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Abstract

Owing to its unique multifunctional and scale-dependent physical properties, a
graphene is emerged as a promising reinforcement to enhance the overall response of its
nanotailored composite materials. Most recently, the piezoelectricity phenomenon in
graphene sheets was found through interplay between different non-centrosymmetric
pores, curvature and flexoelectricity concept. This has added new functionality to the
existing non-piezoelectric graphene. An overview of the literature revealed that the
graphene-reinforced polymer matrix nanocomposite-based structures find numerous
nanoelectromechanical systems (NEMS) and allow researchers to tailor their mechanical,
thermal and electrical properties as per requirements. Such a piezoelectric graphene
reinforced in the polymer matrix may be called as “graphene-reinforced nanocomposite
(GRNC)”. Surprisingly, the application of piezoelectric graphene for modelling of
graphene-based structures is not explored yet and this has provided the motivation for
this Thesis. Therefore, the purpose of present research is to model the GRNC-based

beams, plates, wires and shells.

The prediction of effective elastic, piezoelectric as well as dielectric properties of
GRNC are required priori. Therefore, the effective properties of GRNC were determined
first as the open literature do not provide the same accounting the piezoelectric,
flexoelectric and surface effects. In the first, the elastic properties of pristine and
defective graphene sheets were determined via molecular dynamics simulations and the
obtained results are found to be in good agreement with the existing experimental and
numerical results. In the second, the micromechanical models based on the mechanics of
materials (MOM), strength of materials (SOM) and finite element (FE) were developed
to predict the effective elastic, piezoelectric and dielectric properties of GRNC. The
developed models predict that the piezoelectric coefficients of GRNC account for the
actuation capability of a graphene layer in the transverse direction due to the applied
electric field in the plane. The predictions by analytical and numerical models are found



in good agreement. Finally, the obtained effective properties of GRNC were used to

study the electromechanical behaviour of GRNC-based beams, plates, wires and shells.

An analytical model based on the linear piezoelectricity and Euler-Bernoulli
theory was developed to investigate the electromechanical response of GRNC cantilever
beam under both electrical and mechanical loads accounting the flexoelectric effect. In
another attempt, the electromechanical behavior of GRNC beams with flexoelectric and
surface effects were investigated using size-dependent Euler-Bernoulli theory and
Galerkin’s weighted residual method. Analytical and FE models were developed to study
the static response of flexoelectric GRNC beams under point load with various boundary
conditions: cantilever, simply-supported and clamped-clamped. The cantilever nanobeam
shows a softer elastic behavior compared to that of simply-supported and clamped-
clamped nanobeams for positive surface stress and the reverse is true for negative surface
stress. On the contrary, simply-supported and clamped-clamped nanobeams show stiffer
elastic behavior due to positive surface stress effect and vice versa. The results predicted
by both analytical and FE models are found to be in better agreement. Outcomes reveal
that the flexoelectric and surface effects on the static response of GRNC beams are
significant and should be taken into account. The electromechanical behavior of GRNC
plates with flexoelectric effect was studied by deriving an analytical model based on
Kirchhoff’s plate theory and Navier’s solution. The static and dynamic responses of
simply-supported flexoelectric GRNC plates under different loadings such as uniformly
distributed, non-uniformly distributed, inline and point loads were investigated. Our
results reveal that the flexoelectric effect on the static and dynamic responses of GRNC

plate is substantial and cannot be neglected.

Analytical and FE models were developed to study the electromechanical
responses such as electric potential and deflection of cylindrical GRNC cantilevered
nanowire with flexoelectric effect. Results show that the piezoelectric potential in the
GRNC nanowire depends on the transverse force but it is not a function of the force
acting along its axial direction. The electric potential in the tensile and compressive
sections of nanowire is antisymmetric along its cross-section, making it as a “parallel
plate capacitor” for nanopiezotronics applications. The predictions of potential

distributions across the GRNC nanowire show better agreement with FE predictions.



Finally, the analytical and FE models were developed for the elastic cylindrical shell
laminated with flexoelectric GRNC layer based on Kirchhoff-Love theory considering
both piezoelectric and flexoelectric effects to investigate the electric potential
distributions in it. Developed models envisage the results for the distribution of electric
potentials in GRNC shell and results predicted by analytical model with piezoelectric
effect are found to be in better agreement with FE predictions. It is found that the
electromechanical behavior of laminated shell is significantly improved due to the
incorporation of flexoelectric effect.

To summarize, this Thesis reports the enhancement in electromechanical response
of GRNC structures due to the incorporation of flexoelectric effect. The
electromechanical response of GRNC structures such as beam, plate, wire and shell can
be engineered to achieve the desired electromechanical characteristics using different
boundary and loading conditions as well as different parameters such as aspect ratio,
thickness, diameter, length and volume fraction of graphene. Our study highlights the
possibility of developing light-weight and high-performance piezoelectric graphene-
based NEMS such as sensors, actuators, nanogenerators and distributors as the existing
piezoelectric material such as Lead Zirconate Titanate (PZT) is heavy, brittle and toxic
(Ibn-Mohammed et al., 2017).

Keywords: Graphene; Piezoelectricity; Flexoelectricity; Surface effect; Micromechanics;
Mechanics of materials; Strength of materials; Finite element method; Nanocomposite
structures; NEMS.
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Chapter 1

Introduction and Literature Review

In this Chapter, a brief introduction to the graphene as well as review of literature on
graphene-reinforced nanocomposite (GRNC) and its structures such as beam, plate and
shell are presented. Also, the concepts of flexoelectricity and piezoelectricity are
presented. Based on the review of literature, the scope of work for this Thesis is identified
and the objectives of the dissertation are presented. Organization of the Chapters is
delineated at the end of this Chapter.

1.1 Graphene

The ground-breaking discovery of two-dimensional (2-D) atomic-thick graphene
layer was carried out by Novoselov and Geim in 2004 by peeling off highly oriented
pyrolytic graphite (HOPG) to obtain a graphene sheet with the help of “Scotch Tape”
method. In 2010, for such an innovative discovery, they awarded with the Nobel Prize in
Physics. Owing to its unique multifunctional and scale-dependent physical properties, the
global interest in this “novel 2D material” is still growing, which can be observed from
the increasing publications per year in scientific research, academia and industry. Figure
1.1 illustrates the schematic representations of graphene layer. It can be observed that a
single layer of sp?-hybridized carbon atoms closely packed in a honeycomb lattice
structure. A graphene layer is made of carbon atoms which are arranged in hexagonal
packing arrays. The strong covalent bond of ~0.142 nm long exists between two carbon
atoms of graphene. For carbon-based materials, the graphene can be a building block.
Graphene can be used as a versatile material because it can be (i) covered up into zero-
dimensional (0-D) fullerene, (ii) rolled into one-dimensional (1-D) carbon nanotube
(CNT), and (iii) stacked into three-dimensional (3-D) graphite.
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Figure 1.1: Atomic structure of a functionalized graphene sheet.

Figure 1.2: Schematic diagram of a hexagonal graphene sheet to identify the types of
CNTs.
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By rolling a graphene sheet, CNT can be formed as a hollow seamless cylinder. A
widely used approach to identify the types of CNTs such as armchair, zigzag, and chiral
depend on the rolling direction of a graphene sheet, as shown in Fig. 1.2. In general,
carbon nanostructures are recognized as advanced nanomaterials with outstanding

thermomechanical and electrical properties.
1.1.1 Properties of Graphene

A graphene has captivated massive response from researchers due to its
exceptional properties such as Young’s modulus (~1.1 TPa), electrical conductivity
(~6000 S/cm), thermal conductivity (~5000 W/m/K), ultimate tensile strength (130 GPa),
high electrochemical sensitivity and scale-dependent electronic properties (Zhang et al.,
2005; Balandin et al., 2008; Du et al., 2008; Lee et al., 2008; Gupta and Batra, 2010;
Gangwar et al., 2012; Verma et al., 2014; Cui et al., 2016; Alian et al., 2017; Kundalwal
et al., 2017; Su et al., 2018; Wang et al., 2020). Moreover, it possesses large surface area
(2630 m?/g) and electron mobility (~250,000 cm?/Vs) at room temperature and these
unique properties make it striking material for use in multifarious applications. Graphene
is a zero-bandgap semiconductor with tunable electrical properties, and hence it is more
suitable candidate for micro- and nano-electromechanical systems (MEMS/NEMS)
applications. Therefore, graphene is extensively considered as one of the most
remarkable materials of 21% century which possesses distinct properties from its
parent/bulk graphite form. The extraordinary geometrical and material properties as well

as characteristics of a graphene are listed in Table 1.1.

Apart from the above-mentioned unique properties, few recent attempts were
made to show piezoelectric activity in the non-piezoelectric graphene layer that increased
its multifunctionality. Most recently, the piezoelectric effect in non-piezoelectric
graphene layers is found by Kundalwal et al. (2017) using a flexoelectric phenomenon
via quantum mechanics calculations. This study showed that the presence of strain
gradient in non-piezoelectric graphene sheet does not only affect the ionic positions, but
also the asymmetric redistribution of the electron density, which induces strong
polarization in the graphene sheet. The resulting axial and normal piezoelectric
coefficients of graphene sheet were determined using two loading conditions: (i) a

graphene sheet containing non-centrosymmetric pore subjected to an axial load and (ii) a
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pristine graphene sheet subjected to a bending moment. Their study showed the

electromechanical couplings in the graphene sheet can be altered by varying the size and

shape of non-centrosymmetric pores and radius of curvature (Fig. 1.3).

Table 1.1: Geometrical and material properties as well as characteristics of a graphene.

Graphene Properties Reference
Dimension 2-D Novoselov et al. (2004)
Bond Length ~0.142 nm Kundalwal et al. (2017)
Bond Type Covalent Daniel and Vitaly (2016)
Thickness ~0.34 nm Gong et al. (2010)
Structure Hexagonal Honeycomb Young et al. (2012)

Lattice structure

2

Hybridization Sp Young et al. (2012)
Young’s Modulus ~1.1TPa Lee et al. (2008)
Ultimate Tensile Strength ~130 GPa Lee et al. (2008)
Electrical Conductivity ~6000 S/cm Du et al. (2008)
Thermal Conductivity ~5000 W/m/K Balandin et al. (2008)
Electron Mobility ~250,000 cm?/Vs Du et al. (2008)
Specific Surface Area 2630 m?/g Gong et al. (2010)
Bandgap Zero Daniel and Vitaly (2016)
Transparency ~97% Daniel and Vitaly (2016)

Piezoelectricity

Non-piezoelectric

Kundalwal et al. (2017)

When Wrapped

Fullerene (0-D)

Zhao et al (2020)

When Rolled

CNTs (1-D)

Zhao et al (2020)

When Stacked

Graphite (3-D)

Zhao et al (2020)

Fabrication Methods

Mechanical, liquid, and
Electrochemical Exfoliation,
CVD (Origin- “Scotch Tape

Method”)

Young et al. (2012)

Derivatives

GO, GNPs, GNs

Young etal. (2012)
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Figure 1.3: Graphene sheets in which p-orbitals are (a) symmetric and (b) asymmetric;
Passivated armchair graphene sheet with trapezoidal pore subjected to an axial stress: (c)
4% vacancy and (d) 19.5% vacancy. (Courtesy by Kundalwal et al., 2017)

Graphene is being widely used in the NEMS applications. For instance, using the
nonlocal theory for elastic plate, the vibration analysis of single atomic-layered graphene
is investigated by Pradhan and Murmu (2009). Conley et al. (2011) proposed a practical
realization of the strain-engineering scheme to control electron properties of graphene
cantilevers subjected to significant variation of strain. Graphene beams were extensively
studied in the last decade (Li et al. 2012 and references therein). Free-standing carbon
nanomaterial hybrid sheets, consisting of CNTs, exfoliated graphite nanoplatelets and
nanographene platelets, were prepared by Hwang et al. (2013) using various material

combinations and compositions. Under tensile strains, these carbon nanomaterial sheets
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showed piezoresistive behavior, characterized by a change in electrical resistance with

applied strain.

Huang et al. (2006) and Pei et al. (2010) determined the atomic volume from the
relaxed graphene sheet with the thickness of 3.4 A. They computed the stress in the
graphene sheet by averaging the obtained stress of each carbon atom in it. Various
researchers obtained the properties of pristine and defected graphene using molecular
dynamic simulations as well as experimental tests (Lee et al. 2008; Jing et al. 2012;
Dewapriya et al. 2015). Jing et al. (2012) used COMPAAS force field to model the
defective graphene sheets containing vacancies which were functionalized by hydrogen
atoms on the dangling bonds. They reported that the percentage of reduction in Young’s
modulus is ~1.6% in case of graphene containing 6 carbon atom vacancies and the
percentage of reduction is ~1.53% for functionalized graphene with 6 missing carbon
atoms. This is attributed to the hydrogenation and saturation of the dangling bonds at the
edges and porosity in graphene sheet. Similarly, Zelisko et al. (2014) examined the
influence of shape and size of pores on the 2-D graphene nitride sheets to generate
piezoelectricity in them using first-principle calculations.

To simplify computational efforts, several researchers modeled the graphene sheet
as a continuum plate in order to obtain its bulk properties (Park et al. 2010; Roberts et al.
2010; Politano and Chiarello 2013, and references therein; Hosseini-Hashemia et al.
2018). Most of the existing studies on the straining of graphene are based on the
analytical as well as numerical solutions using the concept of continuum elasticity and
hence, the graphene can be used as a continuum medium (Gupta and Batra 2010;
Gradinar et al. 2013; Verma et al. 2014; Bahamon et al. 2015). They suggested that the
displacement of each carbon atom in homogeneously deformed graphene layer is given
by the deformation of the continuum medium, on which the atom is embedded. Kvashnin
et al. (2015) reported that a graphene sheet does not show any polarization until the

instantaneous quantum fluctuation is responsible for the van der Waals interactions.

Chandratre et al. (2012) confirmed mathematically that the piezoelectric response
can be artificially exhibited in non-piezoelectric material like graphene in the form of
nanoribbon incorporated with the defected holes. Rodrigues et al. (2015) studied the
electromechanical properties of a single-layer graphene transferred onto SiO; calibration
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grating substrates via piezoresponse force microscopy and confocal Raman spectroscopy.
The calculated vertical piezocoefficient of graphene was found about 1.4 nmV™, that is,
much higher than that of conventional piezoelectric materials such as lead zirconate
titanate (PZT) and comparable to that of relaxor single crystals. The observed
piezoresponse and achieved strain in graphene are associated with the chemical
interaction of graphene’s carbon atoms with the oxygen from underlying SiO2.The results
provide a basis for future applications of graphene layers for sensing, actuating and
energy harvesting.

From the above literature, the researchers probably thought that graphene may be
useful as nanoscale fillers for developing novel nanocomposites, and this conjecture
motivated them to predict the properties of graphene and its composites. On the other
hand, piezoelectric polymers are lightweight and environmentally friendly, but typically
show weaker piezoelectric response. The conventional piezoelectric materials and
piezoceramics are brittle, bulky and toxic (Bernholc et al. 2004; Berger et al., 2005). As
compared to the existing piezoelectric materials, there is always a search for lightweight,
high performance and environmentally benign new piezoelectric materials like graphene.
Therefore, since the discovery of graphene, researchers are carrying out extensive
research to determine the properties of graphene-reinforced composite for designing and
developing its structures, as reviewed in the following Sections. Therefore, the existence
of flexoelectricity in non-piezoelectric graphene layer could be used to develop graphene-
based composite structures for next-generation NEMS applications. Hence, we discuss
the graphene-reinforced composite and its various structural health monitoring (SHM)

applications in Section 1.2.
1.2 Graphene-Based Composites

The review of literature presented in Section 1.1 confirms that graphene possesses
exceptionally high electro-thermo-mechanical and scale-dependent physical properties.
The increase in demand of light-weight and high-strength materials in transport and
aerospace industries invites the researchers to use advanced technology for the
development of new multifunctional materials and their structures with superior
properties that are not met easily by conventional materials. Polymer nanocomposites are

excellent structural materials that have desired and tailorable properties which can be
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used in a variety of applications. Recently, polymer matrix composite fascinated the
attention of researchers because of its high mechanical properties and specific stiffness.
Over the past two decades, to fulfill increasing demands of high stiffness and strength of
materials, several researchers experimentally incorporated the graphene layers in

conventional polymer matrices.
1.2.1 Properties of Graphene-Based Composites

Extensive research is dedicated to the introduction of graphene as modifier to the
conventional bulk composites in order to improve their multifunctional properties.
Several researchers utilized deriavtives of graphene in a very effective way in the form of
graphene nanosheets (GNs), graphene nanoplatelets (GNPs), graphite oxide and graphene
oxide (GO) or reduced graphene oxide (rGO) into the matrix. These derivatives of
graphene, due to their cost-effective chemical reduction and oxidation techniques, show
promising ways towards the bulk fabrication and use of graphene with excellent electro-
thermo-mechanical and gas barrier properties for the commercial as well as NEMS (Zhu
et al., 2014; Cui et al., 2016). The graphene-based polymer nanocomposite materials have
fascinated much attention (Zhu et al., 2014; Shen et al., 2017). Also, they can be used as
chemical sensors because of their extraordinary sensitivity. The graphene-reinforced
composites are being fabricated using different methods such as flake powder metallurgy
and semi-solid powder processing (Wang et al., 2012; Ji et al., 2016; Tian et al., 2016;
Chen et al., 2018). They summarized and reviewed the numerous methods of synthesis of
graphene-based nanocomposites and showed the significant enhancement in their

mechanical properties with a mere use of 0.3 wt.% of graphene over that of pure matrix.

Recently, the metal/ceramic matrix composite fascinated the attention of
researchers because of its high mechanical properties and specific stiffness. Therefore,
the graphene was incorporated into the aluminum-based matrix in the literature. As a
matter of fact, the piezo- and flexo-electric metal matrix composite must act as a
capacitor for energy harvesting applications including the concept of dielectric medium.
One of the challenges in using the aluminum as a matrix phase with graphene as a
reinforcement in the two-phase composite is its conductive property, due to this, the
electron charges generated from the flexo- and piezo-electricity may get compensated.

Therefore, we must use the insulating matrix materials with a specific dielectric constant.
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Hence, an aluminum oxide/alumina (Al,03) can be used as matrix material because of its
electrically insulating and dielectric properties. The aluminum forms a very thin layer
of insulating alumina by anodization that acts as the dielectric of capacitor. Alumina is
one of the most used ceramic material which can be served as a substrate for integrated
circuits. Several investigators used alumina as a matrix material in the composite for
various applications (Sun et al., 2005; Masson, 2009; Wang et al., 2011; Liu et al., 2012;
Popat and Desai, 2013; Wozniak et al., 2015); therefore, in our study, alumina was also

considered as a matrix material for GRNC.

Bhavanasi et al. (2016) reported the energy harvesting performance with the
proficient transfer of electromechanical energy for the film made of bilayer GO and
PVDF-TrFE. They observed that GO film improved the voltage output and power density
of about 2 and 2.5 times, respectively, when compared to the PVDF-TrFE film without
GO. Kandpal et al. (2017) experimentally investigated the enhancement of piezo-
potential response such as output voltage of nanogenerator with the accumulation of
GNPs into the polymer nanocomposite which can be used as an energy harvester. Dasari
et al. (2018) experimentally examined the GO-reinforced aluminum composite using the
liquid phase mixing and powder metallurgy techniques. Few studies elucidated the
methods of production, applications, inventions and limitations of composites made of
graphene and its derivatives (Mohan et al., 2018; Sreenivasulu et al., 2018). They focused
on several components of fortifying, scattering strategies and blended composites
utilizing graphene. Specifically, graphene-based polymer nanocomposite possesses good
semiconducting properties (Yildirim and Ozturk, 2018), which makes it suitable to

produce a strain sensor having a high gauge factor.

The quest for utilizing exceptional electro-thermo-mechanical properties of
graphene led to the opening of an emerging area of research on the development of
graphene-based structures such as beam, plate and shell because these structures are the
important building blocks of MEMS/NEMS applications. The present dissertation is

focused on these structures.
1.2.2 Graphene-Based Beams and Piezoelectric Nanowire

The composite structures are being widely used in the various MEMS/NEMS

applications and composite beam is one of the most important structural elements. For

9
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instance, Rafiee et al. (2009) studied the buckling behavior of graphene-reinforced epoxy
nanocomposite (GNC) beam and they found that the addition of 0.1 wt.% of graphene
fillers into the epoxy results in ~52% enhancement of buckling property of GNC beam.
Momeni et al. (2010) developed the multi-physics analytical model to determine the
electric potential of zinc-oxide (ZnO) nanocomposite beams. They used the perturbation
theory for decoupling constitutive equations. Feng et al. (2017) examined the nonlinear
bending behavior of polymer nanocomposite beams reinforced with multi-layered GNPs
that are non-uniformly dispersed in the thickness direction of the beam. They found that
the bending performance of polymer matrix nanocomposite beam significantly improved
by adding a small amount of GNPs. Many researchers studied the functionally graded
(FG)-GNC laminated beams supported by elastic foundations to investigate their
nonlinear bending and buckling, thermal postbuckling as well as dynamic instability
under the consideration of thermal environment (Chen et al., 2017; Shen et al., 2017; Wu
et al., 2017). They also found that the nonlinear behavior of composite beams enhanced
significantly due to the addition of a small quantity of graphene and its derivatives. With
the application of Ritz method and algebraic polynomials, thermal postbuckling analysis
was performed to study the nonlinear thermal stability of GNC laminated beams under
uniform temperature rise (Kiani and Mirzaei, 2018). Based on the first-order shear
deformation theory, Zhang et al. (2018) analyzed the bending, buckling, and vibration
behaviors of FG multi-layered GO-reinforced composite beams. They also obtained
effective mechanical properties of GO-reinforced composite using the modified Halpin-
Tsai approach. Recently, Wang et al. (2019) developed a two-dimensional elasticity
model considering uniform dispersion of graphene in each layer of a laminated graphene
composite beam to study its free vibration and bending behaviors.

Similar to piezoelectric nanobeam structures, the piezoelectric nanowire is
considered as a first prototype of nanogenerator (Wang and Song, 2006), which
fascinated the intense interest among the researchers for its potential applications. The
most commonly used nanodevices based on piezoelectric cylindrical nanowires include
piezoelectric  field-effect transistors (FETs), piezoelectric  resonators and
nanopiezotronics. Particular nanostructures such as nanobeams and nanoplates have
certain restricted applications due to their geometrical configurations, and the cylindrical
nanowire is another key structural health monitoring (SHM) element to overcome the

10
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restrictions posed by nanobeams and nanoplates. The electric potential in the tensile and
compressive sections of nanowire is antisymmetric along its cross-section, making it as a
“parallel plate capacitor” for nanopiezotronics applications such as nanogenerator and
piezoelectric FETs due to the potential drop across the nanowire which assists as the gate
voltage (Wang and Song, 2006; Wang, 2007). For instance, Gao and Wang (2007)
investigated the distribution of piezoelectric potential in cylindrical ZnO nanowire using
the perturbation theory. They compared their analytical results with numerical FE
simulations. Shao et al. (2010) proposed the simple continuum model for evaluating the
distribution of electric potential generated in the cantilever nanorod bent by the uniform
force applied at its tip. Momeni et al. (2010) developed the multi-physics analytical
model to determine the electric potential of ZnO nanocomposite. From these studies it is
found that the piezoelectric effect in nanostructures play a significant role on their
working mechanisms, especially nanowire-based nanogenerators. The working
mechanism of nanowire largely depends on its deformation which generates electric

polarization across its surface.
1.2.3 Graphene-Based Plates

Piezoelectric nanoplates are another important type of structural elements used for
NEMS. Several researchers used graphene in composite structures such as nanoplates and
nanofilms, and studied their static and dynamic characteristics. For example, using the
nonlocal theory for elastic plate, the vibration analysis of single atomic-layered graphene
was investigated by Pradhan and Murmu (2009). Thin composite plates are another
important type of structural elements that have potential applications in NEMS due to
their linear behavior and high sensitivity. For instance, Panigrahi (2009) and Nimje and
Panigrahi (2014) carried out the damage analysis and FE numerical simulation for stress
and failure of functionally graded adhesively bonded laminated graphite-epoxy
composite plates. The experimental study by Parashar and Mertiny (2012) reported that
the buckling capacity of the plate increases when the graphene-reinforced composite is
enriched with only low percentage of graphene. They reported 26% enhancement in the
buckling capacity of graphene-based composite plate under the unidirectional
compression with only 6% volume fraction of graphene. Using the FE method and

multiscale approach, Chandra et al. (2012) highlighted the enhancement of natural

11
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frequencies and mode shapes of graphene/polymer composite plates (Fig. 1.4). They
found that as the plate aspect ratio increases, the natural frequency of graphene/epoxy

composite plates decreases.

Polymer Matrix

Graphene sheet

van der Waals interaction

Figure 1.4: Multiscale model of GRP Composite. (Courtesy: Chandra et al. 2012)

The influence of surface effects on the nanoscale plate was investigated by Liu
and Rajapakse (2013) and Sapsathiarn and Rajapakse (2017) to study its static and
dynamic behavior. They also derived a solution for the nanoscale rectangular plates using
the FE approach. Li and Narita (2014) proposed an active control method to reduce the
wind-induced vibration of laminated composite plates using a velocity feedback control
strategy. Saber et al. (2014) developed hybrid PZT based piezoelectric composite plates
for sensory applications by incorporating the thin film of multi-walled carbon nanotubes
(MWCNTSs) and GNPs. The nanocomposite films showed significant improvement in the
effective piezoelectric and stiffness properties of resulting nanocomposite by ~50% and
200%, respectively. They also reported that the use of GNPs in the composite is better
than MWCNTs when the dynamic response and poling behavior are considered.
Sadeghzadeh (2016) studied the multilayer graphene-reinforced plate using the multiscale
approach. He reported that the spaced multilayer graphene sheets are more efficient than
the stacked multilayer graphene sheets having interlayer distance 0.34 nm, that is, no
metallic nanoparticles or fullerenes exist between two adjacent graphene layers. Song et
al. (2017) studied the free and forced vibrations of multilayer GNP-reinforced composite

plates subjected to the axial compression and transverse loadings. They revealed that the

12
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small amount of GNPs significantly increases the critical buckling load of composite

plate and reduces its vibration.

Feng et al. (2017) found that the bending performance of polymer matrix
nanocomposite significantly improved by adding small amount of GNPs. The
micromechanical model and multiscale approach were developed by Shen et al. (2017)
for analyzing the post-buckling behavior of FG graphene-based laminated composite
plates under the uniaxial compression in thermal environments. Zhao et al.
(2017) investigated the bending and vibration behavior of FG GNP-reinforced trapezoidal
plates using the FE method. They also predicted the effective material properties such as
Young’s modulus, mass density and Poisson’s ratio of GNP-nanocomposite using the
modified Halpin-Tsai model and rules-of-mixture. Karimi et al. (2017) investigated the
effect of different parameters such as nonlocal and surface layers on the in-phase and out-
of-phase natural frequencies of double-layer piezoelectric nanoplate subjected to the
thermo-electro-mechanical loadings. Garcia-Macias et al. (2018) found that the
performance of GNP reinforcements in the composite plate is superior as compared to
CNTs in terms of stiffening effect and load-bearing capacity.

1.2.4 Graphene-Based Shells

Composite beams and plates have certain restricted applications due to their
geometrical configurations and design of zero curvature, and the cylindrical shell and
nanowire are another key structural elements to overcome the restrictions posed by beams
and plates. For instance, the influence of surface energy effect introduced by Sahmani et
al. (2016) on the nonlinear- and post-buckling behavior of nanoscale piezoelectric shells
under a longitudinal compression with electromechanical loadings. Wang and co-authors
(2018a, 2018b) investigated the eigenvalue buckling and torsional analysis of FG
graphene platelets (GPLs)-reinforced composite shells using the FE method. They also
conducted the parametric analysis to study the effect of distributions, geometry and
weight fraction of GPLs as well as presence of cut-out, number of layers and shell
dimensions on the buckling behavior. Liu et al. (2018) examined the free vibration and
buckling characteristics of non-uniformly distributed GPL-reinforced composite shell.
They presented numerical results considering different dispersion patterns of GPLs.

Recently, Habibi et al. (2019) studied the wave propagation behavior of size-dependent

13
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GPL-reinforced composite shell which was coupled with the piezoelectric layer and they
also explored the influence of piezoelectric layer thickness, GPL weight fraction and
wave number on the phase velocity. Most recently, Karimiasl et al. (2020) examined the
nonlinear vibration behavior of a multiscale doubly curved sandwich nanocomposite shell
rested on the elastic foundation, exposed to the hygrothermal environment. By using the
Halpin-Tsai model, they studied a three-phase composite with fiber-polymer-GPL and
fiber-polymer-CNT. Liu et al. (2020) proposed the layout design of piezoelectric
actuators for active control vibration of thin-walled smart structures. Findings from the
literature indicate that the use of graphene and its derivatives, as reinforcements,
significantly enhances the overall properties and response of resulting composites and its

structures.
1.2.5 Challenges in Fabrication of Graphene-Based Composites

The review of literature presented in preceding Sections on graphene-reinforced
composite and its structures confirms that one can use graphene as nanofiller and
modifiers in conventional polymer matrices and composite structures. Note that there are
still some challenges regarding the manufacturing of layered nanocomposites with a
higher weight fractions of graphene with a specific thickness on the order of nanometer
(nm). In the literature, nanofabrication techniques such as layer-by-layer (LbL) assembly
and dispersion method, which mainly deal with the interaction between cation and anions
of adjacent graphene layers, are commonly used to fabricate graphene-based thin films
(Gamboa et al., 2010). Some researchers fabricated graphene-based nanocomposite
samples with 1% to 90% volume fractions of graphene and its derivatives such as
graphite oxide and graphene oxide using above mentioned nanofabrication methods
(Gong et al., 2012; Young et al., 2012; Yang et al., 2013; Papageorgiou et al., 2017).
Using these techniques, the fabrication of thin graphene-based nanocomposite films can
be fabricated and the film thickness on the order of nm can be tailored by varying the
number of graphene layers (Yang et al., 2013; Prolongo et al., 2014; Tzeng et al., 2015;
Prolongo et al., 2018). Some challenges are associated with these techniques such as in
every step of LbL technique, the layered graphene structure is required to be rinsed with
deionized water followed by the drying for a specific time that may lead to error and non-

uniform deposition. Mature fabrication techniques are evolving as the applications of 2-D
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graphene sheets become more defined, and thin structures made of their layers are being
fabricated at relatively low-cost. Some experimental studies reported the axial and
transverse properties of graphene-based nanocomposites (Zhao et al. 2010; Khan et al.
2012; Ji et al. 2016; Garcia-Macias et al. 2018). They showed that the axial effective
properties of graphene-based composite vary linearly with graphene volume fraction.
They also showed that the axial properties follow the rules-of-mixture and iso-strain

conditions perfectly.

The review of literature presented herein indicate that the graphene-based
composites and their structures are vastly studied in the last decade. Nevertheless, to date,
to the best of the current researchers’ knowledge, no single study exists on studying the
electromechanical behavior of graphene-based composite as well as its nanostructures
considering the size-dependent flexoelectric, piezoelectric and surface effects, which can
offer many opportunities for developing next-generation NEMS. Flexoelectric and

piezoelectric concepts are discussed in next Section.

1.3 Size-dependent Properties
1.3.1 Flexoelectricity and Piezoelectricity

Over the last two decades, the flexoelectricity phenomenon has received much
attention from both fundamental and application point of view with the aim of developing
NEMS. Flexoelectricity is the response of electric polarization to an applied strain
gradient and is developed as a consequence of crystal symmetry in all materials. Recent
advances in nanoscale technologies have renewed the interest in flexoelectricity due to
the obvious existence of large strain gradients at the nanoscale level that leads to strong
electromechanical coupling. The symmetry breaking at surfaces and interfaces in
nonpolar materials allows new forms of electromechanical coupling such as surface
piezoelectricity and flexoelectricity, which cannot be induced in the bulk materials. For
the first time, the flexoelectricity phenomenon was observed in the crystal plates by
Mashkevich and Tolpygo (1957), while theoretical predictions for the flexoelectric
coefficients were reported by Kogan (1964). He provided the approximate predictions by
using the relation of electronic charge (e) in electron volt and lattice parameter (a), and
the determined values of flexoelectric coefficients are reported in the range of 10712 —
106C/m.

15



Chapter 1

Piezoelectricity was first discovered by French physicists, Jacques and Pierre
Curie in 1880. Afterward, Gabriel Lippmann deduced mathematical relation for the
inverse piezoelectric effect from the fundamental principles of thermodynamics in 1881,
which was not predicted by Curie brothers. Piezoelectricity—electrical polarization
induced by a uniform strain (or vice-versa)—-is the most widely known and exploited
forms of electromechanical coupling that exists in non-centrosymmetric crystals. In non-
centrosymmetric crystals, the absence of center of inversion results in the presence of
polarization. Specifically, in contrast to the piezoelectricity, the flexoelectricity
phenomenon presents in nanomaterial having inversion symmetry, and even the
centrosymmetric crystal can also be polarized by breaking its inversion symmetry and
applying non-uniform strain gradient. Unlike, piezoelectricity phenomenon which can be
found only in 20 non-centrosymmetric point groups, the flexoelectricity exists in all
dielectric and insulating materials with 32 crystallographic point groups and the
electromechanical coupling can be generated in non-piezoelectric materials (Maranganti
et al., 2006; Sharma et al., 2007). For a better understanding of flexoelectricity, first the
concept of piezoelectricity and its mathematical relation is described as follows:

Pi~dijksjk (1)

In the above relation, P; denotes the polarization vector, g is the strain tensor and
dj;k is the piezoelectric tensor. Similar to the piezoelectricity, flexoelectricity also shows
two discrete strain and electric field gradient-dependent electromechanical couplings
such as direct as well as inverse flexoelectric effects. Flexoelectricity ia a size-dependent
phenomenon. Thus, the flexoelectric effect is a preferred electromechanical coupling in
MEMS/NEMS applications. The constitutive relation (1) for the total polarization vector

accounting the flexoelectric effect may be re-written as:

Pi~djjk&ix + fijua ax, (2)

. . ds;y. . . : :
where fj; is the flexoelectric tensor and % is the higher order strain gradient tensor.
1

According to the variational principle for dielectrics, Maranganti et al. (2006)
established a comprehensive framework considering the flexoelectric effect and provided

solutions for the governing equations of an isotropic centrosymmetric material using
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Green's function. Using combined atomistic and theoretical methods, Majdoub et al.
(2008) studied the “effective” size-dependent electrocmechanical response of
piezoelectric and non-piezoelectric nanoscale cantilever beams subjected to
inhomogeneous strain. A few analytical studies also conducted to incorporate the effect
of flexoelectricity which identified in some of the structural elements. Gharbi et al.
(2011) observed an important role of flexoelectricity in the hardening of ferroelectrics at
nano-indentation. Morozovska et al. (2011) reported that flexoelectricity plays an
important role in the electromechanical response of moderate conductors. Based on the
theory developed by Hadjesfandiari (2013), Li et al. (2014) studied the three-layer
microbeam comprised of a flexoelectric dielectric layer using the size-dependent model.
Wang and Wang (2016) developed a theoretical model for the micro/nanoscale beam
considering the flexoelectric effect. Rupa and Ray (2017) obtained the exact solutions for
the static response of simply-supported flexoelectric nanobeam. The beam was subjected
to the applied mechanical load on its top surface while it was activated with the
prescribed voltage at its top and bottom surfaces. Using density functional theory
calculations, Kundalwal et al. (2017) reported the existence of polarization in non-
piezoelectric graphene layer using flexoelectricity concept. Their study showed the
electromechanical couplings in the graphene layer can be tailored by changing the size
and shape of non-centrosymmetric pores and radius of curvature. It can be clearly
observed that the flexoelectricity plays an important role on the performance of static and

dynamic behavior of various structures.
1.3.2 Surface Effect

In recent years, apart from the flexoelectric effect, the surface effects have
attracted great interest from fundamental as well as practical point of view. According to
the linear theory of surface elasticity and its extended theories, a continuum model is
presented by Gurtin and Murdoch (1975). Gurtin and Murdoch theory is based on the
assumption of the deformable surface having zero or negligible thickness which is
adhered to bulk material considering the perfect bond amongst the surface and bulk
material. The surface effect can also be known as a size-dependent phenomenon. The
surface effects are mainly responsible to generate the size-dependent electromechanical

response from the bulk material because of its reduced geometrical dimensions to the
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nanoscale. As size of material decreases, its surface area and volume decrease as the
square and cube of the length dimension, respectively. Therefore, a much more dramatic
enhancement in the surface energy is expected as a result of decreasing the material size
that can be obtained by tailoring the shapes of bulk/parent material. For instance, the
surface energy effect on the static and dynamic response of elastic and piezoelectric
nanomaterials were examined by various researchers (Miller and Shenoy, 2000; Huang
and Yu, 2006; He and Lilley, 2008; Ru, 2009; Chen, 2011; Yan and Jiang, 2011), and
they found that the surface effect influences the performance of energy harvester as its
size gets reduced to the nanoscale. Therefore, surface effects can contribute extensively
to the electromechanical response when the size of the structure scaled down.
Specifically, the pioneering work on the surface effect on nanostructure investigated by
Shen and Hu (2010) using the theory of dielectrics accounting the influence of the
piezoelectric and flexoelectric effects with the consideration of surface parameters, which
offers a mathematical framework to explore and compute the electromechanical response
in nano-dielectrics. Liu and Rajapakse (2010, 2011, 2013) developed the continuum and
finite element models to demonstrate the influence of surface effects accounting the
parameters like residual surface stresses and lame constants on the static/dynamic
behavior of nanobeams and nanoplates without considering the piezoelectric and
flexoelectric effects. According to the state-space formulation, Chen (2011) studied the
influence of surface effect on a thin piezoelectric body and demonstrated the relationship
between the surface piezoelectric constant and the thickness of surface layer. Using size-
dependent Euler-Bernoulli theory, Yan and Jiang (2011) determined the static response of
piezoelectric cantilever nanobeam accounting the residual surface effects and neglecting
the flexoelectric effect.

1.4 Scope and Objectives of the Dissertation

The review of literature reveals that the exceptionally attractive properties of
graphene can be exploited to develop graphene-reinforced polymer matrix composite and
its structures. The literature reviewed in Section 1.2 authenticates an overview of the
research signifying that the graphene reinforcements in the polymer matrix provides

feasible means to tailor the elastic, piezoelectric and dielectric properties of the resulting
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nanocomposites. Such a graphene-reinforced in the polymer matrix may be called as

graphene-reinforced nanocomposite (GRNC).

The prediction of the effective properties of a novel GRNC is an important issue.
In order to establish this novel GRNC as the multifunctional composite for structural
applications, the effective elastic, piezoelectric and dielectric properties of this composite
must be known a priori. No studies, however, have reported the effective properties of
GRNC. Moreover, the electromechanical behavior of GRNC-based structures is not
studied yet considering the flexoelectric effect. Such lack in studies provide an ample
scope for further research on developing accurate models for studying the effective
properties and electromechanical response of GRNC-based structures such as beams,
plates, wires and shells. Hence, the present research is directed to determine the effective
electromechanical properties such as elastic, piezoelectric and dielectric properties of
GRNC, and to develop analytical and numerical models for investigating the
electromechanical behaviour of GRNC beams, plates, wires and shells. Towards that

direction, it is intended to accomplish the tasks of following objectives:

> Determine the elastic properties of defective graphene sheets using MD simulations.

» Develop analytical micromechanics models for predicting the effective elastic,
piezoelectric and dielectric properties of GRNC. Develop numerical micromechanics
models to validate the analytical predictions of effective properties of GRNC.

> Develop an analytical model using the Euler beam theory to investigate the static
response of GRNC nanobeam subjected to mechanical and electrical loadings
considering the flexoelectric effect.

> Develop an analytical model using the Euler-Bernoulli beam theory to investigate the
static response of GRNC nanobeam subjected to electromechanical loading
considering the flexoelectric/surface effect.

> Develop FE model based on the Galerkin’s weighted residual method to validate the
analytical predictions of electromechanical response of GRNC nanobeams.

> Investigate the effect of piezoelectricity and flexoelectricity on the static and
dynamic behavior of GRNC nanoplates subjected to electromechanical loading using

Kirchhoff’s plate theory.
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> Develop analytical and 3D FE models to investigate the effect of piezoelectricity and

flexoelectricity on GRNC cylindrical nanowire subjected to electromechanical
loading.

Develop an analytical model for the elastic shell laminated with GRNC layer based
on Kirchhoff-Love theory considering both piezoelectric and flexoelectric effects to
investigate the electric potential distributions in it. Develop 3D FE models to validate

the analytical results.

1.5 Organization of the Thesis

The remaining part of the Thesis is organized as follows:

>

Chapter 2 deals with the development of analytical and numerical models for
predicting the effective elastic, piezoelectric and dielectric properties of GRNC in
conjunction with the molecular dynamics simulations for estimating the elastic
properties of defective graphene sheets.

Chapter 3 deals with the study of electromechanical behavior of GRNC nanobeams,
accounting the piezoelectric and flexoelectric effects, by deriving the analytical and
FE models.

Chapter 4 deals with the study of electromechanical behavior of GRNC beams,
accounting the flexoelectric and surface effects, by using size-dependent Euler-
Bernoulli theory, linear piezoelectricity and Galerkin’s weighted residual method.
Chapter 5 deals with the study of electromechanical behavior of GRNC plates with
flexoelectric effect by using Kirchhoff’s plate theory, Navier’s solution and extended
linear piezoelectricity theory.

Chapter 6 deals with the study of electromechanical behavior of GRNC nanowire
with flexoelectric effect by deriving the analytical model based on the concept of
strain gradient and FE model.

Chapter 7 deals with the study of electromechanical behavior of elastic shell
laminated with GRNC layer, accounting the piezoelectric and flexoelectric effects, by
using Kirchhoff-Love theory and FE models.

Chapter 8 summarizes the major conclusions drawn from the research work presented
in the Thesis and the further scope of research. The references are alphabetically
listed at the end of Thesis.
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Modeling of Graphene and GRNC

This Chapter presents some important preliminary concepts, emphasizing the Hill’s
average strain concentration tensors and their relationship to composite stiffness. Next,
the atomistic modeling of defective graphene layers using molecular dynamics simulations
is shown. Subsequently, the hierarchical steps involved in the analytical and finite element
(FE) modeling of a novel graphene-reinforced nanocomposite (GRNC) are described. The
micromechanical models based on the mechanics of materials (MOM), strength of
materials (SOM) and FE models are developed to determine the effective elastic,
piezoelectric and dielectric coefficients of GRNC. The obtained predictions of effective

properties of GRNC are compared and validated.

2.1 Preliminaries
The Hooke’s law for an elastic material can be written as follows
{o"} = [C"{e"}, (2.1a)

where {6"} and {"} denote the stress and strain vectors, respectively, and [C"] is the elastic

stiffness matrix of the r'" phase of composite. The inverse relation of Eq. (2.1a) is given as:
{e"} = [S"{o"}, (2.1b)

in which [ST] denote the compliance of the r'" phase of composite.

2.1.1 Average Stress and Strain

When a composite material is loaded, the point wise stress field {c(x)} and the
respective strain field {e(x)} become non-uniform on the microscale. The solution of these
non-uniform fields is a challenging problem. Though many useful results can be found in

terms of the average stress and strain (Hill, 1963,1964) by assuming a large enough
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representative volume element (RVE) comprising several fibers, but small compared to

any length scale over which the average loading or deformation of the composite varies.

The volume average stress {c} and strain {€} are defined as the averages of the

point wise stress {o(x)} and strain {e(x)} over the volume Q as follows:
) = % fﬂ{c(x)} d0, and (&} = % fﬂ{s(x)} do. (2.2)

It is also appropriate to define the volume average stresses and strains for the fiber and
matrix phases. To find these, first we divide the volume Q into the volume occupied by the

fibers (Qf) and matrix (Q™), for the two-phase composite, as follows:
vi+ vy, =1, (2.3)

in which v¢ and v,,, are the volume fractions of fiber and matrix phases in the composite,
respectively. The average fiber and matrix stresses are the averages over the respective

volumes and can be written as:

{c} _ 1 {c(x)} dQ, and {o™} -1 j {c(x)} dQ (2.4)
g , )y . .

Similarly, the average strains for the fiber and matrix can be obtained.

The relationships amongst the fiber and matrix averages, and the overall averages

can be derived from the earlier definitions and these are as follows:
{6} = v¢{o'} + viu{o™}, (2.5a)

{€} = ve{E"} + vin (EM}. (2.5b)

An important related outcome is the average strain theorem. Let the average volume (Q)
subjected to the surface displacements {u°(x)} consistent with the uniform strain {°}.

Then, the average strain within the region is

{g} = {£°}. (2.6)

Hill (1963) proved this theorem by replacing the definition of the strain tensor {&} in terms
of the displacement vector {u} into the definition of average strain {€}, and applying

Gauss’s theorem, the result is:
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1
(e} =5 [ (o} + w3 s 27)
S

where S denotes the surface of Q and {n} is a unit vector normal to dS. The average strain
within the volume Q is totally determined by the displacements on the surface of volume,
so the displacements consistent with the uniform strain must produce the identical value of
the average strain. A corollary of such an assumption is that one can obtain a perturbation
strain by taking difference between the local strain and the average strain as follows:

P (X))} = {e(®)} - (&}, (2.82)

then the volume average of {eP¢"}(x) must equal to zero
1
) = ¢ f (P ()} dQ = 0, (2.8b)
Q

The corresponding theorem for the average stress also holds. Hence, if the surface tractions
consistent with uniform stress {c°} applied on surface (S) then the average stress can be

expressed as:

{6} = {c°}. (2.8¢)
2.1.2 Average Properties and Strain Concentration

The aim of the micromechanics models is to determine the averaged effective
properties of composite, although these require proper definitions. At this juncture, we use
the direct method by Hashin (1983) in which the RVE is exposed to the constant surface
displacements with the uniform strain {€°}. The average composite stiffness is the matrix

[C] that measures such uniform strain to the average stress. From Eq. (2.6), we can obtain:

{o} = [CI{e}. (2.9a)
The average compliance matrix [S] is defined in the same way by applying tractions
consistent with the uniform stress {c°} on the surface of the average volume. Then, using
Eq. (2.8c), the result is:

{g} = [SI{a}. (2.9b)
Hill (1963) presented an important concept related to the strain [M] and stress [N]
fourth-order concentration tensors. Basically, these are the ratios of average fiber stress (or

strain) and the respective average strain (or stress) in the composite and can be expressed

as:

23



Chapter 2

{g7} = [M]{e} and (2.10a)

{c'} = [NI{5}, (2.10b)

where [M] and [N] are the fourth order tensors and, in general, they must be found from a
solution of the microscopic strain and stress fields, respectively. Different micromechanics
models provide different ways to approximate [M] and [N]. Note that both [M] and [N]
have the minor symmetries of the stiffness or compliance matrix, but lack the major
symmetry. That is,
Miji = Mjiki = Mijiw (2.11a)
but in general,
Mijia # M- (2.11b)

For later use it will be convenient to have an alternate strain concentration tensor [M] that

relates the average fiber strain to the average matrix strain, as follows:
{7} = [M]{e™}. (2.11¢)
This is related to [M] by
= [M]|a - vom + vf[lVl]]_l, (2.11d)

in which [I] represents the fourth order unit tensor. Using equations now in hand, one can
express the average composite stiffness in terms of the strain concentration tensor [M], and
the fiber and matrix elastic properties (Hill, 1963).

In general, these stress and strain concentration tensors must be found from a
solution of the microscopic stress or strain fields. Equating Egs. (2.1), (2.5a), (2.5b), (2.93)

and (2.10a), we can obtain:

[C] = [C™] + v¢([Cf] — [c™])[M]. (2.12a)
The equation for the compliance is
[S] = [S™] + v¢([ST] — [S™])[N]. (2.12b)

Note that Egs. (2.12a and 2.12b) are not independent, [S] = [C] . Hence, the strain
concentration tensor [M] and the stress concentration tensor [N] are not independent either.

The choice of which one to use in any instance is a matter of convenience.
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To find the use of stress and strain concentration tensors, we noticed that the Voigt
average corresponds to the assumption that both the fiber and matrix experience equal
uniform strain i.e., iso-strain conditions. Then {g} = {€f} and [M] = [I], and from Eqg.

(2.12a), the stiffness of the composite can be written as:
[cVoiet] = vg[Cf] + vy [C™]. (2.12¢)

Recall that the VVoigt average corresponds to the upper bound on the stiffness of composite.
The Reuss average considers that both the fiber and matrix experience equal uniform stress
i.e., iso-stress conditions. This implies that [N] = [I], and from Eqg. (2.12b), the compliance

of the composite can be written as:
[SReuss] = ve[ST] + v, [S™]. (2.12d)

2.2 Elastic Properties of Graphene Sheets

The introduction and literature review Chapter reveals that a thorough
understanding of mechanics of graphene is needed to exploit its full potential. The
piezoelectric properties of graphene sheets containing non-centrosymmetric pores are
already reported in the literature, but their elastic properties are not available. Before
proceeding for the prediction of effective properties of GRNC, the elastic properties of
graphene sheets containing non-centrosymmetric pores need to be determined priori. The
capability of continuum models to capture atomistic data at nanoscale-level of graphene is
questionable. This encourages the use of molecular dynamics (MD) simulations to
determine the elastic properties of graphene sheets.

MD is the most commonly used modeling technique for the simulation of
nanostructured materials because it allows accurate predictions of interactions between
atoms and molecules at the atomic scale level. In the 1950s, the method was firstly
introduced by theoretical physicists. MD simulation is mainly used into two steps. The first
step includes the determination of the interacting forces between a system of atoms through
molecular mechanics potential fields, and the second step consists of tracing movements
of atoms using Newton's equations of motion. Molecules are described by a “ball and
spring” model in force field methods, with atoms having different sizes and “softness” and
bonds having different lengths and “stiffness”. Force field methods are also referred to as

molecular mechanics (MM) methods. The classical mechanics (CM) deals with motion of

25



Chapter 2

bodies (including the special case in which bodies remain at rest) in accordance with
Newtonian mechanics (Jensen, 2017). The term classical mechanics was coined to loosely
label the set of equations that describe reality at scales where quantum and relativistic
effects are negligible. The obvious advantage of MD over classical models is that it
provides a route to dynamical properties of the system: transport coefficients, time-
dependent responses to perturbations, rheological properties and vibrational infrared (IR)
spectra, thermo-mechanical properties, and many more exceptional characteristics.
Therefore, MD simulations were carried out herein to determine the elastic properties of
pristine and defective graphene sheets.

The MD simulations were carried out to determine the elastic properties of (i)
pristine graphene sheet and (ii) defective graphene sheets containing 4.5% and 20%
vacancies in form of non-centrosymmetric pores. Schematics of such graphene layers are
shown in Fig. 2.1. All MD simulations were conducted with large-scale atomic/molecular
massively parallel simulator (LAMMPS) (Plimpton 1995), and the molecular interactions
in graphene were described in terms of Adaptive Intermolecular Reactive Empirical Bond
Order (AIREBO) force fields (Stuart et al., 2000). During the uniaxial deformation of the
graphene, the stresses were determined on the atomistic scale using virial stress tensor
defined by Eq. (2.14) (Allen and Tildesley, 1987); as follows:

N

1 m;
5= ﬁz (71V12 +Fir), (2.13)

i=1
in which Q is the volume of atoms; v;, m;, rj, and F; denote the velocity, mass, position
and force of the ith atom, respectively. Then, the stress-strain curves during the tensile
loading were obtained, and Young’s modulus (E) and Poisson’s ratio (1) of pristine and
defective graphene sheets were determined. The determination of values of E and p was
accomplished by using the simple strain energy density elastic constant relations. The
equivalent continuum graphene sheet was assumed to be a flat plate considering its wall
thickness of 3.4 A° (Kundalwal and Meguid 2017). A direct transformation to continuum
properties was then made by assuming that the potential energy density of discrete atomic
interactions of neighbouring atoms is equal to the strain energy density of the continuous
substance occupying a graphene volume. The atomic volume was determined from the
relaxed graphene sheet with the thickness (t) of 3.4 A (Huang et al., 2006 Pei et al., 2010).
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Figure 2.1: Armchair graphene sheets subjected to axial stress: (a) Pristine; and with
trapezoidal pores: (b) 4.5% and (c) 20% vacancies.

2.3 Effective Properties of GRNC

It was identified in the previous Chapter that the development of GRNC by
reinforcing the 2D graphene sheets into the polymer matrix may be the most plausible way
to harness structural benefits from their exceptionally high electro-thermo-mechanical
properties. Subsequently, it was objectified to determine the effective elastic, piezoelectric
as well as dielectric properties of GRNC so that this composite can be assessed as a superior
material for structural and NEMS applications. As a first endeavor, analytical and finite
element (FE) models were derived in this Chapter for predicting the effective properties of
anovel GRNC. The effective properties of GRNC were determined by varying the volume
fraction of graphene. Several studies used the different homogenization techniques and
micromechanical models like shear-lag, Halpin-Tsai, couple-stress, self-consistent, Mori—
Tanaka, Hashin—Shtrikman, composite cylinder/sphere assemblage (CCA and CSA), rules-
of-mixture (ROM) and multi-level model for studying the mechanical behavior
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of composites (Bouyge et al., 2001, 2002; Yang and Meguid, 2013; Chen et al., 2014;
Chatzigeorgiou et al., 2019) and the predictions were validated with the experimental
estimates (Gong et al., 2012; Young et al., 2012; Papageorgiou et al., 2017). Therefore, we
used mMROM model to determine the effective elastic properties of GRNC considering the
geometrical factors of embedded graphene such as orientation, length and agglomeration.
These factors are important as it is very difficult to obtain uniform dispersion and alignment
of nanofillers in the matrix during the fabrication of nanocomposites. Krenchel orientation
factor (n,), critical length efficiency factor (n,) and agglomeration factor (n,) were taken

into consideration as follows (Papageorgiou et al., 2020):
Ec = noniEenave + Evi, (2.14)

where E, and E,,, denote the elastic modulus of graphene and matrix. The values of 1y, 1,
and n, factors become unity in case of aligned and non-agglomerated graphene layers

perfectly bonded with the surrounding matrix (Papageorgiou et al., 2020).
2.3.1 Mechanics of Materials (MOM) Approach

This sub-section presents the derivation of analytical micromechanics model using
the MOM approach for determining the effective elastic, piezoelectric and dielectric
properties of GRNC comprised of graphene layers and polymer matrix. Assuming a
graphene sheet as a piezoelectric continuum and the polyimide/alumina as the matrix, the
elastic, piezoelectric as well as dielectric properties of GRNC were determined. Several
researchers developed analytical and numerical models of graphene considering it as a
continuum medium using the theory continuum elasticity (Gupta and Batra, 2010; Gradinar
etal., 2013; Verma et al., 2014; Bahamon et al., 2015; Cui et al., 2016). This suggests that
the displacement of each carbon atom in homogeneously deformed graphene layer is given
by the deformation of the continuum medium on which the atom is embedded.

A novel GRNC is reinforced with the multilayers of piezoelectric graphene sheets
and polyimide/alumina matrix. Such GRNC can be considered as composed of rectangular
RVEs comprising graphene and polyimide/alumina matrix, as shown in Fig. 2.2, and we
limited the development of our micromechanical model to a single RVE. We assumed that
(i) reinforcements are continuous, parallel and aligned, (ii) no slippage occurs between a
graphene reinforcement and the surrounding matrix, (iii) matrix is free from voids, and (vi)

the resulting nanocomposite is linearly elastic and homogeneous (Gao and Li, 2005; Song
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and Youn, 2006; Jiang et al., 2009; Kundalwal and Ray, 2011, 2013). It is considered that
the upper and lower surfaces of reinforcements and GRNC lamina are electroded and the
electric field is applied along its thickness. It is also assumed that electrodes do not
contribute or influence on the stiffness of homogenized GRNC. The conducting electrodes
maintain constant electrostatic potentials on both the upper and lower surfaces of GRNC
lamina. Hence, the electric polarization exists in the piezoelectric medium when it is kept
in a parallel plate capacitor with an electric potential applied across the lamina even if these
parallel plates are not in contact with the lamina. Such GRNC lamina demonstrates the
inverse piezoelectric effect and may be considered as a capacitor having two parallel plates

in which the graphene reinforcements and matrix act as the dielectric medium.
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Figure 2.2: (a) Schematic representation of a GRNC lamina and (b) cross-sections of an

RVE of GRNC.

The effective properties of GRNC were obtained by modifying the existing MOM
model (Kundalwal and Ray, 2011). Figure 2.2(b) demonstrates an RVE of GRNC lamina
in which the graphene layers are incorporated along its thickness direction. Smith and Auld

(1991) used the strength of materials (SOM) approach to predict the effective elastic and

29



Chapter 2

piezoelectric properties of 1-3 piezoelectric composite in which PZT fibers of square cross-
section were surrounded by the epoxy matrix. Note that the effective elastic and
piezoelectric properties predicted by Smith and Auld (1991) are most feasible for
controlling the thickness mode oscillations of thin composite plates. Our micromechanical
analysis is confined to the RVE of GRNC (see Fig. 2.2) for determining the effective
properties of bulk GRNC.

Note that the thickness of GRNC lamina is assumed to be very small and normal
stresses can be induced in it due to the applied electric field (E3) along the 3—axis of GRNC.

The constitutive equations for the constituents of GRNC can be written as follows:

{08} = [C8]{eB} — {eB}E3,and {o™} = [C™]{e™}, (2.15a)
(ol Ch
o} €5
o5 €5
O3 =1 EY=1s 0 (2.15b)
23 23
013 €13
\07,/ \e],/
€1 Ciz Ciz 0 0 0] (e5))
Ciz G C3 O 0 0 e§2
[Cr] _ C{3 C£3 C§3 0 0 0 { g} = eg e _ d
=0 0 0 C£4 0 ol €cy = Sg,r—ganm
0 0 0 0 Cis O 0
[ 0 0 0 0 0 Cgel \ 0 /

In above equations, the respective g and m superscripts represent the graphene and
polyimide/alumina matrix. The superscript r is used to indicate the corresponding
constituent phase; o7, o5, and oj are the normal stresses in the directions 1, 2, and 3,
respectively; €], €5, and €5 are the respective normal strains; o3,, o}3, and o5 are the

shear stresses; €15, €13, and €55 are the shear strains; Cj; (,j = 1,2 and 6) are the elastic

coefficients of rt phase; and e§1’ egz, and e§3 are the piezoelectric coefficients of a

graphene.

We assumed that the GRNC lamina is homogeneous in which graphene and matrix
are linearly elastic (Gao and Li, 2005; Song and Youn, 2006; Jiang et al., 2009; Kundalwal
and Ray, 2011, 2013). The ROM and iso-field (iso-stress and iso-strain) conditions can be
used to model the condition of perfect bonding between a reinforcement and the
surrounding matrix (Smith and Auld, 1991; Benveniste and Dvorak, 1992; Ray, 2006;
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Esteva and Spanos, 2009; Kundalwal and Ray, 2011). The iso-strain condition permits us
to consider the normal strains in homogenized composite and its constituents are the same
along the reinforcement direction while the iso-stress condition indicates that the transverse
stresses in the respective constituents are same along the transverse direction of the
reinforcement. The ROM permits us to define the normal stress and transverse as well as
shear strains of the phases with respect to their volume fractions.

Using iso-strain and -stress conditions (Smith and Auld, 1991; Benveniste and
Dvorak, 1992; Ray, 2006), the perfect bonding amongst a graphene layer and the matrix

can be modeled by satisfying the following:

g
o0°) NC
( é (o) (07 )
NC
03 oy 03
g m NC
£ £ €
{3y =3 1={"3 1 (2.16)
g m NC
033 023 023
m
013 G%n3 ors
ot,) o)

Therefore, the ROM was used to determine the effective elastic properties of GRNC
assuming graphene reinforcement as continuum layers embedded into the matrix. Hence,

using the ROM, we can write:

A NC
NC
& ey €2
g m NC
o o o
3 3 _ )O3
Vel g [ FVmigm [ =\ Ne [ (2.17)
€23 23 €3
m
€13 8111]3 ey
g \eT% ) [ NC
\€],/ €12/

in which the superscript NC denotes the quantities of RVE of GRNC, and v, and v, are

the volume fractions of a graphene layer and matrix, respectively. Using Egs. (2.15-2.17),
the stress and strain vectors of homogenized GRNC can be written in terms of the

respective stress and strain vectors of constituent phases as follows:

{oN} = [C1]{e8} + [Co]{e™} — {e4}Es,
[C5]{eB} — [Cyl{e™} = {e,}E; and (2.18)

{eN} = [Vy]{e8} + [V, ]{e™}.
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The matrices appeared in Egs. (2.18) are given as follows:

rcs,ock, ¢ 0o o0 0]
c,, ¢& ¢ o0 o0 0
] = vgCP; vgC3, vgC5, 0 0 0
Yo 0 o ¢, o of
0 0 0 0 ck o
0 0 0 0 0 C&
0 0 0 0 0 0 (€5 ) (—e&)
0 0 0 000 es, —ef,
_|vmCi3 vmC33 vmC3sz 0 0 O _ Jv.e8 ~] o
0 0 0 0 0 0 0 0
0 0 0 0 0 o . .
C, C, Cf 0 0 0] cmoclnoCcR o0 0 0
cf, C3, C5 0 0 0 noCh Ch 0 0 0
o 0 1 0 0 0 0o 0 1 0 0 0
CI=1o o o & o ofl®%=[0o o o cm o of
0o 0 0 0 Cc& o 0 0 0 0 Cx O
m
o 0 0 o0 o0 Cc& 00000 G
ve 0 0 0 0 07 Vm 0 0 0 0 0]
0 vz 0 0 0 O 0O v, 0 0 0 O
001 0 0 0 0 0 0 0 0 O
Mil=10 0 0 v, o of@ld=lg ¢ 0 v, 0 of
0 0 0 0 vy 0 0 0 0 0 v, O
(0 0 0 0 0 v L0 0 0 0 0 vy

Making the use of Eq. (2.16) into Eq. (2.18), a constitutive relation for the GRNC can be

written as:
{oNC} = [CNC]{eNC} — {eNO}E;, (2.19)

in which [CN¢] and {eN¢} are the matrices for the effective elastic and piezoelectric

properties of GRNC, respectively, and can be obtained as follows:

[CNC] = [Ci][Vs] ™" + [Co][Val ™,

[V3] =[]+ [VZ][C4]_1[C3],

[Va] = [Vo] + [V1][C3]_1[C4] and
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{eN°} = {e1} + [C11[V3] T [V2][Cal ™M en} — [Co[Val M [VA][C5] Heo ) (2.20)
From Eq. (2.20), the effective piezoelectric coefficients of GRNC can be identified as

e3; = eNC(1), ez, = eNC(2), and e33 = eNC(3).

Here, the effective piezoelectric constant e;; of the GRNC defines the normal
stress induced in transverse 1-direction due to the application of a unit electric field in
longitudinal 3—direction (Smith and Auld, 1991; Kumar and Chakraborty, 2009). Similarly,
the effective piezoelectric constants es, and e;; define the normal stresses induced in the
respective 2— and 3—directions. While the piezoelectric constant e, 5 quantifies the induced
shear stress about 2—direction per unit electric field applied in the 1-direction. It may be
noted that the MOM model cannot provide the solution to determine the effective
piezoelectric constant (e;5) . Therefore, the closed form expressions of effective
piezoelectric constants of GRNC from Ref. (Kumar and Chakraborty, 2009) are given

below:

g (1 VinCs ) (2.21a)
e;s = e _——— ) 21a
15 v,Cgs+ va§5

ery = €8, (1 ol ) (2.21b)
v, Cayt Vmef4

Note that the GRNC is the transversely isotropic material with the 3—axis as the axis of
symmetry; therefore, e;; = e33 and e,, = e;5 . Hence, only the three independent
piezoelectric constants (e;;, ez and e;g) are required to study the piezoelectric behavior
of GRNC.

Consequently, the effective dielectric constant (€55) of GRNC is derived by using

the following relation (Ray and Pradhan, 2006):
els = Vg E§3 + v, €55 + e‘glvgvm /(VmC§1+VgC{n1 . (2.22)

2.3.2 Strength of Materials (SOM) Model

In this sub-section, the SOM model was modified and developed using the MOM
and Hill’s average concentration factor for point-wise analysis of GRNC for determining

its effective properties. Figure 2.3 demonstrates a constructional representation of an RVE
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picked from the continuum of GRNC in which the graphene reinforcement is in the 1-3
plane. The problem coordinates and principal material coordinate systems are represented
by 1-2-3 and x-y-z, respectively, and Fig. 2.3(b) demonstrates the RVE of GRNC. We have
not performed any transformation, therefore, the principal material coordinates of Fig.

2.3(b) are exactly matching with the problem coordinate system of Fig. 2.3(a).

3

Surface electrode

(b)

Polyimide Matrix

()

Matrix

Graphene Matrix

!Gra!hcnc

Figure 2.3: (a) Schematic of a GRNC lamina, (b) FE mesh of RVE of GRNC, and (c)
longitudinal and transverse cross-sections of RVE of GRNC.

>3

Considering the graphene as a continuum plate, the SOM model developed by
Kundalwal and Ray (2011) was modified by incorporating Hill’s average concentration
factor for point-wise analysis of the local structure of GRNC to determine its effective
elastic, piezoelectric and dielectric properties. The constitutive relations for the different
phases of a GRNC with respect to the principal coordinate system (1-2—-3) of material can
be written as follows:

{o'} =[C"|{e"}, r=g,m,and NC (2.23)

Note that the thickness of GRNC lamina is assumed to be very small, and hence the
constant electric field E; acts across its thickness. Thus, the constitutive equations for the

electric displacement components of the graphene can be obtained as:
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D8 = {e8}'{c8} + {€,}ES, (2.24)
D3 = {€33}ET. (2.25)

D§ and DY are the electric displacements of the corresponding phases; and E§ and E" are
the electric fields of the corresponding phases.

Note that the GRNC is considered as a transversely isotropic material with 3—axis
as the symmetry axis, and accordingly, the above relations are written. Making use of Eqgs.
(2.15-2.16 and 2.22-2.23) and the stress as well as strain vectors of constituent phases, the

stress and strain vectors of GRNC can be expressed as:

{oN¢} = [C,]{eB} + [C,1{e™} — {e}Es, (2.26)
in which
(o) [ C§1 C%z C§3 0 0 0]
o)C G € CG; 0 0 0
g g g
{O.NC}_<O-3NC> [C,] = vgCis vglys vgl3 0 0 0
T ) 4NC (P T g ’
o) 0 0 0 C, 0 0
015 0 0 0 0 Cc& o0
\o15 ) | 0 0 0 0 0 Cc&]
0O 0 0 0 0 O (€5 )
0O 0 0 000 e,
cm ocmocn oo 0 0
[Cl=vm |33 723 "5 0 0 and{e1}=<Vg8‘§3>. (2.27)
0O 0 0 000 0
0O 0 0 0 0 o o

Our aim is to establish the relationship between the average electric field in the
homogenized GRNC and that in the individual phases. As stated earlier, the reinforcements
are considered as coated with electrodes and thus the reinforcement—matrix interface act as
a very thin metal conductor. Despite of fact, the electric field within the metallic conductor
is zero and thus, the metallic conductor placed between two dielectrics separates the
charges generated in it. As discussed, while developing MOM model, it can be possible to
develop the constant electric field in both the graphene and matrix phases for proper
distribution of spatially constant electric field/voltage on the electrodes at the graphene-

matrix interface. Therefore, using the ROM and considering the equal electric fields in the
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constituent phases (E§ = EX'), we can obtain the relation for D (electric displacement in
the homogenized GRNC lamina along its thickness); as follows (Ray, 2006):
D3 = vgD§ + v, DY (2.28)

Using the concept of pointwise average stress and strain discussed in preliminary Section
2.1, the relations for the piezoelectric composite were derived. In order to derive the
constitutive relations for the GRNC lamina which characterizes the inverse piezoelectric
effect, average strain vector of GRNC {&} and the average electric field E5 in the 3—
direction need to be correlated with the average stress vector {c} generated in the GRNC.
This can be obtained in terms of the average strains in GRNC and the electric fields in the
constituents by determining the local strain fields in the constituent phases of GRNC, that
is, graphene and matrix. Based on Hill’s average concentration approach (Hill, 1964), the

average strain fields in the constituent phases can be derived as (Ray, 2006):
{e8} = [X8]{eN} + {Y®}E;3 and {e™} = [X™]{e" } + {Y™}E;. (2.29)

[X"] and {Y#} represent the averages concentration factors ([6 x 6] and [6 X 1]). Thus, a
total 42 concentration factors of each phase (graphene reinforcement and matrix) are to be
determined for determining the effective properties of GRNC. The detailed procedure for

determining 84 constants is discussed below.

According to the iso-strain conditions (Eq. 2.25b), applied electric field (E5) and

composite strain {e5}, the factor X5; becomes unity and some of them vanish as below:
r,=1X,=0,i=1,24,..,6and
Y33 =0,r=gandm. (2.30)

According to the ROM (Eq. 2.25a), electric field (E;) and composite strain {e;}, the

following relations can be obtained:
VeX{ +vinX[]' = 8y, i= 1,2,4,5,6andj=1,2,3,..,6, (231a)
VeY5 + v YT =0,i=1,2,4,5and6. (2.31b)
In Eq. (2.31a), &;; is the Kronecker delta:

(0, ifi#]j
5”_{1, ifi =]
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Finally, using the iso-stress condition given by Eq. (2.25b), we can obtain the following

relations:
3
Z(Cﬁixﬁ -CgXMH =0, j=123..6,k = 1land2 (2.32a)
i=1
3
Z(C%Yﬁ —copvi) =e§, k= 1land2 (2.32b)
i=1
CEXS —CPXR=0,i = 456, k=123..,6 (2.320)
CEYS —CYR =0, i= 456 (2.32d)

It may be noted from Egs. (2.31) and (2.32) that there are 48 concentration factors which
can be obtained from simple solutions of 48 homogeneous equations. For example, using

Egs. (2.31a) and (2.32a), one can obtain the following expressions:

Vg Vg
(Cf, + = CIXE, + (C5, + = C)X5, =0, (2.33a)
Vi Vi
g o V8 ~myy8 g . V8 ~rmy\y8
(C3p +—=CH)XT, + (G5, + —=C3)X5, = 0. (2.33Db)
Vin Vi

Note that the determinant of the matrix obtained from the coefficients appeared in Egs.
(2.33a) and (2.33b) is nonsingular. Thus, it can be concluded that only straight-forward

solutions of these factors are plausible, i.e.,

X8, =X&, =0. (2.34)

Similarly, other concentration factors will become zero and the concentration matrix with

all nonzero elements can be obtained as:

_Xflgl X%Z X§3 0 0 0 ] (Ylgl\
X3, X3, X33 0 0 0 v
o 0 1 0 0 0 !
[X"] = 0 0 0 X§4 0 o | {Y'} =< 8 >, r=gandm. (2.35)
0o 0 o0 o0 X& o0 0
o 0 0o o0 o0 Xg 0/
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Subsequently, non-zero concentration factors of graphene and matrix phases
appeared in Eq. (2.35) can be exclusively computed for a specific graphene volume fraction
by making use of remaining 11 non-homogeneous relations [Egs. (2.31) and (2.32)].

Finally, non-zero concentration factors related to the graphene phase {A} can be obtained

as follows:
{A} = [Q]*{B}. (2.36)
where
{A} = [X§3 X§3 ng sz Xgl Xfl Ylgl ngl] )
{B} = [_Vm(C§3 —C35 _Vm(ci - Cin3) Cz Cz Cz Ch Vme§1 Vmeiz] ,

d11 912 O 0 0
qiz 922 O 0 0
0 0 dqu1 qiz O
qiz Qqz2 O 0
0 0 g1 dn2
0 0 di2 g2 O 0
0 0 0 0 g1 du2
0 0 0 0  diz2 g2

S O O
(=il el o]
o oo oo

=
I

S O O OO
S O O OO

qi1 = va§2 +vgC3% Q12 = VmeZ + vgCl; and qz; = Vmel +vgCii.  (2.37)

Using the following relation, we can determine the remaining three factors of graphene

layer/s:

cm

Xg_ 11

ii_(VC-“-“+V c&)’
guii m

i = 4,5and6. (2.38)

Eventually, by substituting Egs. (2.29) and (2.35) in Egs. (2.26) and (2.28), the constitutive

expression for the GRNC lamina is obtained as:
{oN} = [CNC]{eNC} — {eNCIE,, (2.392)
D3 = {eN}'{e"} +€53 Es, (2.39b)

where the effective elastic and piezoelectric tensors of the GRNC are represented by [CN¢]

and {eN¢}, respectively, and they can be written as:

[CNC] = [C,][XE] + [Co][X™] and {eN°} = {e,} — [C,]{YE} — [C.1{Y™},  (2.40)
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in which
{eNY={eff i ebf 0 0 0},
where

el = e§1 - (C51Y1gl + C§2Y§1)' ez = e§2 - (C§2Y1gl + C§2Y2g1)’
eds = (vge§;) — vg(CEYE + C5,Y8)) — vin (CIRYH + CRYID). (2.41)

Similar to the MOM model, the effective dielectric coefficient (€}<) of the GRNC can be
obtained using Eq. (2.21).

2.3.3 FE Modeling of GRNC

The analytical micromechanics models developed in the preceding Sections are
based on the assumptions of ROM and iso-field conditions as well as consideration of no
slippage between the graphene reinforcement and matrix which imply continuity of
displacements and tractions between them. However, it may be imperative to justify the
validity of such assumptions considered for developing the analytical models. Numerical
or experimental investigations may be carried out to verify these assumptions because both

the analyses do not require any such approximations.

Therefore, in the current Section, FE models were developed to validate the
assumptions used in analytical models by employing the commercial software ANSYS
15.0. The FE simulations were carried out to determine the fully coupled electromechanical
problem and thus the elastic, piezoelectric and dielectric properties of GRNC can be
obtained by creating three dimensional RVE using 20 node coupled field element “solid
226” having displacement (Ux, Uy, U;) as well as electric potential (volt.) degrees of
freedom (DOF). Figures 2.4 and 2.5 show the RVE and FE mesh of GRNC, respectively,
which were homogenized and analyzed under various boundary conditions. FE model of
the RVE of homogenous transversely isotropic GRNC with its axis of transverse isotropy
aligned along the 3-axis was developed for determining the independent elastic,
piezoelectric and dielectric coefficients: CST, CS €S €S, €S, ST, ST, e and €S,
These effective coefficients of the GRNC can be determined by applying the appropriate

boundary conditions to the RVE. Therefore, the determination of particular effective
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coefficient of GRNC from the FE model needs to prescribe the appropriate loading and

boundary conditions on the faces of RVE.

y y*=E; =

zt #0;E3=0

(a) (b)
Figure 2.4: (a) GRNC RVE consisting graphene and matrix and (b) boundary conditions
applied on RVE for CS1.

2

matrix

Graphene

Figure 2.5: FE mesh of RVE of GRNC.
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The combined electromechanical relations of GRNC are given by Eq. (2.43) in

which C§, e5 and €™ are the effective elastic, piezoelectric and permittivity constants of

GRNC, respectively.

- eff eff eff
Cll C12 C13 O

0 0 eff
(O11)  |ceff ceff ceff o g
0

0 —e
Gy 12 22 13 31

eff eff eff
C13 C13 C33 O

o O O

0
0
O33 0 0 —es3l |
023 o0 0 o0 CT o o 0 —ef 0
P13r=[0 0 o0 0 Cc& o - o0 0 |{&133. (243)
912 o 0 o0 o0 o0 cf o 0 0
— 0 0 o0 0 ef o ef o0 0
0 0 o0 ef o0 o0 0 e o
0

et eSf e55 0 0 0 0 sl

\E;

Under the conditions of the imposed electromechanical loads on the RVE of
GRNC, the average stress {o;;}, strain {&;;}, electrical displacement {D;} and electric field

{E;} are defined as below:
{oy} = éfﬂ{oi,-}dV, {5} = %fg{si]'}dv’
D} = [V,  (E} =2 [ {E}dv. (2.44)

where Q represents the volume of RVE of GRNC and the quantity with an overbar
represents the volume averaged quantity. It is evident from Eq. (2.43) that if at any point
in the GRNC only one normal strain is present while the other strain components are zero
then three normal stresses exist. The ratio between any one of these three normal stresses
and the normal strain yields a particular effective coefficient. Thus, three such effective
coefficients at a point can be determined with one numerical experiment. Hence, the
determination of particular effective elastic, piezoelectric and dielectric coefficients from
the FE model need to prescribe the appropriate boundary conditions on the faces of RVE,

as described in subsequent sub-sections.
2.3.3.1 Determination of C% and ¢

In order to compute the effective elastic coefficients C$T and C5i of GRNC, the
RVE shown in Fig. 2.6 can be deformed in such a way that the normal strain €35 is only

present in it while all other strain components are zero. In order to achieve such state of
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strains, displacements at the five boundary surfaces (x = 0anda; y = 0andb; z = 0)
need to be prescribed to zero. It should be noted that x,y and z denote the coordinates
corresponding to 1, 2 and 3-axes, respectively. A uniform normal displacement (w = z* #
0) along the 3-direction needs to be applied on the surface (z = 1) of the RVE such that it
IS subjected to &5 only. For the sake of clarity, an applied boundary constrain is shown in
Fig. 2.4 (b). Likewise, the electric fields (voltage DOF) at all faces are required to constrain
to zero (E; = E, = E; = 0). Using Egs. (2.44), the average stresses and strains (G,
033,and £33 ) can be obtained. Then, the values of effective elastic coefficients
CS3(= 33 /833) and C§5(= 5,,/E33) can be determined using Eq. (2.43) for different
volume fractions of graphene. Figure 2.6 shows the stress and strain distributions in the
RVE obtained along the graphene direction.

.998673 .114E+11

.999053 .120E+12
.999433 .230E+12
.999813 .339E+12

1.00019 .448E+12

.557E+12 I

.666E+12

1.00057
1.00095
1.00133 .775E+12

1.00171 .884E+12

1.00209 |}

(@) (b)

.993e+12 ]

Figure 2.6: FE simulations showing distributions of (a) strain €53 and (b) stress o33 in the
RVE of GRNC.

2.3.3.2 Determination of ¢ ana ¢/

In order to determine the effective elastic coefficients C{' and C$5 of GRNC, the
RVE is subjected to the states of strain such that only normal strain &, is present while all
other strain components are zero (&,, = &3 = &3 = €3 = £;, = 0). Such states of strain

can be attained by constraining the surfaces of RVE in the following manner:

u=0atx=0;v=0aty=0andb;w=0atz=0andl.
In the same way, the electric field at all surfaces of RVE are required to constrain

to zero (E; = E, = E; = 0). Due to the essential boundary conditions, the uniform normal
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displacement (u = x* # 0) is required to apply on the surface x = a of the RVE such that

it is under the application of £;; only. Using Egs. (2.43) and (2.44), the average stresses
and strain (G,;, 62,, and &;;) can be obtained to determine the values of C?flf (=0611/%11)

and C$ (= 5,, / £,). The distributions of stresses and strains are shown in Fig. 2.7 when

the deformation is applied to the RVE in the transverse direction to the length of graphene.
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.628314 .750E+10

1.24032 .113E+11
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Figure 2.7: FE simulations showing distributions of (a) strain g;; and (b) stress o;; in the
RVE of GRNC.

2.3.3.3 Determination of C%, ¢ and ¢/

To determine the effective elastic coefficient CS of GRNC, an out-of-plane shear

in the y — z plane of the RVE is required to subject the pure shear deformation in such a
way that the shear strain &,5 is non-zero while the remaining strain components are zero.
Such states of strain can be achieved by prescribing the surface given by z = 0 of the RVE
and imposing the uniform distributed tangential force on the surface given by z = 1. In the
same way, the electric potential at all surfaces of the RVE are required to constrain to zero
(E; = E, =E; =0).

Subsequently, the average shear stress and strain (6,3 and &,3) induced in the RVE

can be determined using Eq. (2.44). Finally, the effective elastic coefficient C5} can be

determined using the relation: G, / £,3. Note that the effective elastic coefficient CSY is not

independent elastic coefficient and it can be computed directly from the relation
(cst - cif)/2.
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In order to determine the effective piezoelectric coefficient eI, the boundary

conditions similar to obtain Ciﬂf can be used such that the RVE is imposed to shear strain

g only (g, = &, = &3 = &3 = £, = 0) and electric potential needs to be constrained

¢t can

to zero on the two surfaces of RVE (E; = E, = 0). Using Eq. (2.43), the values of e
be determined using the ratio e = D,/ &,; for different volume fractions of graphene.
Figure 2.8 depicts the distributions of in-plane shear stresses and strains in the RVE of

GRNC.
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Figure 2.8: FE simulations showing distributions of (a) shear strain (y,,) and (b) shear

stress (t1,) in the RVE of GRNC.

2.3.3.4 Determination of %, ¢/ and €%/

The effective piezoelectric coefficients ST and eSt are proportional to the in-plane

and out-of-plane actuations of piezoelectric material, respectively. In order to determine
the values of efl, eST and €S, the opposite boundary conditions as used in case of
C5% and CST (Fig. 2.4b) were used so that their normal displacements are zero (8, = &, =
33 = 0).

The uniform electric potential needs to apply to the RVE in 3—direction and its
remaining surfaces are required to constrain to zero electric potentials (E; = E, = 0).
Figure 2.9 illustrates the distributions of electric displacement and electric potential in the
RVE. Subsequently, the average values of 5,, 533, D; and E; can be computed using Eq.
(2.44). Then, using Eq. (2.43), the effective values of eS¥, eSff, and €Sif can be determined

using the respective ratios — 653 /E3, — 6, /E3 and —D5/E;.

44



Modeling of Graphene and GRNC

-.003594 1]

--003307I 2232231
—.00302 .222222

-.002733 .333333

-.002446

—.002159I

-.001872

.444444
.555556

.666667
-.001585

-.001298
-.001011

(@) (b)

P AT g

.888889
1

Figure 2.9: FE simulations showing the distributions of (a) stresses (a;,) and (b) electric
potential (E5) in the RVE of GRNC.

2.4 Results and Discussions

In this Section, the predictions of effective elastic, piezoelectric and dielectric
properties of GRNC are presented using the different models developed in the preceding

Sections.

2.4.1 Elastic Properties of Graphene Sheet
In this sub-section, the elastic properties of (i) pristine graphene sheet and (ii)
defective graphene sheets containing 4.5% and 20% vacancies in form of non-

centrosymmetric pores using MDS were determined, as summarized in Table 2.1.

Table 2.1: The elastic properties of pristine and defected graphene sheets.

Material E (GPa) n

Pristine Graphene 985 0.265

Graphene with 4.5 % vacancy 969 0.265

Graphene with 20% vacancy 890 0.265

The predictions of pristine graphene agree well with the existing results obtained
by using different modeling techniques and potentials as well as experimental estimates

(Lee et al., 2008; Jing et al., 2012; Dewapriya et al., 2015). In case of defective graphene,
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the current results were validated with those reported by Jing et al. (2012). They used
COMPAAS force field to model the defective graphene sheets containing vacancies which
were functionalized by hydrogen atoms on the dangling bonds. The percentage of reduction
in Young’s modulus ~1.6% in case of graphene containing 6 carbon atom vacancies (i.e.,
4.5% vacancies) was found to be close with that reported by Jing et al. (2012). They
reported the percentage of reduction ~1.53% for functionalized graphene with 6 missing
carbon atoms. In case of 20% vacancies, the elastic properties of graphene are not much
significantly affected. This is attributed to the hydrogenation and saturation of the dangling
bonds at the edges and porosity in the graphene sheet (Jing et al., 2012).

2.4.2 Comparisons of Results of MOM and FE Models

In this sub-section, the numerical outcomes of the effective properties of GRNC
determined by MOM and FE models are discussed. The properties of the pristine and
defective graphene sheets as well as polyimide are summarized in Table 2.2. We
considered both pristine and defected graphene (with 4.5% and 20% vacancies) sheets. The
graphene sheet under consideration consists of 224 carbon atoms and accordingly, the
normal piezoelectric coefficient (e;3) was determined as 0.221 C/m? when the value of p =
15.2 A. The piezoelectric properties of pristine and defective graphene sheets were taken
from Ref. Kundalwal et al. (2017).

Table 2.2: Material properties of constituents of GRNC.

; €31 €33 €33
Material E (GPa) n cim?  (C/m?) (F/m)
Pristine 1;106 X 10-,10
Graphene 985 0.265 -0.221  0.221 (Mufoz-Hernandez
et al. 2017)
Graphene
with 4.5 % 969 0.265 -0.027  0.027 1.106 x 10710
vacancy
Graphene
with 20% 890 0.265 -0.12 0.12 1.106 x 10710
vacancy
42 04 3,009 x 1071t

Polyimide (Odegard  (Odegard et -

etal. 2005)  al. 2005) (Lietal. 2015)
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For the sake of brevity, the results for effective properties of GRNC are presented
considering the pristine graphene while the results for the defected graphene sheets in
GRNC are not shown here. Some predictions of the effective properties of GRNC
considering the volume fraction of both pristine and defected graphene as 0.5 are

summarized in Table 2.3.

Table 2.3: Effective properties of GRNC (vg = 0.5).

. C11 CIZ C66 €31 €33 E33
Material — (Gpa) (GPa) (GPa) (CM) (Cim?)  (Fim)
Gp”s“”e 17.853 11.876  2.988 -0.0019  0.167  7.026 x10'*

raphene
Graphene with

17.851 11.874 2988 -0.0002  0.0204 7.034x10!
4.5 % vacancy

Graphene with

17.838 11.863  2.987 -0.0011  0.0910 7.029 x10!
20% vacancy

The thickness of single layer of graphene sheet was considered as 0.34 nm (i.e.,
distance between two adjacent layers of multi-layered graphene). The chemical vapour
deposition (CVD) process is one of the most common methods for the preparation of high-
quality thin 2D films on the order of micrometer (Xu et al., 2014). Practically, the
reinforcement volume fraction in the composite can vary typically from 0.2 to 0.7. Our
selection of use of graphene volume fraction was based on the fact that several researchers
fabricated nanocomposite samples with 5% to 90% volume fraction of graphene and its
derivatives such as graphite oxide and graphene oxide (GO) using unique nanofabrication
techniques: dispersion method, layer-by-layer assembly and solution blending route
(Gamboa et al., 2010; Gong et al., 2012; Young et al., 2012; Yang et al., 2013;
Papageorgiou et al., 2017). The assemblies of multi-layers of GO and polyethylenimine
were presented by tailoring the thickness of number of GO layers. In case of bilayer of GO
and polyethylenimine, the thickness of assembly near about ~5 nm was achieved. In some
other studies, the thickness of assembly was achieved in the range of 8-10 nm using 4 to

30 graphene platelets (Yang et al., 2013; Prolongo et al., 2014; Tzeng et al., 2015; Prolongo
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et al., 2018). Using these techniques, the fabrication of a GRNC can be achieved on the
order of nm. Hence, the range from 0.2 to 0.7 was considered to analyze the effect of
graphene volume fraction (vg) on the elastic, piezoelectric and dielectric properties of
GRNC. Unless otherwise mentioned, the pristine graphene was considered, as shown in
Figs. 2.9-2.14. In FE simulations, the governing equations were solved by using a linear
perturbation for piezoelectric analysis and the sparse direct solver was used for structural
analysis. First, the FE mesh convergence was carried out to study the effect of element size
on the effective properties of GRNC for obtaining the reliable results.

Figure 2.10 demonstrates the variation of effective elastic constant Cl¢ of GRNC
against the value of vg. It may be observed that the values of C) are overestimated by the
MOM model compared to the FE results, especially for the higher values of vg. It is well
known fact that the transverse elastic properties of composite are mostly the function of
matrix material properties; therefore, the predictions of both the models are in good
agreement for the lower values of vq4 or higher values of vim. The discrepancy increases
between the predictions by both the models in Fig. 2.10 with the value of vg. It is attributed
to the fact that the transverse properties of composite are matrix dependent and hence the
discrepancy between predictions by both the models increases as the graphene volume
fraction increases. This clearly indicate that the MOM model cannot accurately model iso-
stress conditions applied to the RVE of GRNC whereas the Poisson’s effect in GRNC is
accurately captured by FE simulations. The determined values of Chs are found to be
identical to those of C} and are not shown here. This is attributed to the fact that the
constructional feature of GRNC demonstrates the transversely isotropic behavior with the

axis of symmetry along the 3—direction.

Figure 2.11 shows the variation of effective elastic constant C>x of GRNC against
the vg. The predicted values of CO¥ by the MOM approach are slightly lower than that of
FE predictions and this indicates that the Poisson’s effect in GRNC is accurately captured
by the former. Due to the exerted load along the axis of symmetry, the extension-extension
coupling occurs between the different normal stress (o33) and normal strain (g,,), and FE
simulations captured such coupling accurately. The predictions of values of C}y are found
to be same as those of Cbs and are not shown here for the sake of brevity. It may be

observed from Figs. 2.10 and 2.11 that the predictions by both the models differ as the
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value of vg increases. Such discrepancy exists because the transverse properties of
composite are matrix dependent and hence the discrepancy between the predictions by
models increases as the value of vy decreases. This clearly indicates that the MOM model
cannot accurately model the iso-stress conditions (Eq. 2.16) applied to the RVE of GRNC.

Figure 2.12 depicts the variation of effective axial elastic constant C35 of GRNC
with the values of vg. It is observed that the values of C35 vary almost linearly with the
values of vy and both the models predict indistinguishable results. This comparison also
ensures the validity of ROM as well as the assumptions adopted to develop MOM maodel,
especially the iso-strain condition. The existing experimental studies also reported the same
for the axial properties of graphene-based nanocomposite (Zhao et al., 2010; Khan et al.,
2012; Ji et al., 2016; Garcia-Macias et al., 2018). Note that the effective longitudinal or
axial elastic constant is usually determined by using the iso-strain condition, which models
actual experiments almost exactly, along the axis of symmetry and therefore, the
predictions of values of C3x are identical to that of Voigt-upper bound predictions. It can
be observed from Figs. 2.9 and 2.11 that the magnitude of values of Cls is significantly
higher than that of the values of C){ for a given value of vg. This indicates that the axial
stiffness of GRNC lamina is enhanced by aligning the graphene layer in the same direction.
The effective elastic constant Ce is a function of elastic constants C}" and C)5 and

hence, the predictions Ch« are not shown here.

Figures 2.13-2.15 demonstrate the variations of effective piezoelectric coefficients
eX* and e} as well as the axial dielectric constant €55 of GRNC against the value of vq.
It can be observed from Fig. 2.13 that the value of e} increases with the increase in the
graphene volume fraction. Since the GRNC is transversely isotropic material with the axis
of symmetry being aligned along the 3—direction, the values of e}$ of GRNC are found to
be identical those of e}<. It can be seen from Figs. 2.14 and 2.15 that both the models
predict almost identical and linear estimates for the values of e}s and €55 for a vast range
of vy, respectively. Comparison of results obtained by the MOM and FE models reveals
that the former model yields conservative predictions for most of the elastic and

piezoelectric properties of GRNC.
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Figure 2.10: Variation of effective elastic constant (C}") of GRNC with the graphene

volume fraction (vy).
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Figure 2.11: Variation of effective elastic constant (Chs ') of GRNC with the graphene
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Figure 2.12: Variation of effective elastic constant (C3s) of GRNC with the graphene

volume fraction (vy).
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graphene volume fraction (vy).

51



Chapter 2

0-24 L] L] L] L} )
—&— Analytical
—a—FEM .

0.22

0.2

0.18

2
e, (C/m%)

0.1

0.08

0.06 L ] L L
0.2 0.3 04 0.5 0.6 0.7

Volume Fraction (Vg)
Figure 2.14: Variation of effective piezoelectric constant (e35) of GRNC with the

graphene volume fraction (v,).

x107"!

9 T L] n L
—&— Analytical l
85F —a—FEM y

€,(V/m)

4-5 L ] ] L
0.2 0.3 0.4 0.5 0.6 0.7

Volume Fraction (Vg)
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2.4.3 Comparisons of Results of SOM and FE Models

In this sub-section, the predictions of effective elastic, piezoelectric and dielectric
properties of GRNC obtained by SOM and FE models are presented and discussed. The
material properties of the pristine graphene and polyimide are summarized in Table 2.2.
Theoretically, the volume fraction of a square graphene sheet in the RVE with square cross-
section can vary from 0 to 1, but we have considered the graphene volume fraction (v)
range from 0.2 to 0.9. The effective properties of GRNC determined using both the models
are presented in Figs. 2.15-2.21. In case of FE simulations, the discretization of GRNC
RVE was done in such a way that the value of vg in each simulation is represented by a
specific number of FE elements. In FE analysis, the linear perturbation procedure and
sparse direct solver were used for the piezoelectric and structural analysis, respectively, to
solve the governing equations. The FE mesh convergence was carried out to obtain reliable
results and the same are summarized in Table 2.4. This table clearly shows that after a
certain number of elements the prediction of C}C does not change and we carried out such
convergence study for determining all other elastic constants considering the whole range
of v, from 0.2 to 0.9 with step size of 0.05.

Table 2.4: Convergence of elastic stiffness coefficients.

Element type I}/Iesh Number of  Number of Ci1
evel Elements Nodes (GPa)
Solid 226 Coarse 8518 12975 33.58
Solid 226 Medium 33110 47785 33.51
Solid 226 Fine 55385 79412 33.47
Solid 226 Finer 90877 128948 33.42
Solid 226 Finest 112092 143886 33.42

Figure 2.16 shows the comparison of values of C}" (or Cb; ) against v,. Note that

the GRNC is transversely isotropic material with the axis of symmetry being along the 3—
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axis and thus, the numerical estimates of CTY and CDx of GRNC are identical. It can be
observed from Fig. 2.16 that the values of C}" obtained by SOM model are in good
coherence with the FE predictions at the lower values of v, and the former model slightly
underestimates the predictions at higher values of v,. The deviation between the set of

results occurs because the transverse elastic properties of GRNC are mainly matrix
dependent properties and thus, the good agreement is found between the predictions by

both the models at lower values of Vg.
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Figure 2.16: Comparison of values of CY{(or C5y) Vs V.

Figure 2.17 demonstrates the comparison of values of C35 against vg. It can be

noticed that the values of C3 vary almost linearly over the entire range of vg. The results

predicted by both the models are indistinguishable. This also confirms the validity of ROM

as well as the assumptions adopted for developing the SOM model. For instance, it is worth

to mention that the effective elastic constant (C3s) was computed using the iso-strain
condition (Eg. 2.25b) and such approximation exactly fits with the VVoigt-upper bound and

experimental linear estimates.
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Figure 2.17: Comparison of values of C35 vs Vg.

Likewise, the good agreement is found between the predictions of values of
CY (or CX5) by both the models, as shown in Fig. 2.18. The determined values of Cy
by the SOM approach are slightly lower than those predicted by the FE model and this
indicate that the Poisson’s effect in GRNC is correctly modelled by the latter. The elastic

constants CYy and Cbs represent the extension-extension coupling (i.e., Poisson’s effect)
which occurs between the different normal stress (o33) and normal strains (g,; and €,,),
due to an application of load in the 3-direction and hence, the numerical estimates of Cy
and Chs of GRNC are exactly same. Figure 2.19 shows the comparison of values of Cyy
against vg. The values of CL are purely based on the out-of-plane shear imposed to the
RVE of GRNC. It can be noticed that the SOM model underestimates the values of Chy
compared to the FE model, particularly for higher values of v,. It may be due to the fact

that the square packing array of RVESs that possesses low transverse isotropy and in-plane
behavior. The existing studies also reported the same trends of results (Pettermann and
Suresh, 2000; Odegard, 2004). Their results reveal that the analytical estimations of only
the axial shear modulus corresponding to the elastic behavior of composite can be altered

compared to the experimental estimates.
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Figure 2.19: Comparison of values of Chy Vs V.
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Figures 2.20-2.22 show the comparison of the effective piezoelectric and dielectric
constants (e5y, e}§ and €}5) of GRNC against the values of v,. It is important to mention
that the piezoelectric constants e and e}$ indicate the normal stresses induced in the
transverse and axial directions of reinforcement, respectively, due to the electric field
applied along the 3—axis. It can be noticed from Fig. 2.20 that the values of e}< increase
with the values of v, and the predictions by both the models agree well confirming the
validity of assumptions adopted for developing SOM model. Note that the values of e}$
of the GRNC are found to be similar to that of e}{ as the axis of symmetry of GRNC
coincides with the 3—direction. Likewise, the predictions of values of €5 of GRNC by
both the models are in excellent agreement, as shown in Fig. 2.22. Note that the estimations
of values of 5 and €55 of GRNC, which vary linearly with the values of Vg, are
corresponding to the Voigt-upper bound estimates. It is clearly seen from Fig. 2.21 that the
predicted values of e}s of GRNC are less than the values of e§3 of graphene when its
volume fraction surpasses a particular limit. This phenomenon is attributed to the effect of
transverse stresses exerted by the matrix phase on the GRNC and the actual average electric

field in graphene becomes equal to the applied electric field.
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Figure 2.20: Comparison of values of e} vs V.
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2.4.4 Comparisons of Results of MOM and FE Models for Alumina Matrix

In this sub-section, the numerical outcomes of the effective properties of GRNC
determined by the MOM and FE models are discussed. The properties of the graphene and

alumina are summarized in Table 2.2 and 2.5.

Table 2.5: Properties of alumina matrix.

Material E (GPa) H €33 (F/m)
Alumina 70 0.33 1.504x 10~11
(Wang et al. 2011) (Wang et al. 2011) (Sundar et al. 2016)

We determined the effective properties of GRNC by considering the range of v,
from 0.2 to 0.7. Figure 2.23 illustrates the variation of the effective axial elastic coefficient
(CX¥) of GRNC with the vg. It may be observed that the value of CYY increases almost
linearly with v, . Almost 100 % agreement between the two sets of values of ch¥
determined by the MOM and FE models ensures the validity of assumptions and ROM for
deriving the MOM model. Note that the coefficient C}5 was determined considering the
iso-strain condition along the graphene direction and hence, such estimation belongs to the
Voigt-upper bound. Figure 2.24 demonstrates the variation of coefficient C)y with vg. The
MOM model overestimates the value of CI5" as compared to the FE estimates. This is
attributed to the fact that the Poisson’s effect was modeled appropriately in the FE
simulations. Figures 2.25 and 2.26 demonstrate the variation of coefficients C}'C and C}
with the vg. It may be observed from Figs. 2.25 and 2.26 that the MOM model
overestimates the respective values of C)F and CI5 over that of FE predictions, especially
at larger value of v,. This is due to the fact that the transverse elastic properties of
composites are usually the function of properties of matrix and the predictions of both
models are well agreed at lower v,. As expected, the predictions by both models differ
significantly as value of v, increases. Figure 2.27 demonstrates the variation of coefficient
CYs with vg. Once again, the MOM model overestimates the values of CYs over that of FE

predictions, especially at larger v,.
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Figure 2.23: Variation of the effective elastic coefficient (C}°) of GRNC with the

graphene volume fraction (vy).
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Figure 2.24: Variation of the effective elastic coefficient (C1y') of GRNC with the

graphene volume fraction (vy).
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Figure 2.25: Variation of the effective elastic coefficient (CN) of GRNC with the

graphene volume fraction (vy).
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Figure 2.26: Variation of the effective elastic coefficient (C1-) of GRNC with the

graphene volume fraction (vy).
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Figure 2.27: Variation of the effective elastic coefficient (C}°) of GRNC with the
graphene volume fraction (vy).

Figures 2.28 and 2.29 demonstrate the variation of axial effective dielectric (€35
and piezoelectric coefficient (e}s) with the v,. Both figures reveal that the values of €35
and e3§ increased linearly as the value of v, increases. Moreover, it may be observed from
this comparison that the results are in excellent agreement validating the analytical
micromechanics model used herein. This is attributed to the imposition of electric potential
in the reinforcement direction. Figure 2.30 illustrates the variation of effective piezoelectric
coefficient (e}}) of GRNC with the vg. It may be observed from this figure that the
magnitude of e} increases with the vg. Figure 2.30 clearly shows a good correlation
between the analytical and FE predictions at a wide range of v,. Figure 2.31 demonstrates
the variation of coefficient e}’ with the graphene volume fraction. This figure shows that
that the magnitude of e} increases with the value of v, as found in case of e}f. It may
also be observed from Fig. 2.31 that the predictions of both models are well agreed at lower
vg. Compared to other piezoelectric coefficients, the predictions of els are found to more

sensitive to the larger volume fractions of graphene and this is attributed to the
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consideration of boundary conditions and in-plane behavior of GRNC; the same was

attributed to the variation of values of C}s as shown in Fig. 2.27.
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Figure 2.28: Variation of the effective dielectric coefficient (€35) of GRNC with the

graphene volume fraction (vy).
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Figure 2.29: Variation of the effective piezoelectric coefficient (e} ) of GRNC with the

graphene volume fraction (vy).
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Figure 2.30: Variation of the effective piezoelectric coefficient (el") of GRNC with the

graphene volume fraction (vy).
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Figure 2.31: Variation of the effective piezoelectric coefficient () of GRNC with the

graphene volume fraction (vy).
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The comparisons shown in Figs. 2.10-2.31 conclude that the excellent agreement
exists between the predictions by analytical and numerical micromechanics models for
small volume fractions of graphene. The analytical micromechanics models require much
less computational time than the FE model, and one may use the analytical
micromechanical model for intuitive predictions of the effective elastic, piezoelectric and
dielectric properties of any novel nanocomposites.

2.5 Conclusions

The elastic properties of pristine and defective graphene sheets were determined
via molecular dynamics (MD) simulations and the obtained results are found in good
agreement with the existing experimental and numerical results. The micromechanical and
FE analysis of a novel graphene-reinforced nanocomposite (GRNC) composed of
multilayers of piezoelectric graphene and polyimide/alumina matrix was carried out. The
graphene reinforcements were incorporated and aligned in 1-3 plane into matrix. Two
analytical models based on the micromechanics paradigm such as the mechanics of
materials (MOM) and strength of materials (SOM) models as well as finite elements (FE)
models were developed to predict the effective properties of GRNC. The MOM and SOM
models were derived using the iso-field conditions and ROM. It is assumed that the
graphene and polymer matrix are perfectly bonded, and the FE models were derived for
validating the assumptions adopted in the analytical models. The developed analytical and
numerical models envisage that the effective piezoelectric constants of GRNC account for
the actuating capability in its transverse direction due to the applied electric field in the
plane. The predictions of effective properties of GRNC by analytical and FE models are
found to be in good agreement for the small volume fractions of graphene. If the loading

is applied along the graphene reinforcement of GRNC then the effective constants
CSY S oSt esfT and €St show higher and reliable results by both the models. If the
loading is applied in a transverse direction to the graphene reinforcement, results obtained
results for CS%, ¢S €S and CE show the discrepancies between the predictions by both
the models because these constants are influenced by in-plane behavior of composite and

are matrix dependent.

The effective properties of GRNC obtained in this Chapter will be used for
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investigating the electromechanical response of GRNC structures in subsequent Chapters.
The electromechanical behavior of GRNC nanobeam, considering the flexoelectric effect,

is studied in the next Chapter.
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Electromechanical Behavior of
Flexoelectric GRNC Beams

In this Chapter, the electromechanical behavior of GRNC beams with flexoelectric effect
is investigated by deriving an analytical model based on Euler-Bernoulli theory. The
effect of graphene volume fractions and flexoelectricity are taken into consideration for
studying the electromechanical behavior of GRNC cantilever nanobeams.

3.1 Introduction

In recent years, beam and plate structural elements have fascinated a lot of interest
in NEMS applications, and the former has great advantages over the latter due to its high
sensitivity and linear behavior. In this Chapter, an analytical model based on the linear
piezoelectricity and Euler-Bernoulli theory was also developed to investigate the
electromechanical response of GRNC cantilever beam under both the electrical and
mechanical loads accounting the flexoelectric effect. The electromechanical behavior of
GRNC cantilever beam was studied to achieve the desired response via a number of ways

such as by varying the volume fraction of graphene and application of electrical load.
3.2 Electromechanical response of GRNC Beams

In this Section, a mathematical model is derived to investigate the
electromechanical response of GRNC nanobeams considering the flexoelectric effect. In
recent advances, the tremendous research on nanocomposite structures has been carried
out in the last decade with the aim of developing NEMS. Among all structural elements,
piezoelectric cantilever beams have found many applications such as sensors, transducers
and actuators in NEMS due to its linear behavior and high sensitivity. Therefore, here an

attempt is made to show the electromechanical response of a cantilever beam made of
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GRNC in which strain gradient was incorporated using its effective properties obtained in
previous chapter. The generalized equation for the internal energy density function can be
written as follows (Shen and Hu 2010):

1 1
U= > B PP + Ecijklsijskl + dijk&i P + fijraui b, (3.1)

where P, u; and ¢;; are the components of polarization, displacement and strain vectors,
respectively; Cjq, djjx and By are the fourth order elastic coefficient, third order

piezoelectric coefficient and second order reciprocal dielectric susceptibility tensors,

respectively; and fj;y is the fourth order flexoelectric coefficient tensor. The strain tensor

_1 aui+au]' 39
G72\0x " ox)’ (3:2)

Then, the constitutive equations can be expressed as:

is defined as:

au
Oij = e Cijer + dijkPo (3.3a)
ou
Tijm = = fijmi P (3.3b)
: 0y jm :
E; = P BijPj + djkigjk + fiiaij (3.3c)
1

where oy, E; and T;;,,, are the Cauchy stress tensor, electric field and moment stress or the
higher order stress, respectively. In higher order stress, T, is induced by the flexoelectric

effect while it is not present in the classical theory of piezoelectricity. The various
tensorial terms in Eq. (3.3) are given by

Ox _Cll C12 C13 0 0 0 7 (‘SX ) -dll d21 d31-
Oy Ciz Cypy Cy3 O 0 0 &y diz dy, ds; P
Oz Ci3 Cy3 Csj 0 0 0 &2 diz dyz ds;s .
= P,

GyZ 0 0 0 C4_4 O O <28YZ >+ d14_ d24 d34 Py ,(33d)
0-XZ 0 0 0 0 C55 O 28XZ d15 d25 d35 z
ny | 0 0 0 0 O C66- KZSXyJ -d16 d26 d36-

( €x

€

E, dy dip diz dis dis dig]| g | Bu 0 O 7(R
Eyp=—[da1 daz das das dys  dyes 2¢y, P+ 0 Bz 0 [{PByr.(33e)
E, d3; ds; dzz d3s d3s dszg 2&y, 0 0 B3zl \ P,

kzsny
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A schematic of GRNC cantilever beam is shown in Fig. 3.1 which has width b,
length L and height h, referred to the Cartesian coordinate system x-z. A GRNC
cantilever beam considered to be made of graphene and alumina matrix. The arrangement
of graphene and alumina matrix layers can be varied to obtain a different volume fraction
of graphene (40%, 60% and 80%) for the piezoelectric analysis. Here, the thickness of
each single graphene layer was taken as 0.34 nm (Alian et al. 2015a,b, 2017; Kundalwal
and Meguid 2017) and the number of graphene layers varied according to their volume

fraction in the GRNC by keeping the interlayer distance as 0.34 nm.

TZ,S

e Alumina

T ‘ h
Graphene X, 1

Alumina

Figure 3.1: Schematic of GRNC cantilever beam.
A constant concentrated load is applied at the free end (x = L) of a cantilever

beam and a constant voltage V is applied at its upper and lower surfaces i.e., at z = +§

and z = —g, respectively. If the w(x) is the transverse displacement of the beam then

using Euler-Bernoulli hypotheses, the axial displacement at any point in it is given as
(YYan and Jiang 2013):

dw(x)
dx '’

u(x,z) = uy(x) — z (3.4a)

where u,(x) is the axial displacement along the longitudinal axis of beam which may be
introduced by mechanical and electric loads due to the electromechanical coupling or
flexoelectric effect. Using Eq. (3.2), the non-zero strain can be written as:

_duy  d’w

&= T g (3.4b)
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Here, the thickness of a cantilever beam is considered as very small as compared
to its length (h « L). Hence, one can assume that the transverse displacement of a

cantilever beam is greater as compared to its longitudinal displacement. Therefore, strain

d?ug z d3w
dx? dx3

gradient g, = can be omitted because it is negligible as compared to €, , =

d?w

dx2

only by applying the transverse loading on it. Therefore, for further formulation, we

. Note that the strain-gradient polarization from the cantilever beam can be obtained

d?w
dx2’

considered the flexoelectric effect induced by this strain gradient —

The electric field (E,), considering it to be only present in the z-direction, can be

determined using Egs. (3.3c) and (3.4a) as follows:
E; = B33P, + d31&x + 13842 (3.5)

The extra term (fi3&4,) in the above equation is different from the theory of linear
piezoelectricity which contributes to the flexoelectric effect. For a complete formulation
of the problem, in the absence of body charges, the Gauss' law is expressed as (Yan and
Jiang, 2015):

_anz_e) oF =0, (3.6a)
0z> 0z
where €, = 8.85 X 10712 C/Vm or F/m is the permittivity of free space or vacuum and
@ is an external applied electric potential.
If beam is subjected to the external electric field along (z—direction) thickness,
then the relation between electric potential (@) and electric field (E,) is given by

o0

E,=—0,=——.

(3.6b)

With consideration of the electric boundary condition @ (g) = V (volt) and @ (— g) =0,

the polarization (P,) and electric field (E,) from Eqgs. (3.5) and (3.6a) can be written in

terms of u, and w, respectively, as follows:

EO d31 dZW d31 duO f13 dZW A%

P, = S Bl 3.7
“ € PBazt 1°7dx? B3z dx = B33 dx? [B3sh (3.72)
B o (—du 4wV (3.7b)
z EO 833 + 1 dXZ h ’ ’
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As the width and thickness of a cantilever beam are very small as compared to its length

(b = h « L); therefore, it was considered as plane-stress problem (o, = oy, = oy, = 0)
and due to very small width, oy, can also be eliminated. Therefore, we considered only

axial stress (o) for the further analysis.

By substituting Eq. (3.7a) into Eq. (3.3a), the axial stress (o) can be determined as:

oy =(Ci1 — 11 + -

@ dx B €o B3z t+1 ‘ dx? Bzz dx? PBssh’

(3.8)

Using Eq. (3.8), the axial force (Fy) can be determined as follows:

h
FX = _]-_E Ox dz = bh [(Cll - g) dx + 833 dXZ - 833}1 . (39)

It is observed from Eqgs. (3.8) and (3.9) that the axial force (Fy) is developed in the beam
due to the strain, and electromechanical coupling exists between the strain gradient and
applied electric loading. But in case of the cantilever beam which is not subjected to any
mechanical load in axial direction, this force is obvious zero due to traction free

condition. Therefore, Eq. (3.9) can be rewritten as:

d§1> dug = dsif;3d*w  dsV

bh|{ C{; — =— + - =0, 3.10a

l( t B33/ dx B3z dx? Pssh ( )
d2.\d da,f; 4 d? ds,V

—(cn—ﬁ> Do DtsZ RSl (3.10b)
B33/ dx B3z dx B3sh

Because of the absence of external body forces and mechanical loads in the axial
direction, the relaxation strain in the cantilever beam is present which plays an important

role in its softer and stiffer behavior. The relaxation strain can be defined as:

(d31f13 dZW _ d31V)
duy _ B3z dx? Bssh 3.11)

dx d?
- (cu-52)

The governing equation of piezoelectric nanobeams including the effect of

flexoelectricity is obtained using the energy method. Using Egs. (3.3a—3.3c), the internal

energy density function (Eg. 1) can be reduced to:
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1
U= E (GXEX t Txxz€xz T Ezpz)- (3.12a)

From Egs. (3.3b) and (3.7a), we can write expression for 7, as follows:

z
€p B33+ 1 B33

dx? B3z dx - Bszh .

€, daf f2,\ d?w di. f;-du, Vf
Txxz=l< 0 Y3113 13> 3113 0 13 (312b)

Next, the variational principle can be formulated over the entire volume () of GRNC

piezoelectric beam and can be written as (Mindlin 1968):
-8 f HdQ + 8W = 0, (3.13a)
Q

where the relationship between the internal energy and electric enthalpy density functions
can be defined as (Shen and Hu 2010):

1
H=U-2€08,0,+0,P, (3.13b)

For cantilever beam, W is the work done by resultant axial force.

Subsequently, the governing equations of GRNC piezoelectric cantilever beam can be

obtained as follows:

d%l dzuO d31f13bh d3W
) P @ty s
<C11 B33>b o2 + Bos o3 0 (3.14a)
o __€odhy \bh® _fhbh\dw <d31f13bh) P iy
gy B+ 1) 12 B3z ) dx* B33 dx3 . -

For the cantilever beam, the transverse displacement (w) and slope (z—:) can be obtained

using the following boundary conditions:

W=&=0atx= . (3.15)

The moment and force at x = L become:

0, (3.16a)

<c €, d2, )bh3 frsbh) dw (d31f13bh) dug | fisVb _
Yo Bszt+1) 12 B3z | dx? B33 dx B33

(e __& dZ, \bh® fZbh d3w_(d31f13bh>d2uo+F=0 (3.16b)
Yoy Bz +1) 12 By ) dx3 Bss / dx? . |

72



Electromechanical Behavior of Flexoelectric GRNC Beams

where the first terms in above equations are the effective bending rigidity considering the
flexoelectric effect. Substituting the boundary conditions (0 < x < L) in governing Eqgs.
(3.16a) and (3.16b) of GRNC cantilever beam, the transverse deflection can be obtained

as follows:
W o P ey , (3.17a
cantilever 6(ED cantilever 2([333(:11 - dgl)(EDcantilever ( )
where
- (. €,d%, \bh3 fZbh d3,ff;3bh
cantilever — | “11 €gBsz+1) 12 Bss  Bs3(B33Cir —d3y)
€ d3 \bh® fibh
ED cantilever = | C11 — - '
(ED cantilever <C11 €9 P33z +1) 12 Bss
In absence of flexoelectricity effect (f;5 = 0), Eq. (3.17a) gets reduced to
Px?
(x — 3L). (3.17b)

w il =
cantilever 6 (EDCantilever

3.3 Results and Discussions

The properties predicted by the analytical (MOM) approaches were considered for
investigating the effect of flexoelectricity on the electromechanical response of GRNC

cantilever beam.
3.3.1 Electromechanical Behavior of GRNC Beams

In this sub-section, the electromechanical behavior of GRNC cantilever
nanobeams, accounting the flexoelectric effect, subjected to the electrical and mechanical
loadings is studied. A concentrated force P = 1nN was applied at the end of GRNC beam
having width, b =h, length, 1 = 20h and f;3 =5V . To investigate the effect of
flexoelectricity on the electromechanical response of GRNC beam, three discrete values
of graphene volume fractions (v,) are considered as 0.4, 0.6 and 0.8, and the electrical
potentials are considered as -1V, -5V, and —10V. Figures 3.2-3.4 illustrate the effect of
flexoelectricity on the GRNC beam for different graphene volume fractions and electric
potentials. In our simulations, negative electric potential was applied over the surface of
GRNC beam. These results reveal that the effective bending rigidity of GRNC beams

with consideration of the flexoelectricity (f;3 # 0) is higher than that of neglecting
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flexoelectric effect (f;3 = 0). Conversely, as positive electric potential (+V) was applied
to the beam, the softer elastic behavior exhibited by it when the effect of flexoelectricity
(f;3) was taken into account; then, induced inhomogeneous boundary conditions to the
bending behavior of GRNC beam were found exactly opposite to its effective bending
rigidity. Inhomogeneous boundary condition is nothing but the addition of positive and
negative relaxation moments according to the applied negative and positive electric
potentials, respectively. Thus, it can be concluded that the stiffer and softer elastic
behavior of GRNC cantilever beam can be altered by varying electric potential (+V) and
it may find wide applications in NEMS. It may be observed from Figs. 3.2-3.4 that the
responses of GRNC beams improve as the values of volume fraction of graphene and
applied electrical potential are increased. This is attributed to the fact that the
flexoelectric effect enhances as the applied electrical potential increases. From the above
discussion, it may be observed that the deflections of GRNC beams remarkably

influenced by the electromechanical loadings and strain gradients effects.

"
“
......
"
"

w/h
n

— With Flexoelectricity (Vg =0.4)
——Without Flexoelectricity (Vg =0.4)
- — With Flexoelectricity (Vg = 0.6)
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....... With Flexoelectricity (Vg =0.8)
....... Without Flexoelectricity (Vg =0.8)
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Figure 3.2: Deflection of GRNC cantilever beam along its length with different graphene
volume fractions at V = —1V.
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w/h

Figure 3.3: Deflection of GRNC cantilever beam along its length with different graphene
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Figure 3.4: Deflection of GRNC cantilever beam along its length with different graphene
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3.4 Conclusions

First, the MOM and FE models were developed to predict the effective properties
of alumina-based GRNC. Second, the determined effective properties were used to a case
study of a cantilever nanobeam made of GRNC for investigating its electromechanical
response. For this purpose, an analytical beam model was derived using the extended
linear piezoelectricity and Euler-Bernoulli theory incorporating the flexoelectricity effect.
Specific attention was given to investigate the effect of graphene volume fraction and
electrical loads. Our results demonstrate that the flexoelectricity significantly influences
the electromechanical response of GRNC beams with a mere use of 40 % volume fraction
of graphene. It is revealed that the electromechanical response of GRNC beam is
improved with the increase in the graphene volume fraction and it can be tuned via
applying different electric potentials. The current results are significant, which revealed
that the flexoelectric phenomenon in graphene induced due to the strain gradient can be
exploited to form next generation NEMS for various applications such as sensors,

actuators, switches and smart electronics.

At this juncture, it is important to mention that the surface effect was not
considered for studying the electromechanical behavior of GRNC nanobeams in this
Chapter. Therefore, the electromechanical behavior of GRNC nanobeams, considering
both the flexoelectric and surface effects, is studied in the next Chapter by developing
analytical and FE models.
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Electromechanical Behavior of GRNC
Beams Accounting Flexoelectric and
Surface Effects

In this Chapter, the electromechanical behavior of GRNC beams with flexoelectric and
surface effects are investigated using size-dependent Euler-Bernoulli theory, linear
piezoelectricity and Galerkin’s weighted residual method. Analytical and FE models are
developed to study the static response of GRNC nanobeams with various boundary
conditions: cantilever, simply-supported and clamped-clamped. The effective properties
of GRNC obtained in Chapter 2 are utilized.

4.1 Introduction

The review of literature presented in Chapter 1 reveals that the size-dependent
flexoelectricity phenomenon attracted a lot of research interest in NEMS applications. In
recent years, apart from flexoelectricity, it is broadly acknowledged that the surface
conditioned contributions exist at a nanoscale level in various solid nanomaterials.
Therefore, surface effects can contribute extensively to the electromechanical response
when the size of the structure scaled down. Piezoelectric nanobeam is basic building
block of the NEMS applications and it is essential to study its electromechanical response
subjected to the different loading and boundary conditions. The electromechanical
behavior of a novel GRNC nanobeam considering flexoelectric effect was investigated in
the previous Chapter. However, the electromechanical behavior of GRNC nanobeams
considering both the flexoelectric and surface effects is yet to be studied. In this Chapter,
apart from the flexoelectric effect, the surface effects such as the surface stress as well as

surface modulus and piezoelectricity were considered for studying the electromechanical
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behavior of GRNC nanobeams. Specifically, this Chapter is concerned with the
development of an analytical model based on Euler-Bernoulli beam theory for the GRNC
nanobeam to study its electromechanical response considering different boundary
conditions: cantilever, simply-supported and clamped-clamped. FE models are also
developed based on Galerkin’s weighted residual method for validating the analytical
results. The effects of flexoelectricity and surface parameters on the electromechanical

coupling (EMC) coefficient of nanobeams are also investigated.
4.2 Beam Formulation

In this Section, a mathematical model is derived to investigate the
electromechanical response of GRNC nanobeams. The electric Gibbs free internal energy
density function can be divided into two categories: (i) for bulk material and (ii)
considering the surface effect. Assuming infinitesimal deformation, the electric Gibbs
free internal energy density function for bulk material (U) can be expressed as follows
(Abdollahi et al., 2014):

1
U= -5 &; Eifj + 5 Gyugiaia — eikEigic — HyEmja
1
Fijldm EijNkim + 5 8ijkimnMijikMimn » (4.1)

where €;; is the second order dielectric permittivity tensor, Cj;y is the fourth order elastic
tensor, e;;y is the third order piezoelectric tensor and ;i is the fourth order flexoelectric
tensor. ryjim indicates the strain and strain gradient coupling tensor and gjjiimn is related
to the pure nonlocal elastic strain gradient terms. For simplicity, the terms ryjmy, and

gijkimn With higher order gradients are neglected.

The strain (g;;), strain gradient (n;;) and electric field (E;) components can be

expressed as:

_ 1 aui n au] 42
Eij_ 2 aX] aXi ' ( ' a)
To simplify Eq. (4.2a), one can write

1
Sij = E (u]"i + ui,j), (42b)
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1
Nijk = Eijk = 2 (uj,ik + ui,jk); and (4.2¢)
Ei=-0;, (4.2d)
in which u; and @ are the components of displacement vector and electric potential,

respectively. Thus, the constitutive relations for the material subjected to the small

deformation can be written as:

ou
0ij = 35— = Cijia & — €wij Eio (4.3a)
ij
ou
Tjkl = m = — p-ijklEi' and (43b)
j
ou
Di = =50 =& Ej + eién + Hijkiljia - (4.30)
1
By using Egs. (4.3a — 4.3c) into Eq. (4.1), we can rewrite the expression for bulk material
as follows:
1 1 1
oU = EO’USSH + Erijksnjj.k - EDISEI , (43d)

in which oy; is the stress tensor, g;; is the strain tensor, tj; is the higher order stress
gradient tensor, n;;x is the higher order strain gradient tensor and D; is the electric

displacement vector. At the surface for the piezoelectric body with surface effects, the

internal energy density function becomes:
— 1 (o] S 1 S S 1 S S
8US = E 0—0(3880(3 + E O-(XBSE(XB — E DYSEY , (4‘4‘)

where oy indicates the second order surface stress tensor, o,g denotes the surface
moment stress, D indicates the surface electric displacement, Ej and e denote the

electric field and surface strain, respectively, and they can be obtained as:

S

1
gp = 5 (ug,p + up ) and (4.5)
ES = —0%y, (4.6)

in which u® and @° indicate the surface displacement and surface electric potential

vectors, respectively.
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The constitutive relationships for the surface (with superscript ‘s’) are almost the same as

that of constitutive relations for bulk material but some residual terms are also present.

From Eq. (4.4), the linear constitutive equations can be determined considering
the surface effects as:

ou
G;B = 68558 = Top + C;Byksws/k - eiaBEi ,and (4.7)
o
ou
Dy = - aE: = €k Bk + eyipeap: (4.8)
Y

The axial load in the beam (see Fig. 4.1) does not exist and the displacement fields using
Euler—Bernoulli beam theory can be written as:
dw(x)

ulx) =g = -z - —zw' (X). (4.9)

| | T

(a) (b) (©) —()

T

H
334
-

Figure 4.1: Nanobeams under point load with different boundary conditions: (a) simply-

supported, (b) cantilever with open circuit and (c) clamped-clamped with short circuit.

The horizontal and vertical deformations of the beam are denoted by u(x)
and w(x), respectively. Using Egs. (4.2) and (4.9), the nonzero strain and strain-gradients

are obtained as:

4

de 17 dgw " dzw "
Exxz_zm = —ZIW ; rlxxxz —Z@ = —ZIW ; rlzxxz_w = — W .(4.10)

Note that the principal material and problem coordinate systems are aligned with
each other and the sub-indices x, y and z in Eq. (4.10) indicate the local deformation of a
beam in the respective 1, 2 and 3 directions. Making use of Egs. (4.3a — 4.3c) and (4.10)
into Eq. (4.3d), the bulk internal energy density function can be re-expressed as:
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oU = f (GXXSEXX + TZXXSHZXX + Txxx8nxxx)dﬂ
Q

L L L
= —f Méw"' dx —f MhSW’”dx—f Péw" dx, (4.11a)
0 0 0
in which
M= fGXXZdA ; F= ftZXXdA ; and My, = f’EXXXZdA, (4.11b)
A A A

where [ , dA indicates the integration over the whole area ‘A’ in case of bulk material.

Similarly, making the use of Egs. (4.5 — 4.10) into Eq. (4.4), surface internal energy
density function is given by

doky
8Ug = f ° z6w' da — f (o5xK)"6w da +f (03,.k)'6wda
a dX Z=§ h

LdM,

o dx

L
— f T, 6wdx, (4.12a)
0

where fada indicates the integration over the small infinitesimal surface area ‘a’.
By using Eq. (4.7), the axial surface stress o5, can be expressed as:

Oxx = To + C31&5 — e34E; . (4.12b)
By using Eq. (4.9) for surface effect, o5, can be rewritten as:

S S d2W S S
Oxx = Tg + C34 —Zw —e3,E}, (4.12¢)

in which T, is the constant residual surface stress.

The surface bending moment (M) and lateral loadings (T;) can be expressed as:

M, = fof;xz dc; TS = f (oS.k)% da — J (Gxxk)l da, (4.12d)
C Zzi Z_—

where C is the beam cross-sectional perimeter, h denotes height and superscripts ‘u’ and

. d?
‘I’ represent the top and bottom surfaces of the beam, respectively; and k = dxvzv

curvature and it can be determined by using the Euler-Bernoulli theory.
If the beam is subjected to uniform transverse load q(x), end force Q, and end

moment M, the virtual work done induced due to the external forces is obtained as:
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L
SW = f q(x)dwdx + Q8w + Méw’ . (4.13)
0

By using Egs. (4.11- 4.13), the principle of virtual displacement is obtained as:
L

SW — (8U + 8Uy) = f q(x)éwdx + Qéw + Méw’ —

0

L L L LdM L
< f Méw" dx + f Mpéw'"dx + f PSwW"’ dx + f S sw'dx — f T;5wdx>,(4.14)
0 0 0 o dx 0

By applying integration by-parts, Eq. (4.14) is re-expressed as:

SW — (8U + 8Uy)

L _ dM dF d2M, dM, L
= M, 6w"’ O+Q<Sw+M6w’— —_ 6W|0+

dx+&_ dx? + dx

fL<d2M d’F d®M, d?Mq
0

dM,, L
o + 2 e + o2 +qx) + TZ> dwdx + (M +F T )5W |0 .(4.15)

Due to the arbitrariness of 6w, the governing equation can be developed from Eq.
(4.15) as follows:

M A a0+ =0 4.16
dx? = dx? dx3 axz A z o (4.16)

Using the boundary conditions given below at the ends of a beam (x = 0 and L):

d<M+F th+M) (x) 417
= . s or w(x). (4.17a)

For example, if cantilever beam subjected to end point load (P) then corresponding
boundary conditions are written as follows (x =0 and L):
Atx =0,
w(0) =w'(0)=0
Mh =0

82



Electromechanical Behavior of GRNC Beams Accounting Flexoelectric & Surface Effects

Atx =1L,
Mh:()

dM
M(L)=M+F— —2=0,
dx

=M, dF_dMy  dMs 4.17b
QL) = dx dx  dx? dx =~ (4.17b)

where M is the classical bending moment, F is the higher order axial couple, My, is the
higher order bending moment and Mg is the bending moment in case of stress effect.

In the open circuit condition (Fig. 4.1b), electric displacement on the surface
should be zero (D, — 0). Therefore, using the constitutive Egs. (4.3b and 4.8), the

electric field can be derived as:

€31 H3q

E, = ——¢&gx— —
€33 €33

Nzxx: (4.18)

By using Egs. (4.3), (4.10) and (4.18) into Eq. (4.11b), the following relation can be
obtained:

M= —|(cC 31 4
= —(Cy + =22 1,w”, (4.19)
€33
2
F= — <ﬁ> WA, (4.20)
€33

in which A and Iy indicate the area of cross-section and moment of inertia of the beam,

respectively.

Similarly, Eq. (4.12b) may be rewritten as:

e
M, = — (c;1 + ey %) I'w”, (4.21a)

where I* is the perimeter moment of inertia.

For a beam having rectangular cross-section with height h and width b, the relation for I*

is given by Liu and Rajapakse (2010):

b bh?

=t (4.21b)
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On the upper and lower surfaces of the beam, the curvatures have the equivalent
magnitudes but reverse directions. Hence, by ignoring nonlinear effect caused due to term

(e3,E3) in Eq. (4.12c), the lateral loading (T;) can be again reformulated as:

s s u S 1 * dZW
T, = . H(Gxxk) da — _H(Gxxk) da = S*t, L (4.22)
2 =72

z= 2 7=

in which S* = 2b.
Making the use of Eq. (4.16), the governing equation considering the flexoelectric and

surface effects can be obtained as:

2

El effd4—w = S dw _ 4.23
(ED o Yo 32 q(x), (4.23)

in which

e2 2 e3 e
(EDeff = <c11 + 6—31>1+ <@>A+< S, + 361 31) I (4.24)

33 €33 33

4.2.1 Static Loading on Beams

For obtaining the results in terms of nondimensional quantities, X = x/L and w =
w/L, Eq. (4.23) can be re-written as follows:
d*w d’w  qlL?

[—+ — =
dx* dx? * (ED)eff

0, (4.25)

S*ToLZ

where T’ = Eerr

For obtaining the general solution, Eq. (4.25) is further simplified for a uniformly

distributed load (q,) as follows:

qol? —2

w = Cle)_(\/F + CZe_)—(\/F + C3 + C4§ +mx ,

(4.26)
where Ci to C4 are the arbitrary constants to be determined by using the boundary
conditions. In case of a cantilever beam subjected to an end-point load P (Fig. 4.1b), the
necessary boundary conditions w(0) = w'(0) = M(1) =0,Q(1) = —P and q, = 0 are

used in Eq. (4.26). Subsequently, the constants Ci to C4 can be determined as follows:
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PL2 PL2 e2VT
Cl = 3 ;CZ = - 3 )
(EDefirz(e2'T + 1) (EDefrz(e2'T + 1)
PL? (eZ\/F - 1) PL2
C3 = 5 and C4 = (4‘27)

3 o ffr
(EDefTz(e2 T + 1) (EDT
In case of a simply-supported beam subjected to midpoint load P (Fig. 4.1a), the
unknown constants are determined using the following boundary conditions w(0) =
w'(1/2) = M(0) = 0,Q(1/2) = —P/2 and q, = 0 in Eq. (4.26) as follows:

PL? PL?
Cl = C =

3 _ y b2 T T 3 _ )
2(ED)efTz (eﬁ/Z te @2) 2(ED)efrz (eﬁ/Z +e @2)

PL2

C3=0; andC4=—2(T)effF.

(4.28)

In case of a clamped-clamped beam subjected to midpoint load P (Fig. 4.1c), the
necessary boundary conditions are w(0) = w'(0) = w’'(1/2) = 0,Q(1/2) = —P/2 and

qo = 0, and we can obtain the constants using Eq. (4.26) as follows:

) pi2 ¢ V- )
1= 3 — ; 2 =
2(ED)effT2 (e s 4 1)

PL2
- 3/ _
2(EDefT2 (e s 4 1)

)

PL? (1 - e_ﬁ/z) pL2

C3 = andC4=—m.

; (4.29)
2(ED)fr2 (e_ﬁ/Z + 1)

4.2.2 Determination of Effective EMC Coefficient

The actuation and sensing performance of the beam primarily depends on the effective
electromechanical coupling (EMC) coefficient. Particularly, the EMC coefficient is used
in various applications such as enhancement of active control authority, vibration control,
piezoelectric energy harvesting and detection of crack (Davis and Lesieutre, 1995; Kim et
al., 2005; Beeby et al., 2006; Anton and Sodano, 2007). If we consider piezoelectric
structures subjected to mechanical loading then the deformation throughout them may not
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be homogeneous. Thus, both open- and short-circuit energies (total internal energy) must
be calculated using the integration over the volume of the piezoelectric structures. The
homogeneous properties through the piezoelectric structure is only valid under the
assumption of electric field (E, — 0) and electric displacement (D, — 0) can be set to
zero through the whole piezoelectric structure. This condition is achieved due to open-
and short-circuit configurations. Hence, by considering the homogeneous deformation
throughout the piezoelectric structure, EMC can be defined as (Trindade and Benjeddou,
2009):

EMC =

)1/2 .(4.30)

(electrical energy stored in the volume of a piezoelectric structure
total mechanical strain energy supplied to the body

The total internal energy U can be written as:

1 1
= Ef (GXXEXX + TZXXIIZXX + TXXXIIXXX) dQ + Ef(o-)s(XSXX) da' (431)
Q a
where ‘Q’ and ‘a’ denote the entire volume and surface area of the beam, respectively.

In the open circuit condition (Fig. 4.1b), electric displacement on the surface
should be zero (D, — 0). With the help of constitutive relations for both surface and bulk
effects, the total internal energy stored in the structure (U,.) can be obtained as (Yan and
Jiang, 2011):

U = %(cn + %) fAzZ dAfOL <d2;’;’(gx)> (m)fdAf <d2w(x)>
+%(Cfl +eh o f f <d2w(x)> dx,  (432a)

1 eZ, /bh3 S s €31\ (h® bh? u31
Uoc —El<cll+ E_33)<E +(C11 + €31 6_33) E-FT + E33 bh

F( e 2d 432b
J;)( o2 ) X. (4.32b)

In short circuit condition (Fig. 4.1c), an electric field is zero (E, — 0). Similar to

the open circuit condition, the total internal energy can be determined as:
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1 bh3 (b3 bh2\] (¥ /d2w()\’
T e e e

The EMC coefficient can be determined using the same nonuniform strain &,, condition
as follows (Trindade and Benjeddou, 2009):

U,.—U
(&e? = —OCU == {e311bh? + €3, e3,(2h? + 6bh) + 123, b}
ocC

{(C11 E33+ €3)bh? + (C5; €35+ e3,e3:)(2h? + 6bh) + 12p3,b}" 1.  (4.34)

From Eq. (4.34) it can be revealed that the EMC coefficient is size-dependent
when the flexoelectric and surface effects are taken into account. If the flexoelectricity is
ignored (u3; — 0), the above expression for EMC coefficient, considering bulk and

surface effects is reduced to:

i J e2,bh + €3, e, (2h + 6b) (435)

2 (Ci1 €33+ €5,)bh + (CI; €33+ e3,e31)(2h + 6b)

If both the flexoelectric and surface effects are eliminated (u34,€3,, C3; = 0), the above
equation is deduced to the EMC coefficient of bulk piezoelectric materials (£5) as

follows:

(Cy; Ez3+e5y)

eff _ €3
eff — (4.36)

4.2.3 FE Formulation of Beam

In this, FE model of the GRNC beam subjected to the distributed load is
developed, accounting both the flexoelectric and surface effects. Considering no axial
force acting along the length of a beam and neglecting inertial terms, Eq. (4.23) can be
rewritten as:

d*w d?w
ff * —
(ED¢ P (tos )@ + q(x) = 0. (4.37)
Using Galerkin’s weighted residual method for the formulation of FE procedure, Eq.

(4.37) can be reformulated as:
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le
y = j {(El)eff (Tos) i q(x)}vdx = 0. (4.38)

v is the weight function and I, is the length of a beam. By applying the integration by

parts, the Eq. (4.38) can be written in a weak form as follows:

lp—fe (El)efdeWd2v+( )d Y g ld +(Md‘7 —)le—o 4.39
A o e TS ) g gt av Ak (MG — Qv ) =0 (4:39)
in which the bending moment (M) and shear force (Q) can be written as:
d?w d3w
(EI)‘*“<d 2> Q= —(El)eff< ) + (Tos” )—
Substituting the values of M and Q in Eq. (4.39), we can rewrite:
w d%v dw dv
Yy = f {(El)eff M + (1o )— —V+ q\_/}dx
dx?z
ffd w v " d w dw le
—{(ED® o2 6__( e v+ (TOS)—V 0=O. (4.40)

Figure 4.2 demonstrates the two noded beam element considering the surface

layer with two degrees of freedom (i.e., translational (w) and rotational (¢)) at every
single node.

Surface layer
(surface stress 7g)

D1

x=0 x=1,

Figure 4.2: Beam element with two nodes.

Consequently, the nodal displacement vector is written as follows:
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we=[wy @1 w2 @], (4.41)

The vertical displacement of a beam can be interpolated by using the shape function

N;(x) as follows:
W = Z NiWei ) i = 1, 2, 3, 4, (442)

N;, N,, N3 and N, are termed as the shape functions or cubic interpolation functions for a

beam element. For the beam element, N; = 1 and 0 when calculated at nodes 1 and 2,
respectively. A term N, is related to ¢, and we have % = 1 when calculated at node 1.

Similarly, shape functions N; and N, have equivalent results for node 2. Using above

analogy, all the shape functions can be written as:

3x? 2x3 2x% %3
N =1- 5+ —5 ;N =x——+ —,
le le ke 1o
3x%  2x3 x?  x3
N3 (X) = 2 T T3 ; N4(X) =—-—4+ —. (4‘.4‘3)
le le N

By substituting Eq. (4.42) into Eq. (4.40), we can write

le le
f {(EDCN"TN" + 7os*"N'TN'}vedx = — f q(x)Ndx. (4.44)
0 0

The elemental stiffness matrix can be written as:

le
K = J {{(El)effN"TN"+ ros*N’TN’}dx}, (4.45q)
0
K, = f | enyer (N ' N s (dN)T N {4 4.45b
M A dx2 ) dx? 03N\ ax/) ax (¢ (4-45b)
12 6l, -12 6l 36 3, -36 3l

o EDThele  al® 6l 21| (18| 3l 4l -3l 17
°e” 3 |-12 -6le 12 -6l 30l [-36 -3l 36 -3l
6l 12 —6l, 4l° 3l —l,° =31, 417

.(4.46)
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Observation of Eq. (4.46) reveals that it is divided into two parts. The first part is
similar to the modified stiffness matrix and the second part is related to the stiffness
matrix considering the surface effects. The value of effective bending stiffness (EI)e is
influenced by the negative or positive value of the surface stress. Hence, the elemental

nodal force vector can be written as:

le
f, = — f q(x)NT dx. (4.47)
0

The generalized nodal force vector includes the effect of uniformly distributed
load (q,) as well as the concentrated end-point load (P). In case of cantilever beam, if the
element is subjected to the end-point load or uniformly distributed load, then the
corresponding force vector can be written as:

f,=—P[1 1, -1 0], (4.48a)

do

fe= -1

[6l, 1.2 6l, —1.%]". (4.48b)

Similarly, we can determine the generalized nodal force vector for simply-supported and
clamped-clamped beams. Using the assemblage of element stiffness and nodal force
matrix, the equilibrium equation with global element stiffness and global force vectors
are given by

Kd = f. (4.49)

in which K, d and f denote the global stiffness matrix, displacement and global force

vector, respectively.
4.3 Results and Discussions
4.3.1 Electromechanical Behavior of GRNC Beams

In this sub-section, the electromechanical behavior of GRNC nanobeams,
accounting the flexoelectric and surface effects, subjected to the point load with different
boundary conditions are studied. Different boundary conditions of beam such as
cantilever, simply-supported and clamped-clamped are considered. The effective
properties of GRNC considering 60% graphene volume fraction are considered and the

same are summarized in Table 4.1.
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Table 4.1: Properties of GRNC (vg=0.6).

C11(GPa) Clz(GPa) C66(GPa) e31(C/m2) e33(C/m2) 633(F/m)

33.42 8.44 12.49 -0.0031 0.20 7.82x 101

The surface elastic modulus (C11s) and coefficient of surface piezoelectricity (ea1s)
were determined by assuming the thickness of surface layer as 1 nm (Ru, 2009; Chen,
2011; Zhang et al., 2012; Hu et al., 2014; Zhang et al., 2014; He, 2015). Surface material
properties (C11s and ezss) are equal to those of the bulk properties of GRNC multiplied by
thickness of surface layer. It is experimentally observed that for certain elastomers,
crystals, ceramics and polymers, the flexoelectric coefficient (e/a) is in the range of
10719 — 107%C/m; in which ‘e’ is the electron charge and ‘a’ is the lattice parameter
(Kogan, 1964; Ma and Cross, 2003; Nguyen et al., 2013). Using experimental
approaches, this was confirmed by Zubko et al. (2013) and to be more definite it is
experimentally validated for polymers that the flexoelectric coefficient (ps3,) ranges
from 1078 — 1079C/m (Chu and Salem, 2012; Jiang et al., 2013; Zhang et al., 2015). For
further calculations herein, we have taken the value of p3; = 1072 C/m. The respective
width (b) and length (I) of GRNC nanobeam are considered as 0.5h and 20h.

Figures 4.3-4.5 illustrate that the flexoelectric and surface stress effects play a
vital role in the elastic behavior of nanobeams. These figures also show the results for
GRNC nanobeams neglecting flexoelectric and surface effects (i.e., conventional
piezoelectric beam). It should be noted that one half of the beam deflection is shown in
case of simply-supported and clamped-clamped beams by taking the advantage of
symmetry. It is importantly noted that the separate as well as combined flexoelectric and
surface effects significantly improves the elastic behavior of beams over that of
conventional piezoelectric beams. For instance, it is revealed from Fig. 4.3 that the
magnitude of normalized deflections of cantilever beams are decreased by ~19% and
~86% compared to that of conventional beam when only the flexoelectric effect and
combined flexoelectric-surface effects are considered, respectively. Note that the elastic
behavior of beam totally depends on the sign of surface stress, that is, either positive or

negative (to > 0 or ty < 0). For example, the cantilever nanobeam shows a softer elastic
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behavior compared to that of conventional nanobeam when t, > 0 and the reverse is true
when 1, < 0. On the contrary to the cantilever nanobeams, simply-supported and
clamped-clamped nanobeams show stiffer elastic behavior when t, > 0 and vice versa.
Our finding is coherent with the earlier results for static bending of nanowires
considering the surface effect (He and Lilley, 2008). The demonstration of softer elastic
behavior of the beam is attributed to the fact that the magnitude of applied point load
becomes equal to the negative uniform transverse load in the same direction due to the
surface stress effect in case of cantilever nanobeam; else, the beams show stiffer elastic
behavior due to the positive uniform transverse load in case of simply-supported and
clamped-clamped nanobeams. When the load is applied downwards then the cantilever
nanobeam bent with concave curvature towards the negative z-axis. Hence, the additional
transverse load is imposed due to the surface stress effect which counters the applied
mechanical load. Therefore, the additional uniform transverse load improves the elastic
behaviors of the simply-supported and clamped-clamped beams under applied downward
loads. Note that the clamped-clamped nanobeam shows stiffer behavior compared to
simply-supported beam because the former exhibits both downward and upward
curvatures. For instance, the magnitude of normalized deflections of simply-supported
beams (Fig. 4.4) are decreased by ~19% and ~68% compared to that of conventional
beams when only the flexoelectric effect and combined flexoelectric-surface effects are
considered, respectively; whereas as the corresponding reductions are ~19% and ~52% in
case of clamped-clamped beams (Fig. 4.5). This is attributed to the stiffening of the
simply-supported and clamped-clamped beams by a positive surface stress effect (t, >
0).

Our results clearly indicate that the sign of surface stress plays a vital role in the
softening and stiffening behavior of nanobeams while flexoelectricity always stiffens the
elastic behavior of nanobeams irrespective of boundary conditions. It is attributed to the
fact that the effective bending rigidity of cantilever beam with flexoelectricity is higher
than the conventional nanobeams. Surface stress softens the elastic behavior of cantilever
beam while the flexoelectricity contributes to overcome this softness. From Figs. 4.3-4.5
it may be observed that the predictions by both analytical and FE models are in excellent
agreement which provides strong evidence for the adequacy of the former method.
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Figure 4.3: Variation of the normalized deflection of cantilever beam along its length

under an end-point load P.
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Figure 4.4: Variation of the normalized deflection of simply-supported beam along its

length under a mid-point load P.
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Figure 4.5: Variation of the normalized deflection of clamped-clamped beam along its
length under a mid-point load P.

4.3.2 Electromechanical Coupling (EMC) Coefficient

Figure 4.6 demonstrates the flexoelectric and surface effects on the effective EMC
coefficient (€5 against the thickness of GRNC nanobeam. Here, the EMC coefficient of
nanobeams with the flexoelectric/surface effects (£°) is normalized by EMC coefficient
of conventional beam (£5). From Fig. 4.6 it can be observed that the EMC coefficient
significantly enhances as the beam thickness reduces and hence, it is also known as the
size-dependent coefficient. The significant apparent piezoelectric effect is observed at the
reduced thickness of beam due to the consideration of flexoelectric effect. It may be
observed that the (i) EMC coefficient of nanobeams having a thickness less than 20 nm
significantly increases compared to that of nanobeams with surface effects and (ii) EMC
coefficient of nanobeams with only flexoelectric effect is enhanced by ~9% compared to
that of nanobeams with combined flexoelectric-surface effects. It can also be noticed that
the EMC coefficient is independent of the boundary conditions of beams and only

depends on the size of nanostructure. Due to the flexoelectric effect, the enormous rise in
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the EMC coefficient at nanoscale level is likely to be beneficial for the enhancement of
performance of NEMS applications.
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Figure 4.6: Variation of the normalized electromechanical coefficient (£°f/£5™) against

the thickness of nanobeam.

4.4 Conclusions

This Chapter dealt with the study of electromechanical behavior of GRNC
nanobeams with various boundary conditions accounting the flexoelectric and surface
effects. The closed-form solutions were obtained for investigating the electromechanical
response of GRNC nanobeams based on the size-dependent Euler-Bernoulli and linear
piezoelectricity theory accounting the flexoelectric and surface effects. Furthermore, the
FE models were developed based on Galerkin’s weighted residual method for validating
the analytical results. The static deflections of GRNC cantilever, simply-supported and
clamped-clamped nanobeams are reduced when (i) only the flexoelectric effect and (ii)
the combined flexoelectric-surface effects are considered compared to that of
corresponding conventional beams. The numerical outcomes reveal that the enhancement

of EMC coefficient strongly depends on the size-dependent flexoelectric effect as the
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beam thickness reduces. Due to the incorporation of flexoelectric effect, it is found that
the EMC coefficient of nanobeams having thickness less than 20 nm increases
substantially, and such effect should be accounted for studying the static behavior of thin
nanostructures. It is also concluded that the EMC coefficient is independent of the
boundary conditions of beams and only depends on the size of nanostructure. Results
reveal that the flexoelectric and surface effects on the static response of GRNC

nanobeams are significant and should be taken into account.

The electromechanical behavior of GRNC nanoplate is studied in the next
Chapter. The static and dynamic behavior of simply-supported GRNC nanoplate
subjected to different loading conditions such as uniformly distributed, hydrostatic or
varying distributed, point and in-line loadings accounting the flexoelectric effect are
studied.
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Electromechanical Behavior of
Flexoelectric GRNC Plates

In this Chapter, the electromechanical behavior of GRNC plates with flexoelectric effect is
studied by deriving an analytical model based on Kirchhoff’s plate theory, Navier’s
solution and extended linear piezoelectricity theory. The effective properties of GRNC
obtained in Chapter 2 are utilized. The static and dynamic responses of simply-supported
flexoelectric GRNC nanoplates under different loadings such as uniformly distributed,

varying distributed, inline and point loads are investigated.

5.1 Introduction

The review of literature presented on graphene-based composite plates clearly
indicate that graphene is the most attracting 2D material, vastly studied in the last decade.
The analysis of the static and dynamic response of a flexible GRNC nanoplate considering
the flexoelectric effect is yet to be studied, which can offer many opportunities for
developing next generation NEMS. Therefore, an analytical model based on the
Kirchhoff’s plate theory, Navier’s solution and extended linear piezoelectricity theory was
developed to investigate the electromechanical response of simply supported GRNC plate
under different loadings such as uniformly distributed (UD), point, in-line and varying
distributed (VD) loads, accounting the flexoelectric effect. The electromechanical response
of GRNC plates was investigated to attain the desired deflection characteristics and
resonant frequencies for a range of NEMS using different flexoelectric coefficients as well
as geometrical parameters such as aspect ratio, thickness of nanoplate and volume fraction

of graphene.
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5.2 Electromechanical Response of GRNC Plates
5.2.1 Governing Equations for GRNC Plates

In this sub-section, the governing equations for GRNC nanoplate subjected to the
uniformly distributed mechanical load (q,) are derived to investigate its static bending and
dynamic behavior considering the flexoelectric effect. Figure 5.1 shows the schematic of
simply-supported (SS) GRNC nanoplate having thickness h, length a and width b. A
Cartesian coordinate system is used to describe the nanoplate with thickness along the z—

axis and the mid plane of the undeformed nanoplate coincides with the x—y plane.

ANNAAN
iy —
=4

Figure 5.1: Schematic of GRNC nanoplate subjected to the uniformly distributed load.

e Assumptions of Kirchhoff’s plate theory:

> Straight lines normal to the mid-surface (i.e., transverse normals) before
deformation remain straight after deformation.

> The transverse normals are inextensible (i.e., do not experience elongation).

> The thickness of the plate does not change during a deformation.

> The transverse normals rotate such that they remain normal to the middle surface

after deformation.

The first three assumptions signify that transverse displacement is independent of
transverse (or thickness) coordinate and transverse normal strain is zero. The last
assumption indicates zero transverse shear strain.

As per Kirchhoff’s plate theory, the in-plane displacement of the plate in terms of

transverse displacement w(x, y, t) can be expressed as (Zhao et al., 2012):
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ow(x,y,t)
u(X;y, Z)t) - _ZTr (51)
ow(x,y, t
v(x,y,z,t) = —ZW(+YY), (5.2)
w(xy,z,t) = wxy,t), (5.3)

in which (u, v, w) are the in-plane displacement components along the (x, y, z) coordinate

directions, respectively; tis the time; and w is the transverse displacement of a point on

the mid-plane (i.e., z = 0). The displacement field (Egs. 5.1-5.3) indicates that straight

lines normal to the x—y plane before deformation remain straight and normal to the mid-

surface after deformation.

Consequently, the nonzero strains can be written as follows:

9’w 0w ] 9*w

oxdy

—Zm, Syy_ —Za—yz, Sxy_
Assuming the electric field E,, exists only in the z —direction of the nanoplate, the

SXX -

(5.4)

in-plane dimensions and electric field components in the x — y plane can be eliminated
when they are compared with that in the thickness direction (Ying and Zhifei, 2005; Ray
and Pradhan, 2006). By using the generalized equation for the electric Gibbs free energy
density function (U) presented in previous Chapter 4, the constitutive relations can be

reformulated as:

Oxx = Ci18xx + Cia&yy — €31E,, (5.5a)

Oyy = Cio&x + Ci18yy — €31E4, (5.5b)

Txy = 2Ce68xy (5.5¢0)

Taxz = —H14Ez, (5.5d)

Tyyz = —HiaEz, (5.5e)

D, = es (et Eyy) + €33 E; + tyg (e + nyyz)' (5.5f)

where W, = Hz113 = Msz23 (Shu et al., 2011). For the sake of simplicity, the strain
. 02w 02w .
gradients other than nyy, = ) and nyy, = s are assumed to be zero, since the

associated flexoelectric coefficients or strain gradients are much smaller as compared to

that along the thickness direction of GRNC nanoplate. Due to the absence of external
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electric field, the electric displacement equals electric polarization. Hence, it can be clearly
seen that the 3" term in Eq. (5.5f) indicates the polarization induced in the nanoplate due
to the strain gradients.
Using the equation of Gauss' law of electrostatics (V.D = py), in the absence of
free electric charge (ps), the electric displacement for the thin nanoplate can be written as:
dD,
0z
In case of open-circuit condition, on the surface of nanoplate the electric displacement is

0. (5.6)

zero. Therefore, from Eq. (5.6), the internal electric field can be derived as follows:
_e3y (0°w  9*w Wi (0°W  0%w
E, = e (6){2 + 32 z+ ., \ax + 3y )’ (5.7)

From Eq. (5.7), it can be observed that the first term ? related to the piezoelectricity
33

signifies the electric field induced due to the application of strains, and the second term e

33

related to the flexoelectricity signifies the electric field induced due to the application of
strain gradients. Considering the flexoelectricity, the piezoelectricity associated internal
electric field no longer remains anti-symmetric respective to the midplane of the nanoplate

in the direction of its thickness. Then, taking the summation of the curvatures at an arbitrary

point in the nanoplate as a whole, Eq. (5.7) can be rewritten as E, = %‘L”MG with G =

33

2 2
oWy ZTVZV . Note that the response of the electric field E, to G depends on the z-coordinate.

ax2
In addition, term e3;z + 4 depend on the thickness of nanoplate and its flexoelectric
coefficient. If the piezoelectric effect is not taken into account then the solution is attributed
to the flexoelectric effect (i.e., Uy4).

The governing equations for the SS nanoplate problem can be derived using

dynamic version of Hamilton’s variational principle, such as (Reddy, 2003):
t
SJ (U+W-K)dt =0, (5.8)
0

where U is the electric Gibbs free energy density. For the simplification of formulation, we

considered open-circuit condition (D, = 0)and the terms rijm, and gijamn With higher

order gradients are neglected in Eq. (4.1) and hence, the relation of U can be reduced as:

1 1
U= 5 0i&ij T 5 TijkMijke (5.9
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If the vibration along the x — y plane is ignored, then the kinetic energy (K) is given by

K = 1f (6W>2dn 5.10
2 Qp ot ’ (510)

where Q is the entire volume occupied by the GRNC nanoplate and p is the mass density.

The work done (W) due to the application of external load can be determined as follows:

a rb
W= f f qowdydx. (5.11)
0o Jo

An energy formulation for continuum electro-elasticity is based on the principle of
minimum free energy, which is mainly suitable for complex materials with significant
gradient effects and analysis of stability (Liu et al., 2013). Therefore, the governing
equation can be written as:

2 2 2 2 2 2 2
aal)\:[; "+ %leg;y + ZXN([?? + aal;/[g “t aalizxz + al\;yzyz B ph%TVZV T4 =

0. (5.12)

Boundary conditions for SS rectangular GRNC nanoplate on all four edges are
prescribed and can be deduced as (Reddy, 2003):

atx =0andx = a:

w = 0,M,, = 0. (5.13)
aty =0andy =b:

w = 0,M,, = 0. (5.14)
where M, My, My, and My, are the bending moments, and N,,, and N, are the axial
forces along the thickness, and these can be obtained as follows:

h/2 h/2 h/2
My = f Oyxx2dz, Myy = f oyyzdz, My, = My, = f Tyyzdz , (5.15)
~h/2 ~h/2 ~h/2
h/2 h/2
Nyxy = J TyxzdZ, Nyy, = J TyyzdZ. (5.16)

—h/2 —h/2

Substituting Egs. (5.3a) and (5.7) into the constitutive relations (5.5a-5.5e), the explicit
expressions for the stresses and higher-order stresses related to the transverse

deflection (w) can be written as:
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e2,\ 0%w e, \d*’w e ’w  0*w
GXX = — (Cll + i>_Z - <C12 + 31> Z — 31“14( + ) ’ (517)

€33/ 0x? €33/ 0y? €33 \0x*  0y?
2 2 2 2 2 2
e5;\0°w €51\ 0°W  e3qllya (0°W 0w
= —|Cp+ —|=—z—|Cy + — — + , 5.18
vy ( 12 633> oxz < 1 633> dy? z €33 <6X2 dy? (5.18)
_ g o 5.19
TXy - 66 aXayZ’ ( : )
€31 U431 aZW aZW }.1%4_ aZW aZW
= = — - — | - . 2
Toxz = Tyyz €33 <6X2 + dy? z €33 \ 0X2 + dy? (5:20)

Making the use of Egs. (5.17-5.20) into Egs. (5.15-5.16), the bending moments can be

obtained in terms of w as follows:

My, = — | Ciq + €51\ h° O"w C +e§1 h O%w 5.21

o 17 e, )12 0x2 127 €55/ 12 dy2’ .21

My, = — [ Cp + €51\ h° O"w Cpy + €51\ b 0w 5.22

S 127 €55/ 12 0x2 17 e, )12 dy?’ (5.22)
h® 0%w

Myy = Myy = —2Ce¢ 129x0y " (5.23)

Ny, = N, = — e (Tw  0fw) 5.24

XXZ — yyz__e_33 W‘FW . ( )

After careful observations of Eqgs. (5.17-5.24), it can be observed that the
flexoelectricity significantly influences the distribution of stress and higher-order stresses.
Accordingly, the higher-order stress vanishes when the flexoelectric effect is not
considered and the conventional bending moments are not influenced by the strain gradient.
Moreover, the introduction of flexoelectric effect yields the summations of higher-order
stresses.

Using Egs. (5.21-5.24) into Eqg. (5.12), the governing equation can be written in terms of
w as follows:

0*w 0°w

o*w  d*w
11 %2 0y? + Phﬁ = qo,

~ A + _) + 2(D12 + 2D66)

oty (5.25)

with

102



Electromechanical Behavior of Flexoelectric GRNC Plates

( e§1 3 H%z}
Dy =(C —+—h
11 < 11t E33> 12 T e,
e2,\h3 12
{D:,=1(C R B 5.26
12 < R TR (5.26)
h3
kDes = Ceeﬁ

From above formulation, it is observed that flexoelectric effect has significant influence
on the bending stiffness of nanoplate.
5.2.2 Exact Solution for Static Response of GRNC Plates

For static bending response of the GRNC nanoplates, the governing Eg. (5.25) can
be re-written as follows (Reddy, 2003):
tw

D (2 9™ o, + 2000
1\ 9x% © ay* 12 66

It may be noted that in the absence of flexoelectricity, the governing equation (5.27)
follows the conventional classical Kirchhoff plate theory considering linear
piezoelectricity. According to the conventional plate theory, for solving the governing Eq.

(5.27) of the SS GRNC nanoplate, the following Fourier series can be used to determine

w (X% Y)-

w(x,y) = Z Z Apnsinax sinfy , (5.28)

m=1n=1

where a = %, B= %ﬂ and A,,, are the coefficients to be calculated for each m and n half

wave numbers that should be satisfied everywhere in the domain of a nanoplate. It has
previously corroborated that Eq. (5.28) satisfies the boundary conditions given in Egs.
(5.13-514). Using the expression of Fourier series, the uniformly distributed load q, (x,y)

can be obtained as follows:

qix,y) = Z Z Qmnsinax sinfy , (5.29)

m=1n=1
with
an

dmn

w(x,y) =

where Q,,,, are the load coefficients for various types of loading as written as follows:
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For (i) Uniform distributed load:

16q,
mn — W , m,n= 1, 3, 5,.. (5303)
(i) Linearly varying load:
8qg cosmm
an = W , mn= 1, 3, 5,.. (530b)
(iii) Point load:
4P = mmx, . nmy, —123 5 30
Qmn = b sin " sin b ,mn=1,23,.. (5.30¢)
(iv) Line load:
_ 8 G Mo 1,3,5,.5n=1,2,3.. (5.30d
an_nansm = m=1,3,5.;n=123.. (5 )

dun = () {0 (3) 4012 (5) +200 + 2060 () ] (5300)

Substituting Egs. (5.28-5.29) into Eq. (5.27), we can derive the solution for the SS
nanoplate to obtain its transverse deflection.

w(x,y) =

_1eqp c -

sinax sinfy
6

=135..n=135... MN {Dn (%)4 + Dy, (E) +2(Dyy + 2Dgs) (mn) } '

(5.31)

5.2.3 Exact Solution for Dynamic Response of GRNC Plates

Using Eq. (5.25), the governing equation for the GRNC nanoplate can be written
as:

64W o*w o*w 0*w
11 aX4 ay4 + 2(D12 + 2D66)a 2 ayz + ph at2 = O .

(5.32)

Similar to the conventional plate model, the harmonic solution for w(x,y, t) is derived as

= B nT[y i@mnt 5.33
w(x,y,t) = mnsm - © , (5.33)

m=1n=
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where B, is a constant indicating the mode shape amplitude; m and n are the half wave

numbers; w,, is the resonant frequency; andi = v —1.
Making use of Eq. (5.33) into Eq. (5.32) yields the nanoplate resonant frequency; as

follows:

Dy, [(%)4 + (%“)4] +2(Dy, + 2Dgg) (%)2 (%T)2 — phw2,, = 0. (5.34)

Henceforth, the resonant frequency for nanoplate can be obtained for different order

numbers m and n as:
2 2

UAS myt m\2 /n
Omn = (p_h) lel (D) +@) |+20n+200(3) () - 639
In this study, we only consider the mode (1,1) resonant frequency w4 (i.e., fundamental

frequency) with variation of aspect ratio and thickness of plate in subsequent section.
5.3 Results and Discussions

The effective properties of GRNC determined by means of MOM and FE models
developed in the Chapter 2 were used for GRNC plates. To investigate the effect of
flexoelectricity on the electromechanical response of GRNC plates, the effective properties
of GRNC considering the volume fraction of graphene as 0.5 were taken from Table 2.3.
For the sake of brevity, the results for GRNC plate are presented considering pristine
graphene only. The mass density of GRNC (p,,.) is calculated using the simple rules-of-

mixture: ppc = (PgVg) + (PmVm). We have taken values of p, and py, as 2200 kg/m3 and

1330 kg/m3, respectively (Odegard et al., 2005; Yolshina et al., 2016), and the calculated
Pne IS 1765 kg/m3. The magnitude of the applied uniformly distributed load on the GRNC
plate is taken as g, = 0.05MPa. Recent experimental studies reported that the flexoelectric
coefficients of certain ceramics and polymers are much larger than the previous estimates
using different methods for values of flexoelectric coefficient. However, in experimental
measurements of certain crystals, elastomers, polymers and ceramics, the predicted
flexoelectric coefficient (e/a) was found to be in the range of 107°-10° C/m; where
‘e =1.602 x 1071°C’ is the electron charge and ‘a’ is the lattice constant in A (Kogan,
1963; Ma and Cross, 2003). For instance, the experimentally predicted values of

flexoelectric coefficients of polymers are found to be in the range from 108 to 10° C/m
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(Chu and Salem, 2012; Jiang et al., 2013). Hence, unless otherwise mentioned, we

considered the flexoelectric coefficient 10~° C/m for current calculations.
5.3.1 Static Response of GRNC Plates

In this Section, the investigations are carried out to study the effect of
flexoelectricity on the static response of GRNC nanoplates. The variation of normalized
bending stiffness (D,,/D?;) of GRNC nanoplate with respect to its thickness (h) is
plotted in Fig. 5.2, where D,; and D?; are the bending stiffnesses of GRNC nanoplate with
and without flexoelectric effect, respectively. Note that the value of D;; depends only on
the thickness of nanoplate and is independent of its in-plane dimensions, as seen from Eq.
(5.26). Figure 5.2 reveals that the bending stiffness of GRNC nanoplate with flexoelectric
effect is ~10 times higher than that of the conventional nanoplate (i.e., without flexoelectric
effect) when the value of h is 1 nm. This difference is noticeable and cannot be ignored for

studying the electromechanical response of thin nanostructures.

ll T T T T T T T T

Normalized bending stifness

1 2 3 4 5 6 7 8 9 10
Plate thickness h (nm)

Figure 5.2: Effect of variation of plate thickness on the normalized bending stiffness.
As the thickness of nanoplate increases, the effect of flexoelectricity starts
diminishing and this findings agree well with the results obtained by Zhou et al. (2016).
From this, it can be concluded that the stiffness of nanoplate depends on the size or shape

of nanostructure (constant or varying cross section). As expected, the normalized bending
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stiffness approaches unity when the flexoelectric effect vanishes. It may also be observed
from Fig. 5.2 that the effect of flexoelectricity on the normalized bending stiffness of
GRNC nanoplate is size dependent as it can be clearly seen from Eq. (5.26).

The effect of flexoelectricity on the static bending of GRNC nanoplate is examined
here. Figures 5.3 and 5.4 demonstrate the variation of transverse deflections of SS GRNC
nanoplates with and without flexoelectric effect for value of m =1 and n=1. The
dimensions of the square GRNC nanoplate are taken as: h = 4 nm and a = b = 50h. Our
selection of in-plane dimensions of nanoplate is based on the fact that the theory of
Kirchhoff’s plate provides better results when the aspect ratio of a plate is in the range of
5-80 (Yang et al., 2015). It can be observed from Figs. 5.3 and 5.4 that the maximum
deflection of GRNC nanoplate occurs at its center i.e., at x = a/2 and y = b/2 for both the
cases (with and without flexoelectric effect). The maximum deflection of GRNC nanoplate
increases if its in-plane dimensions are increased (a = b = 60h). It may also be observed
that the deflection of GRNC nanoplate with flexoelectric effect is lower than that of the

conventional plate for both the cases of in-plane dimensions.

(a) (b)

w
L

Deflection (nm)
~
L
Deflection (nm)

L

04

0.2

0 0 ) 0 0
Aspect ratio (v/a) Aspect ratio (x/a)
Aspect ratio (y/b) Aspect ratio (y/b)

Figure 5.3: Deflection of GRNC nanoplate: (a) without flexoelectricity and (b) with
flexoelectricity under UDL.

In addition, Figs. 5.3 (a) and (b) represent the 3-D representation of deflection of
GRNC nanoplate with and without flexoelectric effect. The stiffness of GRNC nanoplate
significantly improves due to the incorporation of flexoelectric effect over that of
conventional nanoplate. These results clearly demonstrate the importance of
flexoelectricity in the static bending of GRNC nanoplates which cannot be neglected at
nanoscale level.
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10 L} Ll L) L)

——with flexoelectricity (a =b = 50h)
without flexoelectricity (a =b = 50h
=== with flexoelectricity (a =b = 60h)
—-— without flexoelectricity (a =b = 60h

Deflection (nm)

0 0.2 0.4 0.6 0.8 1
Aspect ratio (x/a)

Figure 5.4: Effect of variation of plate aspect ratio (x/a) on the deflection of GRNC

nanoplate under UDL.

In the previous sets of results, the static response of GRNC nanoplates subjected to
the UDL is studied. However, the different types of loadings may influence the deflection
behavior of nanoplates. Therefore, three different cases were considered for GRNC
nanoplate under: (i) varying distributed load (VDL), (ii) point load and (iii) inline load.
These cases represent the practical situation of different types of loadings applied to the
thin plates. We considered the equivalent magnitude of loading in all situations. Table 5.1
illustrates the effect of three types of loading conditions on the deflection of GRNC
nanoplates. As expected, the maximum deflection of the nanoplate occurs at its center
irrespective of the type of loading in both the cases (with and without flexoelectricity). It
is evident from this table that the consideration of flexoelectric effect results in the lowering
the deflection of GRNC nanoplates compared to that of conventional plates. For example,
the reduction in the static deflection of GRNC nanoplate having 4 nm thickness is found to
be ~38.0% in all the loading cases. As expected, the maximum deflection of nanoplate
occurs in case of the application of point load on it; the magnitude of maximum deflection
of GRNC nanoplate observed in the following order: Point load > In-line load > UDL >
VDL.

108



Electromechanical Behavior of Flexoelectric GRNC Plates

Table 5.1: Flexoelectric effect on the central deflection of GRNC plate under different

loadings.

Sr.

No Load q (x,y) Figure Deflection

1. Varying distributed load

x
(x,y) = qOE

Deflection (nmy)

0.8 1

Aspect ratio (x/a)

2. Point load

q(x,y) P
= P at (x9,¥o)

X L
3 -
b il
\ r —with flexoelectricity
a

7 S

s

Deflection (nm)

— without flexoelectricity

0 0.2 04 0.6 0.8 1
Aspect ratio (x/a)

3. Line load
q(x,y) =qp

atx = x

s

Deflection (nm)
Y

——with flexoelectricity
——without flexoelectricity
N n

0 0.2 0.4 0.6 08 1
Aspect ratio (x/a)
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So far, the deflection characteristics of SS GRNC nanoplate are studied by
considering its thickness as 4 nm. To explore the effect of thickness of GRNC nanoplate
on its static behavior, once again the four discrete types of loading conditions are
considered: UDL, VDL, inline load and point load. Table 5.2 summarizes the values of
maximum deflections of GRNC nanoplates. The reductions in the static deflections of
GRNC nanoplates, irrespective of the type of loading, are found to be ~71.0%, ~37.0%,
~21.0%, ~13.0% and ~9.0% corresponding to 2 nm, 4 nm, 6 nm, 8 nm and 10 nm
thicknesses of nanoplate. It can be clearly seen that the influence of flexoelectricity on the
maximum deflection of a nanoplate diminishes as its thickness increases and tends to
approach the results of maximum deflection of the conventional GRNC nanoplate
indicating that the flexoelectric effect is size dependent. It can be concluded from the above
discussion that the effect of flexoelectricity is more prominent for thin plates and this
finding agree well with the results obtained by other researchers (Yan and Jiang, 2012;
Zhang and Jiang, 2014).

Table 5.2: Effect of flexoelectricity on the maximum deflection of GRNC nanoplate

subjected to different types of loading conditions.

Thickness Maximum Deflection (nm)
h (nm) UDL VDL Point Load  In-line Load
with flexoelectricity 0.5155  0.2578 1.2720 0.8098
? w/o flexoelectricity  1.7478  0.8739 4.3125 2.7454
with flexoelectricity 2.1881  1.0940 5.3989 3.4370
) w/o flexoelectricity = 3.4956  1.7478 8.6250 5.4908
with flexoelectricity  4.1431  2.0715 10.2226 6.5079
° w/o flexoelectricity = 5.2434  2.6217 12.9375 8.2362
with flexoelectricity  6.0825  3.0412 15.0079 9.5544
| w/o flexoelectricity  6.9911  3.4956 17.2499 10.9816
with flexoelectricity 7.9763  3.9882 19.6808 12.5292
10 w/o flexoelectricity  8.7389  4.3695 21.5624 13.7271

Figure 5.5 shows the effect of variation of plate aspect ratio (a/h) on the maximum

deflection of GRNC nanoplates for different flexoelectric coefficients. We kept thickness
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of GRNC nanoplate constant to study the effect of its aspect ratio. It can be observed from
Fig. 5.5 (c) that the flexoelectric effect is more prominent when the values of aspect ratio
of plate and flexoelectric coefficient are 40 and 10° C/m, respectively. When the value of
flexoelectric coefficient is 1072° C/m then both the cases provide almost same results (Fig.
5.5d). On the other hand, the flexoelectric effect on the deflection behavior of nanoplates
is negligible when the values of flexoelectric coefficients are 10~ C/m and 108 C/m (Figs.
5.5a and b). It can also be observed that the flexoelectricity plays an important role when
the in-plane dimensions of the plates are on the order of nm. However, flexoelectricity does
not much influence the static behavior of nanoplate when its aspect ratio is less than 30
demonstrating the strong size-dependent behavior. We considered the value of flexoelectric
coefficient as 10° C/m to study the effect of flexoelectricity on the dynamic response of
GRNC nanoplates.
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Figure 5.5: Effect of variation of plate aspect ratio (a/h) on the maximum deflection of

GRNC nanoplate, with fixed in-plane dimensions, considering different flexoelectric
coefficients: (a) 10" C/m, (b) 108 C/m, (c) 10° C/m and (d) 107 C/m.
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5.3.2 Dynamic Response of GRNC Plates

In this sub-section, the investigations are carried out to study the effect of
flexoelectricity on the dynamic response of GRNC nanoplates for mode (1,1). Figures 5.6
illustrates the effect of flexoelectricity on the resonant frequency of mode (1,1) of GRNC
nanoplates against the plate aspect ratio. We kept the in-plane dimensions of plates constant
(a=b =100 and 150 nm) and varied their thickness. It can be observed that the resonant
frequency is higher for the flexoelectric nanoplate over that of the conventional plate when
the plate thickness is less than 3 nm. The flexoelectricity does not much influence the
resonant frequencies of nanoplates having larger thickness (> 4 nm) and this is due to the
fact that the effect of size-dependent flexoelectricity diminishes as the thickness of
nanoplate increases. This figure also reveals that the resonant frequency largely depends
on the in-plane dimensions of nanoplate; resonant frequency of the nanoplate diminishes

as its in-plane dimensions increase.

20 n 1 L] L} L} L} n L]
———with flexoelectricity (a =b =100 nm)

18 ——without flexoelectricity (a =b = 100 nm) ||
—==with flexoelectricity (a =b = 150 nm)

16 —-— without flexoelectricity (a =b = 150 nm) | |

—
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—
[ V]

Resonant frequency(GHz)
[
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Figure 5.6: Effect of variation of plate thickness (h = a/x) on the resonant frequency of
GRNC nanoplate.

So far, the effect of flexoelectricity on the resonant frequencies of GRNC nanoplate
is studied by varying its thickness from 1 to 15 (Fig. 5.6). Here, the parametric results of

resonant frequencies of GRNC nanoplates are presented to investigate the effect of
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flexoelectricity considering the plate thicknesses as 1 nm and 2 nm. Figure 5.7
demonstrates the effect of flexoelectricity on the resonant frequency of GRNC nanoplate
with mode (1,1). It can be observed that the resonant frequency decreases as the aspect
ratio of plate increases. The effect of flexoelectricity is noteworthy in case of thin plate.
For instance, resonant frequencies of GRNC nanoplate with flexoelectricity are enhanced
by ~225% for the plate aspect ratios of 10 to 30 when the plate thickness is 1 nm. On the
contrary, when the aspect ratio is sufficiently large, the difference between the resonant
frequencies is very small, therefore, the flexoelectric effect can be neglected. The results
shown in Figs. 5.6 and 5.7 are significant which indicate that the flexoelectricity plays an
important role in the dynamics of thin plates and needs to be accounted properly. It is
observed from Figs. 5.2-5.7 that as the thickness of nanostructure increases the
flexoelectric effect starts diminishing, and this finding agree well with the results obtained
by other researchers (Su et al., 2019; Shi and Wang, 2019).

600 L] 1 n L) L} L] L] L}
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Figure 5.7: Effect of variation of plate aspect ratio (a = hx) on the resonant frequency of
GRNC nanoplate.

5.4 Conclusions

This Chapter deals with the study of static and dynamic behaviors of novel GRNC

nanoplates with the flexoelectric effect. The exact analytical solutions for flexoelectric
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GRNC nanoplate based on Kirchhoff’s plate theory, Navier’s solution and extended linear
theory of piezoelectricity were obtained. Based on this, the static and dynamic behaviors
of simply-supported GRNC nanoplates under different types of loadings such as uniformly
distributed, point, in-line and varying distributed loads were investigated to study the role
of flexoelectricity. These loading cases represent the practical situation of different types
of loadings applied to the thin nanostructured plates. It is found that the bending stiffness
of nanoplates having less thickness increases significantly due to the incorporation of
flexoelectric effect and such effect cannot be neglected for studying the static response of
thin structures. Also, the effect of different flexoelectric coefficients on the maximum
deflections of nanoplate is investigated. The dynamic response of GRNC nanoplates is
enhanced due to the flexoelectric effect as the plate thickness reduces. Resonant
frequencies of GRNC nanoplates are significantly enhanced for the smaller plate thickness.
Our results indicate that the flexoelectricity plays an important role on the static and
dynamic behaviors of thin plates and needs to be accounted properly while modelling 2-D

nanostructures.

Apart from nanobeam and nanoplate, nanowires have found NEMS applications.
Therefore, the electromechanical behavior such as electric potential and deflection of
GRNC cantilevered nanowires, considering the flexoelectric and piezoelectric effects, are

studied in the next Chapter.
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Electromechanical Behavior of
Flexoelectric GRNC Wires

In this Chapter, the electromechanical behavior of a novel GRNC wire with flexoelectric
effect is investigated by deriving the analytical model using the concept of strain gradient
and FE model. The electromechanical responses such as the distribution of electric
potential and deflection of cylindrical GRNC cantilevered nanowire are studied. Effects
of different parameters such as different diameter, length and flexoelectric coefficients
are taken into consideration for studying the electromechanical behavior of GRNC

nanowire.

6.1 Introduction

The literature review presented in chapter 1 indicates that the piezoelectric
contribution in nanowire-based nanogenerators was studied by several researchers.
However, the electromechanical behavior of GRNC nanowire considering the
flexoelectric effect is yet to be studied, that offer various opportunities for developing
next-generation NEMS. Hence, further investigation is needed. Specifically, this Chapter
is concerned with the development of analytical and FE models for the GRNC
cantilevered nanowire, considering the flexoelectric effect, to study the distribution of
electric potential in it. The electromechanical responses such as distribution of electric
potential and deflection of GRNC cantilevered nanowire are investigated. The
electromechanical behavior of GRNC cantilevered nanowire was studied to achieve the
desired response via a number of ways such as by varying diameter and length of

nanowires as well as flexoelectric coefficients.
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6.2 Electromechanical Response of GRNC Wires

This Section presents the derivation of a continuum model to investigate the
electromechanical response of GRNC wires, considering both the piezoelectric and
flexoelectric effects.

6.2.1 Piezoelectric and Flexoelectric Effects

In this sub-section, the concept of piezoelectric and flexoelectric effects in case of
deformed GRNC nanowire is presented. Figure 6.1 demonstrates the configuration of
GRNC nanowire as a nanogenerator. This mechanism is based on the deflection of
piezoelectric nanowire through point load resulting in the distribution of electric potential

in it.

X, 1

Y, 2

Figure 6.1: GRNC nanowire subjected to the applied transverse force (f).

The principal material coordinate and problem coordinate systems are represented
by x-y-z and 1-2-3, respectively, and they are exactly coincide with each other. The aim
of this Chapter is to obtain a relationship between the applied transverse force (fy) in x-
direction and distribution of the electric dipoles in GRNC nanowire using both
piezoelectric as well as flexoelectric effects. The free end of a GRNC nanowire is

subjected to the transverse force (f,) that simulates the actual applied load or deflection.

According to the direct piezoelectric effect, the mechanical elastic strain induces
the piezoelectric polarization in the piezoelectric material, which can be expressed as

follows:

Pi = &jjk&jk (623)
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where P, g and ey represent the polarization vector, second-order strain tensor and
third-order linear piezoelectric tensor, respectively. Contrast to Eqg. (6.2a), the
polarization induced due to the flexoelectric effect by small infinitesimal deformation

follows the relation in-terms of strain gradients as follows:

aE'k
P = ejjkgk + Uijkla_);l' (6.2b)

in which i is the fourth-order flexoelectric tensor. Using a relationship of the

flexoelectric tensors, Shu et al. (2011) presented the symmetry of these coefficients in the

crystalline medium as follows:

H1111 = H2222 = H3333 = H11
M1133 = MH2233 = H1122 = H2121 = H3232 = M3131 = Hi111

M1221 = H1331 = H2112 = H2332 = U3223 = HU3113 = Hi14 - (6.3a)

For isotropic medium, the relationship between direct flexoelectric coefficients (Eq. 6.3a)
can be obtained as follows (Shu et al., 2011):

1
Hig4 = E(Hn - Mi11)- (6.3b)

After some manipulation, for the simplification purpose, the above flexoelectric

coefficients can be written as:

M3x18 =

u, 0 0 w, 0 0 p, 0 O O p,, O O O p,, O O O
o p, 0 O p, 0 0 p, O p,, 0 0 0 O 0 0 0 p,,
o 0 w, 0 0 p, 0 0 p, O o 0 p,, 0 0 0 p, O
(6.4)
Furthermore, in case of isotropic materials, there is a relationship between the
flexoelectric coefficients p;4, 1111 @nd py4, and these independent coefficients can be
reduced to two. The polarization charges in nanowire generated due to the piezoelectric
and flexoelectric effects are bound charges instead of free charges. So, in absence of free

charges, the Gauss’s law yields to

V.D = p, = 0. (6.5)
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Here, for the cylindrical nanowire, the surface charge density (ps) is 0, and D denotes a

component of the electric displacement that can be obtained as follows:
D=-eVQ+P. (6.6)

where @ and € represent the corresponding electric potential and relative permittivity of
GRNC.

6.2.2 Continuum Model of GRNC Wires

The continuum mechanics based analytical model was developed by considering
GRNC as a continuum medium. We consider the GRNC nanowire having a cylindrical
shape with constant cross-sectional area of length L and diameter 2a. The flexoelectric
coefficients of GRNC can be obtained from Egs. (6.3b) and (6.4). The relationship

between the stresses and strains in nanowire can be expressed as follows:

Exx 1 -8 -9 0 0 0 O
Eyy / 9 1 -9 0 0 0 \ / oyy\

€22 1| =9 -9 1 0 0 0 | Ozz |

2¢, [TEl 0 0 0 20049 0 o |*| .| 67
26, 0 0 o0 0 21+9) 0 \rzx /

284y 0 0 0 0 0 2(1+9) Txy

in which E and 9 represent Young’s modulus and Poisson’s ratio.

We assumed that the free end of GRNC nanowire is purely subjected to the
transverse force (fy) and no torque is induced in it. Hence, according to Saint-Venant’s
pure bending theory, the stress generated in nanowire can be expressed as follows (Green
and Zerna, 2012):

0
0
Oxx fX
Oyy — TX(L —7)
‘(EZZ — | £,(3+29) (az 2 1-29 yz) ' (6.8)
g 8I(1 + 9) 3+ 29
ZX
< f.(1429)
Xy ———yx
41(1 + 9)
0

where I = (mt/4)a* is the moment of inertia of nanowire. By making use of Egs. (6.7)

and (6.8), the strain fields in the nanowire can be obtained as:
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9(L — 2)x
Exx (L — 2)x
Eyy —(L- z)x1 »
€2z f 2 L2~ 2
2e,, | =51 (3+29) (o - x* — 35997°) |, (6.9)
2&,4 4
2 (1+29)
Exy ———yX
2
0
in which non-zero strain gradient components are
Ofx Ofyx
Exy = Eyyy = B (L - Z)’ Exz = Eyyz = _Exa
fx fy
€22y = _E(L - 1), €222 = XE_I,
i fy
Eyzx = ~ 2RI (1 —29)y, Eyzy = _5(3 + 29)x,
iy fy
EZX,X = _ﬁ (1 + ZS)X’ Szx,y = _E (1 + 219)y (610)

Hence, the material can be known as piezoelectric and flexoelectric when it
provides polarization (electric response) due to the non-zero strain and strain gradient,

respectively, and it can be seen from Egs. (6.2a) and (6.2b).

By solving the simultaneous Egs. (6.2), (6.3), (6.4), (6.9) and (6.10), we have

1
_<_+19>615Xy
P—f" (3 +29) i 1-29 (6.11)
TE = 2 _x2 2) F(L— ’ '
els(a X 3+28y + F( zZ)

(29e3; — e33)x(L —2) + x[W11 — 21111 (1 +9) — 2p149]
where F = p;19 + 49 — g

In case of piezoelectric effect, the polarization effect in the nanowire is generated
due to bound charges instead of free charges. From Eq. 6.5, we can obtain the surface
charge density of nanowire as ps = 0 (in case of flexoelectric effect, the polarization is
produced only due to surface charge density). On both the end surfaces of nanowire, the
surface charge density can be neglected because nanowire does not carry a substantial

inherent electric field inside in it because of its large aspect ratio. Hence, the electric
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charge density due to only piezoelectric effect (without flexoelectricity) in the GRNC
nanowire can be introduced as:
. fX[Z(l + 19)615 + 219631 - 633]X .

py = —V.P= o = Ax, (6.12)

fX[2(1+19)315+2\9631—633]

where A = -

By combining Poisson’s Egs. (6.5) and (6.6), the relationship between the electric charge

density (p,) and electric potential (@) can be obtained as follows:

20— _Pv
vig = -, (6.13)

Subsequently, Poisson’s Egs. (6.5) and (6.6) formulated in the form of cylindrical
coordinates as follows:

10/ 00\ 10°0 0% Oy Ar

——|r—)|+—-——+4+ —=—-—"—"=——5inh. 14
r6r<r6r)+r2692+622 € EsmG (6.14)

Initially, Eq. (6.14a) is solved by combining of general solution (¢*) of homogeneous
differential equation and particular solution (@*) of non-homogeneous differential
equation, which can be chosen to be independent of z-coordinate as right side of this Eq.
is independent of z. In this, the following boundary condition can be considered in Eq.

(6.144a) to get general and particular solutions.
Blr=o # o0 and @|,—o, = 0. (6.14b)

As the piezoelectric charge presents only in GRNC nanowire, the distribution of electric
potential should satisfy the following conditions:

r>a A=0, (6.14¢)
r<a A=+0. (6.14d)

To solve the general solution of homogeneous differential equation, we can ignore
the terms on right-hand side of Eq. (6.14a) considering ®* = R(r,8)Z(z). Thus, Eq.

(6.14a) can be re-written as:

18/,0Ry 10°R 1d°Z
— (ra)+ (6.15)

_ Z =0
Rrdr Rr2 002 + 7 dz2
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From Egs. (6.5) and (6.12), it can be noted that the surface charge density is independent
of z. Hence, the electric potential @ = @(x,y) = @(r, 0)(in cylindrical coordinate) is also
independent of z.

In Eq. (6.15), the first two terms are functions of r and 6, while the third term is a
function of z. Hence, to solve Eq. (6.15), functions R and Z must fulfill the condition
expressed by below relations:

16(6R)+ 162R_ X 616

Rr dor ldar RrZ 002 -9 (6.162)
1d2Z— 2 6.16b
Zdzz (6.16D)

where q is a constant. To obtain an exact solution, the constant g must be equal to 0.
Hence,
Z(z) = A1z + Ay, (6.17)

in which A1 and A are integration constants/unknown coefficients and we can determine
value A; and A for function Z(z). By using the procedure of series expansion of R with

suitable functions, Eq. (6.16a) can be solved and the function R(r, 6) can be expressed as:
R(r,0) = Ry(r) + Z[Rnl(r) cos(n0) + Ry, (r) sin(nd)]. (6.18)
n=1

Consequently, by determining Ry (r), R,; (r) and R, (r), the expression of R(r, 6) can be
obtained. Substituting Eq. (6.18) into Eqg. (6.16a), the corresponding equations can be

obtained as:
10 ( E)RO) _o ‘19
ror\" ar /)" " (6.19a)
10/ 0Ry, n’R,;
?5( ar )_ 5 =0 n=123. (6.19b)
10/ 0Ry, n’R,,
?5( ar )_ 5 =0 n=123. (6.19¢)
Using Eq. (6.19a), we can obtain
Ro(r) = By In(r) + B,. (6.20)

In Egs. (6.19b) and (6.19c¢), the terms R, (r) and R,,,(r) can be obtained as follows:
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Rpi(r) = g™ + hyr ™, n=123.. (6.21a)
Rpo(r) = gpor™ + hyor ™, n=123.. (6.21Db)

where B1, B2, gn1, hn1, gn2 and hy2 are unknown coefficients. Subsequently, the solution of

Eq. (6.18) can be re-expressed as:

R(,0) = Ro() + ) Ry ()] + ) Rap(9K
n=1 n=2

= B;In(r) + B, + Z(gnlr“ +hyr'™]+ Z(gnzr“ + h ,r MK, (6.22)
n=1 n=1
with ] = cos(n®) and K = sin(n#).
Hence, the general solution @# of Eq. (6.14a) can be expressed as:
¢* = R(r, 0)Z(2),

0* =

{Bl In(r) + B, + Z(gnlrn +hyr™J+ Z(gnzrn + hnzr_“)K} (A1z+ Ay).(6.23)

n=1 n=1

The solution of following second-order non-homogeneous differential Eq. (6.24) is equal

to the particular solution (@*) of Eq. (6.14a) and it can be formulated as:

16(6®*>+162®*_ Ar o 624
ror\ ar 1z 902 e oY (6.:24)
By using the approach of series expansion of @* with suitable functions, Eq. (6.24) can

also be determined as follows:
0°(1,0) = Bo() + ) Bpa(1)] + B (DK, (6:25)
m=1

Then, by calculating @,(r), 8,1 (r) and @,,(r), the expression of @*can be derived. One
can obtain the series of following Egs. (6.26a — 6.26d) by substituting Eq. (6.25) into Eq.
(6.24) as follows:

10/ 90,

;5;<F7if)——0, (6268)
10/ 004, 1 Ar
w3 o) @ =g (6.26b)
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ra(r e )— e 0, n=123.. (6.260)
;a(l‘ ar I'Z = 0. n = 1, 2, 3... (626d)

The solutions of Egs. (6.26a — 6.26d) can obtained using the following relations:

Po(r) = C;In(r) + Cy, (6.27a)
B12(r) = Car+ Ga_ A—r3, (6.27b)

r 8€
G (r) =Cpr™ +dyr ™, n=123.. (6.27¢)
Ppa(r) = Cpor™ +dpr™,  n =2,3,4... (6.27d)

in which C1, Cy, Cs, Cy4, Cn1, dn1, Ch2 and dnz are unknown coefficients. Hence, a particular

solution @*can be formulated as follows:
0" = 0y(1) + D1z (I5iN(®) + ) Br (V] + ) B (DK
m=1 n=2

C, Ar? S
=C;In(r)+C, + <C3r + 74 — 8_€> sin(0) + ) (cpr™ +dyr™)J

n=1

+ Z(cnzr“ +d, ,r MK (6.28)
n=2

Now, the solution of Eq. (6.14) can be formulated as:

¢ =" + ¢,

z + Cq In(r)

0= [Bl In(t) + B + ) (gnat™ + huat ™) + ) (grar” + hyar MK
n=1 n=1

C4, Al‘3 . =
+C, + | Csr + T sin(0) + Z(cnlr“ +d,r™™)J
n

=1

+ Z(cnzr“ + d,,r ™K. (6.29a)
n=2
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One can obtain a piecewise function divided by r = a using the boundary conditions

Blr=o # 0 and @|,—», = 0, whenr >a, A = 0 as follows:

Bz + Z(gmrn)] + Z(gnzrn)]

+ Z(cmr“)l v Z(anrn)K r<a

[Z (hpr™™)J + Z(hnzr‘“)K z+ (%) sin©

+ Z(dmr-nn + Z(dnzr‘“)K, r>a
n=1 n=2

v+ (cr =2V sine
2+ Cy +( Car — 5 sin

(6.29b)

Making use of continuity conditions of the electric field (@) and charge at the surface
(r = a) of GRNC nanowire and for obtaining all the unknown coefficients, the free space

can be written as follows:
(Dlr:a‘ = ¢|r=a+'

(Dimi)|r=a‘ - (Dimi)|r=a+ =ps =0, (6'30)
where m indicates the exterior normal unit vector (cos 6,sin 6, 0).

The following two equations can be obtained by substituting Eqg. (6.29) into the Eqg.
(6.30):

B, + Z(gman)] + Z(gnzan)K
n=1 n=1

Aa%\ | -
z+C,+|Csa— e sin© + Z(cma“ )]
n=1
+ Z(anan)K
n=2

= [i (hp;a™™)J] + i(hnza‘“)K z+ (%) sin @ + i(dnla_n )]
n=1 n=1 n=1

+ Z(dnza‘“)K, (6.31a)
n=2

and
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—€ Z(ngnla“‘l)] + Z(ngnza“‘l)K z+(C3— gc )sin 0+ Z(ncnla”‘1 )]
n=1 n=1 n=1

+ Z(ncnza“‘l)K} + F(L—2)sin6
n=2

= —€, {[Z (—nhy;a Y] + r1=1(—nhnza‘“‘l)K] Z— (%) sin 0

n=1

+ Z(—ndnla‘“‘l )+ Z(—ndnza‘“‘l)K}. (6.31b)
n=1 n=2

The following system of equations can be obtained by comparing the coefficients of J and
K appeared in Egs. (6.31a) and (6.31Db):

n

gn1a"z + ¢ppa® = hy;a ™"z + dy;a "—€ (ngya" 1z + ney a1t

= —€y (—nhp;a™™ z—ndy;a™™ 1), n=1,2,3,4... (6.32a)

gn2a"z + cppa® = hypa "z + dya "—€ (ngya" 'z + neyat)

=€, (nh,a™™ z+nd,a™ 1), n=2345.. (6.32b)

Aa3 . 9 3Aa?\ Ffy
g12a2+C3a—8—E=h12a z+Cha  —€ | g2+ C5 ar +E(L_Z)
=E0 (hlza_ZZ + C4a_2), (632C)
B,z +C, =0, (6.32d)

where Bz, C1.4, Cni, dn1, Cn2, dn2, On1, hn1, gn2 and hnz are unknown coefficients.

Then, by comparing the respective coefficients of z and constant terms in Eq. (6.32a —

6.32d), the expressions of coefficients in Eq. (6.29) can be determined as follows:

8n1 = Cn1 = hn1 = dnl =0, n=1273..
8n2 = Cn2 = hnz = dnz =0, n=23,4..
B, =821 =hyy =g =hy; =C; =0,

_ Aa’(3 € +€y) N Ff,L C - Aa* N Ff,La?
37 8e(e+€y))  El(e+€y))’ * 4(e +€,)  EI(€ +€,)
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Ff, Ff,a?

—_— X hy,=—— :
EI(€ +€y) " 2 EI(€ +€,) (6:33)

812 =

Finally, the solution for the distribution of electric potential about the GRNC nanowire

can be obtained as follows:

0=

(fx [2(1 +9)eis + 20e3; —e33 (3 € +E Oy + W9 —

Ix ( )ess 31 33( 0 2 _ r3) n i1 T Hig Hig (L—2)r|sing,

El 8 € € +€&g € +€p

r<a
]
fx 2(1 + 19)@15 + 219@31 — €33 4 5
— I, — . )
El(e +Eo)r[ 4 (@*) + (Op1g + H1ad — pya) (@)( Z)] sin 8

r>a

(6.34)

If the flexoelectric effect is not considered (1; = M4 — 0), then Eq. (6.34) reduces to

(fX 2(1 + 19)815 + 28@31 - e33 (3 E +Eo
EI 8¢e € +¢,
r<a

a r—r3>] sin @,

(6.35)

fX [2(1 + 19)815 + 219631 -

EI(€ +€o)r 4
r>a

O33 (a“‘)] sin®.

\

These estimates are in coherence with the results obtained by Shao et al. (2010). From
above Eqg. (6.35), the maximum potential is generated at the surface (r = a) of nanowire

on the tension (8 = —90°) and compression (6 = +90°) sides which can be written as:

max _ $ fX 2(1 + 19)615 + 2‘8631 - E33
ten.com nE(€ +€,) a '

(6.36)

According to the theory of strength of materials, as the GRNC nanowire is
subjected to only transverse mechanical force (fy) and then the maximum deflection can

be obtained as follows (z = L):

f L3
Smax = % (6.37)
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From Egs. (6.36) and (6.37), the maximum piezoelectric potential obtained in terms of

maximum deflection is given by (i1 = py4 — 0):

max — $ 3 (2(1 + 19)615 + 219631 - (:—'33)5‘3

ten,com 4‘(6 +EO) L3 8max ' (638)

6.2.3 FE Modelling of GRNC Wires

In this sub-section, 3-D FE models were developed to validate the predictions
obtained from the continuum model derived in the previous Section. In the FE analysis,
the material and geometrical properties of GRNC nanowire are used same as that used in
the analytical model. A commercially available software (ANSYS-APDL) was used for
the FE analysis. The 3D multi-field 20 noded coupled-field brick elements “solid 226”
with displacement and electric voltage DOF were used for FE modelling of GRNC
nanowire. For piezoelectric analysis, four DOF labels can be represented as Ux, Uy, Uz,
VOLT at each node. Figure 6.2a shows the discretization of GRNC nanowire with
“Hexahedral-Quad” elements. A hexahedron refers to a topological cube, with 6
quadrilateral faces, 8 vertices, and 12 edges. It is also called a hex or abrick. The
accuracy of solutions in hexahedral meshes is the highest. Figure 6.2 illustrates the
loading condition, distribution of piezoelectric potential and deformation of FE model of
GRNC nanowire having 50 nm diameter which is subjected to only mechanical
transverse force. In FE simulations, meshing of continuum GRNC nanowire was
performed by using “Hexahedral-Quad” sweep type element which results into 26923
and 5969 number of nodes and elements, respectively. The obtained FE results are

discussed in Section 6.3.
6.2.3.1 Effects of Surface and Body Charge Densities

To predict the piezoelectric potential, the surface and body charge densities can
be used as boundary conditions in the FE model. Contrast to the response of
piezoelectricity, due to the surface charge, electric polarization is generated considering
only flexoelectric effect and body charge becomes very negligible. On both the end
surfaces of nanowire, the surface charge density can be neglected because nanowire does

not carry a substantial inherent electric field inside in it because of its large aspect ratio.
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(b)

Fixed Support

Transverse Force f;

Figure 6.2: GRNC nanowire: (a) loading condition with transverse force (fy), (b)

distribution of maximum and minimum electric potentials and (c) deformation.

6.3 Results and Discussions

In this Section, the results obtained from the continuum and numerical models for
studying the electromechanical behavior of GRNC wires, considering both piezoelectric
and flexoelectric effects, are presented and discussed. The electromechanical responses
such as the distribution of electric potential and deflection of cylindrical GRNC
cantilevered nanowire were investigated. The effective properties of GRNC determined
by means of micromechanics and FE models were used for GRNC wires. Considering the
volume fraction of graphene as 5%, the effective properties of GRNC were determined,

as summarized in Table 6.1.

Table 6.1: Effective properties of GRNC (vg= 0.05).

Properties  Analytical Model FE Model
E (GPa) 53.24 53.29
V) 0.39 0.39
e3; (C/m?) -1.052 x 107* -1.058 x 10~*
e33 (C/m?) 0.0168 0.0167
e4s (C/m2) -4.473 x 1075 ~4.515 x 1075
€33 (F/m) 3.412 x 10~11 3.415 x 10711
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In this, we assumed the flexoelectric coefficient p;; =~ pis = 107°C/m. A
GRNC nanowire of diameter (2a) 50 nm and length 600 nm was considered. From Eqg.
(6.34), it can be noted that the electric potential is directly proportional to the transverse
force on the nanowire. The free end of GRNC wire was subjected to the transverse force
f, = 80nN for further analysis. Figure 6.3 illustrates the distribution of electric potential
at different radii in the transverse cross-section of GRNC nanowire at z = 1/2 (=300 nm)
with and without considering flexoelectricity. It may be observed that there is substantial
increase in the distribution of electric potential when the flexoelectric effect is considered
(111 = 14 = 1 nC/m). It can be observed from Fig. 6.3 that the electric potential in the
tensile part of nanowire is positive while it is negative in the compressive part, and they
are antisymmetric about the x-axis. The electric potential of GRNC nanowire is improved
significantly when the flexoelectric effect is considered for the 50 nm diameter with the
application of 80 nN force over that of a conventional nanowire (i.e., without
flexoelectricity). From Figs. 6.2 and 6.3, it is clearly seen that the maximum and
minimum numerical values of electrical potential present at the extreme surface along the
length of nanowire have the opposite signs. All values are separated by a reference line of
zero-valued electric potential in the mid of nanowire. According to our formulation, the
first case (r < a) of Eq. (6.34), the function of electric potential is directly proportional to
the square of radius (a?) of nanowire but in the second case [(r > a) and (r < —a)] it is
proportional to the fourth power of radius (a*) of nanowire. Therefore, the maximum
value of electric potential is obtained when r = a in both the cases and it decreases when
r < —aorr > awhile it increases when r < a. It is obviously seen from Eg. (6.38) that
the maximum electric potential is directly proportional to the maximum deflection and
inversely proportional to the aspect ratio of nanowire. The respective values of electric
potentials determined by using the analytical and FE models are 7.45 mV and 7.72 mV
for 50 nm diameter. From Fig. 6.3(b), it can be observed that the analytical and FE
models show better agreement for distribution of electric potential considering only
piezoelectric effect. Figure 6.4 demonstates the 3D representation of distribution and
contours of electric potential in the transverse cross-section of GRNC nanowire at z =
1/2 (=300 nm) with and without considering flexoelectricity. It can be seen that the
distribution of electric potential of GRNC nanowire considering the flexoelectric effect

(Fig. 6.4a) shows the better enhancement compared to the distribution of electric
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potential without considering the flexoelectric effect (Fig. 6.4b). The colorbars in Fig. 6.4
represent clear increment in the value of electric potential. Contours under the mesh plot
show the variation of electric potential along the length of nanowire plotted in x—y plane.
Similar to Fig. 6.3 it is obviously seen that the maximum and minimum values of
electrical potential occur at the extreme surfaces of nanowire. It is clearly observed from
Figs. (6.2b) and (6.4b) that the colorbars show the good agreement between the analytical
and FE predictions for the distribution of electric potential. Figure 6.5 shows the variation
of electric potential at different transverse cross-sections of GRNC nanowire along its
length (z) considering the flexoelectricity. This figure illustrates the distribution of
electric dipoles inside the GRNC nanowire with cantilever boundary condition and body
charge. As expected, it can be observed that the electric potential decreases as the length
(z) of nanowire increases and at z = 1, it reaches to a minimum value. This is attributed
to the fact that the stresses (tensile and compressive) are maximum at the fixed end of
beam (z = 0) and their values start decreasing as the point of interest along its length
moves towards the free end (z = I). This results in the larger strain gradients at the fixed
end of beam which eventually shows the higher electric potential. The distribution of
electric potential reveals the behavior like a “parallel plate capacitor” (Fig. 6.2). Because
of the relatively small diameter compared to the length of nanowire, the charges on both

ends of nanowire shows an insignificant effect on the electric field.
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Figure 6.3: Variation of electric potential in the transverse cross-section of GRNC

nanowire at z = 1/2 (=300 nm) (a) with and without considering flexoelectricity, and (b)

considering only piezoelectricity using analytical and FE model.
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Figure 6.4: The 3D representation of distribution and contours of electric potential in the
transverse cross-section of GRNC nanowire at z = 1/2 (=300 nm) (a) with and (b)

without considering flexoelectricity.
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Figure 6.5: Variation of electric potential at different transverse cross-sections of GRNC

nanowire along its length considering the flexoelectricity.

Next, we considered different values of flexoelectric coefficients. For the first set,

we considered the same magnitude of flexoelectric coefficients: py; = pis =
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1nC/m; py; = ws = —1nC/m; uy; = Py = 0 nC/m. For the other set, we considered
the different values: p;; = 0.75 nC/m and p;, = 1.25 nC/m; p;; = 0.5 nC/m and
W4 = 2.0 nC/m; and p;; = 2.0 nC/m and p,, = 0.5 nC/m. Figure 6.6 depicts the
variation of electric potential in the transverse cross-section of GRNC nanowire at z =
1/2 (=300 nm) considering different values of flexoelectric constants. It can be noticed
that the incorporation flexoelectric effect significantly influences the distribution of

electric potential of GRNC nanowire compared to that of the conventional nanowire

(111 = 14 = 0 nC/m). This is attributed to the fact that the term {%} in Eq.
0

(6.34) influences the distribution of electric potential of GRNC nanowire in which
Uy, and pq, are the longitudinal and shear flexoelectric coefficients, respectively. It can
be observed that the shear flexoelectric coefficient largely influences the response
compared to that of the longitudinal flexoelectric coefficient but usually the latter is

larger than that of the former in magnitude.
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Figure 6.6: Variation of electric potential in the transverse cross-section of GRNC

nanowire at z = 1/2 (=300 nm) considering different values of flexoelectric constants.

Figure 6.7 illustrates the variation of electric potential against the diameter of

GRNC nanowire in its transverse cross-section at z =1/2 (=300 nm) considering
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flexoelectricity. Five discrete values of diameters of GRNC nanowires were considered:
30 nm, 40 nm, 50 nm, 60 nm and 70 nm. As expected it can be observed that on
decreasing the diameter the voltage increases because the flexoelectric effect is a size-
dependent phenomenon. Hence, it is obvious that the flexoelectric effect cannot be
neglected for studying the electromechanical behavior of thin structures. The relative
difference of electric voltage {(V; — V) /V,} is the ratio of difference of electric voltages
of GRNC nanowire with and without considering the flexoelectric effect {(V; — V,)} and
without considering the flexoelectric effect {V,}. Figure 6.8 demonstrates the variation of
electric voltage {(V; — V)/V,} against the radius of GRNC nanowire in its transverse
cross-section at z =1/2 (=300 nm). It can be noticed from Figs. 6.7 and 6.8 that the
flexoelectric effect is more dominant for smaller diameter of nanowires indicating that
the flexoelectric effect becomes negligible when the diameter of nanowire increases.
Thus, the current results obviously reveal that the flexoelectric effect should be

considered in case of bending or stretching of smaller diameter nanowires.
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Figure 6.7: Variation of electric potential against the diameter of GRNC nanowire in its

transverse cross-section at z = 1/2 (=300 nm) considering flexoelectricity.

133



Chapter 6

100 L] L] L L] L} L] L]

80 .

70 .

50 -
40 -

30 .

Electric voltage ratio(%o)

10} .

0 '] ] L '] L '] L

0 50 100 150 200 250 300 350
Radius of nanowire r(nm)

Figure 6.8: Variation of electric voltage {(V; — V) /V,} against the radius of GRNC

nanowire in its transverse cross-section at z = 1/2 (=300 nm).

The variation of deflection of end point of GRNC nanowire (at z = 1 (=600 nm)) against
the transverse force imposed on its top surface is shown in Fig. 6.9. It is noticed that the
value of deflection {6,,.x} increases linearly with the applied transverse force. According
to the simple theory of elasticity, when the piezoelectric GRNC nanowire subjected to the
transverse mechanical load considering only body charge, then the solution behaves as
per the elastic homogeneous solution for deflection (see Eq. 6.37). From Eq. (6.37), it can
be noted that the maximum deflection of nanowire is directly proportional to the applied
transverse force and cube of length of nanowire. The respective values of maximum
deflection of nanowire determined using the analytical and FE models are 352.6 nm and
352.00 nm, and this comparison validates our analytical model. Results illustrated in
Figs. 6.2-6.9 clearly reveal that the electric potential distribution of GRNC nanowire is
significantly influenced by the incorporation of flexoelectric effect and one can tailor the
electromechanical response of nanowires and thin nanostructures by varying their
geometrical parameters such as radius, length and volume fraction of nano-
reinforcements. Obtained results produce a fundamental basis and suggest new

parameters for investigation of the electromechanical response of nanowires which find

134



Electromechanical Behavior of Flexoelectric GRNC Wires

interesting NEMS applications such as field effect transistors (FETs), nanopiezotronics,

piezoelectric nanogenerators, gated diode, resonators, etc.
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Figure 6.9: Variation of deflection of end point of GRNC nanowire (at z =1 (=600 nm))

against the transverse force imposed on its top surface.

6.4 Conclusions

The electromechanical response of a novel GRNC nanowire was studied in this
Chapter. An analytical model was developed for studying the distribution of electric
potential in GRNC nanowire accounting the flexoelectric effect. The 3D FE models were
also developed to validate the analytical predictions. The piezoelectric potential in the
GRNC nanowire depends on the transverse force but it is not a function of the force
acting along its axial direction. Electric potential distribution in the tensile and
compressive sections of a nanowire is antisymmetric along its cross-section, which makes
nanowire a “parallel plate capacitor” for the application of nanopiezotronics devices. The
shear flexoelectric coefficient (u,4) largely influences the response of GRNC nanowire
compared to that of longitudinal flexoelectric coefficient (p,4). It is concluded that the
flexoelectric effect is more dominant for smaller diameter of GRNC nanowires and it

cannot be ignored in case of bending or stretching of smaller diameter of nanowires as
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well as composite nanostructures. It is also revealed that to improve the transfer
efficiency from mechanical to electrical energy, one can use the flexoelectric concept for

thin nanostructures under strain gradients.

Creating NEMS structure by laminating a novel GRNC layer to the conventional
fluid flowing thin shell to harvest the energy generated by its mechanical vibrations is an
interesting research problem which is not studied yet. Therefore, the electromechanical
behavior of laminated shell considering the flexoelectric effect is studied in the next
Chapter by developing analytical and 3-D FE models.

136



Chapter 7

Electromechanical Behavior of Shell
Laminated with GRNC layer

In this Chapter, an analytical model is developed for the elastic shell laminated with
GRNC layer based on Kirchhoff-Love theory considering both piezoelectric and
flexoelectric effects to investigate the electric potential distributions in it. Moreover, FE
models are developed to validate the analytical results. Effect of different parameters
such as various modes, GRNC layer thickness and shell radius are taken into
consideration for investigating the electromechanical behavior of laminated shells.

7.1 Introduction

The review of literature presented on graphene-based composite shells indicate
that graphene is the most interesting 2D material, vastly studied in recent years. The
cylindrical shells are generally used to carry fluid in transport and industrial applications.
Due to the flow of fluid, the mechanical kinetic energy gets generated in the fluid-
flowing shell due to the structural vibrations and it can be converted to electrical energy
via the use of distributed piezoelectric/flexoelectric patches attached to it. However, the
study of electromechanical response of conventional thin shell laminated with GRNC
layer is not carried out yet, which may find NEMS applications. Specifically, this Chapter
deals with the development of an analytical model based on the theory of Kirchhoff—
Love for the simply-supported elastic shell attached with GRNC layer (hereinafter the
“laminated shell”) to study its electromechanical response. Moreover, FE models were

developed to validate the analytical results.
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7.2 Continuum Model of Laminated Shell

This Section presents the development of a continuum model to investigate the
electromechanical response of laminated shell, considering both the piezoelectric and
flexoelectric effects.

7.2.1 Flexoelectric Effect on Electric Potential Distribution

In this sub-section, the ability of sensing and signal generation properties of
laminated shell at different modes is presented. Considering the assumptions of theory of
Kirchhoff-Love for a thin-walled shell, the strain developed in such a laminated shell can
be divided into four components: axial and circumferential bending strains as well as and

axial and circumferential membrane strains.

e Assumptions of Kirchhoff-Love theory:

> The thickness of the shell is small as compared to other dimensions.

> Straight lines normal to the mid-surface (i.e., transverse normals) before
deformation remain straight after deformation.

> The strains are infinitesimal so that all nonlinear terms are neglected.

> The transverse normals rotate such that they remain normal to the middle surface

after deformation.

The first assumption allows us to ignore the higher power terms of h/R in the
mathematical formulation of shell. The second assumption (also same as plate theory
assumption) allows us to neglect of transverse shear strain.

In case of semi-static or dynamic deformation, the influence of four strain
components depends on the vibration modes and location. In this study, it is assumed that
there is a perfect bonding exists between the elastic shell and a GRNC layer i.e., no
slippage occurs between them. The GRNC layer is divided into several parts (patches)
considering each patch covering the elastic shell, as illustrated in Fig. 7.1. The
dimensions of patches are measured from x, to x, in the axial (x) direction and &, to &,
in the circumferential (®) direction. Such GRNC composite patches are made by
assuming the piezoelectric graphene sheet as a continuum medium reinforced into the
polyimide (PI) matrix. These patches are assumed as continuous and elastic. Parameters

h, R and L denote the thickness, radius and length of base shell, respectively; b denotes
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the width of composite patch; and h; denotes the thickness of patch. It is assumed that
hf <<< h, therefore, the mass and stiffness of composite patch can be ignored. The
internal strains produced in the GRNC layer are considered to be same as that of strains

produced on the outer surface of base shell.

Graphene-based composite Elastic base shell
(a) | patch

Vibration due to ©
Flow of fluid

Output l

Flow of fluid

. Direct Flexoelectric
through pipe Effect in patch
Output in form of
(b) Thickness of Gln‘]phene_ V()lt/electl'ic field etc.
based composite patch (hy) l

| Sensors |

Thickness of elastic
base shell (h)

Figure 7.1: (a) Laminated shell subjected to simply supported boundary conditions
(conventional elastic shell laminated with a GRNC layer/patches), (b) expanded view of

patch from laminated shell, and (c) flowchart representing direct flexoelectric effect.

The direct flexoelectric effect was considered to study the modal analysis of
laminated shell. The fundamental relation for the electric flux density (electric

displacement) considering the direct flexoelectric effect can be written as follows:
D; = eijk gk + Hijia Vigjk + €55 Ej, (7.1)

in which V used for gradient. Here, the patches are assumed to be attached with
electrodes in the transverse direction, and the electric flux density and field in the x and

@ directions are considered as zero, and can be written as:
T
{Di} = [DX Dy Dz] =[0 0 D,]", (7.2a)
T
{Ej} = [Ex Ey E,] =[00E,]". (7.2b)

The permittivity constant matrix can be written as:
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€1 O 0 0 0 O
[ei,-]z[o €,y O ]:[0 0 0. (7.3)
0 0 €30 [0 0 €55
For the cylindrical shells, the gradient operator in Eq. (7.1) can be expressed as:
K 0 0 0 1 07
0x dz RJD
10 9] 0
V) = I _- — 7.4
=0 =5 3 0 (7.4)
0 o 10 0 0
. dz ROD 0x

In case of a centrosymmetric crystal, which is subjected to non-homogeneous
deformation, the polarization is induced due to the strain gradient; therefore, the
flexoelectric effect can be examined independently. Hence, for a cubic crystal, the
nonzero flexoelectric coefficients are py4111, Hy122 and py212, OF in the simplified matrix
notation, one can write the respective terms p;4, i;, and p,, in the following matrix form
(Ma and Cross, 2001; Shu et al., 2011):

M1 Wiz Wiz O 0 07
Hi2  H11 Hi2 0 0 0
Hi2 M2 H11 0 0 0
s —_— 7-5
(] 0 0 0 w, O O (7.5)
0 0 0 0 mae O
| 0 0 0 0 0 pyql

According to the assumptions of theory of Kirchhoff-Love for thin shell, the transverse

strains are neglected. Thus, the strain vector can be written as follows:
{S--} = [£XX €pp €2z &z Exz EX(D]T
1) )

= [SXX Epp 0O 0 O O]T . (76)

Using Egs. (7.1) to (7.6), the expression for transverse electric flux density (D,) of the

flexoelectric layer laminated to the elastic shell can be written as:

e 6£¢¢
b, = |112( azx + 0z

The mechanical strains (gj;) include the bending and membrane strain components and

) +€33 E,. (7.7)

can be written as:

&j = s?j + zkjj, (7.8)
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in which a?j denote the membrane strains and terms zk;; denote the bending strains. In

case of flexoelectric effect, the membrane strain is very negligible, therefore, it is
neglected. Using Eq. (7.8) into Eq. (7.7), the transverse electric flux density (D,) can be

obtained as follows:

D, = W, (kxx + k(bcb) +€33 E,. (7.9)

The components of bending strains of the laminated shell corresponding to the

displacements can be expressed as:

0w
kXX = _W ) (710)
1 /ov 0*w
Koo = r2\3e 702/’ (7.11)

in which v and w are the displacements in the respective ® and z—directions.

By substituting Egs. (7.10) and (7.11) into Eq. (7.9), the following relation for the electric

flux density can be obtained:
0’°w 1 [ov 0*w
D, =2 =57 + 7zl 36 ~ 392/ €5 Bz (7.12)

In case of open-circuit condition, the electric flux density is zero (D, — 0); hence, the
corresponding electric field can be obtained as:

p oo M 62w+1 ov  0*w 713
2= Ten| ox2 " R2\ao  ae?)| (7.13a)

Based on Maxwell’s relation (@ = —E,hy), the relation for electric potential (voltage) in

the GRNC layer considering the flexoelectricity can be expressed as:

@_ulzhf 62W+1 ov  0*w 7130
= 0x2  RZ\od 0d2)|’ (7.13b)

Hence, an arithmetic average of all voltage signals in the GRNC layer provides the total
electric potential generated in it and can be obtained by integrating Eq. (7.13b) (Rao and
Tzou, 2011):

X2 Pz

1
gflexo — » f J D AyApdxdd, (7.14a)
e

X1 Pq
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where A, denotes the effective electrode area of the GRNC patch on the base shell and

can be expressed as (Rao and Tzou, 2011):
X (I)z
A, = f f AAgpdxdd. (7.14b)
X CD]_

A, and A, are the respective Lame parameters in the axial and circumferential
directions; due to the small deformation of shell, these parameters can be taken as A, =
1 and Ag = R and hence, the effective electrode area can be re-expressed as (Tzou et al.
2013):

X2

@,
A, = f Rdxd® . (7.14c)
X1 ch

From Eqgs. (7.13b and 7.14a), electric potential induced by strain gradient is given by,
X2 CDZ 2 2
h¢ Ry, 9w 1 fdv  0*w
flexo _ % — - — - —
1) A, f f = Fwe) + RZ\30 302 dxdd . (7.15)
X1 ch

7.2.2 Modal Analysis of Laminated Shell

We considered the simply supported laminated shell to investigate its modal

analysis considering piezoelectric as well as flexoelectric effects. Figure 1 illustrates a
schematic of simply supported laminated shell. The co-ordinate system (x, ®,z) of
laminated shell in which x is taken in the axial direction wherein ® and z are taken in
circumferential and radial directions of shell. u,, ve and w, are the respective
displacements in axial, circumferential and transverse directions, respectively. Therefore,
in case of simply supported laminated shell, following boundary conditions at
x = 0 and x = L must be satisfied.

u=w=0; N, =M, =0, atx=0,L (7.16a)
in which N, and M, denote the axial normal force and bending moment in shell when it
deforms, respectively.
By considering the natural modal behaviors of laminated shell, the expression (7.15) for
the signals can be expanded further to the modal signals. It is also assumed that all points
on the cylinder oscillate harmonically at natural frequency. Using the modal expansion

technique, the displacements (u;) can be obtained as (Soedel, 2004):
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[00) [00)
u(x, d,t) = Z z Nmn OUimn X, @), i=x0,z (7.16Db)

m=1n=1

in which n,, (t) and U;,,,(x, @) indicate the temporal part — an amplitude factor i.e.,
modal participation factor and mode shape function, respectively. n,,(t) is a function of
time. For free modal oscillation, all external mechanical and electric excitations are
assumed to be zero and hence, modal participation factor is assumed harmonic 1, (t) =

e/Wmnt (Tzou and Zhang, 2016) where w,,, is the (m, n)th natural frequency and j =

v/—1. Therefore, 1, is assumed to be constant (n,,, = 1) for further analysis (Tzou,
1991; Rao and Tzou, 2011).

From Eq. (7.15), it can be observed that the electric potential is induced due to the
axial and circumferential bending. Note that the displacement components of simply
supported cylindrical shell with length (L) are directly proportional to the products of
trigonometric functions of sine and cosine. In case of simply-supported laminated shell,

the axial, circumferential and transverse mode shape functions can be obtained as:
mTx
Ugmn (X, @) = Ay, cOS (T) cosn(d — dy),
Vomn (X, @) = By, sin (%) sin n(® — @),
mmmx
W, mn (%, @) = Cpyp, Sin <T) cosn(d — dy), (7.16¢)

where m and n denote the axial and circumferential mode numbers;

A, Bmn and C,,,, denote the amplitude of shape functions.

The influence of rotary inertia can be ignored by considering transverse shear strain zero
from the assumption of Kirchhoff-love theory. A, , Bin and Cp,, can be determined by
solving Love’s governing equations in Soedel (2004) without considering Lorentz forcing
functions. For every m, n combination, we thus have three frequencies. The lowest is
related with the mode where the transverse component dominates, while the other two are
usually higher by an order of magnitude and are related with the mode where the
displacements in the tangent plane dominate. For every m, n combination, we have taken
the three combination of A, , Byn and Cp,, - By solving Ay, , Bmp in terms of C,,, , One

can obtain:
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Aimn __ k13(phwi2mn —Kj2) — kyzkps
Cimn (phwizmn - kll)(phwizmn - k22) - k%z '

and (7.16d)

Bimn __ k23(phwi2mn —ki1) —kaikys
Cimn (phwizmn - kll)(phwizmn - kZZ) - k%z '

i=1,23. (7.16€)

in which p is density, and k;4, Kq5, K13, K31, Ky, and k,5 can be found in Ref. Soedel
(2004) which are not presented here for brevity. Readers are referred to Soedel (2004) for
more detailed explanation. Thus, the natural modes that are related with respective
frequencies at each m, n combination and corresponding modal shapes of shell can be

represented as:

(Amn mmx )
—— oS (T) cos n(® — d,)

UX Cmn
B mmx
{Vq:} = Cmn { ——sin (T) sin n(® — @)

Cmn

g

(7.16f)

Z’ mn

~/mTX
| sin (T) cosn(d — dy) )

For simplicity, the modal amplitude of transverse modes (C,,,) iS normalized to unity
(Tzou, 2019) (i.e.,Cny = 1) as it is arbitrary constants (Soedel, 2004). In this, it is also
assumed that there is no initial phase angle of mode shape (¥, = 0), and by solving
above equations for respective modes we can get values of A, and B,,,. In case of
flexoelectric effect, the axial displacement becomes very negligible as compared to
transverse and circumferential displacements. Therefore, A, iS not considered in
calculation and By, is calculated corresponding to m and n. The major advantage of
flexoelectric layer over that of piezoelectric layer is that the former is not influenced by
the in-plane strains of base shell. In addition to this, piezoelectric effect is caused due to
bending and membrane vibration while flexoelectric effect is caused only due to bending

vibration.

By substituting Eq. (7.16f) into Eqg. (7.15), one can obtain the following modal

expression for flexoelectric potential distribution:

X2 @3

R|-112 hf azszmn 1 aV<I>mn azszmn
flexo — — - —
(P0°) 1ot A, €13 f f 7 Tl 30 Sz )| dxd®. (7.17)

X1 @4

144



Electromechanical Behavior of Shell Laminated with GRNC layer

This electric potential totally depends on the axial (@fiex°) and circumferential

x,bend
((Dﬂe’“’) bending components. These bending components can be obtained as:

®,bend

3

Hi2 R hf
(B0 g pend = ¢ " f f l 22 ld do , (7.18a)
X1

h¢py, Rmm mmxy X2
- os (—)
A €33 nL L /g

sin(n®)|g?, (7.18b)

fl Hi2 R hf aV‘1>mr1 azWzmn
((D exo)cb,bend €33 A RZ D2 dxde, (7.192)

hepy, L(an +n) (mT[ )
- cos
Ac €33 Rmm L /g

sm(nCI))I (7.19b)

7.2.3 Piezoelectric Effect on Electric Potential Distribution

Steps involved in the formulation of continuum model for the distribution of
electric potential accounting the piezoelectric effect (e5; # 0; u;, — 0) are same as that
of continuum model presented in previous Section for flexoelectric effect with a few
changes. Therefore, a detailed procedure for the same is not presented here for the sake of
brevity. The electric potential (@P¢%°) generated in the piezoelectric GRNC layer

laminated to the elastic shell can be obtained as:

@piezo — _f f es1 [auxmn hf + h) 0° Wzmn

0x?2

1 (0Veomn he+h\ /1 0Vemn 1 0*Wymn
e31[§(a—¢+wzm“>+(T> R o0 R ger )| "M (7:20)

Note that the axial and circumferential displacements of shell are small and generally
much lesser as compared to the transverse displacement (Li et al., 2010, 2011; Tzou,
2019). However, we accounted the same determining the total electric potential which
includes the axial, transverse and circumferential components. Thus, using the mode

shape function from Eq. (7.16f) into Eq. (7.20), the total electric potential considering the

piezoelectric effect (@fic2®) can be written as:
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@Piezo _
total —

—hres; [ L R(hf+ h)mm L(hg+h)n mTx
= + + = | cos ( )
Ae E33 L X1

X2

. CI)Z
nmr 2nL 2mm R sin(n®)|g? . (7.21)

In such a way, we can determine the electric potential distributions with (p;, # 0) and

without (p,, — 0) considering the flexoelectric effect using continuum modelling.
7.2.4 FE Modelling of Laminated Shell

In this sub-section, 3D FE models were developed to validate the analytical
predictions. It is important to mention that the continuum models are based on some
assumptions, and numerical or experimental investigations may be carried out to verify
these assumptions because both the analyses do not require any such approximations.
Therefore, in the current study, FE models were developed to validate the assumptions
used for continuum modelling of laminated shell using the COMSOL multiphysics
version 5.3 software package. Using COMSOL, FE method is used for modelling and
simulation of MEMS composite module which combines both solid mechanics and
electrostatics problems, but one cannot study the effect of flexoelectricity as it is
generally absent in it. Hence, this FE model is not suitable for studying the effect of
flexoelectricity because of complexity of the additional terms of the strain gradients and
flexoelectric coefficients. Hence, this can be characterized as an electrostatic problem
without considering flexoelectricity. In the FE analysis, the material and geometrical
properties of shell and GRNC layer are used same as that of continuum model. The
couplings present in the laminated shell can be categorized based on the stress (e =
C/m?) or strain charge (d = C/N),and we have chosen the stress charge form. Figure
7.2 demonstrates the flow diagram of steps followed in COMSOL multiphysics
modelling. FE modelling is divided into three stages: pre-processor, solver and post-
processor. In pre-processor stage, the modelling was done by selecting suitable geometry
with specific multiphysics model such as “piezoelectric and eigen-frequency”. The
material properties, initial boundary and loading conditions were also assigned in the pre-
processing stage. After the imposition of loading and initial boundary conditions,
discretization (meshing) of a continuum was done followed by optimization.
Subsequently, the set of algebraic equations were solved, which provided the nodal

solutions of continuum laminated shell model. Once the solutions of problems are
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obtained, the post-processor allowed us to study the FE results such as electric potential,
modes, displacement, etc. The meshing of laminated shell was done using “free
tetrahedral” type of elements which resulted into number of vertex elements (24), edge
elements (1360), boundary elements (36804) and number of elements (69877). Figure 7.3
illustrates the minimum and maximum values of electric potentials generated in the
piezoelectric GRNC shell as well as deformed and undeformed shapes of laminated

Pre-processor I::} os:)e;f::ry I::} Spe(:lfyH];noI;lilgp hysics
t=1

+ Select module
* Select eigen frequency

Assign Assign material -
initial and boundary conditions <:|_ S el unio

«  Steel 1. Elastic Shell

* Graphene-based 2. Composite layer
composite patch

shells.

* Simply supported

Post processing
View results -

Meshing

and optimization — Solver

Figure 7.2: Flowchart of FE modelling.

. . . . Mode (1,1) Electric potential (V)
Discretization of continuum shell
400 100

-100

Undeformed shell (b)

Figure 7.3: (a) Meshing of laminated shell and (b) distribution of electric potential in
GRNC layer.
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7.3 Results and Discussions

In this Section, the distribution of electric potentials of piezoelectric or
flexoelectric GRNC layer laminated to the cylindrical shell at different modes such as
(1,2), (1,2), (2,1) and (2,2) are studied. Subsequently, the parametric analysis is carried
out. The main objective of parametric analysis is to obtain the design parameters that can
be used for practical applications and experimental studies. The elastic shell is considered
to be made of mild steel and the GRNC layer is laminated on it. The material and
geometrical properties of the laminated shell are summarized in Tables 7.1 and 7.2,
respectively.

Table 7.1: Material properties of laminated shell.

Properties Elastic shell (Steel) GRNC layer/patch
Ref (Landesmann (Shingare and
' et al., 2016) Kundalwal, 2019)
Density
7800 2200
(p = Kg/m®)
Young’s modulus
(E = GPa) 210 494.01
Poisson’s ratio (9) 0.3 0.3
Electric permittivity —11
- 7.2 %10
(Es3=F/m)
Flexoelectric coefficient
- 1% 1079
(12 = C/m)
Piezoelectric stress const. i _21 % 10-?

(e3; = €3 = C/mz)

Table 7.2: Geometrical properties of elastic shell and GRNC patch.

Parameters Geometry
Length (L) 400 nm
Radius (R) 100 nm
Shell thickness (h) 4 nm
Axial (x) and circumferential 2 nm and 5°
(®) dimensions of patch
Patch thickness (hg) 0.9 nm
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Note that the GRNC layer is made of distributed patches attached to the elastic shell.
Each GRNC patch offers “nanoscale” distributions of electric potential and its
contributions for various modes of the overall GRNC layer attached to the steel shell.
Such layer is made up of the array of 200 x 72 patches uniformly distributed on overall

cylindrical shell.
7.3.1 Piezoelectric Effect on Electric Potential Distributions

In this, the effect of piezoelectricity on the distribution of electric potentials in the
laminated shell at different modes is presented. Modes are characteristics of any
structural system and are a function of its mass, stiffness and boundary conditions. Each
mode can be characterized by using mode shape, modal frequency and damping known
as “modal parameters”. For presenting the results for demonstrating the effect of
piezoelectricity, we showed the distribution of total electric potentials which combines
both the axial and circumferential bending potentials. Figures 7.4-7.7 illustrate that the
distribution of total electric potentials due to the piezoelectric effect for the modes (1,1),
(1,2), (2,1) and (2,2). Modes are numbered according to the number of half and full
waves (crest and trough) in the vibration of laminated shell. In these figures, subplots (a)

and (b) represent the results predicted by the analytical and 3D FE models, respectively.

From Figs. 7.4 and 7.5 it can be observed that the distribution of electric
potentials at mode (1,1) is less as compared to at mode (1,2). Same is true for another set
of modes (2,1) and (2,2). This is attributed to the fact that mode (1,1) is a fundamental
mode of vibration which is the lowest natural frequency of the system. Normally, only
the first few modes are vital from the practical application point of view, therefore, the
results for the higher modes are not presented here. It is clearly seen from equation of
electric potential that the total electric potential due to the piezoelectric effect strongly
depends on the mode numbers m and n. It also depends on other parameters which are
discussed in detail in next 7.3.3. From Figs. 7.4-7.7 it can be noticed that the electric
potential increases as the mode number increases and one can clearly observe the
different electric potentials at different mode shapes with different frequencies. The
comparison and error data for different modes and lengths of shell are summarized in
Table 7.3 and Table 7.4, respectively. It can be observed that the electric potential of

laminated shell increases as mode number increases and it decreases as length of shell
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increases. It is due to the fact that the electric potential is directly proportional to mode
numbers (m, n) and thickness of patch while it is inversely proportional to radius and
length of shell. The relative error between the results of continuum and numerical
modelling is increasing with the increment in mode numbers and length of shell. It is
attributed to the fact that the FE analysis do not require any assumptions which were
considered in continuum modelling. The comparison of predictions of both analytical and
numerical (FE) models are found to be in good agreement and the error is less than 4%,
therefore, the analytical model was used to determine the subsequent results.

(a) Mode (1.1) Electric potential (V) o
Mode (1,1) 400 100 - Z.Zj;}so"
25
x107
100 20
24 100 15
3 1 o 10
-
3 04 5
= 0 nm
Q-1 o
-2 > s
i 100 10
=34
L 15
30 400
-20
200
100 100 -25
Circumference angle(degree) v -2.72x10*

Length of the cylinder(nm)

Figure 7.4: Effect of piezoelectricity on the distributions of total electric potential in the

laminated shell for mode (1, 1).

o
Mode (1,2) Electric potential (V)
(a) . (b)
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2
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> —
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Figure 7.5: Effect of piezoelectricity on the distributions of total electric potential in the
laminated shell for mode (1, 2).

150



Electromechanical Behavior of Shell Laminated with GRNC layer

(a)
Mode (2,1)
%107
24
%1 A
"; 04 A
S -1 .
2 o A2
34 ‘ .

100
Circumference angle(degree)

100

(b)

\

400 -2
300
200

Length of the cylinder(nm)

300

Mode (2.1) ~Electric potential (V)

400 100 nm
50
0
50

-100

100

| -100

- 2.83)(1‘0'

x10™

o

4

v -2.83x10™*
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Figure 7.7: Effect of piezoelectricity on the distributions of total electric potential in the

laminated shell for mode (2, 2).

Table 7.3: The comparison of predictions by the continuum and numerical models.

piezo ; piezo .
(% eal)Continuum  (@%20) Numerical

Error (%) =
Modes Model Model (FE) Analytical value—Numerical value
(VO |t) (VO |t) Analytical value
(1,1) 2.73 x 1074 2.72 x 1074 0.367
(1,2) 2.86 x 107* 2.85 x 10~* 0.351
2,1) 2.85x 1074 2.83 x 1074 0.706
2,2) 3.03x 1074 2.92 x 1074 3.767
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Table 7.4: The comparison of predictions by the continuum and numerical models for

different length of shell in case of mode (1,1).

Length (O (o8 Error (%) =
(nm) Continuum Model Numerical Model Analytical value—Numerical val
(V) (FE) (V) Analytical value
200 2.81 x107* 2.805 x 107* 0.177
300 2.76 x 107* 2.751 x 107 0.326
400 2.73x107* 2.720 x 107* 0.367
500 2.70 x 107* 2.677 x 107* 0.851
600 2.68 x 107* 2.65x 1074 1.11

7.3.2 Flexoelectric Effect on Electric Potential Distribution

In this sub-section, the effect of flexoelectricity (esq, 112 # 0) on the distribution
of electric potentials in the laminated shell at different modes is presented. The terms

(99, pena’ (@) peng @d (87, ..., denote the electric potentials under the axial,

circumferential and total bending effects, respectively, at different modes. For presenting
the results, the distribution of total electric potentials combining both the axial and
circumferential bending potentials is shown. In case of modes (1,1), (1,2), (2,1) and (2,2),
the magnitudes of axial electric potentials are much greater than the circumferential
electric potentials as demonstrated in Figs. 7.8-7.11 and Table 7.5. Table 7.5
demonstrates the results for maximum electric potentials for the axial and circumferential
bending components and their corresponding ratios considering the flexoelectric effect. It
is attributed to the fact that cylindrical shell is softer or flexible in the circumferential
direction as compared to the axial direction. The results demonstrate that the electric
potential due to the incorporation of flexoelectricity mainly dominated by the axial
bending component. The optimum positions of the flexoelectric GRNC patches or
sensors are indicated by the peaks in signal plots.

From these results, it can be concluded that the flexoelectric GRNC patches
should be attached to the shell along its axial direction as the larger strain gradients occur
due to the axial bending than the circumferential bending. It can be observed from Figs.
7.4-7.11 that the incorporation of flexoelectric effect significantly improves the results
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compared to the piezoelectricity. For example, from Figs. 7.4 and 7.8 it is obvious that
the maximum value of total electric potential due to the incorporation flexoelectric effect
enhanced by ~340% as compared to the piezoelectric case for mode (1,1) results. Results
also reveal that the electric potential due to the piezoelectric effect are sensitive to the
bending and membrane vibrations while in case of flexoelectric effect, results are

sensitive to the bending vibrations only.

Table 7.5: The maximum axial and circumferential electric potentials and their
corresponding ratios considering the flexoelectric effect.

(0%)
Modes (O )pung ) (OB g 30
mn /¢ pend
(1,1) 0.817 x 1073 2.592 x 107> 31.52
(1,2) 0.816 x 10~3 2.315 x 10~* 3.52
2,1) 3.311 x 103 2.593 x 10~° 127.68
(2,2) 3.312 x 1073 2.315 x 10~* 143.06
Mode (1,1) <107 Mode (1,1) <107

x107

400
300
200 200
109 100 - 100 258
Circumference angle(degree) Circumference angle(degree)
Length of the cylinder(nm) Length of the cylinder(nm)

Mode (1,1) %107

400 0.8

Circumference angle(degree)
Length of the cylinder(nm)

Figure 7.8: Effect of flexoelectricity on the distributions of total electric potential in the
laminated shell for mode (1,1).

153



Chapter 7

Mode (1,2)

400
300

100 200

100
Circumference angle(degree)

Length of the cylinder(nm)

Mode (1,2)

Circumference angle(degree)

Mode (1,2)

100
Circumference angle(degree)

Length of the cylinder(nm)

%107

Length of the cylinder(nm)

Figure 7.9: Effect of flexoelectricity on the distributions of total electric potential in the

laminated shell for mode (1,2).
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Figure 7.10: Effect of flexoelectricity on the distributions of total electric potential in the
laminated shell for mode (2,1).
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Figure 7.11: Effect of flexoelectricity on the distributions of total electric potential in the

laminated shell for mode (2,2).

7.3.3 Parametric Analysis
The generations of electric potentials in the laminated shell depend on various
parameters such as mode numbers, patch thickness (hf), radius of shell (R) and shell

thickness (h). Therefore, parametric analysis is carried out in this sub-section.
7.3.3.1 Mode Numbers

Figure 7.12 demonstrates the variation of maximum values of electric potentials
for axial, circumferential and total bending cases, accounting the flexoelectric effect at
each mode (1-6, 1-6). From this figure, it is observed that (i) the axial bending electric
potential increases as the value of m increases but it does not vary with n, and (ii) the
circumferential electric potential increases as the value of n increases but it does not vary
with m. Therefore, the combined results showing the total electric potentials with respect
to the mode numbers (m and n) show increment as the mode number increases. It can be
concluded that if the axial mode number is greater than the circumferential mode
number (m = n) then the contribution of axial component is more to the total electric

potential and the converse is true in case of m < n.
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7.3.3.2 Patch Thickness

Figure 7.13 shows the variation of maximum total electric potentials against the
thickness of GRNC patch with and without considering the flexoelectric effect. The case
without the flexoelectric effect can be considered as a conventional case accounting only
the piezoelectric effect. This figure reveals that the electric potentials increase as the
thickness of patch increases in both the cases but the incorporation of flexoelectric effect
shows significant enhancement. For instance, the value of total electric potential
increased by ~300% over that of conventional case with 15 nm patch thickness when the
flexoelectric effect is considered. In case of flexoelectric effect, it can be observed from
Eq. (7.18) that the total electric potential is directly proportional to the patch thickness.
Also, from Eqg. (7.19) it can be seen that the axial as well as circumferential bending
components depend on the thickness of patch and, hence, the total electric potential

depends on the thickness of patch.

7.3.3.3 Radius of Shell

Figure 7.14 illustrates the variation of maximum total electric potentials with
respect to the radius of shell with and without considering the flexoelectric effect. This
figure reveals that the electric potentials steeply decrease as the radius of shell increases
in both the cases but the incorporation of flexoelectric effect shows significant
enhancement. The decreasing trend of total electric potentials is attributed to the reduced
strain gradient of the shell as its radius increases. The shell with smaller radius provides
larger electric potentials when the flexoelectric effect is considered. Note that the
flexoelectricity is a size-dependent phenomenon and the large strain gradients present at
the nanoscale level lead to the strong electromechanical coupling. The maximum value of
total electric potential of shell with radius 50 nm increased by 315% over that of

conventional case when the flexoelectric effect is considered.
7.3.3.4 Shell Thickness

Figure 7.15 illustrates the variation of maximum total electric potential with
respect to the shell thickness with and without considering the flexoelectric effect for
mode (1,1). It can be noticed that the shell thickness does not influence the electric

potential when the flexoelectric effect is considered because it is primarily generated due
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to the strain gradient induced by bending and is not associated with the membrane strains.
In case of flexoelectric effect, it is clearly seen that the electric potential remains
unaffected as the shell thickness increases because the strain gradient is not dependent on

the shell thickness.

It is important to note that the value of electric potential due to flexoelectric effect
is not increasing but it is greater as compared to the piezoelectric effect. In case of
piezoelectric effect, the electric potential increases slightly as the shell thickness
increases. The maximum value of total electric potential of shell with shell thickness 40

nm increased by 244% over that of conventional case when the flexoelectric effect is

considered.
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Figure 7.12: The maximum values of electric potentials at each mode considering the

flexoelectric effect: (a) axial, (b) circumferential and (c) total bending effects.
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Figure 7.13: Variation of maximum total electric potentials with respect to GRNC patch
thickness for mode (1,1).
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Figure 7.14: Variation of maximum total electric potentials with respect to the radius of
shell for mode (1,1).
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Fig. 7.15. Variation of maximum total electric potentials with respect to the shell
thickness for mode (1,1).
7.4 Conclusions

The electromechanical response of thin elastic shell laminated with GRNC layer,
accounting piezoelectric and flexoelectric effects, was studied. An analytical model was
developed for the laminated shell based on Kirchhoff-Love theory to investigate the
electric potential distributions in it due to the mechanical vibrations. The analytical
predictions are found to be in good agreement with the FE results. The parametric study
also carried out to study the effect of variation of mode numbers, patch thickness, shell
thickness and shell radius on the values of electric potentials generated in the laminated
shell. The current results reveal that the electromechanical behavior of laminated shell is
significantly improved due to the incorporation of flexoelectric effect. If the axial mode
number is greater than the circumferential mode number (m > n) then the contribution of
axial component is more to the total electric potential and the converse is true in case of
m < n. The maximum value of total electric potential due to the incorporation of
flexoelectric effect enhanced by ~340 % as compared to the piezoelectricity case for
mode (1,1). The electric potentials increase significantly as the thickness of flexoelectric
composite patch increases. For instance, the value of total electric potential of laminated
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shell considering the flexoelectricity increased by ~300% over that of conventional case
with 15 nm patch thickness. The electric potentials of laminated shell steeply decrease as
the radius of shell increases but the incorporation of flexoelectric effect provides better
estimates. The maximum value of total electric potential of shell with radius 50 nm
increased by 315% over that of conventional case when the flexoelectric effect is
considered. The electric potentials of laminated shell are found to be higher and constant
as its thickness increases due to the incorporation of flexoelectric effect compared to
piezoelectric effect. The maximum value of total electric potential of laminated shell with
thickness 40 nm increased by ~244% over that of conventional case when the

flexoelectric effect is considered.

The next Chapter summarizes the significant outcomes and conclusions from this
Thesis along with the identified directions for future research work. The scope for further

research on graphene-based composite and its structures are also suggested.
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Conclusions and Future Scope

In this Chapter, major conclusions drawn from the current research work are
highlighted. Moreover, scope for further research on GRNC and its structures are

suggested.

8.1 Major Conclusions

Owing to its unique multifunctional and scale-dependent physical properties,
graphene is emerged as promising reinforcement to enhance the overall response of its
nanotailored composite materials. Most recently, the piezoelectricity phenomenon in
graphene sheets was found through interplay between different non-centrosymmetric
pores, curvature and flexoelectricity concept. This has added new multifunctionality to
existing graphene. Piezoelectric NEMS-based structures such as beams, plates, wires and
shells have found enormous applications in areas of sensors, actuators, nanogenerators
and distributors. Surprisingly, the application of piezoelectric graphene for modelling of
graphene-based structures was not explored in the literature and this provided the
motivation for this Thesis. The piezoelectric, flexoelectric and surface effects play a
significant role on the static/dynamic behavior of nanostructures. Therefore, a
comprehensive analytical and numerical modelling was carried out herein to (i)
determine the effective properties of GRNC and (ii) study the electromechanical behavior
of GRNC beam, plate, wire and shell accounting the piezoelectric, flexoelectric and
surface effects.

The following main conclusions are drawn from the work carried out in this

Thesis:

> First, the elastic properties of pristine and defective graphene sheets were determined

using MD simulations and the obtained results are found in good agreement with the
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existing experimental and numerical results. Second, the effective elastic,
piezoelectric and dielectric properties of GRNC were determined by the analytical
and numerical micromechanics models, and their predictions are found to be in good
agreement for the lower values of graphene volume fraction. Thus, for predicting the
effective properties of advanced nanocomposite one may adopt analytical
micromechanical approaches as they require much less computational time than the
FE models.

» The effective axial elastic, piezoelectric and dielectric properties of GRNC are
exceptionally larger than those of the transverse and shear effective properties. If the
loading is applied along the 3-axis of GRNC then the effective constants
C, 58, oSt ¢St and €5t show higher and reliable results predicted by MOM, SOM

and FE models. If the loading is applied in the transverse direction of GRNC then the

results obtained for CST, ST Ce and CET show the discrepancies. This is attributed

to the fact that the transverse properties of composites are matrix dependent.

> An analytical beam model was derived using the extended linear piezoelectricity and
Euler beam theories incorporating the flexoelectricity effect. The FE models were
developed to validate the analytical predictions. The flexoelectricity has significant
effect on the electromechanical response of GRNC beam. It is revealed that the
electromechanical response GRNC cantilever beam is improved with the increase in
graphene volume fraction and it can be tuned via applying different electric
potentials.

» The closed form solutions were obtained for GRNC nanobeams based on the size-
dependent Euler-Bernoulli and linear piezoelectricity theories accounting the
flexoelectric and surface effects. Furthermore, the FE models were developed based
on Galerkin’s weighted residual method for validating the analytical results of
response of GRNC beams with different boundary conditions. The respective static
deflections of GRNC cantilever, simply-supported and clamped-clamped nanobeams
are reduced by (i) ~19% irrespective of boundary condition when only the
flexoelectric effect was considered and (ii) ~86%, ~68% and ~52% when the
combined flexoelectric-surface effects were considered compared to that of
corresponding cases of conventional beams. Due to the incorporation of flexoelectric

effect, it is found that the electromechanical coupling coefficient of nanobeams
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having thickness less than 20 nm increases substantially, and such effect should be
accounted for studying the static behavior of thin nanostructures.

The exact solutions for flexoelectric GRNC nanoplate based on Kirchhoff’s plate
theory, Navier’s solution and extended linear theory of piezoelectricity were obtained.
Based on this, the static and dynamic behaviors of simply supported GRNC
nanoplates under different types of loadings were investigated to study the role of
flexoelectricity. It is found that the bending stiffness of nanoplates having thickness
less than 5 nm increases significantly due to the incorporation of flexoelectricity
effect and such effect cannot be neglected for predicting static response of thin
structures. Similarly, the dynamics response of GRNC nanoplates is enhanced due to
the flexoelectric effect as the plate thickness reduces. Resonant frequencies of GRNC
nanoplates are enhanced by ~225% for the plate aspect ratios of 10 to 30 when the
plate thickness is 1 nm.

An analytical model was developed for studying the distribution of electric potential
in GRNC nanowire accounting the flexoelectric effect. The electromechanical
responses such as electric potential and deflection of GRNC nanowire were
investigated, and the FE models were also developed to validate the analytical
predictions. The piezoelectric potential in the GRNC nanowire depends on the
transverse force but it is not a function of the force acting along its axial direction.
Electric potential distribution in the tensile and compressive sections of a nanowire is
antisymmetric along its cross-section, which makes it a “parallel plate capacitor” for
the application of nanopiezotronics devices. The shear flexoelectric coefficient
largely influences the response of GRNC nanowire compared to that of longitudinal
flexoelectric coefficient. The flexoelectric effect is more dominant for smaller
diameter of GRNC nanowires and it cannot be ignored in case of bending or
stretching of smaller diameter nanowires as well as composite nanostructures.

The electromechanical response of thin elastic shell laminated with GRNC layer,
accounting piezoelectric and flexoelectric effects, was studied. An analytical model
was developed for the laminated shell based on Kirchhoff-Love theory to investigate
the electric potential distributions in it due to the mechanical vibrations. The
analytical predictions are found to be in good agreement with the FE results. The
results reveal that the electromechanical behavior of laminated shell is significantly
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improved due to the incorporation of flexoelectric effect. If the axial mode number is
greater than the circumferential mode number (m > n) then the contribution of axial
component is more to the total electric potential and the converse is true in case of
m < n. The maximum value of total electric potential due to the incorporation of
flexoelectric effect enhanced by ~340 % as compared to the piezoelectric layer case
for mode (1,1). The electric potentials increase significantly as the thickness of
flexoelectric composite patch increases. For instance, the value of total electric
potential of laminated shell considering the flexoelectricity increased by ~300% over
that of conventional case with 15 nm patch thickness. The electric potentials of
laminated shell steeply decrease as the radius of shell increases but the incorporation
of flexoelectric effect provides better estimates. The maximum value of total electric
potential of shell with radius 50 nm increased by 315% over that of conventional case

when the flexoelectric effect is considered.

The current results are significant, which reveal that the flexoelectric phenomenon
in graphene induced due to the strain gradient can be exploited to form next generation
NEMS for various applications. The overall conclusion is that the flexoelectric effect is
found to be more dominant for thin structures and it cannot be ignored while modeling

1D, 2D and 3D composite nanostructures.

8.2 Scope for Future Research

The current fundamental study sheds a light on the possibility of developing high-
performance and light-weight graphene-based NEMS such as nanosensors,
nanogenerators and nanoresonators using non-piezoelectric graphene as compared with
the existing heavy, brittle and toxic piezoelectric materials. Thus, the present research
may be followed for further experimental investigation to examine the multifunctional
characteristics of a novel GRNC and its structures. Some of the further research works

that may be undertaken in line with the present work are as follows:

> An experimental characterization of novel GRNC is a natural extension of this
work. Moreover, experimental characterization of GRNC structures to explore

their practical NEMS applications needs to be done.
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As the assumptions of uniform/constant electric field considered in
micromechanical model makes the study highly restricted and thus, the non-
uniformity of the field may be considered as the future scope of this study.
Micromechanics models developed herein cannot provide the estimates for
thermal and thermoelastic properties of GRNC, therefore, the predictions of its
such properties using different models may be considered as future research work.
Both flexoelectric and surface effects exist simultaneously for a dielectric
piezoelectric nanomaterial. In this research work, both effects were considered
only in case of GRNC nanobeams and hence, further investigation is necessary
for all other types of structural elements.

For layered piezoelectric GRNC structures, in addition to flexoelectric and
surface effects, the consideration of interfacial effect between the graphene-matrix

interface may also be an interesting scope for future work.
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