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CHAPTER 1

INTRODUCTION

In the 1980s, Pawlak proposed a mathematical approach, known as rough set theory
(RST), for dealing with vague, uncertain, and incomplete data [73]. In his approach, the
knowledge base about a non-empty set W of objects is given by an equivalence relation
R. The pair (W, R) is called an approzimation space. A set A C W is approximated by
its lower approzimation Ap = {x € W | R(x) C A} and upper approzimation Ar = {x €
W | R(x) N A # 0}, where R(z) = {y € W | (z,y) € R}. The elements occurring in the
set A \ Ap are called boundary elements of A. The set of all the boundary elements of
A is denoted by Bdg(A).

Applications of rough set theory are mostly based on an attribute-value representation
model, called (deterministic) information system. These are essentially tables giving
values taken for some attributes by objects of the domain — such as ‘blue’ for attribute
‘colour’, or ‘round’ for attribute ‘shape’. The domain then gets partitioned into blocks of
indiscernible objects, indiscernible as they match on all information available about them.
Formally, the following is the mathematical representation of a deterministic information

system and the induced indiscernibility among objects of the domain.

Definition 1.1. A deterministic information system (in brief, DIS) S := (W, A, J,c4 Va>
f) comprises a non-empty set W of objects, a non-empty finite set A of attributes, a non-
empty finite set V, of attribute-values for each a € A, and an assignment f : W x A —
U,ea Va such that f(z,a) € V,.

Based on the information given by S, each subset B of A induces an equivalence relation

Ind‘fB on the domain W, termed the indiscernibility relation induced by B, as follows:
(z,y) € Ind3, <= f(z,a) = f(y,a) for all a € B.

Thus, given a DIS § and a set B of attributes, we obtain an approximation space
(W, Ind‘;), and this, in turn, determines approximation operators. Note that Ind‘q)S =

W x W.



There have been several generalizations of Pawlak’s original notion of which one is
generalizing the relation, that is, taking a relation with lesser constraints (cf. e.g. [32,33,
44,59,95,108]), and the other is taking a collection of relations instead of just one, known
as multigranulation rough set model (cf. e.g. [39,40,64,65,69,80,83,112]). The authors
in [36,37] also focus on a multigranulation rough set model with motivation from the
multi-agent situation, although the more general term ‘source’ is used instead of ‘agent’.
They raised the important issues of counterparts of approximations of concepts in such a
model and proposed the notions of strong/weak lower and upper approximations. Since
the proposal of [36], the rough set model based on the collection of relations has caught
a great deal of attention and interest among the researchers (cf. e.g. [29,55,57,58, 80,92,
103,104,112]).

In another direction of research, there have been extensive studies on logics with
semantics based on structures inherited from rough set theory. The modal nature of the
lower and upper approximations was evident from the beginning. Hence, it is no surprise
that normal modal systems were focussed upon during investigations on logics for rough
sets. In particular, in case of Pawlak rough sets, the two approximation operators clearly
obey all the S5 laws. With the evolution of rough set theory with time, more expressive
logics were required to be introduced to reason about generalized approximations (cf.
e.g. [6,15]). Consequently, in literature, one can find complete formal systems for reasoning
based on rough set theory in multi-agent systems (e.g. [14,36,38,86]). The languages of
most of these logics have ‘agent-constants’, and one or more binary operations are used
to build the set of terms. The modal operators are indexed with these terms, which, in
turn, are used to capture approximations relative to the knowledge base of individual or
groups of agents. A binary relational symbol = on the set of terms is also used in [86].
The expression s = t reflects that “the classification ability of agent t is at least as
good as that of agent s”. In [36,38], the first-order logic feature of quantification is also
incorporated into the proposed logic. This enables the logic to capture quantification over
the knowledge bases of the system. With this feature, the logics presented in [34,36, 38|
are able to capture the notions of strong/weak approximations proposed in [36]. We
would like to remark here that the logic LMSASP proposed in [38] has a close connection
with the term-modal logics [24]. In LMSASP as well as in term-modal logics, the modal

operators are indexed with terms, and one can quantify over variables occurring in modal
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operators. However, there are differences as well. In term-modal logics, terms are used to
point to the individual agents of the system. However, in LMSASP, terms point to the
individual as well as the finite group of agents. Further, term-modal logics are based on
predicate logic, but the language of LMSASP also contains propositional variables. It is
to be noted that no axiomatization is provided for the logic proposed in [24]. However, a
sound and complete modal system for LMSASP is obtained.

As mentioned above, the articles [36,38] proposed logics that can reason about strong/weak
approximations. These logics are quantified propositional modal logics with excellent ex-
pressive power. This expressive power comes with a price - we do not have the decidability
result for these logics. In this dissertation, although we are interested in a modal logic
that can reason about the strong/weak approximations, we also want the logic to be
based on the much simpler language - the basic modal language with two unary modal
operators. The purpose is achieved by interpreting the two modal operators by strong
and weak approximations. In Chapter 3, such logic is studied. Further, our study is not
confined to collections of equivalence relations only, but other types of relations are also
considered. This review is essential keeping in view the notions of generalized approxi-
mation spaces with relations other than the equivalence. Thus, we consider a generalized
notion of multiple-source approximation system (MSAS) [36], called generalized MSAS.
A generalized MSAS is a tuple consisting of a countable collections {R;}icn of relations
over the same domain, and where the accessibility relations R; are of the same type,
and maybe any binary relation, or have any of the properties of reflexivity, symmetry,
transitivity or some combination thereof. The notions of strong/weak lower and upper
approximations based on MSASs are extended readily to define these concepts for the
generalized MSASs. The axiomatization problem of the proposed logic with respect to
different classes of generalized MSASs based on various types of relations are explored. As
a consequence of this study, we also get an insight into the axiomatic (abstract) charac-
terizations of the strong/weak approximations based on different types of relations. Such
a study on strong/weak approximations is still missing in the literature. A few results on
invariance and definability related to the logic are also presented. Further, it is shown that
the proposed logic can also be used to reason about the knowledge of a group of agents

in the line of epistemic logic [20]. Moreover, with the motive to introduce a coalgebraic



approach to the rough set community, we show that our study on generalized MSASs can
be put under the framework of coalgebra [31,76,88,101].

There is another interesting generalization of approximation space that takes a general
covering of W instead of the partition due to the equivalence relation R (cf. e.g. [9,
10,77,115]). The first covering-based approach to rough set is by Zakowaski [18], but
Pomykata [77] may be considered to be the first to proceed with this kind of approach in
a systematic way. In subsequent years, covering-based definitions of approximations of a
subset of the universe have emerged from various standpoints. For good surveys on this,
we refer to [89-91, 106].

In [91], a comparison of the properties of lower and upper approximations emerging
from different kinds of definitions of these operators has been studied. These are operators
on @(W), the power set of W. A covering with one pair of operators is called a covering
system. In the same paper, seventeen covering systems are presented, and the possibility
of study of modal logic systems corresponding to covering systems has been indicated.
Subsequently, in [61], the first set of results in this direction is published. It is established
that the modal system S4 may be endowed with covering semantics by Cy and C5 covering
systems. Similarly, covering systems P, and C) give covering semantics to the modal
system KTB. But S4 and KTB are the standard modal systems. In Chapter 4, a non-
normal modal system has been introduced corresponding to covering systems Ps, C; and
Cqr. It is to be noted that the modality pair (O, {) is interpreted by the (lower, upper)
approximation pair relative to the corresponding covering systems.

The lower and upper approximation operators are extensively studied in rough set
literature. Surprisingly, such a study is missing for the boundary operator that maps a set
to the set of its boundary elements. In the second part of Chapter 4, we aim to fill this gap
and present a study of the boundary operator through the modal logic approach. A pair of
modalities (A, v7) different from the standard ([J, ¢), being borrowed from [22], has been
incorporated in our language and given an interpretation in the rough set context. We first
present modal systems for the boundary operators based on (generalized) approximation
spaces or Kripke frames. Then the study is extended to the boundary operators based on
covering systems. In this context, three modal systems are discussed, and their covering-

based semantics are presented with respect to which the modal systems with (A, )



modalities become sound and complete. Significance of the boundary operator approach
in rough set theory is also discussed.

One common feature of the Pawlak’s rough set model and the models discussed above
is that all domain objects are taken into account while defining the set approximations.
Nonetheless, in some practical cases, considering only specific subsets of the domain may
be necessary. For example, we may wish to exclude certain objects due to the lack of
information about them. Thus, in Chapter 5, we propose a generalized notion of approx-
imation space called subset approzimation structure (SAS). This structure is defined as a
tuple § := (W, p, R), where W is a non-empty set of objects, p is a non-empty collection of
non-empty subsets of W, and R C W xW. For x € W, p, is used to denote the collection
{U € p:x € U}. The elements of p, are called a neighborhood of x. The elements of p are
used in determining the relative approximations of subsets of the domain. In Chapter 5,
we aim to study the behaviour of rough sets under the framework of SAS. Approximation
operators based on SAS is proposed, and some ensuing properties are discussed.

At this moment, it is apposite to tell that we have not seen any proposals of logics
describing rough sets (including normal modal systems) that can capture the approxi-
mations of concepts discussed in this chapter. This is due to the fact that the proposed
approximations are defined relative to elements of p. A modal logic for SAS is introduced
that can be used for this purpose. The satisfiability of a well-formed formula (in brief,
wif) is evaluated at an ordered pair whose first component corresponds to an object from
the domain of discourse, and the second component corresponds to a set from p. The in-
terpretation of proposed logic wffs within the framework of rough set theory is discussed.
Sound and complete modal systems for different classes of SASs are presented. We also
discuss a comparison of the proposed semantics with the well-known multi-modal logic
semantics. This study also leads us to the fact that the problem of the decidability of
the proposed logics is equivalent to that of some known multi-modal logics. This result is
helpful in obtaining the decidability results for the logic. Some invariance results related
to the presented logic are discussed. We also return to the issue of the expressibility power
of the logic and provides a few classes of SASs that can be defined through wffs of the
logic.

There is another family of modal logic under the umbrella of epistemic logic that

provides a formal study of knowledge (cf. e.g. [20,28,99,100]). The language of epistemic
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logic, apart from propositional variables and Boolean connectives, contains modal opera-
tors to capture, for instance, knowledge, belief, safe belief, plausibility (cf. e.g. [2,98,99])
etc. The semantics of the language is usually based on possible-worlds where one has
a set of states, each representing a possible state of affairs. The propositional variables
representing basic facts are assigned true or false value relative to the states. Besides
the true state of affairs, an agent may consider many other states to be possible due
to his/her partial knowledge. This possibility of the states is captured through binary
relations between the states.

Chapter 6 aims to bring together the operators of epistemic logic and approximation
operators of rough set theory by combining the ideas from epistemic logic and rough set
logics. We extend the epistemic logic idea based on possible-worlds to consider a situation
where each state carries information about a set of objects regarding attributes, besides
information about basic facts represented by propositional variables. In other words,
each state is assigned a deterministic information system (DIS), and thus we obtain a
collection of DISs each indexed with a state. Since each constituent DIS of the collection
generates corresponding approximation operators, it may happen that an object is in the
lower /upper approximation of a set with respect to information in a state but may not be
so with respect to information in some other state. Therefore, taking a cue from epistemic
logic (cf. e.g. [20,99,100]), it becomes relevant to reason about statements involving
basic statements like ‘the object is in the lower approximation of the set in some states
which are considered to be at least as good as the current state’, or ‘agent knows/safely
believes that the object under consideration belongs to the upper approximation of the
set’. This chapter presents a logic that can express such statements. To formally capture
the situation described above, firstly the notion of a possible-worlds information system is
proposed. A possible-worlds information system consists of a set of states where each state
is assigned a DIS. It is shown that the situations captured by various types of information
systems viz. incomplete, non-deterministic and probabilistic information systems can also
be represented by possible-worlds information systems. A modal logic for possible-worlds
information system is proposed that can be used to reason, relative to states, about
attributes, attribute-vales of objects and the approximation operators with respect to
indiscernibility relation. As expected, the language of the logic contains descriptors [74]

to capture attributes, attribute-values of objects. Moreover, the proposed language has
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modal operators [J and Ug, for each subset C of the set of all attribute-constants. The
modal operator [ is used to capture knowledge or plausibility, and hence the semantics
of [J is defined using a relation on the set of states. On the other hand, s captures
the lower approximation operator relative to C', and thus its semantics is defined using
indiscernibility relation. As the semantics of the modal operators [1 and U are defined
using relations over two different sets, the proposed semantics is two dimensional, having
the dimensions for states and objects. Modal systems for different classes of models are
presented, and the corresponding soundness and completeness theorems are obtained.
The step by step technique [7] of modal logic is adapted for the purpose. A comparison
of the proposed semantics with the well-known multi-modal logic semantics is presented.
A few decidability results related to the proposed logics are discussed.

The next chapter presents the needed preliminaries for the dissertation.






CHAPTER 2

PRELIMINARIES

This chapter is structured as follows. Section 2.1 provides some basic concepts related
to the rough set theory. Section 2.2 lists a few generalizations of approximation space
present in the literature. A few logics proposed for rough set theory, which are relevant to
the dissertation, are presented in Section 2.3. In Section 2.4, we present some definitions

related to category theory.

2.1. Approximation space

Let us recall the following notion of approximation space, which is fundamental to

the rough set theory [73].

Definition 2.1. An approximation space is defined as a pair (W, R) consisting of a non-

empty set W of objects and an equivalence relation R on W.

Objects being in the same equivalence class of R are indiscernible by means of knowl-
edge provided by R. Based on this simple idea, any concept represented as a subset, say
Z, of the partitioned domain W is approximated from ‘within’ and ‘outside’, by its lower

and upper approzimations given as follows.

Definition 2.2.
Zp={2e€W:R(z) C Z},
Zp={2€W:R(z)NZ # 0}.

Here, R(z) denotes the set {y € W : (2,y) € R}. The function that maps a set to its

lower (upper) approximation is called lower (upper) approximation operator.

The set-theoretic complement of a set Z C W will be denoted by Z¢. Based on the
information provided by the knowledge base R, for every set Z C W, the domain W gets
partitioned into three disjoint sets viz. Zg, Zgr \ Zg, (Zg)°. The sets Zp, Zr, (Zr)¢, and



Z r\Zp, are called the positive region, possible region, negative region, and boundary region
of Z, respectively. Accordingly, elements of these regions are called positive elements,
possible elements, negative elements, and boundary elements.

A set Z is called definable in (W, R) if there are no boundary elements of Z. We say
a set Z is rough if it is not definable.

2.2. Generalizations of approximation space

Since Pawlak’s proposal, the rough set model is generalized in many ways to extend
its application in various practical problems. This section presents a few generalizations of
approximation space extensively studied in the literature and relevant to the dissertation.

The most straightforward generalization of Pawlak’s approximation space is obtained
by relaxing the constraint on the relation [43,44,93,95]. For instance, tolerance approxi-
mation space, where the relation is a tolerance relation (that is, reflexive and symmetric
relation), is extensively studied in the literature [43,93]. In this dissertation, follow-
ing [105], by a generalized approzimation space, we will mean a tuple (W, R), where R
is a binary relation on the non-empty set W. Naturally, the notion of lower and upper
approximations of a set Z C W in such generalized approximation space (W, R) is defined

as follows:

Zp ={xeW:R(x)C Z},

Zr={zeW:R(x)NZ#0}.

2.2.1. Multigranulation rough set model

There is another demanding extension of approximation space that consists of more
than one binary relation on the domain, known as a multigranulation rough set model
(cf. e.g. [36,39,40,64,65,69,80,83,112]). The authors in [36] studied the multigranula-
tion rough set model to capture a situation where information is obtained from different
agents/sources regarding the same set of objects. The notion of multiple-source approzi-
mation system (MSAS) is considered for this purpose. Formally, it is defined as a tuple
(W, {R;}ien) comprising a collection { R; };en of equivalence relations on domain W, where

N is an initial segment of the set N of positive integers.
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The following notion of strong/weak lower and upper approximations are proposed

in [36]. Consider a MSAS § = (W, {R;}ien) and Z C W.

Definition 2.3. The strong lower approrimation Z,, weak lower approximation Z,,,
strong upper approzimation Z,, and weak upper approzimation Z, of Z, are defined

as follows:

L= ﬂieN Zpi Ly = UieN Zp,;
7= ﬂiENZRi; T = UieNiRi‘

It is worth mentioning here that, in literature, the above notions of strong and weak
approximations are also known as pessimistic and optimistic approrimations, respectively
(cf. [80]).

In a MSAS (W, {R;}icn), R; represents the knowledge base of the i source of the
system. In order to bring into the picture the knowledge base corresponding to groups
of sources of the system, the notion of MSAS is extended to define multiple-source ap-
proximation system with distributed knowledge (MSASP) in [38]. A MSASP is a tuple
§ = (W,{Rg}ccn), where W is a non-empty set of objects, N denotes the initial seg-
ment of the set N of positive integers, and for every G C N, R is a binary relation on

W satisfying the following properties:

e Ry is an equivalence relation;
® Rg =(ieq Ri, where G # 0
° R@ =W xW.

In the definition of MSASP, for G C N, R denotes the knowledge base of the group
G of sources. The notions of strong/weak lower and upper approximations are naturally

defined for MSASP. We refer to [38] for a detailed study on MSASP.

2.2.2. Covering based rough set model

Another natural generalization of Pawlak’s approximation space, known as covering
space, is obtained by considering a covering of the domain instead of a partition. It is a
pair (W,C), where W is a non-empty set, and C = {C; C W : i € I} is a collection of
subsets of W satisfying  J,.; C; = W, I being an index set. Here C is called a covering of
W.

11



In 1983, Zakowaski [18] generalized the notion of Pawlak’s approximation opera-
tors by covering based rough set approximation operators. In this generalization, the
lower and upper approximation operators do not remain dual to each other. Later
Pomykata [77] modified his approach and studied two pairs of dual approximation op-
erators. Further, he suggested some additional pairs of dual approximation operators
based on some mathematical structures induced by covering [79]. With time, various ap-
proximation operators based on covering space are proposed and studied in the literature
(cf. e.g. [54,78,94,109,114,116]). We present a few of these approximation operators here
and refer to [91] for a detailed study on rough set models based on covering. Let (W,C)
be a covering space where C = {C;};c;. Consider the functions Ne : W — §£(W) and
Fo: W — 8(W) defined as follows:

Ne(x) == ({CieC |z e C}
Fe(z):=|J{CieC |z eCi}.

Consider the following notions of lower and upper approximations based on covering space

(W,C). Let AC W.

Py(A) = J{Ciec:C; C A}

P3y(A):={zeW :C;nA#( for all C; € C with z € C;};

|2

1(A) = J{Ciec:C; C A}

Ci(A) = (Co(A))" = ({C%: Cin A = 0};

Cy(A) :={x € W: Ne(x) C A};

Co(A) :={x € W: Ne(z)NA#D};

Cy(A) :={x € W: Ne(y) C A for all y with x € Ne(y)};

Ci(A) == | J{Ne(z) : Ne(z) N A # 0}

12



C5(A) ={zx e W:ye Aforall y with z € Ne(y)};

O5(4) = [ {Ne() : = € A;

Pi(A) = {z € W: Fe(x) C A};
Pi(A)=|J{ciec:cinAa+0}.
The following pair of lower and upper approximation operators is considered in [91,94].
Car(A) == J{Ci: G C 4},
Caxr(A) = Gr*(4) \ NEGe.:(4),
where Gr*(A) .= J{C; € C: C; N A # 0} and NEGg,(A) := Ca:(A°). Note that
Py(A) = Cy(4) = Cer(A).

Further, as noted in [91],

P3(A) = Ci(A) = Cax(A).

The naming in [96] is retained for the above covering systems. The properties of these
lower and upper approximation operators are well studied in [96]. In Chapter 4, we will
return to the covering based rough set models and will discuss modal systems for such

models.

2.2.3. Extensions of information system

Initially, rough set theory was applied to deterministic information systems, which
are complete in the sense that each object takes precisely one value for each attribute.
However, due to imperfect/partial knowledge about the objects, this may not always be
the case. Thus, the notion of deterministic information system has been generalized in
many ways to consider different practical situations. For instance, information about some
objects regarding some attributes may not be available. A distinguished attribute-value

x is used to depict such a situation. Thus, we have the following generalization of DIS.

Definition 2.4. A tuple S := (W, A, U,c4 Va, f) is called an information system (IS),

where W, A,V,, f are as in Definition 1.1 and * € (), 4 Va- An information system which
13



satisfies f(x,a) = * for some z € W and a € A will be called an incomplete information

system (1IS).

Observe that a deterministic information system can be identified with the information
system S := (W, A,J,c4 Va, f), where f(x,a) # * for all z € W and a € A,

In [45,46], instead of an indiscernibility relation, a similarity relation (defined below)
is considered as the distinguishability relation in the context of an incomplete information
system. The assumption here is that the value of all those attributes for which information

is not known comes from the attribute-value domain.

(z,y) € Sim$ if and only if, f(x,a) = f(y,a) or f(x,a) = *, or
f(y,a) =, for all a € B.

One could easily verify that Sim% is a tolerance relation, and thus an IIS S and an

attribute set B give rise to a tolerance approximation space (W, Sim‘g).

Non-deterministic information system [66] is another generalization of DIS where ob-

jects take a set of attribute-values for each attribute.

Definition 2.5. A tuple S := (W, A,U,c4 Va. f) is called a non-deterministic informa-
tion system (NIS), where W, A,V, are as in Definition 1.1 and f : W x A = (J,c4 Va
such that f(z,a) CV,.

Note that an indiscernibility relation Ind$, for NISs can be defined in the same way
as it is done for DISs.

One may attach different interpretations with ‘f(z,a) = V', for V. C V,. For instance,
one could interpret f(z,a) = V as object x takes precisely one attribute-value from V,

and under this interpretation, the following similarity relation is found to be useful.
(z,y) € Sim$, if and only if f(z,a) N f(y,a) # @ for all a € B.

The notion of probabilistic information system is proposed in [35] to capture situations
where information regarding attributes of objects is not precise, but given in terms of

probability.

Definition 2.6. A probabilistic information system (PIS) is defined as a tuple S :=
(W, A,U,ea Va, F), where W, A, V, are as in Definition 1.1, and F' is a function from the

set {(z,a,V):xeWaec A, &V CV,} to [0,1] N Q satistying the following:
14



o F(z,a,V,) =1, (unit measure)

o ['(z,a,U)+ F(x,a,V) = F(x,a,UUYV) for disjoint U and V. (additivity)

The function F, called an information function, provides the probability of objects of
the domain W to take the attribute-values from the set V, for each a € A.

In [35], approximations operators based on PISs are proposed, and it is shown that
the approximation operators based on deterministic, non-deterministic and incomplete
information systems could be studied in the framework of PISs. We refer to [35] for a
detailed study on PIS.

We end this section with a brief discussion on dependency and data reduction, which
are essential issues in rough set theory (cf. e.g. [45,74]). These involve removing all
‘superfluous’ attributes in a deterministic information system, that is, those attributes
that do not affect the partition of the domain, and consequently set approximations.

Thus, we have the following definition.

Definition 2.7. Let S := (W, A,UgeaV,, f) be a deterministic information system, and
B,C C A
e a € Bis said to be dispensable in B if Ind3, = Ind‘;\{a}; otherwise a is indispensable
in B.
e B is said to be independent if each a € B is indispensable in B; otherwise B is
dependent.
e C' C Bis a reduct of B if C is independent and Ind$, = Ind?..

For a better understanding of the above notions, let us see an example.

Example 2.8. Consider the deterministic information system S given by Table 2.1, where
W denotes the set of objects, a, b, ¢, d are the attributes, and V, = {vy, v}, Vy = {vs, v4},
V. = {vs,v6}, and V; = {v7, v} are attribute-value domains for the attributes a, b, ¢ and

d, respectively.

W/Ind?a} = {{w, wa, wy, w5}, {ws, we} };
W/Ind‘{gb} = {{w, w3, wy, ws }, {ws, we} };
W/Ind‘{gc} = {{w, w3, ws, we }, {wa, wa}};
W/Ind‘{sd} = {{w1, wa, wy, w5, we }, {ws}};

W/Ind‘{sa,b} = {{w1, wq, w5}, {wa}, {ws}, {ws} };
15



Wila |b |c |d

Wy | V1 | V3| Vs | U7

Wo | V1 | Vg | VU5 | U7

W3 | V2 | V3 | Vg | U

Wy | V1 | V3 | Us | U7

Wy | V1 | V3 | Vg | U7

We | V2 | Vg | Vg | U7

Table 2.1. Deterministic information system S

W/Indg, , o = {{wi, ws}, {wa}, {ws}, {wa}, {we}};
W/Indg, , ¢y = {{w1, wa, ws}, {wa}, {ws}, {we}}.

Let B = {a,b} and C = {a,b,d}. We have Ind} # Ind3}, ,y and Indj # Ind3, ;. Thus a
and b are indispensable in B and B is independent.
Further, Ind$, = Ind‘g\ {a}» and hence d is dispensable in C.

Since B is independent and IndS = Ind‘g, we obtain B C C as a reduct of C.

2.3. Logics for rough set theory

It is apparent that the notions of Kripke frame with an equivalence relation [7] and
Pawlak’s approximation space are mathematically the same, although the motivations
for these structures are very different. Thus, it becomes evident at the very beginning
of the development of RST that the necessity and possibility operators of modal logic
capture the lower and upper approximations, respectively. To put it formally, consider
the basic modal language with one unary modal operator [J and its dual operator ¢.
Recall the notion of satisfiability of a wff « in a Kripke model 9t = (W, R, m), where R is
an equivalence relation on W, and m is a valuation function from the set of propositional
variables to §2(W). Let us denote the truth set of a wif a in a model 9t by [a]on, that is,
[a]om = {w € W : 9, w | a}. Then the following hold.

and [Oa]om = [[oz]]ng.
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We have similar results for generalized approximation space. Further, the relationship
between modal logics and rough sets have been studied extensively by many authors
[82,84,85,96,97].

With time Pawlak’s rough set theory has seen many generalizations, and consequently,
various logics are proposed to capture approximation operators based on these generaliza-
tions. For instance, a quantified modal logic LMSAS (logic for MSAS) is proposed in [36]
to study the strong/weak approximations based on MSAS. In the language of LMSAS,
the set T of terms are formed by using a non-empty countable set Var of variables and
a non-empty countable set C'on of constants. Along with the usual Boolean connectives
—(negation), A(conjunction), unary modal connectives (t) for each term ¢ € T, and the
universal quantifier V are present in the language. The wifs are obtained by the following

schema
Tl Llpl-alaAB](t)a|Vra,

where T, L are propositional constants, p is a propositional variable, t € T,z € Var and
a, (0 are wifs. For a set I of wifs of LMSAS, let us denote the set of terms and constants
present in wifs of I" by Term(I") and Con(I).

The interpretation for T' is defined as a tuple .# = (§,m, ), where § = (W, {R; }ien)
is a MSAS, m is a valuation map assigning objects to propositional variables, and I :
Con(I') = N. An assignment for interpretation .# is a function v : Terms(I') — N such
that for constants it coincides with the map I. As in classical first-order logic, we say that
two assignments v, v’ for interpretation .# are x-equivalent for variable x if v and v’ agree
on every variable other than x. The satisfiability of a wif a of I' for an interpretation
A, under an assignment v and at object w € W, denoted by .#,v,w |= «, is defined
inductively as follows. We have the standard definition for Boolean cases. For the modal

operators, we have the following definition.

M v, w = (t)a if and only if there exists a w’ € W such that (w, w') € Ry,
and . ,v,w" E a.
A v, w = Vra if and only if for every v z-equivalent to v, 4, v, w = a.

The wifs Va[z|a and Jz[x]a capture the strong lower and weak lower approximation

operators, whereas their duals Vaz(x)a and Jz(r)a capture the strong upper and weak
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upper approximation operators, respectively. A sound and complete modal system is

presented in [36]. We refer to [36,38] for a detailed study on this line.

2.4. Some basic concepts related to category theory

In this section, we present some basic definitions related to category theory. These
are required to follow Section 3.6 of Chapter 3. Let us begin with the definition of
category [87].

Definition 2.9. A category C consists of the following.

(1) (Objects) A class Obj(C) whose elements are called the Objects. It is customary
to write A € Cin place of A € Obj(C).

(2) (Morphisms) For each (not necessarily distinct) pair of objects A, B € C, a set
homc(A, B), called the hom-set for the pair (A, B). The elements of homc(A, B)
are called morphisms, maps or arrows from A to B. If f € homc(A, B), we also
write f: A — B or fag. The object A is called the domain of f and the object B
is called the codomain of f.

(3) Distinct hom-sets are disjoint, that is, homc(A, B) and homc(C, D) are disjoint
unless A =C and B = D.

(4) (Composition) For f € homc(A, B) and g € homc(B,C), there is a morphism
go f € homc(A,C), called the composition of g with f. Moreover, composition is

associative:

fo(goh)=(fog)oh

whenever the compositions are defined.

(5) (Identity morphisms) For each object A € C there is a morphism 14 € homc(A, A),
called the identity morphism for A, with the property that if fap € homc(A, B)
then

lpo fap = fap and fapola = fap.
The class of all morphisms of C is denoted by Mor(C).

Example 2.10. Let us consider the following examples of category.

(1) The category Set of sets
18



Obj is the class of all sets.
hom(A, B) is the set of all functions from A to B.
(2) The category Grp of groups
Obj is the class of all groups.
hom(A, B) is the set of all group homomorphisms from A to B.
(3) The Category Rel of relations
Obj is the class of all sets.
hom(A, B) is the set of all binary relations from A to B, that is, subsets of

the cartesian product A x B.

Definition 2.11. Let C be a category. A subcategory D of C is a category which consists
of a non-empty subclass Obj(D) of Obj(C) and a non-empty subclass Mor(D) of Mor(C)

with the following properties:

(1) Obj(D) C Obj(C), as classes.
(2) For every A, B € D,

homp(A, B) C homc(A, B)
and the identity map 14 € D is the identity map 1,4 in C, that is,
(1a)p = (1a)c
(3) Composition in D is the composition from C, that is, if
fitA—>Bandg: B—C
are morphisms in D, then the C-composite g o f is the D-composite g o f.

Example 2.12. The category AbGrp of abelian groups is a subcategory of the category
Grp, since the definition of group morphism is independent of whether or not the groups
involved are abelian. Put another way, a group homomorphism between abelian groups

is just a group homomorphism.

Structure-preserving maps between categories are called functors. Since the structure
of a category consists of both its objects and its morphisms, a functor should map objects

to objects and morphisms to morphisms.
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Definition 2.13. Let C and D be categories. A functor H : C = D is a pair of functions

(as is customary, we use the same symbol H for both functions):

(1) The object part of the functor H : Obj(C) — Obj(D) maps objects in C to objects
in D.
(2) The arrow part H : Mor(C) — Mor(D) maps morphisms in C to morphisms in D
as follows:
— H : homc(A,B) — homp(HA,HB) for all A,B € C, that is, H maps a
morphism f: A — B in C to a morphism Hf : HA — HB in D.

(3) Identity and composition are preserved, that is,
HlA = 1’HA7 and H(go f) = HgOHf
whenever all compositions are defined.

A functor H from category C to itself is called endofunctor on C.

Example 2.14. The power set functor P : Set = Set sends a set A to its power set
P(A) and sends each set function f : A — B to the induced function f : P(A) — P(B)
that sends X to f(X).

The identity functor Z : C = C acts as identity on both the object part and arrow part
of C.

Definition 2.15 (Composition of functors). Functors can be composed in the “obvious”
way. Specifically, if H : C = D and G : D = E are functors, then GoH : C = E is defined
by

(G o H)(A) = G(HA)
for A € C, and
(GoH)(f) = G(H)
for f € homc(A, B). We will often write the composition G o H as GH.

Definition 2.16. A functor H : C = D is an isomorphism if there exists a functor
G : D = Csuch that GH = 1¢ and HG = 1p. Two categories C and D are isomorphic,

written C = D if there exists an isomorphism from C to D.
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CHAPTER 3

MODAL SYSTEMS FOR MULTIGRANULATION ROUGH
SET MODEL

As mentioned in Chapter 1, the quantified modal logic LMSAS is proposed in [36]
to reason about the strong/weak approximations of concepts. In fact, this logic can
capture the quantification over relations, and hence it can express statements that even
cannot be expressed through first-order logic. This expressive power comes with a price.
The decidability of the logic is still not known. In this chapter, we consider the modal
language with two unary modal operators [ and A, and we propose a semantics based
on MSASs for this language. The modal operators [0 and A capture strong lower and
weak lower approximation, whereas their duals ¢ and 7 capture strong upper and weak
upper approximation, respectively. In addition, our study is not restricted to collections of
equivalence relations only, but other types of binary relations are also taken into account.
Further, with the aim to introduce a coalgebraic approach to the rough set community,
we have also tried to illustrate how our study on generalized MSASs can be put under

the framework of coalgebra.

3.1. Generalized multiple-source approximation systems

The notion of multiple-source approzimation systems (MSASs) was used in [36] to
study rough set theory under a situation where information arrives from multiple sources.
These are collections of the form (W, {R;};cn), where W is a non-empty set, N is an
initial segment of the set N of positive integers, and R;’s are equivalence relations on W.
N is called the cardinality of the MSAS. For each ¢ € N, R; represents the knowledge
base with respect to the i*" source of the system.

It is important to note that relations other than equivalences can be quite relevant
while dealing with approximations of concepts in rough set theory (cf. e.g. [43, 56, 66,
69,93]). Therefore, in this chapter, we consider a generalized notion of MSAS, called



Class of | Defining condition || Class of | Defining condi-

generalized generalized tion

MSASSs MSASSs

M Class of all gener- || M M, N M,
alized MSASs

M, Each R; is reflex- | M M, N M,
ive

M, Each R; is transi- | Mg M, N M,
tive

M. Each R; is sym- || M, M. N M
metric

Table 3.1. Classes of generalized MSASs

generalized MSAS, that contains a countable collections {R;};eny of relations over the
same domain. Subclasses consisting of generalized MSASs are also considered where the
accessibility relations R; are of the same type, and maybe any binary relation, or have any
of the properties reflexivity, symmetry, transitivity or some combination thereof. Table
3.1 gives different classes of generalized MSASs.

The notions of approximations based on MSASs are proposed in [36], which can
be naturally extended to generalized MSASs as follows. Let § := (W,{R;}ien) be a
generalized MSAS and X C W.

Definition 3.1. The strong lower approzimation X, , weak lower approzimation X, _,

S’

strong upper approzimation X 5., and weak upper approximation ng of X are defined as

SF9

follows.
XSS = ﬂiRi; Xwg = UXRZ
1EN iEN
753 = myRi; ng = UYRZ
1EN iEN

If there is no confusion, we shall omit § as the subscript in the above definition.
The following proposition lists some of the properties of strong lower and weak upper

approximations based on MSAS.

Proposition 3.2. Let § := (W,{R;}icn) € Me. Then we have the following.
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(Dual): X, = (X¢,)°

(U1): 0, = 0. (L1): W, =W.

(U2): XUY, =X,UY,. (L2): XNY, =X, NY,
(U3): X C X, (L3): X, C X.

(U4): X C X, (L4): X, C X.

Here, we claim that the properties (U1)-(U4) listed above are the characterizing
properties of weak upper approximation based on MSAS. That is, given a function
f:PW) = P(W) satisfying these properties, there exists a MSAS & := (W, {R;}ien)
such that f(X) = ng, for all X C W. Thus, the properties of weak upper approximation
and its dual strong lower approximation are precisely that of upper and lower approxima-
tions defined on tolerance approximation spaces (cf. [43,93]). The above characterization
result also naturally leads us to the question of whether we can identify weak/strong ap-
proximations based on different classes of generalized MSASs with approximations based
on a suitable type of relation, just as we can do for strong lower and weak upper ap-
proximations based on MSASs. The answer to this question and the proof of the above
characterization theorem will be obtained as a consequence of our study in Section 3.5 on
the axiomatization of the logic proposed in this chapter.

The rest of the chapter is arranged as follows. Section 3.2 presents the syntax and
semantics of the logic. Section 3.3.1 illustrates how the wifs of the proposed logic can
express the properties of strong/weak approximations. Further, Section 3.3.2 shows that
the logic can be used to reason about the knowledge of a group of agents in the line of
epistemic logic [20]. Section 3.4 discusses the invariance results related to the proposed
logic and presents a few limiting results of the logic associated with the definability of
some subclasses of the class of all generalized MSASs. In Section 3.5, we discuss the
axiomatization concerning different subclasses of the class of all generalized MSASs. This
study also gives some insight into the nature of strong/weak approximations. Section
3.6 presents a coalgebraic perspective of our research of generalized MSASs. Section 3.7
concludes the chapter.

The work presented in this chapter is based on the article [41].
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3.2. A modal logic for generalized MSASs

This section presents a modal logic that can be used to reason about the properties

of approximations based on generalized MSASs.

3.2.1. Syntax

The language £(0O, A) of the logic consists of a set PV of propositional variables,
a propositional constant T and unary modalities (1, A. The modal operators [J and A
are intended to capture strong and weak lower approximations, respectively. Using the
Boolean logical connectives = (negation) and A (conjunction), wifs of £(L,A) are then

defined recursively as
TlpePV | ma | anp | Do | Aa.

Apart from the usual derived connectives L, V,—, <+, we have the connectives { and v/
defined as Qa := —=[J—a and ya := = A —a.

We will make use of the same symbol £(O, A) to denote the set of all wifs of the language
L(0,A). Let £(O) be the fragment of £(O, A) obtained by taking the wifs not involving
the modal operator A. Similarly, £(A) is the fragment of £([J, A) obtained by considering

the wifs not involving the modal operator [J.

3.2.2. Semantics

The semantics of £(0, A) is based on generalized MSAS equipped with a valuation

function for the propositional variables. Formally, we have the following.

Definition 3.3 (Models). By a model, we mean a tuple 91 := (§F, m), where

o §:= (W,{R;}icn) is a generalized MSAS;
o m: PV — QW)

A model 91 is said to be reflexive if the constituent generalized MSAS § € M,. Simi-
larly, we have other classes of models depending on the type of the constituent generalized

MSAS (cf. Table 3.1).

Definition 3.4 (Satisfiability). Let 9t := (§,m) be a model based on a generalized

MSAS (W, {R;}ien). The satisfiability of a wif a in 9 at w € W, denoted as M, w = «,
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is defined inductively:

MwE=T always.

M w E=p < wem(p), forpe PV.

M, w = -« — MwlEa

MwEaAN <<= MwEaoaand Mw L.

M, w E Do < M o forall w' € Uiy Ri(w).

M w = Ao <= there exists an i € N such that 9, v’ = « for all v’ with

w' € Ri(w).

Conditions of satisfiability of the derived connectives ¢ and 17 are then obtained as

follows:

Proposition 3.5.

M, w = O = M, w' |« for some w' € Uen Ri(w).
M w E va = for each i € N there exists w' € R;(w) such that
Mm,w' | a.

Let us use [a]om to denote the set {z € W : M,z = a}, the truth set of the wif a
relative to the model 9.

A wif « is said to be wvalid in 9, notation: M = «, if [a]om = W. A wif « is said to
be wvalid in a generalized MSAS §, denoted as § = «, if M = « for all models 9t based
on §. A wif « is walid in a given class & of generalized MSASs, notation: & = «, if « is
valid in every generalized MSAS § in &. For a class & of generalized MSASs, and a set
I' of wifs, we will write & =1 if & =« for all « € T
A wff « is said to be satisfiable in a model M if [afon # 0. « is said to be satisfiable in a
given class & of generalized MSASs if « is satisfiable in a model 9t := (§, m) based on a
generalized MSAS § belonging to the class &.

Let us talk a little about the valid wffs in the class M, of the generalized MSASs based
on equivalence relations. It may appear that the S5 axioms for the modal operators [
and A will be valid in the class M. Nevertheless, interestingly, it is not the case. One

can verify that M. = Op — OOp and M. = p — A v p. This observation hints that
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the axiomatization problem for the proposed semantics will behave differently compared
to that of the standard modal logic. In Section 3.5, we will discuss the axiomatization
problem related to the proposed semantics of the modal operators [J and A relative to
different classes of generalized MSASs.

We end this section with the remark that the syntax and semantics proposed above
are strong enough to capture the notions of strong/weak approximations defined on gen-
eralized MSASs, and will be illustrated in Section 3.3.1. Further, the operators [J and
A have natural interpretations in epistemic logic (cf. e.g. [20]), as discussed in the next

section.

3.3. Interpretation
3.3.1. Interpretation in rough set theory

We first note that the operators [0, /A, and 7 have interpretations in terms of

strong/weak approximations as shown by the following proposition.

Proposition 3.6. Let § := (W,{R;}ien) be a generalized MSAS. Consider a model M :=
(§,m) based on §. Then the following hold:

[Balm = [afm_; [Aam = [a]m,,

SF ——wg

[Oa]an = [a]an,,,; [Valm = [a]m,, -
Proof.
w € [[D&]]gﬁ < UieN{u eW: (w,u) S Rl} - [[Oé]]gm

@weﬂw

R;
= we [[a]]gms3

Thus, we have shown [Oajep = [afon . Similarly, we can prove the remaining equalities.

53
[

Proposition 3.6 establishes that the operators [J and A capture the strong and weak lower
approximations, respectively. Moreover, dual operators ¢ and 17 capture weak and strong

upper approximations. Thus, we can use the wifs of the language £(O, A) to express the
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properties of strong/weak approximations. For instance, the properties of weak upper
approximation listed in Proposition 3.2 turn into wfifs valid in the class M, as we see in

the next proposition.

Proposition 3.7. The following wffs are valid in the class Me.
e Ol «— 1.
o O(aVp) < SaVOp.
° a — o

o o — Ada.

3.3.2. Interpretation in epistemic logic

Let us choose an arbitrary finite initial segment N of N, and fix it. Consider a modal
language £ with PV as the set of propositional variables, and unary modal operators K,
i € N, where K;a denotes ‘agent i knows o’. Consider the translation fy from £(O, A)
to £ defined as follows:

fn(p):==p, p€ PV;

fn(ma) === fn(a);
fn(aAB) = fn(a) A fn(B);
fn(@a) == N\ Kifn(o);

iEN

fn(Da) = \/ Kifn(o).

iEN
Let M := (§,m) be a model based on a MSAS 3§, that is, § € M. Note that 91 is also

an epistemic model. Moreover, we have the following.

Proposition 3.8. For each a € L([, A), we have
[odon = [fn()]on-

Proof is by induction on the complexity of the wif o, and we omit it.

From Proposition 3.8, and the translation of the operators [J and A in the language
£, it is evident that one can read O« as ‘all the agents of the system know «’, and A«
as ‘some agents of the system know a’. Let us examine a few properties for these two

knowledge operators using the syntax and semantics of the language £(O, A).

27



Let us first consider the distribution axiom

(OaAO(a — p)) — 0OpB. (A(O))

It says that if all the agents know « and all the agents know that « implies §, then all
the agents must know 5. The wff A(0) is valid in the class M. of generalized MSASs.

However,

(Ao A Ao — B)) = AB. (A(A))

is not valid in the class M. The wif (K(A)) says that if some agents know « and some
agents know that « implies 3, then some agents must know . This is, of course, not a
valid property as the same agent may not know both «, and « implies 5.

Next, consider these three wifs:

—a — O-0Oa. (B(a))
—a— 0= Aa. (B(b))
—a = A=A a. (B(c))

The wif B(a) is valid in M, but it is not the case with wifs B(b) and B(c). In other words,
if a statement « is not true, then we can conclude (i) but not (ii) and (iii), where (i)-(iii)

are given as follows:

(i): All agents know that it is not the case that all agents know o
(ii): All agents know that it is not the case that some agents know «;

(iii): Some agents know that it is not the case that some agents know a.

The next two wifs we consider are variants of positive introspection axiom. If an agent
knows «, then he/she knows that he/she knows «, but he/she may not know whether
the other agents of the system also know «. Thus, if some agents know «, then we can
conclude that some agents know that some agents know «, but we cannot conclude that
some agents know that all the agents know «. Formally, the wif Aa — A A «a is valid in

M., but Aa — Ala is not.
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3.4. Invariance and definability

This section discusses the issues of invariance and definability related to the proposed

logic.
3.4.1. Invariance

Let us first study when two objects in distinct models are indistinguishable by the

language £(0, A), in the sense of satisfying the same wifs.

Definition 3.9. Let 9 := (W, {R; }ien, m), and M := (W' {R.}ienr, m') be two models,
and let w € W and w' € W’'. Let L be one of the languages £(O, A), £(0O), or L(A).
The L-theory of w is defined as the set {aw € L : M, w |= a}. We say that w and w' are

L-equivalent, notation: 9T, w «~p M, w', if they have the same L-theories.

Our first observation of the section is that the proposed semantics is invariant under
bounded morphism. To put it more formally, recall the following notion of bounded

morphism [7].

Definition 3.10. Let § := (W, {R;}icn), and §' = (W', {R.}ien) be two generalized
MSASs with the same cardinality N. A mapping f : § — § is a bounded morphism if it
satisfies the following conditions for all i € N.

1. If (w,v) € R;, then (f(w), f(v)) € R..

2. If (f(w),v) € R;, then there exists a v with f(v) = ¢/, and (w,v) € R;.

Theorem 3.11. Let f : § — F2 be a bounded morphism from the generalized MSAS §1
to the generalized MSAS §a. Let My = (F1,m1), and My := (Fa, m2) be such that for all
p € PV, w e mi(p) if and only if f(w) € ma(p). Then My, w e~ o) My, f(w).

The proof of Theorem 3.11 is very standard, and we omit the same. Note that
Theorem 3.11 does not talk about invariance between models based on generalized MSASs
with different cardinality. Moreover, it is evident that bounded morphism ensures that
whenever it is possible to make a transition in one model using a relation with index
1 € N, it is possible to make a matching transition in the other model using the relation
index with the same . This correspondence between the relations with the same index
turns out to be very strong as far as invariance of wffs is concerned, and we consider the

following weaker notion.
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Definition 3.12. Let § := (W, {R;}ien) and § := (W', {R}}icn’) be two generalized
MSASs. Let Z C W x W’ be non-empty.

e 7 is called a £(O)-invariance relation between § and §', if the following conditions
are satisfied.
(B1): If (w,w') € Z and v’ € Rj(w’) for some i € N’, then there exists a j € N
and a v € R;(w) such that (v,v’) € Z (the back condition).
(F1): If (w,w’) € Z and v € R;(w) for some i € N, then there exists a j € N’,
and a v’ € Rj(w') such that (v,v") € Z (the forth condition).
o 7 is called L(A)-invariance relation between § and §’ if the following conditions
are satisfied.
(B2): For each i € N, there exists a j € N’ such that (w,w') € Z and v’ €
R(w') imply (v,v') € Z and v € R;(w) for some v € W (the back condition).
(F2): Foreachi € N', there exists a j € N such that (w,w’) € Zand v € R;(w)
imply (v,v") € Z and v' € Rj(w') for some v € W’ (the forth condition).
e 7 is called L£(O, A)-invariance relation between § and § if Z is both £(0O)-

invariance and £(A)-invariance relation between § and §'.

We will write Z : §, we—;§,w’, L being one of the languages £((J, A), £(O), or
L(A), if Z is an L-invariance relation between § and §’ with (w,w’) € Z.

It is pertinent to note that the above notion of £([J, A)-invariance relation is a gen-
eralization of the idea of bisimulation [7] between Kripke frames. In fact, one can view
Kripke frames as generalized MSASs with cardinality 1. Moreover, for generalized MSASs
with cardinality 1, the back and forth conditions of Definition 3.12 reduce to the back
and forth conditions in the definition of bisimulation between Kripke frames.

The following theorem shows that the notion of invariance relation is weaker than the

notion of bounded morphism.

Proposition 3.13. Let [ : § — § be a bounded morphism between two generalized
MSASs § and §'. Then Z : §,w <—=,np) &, f(w), where Z = {(w, f(w)) : w € W},
W being the domain of §.

Theorem 3.14 (Invariance Theorem). Let M := (F,m), and M = (F,m') be two

models based on the generalized MSAS § := (W, {R,}ien) and §' == (W', {R}iens). Let
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04 Z CW x W' be such that for (w,w') € Z, w € m(p) if and only if w' € m/(p) for all
p € PV. Then the following hold.

L If 7§ we=p )&, w', then M, w ews oy M, w'.

2. If Z: §we—rp(p)§ s 0, then M w e~ ppy M w'.

S Af 7§ we—=rp o 0)F W', then M w e~ p) M, w'.

Proof. Ttem 3 follows directly from Items 1 and 2. The proofs of Items 1 and 2 are by
induction on the complexity of the wifs. We provide the arguments for the cases when
wif is of the form o and A« in Items 1 and 2, respectively.

(1): Let us assume
M, w = Oa, (3.1)

and we prove M, w' = Oa. Let v € Ujens Ri(w'), that is, v € R.(w') for some i € N'.
To complete the proof, it is enough to show that 9, v |= «a.

From the back condition (B1) of Definition 3.12, we obtain a j € N and a v € R;(w) such
that (v,v’) € Z. Thus, from (3.1), we get M, v = a. Therefore, by induction hypothesis,
and the fact that (v,v’) € Z, we obtain 9V, v’ = a.

Converse can be proved in the same way using forth condition (F1).

(2): Let us assume
M w = Aa, (3.2)
and we prove MM’ w’ = Aa. From (3.2), we obtain an ¢ € N such that
M, v = a forall v e R;(w). (3.3)

From back condition (B2) of Definition 3.12, we obtain a j € N’ such that the following
holds:

(u,v') € Z & t' € Ri(u') = there exists t € R;(u) with (¢,t') € Z. (3.4)

To complete the proof, it is enough to show that I, v’ |= a for all v € R (w'). So let us
take an arbitrary v € Rj(w’). Then from (3.4), we obtain a v € R;(w) with (v,v') € Z.
Therefore, from (3.3), we get 9, v | «. Finally, by induction hypothesis, and the fact
that (v,v") € Z, we obtain I, v’ = a.

Giving similar arguments and using forth condition (F2), we obtain the converse. O
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We have the following converse of Theorem 3.14(1) in a restricted case. A model
M := (F, m) based on the generalized MSAS § := (W, {R; }icn) will be called image finite
if for each ¢ and w € W, R;(w) is finite.

Theorem 3.15. Let M = (F,m), and M = (F',m') be two models based on the gen-
eralized MSAS § := (W, {R;}ien) and § := (W', {R.}icn’), where N and N’ are finite.

Then M, w e~ gy M, w'" implies 2 §F, we— ), w' for some Z.

Proof of Theorem 3.15 is very much in the line of Hennessy-Milner Theorem [7], and
we omit it. It is to be noted that we do not have Theorem 3.15(2) for the language £(A),

as shown by the following example.

Example 3.16. Let us consider the models 9 := (F, m), and M’ := (F’, m’) based on the
generalized MSASs § := (W, {Ry, Ry, R3, R4}) and §' := (W', {R, R,}) given by Figures
3.1 and 3.2, respectively. The valuation functions m,m’ are such that w; € m(p) if and

only if w; € m/(p), i = 1,2,3. One can verify that 9, w; e pa) M, uy, but there does

Rs Ry
ORGSO
Rl, R2 R17 R2

Figure 3.1. Generalized MSAS §

Ry I
DR D
Iy I

Figure 3.2. Generalized MSAS §

not exists a Z such that 7 : §, w1<—>£(A)S’, Uy.

3.4.2. Definability

We now present a few limiting results related to the expressibility power of the pro-

posed logic. Consider the following notion of definability.

Definition 3.17 (Definability). A wif « is said to define a class & of generalized MSASs

if for all generalized MSASs §, § is in & if and only if § | «. Similarly, a set I' of wifs is
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said to define a class & of generalized MSASs if for all generalized MSASs §, § is in & if
and only if § =T

A class of generalized MSASs is said to be definable if there is some set of wifs that defines
it.

Proposition 3.18. The wff Aa — « defines the class M, of generalized MSASs.

Proof. Tt is not difficult to show that Aa — « is valid in the class M, of generalized
MSASs. So, let § := (W,{R;}ien) ¢ M,, and we show that § £ Aa — a. Since § ¢ M,,
there exists an ¢ € N such that (w,w) ¢ R; for some w € W. Let m be a valuation
such that m(p) := R;(w). We note that w ¢ m(p) and hence M, w ~ Ap — p, where
M= (F,m). O

Next, we present two classes of generalized MSASs that cannot be defined through
the language £(0,A). Our proof technique is based on the following simple idea. In
order to show that a class, say, € of generalized MSASs is not definable, we find two
generalized MSASs § and § such that (i) § € €, but § ¢ €, (ii) § and § are based
on the same domain and (iii) the identity relation becomes L£([J, A)-invariance relation
between § and §'. Once we have (i)-(iii), we obtained the desired result by the direct
application of the Invariance Theorem 3.14. It is worth noting here that the usual way of
using bisimulations to prove undefinability is at the model level. However, in this section,
we will be able to show the indefinability of classes of generalized MSASs (frames) due to

the conditions (ii) and (iii).
Proposition 3.19. The class M of generalized MSASs is not definable.

Proof. Consider the generalized MSASs § := (W, {R; }ien) and §' := (W, {R}}ien), N =
{1,2, 3}, given by Figure 3.3. If possible, let a set I' of wifs defines the class M;. Then,
since §' € M, and § ¢ M,, we will obtain §F' =T and § [~ I'. But this is not possible as
the identity relation Z := {(w, w), (u, ), (v,v)} is an L(O, A)-invariance relation between

§ and §'. O
Proposition 3.20. The class Mg of generalized MSASs is not definable.

Proof. Consider the generalized MSASs § := (W, {R;}icn) and §' := (W, {R.}icn), N =
{1,2, 3}, given by Figure 3.4. If possible, let the set I' of wifs defines the class M. Then,
33



T w U

Figure 3.3

Figure 3.4

since § € Mg and § ¢ Mg, we will obtain § =T and § [~ I'. But this is not possible
as the relation Z := {(w,w), (u,u)} is an L(, A)-invariance relation between § and §'.
Note that the conditions (B2) and (F2) are direct consequence of the fact that 3 € N and

1 € N, respectively. O

3.5. Axiomatization

This section deals with the axiomatization problem of the fragments £(A) and £(0J)
concerning different classes of generalized MSASs (cf. Table 3.1). This study will also
give some insight into the nature of strong/weak approximations. We will see that logics
for different classes of generalized MSASs are obtained as known normal modal systems
as well as non-normal modal systems (cf. [7]). Moreover, some classes also correspond
to logics that lies between known modal systems. Here, it is interesting to note that,

although the proposed semantics is based on a relational structure, we will find that none
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of the logics on the language £(A) obtained in the process of our study contains axiom
K. On the contrary, all the obtained logics on the language £([J) contains axiom K.

Consider the following axioms and inference rules. Let B € {{J, A}, and 4 be the
dual of W

All axioms of classical propositional logic, (Taut)
H(aAp) — Ha BB, (M ()
T, (N(m))
Mo — o, (T(m))
o — EEo, (4(m))
Ho— H(a A M), (4°)
a — Wea, (B(m))
Mo AES — B(aAf), (C(m))
From o and a — 3, infer f, (MP)
From o ¢ B, infer Mo <> WB. (RE(M))

The axioms and inference rules of a few modal systems are given in the Table 3.2.

Notion of theorem is defined in the standard way. In this section, we will mainly
work with the languages £(0J), £(A) and the basic modal language £(L) with PV as
the set of propositional variables, and ‘necessity’ modal operator L. For a modal system
A, language £ € {£(0), L(A),L(L)} and a wif « of the language £, we will write F, «
to mean that a is a theorem of the system A in the language £. Recall the following

well-known axioms and inference rules of modal logic.

o — 5) — (Ba— Wp). (K(m))
From a — (3, infer Ba — WS. (RM(m))
From «, infer Mo (Nec(H))

Let us note the following facts.

Proposition 3.21. 1. The RM (M) rule is derivable in modal system EM.

2. The necessitation rule Nec(B) rule is derivable in modal system EMN.
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Modal  sys- | Axioms and || Modal  sys- | Axioms and

tems Inference tems Inference
Rules Rules

EM Taut, M(H), | K EMN+ axiom
MP, RE(H) c(m)

EMN EM+ axiom || B K+ axiom
N(H) B(H)

EMNT EMN+ axiom || T K+ axiom
T (M) T(H)

EMN4 EMN+ axiom || KTB B+ axiom
4(H) T(H)

EMNT4 EMNT+ ax- || KB4 B+ axiom
iom 4(H) 4(H)

EMN4° EMN+ axiom || S5 KTB+ axiom
49 4(H)

Table 3.2. A few modal systems

3. The aziom K(M) is derivable in modal system K.
We refer to [67] for the proof of this proposition.

Proposition 3.22.
1. Fevngo Ho — Bl
2. Fevnts o — B(a A Ba).
3. Fevne Ba — B(a A Ba).

Items 1 and 2 can easily be proved. Moreover, Item 3 can be proved using Soundness
Theorem for the modal system MN4’ given in [27].

For later development of the section, we will also require the following definition.

Definition 3.23. Let * be the translation from £(J, A) to the wifs of the language £(L),

which just replaces the occurrences of [1 and A with L.

Note that for each a € L£(L), there exists a 51 € £(0) and a By € L(A) such that S}

and 33 are a.
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Corresponding to the class M, of generalized MSASs, we define the set of wifs

A (D) :=={a":a € L(A) is valid in M,}, and

A(O) == {a" : o € £(O) is valid in M, }.

Similar sets are defined for each of the classes of generalized MSASs given in Table 3.1.

The following is obvious.

Proposition 3.24. Let A be one of the modal systems listed in Table 3.2.

e For each a € L(O), Fp a if and only if Fa o*.
e For each a € L(A), Fa a if and only if Fp o*.

3.5.1. Axiomatization of the fragment £(A)

The following theorem can be proved in the standard way.

Theorem 3.25 (Lindenbaum’s Lemma). For A € {EMN, EMNT, EMN4, EMNT4}, ev-

ery A-consistent set can be extended to a A-mazximal consistent set.

Note that £(A) is countably infinite. Let f: N — £L(A) be a bijection.
3.5.1.1. Aziomatization relative to the classes M and M,. We first note the following

soundness theorem.

Theorem 3.26 (Soundness Theorem). For a € L(A), the following hold.

e IfFpun @, then M = a.
[ ]f I_EMNT Q, then Mr ’: Q.

The soundness claims made in Theorem 3.26 (as well as in Theorem 3.32 to appear
later) can easily be demonstrated. In all cases, one shows that the axioms are valid and
that the rules of inferences (MP) and RE(A) preserve validity on the class of generalized
MSASSs in question.

For A € {EMN, EMNT}, let My be the set of all A-maximal consistent sets of L(A).
Recall that the usual canonical relation R* on My is defined as follows. (I',I") € R* if

and only if for all wif 8 € L(A),

AB €T implies § € I, (3.5)
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For each wff /3, condition (3.5) defines a relation on M,. Hence, we obtain a countable
collection of relations as there is a countable collection of wifs. We use this countable

collection of relations to define the required canonical model. Formally, we have the

following definition for A € {EMN, EMNT}.

Definition 3.27 (Canonical Model). 9" := (F*, m™*), where
o 3 := (My, {R}}icn) is a generalized MSAS such that

— M, :={I": I is a A-maximal consistent set of L(A)};

— for I' € My, and 7 € N,
RMD) :={I" e M, : Aa ¢ T, or, o € I'}, where f(i) = o

e mi(p):={l eM, :peTl}

One can easily verify that

R* =R} (3.6)

1€EN

Proposition 3.28 (Truth Lemma). For any wff a € L(A), and T' € M,
a €T if and only if M T = a.

Proof. Proof is by induction on the complexity of the wif a. We only provide the proof of
the case when « is of the form AfS. First, we assume M T = AB, and we show AB € T
MA T = AB
— there exists ¢ € N such that DM* T’ |= 8 for all " € RM(T)
— there exists i € N such that 8 € I" for all I" € R}(T) (3.7)
(by induction hypothesis).

Let f(i) = 7.
Consider the set

o. ) ln2By fAverl (3.8)
{-5} otherwise.

Claim: The set © in (3.8) is not A-consistent.

If the set © is A-consistent, then by Lindenbaum’s Lemma, we will obtain a A-maximal
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consistent set I" containing ©. But, then IV € R}(T"), and hence by (3.7), 8 € I. But,
this is not possible as =8 € © C I"V. Thus we have proved the claim.

Case 1: Ay ¢T

Since {—(} is not A-consistent, we have 5 3, and hence -, AS. This, in turn, implies
Apel.

Case 2: Ay el

Since {v,—f} is not A-consistent, we have 5 v — , and this gives Fy Ay — AS (using
inference rule RM(A)), and thus we obtain A € I' as Ay €T

Now, we prove the converse. That is, we show that if A3 € T, then ML T = AB.
Consider j € N, where f(j) = 3. It is enough to show that 9" IV = 3 for all IV with
I" € R}(I). In fact,

I € RMI)
= AB¢T, or,Bel’
= pgel’, (-ApeTl)
— MM I’ = B (by induction hypothesis).
This completes the proof. n

Proposition 3.29. The generalized MSAS FMNT belongs to the class M,.

Proof. Choose an arbitrary I' € Mgynt and ¢ € N. Let f(i) = a. Due to axiom T(A),
either Aa ¢ T, or a € T'. This gives T' € REMNN(TD). O

Now, we can prove the desired completeness theorem.

Theorem 3.30 (Completeness Theorem). For a € L(A), the following hold.

e I[fME «, then Frpyn a.
® [f Mr ): a;, then l_EMNT Q.

Proof. Proof argument is very standard in modal logic and makes use of Lindenbaum’s
Lemma (Theorem 3.25) and Truth Lemma (Proposition 3.28). We sketch the proof for
the logic EMNT for readers who are not familiar with it. An exactly similar argument
works for the logic EMN.

Let M, = «a and, if possible, Fgunt @ Then we get {—a} as EMNT-consistent, and
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hence, by Theorem 3.25, we obtain an EMNT-maximal consistent set I' containing —a.
Then Proposition 3.28 gives us MEMNT ' = —q. But this contradicts M, = « as, by
Proposition 3.29, F¥MNT € M,. This completes the proof. O

As a consequence of Theorems 3.26 and 3.30, we obtain the following.

Theorem 3.31.
e EMN = A(A).
e EMNT = A, (A).

Proof. Note that for each a € L(L), there exists a § € L(A) such that f* is a. Now,

FEMNT O
<= Fgunt B (by Proposition 3.24)
<= M, = B (by Theorems 3.26 and 3.30)

= a e \(D).

Thus, we have obtained EMNT = A,(A). We can prove EMN = A(A) proceeding in the

same way. O]

It follows from Theorem 3.31 that the logics for weak lower and strong upper ap-
proximations based on the generalized MSASs belonging to the classes M and M, are the
monotonic logic EMN and EMNT, respectively.

3.5.1.2. Aziomatization relative to the classes M, and M. It is not difficult to prove

the following soundness theorem.

Theorem 3.32 (Soundness Theorem). For a € L(A), the following hold.

o [f Fpvngo , then M, = a.
e IfFpynTa @, then My = .
For n € N, we will write A"« for A --- A a. Moreover, A« will denote the wif a.
——
The canonical model given in Deﬁyil_ittlin(l)i 3.27 does not work for the modal systems
EMN4° and EMNT4, as the corresponding canonical models does not belong to the classes

M, and M, respectively. Therefore, we need to make some changes in the definition of

the canonical relation. In order to do that, let us recall that the usual canonical relation
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corresponding to a unary modal operator can also be defined equivalently as follows.

(T, I") € R™ if and only if for all wff 8 € L(A),
A"B €T implies A"t 3 eI, for each n € N. (3.9)

Therefore, as in the case of Definition 3.27, we consider a countable collection of relations
obtained by using (3.9) for different 8. That is, we define the canonical models for
A € {EMN4° EMNT4} as follows.

Definition 3.33 (Canonical Model). 9" := (F*, m™*), where

o 3 = (M, {R}}icn) is a generalized MSAS such that
— M, :={I": T is a A-maximal consistent set of L(A)};
— for I' € My, and 7 € N,

RMT):={I": foreach n € N, A"a ¢ T, or, A" 'aecl’}, (3.10)

where f(i) = «;
e mi(p):={l'eM,:peTl}

As in (3.6), we again obtain R* = 0,y R?, where R} is now given by (3.10). More-

over, as desired, we also have the following.

Proposition 3.34.

1. The generalized MSAS FEMN4? belongs to the class M;.
2. The generalized MSAS FEMNT belongs to the class M.

Proof. Let us first show that FEMN and FEMNT4 helong to the class M,. Let A be one of
the systems EMN4°, or EMNTA4.

Suppose I" € RM(T), and T” € RMI"), and we prove that I € RMT). Let f(i) = .
Let us choose an arbitrary n € N, and we prove that either A"« ¢ T, or, A" 'a eT”.
So, let us assume A" ‘o ¢ T”, and we prove A"« ¢ T'. Since I € RMTY), A" 'a ¢ T”
implies A ¢ I". Again, since I" € RMT), A"« ¢ TV implies A"*'a ¢ T'. Thus, using
axiom 4(A), we obtain A"« ¢ T'.

Next, we show that FEMNT1 € M,. We assume A" 'a ¢ I'. Then, using axiom T(A), we

obtain A"« ¢ T'. Thus, we have shown I' € RFMNT4(T), O
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Proposition 3.35 (Truth Lemma). Let A € {EMN4°, EMNT4}. For any wff o € L(A)

and a A-mazximal consistent set I,
a €T if and only if M T |= a.

Proof. Proof is by induction on the complexity of the wif . We only provide the proof
of the case when « is of the form ApS.

(«): First, we assume 9M*, T' = A, and we show AB € I'. Here,

MAT = AB
= there exists ¢ € N such that M* T' = 3 for all I € RM(T),
— there exists 4 € N such that 3 € I" for all T" € RN(T), (3.11)

(by induction hypothesis).

Let f(i) =1.
Consider the set

O :={A"y: A"y eT, ne N}uU{-8}. (3.12)

Claim: The set © in (3.12) is not A-consistent.

If the set © is A-consistent, then by Lindenbaum’s Lemma, we will obtain a A-maximal
consistent set I containing ©. But, then I" € R}(T'), and hence by (3.11), 8 € T". But,
this is not possible as =8 € © C IV, Thus we have proved the claim.

Case 1: {A" Iy : A"y eT, neN} =0

In this case, as the set © of (3.12) is not A-consistent, we obtain 5 3, and hence -y AS.
This, in turn, implies AS € T.

Case 2: {A" Iy A"y e, ne N} £

In this case, again using the fact that the set © of (3.12) is not A-consistent, we obtain
Fa ARy A A ALy ) (3.13)

where {AFy, ... AFmy} CT. Let n=min{k; — 1,..., Kk, — 1}.
Case 2(a): n = 0.
In this case Ay € I'. Let ¢t = min{{k; — 1,...,k, — 1} \ {0}}. Recall that axiom 4(A)

is a theorem of the modal system EMN4°. Therefore, from (3.13), and axiom 4(A), we
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obtain
FayA Ay — 3

= FA Y ALY = B (0 ky Ay = Aly)

= FA A(YALAYy) = AP

= A Dy = AP (kA Ay = Ay A AY))
Thus, we get A el as Ay eTl.
Case 2(b): n # 0.
Note that A"y € T'. From (3.13), and axiom 4(A), we obtain

Fa A"y — B
= Fy A"y = AB

Thus, we again obtain A8 € I' as A"y € T

(=): We assume AS € T, and we prove that A T = AB.
Let j € N, where f(j) = 8. Consider an arbitrary I'' with I € R?(F). Then, we have

I"eRID) = ABET, or, BT’
= Bel', (ApBeTl)
— MM, TV |= B (by induction hypothesis).
Thus, we obtained A, T = AS. O
As in the case of Theorem 3.30, Lindenbaum’s Lemma (Theorem 3.25) and Truth

Lemma (Proposition 3.35) give us the following completeness theorem.

Theorem 3.36 (Completeness Theorem). For o € L(A), the following hold.

o If M, E «, then Frynao .
o ]f M,—t ): Q, then l_EMNT4 .

Theorems 3.32 and 3.36 give us the following.

Theorem 3.37.
e EMN4° = A(D).

o EMNT4 = Ay (A).
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Proof of Theorem 3.37 is very similar to the proof of Theorem 3.31 and we omit the
same. From Theorem 3.37, it follows that the logics for weak lower and strong upper
approximations based on the MSASs belonging to the classes M; and M,; are respectively
the monotonic logic EMN4Y and EMNTA4.

3.5.1.3. Aziomatization relative to the classes involving symmetric relations. Let =*
denote the standard satisfiability relation of the basic modal logic based on Kripke frames
for the language L£L(A) (or, £(0)), treating A (respectively, [J) as the ‘necessity’ modal

operator. Then one can easily verify the following result.

Proposition 3.38. Consider a model MM := (F, m) based on a Kripke frame § := (W, R).
Then the following hold for each w € W.

e For each a € L(A), M, w E* a if and only if M, w |= .
e [or each a € L(O), M, w E=* a if and only if M, w |= «.

We make use of Proposition 3.38 to get the following.

Proposition 3.39. For a € L(A), the following hold.

1. If Mg = a, then g a.
2. If Mis = a, then Fxrp .
3. If Mg = «, then Fgpy .
4. If M = «, then Fg5 a.

Proof. We prove Item 1. Similar argument works for rest of the items.

Let Mg = «, and we prove Fg a. We claim that relative to the satisfiability relation =*
given above, « is valid in the class of all symmetric Kripke frames. If not, then there exists
a model 9 := (F, m) based on a symmetric Kripke frame § := (W, R) and a w € W such
that 9%, w E=* —a. But then, from Proposition 3.38, we obtain 9, w = —«. But this
contradicts that Mg = « as § € M. Thus, we have shown that « is valid in the class of
all symmetric Kripke frames. This gives Fg «a, using completeness of the modal system

B. [l

We also note the following fact.

Proposition 3.40. The azioms C(A) and B(A) are not valid in the class Me.
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Proof. Consider the models MM := (§F,m) and M = (F,m’) based on the MSASs
§ = ({v,w,u}, {R1, R2}) and § := ({v,w,u},{R}, R,}) given by Figure 3.5 and 3.6,

respectively. Note that 9, w = Ap A Ag — A(pAq), and M w fEp — Ay p. O
Ry, Ry Ry, Ry Ry, Ry
Ry Ry
Figure 3.5
v:op % U —p
R, \__J R
Figure 3.6

Finally, we obtain the following main result of the section.

Theorem 3.41.
1. EMN C A((A) € B
2. EMNT C A(A) €
3. EMN4° C Ay (A) € KB4.
4. EMNT4 C A(A) €

Proof. We demonstrate the proof of Item 4. Rest of the items can be proved in the same
way.

Let us first prove EMNT4 C A.(A). Let a € EMNT4, that is, Fgynta @ Then there
exists a f € L(A) such that f* is a. Since FgynTt4 @, from Proposition 3.24, we obtain
Feymnta 8. Then, due to Theorem 3.32, we get M, = (3, and hence M, |= 8. This implies
that *, that is, a belongs to Ac(A).

Next, we prove Ao(A) C S5. Let a € Ae(4A). Then there exists a 5 € L(A) such that 5*

is @ and M, = 8. Then, from Proposition 3.39, we obtain kg5 § in the language L(A).
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Then, due to Proposition 3.24, we have Fg5 8* in the language £(L), and hence « € S5.
To see S5 Z A.(A), note that p — LMp € S5, M being dual of L, but o ¢ A.(A) because
p — A 7 p is not valid in M, as shown in Proposition 3.40. ]

Thus, it follows that the logic for weak lower and strong upper approximations based
on MSASs lies between the monotonic logic EMNT4 and normal modal system S5. How-

ever, the exact axiomatization of this logic remains a question.

3.5.2. Axiomatization of the fragment £(0J)

We now move to the fragment £([J) and discuss its axiomatization with respect to
different classes of generalized MSASs.

Let IC be the class of all Kripke frames. Consider the mapping ¥ : M — K, which
maps a generalized MSAS (W, {R;};en) to Kripke frame (W, R), where R := {(w,u) : u €
UienRi(w)}. Tt is not difficult to obtain the following.

Proposition 3.42. Let § := (W,{R;}ien) be a generalized MSAS. Then the following
hold.

o IfF €M, then V(F) is a reflexive Kripke frame.

o IfF € M, then U(F) is a symmetric Kripke frame.

By induction on the complexity of the wif o, one can prove the following. Recall the

satisfiability relation =* described in Section 3.5.1.3.

Proposition 3.43. Let us consider a model MM := (F, m) based on a generalized MSAS
§. Then for all wffs o € £(O), and w,

M, w = « if and only if (V(F),m),w =" a.

Now, we have the required results to give the following soundness and completeness

theorem.

Theorem 3.44 (Soundness and Completeness). For o € L([), the following hold.
1. M E a if and only if Fx .
2. M, = « if and only if Fr .
3. Mg E « if and only if Fp «.

4. Ms = « if and only if Fxrs a.
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Proof. We sketch the proof of Item 4. Rest can be proved in the same way.

The direction <= can easily be proved by showing that the axioms of modal system
KTB are valid and that the rules of inferences (MP) and RM(O) preserve validity on the
class M. To prove the direction =, we assume M,s = a. We claim that « is valid in
the class of all reflexive and symmetric Kripke frames. If not, then there exists a model
M := (F, m) based on a reflexive and symmetric Kripke frame § := (W, R) and a w € W
such that 9%, w =* —a. Since V(F) = §, from Proposition 3.43, we obtain 9, w = —a.
This contradicts M,s = . Thus, we have proved the claim. Now, as « is valid in the class
of all reflexive and symmetric Kripke frames, we obtain Fxrp « from the completeness

theorem of modal system KTB. This completes the proof. O

Following steps of the above proof, we obtain Fg4 a from M, | «, for all a € £(0O).
But, we do not have reverse direction as axiom (4) is not valid in the class M;. The

following proposition proves the same.
Proposition 3.45. The aziom (/) is not valid in the class M.

Proof. Consider the model 9t := (F, m) based on the generalized MSAS § given by Figure
3.7. Note that § € M,. But, I, w = Op — OOp. O

R, i

Figure 3.7

Therefore, to obtain a sound and complete modal system for the classes contained in the

class My, we make use of the following theorem.

Proposition 3.46.

1. Given a finite Kripke frame F, there exists a § € My such that V(F) = F.

2. Given a finite Kripke frame F = (W, R) based on a reflexive relation R, there
exists a § € My such that V() = F.

3. Giwen a finite Kripke frame F := (W, R) based on a tolerance (i.e. reflexive and

symmetric) relation R, there exists a § € Me such that ¥(F) = F.
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Proof. Let us first prove Item 1. For each z,y € W such that (z,y) € R, consider the
singleton set A, := {(z,y)} C W x W . Let Ay, Ao, ..., A,, be an enumeration of all such
Ay Let N ={1,2,...,n}. Consider the generalized MSAS § := (W,{R;};en) where,
for each x € W and k € N,

Ri(z) :={y : (z,y) € Ax}. (3.14)

Observe that R = {(w,u) : v € UjeyR;(w)}, and hence ¥(F) = F. Also note that
§ € M.
Items 2 and 3 can be proved in the same way. We just need to modify Ry defined in

(3.14). For Items 2 and 3, we need to take Ry given by (3.15) and (3.16), respectively,

where
Ri(z) :=={y : (z,y) € Ax} U{x}, (3.15)
Ri(z) :={y : (z,y) € Ag,or, (y,x) € Ax} U{x}. (3.16)
O

Now, proceeding as in the proof of Theorem 3.44 and using Proposition 3.46 and the finite
model property of modal systems K, T and KTB, we obtain the following soundness and

completeness theorem.

Theorem 3.47 (Soundness and Completeness). For o € L([), the following hold.
o M = « if and only if bk a.
o M. =« if and only if Fr a.
e M. = « if and only if Fxrp .

By giving argument as in the proof of Theorem 3.31, and using Theorems 3.44 and

3.47, we obtain the following main result of the section.

Theorem 3.48.
o K=A(O).
e T =A,(0) =A(0).
e KTB = A.(O) = A(O).
e B = A (0).

As far as the class Mg; of generalized MSASs is concerned, we have the following result.
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Theorem 3.49. B C Ay (0) C KB4.

Proof is very much in the line of Theorem 3.41, and we omit the same. KB4 Z Ay (O0)
is obtained from Proposition 3.45.

We give a summary of the results obtained in Section 3.5 through Figure 3.8. The
dashed arrows and the solid arrows from A to B are used to denote A C B and A C B,

respectively.

Figure 3.8. A summary of results of Section 3.5

As mentioned at the beginning of Section 3.5, it is evident from Figure 3.8 that none
of the logics corresponding to the language £(A) that appeared in this section contains
axiom K. On the contrary, all the logics corresponding to £(0) contains axiom K. This is
happening because the logic A(J), which is minimal among all the logics corresponding
to the language L£([J) that appeared in Figure 3.8, coincides with the normal modal
system K. Consequently, it also follows that, as far as the notion of validity is concerned,
the proposed semantics of the modal operator [ can be equivalently captured through
the standard ‘necessity operator’ semantics based on Kripke frame. Such a result is not

possible for the operator A as it does not satisfy axiom K under the proposed semantics.
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3.6. Coalgebraic perspective

This section will illustrate that our study of generalized MSASs can be put under the
framework of coalgebras. We will first show that the category consisting of generalized
MSASs as objects and bounded morphisms between generalized MSASs as arrows is iso-
morphic to a category based on a suitable class of coalgebras. Then we will present an
equivalent coalgebraic semantics of the language £([J, AA) using the notion of predicate
lifting [72]. To make the chapter self-contained, we briefly present relevant definitions
and concepts related to coalgebra, but we refer to [31] for a very accessible introduction
to coalgebra. For a comprehensive survey on the topic, readers may consult [76,88,101].
The connections between coalgebra and modal logic are well studied in [50, 72].

Let us recall that a coalgebra (cf. e.g. [101]) is a state based system consisting of a
set A of states endowed with some kind of transition, formally modelled as some map o
from A to another set TA. Here T is some set functor! constituting the type or signature
of the coalgebra at stake. The transition map ¢ provides some kind of structure on A.
Thus, more formally, given a set functor T, a T-coalgebra is a tuple (A, o), where A is a
set and 0 : A — T'A is a function.

Note that in a generalized MSAS (W, {R;}ien), each i € N represents an accessibility
relation on W, namely R;. Let us consider the function o taking a state/object w and
an i € N (representing the relation R;) and returning the set of states/objects accessible
from w through R;. Formally, we have o : W x N — §£(W) such that for each w € W
and ¢ € NV,

o(w,i) :={w €W : (w,w') € R;}.

In order to expose the object space W, we may rewrite o as ¢ : W — p(W)N Thus
o(w)(i) stands for the set of states/objects accessible to w by R;. Observe that o(w) is
a function from N to §(W). Thus, the generalized MSAS (W, { R;}icn) with cardinality

N generates a Qy-coalgebra (W, o), where Qy is the set functor that maps

e aset X to §2(X)V, the set of all functions from N to §2(X), and

LA set functor is an operation T' which maps every set X to a set TX, and maps every function
f:X =Y toafunction Tf : TX — TY such that T'(idx) = idrx for the identity function idx on X
and T(go f) =TgoTf whenever g and f are two composable functions.
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e a function f : X — Y to the function Qyf : P(X)¥ — L)V, where, for
e XN, Quf(p) : N — 8(Y) is defined as

O f(@)(i) = {f(x) : 2 € (i)}, i € N.

It is trivial to note that the standard properties of binary relations (reflexivity, symmetry,
transitivity) in a generalized MSAS (W, {R;};cn) inherits the following properties in the
generated Qy-coalgebra (W, o). For each i € N,
e R, is reflexive if and only if for each w € W, w € o(w)(3);
e R; is symmetric if and only if for each w,u € W, u € o(w)(7) implies w € o(u)(7);
e RR; is transitive if and only if for each u,v,w € W, u € o(w)(i) and v € o(u)(7)
imply v € a(w)(7).
Accordingly, we have the following definition.
Definition 3.50. A Qy-coalgebra S := (S, 0) is said to be
o reflexive if w € o(w)(i);

o symmetric if u € o(w)(i) implies w € o(u)(i);

e transitive if u € o(w)(i) and v € o(u)(i) imply v € o(w)(7).

Class of | Defining condition Class of | Defining
coalge- coalge- condi-
bras bras tion

Q Class of all coalgebras Q. Q. N
Q, Class of reflexive coalgebras Qn Q. NQ,
Q. Class of transitive coalgebras | Qg Q. N
Q Class of symmetric coalgebras || €2, Qs N

Table 3.3. Classes of coalgebras

Table 3.3 gives different classes of (2y-coalgebras that are of interest to us.

Definition 3.51. A function f : S — S5 is a homomorphism from )y-coalgebra S; to

Qpn-coalgebra S, if 09 0 f = Qn f ooy. That is, the diagram in Figure 3.9 commutes.

Let C(€2) be the category with objects from the class Q (cf. Table 3.3) and coalgebraic

homomorphisms between the elements of  as arrows. Further, let C(M) be the category
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Sl > > SQ
01 09
QN81 QNSQ

N

Figure 3.9. Homomorphism

consisting of generalized MSASs as objects and bounded morphisms between generalized
MSASSs as arrows. Similarly, we define the subcategories corresponding to different classes
of generalized MSASs and €2y-coalgebras given in Table 3.1 and 3.3. As earlier, indexing
with the letters r, s, ¢, e will be used to denote these categories. For instance, C(M,) and

C(Q,) are the categories corresponding to the classes M, and €, respectively.

Definition 3.52. We define functors H : C(M) = C(Q2), and G : C(Q) = C(M) as follows:

e For a generalized MSAS § := (W, {R;}ien), H(F) is the Qy-coalgebra (W, o),
where, for w € Wi € N, o(w)(i) :=={u € W : (w,u) € R;}.

e For a bounded morphism f: § — §, H(f) = f.

e For a Qy-coalgebra S := (W, 0), G(S) is the generalized MSAS (W, {R; }icn), where,
R; = {(w,u) :u € o(w)(i)}.

e For a homomorphism f:S — S, G(f) = f.

Note that the functors H and G are well defined as (i) a bounded morphism f : § — §
from the generalized MSAS § to the generalized MSAS §' is also a homomorphism from
the coalgebra H(F) to H(F'), and (ii) a homorphism f : S — §' is also a bounded
morphism from G(S) to G(S'). The following proposition confirms these facts.

Proposition 3.53. Let S = (S1,01), and Sy = (S2,02) be two Qn-coalgebras. Then
f 81— Sy is an homomorphism if and only if the following hold:

1. If v € o1(w)(i), then f(v) € oo f(w))(7) (the forth condition).
2. If v' € o9(f(w))(i), then there exists a v with f(v) =", and v € o1(w)(i) (the back

condition,).
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Proof. Note that for w € Sy, and i € N, Qn f(o1(w)) () := {f(z) : © € o1 (w)(7) }.
(=): Let f: S — S3 be a homomorphism. Then,

v € oy (w)(i) = f(v) € Qn f(o1(w))(7)
= f(v) € oa(f(w)) (@) (- Qnfoor =030 f),

and,
v € oa(f(w))(i) =" € QO f(o1(w)) (i)

= v’ = f(v) for some v € o1 (w)(i).

(<)

v € Qyfloi(w))(i) <= ve{f(zx):z€ o (w))}
<= v = f(u) for some u € oy(w)(i)

<= v € oo(f(w))(7) (using given conditions (1), and (2))

This shows that Qy f o 01 = g9 0 f, hence f is a homomorphism. [

For two categories A and B, we write A = B to denote that A and B are isomorphic.

Proposition 3.54.

1%
12

0
=

I
n
2
o
=

I

C(2%) C(My) = C(S2) C(My) = C(%)

I

CMr) = C(Q2s)  C(My)

2

C(Q2n) C(Mg)

1%

C(Q4) C(Me) = C(Q0).

Proof. It is not difficult to see that HoG = I¢(q) and GoH = Icw), where Icq) and Icqw)
are identity functors on C(Q2) and C(M), respectively. Thus we obtained C(M) = C(Q).
Similarly, considering the restrictions of H and G to respective subcategories, we obtain

other isomorphisms. O

Proposition 3.54 gives the identifications of different classes of generalized MSASs with
the classes of coalgebras. Once we have this correspondence, we can equivalently view
models of the language £(OJ, A) to be of the form M := (W, o,m), where (W,0) is a
Q) n-coalgebra for some N, and m : PV — Y (W). Next, we show that an equivalent
coalgebraic semantics of the language £(CJ, A) can be given using the notion of predicate
lifting [72].
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Recall that a (unary) predicate on a set X is an element of the set §?(X). What a
predicate lifting for a set functor T' does is that it takes (lifts) predicates to the realm
of T. Formally, a predicate lifting is a set-indexed family of functions {Ax }xese: of type
Ax @ 8(X) — 8(TX) such that Figure 3.10 commutes for all functions f : X — V.
Note that for a function f : X — Y, f~' is a function from §?(Y) to §?(X) given by
fTHA) ={z e X : f(r) e A}, ACY.

£(x) Ax £(TX)
! (Tf)~
Q) ;i Qy)

Figure 3.10. Predicate lifting

Observe that a predicate lifting for the functor €2y is obtained as a set-indexed family
of functions {Ax}xeser of type Ax : 82(X) — F(8(X)N). Since the truth set [a] of a
wif v is a specific example of a predicate, given a predicate lifting {\x } xeser for Qy, one
can define satisfiability of the modal operator O (or, A) in a model (W, o, m) based on a

Qn-coalgebra (W, o) as follows.
M w Do <= o(w) € Aw([a]m) (3.17)

Therefore, we would like to find suitable predicate liftings {[Cn]x } xeser and {[An]x }xeser
for the functor Q2 such that the corresponding satisfiability conditions for the operators
[0 and A obtained using (3.17) become equivalent to the satisfiability conditions given by
Definition 3.4. For this, we require the following for each Qy-coalgebra (W, o):

o(w) € [[Onlw([elm) == Uieno(w)(@) C [a]m (3.18)
o(w) € [Anlw([a]m) <= o(w)(i) C [a]o for some i € N. (3.19)

Thus, it follows that the predicate liftings {[0x]x } xeset, and {[An]x }xese: for Qn defined
by

[On]x(A) = {f € (XN : Uien f(i) C A}, and

[AN]x(A) = {f € &(X)N: f(i) C A for some i},
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where A C X, serve the purpose. In fact, as a direct consequence of (3.18) and (3.19), we

obtain the following proposition giving us the required equivalence.

Proposition 3.55. Let M := (W, 0,m) be a model based on a Qy-coalgebra (W, o). Then
the following hold.

M, w = Oa <= o(w) € [Oylw([a]m)-

M w = Ao <= o(w) € [An]w([a]m).

3.7. Conclusion

In this chapter, we considered a generalized notion of multiple-source approximation
system (MSAS), called generalized MSAS, that contains countable collections {R;}icn
of relations over the same domain, and where the accessibility relations R; are of the
same type, and may be any binary relation, or have any of the properties of reflexivity,
symmetry, transitivity or some combination thereof. The notions of strong/weak lower
and upper approximations based on MSASs are extended readily to define these ideas
for the generalized MSASs. A logic that can be used to reason about these strong/weak
approximations of concepts is obtained. A few invariance results are presented. The ax-
iomatization problem of the proposed logic with respect to different classes of generalized
MSASs based on various types of relations are explored. This study gives some insight
into the nature of strong/weak approximations. For instance, from Theorem 3.48, one
can conclude that the same set of properties involving set-theoretic operations of com-
plementation, union, and intersection hold true for both the strong lower approximation
based on MSASs and the lower approximation based on tolerance approximation spaces.
At the end, it is also shown that our study of generalized MSASs can be put under the

framework of coalgebras.
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CHAPTER 4

MODAL SYSTEMS FOR COVERING SEMANTICS AND
BOUNDARY OPERATOR

Covering-based rough sets are well studied in the literature [89-91,106]. For instance,
in [91], seventeen covering systems are arranged in a pattern. Many of these systems
have been motivated from the angle of applications, but not all. In this chapter, we aim
to establish the connections between covering systems and modal systems. For details
on the original motivations of the covering systems, we refer to [53,60,78,81,94,114]. Tt
is also mentioned that a covering system is a covering along with the lower and upper
approximation operators defined in the power set of the universe in a particular way.
We have considered here the following covering systems, P;, Ps, C, Cy, Cy, Cs5, and Cg,.
Modal systems corresponding to the covering systems P;,Cy, Cy, and C5 are presented
in [61], but the investigation of modal logics for covering systems Ps, C, and Cg, remain
open. In this chapter, we investigate modal system for these covering systems. The
lower and upper approximations of a set A will be the interpretations of formulas Cla and
Qa respectively, in the modal systems corresponding to covering systems where A is the
interpretation of a [vide Definition 4.2]. We also study the modal systems for boundary
operator based on generalized approximation spaces and covering systems. Our study
also leads to covering semantics for contingency logic and provide its connection with
rough set theory. Further, an alternative modal system consisting of contingency modal
operator is provided corresponding to covering system Fj.

This chapter has been arranged as follows. Sections 4.1, 4.2 deal with the modal
logics developed earlier [61] corresponding to covering systems Cy, Cy, Cs, Py, and present
a modal system corresponding to C, Ps, and Cg,. Sections 4.3 and 4.4 present covering
semantics to modal logics CLS4 and CLB [21,22]. Section 4.5 gives a non-standard
modal system CILS4B based on modalities /A and sy for the covering system P,. Thus,
the binding chord of this study is the interplay between various covering systems and

their corresponding modal logics. Section 4.6 concludes the chapter.



This is to emphasise that we do not ascribe any preference of covering semantics over
others; it is only an alternative which may prove to be handy in certain context. From
the rough set angle, however, observing links with modal systems seems to be gratifying.

The work presented in this chapter is based on the article [71].

4.1. Modal logics for covering based rough set models

4.1.1. Syntax

We consider the basic modal language £([J) with a unary modal connective [J. That
is, the alphabet of the language £(0J) consists of a non-empty countable set PV of propo-
sitional variables, a propositional constant T, Boolean connectives — (negation) and V

(disjunction), and the modal connective [J. The wifs of £(O) are defined recursively as:
Tlpl-alanp|Oa

where p € PV and «, § are wifs. Apart from the usual derived connectives L, V, —, <>,

we have the connective ¢ defined as follows:
<>Oé = .

The set of all wffs of the language £([J) will be denoted by the same symbol £([J).

4.1.2. Semantics

The semantics of the language £(0) is based on the following notion of model. Let

us recall the notion of covering and covering systems based on it from Chapter 2.

Definition 4.1 (Covering Model). A covering model is defined as a tuple 9t := (W, C, m),

where (W, C) is a covering space and m : PV — §(W) is a valuation function.

Definition 4.2 (Truth Set). Let 9t := (W, C, m) be a covering model and

o € {C,Cy,Cy,Cs, Py, P3,Ci, }. The truth set of a wif a in a covering model M :=
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(W,C,m) under o semantics, denoted as [a]gy, is defined inductively as follows:

[
[ A Blgn = [edse 0[5l
[

Oa]s = a(Ja]qy)  (cf. Section 2.2.2, page 12,13 ).

It is not difficult to verify that [Oa]d; = T([«]$;), where 7 is the dual of the operator
o, that is, G(A) := (g(A%))° for all A C W.
Following the standard notation of modal logic, we will write 9%,z =, « to mean x €
[
A wif « is said to be wvalid in a covering model 9 := (W, C, m) under the o semantics,
denoted by M |=, «, if [a]g; = W. « is said to be wvalid under the o semantics, denoted
as =, «, if M =, « for all covering model IMN.

Remark 4.3. Covering models may remind one of the subset space logic (cf. e.g. [1,13])
where the model consists of a triple (W, p, m), p being a non-empty collection of subsets
of W and m being a valuation from propositional variables to the power set p(W) of
S. In the present case, p is a covering of W. Also the motivation behind subset logic
is completely different. The syntax of the logic is apparently different as there are two
modalities, one intended to quantify over the sets, whereas the other is intended to
quantify in the sets. However, a comparative study of covering rough set models and

subset space models may be an interesting area of investigation.

4.1.3. Hilbert-style modal systems

Let us recall the well-known axioms K(O), T(OJ), B(O), 4(0), and inference rules MP
and Nec([J) of modal logic (cf. Chapter 3). Table 4.1 gives a few standard modal systems
that are of interest to us. For a modal system A, as earlier, the notation -, a will be used
to mean that « is a theorem of A. The following soundness and completeness theorem is

proved in [61].

Theorem 4.4. For a given wff «, the following hold.
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Modal  sys- | Axioms and || Modal  sys- | Axioms and

tems Inference tems Inference
Rules Rules

K Taut, axiom || B K+ axiom
K(O), MP, B(O)
Nec(O)

T K+ axiom || KTB T + axiom B
T(O)

S4 T+ axiom || Shb 5S4+  axiom
4(0) B(O)

Table 4.1. A few modal systems

e, a if and only if sy a.

o, a if and only if sy a.

=p, a if and only if Fxre o.

e, a if and only if Fxre .

Thus, it follows that the modal system S4 captures C; and C5 semantics. Further,
the modal system KTB corresponds to P; and () semantics. As far as ('} semantics is
concerned, we are not familiar with any work determining a modal system capturing this
semantics. In this chapter, this issue will be resolved and we will provide a modal system
for C semantics. It is worth mentioning here that, unlike the technique used in [61], the
corresponding completeness theorem for C; semantics will be proved by constructing a

canonical covering model.

4.2. Modal system for C; semantics

This section presents a modal system for C; semantics and the corresponding sound-
ness and completeness theorems. Let 9 := (W,C,m) be a covering model, where
C := {Ci}icr. Recall that we write MM,z =¢, a to mean = € [a]S}. First note that,
unfolding the truth set definition, we obtain the following equivalent satisfiability condi-

tion.
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Proposition 4.5. 1. M,z ¢, Oa if and only if there exists a C; € C such that
x € C; and M,y E¢, a for ally € C;.
2. M, x ¢, Qo if and only if for all C; € C, either x ¢ C; or there exists a y € C;
such that M,y =, a.

Proof. 1. Suppose M,z =, Oa. Then z € [Da]s, and thus x € Cy([a]Gt). Using the
definition of operator C;, we obtain a C; € C such that x € C; and C; C [[a]]g%. This
guarantees the existence of a C; € C such that x € C; and M,y =¢, « for all y € C;.
For the converse part, let there exist a C; € C with = € C; and M,y =¢, « for all y € C;.
That is, we have y € [a]$;} for all y € C; and = € C;. This gives z € Cy([a]4t) and hence
z € [Da]st. That is, M,z ¢, Da.

2. Let M, x =¢, Oa and we show that for all C; € C either = ¢ C; or there exists a y € C;
such that M, y =¢, a. Since M,z =¢, Oa, we obtain 2 € C)([a]5;). By the definition of
the operator C1, either x & C; or C; N [a]5i # 0. Further, C; N [a]$ # 0 guarantees the
existence of a y € C; such that M,y =¢, a. Thus, either x ¢ C; or there exists a y € C;
such that M,y =¢, a.

For the other direction, suppose that either x ¢ C; or there exists a y € C; such that
M,y e, a. That is, we have either z ¢ C; or y € [a]. This implies z € Oy ([a]5) and
hence = € [0a]$:. Thus M,z ¢, Oa. O

Consider the modal system ML¢, which consists of axioms (Taut), M(O), N(O),
T(O), 4(0), and inference rules MP and RE([) given in Chapter 3. Note that ML¢, is
the extension of monotonic logic EMN [67] with the axioms T([J) and 4(0J).

One can easily verify the following soundness theorem by proving the validity of the

axioms and soundness of the inference rules.
Theorem 4.6 (Soundness). For each wff o, if Fuie, @, then ¢, a.

In the remaining part of the section, we provide a proof of the corresponding com-
pleteness theorem. Recall the notion of maximal consistent set [7]. The following notion
of canonical covering based on maximal consistent sets is introduced which plays a key
role in the proof. In this chapter, we use M, instead of My, , to denote the set of all
ML¢,-maximal consistent sets. Further, let ay,as,... be an enumeration of all the wifs

of the language £(0).
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Definition 4.7 (Canonical Covering Model). The canonical covering model is defined as
the tuple IMM° = (M, C°, m®), where

o foreachi e N, C? :={l' e M: a; AOwy; € T'};

o C¥:={CY}iew;

e m'(p)={l'eM:peTl}.

It may be noted that C? may be an empty set for some i. Further, we also have the

following.
Lemma 4.8. (M, C") is a covering space.

Proof. We need to show that (J,.yC? = M. Obviously |J,.yC? € M holds. So, let
I' € M. Choose an «; such that I—MLC1 a;. Then a; Ala; € I and hence I' € CJQ. This

completes the proof. n

Recall the following well-known result.

Lemma 4.9 (Lindenbaum’s Lemma). Let I' be a ML, -consistent set of wffs. Then there

exists a ML, -mazimal consistent set T'" containing T.
We also have the following counterpart of the standard existence lemma.

Lemma 4.10 (Existence Lemma). Let I' € M. Then, we have the following.

1. IfOa € T, then there exists a CY € CY such that T € C? and o € T” for allT" € C?.

2. If a € T, then for all CP € C°, either T' ¢ C? or there exists a I" € C? such that
acl’

Proof. (1). Let Oa € I' and suppose « is the wif a;. Since Oa; € T', we get o, €
I (. Fuee, Doy — ;). Now the definition of C implies I' € C7. We also have € I”

for all " € CY as a is the wif a;.

(2). Assume Qo € T and consider a CY € C°. If T ¢ C?, then we are done. So, let ' € C?.
By the definition of C?, we obtain a; A Oa; € T'. Let a be the wif a;j. Consider the set
{oj, Oa;}.

Claim: {«a;,0a;} is a ML, -consistent set.
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If possible, suppose {a;,a;} is not a MLc,-consistent set. Then, we must have by,

=(a; AOa;). That is, Py, —a; V =0a;, and thus,

}_MLC1 a5 — _||:|Oéi
- |_ML01 Qj — Oy
— |_ML01 Oaj — OOy

= Fmre, Qo — Oy (using axioms 4(0J) and Taut).

Since Qa; € I, it follows that O—c; € I'. This is contrary to the fact that Ca; € I'. Hence
{o;, 0} is a MLc,-consistent set. This proves the claim. Next, using Lindenbaum’s
lemma, we obtain a ML¢,-maximal consistent set I containing Oa; and «;. Also Oa; € T

implies a; € I, and hence I” € C?. This completes the proof. O

Lemma 4.11 (Truth Lemma). For any wff « and T" € M,
a €T if and only if M°, T |=¢, o

Proof. The proof is by induction on the number of connectives in the wif . We provide
the proof when « is of the form {f. Rest of the cases can be proved easily. Assume
that O € I' and we show that MO T |=¢, ¢B. If possible, let MO T jc, O3, that is,
IM°. T ¢, O-B. Then, there must be a C'JQ € C% such that I' € C'JQ and MO, TV =¢, —8
for all TV € C’]Q. By induction hypothesis, it follows that -3 € IV for all I € CJQ. Since
OB eT and I € CY, using Item 2 of Lemma 4.10, we obtain a I'" € C} such that § € I".
But this is not possible as =3 € I”". Hence M°. T ¢, OF.

For the converse, let M?, T =¢, O3 and we prove that {3 € I'. If possible, let =08 € T,
that is, -3 € T'. Then by Item 1 of Lemma 4.10, there exists a C? € C° such that
['e CYand =3 €T for all IV € CY. Since M. T =¢, 08 and T’ € CY, we must have a
[ € C? such that MM, T” ¢, B. Use of induction hypothesis implies 8 € I'". This is not
possible as =3 € T for all I” € C?. Thus {S € I O

Theorem 4.12 (Completeness Theorem). For any wff «, if o, o, then by, .

Proof. If possible, let f/\m,, @ Then {=a} is a MLc,-consistent set and hence there exists
a MLg,-maximal consistent set I containing —a. By Truth Lemma 4.11, 9% T ¢, —a.

This contradicts the given condition that =, a. Hence I—MLC1 Q. O
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We have P3(A) = C1(A) = Ca.(A), and P3(A) = Ci(A) = Cai(A) (cf. Chapter 2, page
13). Thus using these facts, and Theorems 4.6 and 4.12, the following can be obtained.

Corollary 4.13. Let 0 € {Ps,Ca}. For any wff o, =y « if and only if Fyre, a.

4.3. The boundary operator

Recall that a Kripke frame consists of a non-empty set W and a binary relation R
on W. Thus, it is mathematically the same as generalized approximation space studied
in rough set literature. In this chapter, we will use both the names interchangeably. The
lower and upper approximation operator based on generalized approximation space will

be denoted by Lgr and Ug, respectively. That is, for A C W,

Given a Kripke frame (W, R), consider the operator Dy : (W) — &(W) defined as
follows. Let A C W.

Dr(A):={x e W:R(x)NA=0}U{z e W : R(z) C A}.
The dual of the operator Dy, denoted as Bp, is obtained as follows.
Br(A) :={z e W:R(x)NA#0 & R(z) £ A} = Bdgr(A).

Note 4.14. In the rest of the chapter, we will omit the subscript R in the notations
Lg,Ug, Br and Dy to make the writing simple.

Thus, D maps a set A to its decidable region, that is, the union of positive and negative
region of A. On the other hand, B maps a set to its boundary region. Accordingly, the
operator B will be called the boundary operator. It is worth to mentioning that operator
D is the same as the knowledge operator considered in [14].

It is not difficult to see that operators D and B can be defined through operators L

and U as shown below.
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Proposition 4.15. Let (W, R) be a generalized approzimation space. Then, we have the
following.

B(A)=U(A)\ L(A) and

D(A) = L(A) U L(A°).

On the other hand, in general, it is not possible to define operators L, U using oper-
ators D, B. But, they are definable if the relation is reflexive as shown in the following

proposition.

Proposition 4.16. Let (W, R) be a generalized approximation space, where R is a reflez-

we relation. Then, we have the following.
L(A)=AND(A) and

U(A) = AU B(A).

Proof. Let € L(A). Then, R(xz) C A, and thus x € D(A). As R is reflexive, we also
obtain x € A. Hence x € AN D(A).

Next, assume that = € AN D(A). Then, from x € D(A), R(z) C A or R(x) C A°. Since
R is reflexive and x € A, we must have R(z) C A and hence x € L(A). Thus, it is shown
that L(A) = AN D(A).

U(A) = AU B(A) follows directly from L(A) = AN D(A) using the fact that U and B
are duals of the operators L and D, respectively. O

One can find extensive studies on the lower and upper approximation operators in
rough set literature (cf. e.g. [3,4,111]). On the contrary, the boundary operator lacks
such a detailed study. In this chapter, we will present a study of the boundary operator
with the modal logic perspective. But before moving to this, we would like to mention a
few points that also highlight the significance of the boundary-operator approach in rough
set theory.

Rough sets are defined in several ways even when the base is taken as (W, R), where
R is an equivalence relation (cf. e.g. [5]). Of these, two are (A, Ag) and (Ap, Ag). It is
clear that the second definition focuses on the positive-negative regions of the applicability
of a concept. It is observed in rough set studies that different algebras emerge with respect

to different definitions of rough sets and appropriately defined operations. For example,
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while the first definition gives rise to pre-rough/rough algebra or 3-valued Lukasiewicz
algebra [4], the second gives semi simple Nelson algebra [68].

Again when the approximation space has no singleton elementary sets, rough sets
defined by the collection of pairs in reverse order (Ag, Ap) with appropriate operation
give rise to Post algebras of order three [5]. Besides, a rough set is also defined as a pair
(D1, Dy), where Dy and D, are definable sets and Dy C Dy [12,62]. In this case, the
algebra turns out to be a Kleene algebra [49].

Considering the study of rough set from this angle, it becomes interesting and im-
portant to visualize rough set as the pair (B(A), A) and to investigate the algebra that
comes up (this aspect, however, has not been dealt with in this chapter). Also the obtained
structures not necessarily remain the same when the base set constitutes of relations other
than equivalence or constitutes of a covering.

There is another point to make. In practical applications it is sometimes required
to make the boundary region as thin as possible subject to certain constraints. Not
all boundary elements are regarded as having equal status, some elements are dropped
depending upon the rough membership value of the elements [11,110]. But there is no
study of minimal formal properties that are to be retained during the thinning procedure.
The present study may open up investigations in this direction.

We first shed some light on the boundary operator based on generalized approximation
space (Kripke frame). Then, this study will be extended to covering based models.

At this point, it is pertinent mentioning the work on contingency logics [22] as it is
very relevant to the study of boundary operators.

In the papers [21,22], the authors have presented a bunch of contingency logics cor-
responding to various classes of frames related with standard modal logic systems viz.
K,D,T,S4,B. The contingency logic corresponding to the class of the frame of the sys-
tem K has been named as CLL. In all these logics, a new modality A and its dual 57 have
been taken instead of the standard ones that is O (necessity) and ¢ (possibility). The
formula A« is read as ‘« is non-contingent’, and 7« is ‘« is contingent.” A whole lot of
axiom systems have been introduced in terms of the new modalities. The motivation of
the authors behind introducing the new modalities and the axiom systems is to capture

the notion of contingency and non-contingency of a proposition from the doxastic as well
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as epistemic contexts. We, however, are interested in these operators from the angle of

rough set theory.

4.3.1. Modal systems for boundary operator based on generalized approxima-

tion space

In our study of boundary operators, we will consider the basic modal language L(A)
with unary modal connective /A. Moreover, the connective 57 represents the dual of A,
that is, Vo := = A —a. Recall the axioms Taut, 4(A) and inference rules MP, Nec(A)
and RE(A) of modal logic (cf. Chapter 3). Further, consider the following axioms based
on the language L(A).

A (y = a) A A~y — a) = Aa, (Con®)
Aa— Ala— B)V A(-a = ), (Dis)
Aa o Aa, ()
ANaAD(a— B)ANa— Af, (T°)
a— AlDa A Dla— B) A=A B — ), (B°)
a = ADa = a), (B')
Aa— NDavB), (4a)
~Aa— A=AaVp), (5%)
~Aa— A-Aa, (5)

Table 4.2 gives a few modal systems based on the language £(A). In order to keep
the presentation uniform, we present the semantics using truth set as it is done in Section
4.1.2.

Let us recall that a model based on a Kripke frame (generalized approximation space)
§ := (W,R) is defined as a tuple MM = (W, R, m), where m : PV — £(W). Given
a model M := (W, R, m), the operator D is used to define the truth set. That is, the
truth set of a wif a in 9 under D semantics, denoted as [a]f), is defined inductively as

Definition 4.2, except the semantic clause

[Acfm = D([alm)-
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Modal  Sys- | Axioms and || Modal  Sys- | Axioms and

tems Inference tems Inference
Rules Rules

CL Taut, Con®, || CLT CL + axiom
Dis?, >, T°
MP, Nec(A),
RE(A)

CL4 CL + axiom || CL5 CL + axiom
4, 50

CLL45 CL4 + axiom || CLB CL + axiom
50 B°

CLTB CLT + axiom || CLLB5 CLB + axiom
B’ 50

CLS4 CLT + axiom || CLS5 CLT + axiom
4(AN) 5

CLB4 CLB + axiom
EIN

Table 4.2. A few modal systems

The truth set clause for operator 5/ is obtained as

[Valy = B(la]w).

An equivalent satisfiability condition for operator A under D semantics is given by the

following proposition.

Proposition 4.17. M,z =p A« if and only if, for all y1,y> with xRy, and xRy,
M, y1 Ep « if and only if M,y Ep .

Table 4.3 lists a few classes of Kripke frames.
A wif « is said to be valid in a class € of Kripke frames if 9 =p «a for all models
M based on Kripke frames from €. Table 4.4 summarizes the known soundness and

completeness results for various classes of frames.
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Notation | Frame Property || Notation | Frame  Prop-
erty
K — D seriality
T reflexivity B symmetry
4 transitivity ) euclidicity
45 transitivity, eu- | D45 seriality, transi-
clidicity tivity, euclidic-
ity
S4 reflexivity, tran- || S5 reflexivity, eu-
sitivity clidicity
D4 seriality, transi- | D5 seriality, eu-
tivity clidicity
B4 symmetry, tran- || B5 symmetry, eu-
sitivity clidicity
TB reflexivity, sym-
metry

Table 4.3. Classes of Kripke frames

Modal Systems

Frame Classes

References for Completeness Result

CL

K,D

22,30,117]

[

CLT T 22, 63]
CL4 4,D4 [22,47,117]
CL5 5,D5 [22,117]
CL45 45, KD45 22,117]
CLB B 22]
CLTB TB 21]

CLB5 B5, B4 [21]

CLS4 S4 22, 63]
CLS5 S5 22, 63]

Table 4.4. Modal systems for various classes of frames
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4.4. Modal systems for boundary operator based on covering

space

In this section, the idea of boundary operator based on the Kripke frame will be
extended to define the boundary operators for covering space. Then, we will investigate
the modal systems for these boundary operators.

Let (W,C) be a covering space. Taking a cue from the notion of boundary operator
defined on the Kripke frame, we consider the following notions of boundary operators and
their duals. Let us recall the definition of functions Ne : W — (W) and F, : W —
§(W) given in Chapter 2 (cf. page 12). Let A C W. Three pairs of covering based

operators are defined as below.

Ci(A)={z e W : Ne(x) CAYU{z € W | Ne(x) C A°};

C3(A)={zeW:Ne(x)NA£D}N{x e W | Ne(x) N A® # 0};

C5(A)={z e W:y € Aforall y with z € Ne(y)} U
{r e W:ye A for all y with 2 € N¢(y)};
Ci(A) = {x € W : there exists a y such that # € N¢(y) and y € A} U

{z € W : there exists a y such that x € N¢(y) and y € A°};

PUA) = {z €W : Fe(x) CAYU{w e W | Fe(x) C A%);

Pi(A)={z e W : Fe(x)NA#0}n{z e W | Fe(z) N A® # 0}

One can verity that operators C3, C? and P} are duals of Cs, C_gj and Py, respectively.
Further, operators C3, Cs, Cz, C'_g‘, Py, P are inter-definable with operators Cs, Cy, Cs,

Cs, Py, Py, respectively, as shown by the following proposition.

Proposition 4.18. Let (W,C) be a covering space. Then, for all A C W and o €
{Cs, Cs, Pi}, we have the following.

1. g*(A) = a(A) Ua(A°).
2. o(A) = Ano*(A).
3. 0*(A) =a(A) NT(A°).
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4. 3(A)=AUc*(A).

Proof. Let us prove the result for Cs. One can similarly prove it for C'5 and P;.

Item 1 follows directly from the definition of C5"(A). Let us prove the Item 2. So assume

that € Cy(A). Then x € Cy"(A) by Item 1 and Ne(xz) C A. Since x € Ne(x), we get

z € A Thus z € AN Cy"(A).

For the converse, let &+ € AN Cy*(A). From z € Cy"(A) and Item 1, z € Cy(A) or

x € Cy(A°). Since x € A and & € N¢(x), x must be in Cy(A). This completes the proof.

Items 3 and 4 follows from the fact that Cy and Cy* are the dual of Cy and C3, respectively.
[

The o semantics for o € {C5, C¥, P/} are defined in the natural way using the clause

[Aalsy = allady)-
The truth set for sy« is obtained as

g

[Vals = a(ladx)-

Next, we obtain the modal systems for o semantics, where o € {C}, C, P}

4.4.1. Modal systems for ¢ semantics for o € {C}, Cs, P/}

Recall again that 9,z |=, a denotes x € [a]§, for o € {C5,Cs, Pr}. The following
proposition gives the equivalent satisfiability condition for the operators A and 7 under

o semantics.

Proposition 4.19.

e M, v f=c; Aa if and only if for ally € Ne(x), M,y =c; « or, for all y € Ne(z),
M,y oz —a.

e M, v |=cx Vo if and only if there exist y1,y> € Ne(x) such that M, y1 Fc; a and
M, y2 =c; ~a.

e M, v =c: Aaif and only if M,y F=c: « for all y with x € Ne(y), or M,y Fox —a
for all y with x € Ne(y).

e M, v |=c; Va if and only if there exist y1,yo € W such that x € Ne(y1) N Ne(y2),

and M, y1 Fc: a and M, ya e o
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e M, v |Epr Aa if and only if for all C; € C with x € C; and for all y € C;,
M,y =p; a, or for all C; € C with x € C; and for all y € C;, M,y =pr .

e M,z E=p: Va if and only if there exist C;,C; € C, y1 € C; and yo € Cj such that
v € CiNCy, My FEpr a and M, y» Fpr 2.

It will be proved that the modal system CILS4 corresponds to C5 and C? semantics.
Further, CLTB is the system for P} semantics. We begin with the following soundness

theorems.

Theorem 4.20 (Soundness Theorem for C5 Semantics). For each wff o, if Fersa o, then

):cg .

Proof. 1t will be shown that all the axioms of the modal system CLS4 are valid under C3

semantics.

Axiom Con’: Consider a model M and an object x such that M,z ey A(y — @) A
A(—y — «a) and we prove M,z [=c; Aa. That is, we show that for all y € Ne(z),
M,y F=c; aor for all y € Ne(x), M,y ez —a. If for all y € Ne(x), M,y oy —a, then
we are done. So, suppose there exists a y; € N¢(x) such that I, y; ):CS a. Let us take
an arbitrary yo € Ne(x) and we prove that 9,y [=c; a. Since M, x =o; A(y — a) and
M,y Fo; o, we get M, y1 =e; v — a and M, ya oz 7 — a. Similarly, from M, z =c;
A(=y = a) and M, y1 ¢z a, we obtain M, y1 Fez -y — a and M, y» Fe; ~7 — a.
Now from 9,y ¢z v — « and M, ys oz —y — a, we conclude M, y» ¢z . Thus

M,z oy Aa. Hence the axiom Con® is valid under C3 semantics.

Axiom Dis’: Let M,z oz ~A(a — B)A=A(—a — ) and we show that M, z ¢z ~Aa.
Since M,z ey = A (a — f3), there exist y1,yo € Ne(x) such that M, y; oy (o — B)
and M, y2 =z ~(a — B). Further, M, y2 =z —~(a — B) implies M, y» oy « and
M, y2 oy =B, From M,z Ec; - A (-a — ), we obtain y3,ys € Ne(z) such that
M, ys Fo; (ma — v) and M, y4 ez ~(—a — 7). Thus it follows that M,y =c; ~a and
M, ys Fe; . We have M,y [Foy o, M, ys oy o and yp,y5 € Ne(x) and therefore
M,z Fco; ~ A a, as desired.

Axiom <«: Follows directly from the definition of satisfiability condition of Aa.

Axiom T Assume M,z |=c; Ao A A(a — ) A a and we show M, z f=c; AB. If for all

y € Ne(w), M,y Fc; =B, then we are done. If not, then there exists a y; € Ne(z) such
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that 9,y oy B. Consider an arbitrary y, € Ne(x) and we prove that 9, y» s B.
Since M, v =c; AaAa and x € Ne(x), we get M, y1 ez « and M, y» =c; . Further,
M, v =z Ala — B) and M,y |=¢; B implies M, y1 [Fc; o — B and M, ys =z o — B.
We have M, y» Fco; a — B and M,y Fc; a, and therefore M, vy, =c; B. Hence
M,z =y AB.

Axiom 4(A): Let M,z ¢y Aa and we show that M,z Fo; A A a. We prove it by
contradiction. So, let M,z [Fc; A A a. Then there exist y1,yo € Ne(x) such that
M, y1 Foy Aaand M, ys Fe; ~ A a. From M,y oy 7 A a, there exist y3, ys € Ne(y2)
such that M, ys ey @ and M,y Fe; ~a. We claim that ys,ys € Ne(z). Consider a
C; € C such that z € C; and we need to prove that y3 € C;. Since yy € N¢(z), we derive
that y, € C;. Since y3 € Ne(y2), we conclude y3 € C;. Similarly, it can be shown that
ys € Ne(z). We have ys,ys € Ne(x) such that M, ys =y o and M, yy oy —a. Thus,
it follows that M,z [Fcy = A a, which is contrary to our assumption M,z oy Aa.
Therefore M, v =cx A A a. O

Theorem 4.21 (Soundness Theorem for C} Semantics). For each wff o, if Ferss o, then

):Cg Q.

Proof. We prove that all the axioms of the modal system CLS4 are valid under C¥ se-

mantics.

Axiom Con®: Consider a model 9 and an object x such that M,z e Ay — a) A
A(=y — «a) and we prove that I,z =cr Aa. If for all y with z € Ne(y), M,y F=eor —a,
then we are done. If not, then there exists a y; with x € Ne(y1) such that 9,y F=e: .
Let us take an arbitrary y, with x € Ne(yz) and we show that 90,4y, F=c: a. Since
M,z For Ay — ) and M,y For a, we must have M, y1 =ox v — o and M, ya e
¥ — a. Further M,z Fc: A(=y — a) and M,y f=c: o implies M, y1 Fe: —y —
aand M, yo For 7y — . Now using M,y Feox v — a and M,y Feox: -7 — a, we

conclude that 9, y» = . Thus axiom Con? is valid under C§ semantics.

Axiom <»: The proof for axiom (A <) is trivial, we omit it here.
Axiom Dis’: Let M, = f=¢z ~A(a = f)A-A(—a — v) and we show that M, z F=cx ~Aa.
Since M, x |=c: = A (a — ), there exist yi,y2 € W such that o € Ne(y1) N Ne(yz2), and

M,y Fex (@ — B) and M, ys e —(a — B). Further, M, ys =c; —(a — B) implies
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M,y For a and M, yo =c: -8, Using M,z Fc: = A (ma — ), we obtain y3,ys € W
such that z € Ne(ys) N Ne(ya), M, ys Feo: (ma — ) and M, ys Feox ~(ma — 7).
By M, ys Fc: ~(—a — v), it follows M, ys Fc: —~a and M, y4 F=c: —y. We have
M, y2 Fox a, M, ys FFo: ~aand x € Ne(ya) N Ne(ya). Thus M,z = - A a.

Axiom T°: Assume that MM, = o AaAA (o = B)Aa and we need to show I, z f=c: AS.
If for every y with x € Ne(y), M,y F=c: —f, then we are done. If not, there exists a y,
with © € Ne(y1) and 9,41 [For 8. Let us take a yo with o € Ne(y2) and we show that
M, y2 Feor B As Mz e Aa Aa and v € Ne(r), we must have I,y F=c: o and
M, y2 Fex a. Since M,z |For Al — B) and M, y1 ¢ B, it follows that M, y1 e
a — B and M,y For o = B. By M yp For o = S and M, ys Feor o, M,y Fer B
holds and hence I,z F=c: AB.

Axiom 4(A): Assume I,z |=c: Aa. Towards proving a contradiction, let 9,z [cx
A A «. Then there exist yi,y2 € W such that € Ne(y1) N Ne(ya), M, y1 Fose Do
and 9N,y ):cg = A a. From I, 1y, ):Cg - A «, there exist y3,y4s € W such that y, €
Ne(ys)Ne(ya), M, ys e o and M, yy = —a. Now, we show that x € Ne(ys) N Ne(ya).
So, consider a C; € C such that y3 € C;. Then ys € C; as yo € Ne(ys3). Since © € Ne(ys),
we get @ € C;. Similarly, it can be shown that € N¢(y4). We have x € Ne(ys) N Ne(ya),
M, y3 Fcx a and M, ys For —a. Thus, it follows that 9,z e = A «, which is not
possible as 9, x ):C; Aa. Hence M, )ZC;; AN .

O

Theorem 4.22 (Soundness Theorem for P Semantics). For each wff «, if Feurp o, then

):pl* .

Proof. Axiom Con: Let us assume M,z =pr Ay = a) A A(—y = «) and we prove
that M,z f=pr Aa. If for each C; € C with x € C; and for all y € C;, M,y F=pr v,
then we are done. If not, then there exist a C; € C having x € C and a y; € (4 such
that 9, ):pl* «. Consider an arbitrary Cy € C with x € C5 and a y, € (s, and
we show that M, y» =pr @ From M,z Fp: A(y = a) and M,y F=pr a, it follows
that 9, y1 Fpr v = aand M, ys Fpr v — a. Again from M,z Fp: A=y = )
and M, y1 Epr a, we obtain M, y; Fpr =y — aand M, y» Fpr -y — . We have
M, yo Fp; v — aand M, yp =pr =y — a, and thus M, y» =pr a. Thus axiom Con® is

valid with respect to P semantics.
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Axiom Dis”: Let M,z =pr 2A(a — B)A-A(—a — ) and we show that M, z f=p: =Aa.
Since M,z =ps = A (a — ), there exist Cy,Cy € C, y1,y2 € W such that z,y, € (1,
M,y Fpr a — Band 2,y € Cy, M,y Fpr (o = B). Further, M, yo F=p; (a0 — B)
implies MM, yo F=p; @ and M, y2 oy -B. From M,z Ep: = A (na — ), there exist
C3,Cy € C,y3,ys € W such that z,y3 € C3, M,y3 |=pr (ma — ) and x,y, € Cy,
M, ys Fpr =(-a — 7). Thus it follows that M, ys Fps ~a and M, y4 F=p- —y. We have
M, y2 Fpr a, M, ys Fpr v and yp € Co,yy € Cy, and therefore M,z Fp: - A a.

Axiom <«>: The proof of validity of the axiom is very obvious.

Axiom B’: We assume that I,z fEp- A(Aa — «) and we prove that I,z FEps a.
From M,z (#Ep: A(Aa — ), there exist C1,Cy € C, y1,y2 € W such that z,y; € Cf,
M,y Fpr Aa — aand z,y; € Cy, M, yo Fpr 7(Aa — ). Since M, yo Fpr ~(Aa —
a), we get M, yo F=p: Aa and M, yo Fpr —a. From M, yo Fpr Aa and M,y F=pr —a,
it follows that M,z Fps —a.

Axiom T°: Consider M, x |=pr A(a — ) A Aa A« and we prove that M,z =p- A If
for each C; € C with x € C; and for all y € C;, M,y [=pr -, then we are done. If not,
then there exist a C; € C having x € ('} and a y; € C} such that 9, y, |:p1* [. Consider
a y2 € C1 and we show that 90,y Fps 5. From M,z Ep: Ala — B) AAaAa, it follows
M, x Fpr Al — B), Mz Epr Aa and M,z Epr a. Thus we obtain M,y F=pr a,
M, yo Fpr o, My1 FEpr o — B and M,y =pr a — B. Therefore, M,y =ps 8. Hence
M,z E=p: AB. ]

Now we move to obtain the completeness results. First note the following notion of

lifting of a frame [61].

Definition 4.23. Let § := (W, R) be a Kripke frame.

e The Cy lifting of § is defined as the structure F = (W, C%), where
C?:={R(x):x € W}

e The C5 lifting of § is defined as the structure F = (W, C§5), where
C» ={R'(z): 2 € W},

R7(x) is being used to denote the set {y € W : yRx}.
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e The P, lifting of § is defined as the structure ™ = (W, CL'), where

Ch = {{z.y} S W : xRy},

Recall the function N¢ and F¢ given in Chapter 2 (cf. page 12). Then we have the

following.

Proposition 4.24 ( [61]). 1. Let § :== (W, R) € §4. Then the following hold.

° C% s a covering of W.
. NCgQ (x) = R(x) for each x € W.

2. Let § := (W, R) € 84. Then the following hold.
. C% 1s a covering of W.
. Ncgs (x) = R~ Y(z) for each x € W.

3. Let § := (W, R) € TB. Then the following hold.
° Cgl s a covering of W.

. Fcf;l (x) = R(x) for each x € W.

Lemma 4.25. Let § := (W,R) € §4 and M := (W, R, m) be a model based on §.
Consider the covering model M2 = (W, C%,m). Then, for any wff a and x € W, we

have the following.
M,z =p a if and only if M2, x o a.

Proof. Proof is by induction on the number of connectives in . We only provide a proof
for the case when « is of the form AfS. We will use the symbol <= to mean ‘if and
only if.’
M,z =y AB
< (for all y € Ncgg (z), M2,y oy B) or
(fOI' all ye Ncg2 (‘T)J m027 Yy IZCEk ﬁﬁ)
< (for all y € R(z), M,y |=p B) or (for all y € R(z), M,y =p —F)
(using induction hypothesis and Proposition 4.24)

= M,z =p AS.
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Lemma 4.26. Let § == (W, R) € S4 and M = (W, R,m) be a model based on §.
Consider the covering model M5 = (W, Cgf’,m). Then, for any wff o and x € W, we

have the following.
M,z =p a if and only if MY, x For a.

Proof. Proof is by induction on the number of connectives in a. We only provide a proof

for the case when « is of the form ApS.

M, 2 =y AB
<= (for all y with = € NC% (y), M,y f=c: B) or
(for all y with = € Ncgs (), M,y f=cr —B)
<= (for all y with x € R™*(y), M,y |=p B) or
(for all y with € R (y), M,y =p —B)
(by induction case and Proposition 4.24)

<~ M,z =p AB.
]

Lemma 4.27. Let § := (W,R) € TB and MM = (W, R,m) be a model based on §.
Consider the covering model M = (W, Cgl,m). Then, for any wff a and x € W, we
have the following.

M,z =p a if and only if MM,z Epr a.

Proof. Proof is by induction on the number of connectives in a. We only provide a proof

for the case when « is of the form AS. We have

mpl,,f ):pl* Aﬁ
<= (for all C; € CL! with « € C; and for all y € Cy, M, y =ps ) or
(for all C; € CH with « € C; and for all y € Cy, M, y Fps —B)

<= (for all C; € C? with z € C; and for all y € C;, M,y =p B) or
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(for all C; € Cf* with 2 € C; and for all y € C;, M,y =p —B)
(by induction case)

<~ M,z =p AB. (Using Proposition 4.24)

Now, we are in a position to prove the completeness theorem.

Theorem 4.28 (Completeness Theorem). For each wff o, we have the following.

1. [f }:Cg a, then |_(C]LS4 .
2. [f ):cg a, then l_(C]LS4 .
3. ]f ):pl* «, then }_(C]L’]TB .

Proof. We will provide the proof of Item 1 only. Rest can be done in the same way. If
possible, let Fcpss . Then using the completeness theorem of the modal system CILS4
with respect to the class §4 of frames (cf. Table 4.4), we obtain a model 9t := (W, R, m)
based on a frame § € S§4 and a x € W such that MM, =z ~p a. Thus, by Lemma 4.25,
M, x l#c; «. This contradicts that |:C§ «. Hence Fepss . O

4.5. P, semantics revisited

The covering system P, [91] is defined in terms of the basic granules PS where C =

{C; CW :i € I} is the covering of W and for each x € W, PC is defined by
PS¢ :={yeW: forall C; € C,x € C; if and only if y € C;}.

One can see that {PS | x € W} is the partition of W generated by the covering C.

Example 4.29. The partition generated by the covering { By, B, Bs, By, Bs} of W in the

picture constitutes of the regions 1-17.
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The lower and upper approximations of a set A C W are defined by

Py(A) = U{P; : P; C A},

Py(A) = U{P’ : PN A # 0} (cf. [8,74,77,91])

So, these are exactly the same as Pawlakian approximations. The corresponding modal
system being S5, the modal operators [J and { are interpreted as the lower and upper

approximation respectively. It follows that
Fss aif and only if |=p, a. (4.1)

The objective of this section is to obtain an alternative modal system for the covering
system P4 in terms of modalities A and 1.

Let us recall the language £([J) which has the primitive modal operator OJ and its
dual ¢. In the language £(O), we consider A and 37 as defined connectives given as

follows:

A a:=OaVO-q;
(4.2)
Vo= A .

Similarly, in the language £(A), which has primitive modal operator A and its dual 57,

we define the connectives [0 and ¢ as follows:

Oa = a A Aa;
(4.3)
Oa = —O—a.
Thus, using (4.2) and (4.3), a wif of £((J) can be treated as a wif of £(A) and con-

versely. Because of the above interdefinability, any wff of one language may be considered

as a wil of the other.
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Recalling the definition of =p (cf. Section 4.3.1) and using the symbol |= to denote

the standard satisfiability relation based on Kripke frame, we obtain Proposition 4.30.

Proposition 4.30. Let 9 = (W, R,m) be a model based on a Kripke frame M :=
(W, R, m) with reflexive relation R. Then, we have the following for all wffs a:

M, x = « if and only if M, x =p .

Proof. First note that in MM, x = «, « is meant to be a wff of £(O) and in M, = =p «a, we
treat o as a wif of £(A). The result is proved by induction on the number of connectives
=, V, [, A in the wif a. We provide the proof of the cases when « is of the form S
and AB. So, assume that the result holds for 5 and we prove it for (J§ and AB. We
begin with [J5 case. Let 9%,z = 005 and we prove that 9, x =p OB. Due to (4.3), it is
enough to prove that M, = =p SAAS. From M, x = O, it follows that for all y € R(z),
M,y = B. Using induction hypothesis, we conclude that for all y € R(z), M,y =p S.
Thus MM, x =p B as R is reflexive relation. From Proposition 4.17 and the fact that for
all y € R(z), M,y Ep B, we obtain M, x =p AB. We have M,z =p f A AP and hence
M,z =p 06,

For the other part, let M, x =p OF. Then by (4.3), M,z =p 5 A AB. Using reflexivity
of R and induction hypothesis, it follows that 9,z |= Op.

Next, Assume M,z = A and towards a contradiction, let 9,z F~p AB. Then there
exist y1, Y2 € R(z) such that M, y, |=p B and M, y» =p - (cf. Proposition 4.17). From
induction hypothesis, we obtain 9, y; E S and 9M,y, = —F. This is not possible as
M,z = AP, that is, M,z = 0OF v O-5. Thus M, x =p AB.

The converse follows easily by induction hypothesis due to (4.2). O

As a consequence of Proposition 4.30, it follows that « is valid in the class §4 of
frames with respect to the standard modal logic semantics if and only if « is valid in the
class §4 of frames with respect to the semantics presented in Section 4.3.1. Therefore,
using the soundness and completeness theorems for the modal system CILS4 with respect
to the class S4 of frames [22] and the well-known soundness and completeness theorems

for the modal system S4, we obtain the following result.
Proposition 4.31. For every wff o, we have

Fersa « if and only if Fsy .
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Let us use CLS4B to denote the modal system CLS4 + axiom B(O). We know that
modal system S5 consists of modal system S4 along with axiom B([J). So, modal system

CLLS4B is syntactically equivalent to modal system S5. That is, for all wifs «,
ko5 o if and only if Fepsup .

Hence, from (4.1), we obtain the following for each wif «:
FeLsap @ if and only if |=p, a.

Thus, it is shown that axioms of CILS4B gives a axiomatization of modal system S5 and

Py gives a covering semantics to this system.

4.6. Conclusion

In [91], seventeen covering based rough set systems are presented with the purpose of
investigating their modal logic aspects. These systems can be divided in two categories
depending on whether the lower and upper approximation operators are dual or not. The
systems C1, Cy, C3, Cy, Cy, Cayr, Py, Py, Py and P, belong to the first category. The non-dual
group consists of the systems C,,C_,Cyx, Ca, C4,Cy and Cy. In [61], modal systems for
the covering systems Cs, Cy, C'5 and P; were presented, but the question of modal system
for C', C3, Cqr, P>, and P3 remained unanswered. Note that the axiom K is not valid under
the semantics corresponding to these later systems and hence the corresponding modal
systems, if exist, are not normal. In this chapter, a modal system ML¢, for covering
systems C, Cq, and Pj is presented. ML, turns out to be the monotonic modal system
EMN with two more axioms T(J) and 4(0J). Rough set systems P, and Cj are left for
future work.

The chapter also presents a formal study of the boundary operators. The o semantics,
where o € {Cy,Cs, P}, is used to obtain the ¢* semantics for the language where the
modal operator corresponds to the boundary operator. It is shown that the modal system
CLS4 corresponds to C5 and C¥ semantics, and CILTB is the system for P} semantics. The
question of axiom systems for the boundary operators relative to the remaining covering
systems is still open. It is also worth to mention that our study leads us to the study
of a few contingency logics via covering semantics based on systems Cy, C5, and P;, and

finds its connection with rough sets. It will be interesting to investigate the connections
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between the other contingency logics and covering semantics. At the end, an alternative
modal axiom system for P, is presented in terms of contingency modality.

As far as non-dual systems are concerned, the modal logics for the covering systems
Cy,C_,Cy,Ca, Cy, Cy are still pending, but the issue is resolved for C; in [19]. The lower

and upper approximations in C; are defined as below [48].
C(A) = J{EeD: EC A}
Ci(A):=({EeD:ACE},

where D := {F C W : E = |J,.5 Ne(x) for some B C W}. It can be observed that

reB
the above operators are not dual. A modal system ML¢, is obtained and corresponding
soundness and completeness theorems are proved. As expected, the language of ML,
contains two primitive unary modal operators [J and ¢ and it consists of the following

axioms and inference rules.
e Ha— p) — (Ha — 0Op)
(0 = 08) = O(=(a — B))

o [l — «

o o — J«

o Lo — U«

e OOa — «

e O — Qo

o Oa — Ul

e From o and o« — 3, infer

e From «, infer Co

e From —a, infer =Qa.

It is also pertinent to note that for non-normal modal systems in [67], mostly neigh-
borhood semantics are studied. In this chapter, a new semantics based on covering of a
set is presented for one such modal system namely ML¢,. Relationship between covering
semantics and neighborhood semantics may be investigated in future. However, this study

has partly been initiated in chapter 15 of [70].
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CHAPTER 5

A MODAL LOGIC FOR GENERALIZED ROUGH SET
MODEL BASED ON SUBSET APPROXIMATION
STRUCTURE

In this dissertation, we have already seen a few generalizations of Pawlak’s approx-
imation space. In literature, one can find several other generalizations and the notions
of approximations based on these generalizations. In [75], a generalized approximation
space is defined as a tuple AS := (W, I,v), where I is a function from W to §?(W), and
v is a function from §2(W) x £(W) — [0, 1] measuring the degree of inclusion of sets. I
and v are called uncertainty function and inclusion function, respectively. The lower and

upper approximations are defined in AS as follows.

AS (X)) ={xz e W v((x),X) =1},

AS*(X) :i={z e W:v(I(x),X) > 0}.

Given a Pawlak’s approximation space (W, R) with finite W, it can be viewed as an
instance of the generalized approximation space given above by taking I(z) = R(z) and

v(X,Y) = pTQT' for any X, Y C W, X # (. In this case, AS,(X) and AS*(X) coincides

with the standard lower and upper approximations X  and X g, respectively.

In [93], the generalized approximation space discussed above is further generalized by
considering a system R := (W, I, v, P), where I,v are defined as above and P : [(W) —
{0,1}, known as structurality function. Given a R C W x W, the following lower and

upper approximations are proposed.
Lr(R, X):={xeW:P(I(x)) =1 & for all y such that (z,y) € R implies
v(I(y), X) =1},
Ur(R, X):={x e W : P(I(z)) =1 & for all y such that (z,y) € R implies

v(I(y), X) > 0}.



The rough set model based on neighborhood is also well studied in the literature
[107,113]. In this approach, each element = of the domain W is associated with a subset
n(x) C W, called a neighborhood of x. A neighborhood system N S(z) of x is a non-empty
family of neighborhoods of x. A neighborhood system of W, denoted by NS(W), is the
collection of NS(x) for all x € W. The tuple (W, NS(WW)) is known as Frechet (V)Space.
Various lower and upper approximations are proposed based on the neighborhood system,
and we refer to [107,113] for details.

The notions of approximation operators discussed so far, including the one based on
neighborhood system, depend on all the objects of the underlined domain. However, it
may be preferable to approximate concepts relative to some subsets of the domain instead
of the whole domain in some cases. In this chapter, we study approximations based on
this approach. Our study will be based on the following generalization of approximation

space.

Definition 5.1. A subset approzimation structure (in brief, SAS) is defined as a tuple
§ = (W, p, R), where W is a non-empty set of objects, p is a non-empty collection of
non-empty subsets of W, and R C W x W.

In addition to a relation R, a SAS consists of a collection of subsets of W, called the
sets of interest. For each x € W, let us use p, to denote the collection {U € p: z € U}.
The elements of p, are called neighborhood of x. These sets are used in determining the
relative approximations of subsets of the domain. In the next section, we propose and
study approximations based on SAS. As mentioned earlier, various types of relations are
worth studying in the context of approximations in rough set theory (c.f. [43,56,66,69,93]).
Therefore, we explore the sub-classes of SASs listed in Table 5.1. It is worth mentioning
that given a SAS (W, p, R), (W, p) can be viewed as a Frechet (V)Space, where we take
pz to be the neighborhood system NS(z) of x.

To the best of our knowledge, we have not seen any proposals of logics describing
rough sets (including normal modal systems) that can capture the approximations of sets
proposed in this chapter. This is due to the fact that the proposed approximations are
defined relative to elements of p. In Section 5.2, we introduce a modal logic for SAS that
can be used for this purpose. The satisfiability of a wff is evaluated at an ordered pair

whose first component corresponds to an object from the domain of discourse, and the
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Class  of | Defining condi- || Class  of | Defining condi-
SAS tion SAS tion

A Class of all SAS | A, A, N A

A, R is reflexive A A NA;

A R is transitive A A NA,

A R is symmetric || Ae A NA;

Table 5.1. Classes of SASs

second component corresponds to a set from p. Section 5.3 is intended to discuss the
interpretation of proposed logic wifs within the framework of rough set theory. Section
5.4 provides sound and complete modal systems for different classes of SASs. Section 5.5
is devoted to the proof of the corresponding completeness results. Section 5.6 presents a
comparison of the proposed semantics with the well-known multi-modal logic semantics.
This study also leads us to the fact that the problem of the decidability of the proposed
logics is equivalent to that of some known multi-modal logics. This result is useful in
obtaining the decidability results for the proposed logic. Section 5.7 discusses the decid-
ability problems. Section 5.8 presents some invariance results related to the presented
logic. We also return to the issue of the expressibility power of the logic and provide a
few classes of SASs that can be defined through wifs of the logic. Section 5.9 concludes
the chapter.

5.1. Notion of approximations based on SASs

We begin with the following notion of approximations defined relative to a set from

Definition 5.2. Consider a SAS § := (W,p,R) and S € p. We define the lower and
upper approximations of a set Z C W relative to S, denoted by [R]|s(Z) and (R)s(Z)

respectively, as follows:

[Rls(Z) :={2z€S:R(z)NS C Z}, and
(R)s(Z):={2€S:R(z)NSNZ#0D}.
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For a given S € p, consider the approximation space (S, R|s) where R|g is restriction
of the relation R on the set S, that is, (z,y) € R|s if and only if z,y € S and (z,y) € R.
Let Z C W. Then one can verify that

[Rls(2)=(2n5S), , and

(R)s(2) = (70 S,

We list some properties of aforementioned approximations in the following proposition.

For a better understanding, modal logic notations are used to label the properties.

Proposition 5.3. (Dual): [R]s(X¢) = ((R)s(X))°NS.
(K): [R]s(X°UY) C ([Rls(X))*U[R]s(Y).
(T): If § € A, then we have [R]s(X) C X.
(B): If § € A, then we have X NS C [R]|s((R)s(X)).
(4): If § € A, then we have [R]s(X) C [R]s([R]s(X)).

The proof of the above proposition is very much in the line of the proof of similar
properties of the standard rough set approximation operators [74], and we omit the same
here.

Given a set Z, in a study under the framework of SASs, the following sets may be of

interest.

e The set consisting of objects that belongs to the positive region of Z relative to all
the sets of interest.
e The set consisting of objects that belongs to the positive region of Z relative to

some sets of interest.

Accordingly, we define the following concepts of approximations. Suppose § := (W, p, R)
be a SAS and X C W.

Definition 5.4. The necessity lower approzimation L(X), possibility lower approzima-
tion LL(X), necessity upper approzimation UF(X), and possibility upper approzimation
UZ(X) are defined as follows.

LX) = [[R]s(X); LA(X) = [ J[R]s(X);
Sep Sep

U3 (X) = [ |(R)s(X); UE(X) == | J(R)s(X).
Sep Sep
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Thus, L{(X) (L5(X)) consists of elements that are in the lower approximation of the
concept X relative to all sets (respectively, some set) from p. Similarly, Uz(X) (UZ(X))
consists of elements that are in the upper approximation of the concept X relative to all
sets (respectively, some set) from p. Observe that LF(X) C LE(X) and Ug(X) C UZ(X)
for all X, and X, C LE(X) and Xz C U(X) provided W € p. Further, one can
identify the generalized approximation space (W, R) with the SAS § := (W, p, R), where
p = {W}. Moreover, in this case, we get

LUX) = Xpp = LA(X) and UP(X) := X g = UZ(X),

Note 5.5. In order to make the notation simple, we will avoid using § as the subscript

in the above definitions. For instance, we will write L(X) simply as L"(X).

We list below a few properties of the approximations defined above. As earlier, modal

logic notations are used to label the properties.

Proposition 5.6. Let § € A be a SAS. Then the following hold.
(Dual): (o) L°(X%) C (UP(X))"
(b) 17(X°) C (U™ (X))
() Nsep S N UP(X)) = e, S N LX) C L7(X0)
(d) Nse, S NU(X))? C LP(XC).
(K): L"(X°UY) C (L"(X))*UL™(Y).
(T): If § € A, then the following is true.
(a) I'(X) C X.
(b) X CU™MX) if and only if X C (g, S
(¢c) LP(X) C X.
(d) X CUP(X) if and only if X € Uge, S
(B): Let § € As. Then, X C L™(UP(X)) if and only if X C (g, S
(4): Let § € A. Then L™(X) C L"(L™(X)) if R(W) C g, S, where R(W) = {y €
W (x,y) € R for some x € W}.

Proof. (Dual)(a) Let x € L™(X¢) and we prove that z € (UP(X))¢ If possible, let
x € UP(X). Then there exists an S; € psuch that z € (R)g, (X), therefore, R(z)NS1NX #

(. From z € L™(X°), we get * € [R]g(X¢) for all S € p. Thus = € [R]g (X¢) and
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R(z)NS; C X¢ We have R(z) NS; C X¢ and R(z) N S; N X # (), which is not possible.
Hence L™(X°) C (UP(X))°.

(b) Let « € LP(X°) and we show that z € (U™(X))¢ If possible, let x € U"(X).
Then x € (R)s(X) for all S € p. From z € LP(X°), we obtain an S; € p such that
z € [R]s,(X¢). That is, R(x) N S; C X° Also, we have z € (R)s,(X). This gives
R(x) N SN X # (. This is a contradiction. Hence LP(X¢) C (U™(X))*.

(c) Let us first show that (g, S N (UP(X)) C (g, S N L"(XC). So, let us consider
z € Nge, SN (UP(X))® and we prove that x € (g, 5 N (L"(X)). Let us take an
Sy € p. Since x € g, 5, we get © € S;. We need to show that = € [R]s, (X¢). From
x € (UP(X))¢, we obtain for all S € p, R(zx) NS C X¢ Thus R(z) NS; C X°¢ and
x € [R]s, (X°).

For the converse, let z € (g, S N L"(X°) and we prove that z € (g, S N (UP(X)).
If possible, let € UP(X). Then there exist an S; € p such that x € (R)g, (X). From
x € L"(X°), we obtain z € [R]s, (X¢). Thus R(z)N.S; C X¢ Since z € (R)g,(X), we get
ay € R(z)N S NX. This is not possible. Hence (g, SN L™(X) C g, SN (UP(X)).
(d) Let € Nge, S N (U™(X))® and we show that x € LP(X¢). From z € (U"(X))",
we get © ¢ U™(X). Then there exists an S; € p such that @ ¢ (R)g (X). This gives
R(z)nS1NX = 0, that is, R(z) NSy € X° Since z € S and R(z) N S; C X¢,
z € [R]s, (X¢). Thus z € LP(X°).

(K). Assume that z € L™(X°UY) and we prove that z € (L"(X))cU L"(Y). If x €
(L™(X))¢, then we are done. So, suppose z ¢ (L"(X))¢ and we show that € L™"(Y"). Let
us take Sy € p. Since z € L"(X°UY), xz € [R|s(X°UY) for all S € p. Thus =z € S; and
x € [R]s,(X°UY). Since z € L"(X), we get x € [R]s,(X). Let us take a y € R(x) N S,
and we show that y € Y. From z € [R]g, (X) and z € [R]s, (X°UY), we obtain y € Y.
Thus z € L™(Y).

(T) Let § € A, and we show the following.

(a) Assume that x € L™(X) and we show that z € X. From z € L"(X), we get
x € [R]g(X) for all S € p. Since p is a non-empty collection, there exists an S; € p and
x€S1. AsF €A, z € R(z). We have R(z)NS; C X and x € R(x) N S;. Hence z € X.
(b) Let X C U™(X) and we show that X C (g, S. Assume that x € X and consider an
Sy from p. We obtain x € U™(X). This gives x € (R)s(X) for all S € p. Hence x € S;.

88



For the other direction, suppose that X C ﬂSEp S and we show that X C U"(X). So, let
x € X and let us take Sy € p. We have z € S; and z € R(z) N X. Thus z € (R)g, (X).

(c) Suppose that x € LP(X) and we show that x € X. From x € LP(X), there exist an
S1 € p such that € [R]s,(X). Since z € R(z) N Sy and x € [R]s, (X), we obtain z € X.
(d) Let X C UP(X) and we show that X C (Jgc,S. So, let us take a x € X. Then
x € UP(X) and there exists an S; € p such that x € (R)gs,(X). That is z € S; and
z € Usge, S-

For the converse, let X C (Jgc, S and we show that X C UP(X). So, let z € X. From
z € Uge, S, there exists an S; € p such that x € S;. We have z € S; and z € R(z) N X.
Thus z € (R)gs,(X) and x € UP(X).

(B) Let § € As. Assume that X C L"(UP(X)) and we prove that X C (g, S. So, let
x € X. Then z € L"(UP(X)). We obtain for all S € p, x € [R]s(U?(X)) and hence z € S
for all S € p.

For the converse, let X C 5,5 and we show that X C L"(UP(X)). So,let 2 € X and let
us take an 51 € p. Since X C (4,5, we get z € Si. We prove that x € [R]s, (UP(X)).
Let us consider y € R(z) N S;. Since R is symmetric, we obtain x € R(y). We have
re€Ry)NS;NX and y € 5. Thus y € UP(X).

(4) Let § € A and R(W) C (g, S. We prove that L"(X) C L"(L"(X)). So, suppose
that € L"(X). Consider an S; € p. We have z € 5 as ¢ € L"(X). We show that
x € [R]g (L"(X)). Let us take y € R(x) NS;. Again consider Sy € p and we show that
y € [R]s,(X). Since R(W) C 4,5, we get y € Sa. Let us take 2 € R(y) N S2. As R
is transitive, we get z € R(z). We have z € R(x) N Sy and x € L™"(X). Thus z € X and
L"(X) C L™(L™(X)). O

Note that although we have L™"(X¢) C (UP(X))¢, but we do not have the reverse
inclusion (UP(X))¢ € L™(X¢). This shows that the operator L™ is not the dual of the
operator UP, however we have the property Dual(c). Further, while we have L"(X) C X,
we do not have X C UP(X) as L™ is not the dual of the operator U?. Similarly, we have
the property X C L"(UP(X)) and L"(X) C L™(L"(X)) under some additional restrictions
as shown in (B) and (4). We have similar observations for the operator L.

Consider the following example.
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Example 5.7. Let us consider a SAS (W, p, R), where W :={1,2,...,10}, p :={S,T},
S = {1,2,3,4,7,8}, T := {1,2,3,4,6,8}, and W/R := {{1,5}, {2,6}, {4}, {3,7,8},
{9,10}}. Let us consider the set X := {1,2,3,4}. One can easily verify the following:

o Xp={4} Xp=W\{9,10};

o [Rls(X) ={1,2,4}; (R)s(X) ={1,2,3,4,7,8};

o [P(X)=1{1,2,4}; UP(X)={1,2,3,4,6,7,8};

o ["(X)={1,4}; U"(X) ={1,2,3,4,8}.
Observe that relative to the information provided by the approximation space (W, R), 1
and 2 are undecidable elements of the set X, but when we consider SAS (W, p, R), both
the elements move to the lower approximation of X relative to some set of interest (in
fact, relative to the set S). Also, note that although 2 belongs to the lower approximation
of X relative to some set of interest, it is not the case relative to all the sets of interest.
On the other hand, 1 belongs to the lower approximation of X relative to all the sets of

interest.

5.2. A modal logic for subset approximation structures

In this section, we propose a modal logic with semantics based on SASs. Let us begin

with the syntax of the logic.

5.2.1. Syntax

We consider the modal logic language £([J;,) with two unary modal connectives

O, 0. That is, wifs of £(0;, ) are defined recursively as follows.
Tlp|-a|lanp|Da|Oa,

where p is a propositional variable and «, 5 are wifs. As earlier, we use PV to denote the
set of all propositional variables.
Along with the usual derived connectives L,V,—, <>, we have the derived modal

connectives ¢; and ¢ defined below.

Ora := =y, and Qa := —[-a.
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Consider the fragment £(0J;) of £(0;,0) consisting of wifs that does not involve the
modal operator [J. Similarly, £(J) denotes the fragment of £(J;, ) not having the wifs

involving the modal operator [;.

5.2.2. Semantics

As expected, the semantics is directly based on SASs. Therefore, we take into account

the following notion of model.

Definition 5.8. A tuple 9 := (§,m) is called a model of £(J;,0), where

e §:= (W,p,R) is a SAS,

o m: PV — (W) is a valuation function.

The set {(z,U) € W x p: x € U} is denoted by E(F). Also recall that for z € W,
pr == {U € p : x € U}. The satisfiability of a wif o in a model M = (F,m) at
(x,U) € E(F), denoted as M, x,U = «, is defined inductively as follows.

M, UET always.

Mz, U E=p = x € m(p), for p € PV.

Mz, U E -« = M, x, U .

Mz, UkEanp — Mz, U = o and M, z,U | .

M, z,U = Do — for every V € p,, M, 2,V |= a.

M, z,U = Do — for every y € U with (z,y) € R, M,y,U = a.

Note that the satisfiability of a propositional variable p at (z,U) € E(F) depends on z,
but not on U. Also, the modal operator [J; captures the quantification over elements of
p. We refer to [13] for more details for such modal operator.

The satisfiability condition for the derived connectives are obtained as follows.

M, z,U = Qa <=  thereis ay € U with (z,y) € R such that M, y,U = «a.
Mz, U E o < there is a V' € p, such that M, 2,V = «a.
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In the line of the standard definition of truth set of a wff in a modal logic, we consider

the following sets. For any wff a;, model 9t and U € p, let
[a]my = {zx e W : DM, 2,U | a};
o]y ={z e W:9M,2,U = a for some (z,U) € E(F)};
[a]m :=={(z,U) € E(F) : M, 2,U |= a}.

In the classical rough set theory, a concept is represented/given by a subset of the
domain of the underlined information system. Accordingly, a wif of modal logic proposed
for classical rough set theory represents a concept given by the truth set of the wif.
Similarly, a wif a of the above proposed language also represents a concept (relative to

the set U € p) given by [a]om . Let us see the following proposition.

Proposition 5.9. Let M = (F, m), where §F = (W, p, R), be a model, « € L(y), and
M, x,U; = « for some (x,Uy) € E(F). Then for all (z,U) € E(F), M, z,U = a.

Proof. The proof follows by induction on the complexity of the wif a. First let us see the
case when « is a propositional variable. From 9, z,U; = p, we obtain x € m(p). We
need to show that MM, z,U = p for all (z,U) € E(F). So, let us take a U € p with z € U.
Then M, 2, U = p as x € m(p). Boolean cases can be proved easily.

Next, consider the case when « is of the form ;3. Consider a U € p with x € U and we
prove that 9, z, U = ;5. So, let us take Uy € p with x € Us. Then I, z,Us = (B as we
have M, z, Uy = O0;5. Thus M, z, U = O, 6. ]

Here, it is pertinent to note that for a € £(0Jy),

[o]gy ={z e W M, 2, U = aforall (z,U) € E(F)}N (U U), and (5.1)

Uep

(ﬂ U)N o]y = [a]my for all U € p. (5.2)

Uep
Hence, we may say that the wffs from £((J;) represent concepts that do not depend on
the individual elements of p but on the whole p.
We conclude the section with the definitions of the standard concepts of the validity
and satisfaction of wffs. We say that a wif a is valid in a model 9 := (§, m), denoted as
M = a, if [afl;m = E(F). A wit « is valid in a SAS §, notation: § = «, if M = « for all

models 9 based on §.
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Class of | Defining condition

Models

© Class of all models having R as a binary relation

O, Class of all elements of © having R as a reflexive relation.
CN Class of all elements of © having R as a transitive relation.
Os Class of all elements of © having R as a symmetric relation.
Ors ©, N O,

On ©, N6

Ost O N B,

Oe O+ N O,

Table 5.2. Classes of Models

A wif o is valid in a given class & of SASs, denoted as & = a, if « is valid in every
SAS § in &. For a SAS §, and a set A of wifs, we will write § = A if §F = « for all
a € A. Similarly, for a class & of SAS, we write & = A if & = a for all a € A.

A wif « is said to be satisfiable in a model I if [afon # 0. « is said to be satisfiable in a
given class & of SAS if « is satisfiable in a model 9 := (§F, m) based on a SAS § € &.

5.3. Rough set interpretation

We begin with the proposition given below.
Proposition 5.10. For a model M = (F, m), where § := (W, p, R), a € L(0;,0) and
B € L(Oy), the following holds.

1. [Balmw = [Rlo([e]my), [Oalmo = (R)v([e]my);
2. [OB]amu = [Rlu([8la), [0Blmu = (R)u([Blm)-

Proof. 1. First we prove that [Oajmy = [Rlu([a]my). So, let z € [Bajmy and we
show that € [R]y([a]my). Consider a y € U such that (z,y) € R. As z € [Ha]my,
M, z,U | Oa. Thus M, y,U | «, and y € [a]my. Hence x € [R]y([a]mu)-

For the other part, let = € [R]|y([a]my) and we prove that x € [Oa]my. Let us take
ay € U such that (z,y) € R. Then y € [a]my due to z € [R|y([a]mep). We get

M.y, U = a and thus M, 2, U = Oa, that is, = € [Oofom .
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Next, we show that [Oa]mu = (R)u([a]my). So, assume that x € [Oa]smy and we prove
that z € (R)y([o]m ). From z € [Oa]my, there exists a y € U such that (z,y) € R and
M,y,U = a. We have (z,y) € R, y € U and y € [a]mmp. Thus z € (R)y([o]mo)-

For the other part, let € (R)y([o]mu) and we prove that € [Oafmy. From z €
(R)u([e]mu), there exists a y € U such that (z,y) € R and y € [a]my. That is,
M,y,U = a and hence M, 2, U = Qa, that is, z € [Oa]mu.

2. We need to show that [O8]mu = [Rlu([Blan)- So, let z € [OF]my and we prove
that « € [R]y([Bly)- Let us take a y € U with (z,y) € R. Then M,y,U = S as
9, z, U = 0B. Thus, we obtain y € [f]y,; and = € [R]u([Bly)-

For the other part, let us assume that x € [R]y([8]s;) and we need to prove that x €
[E8]mu. Consider a y € U with (x,y) € R and we show that M.y, U = (. From
z € [Rly([Bly), we get y € [Blyy. Thus there exists a Uy € p such that y € U; and
M, y, U, = B. Using Proposition 5.9, we obtain 9, y, U |=  and hence x € [Of]mu-
Next, we prove that [08lmu = (R)u([Blay). First, let x € [Of]my and we show that
z € (R)u([Bly)- From x € [Of]omv, there exists a y € U with (z,y) € R and M, y, U =
8. Thus y € [8, and & € (R[5l

For the other direction, suppose that = € (R)y([5]y;) and we prove that = € [Of]mu-
Since z € (R)u([Bly), we get a y € U such that (z,y) € R and y € [B]y,. Thus there
exists a Uy € p with y € Uy and 9, y, U; |= S. Then by Proposition 5.9, M, y, U = 5 and
thus M, z, U = Of. ]

It is evident from Proposition 5.10 that the operators [1 and ¢ capture the lower and
upper approximation, respectively, with respect to relation R relative to the set at which

wifs are evaluated. Therefore, Proposition 5.3 translates into the following proposition.

Proposition 5.11. (K): © F0(a — ) = (Oa — 0Op).
(T): ©, F Oa — a.
(B): 65 F a — O0a.
(4): ©; F Da — O0a.

The proof of the above proposition is very standard, and we omit it here.
As far as the necessity and possibility approximations are concerned, we do not have a

result similar to Proposition 5.10 for these approximations, although we have some partial
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results (cf. Proposition 5.14). But before going to Proposition 5.14, let us first take a

note of the following.

Proposition 5.12.

[Cha]ome N ﬂ V= m [a]my; [Ora]mu = U [a]my N U.

Vep Vep Vep

Further, we now define the following connectives.
Definition 5.13.

A"a = 0a, APa = O10a,
Vo = —A"q, V' = —AP-a.

The following proposition addresses how the connectives mentioned above capture

possibility and necessity approximation operators.

Proposition 5.14. Consider a model M = (§,m) and wffs « € L(01,0) and g € L(O).
Then, the following hold.

1. [A"a]mo N ﬂ V= m[R]v([[a]]zm,v), [voa]mu = U<R>V([[Oé]]zm,v) nU;

2. [a%a]my = |JIRlv([elomy) N U, [¥"almu 0 () V = [V (R)v([a]my);
Vep Vep Vep

3. [A"Blme N[V = L([Bls), [V7Blamw = UP([B]) N U;
Vep

4. [a7Blmu = LP([Bly) N U, [¥"Blamu 0 () V = U™([Bl)-

Proof. Ttems 3 and 4 follow directly from items 1 and 2, respectively. We will prove item

1. The proof of Item 2 follows in similar steps.

[[AnO(]]g)JLU N m V = [[Dlm(l]]gm,[] N ﬂ Vv

Vep Vep
= ﬂ [Da]amy (Using Proposition 5.12)
Vep
= ﬂ [R]y([a]am,) (Using Proposition 5.10).
Vep
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[Ya]mu = [O10a]mu

= U [Oa]amy NU (Using Proposition 5.12)
Vep

= U (R)v([a]mv)NU (Using Proposition 5.10).

Vep

]

Thus, it follows that an element x of ). P V' belongs to the necessity lower approx-
imation of a concept represented by a § € L£([;) if and only if z € [A"B]my for some
U € p. Similarly, an element x belongs to the possibility lower approximation of a concept
represented by a f € £(00;) if and only if x € [APS]my for some U € p. With these
interpretations in mind, we list some wifs illustrating the fact that the proposed semantics

enable us to formally reason about SAS and the defined approximations based upon it.

e Interpretation of the wiff A”p — p is as follows: if an element  of (. oV belongs
to the necessity lower approximation of a set X (represented by p), then x is also
an element of the set X. Observe that A™p — p is valid in the class A, of SASs.

e Interpretation of the wif p — ¥7p is as follows: if an element x of | J, . ,V belongs
to a set X then z also belongs to the possibility upper approximation of X. It may
be noted that p — ¥Pp is valid in the class A, of SASs.

e Interpretation of the wift A™(p A q) — (A"p A A"q) is as follows: if an element z
of My e p V belongs to the necessity lower approximation of the set X NY, then x
belongs to the necessity lower approximations of both the sets X and Y. Observe

that A"(p A q) — (A"p A A"™q) is valid in the class A of all SASs.

We pause our discussion on expressibility power here and move to the axiomatization
issue in the next section. In Section 5.8.2, we shall further illustrate the expressibility

power of the proposed syntax and semantics.

5.4. Axiomatization

This section presents Hilbert-style proof systems for modal logic given in Section 5.2.
Recall the axioms (Taut), K(O), K(O,), T(E,), T(E,), B(O), B(O,), 4(0), 4(0;), and

the rules of inferences MP, Nec(O), and Nec(O;) (cf. Chapter 3). Also note the following
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Modal Systems | Axioms and inferene rules Classes of Models
J Taut, K(O), K(Oy), T(Oy), S(O), ©
NS(Oy),  B(Mh), 4(0), MP,

Nec(O), Nec(O)

J(T) J+T(O) o,
J(B) J+B(O) o,
J(4) J+4(0) O,

J(TB) J+T(0) +B(O) Ors

J(T4) J+T(O) +4(0) O
J(B4) J+B(0O) + 4(0) Out
J(E) J+T(0O) +4(0O0)+ B(O) Oe

Table 5.3. Defined modal systems with their corresponding classes of models

axioms.

p — Uhip. (S(0))

=p — Uy—p. (NS(y))

The axioms S(0J;) and NS(OJ;) correspond to the fact that the satisfiability of proposi-
tional variables at a point (z,U) € E(§) depends on = but not on U.

A few modal systems are listed in Table 5.3. The entries occurring in the right end
column of the table denote the model classes for which we expect to have completeness
results.

The following soundness theorem can be easily established.

Theorem 5.15 (Soundness). Let (A, ®) be a pair consisting of a modal system A and a
class ® of models from the same row of Table 5.3. Then, for all wff o from L(J;,0),
o« implies @ | a.

The corresponding completeness theorem will be presented in the next section.
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5.5. Completeness

We will use the well-known step by step method to prove the completeness theorem.
Let us first recall a few standard definitions and results. Let us take a modal system A

from Table 5.3, and denote the set consisting of all A-maximal consistent sets by My .

Lemma 5.16 (Lindenbaum’s Lemma). Given a A-consistent set I' of wffs, there exists a

A-mazximal consistent set T containing T'.

As usual, the canonical relations for modal operators [J; and [J on M, is defined as
follows.
(I,A) € RA, if Oy € I implies a € A.
(T, A) € RY if Do € T implies a € A.
Let us note a few results that can be concluded easily by applying standard modal logic

arguments.

Proposition 5.17. Consider a modal system A from Table 5.3. Then we have the fol-
lowing.
1. For each modal system A, Rél is an equivalence relation.
2. (i) If A includes T(O), then R is reflezive.
(ii) If A includes 4(00), then RY is transitive.
(iii) If A includes B(O), then R is symmetric.

Lemma 5.18 (Existence Lemma). Let I' be in M. Then the following holds.

1. If 1 € T, then there exists a A € My such that (I', A) € RS, and o € A.
2. If Oa € T, then there exists a A € My such that (T, A) € RY and o € A.

We are now in a position to give the following definition of network.

Definition 5.19 (Network). A tuple N := (W, {i(a) : a € P}, R, ) is called a A-network,

where

e I and P are non-empty sets;

e:P— @(W),

e RCW xW;

o 1 :x — My where x = {(z,a) e W x P | z €i(a)}.
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Definition 5.20 (Coherent Network). Assume that N := (W, {i(a) : @ € P}, R, 1) is a
A-network. Then it is called a coherent A-network if the following conditions hold.
(C1) If 2,y € i(a) with (z,) € R, then (u(z,a), u(y,a)) € RA.
(C2) - IfT(0) axiom is in A, then relation R is reflexive;
— If 4(0) axiom is in A, then relation R is transitive;
— If B(O) axiom is in A, then relation R is symmetric;
—If A € {J,J(B),J(4)}, then relation R is irreflexive.
(C3) If € i(a) Ni(b), then (u(x,a), u(z,b)) € RY,.

Definition 5.21 (Saturated network). A A-network N is known as saturated if the fol-

lowing properties are true.

(S1) If Qo € p(z, a), then there must be a y € i(a) satisfying (z,y) € R and a € u(y, a).
(S2) If O1cv € p(x, a), then there must exist a b € P such that a € u(x,b).

Definition 5.22 (Perfect network). A A-network A is said to be perfect network if it is

both coherent and saturated.

Definition 5.23 (Defects). For a A-network N := (W,{i(a) : a € P}, R, ), let us
consider the following.
(D1) The tuple (z, a, a) forms a (-defect of N if Qv € pu(x, a), but there is no y € i(a)
satisfying (z,y) € R and a € pu(y, a).
(D2) The tuple (x,a, O1c) forms a ¢1-defect of N if Q1 € p(x,a), but there isno b € P
such that a € p(z,b).

Definition 5.24 (Induced Model). Suppose N := (W, {i(a) : a € P},R,pu) is a A-
network. Then N gives rise to a model MY := (FV, m"), where

o §V:= (W, {i(a) : a € P}, R);

e mN(p):={x € W :p€ u(z,a) for some a € P}, p € PV.

Proposition 5.25. If N is reflexive, symmetric, or transitive network, then MY is also

reflexive, symmetric, or transitive model, respectively.

Theorem 5.26 (Truth Lemma). Consider a perfect A-network N'. Then for every wff «
m ,C(Dl, D),

MV, 2,i(a) | a if and only if o € p(x,a).
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Proof. The proof is by induction on the number of connectives in «. First, let us dis-
cuss the proof for propositional variables. So, let 9V, x,i(a) = p and we show that
p € u(z,a). From MY, z,i(a) = p, we get € m"(p). By the definition of m" (p), we
obtain p € u(x,b) for some b € P. Thus we have two cases.

Case(i). When b is same as a. Then we have p € u(z,a).

Case(ii). When b is not same as a. Then from p € u(z,b) and S([J;) axiom, we get
Ohip € p(x,b). Since x € i(b) Ni(a), we obtain (u(z,b), u(z,a)) € RY,, because of (C3).
From Oyp € p(x,b) and (u(z,b), p(x,a)) € RY,, we obtain p € pu(z, a).

For the other direction, suppose that p € pu(z, a) and we show that 9V, x i(a) = p. Since
p € p(x,a), by the definition of m", we get z € m" (p) and hence MV, z,i(a) = p.
Next, let MY, z,i(a) = OB. Then there exists ay € i(a) with (z,y) € R, and MV, y,i(a) =
B. By induction hypothesis, we obtain 5 € u(y,a). Since x,y € i(a) with (z,y) € R,
using (C1), we get (uu(x,a), u(y,a)) € RA. Thus OB € u(x,a) as § € u(y, a).

For the other part, consider ¢ € pu(z,a) and we have to show that MV, z,i(a) = OB.
From OS5 € u(z,a), there exists a y € i(a) such that (z,y) € R and § € pu(y,a). By
induction hypothesis, we get MV, y,i(a) = . We have (z,y) € R and MV, y,i(a) |= B.
Therefore, we derive MMV, z,i(a) = Op.

Let us discuss the case for ¢1 3. So, let MV, x,i(a) = O1 and we show that O13 € pu(z, a).
From MY, z,i(a) = 016, we get a ¢ € P such that z € i(c), and MV, z,i(c) = 5. By
induction hypothesis, we conclude g € u(x,c). Since z € i(a) Ni(c), using (C3), we get
(u(z,a), u(z,c)) € RY,. Thus, we obtain 018 € pu(x,a) due to 8 € u(z,c).

Further, let ;3 € u(x,a) and we prove that 9V, z,i(a) = ¢18. From 018 € u(x, a), we
get a ¢ € P satisfying x € i(¢) and 5 € p(x,c). By induction hypothesis, we conclude
MV 2, i(c) = B, thus MY, z,4(a) = O18. This completes the proof. O

Definition 5.27. Consider two A-networks N := (W, {i(a) : a € P}, R,u) and N :=
(W' {i'(a) : a € P'},R,i). We say N’ extends N, notation N’ > N, if we have the

following.

o W C W,
e PC P
e i(a) =1(a) for all a € P;
e R=RN(W xW);
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e u(x,a) = p/(z,a) for all (z,a) € X'
Next, we discuss the Repair lemma for (D1) and (D2) defects.

Theorem 5.28 (Repair Lemma in case of O-Defect). Let N := (W, {i(a) : a € P}, R, 1)
be a coherent A-network having O-defect (xo, ag, Qa), where W and P contains finite

number of elements. Then there is a finite coherent A-network N extending N such that

(g, ag, Q) is not a O-defect of N”.
Proof. Given Qa € u(xo, ag), by Existence lemma 5.18, there exists a Ag € M, such that
(11(w0, a0), Ao) € RY and o € A,. (5.3)

Let yo be a point that does not occur in W. Consider a network N’ := (W’ {i'(a) : a €
P}, R, 1), where

W' =W U {yo}
P =P
(z' r ot if r =agp
P ORI TS
\ i(r), otherwise
(AO, if v =yp,a =ag
/LI(.%,CL) = !
\ pu(zx,a), otherwise
(RU{(CL’(),yo)} ifA=1]
RU{(z0,0), (y0,%0)} if A=J(T)
RU{(%0,90), (Yo, xo) } if A =J(B)
R =< RU {(20,0)} U{(%,50) | (2, 20)} if A =J(4)
RU{(%0,%0), (Y0, T0), (0, %0)} if A = J(TB)
RU{(z,y0) | (z,20)} U{(v0,90)} if A =J(T4)
(RUA{(z,90), (o, @) | (2, 20)} U{(wo, 0)} A= J(E).

We show that AN is the required network.

(C1): Let us take z,y € '(b) such that (z,y) € R’ and we show that (y/(z,b), 1/(y,b)) €
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Ré. If b # ag, then already we have the desired result. So, let us take b = ag. If © = x
and y = yp, then by (5.3) and definition of y’, we derive the result. If x = y = yo, then
A must be in {J(T),J(TB), J(T4),J(E)}, and hence (1'(yo,a0) = Ao, 1/'(y0, a0)) € RA.
If ©x # o,y = yo, then we must have (z,29) € R and A € {J(4),J(T4),J(E)}. By the

coherency of N/, we have

(u(x, ao), p(x, a0)) € RA. (5.4)

From (5.3), (5.4), transitivity of R4 and using definition of 4/, we obtain

(lu/<x7 aO) = ,LL(QZ, a’0)7 ,U/<Z/O7 CL()) = AO) S RI[\|

as required. Due to the definition of R’, (C2) follows.

(C3): Let us take a,b € P such that z belongs to ¢’(a) N 4'(b) and we show that
(W (z,a), 1 (x,b)) € Rél. By the construction of 7, z cannot be yo. Since N is a co-
herent network, we have the desired result.

Thus N is the required network. ]

Theorem 5.29 (Repair Lemma for {;-Defect). Let N := (W,{i(a) : a € P}, R, u)
be a coherent A-network having {-defect (xo,ag, Or), where W and P contains finite

number of elements. Then there is a finite coherent A-network N extending N such that

(g, ag, Ora0) is not a O1-defect of N7.

Proof. As we have Or1a € p(xo,ap), by Existence lemma 5.18, there exists a Ay € My
such that

(10, a), No) € RY, and a € A,. (5.5)
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Let by be a point not in P. Consider a network N’ := (W’ {i'(a) : a € P'}, R, i/'), where

W'=Ww
P/ =PU {b()}
R :=R
(
Zo, if r = bo

i(r), otherwise
\

p

:U’(x7a)7 1fa7ébo

Ao, ifx =29 anda=b.

\

We need to prove that N is our required network.

(C1): Let us take =,y € i'(a) such that (x,y) € R and we show that (y/(x,a), 1/(y,a)) €

R/D\. If a # by, then obviously we have the required result. So, let a = by, thus from the
definition of ¢', z, y must be xy and A € {J(T),J(TB),J(T4),J(E)}. If A € {J,J(B), J(4)},
then (z¢,2¢) € R’ is not possible as R is irreflexive relation. Using reflexivity of RS, we
obtain (1/(20,bo) = Ao, pt' (20, b) = Ag) € RA.

(C2): R’ obviously satisfies the required properties.

(C3): Suppose there are a, b € P such that x € i'(a)Ni’(b) and we show that (¢/(x, a), i/ (z,b)) €
Ré - If x # x9 and a,b # by, then obviously we have the required property. So, let us

consider the case when x = x¢ and b = by. Since xy € i(a) Ni(ag), we have

(1(xo, @), p(zo, ag)) € RE, . (5.6)
From (5.6), (5.5) and using transitivity of Ry} , we obtain
(1o, a) = 1 (o, a), Ao = 1t/ (w0, bo)) € RB,
as required. Hence N’ is the required network. O

Theorem 5.30 (Completeness Theorem). Let us consider a pair (A, ®), where A and ®

denote a modal system and a class of models, respectively, occurring in same row in Table

5.3. Then, for all wff o from £(0O;,0), ® = a implies 5 o
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Proof. Let ¥, a hold, if possible. Then, we obtain {—a} as a A-consistent set and thus

there exists a A-maximal consistent set I' € My containing —«. Consider the network

No = (Wo, {io(ao) | ao € Po}, Ro, o),

where
o Wy ={x0};
o Py ={ap};
o iy: Py — p(Wo) such that ig(ag) = xo;
0 it A e {J,J(B),J(4),J(B4)};
e Ry =

(x0, o) if A € {J(T),J(TB), J(T4),J(E)};
e 1o : xo = My where xo = {(z9, ao)} such that py(zg,ap) =T
It is not difficult to verify that A is a finite coherent A-network for I'. In addition, by
means of repeated applications of Repair Lemma 5.28 and 5.29, we obtain a perfect A-
network A extending Ny. The proof is standard and, for details, we refer to [7]. It should
also be noted that, due to Proposition 5.25, the induced model MV := (FV, mV ) belongs
to the class ®. Since —a € pg(z0, ag), by Truth Lemma 5.26, we get MV, ¢, 4(ag) = —a,

which is a contradiction. Hence F, «. O

5.6. A comparison with multi-modal logic

Let us recall that the language £(J;,0) is the standard modal language consisting of
two unary modal operators [J and [J;. Thus, following the usual modal logic approach,
models for this language consist of a set bearing two binary relations. Therefore, we have

the below mentioned notion of a model.

Definition 5.31. A tuple F := (S,R,T), where R,T are binary relations on a non-
empty set S, is defined as an auziliary frame. An auziliary model for £(O;,0) is a tuple

M := (F,m), where F is an auxiliary frame and m : PV — §2(S) is a valuation function.
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Definition 5.32. The satisfiability of a wif a in an auxiliary model M := (F,m), denoted
as M, s |= a, is defined inductively as follows:

M,sE=T always.

M,s|Ep — s € m(p), for p € PV.

M, s |E —a = M, s = a.

M,s|EaAnp = M, s ||Eaand M, s | B.

M, s |E Do — for all r € S with (s,r) € R, M,r | a.
M, s |E Da = for all s € S with (s,7) € T, M, r = a.

The notions of validity and satisfiability in a class & of auxiliary models are defined in

the usual way:

e o € L([0y,0) is satisfiable in & if there exists a model M := (F,m) in &, and an
element s € S, where S is the domain of F, such that M, s | «;

e « is valid in &, denoted as & | «, if for all models M := (F,m) in &, and all
elements s € S, M, s |[= a.

Since we aim to connect the above standard semantics with the semantics proposed in
Section 5.2, we need to impose some conditions on the auxiliary models. For instance,
keeping in view the axioms S(OJ;) and NS([J;), we consider the following property of an
auxiliary model M := (F,m).

(Q): If (s,7) € R, then s € m(p) if and only if r € m(p) for all p € PV.

A few classes of auxiliary models that we require are listed in Table 5.4.

It is relevant to note that every model 9 := (§F,m) based on a SAS § := (W, p, S)
gives an auxiliary model Moy := (Fz, m'), Fz := (E(F), R, T), where

e ((z,U),(y,V)) € Rif and only if x =y,

e ((z,U),(y,V)) € T if and only if (z,y) € Sand U =V,

e m'(p) ={(z,U) € E(F):x€m(p)}, pe PV.
It is not difficult to show that Mgy € T. Moreover, if (®, V) is a tuple consisting of a
class ® of models and a class W of auxiliary models from the same row of Table 5.5 and

M € &, then Mgy € V. Further, we have the following.
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Class of | Defining condition

Models

T Class of all auxiliary models satisfying property
(Q) and the relation R is an equivalence relation

T, Class of all elements of T with T as a reflexive
relation

Ts Class of all elements of T with T" as a symmetric
relation

T: Class of all elements of T with 7" as a transitive
relation

Thrs T,NT

Tst TsN Ty

T T,NT,

Te TNy

Table 5.4. A few classes of auxiliary models

Proposition 5.33. For any (z,U) € E(§) and wff a € £(0,,0), we have

Mz, U Ea <= Mn,(z,U) |E a.

Proof. The proof is by induction on the number of connectives in «. The result holds
for propositional variable in a obvious way. Boolean cases can also be proved easily.
So, we provide the proof for modal cases {7 and . First we discuss {; case. So, let
Mz, U | 016 and we prove that Moy, (z,U) E 016. From M, z, U | 15, we ob-
tain a V' € p such that x € V and M, x,V | [. Using induction hypothesis, we
get Moy, (2,V) |= . By the definition of R, we conclude ((z,U), (z,V)) € R. From
Mo, (z,V) | 8 and ((z,U), (x,V)) € R, we obtain My, (z,U) | ¢10.

For the converse, suppose that Mgy, (z,U) |E 10 and we have to prove that MM, z, U |=
018. Since Moy, (z,U) | 015, there exists (z,V) € E(F) such that ((x,U),(x,V)) € R
and Mgy, (z, V) ||= . Due to induction hypothesis, 9, x, V |= /. Since ((z,U), (z,V)) €
R, we get M, 2, U = O15.

Next, let us discuss the case for ¢ modality. So, assume that 9, z,U = ¢f and we

need to prove that Moy, (z,U) | OB. Since M, z,U | Of, there must be a y € U
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such that (z,y) € S and M, y,U | 5. By the use of induction case, we deduce that
M, (y,U) | 8. From the definition of T, we get ((x,U), (y,U)) € T as (z,y) € S.
Since ((z,U), (y,U)) € T and My, (y,U) |= B, we obtain My, (z,U) | 5.

For the converse, suppose that Moy, (z,U) || O and we prove that MM, z, U E Of.
Since Moy, (z,U) | Of, there exists (y,U) € E(§) such that ((z,U),(y,U)) € T
and Moy, (y,U) || B. Again, due to induction hypothesis, 9, y,U |= S holds. From
((z,U),(y,U)) € T, we obtain (z,y) € S. We have (x,y) € S and M, y,U E S, and

hence M, z, U = OfF. O
Logic | Class of Model | Class of Auxiliary Model
J © T
J(T) O, T,
J(B) O Ts
J(4) ON T,
J(TB) Ors T
J(T4) On T
J(E) O. Te

Table 5.5. Soundness and completeness theorems relative to various classes of

models and auxiliary models for the fragment £(O;, )

Let (®,V¥) be a tuple consisting of a class ® of models and a class W of auxiliary
models occurring in the same row of Table 5.5. As a consequence of Proposition 5.33, it
follows that if a wif « is satisfiable in the class ® of models, then « is also satisfiable in
the class W of auxiliary models.

At this juncture, it is natural to ask if we can find a translation of auxiliary models
to models (cf. Definition 5.8) preserving satisfiability. Such a translation together with
Proposition 5.33, will lead us to the fact that the class ® of models and the class W of
auxiliary models have the same set of valid wifs. Unfortunately, we are not able to obtain
such a translation. But the good news is that we are still able to prove the following

result.
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Theorem 5.34. Consider a modal system A, a class of models ®, and a class of auziliary

models W from the same row of Table 5.5. Then we obtain the following for every wff «

Znﬁ(Dl,D)
o <—=hrya <= V]Ea

We have already proved ® = a <= F, a (cf. Theorems 5.15 and 5.30). The part
Fo @ <= VWV |E « can be shown following the standard modal logic technique, and
we exclude its proof here. As a consequence of Theorem 5.34, it follows that properties
concerning the validity of wffs with respect to the standard multi-modal logic semantics
given by Definition 5.32 relative to the class of auxiliary models give the corresponding
properties concerning the validity of wffs with respect to the class ® of models given in
Table 5.3. As an application of this result, we obtain the decidability results for various
classes of models by proving the same for various classes of auxiliary models. The following

section presents the decidability results for various classes of auxiliary models.

5.7. Decidability

This section aims to prove the following decidability result.

Theorem 5.35. Let ® be a class of models from the list of classes of models given in
Table 5.5. Then, for a given wff « € L(O0;,0), we can determine whether « is satifiable

in the class ®.
Due to Theorem 5.34, we obtain Theorem 5.35 directly from the following result.

Theorem 5.36. Let W be a class of auxiliary models from the list of classes of auziliary
models given in Table 5.5. Then, for a given wff o € L(0,0), we can determine whether

a is satifiable in the class V.

Theorem 5.36 can be proved following the standard filtration technique. In the rest
of the section, we provide its proof sketch. Consider a finite subset ¥ of £(J;, ) which
is closed under sub-formulas. Let M := (F,m), F := (S, R,T), be an auxiliary model.
An equivalence relation =y, on S is defined as follows.

s =y &' if and only if for all g € ¥, M, s ||= 8 if and only if M, s || 5.
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Definition 5.37 (Filtration model). Consider an auxiliary model M := (F,m) and
subset X as aforementioned.
e Let us define an auxiliary filtration model M’ := (F/ m/), F/ = (S, R/, T/),
where
— ST := {[s] : s € S},[s] represents the equivalence class of s with respect to
the equivalence relation =y;
— ([s],[s"]) € R’ if and only if there exist s; € [s] and s, € [s/] such that
(s1,92) € R;
— ([s],[s"]) € T/ if and only if there exists s; € [s] and sy € [¢'] such that
(s1,82) € T}
—m/(p) :={[s] €S/ :se€m(p)},pe PV.
e For a class of auxiliary models ¥, we define the auxiliary model MY := (F¥, m/),
FY .= (S, R, TY), where
— R/ is the transitive closure of R”.

- T/ Ve {T, T, Ts T}
T i U e {T, T, Tet, Tel,

where T/ is the transitive closure of T.
Proposition 5.38. If M € U, then MY € V.

Proposition 5.39. The domain ST of the auxiliary model MY can have at most 2/

elements.
Proof. Define the map = : S/ — 2% such that
E([s) ={B€Z: M,s | B}

Since Z is injective, |S/] is less than or equal to 2. O
Proposition 5.40 (Filtration Theorem). For each wff B in 3, and every element s € S,
M, sl B <= M"[s] |5

Using Proposition 5.38, 5.39 and 5.40, we finally obtain the following result.

Proposition 5.41 (Finite Model Property). Consider a wff o and a set ¥ consisting of
all sub-wffs of a.. If v 1s satisfiable in the class V, then it is satisfiable in a finite auxiliary

model having at most 21! elements belonging to the class V.
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5.8. Invariance and definability

We now provide some results on invariance and definability related to the presented

logic. These results also give us an insight into the expressibility power of the logic.

5.8.1. Invariance

Recall that for § := (W, p, R), E(§) denotes the set {(z,U) € W x p:x € U}. The
following definition suggests when two states in distinct models are considered indistin-

guishable by means of the language £(CJ;, ).

Definition 5.42. Let M = (F,m) and M = (F,m’) be two models based on SASs
§=W,p,R)and § = (W', p,R). Let (z,U) € E(F) and (2/,U’) € E(F'). The set
{a € £(O0,,0) : M, z,U = a} is called theory of (x,U). Two states (z,U) and (z',U’)
are known as equivalent, denoted by 9, (z,U) «~ M (', U’), whenever their theories

are identical.

We define the following notion of bisimulation, and we will show that under it, the

proposed semantics is invariant.

Definition 5.43 (Bisimulation). Consider two models 9 = (§F, m) and M = (F',m’)
based on SASs § = (W, p,R) and § = (W', p', R'), respectively. A non-empty relation
Z C E(§) x E(F) is called a bisimulation between 9t and M’ if the following conditions
hold.

1 If ((=,U),(a',U")) € Z, then for each p € PV, x € m(p) if and only if 2’ € m/(p).
2. (B1) If ((=,U), (2", U")) € Z and (2', V') € E(§'), then there exists a (x, V) € E(F)
such that ((z, V), (2, V")) € Z.
(F1) If ((x,U), (2/,U")) € Z and (x,V) € E(F), then there exists a (z/, V') € E(F’)
such that ((z, V), (', V")) € Z.
3. (B2) If ((z,U),(«',U")) € Z and there is a y' € U’ such that (2/,y") € R/, then
there exists a y € U with (z,y) € R and ((y,U), (y,U’")) € Z.
(F2) If ((z,U),(2',U")) € Z and there is a y € U such that (x,y) € R, then there
exists a ¢y € U’ with (2/,y') € R and ((y,U), (¢, U")) € Z.
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When Z is a bisimulation linking two states (x,U) € E(F) and (2/,U’) € E(F'), we

say that (x,U) and (2’,U’) are bisimilar, and we write
Z M, (z,U)—=M', (2, U").

If there is a bisimulation between 9t and 9V, then we write Z : M<+—N'.

The following theorem shows that we have the invariance result under bisimulation.

Theorem 5.44 (Invariance Theorem). Consider models M := (F, m) and M = (F',m’)
based on SASs § = (W, p,R) and §' = (W', p/, R'), respectively. Then, for each (x,U) €
E(F) and (2", U") € E(&'), Z : M, (2, U)—=M, (2, U’) implies M, (z,U) «~ M, (', U").

Proof. Let Z : M, (x,U)«—M', (2/, U’) and we prove that M, (z,U) e~ M, (2, U’). The
proof follows by induction. The case for propositional variable follows from the definition
of bisimulation. Boolean cases are also obvious. We discuss the proof of modal cases.
So, first suppose that 9, z, U | ;5 and we prove that 0, o', U’ = ;5. Let us take
a V' € p such that 2’ € V'. From 2(B1) condition, there is a V € p with z € V
and ((z, V), («/,V")) € Z. Since M, z,U = 0,5, we get M, z,V = [. Using induction
hypothesis, it follows that 9V, 2/, V' |= 5. Thus 9, 2', U’ = [0;5. The other direction
can be proved using 2(F1) condition.

Next, assume that 9%, x, U = OF and we prove that 9,2’ U’ = 0O5. Consider a y' €
R(2")NU’, then by 3(B2) condition, there exists ay € R(z)NU and ((y,U), (v, U’)) € Z.
Since M, z, U = OB, we get M, y,U = 5. By the use of induction case, we derive
M.y, U = B, thus M, o', U’ |= Op. Similary, other direction can be proved using 3(F2)

condition. O

The converse of above theorem is not true in general. Like the standard modal logic [7],
it is possible to prove a restricted converse. Let us first note the following properties of a
SAS § = (W, p, R).

(I1): For each x € W, the set p, = {V € p:x € V} is finite.

(I2): For each U € p and for each x € U, the set {y € U | (z,y) € R} contains finite

number of elements.

Theorem 5.45. Consider models M = (F,m) and M’ = (F',m’) depending on SASs

§= W,p,R) and § = (W', p', R'), respectively, where § and § satisfy the properties
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(11) and (12). Let (x,U) € E(F) and (2',U’) € E(F'). Then M, (x,U) «~ M, (2',U’)
implies Z : M, (x, U) =M, (', U") for some Z.

Proof. We will show that « is itself a bisimulation. The condition (1) of Definition 5.43
follows trivially. For 2(B1), let us take a V' € p’ with 2’ € V’. If possible, assume that
there does not exist any V' € p with z € V and I, (z, V') «~ D, (2/,V’). Consider the
set p, = {V € p | x € V}. By the given conditions, p, is non-empty as U € p, and
finite. Let p, = {V1, V4, -, V,}. By assumption, for each V; € p,, there must be a wff «;
having M 2/, V' = a; and M, x,V; = o;. Thus we have M 2/ V' E a1 Aag A -+ Ay,
and hence M 2" U" = O1(ar Aag A -+ AN ay). But Mz, U fE Or1(ar Aag A+ A ay).
This cannot be true due to the assumption 9, x, U e~ M 2, U’. Thus 2(B1) holds. The
2(F1) condition can be proved following similar steps.

Next, let us take a v/ € U’ with (2/,y’) € R’. If possible, assume that there does not exist
any y € U with (x,y) € Rand (y,U) e~ (y',U’). Let S = {y € U | (z,y) € R}. Note that
S must be non-empty as ', 2’ U’ = OT and M, (z,U) «~ M, (2, U’). By the given
condition, S must be finite. Let S = {y1,v2,...,ym}. By assumption, for each y; € 5,
there exists a wff ; such that 9,y U’ = 5; but M, y;, U ~ B;. We have M, ¢/, U’ |
B1A By AP and (2/,y") € R'. Thus we obtain I, 2/, U’ = O(B1 A B2+ A Bm). But
M, x, U = Q(B1A B2+ -+ ABy) which contradicts our assumption 9, (z, U) «~ M (2/, U").
Therefore 3(B2) condition holds. Similarly, we can show 3(F2) condition. Thus «~ is a
bisimulation between 2t and OV'. O

5.8.2. Definability

We are now in a position to present some results emphasizing the expressive power of

modal logic given in Section 5.2. Let us first see the following definition of definability.

Definition 5.46. We say that a wif « defines a class & of SASs if for every SAS §, §
belongs to & if and only if § | «. In a similar way, a set A of wffs defines a class & of
SASs if for each SAS §, § belongs to & if and only if § = A. A class of SASs is definable

whenever we have a set of wifs defining it.

The following theorem presents a few classes of SASs that can be defined through
the wifs of the proposed logic. It demonstrates the expressibility power of the proposed

syntax and semantics. Let § := (W, p, R) be a SAS. Retrieve that p, :={U € p: 2 € U}.
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Proposition 5.47. Let § := (W, p, R) be a SAS. Then the following hold.

1. §FE O010p A 010g — 010(p A q) if and only if for allx € W and U,V € p,, there
exists a Z € p, such that R(x)NZ C R(z)NUNV.

2. § E 010p — Op if and only if for every x,y € W with y € R(x), if U,V € p, and
Ve py, then U € p,.

3. % EOp — Op if and only if for all x € W and for all U € p,, U € p, for some
y € R(x).

4. 5 Ep— 010p if and only if for all x € W and for all U € p,, there is a V € p,
satisfying R(x) NV C {z}.

Proof. (1). First, assume that § = 0:0p A 010q — 010(p A ¢) and we show that for
every € W and U,V € p,, there exists a Z € p, such that R(z)NZ C R(x)NUNV.
If Rix)NU C Rlx)NUNV or R(x) NV C R(z) NU NV, then we are done. So, let
Rz)NU € Rx)ynUNV and R(zx) NV € R(x)NUNV. Let us consider a model
M = (F,m) where m(p) = R(z) N U and m(q) = R(z) N V. Note that sets R(x) N U
and R(z) NV are non-empty. Since m(p) = R(x) NU and = € U, we get M, z, U = Op.
Similarly, we have 9, z,V |= Og. Thus, we obtain M, z,U = O:0p A $10¢. This, in
turn, gives M, z, U = O10(p A q) as § = O10p A O10q — O010(p A ¢). Thus, we get a
Z € p, having M, z, Z = O(p A q). This gives R(z)NZ Cm(p)Nm(q) = R(z)NnUNV
as required.

For the other direction, suppose that for each x € W and U,V € p,, there exists a Z € p,
such that R(z)NZ C R(z)NUNV. We prove that § = 01:0pAO10g — 010(pAq). Let us
take a model 91 such that 9, z, U = O;0p A O10q. We show that 0, 2, U = O:0(p A q).
From 9, z, U = ¢:0p A 010q, we obtain V;, V; € p, such that

M, x, V) = Op and M, 2, Vs = Og. (5.7)

Since Vi, V, € p,, by our assumption, we obtain a Z € p, such that R(z)NZ C R(z)NViN
Va. We prove that M, =, Z = O(pAq). So, let us take y € R(x)NZ. We have y € V1NV,
as R(x)NZ C R(x)NViNVa. From (5.7), we get M, y, V1 = p and M, y, V3 |= ¢, therefore
M.y, Z = p A q. Thus, we have shown M, x, Z = O(p A q).

(2) First, let § E 010p — Op and we show that for all z,y € W with y € R(x), if

UV € py,and V € p,, then U € p,. If possible, assume that there exist z,y € W with
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y € R(xz) and U,V € p,,V € p, but U ¢ p,. Let us take a model MM = (F, m) such that
m(p) = {y}. Then M, z,U | 010p but M, z, U = Op. Hence M, x, U = O10p — Op.
For the other direction, assume that for all x,y € W with y € R(x), if U,V € p, and
V € py, then U € p,. We will prove that § = 0;:0p — Op. So, let us consider a
model 9 and (z,U) such that M, z, U = ¢10p and we show that M, z, U | Op. From
Mz, U = O10p, there exists a V; € p such that z € V; and 9, x,V; | Op. Then, we
obtain a y € R(z) N'V; such that M, y, Vi = p. Since U,V; € p,, Vi € p, and y € R(x),
by assumption we obtain U € p,. Thus MM, y,U = p and M, z,U = Op.

(3) First, let § = Op — Op and we show that for all U € p,, U € p, for some y € R(x).
If possible, suppose that there exist a x € W and U € p, such that R(z) NU = 0. Let
us consider a model M = (F, m) such that m(p) = U. Then we have 9, z, U |= Op but
M, x, U = Op. This is not possible as § = Op — Op.

For the converse part, assume that for all U € p,, U € p, for some y € R(z). We prove
that § = Op — Op. Let us take a model 9 and (z,U) such that 9, z, U = Op and we
show that 91, x, U = Op. From the assumption, there exists a y € R(z) such that U € p,.
Since M, x, U = Op, we get M, y, U = p. Thus M, z,U = Op.

(4) First, let § = p — 010p and we show that for all z € W and for all U € p,, there exists
a 'V € p, such that R(z) NV C {x}. If possible, suppose that there exist x € W, U € p,,
and for all V' € p with V' € p,, R(z) NV # {z}. Consider a model M = (F, m) such
that m(p) = {x}. Then M, z,U = p. Further, we prove that 9, x, U = O:0p, that is,
M, x, U = O0;0—p. Let us take a Vj € p,. By the assumption, we obtain a y € R(x) NV}
and y # x. Also, M,y, V1 = p. Thus Mz, V; = O—p. We have M, z,U | p and
M, z, U ¥~ O10p. This is not possible as § = p — ¢1;0p. Thus for all x € W and for
every U € p,, there is a V' € p, satisfying R(z) NV C {x}.

For the other part, suppose that for all x € W and for all U € p,, there exists a V' € p,
such that R(z) NV C {x}. We prove that § = p — 010p. Let us take a model 9 and
(x,U) such that M, z, U = p and we prove that MM, x, U | ¢;0p. From the assumption,
there exist a V; € p, such that R(z)NV; C {x}. In both the cases, M, z, V; = Op. Hence
M, z, U = O10p. O]

Now, we provide a few classes of SASs which are not definable.

Proposition 5.48. The class A, of SASs is not definable.
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Proof. Let §, := (W1, p1, R1) and o := (Ws, pa, Rs) be two SASs, where

Wi = {z,y}, pp = {{z}}, B = {(2, )}, and

Wy = {a}, p2 = {{z}}, Ry = {(, 2)}.
Towards a contradiction, consider a subset A of £([J;, ) defining the class A,. We have
51 € A and Fo € A, thus §; ~ A and §» = A. Since §; £ A, we get a model
M, = (F1,m1) depending on F; and o € A such that My, z, {z} £ a. Let us take a
model My := (Fa, ma), where my(p) = mq(p) N Wy for all p € PV. Note that the relation
Z = {(z,{x}), (z, {x})} is a bisimulation between M, and M,. Since My, z, {z} £~ «a,
using Theorem 5.44, we conclude My, x, {x} & . But this is a contradiction to the fact

§2 = A. Hence, the class A, is not definable. O
Proposition 5.49. The class A, of SASs is not definable.

Proof. Let §1 := (Wy, p1, Ry) and §s := (W, pa, R2) be SASs, where

Wi =Az,y, 21, ;0 = {{z}, {y}, {z}}, By = {(2,9), (y, 2), (2, 2)}, and

Wy =A{z,y,2}, p2 = {{z}, {y}, {z}}, B2 = {(2,9), (v, 2)}.
As § € A; and §y € A, we obtain §; = A and § £ A. From Fo £ A, we derive
that there is a model My := (Fo, m2) based on Fo, t € {z,y,2} and o € A such that
My, t,{t} K~ a. Let us take a model My := (§F1,m2). Note that the relation Z :=
{((z,{z}), (z{=})), (W, {v}), (v, {y})), ((z.{z}), (2. {z}))} Is & bisimulation between 9,
and 2My. Therefore, using My, ¢, {t} = o and Theorem 5.44, we derive My, ¢, {t} }~ «a.
But this cannot be true as §; = A. Hence, the class A; is not definable. O

Proposition 5.50. The class As of SASs is not definable.

Proof. Let §1 := (W1, p1, R1) and §o := (Wa, pe, R2) be two SASs, where

Wi =A{z,y}, p1 = {{z},{v}}, B = {(z,9). (y,2)}, and
W2 = {xuy}7p2 = {{LE}, {y}}7R2 = {<x7y)}
To the contrary, assume that there is a set A consisting of wffs defining As. Since §; € Ag

and §y € As, we get §1 = A and Fo £ A. But this leads to a contradiction as the relation
= {((z,{z}), (z,{z})), ((y;{v}): (¥, {y}))} is a bisimulation between §; and F>. O

We end this section with an interesting observation. We have seen in Section 5.5 that

the axiom Ua — Ola leads us to the completeness theorem for the class A;. Moreover,
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it is not difficult to show that the class T, of auxiliary models can be defined by the wif
Oa — OOa. Therefore, we were expecting that the wif Ca — OOa will be able to define
the class A; of SASs. But, as shown above, it is not the case. We have similar observation

for the classes A, and A..

5.9. Conclusion

We introduced and studied a generalized rough set model based on subset approxi-
mation structure (SAS). This work is just a beginning toward the studies in the rough
set model based on SASs, and the model needs further investigation. For instance, other
rough set concepts such as definability of sets, membership functions deserve to be ex-
plored. Similarly, it is crucial to obtain the characterization results for the proposed
approximation operators.

In the second part of the chapter, we have provided a modal logic with semantics
based on SASs. The logic is shown to be decidable. Moreover, sound and complete
modal systems for different classes of SASs are obtained. Regarding the expressibility
power of the logic, it is observed that the logic can describe many concepts related to

approximations defined on SASs, but it also needs some improvements.
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CHAPTER 6

A MODAL LOGIC TO STUDY KNOWLEDGE AND AP-
PROXIMATION OPERATORS

In Chapters 3 and 4, the unary modal operator is interpreted as the approximation
operator from rough set theory. We also know that, in epistemic logic, the unary modal
operator is used to study the knowledge and belief of agents [20,99,100]. In this research
direction, usually, the possible-worlds semantics is used where the objects of the domain
are interpreted as possible states. These possible states carry atomic information repre-
sented by propositional variables. Besides the true state of affairs, an agent may consider
many other states to be possible due to his/her partial knowledge. This possibility of the
states is captured through binary relations between the states. A natural generalization
would be the case where each state carries information about a set of objects regarding a
set of attributes. In other words, each state is assigned an information system. Thus each
state gives a collection of approximation operators indexed with subsets of the attribute
set. In this chapter, we will have a study based on such a model where knowledge opera-
tor as well as approximation operators comes into the picture. Therefore, it is interesting
to reason about the statements like ‘agent knows/safely believes that the object under
consideration belongs to the upper approximation of the set’ or ‘the object is in the lower
approximation of the set in some states which are considered to be at least as good as
the current state’. We propose a modal logic that can express these types of statements.
Our study will be based on the notion of possible-worlds information system proposed in
Section 6.1. It consists of a set of states where each state is assigned a DIS. It is shown in
Section 6.1 that the possible-worlds information systems can also represent the situations
captured by various types of information systems viz. incomplete, non-deterministic, and
probabilistic information systems. In Section 6.2, we propose a modal logic for possible-
worlds information system. Section 6.3 gives the rough set interpretations of the proposed

logic with illustrations of the kind of statements one can express through the language.



In Section 6.4, we present modal systems for different classes of models. Section 6.5 pro-
vides the corresponding completeness theorems. Again the step by step technique [7] of
modal logic is used for the completeness proofs. Section 6.6 presents a comparison of
the proposed semantics with the well-known multi-modal logic semantics. In Section 6.7,
decidability results related to the proposed logics are discussed. We conclude the chapter
in Section 6.8.

The work presented in this chapter is based on the article [42].

6.1. Possible-worlds information system

We propose the following notion of possible-worlds information system and we show
that the situations captured by various types of information systems discussed in the

Chapter 2 can also be represented by it.

Definition 6.1. A possible-worlds information system (PWIS) is defined as a tuple § :=
(S, R, {Ks}ses), where

e S is a non-empty set of states,

e RCS XS,

o for ecach s € S, K, := (W, A,U,c4 Va, [5) is a DIS with the fixed attribute and

attribute-value sets A and |J,. 4 Va, respectively.

The above definition of PWIS is based on the intuitive idea that the agent, due
to his/her partial knowledge, considers several information systems possible besides the
actual information system. So, at the state s, the agent considers all the DISs IC;, where
t € R(s), to be possible, but he/she is not certain about the DIS, which gives the correct
information. One can impose different conditions on R depending on the requirement. For
instance, we may take R to be a plausibility order [99], that is a reflexive and transitive
relation, and in that case, (s,t) € R signifies that the DIS K, is at least as plausible as
the DIS ICs. Similarly, to reason about the agent’s knowledge, one needs to take R to be

an equivalence relation [20].

6.1.1. Representations of NISs, IISs, PISs through PWISs

The situations captured by NISs, IISs, PISs can also be represented through PWISs

in a natural way. For instance, consider the following example.

118



Disease

Patient 1 | Presence

Patient 2 | Presence
Table 6.2.

Disease

Patient 1 | Presence

Patient 2 | Absence

Example 6.2. Let us consider a PIS § given by Table 6.1 that gives information about
two patients regarding the presence/absence of a disease. According to this PIS, the

probabilities of Patient 1 and Patient 2 suffering from the disease are % and %, respectively.

Ks,

Table 6.4. K,

Table 6.3. K,

Disease
Presence | Absence
. 3 1
Patlent 1 1 1
. 1 2
Patlent 2 3 3
Table 6.1. PIS S
Disease
Patient 1 | Absence
Patient 2 | Absence
Disease
Patient 1 | Absence
Patient 2 | Presence

Table 6.5. K,

Note that we must have either of the following four situations.

e s,: Patient 2 is suffering from the disease, but Patient 1 is not.

The above four situations can be captured by the four DISs given by Tables 6.2-6.5.
Observe that, based on the information given by PIS S of Table 6.1, possibility of having

situation ss is more compared to the other three situations. In fact, we have the following

probability measure for having the four situations.

Probability of having situation s;
Probability of having situation sy

Probability of having situation s3

Probability of having situation s; =

o L SN [SCRTEN N (V)

X

X

X

Wl WIN WY Wi
—
[N}

X
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s1: Both the Patients 1 and 2 are suffering from the disease.
so: None of the Patients 1 and 2 are suffering from the disease.

s3: Patient 1 is suffering from the disease, but Patient 2 is not.




Therefore, the above mentioned four possible situations and their comparative chances to

occur can be captured through the PWIS

3 = <{817 ey S4}a R*7 {ICS17’C82alC837’CS4})7

where the plausibility relation R* is the transitive closure of the relation R given by

Figure 6.1.

R

R R R
éRéR@R@

Figure 6.1

The idea of above example can be extended for any PIS with finite domain as follows.
Let S := (W, A,U,c4 Va: F) be a PIS with finite W, and consider the set Z of all DISs
with domain W, attribute set A and attribute-value set V, for each a € A. Let S be a
set with [S| = |Z|, and ¢ be a bijection from S to Z.
Recall that F'(x,a,{v}) gives the probability of the object = to take the attribute-values
v for the attribute a. We use this information to define a function Ps : Z — [0,1] as
follows.

Ps(K) = H H F(w,a, f(w,a)), where K := (W, A, U Vo, ).
weW ac A acA

Note that Ps gives the probability to have DIS K based on the information provided by
the PIS §. We make use of this function to obtain a PWIS s := (S, R, {s}ses), where

e (s,t) € R if and only if Ps(g(s)) < Ps(g(t)).

o Cs:=g(s).
One can easily verify that R is a plausibility order, that is, reflexive and transitive relation.
From the definition of the relation R, it is evident that if (s,¢) € R, then the DIS K, is
at least as plausible as the DIS ;.

Let us now move to see how PWISs can also be used to capture the situations repre-
sented by NISs. Let us consider a finite domain NIS S := (W, A, |J,c 4 Va, f) under the
assumption that f(z,a) = V represents a situation where we do not know what attribute-

value the object = takes for the attribute a, but we know that it is one of the members of
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V. Further, we also assume that f(x,a) # () for each z and a. This condition is natural as
we know that each object takes attribute-value from the set V, for each attribute a. Under
these assumptions, let us define the function F'(z,a,{v}), which gives the probability of

the object = to take the attribute-values v for the attribute a, as follows.

Fla,a, {o}) i § T 10 ES00) (6.1)

0, otherwise.

We can now define PWIS §s as in the case of PIS, using F' given by (6.1).
Similarly, for an IIS S, we define the PWIS §s using the function

L, if f(z,a) =wv
F(z,a,{v}) = ﬁ, if f(z,a) =%

0, otherwise.

Here, to define F(z,a,{v}), the probability of the object x to take the attribute-values
v for the attribute a, we have considered the fact that f(x,a) = % denotes the absence
of information about z regarding the attribute a. Moreover, in that case, each of the
attribute-value v € V, has an equal probability ﬁ to be assigned to the object x for the
attribute a.

We have shown above how we can use PWISs with plausibility order R on the states
to capture PISs, NISs, and IISs. In fact, depending upon the requirement, one can impose
different conditions on the component R of the PWIS (S, R, {K,}scs). In this chapter, we
want to talk about ‘knowledge’ and ‘plausibility’, and hence will consider the following

classes of PWISs.

e F.: the class of all PWIS § := (S, R, {Ks}ses) where R is an equivalence relation.
o F, : the class of all PWIS § := (S, R, {K}ses) where R is a plausibility order (i.e.

reflexive and transitive relation).

We are also interested in one another class of PWISs, denoted by F., that consists of
PWIS § where the domains of each of the constituent DISs of § is the same set. Elements
of F. will be called a constant domain PWIS. So a constant domain PWIS represents a

situation where each state carries information about the same set of objects.
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6.2. A modal logic for possible-worlds information system

This section presents a modal logic that can be used to reason about statements (on
PWISs) involving basic statements like ‘the object is in the lower/ upper approximation of
the set in some/all states which are considered to be at least as good as the current state’,
‘agent knows /safely believes that the object belongs to the lower /upper approximation of

the set’.

6.2.1. Syntax

The alphabet of the language £ contains (i) a non-empty finite set A of attribute
constants, (ii) for each a € A, a non-empty finite set V, of attribute-value constants, (iii)
a non-empty countable set PV of propositional variables, and (iv) the propositional con-
stant T. The tuples (a,v), where a € A and v € V,, are called descriptors [74]. The set of
all descriptors will be denoted by D. The propositional variables, descriptors and proposi-
tional constant T form the set of atomic well-formed formulae. Using atomic well-formed
formulae, the standard Boolean logical connectives — (negation) and A (conjunction), the

modal connectives [1, e, where C' C A, the wifs of £ are then defined recursively as:
Tlpl(av)|-a|ans|Dx|Oca,

where p € PV, (a,v) € D, and «, 3 are wifs. The intuitive readings of components
(a,v),0a and Oca are as follows.
(a,v) : Object takes the value v for the attribute a.
Oa : Agent knows (safely believes) a.
Oca : Object belongs to the lower approximation (with respect to attribute set C)
of the set represented by «a.
Apart from the usual derived connectives L, V, —, <>, we have the connectives ¢ and

Oc defined as follows:
Qa := ——a,
Qca = —He—ar.
We will make use of the same symbol £ to denote the set of all wifs of the language L.

Moreover, we will use £(0,p) to denote the set of all wifs which does not involve modal

operators [, for any non-empty C C A.
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Classes
of Mod-

els

Defining conditions

Class of all models

Class of models based on constant domain PWISs

(0]

Class of all models based on PWISs from F.

o

Class of all models based on PWISs from F,

Q. N

DRI

Q.NQ,

6.2.2. Semantics

The semantics of £ will be based on PWISs. Thus, we have the following definition

of a model.

Table 6.6. Classes of Models

Definition 6.3. A model of L is a tuple M := (F, m), where

is a PWIS with the constituent DISs Ky := (W, A, U,y Va, f5), and m : PV — 2P@) ig

§ = (S7 Rv {ICS}SES)a

a valuation function, D(F) being the set |J,s({s} x Wy).

Table 6.6 lists a few classes of models that are of interest to us in this chapter.
The symbol <= wused below means ‘if and only if’. This symbol will be used for

such a purpose throughout the chapter. Moreover, we will use the symbol = to mean

‘this implies’.

123




Definition 6.4. The satisfiability of a wif a in a model M := (F, m) at (s,w) € D(F),
denoted as M, s, w |= a, is defined inductively:

M s,wkE=T always.

M, s,w E=Dp = (s,w) € m(p), for p € PV.

M, s,w E (a,v) — fs(w,a) = v, for (a,v) € D.

M, s, w = -« — M, s, w = a.

M, s,w = aAp — M, s,w = aand M, s,w = L.

M, s,w = Da = for all r € S with (s,7) € R and w € W,
M, r,w = a.

M, s, w = Ooa — for all u € W, with (w,u) € Ind},

M, s, u = a.

It is pertinent to note here that, since Ind’afs = W, x W, the modal operator L
behaves like the global modal operator [7] on the domain Wy of the constituent DIS
corresponding to the state s where the modal operator is evaluated.

Conditions of satisfiability of the derived connectives ¢ and (¢ are then obtained as

follows:
M, s,w = Qa = M, r,w = « for some r with (s,7) € R.
M, s,w = Qca = M, s,u = « for some u with (w, u) € Indf.

For any wff o and a model 90, let
[a]oms == {w e W : M, s,w = a}, and
[a]m == {(s,w) € D(F) : M, s,w | a}.

Thus, at each state s, a represents a set of objects given by [a]ams. A wif a is said to be
valid in M := (§F, m), notation: M = «, if [a];m = D(F). A wit « is valid in a class & of
models, notation: & = «, if « is valid in every model M € &.

A wif « is valid in a PWIS § if M = « for all models 9 := (F, V) based on §.

A wif «v is said to be satisfiable in a model M if [aflon # 0. « is satisfiable in a given class

& of models, if it is satisfiable in some model 9 € &.
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Observe that the proposed semantics is directly based on PWISs and is 2-dimensional,
having the dimensions for states and objects of the domains. We would like to add here
that the combination of modal operators proposed above is very much in the line of the
one considered in [39] but distinct from known proposals of combinations of modal logics,
e.g. [16,17,23,25,26,51,52,102]. A detailed comparative study on this issue is done in

Section 3 of [39], and we refer readers to it for the same.

6.3. Rough set interpretation

Obviously the operators — and A correspond to the set-theoretic operation of comple-

mentation and intersection. More formally, we have the following in a model 9 := (§, m)

based on a PWIS § := (S, R, {K;}ses) with the constituent DISs ICq := (W, A, U, cu Va» f5)-

[[_‘O‘Hfms =W\ [[a]]fm,s;

[[O[ A B]]D’Jt,s = [[a]]m,s N [[5]]931,5~

The following proposition establishes that the operators (g and its dual {5 capture the
lower and upper approximations with respect to the indiscernibility relation relative to

B, respectively.

Proposition 6.5. Let § := (S, R, {Ks}ses) be a PWIS with the constituent DISs Ky :=
(W, A, Upeu Vas fs). Consider a model M := (§,m) based on the PWIS §. Then the
following hold.

We omit the proof as it is very standard.

We define the following connectives for each non-empty subset B of A.

Definition 6.6.

Apa = O0ga, Bga = OUga;

Ve = Q00pa, #pa :=00pa.
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It is evident from Definition 6.4 that [J () corresponds to universal (existential)
quantifier over states and Op (Qp) captures the lower (upper) approximation with respect

to attribute set B. Thus, we have the following proposition.

Proposition 6.7. Let § := (S, R, {Ks}ses) be a PWIS with the constituent DISs ICs :=
(W, A, Upeu Vas fs). Consider a model M = (§,m) based on the PWIS §. Then the
following hold for all s € S and w € W.

[ Indly"
B
[Mpa]ons < there exists ar € R(s) with w € [[O(]]gm,T‘I o
——Indp
[
[

VBlms <= there exists a r € R(s) with w € [a M [

Proof. We provide the proof of Items 1 and 2. Rest can be done in the same way.
(1):
w € [Apa]ms <= M, s,w = OO
< for all r € R(s) with w € W,,, M, r,w = Opa

<= for all r € R(s) with w € W,, w € [a]m,

Ind"

(using Proposition 6.5).

w e [[.Ba]]fm,s <~ ?'Uta S, w ): <>|:|Ba
<= there exists a r € R(s) with M, r, w = Opa

<= there exists a r € R(s) with w € [a]n

T Ky *
Indy

O

Depending on the conditions imposed on the underlying relation R, taking a cue from
epistemic logic, different interpretations can be given for the operators defined in Defini-
tion 6.6. For instance, in the class of models based on equivalence relation R, one can
interpret Apa (#pa) as ‘the agent knows that the object belongs to the lower (upper,
respectively) approximation of the set of objects represented by «.” Similarly, in the class
of models based on plausibility order R, one can interpret Aga (#pa) as ‘the agent safely

believes [99] that the object belongs to the lower (upper, respectively) approximation of
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the set of objects represented by «.” Keeping in view these interpretations, let us consider
a few wifs to illustrate how the proposed semantics can be used to reason about PWISs

and approximations of sets based on it.

e The wif p — #pp says that if an object is an instance of the set (represented by)
p, then the agent knows (or, safely believes) that the object belongs to the upper
approximation (with respect to attribute set B) of the set p. Note that p — 4gp
is not valid in the class Q, of models.

e The wit Opp — @pp says that if an object belongs to the upper approximation of
the set p, then the agent knows (or, safely believes) that the object belongs to the
upper approximation of the set p. This wif is not valid in the class €. and hence
Q, of models.

e The wif O((a,v) — Opp) represents that the agent knows (or, safely believes) that
if an object takes the value v for the attribute a, then the object belongs to the

lower approximation of the set p.

Example 6.8. Let us consider a model 9 := (F,m), where § is the PWIS § :=
({s1,... 84}, R*, {Ks,, Ks,, Ks5, K5, }), the plausibility relation R* being the transitive
closure of the relation R given by Figure 6.1 (cf. Example 6.2). Let m be such that
m(p) := {Patient 1}, where p is a propositional variable. Suppose a denotes the attribute
‘Disease’ and v1, v5 denote the attribute-value ‘Presence’ and ‘Absence’, respectively. Note

that
9, s3, Patient 1 = O, p, but
I, s4, Patient 1 = OO,
Thus, we can conclude that at the state s3, the agent safely believes that the Patient 1 be-

longs to the lower approximation (with respect to attribute set {a}) of the set {Patient 1}.
On the other hand, it is not the case at the state s,.

It is important to note that the proposed language £ can express notions related
to dependencies in data and data reduction. The following proposition shows how the

language £ can be used to express these notions.

Proposition 6.9. Let § := (S, R, {Ks}ses) be a PWIS with the constituent DISs Ky :=

(WS?A? UaeAVa?f8)7 an’d P;Q g A
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1. b € P 1is dispensable in P in the constituent deterministic information system g

of § if and only if
[Epp < DP\{b}p]]im,s =W,

for every model 9N based on the PWIS §. Here p is a propositional variable.

2. For each b € P, let us choose a p, € PV such that py, and py, are distinct for
distinct by, by € P (here we have assumed that |PV| > |P|, where | X| denotes the
cardinality of the set X ). Then P C A is dependent in K if and only if

[[\/ Oo(Oppe <> Op\y106)on,s = W,

beP
for every model M based on F, {py : b € P} being a set of distinct propositional
variables.

3. For each b € Q, let us choose a p, € PV such that py, and py, are distinct for
distinct by, by € Q. Then, Q C P is a reduct of P in Ky if and only if

[[/\ o= (Hopy < Doy oyps) o s # 0 (6.2)
beQ

for some model M’ based on §F and
[[DQp e DPp]]DJ?,s = Ws: (63)
for every model 9N based on §.

Proof. 1. Let us first assume that b € P be dispensable in P in IC,, and we show that
[Opp < Op\yplm,s = W, for every model 9t based on the PWIS §. Since b € P is

dispensable in P in KC,, we obtain

Ind%* = Ind’S;

P\{b}" (6.4)

Let 91 be any model based on §. From (6.4), we obtain 9, s, w = Opp <> Op\ gyp for all
w € Wy. This gives [Opp < Op\pyp]on,s = W.
To prove the converse, let us assume that [Opp < Op\yplons = W for every model

M based on the PWIS §. We need to prove Indy = Ind’lgi{b}. Obviously Ind}s* C

Ind’lgi b} and therefore we just need to show Ind’lgi (b} - Indgs. Towards a contradiction,

let Ind’lgi{b} Z Ind*. Then there exists (w,w’) € Ind’ﬁi (> but (w,w') ¢ Ind%. Let us

consider a model MM := (F,m) where m is such that m(p) = {(s,u) : v € Inds*(w)}.
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Then M, s,w = Opp, but M, s,w = Op\yp. This gives [Opp < Op\yplon,s # W, a

contradiction. Thus we have shown Indy: = Ind’lgi o}

2. Let P be dependent in Iy, and we prove

[[\/ Op(Opps < Op\oyps)on,s = Wi (6.5)

beP
for every model 901 based on §. Let 0 be an arbitrary model based on §, w € W and
we prove

M, s,w = \/ Op(Oppe <> Op\105). (6.6)

beP

Since P is dependent in /Cg, there exists b € P such that b is dispensable in P in ;.
Therefore, from Item 1, we obtain [(Hpps <> Op\s305)]om,s = Ws. This gives (6.6).
Let us now prove the converse. We know Ind’lgs C Indgi o} for all b € P. If possible, let
P be not dependent in K,. Then, we have Ind’fgs ; Indgi o) for all b € P. Hence, for all
b € P we obtain w,, w; € W, such that (wy, wy) € Indgi{b} and (wy, w}) ¢ Indse.

Let us consider a model M = (F, m), where m be such that
m(py) = {(s,w') : w' € Indls* (wy)}.

Then, for all b € P, we obtain M, s, w, ¥~ Op\pyps and M, s,wy, = Opp,. This gives
M, s, wy = Op\oypy <> Oppy for all b € P. This, in turn, gives M, s, w = Og(Op\ o0 <
O,p) for all b € P, w being an arbitrary element from W,. Hence, we have I, s, w =
Vier Do(Op\ 3o <+ Opps), that is, [\, p Oo(Oppy <+ Opy105)Jons # Ws. But this is a

contradiction and hence P must be dependent in ;.

3. Let @ C P be a reduct of P and we show that

[\ Co=(Cops <> DO yps)Jow,s # 0
beQ

for some model M’ based on § and [Ogp <+ Opplams = W for every model 9 based
on §. Since @ is a reduct of P in I, it follows from the definition of reduct that @ is
independent in Iy and Indﬁs = Indgs. Also note that

Indp* = Indy <= [Oop <> Opplms = W,
for every model 9t based on §. (6.7)
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Since () is independent in K, using Item 2, we get

ﬂﬁ\/ Oo(Egps <> Doy jo1pe) Jow,s # 0 for some model 9 based on §.
be@

This gives

[[/\ o (Ogpe <> Doy poye)Jow,s # 0 (6.8)
beQ

for some model M based on §. Thus, from (6.7) and (6.8), we obtain the result.
Next, let

[[/\ Oo=(Oope <> Doy ps)Jor,s # O for some model M’ based on § (6.9)
beQ

and [Ogp < Opp]om,s = W, for every model 9 based on F. (6.10)

We show that @ C P is a reduct of P. From (6.10) and (6.7), it follows that Ind’s* = Indgs.
Further from (6.9) and Item 2, we obtain ) as independent in Ks. Thus, we have shown
that @) is a reduct of P in ;.

[

The above notions related to dependencies in data and data reduction can also be ex-
pressed in the language £ without using propositional variables as shown by Proposition
6.10. We will use B-basic wifs [74] defined as follows. Let () # B := {b,...,b,} C A.
Let Dp be the set of all B-basic wffs, i.e., wifs of the form (by,v1) A -+ A (bn, vn),
v; € Vi =1,...,n. In the case when B = (), we take Dg := {T}.

Proposition 6.10. Let § := (S, R, {Ks}ses) be a PWIS with the constituent DISs Ky :=
(We, A,Ugen Vas fs), and P,Q C A. Let M be a model based on the PWIS §. Then,

1. b € P is dispensable in P in the constituent deterministic information system K

of § if and only if
[ A A\ BAGw) = 0B = (6,0)lns = W.
BEDp\ (b} V6EVp
2. P C A is dependent in K4 if and only if

VO A A BAG) =08 — (0,m)) s = W

beP BEDP\{b} UbEVb
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3. Q C P s a reduct of P in Ky if and only if

VG A N\ BAGw) = Tg(8 = (b,0))lams # W,

beP BEDP\ (b} V6EVD
and [ \ N\ (BAY = Tu(B < 7)ams = W
BeDp v€Dq

Proof. 1. Let us first assume that b € P is dispensable in P in IC;, and we show that
[ A A\ BAWGw) = 0o — (b,0)]ms = We.
BEDP\ {5} V6EVp

Consider an object w € W, such that
M, s,w = BA(b,vy), where B € Dp\ () and vy € V. (6.11)

We show that 9, s,w = Oyp(f — (b,vp)). Let us take an object w’ € W; such that
M, s,w’ = B and we prove that M, s, w’ = (b, vp). From M, s,w = B and M, s, w’ = B,
we obtain (w,w') € Ind’lgi (b} Since b is dispensable in P, we obtain Indgs = Indﬁé\‘ () and
hence (w,w’) € Ind*. From (6.11), we get M, 5,0’ = (b, vs).

Let us now prove the converse. Let b be not dispensable in P in 'y and we show that

[ A A GAGw) = 08 = (b,v)ons # W

BEDp\ (b} V6EVp
Since b is not dispensable in P in Ky, there exist w € W, such that Ind’lgs (w) # Ind’lgi 0} (w).
That is, there exist w’ € W, such that

fs(w,a) = fs(w';a) for all a € P\ {b} and fs(w,b) # fs(w',b). (6.12)

Let 8 = Auep\py(a:va), where v, = fi(w,a) for a € P\ {b}. It is clear that 3 €
Dp\gy- Let fo(w,b) = vy and fo(w',b) = v;. Then M, s,w |= B A (b, vp), and from (6.12),
M, s,w' = L. But M, s,w’ = (b,v,). Hence,

weél N\ N BAWDw) = 0p(B = (b,w)))lons.

6€Dp\{b} vpEVp
This gives, [Agep,. ,, Nvyev, (B A (0, 06) = To(8 = (b, 00)))Jom.s 7 W

2. Let P be dependent in K, and we prove

[V Do A A\ BAGB ) = 08— (b)) Jans = W (6.13)

beP ,BE'DP\{b} vpEVY
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Since P is dependent in Ky, there exist b € P such that b is dispensable in P. Using Item

1 of Proposition 6.10, we obtain

[ A A\ BAGw) =008 = (b,0)]m. = W

BEDP\ {5} bEVS

=[S A A BAWGw) = 0B = (b))l = W (6.14)

BEDP\ {5} V6EVS
This gives (6.13).
For the converse part, let us assume that
VS A A BAGw) = 08— (b,0))) s = W (6.15)
beP BEDP\ (b} VbEWS

and we show that P is dependent in IC,. Towards a contradiction, let P be not dependent

in ICs. Further, consider an object w € W;. Then from (6.15), we obtain
Ms,whk=\ G N\ A BAG) =008 = (b,w)
beP BEDP\ (b} Vb€V
and hence there exist ¢ € P such that
Mos,wk=Dy( N\ A\ BA (o) = Tp(B = (c,00)))). (6.16)
/BEDP\{C} ’UCGVC

Since P is assumed to be independent, we obtain each b € P to be indispensable in C,.

Thus, using Item 1 of Proposition 6.10 for ¢ € P, we obtain an object w,. € W, such that

Mmos,we e N\ N\ (BA (e v) = To(B = (c00))).

ﬁGDP\{C} ve€Ve

Hence, for any w € Wy, we get

Mos,whOy( N\ AN (BA (o) = 0p(B = (c,00)))). (6.17)

BEDP\{C} ’UCGVC
But (6.17) and (6.16) cannot be true together. Hence P is dependent in /C;.

3. First, let us assume that () C P be a reduct of P and we show that

V3 A A BAG) =08 = (b.))) s # W (6.18)

beP BEDP\ (b} V6EVD
and [ A\ /\ (BA7 = 0p(8 < 7)loms = W (6.19)
BEDp ’YEDQ
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Since (@ is a reduct of P, @) is independent in g and Indg‘ = Indgs. Using the indepen-
dence of @ in Ky and Item 2 of Proposition 6.10, we obtain (6.18). Further, to obtain
(6.19), let us prove the following.
Indp =Indfy < [ N\ /\ (BAy = 0p(B8 < 7)lms = We. (6.20)
BEDP ’YG'DQ

First, let us assume that Indgs = Indgs and we prove

[ /\ /\ (BAy = Op(B < )]s = W

BEDP ’YE'DQ

So, consider an object w € W such that
M, s,w = B Ay where § € Dp and v € Dg. (6.21)
We show that M, s, w = Oy(B <> ). Let w’ € W, and we prove that
M, s,w' = (B 7). (6.22)

Using (6.21) and Indfs* = Indgs, we obtain (6.22).

Next, let us assume [/ zcp, A BAy = Op(B < )]s = Wy and we prove Inds® =

'YGDQ<
Indgs. Towards a contradiction, let Indgs #* Indgs. Then, there exist w, w’ € W, such that
(w,w') € Indy® but (w,w’) ¢ Indgs. From (w,w') ¢ Indgs, there exists a b € @) such that
fs(w,b) # fs(w', D). Let 8= A,cp(a,va),y = Aecglc;ve), where v, = fs(w,a) = fs(w', a)
and v, = f.(w, c). It is obvious that 8 € D, and v € Dg. Then, we get M, s, w = FAy and
hence by assumption, we obtain 9, s, w = Oy(8 <> 7). This gives M, s, w’ = (B < 7).
Since M, s,w’ = B, we get M, s,w’ |= . This is not possible as fs(w,b) # fs(w',b).
Hence Inds® = Indgs. This completes the proof of (6.20).

We have Indp® = Indgs. Thus, using (6.20), we obtain (6.19).

For the converse, let us assume (6.18) and (6.19). We show that @Q C P is a reduct of
P in Ks. Using (6.18) and Item 2 of Proposition 6.10, we obtain that @ is independent
in 5. From (6.19) and (6.20), we get Ind’lgs = Indgs. Hence Q C P is a reduct of P in

KCs. ]

6.4. Axiomatization

We first note that for each non-empty C C A, ¢ is definable in the language

L£(0,09), as shown by the following proposition. Recall that the modal operator [y
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behaves like the global modal operator on the domain Wy of the constituent DIS corre-

sponding to the state s where the modal operator is evaluated.

Proposition 6.11. For any wff a and attribute set B, we have

QEOpa v /\ (8= 0h(8 = a)).
B€Dp
Proof. Obviously we have the result when B = (). So, let B # (). Let us first show that
Q EUpa = Ngep, (8 — Up(8 — @)). Let M be an arbitrary model such that

M, s,w E Opa, (6.23)

M, s,w = [, where € Dp, (6.24)
and we show that 9, s, w = Oy(8 — «). Let us take an arbitrary w’ € W such that
Mm, s, w' E B, (6.25)

and we prove that 91, s, w’ = «. From (6.24) and (6.25), it follows that fs(w,a) = fs(w', a)
for all @ € B and hence w’ € Ind}y* (w). Therefore, using (6.23), we obtain 9, s, w’ |= a.
Next, we show that Q = Agcp, (8 — Op(B — «)) — Opa. So, let M be an arbitrary
model such that

Moswk \ (B 08— a)), (6.26)

BeDp

and we show that 9, s, w = Oga. Let w' € Indy (w) and we show that 9, s,w’ = .
For each a € B, let v, € V, be such that f;(w,a) = v, = fs(w',a). Let 5 be the wif
Nuep(@,vq). Note that 3 € Dp, M, s,w = f and M, s,w" |= . Thus, from (6.26), we
get M, s, w' = a. ]

Therefore, due to Proposition 6.11, we will restrict ourselves to the language £(CJ, Oy),
and provide the axiomatization and decidability results for this language. In the rest of

the section, we will work with the language £(OJ, Op).
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Modal Systems | Axioms and inference rules Classes of Models
I Taut, Des(1), Des(2), K(O), K(Oy), Q
T(Cp), B(Lp), 4(0p), MP, Nec(D)),
Nec(Oyp)
I(C) I+C Q!
I(P) I4+T(0O) + 4(0O) Q,
I(E) I +T(0) +4(0)+ B(O) Q.
I(CE) I +T(0O) +4(0)+ (D)—i— C Qee
I(CP) I+T(0) + 4(0)+ Qe !

Table 6.7. Proposed modal systems & corresponding classes of models (cf. Ta-

ble 6.6 on page 123)

6.4.1. Modal Systems and soundness

Recall the axioms Taut, K(O), K(Oy), T(Oy), B(Op), 4(0Cp) and the rules of inferences
MP, Nec(O), and Nec(Oy) of modal logic (cf. Chapter 3). Also, note the following axioms.

(a,u) — —(a,v), for u,v € V,, and u # v. (Des(1))
\/ (a,v), where a € A. (Des(2))
v€EVq

OpOa — OQpar. (Axiom for constant domain) (C)

Des(1) and Des(2) are axioms for descriptors. These axioms correspond to the fact that
each object takes precisely one attribute-value for each attribute. Axiom C is required to
impose the condition of constant domain. Table 6.7 provides a few modal systems based
on these axioms and inference rules. The column on the right-hand side in the table gives
model classes for which we expect to have completeness.

It is not difficult to obtain the following soundness theorem.

Theorem 6.12 (Soundness). Let (A, ®) be a pair consisting of a modal system A and
a class ® of models from the same row of Table 6.7. Then, for each wff a € L(3,0y),
o« implies @ | a.

'The corresponding completeness theorem is not yet proved, but we expect the result.
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Proof. Proof of this theorem is very standard and we omit the details. We only show that
the axiom C is valid in the class Q. of models. Let 0t := (F, m) be a model from €., where
§ = (S, R, {Ks}ses) and Ky := (W, A,U,c 4 Va» f5). Let us assume that M, s, w = Qg
and we show that 9, s, w = OOpa. Since M, s, w | Opda, there exists a w' € W such
that MM, s,w’ = Oa. This gives a r € S such that (s,r) € R and M, r,w’ = «. Thus,
we obtain 9, 7, w = Qpa and hence M, s, w = OOy as (s,7) € R. This completes the

proof. O

We present the completeness theorem in the next section.

6.5. Completeness

Let A be one of the modal systems listed in Table 6.7. We denote the set of all

A-maximal consistent sets by M,. As in normal modal logic, we have the following.

Lemma 6.13 (Lindenbaum’s Lemma). Let I' be a A-consistent set of wffs. Then there

exists a A-mazimal consistent set T containing T.

Let us now recall the notion of canonical relations on M, corresponding to the modal

operators [, [y defined as follows.
(T, A) € RY if Oa € T implies a € A; (6.27)
(I, A) € Ry, if Ogor € T implies a € A, (6.28)

Giving the standard modal logic arguments, we obtain the following.

Proposition 6.14. Let A be one of the modal systems listed in Table 6.7. Then the
following hold.

1. Ré@ s an equivalence relation.
2. (a) If A contains T(O), then R is reflexive.
b) If A contains 4(0), then RA is transitive.
( ) ’ (]
¢) If A contains B(O), then RY is symmetric.
0 Y

Lemma 6.15 (Existence Lemma). For any I' € My, the following hold.

o IfOa €T, then there evists a A € My such that (T, A) € RY and a € A.
o [f Oy € T, then there exists a A € My such that (I, A) € Réw and o € A.
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Lemma 6.16 (Existence Lemma). Let A be one of the modal systems listed in Table 6.7
that contains axiom C. Let I')TV, A € My be such that (A,T") € Rém and (I',T") € RA,.
Then there exists a A’ € My such that (A, A’) € RY and (A',T') € Ré@.

A
r Rg - T
*
R3, ‘R3,
'
Avemmzacaon A
Rg

Figure 6.2. Lemma 6.16

Proof. Consider the set
O={a:OaeA}U{Oy8: 8T}

Due to Lemma 6.13, it is enough to show that 6 is A-consistent. If possible, let # be not
A-consistent. Then there exist Oay, Oas, ..., Oa, € A and S, B, ..., B, € IV such that

Faoa Aag A Aan = =(0oBL A QoBa A+ A Qg )
— FparAag A Ay = ~Og(BLABa A A B)
= FaO(@ Aag A Aay) = O-0g(Br ABa A+ A Br)
= Fp (Oag ADag A -+ AOay,) = O=0¢(B1 APa A+ A Bn)
= O-0g(Bi AB2 A+ ABp) €A (- Oag ADag A -+ ADa, € A)
= —O00p(BL A Ba A+ A B) €A
= =0pO(LL AP A+ A B) € A (using axiom C)
= yO=(BiABa A+ APm) €A
= O-(BiABa A+ AB) €T (1 (AT) €RY)
— <(BLABa A ABy) €T (- (I,T') € RA).
But this is not possible as 81 A o A -+ A B, € I''. This completes the proof. O

We again use step by step technique [7] to prove the completeness theorem. Let us

begin with a few standard definitions.
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Definition 6.17 (Network). A A-network is defined as a tuple
N = <S7 R7 {WS}S€S7 /’L)a

where

e S is a non-empty set of states;

e RCSXS;

e For each s € S, W; is a non-empty set of objects;

o i Uses({s} x Wy) — M.
A network N is said to be a constant domain network if Wy = Wy for all 5,8’ € S.
Thus, a constant domain network will be simply written as N := (S, R, W, u), where
S x W — My, A network N is said to be finite if S and W, for each s € S are
finite. Further, a network will be called reflexive, symmetric, or transitive according to

the relation R is reflexive, symmetric, or transitive, respectively.

Definition 6.18 (Coherent Network). A A-network N := (S, R, {Ws}ses, 1) is said to be
A-coherent if it satisfies the following:
(C1): If (s,t) € R, then (u(s,w), u(t,w)) € RA for all w € W, N W,.
(C2): If w,w" € Wy, then (u(s,w), u(s,w’)) € Ré@.
(C3): o If A contains axiom 7'(0J), then R is reflexive;
e If A contains axiom 4(0J), then R is transitive;

e If A contains axiom B([J), then R is symmetric;

o If A € {I,LI(C)}, then R is irreflexive.

A A-network for I' € M, is a A-network such that p(s,w) =TI' for some (s, w).

It may look a little odd to have the condition of irreflexivity of R for A € {I,I(C)} un-
der the condition (C3). In fact, it is required for our methods to work to give completeness
theorem. Its requirement will become more clear in Remark 6.27.

We need to impose a few more properties on networks to make it strong enough to

give us the Truth Lemma (i.e. Theorem 6.22). Thus, we have the following definition.

Definition 6.19 (Saturated and Perfect Network). A A-network N is said to be saturated

if it satisfies the following:

o If Gav € u(s,w), then there exists a s’ € S such that (s,s") € R and o € pu(s', w).
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o If Oy € u(s,w), then there exists a u € Wy such that « € pu(s, u).

N is said to be A-perfect if it is both A-coherent and saturated.

Definition 6.20 (Defects). Let N := (S, R, {W;}ses, it) be a A-network. Then we say
that:

e the tuple (s, w, Qa) constitutes a O-defect of N if Qo € (s, w), but there is no s’
with (s,s") € R and a € p(s',w).
e the tuple (s, w, Qga) constitutes a Qp-defect of N if Qpav € (s, w), but there is no

w' with o € p(s,w’).
A A-network induces a model as follows.

Definition 6.21 (Induced Model). Let N := (S, R, {W}ses, 1) be a A-network. Then
N induces a model MV := (FV, m"), where

L4 SN = (S7 Rv {’Cé\/}SES)a

L IC?/ = (Ws7 Aa UaEA Vm f;/\/’)’

o VW, x A— J,eq Ve such that fN(w,a) = v if and only if (a,v) € u(s, w);

e mN(p) :={(s,w) : p € u(s,w)}.

Note that Axiom Des guarantees that for each s € S, f is a function from W, x A to
Uaes Var and hence K2 is obtained as a DIS.
A A-perfect network is good enough to give us the following Truth Lemma for the

induced model.

Theorem 6.22 (Truth Lemma). Let N be a A-perfect network. Then, for all wff a €
£(0,0),

MV, s, w =« if and only if a € u(s,w).

Proof. We use induction on the number of connectives in the wif &. When « is a propo-
sitional variable or descriptor, the result holds due to the definition of m”" and fév re-
spectively. The Boolean cases are straight forward. So, let us consider the case when «
is of the form ¢B3. Let us assume that MV, s, w = Of and we show that O3 € (s, w).
Since MV, s, w |= O, there exist r € S such that (s,7) € R, w € W, and MV, r, w = B.

Using induction hypothesis, we obtain § € u(r,w). Since (s,r) € R, w € Wy,NW, and N/
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is a perfect network, we get (u(s,w), u(r,w)) € RA. We have (u(s,w), u(r,w)) € RA and
B € p(r,w). Thus, we get Of € u(s,w).
For the converse, let us assume that O3 € pu(s,w) and we show that 9V, s,w = OB.
Due to Of € (s, w), there exists a r € S such that (s,r) € R and g € u(r,w) (.- N is
a perfect network). Again using induction hypothesis, we get MV, r,w = 8. We have
(5,7) € R, w € WyN'W, and MV r,w }= 3. This gives MV, 5, w = Op.
The case when « is of the form Qg can be proved in the same way. O
Definition 6.23. Let N := (S, R, {W,}ses, 1) and N’ := (S, R/, {W!}ses, i') be two
A-networks. We say that N’ extends N, denoted as N’ > N, if the following hold.

e SC¥;

o W, CW!forall ses;

e R=R'N(SxY);

o u(s,w)=p/(s,w) for all s € S and w € W,

Let « be an arbitrary A-consistent wff. Then, by Lemma 6.13, there exists a I' € My

containing «. Let us consider a A-network N := (S, R, {Wy}ses, i), where S := {so},
Wy, := {wo}, p(so, wo) :=T and

0, it A € {I,I(C)}
(s0,50), if A € {I(E),1(P),1(CE),1(CP)}.

R =

Trivially A/ is a A-coherent network for I'. If we are guaranteed to obtain a A-perfect
network N’ > N, then due to Truth Lemma 6.22, we will obtain a completeness result
for the logic A. Moreover, this completeness result will be with respect to the class of
models of which 9Ty~ is an instance. Thus, it becomes clear that our task to obtain
completeness theorem has reduced to find a way to obtain N’ as described above. This
is done by removing defects present in a A-coherent network without affecting coherency;,
making subsequent use of results known as Repair Lemmas. We present these results for
the modal systems with and without axioms C separately in Section 6.5.1 and Section

6.5.2, respectively.
6.5.1. Completeness for modal systems without axiom C

Let A be one of the modal systems listed in Table 6.7 that does not contain axiom C.

The following proposition is obvious.
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Proposition 6.24. Let ® be a class of models such that A and ® lie in the same row of
Table 6.7. Then we have MY € & for every A-coherent network N

Proof. We provide the proof for the pair (I(E), ). Rest cases can be proved similarly.
So, let N be a I(E)-coherent network. We prove that MY := (S, R, {KN }ses, m"), where
KN = (W, A, Usea V., fV) is in Q.. Due to the coherency of N, we obtain R as an

equivalence relation. Hence MY € Q.. n

Theorem 6.25 (Repair Lemma for ¢-Defect). Let (sg,wq, Oar) constitute a O-defect of
a A-coherent network N := (S, R, {W}ses, it), where S and Wy for each s € S, are finite
sets. Then there exists a finite A-coherent network N’ > N such that (sg,wp, Qa) no
longer constitutes a O-defect of N.

Proof. Since Qo € u(sg, wp), by Existence Lemma 6.15, there exists a Ay € M, such that
(14(s0, wo), Ag) € R, and o € A,. (6.29)

Let s’ be a new symbol, not used in S. Consider the network N' := (S', R', {W!}sesr, it'),

where
S :=SuU{s'}
4
W, if s £ ¢
W! .=
{wo}, lf S = Sl,
\
4
RU{(s0,5)}, if A=1
R =<{RU {(¢,)}U{(s,s): (s,80) € R}, if A =1(P)

| RU{(s,s")}U{(s,5),(s',5) : (s,50) € R}, if A =1(E)

pls,w),  ifsAs

Ay, if s =4

p(s,w) =

\

We claim that A/ is the required network. In fact, obviously N > N and (sg, wp, Q) no
longer constitutes a (-defect of N”.

(C1): Let (s,t) € R, w € W/NW/ and we show that (z/(s,w), ' (t,w)) € RA. If s,t € S
or s =t = s, then obviously we have the result. So, let us assume that ¢ = s’, and

s # . Then, using the definition of R/, we obtain w = wy. If s = sy, then we obtain
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(11 (s,w0), p' (t,wp)) € RA directly from (6.29). If s # so, then A # I, and in that case R}

is obtained as a transitive relation and (s, sg) € R. Therefore, we get

(45, wo), (0, wo)) € RS . (6.30)

Now, using (6.29), (6.30), transitivity of R4 and definition of 1/, we obtain

(Nl(sv wO)? M/(Sla wo)) < Ré :
One can similarly obtain (u/(s,w), ¢/(t,w)) € RS when s = s, and ¢ # 5.

(C2) follows from the fact that Ré@ is reflexive. Moreover, (C3) follows directly from the
definition of R'. ]

Theorem 6.26 (Repair Lemma for Qg-Defect). Let (so, wo, Qpax) constitute a {g-defect
of a A-coherent network N := (S, R, {W}ses, 1), where S and W for each s € S, are
finite sets. Then there exists a finite A-coherent network N' > N such that {sq, w, Qpar)

no longer constitutes a Qg-defect of N'.

Proof. Since Qgpav € (s, wp), by Existence Lemma 6.15, there exists a Ay such that

(1(s0,wp), Ng) € Rém and a € Ag. Let w’ be anew symbol, not used in | J, s Ws. Consider

seS

the network

N = (8, R AW hses, 1),
where,

S :

if s # s

s U{w'}, if s = s,

w!.

L, W), if w # w'
w (s, w):
otherwise.

=39S
W,
%%
R =R
Juls
AO;
N’ is our required network. In fact, obviously NV > N and (sg,wp, Qpr) no longer
constitutes an Qg-defect of A/'. Thus, it remains to show that N is a A-coherent network.
(C1): Let (s,t) € R, w € W/ N W/ and we show that (1/(s,w), p/(t,w)) € RA. Let us
142



first consider the case when w # w’. Then by construction of N/, we obtain w € W, NW,,
W (s,w) = p(s,w)and p'(t,w) = u(t, w). Since N is a coherent network, we get (u(s, w) =
p(s,w), u(t,w) = p'(t,w)) € RA. Next, let us consider the case when w = w’. In that
case we must have s = ¢ = sy and hence (sg, sp) € R. This shows that A € {I(P),I(E)}
as R is irreflexive for A = 1. Hence RY is obtained as a reflexive relation. Thus we obtain
(1 (5,w) = N, Ag = 1/ (t,w)) € RA.

(C2): Let s € S, w,u € Wy and we show that (u/'(s,w), p/(s,u)) € Réw. Obviously, we
have the result when both w and u are different from w’, or w = w’ = u. So, without loss

of generality, let w = w’, u # w' and s = s5. Then, we obtain

(M/(Sa ’LU) = :u/<307w/) = Ay, M(SO, wo)) < Ré@ and (N(SO, wo)vﬂ(soau) = M/<37u)) < Ré@ .

Thus, we obtain (f/(s,w), i/(s,u)) € Ré@ using the transitivity of Ré@.
Obviously N satisfies the condition (C3) and this completes the proof. O

Remark 6.27. Note that the proof of (C1) condition in the above proof will not work
for the modal system I if we do not keep the requirement of irreflexivity in the definition
of A-coherent network under (C3). In order to see it, observe that, in the absence of
irreflexivity, we may have (sg,s0) € R, but (Ag, Ag) ¢ RA and this will break down the

proof arguments for the condition (C1).

Theorem 6.28 (Completeness Theorem). Let (A, ®) be a pair consisting of a modal
system A that does not contain aziom C and a class ® of models from the same row of

Table 6.7. Then, for each wff « € L(O,0y), ® &= « implies F, «.

Proof. If possible, let F/y a. Then, in that case, {—-a} is obtained as A-consistent, and
hence there exists a I' € M, containing —a.
Consider N := (S, R, {W}ses, pt), where S := {so}, Wy, := {wo}, pu(so, wp) := T and

0, if A =1
R =

(80, S0), if A € {I(E),I(P)}.
Trivially A is finite, A-coherent network for I'.  Moreover, by repeated applications of
Repair Lemma 6.25 and 6.26, we obtain a A-perfect network N’ such that N’ > N. The
proof is very standard, and we refer to [7] for details. Also note that, due to Proposition

6.24, we obtain My~ € ®. Now, since ~a € I' = p/(sp,wp), by Truth Lemma 6.22, we
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obtain My, so, wo = —«. But this contradicts that ® = «. Hence, we must have -, «.

This completes the proof. O

6.5.2. Completeness for the modal system I(CE)

In this section we will provide the repair lemmas for the modal system I(CE). We

begin with the {-defect.

Theorem 6.29 (Repair Lemma for ¢-Defect). Let (s, wg, Oar) constitute a O-defect of a
finite, I(CE)-coherent and constant domain network N := (S, R, W, ). Then there exists
a finite, I(CE)-coherent and constant domain network N > N such that (sg, wq, Oa) no
longer constitutes a {-defect of N.

Proof. Since Qa € pu(so, wo), by Existence Lemma 6.15, there exists a A, € Mycg) such
that

(1e(s0,wo), Awy) € RID(CE), and a € A,,. (6.31)

Further, for each w(# wy) € W, Lemma 6.16 guarantees the existence of a A,, satisfying

the conditions described in Figure 6.3. Let s’ be a new symbol, not used in S. Consider

RUCE)
0
N(SvaO) b g Awo
4
I(CE) | SI(CE
RD(@ R, )
¥
(80, W) < ---mmon oo AW
I(CE)
Rg
Figure 6.3

the network N” := (S', R', W, i), where
S :=SU{s'}
R :=RU{(s,s)}U{(s,s),(s,s):(s,8) € R}

sw),  ifs#s

Ay, if s =4¢.

4 (s,w0) =
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We claim that A is the required network. In fact, obviously N7 > N and (s, wo, Q) no
longer constitutes an O-defect of N’. Thus, it remains to show that N is a I(CE)-coherent
network.

(C1): Let (s,t) € R and w € W. We need to show that (u/(s,w), p/(t,w)) € RgCE). If
s,t €S, or s =t =¢, then we have the result. So, without loss of generality, we assume
that s = &, and t # §'. If t = s¢, then we get the result using the property of p/(s',w) =
A, described in Figure 6.3. If t # s¢, then we obtain (sg,t) € R by the construction of R'.
This gives (1/(so, w), p'(t,w)) € RgCE). We also have (p/(s',w), /' (so, w)) € RID(CE) (cf.
Figure 6.3). Therefore, using transitivity of RID(CE), we obtain (p/(s', w), p/(t,w)) € RID(CE).
(C2): Let s € S, w,u € W, and we show that (1/(s,w), i/(s,u)) € RID(QCE). If s # ¢, then
coherency of the network N gives the required result. So, let us assume that s = s’. Since

Rng) is an equivalence relation, using Figure 6.3, we get
([I,I(S,, U}) = A’un Awo) € RID(V)CE) and (Awoa Au — M/(Sla U,)) € RID(@CE)a

I(CE
and hence (p/(s', w), 1/ (s',u)) € RD(@ ).
Obviously N satisfies the condition (C3) and this completes the proof. m

Theorem 6.30 (Repair Lemma for Qg-Defect). Let (sg, wo, Qpa) constitute a {g-defect
of a finite, I(CE)-coherent and constant domain network N := (S, R, {Ws}ses,u). Then
there exists a finite, I(CE)-coherent and constant domain network N' > N such that

(s0, wo, Opax) mo longer constitutes a Qg-defect of N”.

Proof. Since Qg € pu(sg, wp), by Existence Lemma 6.15, there exists a A, such that
(p(s0,wo), Agy) € RID(SE) and a € Ag,.
Further, for each s(# sg) with (sg,s) € R, Lemma 6.16 guarantees the existence of a Ag

satisfying the conditions described in Figure 6.4. Let w’ be a new symbol, not used in W.

Consider the network

N = (S, R, W' i),
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O
11(s0, wo) < ~ 11(s, wo)
*
I(CE | I(CE
LER R
\
Ay +-----mmmaeomm - - A
RID(CE)
Figure 6.4
where, S’ :=S, W' := W U{w'}, R := R and
u(sw),  fw Ao
(s, w) = q A, if w=w" and (sg,s) € R

(s, wo), if w=w" and (s¢, s) ¢ R.

We claim that N is the required network. In fact, obviously N’ > N and (sg, wo, Opar)
no longer constitutes a Qg-defect of N’. Thus, it remains to show that N’ is an I(CE)-
coherent network.

(C1): Let (s,t) € R and w € W’ and we need to show that (u/(s,w), 1/ (t,w)) € RID(CE).
We obviously have the result when w # w’. So, let us consider the case when w = w'.
Note that, since R is an equivalence relation, it cannot be the case that (i) (sg,s) € R,
but (sg,t) ¢ R, or (ii) (so,t) € R, but (sg, s) ¢ R. Thus, we need to consider the following

two cases:

Case (A): Let (so, ), (s0,t) € R. Then, since RSCE) is an equivalence relation, we obtain
(1 (5,w) = Ay, Ay) € RE? and (A, A, = 4/ (t,0)) € REY,

and hence (1/(s,w), (/' (t,w)) € RID(CE).
Case (B): Let (s, s), (so,t) ¢ R. Then,

(1 (5,w) = pa(s, wo), p (¢, wo) = pu(t, w)) € RET

(C2): Let s € S, w,u € W’ and we show that (u/(s,w), i/(s,u)) € RESE)

. Obviously, we
have the result when both w and u are different from w’, or w = w’ = u. So, without loss
of generality, let w = w’ and u # w’.
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If (so,s) € R, then we obtain
(1 (s,w) = Ay, ps,wo)) € RES™ and (u(s, wo), s, u) = p'(s,u)) € R

This gives (¢ (s, w), (' (s,u)) RSSE) as Rg@CE) is an equivalence relation.

Similarly, if (so,s) ¢ R, then we get

(1 (5,w) = pu(s,wo), (s, u) = p'(s,u)) € RES™.
Obviously N’ satisfies the condition (C3) and this completes the proof. O

Once we have Theorems 6.29 and 6.30, proceeding as in the proof of Theorem 6.28,

we obtain the following completeness theorem.

Theorem 6.31 (Completeness Theorem). For each wff o € L(O,0y), Qe | o implies

l_I(CE) Q.

It is pertinent to note here that we are not able to obtain a repair lemma for {¢-defect
for modal systems I(C) and I(CP) and, as a result, we still do not have the completeness
theorem for the modal systems I(C) and I(CP) with respect to the classes Q. and Qp,

respectively.

6.6. A comparison with the standard multi-modal logic semantics

Recall that the semantics proposed in Section 6.2.2 is 2-dimensional, having the di-
mensions for states and objects of the domains. In this section, we shall prove that, as
far as the notion of the validity of wifs of £(0,p) is concerned, it can be equivalently
captured through the standard multi-modal logic semantics. This result is important from
the view point of modal logic. For instance, it will lead us to a few decidability results in
Section 6.7.

Consider the following notion of auxiliary frame.

Definition 6.32. An auziliary frame is defined as a tuple F := (S, R, Ry), where R is a
binary relation on S, and Ry is an equivalence relation on S.

An auziliary model M for £(O,Oy) consists of an auxiliary frame F := (S, R, Ry) together
with the valuation function m : PV — 25 and f : D — 25, where

e f(a,v)N f(a,u) =0 for distinct u,v € V,;
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o S= ey, fla,v) for all a € A.

Here, to make the writing simple, we have preferred to write f(a,v) instead of f((a,v)).

Let us consider the following standard multi-modal logic semantics for £(0J, y) based

on auxiliary frames.

Definition 6.33. The satisfiability of a wif a € £(,0p) in an auxiliary model M :=
(F,m, f), denoted as M, s |= «, is defined inductively:

M,sE=T always.

M, s|Ep — s € m(p), for p € PV.

M, s |E (a,v) = s € f(a,v), for (a,v) € D.

M, s |E = M, s = a.

M,s|EFanp = M, s || aand M, s |E= .

M, s |= Da = for all r € S with (s,7) € R, M,r | a.
M, s |E Oy — for all » € S with (s,r) € Ry, M,r |FE a.

The notions of validity and satisfiability in a class & of auxiliary models are defined in

the usual way:

e o € £(00,09) is satisfiable in & if there exists a model M := (F,m, f) in &, and
an element w € S, where § is the domain of F, such that M, w |= «;

e « is valid in &, denoted as & |= «, if for all models M := (F,m, f) in &, and all
elements w € S, M, w |= a.

Let us consider the property P1 for an auxiliary model M that is defined as follows:
P1.: If there exist s,¢,7 € S with (s,t) € Ry and (t,7) € R, then there exists a w € S
such that (s,w) € R and (w,r) € Ry.

Table 6.8 lists a few classes of auxiliary models that are of interest to us.

Let us recall the notion of canonical model corresponding to a modal system A.

Definition 6.34 (Canonical Auxiliary Model). Let A be a modal system listed in Table
6.7. Let MA = (FA mh g"), FN = (MA,Ré,RSQ), be the canonical auxiliary model
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Figure 6.5. Property P1 for an auxiliary model

Class of | Defining condition

Models

T Class of all auxiliary models

T Class of all auxiliary models satisfying P1

Te Class of all auxiliary models with equivalence re-
lation R

T, Class of all auxiliary models with reflexive and
transitive relation R

Tee TN,

Tep TeNT,

Table 6.8. Classes of auxiliary models

corresponding to the modal system A, where
R% and Ré@ are given by (6.27) and (6.28);
m™(p) :={T € M, : p €T} for p € PV;
g*(a,v) :={I' € My, : (a,v) € T'} for (a,v) € D.

Theorem 6.35. Let (A, V) be a tuple consisting of a modal system A and a class ¥ of
auziliary models from the same row of Table 6.9. Then M* € V.

Theorem 6.36 (Truth Lemma). Let A be a modal system listed in Table 6.9. Then for
all wff o € L£(0,0y),

MAT | a if and only if o € T.

2The corresponding completeness theorem is not yet proved, but we expect the result.
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Modal System | Class of Model | Class of Auxiliary Model
I Q T
1(C) Q> Te
I(E) Qe T,
I(P) Q, T
I(CE) Qee Tee
I(CP) Qep? Tep

Table 6.9. Soundness and completeness theorems relative to different classes of

models and auxiliary models

Table 6.9 gives the soundness and completeness theorems for different modal systems

relative to different classes of auxiliary models. That is, we have the following theorem.

Theorem 6.37. Let (A, ®, V) be a tuple consisting of a modal system A, a class ¢ of
models and a class V of auxiliary models from the same row of Table 6.9. Then, for each

wff a € £(0,0p), we have the following.
1. For A € {I,I(E),I(P),I(CE)},

PEa <—=hkya < V|Ea
2. For A e {I(C),I(CP)}, Fa a <= V |E=a.

Proof. We provide the proof when A is the modal system I(CE). The proof of other
systems follow in a similar way. The part ® = o <= F, « is proved in Section 6.4.1
and Section 6.5 (cf. Theorem 6.12 and Theorem 6.31). We will discuss the proof of the
part Fy @ <= V | a. Soundness part -y a = WV |= « is straightforward and
we omit its proof. Let us assume that ¥V |= o« and we show that 5, a. Towards a
contradiction, let t/y . Then, we obtain {—a} as a A-consistent set. By Lindenbaum’s
Lemma, there exists a A-maximal consistent set I' containing {—a}. From Truth Lemma
6.36, we get M T | —a. Since M* € ¥ due to Theorem 6.35 and ¥ ||= a, we obtain
MAT |E a. But MAT | a and MA T || —a cannot be true together. Hence, we

must have F, . O

As a consequence of Theorem 6.37, it follows that properties concerning the validity

of wifs with respect to the standard multi-modal logic semantics given by Definition 6.33
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relative to the class W € {T,T,, Te, Tee} of auxiliary models gives the corresponding
properties concerning the validity of wffs with respect to the class ® of models that lies in
the same row as W in Table 6.9. For instance, in Section 6.7, we obtain the decidability
of the validity problem for the class T, and this, in turn, gives the decidability of the
validity problem for the classes .. We end this section with the remark that, although
we have the correspondence as mentioned above between different classes of models and
auxiliary models related to the notion of validity (satisfiability) of wifs (cf. Theorem 6.37),
we still do not know any validity (satisfiability) preserving correspondence between the
models and auxiliary models. More precisely, we are not able to find a function F' from
the class of models to the class of auxiliary models (or, from the class of auxiliary models
to the class of models) such that a wif « is satisfiable in a model 9 (auxiliary model M)

if and only if « is satisfiable in the auxiliary model F'(0M) (model F(M)).

6.7. Decidability

We would like to prove here the decidability of the satisfiability (validity) problem of
the semantics of Section 6.2.2 with respect to various classes of models listed in Table 6.6.
It is pertinent to note that we are not able to obtain the finite model property for the
semantics of Section 6.2.2 with respect to these classes of models. Hence we are not able
to prove the above decidability result using the finite model property of the semantics
presented in Section 6.2.2. However, the good news is that we can obtain the finite model
property for the semantics of Section 6.6 with respect to the classes T, Te, Tp, Te, Tep
of auxiliary models (cf. Theorems 6.45 and 6.47) and, as a consequence of this, we will

obtain the following result.

Theorem 6.38. Let V € {1, T, T,, Tc, T} be a class of auxiliary models. Then, we
can decide for a given wff « € L(O,0y), whether « is satisfiable in the class V.

Then, using Theorem 6.37 and Theorem 6.38, we immediately obtain the following
decidability result.

Theorem 6.39. Let ® € {Q,Q.,Q,} be a class of models. Then, we can decide for a

giwen wff a € L(O,0y), whether « is satisfiable in the class ®.
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We want to add here that we do not have Theorem 6.39 for the classes Q, 2, as
we cannot prove the completeness theorem for these classes with respect to the modal
systems I(C), I(CP), respectively. However, as a direct consequence of Theorem 6.37 and

Theorem 6.38, we obtain the following.

Theorem 6.40. Let A € {I,I(E),I(P), I(C), I(CP)} be a modal system. Then, we can
decide for a given wff o € L(O,0p), whether Fy a.

In the rest of the section, we will provide the finite model property for the semantics
of Section 6.6 with respect to various classes of auxiliary models. We will handle the

classes of auxiliary models with and without the property P1 separately.

6.7.1. Classes of auxiliary models without the property P1

We follow the standard filtration technique (cf. [7]) with natural modifications to the
definitions. Let 3 denote a finite sub-formula closed subset of £(CJ,p). Let M :=
(F,m,gq), F := (S, R, Rp), be an auxiliary model. We define an equivalence relation =y,

on S as follows.

s =y &, if and only if for all § € XU D, M, s ||= 5 if and only if M, s’ | B.

Definition 6.41 (Filtration model). Let us consider an auxiliary model M := (F,m, g)

and X as above.

e We define an auxiliary model M/ := (F/,m/, ¢7), F/ := (S, R/, Ré), where
— 8 = {[s] : s € S},[s] is the equivalence class of s with respect to the
equivalence relation =y;
— ([s],[s"]) € R’ if and only if there exist s; € [s] and s, € [s/] such that
(s1,82) € R;
— ([s],[¢']) € Réc if and only if there exists s; € [s] and sy € [¢'] such that
(s1,52) € Ry;
—m!(p) :={[s] : s € m(p)};
— g/ (a,v) :={[s] : s € g(a,v)}.
e For ¥ e {T,T,, T,}, we define the model MY := (F¥ , m/, ¢g/), F¥ := (S, R\I’,Rg*),
where

— Réc* is the transitive closure of Réc;
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v R ifU =T
R iU e {T,, T, };

where R™ is the transitive closure of R'.

Note that g/ is well defined as for all s’ € [s], s € g(a,v) if and only if s € g(a,v) for all
(a,v) € D.

Proposition 6.42. Let ¥ € {T, T, T,}. If M € U, then MY € V.

Proposition 6.43. The domain ST of the auziliary model MY contains at most 217!

elements.

I

Proof. Define the map = : S/ — 2*Y? such that

=(is) = {5 € ZUD: M5 |l= B},
Since = is injective, |S/] is less than or equal to 2“7,

The following result can be proved by induction on the number of connectives in .
Proposition 6.44 (Filtration Theorem). For all wffs f € Y UD, and all elements s € S,
Ms|EB = M"Y [s]|E=B.

Using Proposition 6.42, 6.43 and 6.44, we finally obtain the following result.

Theorem 6.45 (Finite Model Property). Let U € {T, T, Tp}. Let o be a wff and ¥ be
the set of all sub-wffs of a. If v is satisfiable in the class V, then it is satisfiable in a

finite auziliary model belonging to the class ¥ with at most 2PYPl elements.

6.7.2. Classes of auxiliary models with the property P1

The standard filtration technique is not applicable in this case as the filtration model
in Definition 6.41 does not preserve the property P1. Therefore, we use the technique

given in [13]. Let us first note the following theorem.

Theorem 6.46. Let (A, V) be a tuple consisting of a modal system A and a class V of
auzxiliary models from the same row of Table 6.9. Then, for any wff o € £(0,0y), « is
satisfiable in the class V if and only if a is satisfiable in the canonical auxiliary model
MA,
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Consider the following sets corresponding to a wif .

©'n={B:p is asub-wff of a};

O, =0 U{~f:8€0L}

©) is © together with all finite conjunctions of distinct elements of ©_;
O(a) = 0, U {008 : f € O4};

0% = 0(a)\ O~

Note that all these sets are finite and closed under sub-wifs. Up to equivalence, © is

closed under negation, ©) under A and ©(a) under ¢y. We will prove the following result.

Theorem 6.47 (Finite Model Property). Let W € {T, T} be a class of auziliary models.
For a wff o € £(0,09p), if « is satisfiable in the class W, then it is satisfiable in a finite

auziliary model ML € W with at most 219\ elements.

Note that, due to Theorem 6.46, Theorem 6.47 follows directly from the following

result.

Theorem 6.48. Let (A, V) be a tuple consisting of a modal system A € {I(C), I[(CP)}
and a class W € {T¢, Tep} of auziliary models from the same row of Table 6.9. For a wff
a € £(0,0p), if a is satisfiable in the canonical auziliary model M*, then it is satisfiable

in a finite auzxiliary model J\/lﬁ € VW with at most 219\ elements.

The remaining part of the section consists of a proof sketch of the above theorem.
Although the sets ©',,0,,0%,0(«a), oY depends on the wif «, in the rest of the section
we will drop « in these notations to avoid excessive notation.

Let A be a finite set of wifs, and let s be any map from a super-set of A into two

points set {0, 1}. Define

A= N{Bea:sB)=13AN\{=B:8€A,s(8) =0}

We note that for all 8 € A, Fyx Ay — 5, or Fp Ay — 0.
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We also note the following useful facts for all s (cf. [13]).

Fao O, <> (©% A O, (6.32)
Fa O < @, provided ©, is A-consistent, (6.33)
NCHEECAE R CXNCA] (6.34)

For a finite set A of wifs and I' € M, we will write Ar for A, ., where 1p : £(0,0y) —
{0,1} is the characteristic function of I". That is,
1, ifael;

1F(C(> =
0, otherwise.

Consider the relation =g on M, defined as follows:
I' =¢ A if and only if O = Oa.
It is not difficult to obtain the following.

Proposition 6.49. 1.T'=¢ Aif and only if TNO© =ANO.

2. =g 15 an equivalence relation.
Now we are in a position to define the filtration model.

Definition 6.50 (Filtration Model). Consider the auxiliary model M} = (F{, m/, ¢),
F{ = ML, RLRE), where
o M := {[[]: T € My}, [[] is the equivalence class of I' with respect to equivalence
relation =g;
e ([I,][A]) € RL, if and only if there exist I € [[] and A’ € [A] such that (I, A') €
RE;
e ([I',[A]) € Réw if and only if there exist IV € [I'] and A’ € [A] such that (IV, A’) €
R,
e m/(p):={[[']:T € m*(p)} for p € PV;
e g/(a,v) :={[l']:T € g*a,v)} for (a,v) € D.

Definition 6.51. A set A of wffs is said to be A strongly closed under {y if the following
holds for all maps s and ¢ whose domains contain A and co-domain is the set {0,1}:

If Ay A OQpAs is A-consistent, then Fy Ay — Opds.
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Let us recall that © is used to denote the set ©(a). We note the following results.

Proposition 6.52. © is a finite set which contains « and which is A strongly closed

under Qg.

Proof. Obviously © is a finite set containing «. So, it remains to prove that © is A
strongly closed under {y. Suppose O, A (4O, is A-consistent and we show F, ©, — (y©;.
Claim 1: s and ¢ agree on all wifs of %,

Let us first prove this claim. If s and ¢ do not agree on all wifs of @% then there exists
Ogvr € ©% such that s(Qgrp) # t(Opy). Without loss of generality, suppose s(Qp1)) = 1
and t(Qpy) = 0. This gives

Fa ©5 — Opt and (6.35)
'_A @t — —|<>@¢. (6.36)

From (6.36), we obtain
Fa 09©r — —UyOgh. (6.37)

Also, from axiom B([p) and 4(Cp), we have
Fa Ly Qot) = —Opth. (6.38)
From (6.37) and (6.38), we obtain
Fa Co©r — =g, (6.39)

Combining (6.35) and (6.39), we get by 0p©; A ©5 — —0pth A Optp. This shows that
0g©; A ©, is not A-consistent, a contradiction. Hence s and t agree on all wifs of ©%.
Claim 2: F, ©, — ©,%,

From (6.32), we get

Fr ©, = ©,%. (6.40)
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Since s and t agrees on ©% by (6.40), we obtain the claim. Claim 3: ©; is A-consistent.

Suppose not, then

Fa =0
= F Op—O; (using N(Op))
— l_A ﬁ<>Q)@t

= ({y©; is not A-consistent.

This is a contradiction to the fact that ©, A (y©; is A-consistent. Hence we obtained the
Claim 3.

Claim 4: $p©) is a conjunct of @?V’.

Note that each conjunct of ©; is a conjunct of ©,. We also have (y©; € © as ©, € O". If
Op©) is not a conjunct of @?@, then, since (y©; € ©, =(p©) becomes a conjunct of @?“.

Thus, we obtain —={y©; A ©} as a conjunct of ©; and hence, we get

Fo ©; — 0O A O

Fa 00©: — Qp(=0sO; A ©))

Fa 00O — Gp—000; A 09O}

Fa 00O = —090; A 0pO; (. Fa Oo=0py — —0p7)

l_A (}@@t — J_

b

= (y©; is not A-consistent.

This is not possible and hence (O, is a conjunct of @? . This completes the proof of
Claim 4.

Claim 5: Fj @?@ — 0pOy.

From (6.32) and (6.34), we have

Fa ©90 A 09O — 04O, (6.41)
Since ©; is A-consistent (Claim 3), from (6.33), we get

Fa 0O <> 0O (6.42)
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From (6.41) and (6.42), we obtain
Fa ©7° A 0y, — 09O (6.43)
Since ¢y©) is a conjunct of @?” (Claim 4), from (6.43), we get
Fa ©7 — 04O, (6.44)

This completes the proof of Claim 5.

From claim 2 and (6.44), we have
I_A es — O@et-

This completes the proof of the proposition. n

Proposition 6.53. 1. If 0Op € A, then there exists T' € [T] such that (A", T") € RS
and ©r € T".
2. If Og©r € A/, then there exists T € [I'] such that (A',T") € Réw and ©rp € I".

Proof. We only provide the proof for Item 2 as Item 1 can be proved in a similar way.
Let Q¢©r € A’. By Existence Lemma 6.15, we obtain I" such that (A", T") € R/D\@ and
©r € I'. So, it remains to show that IV € [I'], that is, ©r = ©p. Since © is finite set,
let us assume © = {ay, a9, ..., Oy i1, - - -, A b Suppose [ is a conjunct of O and we
show that /3 is a conjunct of ©p. Note that either (i) § is «; for some i € {1,2,...,n},
or (ii) B is —ay for some i € {1,2,...,n}. Let us first consider the case when f is some
a;. It is enough to show that 8 € I'. Suppose not, then —«; € I' and this implies —q; is
a conjunct of ©p. Therefore, since ©r € [, we obtain —a; € I". This is not possible as
a; € I". Hence g € I'. Similarly we can show that (§ is a conjunct of ©r when [ is -
for some 1.

Next, we assume [ to be a conjunct of ©r and we show that § is a conjunct of ©p.
Since ©r € I, in this case we obtain 3 € I'. Hence, by the definition of Oy, it follows
that (§ is a conjunct of Or.

Thus, we have shown that ©r = O/, and hence I € [T']. O

Proposition 6.54. The following are equivalent:
1. ([T],[A]) € RE;

2. ©r A\ Qp©Oa is consistent;
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3. |_A ep — O(Z)@A'

Proof. (1) — (2): Suppose ([I'], [A]) € Réw, then there exist IV € [I'] and A’ € [A] such
that (I, A') € Réﬁ. Now I" € [I'] and definition of ©r gives Or € I, similarly © € A'.
Since © € A" and ([, A’) € Réw, 0p©a € I'. Hence, we have O A $g@a € IV which
means O A QpOa is A-consistent as I is a maximal consistent set.

(2) — (3) holds by Proposition 6.52.

(3) — (1): Suppose Fp Or — 0yOa and we show ([['], [A]) € Ré@. Using Fp ©Or — 0yOa
and Or € I', we obtain 0gOa € I'. So, by Lemma 6.53, there exists a maximal consistent
set A’ € [A] such that (I',A') € Ré@ and O € A’; and hence ([['],[A]) € Ré@. This
completes the proof. O

Proposition 6.55. The following are equivalent:
1. (IT],[A]) € RE;
2. ©Op AN OOA 1s A-consistent.

Let My := (Fi,mq, g1) and My := (Fa, ma, go) be two auxiliary models, where F; :=
(Si, R, Rj)), i = 1,2. For s € S;, let us use th,(s) to denote the set {y: M;, s [= v} of
wifs. Note that th,(s) is a A-maximal consistent set.

Consider the model My & My := (F,m,g), F := (S, R, Ry), where

e S is a disjoint union of S; and Sp;

e (s,t) € Rif and only if (s,t) € R or (s,t) € R? or there exist s; € S; and sy € Sy

such that (s, s1) € R! and (sy,t) € R?, and

O Nthay, (s1) = © N tha,(s2); (6.45)

e (s,t) € Ry if and only if (s,t) € Rj or (s,t) € Rf;
o m(p) := mi(p) Umy(p) for p € PV;
e g(a,v) = g1(a,v) U gs(a,v) for (a,v) € D.
Note that an equivalent way to write (6.45) is Oy, y (51) = Othp, (s2)- We will require the

following two lemmas for the class Tcp.
Lemma 6.56. ]f./\/ll,./\/lg € Tcp; then M1 D Mg € ’Y\Cp~

Proof. Since Ré and R% are equivalence relations, equivalence of Ry follows directly from

its definition. Reflexivity of R is also obvious. So, we prove the transitivity of R. Let
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us take (s,t) € R, (t,r) € R and we show that (s,r) € R. If s,t,7 € S; or s,t,7 € Sy,
then we obtain (s,r) € R as R' and R? are transitive relations. The non-trivial case is
when s € Sq,r € Sy and t belongs to S; or Sy. Let us consider the case when ¢ belongs
to S,. Since (s,t) € R, there exist u € Sy,v € Sy such that (s,u) € R, (v,t) € R? and
© Ntha, (u) = © Nthyy,(v). Since R? is transitive and (v,t) € R?, (t,r) € R%, we obtain
(v,7) € R?%. Thus, we obtain (s,u) € R, (v,r) € R? and © Nth, (u) = © Nth,(v) and
this gives (s,r) € R. We can similarly prove (s,r) € R when t belongs to S;.

It remains to show that the auxiliary model M; & M, has property P1 to complete the
proof of the lemma. So, let us assume that (s,t) € Ry, (t,r) € R and we show that there
exists d € S such that (s,d’) € R and (d',r) € Ry (cf. Figure 6.6). If s,t,r € S; or
s, t,r € Sy, then we obtain such a d' using the fact that M; and My have property P1.
So, let us consider the case when s,t € S; and r € Sy. Since (¢,7) € R, there exist ¢ € S;
and d € S, such that (¢,¢) € R',(d,r) € R? and © Nthpy,(c) = © Nthp,(d). Applying
P1 property for My, we obtain e € S; such that (s,e) € R', (e,c) € R;. Since (e,c) € Ry

and Rj is symmetric relation, we obtain (c,e) € Rj. This, in turn, gives
(that, (c), tha, (€)) € RE, . (6.46)

Let us use ©, and ©, to denote wifs ©y, m, (¢) and O M, (e)> Tespectively. From (6.46) and

Proposition 6.54, we obtain
}_A ec — <>Q)ee' (647)

Since My, c Ik ©, and © Nthpy, () = © Ntha,(d), we get My, d IF ©.. Therefore, from
(6.47), we obtain

Mo, d IF g0, (6.48)

Thus, there exists ¢ € Sy such that (d,c) € R% and Mo, IF ©,. From M,,c IF ©,,
we obtain © M tha,(d) = © N thyy,(e). Since R§ is symmetric, we have (¢, d) € R3.
Further, we also have (d,7) € R? and hence using P1 property of M,, we obtain a
d' € S, such that (¢, d') € R?, (d',r) € Rj. We thus have (s,e) € R',(c/,d') € R* and
© Ntha,(d) = © Nithpy, (), and therefore we get (s,d’) € R. We also have (d',r) € Ry
as (d',r) € R} (cf. Figure 6.6). This completes the proof.
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Lemma 6.57. Let My, My € T,. For each wff ¢ € ©, eachi € {1,2}, and each s € S,

we have
M, s IF 4 if and only if My ® Ma, s - .

Proof. We use induction on the number of connectives in the wif v € ©. Obviously,
the result holds when v is a propositional variable or a descriptor. We only provide the
arguments when 1 is of the form [y or [J. Boolean cases can be proved easily.

Let us first consider the case when 1 is of the form Uy¢. Then, we have
M, s IFUpo
&= M, tl- ¢ for all t € S; with (s,t) € R
< M; & My, tl- ¢ for all t € S with (s,t) € Ry
< M My, s |- Tyo.

Next, consider the case when 1 is of the form Cl¢. Let us first assume that M, s IF O¢
and we show that My @& Moy, s IF O¢. Let us take t € S with (s,¢) € R and we show
that M ® Mo, t - ¢. If t € S, then we can proceed in the same way as above to obtain
M ® Myt - ¢. So, let t € Sy, Since (s,t) € R, there exists u € S; and v € Sy such
that (s,u) € R',(v,t) € R* and © N thy, (u) = © N thy,(v). Since My, s IF Ogp, we
obtain My, s IF O0¢ (- R! is transitive) and hence My, u I O¢ (- (s,u) € R'). Using
© Nthp,(u) = © Nthy,(v) and O¢ € ©, we get My, v IF O¢ and hence My, t IF ¢.
Therefore, by induction hypothesis, we obtain M; & Mo, t I ¢ and hence M; & Mo, s IF
Oo.

Next, consider My, s I O¢, and we show that My & My, s |- O¢. Let (s,t) € R. Then,
as s € Sy, we must have (s,t) € R? and hence we get My, t I- ¢. Therefore, by induction

hypothesis, we get M1 & Moy, t I ¢.
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The reverse implication is from the direct sum to one of its component and therefore it

follows directly. O

Proposition 6.58. Let (A, V) be a tuple consisting of a modal system A € {I(C), I[(CP)}
and a class V € {T¢, Tep} of auxiliary models from the same row of Table 6.9. Then
Ml e

Proof. We provide the proof when A is the modal system I(CP).

Claim 1: Réw is an equivalence relation.

The proof of reflexivity of Ré@ is not difficult, we omit it. Let us assume ([I'], [A]) € Ré@
and we show ([A],[I]) € Ré@. Since ([T, [A]) € Ré@, there exist IV € [I'] and A’ € [A]
such that (IV,A’) € R} ,- Using symmetry of Réw, we obtain (A/,T') € R} , and hence
([A],[T]) € Ré@. For transitivity, let us take ([I'],[A]) € Ré@, ([A],[A0)) € Ré@ and we
show ([I'], [Ao]) € Ré@. Using Proposition 6.54, we get

l_A ep — O(Z)GA and (649)
Fa ©a = 0pOa,- (6.50)

From (6.50), we obtain
Fa 00Oa — 0p00Oa,- (6.51)

Using (Taut) on (6.49) and (6.51), we obtain
Fa ©r = 0p0pOa,- (6.52)
From axiom 4(Cy), we have
Fa 0p0©a, — 0sOa, (6.53)
Using (Taut) on (6.52) and (6.53), we obtain
Fa ©Or = 0pOa,- (6.54)

Therefore, by Proposition 6.54, we get ([['], [A¢]) € Ré@.
Claim 2: ./\/lf\ has P1 property.
Suppose ([T, [A]) € Réw, (JA], [Aq]) € R and we need to show that there exist [[y] € MY
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such that ([T],[To]) € RY and ([To],[Ag]) € R, . Since ([[,[A]) € RS and Rf is
symmetric, we get ([A],[I]) € Ré@. Using Proposition 6.54, we obtain

Fa ©a — OoOr. (6.55)

Due to ([A],[Ag]) € RY, there exist a A’ € [A] and a A}, € [Ag] such that (A’, A}) € RA.
Since O € A’ by (6.55) we obtain ¢yOr € A’. By the use of Lemma 6.53, we get
an I € [I'] containing ©r such that (A",IV) € Ré@. Again, using symmetry of Ré@, we
get (I, A") € R/D\Q. We have (IV,A’) € R/D\@ and (A’; A}) € RY, now using the fact that
M € T, there exist Ty € My such that (I',T) € RY and (T, A)) € Rém. Hence, we
get ([T, [To)) € R and ([To], [Ag]) € R, .

Claim 3: RY, is reflexive and transitive relation.

Reflexivity of Ré is obvious. Let us prove transitivity. Let
([T, [A]) € RY; and ([A], [A¢]) € R (6.56)

and we show that ([T],[Aq]) € RE. Due to Proposition 6.55, it is enough to show that
OrAQO,, is A-consistent wif. From (6.56) and Proposition 6.55, we obtain ©r AQ© A and
O N0O4, to be A-consistent wifs. Fori = 1,2, let M, := (F;,my, g;), F; .= (Wi, R', R}y),

be auxiliary models from the class T, such that

Ml, ST I @F A O@A (657)

Mg, 8; I+ @A A\ <>er- (658)
From (6.57), we obtain

My, s7IF ©Or and

M, t; IF ©4 for some ¢, such that (s},t;) € R'.
Therefore, using Lemma 6.57, we get

M @® Ma, s7 Ik Or and (6.59)
M, & Mo, ty - Oa. (6.60)
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Similarly, from (6.58), we obtain

Ml D MQ, S; I @A and (661)

M @ My, ty I- ©4, for some t, such that (s}, 1) € R>. (6.62)
From (6.60) and (6.61), we get
on th/\/h@/\/lz (tl) =0n th’/\/h@/\/lz(‘sz)‘ (663)

We also have (s},t;) € R', (s}, t2) € R* and therefore from (6.63), we get (s},t2) € R.
Thus, from (6.59) and (6.62), we get My & Moy, s7 IF Or A $O,,. Due to Lemma 6.56,
we also have M; & My € T¢,. Thus we obtain ©p A 0O,, as a A-consistent wif. O

Remark 6.59. Note that we do not require the construction M; ® M, and Lemmas 6.56
and 6.57 in the above proof for the modal system I(C). In fact, the proof ends for this
modal system with the proof of Claim 2.

Proposition 6.60 (Filtration Theorem). For all wffs 5 € ©, and all elements I € My,
MAT |l= B if and only if ML, [T |l= B.
Proposition 6.61. The domain M/{ of ./\/lf\ contains at most 219 elements.

: Mf\ — 29 where

(1]

Proof. Define the map

[1]

() :==T'neé.
Since Z is injective, M contains at most 2/°! elements. O

Theorem 6.48 now follows from Propositions 6.58, 6.60 and 6.61.

6.8. Conclusion

The possible world semantics of epistemic logic is extended to introduce the notion of
possible-worlds information systems (PWIS), where each state is assigned an information
system. We proposed a modal logic with semantics based on PWISs that can be used
to reason about the approximation of concepts as well as knowledge of the agent. The
essential issues of the proposed logic viz. sound and complete modal systems concerning

various classes of models are also discussed. We have obtained the completeness theorem
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for all the classes of proposed models that do not have the constant domain restriction.
The situation is not so nice for constant domain models. We are able to obtain the
completeness theorem for the constant domain class 2., where the relation R on states
is equivalence, but our technique does not work for other classes of constant domain
models. The decidability of the validity problem for the proposed constant domain classes

of models are still open, although we have proved the decidability of the modal systems
I(C), I[(CP).
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CHAPTER 7

SUMMARY

In literature, one can find several interpretations of the unary modal operator of the
basic modal language. In Chapters 3 and 4, we have studied its interpretations based on
structures inherited from rough set theory. Table 7.1 provides a summary of the results
on axiomatization for these semantics.

In Chapter 5, we considered the modal language with two unary modal operators.
The semantics of this modal language is defined over subset approximation structures. In
the proposed semantics, one modal operator captures the lower approximation relative to
subsets of the domain, whereas the other modal operator captures the quantification over
subsets of the domain. Sound and complete modal systems for various classes of SASs
are obtained. It will be interesting to determine the modal systems for the necessity and
possibility approximation operators proposed in this chapter.

In order to study knowledge operator and approximation operators relative to different
attributes, we considered a multi-modal language in Chapter 6. The semantics is based
on the notion of possible-worlds information systems proposed in this dissertation. Modal
systems for the classes of models €, €, 2, and .. are obtained, but modal systems for
the classes of models 2. and €2, are still open.

We want to add here that in this dissertation, apart from axiomatization, a few other
issues pertaining to the proposed semantics like invariance, definability, and decidability

are also explored.



Interpretation of the wunary | Classes of | Modal Sys- | Remark
modal operator frames tems
M K -
M, T -
Ms B -
Strong lower approximation M, K -
Mis KTB -
M T -
M. KTB -
Mqe Not known | Modal system lies be-
tween B and KB4
M EMN -
M, EMNT -
M, EMN4° -
Weak lower approximation M, EMNT4 -
M, Not known | Modal system lies be-
tween EMN and B
M, Not known | Modal system lies
between EMNT and
KTB
M. Not known | Modal system lies be-
tween EMNT4 and S5
Mqt Not known | Modal system lies
between EMN4° and
KB4
Lower approximation based on |- ML¢, -
covering systems Pz, C} and Cg,
Lower approximation based on |- CLS4B -
covering system Py

Table 7.1. Summary of the results
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Lower approximation based
on covering systems P,, (s,

C.,C_,Cy,Ca,C., and Cy,

Not known

Boundary operator based on

covering systems C5 and Cj

CLS4

Boundary operator based on

covering system P;

CLTB

Boundary  operator based
on covering systems P, Cj,

C*, C_, C#, C@, C+, and C%

Not known

Table 7.1 continued
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