightness temperature with redshift
for CDM (red), 3 keV WDM (green) and 2 keV WDM (blue)
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We observe that the skewness W1 decreases with the evolving state of
ionization until ḠH i ≥ 0.50 for any dark matter model. However, once the
universe gets 50% ionized (e.g. ḠH i < 0.50), the skewness increases rapidly
because the zero brightness temperature spike dominates the PDF during the
later stages of reionization.

Further, we tabulate the skewness at the same mass averaged neutral
fraction in Table 4.2. We notice that at any stage of reionization, the skewness
varies with the dark matter model as W1 (CDM) < W1 (3 keV WDM) <
W1 (2 keV WDM), which is evident from the X)b distribution in Figure 4.3.

Table 4.2: This tabulates the skewness W1 of the distribution of X)b

corresponding to the mass averaged neutral fraction ḠH i = {0.84, 0.64}
for all the models.

Neutral fraction Skewness (W1)
ḠH i CDM 3 keV WDM 2 keV WDM

0.84 1.115 1.297 1.523
0.64 0.601 0.858 1.132

Our results regarding the one-point statistics of the 21-cm signal are
consistent with previous studies by Harker et al. (2009); C. A. Watkinson et
al. (2015). However, one should note that although these one-point statistics
will give us some broad features of the signal fluctuations, these will not
capture the correlation of the signal between different length scales. To
capture this correlation, one should go for the Fourier statistics of signal.

4.3 Fourier Statistics of the signal

4.3.1 21-cm power spectrum

We next focus our attention to the statistic that one would use to detect
the EoR 21-cm signal using radio interferometers, i.e. the power spectrum.
The power spectrum quantifies the amplitude of fluctuations in the signal
at different length scales. Figure 4.6 shows the power spectrum in all
three dark matter scenarios (represented using three different line styles)
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at three different redshifts (represented using three different line colours).
The evolution of the power spectra with redshift for a specific dark matter
model demonstrated in Figure 4.6 follows the behaviour of an inside-out
reionization (Choudhury et al. 2009; Majumdar, Mellema, et al. 2014;
Mesinger et al. 2011; Mondal et al. 2017; Zahn et al. 2011), i.e. ionization
starts at the highest density regions (where the ionizing sources are) in the
IGM and then it gradually makes it’s way to the low density regions. The
kind of inside-out reionization makes power at the large scales (small :
modes) grow in amplitude as reionization progresses and reach its peak at
ḠH i ∼ 0.5 and then go down in amplitude.
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Figure 4.6: 21-cm power spectrum for CDM (solid), 3 keV WDM (dotted-
dashed) and 2 keV WDM (dashed) at I = 10 (blue), 9 (green) and 8 (red)

Figure 4.6 clearly shows that the difference in the 21-cm power spectra for
different dark matter models is quite large (by even few orders of magnitude
in certain : modes), when they are compared at the same redshifts. However,
even if these power spectra are at the same redshifts, they are from different
stages of reionization for different dark matter models. To get a better idea
of how a dark matter model impacts the reionization process it is more
reasonable to compare the 21-cm statistics at the same stage of reionization
(determined by the ḠH i value) in different dark matter models.
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4.3.1.1 Difference in 21-cm power spectrum between different dark
matter models at same mass averaged neutral fraction

The amplitude of the redshifted 21-cm power spectrum during the EoR
is determined mainly by the fluctuations in the neutral fraction (ḠH i ) field.
This is why it is more logical to compare the EoR 21-cm power spectra
from different dark matter models at the same stages of reionization (i.e.
approximately for the same values of ḠH i ). Here the expectation is, when
compared for the same values of ḠH i , the differences in %(:) will be mainly
due to the differences in the 21-cm topology, rather than the overall level of
ionization of the IGM or the delay in the reionization history.
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Figure 4.7: 21-cm power spectrum for CDM (solid), 3 keV WDM (dotted-
dashed) and 2 keV WDM (dashed) at same mass averaged neutral fraction
for ḠH i = 0.84 (red) and 0.64 (green)

Figure 4.7 shows the 21-cm power spectrum at approximately same
averaged neutral fraction values (ḠH i = {0.84, 0.64}) for different dark
matter models (the corresponding redshifts for different dark matter models
are tabulated in Table 3.1). It is obvious from this plot that the differences
in power spectra between the WDM models and the CDM model become
significantly low when compared in this way, and for small : modes (or large
length scales), these differences are within the sample variance limits.
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To quantify the differences between the EoR 21-cm power
spectra from WDM and CDM scenarios, we estimate the quantity
| (%CDM − %WDM)/%CDM |. Figure 4.8 shows this relative fractional
difference in 21-cm power spectrum estimated at same neutral fraction
ḠH i = 0.84 and 0.64 between the WDM models and the CDM model.
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Figure 4.8: Relative fractional difference in 21-cm power spectrum between
CDM and 2 keVWDM (solid), and between CDM and 3 keVWDM (dashed)
estimated at ḠH i = 0.84 (red) and 0.64 (green)

It is clear from this figure that the amplitude of this relative difference
is larger for the 2 keV WDM model compared to the 3 keV WDM model.
During the early stage of reionization when ḠH i = 0.84, this difference
peaks around intermediate length scales and during the intermediate stage
of reionization when ḠH i = 0.64 it is peaked around small length scales. We
observe that for a large range of :-modes, the relative fractional difference
varies in the range 0.15 − 0.35 for the comparison between the CDM and
the 2 keV WDM, and in the range 0.05 − 0.15 for the comparison between
the CDM and the 3 keV WDM model. These differences are probably not
large enough to be detectable by the first generation of radio interferometers,
which have lower sensitivity. These results are consistent with the previous
studies made by Das et al. (2018). Thus, the power spectrum is not an ideal
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tool to probe the differences between different dark matter model.

4.3.2 21-cm bispectrum

The power spectrum is an incomplete statistics when it comes to
optimally quantifying the EoR 21-cm signal fluctuations, as this signal is
highly non-Gaussian. We use the next higher order statistics, the bispectrum,
to quantify this evolving non-Gaussianity in the EoR 21-cm signal. The
source of the non-Gaussianity in the signal is the non-random distribution
of growing ionized regions in the IGM, which drives the fluctuations
in the signal and also leads to the signal correlation between different
length scales. We estimate signal bispectrum for all unique :-triangles
(see Figure 3.1) for dark matter models to quantify this non-Gaussianity.
Figure 4.9 shows the bispectra at three redshifts I = {10, 9, 8}, and for
triangles with three :1 modes :1 = {0.57, 0.86, 1.30} Mpc−1. We choose
not to show the bispectra for :1 < 0.57 Mpc−1 because of the high sample
variance in these triangle bins (due to our small simulation volume).

In an earlier study of the EoR 21-cm bispectrum (in real space)
Majumdar, Pritchard, et al. (2018) have shown that the bispectrum is
mostly negative for triangles involving small : modes. It has a maximum
amplitude for the squeezed limit triangles (Hutter et al. 2020; Majumdar,
Pritchard, et al. 2018). The bispectrum also shows a very interesting feature,
it changes its sign when one gradually move from smaller :-triangles to
triangles with larger : modes. This makes the EoR 21-cm bispectra an even
more interesting statistic for a confirmative detection of the signal (Hutter
et al. 2020; Majumdar, Pritchard, et al. 2018). However all of these analysis
was based on a few specific types of :-triangles and for the signal in real
space. For a thorough analysis of the EoR 21-cm bispectra for all unique
:-triangles in redshift space the readers are requested to refer to Majumdar
et al. (in prep.).

Based on the plots in Figure 4.9 and the analysis of Majumdar, Pritchard,
et al. (2018) andMajumdar et al. (in prep) one can identify fewmore generic
features of the inside-out EoR 21-cm bispectra in the entire unique :-triangle
space (defined by parameters = and cos \), irrespective of the underlying dark
matter model.
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Figure 4.9: Simulated 21-cm bispectrum for all unique triangles for CDM
(top panel), 3 keV WDM (central panel) and 2 keV WDM model (bottom
panel) at I = 10, 9 and 8 (top to bottom) and for :1 = 0.57, 0.86 and 1.30
Mpc−1 (left to right). The neutral fraction at these I is shown in the figure.

At the very beginning of reionization (ḠH i ≥ 0.90) for smaller :1-triangles
bispectra for a significant fraction of the =−cos \ parameter space is positive
and in the rest of the parameter space it is negative. For the small :1-triangles
as reionization progresses bispectra in most of the =− cos \ parameter space
becomes negative (0.85 ≥ ḠH i ≥ 0.60) and stays negative until the ḠH i ≤
0.40. At neutral fractions lower than this the bispectrum starts become
positive again in significant portion of the triangle parameter space. Further,
for a fixed ḠH i value as one gradually moves from smaller to larger :1-
triangles, a even larger fraction of the = − cos \ space starts to have positive
bispectrum. The bispectra start to become positive mainly near the squeezed
and linear limits (cos \ ' 1) of triangles at almost during all stages of the
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reionization. The amplitude of the bispectra for small :1-triangles reaches a
maximum when ḠH i ∼ 0.5.

The evolution of sign and amplitude of the bispectra can be interpreted in
the light of quasi-linearmodel of brightness temperature fluctuations (Mao et
al. 2012). Using thismodel one can show that there are total eight component
bispectra (two auto and six cross) that contributes to the redshift space EoR
21-cm bispectra. Among these eight components the most important ones
for the small :1-triangles are the two auto bispectrum of the H i and the
matter density field and three cross-bispectra between H i and matter density
fields. These components make the 21-cm bispectra negative in most of the
parameter space. The contribution from auto bispectrum of the matter
density field is negligible for small :1-triangles. As one moves towards the
bispectra for large :1-triangles contribution from the auto bispectrum of the
matter density field (which is always positive in sign for all types of triangles)
grows and become significantly large at largest :1-triangles and make the
21-cm bispectra positive. For a more detailed discussion on this topic we
refer the reader to Majumdar et al. (in prep).

Figure 4.9 clearly shows that if one compares the bispectra for different
darkmattermodels at the same redshifts, as expected, the differences between
themwould be quite large. For some :-triangles and depending on the stages
of the reionization these relative differences can be even larger than the ones
observed in case of power spectra. This is due to the fact that as the stages
of the reionization are different for different models, the over all level of
fluctuations as well the topology will be significantly different, both of
which affects the bispectrum amplitude and sign.

4.3.2.1 Difference in 21-cm bispectrum between different dark matter
models at same mass averaged neutral fraction

For the similar reasons as discussed in case of the power spectra, here also
we compare the bispectra for different dark matter models approximately at
the same stages of reionization (i.e. ḠH i = 0.84 and 0.64). We estimate the
relative differences in the bispectra between the CDM and WDMmodels by
computing the quantity | (�CDM − �WDM)/�CDM | (Figure 4.10).
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Figure 4.10: Relative fractional difference in 21-cm bispectrum between
CDM and 2 keV WDM model (top panel), and between CDM and 3 keV
WDM model (bottom panel) for :1 = 0.57, 0.86 and 1.30 Mpc−1 (left to
right) at same mass averaged neutral fraction with ḠH i = 0.84 and 0.64

It is apparent from Figure 4.10 that at any stage of reionization, the
differences between the 2 keV WDM and CDM models is larger than the
differences between the 3 keV WDM and CDM models. For most of the :-
triangle parameter space (=−cos \ space) the relative difference between the
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2 keVWDM and CDMmodels is in between 30− 300% or more and for the
3 keV WDM and CDM models the same is in between 10 − 100% or more.
These differences are more prominent for triangles with larger :1 modes
compared to the triangles with smaller :1 modes. They are particularly large
in the region of the = − cos \ space where = ≤ 0.75 and 0.75 ≤ cos \ ≤ 1.0.

One important point to note here is that, though we are looking at the
21-cm statistics at almost same stages of reionization in different dark matter
models, as the redshifts are different the underlying halo characteristics and
distribution will vary from model to model (which can be quantified by their
halo mass functions). This differences in the halo mass, their numbers and
their spatial distributionwill lead to a difference in 21-cm topology across the
darkmattermodels, evenwhen the overall level of ionization remainsmore or
less same in all of these cases. The 21-cm signal power spectrum is expected
to be not very sensitive to these differences in topology, however the signal
bispectrum will be very sensitive to them as these differences in topology
leads to a significant difference in the non-Gaussian characteristics of the
signal. One can expect that these significantly larger relative differences in
the signal bispectra (compared to their relative differences in power spectra),
when the underlying dark matter model is different, will be possible to detect
with the upcoming highly sensitive SKA. Using sophisticated parameter
estimation techniques, while using the signal bispectra as the target statistic,
one may be even able to constrain the nature of the dark matter from such
future radio interferometric observations of the EoR.

4.4 Analysis with different ionizing efficiency #ion for
different dark matter models

In this section, we repeat our analysis by varying the ionizing efficiency
parameter #ion in different dark matter models to ensure that we obtain the
same ḠH i for all of these models in the same redshifts. We choose the #ion

values such that (Table 4.3) in all models universe becomes 50% ionized by
redshift 8.
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Table 4.3: This tabulates the #ion values required in different dark matter
models to ensure that ḠH i ≈ 0.5 at I = 8.

CDM 3 keV WDM 2 keV WDM

23.21 33.70 47.50

4.4.1 21-cm topology
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Figure 4.11: 21-cm brightness temperature maps at I = 8 with same mass
averaged neutral fraction ḠH i = 0.47 for CDM (left), 3 keV WDM (middle)
and 2 keV WDM (right) model

In Figure 4.11, we have shown the 21-cm brightness temperature maps
at I = 8 with mass averaged neutral fraction ḠH i ≈ 0.5 for all the models.
We observe that the 21-cm topology has significant similarity at large scales,
however, it has quite a few differences at small length scales for different
models of dark matter. The size of ionized bubbles is relatively larger in
WDMmodels compared to the CDMmodel. This is an obvious signature of
the suppression in the number of low mass halos in WDMmodels compared
to their CDM counterpart. The lack of the low mass halos have been
compensated by increasing the ionizing photon production efficiency (see
Table 4.3) in all halos in these models. This implies that the high mass halos
in WDM models will produce significantly more photons compared to their
counterparts in CDM model and will thus produce larger ionized bubbles
(compare the three panels in Figure 4.11). These features have also been
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reported by Das et al. (2018).

4.4.2 Observable statistics of the 21-cm signal

4.4.2.1 21-cm power spectrum
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Figure 4.12: 21-cm power spectrum at I = 8 with mean neutral fraction
ḠH i = 0.47 in CDM (red), 3 keV WDM (blue) and 2 keV WDM (green)

Figure 4.12 shows the 21-cm power spectrum for different dark matter
models at ḠH i ≈ 0.5. We observe that the 21-cm power spectrum in WDM
models is greater than that in the CDM model. This is because in WDM
models, the ionized bubbles are larger in size (due to the increased #ion

value). One can also notice that the difference in 21-cm power spectra
between different models remains significantly low even if we change our
reionizationmodel, and at large scales these differences arewithin the sample
variance limit.

4.4.2.2 21-cm bispectrum

In Figure 4.13, we have shown the relative fractional difference in 21-cm
bispectra between the CDM and WDM models at :1 = 0.57, 0.86 and 1.30
Mpc−1. One obvious observation that one can make is that these differences
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in bispectra are larger when estimated between CDM and 2 keV WDM
model.
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Figure 4.13: Relative fractional difference in 21-cm bispectra between CDM
and 2 keV WDM model (top panel), and between CDM and 3 keV WDM
model (bottom panel) at the same mass averaged neutral fraction ḠH i = 0.47

Further, these differences are larger than those observed in Figure 4.10.
This is because by changing the #ion, we are changing our reionization
model. Note that even at large scales :1 = 0.57 Mpc−1, the differences are
large for most of the unique : triangles. Additionally, at relevant small scales
(or large :1 values), the differences are also quite large due to the fact that
the strength of 21-cm signal gets increased in WDMmodels at small scales.

We conclude that even when one changes the reionization source model
to arrive at same state of IGM ionization at the same redshift for different
dark matter models, the bispectrum remains equally or more sensitive to the
characteristics of the dark matter model. However, power spectrum remains
equally insensitive to the dark matter model characteristics in this case as
well.
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Chapter 5

Summary

In this thesis, we have quantified the impact of the different kind ofwarmdark
matter models (in comparison with the standard cold dark matter models)
on the reionization process and related 21-cm observables such as the power
spectrum and bispectrum. We have considered 2 keV and 3 keV thermal
WDM models in this context. Using GADGET 2.0 N-body simulations, we
observed that the non-negligible free streaming of the dark matter particles
in warm dark matter scenarios suppresses the matter density perturbations
on small scales (Figure 2.3). Further, this suppression was more prominent
in the 2 keV WDM scenario compared to the 3 keV WDM model because
the lighter the WDM particle, the larger the free streaming scale. We also
observed that the effect of this suppressed structure formation gets reflected
in the halo mass function of all the dark matter models (see Figure 2.4).

Using a semi-numerical model for reionization, we further observed that
due to this suppression of the low mass haloes (which are the dominant
sources of ionizing photons), the overall reionization of the universe gets
delayed in WDM scenarios compared to the CDM model (Figure 4.1). This
delay is likewise larger in the 2 keV WDM model compared to the 3 keV
WDM model, when one keeps the ionizing photon production efficiency of
haloes the same in all dark matter models. The suppression of low mass
haloes additionally introduces a significant difference in 21-cm brightness
temperature topology in case of WDMmodels compared to the CDMmodel
(see Figure 4.2).
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Next, we have quantified the differences in the two observable statistics
of the EoR 21-cm signal, power spectrum and bispectrum, for different dark
matter models. We found that, if the statistics from different dark models
are compared at the same redshifts, the power spectrum differs significantly
for both small and large : modes for different matter models (Figure 4.6).
However, when they are compared at the same stage of reionization i.e. at
same ḠH i (i.e. by countering the effect of delayed reionization history), the
differences in the %(:) become significantly small at all scales between the
WDM and CDM models. The relative differences between the EoR 21-cm
power spectra for CDM and WDM models varies between 5% − 35% (see
Figure 4.8). These differences become undetectable in case of small : modes
as they fall within the sample variance limits.

We have, for the first time, quantified the impact of WDMmodels on the
EoR 21-cm signal using the bispectrum. The bispectrum is expected to be
more sensitive to the difference in the dark matter model as it is capable of
capturing the non-Gaussian features in the signal to which power spectrum is
not sensitive. The source of non-Gaussianity in the EoR 21-cm signal is the
evolving H i topology during this period, which gets significantly affected
by the suppression of the low mass haloes in case of the WDM models. We
find that the relative differences between the 21-cm bispectra for the WDM
and CDM models are larger than their relative differences in the 21-cm
power spectrum when compared at the same redshifts (Figure 4.9). Even
when compared at the same stages of reionization, the relative differences
between theEoR21-cmbispectra forWDMandCDMmodels varies between
10%−300% for all unique :-triangles (see Figure 4.10). This level of relative
differences in 21-cm bispectra for most of the unique :-triangle parameter
space ensures that one should be able distinguish between the different dark
matter models using the future radio interferometric observations of the EoR
and this may even help one to constrain the WDM model parameters.

Through this analysis we have established that the redshifted 21-cm
bispectra is a unique and much more sensitive statistics than the power
spectrum for differentiating the impact of different models of dark matter
on the reionization process and one may be able to constrain the nature of
the dark matter using this statistic from future observations of the CD-EoR
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through the SKA.

Note that in this work we have not taken into account the impact of
spin temperature fluctuations on the EoR 21-cm signal, which may have a
significant effect on the 21-cm bispectrum. We have considered only a single
model for reionization. However, the 21-cm topology and the resulting
non-Gaussianity in the signal may change significantly if we change our
reionization model. All of these effects will affect the 21-cm bispectrum.
However, even if we take into account all of these effects into our formalism
for a more accurate model of the EoR 21-cm signal, we expect that the
differences in different dark matter models will still be prominently visible
in the 21-cm bispectra.
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Chapter 6

Future Scope

The work presented in this thesis could be further extended in several
directions. We discuss some of the possible extension below.

• In this work, we have estimated different observable statistics of the
21-cm signal by simulating the signal in a volume of [50 h−1 Mpc]3.
However, the convergence of different signal statistics (specifically at
large length scales or small : modes) require the signal to be simulated
in a larger volume ≥ [100 Mpc]3. The volume of our simulation was
limited by the total memory (RAM) available to us in our computing
resources. To simulate a cosmological volume ≥ [100 Mpc]3 with the
same mass resolution that has been used here we will need ≥ 1 TB
RAM. We plan to address this issue in future when we have access
to computing facilities which satisfies the above minimum memory
requirements.

• In our formalism presented here, we have assumed that there has been
perfect foreground removal from the data and there is no system noise
present in the data either. It would be interesting to see how well one
can distinguish the impact of different darkmattermodels on the 21-cm
signal statistics when there is a certain amount of residual foregrounds
left in the data and also the uncertainties due to the presence of noise
is taken into account.

• To better understand how the differences in dark matter model impacts
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the halo distribution and their evolution and in turn the 21-cm topology,
it would be interesting to estimate the cross-bispectra between the 21-
cm field and the halo field for different models. Presently, we are
working on this particular extension.

• In this thesis we have shown the impact of different darkmatter models
on different Fourier statistics of the EoR 21-cm signal. We have
quantified the impact of different dark matter models by calculating
relative differences in these statistics (compared to the CDM model).
However, in reality one would having only one universe with only one
dark matter model, so estimation of this kind of relative difference
in 21-cm statistics between different dark matter models will not be
possible. To identify the underlying darkmattermodel onewould need
to perform a Bayesian model selection analysis of the observable 21-
cm statistics. The model selection exercise will involve considering
all kinds of dark matter models as well as one will also exploring
the entire reionization parameter space. We plan to proceed in this
direction in future.
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