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Abstract

The work done in this note falls under the regime of semiclassical
gravity. Semiclassical gravity involves the description of the way in
which classical gravitational fields interacts with matter fields which
are quantized. It is in fact a model, which is an attempt for finding
a unification between general relativity and quantum mechanics,
which is one of the ultimate goals of physics. The prediction of
black holes and their characteristic horizons were one of the most
incredible contribution of Einstein’s general theory of relativity. But
when we analyze their behaviour in the framework of semiclassical
gravity, interesting scenarios might come up. For instance, classi-
cal solutions are no longer solutions and wormholes arise. In this
thesis, I calculate the sub-leading terms in the classical black hole
solution and check whether the classical solution with subleading
terms can be considered as a solution to the semiclassical gravita-
tional equations. I have checked 1-loop effective action does yield a
solution. A numerical approach has been made to look for possible
solutions that satisfy the semiclassical equations. Also, a numerical
solution for the exact semiclassical equations has been found. I have

discussed open questions at the end.
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Chapter 1

Introduction

1.1 The Schwarzschild solution

Einstein’s General Theory of Relativity is considered as one of the
greatest scientific accomplishments we have ever made. It com-
pletely reformulated our concept of gravity. According to Newton,
gravity was nothing but a force. But through his field equations
in General Relativity, Einstein proved that gravity is a property of
the spacetime itself. However, in the weak-field limit and when the
speeds of objects are very small compared to the speed of light,
it will naturally reduce to Newtonian gravity. The Einstein field

equation is a tensorial equation, and is given as

. 87FGN

G
2 C4

T, (1.1)
where G, is known as the Einstein tensor and is given by
1
GMV fd R,uu — ERg’uV (12)

where R,,, R, g, and T, stands for Ricci tensor, Ricci scalar,
metric tensor and energy-momentum tensor respectively. Gy is the
Newtonian gravitational constant and c is speed of light. In this

note, all the computations are done in units where ¢ = 1.

A static and spherically symmetric vacuum solution of Ein-



stein’s field equations is given by the Schwarzschild metric

ds® = — <1 — 2G2M> chtQ—l—(l — QG;M)l dr?4+r2df*+risin®0dy?
cr cr

(1.3)
Here the last two terms give a 2-sphere S?. M is the mass of the
spherical body and 7,6, ¢ are the usual spherical coordinates. In
fact, it is the only black hole solution which is spherically symmetric
and static and are solutions to vacuum Einstein’s equation. The
Schwarzschild black hole is described by this metric. The black hole
is characterized by a surrounding spherical boundary, called the

event horizon, with horizon radius given by r, = QCC;QM . Horizons are

typical signature of black holes. There are no causal connections
between the inside and outside of the black hole horizon. Inside
the horizon, the escape velocity for an object is greater than the
speed of light. At the horizon, the time component g;; in (1.3) goes
to zero. A horizon must be there, to protect an otherwise naked

sigularity [1].

1.2 Semiclassical gravity

In the semiclassical picture, we consider the gravitational field as
classical, but the matter fields as quantized [2]. This treatment
gives us the modified Einstein equations, which may be called semi-
classical equations of motion. The existence of black holes is no
longer evident once we take the quantum modifications into con-
sideration. No-horizon scenarios might arise. The back reaction of
matter fields could lead to new solutions that might possess sig-
nificantly different properties compared to classical solution. Two
important observations regarding semiclassical black holes in 4-D
spacetime were made in [3]

1) A leading order static spherically symmetric classical solution is

not a solution in semiclassical theory.



2) In semiclassical gravity, a minimal 2-sphere is not a horizon,
rather it is a throat of a wormhole.

Some other results on semiclassical black holes can be found in [4-11]

In this note, I have done the analysis of the next to leading
order terms in the semiclassical equations. It is in principle possi-
ble that addition of subleading terms somehow makes the classical
solutions obey the semiclassical equations of motion. It’s seen that
for general field content of scalar, Spin—% and spin-1 fields, even the
classical solution with sub-leading terms is not a solution in semi-
classical gravity. So it is not an artifact of considering near-horizon
expansion of classical spacetime. However, it can be observed that
for a fraction of above fields, a black hole solution might exist. We
look for possible solutions to the modified gravitational equations,
and see that in fact there exists a solution, which is satisfied by all
the equtions. To be precise, the solution should take the classical
contribution also into account and we expect it to be of the form
Q = Quass + Qsemi—class- Here Q2 is the time component of the met-
ric. Qguqss 15 the classical solution and Qgemi—cass 1S the semiclassical
correction. This means that when Q.,ss = 0 (i.e, in the would be
classical horizon case), gy is still # 0. In fact Qgemi—ciass turns out

to be a positive quantity. This implies a wormhole [1].

In chapter 2, I have done a review of the theoretical back-
ground of my project. In section 3.1, we study subleading terms in
the classical solution and analyze the corresponding modifications
to the semiclassical equations. In section 3.2, we make a numerical
approach to study the existence of possible solutions to the semiclas-
sical equations. An exact numerical solution for the equations has
been found in section 3.3. Finally in 4, we conclude the results and
discuss open questions. Some additional content including equations

can be found in appendix A.



Chapter 2

Theoretical Background

2.1 Horizons in General relativity

There are two fundamental features of classical horizons. Firstly,
they are surfaces in a static and spherically symmetric metric, on
which the time component of the metric vanishes. Secondly, in GR,

a minimal 2-sphere embedded in a 4-D static spacetime is a horizon.

Consider a static spherically symmetric metric with the gen-

eral form
ds® = Q*(2) g da*dz” 21)

= Q%(2) (dt* + N?(2)dz* + R*(2)(d6? + sin*0d¢?))

We work in the Euclidean signatue so that the notion of black hole
temperature and entropies are well defined. Euclideanization gives
rise to black hole temperature [12]. Now, the geometric radius of a
2-sphere is given by r(z) = R(2)§2(z). Consider the gauge N(z) = 1.
Assuming there exists a horizon at r = rj, with a finite temperature
T = 1/B, we get the near horizon behavior, comparing it with the

near horizon limit of (1.3)
Qz)=e7 4., R(z)=re? +... (2.2)

where ... stands for the subleading terms. Here z is the new ra-

dial coordinate. The relation between z and the previous radial

4



coordinate r is given by

z= _4_ﬁ7r In(r — ) (2.3)

In the z coordinate, at r = rj,, we have z = co. Also, we can see
from (2.2) that (2) goes to zero at z = oo , which is nothing but

the horizon condition.

By varying the Einstein-Hilbert action with respect to Q(z)

and N(z), we obtain the equations of motion
2" + 1% —1=0

Q% —1) + 2’ =0 (2.4)

Here we have used the gauge N(z) = 1/€(z). Now, suppose that
the 2-sphere at z = p = pj, is a surface of minimal area, i.e. ' =0
at p = pp. It readily follows from (2.4) that Q(py) vanishes and
hence the surface is a horizon, since {2 = 0 means that the time

component of the metric G, = Q?g,, is zero. i.e. Gy =0

Now we may analyze the same aspects in the framework of

semiclassical gravity.

2.2 The semiclassical treatment

2.2.1 Semiclassical equations of motion

The semiclassical gravitational action is obtained by adding a quan-
tum effective action I'(G) to the Einstein-Hilbert action Wgg(G).

Writing the metric (2.1) in the form G, = €**g,,, the semiclassical

bt



gravitational action Wy,q, = Wgn(G) +I'[G] is given by [2, 13, 14]

1 —
Wraw = — ﬁ/d4l’\/GR(G) - (4?]_)2 /d4l’ 9002

2
b / d4x\/§<2E’“’VMUVVJ+2|:IUVMJV“U (2.5)

- (4m?
+ (VNO'V“O‘)2> + (4:)2 /d4x\/§aE + Lo[gy]

Here k = 8nGy is the classical gravitational coupling, £, is the
Einstein tensor corresponding to the metric g, E is the Euler density
and C'is the weyl tensor and these are also with respect to the metric

g. Also a and b are given by

No 11n1/2 31”1
e —_— J— b:
=020 10 360 360 | 180

(2.6)

where n, is the number of fields of spin s. I'g[g,,| is the quantum
effective action computed on the optical metric g,,. After calcu-
lating Wy,q, for our metric (2.1) and varying the resulting action
with respect to o(z) and N(z), we get the semiclassical equations

of motion given by

0=

K N + N N2 + N + N N2
3 Rz 0_/2 a R// R//2 R/3 N/ R/2 N/2
+ —N|+ — = — —
N } 672 [ RN 2N3 RN*  2N°
R/ N/ R/4 R/Q R/ R// N/ R/Q R// N
+ RN? 2R2N3 + R2N + N* + RN3 2R?

2e%7 [QRR” 6RR'c’ 2RR'N' R? 3R*" 3R?¢'N’

_|_

1 3
R [RNR”U’2 + —2 NR’za” — 3RR'U’2N/ — QR&O',N/

+ RNR'¢”? + NR?*¢"”? + 2RNR'¢'¢” + NR'R"o' — %RQU'BN'

+ §R2NO'/20'” — %Ni)’a” + %NQO'/N/

(2.7)



20

0 =7 [(R' + Ro')(R + 3Ro") — Nﬂ
bo_l2
+ SN { —2N? + 8RR'¢' + 6R"* + 3R20’21
T
n a R20 R'"? n 2R?R"?¢' N’ N 2RR?¢" 2RR'¢’ (2.8)
1212R2| N4 N5 N4 N?2 '
QRZO.RIQN// 5R20.R/2N/2 O_R/4 2R2 R///O_R/
N B N6 TNt T T e
2R?’R'R"¢’ n AR?0cR'R"N' n 1 5uT
N4 N°© | T amgthe

The effective action I'y is given by [14-17]

7T2CH >\H

(4mB)"'onTo = ~ 9051 *(2) - e

(RN~ —1) (2.9)

where cy = ng + %nl/Q +2n; and Ay = ny/o +4ny. (2.9) should be

used in equation of motion (2.8).

2.2.2 Leading order classical solution for

semiclassical equations

Now, we proceed to check whether a static black hole solution satisfy
the semiclassical equations. We use the gauge N(z) = 1. To leading

order, we have the near horizon behaviour of o(z) and R(z) as

o(z) = —2:72 b R() = e 4 (2.10)

We use (2.10) in the equations of motion (2.7) and (2.8), and they

respectively give

o variation: 0= 0O (674%) (2.11)
2
N variation: 0= — (no + 611 /9 — 18n1) 180ﬁ4R2(z) (2.12)

Here (2.11) is satisfied to leading order. But the RHS of (2.12)
contains a divergent term. The divergent term may go to zero for
a particular field content, e.g. if ng = 6, ny/; = 2 and n; = 1. But

in general, the divergent term is non-vanishing. Thus (2.12) is not

7



satisfied in general. Therefore we can see that a static spherically
symmetric metric with a finite temperature horizon is not a solution

in semiclasssical gravity.

2.2.3 Horizons in semiclassical gravity

We proceed to check whether a minimal sphere is necessarily a
horizon in the theory of semiclassical gravity. We use the gauge
N(z) = 1/92(z). Two minimality conditions 7’(ps) = 0 and
Y (pr) = 0 are imposed at the turning point p = p,. Now (2.7)

and (2.8) will respectively become

1

QQ 1 Q a 1" 1 - 4
—(1—-2rr —r*—)+ i(Q +Qrr —r?Q )2+ b0 =0 (2.13)

K Q r2€)
QQ a _1 ” 2/"\2 2 ’77"2 A
_?—ﬁan [(Qrr —r*Q) _Q]_54Q2+§:0 (2.14)
where a = 5, b= 2—fr2, v = 5593—2, A= % For simplicity, we con-

sider the special case A = 0 (only scalar fields are present). Further

analysis of (2.13) and (2.14) gives a bound on 2 given by
Q< Qy=ea ~e 580 (2.15)

(2.15) shows that the value of 2 at the turning point is bounded
by the exponential of negative of the Bekenstein-Hawking Entropy
Spp. The value of temperature is also bounded and is given by

=)
all,

T <
4yrd

(2.16)

Then it follows from these results that the minimal 2-sphere is not

a horizon as in the classical theory, but a wormhole.



Chapter 3

Results and Discussions

3.1 Subleading terms in classical

solution

In the results that are mentioned in 2 , the entire calculations are
based on the leading order terms and all the subleading terms have
been neglected (.... in (2.2) indicate that). It is a matter of great
interest to check whether a classical solution can be considered as
a solution to semiclassical equations, by also taking the subleading
terms in the classical solution into account. Now, the semiclassical
equations will contain additional subleading terms and we may look
for any further modifications to the results that arise due to the

presence of additional terms. Consider the general metric

d 2
ds? = g(r)di® + ﬁ + R2(r)d2 (3.1)

where d§2% is the metric of a 2-sphere S?. In our analysis, we are
interested in the near horizon behaviour of the metric. So we Taylor

expand ¢(r) around the horizon radius r = rj, to get

)(7“ —7p)? (3.2)

where we have used g¢(r;,) = 0 which is nothing but the horizon

condition. Also, from [12] we have ¢/(r;) = %r, where [ is the

inverse of horizon temperature. ¢”(ry) is an unknown variable which

9



we want to compute here.
Our next aim is to write the metric (3.1) in the form
ds* = €7 (dt* + dz* + R*(2)d€23) (3.3)
so that it is of the form (2.1) in N = 1 gauge.

The new radial coordinate z = — f % can be found to be

ﬁl
—1In
47

z=—

i ] (3.4)

A (r—r1)g"(rn)

At r = rp,, z goes to infinity. Therefore in our new coordinate, the

horizon is at z — 0o. (3.4) can be rearranged to get

81

r—ry = — (3.5)
h 5 <BT . g//(rh>>
Comparing (3.1) and (3.3), we have
1
o(z) = Elng(r) (3.6)

where ¢(r) is given by (3.2). Now substituting for (r — r,) from
(3.5), o is found to be

o(z) = —2272 —In (1 - g”e_%> (3.7)

Also from (3.1) and (3.3) we have
R*(r) = e* R*(z) (3.8)
Calculating R(z) we get
_ 27z

R(z) = rpe’F — rng'e” 5 (3.9)

where we have used R%*(r) = ri. By taking ¢” = 0, equations (3.7)

10



and (3.9) gives us back (2.10). Now we proceed to check the validity
of the semiclassical equations of motions, when o(z) and R(z) are
given by (3.7) and (3.9) respectively. We have chosen the gauge
N = 1. The first equation (2.7) now becomes

drz
e B

1
0=
(e% _ g,,>2 [144054/4;

(46080g" 3 m* 3% — 28803%)

1

_ ( (3.10)
932

N2+ 10n;) — 2569”37 (no

1
14407272 54 (

+ 6TL1/2 + 12”1) + 54(n0 + 6711/2 + 12”1)):|

Analysis of the second equation of motion (2.8) gives

1272

e P rim
<€4_gz _ g">2 1805*

8mz

e’ 1 g'rim?
6 —18n,) —

(% —g7) [36062 (o + Bz = 18) = T 3

2

0=-— |:TLO + 67L1/2 — 1877,1:|

+ (no

13,.2 .2
+6myy — 18n1)} LT [ng + 6110 — 18n1]
<e gz 79“) 54
g//2
+ 5 |:7”L0 + 6711/2 — 18711:|

3602 (e g

N———

4m

o2

g//4,,,.}2L7T2 e~

18054 <6% _g//> 2

Amz

e B >2 |:(’I7,0 + 6711/2 + 12n1) In <1 B g”e_MTZ>

<l

|:7l0 + 6711/2 — 18nl:|

(647;“2 _ g 14407",217r2
z (TZO + 6711/2 + 12711)
72003703
g’ g"rim?
—_ —4 — 58 - 16(19 74
+ 18052 (n(] n1/2 nl) ]_440&4 ( n0+ n1/2

— 22711) + 256(”0 + 6711/2 + 12n1) In (1 — g"e_%)>
162g"rin®

45ﬂ5 (no + 6711/2 + 1272,1):|

(3.11)

11



Now let’s analyze these semiclassical equations of motion. As z —

oo (near horizon), (3.10) gives
0=0(F) (3.12)

Thus near the horizon, the equation of motion resulting from the

variation with respect to o is still satisfied, as shown in [3].

Looking at the near horizon behaviour of equation (3.11), the
first term in the RHS of (3.11) is divergent (0(64%)), while the
second term will be a constant term. All the other terms will go to
zero near the horizon. Clearly, since the RHS# 0, the equation is
not satisfied. Just out of interest, we may consider the case when the
divergent term and the constant term in the RHS of (3.11) cancel
out. i.e, the RHS goes to zero so that (3.11) is satisfied. In this

case, we see that ¢”(ry,) is given by

4532 F
" = - — 3.13
#o0 =254 (313

which negatively diverges near the horizon, but we expect it to be
a finite positive quantity. In conclusion, we can say that even if
we take the subleading terms in (2.2) into account, it still remains
that a static spherically symmetric metric with finite temperature

horizon is not a solution in semi-classical gravity.

It was suggested in [3] that for a particular set of fields, the
divergent terms in the RHS of N variation equation will vanish. For
instance, if ng = 6, n12 = 2 and n; = 1, the equation was found to
be satisfied. Surprisingly, this is the multiplet of N' = 4 super-Yang-
Mills theory in 4 dimensions. It could mean that in this case, a black
hole solution might exist. But the demonstration of it needed the
analysis of subleading terms in the semi-classical equations, which is
precisely what has been done in the above calculations. Looking at

the RHS of (3.11), it is clear that for the particular case of ny = 6,

12



nij2 = 2 and n; = 1, the divergent term will vanish. In addition,
the second term which is a constant term also goes to zero, for this
particular field content. All the remaining terms obviously go to
zero in the near horizon limit. Therefore, it is clear that there could
be a black hole solution for this particular interesting case and that
the divergences will keep on vanishing for this field content for higher

and higher order terms.

3.2 A numerical approach to study the

existence of solution

Here I use a numerical approach to look for possible solutions to the
semiclassical equations of motions. We find certain bounds from
the equations and later plot them to analyze the nature of possible

solutions.
Equations (2.13) and (2.14) can be rewritten respectively as

/ O/ 2 20 92 O/
% (1+r7“”—r2ﬁ> —|—b’r __ (1—2r7~"—r26>

Q K
(3.14)

and

/ 2 /
Cy + Q_ _ _CL_ lOg Q—l [(QTT” N 7ﬁ2Q//)2 _ QZ] (315)

022 K 3r2

where we have assumed A = 0 (sclar fields only, i.e only ng # 0) and

2 __ 2 /I a /b / _ egm?
15} —77’.Alsoa—m,b—mandclf—goﬂ/%

We expect " > 0and 0 < Q < 1. Now, irrespective of whether
" is positive or negative, the LHS of (3.14) is always is positive.
So, the RHS of (3.14) also has to be +ve. Now we can consider two

cases. First we assume Q" < 0 and get

oy 2l
1—=2r" +r o <0 (3.16)

13



or

1-2P+f<0 (3.17)

where P =7 and f = TQ%J. Also (3.15) gives
L N\2
<P+ f) <1 (3.18)

Below we plot above inequalities (3.17) and (3.18).

aF

oL A

o 1 2 3 4

Figure 3.1: Plot of (3.17) together with the condition (3.18)

We can see that the allowed values of P and f appear to be really

constrained. Now suppose we consider the ansatz Q = e_TQ, for
which ©Q” < 0. This ansatz is inspired from the bound that we

found in (2.15). In this case, we get 2 relations

- - - N\ 2
1-2P+22P <0 and (P + 2r2P> <1 (3.19)

L O

o 1 2 3 4

Figure 3.2: Plot of inequalities (3.19)

14



From figure 3.2, we can see that the allowed values of r are
really small. But in reality, r could be arbitrarily large. So we
can say that the semiclassical correction alone is not a good ansatz
that could possibly serve as a solution to the semiclassical equations.
Rather, we also have to take the classical part into account. Also, we
can rule out the possibility of Q" being negative. Now lets consider

the case when 2" > 0. Here from (3.14) and (3.15) we have

1-2P—f<0 and (P—f>2<1 (3.20)

10

Figure 3.3: Plot of inequalities (3.20)

Figure 3.3 shows that the values of P and f are not limited, as it
was observed in the €27 < 0 case. So we come to the solid conclusion

that Q" has to be a positive quantity.

We have seen that the semiclassical correction for 2 alone
doesn’t serve as a good ansatz. Then a reasonable expectation for

a possible ansatz for  is of the form

Q= chass + Qsemi—class (321)

15



We consider the ansatz
Q= /=@ —ry)+e (3.22)

where the first term is the classical ansatz. For simplicity, we are

using k£ = 1 unit. Now for this €2, we have

1"
QO = —QB_TZTT’/ + Lf_rh (323)
ﬁ T

2" is found to be positive for large r. Now in place of (3.20), we

have the relations

2" (x +rp)? (—26*(”’%)2(93 +rp) + ﬁ;)

1—22"(x+ry) — T T E <0
(3.24)
2" (x +rp)? <—26‘(’”+7’h)2(3: + ) + ﬁ;) i
(x +rp)x” — T <1
(3.25)

where we have used = 4w. Also we introduced a new variable
x =71 —r1rp, as we want to study near-horizon behavior. Clearly, for
a particular rj,, x is a measure of the radial distance from horizon.
Also note that 2”7 = r”. Below we plot above relations between x

and z”, for different values of ry,.

rh:10

rp=10

=

s

o 5 10 15 20 25 30
x

Figure 3.4: Plot of condition (3.24) for r, = 10
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Figure 3.4 shows relation (3.24) holds for entire range of z and «”.

rp=10

Figure 3.5: Plot of condition (3.25) for r, = 10

rp=10

Figure 3.6: Overlap between inequalities (3.24) and (3.25) for r), =
10
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Figure 3.7: Overlap between inequalities (3.24) and (3.25) for r, =
20

rh:30

Figure 3.8: Overlap between inequalities (3.24) and (3.25) for r, =
30



In the above figures, the overlapping regions represent a possible
solution. A common feature of the plots is a spike at x =~ r}, or at
r & 2r,. It can be seen that around x = ry,, the LHS of (3.25) goes
to zero, which is the reason why we have a spike at this point. Un-
derstanding the physical implication of the spike is something that
needs further study.

The analysis done above is not a proof that (3.22) is the
correct form of ansatz. In fact, any ansatz of the form Q =
%(7’ —rp) + r*e~ will yield similiar results, where n can be
an integer or fraction. But n has to be less than 7, beacuse of our
requirement that the semiclassical correction has to be really small
(between 0 and 1). The above analysis helps us to understand the

overall nature of the solution.

3.3 An exact numerical solution for

the wormbholes

In this section, we find a numeric solution for the exact semiclassical
equations of motion given by (2.7) and (2.8). We use the gauge
N(z) = 1/Q(z). Also, o and its derivatives are rewritten in terms
of €2, using the relation 2 = e”. We know the geometric radius of a
2-sphere is given by r(z) = R(z)€2(z). We also use this relation in
the exact semiclassical equations so that the final equations are in
terms of r(z) and Q(z). For simplicity, we consider the case when
there are only scalar fields. Choosing a trial value ng = 360 (only

scalar fields), one gets
a=3, b=1 ¢cg =360, Ag=0 (3.26)

Additionally, we take k = 1 and § = 4.
So far, we have been working in z coordinate and the horizon
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is at z — oo. Just because of technical difficulty to implement the
initial conditions at oo, we make a change of coordinate y = e™*.
Now, the would be horizon will be at y = 0. The value of y will
keep on increasing as we move further and further away from the
horizon. So we may say that y behaves like . The final semiclas-
sical equations in terms of y are given in appendix A. We tried to
numerically solve both equations simultaneously. The plots of the

numerical solutions are shown below.

r(y
514

51.3
51.2
511}
51.0

50.9

50.8 ¢

‘‘‘‘‘‘‘‘‘‘‘‘‘‘

50.7 10000 20000 30000 40000 50 000y

Figure 3.9: Plot of r(y) vs y. Initial conditions were specified at
y=05(aty =05 = r =50, Q=121 =05 Q = 0.5,
r” =0.1).

Q(y)

4.0+
3.8
3.6
34+

3.2+

10000 20000 30000 40000 50000y

Figure 3.10: Plot of Q(y) vs y.
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In the above solutions, we start at a point slightly away from
the horizon (y = 0), because getting too close to the horizon leads
to diverging results. That is why we start at y = 0.5. The plot of
r(y) given in figure 3.9 is a sensible solution. The horizon, which is
at y = 0, is expected to have a radius slightly less than the value
r(0.5) = 50. As we move further and further away, i.e, as the value
of y increases, r(y) keeps on increasing in an exponentially small
manner. The value of r(y) is not getting saturated for higher and
higher y values, which is in agreement with our expectation. Since
we are solving the exact semiclassical equations, the solution must
be satisfied irrespective of how far away we are looking at. It can be
seen that the behaviour 3.9 will remain the same for even arbitrarily

higher values of y.

In case of €2, its value at y = 0 will be exponentially small

(0 < © < 1), as can be seen from (2.15). Since we start at a

slightly far away point, we are using an initial value 2 = 1.2. It

can be observed from figure 3.10 that as the value of y increases,

Q(y) continues to behave like 7(y) as seen in figure 3.9. This is

reminiscent of the result we saw in section 3.2. As y increases, the
4

classical part of €2 given by 2 = F(T —r,) will dominate. This

is the reason why Q(y) has a similar behaviour as r(y).

Below we give some solution plots, where we have also taken
ni/2 and n; fields into account in our computation. We vary ng
value for a particular field, keeping the ng value of other fields as a

non-zero constant.
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Nqja=Mq =360

rly)
535,
— M= 0
53.0| — g = 360
— ny=1080

52.5

(R

5201 10000 20000 30000 40000 50000

y

Figure 3.11: Plot of r(y) vs y for different ny values, keeping n;/,
and n, constant.

ny2=n4=360
fy)

— n0=0
_ n0=360
— 1y =1080

y

10000 20000 30000 40000 50000

Figure 3.12: Plot of Q(y) vs y for different ny values, keeping n;/,
and n; constant.
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ng=ny=360

riy)
54
3 — M =0
—_— n1,2=360
= — Ny =1080
5t
10000 2000 30000 40000 50000

Figure 3.13: Plot of r(y) vs y for different n,/, values, keeping ng
and n, constant.

ny=ny=360

afy)
40}

38y — mpp=0

M2 = 360
— n1[2=1080

36F

34

32

3.0+ 10000 20000 30000 40000 50000
Figure 3.14: Plot of Q(y) vs y for different n,/, values, keeping ng
and n; constant.
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n0=n112=360

530 —n1=0
S n1=360

sz/ — ny=1080

51

10000 20000 30000 40000 50000

Figure 3.15: Plot of r(y) vs y for different n; values, keeping ny and
ny/2 constant.

Ng=n4,,=360

Qfy)

4.0+

38+ - M= 0
360 — M= 360

— ny=1080

34+

32+

10000 20000 30000 40000 50000y

Figure 3.16: Plot of Q(y) vs y for different n; values, keeping ny and
ny/2 constant.
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Chapter 4

Conclusions and Scope for

Future Work

4.1 Conclusions and future work

It has been shown that the classical solution with next to leading
order terms taken into consideration cannot solve the semiclassical
equations of motion. In other words, a static spherically symmetric
metric with a finite temperature horizon still cannot exist in semi-
classical gravity. However, we saw that for a particular set of fields,
i.e for ng = 6, nyjp = 2 and n; = 1, it is possible that a black
hole solution might exist. And surprisingly, this happens to be the
multiplet of N' = 4 super-Yang-Mills theory in 4 dimensions.

We saw that the semiclassical correction for €2 alone is not
enough to solve the equations of motion. Rather, we also have to
take the classical part into consideration. Through some plots, we
found certain regions where a solution can exist. Also, we found
an exact numerical solution for the wormholes by solving equations
(2.13) and (2.14). To our knowledge, this numerical solution is the
first evidence of a wormhole in 4 dimensions, which we obtained by
rigorously solving the semiclassical equations. Although we couldn’t
find a unique ansatz as analytical solution, the analysis done helps to
provide a good understanding of the overall nature of the solution.

Pointing out again, the equations that need to be analytically solved
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are

1"

QQ 1" Q a " " 7 "
?(1 —2rr — T2ﬁ) + 7%(9 +Qrr — Q)+ =0 (4.1)

QQ a _ ” ” ”}/7“2 A
— — — =In Q7 (Qrr = Q) - Q7] - ELSE +§

K r2

=0 (4.2)

4.2 Outlook

Black holes are one of the most mysterious objects in physics. The
physics of black holes is an extremely active field of research all
around the world. Recently, the 2020 Nobel Prize in Physics honored
the pioneering studies about the nature of black holes. Semiclassi-
cal gravitational theory, on which my project is based on, can have
profound implications on the nature of black holes. The semiclas-
sical gravitational equations are complicated non-linear differential
equations. By analytically solving them, one will be providing ex-
act solutions of four dimensional Einstein equations with quantum
matter corrections, which is, as of yet, completely unknown. We
know it in 2 dimensional case, but not in four dimensions [18]. So
it will be an important addition to black hole literature. Works on
semiclassical black holes can have great significance in the study of
Hawking’s information loss problem. In addition, semiclassical grav-
itational study could be a foundation stone for an ultimate theory

of quantum gravity.
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Appendix A

Appendix 1

The exact semiclassical equations of motion in terms of y = e™* are
given below (for ng = 360 so that a = 3, b =1, ¢y = 360, Ay = 0.
Also we take k = 1 and 8 = 47). Here r = r(y) and Q = Q(y).

The N variation equation is,

1
0 :m |: _ ,r,4 - 647T2T2Q4 + 647T2y2r2947,,/2 o 32y2TQ3T/Q/
wer

+ 128722303 QY — 322732 + 32y r Q3P QY
+ 16y27‘ZQ2Q/2 + 64y37,3927,/Q12 o 16y4r292r/29/2 4 8y47’4Ql4
_ 323/4?"293?”,Q/7”// + 32y47‘3929’2r” + 32y4r3§22r'§2’9”

In 2
647m2r2)2

+16Q4 (=1 + y'r"™) + 325700 QY + 32y QPP QY

_ 32y37’4QQ/2(Q/ + yQ//>:| + |:_ 16'3/27"2Q47"/2

— 64y r3r3Q) — 6412r30%7 Q% + 80y 2 Q%P — 32y 30 Q)3
— 32023 QU + 32y P2+ 16y QM + 64yt 2 Q32
_ 963/47’3927’/Q/Q” + 32y3r4QQ’2(Q’ + yQ”) . 32y37’2§24r’(2r”

+ yr'") + 32y37,393( o yT”QH + Q’(ZT” + yT'/”)> 4 323/37“3937“/(20”
+ yQ///) . 16y2r4§22 (9/2 o y2Q//2 + ZyQ’(QQ” + me)):|

(A.1)

The o variation equation is,
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1
0=
47272Q)

+ y2r’2)(r’ + yr”) o y27’2(7’, + yr//)z) o y27“2 (yr'Q’ —r Q)

{QQ ((1 + 87%r% — y*r?) (=1 + y*r'?) + 2yr(—1 + 872

2
— yrQ”) + 2yrQ (yr’Q’(—l + 8% + %" + yrr’ + yPrr”)

+ (4 +yr’ + ") (Y + yQ”))}
(A.2)
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