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ABSTRACT

KEYWORDS: Analytic, univalent, starlike, convex and close-to-convex functions; con-
vexity in the direction of the imaginary axis; continued fraction; g-
fraction; Hausdorff moment sequence; ¢-difference operator; Gauss and
basic hypergeometric functions; g¢-starlike functions; order of starlike-
ness; order of g-starlikeness; Bieberbach’s conjecture; infinite product;
uniform convergence; Herglotz representation; probability measure; con-
vex hull; uniformly starlike and uniformly convex functions; spiral func-
tions; coefficient functional; Zalcman’s conjecture; John domains; pre-
Schwarzian derivative; Schwarzian derivative; the Nehari class; odd func-

tions; radius of convexity; partial sums or sections.

We consider basic hypergeometric functions introduced by Heine. We study mapping
properties of certain ratios of basic hypergeometric functions having shifted parameters
and show that they map the domains of analyticity onto domains convex in the direction of
the imaginary axis. In order to investigate these mapping properties, some useful identities
are obtained in terms of basic hypergeometric functions. In addition, we find conditions
under which the basic hypergeometric functions are in a g-close-to-convex family.

For every ¢ € (0,1) and 0 < a < 1 we define a class of analytic functions, the so-called
g-starlike functions of order «, on the open unit disk. We study this class of functions and
explore some inclusion properties with the well-known class of starlike functions of order
a. We discuss the Herglotz representation formula for analytic functions z f'(z)/ f(z) when
f(z) is g-starlike of order . As an application we also discuss the Bieberbach conjecture
problem for the g-starlike functions of order a.

We consider certain subfamilies, of the family of univalent functions in the open unit
disk, defined by means of sufficient coefficient conditions for univalency. In this thesis,

we study the problem of the well-known conjecture of Zalcman consisting of a generalized



coefficient functional, the so-called generalized Zalcman conjecture problem, for functions
belonging to those subfamilies. We estimate the bounds associated with the generalized
coefficient functional and show that the estimates are sharp.

we study some necessary conditions for bounded John domains associated with func-
tions in Nehari-type classes. The series of preparatory results, which are applications of
certain initial value problems, consist of sharp estimations of pre-Schwarzian derivatives
of functions belonging to the Nehari-type classes. In the sequel, we also see that a solution
of a complex differential equation has a special form in terms of ratio of hypergeometric
functions resulting to an integral representation. Finally, we attempt to study univalent
functions f in the unit disk D such that f(ID) are unbounded John domains and state
some related open problems.

We consider the class of all analytic and locally univalent functions f of the form

f(z) =2+ >0, as,—122"71, |z| < 1, satisfying the condition

o (100 L

We show that every section sa,-1(2) = 2+ > _, Gok—12>

|z| < v/2/3. We also prove that the radius v/2/3 is best possible, i.e. the number v/2/3

k=1 of f, is convex in the disk

cannot be replaced by a larger one.
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diam A

ACB

—~

a; q)n

QS a a

C(p)
co(C)

D,f

F(a,b;¢; 2)

NOTATION

euclidean diameter of the set A

class of normalized analytic functions in D

A is a subset of B

the Pochhammer symbol or shifted factorial

the Watson symbol or the g-shifted factorial

complex plane

the extended complex plane C U {oc} or the Riemann sphere
class of convex functions

class of convex functions of order 5, 0 < g < 1
convex hull of C

the open unit disk {z € C: |z| < 1}

the ¢-difference operator

{zeD:|z| <r}

hypergeometric (or Gauss hypergeometric) function
f is subordinate to g

closure of G

the set of all analytic (or holomorphic) functions in D
class of close-to-convex functions

g-close-to-convex functions

the Euclidean length of v joining z to w

the principal value of the logarithmic function log z for z # 0
real part of z

class of univalent functions

class of starlike functions



S*(B) class of starlike functions of order 5, 0 < 8 < 1

Sy pre-Schwarzian derivative of f

Sn n-th section/partial sum

Sy(8) the class of v-spiral-like functions of order 5, 0 < 5 < 1
S, g-starlike functions

S;(a) g-starlike functions of order o, 0 < < 1

Ty pre-Schwarzian derivative of f

Uucy class of uniformly convex functions

UST class of uniformly starlike functions

gamma function
I, g-gamma function

®Dla, b; c; q, 2] basic hypergeometric function
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CHAPTER 1

INTRODUCTION

This thesis is based on some research work on analytic function theory carried out at
IIT Indore. The purpose of this chapter is to give some basic definitions, notations, and
some preliminaries that provide a background for latter chapters. We begin this chapter

with the definitions of some well-known special functions and their g-analogs.

1.1. Special functions and ¢-analogs

Most of the special functions appear as solutions of differential equations or integrals of
elementary functions. For example, one of the power series solutions of the hypergeometric

differential equation
2(1 = 2)w"(z) + [e = (a+ b+ 1)z]w'(2) — abw(z) =0
about the regular singular point z = 0 is obtained by

. (a)n(b)nzn
Z:;(@n(l)n ’

where (a)g = 1, (a), = ala+1)---(a + n — 1) is the Pochhammer symbol and ¢ #

n

0,—1,—2,.... This series is called the hypergeometric series which converges absolutely
for |z] < 1. The converging function is called the (Gaussian) hypergeometric function
denoted by F(a,b;c; z).

The following well-known derivative formula is useful:

d ab
—F e z)=—F 1 1: 1:2).
= (a,b;c;2) . (a+ 1,0+ 1;¢+4 1;2)

For more details on this topic we refer [7, 87, 104]. While it is true, both historically and
practically, that the special functions and their applications arise primarily in mathemat-
ical physics, they do have many other uses in both pure and applied mathematics. One

can find its applications in number theory also. Historical background says that Heine



[33] defined a basic quantity
1—gq°
1—¢q’
where ¢ and a are real or complex numbers so that a, — a as ¢ — 1. Using this concept

(lq:

Heine defined the basic analog (or g-analog) of hypergeometric functions for |¢| < 1
called the basic hypergeometric functions. In D, the basic hypergeometric function (Heine

hypergeometric function), for |q| < 1, is defined by

o0

®la, b; c; q, 2] Zaq z2",

- >n
where (a;q)o = 1, (a;9), = (1 —a)(1 —aq)(1 — ag®)--- (1 — ag™™') for n > 1, called the
Watson symbol, and a, b, ¢ are real or complex parameters with (¢;q), # 0. The function

2®[a, b; c; q, 2| is called the shifted basic hypergeometric function. The limit

lim (" @) _alat+1)---(a+n—1)
a—1- (¢ @n n!

says that, with the substitution a + ¢%, the Heine hypergeometric function takes to
the Gaussian hypergeometric function F'(a,b;c; z) when ¢ approaches 1-. The following

relation is useful in this context:

(1.1) (1 —a)(aq; ¢)n = (a;@)n(1 — aq") = (a;q)ns1-

For basic properties of Heine’s hypergeometric series, we refer to [7, 25, 104]. After that
many more developments were carried out in this direction. For instance, Jackson in [38]
developed the concept of ¢-difference equation as basic analog of the ordinary difference
equation. For 0 < ¢ < 1, the g-difference operator denoted as D, f and is defined by the

equation

f(z) = f(qz)
2(1—q)

It is evident that, when ¢ — 17, the difference operator D,f converges to the ordinary

(1.2) (Dgf)(2) = 2#0,  (Def)(0) = f(0).

differential operator Df = df/dz = f'. The operator D,f plays an important role in
the theory of special functions, subclasses of univalent functions, and quantum physics
(see for instance [6, 23, 24, 37, 47, 104]). Practically every branch of normal function
theory has been extended to the basic number field. Most of the actual applications of the
g-concepts have occurred in the field of pure mathematics. This motivates us to study,

for instance, the analytic and geometric behaviour of the basic hypergeometric functions.
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1.2. Univalent functions

The theory of univalent functions is a classical subject, born around the turn of the
century, yet it remains an active field of current research. A function f is said to be
univalent in a domain D if for any two distinct points z; and 2y in D, f(21) # f(22). In
other words we can say that a function is univalent if it provides a one-to-one (or injective)
mapping onto its image. The function f is said to be locally univalent at a point zy € D
if it is univalent in some neighborhood of z;. For analytic functions f, the condition
f'(z0) # 0 is equivalent to local univalence at zy. In view of the Riemann Mapping
Theorem in classical complex analysis, the unit disk D is usually considered as a standard
domain. If ¢ is univalent in D and has a power series representation g(z) = bo+ ., b,2"

which is convergent in D, then f(z) = (g(z) — bo))/b1 has the form
(13 =24 0,
n=2

where a,, = b, /b1, is also convergent in D and vice-versa. We call the function f having
form (1.3) as normalized function and denote the class of normalized analytic function in D
of the form (1.3) by A. Observe that a function f € A has the relation f(0) = 0 = f'(0)—1.
The theory of univalent functions is largely concerned with the family & of univalent
functions f € A.

One of the classical problems in univalent function theory is the famous Bieberbach
conjecture problem. Bieberbach first proved that the second coefficient as of a function
f(z) =243, a,2" € S has the sharp upper bound 2. Sharpness can be seen from the
Koebe function k(z) = z/(1 — z)%. Based on this, Bieberbach proposed a conjecture in
1916 stating that “If f(z) = 2+ > -, a,2" € S, then |a,| < n for n > 2”. It was natural
to suspect this due to the Koebe function as it plays the role of the extremal function
for the class §. The conjecture was a long standing open problem for function theorists.
Initially, the conjecture was proved for first few coefficients and for some subclasses of S.
Subsequently, many useful conjectures such as Robertson’s conjecture and Zalcman’s con-
jecture were investigated to prove the Bieberbach conjecture. Finally, it was de Branges
who settled the conjecture of Bieberbach in 1985. For more details about this conjecture

we refer [13, 21, 98].



One of our focuses in this thesis is to investigate the Bieberbach conjecture problem
in a more general setting linking to ¢g-theory through well-known subclasses of §. We call
the connection between analytic function theory to its g-analog as the g-function theory.
Now, we give definitions of some subclasses of S which are defined by natural geometric
conditions.

A domain D C C is said to be starlike with respect to a point zy € D if the line
segment joining zy to every other point z € D lies entirely in D. D is said to be starlike
if it is starlike with respect to origin. A function f € § is said to be starlike if f(D) is a
starlike domain. Analytically, a function f € A is starlike (f € S*) if

Re (zf’(z)) >0, zeD.
f(2)

A domain D is said to be convez if it is starlike with respect to each of its points; that

is, if the line segment joining any two points of D lies entirely in D. A function f € § is

said to be convex if f(DD) is a convex domain. Analytically, f € A is convex (f € C) if

Re (1 + ZJ{(S)) >0, zeD.

A function f € A is called close-to-convex (f € K) if there exist a real number 6 €

—T s and a function g € such that
(/2,/2)df'g$* h th
/
Re (ewm) >0, zeD.
9(2)
It is well-known that

CcS*"cKcS.

In 1990, Ismail et al. [37] introduced a link between starlike functions and the ¢-
difference operator by introducing a g-analog of the starlike functions. We call these
functions as g-starlike functions. By [37], a function f € A is said to belong to the class
S, if

(DN 1|1
f(z) l—q| 7 1-¢
Observe that as ¢ — 1~ the closed disk |w — (1 —¢)™'| < (1 —¢)~* becomes the right-half

z € D.

plane Rew > 0 and the class S reduces to S*. For updated research work in function
theory related to g-analysis, readers can refer to [3, 37, 86, 92, 97].
We are interested to consider a g-analog of starlike functions of order o and study the

Bieberbach conjecture problem through the Herglotz representation theorem for the same
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class. It is now appropriate to recall the Herglotz Representation Theorem for functions

with positive real part. The class of such functions is defined by the collection
P = {p €eHD):p(z) =1+ anz" and Re (p(z)) > O} :
n=1

The Herglotz Representation Theorem [21, 28, 80]. Let p € P. Then there ezists

an increasing function p supported on the unit circle, with f\alzl du(o) =1 such that

plz) = /| LAWY

o=1 1 — 02

The remarkable fact is that the converse of this theorem is also true. Likewise the Koebe

function for the class S, the Mdbius function

1—=2

l(z) = 1+QZZ”:
n=1

plays a central role for the class P.

1.3. The Zalcman conjecture

It is well-known that for f € S, |a% — a3| < 1, see [80, Theorem 1.5]. At the end of

1960’s, Zalcman made a conjecture that each f € S satisfies the inequality
(1.4) a2 — agn_1| < (n—1)%, n>2

with equality for the Koebe function k(z) = 2/(1 — 2)2. One of the main aims of the
Zalcman conjecture was to prove the Bieberbach conjecture, using the famous Hayman
Regularity Theorem (see [21, Theorem 5.6, pp. 163]). Although the Bieberbach conjec-
ture is proved after several years, the conjecture of Zalcman remains open. Thus similar
approaches for the proof of the Bieberbach conjecture, the conjecture of Zalcman is under
consideration in many directions, in particular it is investigated through many subclasses
of univalent functions. This motivates us to consider the problem of Zalcman in a more

general setting.



1.4. Schwarzian and pre-Schwarzian derivatives

The Schwarzian derivative of a locally univalent meromorphic function f : D — C is

defined by
y 1
Si(z) =Tj(z) — §TJ%(Z)

at each point z where f is analytic, and S¢(z) = Si/(2) at the poles of f. Here, the quan-
tity T¢(z) = f"(2)/f'(2) is known as the pre-Schwarzian derivative of f or the logarithmic
derivative of f’.

There are certain domains in geometric function theory with nice geometric interpre-
tations, e.g. John domains, uniform domains, etc. Here we concentrate only on John
domains. John domains in the Euclidean n-space R™ were introduced by John [39] in
connection with his work on elasticity. The term “John domain” is due to Martio and
Sarvas [64] while they were studying injectivity theorems for plane and space. Initially,
John domains were defined for bounded domains. Later on, Nakki and Vaiiséla in [72]
introduced unbounded John domains and studied its several characterizations. However,
in this thesis, we consider the case when domains are bounded. Bounded John domains
are characterized by the following geometric fact: a bounded domain D C C is a John
domain if and only if there is a constant a > 0 such that for every crosscut C' of D the
inequality

diam H < adiam C

holds for any one of the components H of D\ C'. Here “diam” denotes the Euclidean
diameter. Note that a simply connected John domain is called a John disk. For example,
we can verify that outward cusp type bounded domains are not John disks. For several
other geometric properties of John domains, reader can refer to [45]. John disks are un-
derstood in the sense of a one-sided quasidisks (A quasidisk is the image of the unit disk
or half plane under a K-quasiconformal mapping of C; see for instance [26]). However,
John disks differ essentially from the quasidisks in their behavior under Mdébius transfor-
mations. Quasidisks are invariant under Mobius transformations, but John disks do not
satisfy this mapping property in general. In fact, Nakki and Vaisdla [72] proved that a
domain is quasidisk if and only if all its Mcbius images are John disks.

Chuaqui et al. in [19] have given a nice geometric interpretation of the John domains

that are images of the open unit disk under functions satisfying Schwarzian derivative

6



univalence criteria. Since a very few work in this direction have been done, we motivated
to continue in studying such results in a more general setting and see that how they are
appearing in the study of differential equations and special functions. In this connection,
we prove a series of preliminary results consisting of sharp estimations of pre-Schwarzian
derivatives of functions belonging to a family of functions considered by Nehari and discuss
some necessary conditions for John domains, which are indeed image of the open unit
disk under certain analytic functions. Gronwall’s inequality is used in estimating the
pre-Schwarzian derivatives. It is now appropriate to recall

Gronwall’s inequality: Let I denote an interval of the real line of the form [a, c0) or
la,b] or [a,b) with a < b. Let  and u be real valued continuous functions defined on
I. Tf w is differentiable in the interior I° of I (the interval without the end points a and

possibly b) and satisfies the differential inequality
u'(t) <wu(t)B(t), tel

then w is bounded by the solution of the differential equation u'(t) = u(t)S(t):

utt) < e | 50s) i)

forallt e l.

1.5. Radius Problem

Radius problem is one of the finest problems in univalent function theory. But this
problem is studied in different senses. Omne of them is the radius of convexity. It is
well-known that every convex function in the open unit disk D := {z € C : |z| < 1}
is univalent, but the converse is not true in general. So, it was reasonable to find the
largest subdisk |z| < 7 of D in which the univalent functions are convex. Similar type
of radius problems studied in the literature are the radius of starlikeness, the radius of
close-to-convexity, etc.; see [20]. Furthermore, radius problems are also investigated for

the sections of functions in § and its subclasses.

The Taylor polynomial s, (z) = s,(f)(z) of f in A, defined by,
sn(z) =2+ Z apz®
k=2

is called the n-th section/partial sum of f.



Odd univalent functions and classical problems of univalent function theory such as
(successive) coefficient bounds, inverse functions, etc. are quite interesting and found
throughout in the literature. In fact, an application of the Cauchy-Schwarz inequality
shows that the conjecture of Robertson: 1+ |c3|* + |c5]? + -+ + |can_1]|* < n, n > 2, for
each odd function f(z) = 2+c323+c¢52°+- -+ of S, implies the Bieberbach conjecture [21].
The problem of finding the radius of univalence of sections of f in § was first initiated by
Szego. According to the theorem of Szegd [21, p. 243-246|, every section s,(z) of f € S is
univalent in a subdisk of D having best possible radius 1/4. This and many other recent
works in this direction motivate us to find the largest radius of convexity of partial sums

of odd functions belonging to a close-to-convex family.

1.6. Structure of the thesis

The first chapter of the thesis covers almost all the preliminaries for the remaining
chapters. The main theme is described in Chapter 2 to 6 whereas Chapter 7 gives the
concluding remarks and future directions to work out.

In Chapter 2, we obtain an integral representation of ratio of basic hypergeometric
functions using the Hausdorff moment sequence which gives the region of analyticity of
the ratio functions and its mapping properties.

One of the results in this chapter is the following:

Theorem 1.1. For g € (0,1) suppose that a,b, c are non-negative real numbers satisfying
0<qlb—c)<1—cqand0<a—c<1—c. Then there exists a non-decreasing function
w: [0,1) — [0, 1] with p(1) — p(0) = 1 such that

2®|a, bg; cq; q, q2] _/1 z
Dla,bye;q,q2) Sy 1—tz

dp(t)

which is analytic in the cut-plane C\ [1, 00| and maps both the unit disk and the half-plane
{z € C: Rez < 1} univalently onto domains convex in the direction of the imaginary

aris.

We also show that the family of ¢-close-to-convex functions is non-empty by obtaining
some conditions for basic hypergeometric functions to be in that class.
With the help of the difference operator D, f, a g-analog of close-to-convex functions

is studied in [86, 97].



Definition 1.2. A function f € A is said to belong to the class Ky, the class of g-close-
to-convex functions, if there exists g € §* such that
(D) 1|1
9(z) l—q| 7 1-¢
As ¢ — 17, the class K, reduces to the class K.

zeD.

Theorem 1.3. Ifa,b< 1,

aq+ bq — q — 2ab+ ab/q ab+aq—|—bq—q—2ab—|—ab/q
2(1-q) ’ (1-q)
b—q—ab
Latb—g a/Q}
(1—-q)

Ti(a,b) = min {ab, ab +

and ¢ satisfies either
(1.5) c <Ti(a,b)

or ¢ = ab with

aq +bq —q ['y(log, ab)
1.6 ab> ——— ., aq+bqg+a+b—2q < 2ab and <
(1.6) 2—1/q I',(log, a)l'y(log, )

then z®[a, b; c; q, 2] € K, with the starlike function g(z) = z/(1 — z).

Similar to the class ICy, the g-analog of the class of starlike functions (called the class
of q-starlike functions), denoted by Sy, is defined in [37]. In Chapter 3 we consider the

class of g-starlike functions of order o by

Definition 1.4. A function f € A is said to belong to the class S;(a), 0 < a < 1, if

(D)
E I U

e D.
1—« 1—¢q| " 1—4¢q’ :

The following is the Herglotz representation of functions belonging to the class S; (c):

Theorem 1.5. Let f € A. Then f € S;(a) if and only if there exists a probability

measure |t supported on the unit circle such that

2f'(2) _ /

e MR
where
(1.7) 3 <1—q - q)>z", z e D.

9



This helps us to prove the Bieberbach conjecture for the class S;(«) in the following

form:

Theorem 1.6. Let

(1.8) Gualz) =z exp[Fyqo(2)] = 2z + Z Cn2".
n=2

Then Ggo € Si(a). Moreover, if f(2) = 2+ > )", a,2" € S;(a), then |a,| < ¢, with

equality holding for all n if and only if f is a rotation of G 4.

Chapter 4 deals with estimations of the generalized Zalcman coefficient functional
for some functions generated through sufficient conditions of univalence in terms of Taylor

coefficients. We consider the class

(1.9) H= {f eEA: f(z)=z+ Zanz” and ZT(N)|%| <1,7(n) >0 for n > 2}
n=2 n=2

and prove the following theorem:

Theorem 1.7. Let A > 0 andn =2,3,.... For f € H, we have

|Aa? — ag,_1| < max A ! .
" - r(n)?’ r(2n —1)

Equality holds if and only if

z @ 221 for A r(n)”
O T
Z—szn fOr)\Zr(?n—l)’

where o is a complex number such that |o| = 1.

Chapter 5 studies on a family of functions defined by
(1.10) Na(k) = {f € A: (1= [2])*S¢(2)| <k, f7(0) =0,a >0 and k > 0}
and
(111)  My(k) = {f €A (1—|2P)29(2) <k, £7(0) = VE—2k,0< k < 2},

where Sy(z) is the Schwarzian derivative of f. We call the families N, (k) and My (k),
the Nehari-type classes of functions.
We obtain the following integral representation as a solution to a differential equation

that lies in Vi (k) (put @ =1 in (1.10)):
10



Theorem 1.8. The solution of the differential equation

1, k
w’(z):iw (z) + T

kz
1 —t22
decreasing function with p(1) — u(0) = 1.

1
can be represented by w(z) = / du(t), where u(t) : [0,1] — [0,1] is a non-
0

We prove sharp estimations for the pre-Schwarzian derivative of functions in the

Nehari-type classes. One of our results is of the following form:

Lemma 1.9. If f € My(k), 0 < k < 2, then
22| +v4 -2k

1—[z?

Ty (2)] <

Equality holds at a single z # 0 if and only if f is a suitable rotation of Fy(z), where
V4 —2k tanh ™ (z) _ 1

Folz) N

As an application of this, we prove that

Theorem 1.10. Let f € My(k), 0 < k <2. Then

limsup(1l — [2|*)Re (2T%(2)) < 2 + V4 — 2k.
|z]—1
Note that the image of the unit disk D under maps from the class My(k) are John
domains.

Chapter 6 is about the radius problem where we focus on a subclass of I, denoted

by L, of the class of all locally univalent odd functions f such that
"
1
(1.12) Re (1 L4 <Z)) >—=, zeD.

f'(z) 2
Here, we find the largest radius in which all the sections of odd functions in the close-to-
convex family are convex. We prove that the radius v/2 /3 is the best possible. Indeed,

we have

Theorem 1.11. Every section of a function in L is convex in the disk |2| < \/2/3. The
radius \/2/3 cannot be replaced by a greater one.

11
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CHAPTER 2

GEOMETRIC PROPERTIES OF BASIC
HYPERGEOMETRIC FUNCTIONS

In this chapter we show that the functions

2®|a, bq; cq; q, 2] 2®laq,bg; cq; q, 2]\ 2Plag, b;c; q, 2] 2®[aq, bg; cq; q, 2]
or or
®la, b; c; q, 2] Plag, b; ¢; q, 2] Pla,b;c;q, 2] Pla, bq; cq; q, 2]

and
2®[aq, bg; cq; q, 2]

®la, b;c;q, 2]
are analytic in a cut plane and map both the unit disk and a half-plane univalently onto
domains convex in the direction of the imaginary axis. We also discuss the g-close-to-

convexity property of the basic shifted hypergeometric functions z®[a, b; ¢; g, z].

Results of this chapter are published in: Agrawal S., Sahoo S. K. (2014), Geometric
properties of basic hypergeometric functions, J. Difference Equ. Appl., 20(11), 1502-1522.

2.1. Motivation and preliminaries

The study of univalent functions on a simply connected domain can be confined to
the study of these functions onto the unit disk ID. The classes of convex, starlike, and
close-to-convex functions defined in D have been studied extensively and numerous appli-
cations to various problems in complex analysis and related topics have been found. Part
of this development is the study of subclasses of the class of univalent functions, more
general than the classes of convex, starlike, and close-to-convex functions. A number of
geometric characterizations of such functions in terms of image of the unit disk is exten-
sively studied by several authors. Background knowledge in this theory can be found from
standard books in geometric function theory (see for instance, [21]). In this connection,
our main aim is to study certain geometric properties of basic hypergeometric functions
introduced by Heine [34]. Motivation behind this comes from mapping properties of the

Gaussian hypergeometric functions studied in [50] in terms of convexity properties of



shifted hypergeometric functions in the direction of the imaginary axis. One of the key
tools to study this geometric property was the continued fraction of Gauss and a theo-
rem of Wall concerning a characterization of Hausdorff moment sequences by means of
(continued) g-fractions [108]. More background on mapping properties of the Gaussian

hypergeometric functions can be found in [32, 69, 81, 85, 101].

2.2. Continued fractions and mapping properties

In this section, we mainly concentrate on mapping properties of functions of the form

2®lag, bg; cq; q, 2] or Plaq, bg; cq; q, 2]
®[a, b; c; q, z] ®la,b;c;q,2]

First we collect some useful identities on basic hypergeometric functions. Further, analytic
properties of the continued fraction of Gauss and Wall’s characterization of Hausdorff
moment sequences by means of (continued) g-fractions [108] are used as important tools,

and finally, the following lemma has been used to derive the results.

Lemma 2.1. [50, 66] Let i : [0,1] — [0, 1] be non-decreasing with (1) —(0) = 1. Then

Z
/ —tz

is analytic in the cut-plane C \ [1,00] and maps both the unit disk and the half-plane

the function

{z € C: Rez < 1} univalently onto domains convex in the direction of the imaginary

axis.

Here, a domain D C C is called convex in the direction of the imaginary azis [89, 93]
if the intersection of D with any line parallel to the imaginary axis is either empty or
a line segment. As an application of Lemma 2.1, subject to some ranges for the real
parameters a, b, ¢, it is proved by Kiistner in [50] that the hypergeometric function z —
F(a,b;c;z) as well as the shifted function z +— 2zF(a,b;c; z) each maps both the unit
disk D and the half-plane {z € C : Rez < 1} univalently onto domains convex in
the direction of the imaginary axis. Moreover, he obtained similar properties of images
under ratios of hypergeometric functions having shifted parameters. For instance, see
Figure 2.1 for description of such a function. In order to use analytic properties of the

continued fraction of Gauss, certain identities on the Gaussian hypergeometric functions

14
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FIGURE 2.1. The image of the disk |z| < r (r = 0.999) under the mapping
2F(a+1,b;¢;2)/F(a,b;c; z), when a =0, b = 0.0199, ¢ = 0.1.

were crucial to consider. In this context, it is also important to collect similar relations
for basic hypergeometric functions. One such relation is obtained in [37] and we also use

that relation in our proofs.

Lemma 2.2. The basic hypergeometric function of Heine ®la, b; c; q, z| satisfies the iden-
tities

(1—a)(c—0b)
(1—c)(1—cq)

(a) @la,b;c;q,2] — ®la,bq; cq; q,2] = z®lag, bq; cq*; q, 2);

(b)

1—b
®lag, b;c; q, 2] — ®la, b;c;q,2] = al >Z<I>[aq, bq; cq; ¢, 7|

(1—c¢)

a
] _—&@[aﬁb; ¢ q, 2] — ®la, b; c; q, q2]).

Proof. The identity stated in (a) is established by Lorentzen and Waadeland (see [59,
3.2.1]). For the proof of (b) we make use of the identities given in (1.1). We obtain

[e.e]

aq; @)n(b; @)n l—a | ,
lag,bic;q, 2] — ®labiciq. 2] = ) ((c- q)) (51' q)) {1 C1- aq”] ’

n=0

i (aq; Q)ng1(b; @) g1 a(l — qn+1)zn+1.
= (e @Q)n+1(q3 Ontr (1 — ag"™)
15



Now, we use the relation (1.1) and obtain the difference

o0

a aq, Q)n 1 - b)(b )”ZnJrl

®lag, b; ¢; ¢, 2] — @la, b; ¢; q, 2] (1 —¢)(cq; Q)n(q; q)

M

n=0

= ((11 >) ®laq, bq; cq; q, 2.

Finally, the identity

1—b
1 i —(®la,biciq, 2] = Pla,bici g, q2]) = a(<1—_c))z<1>[aq, bq; cq; g, 2]

follows from a similar identity obtained in [37].

]

The following subsections deal with mapping properties discussed above. In particu-

lar, we generalize certain results of Kiistner [50]. Now we recall Wall’s theorem which is

useful in this context.

Lemma 2.3. (Wall’s Theorem) [108, Theorem 69.2] The moment problem for the interval

(0,1)
1 .
/’Ll:/ tld/vL<t)7 Z:1727 )
0
has a solution if and only if the power series
L+ 2+ ez + - -

has a continued fraction expansion of the form

1 (1 —g1)g22 (1 —go)gsz (1 —g3)gaz
1— 1— 1— 1—... 7

where 0 < ¢; <1,i=1,2,---.

2®la, bg; cq; q, 7] or 2®lag, bg; cq; q, 2]

2.2.1. The rati
e ratio O[a, b;c; q, 2] Plag, b; c; q, 2]

Figure 2.2 visualizes the behaviour of the image domain of the disk |z| < 0.998 under
the map 2®|a, bg; cq; q, 2]/ P[a, b; ¢; q, z]) when a = 0.9, b = 0.7, ¢ = 0.6, ¢ = 0.8. This shows

that the map 2®[a, bq; cq; q, 2]/ P[a, b; ¢; q, z] in general does not take the unit disk onto

convex domains in all the directions. Theorem 1.1 obtains conditions on the parameters

a, b, c for which the image domain is convex in the direction of the imaginary axis. We

now prove Theorem 1.1.

16
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FIGURE 2.2. The image of the disk |z| < 0.998 under the mapping
2®[a, bq; cq; q, 2]/ Pla, b; ¢; q, z], when a = 0.9, b= 0.7, ¢ = 0.6, ¢ = 0.8.

Proof of Theorem 1.1. First of all we find the continued fraction of the ratio z¢; /¢y,

where ¢1 = ®[a, bq; cq; q, z] and ¢y = P[a, b; ¢; q, z]. Consider the iteration
(2-1) Gi-1— @i = dizgip, 1=1,2,3,...

where d;’s are to be computed for each i. Rewrite this iteration in the form

i 1 .
(2.2) b _ S i=L23
(biil 1 + dZZ Z+,1
o1
Starting with ¢ = 1, the relation (2.2) yields the following continued fraction for ¢y /¢y:
¢1 1 1 dlz ¢3 1 dlz ng ¢4
— = = — — dyz—— = — — —— d3z—.
o Q2 14+ 1+ Ty 1+ 1+ 1+ Ty
1 + dlng_
1

Continuing in this manner, it leads to the continued fraction

o1 ®la,bgicq;q,2] 1 diz dyz dsz

¢ Plabicigz] 1+ 1+ 14 L4

(2.3)

We now calculate the values of d; for all i. First, to find d;, we use Lemma 2.2(a) and
see that

(1—a)(c—b)

z ®laq, bg; cq*; q, 2.
== ! |

Po — o1 = ®la, b;c;q, 2] — Pla, by; cq; q, 2] =

17



Comparing with (2.1), for i = 1, we get
(1—a)(c—b)
(1—¢)(1—cq)

A similar computation as in Lemma 2.2(a) gives

(1 —bg)(cq — a)

2 ®lag, bg*; cq®; q, 2].
(1 —cq)(1 —cq?) | ]

¢1 — ¢ = ®[a, bg; cq; q, 2] — Plag, bg; e q, 2] =

Again by comparing with (2.1), for ¢ = 2, we get
(1 —bg)(cqg — a)
(1 —cq)(1—cq?)
By a similar technique one can compute
(1 — ag)(cq —b)
(1 —cg®)(1 —cg?)

Therefore, inductively we obtain

dy = and ¢35 = Plag, bg®; cg; q, 2.

(1 —bg*)(cg® — a)

b = =)l —cq)

and d4y =q

g g (1 —aq")(cq" —b)
2n+1 q (1 _ Can)(l _ Cq2n+1>,

forn>0

and
w1 (L=bg")(cq" — a)

(1 =g 1) (1 = cg®)’
In order to apply the notion of the Hausdorff moment sequences by means of (continued)

for n > 1.

d2n -

g-fractions, a technique used in [50], we first rewrite (2.3) in the form

®la,bg;cq;q, 2] 1 bz byz bz
®la,b;c;q,2] 1— 1— 1— 1—...°

(Remark. A similar form of the continued fraction of the reciprocal of the function
®la, bq; cq; q, 2]/ Pla, b; ¢; q, 2] was first done by Heine himself [35] as it is noted in [59,
pp 320]).

Then we get
(1 —ag")(b—cq")
bont1 = q" ) fi >0
T e ey TS
and
1 _ b n _ n
b2n — qn—l ( q )(a cq ) ’ for n Z 1.
(1 =g 1)(1 = cg?")
Now by replacing z by ¢z, we have
la,bg;cq;q,q2) 1 bigz byqz bzqz 1 a1z az  asz
®la,b;c;q,q2]  1— 1— 1— 1—... 1— 1— 1— 1—...
where a; = b;q with
1 _ n b_ n
oy = g1 (L-ag)b—ca”) 5y

(1 _ Cq2n>(1 _ Cq2n+1)
18



and

(1 —bq¢")(a —cq")
R e T B

Set a; = (1 — ¢;)giv1 for each i. Then, the ratio ®[a, bq; cq; q, qz]/Pla, b; ¢; q, qz] has the

continued fraction (also called a g-fraction)

Pla,bg;cq;q,q2] 1 (1 —g1)gez (1 —g2)gsz (1 — g3)gaz

®la,b;c;q,qz) 11— 1— 1— 1—...

in terms of the moment sequence < g; > given by

n [ a—cq"
Gont1 = ¢ (1—2n>, n=>0

and

" b — cqn—l
92n =4 (Tq%_l)’ n > 1.

Note that the moment sequence < g; > should satisfy the relation 0 < ¢g; < 1, when we
apply Lemma 2.3. By hypothesis, it is clear that 0 < g1, go < 1. Using this, it is now easy
to verify the relation 0 < g; < 1 for all 4. Indeed, since b > ¢ > cg” ' and 1 > cq > c¢** !,
we get the lower bound for g9;. Next, as bg — cq < 1 — ¢q, we have bg < 1 and hence
bg" < 1 which implies bg"™ — cg®*~! < 1 — c¢**~!, leading to the upper bound for g,;. The

bounds for g9;11 can be proved similarly. Hence, there exists a non-decreasing function

w: [0,1) — [0, 1] such that p(1) —p(0) =1 and

®[a, bg; cg; ¢, 4] /1 1
2.4 = —du(t).
(24) ®la, b; c; ¢, ¢2] o 1—1z #lt)
This concludes the proof of our theorem. O

Corollary 2.4. For q € (0,1) suppose that a,b, c are non-negative real numbers satisfying
0<qglb—c)<1—cqand0<a—c<1—c. Then there exists a non-decreasing function
o [0,1] — [0, 1] with p(1) — u(0) = 1 such that

dp(t)

2®[a, bg; cq; 9, 2] /1 gz

Dla,b;c;q.2] Sy gtz
which is analytic in the cut-plane C\ [q, 00] and maps both the unit disk and the half-plane
{z € C: Rez < ¢} univalently onto domains convez in the direction of the imaginary

axis.
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FI1GURE 2.3. The image of the disk |z| < 0.999 under the mapping
®laq, b; ¢; q, 2]/ P[a, b; ¢; q, 2], when a = 0.99, b = 0.998, ¢ = 0.98, ¢ = 0.9.

Proof. Replacing z by z/q in (2.4), we have

®[a, bg; cq; ¢, 2 ' q
T = 0]
®la, b; ¢; q, 2] 0 q—1z
Thus, the assertion of our corollary follows. m

Remark 2.5. If we substitute a by aq in (2.4), we get the same integral expression for
the ratio 2®[aq, bq; cq; q, 2]/ Plag, b; ¢; q, z]. Moreover, if we substitute a by ¢%, b by ¢® and
¢ by ¢, we obtain a result of Kiistner (see [50, Theorem 1.5]) in the limiting sense when
qg— 1.

o b: c: d ba: ca:
2.2.2. The ratio z [aq’ 6 4, Z] < [aq7 q; Cq; Q7Z]

®la,b; c; q, 2] ®[a, bg; ¢q; q, 2
Figure 2.3 visualizes the behaviour of the image domain of the disk |z| < 0.999 under
the map z®[aq, b; ¢; q, 2]/ ®la, b; ¢; q, 2] when a = 0.99, b = 0.998, ¢ = 0.98, ¢ = 0.9. This
shows that the map 2®[aq, b; ¢; q, 2]/ P[a, b; ¢; q, 2] in general does not take the unit disk
onto domains convex in all directions. The following result obtains conditions on the
parameters a, b, ¢ for which the image domain is convex in the direction of the imaginary

axis.

Theorem 2.6. For q € (0,1) suppose that a,b, c are non-negative real numbers satisfying
0<1—aqg<1—cqand0<1—0b<1—c. Then there exists a non-decreasing function
w: [0,1) — [0, 1] with p(1) — p(0) = 1 such that

2®lag, b; ¢; q, 2] /1 2
= du(t
®la, b; c; q, 2] o 1—tz ()
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which is analytic in the cut-plane C\ [1, 00| and maps both the unit disk and the half-plane
{z € C: Rez < 1} univalently onto domains convex in the direction of the imaginary

aris.

Proof. In order to find the continued fraction of the ratio ®[aq, b; ¢; q, 2]/ ®[a, b; ¢; q, 2], let
us first consider the continued fraction of the ratio ®|a, bg; cq; q, z]/®[a, b; ¢; ¢, z] obtained
in the proof of Theorem 1.1. Now, by replacing a by agq, we get the continued fraction of
®lag, bg; cq; q, 21/ Plag, b; ¢; q, 2], say,

Plag,bg;eq;q,2] 1 az ez ez
®lag,b;c;q, 2] 1— 1— 1— 1—...

where
(1 —ag"™)(b—cq")
n =q" ) f; >0
T e ey S
and
1 — bg" _ n—1
CQn:n( ¢")(@—cq") for n > 1.

(1 =g )(1 = cg™)
Now, by Lemma 2.2(b), we have

a(l —b)
=0

Plag, b;c;q, 2] — ®la, b;c;q, 2] = z ®laq, bg; cq; q, 2].
Simplifying this, we get

Clabicig,z] _  all—b) Plag bgicgiq, 2]

®lag, b; ¢; ¢, 2] (1—c)  ®ag,biciq, 2]
This implies
a(l —b)z
dlag,b;c;q,2) 1 1 (1-¢) az 2z c32
®la,b;c;q,2] - a(l1—=0) ®laq,bq;cq;q,2] 1— 11— 1— 1—1-—...7

z
(1 - C) @[aq,b; & Q>Z]
where ¢;’s are defined as above. Rewriting this continued fraction by means of continued

g-fractions of the form

Dlag,b;c;q,2] 1 (1 —go)g1z (1 — g1)g2z (1 — g2)gsz

dla,b;c;q, 2] 1— 1— 1— 1—... 7
we get
1—aqg”
Gon = T oot 1 e forn>1
and
1 — bg™
Jont1 = 1—6"% forn>0
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FIGURE 2.4. The image of the disk |z| < 0.999 under the mapping
®lagq, bg; cq; q, 2]/ Pla, b; ¢; q, z], when a = 0.99, b = 0.998, ¢ = 0.98, ¢ = 0.9.

with gg = 1 — a. By a similar technique as in the proof of Theorem 1.1, one can show by
using the hypothesis that 0 < g; < 1 for all .. Hence, Wall’s theorem shows that there

exists a non-decreasing function u : [0, 1] — [0, 1] such that u(1) — p(0) =1 and

®lag, b; ¢;q, 2] /1 1
2.5 _— = = —du(t).
( ) (I)[avba C;qVZ] 0 1 —tz Iu( )
Thus, the assertion of our theorem follows. O

Remark 2.7. If we substitute b by bg and ¢ by cq in (2.5), we get the same integral
expression for the ratio z®|agq, bq; cq; q, 2]/ ®[a, bq; cq; q, z]. Moreover, if we substitute a by
q%, b by ¢° and ¢ by ¢¢, and apply the limit as ¢ — 17, we obtain a result of Kiistner (see
[50, Theorem 1.5]).

z®laq, bg; cq; q, 2]
Pla,b;c;q, 2]

2.2.3. The Ratio

Figure 2.4 visualizes the behaviour of the image domain of the disk |z| < 0.999 under
the map z®[aq, bq; cq; q, 2]/ Pla, b; ¢; q, 2] when a = 0.99, b = 0.998, ¢ = 0.98, ¢ = 0.9. The
following result obtains conditions on the parameters a, b, ¢ for which the image domain

will be convex in the direction of the imaginary axis.
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Theorem 2.8. For q € (0,1) suppose that a,b, c are non-negative real numbers satisfying
0<1—-aqg<1-—cqand0<1—0b<1—c. Then there exists a non-decreasing function
w: [0,1) — [0, 1] with p(1) — pu(0) = 1 such that

z®laq, bq; cq; q, 2 1 [ 2
[ I dp(t)
0

®Dla,b; c; q, 2] T 11—tz

which is analytic in the cut-plane C\ [1, 00| and maps both the unit disk and the half-plane
{z € C: Rez < 1} univalently onto domains convex in the direction of the imaginary

axis.

Proof. From the difference equation of Lemma 2.2(b) and Theorem 2.6, we have

2®lag,bg;cqiq,2) _ (L —c¢) [®lag,biciq,2]
Dla,b;c;q,2]  a(l=b) [ Pla,b;c;q, 2]

- a((ll_—cb)) Uol 1 —1tz dpio(t) - 1] ’

for some non-decreasing function pg : [0, 1] — [0, 1] with po(1) — po(0) = 1. Define

() == - / s dpo(s)

g1

for gy = (1—b)/(1—c) > 0 as in the proof of Theorem 2.6. It follows from [50, Remark 3.2]
that

®[aq, b; c; q, 2] /1 1 /1 2
— DA - ——dup(t) =1 —du (t
®la, b; ¢; q, 2] 0 1—tz Ho(t) o 0o 1—tz (t)

where p; is also a non-decreasing self-mapping of [0, 1] with u1(1) — p1(0) = 1. Finally,

we get
2®[aq,bgicqiq,2]  (1—c) /1 2 1 /1 2
= du(t) = — dpq (t
®la, b; ¢; q, 2] a(l —b) o o 11—tz mt) al, 1—tz Ht)
and thus, Lemma 2.1 proves the conclusion of our theorem. O

Remark 2.9. If we substitute a by ¢%, b by ¢® and ¢ by ¢°, then as ¢ — 17, we get
the result of Kiistner [50, Theorem 1.5] for the ratio zF(a+ 1,b+ 1;¢+ 1;2)/F(a, b; ¢; 2)
of the Gaussian hypergeometric functions. This function has also the similar mapping
properties.
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2.3. The g-close-to-convexity property

The g-close-to-convex functions are analytically characterized by the fact that |g(z) +
f(qz) — f(2)|/]19(2)] < 1forall z € D (see [97, Lemma 3.1]). It shows that if the function
g(z) vanishes at z then z has to be zero, else the quotient (g(z) + f(qz) — f(2))/9(z)
would have a pole at z = 0. However, one can see that if the function g(z) has a zero of,
say order r, at zo = 0 and f’(z) has a zero of order at least r — 1 there, then the quotient
does not have a pole at z = z;.

We recall the following lemma from [85] concerning a sufficient condition for the

shifted Gaussian hypergeometric functions zF(a, b; ¢; z) to be in K.

Lemma 2.10. [85, Theorem 2.1] Define T(a,b) := max{a + b,a + b+ (ab —1)/2,2ab}
for a,b > 0. Suppose that ¢ satisfies either ¢ > Ty(a,b) or ¢ = a + b with

[(a+0b)
I'(a)L'(b)

Then zF(a,b;c; z) is close-to-conver with g(z) = z/(1 — z).

ab>1, a+b<2ab and < 2.

A number of problems on the convexity, starlikeness, and close-to-convexity proper-
ties of the Gaussian hypergeometric functions is investigated in [32, 81, 85, 101]. In
fact, a large number of open problems on the starlikeness of hypergeometric functions
are remained unsolved. Our objective in this section is to extend Lemma 2.10 associ-
ated with the shifted basic hypergeometric function z®[a, b; ¢; q, z]. Theorem 1.3 in this
direction improves a result obtained in [86]. For its proof we use the following result, a

generalization of a result by MacGregor [63, Theorem 1], recently obtained in [97].

Lemma 2.11. [97] Let {A,} be a sequence of real numbers such that A; =1 and for all
n > 1, define B, = A,(1 —q")/(1 —q). Suppose that

1>By>--->B,> >0

9

or,

1<By<---<B,<---<2

holds. Then f(z) =z + ZAHZ" € K, with g(z) = z/(1 — 2).
n=2
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The concept of g-gamma function is useful in this setting. The g-gamma function is

denoted by I';(z) and is defined by the formula

(¢ 9)

F(z) = (0% 4)ox

1-9)' lal <1,

where (a;¢)oo = limy00(a;q)n = [[reg(1 — ag®). Here, the principal values of ¢* and
(1 — g)'~* are chosen. Then I';(z) becomes a meromorphic function with obvious poles
at z = —n + 2mwik/logq, where k and n are non-negative integers. When ¢ — 17, the
g-gamma function coincides with the gamma function I'. For interesting properties of
g-gamma function, reader can refer to [7].

The following limit formula is also used in the proof of Theorem 1.3.

Lemma 2.12. For 0 < g < 1 and the real parameters a,b, c, we have

(q“,Q)n(q,Q)n:( Jea=bi1 Ly(c)

lim —q _—.

n=o0 (4% q)n(g; @)n y(a)ly(b)
Proof. 1t suffices to show

Fq(a)Fq(b) lim (qa7 Q)n(qba q)n _ (1 _ q)C—a—IH—l'

Lyle)  n=oo (¢°@)n(q: @)n

Now,
F‘Z(a’)rq(b) hm (qCLJQ)TL(quC])n
Ty(c)  n=oo (¢% @), O
o [@@a(1 =) (1 = ") g, @)u(l = ) (1 = "¢, Dt
= lim b 1- +1
n—00 (7% Dn11(¢%; ODnr1(q; Qn(1 — g)t (1 — gnth)e
{(q“, 0)n(d’, q)n}
(4% Onld, On
oy (=0T @nsa (9% (4 D
n—oo (1 — ¢ 1)e=b(¢%, q) (9% Q)nr1(q°, Dntr
1 — c—a—b+1 1— n+c
— lim (1—q) (1—4¢"")
n—00 (1 _ qn+1)c—a—b(1 _ qn—i—a)(l _ qn+b)
— (1 o q)c—a—b—&-l‘
This completes the proof of our lemma. n
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Remark 2.13. Taking ¢ — 17, the limit expression in Lemma 2.12, coincides with the

well-known fact

I'(c) forc+1=a+b

ORON ['(a)I'(b)
Jim (©un! ] 0 forc+1>a+0b
00 forc+1<a+b

described in [85].

We next use the limiting value

lim (@, @)n(b; q)n —(1- q>logq c—log,a—1log,b+1 I'y(log, c)
=00 (¢, q)n(q, )n [',(log, a)l'y(log, b)

which can be easily verified with the substitutions ¢ — a, ¢ — b and ¢¢ — c¢. Note that

log, represents the ordinary logarithm with base g.

Proof of Theorem 1.3. Let f(z) = 2®[a,b;c;q,z]. Then f € A and is of the form
f(z)=z+ ZAHZ”, where

n=2

Ar=1, A, = (@, @)n-1(b, q)n_l, for n > 2.
(C, q)n—l((L Q)n—l

From the definition of A,,, we observe the recurrence relation:
(1 —ag"")(1 —bg"™")
An+1 = n—1 n n:
(1 —cq" 1)1 —q")
First we will treat the situation covered by formula (1.5) by showing that {((1 —¢")/(1—

q))A,} is a decreasing sequence of positive real numbers. For this we compute
1— qn 1— qn+1
A, —|——— | A
(T=5) - (75 ) v
( ) B (1 _ qn+1) (1 _ aqnfl)(l _ bqnfl)A
1—¢ (1 —cqn ) (1 —q¢")
An[(1—g")*(1 —cq" ") — (1 —¢"*)(1 — ag" ") (1 — bg"™")]
(1 —cgn=1)(1 —¢")(1 —q)

An

o — X (n)
(D)




On simplification, we have

Xn) = qnl{(11—_q;)2 (alb_—qc> . (11—_q;) (aq+bq —<1q_—q2>c;b+ab/q)
. (a + lzl—_qq—);zb/q) } |

Therefore, to prove the first part, it is sufficient to show that X (n) is non-negative. Note

that the condition (1.5) implies ¢ < ab and so the coefficient of the factor ((1—¢")/(1—q))?

in the above expression of X (n) is non-negative. Thus, for all n > 1, we can write

xo = o (o (20) <) (225) 4 (A1)

(aq+bq—q—2ab+ab/q) N (a+b—q—ab/q)]

(1—q)? (I—q)?
R
() (35)) o

By equation (1.5), we have ¢ < ab+ (aq+bg—q—2ab+ab/q)/(2(1—¢q)). So, the coefficient

of (1 —¢")/(1 — q) in the expression of Y (n) is non-negative and hence we obtain

X(n)>2Y(n)>Y(1)= (alb__qc) + (aq b Zlq__qQ)Zb + ab/q)

()

Again, by (1.5), we get Y(1) > 0. This argument proves that if ¢ < Tj(a,b) then the

function 2®[a, b; ¢; ¢, 2| € K, with the starlike function ¢g(z) = z/(1 — 2).
To cover the situation of formula (1.6), we are going to show that {((1—¢™)/(1—¢))A.}
is a non-decreasing sequence and has a limit less than or equal to 2. From (1.6), we note

that ¢ = ab and ab > (aq +bq — q)/(2 — ¢~ '). So, by the hypothesis (1.6), we obtain

— g —2ab+ab b—q—ab
ag+bq—q Z+a/q)+(a+ q 2@ /q)go.
(1—-4q) (1—-q)
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Now, we have to show that the limiting value of A, (1 — ¢")/(1 — q) is less than or equal
to 2. Write ¢ = ab and

1—q" 1—q"
(1—Q)A” - (1—61 _1)A”+A"
( )(a7 ) (b7 )n 1 + (CL, Q)nfl(ba Q)nfl
l—q¢ (©Dn1(q D1 (¢ Qn-1(0,@n-1
q (& q)n 2(1 —aq"” )(ba )n 2(1 - bqn_2) + (a,q)n,l(b, Q)nfl
1—g¢q (¢, @Q)n—2(l = cq"2)(q, @)n- (¢ Dn-1(q; ODn-1

Taking limit as n — oo on both the sides, we have

1—qn _ _ _ _
lim ( q )An _ 4 i @ Dn2(bi @y g (0 @i (0t
l1—gq L —qn=oo (¢, q)n2(¢,Qn—2 1o (¢;@)n-1(¢ n1

From Remark 2.13, we have

lim (1 — qn) A, = q (1— q)logq c—log,a—1log,b+1 I'y(log, c)
n—o0 — 1—gq I',(log, a)l'y(log, b)
(11— q>logq c—log,a—1log,b+1 Iy(log, c) _
['y(log, a)l'y(log, b)
Using ¢ = ab, the above expression reduces to
— r,(1 b r,(1 b
hm <1 q ) n = q (I(qua) +( _q) Q(qua)
n—oo \ 1—¢q I'y(log, a)l'y(log, b) I'y(log, a)l'y(log, b)
B I',(log, ab)
I';(log, a)T'4(log, b)
The conclusion follows from (1.6) and Lemma 2.11. O

Corollary 2.14. Leta,b < 1/q and (1—a)(1—0) # 0. If ¢ satisfies either ¢ < Ti(aq,bq)/q
where Ty (a,b) is defined in Theorem 1.3, or

bg — 1 b b—2
c:abqwithaqumax{GQ+ 4 aqrogtat }

>~ (1/a) >
I, (log, abq?) <2
I',(log, aq)T'y(log, bq)
then z(D,¢)(2) is q-close-to-conver in D, where ¢(z) = ®la, b; c; q, 2].

and

Proof. Some simple calculation gives the g-differentiation of ¢(z) in the following form:
(1—a)(1-b)

mz<1>[aq, bg; cq; 4, 2] = 2(Dy0)(2)
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ie.
(1—c)1—q)
®lag, bg; cq: q, 2] = Dy)(2).
Apply this identity in Theorem 1.3 and deduce that the function z®[aq, bg; cg; g, 2] is in K,

with the starlike function z/(1— z). Therefore, the conclusion of our corollary follows. [
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CHAPTER 3

A GENERALIZATION OF STARLIKE FUNCTIONS OF
ORDER ALPHA

The aim of this chapter is to investigate the Bieberbach conjecture problem for ¢-

starlike functions of order a.

This chapter is based on the paper: Agrawal S.; Sahoo S. K. (2015), A generalization
of starlike functions of order alpha, Hokkaido Math. J., Accepted, arXiv:1404.3988
[math.CV].

3.1. Introduction and Main Results

As we discussed in Chapter 1, many techniques were developed to give a partial
solution to the Bieberbach conjecture. One of the important techniques is the Herglotz
representation theorem for univalent functions with positive real part. The conjecture was
considered in many special cases. In one direction, it was considered for certain subclasses
of univalent functions like starlike, convex, close-to-convex, typically real functions, etc.
The concept of order for the starlike and convex was also introduced, which are the
subclasses of the class of starlike and convex functions respectively, and the conjecture
was proved in these subclasses. In other direction, many conjectures which imply the
Bieberbach conjecture were discussed; namely, the Zalcman conjecture, the Robertson
conjecture, the Littlewood-Paley conjecture, etc. Finally, the full conjecture for univalent
functions was settled by de Branges in 1985 [13].

We aim to introduce a class of g-starlike functions of order o and prove the Bieber-
bach type problem for the same class. In particular, we also discuss several other basic
properties on the order of ¢-starlike functions.

A function f € A is called starlike of order o, 0 < o < 1, if

Re (iﬁi’?) >a, zeD.




We use the notation $*(«) for the class of starlike functions of order a. Set §* := §*(0),
the class of all starlike functions.

One way to generalize the starlike functions of order « is to replace the derivative
function f’ by the ¢-difference operator D, f, which is defined in (1.2), and replace the
right-half plane {w : Rew > a} by a suitable domain in the definition of the starlike
functions of order a. The appropriate definition turned out to be Definition 1.4. The

following is the equivalent form of Definition 1.4.
ADu(:) 1-ag| _1-a
f(2) l—q |~ 1-q
Observe that as ¢ — 17 the closed disk |w—(1—aq)(1—q)™'| < (1—a)(1—q)~" becomes
the right-half plane Rew > « and the class S;(a) reduces to §*(a), 0 < a < 1. In

feS(a)

particular, when a = 0, the class S; () coincides with the class S := §7(0), which was
studied in [37] and also in recent years [3, 86, 92, 97]. In words we call S;(«), the class
of g-starlike functions of order c.

The first main theorem of this chapter describes the Herglotz representation for func-
tions belonging to the class S;(a) in the form of a Poisson-Stieltjes integral which is stated
in Theorem 1.5 (see Herglotz Representation Theorem for analytic functions with positive

real part in [21, pp. 22]).

Remark 3.1. When ¢ approaches 1, Theorem 1.5 leads to the Herglotz Representation
Theorem for starlike functions of order « (see for instance [28, Problem 3, pp. 172]).

Note that the coefficients of the function £, are all positive.

Our second main theorem is Theorem 1.6. This theorem concerns about the Bieber-
bach conjecture problem for functions in S§;(«). The extremal function is also explicitly
obtained in terms of exponential of the function Fj ,(z). This exponential form gener-
alizes the Koebe function k,(2) = z/(1 — )20 2 € D. That is, when ¢ — 17, the
exponential form G, ,(z) 1= z exp[F} o(z)] representing the extremal function for the class

S;(a) turns into the Koebe function k,(z).

Remark 3.2. When ¢ approaches 1, Theorem 1.6 leads to the Bieberbach conjecture for

starlike functions of order « (see for instance [28, Theorem 2, pp. 140]).

In [37], the authors have obtained the Herglotz representation for functions of the

class S; in the following form:
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Theorem A. [37, Theorem 1.15] Let f € A. Then f € S if and only if there exists a

probability measure p supported on the unit circle such that

2f'(2) / /
=1+ ozF (oz)du(o
f(2) lo|=1 o(72)dule)
where
= —21
Fz) == _I;fz" zeD.
n=1

Also they have proved the Bieberbach conjecture problem for g-starlike functions in the

following form:

Theorem B. [37, Theorem 1.18] Let
Gy(2) ==z exp[Fy(2)] = z + chz".
n=2

Then G, € S;. Moreover, if f(2) = 2+ 3 07, a,2" € SF, then |a,| < ¢, with equality
holding for all n if and only if f is a rotation of G,.

Remark 3.3. Note that Theorem 1.5 and Theorem 1.6 are respectively generalizations

of Theorem A and Theorem B.

3.2. Properties of the class S;(«a)

As a matter of fact, the following proposition says that a function f in S;(«) can be
obtained in terms of a function g in ;. The proof is obvious and it follows from the

definition of §7(a), 0 < a < 1.

Proposition 3.4. Let f € Sy(a). Then there exists a unique function g € Sy such that

2D )
(3.1) /() _#Dyg)(x) - flaz) —0af(2) _ glaz)
' l-a 9(2) T—a)f(z) 9

holds. Similarly, for a given function g € S; there exists f € S; () satisfying the above

relation. Uniqueness follows trivially.

Next, we present a easy characterization of functions in the class S; (). This shows
that if f € Sy(a) then f(z) = 0 implies z = 0, otherwise f(gz)/f(2) would have a pole
at a zero of f(z) with least nonzero modulus.
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Theorem 3.5. Let f € A. Then f € S;(a) if and only if

Jaz)
f(z)

Proof. The proof can be easily obtained from the fact

A (1) (1-49)

and the definition of S} (a). O

—ozq‘gl—oz, z € D.

The next result is an immediate consequence of Theorem 3.5.

Corollary 3.6. The class S; () satisfies the inclusion relation
ﬂ S,(a) C Sy(a) and ﬂ S;(a) = §*(a).
q<p<1 0<g<1
Proof. The inclusions
(] Si(@) CSi(a) and [ Si(a) C S*(a)
q<p<1 0<g<1
clearly hold. It remains to show that

N S

0<g<1
holds. For this, we let f € S*(a). Then it is enough to show that f € Sy(a) for all
€ (0,1). Since f € S*(a) there exists a unique g € S* satisfying

SO
G e
l—a  g(2)’ [ < 1.

Since §* = Mo<q<1S;, it follows that g € Sy for all ¢ € (0,1). Thus, by Proposition 3.4
there exists a unique h € S7(a) satisfying the identity (3.1) with h(z) = f(z). The proof

now follows immediately. O]

We now define two sets and proceed to prepare some basic results which are being

used to prove our main results in this section. They are
By={g:9€H(D), g(0)=qgand g: D — D} and B) ={g:g € B, and 0 ¢ g(D)}.
Now it is appropriate to recall the following lemma.

Lemma 3.7. [37, Lemma 2.1] If g € B, then the infinite product [ {9(z¢")/q} con-

verges uniformly on compact subsets of D.
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Using Lemma 3.7, we prove the following lemma.

Lemma 3.8. If h € B, then the infinite product [ [, {((1 —a)h(z¢") +aq)/q} converges

uniformly on compact subsets of .

Proof. We set (1 — a)h(z) + aq = g(z). Since h € B,, it easily follows that g € B,. By

Lemma 3.7, the conclusion of our lemma follows. O

Lemma 3.9. If h € B) then the infinite product []7" {((1 — a)h(zq") + aq)/q} con-
verges uniformly on compact subsets of D to a nonzero function in H(D) with no zeros.

Furthermore, the function

z

[T o{((1 = a)h(zq™) + aq) /q}
belongs to S; () and h(z) = ((f(q2)/f(2)) — aq)/(1 — a).

(3.2) f(z) =

Proof. The convergence of the infinite product is proved in Lemma 3.8. Since h € Bg,
we have h(z) # 0 in D and the infinite product does not vanish in . Thus, the function
f € A and we find the relation

f(qz)

iz ™
= (1 —a)h(z) + aq, equivalently f— = h(z).
-«

f(qz)
f(2)

Since h € By, we get f € Si() and the proof of our lemma is complete. O

We define two classes By and By, by

Bo = {g:geH(D), g(0) andg:]D)—>]D>}

1
1 —a(l—q)

and

B),={9:9€Bg.and 0¢ g(D)}.
Lemma 3.10. A function g € Bg’a if and only if it has the representation

(3.3 o) = exp { (L))}

where p(z) belongs to the class

P={p:peH(D),p(0) =1 and Re(p(z)) >0 for z € D}.
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Proof. For g € BY_, define the function L(z) = Logg(z). Then it is easy to show that

q?a’

L
the function p(z) = 1(—2[1) € P and satisfies (3.3). Conversely, if g is given by (3.3),
S g
then it is obvious that g € By . O

Theorem 3.11. The mapping p : S;(a) = By defined by

f(qz)
f)

l—«

p()(z) =
1S a bijection.

Proof. For h € Bg, define a mapping o : Bg — A by

[T,—o{((1 = @)h(2q") + aq)/q}

It is clear from Lemma 3.9 that o(h) € S;(a) and (p o o)(h) = h. Considering the

o(h)(z) =

composition mapping ¢ o p we compute that

(@) NGE) = e Gey i@

Hence o o p and p o o are identity mappings and o is the inverse of p, i.e. the map p(f)

is invertible. Hence p(f) is a bijection. This completes the proof of our theorem. O

3.3. Proof of the main theorems

This section is devoted to the proofs of main theorems using the supplementary results

proved in Section 3.2.

Proof of Theorem 1.5. For 0 < g < 1and 0 < a < 1, let F,, be defined by (1.7).
Geometry of Fy , is described in Figure 3.1 for different ranges over the parameters ¢ and
. Suppose that f € S7(a). Then by Theorem 3.11 and Lemma 3.9, it is clear that f has
the representation (3.2) with h € Bg. The logarithmic derivative of f gives

2f'(z) (1 —a)zq"h' (2q7)
(34) 0~ T aher) - oq
Now, let us assume that
o(z) = (1—a)h(z)+ aq

1—a(l—q)
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FIGURE 3.1. Graphs of the functions F5/s1/2(2) and Gs/6.1/2(2) for |z] < 1.

Clearly, g € By, and hence Lemma 3.10 guarantees that g(z) has the representation (3.3).

Taking the logarithmic derivative of g we have

zg'(z) N q (s
(3.5) o) ‘(1 1—a<1—q>) P,

where Re (p(z)) > 0. By Herglotz representation of p(z), there exists a probability mea-

sure u supported on the unit circle |o| = 1 such that
(3.6) 2p () = / 202(1 — 02)*du(o).
lo|=1

Using (3.5) and (3.6) in (3.4), we have

2f'(z) L4 > L o2
C 2(1 1—04(1—q)>;/|0|1 0"(1 = 02q")*d(o)

— 1—2(1nﬁ> /J 1{szom m m”}du( )

n=0 m=1

— 1-2(111%) /o 1{Z:ma 7"

= 1+/ azF;a(az)du(a).
lo|=1
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This completes the proof of our theorem. O

Proof of Theorem 1.6. For 0 < ¢ < land 0 < a < 1, let G,, be defined by (1.8).
Geometry of the mapping G, is described in Figure 3.1 for different ranges over the
parameters ¢ and a. As a special case to Theorem 1.5, when the measure has a unit
mass, it is clear that G,, € S;(a). Let f € S7(a). Then by Theorem 3.11, there
exists a function h € By such that h(z) = ((f(¢z)/f(2)) — aq) /(1 — ). Now set g(z) =
(1= a)h(z)+aq)/(1—a(l—q)). It is clear that g(0) = ¢/(1 —a(l —q)) and |g(2)| < 1.
Since S;(a) C S, it follows that 0 ¢ g(ID). If not, then f(qz)/f(2) = 0 for some
z € D, which is a contradiction to the fact that f(qz)/f(z) € By for every z € D (37,
Theorem 1.13]. Hence, g € BY,,. By Lemma 3.10, g(z) has the representation (3.3) and

on solving we get,

-0 g o}

Define the function ¢(z) = Log {f(z)/z} and set

(3.7) ¢(z) = Log @ = Z On2".

On solving, we get

q q
1 I = In—— .
1t ol = o)+ (gt )t
This implies
q
w=pn (n——L ) (g = 1).
n = () e = 1)
Since |p,| < 2, we have
(=2) (In =)
60| < 1-a(1-q) '
1—qn
From this inequality, together with the expression of G,,(z) and (3.7), the conclusion
follows. 0
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CHAPTER 4

ON COEFFICIENT FUNCTIONALS ASSOCIATED WITH
THE ZALCMAN CONJECTURE

This chapter covers the sharp estimates of the Zalcman functionals including the form
proposed by Ma in [61] for some subclasses of S. The main results of this chapter are

proved in Section 4.2.

The results of this chapter are from the article: Agrawal S., Sahoo S. K., On coefficient

functionals associated with the Zalcman conjecture, Under review.

4.1. Preliminaries and Main results

The Zalcman conjecture problem (1.4) has been studied for several well-known sub-
classes of the class §. For example, in [15], Brown and Tsao proved that (1.4) holds for
the class T of typically real functions and the class §* of starlike functions. In [60], Ma
proved the Zalcman conjecture for the class K of close-to-convex functions when n > 4.
Readers can refer to, for instance, [1, 48, 49, 54] and references therein for more in-
formation on this topic. A generalized version of Zalcman’s inequality, in terms of the
so-called generalized coefficient functional Aa? — as,_1, A > 0, has been considered in
1, 15, 22, 54].

In [61], Ma proposed a generalized version of the Zalcman conjecture as follows: for

fes,

lanam — apym-1| < (n—1)(m—=1) (n,m=2,3,...)

and proved that this holds for starlike functions and univalent functions with real co-
efficients.

In this paper, we establish sharp estimates of the Zalcman conjecture in the form
proposed by Ma in [61] for some subclasses of S. Consequently, we obtain sharp estimates

of the results proved in [22] for remaining ranges of \.



We use the concept of convex hull of a set, but mainly for the set C of convex functions.
Denote by co(C), the convex hull of C and its closure is denoted by m in the topology
of uniform convergence on compact subsets of ID.

A function f € A is said to be starlike of order (0 < 5 < 1) if Re{zf'(2)/f(2)} > 5
and denote the class of starlike functions of order § by S*(f). Similarly, a function f € A
is said to be convez of order §(0 < f < 1) if Re{l + zf"(2)/f(2)} > B and denote the
class of convex functions of order 8 by C(/3). Clearly, functions in the classes S*(5) and
C(P) are univalent in . Moreover §*(0) = §* and C(0) = C.

A function f is said to be uniformly starlike in D if f is starlike and has the property
that for every circular arc v contained in D, with center ( € D, the arc f(y) is starlike
with respect to f(¢). We denote by UST, the class of all uniformly starlike functions.
Similarly, we say a convex function f in D is uniformly convex if for each circular arc v in D
with center 7 in D, the image arc f(+y) is convex. Denote the class of all uniformly convex
functions by UCV, see [29, 30]. We call a function f € A be v-spiral-like of order 3,0 <
B < 1, if there is a real number v (—7/2 < v < 7/2) such that Re[e”{zf"(2)/f(2)}] >
Beosv for z € D. We denote by S;(3), the class of v-spiral-like functions of order f3, see
[51]. More literature on spiral-like functions can be found in [5, 56, 71].

Recently, in [22], Efraimidis and Vukoti¢ have studied the generalized Zalcman coef-

ficient functional for the subclasses, co(C), R and H of S, where the classes R and H are

respectively known as the Noshiro- Warschawski class and the Hurwitz class, defined by
R={feA:Ref'(z) >0}

and

H = {fEA:f(z) :z—i-Zanz" and Zn|an| < 1}.
n=2 n=2

A well-known fact is that

HCRNS CS,

where the inclusion relation H C R is explained in [22]. Now we recall

Theorem A. [22, Theorem 3] Let 0 < A < 2. If f € co(C), then |Aa2 —ag, 1| < 1 for all

n > 2. For any fired n and \ < 2, equality holds only for the functions of the following
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form (and for their rotations):

2n—2
z
(4.1) f(Z) = Z mkl — ek’
k=1
where 0 <my <1, 0 = (2;;12)”7 and
n—1 n—1 1
O S
k=1 k=1

Theorem B. [22, Theorem 4] If 0 < A < 4/3 and f € R, then for all n > 2 we have

2
on—1"

For A < 4/3 and for any fived n > 2, equality holds only for the functions of the following

|NaZ — agn_1] <

form (and for their rotations):

2n—2

F(z)=—z+ 2/ @dt =—z— Z 2mie 0 log(1 — e 2)
0 k=1
where f(z), my, and Oy are given by (4.1).

Theorem C. [22, Theorem 6] If A\ > 0 and f € H, then for each n > 2 we have

A 1
|>\CL72.L — a,gn_1| S max{ﬁ, m} .

Equality holds if and only if

z+ a 22 for A < n
_ 2n —1 2n
fe={ 2
z4+ —2" for A >
n 2n

where o is a complex number such that |a| = 1.

We intend to extend Theorems A and B in terms of the generalized Zalcman conjec-

ture, in the form suggested by Ma in [61], for the classes co(C) and R(f5) := {f € A :
Re f'(z) > [} respectively, where 8 € [0,1). Note that R = R(0).

Theorem 4.1. If f € co(C), then
|)\an&m - an+mfl| S A — 17

where n,m = 2,3,... and X € [2,00). Equality holds for the function l(z) = z/(1 —z) and
its rotations.
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Theorem 4.2. If f € R(S), then

AAI-8)?  21-5)

nm n+m-—1’

|/\anam - an+m—1| S

where n,m =2,3,... and \ € %, oo) Equality holds for the function m(z) =

—2(1=p)In(1 — z) — z(1 — 25) and its rotations.

4.1.1. The class H

We consider the class H defined in (1.9) with some restrictions on r(n) such that H

is a subclass of §. For example,

o If r(n)=(n—p)/(1—pB), then H C S*(B) C S [102]. In particular, for 5 =0 we
have H = H, the Hurwitz class.

o If r(n) =n(n—p)/(1—7p), then H C C(8) C S [102].

o If r(n) =3n—2, then H CUST C S [44].
) =n(2n — 1), then H CUCY C S [44].

n) = /( — f3), then H C R(B) C S.
)=1+[(n—1)/(1—p)]secv, then H C Sy(8) C S [51].

(
o Ifr(n
o If r(
o If r(n
In all these classes 8 € [0, 1).
Our main result for the class H is stated in Theorem 1.7. We remark that for the

choice r(n) = n, Theorem 1.7 turns into Theorem C. Indeed, our proof is much simpler

than the proof of [22, Theorem 6].

4.2. Proof of the main results

This section is devoted to the proof of our main results. The following lemmas are
useful.

Lemma A. [58, Lemma 1] Let u(0) be a probability measure on [0,2x]|. Then
|bn_1bm_1 — bn+m—2| S 2 (n, m = 2, 3, .. .),
where b, = 2f27r e du().

Lemma 4.3. Let A € C, u(6) be a probability measure on [0, 2x], and for some function

s(n) > 0, write a, = s(n) fo% e = D9d,(0) = s(n)bn_1/2 where b, is same as in Lemma A.
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Then
2s(n+m —1)

S(n)s(m) s(n)s(m) +S(n+m_ 1)7

|)\anam - an+m71‘ S A —

formm=23,....
Proof. Putting the values of a,, @y, @n1m—1 and by using Lemma A we get

’)\anam - an+m71’

2s(n+m —1) b1 bm—1 . s(n+m—1)
= — —_— bpn—1bm-1— byym—
(= ) 055 st
2s(n+m —1)
< A= —1).
< ‘ S)s(m) 's(n)s(m) +s(n+m—1)
The proof of our lemma is complete. O

Remark 4.4. Lemma 4.3 helps us to estimate the generalized Zalcman coefficient func-
tional Aa,a,;, — a,im_1 for several classes of functions in &, where the coefficients a,
are of the form s(n) fo% e'm=19d(0) and these lead to extremal functions whose series

representations are of the form z + )", s(n)z", for instance, see [61] and the present

paper.

Proof of Theorem 4.1. By a well-known result from [14], there is a unique probability

measure 4 on [0, 27|, such that

= [

1 —e?z

for all f in co(C). Comparing the n-th coefficients of the series expansion of f and of the

geometric series expansion of the right hand side, it can easily be seen that
2r
ay, = / e’("_l)edu(e), n > 2.
0
From Lemma 4.3, we can see that s(n) = 1 and hence we get
IAanm — npm1| <|A—=2[+1=X—1.
The sharpness can easily be verified using the function /(z) stated in the statement. [

Here we remark that
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Remark 4.5. For 0 < A < 2,

A+l 0<A<1
3-) 1<A<2

|)\anam - an+m—1| S

However, the bounds are not sharp. The case for n = m is done in [22] where the sharp

bound is obtained.

Proof. Proof for the case 0 < A < 1 comes from the triangle inequality and the case

1 < X <2 follows from the proof of Theorem 4.1. ]

Putting m = n in Theorem 4.1, we get

Corollary 4.6. If f € co(C), then
N2 — agp_ 1| <A —1,

where n = 2,3,... and X\ € [2,00). Equality holds for the function [(z) = z/(1 — z) and

its rotations.

Remark 4.7. We can also prove Corollary 4.6 by using the same technique as in [22].
Indeed, from the proof of [22, Theorem 3] we have

2T
[Aa? — agn1] < (A — 2)/ cos?((n — 1)O)du(9) +1 < A —1,
0
where the second inequality follows from the fact that cosd <1 for 0 < 0 < 27.

Proof of Theorem 4.2. By the Herglotz representation theorem for functions with
positive real part [21, 1.9], there is a unique probability measure p on [0, 27| such that
2 6
1
5 / +e 24 (0)

e“’z

or, equivalently,

1+ inanz”_l = i 2 /27r e™du()z"
n=2 0

n=2

Comparing the coefficients, we obtain

o 2T
a, = M/ ez(nfl)ﬁduw)’ n> 2.
0

n
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From Lemma 4.3, we can see that s(n) = 2(1 — )/n and hence we get

wn |41-BP  2(1-p)

Adutn = Grpmoa] < A_(l—ﬁ)(n—i—m—l) nm +n—i—m—l
_n-g 20-5)
N nm Cn4+m-—1

The sharpness can easily be verified using the given function m(z) stated in the hypothesis

of the theorem. -
nm
k 4.8. F
Remar 8 Or0</\<(1—ﬁ)(n+m—1)’
(4A(1 — )2 2(1—0) nim
0< A<
nm +n+m—1’ < “2(1=-B)(n+m—1)
- 32
Ay, — 1| < 6(1 - 5) _ 4N(1 = B) 7 nm <\
n+m—1 nm 2(1 —B)(n+m —1)
nm
< :
) (I=8)(n+m—1)

However, the bounds are not sharp. The case for n = m and § = 0 is done in [22] where

the sharp bound is obtained.

Proof. The first part follows from the triangle inequality and the second part follows from

the proof of Theorem 4.2. O

In particular when m = n, Theorem 4.2 leads to

Corollary 4.9. If f € R(f) and X € [m,oo» then

AN1-p)* 2(1-5)
2

_ < _

Adn =z < =55 on— 1

where n = 2,3,.... Equality holds for the function m(z) = —2(1—8)In (1 — 2) —2(1—-25)

and its rotations.

Remark 4.10. An alternative proof of Corollary 4.9 can be done by the same technique
as in [22]. Indeed, from the proof of [22, Theorem 4] we have

|Na? — ag, 1| < (4/\(1 ) Gl 5)) /0 7r(:082((n — 1)8)du(0) + =5

- n? o2n —1 o2n —1
AA1-p)? 20-5)
- n2 on—1"

where the second inequality follows from the fact that cos <1 for 0 < 0 < 27.
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Remark 4.11. From Remark 4.10, it is clear that for f € R(f) and for 0 < A <
4/3(1 = pB)

2(1-P)

2n —1°

Equality holds for the functions of the form G(z) = (1 — 8)F(z) + Bz and its rotations,

])\ai — Q91| <

where F'(z) is the same function defined in Theorem B.

To prove the generalized Zalcman problem for H, we need the following lemma which

is a similar form of [22, Lemma 5].

Lemma 4.12. Let A > 0,n > 2,q(n),q(2n — 1) > 0, and consider the triangular region
P={(u,v) € R*:u,v >0,q(n)u+q(2n—1)v < 1}

i the uv-plane. Then

A 1
max (Au® + v :max{ , },
(u,v)eP( ) q(n)? q(2n—1)

and the maximum is attained only at (u,v) = (0,1/q(2n — 1)) and (u,v) = (1/¢q(n),0).

Proof. The function F(u,v) = Au? + v is readily seen to have no critical points, so its

maximum on the compact set P is achieved on the boundary 0P. Clearly, F'(0,v) < m
while F'(u,0) < ﬁ.

Finally, on the third piece of the boundary of P we have ¢(n)u + ¢(2n — 1)v = 1.
Hence the function F' on that piece can be seen as a function of one variable leading to
1—q(n)u
q(2n—1)°

Since ¢”(u) = 2\ > 0, the above function cannot achieve its maximum within the interval

F(u,v) = g(u) = \u® +

[O, #n)] . Hence, the maximum value can only be achieved at one of the end points of this

interval and since

the assertion follows. O

Remark 4.13. Lemma 4.12 can also be proved using graphical solution methods from
Linear Programming. Since the conditions w,v > 0, and g(n)u + ¢(2n — 1)v < 1 give
a convex triangular region with the vertices (0,0),(0,1/¢(2n — 1)) and (1/g(n),0), by
the graphical solution method, the maximum value can only be achieved at one of these

vertices.
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Proof of Theorem 1.7. By the definition of the class H, the ordered pair (|ay,|, |a2,-1])

belongs to P, where P is defined in Lemma 4.12. Hence by using Lemma 4.12, we have

A 1
)\ — n— <>\ n2 n— < ’
|Ads, = azn—1| < Alan|” + |agn| —max{r(n)2’r(2n—1)}

It can easily be seen that one way implication is true for the equality. For the converse
part, we must have r(n)|a,| + 7(2n — 1)|ag,—1| = 1. Together with the definition of #,
it follows that the rotated function must be of the form f.(z) = z + A,2" + Ag, 12> 1
where, f.(z) =¢f(cz),|c| =1, a rotation of a function f in S, A, = ¢ 'a,, and similarly
Agn_1 = ¢*2ay,_;. Further inspection of the case of equality in Lemma 4.12 and the
values of A readily yields that one of the coefficients A,,, As,_ 1 must be zero and the
more precise form of these functions follows immediately. This completes the proof of the

theorem. O
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CHAPTER 5

NEHARI’S UNIVALENCE CRITERIA, JOHN DOMAINS
AND APPLICATIONS

In this chapter, using techniques from differential equations, we establish the bound
for the pre-Schwarzian derivative whenever the bound for the Schwarzian derivative is
known. In addition, we give necessary conditions for John domains in terms of the pre-
Schwarzian derivative. In Section 5.2, we prove sharp estimates for the pre-Schwarzian
derivatives for functions in Nehari-type classes. These estimates are used to prove our

main results established in Section 5.3.

Contents of this chapter are from the article: Agrawal S., Sahoo S. K., Nehari’s

univalence criteria, John domains and applications, Under review.

5.1. Introduction and preliminaries

There are a number of sufficient conditions available in the literature for a function
to be univalent in D and most of them are very far from necessary conditions. However,
there are a few of them which are also close to necessity. One such example is about
the Nehari condition. From this fact, the well-known Nehari class is generated and it
is associated with the Schwarzian derivative of functions (see [21, 73, 74]). Moreover,
sufficient conditions for starlikeness and convexity in terms of Schwarzian derivatives are
studied in [46].

For @ > 0 and k > 0, we consider the class N, (k) defined in (1.10). The set N5(2),
called the Nehari class, is intensively studied by Chuaqui, Osgood and Pommerenke in
[19]. Due to [18, Lemma 1], if f € Na(k) then (1 — |2]?)|T(2)| < k|z|, for 0 < k < 2.
However, the constant & in this case is not best possible. This result is indeed improved
and discussed in Section 5.2 of this chapter. Except for the cases a = 2,k = 2;a =
1,k =4and a = 0,k = 7?/2, all mapping considered in the Schwarzian classes N (k)

have images that are quasidisks, that is, John disks whose complements are also John



disks. This follows from [27, Theorem 6], that if |S;(2)| < p(2) is a sufficient condition
for univalence in the disk, then |S¢(z)| < tp(z) for some 0 < ¢ < 1 which guarantees that
the images are quasidisks. Furthermore, in the cases a = 1,k = 4 and a = 0,k = 72/2,
the images will also be quasidisks as soon as they are Jordan domains.

For functions f € MN5(2), John domains f(D) are characterized by means of the
pre-Schwarzian derivative in [19, 31]. In this article we approach to investigate similar
characterizations for functions in N, (k) for some choices of a and k, wherever applicable.
This was one of the problems suggested by Chuaqui, et al. in [19]. But we fail to provide a
complete solution to this problem, however, a partial solution is obtained in this chapter.
In fact, we could manage to find only necessary condition for functions in NV, (k) (whenever
applicable) satisfying the condition that f(ID) is a John domain in the form
(5.1) limsup(1 — |2]*)Re (2T%(2)) < ¢

|2|—1
for some positive constant c¢. In this chapter, the so-called, Nehari-type classes are con-
structed by considering the well-known sufficient conditions for univalency of type (1.10)

in terms of Schwarzian and pre-Schwarzian derivatives. They are No(7?/2), Ni(4), N2(2),

P={feA:(1—[z)|Ty(2)| <1}, and B={fe€ A: (1 —|z)|Ty(2)] < 1}.

5.2. Preparatory results

This section deals with sharp estimates of pre-Schwarzian derivative of functions f
belonging to the family Na(k), No(k), N1(k).

The following result is a generalization of [18, Lemma 1]. Note that this idea was
originally proposed by Chuaqui and Osgood (see [18, pp. 660-662]), but it was not pre-
cisely estimated whereas an optimal bound for |Ty|, f € Na(k), was proved. Here we

provide the sharp estimation of |T%|, f € Na(k), precisely.

Lemma 5.1. If f € Na(k), 0 < k <2, then
2|2| — 282 As(]2])

T—]z2

T3 (2)] <

L(1+2)f—(1—-2)F% | _ _
where Ag(z) = Bél —1—2354— El — Z;B with B = /1 —(k/2). Equality holds at a single

z # 0 if and only if f is a suitable rotation of Ay(2).
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Proof. A simple computation gives

Ti(2) = %T]?(z) +5,(2), Ty(0) = 0.

Now, consider the initial value problem

1 k

/ T2 —
w'(z) = W (x) + A= w(0) =0
2r — 23%A
on (—1,1). Note that it is satisfied by w(x) = ’ 1 b Qk(x> We shall show that
-

T3 (2)] < wlz]).

Fix zy with |z9| = 1, and let
(1) = |Tf(120)], 0<7 <1

It is evident that the zeros of ¢(7) are isolated unless f(z) = z. Away from these zeros,
Y(7) is differentiable and satisfies ¢'(7) < [T}(72)|. Since (1 — 7°)*|Sf(120)| < k we
obtain

@
dr
The initial condition ¥ (0) — w(0) = 0, with the Grénwall inequality, tells us that ¢ (7) —

(1T (720) [ —w?(7)) = %W(T)—wv))(w(ﬂw(r))-

N | —

(W(7)—w(r)) < [Tj(720)|—w'(7) <

w(7) < 0 and hence the required inequality follows.
Finally, one can easily see that Ag(z) € N3(k) and the equality

21zl — 28%2A
T4, (2)| = i 1 _ﬁ|z|2k(|2|)

holds for some z. O]

We observe that w(x) = (2z + v/4 — 2k)/(1 — x?) is also a solution of the differential
equation

() = 3070 + s

on (—1,1). Note that w(0) = v/4 — 2k. This motivates us to define a class My (k) similar
to Na(k) (refer (1.11)). Note that for & = 2, the class My (k) coincides with the Nehari
class NV3(2). Now we give a result similar to Lemma 5.1 for the class My(k) where the

bound obtained is more simpler than Lemma 5.1.

Lemma 5.2. If f € Ms(k), 0 < k < 2, then
22| + V4 -2k
L—|z2
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FIGURE 5.1. Graph of the function Fy(z) with k = 1.

Equality holds at a single z # 0 if and only if f is a suitable rotation of Fy(z), where

B V4 —2ktanh™'(2) _ 4

Foz) 11— ok

Proof. A simple computation gives
1
Ti(z) = ng(z) + Sp(2), T(0) = V4 —2k.

Now, consider the initial value problem

w'(z) = 1w2(x) + k

5 A= a2 w(0) = V4 — 2k

on (—1,1). Note that it is satisfied by w(z) = (2z++/4 — 2k)/(1—2?). Now it is enough to

prove that |T7(z)| < w(]z|). This can be proved similar to the proof given in Lemma 5.1.

Finally, one can easily see that Fy(z) € Ny(k) and the equality

22| + V4 -2k
|TF0(Z)| = 1 — |Z|2

holds. O

The particular choice of £ = 2 in Lemma 5.1 and Lemma 5.2 imply the following well-

known result.
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Corollary 5.3. [18, Lemma 1] If f € N3(2) then

2|z|
1— |z

T5(2)] <

FEquality holds at a single z # 0 if and only if f is a rotation of
1. 14z
—1In .
2 1—=z

Similarly, the next result is stated as follows:

Lemma 5.4. If f € Ny(k), 0 < k < 7%/2, then

IT(2)| < V2ktan (\/§|Z|> :

Equality holds at a single z # 0 if and only if f is a rotation of Fy(z), where

- P ({5)

Proof. A simple computation gives

T]’c(z):% 2(2) 4+ 84(2),  Ty(0) =0.

Now, consider the initial value problem

w'(z) = éwQ(I) +k,  w(0)=0

n (—1,1). Clearly w(z) = y/2/k tan (\/k;/2 x) is a solution of the initial value problem.
It suffices to show that |T¢(z)| < w(]z]).

Fix zo, |z0| = 1, and let
(1) = [Ty(T20)], 0<7 <1
The zeros of 1(7) are isolated unless f(z) = z. Away from these zeros 1(7) is differentiable

and ¥'(7) < |T}(720)|. Since [S¢(72)| < k it follows that

a
dr

1

(U(r)=w(r)) < [Tj(rz0)| —w'(7) < %(|Tf<720)|2_w2(7')) = (1) —w (7)) (¥(r)+w(r)).

As 1(0) — w(0) = 0, by Gronwall’s inequality we prove that ¢ (7) — w(7) < 0 and
hence the required inequality follows.
One can easily see that the equality holds for Fi(z) defined in the statement of the

lemma. O
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FIGURE 5.2. Graph of the function F(z) with k = 7?/2.

Corollary 5.5. If f € Ny(w?/2) then

T(2)] < 7 tan (gyz\) .

The equality holds at a single z # 0 if and only if f is a rotation of

2t (7r>
—tan|—=2).
T 2

Next, we present a similar result for functions in the class N;(k). Since we use the
same technique and it involves solution of a differential equation, as a supplementary result
we see that the solution of the differential equation is a ratio of Gaussian hypergeometric

functions.

Proof of Theorem 1.8. Let the solution of the differential equation

1, k
w'(z) = S (z) + T
be of the form w(z) = —2u/(z)/u(z). Then u(z) is a solution of the second order linear
differential equation
k
" o
u + 2(1_22)U—0.
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It can be verified that this differential equation is satisfied by
uw(z) = F((—=1/4)(1 4+ V1 4+ 2k), (1/4) (=1 + V1 +2k);1/2; 2%, |2| < 1.

Note that the series solution method can also produce two linearly independent solutions
where the above hypergeometric representation of u(z) is one of them. Hence, the required
solution is
F((=1/4) (=3 + V1 + 2k), (1/4)(3 + V1 + 2k); 3/2; 2?)
w(z) = kz :
F((—=1/4)(1 +V1+2k),(1/4)(—=1 4+ V1 + 2k); 1/2; 22)

The conclusion follows from [108, Theorem 69.2]. O

Now we can estimate the pre-Schwarzian derivative of a function f in N (k).

Lemma 5.6. If f € Ni(k), 0 < k <4, then

T5(2)] < k2] ( (=1/4)(=3 + V1 +2k), (1/4)(3 + V1 + 2k); 3/2; | 2|2 ))

= F((—1/4) (1 + VT +2k), (1/4) (=1 + VT + 2k); 1/2;|2]2) )~

Equality holds at a single z # 0 if and only if f is a rotation of F»(z), where

N 1
(2) :/ dt

o (F((=1/49)(14+V1+42k),(1/4)(—1 + 1+ 2k);1/2;¢2))?
Proof. An easy computation gives that

1

= 51—?(2) + Sf(Z), Tf(()) =0.

Fy

T3(2)
Consider the initial value problem

1 k
! o 2 _
n (—1,1). Use Theorem 1.8 and proceed in the same manner as in the proof of Lemma 5.4.
We can easily show that |T¢(z)| < w(|z|). Equality can also be verified easily by consid-

ering the function Fy(z) defined in the statement. O

As a consequence of Lemma 5.6, we obtain

Corollary 5.7. If f € Ni(4) then

42
T < .
T < 1o

Equality holds at a single z # 0 if and only if f is a rotation of

1 2z . 1+ 2
- n .
4 \1—22 1—=2
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FIGURE 5.3. Graph of the function Fy(z) with k£ = 4.

5.3. Schwarzian derivative and John domains

This section is devoted to the study of functions in Nehari-type classes. We shall apply
the following characterization of John domains f(ID) to find necessary conditions, in the

form (5.1), for functions f belonging to the Nehari-type classes discussed in Section 5.1.

Lemma 5.8. [19, Lemma 2] Let f be analytic and univalent in D. Then f(D) is a John

domain if and only if there exists 0 < x < 1 such that

(1 —p*)[f'(pQ)] T+
<1, p= .
1+ar

sup sup

=1 r<1 (1L =72)[f'(r¢)|

The following lemma is proved in [19] for the class N3(2).
Lemma 5.9. [19, Theorem 4] Let f € Ny(2) and f(D) be a bounded John domain. Then

limsup(1 — |z|*)Re (2T}(2)) < 2.

|z]—1

Remark 5.10. From [18, Lemma 1] it is clear that for all bounded mappings,

limsup(1 — |2]*)?|S;(2)] < k = limsup(1 — |2]?)|Ty(2)| < k.

|z]—1 |z]—1
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From this we conclude that, for f € Ny(k), 0 < k < 2,
limsup(1 — [z|*)Re (2T4(2)) < k.
|z|—1
By the similar argument, from Lemma 5.1, we can say that
limsup(1 — |2]*)Re (2T4(2)) < 2 — V4 — 2k,
|z|—1
for all bounded mappings in N5(k), 0 < k < 2. Here the bound 2 — /4 — 2k improves
the bound & but the same proof method given in [19, Theorem 4] is not working to get
the exact analog of Lemma 5.9 for the class Na(k), 0 < k < 2.

Now we give the proof of Theorem 1.10. We use the similar technique which is used

to prove Lemma 5.9.

Proof of Theorem 1.10. From [27, Theorem 6], it is clear that f(ID) is a John domain.
By Lemma 1.9 we get

2z + V4 -2k

T <
‘ f(z)‘— 1— |22 )

and, with |z| =7,

2
- k 1/2r +VA—2k\"
- (1—=r?)2 2 1—1r2

i(2r+m>

Ti) = \Sf<z>+1 2(2)

dr 1—r2
We prove the theorem by contradiction method. Suppose that the required inequality

does not hold. That is, 3 a sequence z,, € D with |z,,| — 1 such that

limsup(1l — [2,[*)Re (2 Tf(2m)) > 2 + V4 — 2k.

|zm|—1

Now choose a subsequence z,,, (= z,) of z,, with |z,| — 1 such that
(5.2) (1= |za)Re (2, T4 (2)) — 2+ V4 — 2k

holds. Let z € (0,1) be fixed. Set z, = ppCs, |¢a| = 1, and r,, = (p, — x)/(1 — zp,,). The
above upper bound for T]’c leads to

20n +V4 -2k 2r+4 -2k

1—p2 1—r?

Re (T (20)) — Re (GuT5 (1)) < / Tt <
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or,

< 200 +V4 -2k 2r+ 4 -2k

—Re (G, Tf(r¢,)) < =2 T Re (¢, T4 (2n))
or,
I VA =2k +2
— L Re(GT3(rG) < —
1—7r2 1

T (VI 2000 = (L= p)Re (2T (0))|.

If r, <r <p, then

1—72 <1+x

1—p2 " 1—2
and
VA -2k +2r - _M—I—Qpn'
r Pn
Hence,
@ V=) - LD Re ((,15(0¢,)

< (1 + ”3) (2 4+ VI 2k — (1 — |2.]*)Re (zan(zn))> .

Therefore, by the assumption (5.2) we get

" Re (GT5(r¢y)

<€

‘(2+\/4—2k)—1

,
for all n > ng(e, ).
From the above estimations we get

(L =) (raGn) o ( 2r
1 =
o8 (1 - pgl)’f/(pnCn” /r 1—r?

~Re <<an<r<n>>) dr

Pn € Pn r
< / dr—\/4—2k‘/ dr

1—17r2 1—172

Pn
< / ¢ dr = ehp(rCn, prén) = €hp(0, x),

1—17r2

for n > ngy. Here, hp(-,-) denotes the usual hyperbolic distance of the unit disk D. Thus,

(1 — pi)‘f,(pnCn” > e—ehD(O,x)‘
(1 - T%)‘flonnCn)‘
But since p,, = (r, + x)/(1 + xr,), the last inequality contradicts to Lemma 5.8. O
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Remark 5.11. One can ask similar questions when f € ANy(k), 0 < k < 7%/2 and
f e Ni(k), 0 <k <4. Indeed, we notice that the quantity
limsup(1 — |2]*)Re (2T4(2))
|z|] =1

vanishes due to [18, Lemma 1].

Theorem 5.12. Let f € PU B and f(D) be a bounded John domain. Then
. ) 13
limsup(l — [z]*)Re (2T%(2)) < —.
2| —1 4

Proof. It f € P then

1
T <—
Ty(2)] < 1— |22
holds, and with |z| = r,
' 1
|Tf(z)| = ‘Sf(z) + B f(z)

6 11 13/2

< + 2 -

S Y (e A e

“ iz e (1)

Suppose on contrary that the required relation does not hold. Then there exists a sequence
z, € D with |z,| — 1 (with the similar explanation given in the proof of Theorem 1.10)

such that
(5.3) (1 — |za)*)Re (2,Tf(2,)) — 13/4

holds.
Let z € (0,1) be fixed, set z, = ppCs, |G| = 1, and r, = (pn — 2)/(1 — zp,). We

estimate

Re (GuTy(20)) = Re (G T3(76)| < (12_3 [ﬁ #qh G - Z)D




or,

_1;T2Re(<an(r<n))§‘<1_rr2) (123 {ﬁ . Gt:)D

1
4"
1—r2 1 (13[p2 1 + on
+1—p%@(7 {5+4(pn)(1—pn ln< _pn)> (1—p?) Re(zan(zn))}

It is evident that

1—172 <1—|—x

1—p2 " 1—2
holds true if r, < r < p,,. It follows that
13 1-—1r? 1+x 13
DR < (10) (5 - 0= P ReaTya)).
Therefore, (5.3) leads to
1 1-—
ZB r Re (¢, T¢(r¢y))| <€ for all n > ng(e, ).

The above estimations yield

log (1- T1%>|f/(rncn>| _

A = L (75~ reGanG ) a
< / 1—r2 _Z/Mn%r?dr

<]

for n > ng. This is equivalent to

(1 B p?z”f/(pnCn)' —ehp(0,z)
A= r2)[ [ (raCa)] ~ € |

This contradicts Lemma 5.8, since p, = (1, + )/(1 + zry,).

eh]D)(rnCmpnCn) - EhD(O 33)

Secondly, if f € B then we have
1Ty(2)] <
211 = [=1)
and, with |z| =r,

1

T = [sst)+ 5T3C)

6 1 1 12741
(1—r2)2 " 272(1 —72)2  272(1 — 12)2

_d _i_'_ 13r —|—Eln 147
Codr | 2r 4(1—7r2) 8 1—r/]

The rest of the proof follows by contradiction method similarly.

IN
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Theorem 5.13. Let f € PUB and f(D) be a bounded John domain which is also convex.
Then
limsup(1 — [2|*)Re (2T(2)) <

|z]—1

W~ Ot

Proof. Since f is convex, it is well-known that
2
(1 —12?)*

Then the proof follows in the same way as discussed in the proof of Theorem 5.12. O]

1S¢(2)] <

Remark 5.14. We believe that the upper bounds 13/4 and 5/4 obtained in Theorems 5.12

and 5.13 can be improved.
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CHAPTER 6

RADIUS OF CONVEXITY OF PARTIAL SUMS OF ODD
FUNCTIONS

Our objective in this chapter is to find the largest disk |z| < r ( in D) in which every
section so,_1(2) = z + Y p_yaok—12°*71, of f € L (defined by (1.12) in Chapter 1), is

convex; that is, so,_1 satisfies

/i
1@(1+3@t¢9>>0.

S/Qn—l(z)
This chapter is based on the article: Agrawal S., Sahoo S. K., Radius of convexity of

partial sums of odd functions in the close-to-convex family, Under review.

6.1. Introduction and Main Result

Note that a subclass denoted by F, of the class, IC, of close-to-convex functions,
consisting of all locally univalent functions f € A satisfying the condition (1.12) was
considered in [83]. In this chapter, we consider functions from F that have odd Taylor
coefficients and denote it by £. Clearly, a function f € £ will have the Taylor series
expansion f(z) = z+ .00, as,_122"" 1. The function fy(z) = z/+/1 — 22 plays the role of
an extremal function for £; see for instance [70, p. 68, Theorem 2.6i].

Note that the following inclusion relations hold:
LCFCKCS.

The fact that functions in F are close-to-convex may be obtained as a consequence of the
result due to Kaplan (see [21, p. 48, Theorem 2.18]). In [83], Ponnusamy et al. have
shown that every section of a function in the class F is convex in the disk |z| < 1/6 and
the radius 1/6 is the best possible. They conjectured that every section of functions in
the family F is univalent and close-to-convex in the disk |z| < 1/3. This conjecture has

been recently settled by Bharanedhar and Ponnusamy in [12, Theorem 1].



The problem of finding the radius of univalence of sections of f in S was first initiated
by Szegé in 1928. According to the Szegd theorem [21, Section 8.2, p. 243-246|, every
section s,(z) of a function f € S is univalent in the disk |z| < 1/4; see [106] for the
original paper. The radius 1/4 is best possible and can be verified from the second partial
sum of the Koebe function k(z) = z/(1 — 2)?. Determining the exact (largest) radius of
univalence 7, of s,(z) (f € §) remains an open problem. However, many other related
problems on sections have been solved for various geometric subclasses of S, eg. the
classes §*, C and K of starlike, convex and close-to-convex functions, respectively (see
Duren [21, §8.2, p.241-246], [28, 91, 94, 99| and the survey articles [36, 88]). In [62],

MacGregor considered the class
R={feA:Re(f'(2)) >0,z € D}

and proved that the partial sums s,(z) of f € R are univalent in |z| < 1/2, where the
radius 1/2 is best possible. On the other hand, in [103], Singh obtained the best radius,
r = 1/4, of convexity for sections of functions in the class R. The reader can refer to
[79] for related information. Radius of close-to-convexity of sections of close-to-convex
functions is obtained in [67].

By the argument principle, it is clear that the n-th section s,(z) of an arbitrary
function in S is univalent in each fixed compact subdisk D, := {z € D : |z| < r}(r < 1)
of D provided that n is sufficiently large. In this way one can get univalent polynomials
in S by setting p,(z) = 1s,(rz). Consequently, the set of all univalent polynomials is
dense in the topology of locally uniformly convergence in S. The radius of starlikeness
of the partial sums s,(z) of f € §* was obtained by Robertson in [91]; (see also [100,

Theorem 2]) in the following form:

Theorem A. [91] If f € S is either starlike, convez, typically-real, or convex in the
direction of tmaginary axis, then there is an N such that, for n > N, the partial sum

$n(2) has the same property in D, .= {z € D : |z| < r}, where r > 1 — 3(logn)/n.

However, Ruscheweyh in [95] proved a stronger result by showing that the partial sums
sy (2) of f are indeed starlike in Dy /4 for functions f belonging not only to S but also to the
closed convex hull of S. Robertson [91] further showed that sections of the Koebe function

k(z) are univalent in the disk |z| < 1—3n"'logn for n > 5, and that the constant 3 cannot
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be replaced by a smaller constant. However, Bshouty and Hengartner [16] pointed out
that the Koebe function is not extremal for the radius of univalency of the partial sums
of f € S. A well-known theorem by Ruscheweyh and Sheil-Small [96] on convolution
allows us to conclude immediately that if f belongs to C,S*, or IC, then its n-th section is
respectively convex, starlike, or close-to-convex in the disk |z| < 1 —3n"1logn, for n > 5.
Silverman in [100] proved that the radius of starlikeness for sections of functions in the
convex family C is (1/2n)Y/™ for all n. We suggest the reader to refer [83, 94, 99, 106] and
recent articles [75, 76, 77, 78] for further interest on this topic. It is worth recalling that
radius properties of harmonic sections have recently been studied in [42, 52, 53, 55, 84].

Our main objective in this chapter is to prove the following theorem which is also

stated in the Theorem 1.11.

Main Theorem. Every section of a function in L is convex in the disk |2| < v/2/3. The
radius \/2/3 cannot be replaced by a greater one.

This observation is also explained geometrically in Figure 6.1 by considering the third

partial sum, s3 g, of the extremal function fj.

““““““ — T 06F—— T T T T T L S —

y W
i/ )
N | NN

—04
. e — . 06y et
—04 —02 00 02 04 ~05 00 05

FIGURE 6.1. The first figure shows convexity of the image domain s3(z)
for |2| < +/2/3 and the second figure shows non-convexity of the image
domain s3(z) for |z| < 2/3 =: 1y (1o > v/2/3).

6.2. Preparatory results

In this section we derive some useful results to prove our main theorem.
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Lemma 6.1. If f(z) = 2+ Y oo, a2,-12*"" € L, then the following estimates are o0b-

tatned:

() |asm_1| < =22 forn > 2. The equality holds for

22n 2(71 1 |2

z

e ===

and its rotations.

|z| = r < 1. The inequality is sharp.

(c) m <|f(2)] < W for |z| =r < 1. The inequality is sharp.

(d) If f(2) = son-1(2) + O2n—1(2), with Gop_1(2) = Yoo,y G212, then for |z| =

r <1 we have
05, 1(2)| < A(n, ) and |20, 1(2)] < B(n,7),

where

- k-1 5, (26 —2)(2k —1)! 5,
A = X gt o B = X S e

The ratio test guarantees that both the series are convergent.

Proof. (a) Set

o =142 (212).

Clearly, p(z) = 14> .~ | p,2" is analytic in D and Re (p(z)) > 0 there. So, by Carathéodory’s

Lemma, we obtain that |p,| < 2 for all n > 1. Putting the series expansions for

f'(z), f"(z) and p(z) in (6.1) we get

o0

Z (2n —1)(2n — 2)ag,_12*" 1 = = Z (Zp% 1(2n = 2k — 1)agn—or— 1) 2

n=2

+= Z (ZP% (2n — 2k — 1)agn—ok— 1) nl
n=2 k=1

Equating the coefficients of z22"~! and z2"~2 on both sides, we obtain
n—1
szk—1(2n —2k —1)agy—9k—1 =0
k=1
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and

n—1

(6.2) (2n —1)(2n — 2)ag,—1 = ; Zpgk(Q’l’L — 2k — Dagy_ok—1, foralln > 2.
k=1
Hence,
3 n—1
. 4| < 2k —1 —1)
(6 3) ‘G’Qn 1’ — <2n o 1)(2n o 2) ;( k )|a2k 1’

For n = 2, we can easily see that |az| < 1/2, and for n = 3, we have
3 3
< —(1+4+3 < -
o] < (14 Blag]) < °

Now, we can complete the proof by the method of induction. Therefore, if we assume

lagk—1] < % for k=2,3,...,n— 1, then we deduce from (6.3) that

n—1

3 (2k — 1)!
a2l S B T @ = g) 2 2R2(f — 1)1

k=1
The induction principle tells us to show that
(2n —2)!
ont| < gmag — e

It suffices to show that

3 "Z‘l 2k—1)!  (2n-2)!
(@n—1)(2n — 2) &= P2 (k — 1) 222(n — 1)1
or,

n—1

5 32k—1)!  (2n—2)(2n —1)!

s 22h-2(f; — 1)12 22n-2(p — 1)12
Again, we prove this by the method of induction. It can easily be seen that for kK = 1 it

is true. Assume that it is true for £k = 2,3,...,n — 1, then we have to prove that
z": 32k—1)! (2n)(2n+ 1)!
P 22k=2(f — 1)12 o 22n(p)12 7

which is easy to see, since

22k=2(f; — 1)12 o 22n=2(p — 1)!2 22n=2(p — 1)!2 B 22n(p) |2

32k —1)! on — 2)(2n — 1)! 3(2n — 1)! 2n)(2n + 1)!
; ( L )( ) ( ) (2n)( )"

Hence, the proof is complete. For equality, it can easily be seen that

[e.e]

2n — 2)! _
fo(z) = —\/% =2+ —2211(_271@ _)1)!2z2" !
n=2

belongs to L.
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The image of the unit disk D under f; is shown in Figure 6.2 which indicates that

fo(ID) is not convex.

FIGURE 6.2. The image domain fo(ID), where fy(2) = 2=

(b) We see from the definition of £ that

" 2 " 2
zf (z)_<1+2z | i.e.,zf (,z)_< 3z
O ICINEE:

where < denotes the usual subordination (see for example [21, Chapter 6]). The poof of

1+

— (2),

(b) now follows easily.

(c) Since
2f"(2)
f'(2)

it follows by the well-known subordination result due to Suffridge [105] that

f'(z) < exp </0 @dt) = exp (3/0 : _tht) m

Hence, the proof of (c) follows.
(d) By (a), we see that

< h(z2),

o

o (2k — 1)|agr_1|r* 2 < A(n, 7).
2n1
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and
o

205, ()] < Y (2k = 1)(2k — 2)|age1 [P < B(n, ).
k=n+1
The proof of our lemma is complete. O]

6.3. Proof of the Main Theorem

For an arbitrary f(z) = z4+ > o0, as,—12°""' € L, we first consider its third section
s3(2) = z + az2® of f. Simple computations show

zsh(z 6asz>
,3( )y Bme -
sh(z) 1+ 3asz

By using Lemma 6.1(a), we have |az| < 1/2 and hence

zs”(z)) 6|as||z|? 3]z
Re 1+ 2322 >l-———>1— ———
( s3(2) 1 — 3laz||z|? 1— 2|22

which is positive for |z| < v/2/3. Thus, s3(z) is convex in the disk |z| < v/2/3. To show
that the constant v/2/3 is best possible, we consider the function fy(z) defined by

2
V1—22

We denote by s30(2), the third partial sum s3(fo)(2) of fo(2) so that s3o(z) = 2+ (1/2)2*

fo(z) =

and hence, we find
zs30(2) 24922
sholz) 24322

o (1 N zs;g',()(z)) )
33,0(2’)

when 22 = (—2/9) or (=2/3) ie., when [z[*> = (2/9) or (2/3). Hence, the equality

1+

This shows that

occurs.
Next, let us consider the case n = 3. Our aim in this case is to show that

Re (1 N zsg(z)) — Re (1 + 9az2? + 25a5z4) =0

st(z) 1 + 3a32? + basz*
for || < v/2/3. Since the real part Re ([1+9as2>+25a52"]/[1+3as2% +5a52?]) is harmonic
in |z| <+/2/3, it suffices to check that

1+ 9a3z® + 25a52*
R >0
¢ ( 1+ 3asgz2 + basz*
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for |z| = v/2/3. Also we see that

1+ 9a32% + 25a52* 2 — 10as2* 2 — 10as2*
Re =3 —Re >3 —
1+ 3a322 + basz* 1+ 3as22 + 5aszt 1+ 3a322 + 5aszt

and, so by considering a suitable rotation of f(z), the proof reduces to z = V2 /3; this
means that it is enough to prove

81 — 200,5
81 + 54(13 —f- 20@5

D2 3 3
a3 = Z and as = (E) (Zpg —|—p4) .

Since |po| < 2 and |py] < 2, it is convenient to rewrite the last two relations as

3>
2

From (6.2), we have

a 3
a3 =5 and a5 = E(Zﬂaz +25)

for some |a| <1 and || < 1.
Substituting the values for a3 and a5, and applying the maximum principle in the last

inequality, it suffices to show the inequality

2

3 9
81+27a+%+3ﬁ

= >
:

902
1— = _
8 5 36’

for |a] =1 = |f]|. Finally, by the triangle inequality, the last inequality follows if we can

show that
2

2

o (07

99+3a+ —|—-6|9——|>5
+a+2 ‘ 5

which is easily seen to be equivalent to
ooa+3+5|-6lom—2|>5
2 2
as |a] = 1. Write Rea = x. It remains to show that

325 361
T(x) = 9\/18m2+579€+T —6\/7 — 1822 > 5

for —1 <z < 1. It suffices to show

325 1361

Squaring both sides we have

13229 /361
21062 + 4617z + I > 60 < e 18x2) .

70




50 -

30 -

-1.0 -05 0.0 0.5 1.0

FIGURE 6.3. Graph of T'(x).

Again by squaring both sides we have
13229 ° 361
(2106x2 + 4617z + T) > 3600 (T — 18x2) :

After computing, it remains to show that ¢(x) > 0, where
() = ar* + ba® +cx® +dv +e
and the coefficients are
a = 4435236, b = 19446804, ¢ = 35311626, d = 30539146.5, ¢ = 10613002.5625.

Here we see that ¢ (x) = 24a > 0. Thus the function ¢”'(x) is increasing in —1 <
x < 1 and hence ¢"'(z) > ¢"(—1) = 10235160 > 0. This implies ¢"(z) is increasing.
Hence ¢"(x) > ¢"(—1) = 7165260 > 0. Consequently, ¢'(z) is increasing and we have
¢'(x) > ¢'(—=1) = 515362.5 > 0. Finally we get, ¢(z) is increasing and hence we have
() > ¢(—1) = 373914.0625 > 0. This completes the proof for n = 3.

We next consider the general case n > 4. It suffices to show that

!
Son—1

/"
Re (1 + z32n1> >0 for |z|=r

with r = \/i/ 3 for all n > 4. From the maximum modulus principle, we shall then

conclude that the last inequality holds for all n > 4




for |z| < v/2/3. More generally, it remains to find the largest r so that the last inequality
holds for all n > 4. By the same setting of f(z) as in Lemma 6.1(d), it follows easily that

s _ A~ 0ha(2) L 2R 0 (2) = 205 (2)
Ry £ P B o R T ¢ 72 — o)
or,
i
zs! 2 f! (2 _1(2)] + |zog,_1(2)]
Re (1 2n—1> 1— " ’ f'(=
¢ ( LN e TP P = [0 ()

Then by using Lemma 6.1, we obtain

1) - 32 (13_” )A(n r)+ B(n,r)

]_—TQ W—A(nﬂ”)

28/2/77,—1
Re (1+-27L) >0
Son—1

1—4r2  (1+41r2)%2 (37’214(71, r) + (1 —r?)B(n, T)) 50

1—r2 1—12 1—(1+472)32A(n,r)

Re (1+ 52

Son_1

Thus, we conclude that

provided

or, equivalently

ov3sn [ 3r2A(n,r) + (1 —r?)B(n,r) )
(1+72)% < T T A ) <1—4r2

We show that the above relation holds for all n > 4 with 7 = 4/2/3. The choice r = v/2/3
brings the last inequality to the form

(Y™ (3 ) et ) 1
9) \ T @pram g )70

(L) 1 (200 2),

We shall prove that C' < ) >0 forn>4ie.,

Set

and

2
A(n,?) +B<n,£> <—7 for n > 4.



If the last inequality is proved, then automatically the previous one follows. Hence, it is
enough to prove the last inequality. Now,

2k —1)2k =1, 4,
(e )

o0

A(n,r)+ B(n,r) = Z

k=n+1

= (2k — 1)(2k — 1)! .
Z 22k—2(k_1)!2 <T)

IN

k=5

- (2k—1)(2k—1 1L (2k — 1)( 2k—1)
=D 22h=2(); — 1) Z 922 (f — 1)1 (r?)*!
k=1

k=1

1+ 272 1292, T, 25
= T 2wz A =t —r" ).
(1—r2)5/2 2 8 16

Substituting the value r = V2 /3, we obtain

V2 V2 27
Al X2 ) B0, Y2 ) <0.076--- <0105 = — .
("’ 3 )PP\ = 7 (11)372

This completes the proof of our main theorem. O
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CHAPTER 7

CONCLUSION AND FUTURE DIRECTIONS

As we have already discussed in Chapter 1, Ismail et al. [37] first applied the ¢-
function theory in geometric function theory. Later it is also studied in [3, 86, 92, 97].
It has provided important insight into the existing function theoretic structure as well as
a number of problems in the current avenues in special functions. At the beginning of
the last century, studies on g-difference equations appeared in intensive works especially
by Jackson [38], Carmichael [17], Mason [65], Adams [2], Trjitzinsky [107], and later
by others such as Poincaré, Picard, Ramanujan. Unfortunately, from the thirties up to
the beginning of the eighties only non-significant interest in this area was investigated.
Recently some research on this topic is carried out by Bangerezako [10]; see also references
therein for other related work. The purpose of Chapter 2 and 3 is to develop ¢-function
theory in some new point of view. Specifically, Chapter 2 gives an extension of the well-
known Gaussian hypergeometric functions and close-to-convex functions to the ¢-function
theory whereas Chapter 3 gives the concept of order of ¢-starlike functions.

In one hand, some of the important results of Chapter 2 concern about analyticity in
a cut plane and convexity in the direction of the imaginary axis of the basic hypergeometric

functions of the form

2®[dg, eq; fq; q, 7]
Pla, b; c; q, 2]

where either d = a/q,e = b, f = ¢; or d = a,e =b/q,f = c¢/q; or d = a,e =b,f = ¢
satisfy some conditions. If we look at the first identity stated in Lemma 2.2, a similar
mapping properties of the basic hypergeometric functions of the form

2®[dg, eq; f4*; q, 2]
®la, b; ¢; q, 2]

may be possible and interesting to obtain, where the constants d, e, f can be obtained in
terms of the parameters a, b, c and ¢. Indeed, similar but other form of basic hypergeo-
metric functions; for example having ¢ term with the first or (and) second parameter(s)

may be investigated (see [59] for related identities). In general, generating functions of
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FIGURE 7.1. Description of zF(0,2;¢; 2)/F(—1,2;¢; z) that maps the disk
|z| < 0.999 to a region close to the unit disk. The left region is computed

for ¢ = 50 and the right region is for ¢ = 500.

this type with interesting geometric properties and their 2D and 3D graphical plots may
be of interested. One disadvantage of work in this direction is that solving problems
analytically may be sometimes difficult. However, it can be a challenge to describe the
relevant image domains and find interesting problems to work in this direction. For ex-
ample, image of the unit disk under the mapping zF'(0,2;¢;2)/F(—1,2;¢; z) converges
to the unit disk when ¢ is larger and larger (see Figures 7.1). Indeed, this is also easy
to see from the definition of the basic hypergeometric functions when ¢ — oo. So, can
it be practically possible to analyze the behaviour of zF(0,2;¢; z)/F(—1,2;¢; z) under
certain ranges for the parameter ¢ in terms of a and b7 Moreover, one can investigate
similar problems where the resultant image domains are special type of convex domains,
in particular.

On the other hand, the main theorem in the latter section of Chapter 2 concerns
with under which situation the normalized basic hypergeometric functions z®|a, b; ¢; q, 2]
belong to the class of g-close-to-convex family. This concept generalizes a result from
[85]. However, in [85] a number of problems associated with convexity, starlikeness and
close-to-convexity properties have been extensively studied. Therefore, it is natural to find
conditions on the parameters a, b, c and ¢ such that the normalized basic hypergeometric

functions 2®@[a, b; ¢; q, z] and z®|a, b; ¢; ¢, 2°] both are g-close-to-convex as well as g-starlike.
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Moreover, order of g-convexity and g-starlikeness can be studied in this setting (see [4]
for the definition of order of g-starlikeness).

In conclusion, the results of Chapter 2 demonstrate that the computational frame-
work in this setting helps us to generate special functions having interesting geometric
properties. Further work in this direction will certainly bring a strong foundation be-
tween g-function theory and geometric function theory. It also opens up several avenues
for future work which may lead to interesting dissertations.

As pointed out by Andrews in [6], there have been several applications of basic hyper-
geometric series to physics. Baker and Coon [9] have successfully utilized basic hypergeo-
metric functions in a series of papers (in the Physical Review D) on particle physics. Also,
Kampen [43] has applied basic hypergeometric functions to fluctuations in an electric cir-
cuit consisting of a condenser and a diode. Therefore, it will be extremely remarkable if
some application of this development can be worked out connecting to quantum analysis,
physics and related topics; see for instance [6, 23, 24].

One can think of many more research problems related to Chapter 3. For instance, ¢-
analog of convexity of analytic functions in the unit disk and even more general in arbitrary
simply connected domains may be interesting for researchers in this field. Recently, the
concept of g-convexity for basic hypergeometric functions is considered in [11]. Bieberbach
conjecture problem for g-close-to-convex functions is estimated optimally in a recent paper
[97]. In fact sharpness of this result is still an open problem and concerning this, a
conjecture is stated there. It would further be interesting to find the best possible g € (0, 1)
such that S;(a) C S.

The generalized Zalcman conjecture in the form proposed by Ma in [61] is still open

for the classes co(C) and R(S) for 0 < A < 2 and 0 < A < (

% respectively.

It would also be interesting to investigate this problem for the class H. In [97], some
sufficient conditions are established for a function to be in the class K;. One can think
of the Zalcman conjecture problem for the class K, by taking some of those sufficient
conditions. It would be more interesting if the Bieberbach conjecture problem can be
solved by using the Zalcman conjecture problem for all the subclasses of S discussed in
Chapter 4 including the class K,. The g-analog of the Zalcman conjecture may be of

interest and hence the Bieberbach conjecture.
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Chapter 5 talks about necessary conditions for bounded John domains. Recall that
Nékki and Vaisild in [72] introduced the notion of John domains when they are un-
bounded and also studied several characterizations of such domains. According to them,

John domains are defined as follows:

Definition 7.1. A domain D C C is said to be a John domain if any pair of points
21,29 € D can be joined by a rectifiable path v C D such that

min{l(y[z1, 2]), €(7[z, 22]) } < edist (z,0D), for all z € v,

and for some constant ¢ > 0, where ¢(7[z, z;]) denote the Euclidean length of « joining 2z

to z;, 1 =1,2.

Note that when John domains are bounded, then Definition 7.1 is equivalent to the
definition of John domains discussed in Section 5.1 (see [72]). One can check that the
parallel strip Dy := {z € C: |Imz| < 7/4} and the two-sided slit domain Dy, the entire
plane minus the two half-lines —co < y < —1/2 and 1/2 < y < o0, y = Im 2, are not
John domains. But the half-planes and the Koebe domain are John domains.

In this context we are interested to introduce the notion of John functions. Motivation
behind this comes from the definition of starlike and convex functions in D. A starlike
function is a conformal mapping of the unit disk onto a domain starlike with respect
to the origin and a convex function is one which maps the unit disk conformally onto a
convex domain. For the theory of starlike and convex functions, we refer to the standard
books [21, 28]. For analytic functions f in D, certain characterizations of John domains
f(D) have been studied in [19, 31|, where functions were not necessarily assumed to
be normalized and univalent (see for instance Lemma 5.8). It is also interesting to see
what changes would come in the situation when analytic functions are normalized and

univalent. This naturally leads to the concept of introducing John functions in D.
Definition 7.2. A function f € S is said to be a John function * if f(D) is a John disk.

Clearly, f is bounded if and only if f(D) is a bounded John disk. We also call such
functions the bounded John functions. The functions fi(z) = (1/2)Log[(1 + 2)/(1 — z)]
and fo(z) = 2/(1 — 2?) respectively map the unit disk onto the parallel strip D; and

IThe authors wish to call these functions “John functions” in honor of Professor Fritz John.
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the two-sided slit domain D,. Since D; and D, are not John domains, the functions f;
and fy are not John functions. On the other hand, the functions g;(z) = z/(1 — z) and
ga(z) = z/(1 — 2)? are John.

We conclude this section with the following future directional work.

The famous analytical characterization of the starlike and convex functions are re-

spectively

(7.1) Re (ZJJ:(S')) >0 and Re (1 n ZJ{éZ))) >0, zeD.

It is discussed above that neither convex nor starlike functions are necessarily John func-

tions and also the other way around implication fails. Therefore, although certain char-
acterizations of John functions in different situations are studied in [19, 31] (see also
Lemma 5.8), it would be interesting to find analytical characterizations of John functions
similar to that of convex and starlike functions stated in (7.1).

As we know Bieberbach conjecture problem is one of the important problems in uni-
valent function theory, naturally one can ask the similar questions for John functions.
We denote by J, the class of all John functions in D. Since J C S, trivially |a,| < n
holds for f(z) = z + ag2® + azz® + -+ € J and the bound is sharp since the Koebe
function go(z) € J. We notice that for the function g, the image domain go(ID) is not a
quasidisk. Therefore, it would be interesting to study the Bieberbach conjecture problem
for functions f € S such that the images f(ID) are quasidisks, since in this case the bound
la,| < n is not sharp. Recall that quasidisks are nothing but simply connected uniform

domains where a uniform domain [64] is a John domain satisfying
€(7> < C‘zl - 22|7

where v and ¢ are as in Definition 7.1.
On the other hand, one can introduce the g-analogs of the Schwarzian and pre-
Schwarzian derivatives and find similar necessary conditions for John domains.
Chapter 6 deals with the radius of convexity of sections of odd functions belonging

to a close-to-convex family.

79



80



[10]

[11]

[12]

[13]

BIBLIOGRAPHY

Abu Muhanna Y., Li L., Ponnusamy S. (2014), Extremal problems on the class of
convex functions of order -1/2; Arch. Math. (Basel), 103(6), 461-471.

Adams C. R. (1929), On the linear ordinary g-difference equation, Am. Math. Ser.
I1, 30, 195-205.

Agrawal S., Sahoo S. K. (2014), Geometric properties of basic hypergeometric func-
tions, J. Difference Equ. Appl., 20(11), 1502-1522.

Agrawal S., Sahoo S. K. (2015), A generalization of starlike functions of order alpha,
Hokkaido Math. J., To appear.

Ahuja O. P., Silverman H. (1991), A survey on spiral-like and related function
classes, Math. Cronicle, 20, 39-66.

Andrews G. E. (1974), Applications of basic hypergeometric functions, STAM Rev.,
16, 441-484.

Andrews G. E., Askey R., Roy R. (1999), Special Functions, Cambridge University
Press, U.K.

Askey R. A. (1992), The world of g, Quarterly/Centrum voor Wiskunde en Infor-
matica, 5(4), 251-269.

Baker M., Coon D. (1970), Dual resonance theory with non-linear trajectories, Phys.
Rev. D, 2, 2349-2358.

Bangerezako G. (2007), An Introduction to g¢-Difference Equations, University of
Burundi, Bujumbura, Preprint.

Baricz A., Swaminathan A. (2014), Mapping properties of basic hypergeometric
functions, J. Class. Anal., 5(2), 115-128.

Bharanedhar V., Ponnusamy S. (2014), Uniform close-to-convexity radius of sections
of functions in the close-to-convex family, J. Ramanujan Math. Soc., 29(3), 243-251.
Branges L. de (1985), A proof of the Bieberbach conjecture, Acta Math., 154(1-2),
137-152.



[14]

[15]

[16]

[17]

[18]

[19]

Brickman L., MacGregor T. H., Wilken D. R. (1971), Convex hulls of some classical
families of univalent functions, Trans. Amer. Math. Soc., 156, 91-107.

Brown J. E., Tsao A. (1986), On the Zalcman conjecture for starlike and typically
real functions, Math. Z., 191(3), 467-474.

Bshouty D., Hengartner W. (1991), Criteria for the extremality of the Koebe map-
ping, Proc. Amer. Math. Soc., 111, 403-411.

Carmichael R. D. (1912), The general theory of linear g-difference equations, Amer.
J. Math., 34, 147-168.

Chuaqui M., Osgood B. (1994), Ahlfors-Weill extensions of conformal mappings and
critical points of the Poincaré metric, Comment. Math. Helv., 69(4), 659-668.
Chuaqui M., Osgood B., Pommerenke Ch. (1996), John domains, quasidisks, and
the Nehari class, J. reine angew. Math., 471, 77-114.

Duren P. L. (1977), Coefficients of univalent functions, Bull. Amer. Math. Soc.,
83(5), 891-911.

Duren P. L. (1983), Univalent Functions, Springer-Verlag, New York.

Efraimidis I., Vukoti¢ D., On the generalized Zalcman functional for some classes
of univalent functions, arXiv:1403.5240v1.

Ernst T. (2001) The History of g-calculus and a New Method, Licentiate Disserta-
tion, Uppsala.

Fine N. J. (1988), Basic Hypergeometric Series and Applications, Mathematical
Surveys No. 27, Amer. Math. Soc. Providence.

Gasper G., Rahman M. (1990), Basic hypergeometric series, Encyclopedia of Math-
ematics and its Applications, 35, Cambridge University Press, Cambridge.
Gehring F. W. (1996), Characterizations of quasidisks, In: Bojarski B., Lawrynow-
icz J., Martio O., Vuorinen M., Zajac J., (Eds.), Quasiconformal Geometry and
Dynamics, Lublin, pp. 11-41. Banach Center Publ., 48, Polish Acad. Sci., Warsaw
1999.

Gehring F. W., Pommerenke Ch. (1984), On the Nehari univalence criterion and
quasicircles, Comment. Math. Helv., 59(2), 226-242.

Goodman A. W. (1983), Univalent Functions, Volume 1-2, Mariner Publishing Co.,
Inc., Tampa, FL.

82



[31]

[32]

[33]

[34]

[35]

[36]

[41]

Goodman A. W. (1991), On uniformly starlike functions, J. Math. Anal. Appl.,
155(2), 364-370.

Goodman A. W. (1991), On uniformly starlike functions, Ann. Polon. Math., 56(1),
87-92.

Hag K., Hag P. (2001), John disks and the pre-Schwarzian derivative, Ann. Acad.
Sci. Fenn. Math., 26(1), 205-224.

Hésto P., Ponnusamy S., Vuorinen M. (2010), Starlikeness of the gaussian hyperge-
ometric functions, Complex Var. Elliptic Equ., 55, 173-184.

Heine E. (1961), Handbuch der Kugelfunctionen. Theorie und Anwendungen. Band
[, II. (German), Zweite umgearbeitete und vermehrte Auflage. Thesaurus Mathe-
maticae, 1, Physica-Verlag, Wiirzburg.
Heine E. (1846), Uber die Reihe 1+ L=
J. Reine Angew. Math., 32, 210-212.
Heine E. (1847), Untersuchungen iiber die Reihe 1 + U=0=gDy o
L 3§§1?:2§z{9;§f39;i‘1§1>x2 + ..., J. Reine Angew. Math., 34, 285-328.

Hiev L. (1979), Classical extremal problems for univalent functions, Complex Anal-
ysis Warsaw, Banach Center Publ., 11 PWN, Warsaw 1983, pp. 89-110.

Ismail M. E. H., Merkes E., Styer D. (1990), A generalization of starlike functions,
Complex Variables Theory Appl., 14, 77-84.

Jackson F. H. (1910), ¢-Difference euqgation, Amer. J. Math., 32, 305-314.

John F. (1961), Rotation and strain, Comm. Pure. Appl. Math., 14, 391-413.

Hu K. (1986), Coefficients of odd univalent functions, Proc. Amer. Math. Soc.,

96(1), 183-186.

)(¢®-1) (=D (@M -D)(P-D)(PH1-1), 2|
@D LT @@ D@ Do) LT

"

Kac V., Cheung P. (2002), Quantum calculus, Universitext, Springer-Verlag, New
York.

Kalaj D., Ponnusamy S., Vuorinen M. (2014), Radius of close-to-convexity of har-
monic functions, Complex Var. Elliptic Equ., 59(4), 539-552.

Kampen van N. G. (1961), Exact calculation of the fluctuation spectrum for a non-
linear model system, J. Mathematical Phys., 2, 592-601.

Kim J. A.; Cho N. E. (2013), Properties of convolutions for hypergeometric series
with univalent functions, Adv. Difference Equ., 2013(101), 1-11.

83



[45]

[46]

[47]

[48]

[51]

[52]

[53]

[54]

[55]

[56]
[57]

[58]

[59]

Kim K., Langmeyer N. (1998), Harmonic measure and hyperbolic distance in John
disks, Math. Scand., 83(2), 283-299.

Kim Ji-a, Sugawa T., Geometric properties of functions with small Schwarzian de-
rivative, Preprint.

Kirillov A. N. (1995), Dilogarithm identities, Progr. Theoret. Phys. Suppl., 118,
61-142.

Krushkal S. L. (1995), Univalent functions and holomorphic motions, J. Anal. Math.,
66, 253-275.

Krushkal S. L. (2010), Proof of the Zalcman conjecture for initial coefficients, Geor-
gian Math. J., 17(4), 663-681. (Erratum in Georgian Math. J., 19(4) (2012), 777.)
Kiistner R. (2002), Mapping properties of hypergeometric functions and convolu-
tions of starlike and convex functions of order a, Comput. Methods Funct. Theory,
2(2), 567-610.

Kwon O. S., Owa S. (2002), The subordination theorem for A-spirallike functions
of order «, Int. J. Appl. Math., 11(2), 113-119.

Li L., Ponnusamy S. (2013), Injectivity of sections of univalent harmonic mappings,
Nonlinear Anal., 89, 276-283.

Li L., Ponnusamy S. (2013), Disk of convexity of sections of univalent harmonic
functions, J. Math. Anal. and Appl., 408(2), 589-596.

Li L., Ponnusamy S. (2014), Generalized Zalcman conjecture for convex functions
of order —1/2, J. Analysis, 22, 77-87.

Li L., Ponnusamy S., Injectivity of sections of convex harmonic mappings,
Czechoslovak Math. J., to appear.

Libera R. J. (1967), Univalent a-spiral functions, Canad. J. Math., 19, 449-456.
Libera R. J., Zlotkiewicz E. J. (1984), Coefficient bounds for inverses of odd univa-
lent functions, Complex Variables Theory Appl., 3, 185-189.

Livingston A. E. (1969), The coefficients of multivalent close-to-convex functions,
Proc. Amer. Math. Soc., 21, 545-552.

Lorentzen L., Waadeland H. (1992), Continued fractions with applications, In:
Brezinski, C., Wuytack, L.(Eds.), Studies in computational mathematics, 3, North-
Holland (Elsevier Science Publishers B.V.), Amsterdam.

84



[65]

[66]

[67]

[68]

[69]

[70]

Ma W. (1988), The Zalcman conjecture for close-to-convex functions, Proc. Amer.
Math. Soc., 104(3), 741-744.

Ma W. (1999), Generalized Zalcman conjecture for starlike and typically real func-
tions, J. Math. Anal. Appl., 234(1), 328-339.

MacGregor T. H. (1962), Functions whose derivative has a positive real part, Trans.
Amer. Math. Soc., 104, 532-537.

MacGregor T. H. (1969), Univalent Power Series whose Coefficients Have Monotonic
Properties, Math. 7., 112, 222-228.

Martio O., Sarvas J. (1978), Injectivity theorems in plane and space, Ann. Acad.
Sci. Fenn. Math., 4, 383-401.

Mason T. E. (1915), On properties of the solution of linear g-difference equations
with entire fucntion coefficients, Amer. J. Math., 37, 439-444.

Merkes E. P. (1959), On typically-real functions in a cut plane, Proc. Amer. Math.
Soc., 10, 863-868.

Miki Y. (1956), A note on close-to-convex functions, J. Math. Soc. Japan, 8(3),
256-268.

Milin V. I. (1981), Adjacent coefficients of odd univalent functions, Sib. Math. J.,
22(2), 283-290.

Miller S. S., Mocanu P. T. (1990), Univalence of Gaussian and confluent hypergeo-
metric functions, Proc. Amer. Math. Soc., 110(2), 333-342.

Miller S. S., Mocanu P. T. (2000), Differential Subordinations: Theory and Appli-
cations, Marcel Dekker, Inc., New York.

Morga M. L., Ahuja O. P. (1981), On spiral-like functions of order o and type f3,
Yokohama Math. J., 29(2), 145-156.

Nékki R., Vaisala J. (1991), John disks, Exposition. Math., 9(1), 3-43.

Nehari Z. (1949), The Schwarzian derivative and schlicht functions, Bull. Amer.
Math. Soc., 55, 545-551.

Nehari Z. (1954), Some criteria of univalence, Proc. Amer. Math. Soc., 5, 700-704.
Obradovi¢ M., Ponnusamy S. (2011), Partial sums and radius problem for some

class of conformal mappings, Sib. Math. J., 52(2), 291-302.

85



[76]

[80]

[81]

[82]

[83]

[84]

Obradovié¢ M., Ponnusamy S. (2013), Injectivity and starlikeness of sections of a class
of univalent functions, In: Complex analysis and dynamical systems V, Contemp.
Math., 591, Amer. Math. Soc., Providence, RI, pp. 195-203.

Obradovi¢ M., Ponnusamy S. (2014), Starlikeness of sections of univalent functions,
Rocky Mountain J. Math., 44(3), 1003-1014.

Obradovi¢ M., Ponnusamy S., Wirths K.-J. (2013), Coefficient characterizations
and sections for some univalent functions, Sib. Math. J., 54(1), 679-696.
Padmanabhan K. S., Parvatham R. (1974), On the univalence and convexity of
partial sums of a certain class of analytic functions whose derivatives have positive
real part, Indian J. Math., 16, 67-77.

Pommerenke Ch. (1975), Univalent Functions, Vandenhoeck & Ruprecht,
Gottingen.

Ponnusamy S. (1997), Close-to-convexity properties of Gaussian hypergeometric
functions, J. Comput. Appl. Math., 88, 327-337.

Ponnusamy S., Sahoo S. K., Sugawa T. (2014), Radius problems associated with
pre-Schwarzian and Schwarzian derivatives, Analysis (Berlin), 34(2), 163-171.
Ponnusamy S., Sahoo S. K., Yanagihara H. (2014), Radius of convexity of partial
sums of functions in the close-to-convex family, Nonlinear Anal., 95, 219-228.
Ponnusamy S., Sairam Kaliraj A. Constants and characterization for certain classes
of univalent harmonic mappings, Mediterr. J. Math., to appear.

Ponnusamy S., Vuorinen M. (2001), Univalence and convexity properties for Gauss-
ian hypergeometric functions, Rocky Mountain J. Math., 31, 327-353.
Raghavendar K., Swaminathan A. (2012), Close-to-convexity of basic hypergeomet-
ric functions using their Taylor coefficients, J. Math. Appl., 35, 111-125.

Rainville E. D. (1960), Special functions, The Macmillan Co., New York.
Ravichandran V. (2012), Geometric properties of partial sums of univalent functions,
Mathematics Newsletter, 22(3), 208-221.

Robertson M. S. (1936), On the theory of univalent functions, Ann. of Math., 37(2),
374-408.

Robertson M. S. (1936), A remark on the odd schlicht functions, Bull. Amer. Math.
Soc., 42, 366-370.

86



[91]

[95]

[96]

[97]

[98]

[99]

[100]

[101]

102]

103]

[104]

[105]

Robertson M. S. (1941), The partial sums of multivalently star-like functions, Ann.
of Math., 42, 829-838.

Renning F. (1992), A Szegé quadrature formula arising from g-starlike functions, In:
Cooper S. C., Thron W. J. (Eds.), Continued fractions and orthogonal functions,
Loen, pp. 345-352. Lecture Notes in Pure and Appl. Math., 154, Dekker, New York,
1994.

Royster W. C., Ziegler M. (1976), Univalent functions convex in one direction, Publ.
Math. Debrecen, 23, 339-345.

Ruscheweyh St. (1972), On the radius of univalence of the partial sums of convex
functions, Bull. Lond. Math. Soc., 4, 367-369.

Ruscheweyh St. (1988), Extension of Szegd’s theorem on the sections of univalent
functions, SIAM J. Math. Anal., 19(6), 1442-1449.

Ruscheweyh St., Sheil-Small T. (1973), Hadamard products of Schlicht functions
and the Poélya-Schoenberg conjecture, Comment. Math. Helv., 48, 119-135.

Sahoo S. K., Sharma N. L. (2015), On a generalization of close-to-convex functions,
Ann. Polon. Math., 113(1), 93-108.

Sharma N. L. (2016), Analytic and geometric properties of certain classes of univa-
lent and p-valent functions, PhD Thesis.

Sheil-Small T. (1970), A note on the partial sums of convex schlicht functions, Bull.
Lond. Math. Soc., 2, 165-168.

Silverman H. (1988), Radii problems for sections of convex functions, Proc. Amer.
Math. Soc., 104(4), 1191-1196.

Silverman H. (1993), Starlike and convexity properties for hypergeometric functions,
J. Math. Anal. Appl., 172, 574-581.

Silverman H. (1997), Partial sums of starlike and convex functions, J. Math. Anal.
Appl., 209, 221-227.

Singh R. (1970), Radius of convexity of partial sums of a certain power series, J.
Aust. Math. Soc., 11(4), 407-410.

Slater L. J. (1966), Generalized Hypergeometric Functions, Cambridge University
Press, Cambridge.

Suffridge T. J. (1970), Some remarks on convex maps of the unit disk, Duke Math.
J., 37, 775-777.

87



[106] Szegd G. (1928), Zur Theorie der schlichten Abbildungen, Math. Ann., 100(1),
188-211.

[107] Trjitzinsky W. J. (1933), Analytic theory of linear ¢-difference equations, Acta
Math., 61(1), 1-38.

[108] Wall H. S. (1948), Analytic theory of continued fractions, D. Van Nostrand Com-
pany, Inc., New York.

[109] Ye Z. (2005), On successive coefficients of odd univalent functions, Proc. Amer.

Math. Soc., 133(11), 3355-3360.

88



g-difference operator, 2
g-gamma function, 25
g-starlike functions, 4

g-starlike functions of order «, 32

basic hypergeometric function, 2
Bieberbach conjecture, 32, 33

bounded John domain, 6

domain
convex, 4
John, 80
starlike, 4

function
g-gamma, 25
basic hypergeometric, 2
close-to-convex, 4
convex, 4, 80
John, 80
locally univalent, 3
starlike, 4, 80

univalent, 3

Generalized coefficient functional, 41

Gronwall’s inequality, 7

Herglotz Representation Theorem, 5, 10

Nehari class, 52
Nehari-type classes, 52

INDEX

pre-Schwarzian derivative, 6

radius problem, 8

Riemann Mapping Theorem, 3

Schwarzian derivative, 6

univalent function, 3

Zalcman conjecture, 5

89



