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ABSTRACT

KEYWORDS: Analytic, close-to-convex, convex, spiral-like, starlike, univalent, g-close-
to-convex, ¢-starlike, p-valent, p-valent starlike, p-valent convex, p-valent
spiral-like and hypergeometric functions; area integral; coefficient in-
equality; convolution; Dirichlet-finite; duality technique; integral means;

integral transform; subordination and g¢-difference operator.

This thesis deals with univalent functions as well as p-valent (or multivalent) functions
defined on the unit disk D := {z € C : |z] < 1}. Let A denote the family of all normalized

n

analytic functions f(z) = 24+ Y~ ,a,2" in D and S denote the class of all univalent

functions f € A.

A generalization of close-to-convex functions by means of a g-analog of the difference
operator acting on analytic functions is called the g-close-to-convex functions in . The
class of g-close-to-convex functions is denoted by ;. We determine the several sufficient
conditions for f(z) = z + > °,a,z" to be in K,;, where the coefficient a,, are real,
non-negative and connected with certain monotone properties. In addition, we prove
the Bieberbach-de Branges Theorem for functions in the class K,. One of the classical
problems concerns the class of analytic functions f on ID which have finite Dirichlet integral

A(1, f), where
A(r, f) = //|| If'(2)|Pdzdy (0 <7 <1).

Computing A(r, f) is known as the area problem for the function of type f. The class
S*(A, B) of functions f € A and satisfies the subordination condition zf(2)/f(z) <
(14 Az)/(1+ Bz) in D and for some —1 < B <0, A € C with A # B, has been studied

extensively. We are mainly interested to discuss the extremal problem of determining



the value of ; gn?j(B)A(r, z/f) as a function of r. This settles the question raised by
€5*(4,

Ponnusamy and Wirths (Ann. Acad. Sci. AL Math. 39:721-731, 2014). The class of

analytic p-valent functions f(z) = Zp+ZZ°:p +10,2", p € Nis denoted by A,. For f € A,

let us consider the integral means

r [T d
L(T,fap):%/ww, r e (0,1).

We also focus on computing the integral means and the analog of area problems for
certain subclasses of p-valent functions. We estimate the Taylor-Maclaurin coefficients of
functions belonging to related p-valent functions. These estimation improve the results of
Aouf [7, 8]. We introduce a new class, denoted by P, p.(/), in terms of convolution (x)

with Gaussian hypergeometric functions o F}(a, b; ¢; z), which is defined by

f(2)

Pope(B) = {f cA: - = oF1(a,b;c;2) % p(2); a<b< c},

where p is an analytic function with positive real part of order 5 (0 < f < 1) in D and
p(0) = 1. Making use of duality principle, we investigate the order of starlikeness (or
convexity) of the integral transform Vy(f)(z) = fol )\(t)@ dt over functions f in the
class Py pc(B).
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NOTATION

English Symbols

D unit disk (z: |z] < 1)

N set of natural number

A class of normalized analytic functions in D

A, class of normalized p-valent analytic functions in D
C complex plane

C class of convex functions

C(B) class of convex functions of order 3, 0 < 8 < 1

C, class of p-valent convex functions, p € N

Co(B) class of p-valent convex functions of order 8, 0 < 5 < p
D, disk of radius r (2 : |z| <7, 0 <7 <1)

D, g-difference operator

o Fy Gaussian Hypergeometric function

f*g Hadamard (convolution) product of f and g

f=g f is subordinate to g

K class of close-to-convex functions

Ky class of g-close-to-convex functions

Li(r, f,p) integral means for f € A,

S class of univalent functions

S, class of a-spiral-like functions

S.(5) class of a-spiral-like functions of order g, 0 < 5 < 1
Sap class of p-valent a-spiral-like functions, |a| < 1

Sap(B) class of p-valent a-spiral-like functions of order 8, 0 < 8 < p, |af <1



S* class of starlike functions

S*(A, B) the Janowski class, -1 < B< A<1

S, class of p-valent starlike functions

S*(B) class of starlike functions of order 8, 0 < 5 < 1

S;(8) class of p-valent starlike functions of order 5, 0 < § < p
S, class of ¢-starlike functions

Va(f) integral transform

Greek Symbols

A(r, f) area of the image of D, under analytic function f
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CHAPTER 1

INTRODUCTION

This thesis consists seven chapters. The first chapter is introductory in nature and
provides basic definitions, background ideas and pre-requisites for the remaining chapters.
Final chapter concludes with important remarks and some open problems. The thesis is
endued with solutions to a number of problems. For example, we consider the following

problems:

e We find conditions on the coefficients of power series of certain analytic functions
in the unit disk which ensure that they generate functions in a g-analog to the
well-known close-to-convex family. In addition, we discuss a method to compute
the Bieberbach conjecture problem for functions in this family.

e We discuss area integral problems for certain classes of univalent and p-valent
functions.

e We study the coefficient problems for certain p-valent functions.

e We also characterize starlikeness and convexity of certain integral transforms.

1.1. Univalent Functions

Let C be the complez plane and D := {z : |z| < 1} be the open unit disk in C. A
function f that is analytic in a domain D C C is said to be univalent in D, if f(z1) # f(z2)
for all z1,20 € D with z; # 2z, i.e. it assumes no value more than once in D. By our
definition, univalent mappings are also called conformal mappings. The question arises in
the study of univalent mappings, whether an arbitrary simply connected domain can be
mapped onto a disk. The Riemann Mapping Theorem [22, pp. 11] answers this question.

It resolves that the study of univalent functions on a simply connected domain can be



confined to the study of these functions onto D. If g is univalent in D and has a Maclaurin
series g(z) = by + > .-, byz" which is convergent in D, then f(z) = (g(z) — by))/b1 has

the following form
(1.1) f(2) :z—irZanz",
n=2

where a,, = b, /by, is also univalent in D and vise-versa. Geometrically, this amounts to
translating, shrinking or expanding the image domain g(ID), and possibly rotating g(D).
We say that the function f has the normalized form (1.1) and other normalizations are also
possible. We denote the family of all normalized analytic functions in D of the form (1.1)

by A and the class of univalent functions f € A by S. The Koebe function

(1.2) k(z) = (1_—ZZ>2 =z+ ;nz”

play an extremal role for the class & and for numerous subclasses of §. The Koebe
function k(z) and its rotation e=k(2¢) maps D onto the entire complex plane except
the slit along the negative real axis from —oo to —1/4. The theory of univalent functions
was initiated by Koebe [46] in 1907. In 1916, on the basis of the estimate |as| < 2 for
f € S, Bieberbach [14] conjectured that |a,| < n for n > 2. The equality holds if and
only if f(2) = 2(1 — ze"?)=2. Initially this conjecture was proved for n = 3,4,5 and 6.
A number of several techniques and new methods were also invented to obtain partial
solution of this conjecture. It was finally settled for the whole class S by de Branges [15]
in 1985 and now it is known as de Branges’s Theorem. Detailed account of the work can be
found in the books by Duren [22], Goluzin [28], Graham and Kohr [35], Hayman [40] and
Pommerenke [65]. The long gap between the formulation of the Bieberbach conjecture
and its proof by de Branges encouraged researchers to introduce its legality on certain
subclasses of §. These classes include the class of starlike, convex, close-to-convex and

spiral-like functions.

Let D be a set in C. A set D is called starlike with respect to a point wg € D if the
line segment joining wy to an arbitrary point w € D lies entirely in D. If a function f
maps D onto a starlike domain with respect to wq, then we say that f is starlike with

respect to wqy. In the special case that wg = 0, we say that f is starlike with respect to the

2



origin (or simply starlike). Analytically, a function f € A is characterized to be starlike

Re <Z;ES)) >0, zeD.

Also we say that D is conver domain if the line segment joining any two points of D lies

in D if and only if

entirely in D. A function f € A is called convex in D if the image domain f(D) is convex.
Analytically, a function f € A is characterized to be convex in D if and only if

2f"(2)
f'(2)

Analytical characterization of starlikeness and convexity were introduced by Nevanlinna [57]

Re(l—i— )>0, z € D.

in 1921 and E. Study [92] in 1913, respectively. The classes of starlike and convex
functions are denoted by S&* and C, respectively. For instance, the Koebe function and
z/(1 — z) belong to S* and C, respectively. It can be noted that “f € C < zf" € §*.
This was first discovered by Alexander [1] in 1915 and is popularly known as Alexan-
der’s Theorem. The classes S*(8) = {f € A: Re(zf'(2)/f(2)) > 8,0 < < 1} and
C*(B)={feA: Re(1+zf"(2)/f'(2)) > B} are the classes of starlike functions of order
[ and convex functions of order f, respectively. Obviously, S*(0) = §* and C(0) = C.
Another important relation “f € C = f € S*(1/2)” is one of the earliest result due
to Marx [53] and Strohhacker [91]. We also discuss two more subclasses of S that are

generalizations of the class of starlike functions and have geometric characterizations.

A function f € A is said to be close-to-convex if there exists a real number 6 &
(—m/2,m/2) and g € C such that
/
Re {ew&} >0, zeD,
9'(2)
equivalently, by Alexander’s Theorem, we get
!/
Re eiem >0, zeD,
h(z)
for h € §*. We denote the class of close-to-convex functions by I and it was considered

by Kaplan [45] in 1952. It is well-known that

CcS*"cKcsS.
3



Geometrically, a function f € § is said to be close-to-convex if and only if the complement
of the image domain f(ID) is the union of a family of non-intersecting half-lines or rays
(expect that the origin of one ray may lie on another ray). Such a domain is clearly simply

connected. For instance, see the books [22, 35, 65].

A domain D (0 € D) is said to be a-spiral-like with || < 7/2 if for all non-zero point
wy € D, the arc of the a-spiral joining wy to the origin lies entirely in D. Such a domain
D is simply connected. A function f € S is said to be a-spiral-like if f(D) is a-spiral-like.

Analytically, an a-spiral-like function f is characterized by the relation

(1.3) Re {eiazf,<z)} >0, |z|<1and|of <m/2.

The class of a-spiral-like functions is denoted by S, and it was introduced by Spack [90]
in 1933. It is easy to see that the function k,(z) = 2(1 — 2)72¢'" ©* belongs to the class
S,,. This leads to the observation that the class S, is neither included in the class I nor

includes the class S,. It is obvious that 0-spiral-like functions are starlike functions.

The Bieberbach conjecture was initially proved for certain subclasses of univalent

functions. Here is a partial list of them.

e In 1921, Nevanlinna [57] proved that “if f € S* and has the form (1.1), then
la,,| < n for all n > 2. Equality holds for all n unless f is a rotation of the Koebe
function.”

e In 1917, Lowner [50] proved that “if f € C and has the form (1.1), then |a,| < 1
for all n > 2. Equality holds for all n unless f is a rotation of I(z) = z/(1 — 2).”

e In 1955, Reade [74] proved that “if f € K and has the form (1.1), then |a,| < n
for n = 2,3,.... Equality holds for n > 2 unless f is a rotation of the Koebe

function.”

One of the problems discussed in this thesis links between geometric function theory and

g-theory.



For f € A, the g-difference operator, denoted by D, f, is defined by

w 0ne =TI ey o) = o)

where ¢ € (0,1). It is evident that, when ¢ — 17, D,f — f’. Note that the ¢-difference
operator plays an important role in special functions and quantum physics (see for instance
4, 23, 24, 48, 89]). The ¢-theory in geometric function theory was introduced by Ismail
et al. in 1990. They introduced and studied a g-analog of starlike functions via the g¢-
difference operator in the same paper. A similar generalization of close-to-convex functions
by means of D,f is defined as follows: A function f € A is said to be g-close-to-convex
function for g € (0,1), if there exists a g € §* such that

z 1 1
@(qu)(z) < , forzeD.

C1-q| T 1-¢
The class of g-close-to-convex functions is denoted by K, and it has been studied in [72].

(1.5)

When ¢ — 17, the class K, coincide with the class K. Very less progress was made
between the ¢-theory and geometric function theory previously. It is therefore worth
to study more problems in this direction. We study two types of problems. Firstly, we
obtain conditions on the coefficients of functions f(z) = z+> >~ , A, 2" analytic in D which
ensure that they generate functions in the g-close-to-convex family. As a result we find
certain dilogarithm functions that are contained in X, family. Secondly, we also study
the Bieberbach conjecture problem for coefficients of ¢-close-to-convex functions. This
produces several power series of analytic functions convergent to basic hypergeometric

functions.

The second type of problem discussed in this thesis is area problem, namely, computing
the area of an image domain under an analytic function in . The area of the image of
the subdisk D, := {z € C : |z| < r} under an analytic function f in D is denoted by
A(r, f), 0 <r < 1. Thus, we have

(1.6) Amnz/mqumw.

Computing this area is known as the area problem for functions of type f. We set D := D).
We know that in one-variable calculus, the definite integral f: f(z) dx for a real function

f can be interpreted as the area under the curve f over [a,b]. In the same way, the

5



integral [ [, f(z,y) dA of f(z,y) can be interpreted as the volume enclosed by a surface
z = f(x,y) over a region D. This observation motivates us to study the area of the image
domain under analytic functions in . The functions f/z and z/f both are non-vanishing
analytic functions in ID. One can easily obtain the area problem for functions of type f
and f/z when f is the class of univalent functions by using de Branges’s Theorem. But

it is not easy to solve for functions of type z/f. Yamashita [98] conjectured that

I?EaCXA (r, %) = 772
for each r, 0 < r < 1, and the maximum is attained only by the rotations of I(z) =
2/(1 — z). This extremal problem is also called the mazimal area integral problem for
functions of type z/f when f ranges over an analytic family. In 2013, this conjecture was
settled by Obradovi¢ et al. in [58]. We aim to prolong the discussion of Yamashita’s

extremal problem for related classes of analytic functions. In the following paragraph, we

define some basic definitions and notations that are used in the sequel.

Most of the analytic characterizations/definitions of functions considered in this thesis
use the notion of subordination principle. For two analytic functions f and ¢ in D, we

say that f is subordinate to g if

f(z) = g(w(2), [z <1,

for some analytic function w in D with w(0) = 0 and |w(z)| < 1. We express this symboli-
cally by f < g. Geometrically, if g is univalent in D, then f < ¢ if and only if f(0) = g(0)
and f(D) C ¢g(D). For instance, one can easily see that 1/(142) < (1+2)/(1—2), z € D.
For the theory of subordination, we refer to the textbooks [22, 56, 65].

The class of starlike functions are generalized in a number of ways. We consider the
following: A normalized analytic function f is said to belong to the class S*(A, B), if it

satisfies the subordination relation

(1.7) S*(A, B) = {f en B 1rds ]D} ,

fz) “1+Bz

where A € C,—1 < B <0 and A # B. In particular, S*(1 — 25, —1) = S*(f).
6



In this thesis, we discuss an open problem (i.e. to find the maximum value of A(r, z/ f)

when f € S*(A, B)) which was posed by Ponnusamy and Wirths in [71] (see also [59]).

Next problem of this thesis deals with starlikeness and convexity of certain integral
transforms. The study of integral transforms has also been an important problem in the

field of geometric function theory. We consider a general integral transform for functions

feA,

(18) A(f)(z) = / At

ft2)
t Y

where A : [0,1] — R is a non-negative function with fol A(t)dt = 1. This generalized
integral transform was studied by Fournier and Ruscheweyh in [25]. For some special cases
of A(t), the integral transform V)(f) reduces to various well-known integral transforms

such as the Alexander transform, the Libera transform, and the Bernardi transform.
Let f and g be analytic functions in D and have the series representations

Zanz and g(z sz

respectively. The convolution (or Hadamard product) of f and g is given by

(f*xg)(z Zanbz for z € D.

Note that f * g is also analytic in D and obviously,convolution

and  z2f'(z) = f(z) *

The concept of duality also plays a central role in the study of problems in convolution
theory. Let H denote the class of analytic functions in . Consider a subclass Ay of H
defined by

z{fE’H: f(z):@, hG.A}.

For V C Ay, we call the set
Vi={feAy: (fxg)(2)#0, forallgeV and z € D}

dual of V. Note that every dual set is complete (and closed). The set V** = (V*)* is
called the second dual of V.



Duality principle [82, Theorem 1.1] has many applications to classes of functions
those are defined by properties like bounded real part, convexity, starlikeness, close-to-
convexity, univalence etc. One can find basic results of duality theory for convolutions and
their numerous applications in the monograph by Ruscheweyh [82] and his article [81].
Silverman et al. in [84] have established new necessary and sufficient conditions in terms
of convolution for some known subclasses of analytic functions. These conditions are
very useful to solve problems associated with several subclasses of univalent functions
and integral transforms. Some of the characterizations of starlike and convex functions

in terms of convolutions are stated as follows:

Theorem 1.1. [84, Theorem 2] A function f € S*(8) for |z| < R < 1 if and only if
[f xhg(2)]/2 #0 for |z| < R. Here

p+20—1 1
228 Z) (12

Theorem 1.2. [84, Theorem 1] A function f € C(B) for |z| < R < 1 if and only if
[f * h1g(2)]/2z #0 for |z| < R. Here

(1.9) he(z) = 2 (1 + 0<B<1, |p|=1.

p+p
1-p

1
mate) = (1422502 ) o 0t =1

We note that Theorems 1.1 and 1.2 are used to prove our main results in Chapter 6

in terms of the Gaussian hypergeometric functions defined by

(@),
(@)n(D)n ’

where a,b,c € C and ¢ # Z~ = {0,—1,—2,--- }. Note that the function 5F}(a,b;c; z) is

oFi(a,b;c;2) =1+ Z 2] <1,
n=1

analytic in . The Pochhammer symbol (a), is defined in terms of the Gamma function
[, by
I'(a+n)

[(a)

In 1882, Gauss established the following useful relation connected with the Euler gamma

(a)p=1, (a)p=ala+1)---(a+n—1)=

function

L(e)T'(c—a—10)

I(c—a)l'(c—10)
8

2F1(@7 b; & 1) = < 00,



for Re(c —a —b) > 0. Similarly, the function (Fi(a; 2) is defined as

oo

1 2"
oFi(a; 2) nz; a)n;, || < 1.
We recall the useful derivative formula
, d ab
(1.10) o Fi(a,b;¢;2) = d—gFl((l, byc;z) = —oFi(a+ 1,0+ L;c+ 1; 2).
z c

For f € A, the convolution relation zF (1, b; ¢; z) * f(z) has the integral formula (e.g. see
[11)):

29F (1,b;¢52) % f(2) = %?—b)/o tb’l(l . t)cbl@dt.

which is nothing but the integral transform V) (f) with the non-negative weight function
A(t) = %t“l(l — t)°7*=1. For basic information about Gaussian hypergeometric

functions, we refer to the textbooks [5, 73].

To characterize starlikeness and convexity of integral transforms V) (f) for certain
analytic functions f, the duality technique introduced by Fournier and Ruscheweyh [25,
82], plays a crucial role in geometric function theory. For v € [0, 1] and 5 < 1, we consider

the class

(111) P ={reaire (-0 1 ar) > ).

With the help of the duality theory of convolution, Balasubramanian et al. found condi-
tions so that the integral transform V) (f) carries P, (8) into S*(i) and C(p) (0 < p < 1/2)
n [9] and [10], respectively. Initially, the starlikeness and convexity of V) (f) for f € P1(B)
were investigated by Fournier and Ruscheweyh [25] in 1994 & Ali and Singh [2] in 1995,
respectively. After that, many contributions have been made on different accounts in
(3, 20, 47, 68]. These contributions motivate us to check whether we can bring the
concept of hypergeometric function in connection to geometric function theory in char-
acterizing starlikeness and convexity of V) (f) for functions defined by convolution with
the well-known Gaussian hypergeometric functions. The answer is yes. Indeed, we can

generalize the class P, (/) in the following form:

f(2)

(1.12)  Pape(B) == {f eA: =oF 1 (a,b;¢,2) % p(2); a<b<e, 0B 1} ,

9



where p is an analytic function with positive real part of order 5 in D and p(0) = 1.
We are interested to know whether V) (f) is starlike of order p or convex of order u for
functions f € P,po(B), p € [0,1/2]. For the range p € (1/2,1), the problem remains

open.

1.2. p-valent Functions

The theory of p-valent functions is much more than just a generalization of the theory
of univalent functions. If T is a theorem about the set S, the extension to p-valent
function for p > 2, may be completely trivial, or extremely difficult, or perhaps false. In
this section, we drive the concept of starlike and convex to the case of p-valent functions

and also discuss about Goodman’s conjecture [30] for certain p-valent functions.

Let p be a natural number. A function

(1.13) f(z) = Zanz”

is said to be p-valent in D if it is analytic and assumes no value more than p times in
D and there is some w such that f(z) = w has exactly p solutions in I, when roots are
counted in accordance with their multiplicities. Geometrically, a function f is said to be

p-valent (or multivalent) in D if the conditions

f(21) :f(zz) :"':f(szrl)a 21,22, -« 5 Zp+1 cD

imply that z, = z, for some pair such that r # s, and if there is some w such that the
equation f(z) = w has p roots (counted in accordance with their multiplicities) in D. For

2

example, f(z) = z* is a 2-valent function in .

In 1950, Goodman [31] has studied the classes of p-valent starlike and convex func-
tions. A p-valent function f of the form (1.13) is said to be p-valent starlike in D, if it is
analytic and if there exists a p > 0 such that for p < |z| < 1

!
Re { ) } >0
f(2)

10




and

2m > f/ ( z)
Re { } df = 2pm,
/o /@)
for z = re®. The class of p-valent starlike functions is denoted by S,

A p-valent function f of the form (1.13) is said to be p-valent conver in D, if it is

analytic and if there exists a p > 0 such that for p < |z| <1

Im{1+zf%”}>o

f'(2)
and
2T "
ﬁ(@}
Re< 1+ db = 2pm,
e
for z = re?. The class of p-valent convex functions is denoted by C,. There is a close

relationship between S; and C,, in the same way as Alexander theorem, namely,

!/
fel, = 28 €S,
p
For p = 1, the classes S; and C, are the well-known classes of starlike and convex,

respectively.

Bieberbach’s conjecture was not studied for the class of p-valent functions until 1948.
The initiative was first taken by Goodman. In [30], Goodman made a conjecture that if
f is analytic p-valent and has the form (1.13), then

u 2k(p+n) !
) S L G R =B == D 162

k=1

for n > p. For p = 2 and n = 3, this gives the conjecture that
(1.15) las| < blay| + 4|as].
Inequality (1.14) reduces to the well-known Bieberbach conjecture when p = 1.

In [31], Goodman showed that (1.15) is valid for f € S} which has the form (1.13) with
all the real coefficients a,,, and this bound is sharp for all pairs |a4[, |as|, not both zero. In
1951, the full conjecture was proven by Goodman and Robertson [32] for functions f to be

in &) and C,, provided that all its coefficients are real, and sharpness for all p, n > p and

11



by Robertson [76] in 1953, when a; = ay = --- = a,_» = 0 and the remaining coefficients

being complex.

Consider the function f of the form
(1.16) f(z) =2+ Zanﬂoz”“’, peN
n=1

with p zeros at origin. Let A, denote the class of all functions f of the form (1.16) analytic
and p-valent in . We note that A; =: S. For the class A,, Hayman in [39] has showed
that |ay+1]| < 2p and Jenkins in [44] has showed |a,42| < p(2p + 1). Both of these results
are consistent with (1.14). Both inequalities for p-valent functions are the analog of the
coefficient bounds |az| < 2 and |a3| < 3 for univalent functions. The problem of estimating
the Taylor-Maclaurin coefficient bounds for many other classes of p-valent functions has
attracted a number of researchers. For example, in 1974, Goluzina [29] introduced and
studied the class of p-valent starlike functions of order g (i.e. functions f € A, satisfying
Re(zf'(2)/f(2)) > B, 0 < 5 < p) and obtained the coefficient estimates for f € A, such

that
I'(n+2p—25)
n!T(2p—28)’

and equality holds only for IC,(8) = 2P/(1—2)*P=#) (see also [64]). Goodman’s conjecture

n>1

|an+p| < )

for many other classes of p-valent functions have been studied by various authors, see for
instance [51, 94]. These ideas motivate us to study the Taylor-Maclaurin coefficients
estimates for functions belonging to related p-valent functions having some geometric

properties.

In this thesis, we consider the function classes S;(A, B, 8), Fp(a, 8,A) and C,(b, A)
which are defined by subordination as follows: for p € N,
(1.17)

Si(A,B.p) = {f ca. @ 1 [BHA-B -5/

pf(z) 1+ Bz

, 1§B<A§1},

(1.18)

g 14 (1-28/p)A
zazf(z)-—< + Blp)rz cosa+isina, |af<m/2;,
2 1—Az

12



and

(1.19)  Cylb,\) = {f €A, ]19 (1+ Zf”(z)) PEEACUERIL

702) o , O;ébe(C},

where z € D,0 < f < pand 0 < A < 1. The above classes have been introduced
and studied by Aouf in [7] and [8]. Furthermore, we estimate the Taylor-Maclaurin
coefficients |a,|, n > p + 1, for functions belonging to these classes, which improve the

results of Aouf [7, 8].

The integral means and Dirichlet integral in p-valent theory are defined as follows.

For r € (0, 1], consider a function f € A, which has the integral means

(1.20) Lo(r, f.p) = — /W—rzp do i ¢
. r = : z=re
WP o | e |

and the Dirichlet integral
(1.21) A(r, f) := / |f'(2)|? dedy = 7wpr? + WZ(H + P)|angp) 2 2 =1+ iy,
Dy n=1

Computing the integral Li(r, f, p) is known as the integral means problem. The classical
integral means and area problems have not been studied in p-valent setting, which is one

of our objectives in this thesis.

We consider a generalization of the class S*(A, B) for p-valent functions, written as

Sy (A, B), defined by

. L o oz2f'(z) 1+ Az
(1.22) Sp(A,B)._{feAp. pf(z)<1—|—Bz’ zE]D)},

where Ac C, -1< B<0,A# BandpeN.

One of our aims is to study the integral means and Yamashita conjecture for the class

Sy (A, B) and for other related class of p-valent functions.

13



1.3. Organization of Thesis

In Chapter 2, we concentrate on problems where the coefficients A, of functions
f(z)=z2+>",A,2" € K, are real, non-negative and connected with certain monotone

properties. For instance, we obtain the following theorems:

Theorem 1.3. Let {A,} be a sequence of real numbers such that B, = A,(1—q")/(1—q)

for alln > 1, where
1>By>-+>B,>-->00r1<B<---<B,<---<2.
Then f(z) = z+ > -, Apz™ € K, with g(z) = z/(1 — z).

By Theorem 1.3, one can ascertain that the function (1 — q)Lis(z;q) € K,, where

Liy(z; q) is the quantum dilogarithm function.

Theorem 1.4. Let f(z) =2+, A,2" € K, and suppose that

n=1

1—g¢q 1—g¢q

Then f € K, with g(2) = z/(1 — 2)2.

By Theorem 1.4, we immediately have the following result:

Theorem 1.5. Let {A,} be a sequence of real numbers such that Ag = 0 = A; — 1 and

B, defined in Theorem 1.4. Suppose that
1>B>---2B,>2---200r1<B <---<B, <--- <2

Then f(z) =24 Y o0, Apz™ € Ky with g(z) = z/(1 — 2)%.
Letting ¢ — 17 in Theorem 1.3 and 1.5, one can obtain couple of results of Alexan-

der [1] and MacGregor (see [52, Theorems 1, 3 and 5]).

Secondly, we analyze the Bieberbach-de Branges theorem for functions belong to K.

14



Theorem 1.6 (Bieberbach-de Branges theorem for &C,). If f € IC;, then

n(n —1)

i (1+q) for alln > 2.

l—gq
ap| < — |In+

o] € 7
It is noticed that the inequality in Theorem 1.6 is not sharp. However, when ¢ — 1,
this leads to the sharp inequality concerning the well-known Beiberbach problem for close-

to-convex functions.

In Chapter 3, a general problem on the Yamashita conjecture for the class S*(A, B)
is considered which was suggested in [71]. We settle the problem in complete generality

for the full class S*(A, B) and the main result is stated in the following form.

Theorem 1.7. Let f € S*(A, B) for —1 < B < 0 with A # B and z/f be a non-vanishing

analytic function in D. Then we have

max A (r, 3) = 7|A— B|*r*yF\(A/B,A/B;2; B**), 0<r<]1.
JES*(A.B) f

The mazimum is attained by the rotations of ka p(z) = z(1 + Bz)A/B)—L,
In Chapter 4, we find coefficient bounds for functions f € S;(A, B, 8) and other

related classes of p-valent functions. These bounds improve the results of Aouf |7, 8]. For

example, we get

Theorem 1.8. Let -1 < B<A<1,0<B<pandpeN. If f€S;(A,B,pB) is in the
form (1.17), then we have

(1.23) |ap1| < (A= B)(p—B);

for Ap—8)—Bp—-p—-1)<1(orAp—B)—Bn—-p-1)<(n—p—1)),n>p+2,
(A-=B)(p—-8)

n—p
and for A(p—B) —B(n——1)>(n—-p—1),n>p+2,

(1.24) lan] <

Y

The inequalities (1.23), (1.24) and (1.25) are sharp.
15



In Chapter 5, we determine the integral means and Yamashita’s extremal problem

for the class S (A, B) and for other related class of p-valent functions. Indeed, we obtain

Theorem 1.9. Let Ac C,~1 < B<0,A# Bandp e N. If f € S;(A,B) and 2P/ f is

a non-vanishing analytic function in D. Then, for 0 <r <1, we have

2 F (¢pa5p; 1; 32) if B #0;

Li(r f.p) = R, fop) < 4 2O
o (Pl (n )2 i B =0,

where ¢ = (A/B) — 1. The equality attains for the function ka g, defined by

2P(1 4 Bz)((A/B)=Up if B £,

(1.26) kapp(z) =
2PeAP? if B=0

Theorem 1.10. Let f € S;(A,B), for A€ C,-1< B <0, peNwith A# B and 2*/f

be a non-vanishing analytic function in D, then

Zp . _
Alr. =) =7|A - Bl>*r%F 1 1:2: B*r? € (0,1].
feg%?j(,B) <r7f> ﬂ-‘ |])7’2 1<¢p+ 7¢p+ ) 7"), r ( ) ]

The mazimum is attained by the rotations of ka g, B # 0 defined in (1.26).

In Chapter 6, we are interested to find conditions such that the integral transform

Vi (f) is starlike of order p (or convex of order p) over functions f € Py p.(5), 1 € [0,1/2].

To discuss the starlikeness (or convexity) of Vi(f), for f € Pap.(8), we use the

following notations:

(1.27) Aupelt) = / CAW

ua+t2b—c
We let g, .(t), the solution of the initial value problem

1 —p(l+1)
(1= )1 +1)?

d
(1.28) (a+2b—c)(1+4g,.(t) + t%ggb’c(zﬁ) =2(a+2b—¢)

16



with g, (0) = 1 and let

1

Ly (k) =inf [ 77T AL (t) [Re(

zeD Jq

hy(tz)
tz

5 <%F(a+1,b+1;0+1;2)+(“+2b_c)F(a’b;C;Z)>)

1—u(l+1)
— 2b — dt >0 D
(a+ C)(l—,u)(l—i—t)Q , z€D,
where h, has the form (1.9). We set
(1.29) Apei=MNipe, ggfc = gfhc and be,c = L‘XLM.

Concerning this, our main result is as follows:

Theorem 1.11. For 0 < < 1, let f € Pape(f) with a < b < c. Suppose that
A [0,1] — R is a non-negative weight function so that fol At)dt = 1 and Agpe is
defined by (1.27) with the assumption that lim; o+ 1°727¢A,,(t) = 0. Assume that the
quantity B is related by

(1.30) e B P CTAROIE

where gy, . satisfies (1.28). Then VA(f) € S*(u) (0 < pu < 1/2) if and only if L . (h,) >
0.

We also discuss the convexity of the integral transform, V)\(f), of f € Pap.(8) in
Chapter 6 of the thesis.
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CHAPTER 2

ON A GENERALIZATION OF CLOSE-TO-CONVEX
FUNCTIONS

In this chapter, our main aim is to study the g-theory in connection with geometric
function theory. In Section 2.1, we discuss about a generalization of the class of close-
to-convex functions in terms of the g-difference operator D,. We obtain several sufficient
conditions for f € A to be in I, in Section 2.2. While Section 2.3 gives the Bieberbach-de

Branges Theorem for f € K, and also presents some special cases.

The results of this chapter appeared in:
Sahoo S.K., Sharma N.L. (2015), On a generalization of close-to-convex functions, Ann.

Polon. Math., 113(1), 93-108.

2.1. The class K,

The g¢-difference operator, defined by (1.4), helps us to generalize the class of starlike
functions §* analytically. A g-analog of the class of starlike functions was introduced in
[42] by means of the ¢-difference operator D,f acting on f € A. We denote the class
of functions in this generalized family by S;. For the sake of convenience, we also use
functions in S} as g-starlike functions. It is defined as follows: A function f € A is said

to belong to the class S if

z 1 1
%(qu)(z) <

Clearly, when ¢ — 17, the class S; will coincide with S*.

zeD.

C1-gq| T 1-¢

A similar form of g-analog of close-to-convex functions was expected and it is defined

in Chapter 1 by (1.5). In [72], the authors have investigated some basic properties of



functions that are in K;. Some of these results are recalled in this chapter in order to
exhibit their interesting consequences. As (D, f)(z) — f'(z) as ¢ — 17, we observe in the
limiting sense, the closed disk |w — (1 — ¢)™'| < (1 — ¢)~! becomes the right half-plane
Re (2f'(2)/g(z)) > 0, and hence the class IC; clearly reduces to IC. In this chapter, we
refer to the functions in K, as g-close-to-convex functions. For the sake of convenience,
we use the notation S; instead of the notation PS; used in [42], and K, instead of PK,
used in [72]. It is easy to see that S; C KC; for all ¢ € (0,1). Clearly, one can easily see

from the above discussion that

(] K,ckcs.

0<g<1

Our main aim in this chapter is to consider the following two ideas.

The first idea has its origin in the work of Friedman [26]. He proved that there are

only nine functions in the class S whose coefficients are rational integers. They are

2 z 2 2
1+2" 1+£227 (1+£2)?2 1+z+2%

<,

It is easy to see that these functions map the unit disk ID onto starlike domains. Using
the idea of MacGregor [52], we derive some sufficient conditions for functions to be in &,
whose coefficients are connected with certain monotonicity properties. These sufficient
conditions help us to examine functions of dilogarithm types [48, 99] which are in the
K4 family. Certain special functions, which are in the starlike and close-to-convex family,

have been investigated in [38, 54, 55, 67, 70, 83, 85].

The second idea deals with the famous Bieberbach conjecture problem in univalent
function theory [15, 22]. A necessary and sufficient condition for a function f to be in
Sy is obtained in [42] by means of an integral representation of the function zf’/f which
yields the maximum moduli of the coefficients of f. Using this condition, the Bieberbach

problem for g-starlike functions has been solved in the following form.
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Theorem A. [42, Theorem 1.18] If f(2) = 2z + Y7, a,2™ belongs to the class Sy, then

la,| < ¢, with equality holds for all n if and only if f is a rotation of

ky(2) := zexp [Z 1_232" :z+Zan"7 zeD.
n=1 n=2

Note that the function k, plays the role of the Koebe function as defined by (1.2). By
n—1

differentiating once the above expression for k, and equating the coefficients of z on

both sides, we get a recurrence relation for the ¢,:

—2lIngq
Co =
2 1 q
or
n—1
—2lng —2lng
(77/ — 1)Cn = m(n - 1) + mcn+1,k(k — 1), n 2 3.
q 2 q

It can be easily verified that Theorem A turns into the famous conjecture of Bieberbach
(known as the Bieberbach-de Branges Theorem) for the class §* if ¢ — 1. Comparing
with the Bieberbach-de Branges Theorem for close-to-convex functions, one would expect
that Theorem A also holds for g-close-to-convex functions. However, this remains an
open problem. Indeed, in this chapter, we obtain an optimal coefficient bound for ¢-close-
to-convex functions leading to the Bieberbach-de Branges theorem for close-to-convex
functions when ¢ — 17. Finally, we collect a few consequences of the Bieberbach-de

Branges Theorem for K, involving the nine starlike functions considered above.

2.2. Conditions for f(z) =z+> -, A,z" to be in K,

In this section, we obtain several sufficient conditions for f(z) = z+ Y 2, A,2" to
be in K, where the coefficients A, are real, non-negative and connected with certain
monotone properties. Similar investigations for the class of close-to-convex functions are
conducted in [1, 52] (see references there in for initial contributions of Fejér, Szegé and

Robertson in this direction).
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Rewriting the representation of f, we get
(2.1) f(z) =) A" (Ag=0, Ay =1).
If f is of the form (2.1), then a simple computation yields
(2.2) (D, _1+Z w1 =¢") e
: -

for all z € D. With this, we now collect a number of sufficient conditions for functions to

be in ;.

Lemma 2.1. [72, Lemma 1.1(1)] Let f be of the form (2.1). Suppose thaty >~ | |Bns1 —
B,| <1, with B, = A,(1 —q¢")/(1 —q). Then f € K, with g(z) = z/(1 — 2).

As a consequence of Lemma 2.1, we obtain Theorem 1.3 (see Chapter 1).

Proof of Theorem 1.3. We know that

() k
nz::l |Bn+1 - Bn| = kh—glo; |Bn+1 - Bnl

f1>By>--->B, > >0, we see that

k
lim Y " |Buy1 — Byl = lim (By = Biyy) < By = 1.
n=1

k—o00

Similarly, if 1 < By < -+ < B, <--- <2, then we get the bound > °  |B,41 — B,| < 1.

Thus, by Lemma 2.1, we obtain the assertion of our theorem. U

Example. The quantum dilogarithm function is defined by

oo ’Vl

Liy(z;q) = Zn )’ 2| <1, 0<g<1.

n=1

Note that this function is studied by Kirillov [48] (see also [99, p.28]) and is a g¢-
deformation of the ordinary dilogarithm function [48] defined by Liy(z) = .07 (2"/n?),

n=1

|z| < 1, in the sense that

lim eLig(2;e¢) = Lis(2).

e—0

By Theorem 1.3, one can verify that the function (1 — ¢)Lis(2;q) € K.
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Proof of Theorem 1.4. Starting with |B,|, we see that
Bal = | S (Bu— Be) +1| < 3B — B +1< 2.
k=1 k=1
Hence, for all n > 2, we have

’An<1 - qn) An71<1 - qn—l) <9

1—g¢q 1—g¢q

Now, by the triangle inequality, we see that

An(l_qn> _ An(l_qn) _Anfl(l_qn_l)_{_Anfl(l_qn_l)
I—gq I—gq I—gq 1—g¢q
A _o(1 — "2 As(1 — ¢?
_ ”2( q )+...+M_1_|_1
1—gq 1—¢q

<2n—-1)+1=2n-1

and so |A,| < (2n—1)/(1 +q+---+¢""). By applying the root test, one can see that

the radius of convergence of > 7 ' A, 2" is not less than unity. Therefore, f € A.

Since f is of the form (2.1), by using (2.2) we compute

(1= 2)*(Def)(2)

Ay(1 - ¢?
=1+ —2( a )z — 2z
l—¢q
(A1 —g") 24,01 —-¢"")  Aa(l—¢"?)]
+ — + z7
;;[ l—gq l—gq l1—gq

By the definition of B,, as given in the hypothesis, we have

(1= 2)*(Dgf)(2) = 14 (Bi—=1)z+ Y (Bn1 — By2)2" "

n=3
Hence,
1 1 1
(1 — 22D _ ‘: _h B -1
|- 0nE) - = = = - -1
= 1
Bn, —Bn, nfl__‘

> 1_|B1_1|_Z|Bn—l_Bn—2| >0
n=3
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if Y, |Bn—1 — Bn—2| < 1. This proves the assertion of our theorem. O

Theorem 2.2. Let [ be defined by f(z) =2+ Y~y Asp12*""1 and suppose that

An(l - qn)'

Z ’Banl - B2n+l| S 17 Bn == 1
—q

n=1

Then f € K, with g(2) = z/(1 — 2?).

Proof. First of all we shall prove that f(z) = z+ Y 2, As,—12*" 1 € A. For this, we

estimate

|Bopt1| = ‘ Z(B%—1 — Bop1) — 1] <2

k=1

so that |A,| <2/(1+q+---¢"'). By applying the root test, one can see that the radius

of convergence of the series expansion of f is not less than 1. Therefore, f € A.

Since f(2) =z + > 07, Agy 122", by (1.4) we get

e An— _ 2n—1 An (1= 2n+1 on
(1—22)(qu)(z)=1—2{ 2 1(11_qq ) _ 2*51_;] )| o

n=1

Note that B, = A,(1 —¢")/(1 — q). So, we have

1 1 >
A= A0 - | 2 1= Y B~ Bal 20
n=1
whenever Y > | |By,—1 — Bayt1| < 1. This proves our conclusion. O

By Theorem 2.2, we immediately have the following result which generalizes a result of

MacGregor (see [52, Theorem 2]).

Theorem 2.3. Let {A,} be a sequence of real numbers and set B, = A, (1 —q¢")/(1 —q)
for all n > 1. Suppose that

1>By>B;>---> By >--->0

or

1<B3<Bs << By 1 <--- <2

Then f(z) =24 Y 00, Agp12?" 1 € K, with g(z) = 2/(1 — 2%).
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Lemma 2.4. [72, Lemma 1.1(4)] Let f be defined by (2.1) and suppose that

An(1 - qn)‘

‘Bn - Bn—?‘ S 17 Bn =
n:é (1—q)

Then f € K, with g(z) = z/(1 — 22).

Lemma 2.4 leads to the following sufficient conditions for functions to be in .

Theorem 2.5. Let {A,} be a sequence of real numbers such that Ay =1 and set
An(1—¢")

B, =
1—g¢q

for allmn > 1. Suppose that
1>2Bi+By>--->2B,1+B,>--->0

or

1<Bi+By< - <By 1 +B,<---<2.

Then f(z) = z4 Y 2y Apz™ € Ky with g(z) = z/(1 — 2%).
Proof. We know that

0o k
22 |Bn - Bn—2| = kh—glo; |Bn - Bn—2|‘

ft1>B,+By,>--->B, 1+ B,>--->0, we see that

k—00

k
lim Y *|B, — Bua| = lim (1= By = By) <1+0=1
n=2

Similarly, if 1 < By+ By < --- < B,,_1+B,, < --- <2, then we get > >~ | B, — B,_o| < 1.

Thus, by Theorem 2.4, the proof is complete. m

As a consequence of Theorem 2.5, one can obtain the following new criteria for functions

to be in the close-to-convex family.

Theorem 2.6. Let {a,} be a sequence of real numbers such that a; =1 and set b, = na,

for allm > 1. Suppose that
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or

1<bi+b < <bpq+b, <--- <20

Then f(z) =z 4 Y o0, apnz™ is close-to-convezr with g(z) = z/(1 — 2?).

Lemma 2.7. [72, Lemma 1.1(2)] Let f be defined by (2.1) and suppose that

An(1—q") '

Y 1But = Byt Bun| <1, B, =
l—q

n=1

Then f € K, with g(z) = 2/(1 — z + 2%).

Lemma 2.7 yields the following sufficient condition.

Theorem 2.8. Let {A,} be a sequence of real numbers such that Ay = 1 and set B, =
A,(1—=¢")/(1 —q) for all n > 1. Suppose that either

(2.3) 0>By—DBy>DB3>By+By>By+ By + By > -+

> Bo+ B3+ By+- -+ By1 + By > —1
or

(2.4) 0<By— B <B3<By+B;,<By+B3s+Bs<---

SBQ+B3+B4+"‘+Bn—1+Bn+1Sl.

Then f(z) =z+ Y 0, Apz™ € Ky with g(2) = z/(1 — 2z + 22).
Proof. We know that

00 k
> |Buot = Bu+ Buy| = ,}E&Zl [Bo1 = Bu + Buyal-

n=1

If (2.3) holds, on the one hand we see that

k
lim Y " |B,_1 = By + Buia| = lim —(By + By + By + -+ + By + Bra) < 1.
n=1

k—o0

On the other hand, if (2.4) holds, then similarly "> | |B,—1 — By, + Bp41| < 1. Thus, by

Theorem 2.7, the proof is complete. O
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As a consequence of Theorem 2.8, one can obtain the following new criteria for func-

tions to be in the close-to-convex family.

Theorem 2.9. Let {a,} be a sequence of real numbers such that a; = 1 and set b, = na,

for all n > 1. Suppose that
0>by—by >b3>by+by>by+bs+b5>---
>by+by+by+ 4 bpq+ by > —1
or
0<by—b; <bg<by+by<by+bs+0b5<---
<by+b3+bs+---+b1+b1 <1.

Then f(z) = z4 Y o7, an2™ is in the close-to-convex family with g(z) = z/(1 — z + 2?).

2.3. The Bieberbach-de Branges Theorem for K,

A necessary and sufficient condition for membership in §; was obtained in [42, The-

orem L.5]: f € Sy if and only if |f(q2)/f(2)] <1 for all z € D.
A similar characterization for functions in K, is

Lemma 2.10. f € K, if and only if there exists g € S* such that

19(2) + f(gz) — f(2)]
l9(2)]|

<1 forallzeD.

Proof. This follows directly after substituting the formula for D, f in the equation (1.5).
O

Lemma 2.10 will be crucial to get coefficient bounds for series representation of func-
tions in the class Ky; in other words, we analyze the Bieberbach-de Branges Theorem for
the class of g-close-to-convex functions. The Bieberbach conjecture for close-to-convex
functions was proved by Reade [74] (see also [33] for more details). It states that if

f e, then |a,| <n for alln > 2.
27



We now prove the Bieberbach-de Branges Theorem for functions in the g¢-close-to-

convex family which stated in Chapter 1 by Theorem 1.6.

Proof of Theorem 1.6. Since f(z) =z+ > -, a,2" € K,, by Lemma 2.10 there exists
w : D — D such that

(2.5) 9(2) + flqz) = f(z) = w(z)g(2),

where g(z) = z+ > 02, by2" and w(z) = g+ Y-, wy2". Clearly w(0) = ¢. By assuming

a; = 1 = by, we have

Z(b + anq" — ap)z" —quz —i—Z(an kbk)

Equating the coefficients of z”, for n > 2 we obtain

n—1

an(q" —1)=by(¢g—1)+ an_kbk.

k=1

From the classical result [21], one can verify that |w,| <1 — |Jwg|* =1 —¢? for all n > 1.

Since g € S*, we get

n—1
1—
|an|§1_qq +(1+q) Zk] for all n > 2.
k=1
This proves the conclusion of our theorem. O

It is easy to see, by the usual ratio test, that the series

(2.6) +Y 11__qqn [n + wg n q)] p

converges for |z| < 1. Indeed, we can ascertain by using the convergence factor for the
series Y °  2"/(1 — ") (see [89, 3.2.2.1]) that the series given by (2.6) converges to the

function

1+g¢ 2d W(q; 2 )+Zd‘1’(q;2)
2 dz? dz
28




where ¥(q; 2) := 2®[q, ¢; ¢*; ¢, 2| represents the corresponding Heine hypergeometric func-
tion. Note that the g-hypergeometric series was developed by Heine [41] as a generaliza-
tion of the well-known Gauss hypergeometric series:

— (@ Q)n0; ), "
Pla, b; c; q, 2] IZmZ gl <1, T# g™, [2] <1,

n=0

where the ¢-shifted factorial (a;q), is defined by
(a;¢)n = (1 —a)(1—aq)--- (1 —ag"™") and (a;q)o=1.

This is also known as the basic hypergeometric series and its convergence function is
known as the basic hypergeometric function. We refer to [89] for these notation. For

history of g-series related calculus and their applications, we recommend [23].

Due to Friedman ’s result mentioned in the Introduction, we now study the spe-
cial cases of Theorem 1.6 with respect to the nine functions having integer coefficients.
However, in this situation, it is enough to consider the identity function and four other
functions which contain factors 1 — z instead of 1 &+ z in the denominator. In particular,
Theorem 1.6 reduces to the following corollaries below. We provide proofs of last two as
they involve variations in the exponents, whereas the first three corollaries follow directly

after making the corresponding substitution for the starlike functions g.

Corollary 2.11. If f € K, with the Koebe function g(z) = z/(1 — 2)?, then for alln > 2

we have
n(n —1)
2

1_
| < ——2

1
S n+(1+4q)

If f € K with g(z) = z, then for all n > 2 it is well-known that |a,| < 2/n. As a

generalization, we have the following:

Corollary 2.12. If f € K, with g(z) = z, then for all n > 2 we have |a,| < (1—¢?)/(1—
q")-

Here we note that the series z + > 2 ,(1 — ¢*)/(1 — ¢")z" converges to the Heine
hypergeometric function (z + q2)®[q, ¢; ¢*; q, 2] — gz = 2z + 22®[¢%, ¢%; ¢*; ¢2, 2], as follows
from [89, 3.2.2, pp. 91].
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If f e with g(2) = z/(1 — 2), then for all n > 2 it is known that |a,| < (2n —1)/n.

We find the following analogous result:

Corollary 2.13. If f € IC; with g(z) = z/(1 — 2), then for all n > 2 we have

1—g¢q
an] < =L It g(n = 1))

One can similarly verify that the series z + > >, —%[n + g(n — 1)] converges to

n=2 1 q"
the function z(1 + q) £ U(q; z) — q¥(g; 2), where ¥(g; 2) := 2®[q, ¢; ¢*; ¢, 2] represents the

corresponding Heine hypergeometric function.
If f €K with g(z) = z/(1 — 2?), then for all m > 1 it is known that

1, ifn=2m-—1,
|an| <
1, ifn=2m.

As a generalization, we now state the following corollary along with an outline of its proof:

Corollary 2.14. If f € K, with g(z) = z/(1 — 2?), then for allm > 1 we have

1—gq (2(1+q)+%(1—Q))7 ifn=2m—1,

1—qg™ \ 2
au < 2
1—
( q)g if n=2m.
1—qn/ 2

Proof. Since g(z) = z/(1 — 2*) = > 02, 2", by (2.5) we get

(g = Dapz" = (g—=1)) "+ (Z an- 1) (Z Wy ) :
n=1 n=1 =1
This is equivalent to
a oo 0o n—1
(2.7) Z(q —1Dapz" =(qg—1) Zz% 1y Z (Z w2k> on—1
n=1 n=1 n—9 1

+ Z ( w2k—1> 22"
n=1 =1

In order to prove the required optimal bound for |a,|, we equate the coefficients of z2"~!

and 2" separately.
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In (2.7), first we equate the coefficients of 2*"~! for n > 2, to get

n—1

(q2”*1 —1Dagp—1=(¢—1)+ Zw%-
k=1

Since |wi| < (1 — ¢?) for all k> 1 and ¢ € (0,1), we have
l—q
|agn—1| < A= g1 (=¢+ (1+q)n).

Secondly, by equating the coefficients of 22", for n > 1, we obtain

( a2n Z’wzk 1,

and similarly we get the bound

—4q

1
|| < ———<(1+q)n.
(1—q*)

Thus, we obtain the required optimal bound for |a,|.

If f €K with g(2) = z/(1 — 2z + 2?), then for all n > 2 it is known that

dn+1
z+, if n=3m— 1,
n
4
anl <4 3 if n = 3m,
dn —1
g C ifn=3m+1.
\ n

As a generalization, we have the following:

Corollary 2.15. If f € K, with g(z) = z/(1 — z + 2?), then for all m > 1 we have

(

1_i(1(2—q)+2—n(1+q)), if n=3m-—1,

1—qg™ \ 3 3
1—¢*2
wl <3 1o i n=3m,

1—q (2n 1 .
—(1 —(1-2 =3 1.

Proof. By rewriting the function g(z) = z/(1 — z + z%), we obtain

1 + Z 00 00
g(Z) 1 - 23 Z n 1,3n-2 + Z(_]_)n—lzfin—l'
n=1 n=1

31



Then simplifying (2.5), we get

e}

Z(q"—l)anz”
n=1
_ q_1<°° n13n2+z nlSnl)

n=1

(—1)n_kw3k—2> sl Z (Z K 1) 23n
g 3k> 2l 4 Z (Z(—l)"‘kw3k> 231

n=2 k=1

Z(—l)n W3k 2> My Z (Z _lwgk_l) PR

n

NE

S
I
—
i
—

n
[M]8
]
|
3
S

3
I
—
£
Il
—

WE

(2.8) +

S
I
—
£
Il
—

First equating the coefficients of 2"~ for n > 2, in (2.8), we get

(q3n_1—1)a3n—1=(—1 " k (g—1) +Z )" Mg 2+Z

Since |wy| < (1 — ¢?) for all k> 1 and ¢ € (0,1), we have

1—g¢q

=g 1) (=g +2(1+q)n)).

|a'3n—1| S

Next, for all n > 1, we equate the coefficients of 23" and 23! in (2.8), and obtain

2(1—q) (1-q)
|asn| < m(l +qn and |agn| < m(l +2(1+ q)n).
Thus, the assertion of our corollary follows. m

Remark. By making use of [42, Theorem 1.5], one can also obtain the Bieberbach-de
Branges Theorem for S7, as shown below. This also yields a Bieberbach-de Branges type

theorem for §*. However, it differs from Theorem A.
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2.4. Appendix

In this section, we verify that a similar technique used in the previous section yields a
form of the Bieberbach-de Branges Theorem for ;. This leads to a result of Bieberbach-

de Branges type (different from Theorem A'!) for the class §*, when ¢ — 17, as well.

Theorem 2.16 (The Bieberbach-de Branges Theorem for S}). If f € Sy, then for all

n > 2 we have

S0
2.9 a,| < 1+ .
29) o (q—q” g q—q*

Proof. We know that f € S, if and only if

|f(gz)/f(2)] <1 forall z € D.

Then there exists w : D — D such that

f(qz)
f(2)

Clearly, w(0) = ¢. In terms of series expansion, we get (with a; = 1 and wy = q)

o0 o0 o0 o0
E an,q"z" = E wpz" E a, 2" | =: E cn 2",
n=1 n=0 n=1 n=1

where ¢, ==Y ;| Wp_gag = qan+zz;} Wy_rax. Comparing the coefficients of 2" (n > 2),

=w(z), ie. f(qz) =w(z)f(z) for all z € D.

we get
n—1
an(q" —q) = an_kak, for n > 2.
k=1

Since |w,| < 1 — |wp|?> =1 — ¢* for all n > 1, we obtain

1_ 2 n—1
lan| < —4

lax|  for each n > 2.
1= =

Thus for n = 2, one has |as| < (1 — ¢*)/(q — ¢*), and for n > 3, we apply a similar
technique to estimate |a,_1| and get
n—2

1—q2 1—q2
lan] < q—q" <1+q—q”1 2 losl

k=1
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Iteratively, we conclude that

1—¢? 1—¢? 1—q? 1—¢2
lan| < qn(1+%) (1+%>---(1+ q2>
q—q q—q q—q 7—q

for all n > 3. This completes the proof. n

Remark. One can easily verify that the right hand side of (2.9) approaches n as ¢ —
17, which will lead to the Bieberbach-de Branges Theorem for starlike functions [22,
Theorem 2.14].

We also find that the ratio test easily provides the convergence of the series z +

>, Ayz™ in the subdisk |z < ¢/(¢+ 1 — ¢?), where

A, = .
(q —qn ,Hl q— gt

With this, we end this chapter here.

34



CHAPTER 3

MAXIMAL AREA INTEGRAL PROBLEM FOR
UNIVALENT FUNCTIONS

In this chapter we settled an open problem on the Yamashita conjecture for the class
S*(A, B) that was suggested by Ponnusamy and Wriths in [71]. In Section 3.1, we discuss
the definitions and brief introduction on area integral problem. The main results and
some of their consequences are presented in Section 3.2. In Section 3.3, we present useful
lemmas with which we prove our results. We conclude the proofs of our main results of

this chapter in Section 3.4. Finally, Section 3.5 deals with a number of open problems.

Results of this chapter published in the articles:
Ponnusamy S., Sahoo S.K., Sharma N.L. (2016), Mazimal area integral problem for certain
class of univalent analytic functions, Mediterr. J. Math., 13, 607-623. Published online
February 12, 2015.

and

Sahoo S.K., Sharma N.L. (2015), On mazimal area integral problem for analytic functions

in the starlike family, J. Class. Anal., 6(1), 73-84.

3.1. Preliminaries on Area Problems

In Chapter 1, we presented the definition of the class S*(A, B) of f € A (see (1.7)).

It is easy to see that the function

zeAz for B=0

(3.1) kap(z) =
2(1+ Bz)AB)=1 for B#0



belongs to the family $*(A, B) and acts the role of extremal function for this family.

If A=e"(e™ —208cosa) with f < 1 and B = —1, then 8*(A4, B) reduces to the
class S, (/) of functions f (called a-spiral-like of order () satisfying the condition

Re (em Z;;i§>> > fBcosa, ze€D,

and recall that each function in S,(f) is univalent in D if 5 € [0,1) and o € (—7/2,7/2)
(see [49]). This class was introduced and studied by Libera [49] in 1967. Clearly, S,(3) C

So = 84(0) whenever 0 < 8 < 1. Functions in S, are called a-spiral-like. The class S,
is defined by (1.3). The set Sp = U{S,(0) : a € (—n/2,7/2)} is referred as the class of
spiral-like functions. As remarked in [49], spiral-like functions have been used to obtain
important counter-examples in geometric function theory (see also [22, p. 72 and Theorem

8.11]).

The class S*(A, B) with the restriction —1 < B < A < 1 was introduced and studied
by Janowski [43] in 1973. The values of zf’/f lie inside the close disk in the right half
plane with center (1—ABr?)/(1—B?r?) and radius (A— B)r/(1—B?r?) for |z| = r < 1 and
so, the class §*(A, B) becomes a subclass of §* whenever —1 < B < A < 1. In Table 3.1,
we listed the certain basic subclasses of the class S* that are studied for various choices of

the pair (A, B). Set for an abbreviation ¢(z) := zf'(2)/f(2) and t(2) := 1+ zf"(2)/f'(2).

A general form of the definition of T (A, 5) := S*((1 — 28)\, =\), A € (0,1] is earlier
introduced by Aouf (see [8, Definition 2]). We see that if g = 0, then the class T (), )
turns into the Padmanabhan class 7 () [62] (see Table 3.1). It is evident that 7 () C
S*(B) for all A\, € (0,1) with 8 < (1 —X)/(14+ A). Also, the function g(z) = z/(1—z) €

S§*(1/2) guarantees that this inclusion is proper. From (3.1), one can also verify that

z
(32) k(l_zﬁ))\,_)\(Z) = m = ]{3)\”3(2) and k)\Vo(Z) = k?)\(Z).

Consequently, ky g(2) =: kg(z) and k1 (2) =: k(). The functions kj g & ky play the role
of extremal functions for T(\, 5) & T (A), respectively. Also, one notes that

TAB) € T(\) € S*(8) € 85 T(1,8) = S*(8) and T(1) =: S
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Year | Authors Classes Conditions Subordination form
1
1921 | Nevanlinna [57] | $*(1,—1) =: S* Reg(z) >0 q(z) < . i_j
1+(1-2
1936 | Robertson [77] | S*(1 —24,—1) Req(z) > 8 q(z) < W
=:S8*(p), p€[0,1)
1968 | Singh [86] S*(1,0) lg(z) — 1| <1 q(z) < 1+=z
NN q(z) — 1 1+ Az
1968 | Padmanabhan | S*(A,—A) =: T(}) ’q(z) n 1‘ <A q(z) < T 0w
[62] for A € (0,1]
1974 | Singh and S*(1,129) lg(z) —a| < a p(z) < 1_141_2;
=2z
Singh [87] for o > 1
q(z) —1 1+ (1-28)\z
1 Aouf [8 *((1—2 — _ _
988 | Aouf [8] S*(( BN, —A) ’q(z)+1—2ﬂ‘<)\ q(z) < T —w
=:T(\, ) for
A€ (0,1], B€0,1)

TABLE 3.1. Analytic and subordination forms of S*(A, B) for different A and B

The interest to study area problems comes from computing areas of certain regions
in the complex plane. In general it is a difficult problem to find area of an arbitrary
region. However, our problem finds exact area formula of regions that are images of D
under certain functions. The classical Parseval-Gutzmer formula for a function f(z) =
> g anz™ analytic in D, states that

1 e

— [ fre?)Pdo =) an[r.
n=0

2m Jo

With the help of this formula, one can get the area A(r, f) of the form (1.6) (see Sec-
tion 1.3) in terms of the coefficients of f, f'(z) = > °7 na,z""'. Thus,

(3.3) Alr, ) = / [\ dedy = 7Y nla o
r n=1

which is called the Dirichlet integral of f. Computing this area is known as the area
problem for the functions of type f. Thus, a function has a finite Dirichlet integral
exactly when its image has finite area (counting multiplicities). All polynomials and,

more generally, all functions f € A for which f’ is bounded on D are Dirichlet finite.
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In 1990, Yamashita [98] discussed the extremal problems

(3.4) A(r) = max A (n ?) . re(0,1],

feN
where N represents some geometrically motivated subclass of S. This extremal problem
also called the maximal area integral problem for functions of type z/f when f ranges
over an analytic family. In [98], Yamashita conjectured that A(r) = 7r?, if A is the class
of convex functions. In 2013, this conjecture was settled by Obradovi¢ et al. in [58]. In
fact the conjecture has been solved for a wider class of functions (the class of starlike

functions of order 5, 0 < 8 < 1), which includes the class of convex functions (see also

59, 71]).

A general problem on the Yamashita conjecture for the class S*(A, B) was suggested in
[71, p. 725] (see also [59]). In this chapter, we solve the problem in complete generality for
the full class S*(A, B) and the main results are stated in Section 3.2. Partially, the authors

established the maximum area problem for the functions of type z/f when f € T (A, B).

3.2. Main Theorems

We now state our main results and their proofs will be given in Section 3.4.

Theorem 3.1. Let f € S*(A,0) for 0 < |A| < 1. Then we have

z
Alr,=)=F 0<r<l,
feg%ﬁ’o) (7’ f) a0(r)  for r <

where E0(r) = w|A*r?0Fi(2; |A|*r?). The mazimum is attained by the rotations of the

function kao(z) = ze??.

If A=1 in Theorem 3.1, then we get

Corollary 3.2. Let f € S*(1,0). Then we have

z
Alr,Z) =ariF(2;r2 0<r<l1
fGI‘Isl*a(i(,O) <r7f) ™0 1( 7T> fOT r=14,

where the mazimum is attained by the rotations of the function kyo(z) = ze?.
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FIGURE 3.1. Images of the unit disk under g5/ and gi /6.

Our main theorem for B # 0 presented in Chapter 1 by Theorem 1.7.

Note that Theorem 3.1 and Theorem 1.7 generalize the results proved in [58, 98]. To

see the bounds for the Dirichlet finite function, we write

1

(Dn(2)n

For certain values of A and B, the images of the unit disk under the extremal functions

EA,0(1> = W’A‘z Z (1)n<2)n |A‘2n
and
EA,B(l) _ 7T|z o B|2 Z (A/B)R<A/B)NB2n

QA,O(Z) = Z/k’AyU(Z) — e and gA,B(Z) = z/kA,B(Z) — (1 + Bz)l_A/B,

and numerical values of E40(1) and E4 (1) are described in Figures 3.1-3.4 and in
Table 3.2, respectively. We remind the reader that for B = —1, E4 (1) is finite only if
2 > Re((A+ A)/B), ie. if ReA > —1.

We now state certain consequences of Theorem 1.7 for the several classes introduced by
several authors (refer Table 3.1). It is a simple exercise to see that Mobius transformation

w = ¢(z) defined by

B 14+ Az

w=0(z) =5
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maps the unit disk D onto the half-plane

Re ((1+ A)w) > %‘A’Q

whenever B = —1 and A # —1. In particular, if A = e'*(e'® — 2 cosa) (8 < 1), then as

remarked in the introduction, the last condition reduces to

Re (e "™w) > B cos .
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A Approximate Values of B Approximate Values of
E40(1) Eap(1)
5/6 3.03211 —4/5 11.2917
1/6 0.0884841 —1 4.34607
2/3+1/2 3.03211 —1/2 6.90284
(2—3i)/5 2.09682 —3/5 5.4645

TABLE 3.2. Approximate values of E4 (1) and E4 (1)

If -1 < B<0and A # B, then ¢ maps D onto the disk

1-AB| |A- B]
1— B2 1- B2

’w
This observation helps us to formulate important special cases.

If A=(1-28)\ and B = —\ in Theorem 1.7, then we get

Corollary 3.3. Let f € T(\, ) := S (1 —28)\, =) for0 <A <1and 0 < g < 1.

Then we have
z
max A r, = :471')\21_ 27~2F 2 _1,2 _1;2;)\27,2’ o <
e A (1 5) = 4m(1 - P25 - 129 E
for allr, 0 < r < 1. The maximum is attained by the rotations of ky g as defined by (3.2).
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The case = 0 of Corollary 3.3 (i.e. A= X and B = —\ of Theorem 1.7) gives

Example 3.4. If f € T(\) :=S8*(\, =) for some 0 < A < 1, then one has
max A (7“, i) = 270?24+ A%?) for all 0 < r < 1.
FET) f

The maximum is attained by the rotation of ky as defined by (3.2).

If we choose A =1 in Corollary 3.3, we get

Corollary 3.5. ([58, Theorem 3]) Let f € S*(B) := T(1,8) for some 0 < < 1. Then

we have

z
max A(r, =) =4rx(1 —B)*r (268 —1,28—-1;:2:7%) for0<r <1,
g 8 (12 ) = Ar(1 = AP (26 - 128 - L) for0 < <

where the maximum is attained by the rotations of ks as defined by (3.2).

We remark that when A = 1 and B = —1, Theorem 1.7 turns into [58, Theorem A]. If
we choose A = e (e —2f cosa) and B = —1 in Theorem 1.7, then we get Yamashita’s
extremal problem for the class S,(5) (see [71, Theorem 3]). If we take A = 1 and
B=(1—-a)/a, « >1/2, then Theorem 1.7 yields

Corollary 3.6. If a > 1/2 and f € S*(1,(1 — a)/«a), then we have
max A (T, E)
fes*(1,(1-)/a) f

1 22 a e a—1 22
=m|2——| r2f} ) ; 25 LA I
« l—a' 11—« o}

for 0 <r < 1, where the mazimum is attained by the rotations of the function ki (1—a)/a

as defined by (3.1).

If A=(*—-a*+a)/band B = (1 —a)/b with a +b > 1,a € [b,1 + b], then, as
a consequence of Theorem 1.7, we obtain the following result for functions in the class

introduced by Silverman (see Table 3.1 in Chapter 1 for the reference).
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Corollary 3.7. Let f € S*((b* —a* +a)/b, ((1 — a)/b)). Then we have

1—a\2
fes (0 gaﬁb((l_ ) A (7‘, ?) = WS%T22F1 <82,82;2; ( 2 a) 7“2)

for 0 <r <1, where

s1=0*—a*+2a—1)/b and sy = (V> —a®+a)/(1 —a);

a+b>1a € [b1+0b. The marimum is attained by the rotations of the function

k(bQ—aQ-i-a)/b,(l—a)/b) as deﬁned by (31)

In Section 3.3, we present useful lemmas which are the main tools to prove our main

theorems.

3.3. Preparatory Results

If f € A such that z/f is non-vanishing in D (eg. the non-vanishing condition is

ensured whenever f € §), then

z = .
(3.5) mzl—l—;bnz,zeﬂ).

We first present a necessary coefficient condition for a function f of the form (3.5) to be

in S*(A, B).

Lemma 3.8. Let f € S*(A,B) for =1 < B <0 and A# B and f be of the form (3.5).
Then

> (= |B—A—kBP)|bf* < |A- BP

k=1

holds.

Proof. Denoted by ¢(z) := z/f(z), f € S*(A, B). Then g has the form (3.5) and satisfies

the relation

N

g (z) 1 z2f'(z) <1— 1+ Az (B—A)z
g(2) f(2) 1+ Bz 1+ Bz’
43
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Then by the definition of subordination, there exists an analytic function w : D — D with

w(0) = 1 such that
() _ (B Azu(e)
g(2) 1+ Bzw(z) ’

Writing this in series form, we get

k=1 k=1

z € D.

or equivalently

n—1
Zkbk2k1+zckz 1:( —{—ZB A — k?Bka)w(Z)
k=1

k=n+1

for certain coefficients ¢;. Since |w(z)| < 1 in D, by Parseval-Gutzmer formula (see also

Clunie’s method [18] and [19, 79, 80]), we obtain

n—1
Zkz\b P72 <|A— B>+ > |B— A—kBPbyr™,
k=1 k=1
or equivalently,
n n—1
(3.6) D Rr? 7 =3 T |B = A~ kBP|bi|*r* < |[A - B,

k=1 k=1

If we take » = 1 and allow n — oo, then we obtain the desired inequality

> (K —|B—A—kBP)bf* <|A-BP.

k=1

This completes the proof of our lemma. n

Lemma 3.9. Let 0 < |A| <1 and f € §*(A,0). For |z| < r, suppose that

< _ - k —Az __
f(z)—l—i-;bkz and e 1+chz € (0,1].
Then
N N
(3.7) > k[bert <> kfey[*r?
k=1 k=

holds for each N € N.



Proof. Clearly, it suffices to prove the lemma for 0 < A < 1. From Lemma 3.8, using the
equation (3.6) for B = 0, and then multiplying the resulting equation by r? on both sides
shows that

S
_

(3.8) (k% — A% |b|2r?F + n2|by|*r®" < A%r2,
1

B
Il

—Az

The function e clearly shows that the equality, when n — oo, in (3.8) attains for

bk = Ck.

Step-I: Cramer’s Rule.

We consider the inequalities corresponding to (3.8) for n = 1,..., N and multiply the nth
coefficient by a factor A\, y. These factors are chosen in such a way that the addition of
the left sides of the modified inequalities results the left side of (3.7). For the calculation

of the factors A, xy we get the following system of linear equations

N
(3.9) k=N + Y Aan(E> =A%) k=1, N
n=k+1

Since the matrix of this system is an upper triangular matrix with positive integers
as diagonal elements, the solution of this system is uniquely determined. Cramer’s rule
allows us to write the solution of the system (3.9) in the form

((n—1)1)?

An,N = W Det An,N7

where A, n is the (N —n + 1) x (N —n + 1) matrix is constructed as follows:

n n?—A%*? ... n? — A%r?
n+1l (m+1)?% - (n+1)?2—A%?
An,N - . . . .
N 0 N2

Determinants of these matrices can be obtained by expanding according to Laplace’s rule
with respect to the last row, wherein the first coefficient is N and the last one is N2?. The

rest of the entries are zeros. This expansion and a mathematical induction results in the
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following formula. If £ < N — 1, then

1 A2p2\ N2 g2
= Mnvog——[1- .
Ao N = AN N( E >m£[+1( — )

For fixed k € N and N > k, we see that the sequence {\; n} is strictly non-increasing,

i.e. )\k,N — )\k,Nfl < 0 with

. 1 A242 0 n—1 A242
w4 2111 (2)

n=k+1 m=k+1

To prove that Ay v > 0 for all N € N1 <k < N, it is adequate to show that A\, > 0
for £ € N. This will be completed in Step II. But before that we want to remark that the
proof of the said inequality is sufficient for the proof of the theorem, since we remarked

for (3.8), equality holds for b, = ¢y.

Step-1I: Positivity of the Multipliers.

In this step again has to show

ST (A) < e - ()

n= k—i—l m=k+1

which is indeed easy to prove. The proof of our lemma is complete. O

Lemma 3.10. Let -1 < B <0, A# B and f € S*(A, For |z| <, suppose that

B).
- —1+Zbkz and (1 — Bz) ’%: i € (0,1].
f(Z) k=1

Then for N € N, the inequality

N N
(3.10) D E[bert <> kfew[*r*
k=1

k=1

1S recognized.

Proof. As in the proof of Lemma 3.8, we can rewrite (3.6) in the form

3
—-

(3.11) (K% = Ik = ¢[*B*r?) [bu*r* + n?[ba[*r®" < B?|6[*r?,

1

where ¢ := 1 — A/B. The function (1 — Bz)'=4/% clearly shows that the equality, when

B
Il

n — oo, in (3.11) attains for by = c.
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Rest of the proof is divided into two steps.

Step-I: Cramer’s Rule.

We consider the inequalities corresponding to (3.11) forn = 1,..., N and multiply the nth
coefficient by a factor A, x. These factors are chosen in such a way that the addition of
the left sides of the modified inequalities results the left side of (3.10). For the calculation

of the factors A, x we get the following system of linear equations

N
(3.12) k=N + Y daw (B = k= ¢’B>?)  k=1,...,N.
n=k+1

Since the matrix of this system is an upper triangular matrix with positive integers as
diagonal elements, the solution of this system is uniquely determined. Cramer’s rule

allows us to write the solution of the system (3.12) in the form

((n —1)1)?
= TR

where A, n is the (N —n + 1) x (N —n + 1) matrix is constructed as follows:

Det An,N7

n n2_ |n—¢|2327“2 n?_ ‘n_¢|2B2T2
n+1 (n+1)2 o (n+1)2=|n+1-—¢*B*?
An,N == . . . ]
N 0 N2

Determinants of these matrices can be found by expanding according to Laplace’s rule
with respect to the last row, wherein the first coefficient is N and the last one is N?. The
rest of the entries are zeros. This expansion and a mathematical induction results in the

following formula. If £ < N — 1, then

1 nt N-1 L
P 21122 B2 _2| B2
kN = Ao N—1 N(l ‘1 . Br) H 1 - B?r
m=k+1
Set as an abbreviation Uy = 1 — |1 — ¢/k|* B*r?, we get
) N-1
(3.13) ey = Ak -1 = 22Uk IT -vn).
m=k+1

Note that Uy in (3.13) may be positive as well as negative for all £ € N. We investigate

this by including here a table (see Table 3.3).
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A B r | Uy
244 Jall |0.5]—=5.25
1+4¢ |all [04]0.2
—244|—1{0.50.375
—24+4|—1]08|—-0.6

NN ==

TABLE 3.3. Signs of the constant Uy

Case (i): Suppose that Uy is negative.

From the relation (3.13), we see that for fixed k € N,k < N — 1, the sequence {\; n}

is strictly non-decreasing, i.e.
AN — Aen—1 >0
so that
AN > A N—1 >0 > Ny = 1/k >0,

and thus Ay > 0 when N — o0 as required.
Case (ii): Suppose that Uy is positive.

For fixed k € N, N > k, the sequence {\g y} is strictly non-increasing, i.e. A\gn —

)\k,N—l < 0 with

oo n—1
. 1 1
(3.14) A= Jim Ny == Ux Y — [ (1=Un).

N n=k+1  m=k+1
For all N € N,1 < k < N, to prove that Ay 5y > 0, it is sufficient to prove \; > 0 for
k € N. This will be completed in Step II. But before that we want to annotate that the
proof of the said inequality is sufficient for the proof of the theorem, as we noted in the

beginning of the proof, equality is received for by = cy.

Step-II: Positivity of the Multipliers.
Let for an abbreviation

[oe] n—1
Sk=Y_ % I a-U.). keN

n=k+1 m=k-+1
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We now prove that

1
Sk < —.
* = kU,
From the relation (3.14), we get
1

Again set for an abbreviation
1
It is enough to prove that
(3.15) T < —.

To prove (3.15) we use the inequality

1 - 1
nU,  (n+ 1)U,

(3.16)

and the identity

1 1 1-U,

=—+
nU, n nU,

(3.17)

which are valid for each n € N. Repeated application of (3.16) and (3.17) for n =
k,k+1,..., P results the inequality

P - P
kZUk ZH}_[ 1— PU, = Sk’p—i—RkJD, for k < P.

Since Ry p > 0, taking the limit as P — oo we obtain
1 > lim Spp = Z 1:[
kUk Pryeo n= k m=k

and we complete the inequality (3.15). This completes the proof of Lemma 3.10. O
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3.4. Proofs of the Main Results

Proof of Theorem 3.1. Let f € S*(A,0). By the definition of the class $*(A,0), it

suffices to assume that 0 < A <1 and

zf'(2) 2k 0(2)
) <1+ Az = Faol2)

By the subordination principle, we obtain that z/f(z) < e~** which in terms of the Taylor

z € D.

coefficients may be written as

TLAn

nl

1+ ibnz" <e =1+ icnz", cn = (—1)
n=1 n=1

By Lemma 3.9, we have

N N
D onfbaPr? <> njear*", N €N, r € (0,1],
n=1 n=1

which implies that

o0 [ee]
A (7’, i) = W2n|bn|2r2” <A <r, i) = WZn\cnPrM.
f n=1 kA’O n=1
We claim that
o0
T Z nlea*r* = Eao(r),
n=1

where E40(r) = mA?r?gF1(2; A*r?) with 0 < A < 1. To prove the claim, we observe that

—1 Z _ - A2n 2n
T A (7“, H,O) = ;n(n!)QT
= 1
:A2T2 AQnT2n
2 @,

= A2T20F1(2; A27’2)

=: W_IEAO(T)

A (r, ?) <A (7’, é) = Eao(r).

The equality case is obvious from z/k4(z) = e=*. The proof of the theorem is complete.

4

and thus,
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Proof of Theorem 1.7. Suppose f € S*(A,B), -1 < B < 0 and A # B. Then by
setting g(z) = z/f(2), we write
zg’(z)_l_zf’(z) . 1+Az (B—-A)z

= <1- = , e D.
g(2) f(2) 1+ Bz 1+ Bz :
By a well-known subordination result, we get
z A z
z) = < (14 B2)'"5 = ,
where k4 p is defined by (3.1). If
Lzljtibnz”amd & :1+icnz", |z| <,
f(Z) n=1 kA’B(Z) n=1
then Lemma 3.10 gives that
N N
Z n|bn|2r2" < Z n|cn|2r2"
n=1 n=1

for each N € N and r € (0,1]. Allowing N — oo, we obtain

z N z N
Alr,= ) = n|b,|*r?" < A (r, —) = nlep|?r?".
( f) Z ] B kap Z e

n=1 n=1
Clearly,

=(— ”@ " wi = —
cn = (—1) (1)nB th (=(A/B)—1.

Now, applying the area formula (3.3) for the function z/k4 g, we obtain

Py [ee]
1A (r > = Zn\cnPrZ”, |z| <r

’m n=1
— . nm 2n7,,2n
=2 .

oo -

= [¢|*B*r? 2% (€ +(;;ZE§)_: 1)”32717«%

= |A— B*r*,F\(A/B, A/B;2; B**)

= 7 'Ep(r),
and the proof of Theorem 1.7 is complete. 0

We end this chapter with the following remarks.
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3.5. Concluding Remarks

It would be interesting to solve analog of Yamashita’s extremal problem (3.4) for many
interesting geometric subclasses of functions from §. For example, determining the analog
of Theorems 3.1 and 1.7 when zf’ belongs to the class S*(A, B) (see also [59, 71]) and
also for functions f in the Bazilevi¢ class [13] or for functions convex in some direction,

would be interesting to study.
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CHAPTER 4

COEFFICIENT ESTIMATES FOR p-VALENT FUNCTIONS

This chapter concerns with the Taylor-Maclaurin coefficient estimates for some classes
of p-valent functions. This problem was initially studied by Aouf in [7, 8]. The proof
given by Aouf is found to be partially erroneous and a correct proof of it is derived in
this chapter. Section 4.1 provides an introduction. We study a sharp correct form of the
coefficient bounds for the classes Sy (A, B, 8), Fp(a, 8, A) and Cp(b, A) and their proofs in
Section 4.2.

The results of this chapter will appear in:
Sahoo S.K., Sharma N.L., A note on a class of p-valent starlike functions of order beta,

Siberian Math. J., pages 6, Accepted.
and

Sharma N.L., A note on coefficient estimates for some classes of p-valent functions,

Ukrainian Math. J., pages 16, Accepted.

4.1. Introduction

We refer to Chapter 1 for related definitions and notations used in this chapter. In
Chapter 1, we consider the class S;(A, B, 8) defined by the equation (1.17) and for special
values of A, B, 8 and p, the class S;(A, B, ) reduces to the following classes:

S:(1,—1,8) = 8:(8), 8:(1,—1,0) = 8¢, 81(1,—1, 8) = S*(8), S;(1,—1,0) =: S,

and S7 (A, B,0) =: S*(A,B) with —1<B<A<LI.



Note that S;(/3) is the class of p-valent starlike functions of order 8 and it was introduced

by Goluzina [29], and S is the usual class of p-valent starlike functions.

In [62], Padmanabhan introduced the class of starlike functions of order A (0 < A < 1)
defined as

Definition 4.1. A function f € A is said to be in T()), if
2f'(z) _ > <Zf’(2) )

(77 -0/ (7
zf'(z) 14+ Az o zf'(z) 1—=Xz

f(2) 1 f(2) <1—|—/\z’
forallzeDand 0 < A < 1.

<\

equivalently,

A function f € A, is said to be p-valent a-spiral-like function of order B in D, if it is
analytic and if there exists a p > 0 such that for p < |z] < 1

e fer L) e

[

for z = re®. The class of p-valent a-spiral-like of order 3 is denoted by S, ,(3). In [63],
Patil and Thakare introduced the class S, ,(3).

and

Two subclasses F,(c, 8, ) and C,(b, A) of p-valent functions in D) were acquainted by

Aouf in [8] which are defined as follows:

Definition 4.2. A function f € A, is said to belong to the class F,(a, 5, A), if it satisfies

the following condition

H(f(2)) —
<\, zeD,
’H(f(z)) +1
where
i@zl ) _ 3cosa — ipsina

H(f(2) = —2 e

By subordination property, equivalently, it can be written in the form (1.18) in Chapter 1.
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Definition 4.3. Let b be a non-zero complex number. For 0 < A < 1 and p € N, let
C,(b, A) denote the class of functions f € A, satisfying the relation
'H (f(z) -1
H(f(z)

<\ forzeD,
2))+1

where

. b 2f"(z)
H(fE) =1+ (1+ e p).

By subordination relation, it can be written in the form (1.19) in Chapter 1.

We note that a number of subclasses have been studied by several authors and the
subclasses can be obtain by putting for different values of p, o, 5, A and b. We list some

of them here.

L. F,(0,0,1) = S and F,(0,3,1) =: S;(8). Cp(1,1) =: C, and Cp((1 — B/p), 1) =:
Cy(8), 0 < B < p, is the class of p-valent convex functions of order 5 (i.e. z¢'/p €
S:(8)).

2. Fpla,0,1) =: S, and F,(a, B,1) =: S, ,(B) are the classes of p-valent a-spiral-like
functions and p-valent a-spiral-like functions of order (3, respectively.

3. Cple ™ cosa, 1) and Cple ™ (1 — B/p) cosa, 1) for |a] < 7/2, are the classes of p-
valent functions g for which z¢'/p are p-valent a-spiral-like functions and p-valent
a-spiral-like functions of order 3, respectively.

4. The class Fi(a, 5, \) =: F(a, B, A) was inquired by Gopalakrishna and Umarani [34].

5. Cp(b, 1) is the class of p-valent functions g € A, and it satisfies

Re{p+% <1+ zj,,;(;)) —p)} >0 forzeD.
This class was considered by Aouf in [6].

6. F1(0,0,1) =: &*, F1(0,5,1) =: §*(), C:1(1,1) =: C. The class C;(1 — 5,1) =:
C(B) is the class of convex functions of order 5 for 0 < f < 1 and this class
was introduced by Robertson [77]. F1(0,0,A) =: T(A) (see Definition 4.1), and
Ci(1,A) =: C()) is the class of functions g for which z¢’ € T(\).

7. Fi(a,0,1) =: S, and C;(e ™ cosa, 1), |a] < 7/2, respectively define the classes of

a-spiral-like functions and the class of functions g for which z¢' € S, was introduced

55



by Robertson [78]; Fi(w, 8,1) =: S4(8) and C;(e7(1 — B) cosa, 1) =: Co(f3) for
la| < 7/2, are the classes of a-spiral-like functions of order g and functions g for
which zg¢' is a-spiral-like of order § introduced by Chichra [17] and Sizuk [88].

8. C1(b,1) =: C(b) is the class of functions g € A and it satisfies

1 1
Re <1+—29())>0 for z € D.
b ¢'(2)

This class was introduced by Wiatrowski [97] and studied in [60, 61].

Aouf estimated the coefficient bounds for the functions from the classes Sy (4, B, f);
Fp(a, B, A) and C,(b, A) in [7, 8], receptively, in which the proof is found to be incorrect.

In this chapter, we present their correct proofs.

4.2. Coeflicient Estimates

The following Lemma is obtained by Goel and Mehrok:

Lemma 4.4. [27, Theorem 1| Let -1 < B < A<1 and f € S*(A,B). Then
(4.1) las| < A — B;

forA—2B <1, n>3,

4.2 N —
(42) @] < S

and for A—(n—1)B > (n—2),n >3,

(4.3) || < 'H (j —1)B).

Jj=2

The equality signs in (4.1) and (4.2) are attained for the rotation of the functions
2(1 4 Bz Y)Y A=B)/(n=1)B " if B £ ();
2 exp (Ajzl) , if B =0, 7

and in (4.3) equality is attained for the rotation of the functions

kn,A7B (Z) -

2(1 4+ Bz)A=BI/B  if B £ 0;
kAyB(Z) = .
ze? if B=0,
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However, a p-valent analog of Lemma 4.4 was wrongly proven by Aouf in the following

form:

Theorem A. [7, Theorem 3| Let -1 < B < A < 1 andp € N. If f(z) = 2P +
Zn =p+1 CLnZ ES*(A B ﬁ) then

n—p—1

(B —A)(p—p)+ Bj|
BENE

)l

forn > p+1, and these bounds are sharp for all admissible A, B, 5 and for each n.

The following theorems were mistakenly proven by Aouf in [8].

Theorem B. [8, Theorem 2] Let 0 < A < 1,0 < 8 < p,p € N and |o| < 7/2. If
f(z) € Fp(a, B, ) and has the form (1.16), then

PPN+ 2(p — B)e" cosa
lan| < H ‘] (pj+)16 ’

)

forn > p+1, and these bounds are sharp for all admissible o, 5, A and for each n.

Theorem C. [8, Theorem 3] Let 0 < A < 1, p € N and b # 0 be any complex number. If
f(z) € Cy(b, \) and has the form (1.16), then

)

)\|] + 2bp|
o < T 2042
i

forn > p+ 1, and these bounds are sharp for all admissible o, 5, X and for each n.

In Chapter 1, we provided the correct form (Theorem 1.8) of the coefficients bounds
for the function f € S;(A, B, 3) as stated in Theorem A.

Proof of Theorem 1.8. Let f € S;(A, B, 3). By the relation (1.17), we can guarantee
an analytic function ¢ : D — D with ¢(0) = 0 such that

2f'(2) _ 1+ [B+ (A= B)(1-5/p)]o(2)
pf(2) 1+ Bo(2) ’

1.e.

2f'(2) = pf(2) = [(pB + (A= B)(p — 8))f(2) — Bzf'(2)] ¢(2).
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Substituting the series expansion (1.16), of f, and cancelling the factor z? on both sides,

we obtain
Z kap 2" = ((A B)(p—8) - kf; (p+k)+ (=pB+ (B - A)(p - ﬁ))}awzk) $(2).
Rewriting it, we get _
kf:kaﬁkz’“ = ( (A-B)p—08)+ ki B(k+p— ﬁ)}amkzk) ¢(2)-
o =

By Clunie’s method [18] (for instance see [80, 79]) for n € N, we observe that

S Rapl? < (A= BR(p— 82+ > [Alp— 8) — Blk+p — )] lapul>
k=1 k=1

Simplification of the above inequality leads to

[ury

3

|apinl” < — ((A B)*(p— B)* + ([A(p ~B) = Bk+p—p)]" - kz) |ap+k|2>

i

1
or

n

!ap+n|2<n—<(z4 B)*(p—B)* + ([A(p—ﬁ)—B(k+p—ﬁ—1)]2

~ (k=17?) \\)

Above inequality can be rewritten by replacing p + n by n as

;P((A—B)Q(p—ﬁ)ui([A(p—ﬁ)—B(ker—B—l)}Z

(14) o <
— (k- 1)2> |ap+k—1|2>

forn>p+ 1.

Note that the terms under the summation in the right hand side of (4.4) may be positive
as well as negative. We investigate it by including here a table (see Table 4.1) for values
of W:=(Alp—B)—Blk+p— 08— 1))2 — (k — 1) for various choices of A, B, k, 3 and
p. So, we can not apply direct mathematical induction in (4.4) to establish the required

bounds for |a,|. Therefore, we are considering different cases for this.
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A B |5 | W

0.8 105 [0 [-0.96
-0.5(-0810 ]0.21
0.5 0.4 [0.5]-3.5775
-0.1]-0.7]10.5]1.29

Wl w NN R
NN ==

TABLE 4.1. Signs of the constant W

(This is the place where the incorrectness of Aouf’s proof is found!)

First, for n = p+ 1, we easily see that (4.4) reduces to

lap1| < (A= B)(p—p),

which establishes (1.23).

Secondly, A(p—pB)—B(p—p—1) < lifand onlyif A(p—p)—B(n—F8—-1) < (n—p—1)
for n > p+2. Since all the terms under the summation in (4.4) are non-positive, it reduces
to

(A—B)(p—5)

|an| < )
n—p

for Ap—pB)—B(p—06+1) <1,n > p—+ 2. This proves (1.24). The equality holds in
(1.23) and (1.24) for the rotation of the functions

ZMXP(M» B:(),'

n—1

knpapp(z) =

Finally, let us prove (1.25) when A(p—5)—B(n—p—1) > (n—p—1), n > p+2. We
see that all the terms under the summation in (4.4) are positive. We prove the inequality

by the usual mathematical induction. Fix n, n > p+ 2 and suppose that (1.25) holds for
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;p)g<(f4 B)*(p - B)* + ([A(p—ﬁ)—B(k+p—6—1)}2—(k;—1)2)

’ﬁ [A(p—ﬁ)—B(p—ﬁﬂ—l)}Q)'

It is now enough to show that the square of the right hand side of (1.25) is equal to the
right hand side of (4.5), that is

(4.6)
T Ap-8)-Bp-s+i-1]" 1 -
o j2 - (m _p)g ((A B) (p ﬁ)
S i - T )= Blp—B+j-1)]"
> ([Ap—8) - Blk+p—5-1)] )E 7 )

for A(p—B)—B(m—p—1) > (m—p—1), m > p+2. We also use the induction principle
to prove (4.6).

The equation (4.6) is recognized for m = p 4+ 2. Suppose that (4.6) is true for all
m, p+2<m <n—p. Then from (4.5), we obtain

‘(ln|2 < (n —p)? ((A_B)2(p—ﬁ)2+ _Z_ <[A(p_6)_B(k"i‘p—ﬁ—l)f—(k;_l)?)
XH[A(p—ﬂ)—Bgz_B'i*j—l)] +([A<p_ﬁ)—3(n—ﬁ_1)}2
_(n_p_1>z>x i—[_ [A(p—ﬁ)—ng_5+j_1)} )

Using the induction hypothesis, for m =n — 1, we get

On_p_DQII[A@—B%—Bg—ﬁ+j—1ﬂ

‘an‘z <

(n —p)?

+([Ap=8) - Bln - -1)]" = (n—p - 1)?) 7 [Aw -8 - Blp—-F+j-1)] )

j=

,_.
.
N
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h,|p| A B | B
hil2(5/6] 0 |05
he |3]1/2] 0 | 1
hs|2]5/6] —1 |05
ha|3]1/2|-06] 1

L L L L L
-2 -1 0 1 2 3 -2 -1 0 1 2

The image domain hy (D) The image domain hy (D)

FIGURE 4.1. Images of the unit disk under h; and h..

Hence

oo < [ A=A B P 2

It is easy to prove that the bounds are sharp for the rotation of the functions

)(A—B’)(p—f)’)/B7 B+ 0;

ZpeA(p_B)Z’ B — O, ‘

2*(1+ Bz
kipapp(z) =

This completes the proof of Theorem 1.3. We remark that, choosing p =1 and g =0 in

Theorem 1.3, it turns into Lemma 4.4.

For different values of p, A, B and 3 (see Table 4.2), the images of the unit disk under

the extremal functions h,, := k, 4 g s are described in Figures 4.1 & 4.2.
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L L L L I L
- 200 0 200 400 -10 0 10 20

The image domain h3(D) The image domain hy (D)

FIGURE 4.2. Images of the unit disk under hs and hy.

Secondly, we now give the correct form of the coefficients bounds for f € F,(c, 8, \)

as stated in Theorem B and its proof.

Theorem 4.5. Let 0 <A< 1,0< g <p, peNand|a| <7/2. If f € Fya,B,N) is in
the form (1.16), then we have

(47) lapir] < 20(p — B) cos o
Jor X2(2p — 2B+ (n — p—l)) (n—p—1)*(sec’ @ — A tan? ),

2X\(p —
(4.8) IanISMcom, n>p+2;
n—p

and for N*(2p — 28+ (n—p — 1))2 > (n—p—1)*(sec? a — N tan ),

|an|<H)\|2p B)e Cosa+j—1|

(4.9) ;

, n>p+2.

The equality signs in (4.7), (4.8) and (4.9) are attained.

Proof. Let f € Fy(a, B, A). It follows from (1.18) that

o 2f'(2) _ (14— (28)/p)A¢(2)
pf(2) 1= 2o(2)
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for some analytic function ¢ in D with ¢(0) = 0 and |¢(z)| < 1. We divide the expansion
by cos a on both sides and get

e“secazf'(z) — (p+iptana)f(z) = A(em secazf'(z) + (p — 26 — iptan oc)f(z))d)(z).

Substituting this in the series expansion (1.16), of f, we find that

o0
Z <ei"‘(k: + p)seca — p — iptan a) Apyp2 TP
k=0

=\ < i <em(k: +p)seca +p — 23 —itan a) ak+pzk+p> o(2),

k=0
where a, = 1 and ¢(z) = >, wip2" 7. Rewriting it, we obtain

m o0
Z < (k+ p)seca — p — iptan a) Uy TP 4 Z Ch2ktp
k= k=m+1

m—1
=\ < Z (em(k +p)seca+p—25 —itan a) ak+pzk+p> o(2)

k=0

o

for certain coefficients Cj. Since |¢(z)| < 1 in D, then by Parseval-Gutzmer formula (see

also Clunie’s method [18] and [80, 79]), we get

, 2 >
e'“(k + p)seca —p — ip tanoz’ |agyp PP 4 Z |C|r2P 2k
0 k=m+1

NE

i

( “(k+p)seca+p—26 —itana ]ak ]2r2p+2k>.
k=0

Letting » — 1, the above inequality can be written as

. 2
e"“(k +p) secoz—l—p—Qﬁ—itana‘

' 9 m—1
e"“(m + p)seca — p — iptan a’ |Gmip|* < Z <)\2
k=0

A 2
— (k4 p)seca —p — z'ptana‘ > |agip]?
Simplification of the above inequality leads

m—1
m? sec? alap, . ,|* < Z <)\2(k +2p — 28)% — k*(sec® o — A\* tan? a)) |agsp|?
k=0
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k|lpla BN | T

all | 1] all all | 1 | positive
2 |1|+£7/4/0.9]0.9|-0.0236
3 12|£7/3|1 [0.6]—592

3 12|£7/3|1 ]0.8]1.92

TABLE 4.3. Signs of the constant T’

(This is the place where the incorrectness of Aouf’s proof is found!)

or

cos?

|6Lm—|-p|2 S m2 (4/\2(]? - B)Q +

NE

()\Q(k: 14 2p—28)

B
||

2
~ (k= 1)%(sec? a — A2 tan? a))) |agrpt|?.

Above inequality can be rewritten by replacing m + p by n as

(4.10)
2 n—p

PR (Mp — B2+ 3 (N~ 1+ 2p - 29

jan* £ ——5
(n—p) —~

— (k — 1)*(sec? @ — A\? tan® a))) lagsp1]?, forn >p+1.

Note that the terms under the summation in the right hand side of (4.10) may be positive

as well as negative. We verify it by including here a table (see Table 4.3) for values of
T :=N(k—1+2p—28)*— (k—1)*(sec’ a — N tan® a)

for various choices for k,p,a, 8 and A. So, we can not apply direct principle of math-
ematical induction in (4.10) to establish the desired bounds for |a,|. Therefore, we are

considering different cases for this.
First, for n = p + 1, we readily see that (4.10) reduces to

|ap41| < 2A(p — B) cosa,
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which is equivalent to (4.7).

Secondly, \*(2p — 28+ (n—p — 1)) (n—p—1)?(sec?a — N tan’a) for n > p+2.
Since all the terms under the summation in (4.10) are negative, we get

2\(p — )

la,| < —, s

This gives the bound for |a,| as asserted in (4.8). The equality holds in (4.7) and (4.8)
for the rotation of the functions
P

b (2) = —————.
' (1+ Azn-1)®"

Here ¢, :=2(p — B)e " cosa/(n —1).

Finally, we consider the case A?(2p—23+(n—p— 1))2 > (n—p—1)%(sec? a—A? tan’ )
for n > p + 2 and obtain bound for |a,| as stated in (4.9). We see that all the terms
under the summation in (4.10) are non-negative. We prove the inequality by the usual
induction principle. Fix n, n > p+ 2 and suppose that (4.9) holds for k = 3,4,...,n—p.
Then by (4.10), we obtain
(4.11)

n—p

(4/\2(]? — B)* + ()\2(2]9 —28+k—1)°

k=2

cos? o

~ (n—p)?

|an|2

k—1 i . 2

A2|2(p— B)e ™ cosa+j — 1
— (k= 1)%(sec® a — N tan® :
(k= 1) >))jr_[1 =

It is now sufficient to prove that the square of the right hand side of (4.9) is equal to the
right hand side of (4.11), that is

(4.12)

mp>\ 2(p— Pe Zo“cosoz—i-]—1| cos® a —

H . ANp— B2 + (A22p—25+k—1)
o j ~ (m—p)y? s

’ﬁ )\2‘2(1) — B)e"“@cosa+ j — 1‘2
;2

— (k — 1)*(sec’ a — \? tan® oz))) )

j=1
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when \*(2p — 28+ (m —p — 1))2 > (m —p—1)?(sec’ a — N tan? a) for m > p + 2.

The equation (4.12) is valid for m = p 4+ 2. Suppose that (4.12) is true for all
m, p+ 2 <m <n—p. Then by (4.11), we obtain

n—p—1

|an|2§%{4)\2p B)? Z ()\2219 28 4k — 1)

k—1 _
\2[2(p — [ Xe% 1
_ (k: — 1)2(sec2 a — \2tan? a)) H | (p ﬁ)e jgcosa + 4 |

j=1

+ </\2(2p—2ﬂ+n—p—1)2—(n—p—l) (sec’ @ — A tan a))

" 1)\2‘2(p—ﬁ)e*i°‘cosa+j—1‘2
1l . .

By induction hypothesis for m =n — 1, we get

a2 cosa | (n—p—1)> i Az‘Q(p—/B)e*i“cosoz—I—j—l‘z
a,|* < :
(n—p)? cos? a e e
+ <A2(2p—2ﬁ+n—p—1)2—(n—p—1) (sec? a — A\? tan a))
n—p—1 \2 i . 2
A2|2(p — B)e ™ cosa + j — 1| }
X H 2 9
i=1 J
le
Jan|® < - (2p—28+n—p—1)>%cos?a+ (n—p—1)*sin’ )
~ (n—p)?

mopt A22(p— B)e ™ cosa+ j — 1‘2

I .

On simplification, the above inequality leads to

PA2(p—Ble @ cosa+j—1
o] < H 2 |
J
It is easy to prove that the bounds are sharp as can be seen by the rotation of the function

Zp

kpapa(2) = ESSE
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ko, p| « 61 A
ko [2] 7/4 | 1105
ke |2| w/4 |1.5]0.9
ks |3|—m/3] 2 0.8
ky|3|—m/3]0.50.2

TABLE 4.4. The extremal function k,,

20+

15

=} L L L L
-1 0 1 2 -1 0 1 2 3

The image domain k;(ID) The image domain k(D)

FIGURE 4.3. Images of the unit disk under k; and k.
Here ¢ := 2(p — B)e " cos a. This completes the proof of Theorem 4.5. m

Remark 4.6. Letting the different values of p,a, 5 and A in Theorem 4.5, we obtain
results which were proved in [29, 30, 31, 34, 49, 63, 64, 77, 100].

For different values of p, v, B and A (see Table 4.4), the images of the unit disk under the
extremal functions k, := k, . are described in Figures 4.3 & 4.4.  'We now give the

correct form of the statement stated in Theorem C and its proof.

Theorem 4.7. Let 0 < A < 1,p € N and b # 0 be any complex number. If f € C,(b, \)
is of the form (1.16), then we have

(4.13) apsn] <



The image domain k3(DD) The image domain k(D)

FIGURE 4.4. Images of the unit disk under k3 and k4.

for [2bp+n—p—1] <n—p—1 (equivalently |1 + 2bp| < 1), we get

2\p?|b
(4.14) an] < 2P s e,
n(n —p)
and for 2bp+n—p—1]>n—p—1
n—p—1 .
p Alj + 2bp|
415 <P > p42

The equality signs in (4.13),(4.14) and (4.15) are attained.

Proof. Let f(z) € C,(b,\). By the equation (1.19), we see that there is an analytic
function ¢ : D — D with ¢(0) = 0 such that

Ly 2 P+ (2= 1))

f(2) 1—Xo(2)

21"(2) = (0= D)f'(2) = =M (0 = 2p = () = 2"(2) ) 6(2).

Using the representation (1.16), we observe that

Z k(k + p)agypz* = >\<2pzb + Z (k+p)(k+ pr)ak+p2k)¢(z)
k=1
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AV

0.1 -3.998
0.6|1.76
3—2¢]02]-32
3—2110.3 (128

—_ | = o

> NN |
[N I NS R I B .

TABLE 4.5. Signs of the constant V'

(This is the place where the in correctness of Aouf’s proof is found!)

We apply Clunie’s method [18] for m € N (see also [80, 79]) and obtain

m m—1
SRRk p)lanspl? < A2 (49102 + 3 (k4 p)2Ik + 200 ars ).
k=1 k=1

The above inequality yields

m—1

1
|amp|* < m<4>\2p4|b\2 + ) (k+p)*(V|k +2bp|* — &) ’akﬂ?’?)'
p k=1
Replacing m + p by n, we get
1 n—p—1
(116)  oul? < gy (PO 4 D7 (k) (V1K + 200 = ) )
k=1

forn>p+1.

Note that the terms under the summation in the right hand side of (4.16) may be
positive as well as negative. We inspect this by including here a table (see Table 4.5) for

values of
V= )\Q\k + 2bp[2 — k2

for different choices of k,p,b and A. So, we can not apply direct mathematical induction
in (4.16) to prove the required coefficients bounds for f € C,(b, A). Therefore, we are

taking different cases for this.
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First, for n = p + 1, (4.16) reduces to

This proves (4.13).

Secondly, we consider the case [2bp+n—p—1] < n—p—1 (equivalently, |14 2bp| < 1)
for n > p+ 2. Since all the terms under the summation in (4.16) are non-positive, we get
22p°|0]
n(n —p)’
which establishes (4.14). The equality holds in (4.13) and (4.14) for the rotation of the

la,| <

functions &, , 52 € Cp(b, A) given by

/ _ p~!
kn,p,b,)\(z) - (1 i /\zn—l)pr/(n—l) ’

Finally, we prove (4.15) when |1+2bp| > |2bp+n—p—1| > n—p—1for n > p+2. We see
that all the terms under the summation in (4.16) are positive. We prove the inequality by
the mathematical induction. We consider that (4.15) holds for k = 3,4,...,n — p. Then
from (4.16), we obtain

1 " T N2+ 2bp)?
417) a2 < ——— [ ax2p*pp|? (A% 2bpl? k2) AT 2OPIT )
10t < s (3 (e ) [

k=1 7=0

We now prove that the square of the right hand side of (4.15) is equal to the right
hand side of (4.17), that is

mﬁl 2l 1 S
(4.18) = - (4A2p2\b|2 + ()\2|k + 2bp|?* — /8)
oo G+ (p—m) p

X

A2+ 26p|2>

=0 j+1

when [20m+p—p—1>m—p—1, m>p+2.

For m = p + 2, the equation (4.18) is recognized. Suppose that (4.18) is true for all

m, p+2<m <n—p. Then from (4.17), we obtain
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1 "I’ A2+ 20p|?
anl? < o [0+ DT P (ke 2mpf? — ) [ S
n?(p —n)? ; JHO (7+1)2
n—p—2
N?|j + 2bp)
+2<)\2n— — 1+ 2bp|* — — ) :
p (N —p p|” —(n - ]ljlo TESE
Using relation (4.18) for m = n — 1, we find that
1 o 2bp)?
|an|2§ _n+12H >‘|]+ bp|
n*(p —n)? PR VR Ok
n—p—2
N?|j + 2bp|*
2(\2n —p— 1+ 2bp|® — -17?) .
p*(Wn = p pl* = (n—p J];[O TS

It is equivalent to

n—p—2

| |<pk\j+2bp| H A+ 20p|
"7 n(p—n) o U+

)

Which establishes (4.15).

The bounds are sharp for the rotation of the function &, \ € C,(b, \) which is given

by -
ST

This completes the proof of Theorem 4.5. m
Remark 4.8. Letting the different values of p,b and A in Theorem 4.7, we obtain results
which were proved in [6, 31, 77, 97].

For different values of p,b and A (see Table 4.6), the images of the unit disk under the

extremal functions g, := &, \(2) are described in Figures 4.5 & 4.6.

We end this chapter here.
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gn |D| b A
g 2] 144 |04
g2 12]12-3i]04
g3 |3]1—2i|0.7
g4 |3]3—2i]0.7

TABLE 4.6. The extremal function g,

The image domain g¢;(ID)

1500 [

1000 [

500 -

- 500 -

-1000 -

L
-1500

L L L L=
-1000 - 500 0 500 1000

The image domain go(ID)

FIGURE 4.5. Images of the unit disk under ¢g; and gs.

-2 -1 0 1

The image domain gs(D)
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-15 -10 -05 00 05 10 15

The image domain g4(D)

FIGURE 4.6. Images of the unit disk under g3 and g;.
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CHAPTER 5

INTEGRAL MEANS AND MAXIMAL AREA INTEGRAL
PROBLEMS FOR p-VALENT FUNCTIONS

This chapter is composed of two types of problems. First one is the integral means and
second one is the maximal area integral problems for certain classes of p-valent functions.
The structure of this chapter is as follows. Section 5.1 gives some preliminary information
on the family Sy (A, B) and other basic definitions that are used in the sequel. Section 5.2
and 5.3 deal with the statements of our main results and some of their important conse-
quences. In section 5.4, we state and prove some lemmas which are used as tools to prove
our main results. We prove our main results in Section 5.5. Finally, in section 5.6, we

propose some open problems.

The results of this chapter have been included in:
Sharma N.L., Integral means and mazimum area integral problems for certain family of

p-valent functions, Communicated.

5.1. Basic Information

The motivation to study p-valent functions comes from the theory of univalent func-
tions. One of the basic problems in p-valent function theory is to see how results from
univalent function theory fit analogously into the theory of p-valent functions for p > 2.
Background on some of the important problems in the theory of p-valent functions, for
instance, can be found in [16, 31, 29, 63, 64, 75]. However, in this collection, the clas-
sical integral means and area problems have not been studied in p-valent setting, which

is our objective in this chapter.



Recall, we considered the class S;(A, B) in Chapter 1 by (1.22) with the conditions
AeC,A# Band —1 < B <0. The function ky4 p,, defined by (1.26), plays the role of

an extremal function for the class S; (A, B).

Choosing A = Xe™**(e™** — (26/p) cosar) and B = — A, the class S;;(A, B) reduces to
the class F,(a, 5, A) of functions f € A, satistying the relation

o 2f(2) e+ (e7 — (28/p) cosa) Az
“ i) T Y ,

or the equation (5.1) is equivalent to the equation (1.18) (see also Definition 4.2). Here

(5.1) zeD,

0<A<1,0<fB<p, peNand |af <m/2. In Chapter 4, we obtained the correct forms
of the coefficient bounds for functions to be in the class F,(a, 5,A) and other related
classes of p-valent functions. If we take different values of p,a, 3 and A in the class
Fp(c, B, \), then we get certain subclasses of p-valent functions (see p. 55, Chapter 4). It
is easy to see that the function k,, 5 is defined by

Zp

(5.2) kpa,pa(2) = 1= ae) §=2(p— e cosa
belongs to the class F,(a, 5, A).

We note that, by taking distinct parameters A, B and p in the class S;(4, B), we
get the following classes which were investigated and studied by several authors. We list

down some of them as follows:

L. §(1—(28/p),—1)=S5;(8), 0 < B <pand §;(1,-1) = §,.

2. S;((L=(28/p)A, =) = Tp(A, B) (ie. Fp(0,8,X) =: T,(A, B)), the class of p-valent
functions of 7 (A, ) which is studied in [8].

3. The class S;((1 —28)\, =) =: T (A, B) (0 < 5 < 1) (see Table 3.1).

4. §;(B) =:S*(B) (0< B < 1)and Sf(1,—1) =: S*.

In this chapter, we consider the functions f in A, (p € N) such that 2#/f is non-

vanishing in D, hence it can be represented as Taylor’s series of the form

2P >
(5.3) ol 1+ bpypr2", 2 €D,
n=1

74



5.2. Integral Means Problems

Suppose, f € A,, let us consider the integral means

M f.p A \e) = = / L FrE ) ()b,

2 J_.
for A\, Ay € R and r € (0,1). For the special case A\ = —2 and Ay = 0, we find the
following interesting integral means such that

[1(7’,](.,]?) = M(T’,f,p,—2,0>:%/_ md@

The integral means Ly (r, f,p) := r?’I,(r, f,p) defined in Chapter 1 by (1.20).

One of the motivation to study this form of the integral means comes from the fol-
lowing observations. The integral means Li(r, f, 1) are associated with some functionals
appearing in planar fluid mechanics concerning isoperimetric problems for moving phase
domains; see [95, 96]. Another aim to study integral means problem was to solve the
Bieberbach conjecture; see [22, 80] and references therein. In 2002, Gromova and Vasil’ev

[36] made a conjecture that if f € S*(3) := S;(1-24,—1) for § € [0, 1), then the estimate

o ['(5—4p)
Li(r, f) == La(r, f,1) < m

holds, where I is the classical gamma function. The estimate was proven sharp only for
f =0 and § = 1/2. This conjecture has been recently settled by Ponnusamy and Wirths
in [71] for a more general setting by considering the family S*(A, B) := S7(A, B) with
—-1<B<A<I.

In this chapter, we estimate the quantity Li(r, f,p) for f € §;(A,B), A€ C, -1 <
B <0 and A # B and for other related class of p-valent functions. We stated our first
main result by Theorem 1.9 in Section 1.3 and its proof presented in Section 5.5. We now

discuss some of their consequences.

We remark that when p = 1 in Theorem 1.9, then we obtain [71, Theorem 1]. For
A=1-(28/p) and B = —1, Theorem 1.9 implies the following corollaries:
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Corollary 5.1. For 0 <3 <pandp €N, let f € S;(83). Then we have

< LT +4(p—5))
TP+ 2(p - 5)

Ll(r>fap) 7"6(0,1].

In particular, we have

o Li(r, f.p) <T(1+4p)/T*(1+2p) for f € S;.
o Li(r,f,1) =: Li(r, f) < T'(5—4B)/T%(3 — 28) for f € §*(B) and Li(r, f) <6 for
f e 8(0) =:S* (see [71, Corollary 1]).

All inequalities are sharp.

Moreover, choosing B = —A in Theorem 1.9, we have

Corollary 5.2. Let f € (A, —A) for 0 < A< 1 and p € N. Then we have
Li(r, f,p) < oF1(—2p, —2p; 1; A%, 0<r<1.

In particular, Ly(r, f,1) < 14 4A% + A?* for f € S;(A,—A) (see [71, Corollary 2]).

If we choose A = \e “(pe~ " — 2B cosa)/p and B = —), then

A . .
po=1p (E — 1) = —e “Y(pe " —=2Fcosa) —p

= 2 (p—p)cosa =: —¢.

By Theorem 1.9, for B # 0, we get the following integral means for f € F,(a, 5,\) =
Sy (Ae7(e7" — (28/p) cos @), = ).

Theorem 5.3. For0 < A<1,0<f<p,peNand|a| <7/2. Let f € Fy(a,B,\) be
such that 2P/ f has the form (5.3), then we have

Ll(T, f,p) = 7,.217]1(7.’ f:p> < Z ’gcn|2/\2n’

n=0
where £ = 2(p — B)e " cosa and ¢C,, denotes the combination. The equality is attained

for the functions k. p . as defined by (5.2).

If we let A = 1, then Theorem 5.3 yields:
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Corollary 5.4. Let f € Fy(a,B,1) =: Sap(B), for 0 < B < p,p € N and |a| < 7/2.

Then we have
Li(r, f.p) < 3 G|,
n=0

where £ = 2(p — B)e' cosa. The estimate is sharp. In particular, we have the following

o Li(r, fip) <D0, ‘nCn‘Z for f € Fp(a,0,1) =: S,,, where n = 2pe™"* cos a.
o Ly(r, f,p) <T(L+4p)/T*(1+ 2p) for f € F,(0,0,1) =: S.

All inequalities are sharp.

5.3. Area Integral Problems

The area A(r, f) of the multi-sheeted image of D,, 0 < r < 1 under f € A, is
defined by (1.21) in Chapter 1. We now state our second main results and some of their

consequences.

Theorem 5.5. Let f € S;(A), for 0 < |[A] <1 and p €N, be of the form (5.3). Then we

have

P
(5.4) fglg%)A (r, Z7> = m|APp*r2 0 F1(2, |A?p*r?) =: Ea(r,p),

where r, 0 < r < 1, and the mazimum is attained by the rotations of ka,(z) = 2PeP?.

The case A = 1 simplifies to
Corollary 5.6. If f € S;(1), for p € N. Then we have

2P
Al r =) = mp2r2 Fy (2, p2r2 € (0,1].
a2 (0 F) - rones e

The mazimum is attained by the rotations of the function ki ,(z) = 2PeP*.

Our main theorem for B # 0 presented in Chapter 1 by Theorem 1.10. Moreover,

Theorem 1.10, for A =1 — (23/p) and B = —1, gives the following result.
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Corollary 5.7. If f € S;(8), for 0 < 3 <p and p € N, then we have

Zp
Alr, =) =dr(p — B)r2F (26 — 2p +1). (28 — 2p + 1): 2: 2
e (T’f> m(p— B)*r?2Fi((26 —2p+1), (28 — 2p + 1); 2;1%),

for allr € (0,1]. The mazimum is attained for the rotations of the function 2P /(1—z)?P=25.

In particular, for f € §:(0) =: Sy, one has

P
gcn%XA (r, Z?) = Arp*r’yFi(1—2p, 1 — 2p; 2;0%),  r € (0,1],
€55

and the mazimum is attained for the rotations of the function z¥ /(1 — z)?P.

For the case p = 1, the above Theorems and Corollaries of Section 5.3 have been
proved in Chapter 3. Choosing A = (1 — (26/p))A and B = —X in Theorem 1.10, then
we find that

Corollary 5.8. Let f € T,(\,3), for0< A <1,0< 8 <p andp e N. Then we have

Zp
ma A r,— | =4 A(p — B)*r2F (268 — 2 +1), (268 -2 +1;2;)\27,2’
feTrn8) ( f) TN (p = B)*r*2Fy (26 — 2p + 1), (28 — 2p + 1) )

where r, 0 < r < 1, and the mazimum is attained for the rotations of 2P/(1 — \z)*~25.

In particular, for f € T,(1,8) =: S;(B), we get Corollary 5.7.

We end this section with the following special results.
The case A = e (e — (2/p) cosa) and B = — )\, simplifies that

A » »
p(g—l) +1=—e"(pe**—2Bcosa) —p+1

=1—-2"(p—fB)cosa =:1—E.

By Theorem 1.10, we obtain Yamashita’s conjecture on area maximum property for the

class Fp(a, B, \).

Theorem 5.9. Let A\, B, such that 0 <A< 1,0< B <p, —7/2 < a <7/2 and p € N.
If the function f, defined by (5.3), belongs to the class F,(«, B, \), then we have

P
ax S == Ea mp)
FEFp(afBN) ( 7 ) aA(r,p)
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where
Eapa(r,p) = mr?X2[E2Fi(1 — €,1 = £ 2; A%r%),

with &€ = 2(p — B)e " cosa. The mazimum is attained for the rotations of kyapx as

defined by (5.2).

The case A = 1 of Theorem 5.9 gives
Corollary 5.10. Let f € S, ,(8) = Fp(e, B,1) be of the form (5.3). Then we have
max A (r, Z—p> =€) (1 — 6,1 =627, 0<r<1.
F€Sa,p(B) f

The mazimum is attained for the rotations of k, o 51 as defined by (5.2).

In particular, for f € Sup = Sup(0), one has
max A r G MR (1 —n, 1 =7;2;7%),  n=2pe " cosa
FeSer ) f 9 3y 9 9

for all r € (0,1].

For the case p = 1, Corollaries 5.8 and 5.10 give the results which are obtained in

Chapter 3 (see Corollary 3.3), and in [71, Theorem 3 and Corollary 4], respectively.

Proofs of Theorems 5.5 and 1.10 are presented in Section 5.5. To see the bounds for

the Dirichlet finite function, we denote

1
(1)n(2)n

Ex(1,p) = np’|AP ) pAPT,
n=0

pd + 1)n(pd + 1)

21, B“" and

Eap(1,p) = mp*|A — BJ? Z (
n=0

)n(l_g)n 2n
T

The images of the disk D, (r € (0, 1]) under the extremal functions g4 ,(z) := 2?/ka,(2) =
e gapp(z) = Plhapy(z) = (1+ Bz)"YPP and 22 [kyapa(2) = lapa(z) =

(1 — A2)¢ and numerical values of Ea(r,p), Eag(r,p) and E, g(r,p) are described in

Ea,ﬁ,)\(Lp) = 7)\2|E|2 Z (1 _(g
n=0

Figures 5.1-5.5 and Tables 5.1 & 5.2, respectively, for several values of A, B, o, 5, A\, r and
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p. We remind the reader that for B = —1, E4 p(1,p) is finite only if 2 > Re(2 + p(¢ +
5)/3), ie. if ReA > —1.

In the next section, we present the following crucial lemmas which play important

roles for the proofs of our main results.
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5.4. Preparatory Results
We first present a necessary coefficient condition for a function f € S; (A, B).
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P A r | Approximate Values B Approximate Values
of Ex(r,p) of E4 5(r,p)

2 2/5 1 2.7264 —3/5 26.19994

3 1/5 0.9 1.05631 -9/10 112.473

2| (1+4)/3]0.8 2.34613 —1/2 10.5859

312/8—=1i/5]0.7 1.76615 —99/100 26.98

TABLE 5.1. Approximate values of E4(r,p) and E4 g(r,p)

Pl « 6] A r | Approximate Values of
Eapa(r,p)

2| —m/6] 1 |9/10| 1 11.2667

3| m/4 [1.5|3/5 109 7.1980

TABLE 5.2. Approximate values of E, g\ (r,p)

Lemma 5.11. Let f € S;(A,B), for AcC,-1<B<0,A# B,peN and f be of the
form (5.3). Then

> (K = kB + (A= B)pl*) |brpa|* < [A = BIp?

k=1
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holds. Equality is attained for the function ka g, as defined by (1.26).

Proof. Let f € §*(A, B) and g(z) := 2P/ f(z). Then by subordination principle, we obtain

W) (B-Aw()
pg(z) 14 Bzw(z) ’ <D,

where w(0) = 1 in D. Substituting this in the series expansion (5.3) of g, we get

Z kbgyp 12"t = — ((A — B)p+ Z (kB + (A - B)p)bk+p_lzk) w(z).

k=1

It is equivalent to

Z kbkﬂ,_lzk*l + Z 2l = — ((A — B)p+
k=1

k=n+1

—_

3

(kB + (A - B)p)bk+p_lzk> w(z)

i

1
for certain coefficients ¢;. By Clunie’s method [18] (see also [19, 79, 80]) for n € N,

since |w(z)| < 1 in D, we find

n n—1
S TR b1 P < A= BPP?+ Y [kB + (A = B)p| |y pr [,
k=1 k=1

it holds for all € (0,1) and for all large n. It is equivalent to

n n—1
(5.5) S TR b1 P = N EB + (A= B)p| by p [ < |A - B
k=1 k=1

If we take r — 1~ and allow n — oo, then we get the desired inequality

o0

> (K~ kB + (A= B)p[*) [byf? <[4 - B*p*.

k=1
Equality occurs in the above inequality for the function k4 p, as defined by (1.26). The

proof of Lemma 5.11 is complete. O

Lemma 5.12. Let 0 < |A| <1 and f € S;(A). For |z| <, suppose that

P o -
f? ) =1+ Zbkﬂg,lzk and e =1+ ch+p—12k7 r € (0,1].
z
k=1 k=1

Then for all N € N,

N N
(5.6) D klbrgpoa P < Klegap [Pr
k=1 k=1

holds.



Proof. 1t is enough to prove the lemma for 0 < A < 1. From the relation (5.5) for B = 0,

we get
n

-1
(k‘Q —A2p2r2)|bk+p_1|2r2k_2+n2|bn+p_1|27“2”_2 S A2p2.

k=1

[SE

Multiplying by % on both sides, we obtain

(5.7) (kz - A2p272)|bk+p—1|27"2k + n2|bn+p—1|27“2n < AQPQTQ-
1

S
—

B
Il

Obviously, the function e~4P* shows that the equality, when n — oo, in (5.7) attains with

Dkp—1 = Chip—1-
We split remaining part of the proof into three following steps.

Step-I: Cramer’s Rule.

We consider the inequalities corresponding to (5.7) for n = 1,2,..., N and multiply the
n'" coefficient by a factor A, x. These factors are chosen in such a way that the addition
of the left sides of the modified inequalities results the left side of (5.6) and hence from

the modified inequalities, we get

N
(5.8) D Elbrapo [ < AP A .

k=1
First, we shall evaluate the suitable multipliers A, x by Cramer’s rule. Secondly, in Step-
I1, we will prove that these multipliers are all positive. Finally, from (5.6) and (5.8), we

will prove the inequality

N
(5.9) AP Ny <Y Kfekppalr?t
k=1

in Step-I11. Here cgyp 1 = (Ap)*/(K!).

For the calculation of the factors A, n, we get the following system of linear equations

N
(5.10) k=k\y+ Y dan(E?— A7), k=12 N
n=k+1
Since the matrix of this system is an upper triangular matrix with positive integers

as diagonal elements, the solution of this system is uniquely determined. Cramer’s rule
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allows us to write the solution of the system (5.10) in the form

_ ((n=1)1)?
>\n,N = WDetAmN,

where A, n is the (N —n +1) x (N —n + 1) matrix constructed as follows:

n on?— A% ... n? — A%pir?
n+1 (n+1)% - (n+1)%— A%p*?
An7N - . . . .
N 0 N2

Determinants of these matrices can be obtained by expanding, according to Laplace’s rule
with respect to the last row, wherein the first coefficient is N and the last one is N2. The
rest of the entries are zeros. This expansion and a mathematical induction lead to the

following formula: if £ < N — 1, then

1 A2p2r2 N-1 A2p2r2
= 1——(1- .
Ak N = Ak, N1 N ( 12 ) ml;[ﬂ ( 2 )

We see that the sequence {A; v} is strictly decreasing in N when k € N is fixed and
N > k‘, i.e. )\k,N < )\k,N—l with

. 1 A2p27”2 oo 1 -1 A2p2r2
o g =g - (1-550) 30 0TI (55),

n=k+1 m=k-+1

To prove that Ay v > 0 for all N € N,1 < k < N, it is adequate to show that A\; > 0 for
k € N. This will be completed in Step II. But before that we want to remark that the
proof of the said inequality is sufficient for the proof of the theorem, since, as we remarked

for (5.7), equality holds for by.p_1 = Cip-1.

Step-II: Positivity of the Multipliers.
In this step, we show that

o 1 nmlgo200 1 1 & A2p2r2\ "
Z E H ( £2r > < A2p2p2 - E Z (%) ’
R(1- 252 !

n=k+1 m=k+1 12

which is indeed easy to prove, i.e. from (5.11), Ay > 0.
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Step-111:

Since the sequence {\, n} is strictly decreasing in N for each fixed n, n < N, ie. A,y <

Ann, 5O that
A2p2p2
A2p27“2)\n,1v < A2p27’2)\n,n _4arr
n
k(Ap)**
2 2 2 2%k
< A*p°r SZ ()2 e,
k=1
This means that inequality (5.9) holds. The proof of our lemma is complete. O

Lemma 5.13. Let f € S;(A,B), for A€ C,—1 < B <0, A# B and p € N. Suppose

that . .
(1— Bz)(l_(A/B))p =1+ Z dk+p_1zk and % =1+ Z bk+p_1zk
k=1 ?) k=1
forallr, 0 <r < 1. Then the inequality
N N
(5.12) D kb P < Kldipa [
k=1 k=1

15 valid for all N € N.

Proof. From Lemma 5.11, using inequality (5.5), and then multiplying the resulting in-
equality by r2 on both sides, we obtain

—_

n—

(k;2 _ ‘k:B + (A B)p|27“2) B[22 + 02 [baypn |22 < |A — B*pir2.
1

Set for an abbreviation ¢ := (A/B) — 1, we get

i

3
—

(5-13) (kQ - |k +p¢|2327"2) |bk:+p—1|27"2k + ”2|bn+p—1|27"2n < BZP27‘2|¢|Q'
1

B
Il

It is apparent that in the inequality (5.13), the equality is attained for the function

(1 — B2)U=AWBP with by, 1 = dgyp_1, when n — oco.
We split remaining part of the proof into three following steps.

Step-I: Cramer’s Rule.

We consider the inequalities corresponding to (5.13) for n = 1,2,..., N and multiply the
86



nth coefficient by a factor A, y. These factors are chosen in such a way that the addition
of the left sides of the modified inequalities results the left side of (5.12) and hence from

the modified inequalities, we get

N
(5.14) > klbrap1 [r* < B¢ Any.
k=1

First, we shall evaluate the suitable multipliers A, x by Cramer’s rule. Secondly, in Step II,
we shall prove that these multipliers are all positive. Finally, from (5.12) and (5.14), we
shall prove the inequality

N
(5.15) B |6 Ay <O Kldkpo ™, n=1,2,....N
k=1

in Step I1I. Here dy., 1 = B*(pg)i/(k!).

For the calculation of the factors A, n, we get the following system of linear equations

N
(5.16) k= + (= k+ps’B*?) Y An, k=1,2,...,N.

n=k+1
Since the matrix of this system is an upper triangular matrix with positive integers as

diagonal elements, the solution of this system is uniquely determined. Cramer’s rule

allows us to write the solution of the system (5.16) in the form

12
>\n,N = ((n(—l).)DetAmN,

N2

where A, is the (N —n + 1) x (N —n + 1) matrix constructed as follows:

n  n?®—|n+p|?B*r? .- n? — |n + po|>B*r?
n+1 (n+1)? o (n+1)2=|n+1+po|*B*r?
An7N _ . . . .
N 0 N2

Determinants of these matrices can be found by expanding according to Laplace’s rule
with respect to the last row, wherein the first coefficient is N and the last one is N2. The

rest of the entries are zeros. This expansion and a mathematical induction result in the

87



k| A B p| 7 | Ukp
110.9 —0.612]0.41]0.0784
213 —0.412]08|—4.76
3(3—¢ | —0.9]2]0.2|0.8666
210.8 —0.715]0.9 | —6.5350
3105 -1 [5]0.61]0.19
212430 —-0.85]0.3|—-7.5221

TABLE 5.3. Signs of the constant Uy,

following formula. If £ < N — 1, then

1 po
1 A =My ——[1—|1+=L
(5.17) kN EN-1T ( ' + I

? ph P
2 2

m=k+1

2
B27‘2> .

Note that Uy, = (1 —[1+ (po/k)|? B?r?) in (5.17) may be positive as well as negative
for all £ € N. We investigate this by including here a table (see Table 5.3).

Case (i): Suppose that Uy, is non-positive.

From (5.17), we see that, the sequence {\; v} is strictly increasing in N for every

fixed ke NJE < N —1, ie.
AeN — Agn—1 >0
so that
AN > A N—1 > o> Ny = 1/k >0,

and thus Ay > 0 when N — oo as is required.
Case (ii): Suppose that Uy, is non-negative.

From (5.17), for each fixed k € N, N > k, the sequence {\; v} is strictly decreasing

in N, ie. )\k,N — )\k,N—l < 0 with

_<1_‘1+%
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To show that A\ y > 0 for all N € N,k € [1, N], it is enough to show that \;, > 0 for
k € N. This will be completed in Step II. But before that, we want to note that the proof
of the said inequality is adequate for the proof of the theorem, since, we observed in the

beginning of the proof, equality is obtained for byy,—1 = diip-1-

Step-11: Positivity of the Multipliers.

Let for an abbreviation

o] 1 n—1 p¢
Sk: E H (‘1—1—%

n=k+1 m=k+1

2
BQr2> ., keN.

We now show that
1

R(1- (1422 B22)

Sk <

From the equation (5.18), we get

1 po
e = - — 1+ 22
T Sk+<' +k‘

Again set for an abbreviation

1
Tk:_+<‘1+p—¢

2
2 L B2T2) Sk

It is enough to prove that

1

(5.19) Ty < .
T (1 ~ i+ f’-,ffB%?)

To prove (5.19) we use the inequality

1 1
2 > 2
n(1=1+20B22) (1) (1- |1+ 2 [ B22)

(5.20)

n+1

(this inequality follows from the fact that n (1 — |1+ (pg/ n)[? B?r?) is an increasing by
derivative test) and the identity
1 1 1+ 22|° B2
(5.21) 5 =—+ 5 :
n(1-+2fBn2)  m o (1= 1422 )
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which are admissible for each n € N. Repeated application of (5.20) and (5.21) for
n=kk+1,...,0Q results in the inequality

m

Q n—1 2
1 1 po 2 2
> § — 1+—| B
n ( + "

Q ¢2
H (14—% BQ7“2>

2
Q(1- ‘1+Ig( B2r2)

= SkQ + RkQ, for k < Q.

Since Ry o > 0, allow the limit as ) — oo, we get

00 n—1

2
B*r? | = Qr,
k (1 — |1 + %"5‘ B2r2> Treo A )

and we complete the inequality (5.19).

Step-111:
Taking the left side of (5.15) for N = 2,n =1 and using the inequality (5.17), we obtain

2
B2 BYp*rto?|1 + pol?
n 2 + 2

1
B0\ 5 = Blphr?|of? (A Lap +p¢|232r2>)

(since A1 = 1)

2

Bp?rt|¢)?|1 + po|? k|(po)r|?
2 B> (k!): (B

< B*p*r?|¢|* +
k=1

Since, diyp—1 = B*(pp)r/(k!), then the inequality (5.15) holds for N =2,n = 1.

Now, we can complete the proof by a method of induction. Therefore, if we assume

that the inequality (5.15) is true for N = m i.e.

(5.22) B |6 Anm <O kldkgpaa|*r™*, n=1,2,...,m.
k=1
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Then for N = m + 1, using the inequality (5.17), we deduce that

1 po|*
BZ 2.2 2)\nm :BQ 2.2 2 )\nm_ 1—-11 s 32 2
PO An prilol” [ A, —— + r
o po|* _
&y 2.2
X ” (‘1—’_25 Br)
t=n+1 A

m+1

— 1
< kg - —— (1 — ‘1 + %qb

2
327,2)

m 2
< 1] (‘1#’% B%?) B2p*r?¢)?  ( by (5.22))
t=n+1
- 1 po|?
— kd B 2,26k~ 1 I ad BZ 2 BZ 2.2 2
;‘le‘r m+1t:1;£1(‘+t r pre| 9|

2
¥ B2T2> 32p2r2|¢’2

Sl PN S = po
< N HPYRE g - 1422
<2 me (B +m+111 3
Since dj1,—1 = B*(pg)i/(k!), the last inequality implies that

o Kl(po)ul” N pe
2.2 2 2 2k
B2p*2| 0P Apmi1 < ;:1: (D2 (Br)* + ——— II(|r+=

2
B27,2> B2p2r2\¢|2.

t=1 t

2
BQT‘2> B2p2r2|¢|2

or equivalently,

S S = (R
k=1 : m+1 t=1
= > A e+ DG T (e )
- ; k|(<]]i(|b)>2k‘ (Br)* + (m 8)(5: " |(PP)m+1]

Hence, we obtain the desired inequality (5.15). The proof of Lemma 5.13 is complete.
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5.5. Proofs of the Main Results

Proof of Theorem 1.9. Let f € S;(A, B). We apply the theorem of Hallenbeck and
Ruscheweyh [37, Theorem 2] and get

O L
(1 + Bz)—@/B)p

zeD,

so that
Zp
(5.23) 8 < (14 Bz)-AWBP —. 5 (2), z€D,
where
2P (14 Bz)1=A/Brif B £ ()
Xapplz) = = .
4,8,p(%) e—Ap2 if B=0

For B # 0, we rewrite the quantity xa p,(%) in hypergeometric notation and get

2Fi(pg, 1;1; =Bz) if B#0
XA,B,p<Z) =
e~ APz if B=0

(5.24) =: Z dpip_12"
n=0
with ¢ = (A/B) — 1 and

CDMPIWB it B o£ ()
dn+p71 = .
D)™ (Ap)” ifB=0

n!

If 27/ f and x4 p,(2) are two analytic functions such that (5.23) holds, and both the
functions have the forms (5.3) and (5.24) (with b,_; = 1 = d,,_;), respectively. Then by
Rogosinski’s result (see [22, 80]) we get

k k
Z [bnp1 [Pr?" < Z | dpa| ",
n=0 n=0
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for 0 <r <1 and k € N. Thus, from (5.23) and (5.24), we obtain

< l)?

1
(n!)?

:MW

=l

k
Z |bn+p—1|2r2n < 9
=0 (p|A|)2nr2” it B=0

[e=]

3

\

If we take r — 1 and allow k£ — oo, then we find the inequality

< (nl)? 70

1
(n!)?

NE

3
I

1 + Z ‘anrpfl’Q S
n=1

(A" i B=0

WE

I
o

\ n

( _
2Fi(pg, pp; 1;B%)  if B#0

\ Jo(2ip|Al) if B=0
where Jy(z) is the Bessel function of zero order (see for the definition [93]).

Now, we evaluate the integral means for the function z?/f and get

p2
“ | a0

27 2p 2T
Ll(ﬁfvp)1=T2pfl(r,f7p):i/o ﬁd@ = (2)

27 rei)|? T or 0

=1+ Z |bn+p—1|2r2n
n=1

S 1 + Z |bn+p—1’27
n=1
which establishes the desired inequality. The result is sharp and it can be easily verified

by considering the function 2?/k4 g, defined in (1.26).

Proof of Theorem 5.5. Suppose f € S¥(A), 0 < |[A] <1 and p € N. It is enough to
prove the theorem for 0 < A < 1. By the definition of S;(A), we get




Let g(z) = 2P/f(z) be of the form (5.3). Then using the theorem of Hallenbeck and
Ruscheweyh [37, Theorem 2] and subordinate property, we get

5P
kap(z)
By rewriting the last subordination relation in power series form, we have

o0 o0

—A k

1+ E bpyp 12" < e =1+ E Chtp—12",
k=1 k=1

g(z) < e =

where ¢y, 1 = (—1)*(Ap)*/(k!). Now, by Lemma 5.12, for r € (0, 1], we have

N N
> Elberpa*r* <> Klekpa ', N €N
k=1 k=1

If we assume N — oo, then it follows

oo oo
7TZ’£’|bk+p—1\2T2k < Wzk10k+p—1|2r2k>
k=1 J—1

2P 2P
Alr,— ) <Alr,— .
( f) ( kA,p)

It is easy to simplifies that A (r, 27 /ka,) = 7| A*p*r?0F1(2, |A|*p*r?) = Ea(r,p), then we

1.e.

get the desired identity (5.4). The maximum is attained by rotations of k4, (z) = 2Pe?P?.
The proof of our theorem is complete. O

Proof of Theorem 1.10. Let g(z) = 27/ f(z) be of the form (5.3). Now, by the definition
of §;(A, B), we obtain
() 1+ As 2kip,(2)

< — .
pf(z) 14+ Bz  pkapy(z)
By Hallenbeck and Ruscheweyh’s result [37] and subordinate principle, we find that

Zp
2) < (14 Bz)=W8Bp - __ = ___
9(z) < ( ) Fana(?)

Suppose, z*/ka g, has the power series representation 1 + Yy | diyp—12" with djipq =

(—=1)*B*(pg)i/(k!). Then it follows from Lemma 5.13, for N € N,

N N
D Elbrap-1 [ < kldpgpoa 7, 0<r <1,
k=1 k=1
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which implies that

[e.9] o0
T Z klbppa|*r® <7 Z Eldgyp 1?7,
k=1 k=1

2P 2P
Alr,— ) <A, :
( f> < kA,B,p)

By the area formula for 2?/k, g, we easily have

o0
2
1 2.2k
T A (T, ) = E k|dgtp—1|"r
kAvap k=1

= (p¢)k<p)$)k 2k .2k
2 P

oo

_ p2.2.21 412 (p¢+1)k(p§_b+1)k 2k, 2k
= B*pr?|¢| kzg (0 B ret,

1.e.

Hence,
A <T, k; & ) = 7|A — B]*p*r’ (qu +1,pp+1;2; BQTZ) = Eap(r,p),
A,B,p
and the proof of Theorem 5.3 is complete. O

5.6. Concluding Remarks and Open Problem

For -1 < B<0and A € C, A+# B, define
1 z2f"(2) 1+ Az
A, B):= -1 D,.
G4, B) {feAp p< ” 7 ) SixBe
The choices A =1—(28/p), 0 < 8 < p and B = —1 turn the class C,(A, B) into the class

C,(B), the class of p-valent convex of order 5. The class C,(0) =: C, is the usual class of
p-valent convex functions. The results of this paper (e.g. Theorem 5.5 and 1.10) motivate

the following problems for further research in this direction:

Open problem 5.25. Discuss the maximal area integral problem for the functions of

type 2P/ f when f € C,(A, B), in particular when f is in Cp and C(B), respectively.

With this, we end this chapter here.
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CHAPTER 6

STARLIKENESS AND CONVEXITY OF INTEGRAL
TRANSFORMS

The duality principle is used to determine the starlikeness (or convexity) of the integral
transform V)(f) defined by (1.8). Section 6.1 discusses about the class P,p.(5). In
Section 6.2 and 6.3, we investigate the necessary and sufficient conditions for V) (f) to be

starlike and convex.

The results in this chapter are from the article: Sahoo S.K., Sharma N.L. (2014), Du-
ality technique on a class of function defined by convolution with Gaussian hypergeometric

functions, J. Analysis, 113(1), 145-155.

6.1. The class P,;.(0)

Study of starlikeness and convexity of certain integral transforms of analytic functions
in the open unit disk plays a significant role in geometric function theory. In Chapter 1,
we discussed about the integral transform V,(f) for f € A in (1.8). More precisely,
VA(f) over the class P,p.(03) is taken, which is defined by (1.12), using the notion of
convolution and expressed in the form of Gaussian hypergeometric functions. The newly
considered class P, () is a generalization of the family P, (/) defined in (1.11). In [66],
Ponnusamy used the idea of differential subordination to discuss the starlikeness of the
Bernardi integral transform of functions belonging to a family related to the family P, (3).
Indeed, the family P, () has been considered by a number of authors in the literature
to study certain problems in analytic function theory; see for instance [12, 66, 68| and

references therein. For f € P;(f), the starlikeness of Vy(f) was first studied in [25]



Year Authors Ref. | Order of Starlikeness | f € P,(5)
of V,
1994 | Fournier and Ruscheweyh [25] Z€ero P1(B)
1997 Ponnusamy and Rgnning [68] p e [0,1/2] Pi(B)
2001 Kim and Rgnning [47] Zero Py(B), v>0
2004 Balasubramanian, [9] p e [0,1/2] Py(B), v>0
Ponnusamy, and Prabhakaran

TABLE 6.1. Order of Starlikeness of V\(f)

by Fournier and Ruscheweyh and later the case of starlikeness of order p (0 < p < %)
was investigated by Ponnusamy and Regnning [68, 69]. The case 1/2 < p < 1 is yet
to be settled. Significant contributions on starlikeness of the integral transform Vy(f) of
f € Pi(p) are listed in Table 6.1 where duality principle [82] played a crucial role in their
proofs. In fact, for f € P,(/3), contributions on convexity of V)(f) have also been made
by several authors. We discuss this part separately in Section 6.3.
We now observe that if f € P,(f) in (1.11) then we write
(1 —7)@ +7f(2) = @ * I (1,1 + %;%;Z) =: k(2)
where k(z) € P(B) := {p(2) : p(z) is analytic in D, p(0) = 1 and Rep(z) > }. In view of

this observation, f takes to the form

M:F(l,%;ﬂr%w) * k(2).

z
This representation motivates us to introduce the new three parameter family, denoted
as Papc(B), which is defined by (1.12) in chapter 1. In particular, if we substitute a =1
in the definition of P,;.(f), it reduces to the two parameter family P .(5) which can be
defined in the form

Ppo(B) := {fEA:Re <@*F(1,c;b;z)> >0, 1<b<e, 0§B<1}.
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This form of the definition of P, .(3) is possible due to the fact that

f(z) =oF1(1,7;82) % g(2) <= f(2)*2F1(1, 875 2) = g(2)

for f, g € A. For special values given to the parameters a, b and ¢, the class P, p.(3)
reduces to various well-known classes already studied in the literature. Thus, this new

class may be looked up as a unifying class of all those classes of functions.

In this chapter, we are interested to find conditions such that either V)\(f) € S*(u) or
VA(f) € C(p) for functions f € Pup.(8). Section 6.2 is devoted to the discussion on the
starlikeness of V) (f).

6.2. Starlikeness of the Integral Transform V)(f)

We stated our main theorem concerning the starlikeness of the integral transform in

Chapter 1 by Theorem 1.11.

Proof of Theorem 1.11. Definition of P,;.(5) and the duality principle [82] (see also
[9, 68]) guarantees that

1422
1+yz

(6.1)

) e (1-9HE 1), zem

By Theorem 1.1 (see Chapter 1), we know that

WA | hal2)

z z

Va(f) € 5%(n) <= 70,

where z € D and h,(2) is defined by (1.9). Therefore, we have

VA(f) € S*(p) <= /0 1>\_(tzzdt>x< / (ZZ) ¥ hﬂz(z) £ 0.
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Since x o Fy(a,b;c;2) = iﬁ (6.1) yields

—
|
™

/1 At o, f2), hul(2)

1—tz z z

— ALt dt x | oFy(a,b;c; 2) % ((1—5)1+xz+ﬁ>>*h”iz)

0 1 -1z 1+yz

LOA(t) h,(2) B 1+xz
1— dt * | 2F1(a, b; = :
= 5)/0 1 —tz *< 1a,by¢;2) * z +1—B)*1+yz

It is equivalent to

/1Mﬂﬁ*ﬂ@*M@

11—tz z z

) (1_5)/0 a <2F1<“’b%c;zt>* ) fﬂ) dtx LT

This, together with the relation (1.30), yields
1 1

/ AL dt * /(z) * () =(1- 5)/ A(t) <2F1(a, b; c; 2t) * ()
0 < 0

1—tz z
1+ x2
1+yz

(6.2) — gl ()t +

We also know from [82, Theorem 1.6, p. 23] that for f € A
flz) 1+ f(z)

1
0 < R > —
z 1—1—yz7é T z 2

holds. Therefore, from (6.2) and the last implication, it follows that Vy(f) belongs to
S*(p) if and only if

&%“—mﬂxw(ﬁwwmawﬂglw@ﬂoﬁ)>;

or equivalently,

(6.3)  Re ( /0 ) (QFl(a,b; o ot # h“T(z) _ gf;ybﬂc(t)> dt> - ﬁ >0,

1 1
We see that the relation (1.30) is equivalent to 5~ / M) (1 = gy (t))dt, and so
- 0
(6.3) simplyfies to
1 h 1+g0, (1
(6.4) Re (/ A(t) (gFl(a,b; c; zt) * ul2) el )) dt) > 0.
0

z 2
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It is evident from (1.27) that A,p.(1) = 0. In order to complete the required proof, we
use the representation of A,y () and rewrite (6.4) by dividing and multiplying by the
factor t272*=¢ then we get

Re </01(—A;7b7c(t)) (h“—(z) * <t“+2b762F1(a, b; ¢; zt)>

z

(6.5) el +g§,b,c(t))> dt) “o

2

Using the facts Agp.(1) = 0 and limy o, t*77¢A,;..(t) = 0, and applying the integration
by parts to the relation (6.5), it yields

1
Re (/ pat2bmemlp (1) {hﬂ(z) * (tigFl(a, b;c;tz) + (a + 2b — ¢)2 Fi(a, b; ¢; zt)>
0 7 z dt
—1(<a+2b—c>(1+gﬂ () + L g (t)> dt) > 0.
2 a,b,c dt a,b,c

From (1.28), we have

2 dt

1—u(l+1)
—(a+2b—c)(1_ﬂ)(1+t)2] dt> > 0.

! h d
Re (/ USSR W () {M * (t—zFl(a, b;c;tz) + (a + 2b — ¢)2 Fi(a, b; ¢; zt)>
0

Using (1.10), we obtain

1
Re < / A o (E) {M * (“—izQFl(a +1,b+Lic+ 1;2)

0 tz

+(a+2b— c¢)aF1(a, b; ¢ z)> —(a+2b—c) (11__//;0)(:1—:_?)21 dt) >0, zeD.

The assertion follows.

If we choose a = 1 in Theorem 1.11, then we obtain

Theorem 6.1. For 0 < <1, let f € Py.(B) with1 <b < c. Suppose that X : [0,1] - R
s a non-negative weight function so that fol A(t)dt =1 and Ay is defined by (1.29) with
the assumption that limy o+ t**=<T1A, (t) = 0. Assume that the quantity 3 is related by
L= [

1-p 0 ’C
(f) € 8*(w), 0 < pu < 1/2 if and only if L§, (h,) > 0.
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Year Authors Ref. | Order of Convexity | f € P,(5)
of V)\(f)
1995 Ali and Singh [2] Z€ero P1(B)
2002 Choi, Kim, and Saigo [20] Zero Py(B), v>0
2005 Durai and Parvatham (3] w e [0,1/2] P1(B)
2007 Balasubramanian, [10] pe0,1/2] Py(B), v>0
Ponnusamy, and Prabhakaran

TABLE 6.2. Order of Convexity of V,(f)

Remark 6.2. When b = 1,¢ = 2 and p = 0, Theorem 6.1 leads to a result of Fournier
and Ruscheweyh; see [25, Theorem 2]|. If we set b = 1 and ¢ = 2 in Theorem 6.1 then
we obtain [68, Theorem 2.1], the result due to Ponnusamy and Regnning. If we substitute
b=1/y, c=1+0band p =0 in Theorem 6.1 then we get [47, Theorem 2.1] proved by
Kim and Rgnning. Putting b = 1/ and ¢ = 1 + b in Theorem 6.1, we easily see that our

result reduces to an equivalent result of [9, Theorem 1.2] due to Balasubramanian, et al.

6.3. Convexity of the Integral Transform V)(f)

In this section, we find conditions so that the integral transform V) (f) carrying func-
tions from P, () into C(p), 0 < p < 1/2. In 1995, Ali and Singh [2] first discussed the
convexity of the integral transform V) (f) of functions belonging to P; (/) with the help
of the duality theory of convolution developed by Ruscheweyh in [82]. Subsequently, a
number of authors investigated this problem in a more general setting. We now list down

them in Table 6.2.

Our main aim in this section is to generalize the convexity result of Balasubramanian

et al. [10] for functions belonging to the class P,4..(). The following basic notations are
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useful: For the function A, .(t) stated in (1.27), we define

1d
Re (;ahu@Z')

z€D

1
Mg, () = inf [ et 0

" (“_sz(aJr Lb+15e+152) + (a+2b— )2 Fi(a, by Z))>
C

(1 —p) —t(1+p)

—(a+2b—c) 0= 00 0

dt,

where a, b, ¢ are real parameters and h,(z) is defined as in (1.9). We set
(6'6) M/L\Lb,c = Mkl,b,c'
Let ¢, .(t) be the solution of the initial value problem

pot2b—c=1 <(1 _ N) _ t(l + M))

d +2b—c 41t
. 7 (4a c — 2 _
(6.7) (G (1) = (a+ 20— ) 1= )0 +1? ’
with ¢, (0) = 1. Set ¢, := ¢l .

Theorem 6.3. For 0 < § < 1, let f € Pape(B), a < b < c. Suppose that X and Agp.
satisfy as in the hypothesis of Theorem 1.11. Then V\(f) is convezr of order pn (0 < p <
1/2) if and only if M} . (h,) >0, where 3 € [0,1) is related by

(6. T = - [ e (o

and @l . is defined as in (6.7).

Proof. Let F(z) = VA(f)(2). It is well-known that F' is convex of order p if and only if
zF" is starlike of order pu. Then, by Theorem 1.2 (see for instance [82]), we have

FeC(n) e L(F (2)  hy(2)) £0.

z

It is enough to show that

| —

04 L(F (2) # hu(2)) = L(F(2) % 21, (2)

1 )\(t)mdt x I, (2)

tz

DOt
1—

O\O\N

(6.9) 22 arx 1) 1 (2).

z
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Using (6.1), the relation (6.9) holds if and only if

04 /01 %dt* (QFl(a,b;c;z)* ((1_5)”“ +B)) ()

1+yz

1 , I6] 1+
=(1- ﬁ)/o A(t) (zFl(a, b; c; zt) * hu(z) + m) dt * 1 +zj7

which clearly holds if and only if

Re ((1 ) /01 A(t) <2F1(a, byc;zt) * h,(2) + %) dt) >

Y

DN | —

or equivalently,

(6.10) Re ( /O 1 A(t) (QFl(a, bic; zt) * B (2) + b 1__122) dt) > 0.

Dividing and multiplying by the factor t**%~¢ with the integrand in (6.10), the rela-
tion (6.8) leads

1
Re (/ (—A;Jw(t)) <ta+2b"”2F1(a, b c; zt) * h;l(z) — t“”b’C(bZ’b’C(t)) dt) > 0.
0

This on integration by parts and using Aqpc(1) = 0,lim, o+ t*727¢A, 4 .(f) = 0 and (6.7),

we obtain
! / d
Re (/0 gat2be=p (1) [hu(z) * <tE2F1(a, b;c;tz) + (a+ 2b — ¢)2 Fi(a, b; c; zt))

(L—p) —t(1+p)
—(a+2b—c) e ]dt) > 0.

From (1.10), we have

R /lt““b—c—l/\ () ! dh (t2)
a,b,c 5 z
¢ 0 b zdt "
abz
*(—2F1(a+1,b+1;c+1;2)+(a+2b—c)2F1(a,b;c;z)>
c

EVORP YN € et ) et G )
(a+2b—rc) (e }dt)>0.

This means that M /’(a \ c(hu) > (0, which completes the proof of our theorem. O

If we set a =1 in Theorem 6.3, we get
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Theorem 6.4. For 0 < 3 < 1, let f € Py(5), 1 < b < c. Suppose that X and Ny (t)
satisfy as in the hypothesis of Theorem 6.1. Then V\(f) is convex of order p (0 < p < 1/2)
if and only if M}, (h,) >0, where 0 < B <1 is related by

B - 1/2 _ ! “w
=== [ et

and ¢, . and M), (h,) are respectively defined by (6.7) and (6.6).

Remark 6.5. When b = 1,¢ = 2 and p = 0, Theorem 6.4 leads to a result of Ali and
Singh; see [2, Theorem 1]. If we choose b = 1/v,¢=1+b and = 0 in Theorem 6.4, then
we obtain a result due to Choi, et al. (see [20, Lemma 3]). If we substitute b = 1 and
¢ = 2 in Theorem 6.4, then we get the result [3, Theorem 2] due to Durai and Parvatham.
If we set b =1/ and ¢ = 1 + b, then one can easily see that Theorem 6.4 reduces to an

equivalent form of [10, Theorem 2.3] due to Balasubramanian, et al.

We end our discussion of this chapter here.
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CHAPTER 7

CONCLUSION AND SCOPE FOR FUTURE WORK

In Chapter 1, we focus on basic definitions and properties of univalent and p-valent

functions in D which are used in the subsequent chapters.

In the second chapter, we study the class of g-close-to-convex functions and determine
several sufficient conditions for f(z) = z+ > ~, a,z" to be in ;. In addition, we prove
the Bieberbach-de Branges Theorem for functions in the class ;. This produces several
power series of analytic functions convergent to ¢-hypergeometric function. Since not
much work has been done in the literature about the class K, and thus it is worth to
deduce some new results in this topic. Further work in this field will certainly bring
a strong base between ¢-theory and geometric function theory. It would be interesting
to investigate the g-theory and its applications more in geometric function theory, in

particular, to analyse the g-analog of convex functions and other related functions.

In the third and fifth chapter, we are particularly interested to solve Yamashita’s
conjecture on area maximum property for univalent and p-valent functions, respectively.
We also discuss some integral means problem for several class of p-valent functions. It
would be interesting to solve the analog of Yamashita’s extremal and the integral means
problems for other geometric subclasses of functions from & and A,. For example, to
determine the analog of Yamashita’s conjecture when zf’ belongs to the class S*(A, B)
and also for functions f in the Bazilevi¢ class [13], and to derive Yamashita’s extremal

problem for p-valent convex functions.

In the fourth chapter, we present a correct form of the coefficient bounds for a function
to be in certain family of p-valent functions. There are many application of Bieberbach’s
conjecture problem in univalent function theory. It would be interesting to find possible

applications of coefficient estimates that we obtained for p-valent functions.



The duality theory for convolutions is used to investigate the starlikeness and con-
vexity of order p € [0,1/2] of the integral transform V) (f) in the sixth chapter. For the
order € (1/2,1), this problem is unsolved. By using Duality technique or otherwise,
this problem and other related problems with their applications can be interested for

researchers to investigate.
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