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Abstract

We will look at working of quantum fields in the curved spacetime which is a frame-
work that includes all fundamental interactions while not requiring that gravity be
quantized. String theory provides us the best possible tool to help in the unification
of quantum field theory and gravity. The most celebrated idea of AdS/CFT duality,
conjectured by Maldacena is a nice way to see it, which will also be the topic we will
work on.

The constructions of the bulk fields in terms of the boundary fields for different set-
tings have been carried out here. We look at the anti deSitter and deSitter cases and
review some calculations in different coordinate systems for them. We employ the
method of HKLL reconstruction. We carry on this construction over to the case of D1
branes and work in the 10 dimensional near horizon geometry dimensionally reduced
to 3 dimensions. We look at a scalar field in this background and find its solution for
different cases and develop a construction for it in terms of the boundary field theory,
for the case of (horizon)r, — 0.
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Chapter 1

Introduction

Quantum field theory in curved spacetime is, as the name suggests the theory for
quantization of fields propagating within the curved spacetime, while not requiring
that gravity be quantized. The concept of a vacuum state in these theories is some-
what abstruse, which affects subsequent quantization procedure. The domain of ap-
plicability of such theories which requires a physical regime in which the influence of
gravity on the propagation of quantum fields is significant but its own microscopic
description is irrelevant would be in regions of extremely high spatial curvature such
as in the vicinity of a black hole or in the very early stages of the universe. Such
a regime would occur when the characteristic length-scale of a highly curved space-
time becomes comparable to the wavelength of quantum modes propagating thereon.
Cosmological observations provide strong incentive for the study of QFT in curved
spacetime, like the evidences for inflation. It has provided important physical insights
like the Hawking’s realization in 1976 that black holes aren’t really black, but instead
emit thermal radiation at a Hawking temperature proportional to the surface gravity
K

k, T'= 5=, although not an observed phenomenon as the radiation temperature goes

like k}&%, i.e., it is inversely proportional to the mass of the black hole, which makes
it very small.

The primordial density perturbation spectrum emerging from cosmic inflation, that
is the Bunch-Davies vacuum, can also be predicted using this formalism of QFT in
curved spacetime, so this prediction is already verified if the inflation is correct. The
theory of quantum field theory in curved spacetime can be considered as a first ap-
proximation to quantum gravity, but since gravity is not renormalizable in QFT, so

merely formulating QFT in curved spacetime is not a theory of quantum gravity.

de Sitter space and anti-de Sitter space:

The main focus in this thesis will be on the de Sitter and anti-de Sitter spaces and
the theories related to them. Named after Willem de Sitter, these spaces are maxi-
mally symmetric, like the Minkowski spacetime, which implies a constant curvature-
de Sitter space being a constant positive curvature Lorentzian manifold while anti de
sitter space having a constant negative curvature (zero in the Minkowski case). There
metrics can be obtained by embedding a hyperboloid on the Minkowski space. The
main application of de Sitter space is its use in general relativity, where it is one of
the simplest mathematical models of the universe that is consistent with the observed
accelerating expansion of the universe, while the AdS/CFT correspondence [11] sup-
ports a major role for the anti-de Sitter geometry in theoretical physics.
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AdS/CFT is a conjecture that any complete theory of quantum gravity in an asymp-
totically AdS spacetime defines a CFT (Conformal field theory).It is claimed that this
conformal field theory on the boundary is equivalent to the theory of gravitation on
the bulk anti-de Sitter space. AdS/CFT perspective let us translate questions about
quantum gravity into mathematically well posed questions about CEFT. Although, it
might not be possible to formulate all quantum gravity questions in CFT language.
The AdS/CFT correspondence follows from the low-energy limit of open/closed dual-
ity of strings in D-brane systems.

The success of the AdS/CFT correspondence has motivated further proposal of holo-
graphic dualities between gravitational systems and conformal field theories. In par-
ticular, a similar correspondence has been proposed for gravity in de Sitter (dS) space-
time, dS/CFT. There has been an increasing interest for the theory of dS/CFT due
to the recent astronomical observations which indicate that the cosmological constant
in our universe is positive,i.e., it resembles de Sitter space[6-9].



Chapter 2

Theoretical Background

2.1. Quantum field theory in Curved Spacetime

Scalar field in curved spacetime

To generalize physical theories from flat to curved spacetime, we simply express the
theories in a coordinate-invariant form and assert that they remain true when space-
time is curved. Here we have a look at the basic framework to work with a scalar field
in a curved spacetime.

The curved space generalization of the action for a single scalar field ¢ would be

Sp = / {—%9*‘” (V,u0) (Vo) — V(o;)] V—gd'z.

Lagrangian density of a scalar field in curved spacetime is

£ =77 |50 (9,0 (V,0) = guie? - Re?|.

We have included a direct coupling to the curvature scalar R, parameterized by a con-
stant £. Following two values of & are popularly used,

£ = (minimal coupling)

(conformal coupling)

The conjugate momentum can be written as

oL
IT = 8(v0¢) = \/__g<vo¢) .

We can impose the following canonical commutation relations.

[¢(t,f),¢<t,f’)] —0 [H(t,f),H(t,f’)] —0 [gb(t,f),n(t,f’) S

10



The equation of motion for the scalar field obtained from its action is

O¢p —m2¢p — ERG = 0. (1)

The inner product for the solutions to this equation is generalized to the expression(For
a spacelike hypersurface X3)

(¢1,02) = _i/2(¢1vu¢§ - ¢§Vu¢1)”“\/’_7dnilx

where 7;; is the induced metric and n* is the normal vector. This is independent of
the choice of X.

Expanding our field in terms of complete set of solutions, f;(z*), to (1) that are
orthonormal (f;, f;) = 0;; (and corresponding conjugate modes with negative norm

(f@'*af}k) = —5z'j)
¢ = Z(difi +d;'f7)

where the coefficients d; and ;' are the annihilation and creation operators, following
some commutation relations. The vacuum state |0;) will be annihilated by all the
annihilation operators as,

a;|0y) = 0 (for all i)

and a state of n; excitations will be defined as

Ly

;) = 7(%‘ )"

7.

0f).

In Minkowski space,there is a natural set of modes that we can write, which are the
eigenfunctions of %, which is the Killing vector of the space. However, in general
curved spacetime there is no canonical choice of a time variable w.r.t which we can
classify the modes as being positive or negative frequency, like we could in flat space.
So in the transition from the flat to curved spacetime we have lost any reason to prefer
one set of modes over any other and we can consider an alternative set of modes g;(x*)
with all of the properties that our original modes possessed and expand the field with

respect to it.

~ ~t %
¢ = Z(bigi +b; g;)

Bogolubov transformation is the transformation from one set of basis modes into
another and is given by

9i = Z(aijfj + B f})
J
fi= Z(Oé;kjgj - Bjig;)
J
where the matrices o;; and 3;; are called the Bogolubov coefficients. Using the or-
thonormality of the mode functions, they can be expressed as

Quj = (Qi,fj) Bij = _(th;)-

11



They satisfy a set of normalization conditions given as

Z(aika;k - @k@j*k) = 0y Z(Oéikzﬁjk — Birax) =0

J J

and can be used to transform between the operators,

a; =Y (azb; + B;b1)

J

J
We can see from these relation that observers working with different set of modes will
disagree on the number of particles observed or if observed at all. To know the number
of particles observed in a system which, say, is in f-vacuum |0) and has no f-particles,
by an observer using the g-modes we look at the expectation value of the g number
operator in the f- vacuum.

(0l7gil0f) = (0f[bI0i[05) = (041> (vijal — Bijivy) (i — Ba})|0)
ik

=> 18l
i

There is no reason for this to vanish. So what appears like an empty vacuum from one
perspective will be bubbling with particles according to another.

2.2. Maximally Symmetric Universes

Copernican principle is the idea that the universe is pretty much the same everywhere.
It is related to two more mathematical properties that a manifold might have: isotropy
and homogeneity. Isotropy applies at some specific point in the manifold and states
that the space looks the same no matter in what direction you look. Homogeneity is
the statement that the metric is the same throughout the manifold. In other words,
given any two points p and ¢ in M, there is an isometry that takes p into q.

If a space is isotropic everywhere, then it is homogeneous. Likewise if it is isotropic
around one point and also homogeneous, it will be isotropic around every point.

The usefulness of homogeneity and isotropy is that they imply that a space is maxi-
mally symmetric, i.e., the space has its maximum possible number of killing vectors.

Riemann tensor for a maximally symmetric n-dim manifold with metric g,, can be
written

Rpopw = K(9puJov — GpwJop)
R

where Kk = D) and the Ricci scalar R will be a constant over the manifold.

Since at any single point we can always put the metric into its canonical form, the
kinds of maximally symmetric manifolds are characterized locally by the signature
of the metric and the sign of the constant . For vanishing curvature (k = 0) the

maximally symmetric spacetime is the Minkowski space, with metric

ds? = —dt* + da? + dy* + d2°.
12



The maximally symmetric spacetime with positive curvature (k > 0) is called de
Sitter space and the one with a negative curvature (k < 0) is known as the anti
Sitter space.To obtain the metric for these space we can embed a hyperboloid in
flat space. So for de Sitter space if we consider a 5-dimensional Minkowski space and
embed a hyperboloid(—u? + 2% + y* + 2% + w? = (?) on it with certain embedding
coordinates defined in terms of a set of coordinates, say {¢,x, 0, ¢} as,

u = {sinh(t/¢) w = Lcosh(t/l)cosy x = {cosh(t/l)sin x cosb
y = Ccosh(t/l)sinysinfcos¢ z = Lcosh(t/l)sin x sinfsin ¢
we can get the metric to be
ds® = —dt* + (* cosh®(t/0) [dx* + sin® x(d6® + sin® 0d¢?)] . (2)

¢ is known as the de Sitter radius.
Let us consider a transformation from t to t’ via

1

cosh(t/l) = o)’

The metric (2) will be written as, under this change

o,
cos?(t)

ds® =

where d5? represents the metric on the Einstein static universe,
ds? = —(dt")? + dx? + sin® xdQ3 (3)

where we have identified the expression in round parantheses in (2) as the metric on
a 2-sphere, dQ3.
The range of the new time coordinate is

—m/2 <t <7/2

The conformal diagram of de Sitter space will simply be a representation of the patch
of the Einstein static universe to which de Sitter is conformally related.

For the case of AdS we look at a fictitious 5-d flat manifold with metric ds? =
—du? — dv*+dx?® 4 dy*+dz*, and embed a hyperboloid(—u? —v? + 2% +y?+ 22 = —R?.)
and induce coordinates {t', p, 0, ¢} on the hyperboloid via the embedding

u= Rsint'coshp v = Rcost'coshp x = Rsinhpcosf

y = Rsinhpsinfcos¢ 2z = Rsinhpsinfsin¢
yielding a metric on this hyperboloid of the form

ds* = R*(— cosh? pdt” + dp* + sinh® pdQ23)

where R is the anti desitter radius.
To obtain the conformal diagram for AdS, we do a coordinate transformation analogous
to that used for de Sitter,but now on the radial coordinate.

1

COS X
13
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de Sitter
space

“
]
|
ol

xX=0 X=m

Figure 2.1: Conformal diagram for de Sitter spacetime.
Reprinted from “Spacetime and geometry” (p. 325), by S.Carrol, 2004, San Francisco:
Pearson

so that
R2

cos?

ds® = ds>

where ds? is given by (3). The ¢’ coordinate goes from —oo to oo, while the range of

the radial coordinate is
0<x<m/2

Thus, anti-de Sitter space is conformally related to half of the Einstein static universe.

anti—de Sitter

w
x=0 x=73

Figure 2.2: Conformal diagram for anti de Sitter spacetime.
Reprinted from “Spacetime and geometry” (p. 327), by S.Carrol, 2004, San Francisco:
Pearson
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2.3. Coordinates in AdS

AdS in n+1 dimensions can be represented as a hyperboloid of radius R

X+ Xo =) XP =R (4)
=1
embedded in an n+2 dimensional flat space with metric ds* = —dX? — dX?2 | +

>, dX? The coordinates X, for a = 0,..,n+ 1 are known as embedding coordinates.
The eq(4) can be solved by setting

X, = Rsecpcost 0<p<m/2

X; = Rtan pS; 1=1,..n —nr<t<m

iQ? =1
=1

Xni1 = Rsecpsint —-1<0, <1

(QZ- parametrizes a S™ ! sphere)

The coordinates p, t and {2; cover the entire hyperboloid, thus are called the global
coordinates. In these global coordinates the AdS boundary is the hypersurface p =
7/2 This corresponds, in embedding coordinates, to the spatial infinity. So, we can
compactify the AdS space by changing the range of the radial coordinate p to: 0 <
p < m/2 The AdS metric in these coordinates is given as:

ds® = R?sec” p(—dt* + dp® + sin® pdQ2_,). (5)

There is another coordinate system for AdS, called the Poincaré Patch.To introduce
the Poincaré coordinate system let us define the following light cone coordinates.

Xo_Xn
U= ———=

Let

Then eq(4) becomes
n—1
Ruv + R*u?(t* — 7*) = R? (zQ = Z(xz)2>

and which gives us the following expression for v.
1 —u?(t? — %)
R?u
We therefore get the embedding coordinates as

v =

1
X, = —(1+u*(R*+ 7% —1t?))

2u

1
X, = %(1 +u*(—R? + 7% — 17))
X; = Rux’ i=1,...,n—1
XTH-I = Rut.

15



It is useful to change to the coordinate z = % So the Poincaré coordinates z, Z,t are
defined by the following relations

1
X,=—=(Z+R+7-1%)

2z
1 _
X, = Z(ZQ - R+ 72— 17))
x, = B i=1,..,n—1
z
Rt
Xn—l—l -
z

The AdS metric in terms of these coordinates is given as

R2

22

ds’ (—dt® + dz* + dz2?) (6)
The coordinate z divides the AdS space in two regions(z > 0 and z < 0) giving 2
Poincaré charts each corresponding to one half of the hyperboloid. The Poincaré AdS
space is the region of the entire AdS corresponding to one of these two charts (the
z > 0 is usually chosen).

The Poincaré coordinates can be written in terms of global coordinates as:

L X1 Xpn RXpp R(RsecpsinT) B RsinT
 Ru R(Xog—fn) (X, —X,) (RsecpcosT — RtanpSf),) cosT — ), sinp
R? Rcosp
= — = =

u  (X,—X,) cosT—Q,sinp
X;  tanpS); RS); sin p
a’/’i = = ey -

Ru u cosT — 2, sinp

Here the global time is denoted by 7 to avoid confusion. Also even when t — 400 we
only cover a finite range in 7.

2.4. Quantum field theory on de Sitter space

Here we will look at the scalar field with the background of d-dimensional de Sitter
space. dSy may be realized as the hypersurface described by the equation

X2+ X7+ .. X =0 (7)

in flat d + 1-dimensional Minkowski space M %!, where ¢ is the de Sitter radius. This
hypersurface in flat Minkowski space is a hyperboloid.
The action for the scalar field will be,

5= [ d'ay=g (Vo) + e’ (5)

Since this is a free field theory, all information is encoded in the two-point function of
¢. We will study the Wightman function

G(X,Y) = (0]¢(X)o(Y)[0) (9)
16



which obeys the free field equation
(V2 —=m?)G(X,Y)=0 (10)

where V2 is the Laplacian on dS,.

Let us assume that the state |0) in (9) is invariant under the SO(d,1) de Sitter group.
Then G(X,Y) will be de Sitter invariant, and so at generic points can only depend
on the de Sitter invariant length o(X,Y) between X and Y. Writing G(X,Y) =
G(0(X,Y)), (10) reduces to a differential equation in one variable o

(1—0%)0*G — dod,G — m*G = 0. (11)

Let z = 12, then (11) becomes

2(1—2)G" + (g —dz)G' — m*G = 0. (12)
This is a hypergeometric equation whose solution is
G = cmaF(hy, h, g, 2) (13)
where ¢, 4 is a normalization constant and
hy = % [(d— 1)+ /(d—1)? —4m2|.

The hypergeometric function (13) has a singularity at z=1, or ¢ = 1, and a branch
cut for 1 < o < o0o.The singularity occurs when the points X and Y are separated
by a null geodesic. At short distances the scalar field is insensitive to the fact that it
is in de Sitter space and the form of the singularity is precisely the same as that of
the propagator in flat d-dim. Minkowski space. We can use this fact to fix ¢, 4. Near
z = 1 the hypergeometric function behaves as

d 140 D\ - 1)
=0~(%) Tt

Lo is the geodesic separation between the the points. Comparing with

where D = cos™

d
the usual short-distance singularity %(Dz)lﬁ fixes the coefficient to be

L(h)D(h)  T(§)  T(h)T(h)
(UL —1)2(d—2)n¥2  (4m)¥/2T(d/2)’

Cmd = 41—d/2

Since (11) has a ¢ — —o symmetry, so if G(o) is a solution then G(—o) is also a
solution. The second linearly independent solution to (5) is therefore

d1l—o
F(h+7h—7§7 9 ) (14)

The singularity now at ¢ = —1, corresponds to X being null separated from the
antipodal point to Y, which sounds rather unphysical at first, but since the antipodal
points in de Sitter space are always separated by a horizon, the Green function (14)
can be thought of as arising from an image source behind the horizon, and nonsingular
everywhere within an observer’s horizon. Hence the “unphysical” singularity can’t be
detected by any experiment.

The linear combination of (13) and (14) corresponds to a one parameter family of
invariant Green functions GG, in the de Sitter space, and thus a one-parameter family
of de Sitter invariant vacuum states |«) such that G,(X,Y) = (a|o(X)o(Y)|a).
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2.5. String theory

It is the leading candidate for a theory that unifies the four basic forces of nature
viz. Electromagnetic, Weak, Strong and Gravitation. In this theory each particle
is identified as a specific vibrational mode of an elementary microscopic string. The
elementary objects in string theory are one dimensional in contrast to usual zero-
dimensional elementary particles. Due to the presence of only one sort of string and
all particles arising from its vibrations, all of them are naturally incorporated into a
single theory. So, suppose a decay process a — [ + v, will be imagined as a single
string vibrating in such a way that it is identified as particle a that breaks into two
strings that vibrate in ways that identify them as particles S and v in this theory.
Since strings may turn out to be extremely tiny, it may be difficult to observe directly
the string-like nature of particles. The theory also contains branes that are objects
which can have any no. of allowed dimensions. They are dynamical objects which can
propagate through spacetime consistent with the principles of quantum mechanics,
have mass and can have other attributes such as charge. A string can be regarded as
a brane of one dimension. A p-brane (p-dim. Brane) sweeps out a (p+1) dimensional
volume in spacetime. World sheets (2-dimensional surfaces) describe time evolution of
strings and world volume for general higher dimensional branes (compared to world line
for point particle). The absence of adjustable dimensionless parameters in the theory
and the fact that the dimensionality of spacetime is fixed (emerges from a calculation-
whereas in the standard model the information of a four-dimensional spacetime used
to build the theory is not derived) is a sign of the uniqueness of string theory. It has
one dimensionful parameter, the string length ¢,, whose value can be roughly imagined
as the typical size of strings. Some of the dimensions in this theory may hide from
plane view if they curl up into a space that is small enough to escape detection in
experiments done with low energies. The lack of adjustable dimensionless parameters
meant that the theory cannot be deformed or changes continuously by changing these
parameters, so there could be other theories that cannot be reached by continuous
deformations which leads us to the question that how many string theories are there?
There are open strings, which have 2 endpoints and closed strings with no endpoints
in the theory. One can consider theories with only closed strings, and theories with
both open and closed strings. Since open strings generally can close to form closed
strings, we don’t consider theories with only open strings. Another subdivision in
string theory is between bosonic and superstring theories. Bosonic strings live in 26
dimensions and their vibrations represent bosons, but the bosonic string theories are
not realistic as they lack fermions. The superstrings live in ten dimensional spacetime,
and their spectrum of states includes bosons and fermions related by supersymmetry.
All realistic models of string theory are built from superstrings. There exists 5 possible
10 dimensional superstring theories (type ITA, type IIB, type I, SO(32) heterotic, and
ES8XES heterotic. The five different superstring theories are related to one another by
duality symmetries viz. T-duality and S-duality. As all the five different string theories
are related to one another by these duality maps, it strongly suggests presence of a
single underlying theory known as “M-theory” or sometimes referred to as “U-theory”
or universal theory. In special limits, M-theory is described by one of the (compactified)
five different weakly coupled string theories. Besides these five theories there exists
a sixth one, which is (10 + 1)-dimensional supergravity theory (SUGRA). M-theory
in low energy limit reduces to this 11-dimensional supergravity theory and the term
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M-theory sometimes refers to this low energy supergravity theory. Another way of
defining M-theory is as the strong coupling limit of Type IIA string theory. The Type
ITA string theory is taken equivalent to the M-theory compactified on a circle, where
the radius of compactification is proportional to the string coupling.

2.6. AdS/CFT Duality

The AdS/CFT correspondence or the gauge/gravity duality was first proposed by Juan
Maldacena in late 1997 [1]. Large N limits of certain conformal field theories in d di-
mensions can be described in terms of supergravity (and string theory) on the product
of d+1-dimensional AdS space with a compact manifold. He conjectured that N' = 4
U(N) super-Yang-Mills theory in 3 4+ 1 dimensions is the same as (or dual to) type
IIB superstring theory on AdSs x Sj

AdS/CFT correspondence in simple terms states that the boundary of anti-de Sitter
space can be regarded as the "spacetime” for a conformal field theory. It is claimed
that this conformal field theory on the boundary is equivalent to the theory of grav-
itation on the bulk anti-de Sitter space in the sense that there is a ”dictionary” for
translating calculations within one theory to calculations in the other.

This correspondence is usually described as a ”holographic duality” because this re-
lationship between the two theories is analogous to the connection between a three-
dimensional object and its image as a hologram. Although a hologram is two-dimensional,
it encodes information about all three dimensions of the corresponding object it rep-
resents. In the same way, theories which are related by the AdS/CFT correspondence
are conjectured to be exactly equivalent, despite living in several numbers of dimen-
sions. So, the conformal field theory like a hologram captures information about the
higher-dimensional quantum gravity theory.

More generally, the AdS/CFT perspective allows us to translate questions of quantum
gravity into mathematically well posed questions on CFT. Although, it might not be
possible to formulate all quantum gravity questions in CFT language.

String theory provides a “method” to seek out explicit examples of CFTs and their
dual gravitational theories. The basic idea is to look at the low energy description of
D-brane systems from the view point of open and closed strings. Let us illustrate the
argument by quickly summarizing the prototypical example of AdS/CFT. Consider N
coincident D3-branes of type IIB string theory in 10 dimensional Minkowski spacetime.
Closed strings propagating in 10 dimensions can interact with the D3-branes. These
interactions can be described in the following two equivalent ways:

(a) Defining D3-branes as a submanifold where open strings can end, which means
that a closed string interacts with the D3-branes by breaking the string loop into an
open string with endpoints attached to the D3-branes.

(b) Defining D3-branes as solitons of closed string theory,i.e., they create a non-trivial
curved background where closed strings propagate.
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(a) (b)

Figure 2.3: (a) Closed string scattering off branes in flat space. (b) Closed string
propagating in a curved background.Reprinted from “TASI lectures on AdS/CFT”
by J.Penedones,2016,p.33

Their equivalence is called open/closed duality. The AdS/CFT correspondence
follows from the low-energy limit of this duality. We implement this low-energy limit
by taking the string length ¢, — 0, keeping the string coupling gs, the number of
branes N and the energy fixed.

In description (a), the low energy excitations of the system form two decoupled
sectors: massless closed strings propagating in 10 dimensional Minkowski spacetime
and massless open strings attached to the D3-branes, which at low energies are well
described by N = 4 Supersymmetric Yang-Mills (SYM) with gauge group SU(N).

The massless closed strings in description (b), propagate in the following geometry

ds? = 1 N dat'dz” + /H(r) [dr? + r2d92]

VH(r)
where 7, being the metric of the 4-d Minkowski space along the branes and

R4
H(r)=1+— , R* = 4rg, N/,
r

Naively, the limit £, — 0 just produces 10 dimensional Minkowski spacetime. How-
ever, for the region close to the branes, at r = 0, one has to be careful. For r — 0
there’s an infinite red shift. So albeit near the stack of branes the energy E is arbi-
trarily large, for the observer at » — oo it’s finite thanks to the redshift. To work out
the correct low-energy limit in the region around r = 0 we introduce a new coordinate
7z = RTQ, which is kept fixed as £, — 0. This results in the following metric

dz* + ny,dxtde”
2

ds® = R? + R*dQ)2

which is in turn the metric of AdSs; x S5 both with radius R. Therefore, description
(b) also leads to 2 decoupled sectors of low energy excitations: massless closed strings
in 10D and full type IIB string theory on AdS5 x Ss5. So we have the subsequent two
pictures:

Picture 1: N =4 SYM in 4 dimensions € Super-gravity in 10 dimensions

Picture 2: Full type IIB string theory in AdSs x S5 € Super-gravity in 10 dimensions

Maldacena equated Picture I and Picture II, and thus conjectured the following dual-
ity:
N =4 SYM in 4 dimensions = Full type IIB string theory in AdSs x Ss
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2.7. D-branes

String theory contains D-branes which are solitonic objects and are an important class
of branes that arise when one considers open strings. A Dp-brane is an extended object
with p-spatial dimensions, where D stands for Dirichlet. In the presence of a D-brane,
the endpoints of open strings must lie on the brane. This requirement imposes a num-
ber of Dirichlet boundary conditions on the motion of the open string endpoints. The
worldsheet duality suggests that the D-brane is additionally a source of closed strings.
When we consider the complete theory within the presence of these solitons we’ve
modes that propagate within the bulk and modes that propagate on the solitons. The
modes on the soliton interact with each other and with the bulk modes. It is possible,
however, to define a limit of the full theory in which the bulk modes decouple from
the modes living on the D-brane. This is typically a low energy limit, in which we
tune the coupling constant so as to keep only the interactions among the modes living
on the D-brane. The low energy effective theory of open strings on the Dp-brane is
the U(N) gauge theory in (p + 1) dimensions with 16 supercharges[20]. When the
open string endpoints have free boundary conditions along all spatial directions, we
still have a D-brane, but now it is a space-filling D-brane. The D-brane extends all
over space, and since open string endpoints can be anywhere on the D-brane, open
string endpoints are completely free (like in bosonic string theory, where the number
of spatial dimensions is 25, a D25-brane is a space-filling brane).

In this paper we will work with the D1 brane. The two-dimensional SU(N) Yang-Mills
theory with sixteen supercharges at large N is conjectured to be is dual to the near
horizon supergravity solution of D1-branes [21].

Near horizon geometry supergravity solution of the non-extremal D1-brane in the
Einstein frame is given by

dr?
f(r)

3

dsiy = H 1(r) (—f(r)dt2 + dxf) + H%(r) (

+ TQng)

") = H (r)%
FEE = 6L%0g,
where

6
= £ — _T_S 6 __ 2 6.3 14
H(r) = f=1 and L° = gy,2°m°Na™.

r 76’
and dQ? refers to the metric on the unit 7-sphere and wg, its volume form.
We now consistently truncate the 10 dimensional near horizon geometry of the D1-

brane to 3 dimensions by dimensionally reducing on the 7-sphere using the following
ansatz.

dS%O — 6—14B(r)guy(x)dl,udxu + eQB(T)L2dQ§
= ¢ MO (—op(r)?at? + ex(r)*dz® + en(r)*dr®) + 25O LAY,

Using this ansatz in the 10-dimensional supergravity equations of motion, one obtains
a set of coupled differential equations for the fields cr(r), ¢x(r), cr(r), ¢(r) (dilaton)
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and B(r) (breathing mode). It can be shown that on identifying

B(r) = —576(r)

and keeping the Ramond-Ramond flux through the 7-sphere constant, one can obtain a

consistent truncation of the 10-dimensional equations to effectively 3-dimensions|22][23].
The truncated set of equations of motion can be obtained from the following Einstein-

dilaton system in 3 dimensions with action

__1! 3 By v

= o /d xy/—g [R 2(%3 o —P(o)|.
Here 3 = % and Gs is a three dimensional Newton’s constant. P (dilaton potential)
24, 49
= —15e3

So the D1 brane in 10 dimensions reduces to

ds® = —cp(r)?dt® + cx (r)*dz* + cr(r)?dr’ (15)
T
6 =-3log ()

where the background profiles are

G- ()0 () an 5 ()

with f =1 .
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Chapter 3

Bulk Reconstruction in Anti
deSitter Space

Here we will look at the bulk field reconstructions in AdSs, working in different coor-
dinates and obtain the relation for the bulk scalar field in terms of a boundary field
theory operator. The construction done here is known as the HKLL construction after
Hamilton, Kabat, Lifschytz, and Lowe [3-5].

3.1. Poincare Coordinates

We will first look at the construction in Poincaré coordinates and obtain a smearing
function using the Poincaré mode sum approach. An alternative approach is by Wick
rotating to de Sitter space and using a retarded de Sitter Green’s function[3]. The
metric in these coordinates for AdS; can be written using (6) as

R2
ds?® = = (—dt* + do® + d2?) (16)
From this we can write
-1 0 O -1 0 0
R2 2
G =50 10 g“y—% 0 10
1o 01 0 0 1

and we get

22 22 22

R2 RQ R2 1/2
\/Hz[——x x—} .

The Laplacian Beltrami operator in these coordinates can be obtained as

1 9 0
O=—— o —
Ty 0w ( 9l g axﬁ)

(B () A) e (B () L) (2 () 2]
3ot \ 22 \ R?2 ) Ot Ooxr \ 23 \R?) Ox 0z \ 23 \R?2) 0z
NETIEY ST )

R20t2  R2?202x%2 R?2022 R2?0z
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Equation of motion for a scalar field is given by
(~O+m?) 6(a,, 2). (17

Doing Fourier transform on ¢(z,t, z), we can write

o(z,t,2) = /dwdkawke_iwteimfwk(z). (18)
From (17) and (18), we get
—w2f(2) + K22 f(2) + z% - zZ% +m?R?f(z) = 0.

This is a Bessel’s differential equation whose solution will be of the form
f(2) = er2J,(Vw? — k22) + 622V, (Vw? — k22)
where v = v/1+ m?RZ.

For v > 1 only the Bessel function of first kind will be normalizable. So we get
oz, t,2) = / dwdkag,e™ ™ e™ 20, (Vw? — k22). (19)
|w|>|k|
The boundary field in Poincaré coordinates is defined by

bol,1) = lim (.1, 2) (A=1+w).

Using the following relation

J(2) = G2 g v 1L
v N(v+1) 0 1Y "4
where .
=1z
oF1(a; 2) :ZJH
k=0

is the confluent Hypergeometric function of the first kind and , F| ;v + 1; _lez) — 1,
when z—0, we obtain

o 2 _ p2\V/? gy 1.__12
J,(Vw? — k?z) T+ D) (w?* — k?) Gv+1; 42).

The boundary field can thus be written as

Zu+1 ) V)2 -1
(W) G+ =2
2T(v+ 1) (@ ) EGy+ L)

z—0 2

1 o
Go(x,t) = lim — / dwdka,e " e™™
|w[> |

1

= — dwdka,e “te™ (W2 — k2 V/Q.
2”F(V + 1) /w|>|k ( )

We can invert this to obtain

2T +1) dtdze™'e % ¢, (2, 1).
(2m? (w2 — )"
24
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Therefore, we can write the bulk scalar field as

oot2) = [ A AR (¢ o', 2)o0(0' ) (20)
where
2'T 1 . N nz2d,(Vw? — k2
K(t/’ x"t x, z) = L—Z) / dwdkawke—w(tft )elk(xfm ) zd, ( w /22) .
(2m) Jwl> k] (w? — k2)"

is the smearing function. We have obtained an expression of the bulk field in terms of
the boundary field.

Poincaré mode sum

From eq(20) we have

2"l 1 Vw? — k? - Ny /
¢($’ ¢, Z) _ (y + ) / dwdeJV< w k Z) /dt/dlje—zw(t—t )ezk(x—x )¢o($,7t,) .
(2m)? |w|> k| (w? — k;2)”/2

The second integral in this expression can be interpreted as the Fourier transform of
the boundary field:

z]l,(mz) e_iwteikx¢o<w k) (21)

o(z,t,2) =2"T'(v + 1)/ dwdk

jw|> k| (w? — k2)"/?
Since,
1 ! 2\v—1
Jl/(b> - W/O ?"(1 —r ) J()(bT)d?" (22)
we can write
1 1 .
J,(Vw? — k?2z) = QV_IF(V)(mZ)—V/O r(1—r2)Y Lo ( (22 W2r)dr,
Also, since
1 [ o
JQ(T\/ w2 — k-2) — 2_/ dfe—irwsinb—krcoso (23)
T Jo
we get

1 1 1 2w ) ]
JV Vw2 — k22) = / r(1 — T2 ”_ldr—/ dee—zzrwsmﬁ—kzrcose‘
( ) 21T (v) (Vw? — k22)7v Jo ( ) 27 Jo

Using the change of variables rsinf = t;/ and rcosf = y;/ we can write the above

integral as

1 (22— -2\
J,(Vw? — k22) = / dt'dy’— <—)
( ) 21T (1) (Vw? — k22) 77271 Jyzgye e Ve 2
x e~ Wt o=ky’

(24)
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where the integral is over a region in the form of a disk of radius z in the x-t plane.
So from (21) and (24), we get

v 52 2 _ y/2 v—1 ‘ . ,
oz, t,2) = —/ dt'dy’ (—) /dwdke"“““ Vet @) g (w, k).
t/2+y/2<22

7r 2
(25)
The second integral in (25) can be identified as ¢,(t +t', x + iy/), so we have

A1 2 42 02 A-2
o(x,t,2) = /2 . dt'dy’ (Z—) o(t +1t',x+1y). (26)
t?+y'2<z

™ z

Expressing the above result in terms of the AdS-invariant distance:

1
o(t,z, 2|t o', 2) @(z2 + 2%+ |lr—2)P - (t—1)?)
as

A—-1

™

o(x,t,2) = / dt'dy’ lim (22a(t,x, 2|t + ',z + iy, 2 )2 do(t+t, a+iy).
24 y2< 22 z'=0

(27)
So we have expressed the bulk field in terms of an integral over a disk of radius z in
the real t, imaginary x plane.
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3.2. Global coordinates

We will now look at the construction in Global coordinates. The metric in these
coordinates for AdS3 can be written using (5) as

ds® = R?sec? p(—dt* + dp* + sin® pdy?)
where 0 < p<7/2, —w <t <mand 0 < p < 2.

From this we can write the following expressions.

-1 0 0 1 -1 0 0
G = R*sec’p | 0 1 0 g = T2 aoc? s 0 1 0
0 0 sin’p SECTL 0 0 esc?p

V09| = R*sec® psin p
The Laplacian Beltrami operator in these coordinates can be obtained as

1 0 ol g 0
B Vg| 9r NI 58
1 0 -1 0 0 1 0
- - R3 - - - — | R¥sec® psinp——— —
s sec? psin p [625 ( sec” psmpR2 sec2p8t) + dp ( > seCZpé?p)

8 R3sec® psin M 0
8g0 PP R Goc? p oY

= _—1cos2 6’—2%—icotz o + ! o —i—icot 2
-\ R2 Por T R pagoz R%sec? pdp?> R? p(?p

The equation of motion for a scalar field in this background is
(-O+m?) ¢ =0.

when we take ¢ of the form e~y (p)e?*?, we get

oS’ P o i ik cot” p it 2\ ik cos’ p ot ik X
O — ¢ ¢ ¢
¢ =~y weX(p)e™ + e X (p) (=h7)e™ + —me™e 0
COtp —iwt ik(pa_X
R2 dp’
0 1 ox k? m?R?
e 2 b= _ _ S — W) x=0 28
( —i—m)(;ﬁ 0p? cospsinpap+(sin2p+0032p W)X (28)

Let x (p) = (cos p)**(sin p)* f (p)

g—;g —2h(cos p) " (— sin p) (sin p)*f (p) + 2b(cos p)**(sin p)** cos p (o)

+ (cos p)?"(sin p)** (o)
—2h(2h — 1) cos p)***(sin )™+ £(p) — 2h(cos p)?}(2b + 1)(sin p)* cos pf (p)

— 2h(cos p)*" ! (sin p)* 1 f'(p) — 2b(2h + 1)(cos p)*" (sin p)*~" £ (p)
+ 2b(2b — 1)(cos p)***(sin p)* =2 f(p) + 2b(cos p)*** (sin p)*~* f'(p)
— 2h(cos p)*"~(sin p)** f'(p) + 2b(cos p)** (sin p)** = f(p)
+ (cos p)*"(sin p)* f" (p)

9*x
0p?
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Plugging these in (28) and putting h(h — 1) = m24R2
+k/2) gives

_ /{Z2 (hi — 1i\/142rm2R2’b —

—2h(2h — 1)(cos p)*" 2 (sin p)* 2 f (p) + 2h(2b + 1)(cos p)*"(sin p)* £ (p)
+ 2h(cos )1 (sin p)L f'(p) + 2b(2h + 1)(cos p)** (sin p)*1 £ (p)
— 2b(2b — 1)(cos p)*"*2(sin p)*~* f (p) — 2b(cos p)*"* (sin p)* " f'(p)
+ 2h(cos p)*" (sin p) 1 f(p) — 2b(cos p)*"* (sin p)** f'(p)
— (cos p)*(sin p)* " (p) + 2h(cos p)**~2(sin p)** f (p) — 2b(cos p)*"(sin p)* > f (p)
— (cos p)*"~(sin p)**~* f'(p)

( wo 4h(h —pl) B wg) (cos p)? (sin p)22 £(p) = 0

sin?p cos?
Further simplifying it gives

— 2h(2h — 1)(sin p)* f(p) + 2h(2b + 1)(cos p)*(sin p)? f(p) + 2h(sin p)* f(p)
+ 2b(2h + 1)(cos p)* sin pf(p) — 2b(2b — 1)(cos p)* f(p) — 2b(cos p)2f(p) —cos psin pf'(p)
+ 2hcos p(sin p)* f'(p) — 2b(cos p)®sin pf'(p) + 2h cos p(sin p)* f'(p) — 2b(cos p)® sin pf'(p)
-1

4b* 4h(h
_ 2 q: 2 ¢/
cospmsinp”f(p) + (sin2p * cos?

; ) w2) cos p? sin p? f(p) =

The coefficient of f(p) can be expanded and simplified to the following expression.

h h b besc? h
4cos2psin2p(—than2p+§tan2p+2hb+—+—— e p+—sec2p—6200t2p

2 2 2 2
2

b
—1—5 cot? p+ b* cse? p + h?sec® p — hsec® p — %) f(p)

(,d2

= 4 cos® psin? p ((h +b)? — Z) f(p)

Let us carry out a change of varible to y = sin? p for simplification. This will give us
the following change of derivatives

d d?

d—zZQSianOSp d_ngQCOSQp_QSinQp
df df dy = 2sin p cos af
dp _ dydp  OTPESPy,

d2_f df dy df d

dp? dp dy dp dy dp

&f (d df d?y d2 d

:d_yJ; <d_z) +d—£%—d—(4sin2p0082p)2+d—£(2(:082p—2sin2p).

The coefficient of f'(p) and f”(p) can be written in terms of the variable y as

4cos? psin? p(—1 —2b+ (2h 4+ 20+ 1)y) f'(y) — y(1 —y) f"(v).
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. Eq (28) can be written as

2

VL= D)+ @+ L= @2+ D) - |07 - 5| ) =0 9

Choosing a different variable : x = cos? p gives eq (52) as

(1 —x)f"(z) + (2h — (2h + 20+ 1)2) f'(z) — {(h +b)? — %21 f(x) =0. (30)

— Behaviour at the origin

To analyze the behaviour at the origin it is convenient to study the solutions of eq
(29).Choosing without loss of generality, h = h,, we obtain the scalar field as

o 1 1
Y = e e (cos p)?h+ (sin p)*, F) (hy + 5(/6 +w),hy + 5(/6 —w), k+1;sin?p) (31)

The other solution of (29) would not be valid as only those solutions are considered
for which the boundary term of the classical action vanishes at the origin (p = 0):

Sorigin = lim dtdp\/gg9”"®0,P — 0

p—0 p fixed

so that we do not have contributions to correlation functions coming from the interior,
in the following relation between string theory in the bulk and field theory on the
boundary:

Zun(®:) = €51%) — (T s .

Here Seg is the effective action in the bulk, ®;; is the field ®; restricted to the bound-
ary, and T is the time-ordering symbol in the field theory on the boundary B. The
expectation value on the right hand side is taken in the boundary field theory, with
@, ; treated as a source term. In the classical supergravity limit, given a boundary
field we solve for the corresponding bulk field and use it to relate the bulk effective
action to boundary correlation functions.

— Behaviour at the boundary

To study the behaviour at the boundary it is most convenient to work with solutions
of (30), thus giving the expressions for the scalar field as:

. . 1 1
D) = ¢ (cos p) (sin )y Fy (i + 5k ), B+ 5k =), 2o’ p) (32
and

o 1 1
O = =% (cos p) 2t (sin p)*, Fy (h— + 5(1{: +w),h_+ 5(1{: —w),2h_;cos’ p). (33)

Using

[(e)T(c—a—10)

['(c—a)l'(c—10)

F'(e)'(a+b—c)
['(a)T'(b)

F(a,b;c;z) = F(a,b;a+b—c+1;1—2)

(1—2)"""Flc—a,c—bc—a—b+1;1—2)
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we get

F(hy + 1(k+w) hy + 1(k w), k + 1;sin? p) = O+ F<h++ (k+w),hy + = (k w),
2h. ; cos? ,0> + O (cos? p) "V F(h_ + %(k —w),h_ + 5(/@‘ + w), 2h_; cos? p)

where the constants C*) and C(-) are

) — Pk + DI(—v) oo _ P(k+1)T(v)

U(he + 3(k —w)T(h + 3(k +w)) U(hy + 2k +w))D(hy + 3(k —w))’

. 1 1
— ) = e e (cos p) 2 (sin p)F, Fy (hy + 5(]6 +w),hy + §(k —w), k + 1;sin® p)
= CWemwtetk? (cos p) 2+ (sin p)* F(hy + = (k: +w), hy + = (k: w), 2h.y; cos? p)
o 1
+ OO e ®tetk? (cos p)2M+=2 (sin p)* F(h_ + §(k —w),h_ + §(k +w),2h_; cos? p)
= CcHo® + o) (2hy — 2v = 2h_)

For v > 1, C) must vanish for a fluctuating solution because the norm of ®()
diverges at the boundary. This will happen if one of the gamma functions in the
denominator has zero or a negative integer as its argument,i.e.,if

= +(A+k+2n) n=0,1,2,.. (A = 2h,)

Quantizing the bulk field in terms of the modes obtained above, we get

¢(p7 t? 90) = Z a’wk’,lvbwk + w:;ka:)k
n,k

where ay, alk are the annihilation and creation operators.They create normalizable
particle excitations in the bulk.
We define the (right) boundary in global coordinates as

1

R
li =0 Let).
(bboundary p%H7P/2 COSAp¢ ( € )

lim Yok = €M R (hy 4 S (k +w) hy + 5 (k w), k+1;1) = Vur(t, )

p—7/2 COSD p

So we can write

Z \Ilwkawk + \:[li;ka:[;]g = O(t7 30)

n,k

For simplicity, we will consider the case where A is an integer. Then the solution
becomes periodic in time and we can limit the range of t to —7 to 7. When A is an
integer U, are orthogonal to all U}, .

1

Let W, (t —iwnktgike
et Tur(t ) = Flhy + Lk +w) hs + 2(k—w) b+ LD ©
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—twp it

Using the orthonormality and completeness of the functions e and e**, we can

solve for ay: )
-7 0

Thus we have
i 2 B
ootip) =Y [t [ ap B0 )
nk -7 0
T 27 B
+¢:)k\/ dt/// dSO//\ijk(t”,(p”)o(t//,@//)
- 0
iy 27 B
= Z/ dt'/ dy' (Z Yo (p t, )Wk (', ¢) +C-C) o', ¢").
nk YT 0 n,k

Since

(cos p) (sin p)*F(hy + 5(k +w), hy + 5(k — w), k + L;sin’ p)
F(hy + 3(k+w), hy + 2(k —w), k+1;1)

D tunlpst, )V (H, @) =
n,k

is real and is therefore equal to its complex conjugate, we get the final form for the
expression:

s 2T
cb(p,t,so):/ dt’/ do'K(p,t,w;t', o )O(t', ¢)
-7 0
where

2(cos p)2(sin p)*F(hy + 3(k +w), hy + 3(k — w), k + 1;sin” p)
F(hy + 3(k+w), hy + 2(k —w), k+1;1)

K(ptwit, @)=Y

n,k

This is known as the smearing function. So we have encoded the information of the
bulk in the boundary through this smearing function.
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Chapter 4

De Sitter Construction

Here we look at the smearing construction done for the de Sitter space for the dS/CFT
conjecture which is a natural extension in terms of the AdS/CFT correspondence in
the context of global holography [12]. Due to the CFT obtained from the asymp-
totic behavior of de Sitter space being non-unitary, both the normalizable and non
normalizable boundary values can be considered unlike the AdS case [13]. Due to
the resemblance of AdS and dS spaces via analytic continuation, one would think to
do the same for the smearing prescription from AdS to dS, but we face the issue of
not obtaining causal correlation functions. With the analytically continued smearing
construction for AdS, a field operator in de Sitter is then expressed as an integral
defined on the past or future boundary. The domain of integration for smearing is
in the past/future light cone of the bulk point, which reduces to a standard Cauchy
problem to express the bulk point in terms of boundary operators as evolving the
initial conditions using the retarded Green’s function in de Sitter space.

Analytically continuing the AdS Poincaré patch <d32 — Thas (N datdz” + dz2)> to de

22

Sitter flat slicing via
z—n,t—tx' —ix', Rags = 1 Ras

we get ) ,

d82 == w (RdS = 1)
(with ¢ treated as one of the spatial coordinates in de Sitter space)
After the analytic continuation, the spatial lightcone in AdS becomes timelike, and the
bulk operator will now commute with the operators inside its own timelike lightcone
and fails to commute with the ones outside, which is not the right behavior for being
causal. In AdS we go from the bulk to the boundary in a spatial direction, and
we have both positive frequency and negative frequency modes in the time direction
while sticking to just normalizable modes(in the local operator) in z direction. As
we continue to dS, the z direction becomes the time direction and keeping one set of
modes in this direction turns into keeping either positive or negative frequency mode,
which spoils microcausality.

As has been pointed out by several authors [14][15][16], the analytic continuation
of AdS correlators would not give the correlation function in any de Sitter invariant
vacuum. The reason why this happens is the definitions of correlation functions in dS
and AdS are not related to each other via analytic continuation.

The analytically continued correlation function from AdS to de Sitter space requires
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us to not only know the early stage evolution of the wavefunction but the later stage
as well, which is what one would not do in cosmology. Also, fixing a certain boundary
condition at the future infinity is manifestly acausal. This acausal behavior will manifest
itself as the breakdown of microcausality:operators on a single spatial slice fail to
commute.

The way to define the correlation function in de Sitter and in more generic cosmology
should just involve the Hartle-Hawking wavefunction and its complex conjugate, and
corresponds to an in-in path integral[17][14]:

(U131, ) . () Vs pry = / DOVLA(a1.1) - $ln ) V5[]

where 7 is a certain spatial slice on which we compute correlation functions. Vg refers
to both “a wavefunction at early time” and “a wavefunction of the universe in the
Euclidean (Hartle-Hawking) vacuum”. Here one no longer specifies the boundary
condition at the future boundary. This definition obeys microcausality—the spacelike
separated operators commute inside the correlation functions and timelike separated
ones do not commute. The simplest one of this type of correlation functions is the
Wightman function for a free scalar field in de Sitter space.

Thus a construction of a de Sitter bulk operator that computes de Sitter cosmology
should reproduce the Wightman function, and it should also contain both positive and
negative frequency modes in de Sitter space in order to ensure causality.

We look at how a local scalar operator with mass m? > (g)2 in de Sitter space is
constructed with a CFT located at the boundary.

4.1. Flat Slicing

Here we work in the flat patch of de Sitter space(dSgi1), which covers only half of
the global geometry. One can either choose the past wedge to work on, or the future
wedge, and the boundary CFT will live on Z~ or Z% respectively. Here for the moment

we choose the past wedge.
d 4\’

Here we define
and near the boundary a positive/negative frequency mode has behavior
O, (n—0)~n20,, ©_(n—=0) ~ 720

where O are single-trace operators in the boundary CFT, with scaling dimensions A
and d — A respectively.
As stated before, a causal operator should have both the components:

d(n — 0) ~ An* O, + By 20_

To construct the bulk operator, we evolve the initial data at Z~ with the retarded
Green’s function, which is given by

Gret(z,2") = Gp(x,2") — G2, x)
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with G being the Wightman function in Euclidean vacuum, which was calculated in
(13)(with d—d+1, for dS; + 1 space) and also [18]

T(A)T(d — A) d+1 1+

2

where )

S mAn? - (x=X)
2my’
is the de Sitter invariant distance function.
When one of the bulk points 2" approaches the boundary 7" — 0, the fourth argument
of the hypergeometric function grows large and is dominated by o

l+0 o n*—(x—x)?

2 2 dnn’
o Fla B cLTB =) a1 e g1l
S e
PO =B) _v-s g, 5 - PRSP
Tl —p) 2 FBA-r+LE—at1i7)

(when neither @ —  nor v — o — 3 is an integer and is thus applicable to the case

when a de Sitter scalar has mass parameter m? > (%l)2 as well as to light particles

with non-integer dimensions)
Therefore we can write

d+1 o T(HHT(d - 2A) o\ A d+1 2
3 " N AT 4 (——) F(AA= "= +1,A—(d=2)+1;)

2 o

T(EOT(A = (d—A)) / oy ~(@-2) d+1 2
+ S TET (@~ a) —5) F(d—A,d—A—T+1,d—A—A+(1,§).
35
d+1 o,  T(4)r(d-2A) Ay A
FAd=8—=3)= D(ZL — A)D(d - A) <_772— (X—X’)Q)

F(A, A—%H, A—(d—A)+1: 2)

g
D(HEDT(2A — d ' =4
PO ) (L Fa—a Y A g—oas1d
n? — )? 2 o

T(A)(A = (51)) (x —x’
(36)
So the Wightman function can be wriiten as:
T(A)(d — 2A g 2
GE('Tal‘/) = (d+)1 (d ) (_ 2 7 / 2)
4m) S T(EL —A) \ 7P = (x=X)
d—1 2
F(A,A—T,QA—CH— 1,;)
I'(d — A)D(2A — A =4 1
(4m) 5 DA - (Sh) \ n* = (x=X) 2 o
(37)
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d+1 2
Go(r,2') = ca(—0)> ™ F(d - A%—Ad 20+ 1;2)

d—1 2
—i—c*Ad(—a)_ F(A,A—T,2A—d+ 1;—) (38)
: o

where

I(d— A)T(2A — d)
244(4) alm— (%)

Pd-AYTEA —d) _ TANd—24)
28 =d(4r) T T(A — (41))  278(4m) T I( - A)

Similarly we can also write the following Wightman function,

CAd =

*
CAd =

Gp(e',z) =caa(—0 ) F(d— A, %—A d—2A+1; 3,)
. d—1 2
+ha(—0) PF(A A= 28 —d+ 5. (39)

where /
ottt = (X = x)?
2n'n '
Asn' =0
Gp(r,2') = cag(—0 —ie)* " +chy(—o —ie)™ (40)
and
/ - \NA—d * - N—A
Gp(r', ) =cag(—o+ie)™ "+ cp g (0 +ie) "~ . (41)
abz ala+1)b(b+ 1) 2*
o Fla,b =1+ — — 4 F(a,b =
| F(be ) =14 T S RS S = Fla,b,60)

So for n'~0 (%w()) we get

F(A,A—%,m—dﬂ;g) and F(d— A %-A d—2A +1; z)%0

So we can write the retarded Green’s function as
Gretly—o = caa(—0 — ie)Afd + g (—0 — ie)fA —c.c (42)
Using which we can obtain the following expression.
an,GretN% (c(A — d) (0 — i) >~ ~c*A (0 — i) >
+ A (o 4ie) > — (A —d) (=0 + ie)A_d>
(43)

The bulk operator is constructed by evolving an operator near the boundary:
d, ./ 1 - ! ! ! o
(I)(U,X): | ‘ d.%' W (Gret(nax;nax)an/q)(nax)_(I)(nax)an/Gret(nax;n7X>>
x'|<n
where
® (', x) ~ A )2 04 (x') + B( )20 (x')
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and

Oy ® ~ AN )27 OL(X) + B(d — A)(n)* 71O (x).

— P (,x) = / ddx/[(n/)A_dA<cd((—a—ie)A_d—(—0+2’6)A_d)+

[x’|<n

2¢°A ((—o —ie) ™ — (=0 +ie) 2) >O+(X/)
- (n’)*AB<20(A —d) (o —i)> " — (=0 +ie)>) +
¢d (=0 — i)™ = (=0 +ie)™2) )o_ (x')] (44)

In the coefficient of O (x’) the factor (/)2~¢ cancels with the factor of ' with the
inverse power from 02~¢ and gives a well defined limit when n° — 0, but it doesn’t
cancel with the factor in =%, leading to a fast oscillation when 1’ — 0 so the term
proportional to o~* vanishes.

Similarly we only have the contribution from the terms proportional to o= for the
O_(x') term.

®(n,x) = /x/|<?7 dda’ [(n')A_dA (cd ((—o —ie)* 4 — (—o +ie)>%) >O+(X/)
— (n’)_AB(c*d ((—o —ie)™® — (—o +ie)™?) >(’)_ (X')]

Notice that outside the bulk lightcone o oc n* — (x —x’)? < 0 so the e prescription can
be dropped and the integral gives a vanishing result. When we analytically continue
the result into the bulk lightcone, the € prescription will give a phase shift proportional
to Im(A — d) and Im(—A) respectively.
So for O, we have a smearing function proportional to (o7/)> % and for O_ we have
a smearing function proportional to (o/)”>. Also carrying out the transformation
x — x' + x gives

A-d

2 12
d?’ (77 x ) O+(X+X/)+BA7d/

U [x"|<n

d ./ 772_X,2 - /
d"z O_(x+x').

U
(45)

®(n,x) = AA,d/

[x/|<n

From (37) and for convenience setting x’ to zero, we get

, , L(A)T(d — 2A) < dnn/ )A
G , X NO,X =0) — T —
E(n n ) (471)%F(d'51 —A) 7]2—X2

F(d - A>F(2A — d) B 47777/ d—A
(47) T T(A — (1) ( n? — x2> . (46)

Here we would like to normalize the boundary two-point functions so that we have
Ge(n— 0,x;7 — 0,x' =0) = (n)2D(x) + ()2 D_(x)

where Dy are the boundary CFT correlation functions which we take to be

D_(x
) (4m) (A - (51)

+0%) = (Ar)F (&L — A) \x® x?

~ 2AT(A)(d - 2A) ( 1 )A | 2SI - ATEA - d) <i>d_A
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Computing correlation function between the bulk operator and an operator near the
boundary
A—d

/ _ dx/ UQ—X/2 'A x X/
@080 5 0.0) = dsy [ (T2X) 520 e42)0,0)

2\ —A

d,./ 7]2 —X 'd—A /
+ Bag » d'x p n S (O_(x+x")O_(0))
x'|<n

With the boundary correlator of the operators O, :
(0:(x)04(0)) = Di(x)  (O-(x)0-_(0)) = D_(x)  (O4+(x)0_(0)) = 0)

we obtain
Z2AT(A(d — 2A o 2\ A-d A
<(I) (U,X) ® (77, - 070)) - AA,d d( 1 ) (d ) / ddx/ (n : ) " \2A
(4m) 7 T(5F = A) Jpwi< n (x +x)
224-M)T(d — A)YT(2A — D a
+ Bad d+(1d )I( d) / diy! (77 x ) n )
(4m) > T(A — (%))) [x/|<n U] (x + x/)2(d=4)
2 12\ ¢
- 1
flos) x| <n U (x + x/)% (48)
For convenience we make the choice z! = |x| = R, 2 = -+ = 24 = 0, thus
n 2 .2\ @ pm ) 0do
ZVISd‘Q/d a-1 (N T / sin
e I 0 . n o (R?2+2Rrcosf+r2)8"’
d—1
2m 2
Vol(S*?) = 49
A= ey W)

Using the formulae

[ttt b o
[ a—aytra s = O D pa 0w o
to obtain
.  dn (=1 yp(1 _
b <ff %cos;ajiéf)ﬁ et (- () 1)
(52)
— flof) = Q;Tm;(ﬁ ooy (R (5,5 (%) 35
= 2;;2%)77@; /01 dyy™> (1 —y)*F (ﬂ B3 + g i—y) (Let 7 = y)
R et e (5= 5+ ra s L)
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B 7 (a 4 1) 77“+d
- Pla+g+1) x>

d n?
(55 -+ 1, a+1—|—2 x ‘2) (53)

/ i (=X Mo ARir@a—d+n) o
i< 1 (x+x)2 T(A-2+1) [xP

d d n?
FIAA——4+1.A——+1, —
(’ 3 T 2+’|x|2)

C)ATTA—dr ) 1 N .
B T(A-94+1) x|28 <1 Xz) (- Fla,8,8,2) =(1—2)"%)

(F(A d+1)< 1)A( n’ )A

d
T2

_a + 1) 772 — x2
(54)
Similarly,
—A ' B
/ i (772 —X’Q) WA miT(1-A) (—1)d‘A( - )d A.
< n (e x)28 TG — A+ 1) P —x
(55)

From (47), (54), (55) we can write
22AF(A)r(d— 2A) T (A — d + 1)( e ( ' )A

<<D (777 X) P (77/ — 0, 0)> =

“am) FT(E —A) TA—£+1) o
221 (d — A)T2A —d) w2T(1—A) ., af m "%
B sy ra-ary 0 () o

Apq and Bag are fixed by demanding that the correlation function of & (56)
recover the Wightman function in the Euclidean vacuum (46)

d d
—5t1 L4 —-A+1
Asa= 4( : BA,d:Ade,d:#. (57)
mel(A—d+1) mz[(1 — A)
(A — d 1 2 12 A—d
00 = ot [ (T o)
(A —d+1) Jixi<y n . (58)

N4 —-A+1 2 _x?\ "
+M/ ddl‘/ <77 X ) O_(X+X/).
w2 (1 —A) Jw|<n Ui

So, we expressed the local operators in de Sitter space that probe and create particle
in the Euclidean vacuum state, in terms of the boundary CFT operators.
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Chapter 5

Construction in D1-brane

Now we will look at the case of D1 branes. The 10 dimensional near horizon geometry
of the D1 brane dimensionally reduced on the 7-sphere to 3 dimensions is given by

eq(15)
ds* = —cp(r)?dt® + cx (r)?dz* + cgr(r)*dr®

where

4= () ra=() amt () 4

From this we can write

—ep(r)? 0 0 —1/er(r)?
G = 0 cx(r)? 0 g = 0
0 0  cgr(r)? 0

and we get
Vgl = erexcr.

The Laplace-Beltrami operator in this background is given as:

1 0 0
= af_—_
0=~ (Vi35
1

AR gt () D)

-1 9? 1 9? 1

0 [crexcer
2 o 3822 Crexcr 8_( )
—1 0? 1 (92 1 0 [crexcr
o (5)

_ + N
¢ o2 k& PR crexc

0

1/ex(r)?

0

0
0

1/cp(r)?

w (V1(5) 5

" Of O

0 CTCxCR 8 o 1 8 7 8 7 6 62
E( c* 5)_11787“(7“]087“) f + 82+L78r8r

The equation of motion for a massless scalar field in this background
Lo = 0.
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where ¢ is of the form e~®te?**(r)
Fourier mode expanding the field will give us

o(r t,z) = /dwdkaw —wtetkz ok (r).

Plugging this into (59), we will get

—1 . —iwt ikz L. —iwt ikz
(i) e o )£ (i) e e ()
‘r x
—iwt ,ikz 7 d2 7 df d
LeMem T f L rdfde)
CTCXCR dr2 " L7 Or dr
w? k? 1 d?p  rT6r§de
= — — - ——— 0.
c%go(r) C%(gp(r) * CrcxCr [ f dr? N L7 r7 dr]
WALEf kLB 7L? 6L2r0 dy L2 d*p
( s .8 )W(T) ( I+ rd > ar Tl T 0. (60)

Let us look at the solutions for this equation in different cases. As we dont have some
exact solution for this equation we will first look at the series solutions for it.

. . 2 .
Let us consider a change of variables to u = 7§ for convenience.

do  dp (—2u? I &y 4u L dy 6u*
dr  du To dr?  du? \ r? du \ 12

So under this change eq(61) becomes

WAL —uP)ut K2 LAt TL2(1 —w®)ud?  6L%u"? 2u3/2\ dy
78 a 78 plu) + r3 * 3 o, ) du
6L%u? o (4u? do [ 6u?
- |2 (2 )+ 22 (2 )] =o.
- [ Cr) 5 ()]
and further simplifying it gives
24 L*u® d? 36L%u° 1412 12L2u8\ d
6u (1_“3)df ( 6u (1— ) = =2 (1 — uP) — 4u)d_90
76 u 78 ra rd u
W1 — vt KELBu?
+ ( = — = ) p(u) =0. (61)

Here u = 1 is a regular singular point of the differential equation. So we will find a

Frobenius solution around this point.
We assume the following series solution for ¢

plu) = (u—=1)" Y an(u—1)"

From this we obtain the following relations

[e.9]

Zan n—l—ﬁ _ 1)n+%71 <p"(u)
n=0
40

= an(n+A)(n+£—1)(uw—1)"""

n=0



and plugging these relations in (61) gives

2412 =
~ ww’ +u+ 1)) an(n+ £)(n+£—1)(u—1)"*"
n=0
36L% 5 = nh JAL? 50 N nih
— (u?+u+1) Zoan (n47%)(u—1) e (u +u+1)ZOan(n+)%)(u—1)
1207 G n+A—1 WPy, - ntA+1
-5 > an(n+ £)(u—1) +—u'(u tu+1)> an(u—1)
o n=0 o n=0
K2L® | & .
-3 u42an(u—1) = 0.
o n=0

Under the change (u — 1) = 2 the above equation can be written as

—24
— an(n+7%)(n+z% 1) [a" A 4 3 HAHS 4 g AR g AL g 3t A 3t
T
% n=0
+3xn+ﬁ+3 + 9$n+7%+2 + gxn-i-)%-‘rl + 3xn+/€+2 + gxn-‘rﬁ-i-l + 91,71+)§:|
_?;6 CLn(Tl+ %) [ n+A+4 + an+fé+3 + 3xn+}%+2 + 2xn+ﬁ+3 + 6xn+ﬁ+2 + 6xn+}%+1
r
% n=0

+xn+)€+2 + an—s—)%—i-l + 3xn+z%] + 142%(” + é) [mn+}€+2 + Smn—i-é—f—l + 3xn+fe]

n=0
=12 Can(n+ £) [2" T2 g g 3 A 4 3] 4 D
n=0 % n=0

[l,n+%+5 _’_:En+%+2 + 3xn+)€+4 + 3:L,n+)€+3 +xn+)€+4 + xn—l—é—‘rl + 3xn+)‘3+3 + 3In+/é+2}

kQ L6 0
_ 1 "
o n=0

[mn-f—%-l-l + :En-&-ﬁ] = 0.

From this we can obtain the recursion relations for a,, and the indicial equation giving
2

£=0and #2=—-"2 4 1.

The normalizable series solution will then be:

w2L8 3k2LS 9k2 LS 1

2
L2756 r2 < i + 2rd T T8 T 12 <T> ) r2 2
= |- ((3) ) - ((5)-1)
127"3 72 24 (T% 4 1) r2

1 27k2 LS N W2k2[12 . 1 [K2LS\? K2L6  4w2LS
36 (% n 1) 7S 12r8 12 2r4 ra
Ww2L8 3k2LS  9k2LS 1

2
2 276 ( ra 2ré r8 12 ( ra ) > 2 3
+<E+44+k ) ((5)—1) .

; 24 (5 +1)

+

4
To

e} o
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The large r solution (far away from the brane) will be given as:

. 2
WPLO | KPS kLS 1 (K2LS
k26 ri 2rd r8 12 rd
o(r > o00)=a, | 1+ —

125 24 (5 +1)
1 27k2L0 N W2k2 L2 . 1 (K2L5\? K205  4w2LS
36 (714_3 + 1) T'g 127’§ 12 7'3 27"3 7'3

w?L8 + 3k2L8  9k2L% 1 [ k2LS 2
(792 k2L6) ra 2ré r8 12 rd
+

iy
2 rs 24(%+1>

o

The solution close to the brane, where r, would be dominant in u, is given as:

<w2L6 +3k2L5/2 — WLE L <k2L6>2)
k2[5 r2 12 r2

p(r) = a,

1227 2471 (§ +1)
N 1 27k2L0 N W2k2 L2 N 1 (K2L5\? K205  4w2LS
36 (% + 1) Tg 12T§ 12 7’3 27’3 7'3

2
276 , 3k2LS  9k2LS 1 [ k2LS
WL + 75 2 12

o
+<792+44r§+ .~ )

To get a more manageable solution which is in terms of some exact known function
we will consider the case of r, — 0, i.e., f — 1. Then (60) reduces to:

— = 0. 62
r3 dr 1?2 dr? (62)

WwL® KL TL2dp  L?dPp
& 8 (r)+ dr 2

Defining a new variable u = j—i, where ¢2 = w?L% — k?L% and under which the differ-
entials change as

dp _dp (—4u o d*¢ (160 +d_go 20u
dr  du r dr2  du? \ r2 du \ 2 )

we can write the equation (62) as

dy d*p
12— 82 + 16u—— = 0.
14 du + udu2

cu

This equation is of the form of Bessel’s equation so we will get the solutions for the
field in terms of Bessel’s function. So we have



Taking the normalizable part gives us:

A
o(r,t, z) = / dwdkawke_’“’temz—c(]g <E>
|w[> [

r r
We define the boundary field for this case as

Go(t, z) = lim T’Agzﬁ(r,t, 2)

r—00

where A = 4, which can be known by looking at the asymptotic solutions of the field.
Using the following relation.

1) —1
Ju(2) = L oFLGr+1; TZ2)

we can write the boundary field as
A(/)2)° wt_ik
Golt,z) = / I agke” “te** dwdk.
wisk L(4)
Inverting this relation gives us:

I'(4 iwt  —ikz
ol = A(Q’]T)Q((Z2/2)3 /dtdze“" e * 2 py(2,1).

Therefore, we can write the bulk field as

b(rt,2) = / QK (2 t, 2)b(t, ) (63)

where 4

K, 2 rt,2) = / dwdkawke_i“(t_t,)eik(z_zl)TJg <E>

|e|> k| cr r

is the smearing function. So this expression provides a relation of the bulk field in
terms of the boundary field.
Here we can see that in the r, — 0 limit we obtain a AdS type solution as we saw in
the Poincaré coordinates construction. So using the similar process of mode sum we
will try to obtain the relation of the bulk field in terms of a complexified boundary
operator.
From eq (63) we get

4 1 o
o(r 1, 2) = ( 25)2 / N |dwdkEJ3 (;) / dt'dz' e~ )= g (3 1)
w|>|k

1

_ —iwt jikz _— E
_48/|w|>|k|dwdk:e ey <T>¢O(w,k).

Using (22) and (23) we have

J3 (;) = 231F(;) (5)3/0 zdz(1 — 2°)*J, (%)
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and

J, (%) =J, (qm> (q _ L)

1 2w

- dge—iqwsinﬁ—k‘qCOSG
2 Jo

So we have the following expression.

1 3 (1 o
J3 <E) — (C) / Z’dl’(l . l’2>2/ deefzqwsmefchose
r 8 X 21 \c¢ 0 B

Let gsinfd =t', gcosf =3/

[ffrg(w%—ikz)xdl"de = ffdt/dy’]

This will give us,

20,2 2 2(,,2 2\ \ 2
J3 <E) = L (C)S/ dt/dy/—r (W — ) 1— (% + y'Z)—T (W = &) it g—ky/
r 16m N/ Sy ym w2 c? c?

— L T_5 dt/d / 1— (t/2—|— /Q)ﬁ 26—iwt’6—ky’
167 \ L6 12 g2 < w22 Yy Yy 76

r2

wi—k2
2

r

where the integral is over a disk like region of radius in the t-z plane.

Thus we obtain the following expression for the field

3 (r° 2 27"221 o(t+t) ik(z+iy')
t2)=>"(= dt'dy (1 — (% +y?)— | = [ dwdke kg (4 |
ot =2 (5) [y (1-07 i ) o ek 000,01

- i di'dy’ [ 1— (t? + ¢?)— (4t o)
@ <Cﬁ) \/t’2+y/2<w2r—2k2 Y ( " +y )Lﬁ Go(t + 1,2+ 1Y)

So we have obtained a relation for a massless scalar field in D1 brane background in
terms of the boundary field. So here we have the bulk field in terms of an integral over
a disk of radius ‘“273’“2 in the real t, imaginary z plane.

The information about the bulk has been encoded in the boundary operator through
the smearing function and one should be able to use it to try to learn about bulk

physics from the boundary in the D1 brane background.
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Conclusion

In summary, we saw in this paper on how quantum field theory works in curved
spacetime, especially in de Sitter and anti de Sitter spaces. We went through some
bulk reconstruction calculations, so that we have a bulk field represented in terms of
the boundary field operator. We reviewed some already carried out constructions in
these spaces and tried to use them to work in the case of D1 brane. The calculations
covered here were done in Poincaré and global coordinates of AdS, working in three
dimensions and the flat patch of de Sitter space.

The bulk operator in the flat patch of de Sitter space was constructed in terms of the
single-trace CFT operators and the construction was done in terms of CFT operators at
past boundary Z~ . In the future wedge the bulk operators are constructed with CF'T
operators on ZT, where the “retarded propagator” is now propagating the boundary
operators back in time. Everything formulated in that case can be redone in the future
wedge to get a local operator in the future wedge in terms of operators at Z+, as the
flat FRW slicing of de Sitter space defined on the future wedge is more relevant in
cosmology.

We then looked at a massless scalar field in the case of the D1 brane and worked in the
dimensionally reduced near horizon geometry to 3 dimensions. We found the solution
for the scalar field in this background and tried to get a smearing function for the bulk
field to relate it with the boundary field operator, wherein we worked in ro — 0 limit
which gave us a solution resembling that of AdS space. We also looked at the series
solution for the field in this background.

In the future we could try to find the solutions for a massive scalar field or in certain
limits such as (low frequency) and construct a smearing function for these cases. This
set up is a part of well studied D1-D5 brane solution and its dual CF'T is also well
studied. Being a setup in lower dimensions, it is more amenable to calculations. The
exercise of finiding Bulk reconstructions for various fields in terms of operators on
the boundary will provide more insights and better understanding of the AdS/CFT
conjecture.
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