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ABSTRACT

Quaternions are extensively used in programming video games, computer graphics, control
theory and quantum physics, etc. A solution of a quaternionic linear differential equation
with constant coefficients can be presented in terms of right eigenvalues as well as their
corresponding eigenvectors of the associated quaternionic matrix. The study of a quater-
nionic linear differential equation with constant coefficients is based on finding the zeros of
its corresponding quaternionic polynomial. In contrast to the complex case, the location
of left eigenvalues of a quaternionic matrix plays an important role in the characterization
of zeros of quaternionic polynomials. The stability of linear difference/differential equa-
tions with quaternionic matrix coefficients is based on the location of right eigenvalues of
their corresponding block companion matrices.

This thesis mainly deals with localization theorems for the left and right eigenval-
ues of a quaternionic matrix and their applications for finding bounds/location of zeros
of quaternionic polynomials. Bounds for the left and right eigenvalues of quaternionic
matrix polynomials are derived. In the proposed research work we also discuss about
perturbation bounds for right eigenvalues/generalized right eigenvalues of a quaternionic
matrix/quaternionic matrix pencil. The entire work of this thesis is divided into seven
chapters and has been briefly described below:

Chapter 1 describes preliminaries and basic facts related to the development of our
theory.

In Chapter 2, inclusion regions for eigenvalues of a quaternionic matrix are derived
and bounds for the zeros of quaternionic polynomials are presented. In this chapter, we
study Gerschgorin, Ostrowski, and Brauer type theorems for the left and right eigenvalues
of a quaternionic matrix. Thereafter a sufficient condition for the stability of a continuous-
time quaternionic system is given.

Chapter 3 presents inclusion regions of zeros of quaternionic polynomials.



Chapter 4 discusses basic properties of regular quaternionic matrix pencils, localiza-
tion theorems of generalized right eigenvalues of quaternionic matrix pencils, and their
applications.

Chapter 5 derives the definitions of the left and right eigenvalues of quaternionic ma-
trix polynomials. Next, we present bounds of left and right eigenvalues of quaternionic
matrix polynomials. A sufficient condition for the stability of a discrete-time quater-
nionic system is given. Furthermore, bounds for the absolute values of the left and right
eigenvalues of quaternionic matrix polynomials are devised and illustrated for the matrix
p-norm, where p = 1,2, 00, and F' (Frobenius). The above results generalize bounds for
the absolute values of the eigenvalues of complex matrix polynomials.

Chapter 6 gives the concept of perturbation bounds for right eigenvalues/generalized
right eigenvalues of a quaternionic matrix/quaternionic matrix pencil. In particular,
Bauer-Fike type theorems for right eigenvalues/generalized right eigenvalues of a diagonal-
izable quaternionic matrix/diagonalizable quaternionic matrix pencil are derived. Then,
a relative perturbation bound for right eigenvalues of an invertible diagonalizable quater-
nionic matrix is given. Perturbation bounds of right eigenvalues of a quaternionic matrix
and perturbation bounds for the zeros of quaternionic polynomials are presented.

Finally, in Chapter 7, we give conclusions of our research work and future prospect of

this work.
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NOTATION

the field of real numbers

the field of complex numbers
the extended complex plane C U {oo}
closed upper complex halfplane
the set of positive real numbers
the set of real quaternions

the imaginary part of z € C
the conjugate of ¢ € H

the modulus of ¢ € H

the real part of ¢ € H

the imaginary part of ¢ € H
the set {¢ € H : Re(q) < 0}

the unit ball {g € H: |¢| < 1}

the equivalence class of ¢ € H

the collections of all n-column vectors with entries

in IC, where K € {R, C, H}
the transpose of = € K"
the conjugate of z € K™

the transpose conjugate of v € K"

the set of m X n matrices with entries in K, abbreviated to M,,(K)

ifm=n

the n x n identity matrix

the n x n zero matrix

the inverse of A € M, (K)

the transpose of A € M, (K)



A the conjugate of A € M, (K)

AH the conjugate transpose of A € M, (K)

A®B the Kronecker product of A € M, (H) with B € M, (H)

diag(Ay, ..., Ap) block diagonal matrix with the diagonal blocks Ay, ..., A, € M,(K),
abbreviated to diag(A4;)}_,

| A, the norm of A € M,,(K), where p =1,2,00 and F' (Frobenius)

Ky(A) the condition number of A € M, (H) with respect to the matrix
2-norm

) the complex adjoint matrix of A € M,,(H)

A(A) the set of eigenvalues of A € M, (C)

A (A) the set of left eigenvalues of A € M, (H)

A (A) the set of right eigenvalues of A € M,,(H)

As(A) the set of standard right eigenvalues of A € M, (H)

pi(A) the left spectral radius of A € M, (H)

pr(A) the right spectral radius of A € M,,(H)

m(2) the simple quaternionic polynomial of the form Z;”:O g7,
where z, ¢; e H (0 < j <m)

pr(2) the simple quaternionic polynomial of the form ZT:O 2q;,
where z, ¢; e H (0 < j <m)

q(2) the simple monic reversal quaternionic polynomial of p;(2)

q-(2) the simple monic reversal quaternionic polynomial of p,(z)

Zu(p(2)) the set of zeros of a simple quaternionic polynomial p(z)

Zc(p(z)) the set of complex zeros of a simple quaternionic polynomial p(z)

Cp, the corresponding companion matrix of the simple monic
polynomial p;(2)

Cp, the corresponding companion matrix of the simple monic
polynomial p,(z)

Cy, the corresponding companion matrix of the simple monic reversal
polynomial ¢;(z)

Cy, the corresponding companion matrix of the simple monic reversal

polynomial ¢, (z)
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CHAPTER 1

INTRODUCTION

1.1. Introduction

The set of quaternions was discovered by the Irish mathematician Sir William Rowan
Hamilton in 1843. It is an extension of the complex field. The set of quaternions is an asso-
ciative but non-commutative algebra of rank four over R. Quaternions are extensively used
in programming video games, control theory, computer graphics, controlling spacecrafts,
signal processing, quantum physics etc. (see, for example, [1,8,24,26,40,58]). Quaternions
are used for describing rotations and orientations of objects in 3-dimensional space. For
instance, spacecraft altitude-control systems are commanded in terms of quaternions (see,
for example, [1,26] and the references therein). A quaternion is expressed by 4 real num-
bers whereas a 3 x 3 matrix requires 9 numbers. The composition of two rotations requires
16 multiplications and 12 additions in quaternion representation, but 27 multiplications
and 18 additions in matrix representation [39].

The applications of complex eigenvalue problems have been studied in [4,7,10,11,14,
16,51,54,57]. The quaternionic eigenvalue problems occur in many scientific applications
(see, for example, [2,3,9,13,18,27,31,32,43,44,52,53,55,56,61] and the references therein).
The location of right eigenvalues of a quaternionic matrix plays an important role to find
the stability of the linear differential equation with quaternionic matrix coefficients

dm dm—l dm—2

and the quaternionic matrix difference equation
(1.2) w(t+m)+ Apqw(t+m—1)+--+ Ajw(t + 1) + Agw(t) = 0,

where w(t) = (wi(t),ws(t), ..., w,(t))T € H" with w; : R — H (t € R,1 < i < n) (H
and H" are defined in Preliminaries 1.2) (see, for example, [43,44]). The location of left
eigenvalues of a quaternionic matrix plays a crucial role to find bounds/location of zeros

of quaternionic polynomials.



The quaternionic eigenvalue problems and location of left and right eigenvalues of a
quaternionic matrix and their applications have been studied extensively (see, for exam-
ple, [3,6,9,18,22,27,31,32,43,44,52,60-63] and the references therein). Computation of
zeros of quaternionic polynomials and their bounds have been studied extensively covering
the theory as well as the applications (see, for example, [12,19, 20,23, 30,41, 42,45, 50]).
An application of quaternionic quadratic equations is also found in solving homogeneous
quaternionic linear second order differential equations with quaternion constant coeffi-

cients [28,29]. The solution of quaternionic differential equation

d? d
a1 u(t) — q T u(t) — gou(t) =0,

(1.3)
where v : R — H, ¢o,q1 € H and t € R, can be transformed by substituting u(t) =

explzt] (z € H) to the following quaternionic quadratic equation:
(1.4) 2 —qz—q=0.

Generalizing (1.3), we observe that the problem of finding the solution of m-order linear

differential equations with quaternion constant coefficients

am &
(1.5) qpm 4t = 2 e g ult) = qou(t) =0,
k=1
where ¢; € H, (0 < j7 <m —1), can be transformed to the problem of finding the zeros of

the corresponding m-order quaternionic polynomial,
m—1

(1.6) P(z)=2"— Z g7
j=0

To understand of the complexity of the quaternionic left and right eigenvalue problems
is a challenge for mathematicians and physicists. Nowadays, the study of the eigenvalue
problem for complex linear quaternionic operators [31] plays a fundamental role in solving
quaternionic differential equations [28].

Many physical problems that are governed by differential operators are much simpli-
fied by applying the quaternionic matrix formalism and solving the corresponding quater-
nionic right eigenvalue problem. For example, the solutions of linear differential equations

with quaternion constant coefficients

m dm—l dm—2
(L7 g ) = gy e ) = ez g ult) = — o ult) =0,

2



where ¢ € H (0 < j < m — 1), can be presented in terms of right eigenvalues and

eigenvectors of the quaternionic matrix

dm-1 9m—-2 --- qo
1 0 0
| 0 . 1 0_

This thesis mainly deals with localization results of eigenvalues of a quaternionic matrix,
bounds for eigenvalues of quaternionic matrix polynomials, bounds of zeros of quater-
nionic polynomials, and perturbation bounds for right eigenvalues of a quaternionic ma-
trix/quaternionic matrix pencil. We developed localization theorems for the left and right
eigenvalues of a quaternionic matrix which include the Gerschgorin, Ostrowski, and Brauer
type theorems for the left and right eigenvalues of a quaternionic matrix. We proposed
inclusion regions for right eigenvalues of special matrices, viz., central closed quaternionic
matrices, quaternionic Hermitian matrices, and quaternionic n-Hermitian matrices, where
n € {i,j,k} and i, j, k are the standard quaternion imaginary units. A sufficient condition
for the stability of a continuous-time quaternionic system is given. Bounds/location of
zeros of quaternionic polynomials are proposed.

Thereafter inclusion regions for generalized right eigenvalues of a quaternionic matrix
pencil and their applications are presented.

Next, the definitions of left and right eigenvalues of quaternionic matrix polynomials
are proposed. We present bounds for the left and right eigenvalues of quaternionic matrix
polynomials via localization theorems for left and right eigenvalues of a quaternionic
matrix/quaternionic block matrix. Further, a sufficient condition for the stability of a
discrete-time quaternionic system is given. Bounds for the absolute values of the left and
right eigenvalues of quaternionic matrix polynomials are derived and illustrated for the
quaternionic matrix p-norm, where p = 1,2, 00, and F (Frobenius). The above results
generalize bounds for the absolute values of eigenvalues of complex matrix polynomials
which give sharper bounds to the existing bounds for the case of 1,2, and co matrix

norms.



Finally, the concept of perturbation bounds for right eigenvalues/generalized right
eigenvalues of a quaternionic matrix/quaternionic matrix pencil is developed. In par-
ticular, Bauer-Fike type theorems for right eigenvalues/generalized right eigenvalues of
a diagonalizable quaternionic matrix/diagonalizable quaternionic matrix pencil are de-
rived. Moreover, a relative perturbation bound for right eigenvalues of an invertible
diagonalizable quaternionic matrix is discussed. A residual bound for right eigenvalues
of a quaternionic Hermitian matrix is also considered. Perturbation bounds for zeros of
quaternionic polynomials are presented.

This thesis is organized as follows. Chapter 2 derives location of the left and right
eigenvalues of quaternionic matrices and bounds of zeros of quaternionic polynomials.
Chapter 3 explores inclusion regions for zeros of quaternionic polynomials. Chapter 4
concerns localization theorems for generalized right eigenvalues of quaternionic matrix
pencils and their applications. Chapter 5 is devoted to bounds of eigenvalues of quater-
nionic matrix polynomials. Perturbation analysis for quaternionic matrices and quater-
nionic polynomials are presented in Chapter 6. Finally, in Chapter 7, we give conclusions

of this thesis and future prospect of our work.

1.2. Preliminaries

Throughout this thesis, R and C denote the fields of real and complex numbers, respec-

tively. We define the closed upper complex halfplane as
Ct:={a+pi:a,f R, B3>0}

Define

R :={a:a €R,a> 0}
The set of real quaternions is defined by
H :={q = ap + a1i + asj + azk : ag, a1, as,a3 € R}
with i2 = j?> = k? = ijk = —1. This relation implies

ij=—ji=k, jk=-kj=1i, ki=—ik=].
4



The conjugate and the modulus of ¢ = ag + a1i + asj + ask are defined as

H

G=q" :=ayp— a;i — asj — azk and |q| := \/anga%—i-a%—i-a%,

respectively.
3(a) denotes the imaginary part of @ € C. The real and imaginary parts of a quater-

nion q¢ = ag + a1i + asj + ask are defined as
Re(q) := ap and Im(q) := a1i + asj + ask,

respectively.

The stability region of a continuous-time quaternionic system is defined as
(1.8) Su- :={q € H:Re(q) <0}.
Similarly, the stability region of a discrete-time quaternionic system is defined as
(1.9) Sp:={qeH:|q <1}.

Let p,q € H. Then p and ¢ are said to be similar, denoted by p ~ ¢, if

(1.10) p~q< 30+#7reHsuch that p = rgr.
The set
(1.11) pl={uc€M:u=ptpp forall 0#pcH}

is called an equivalence class of p € H.

It is known [61, Theorem 2.2] that
(1.12) p ~ q < Re(p) = Re(q) and [p[ = |q].
From (1.10), (1.11) and (1.12), [p] can be written as
(1.13) [p] :=={z € H: Re(z) = Re(p), |z[ = |pl}-

From (1.13), we have
p < [p].

The collections of all n-column vectors with entries in R, C and H are denoted by R",

C"™ and H", respectively.



For x € K", where K € {R, C,H}, the transpose of z is 2. If x = [z1,...,2,]T, the
conjugate of x is defined as 7 := [77,...,7,]7 and the conjugate transpose of z is defined
as o = [71,...,7,].

Some elementary properties of the algebra of quaternions are listed below.

Proposition 1.1. Let p,q,r € H. Then

L. pp™ = pp™;
2. |pl = Ip"|;
3. |.| is @ norm on H, i.e., for all p,q € H we have:
Ip| > 0 with equality if and only if p = 0;
p+al < lpl+l4l;
lpal = lap| = Ipllal;

4. jcj! = kck? =€ for every c € C;
5. (pg)" = q"p";
6. p = p if and only if p € R;
7. ap = pa for every p € H if and only if a € R;
8. every p € H~ {0} has an inverse p~' = % € H; in more detail,

o (85) - (85)
9. (pg)r = plar);

10. in general, (p + q)* # p* + 2pq + ¢*;
11. p? = —1 has infinitely many solutions over H;

12. for every p € H, p can be uniquely written as p = c1 + caj, where ¢y, co € C.
We now briefly consider vector norm to be used in the subsequent development.

Definition 1.2. A function || - || : H* — R is said to be a quaternion norm on H" (or a
quaternion vector norm) if || - || satisfies the following conditions:

o Iyl =0 y=0.

e |lay| = |a||ly|| for « € H and y € H".

o [ly +zll < llyll + llz[| for y, = € H".



For y, z € H", define (y, 2) := 2fy as an inner product and ||y2 := v/ (v, y), the norm

on H". For y € H", the vector p-norm on H" is defined as

H H (Z?:l |yj|p)1/p7 for 1 <— D < oo,
Yllp =
maX1§j<n |y]|, fOI' p = Q.

1.2.1. Quaternionic matrices

The sets of m x n real, complex, and quaternionic matrices are denoted by M,,.,(R),
M,xn(C), and M, ., (H), respectively. These sets are simply denoted by M, (K), K €
{R,C,H}, when m = n. I, denotes the n x n identity matrix. For A = (a;;) € My,xn(K),
the conjugate, transpose and conjugate transpose of A are defined as A = (a;), AT =
(aji) € Mpxm(K), and A = (A)T € M,xm(K), respectively. Let A; € M, (K) (1 <j <
k). Then, we denote the block diagonal matrix by diag (A, Ao, ..., Ag), or by diag(A;).
For p; e H (1 < j <n), define

dlag(u]) = diag(:ula M2, .- 7/1%)

The Jordan block of size m associated with A € H is defined as

A1 0

0
0 XA 1 0
(1.14) Im(A) == 0| € M,,(H), XeH.
A1
0 0 0 A

For A := (a;;) € M, (K), the deleted absolute row and column sums of A are defined

as
(1.15) ri(A) = > ayland ¢i(A) = > aul  (1<i<n),
J=1,j#i j=1,j#i

respectively. Similarly, the absolute row and column sums of A are defined by
(1.16) ri(A) == 1;(A) + |ai| and c(A) = ¢;(A) + |as) (1<i<n),

respectively. Let A, B € M,,x,(H). Then we have the following properties:

o oA = Aa, for all a € R.

o (aA+BB)" = A" + BHBH  for all a, f € H.

o (Aa+ BB)" =M AH 4 BHBH  for all o, € H.
7



o (A = A,

Let A := (a;j) € M,(K) be partitioned into k£ x k real/complex/quaternionic blocks

A A o0 A
Ay As ... A

(1.17) A= (A= |0 787 * ,
_Akl Ao ... Akk_ n

where A, s € My, n,(K) (1 < 7,8 < k) is the (r, s) block of A such that ny +---+mn, = n.

Definition 1.3. A matrix A € M,,(H) is said to be invertible (nonsingular) if there exists
B € M, (H) such that AB = BA = I,,, where I, is the n x n identity matrix. If A is not

invertible, then A is said to be singular.

Definition 1.4. Let A € M, (H). Then the matrix A is said to be nilpotent if A* =0 for

a least exponent k, where £ is a positive integer and 0,, is the n X n zero matrix.

Definition 1.5. A function .|| : Mpxn(H) — R is a quaternionic matrix norm on
Mo (H) if it satisfies the following conditions:

e definiteness, F # 0 = || E|| > 0;

e homogeneity, ||aE| = |o|||E]];

e the triangle inequality, ||[E + F|| < ||E| + ||F]|,

where E, F € M,,y,(H) are arbitrary matrices and v € H.

For A € M,(K), the 1-norm, co-norm, 2-norm (operator norm) and the Frobenius

norm of A € M,,(K) are defined as

[AllL = lrgjagi;laml = Ao, [[Alloo == g%;w = [|A" ]|,
1= j=
A
[All, = sup { ”“;‘C'”? Lz € /cn} — || A" |5, and ||A||p := [trace (A7 A)]"?,
x#0 2

respectively.

Definition 1.6. Let A € M,,(H) be an invertible matrix. Then the condition number of

A with respect to the matrix 2-norm is defined as

Ky (A) := || All2 [|A7]2.
8



Definition 1.7. Let A := (a;;) € M, (H). Then A is said to be

. Hermitian if and only if A7 = A;
. normal if and only if A7 A = AAT,
. unitary if and only if AHA = AA" = [;

. upper triangular if and only if a;; = 0 for all j < ;

1

2

3

4

5. lower triangular if and only if a;; = 0 for all j > ;

6. n-Hermitian if and only if A7 = A, where A™ = —nAfy and n € {i, ], k};

7. n-anti-Hermitian if and only if A7 = — A where A" = —nAfy and n € {i,j, k};
8

. positive semidefinite if A is Hermitian matrix and y? Ay > 0 for all nonzero vector
y € H";
9. positive definite if A is Hermitian matrix and y Ay > 0 for all nonzero vector

y € H™

Definition 1.8. Let A € M, (H). Then A is said to be a central closed matrix if there

exists an invertible matrix T such that
T_IAT = diag()\l, )\2, cee /\n),
where \; € R (1 <i < mn).

Some properties of matrices over the complex field do not hold over the skew field of
quaternions. In general, for A € M,,x,(H) and B € M, ,(H), AB # AB. We have the

following facts for quaternionic matrices.

Proposition 1.9. [61] Let A € M,,«,,(H) and let B € M, ,(H). Then

1. (A)" = 4r;

2. (AB) = BHAH;

3. (AB)™' = B7'A~! if A and B are invertible;
4. (AE)=L = (A=HYH 4f A is invertible;

5. in general, (AB)T # BT AT;

6. in general, (A)~1 # (A1);

7. in general, (AT)71 #£ (A7),



1.2.2. Complex adjoint matrix

Definition 1.10. Let z € H®. Then x can be uniquely expressed as x = x1 + 5], where
21,72 € C". Define a function 1 : H® — C?" by
x
(UPRES o
The vector 1, is called the complex adjoint vector of x. This function 1 is an injective

linear transformation from H" to C2".

Definition 1.11. Let A € M,,(H). Then A can be uniquely expressed as A = A; + Aoj,
where Ay, Ay € M,,(C). Define a function ¥ : M, (H) — M,,(C) by

A Ay
(1.18) Up=| __
—Ay A
The matrix W 4 is called the complex adjoint matrix of A. This function VU is an injective

H-homomorphism.

Theorem 1.12. [61] Let A, B € M, (H) and let ¥ be the function which is defined in
(1.18). Then

Uy, = Ion;

Vap = VyVUp,

Uoa = aVy, where a € R;
Varp=V4+ Vg,

Wan = (Pa)";

Uy = (W)t if A7 eists;

NS Ot W e

U 4 is unitary, invertible, diagonalizable, Hermitian or normal if and only if A is

unitary, imvertible, diagonalizable, Hermitian or normal, respectively.

Lemma 1.13. [3}] Let A € M,(H). Then we have

||A||2 — HA$H2 o H\IjAyHZ

lzll270 ||z ||2 ligll220 ||yl [P all2,

2 2
uhere ol = (S50, ) on st and lyla = (2,7 )  on €
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1.2.3. The eigenvalue problem

We start this subsection with the definition of an eigenvalue of a complex matrix.

Definition 1.14. Let A € M,(C) and let A € C. Then A is said to be an eigenvalue of A

if Ax = Ax for some nonzero x € C". The set
A(A) :={X € C: Az = Az for some nonzero x € C"}
is called the complex spectrum of A.

i 241
For example, let A = . Then we have A(A) = {i, 3i}.
0 3i

Unlike the complex case, there are two types of eigenvalues for quaternionic matrices,

namely left and right eigenvalues which are defined as follows.

Definition 1.15. Let A € M, (H) and let A € H. Then A is said to be a left eigenvalue
of A if Ay = Ay for some nonzero y € H". The set

A(A) :={N e H: Ay = \y for some nonzero y € H"}

is called the left spectrum of A.
Similarly, X\ is said to be a right eigenvalue of A if Ay = y\ for some nonzero y € H".
The set

A (A) :={) € H: Ay = yA for some nonzero y € H"}

is called the right spectrum of A.

Due to the commutativity of quaternions with real numbers, real right eigenvalues of
A € M,(H) are also left eigenvalues of A and vice versa. Thus, the quaternionic matrix
A may have at most n real right eigenvalues. Hence the quaternionic matrix A may have
at most n real left eigenvalues.

It is known that every quaternionic matrix A € M, (H) has exactly n complex right

eigenvalues which are contained in C*. These are called the standard right eigenvalues of

A.

Definition 1.16. Let A € M, (H) and let A € C. Then A (J(\) > 0) is said to be a
standard right eigenvalue of A if Ay = y\ for some nonzero y € H". The set

As(A) :={X € C: Ay =y for some nonzero y € H", F(\) > 0}
11



is called the standard right spectrum of A.

Definition 1.17. Let A € M, (H). Then the left spectral radius and the right spectral

radius of A are given as
pi(A) :=max {|A|: A € Aj(A)}, and p,(A) :== max {|\| : A € A (A)},
respectively.

By applying the determinant of a complex matrix and the complex adjoint matrix of

a quaternionic matrix, we present the Cayley-Hamilton theorem for the quaternion case.

Theorem 1.18. [61] Let A € M, (H) and Pa(\) = det (Ao, — Va), called the char-
acteristic polynomial of A, where X is a complex indeterminant. Then Pa(A) = 0 and

Pa(XNo) =0 if and only if N is a right eigenvalue.

Proposition 1.19. [62] Let A € M, (H) and let X € H. Then X is a left eigenvalue of A
if and only if
det [\IJ(A—)\IH)} = 0.

We have the following relation between left and right eigenvalues of a square real

matrix.

Theorem 1.20. [61] Let A be a square real matriz. Then the left and right eigenvalues
of A are same, i.e., Nj(A) = A.(A).

We can also compute the right eigenvalues of a quaternionic matrix with the help of
the standard right eigenvalues of that quaternionic matrix. Let \; (1 < i < n) be the
standard right eigenvalues of a matrix A € M, (H). Then, the set of right eigenvalues of
A is given as

Ap(A) = UL [N,

where [\;] are equivalence classes of \; (1 < i < n), respectively.

Proposition 1.21. [27] Let A € M, (H). Then A has ezxactly 2n complex right eigenval-

UES.

Proposition 1.22. [61] Let A € M, (H). Then A has exactly n complex right eigenvalues
which are contained in the closed upper complex halfplane C*. These right eigenvalues

are called the standard right eigenvalues of A.

12



Definition 1.23. Let A € M,,(H). Then A is said to be a diagonalizable matrix if there

exists an invertible quaternionic matrix P such that
PilAP = diag()\l, )\2, Ce ,)\n),
where \; € A;(A) (1 <i<n).

Definition 1.24. Let A € M, (H). Then the continuous-time quaternionic system

4o
dt
is stable if and only if A,.(A) C Sy~ (defined in (1.8)).

(1) = Aw(t)

Definition 1.25. Let A € M, (H). Then the discrete-time quaternionic system
w(t+1)=Aw(t)
is asymptotically stable if and only if A,(A) C Sy (defined in (1.9)).

Next, we present the Jordan canonical form, singular-value decomposition, and Schur

decomposition of a quaternionic matrix.

Proposition 1.26. [59] Let A € M, (H). Then there exists an invertible matriz Y €
M, (H) such that

(1.19) YLAY = diag(Jom, (A1), Ty (A2)s -+ o s T (M),

where \; € HL\; € Ag(A) (1 < i < k) and J,(N\;) are the m; x m; Jordan blocks with
right eigenvalues \;, respectively. Moreover, the right hand side of (1.19) is uniquely
determined by A up to permutation of diagonal blocks, and up to replacement of each \;

with any similar quaternion (i; .

Theorem 1.27. [61] Let A € M,«n,(H) be of rank r. Then there are two unitary matrices
Ue M,(H) and V € M,(H) such that

¥, 0
URAV = ,
0 0

where ¥, = diag(oy,...,0,) and o; are the singular values of A.

Theorem 1.28. [9] Let A € M, (H). Then there exist matrices T,V € M, (H) such that:

1. VEAV =T, where V is an unitary matriz and T is an upper triangular matriz;

13



2. every diagonal entry of T is contained in the closed upper complex halfplane C*.

Theorem 1.29. [9] Let A € M, (H) be normal. Then there exist an unitary matriz
V € M, (H) and a diagonal matriz D € M, (H) such that:

1. VEAV = D;
2. every diagonal entry of D is contained in the closed upper complex halfplane C™.

We also need the following result for the development of our theory.

Proposition 1.30. [46] Let A € M,,(H) and let B € M, (H). Then the equation
AX = XB, X € My, (H)
has only the trivial solution X = 0 if and only if A,.(A) NA(B) = 0.

Further, we present some basic known facts on A and ¥, for the development of our

theory.

Theorem 1.31. [61] Let A € M,(H). Then the following statements are equivalent:

1. A is invertible;

2. Az =0 has a unique solution;

3. det(V,) #0, i.e., Uu is invertible;

4. A has no zero eigenvalue. More precisely, if Ax = \x or Ax = x\ for some A € H

and some vector 0 # x € H", then X\ #£ 0;

ot

. A is the product of elementary quaternionic matrices.

We next derive the following theorem which gives a method for diagonalization of a

quaternionic matrix.

Theorem 1.32. [21] Let A € M,(H). Then A is diagonalizable if and only if V4 is
diagonalizable. If W 4 is diagonalizable, then there exists an invertible matriz T € My, (C)

such that

T, T = b0 =V, sV, T=TV
A_OE_D AL — D>

where D = diag(A1, Aa, ..., An) with \; € Aj(A) (1 <i<n). Let

i e | I
4 il

14



where

0 —I,
Sp =
I, 0
Then Y 1AY = diag(\i, Aa, ..., \n), where Y is an invertible quaternionic matriz.

1.2.4. Quaternionic polynomials and their companion matrices

Due to the noncommutativity of quaternions, there are three types of quaternionic poly-
nomials since the coefficients of polynomial can be taken to be on the left, on the right
or on both sides of the indeterminant. However, throughout this thesis, we follow the

following quaternionic polynomials:

(1.20) pi(2) = @™ F G2 @z g,
(1.21) pr(2) = 2"+ 2" g e 2q o,
where ¢;, z € H, (0 < j < m). The polynomials (1.20) and (1.21) are called “simple”
and “monic” when ¢,, = 1. These polynomials play an important role in quaternion linear
algebra since they are connected with linear difference and differential equations with
quaternion coefficients.

The set of zeros of a quaternionic polynomial p(z) is denoted by Zg(p(z)). The set

of complex zeros of a quaternionic polynomial p(z) is denoted by Z¢(p(2)). For example,

let us consider the quaternionic polynomial
m(z) =20+ +izt — 2% —jz — i
Then Zc(pi(2)) = {1,—1,1i, —i} and
Zu(pi(2)) =41,-1,[i], (0.5 — 0.5 — 0.5j — 0.5k), (—0.5 + 0.5i — 0.5 — 0.5k)}.

The corresponding companion matrices of the simple monic polynomials p;(z) and

pr(2) are given by

0 1 0
Cp = | ' and C,, = CF,
0 0 1
—qo —q@1 .- —QGm-1

respectively.
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We now define the block forms of companion matrices C,, and C,, as follows.

0 1 0 1 m—1
. m—1 0 ‘ I T
Cp = = and €y, = C,,
0 0 1 1 Cp,(m, 1) ‘ Cp,(m, 2 :m)
—4o —q1 ... —Q4m-1
respectively, where C),(m, 1) := —¢qo and Cp,(m,2 :m) == [—q1 ... — Gm-1]-

For p,q € H, define p x q := pq. For 0 # p € H and ¢ € H, define

1 1
2—9><q::]f1 Xq::pflq, and ¢ X ]—9 ::q><1f1 = qpfl.

Consider gy # 0, i.e., z = 0 is not a zero of the simple monic polynomials p;(z) and p,(z).
Define simple monic reversal polynomials of the polynomials p;(z) and p,(z) as follows.

1 1
(1.22) q(z) = “ X (;) x 2" =" 4 g 2™ g 2 @

1 1
(1.23) gr(2) == 2" X p, <E> P L e U O
0

respectively. Similarly, the corresponding companion matrices of the simple monic reversal
polynomials ¢;(2) and g, (z) are denoted by C,, and C,,, respectively. We observe that the

zeros of ¢;(z) and ¢,(z) are reciprocals of the zeros of p;(z) and p,(z), respectively.

Remark 1.33. If the simple quaternionic polynomial p;(z) is not monic, we can always
factorize. For example, if p;(2) = ¢nz™ + @m_12™"" + -+ + @12 + qo with g, # 0, then

pi(2) = gm py(2) and pj(z) is a simple monic polynomial.

Remark 1.34. To compute bounds for the zeros of the quaternionic polynomial p,(z) =

Z;.n:o 2/q;, we define a quaternionic polynomial

I
i:
=

NQ

If zy is a zero of P(z), then

3

Z =) g =p.(:) =0.

§=0
Thus, Zp is a zero of p,(z) and, therefore, it is sufficient to treat only one type of polyno-

mial, preferably the polynomial p;(z).

Also, we need the following result for improvement of our theory.
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Proposition 1.35. [50] Let pi(z) be a simple monic polynomial over H of degree m.

Then the set of zeros of p(z) belongs to at most m equivalence classes of quaternions.

Proposition 1.36. [50] Let A € H. Then X\ is a zero of the simple monic polynomial

pi(2) if and only if X is a left eigenvalue of its corresponding companion matriz C,,.

In general, a right eigenvalue of C), is not necessarily a zero of the simple monic
polynomial p;(z). For example, consider a simple monic polynomial p;(z) = 22 + jz + 2.

Then its companion matrix is given by

0 1
CPZ = .
-9 —j

Here i is a right eigenvalue of C),,. However, i is not a zero of p;(z).

Analogous to Proposition 1.36, the following result is presented for p,.(z).

Proposition 1.37. Let A € H. Then X is a zero of the simple monic polynomial p,(z) if

and only if X is a left eigenvalue of its corresponding companion matriz Cy, .

Proof. Let X be a left eigenvalue of C, . Then there exists some nonzero x € H" such

that C,,x = Ax. Let = := [x1,...,2,,]7 € H". Then

0 ... 0 —qo Ty T

1 0 - T T
(1.24) . o l=a|

0 1 _Qm—l xm xm

(1.24) gives the following system of linear equations

—qoTm = /\xla

Ty — 1Ty, = ATy,

Ty — Ty = ATz,
Tm—1 — qm—1Tm = Axm

By solving the above system of linear equations, we have

()\m + Am_l(]m—l + -+ >\(h + QO) Tm = 0.
17



Since x cannot be the zero quaternionic vector, z,, # 0. Hence we conclude that
A" N g 4 Agr 4 go = 0.
Thus, the left eigenvalue A is a zero of p,.(z). B

Lemma 1.38. [50] Let A € H be a left eigenvalue of C,. Then it is also a right eigenvalue
of Cp,.

Unlike the case of complex polynomials, quaternionic polynomials may have infinitely

many zeros. For example, let us consider the following polynomial p;(z) over H:
p(2) =25+ (i +3k)2° + (3+j)2" + (5i + 15k) 23 + (—4 4 5j) 2 + (61 + 18k)z + (6] — 12).
The set of zeros of p;(z) are given in [50] as follows.

Zu(pi(2)) = {—i— 2k, [iV/3], [iV2], —0.6i — 0.8k}

We observe that the following relation between Zy(p;(2)), Ai(Cp,) and A, (Cp,).

e From Proposition 1.36, we have Zy(p;(z)) = A(C,,). For instance, let
p(z) =2t +22° — 22+ 224 1.
Then, the set of right eigenvalues of C), is given by
A (C),) == {—2.6180, —0.3820, [0.5000 + 0.8660i]}.

From Theorem 1.20, we have A;(C,,)) = A, (Cy,). Thus, the set of zeros of pi(z) is
given by

Zu(pi(2)) = {—2.6180, —0.3820, [0.5000 + 0.8660i]}.

Hence, Zu(pi(2)) = Mi(Cp,).

e Let A € Zy(pi(2)). Then from Proposition 1.36, we have A € A;(C),). From Lemma
1.38, we obtain A € A,(C},). This implies that Zy(p;(2)) € A.(C,,). For example,
let us consider the quaternionic polynomial

pi(z) =20 4§20 +izt =22 —jr—i
Then, the set of right eigenvalues of (), is given by

A(Cy)) = {1, =1, [i], [0.5 4 0.5i], [-0.5 — 0.51]} .
18



The set of zeros of p;(z) is given in [19] as follows.
Zu(pi(2)) = {1, —1, [i, (0.5 — 0.51 — 0.5] — 0.5k), (—0.5 + 0.5i — 0.5j — 0.5k)}.

Since 0.5 — 0.51 — 0.5j — 0.5k is similar to 0.5 + 0.51 and —0.5 + 0.5i — 0.5 — 0.5k

is similar to —0.5 — 0.5i, we have

Zu(pu(2)) € Ar(Ch)-

e It is never true that Zy(p;(z)) D A-(Cp,). From Proposition 1.35, it is known that
all the zeros of p;(z) belong to at most m equivalence classes of standard right

eigenvalues of C,.

1.2.5. The generalized eigenvalue problem

Let L} (M, (H)) be the space of matrix pencils over a quaternion division algebra. L} €

L} (M, (H)) is defined as
(1.25) Li(\) := A+ AB,

where A\ € H and A, B € M, (H). Throughout this thesis we consider the following three
cases:

Case 1: when A € R and A, B € M,(H),
Case 2: when A € H and A, B € M, (H),
Case 3: when A € C and A, B € M,(C).
Case 1. Let L;(M,,(H)) be the space of matrix pencils over a quaternion division algebra.

L, € Li(M,(H)) is defined as
(1.26) Li(\) := A+ \B,

where A, B € M,(H) and A\ commutes with the quaternionic matrices. This matrix
pencil over a quaternion division algebra can be found in [33,46,47]. Now we turn to

define generalized right eigenvalue of Ly € L (M, (H)) of the form (1.26) as follows.

Definition 1.39. Let Ly € L; (M, (H)) be as in (1.26) and let u € H. Then p is called a

generalized right eigenvalue of L if

Ax = Bxp
19



for some nonzero x € H". Here x is called the right eigenvector corresponding to the
generalized right eigenvalue p. The set of generalized right eigenvalues of L; is called

right spectrum of Ly, denoted by A, (Ly).

Definition 1.40. Let L; € L,(M,(H)) be as in (1.26). Then the matrix pencil L; is

called regular if there exists a € R such that A 4+ « B is an invertible matrix.
Let Py (M5, (C)) be the space of complex matrix pencils. Py € P;(M,,(C)) is defines as
(1.27) Pi(u) :=V4+puVp,

where A, B € M, (H) and p € C.
Then, we have the following relation between quaternionic matrix pencils and complex

matrix pencils.

Lemma 1.41. [33] Let Ly € Ly(M,(H)) be of the form Li(\) := A+ AB, where A
commutes with the quaternionic matrices. Let Py € Py(Ma,(C)) be of the form Py(u) :=
U4+ puVUp, where p € C. Then

1. the quaternionic matrix pencil Ly is reqular if and only if the complex matriz pencil
Py is reqular;
2. the quaternionic matriz pencil Ly is reqular if and only if a quaternionic matriz

pencil Ly is reqular, where La(\) := B 4+ \A.

We now give a relation between the set of generalized right eigenvalues of a quater-
nionic matrix pencil and the set of eigenvalues of the complex adjoint matrix of that

quaternionic matrix pencil as follows.

Proposition 1.42. [33] Let L € L (M, (H)) be of the form L(\) := A+ AB, where A
commutes with A and B. Let P € Py(Ms,(C)) be of the form P(u) :== Va + pVp, where
u € C. Then

(1.2 { A(L)NC = A(P),

A(L)={pAp: A€ A(P), 0+# peH}.

Assume that B = I in Proposition 1.42, we have the following corollary which also

can be found from [33].
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Corollary 1.43. Let A € M,(H). Then

AT‘(A) nC = A(\IIA)7
A(A) = {p A e A(TL), 04 peH).

Case 2. We define generalized left eigenvalue of L € L) (M, (H)) of the form (1.25) as

follows.

Definition 1.44. Let L) € L} (M, (H)) be of the form (1.25) and let p € H. Then pu is

called a generalized left eigenvalue of L if
Ax = uBx

for some nonzero x € H". Here x is called the left eigenvector corresponding to the gener-
alized left eigenvalue p. The set of generalized left eigenvalues of L) is called generalized

left spectrum of L, denoted by A; (L) .

1.2.6. The polynomial eigenvalue problem

Let P,,(M,(C)) be the space of complex matrix polynomials. P € P,,(M,(C)) is defined
by

PA) =) NA,

where A; € M,(C) (0 <i <m) and A € C. Then the eigenvalue problem P(\)x = 0 is
referred as a complex polynomial eigenvalue problem. The polynomial P € P, (M, (C)) is
said to be regular if det(P())) # 0 for some A € C. The spectrum of a regular polynomial
P is denoted by A(P) and is defined by

A(P) :={X e C:det(P()\)) = 0}.

Let P,,(Ms,(C)) be the space of complex matrix polynomials. P € P,,(Ms,(C)) is
defined as

(1.29) P(p) = Z Wl

where A; € M,,(H) (0 <i<m) and pu € C.
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Let L, (M, (H)) be the space of matrix polynomials over a quaternion division algebra.

L' e L (M,(H)) is defined as
(1.30) L'(€) =) & A,

where £ € H and A; € M,(H) (0 < i < m). Throughout this thesis we consider the
following three cases:

Case 1: when £ € R and A; € M,,(H) (0 <i <m),

Case 2: when £ € H and A; € M,,(H) (0 <7 <m),

Case 3: when £ € C and A; € M,(C) (0 <i <m).

Case 1. Let L,,(M,(H)) be the space of matrix polynomials over a quaternion division

algebra. L € L,,(M,(H)) is defined as
(1.31) LA =) AN,
i=0

where A; € M,,(H) (0 < i < m) and A\ commutes with the quaternionic coefficients of
the matrix polynomial. This polynomial over a quaternion division algebra can be found
in [46-48).

We now turn to define right eigenvalue of L € L,,(M,(H)) of the form (1.31) as

follows.

Definition 1.45. Let L € L,,,(M,,(H)) be as in (1.31) and let p € H. Then p is called a
right eigenvalue of L if

Ao + Arzp + Aszp® + - + Apap™ =0

for some nonzero x € H". Here z is called the right eigenvector corresponding to the right
eigenvalue p. The set of right eigenvalues of L is called right spectrum of L, denoted by
A (L).

Case 2. Left eigenvalue of L' € ] (M,,(H)) of the form (1.30) is defined as follows.

Definition 1.46. Let L' € L/ (M, (H)) be of the form (1.30) and let p € H. Then pu is

called a left eigenvalue of L/ if

Ao + pAvx + 2 Asx + -+ " A =0
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for some nonzero x € H". Here x is called the left eigenvector corresponding to the left
eigenvalue p. The set of left eigenvalues of L’ is called left spectrum of L/, denoted by
A (L),

We write the linearization of the matrix polynomial L € LL,,,(M,,(H)) as follows.

e For the right eigenvalues: The polynomial L € L,,(M,,(H)) of the form (1.31)

can be written in the form:

CL + A\X,

where Cr,, X € M,,,(H) are of the forms

0 I, 0 0 L, 0 0 0
o 0 I, 0 0 I, 0 0
Cp=| i ot | Xe=]0 0 1, 0
0 0 0 I, Lo :
|—Ay —Ay —Ay .. —An ] (0 0 0 ... A,

and A\ commutes with quaternionic coefficients of matrix polynomial. When A,, =
I,,, the identity matrix, the matrix polynomial (1.31) is said to be monic matrix

polynomial and its linearization is given by
CL + \E, where F .= 1I,,,,.

We next find the corresponding linearization of the matrix polynomial L’ € 1., (M,,(H))

as follows.

e For the left eigenvalues: The polynomial L' € L] (M, (H)) of the form (1.30)

can be written in the linearization form:
C1L’ + 6 X7

where ¢ € H, Cr/, X € M,,,(H) are of the forms

(0 0 0 ... —A | (I, 0 0 0]

I, 0 0 — A 0 I, 0 ... 0
Cy = : , X=10 0 I, 0

0 0 I, Ao

0 0 L —Ap 0 0 0 A




When A,, = I, the identity matrix, then the polynomial L' € L/,,(M,,(H)) of the

form (1.30) is said to be monic matrix polynomial and its linearization is given by

Cv + €& FE, where E .= 1,,,,.
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CHAPTER 2

LOCALIZATION THEOREMS OF MATRICES OVER A
QUATERNION DIVISION ALGEBRA

In this chapter, Gerschgorin, Ostrowski, and Brauer type theorems are derived for the left
and right eigenvalues of a quaternionic matrix. Generalizations of Gerschgorin type theo-
rems are discussed for the left and right eigenvalues of a quaternionic matrix. Thereafter
a sufficient condition for the stability of a continuous-time quaternionic system is given
that generalizes the stability condition for a continuous-time complex system. Finally, a

characterization of bounds for the zeros of quaternionic polynomials is presented.

2.1. Introduction

This chapter attempts to study localization theorems for matrices over a quaternion di-
vision algebra, which include the Ostrowski, Brauer, and Gerschgorin type theorems.
Bounds for the zeros of quaternionic polynomials p;(z) and p,.(z) (defined in (1.20) and
(1.21)) are also considered.

In Section 2.2, we provide a general framework for localization theorems for quater-
nionic matrices. Let M, (H) be the space of all n x n quaternionic matrices. Then, for
any A := (a;;) € M, (H), we prove a Ostrowski type theorem which states that all the left

eigenvalues of A are located in the union of n balls
Ti(A) :={z € H: |z — ay| <ri(A)c; (A,

where 7;(A) and ¢;(A) are defined in (1.15) and V v € [0, 1]. We deduce a sufficient con-
dition for invertibility of a quaternionic matrix. We proved that Ostrowski type theorem
is also valid for right eigenvalues when all the diagonal entries of the quaternionic matrix
A are real. We find that the Brauer type theorem, proved in [22] for the left eigenvalues
in the case of deleted absolute column sums of a quaternionic matrix, is incorrect. We
prove a corrected version of the Brauer type theorem. In addition, we derive some better

results than [22, Theorems 6, 7] and [63, Theorem 4.3]. In the case of the generalized



Holder inequality over the skew field of quaternions, we show that all the left eigenvalues

of A= (a;;) € M,(H) are contained in the union of n generalized balls

1—

Bi(A):={z€H: |z —ay| < (n—1)7 ri(A) (P (A},

where v € [0, 1], ngp)(A) = (Z?:Lj#\amp);, for any p,q € (1, o) with 217 —i—% = 1.
Further, we prove that all the right eigenvalues of the quaternionic matrix A with all real
diagonal entries are contained in the union of n generalized balls B;(A).

In Section 2.3, we provide bounds for the zeros of quaternionic polynomials p;(z) and
pr(z) by using the aforementioned localization theorems. Some recent developments on
the location and computation of zeros of quaternionic polynomials p;(z) and p,(z) can be
found in [12,19, 20, 30,41,42,45,50]. As a consequence of the localization theorems for
quaternionic matrices, we provide sharper bounds compared to the bound introduced by
G. Opfer in [42] for the zeros of quaternionic polynomials p;(z) and p,(z). Finally, we
provide sharper bounds for the zeros of quaternionic polynomials p;(2) and p,(2) in terms
of powers of the companion matrices associated with the quaternionic polynomials p;(2)

and p,(z). We show that the proposed bounds are better than that in [42].

2.2. Distribution for the left and right eigenvalues of quaternionic

matrices

It is known from [47, Corollary 3.2] that a quaternionic matrix A and its conjugate
transpose A” have the same right eigenvalues. However, A and A” may not have the

same left eigenvalues. For example, the matrices
i 0
A= and A7 =
0 j U

do not have the same left eigenvalues. We now present the following lemma for left

eigenvalues of A and A

Lemma 2.1. Let A € M, (H) and let A\ € H. Then X is a left eigenvalue of A if and only
if X is a left eigenvalue of AM.
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Proof. Let A be a left eigenvalue of A. Then there exists xz(# 0) € H" such that (A —
AL,)xz = 0. This can be written as VU 4-xr,)%2 = 0. Hence it follows that A is a left eigen-
value of A if and only if det [Wea_r,)] = 0 det [Wf | = 0 & det [Us_yy,y] =
0 < det [\II(AHJLL)} = 0. Thus, ) is a left eigenvalue of A¥. W

The Gerschgorin type theorem is proved in [62] for the left eigenvalues in the case of
deleted absolute row sums of a matrix A € M,,(H). However, Gerschgorin type theorem
for the left eigenvalues has not established for the deleted absolute column sums of A. We

state the following Gerschgorin type theorem for the deleted absolute column sums of A.

Theorem 2.2. Let A := (a;;) € M,,(H). Then all the left eigenvalues of A are located in
the union of n Gerschgorin balls Q;(A) :=={z € H: |z — ay| < ¢;(A)} (1 <i<n),ie,

A(A) CQ(A) == U Q(A).

Proof. Let X be a left eigenvalue of A. Then from Lemma 2.1, X is a left eigenvalue of AX.
Then there exists some nonzero x € H" such that A¥2x = \z. Let z := [21,...,2,]" € H*
and let x; be an element of x such that |x;| > |z;| Vi (1 <i <n). Then, |z;| > 0. From

the ¢-th equation of A”z = \z, we have

n
g Wjir; = Ay
Jj=1

This shows

n

N—aul < D lapl=c(A). ®

J=1,5#t
We now have the following localization theorem for the deleted absolute row and

column sums of a matrix A € M,,(H) which is known as Ostrowski type theorem.

Theorem 2.3. (Ostrowski type theorem for the left eigenvalues) Let A := (a;;) € M, (H)
and let v € [0,1]. Then all the left eigenvalues of A are located in the union of n balls
Ti(A) :={z e H: |z —ay| <ri(A)c; (A7} (1 <i<n), e,

A(A) € T(4) 1= UL Ty(A).
Proof. Let X be a left eigenvalue of A. Then by [62, Theorem 6], for v € [0, 1], we have
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Similarly, from Theorem 2.2, we obtain
(2.2) IAN—ay|'"7 < (AT (1<i<n).
Combining (2.1) and (2.2), we get

A —ay| <ri(A)e(A)YY (1 <i<n).

Thus, all the left eigenvalues of A are located in the union of n balls 7;(A). B
Next, we derive Ostrowski type theorem for right eigenvalues of A € M,,(H) with all

real diagonal entries.

Theorem 2.4. Let A := (a;;) € M,,(H) with a;; € R and let v € [0, 1]. Then all the right

eigenvalues of A are located in the union of n balls
Gi(A) == {2 € H: |z — au| <ri(A)'e;(A)' 7} (1 <i<n), e,

Ar(A) € G(A) == U™, Gy(A).

Proof. Let X\ be a right eigenvalue of A. Then there exists some nonzero x € H" such
that Az = z\. Let z := [x1,...,2,]7 € H" and let z; be an element of z such that

|z > |z;] Vi (1 <i <n). From the ¢-th equation of Az = z\, we have

(23) ATy + Z Q4T = .’L’t)\.

Jj=1,j#t
Since ay € R, ayxy = xpa4. Proceeding as in the proof of Theorem 2.2, we obtain

n

(2.4) N —aul < ) agl = ri(A).

=1,
From [47, Corollary 2.7], A is also a right eigenvalue of A”. Then

n

(2.5) N=aul < D ayl = a(A).

j=1,j#t

Let v € [0,1]. Then from (2.4) and (2.5), we obtain

(26) |)\ — attp S T;Y(A),

(2.7) A —ay|'™ < ¢ (A).
Combining (2.6) and (2.7), we get

A —au| < r(A)] ¢(A),7. B
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Corollary 2.5. For any A := (a;;) € M,(H), n > 2 and for any v € [0, 1]. Assume that
(28) |CL“| > T‘i(A>7 Ti(A)li’y Vi (1 <1< n)
Then A is invertible.

Proof. On the contrary, suppose A is not invertible. Then by Theorem 1.31, there is a
left eigenvalue A = 0 of A. Now from Theorem 2.3, we obtain |a;| < r;(A)7¢;(A)'™7. This
contradicts our assumption (2.8). Hence A is invertible. W

It is known that a matrix A € M, (H) may have at most 2n complex right eigenvalues.
From Theorem 2.4, all the complex right eigenvalues of a matrix A = (a;;) € M, (H) with

all real diagonal entries lie in the union of n-discs

E(A):={2€C:|z—ay <ri(A) (A} (1<i<n), ie,

(2.9) Ad(A) C E(A) = UL, E(A),

where A (A) :=={A € C: Az =2z, 0# 2 € H"}.

The Brauer type theorem is proved in [22] for the left eigenvalues in the case of deleted
absolute column sums of a matrix A € M, (H), i.e., if A € A;(A), then its conjugate X lies
in the union of @ ovals of Cassini. However, this is incorrect as the following example

suggest:

Example 2.6. Let A = (1) k . Then by [22, Theorem 5], oval of Cassini is given by
{zeH:|z—-1i]|z—j| <0}. I—i]ere, iis a left eigenvalue of A and its conjugate —i is not
contained in the above oval of Cassini.
According to [22, Theorem 5], if A € A;(A), then X € Ugfj;ﬂj (A), where
i#j
Fij(A) :={z e H: |z —ay| |2 —aj] < ci(A);(A)} (1 <4,5 <n;i# ).

However, this result is not necessarily true as
A= ail (A= a| > ci(A)e;(A) Vi, j(1<d,j <nyi# j)

which follows from Example 2.6. Now, we derive a corrected version of [22, Theorem 5]

as follows.
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Theorem 2.7. Let A := (a;;) € M,,(H). Then all the left eigenvalues of A are located in

D

the union of "(% ovals of Cassini

Fij(A) ={z e H: |z —au| [z —aj5| < ci(A)c;(A)} (1 <4, ) <nji# ), de
Mi(A) € F(A) = Ul -1, Fii (A).
i

Proof. Let X be a left eigenvalue of A. Then by Lemma 2.1, ) is a left eigenvalue of A7, so
that there exists some nonzero x € H" such that A%z = \z. Let z := [zy,...,2,)T € H"
and let x4 be an element of = such that |zs| > |z;| Vi (1 <i <n). Then, |zs| > 0. Clearly,
if all the other elements of x are zero, then the required result holds.

Let x5 and x; be two nonzero elements of x such that |zg| > |y > |z;| Vi (1 <@ <

n,i # s). From the s-th equation of A#z = Az, we have

n
E AjsTj = ATy,
J=1
which implies

( - ass s E ajsx]

Jj=1,j#s
Thus
(2.10) A an < (”jf") i(4).

Similarly, from AYz = Az, we obtain

(2.11) I\ — ay| < (||f;j||> ci(A).

Combining (2.10) and (2.11), we have

A — ass| |A— an] < es(A)e(A).

Hence, all the left eigenvalues of A are located in the union of n(n-1)

5— ovals of Cassini
Fy(A) 1 <i,j<n, i#j). R
Theorem 7 of [22] was stated for a central closed quaternionic matrix. Now we gen-

eralize this result for all quaternionic matrices as follows.

Theorem 2.8. Let A := (a;;) € M,(H) and let v € [0, 1]. Then all the left eigenvalues

n(n—1)

of A are located in the union of ovals of Cassini

Kij(A) = {z eH: |z —ayl| |z —aj;| <ri(A) 7;(A)7 ¢i(A) ) ¢ —w}
30



(1<ij<mi+j), ie.
N(A) C K(A) = U K55(A).
i#]
Proof. Let X be a left eigenvalue of A. Then by [22, Theorem 4] and Theorem 2.7, for
v € [0,1], we have

(212) |)\ — aiiM)\ — ajjp S 7’1'(14>77’j<14)7 (1 S Z,] S Tl,l 7é j)v
and
(2.13) IA = au|" N = ayT < (AT (AT (1<, 5 < nji # ).

Combining (2.12) and (2.13), we have
A= aillA = a5 < mi(A) 15 (A) 6 (A) TG (AT (L <dj<mii# ). W
Corollary 2.9. For any A := (a;;) € M,(H), n > 2 and for any v € [0, 1]. Assume that
Jaillagj| > ri(A)r;(A) e(A)' e (AT Vi j(1<d,5 <n, i # j).
Then A is invertible.

Corollary 2.10. Let A := (a;;) € M,,(H). Then all the left eigenvalues of A are located

n(n—1)

in the union of ovals of Cassini
N(A) CO(A) =i {z € H: |2 — ayl |2 — aj;] < min{ri(A)r;(A), ci(A)c;(A)}}.
i#]

Proof. Substituting v = 0,1 in Theorem 2.8, we obtain the following:
(a) Ai(A) CE(A) = UZJ‘:} {zeH: |z —ay| |z —aj| <ci(A)ci(A)}.
{zeH: |z —ay| |z —aj;| <ri(A)r;(A)}.

7]
(b) Au(A) © F(A) = Ui,
i#j

Combining (a) and (b), we get the required result. H

The following result provides better estimation compare to Theorem 2.4.

Theorem 2.11. Let A := (a;;) € M,(H) with a;; € R and let v € [0,1]. Then all the

right eigenvalues of A are located in the union of n(nT— ovals of Cassini G;j(A) =

{2 €H: |2 — ag] |2 — agy] < ri(AY mj(A) G(A) AV} (1<i,j <n, i #J), e,

A (A) € G(A) = Uz’-fg;lgz'j(z‘l)-
i#]
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Proof. Proof follows from the proof method of Theorem 2.8 and by applying [63, Theorem
4.1, Corollary 4.1]. ®
From Theorem 2.11, all the complex right eigenvalues of a matrix A := (a;;) € M,,(H)
with a; € RVi(1 <7 < n) are contained in the union of @ ovals of Cassini F;;(A) :=
{z € C: |z = ail |z — aj| <ri(A)r;(A) (A Te(A) 7} (1< <n, i#j), le,
(2.14) Ac(A) € F(A) = UZ;;;]:U(A),
i#j

The following theorem shows that Theorem 2.8 is sharper than Theorem 2.3.
Theorem 2.12. Let A := (a;j) € M,(H) with n > 2 and let v € [0,1]. Then

K(A) CT(A),

where G(A) and G(A) are defined in Theorem 2.3 and Theorem 2.8, respectively.

Proof. Let z € K;j(A) and fix any ¢ and j, (1 <4,5 <n, ¢ # j). Then from Theorem 2.8,

we have
(2.15) |2 — ag |z — aj;] < (A V(A V(A T Ve (),

Now the following two cases are possible.

Case 1: If r;(A)7 rj(A)Vci(A)l - fch(A)l ~ 7 =0, then z = a;; or z = a;;. However,
from Theorem 2.3, we have a;; € T;(A) and a;; € T;(A). Thus z € T;(A) UT;(A).

Case 2: If r;(A)Vr;(A)Ve;(A) = Ve;(A)L =7 > 0, then by (2.15)

|2 — ag| |Z_ajj|
(2_16) <7“Z~(A)’yci(A)1 — ’Y) <7ﬂj(A)’76j(A)1 — ’Y) <1

As the left side of (2.16) cannot exceed unity, then one of the factors of the left side can
be at most unity, i.e., z € T;(A) or z € T;(A). Hence z € T;(A) UT;(A). Thus

(2.17) K CT;,(A)UT;(A).
From Theorem 2.3 and Theorem 2.8, we obtain

K(A) = Ui K (A) C Ul {T(A) UT;(A)} = U, Te(A) = T(A). B
i i

Similarly, we have the following relation between Theorem 2.11 and Theorem 2.4.
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Theorem 2.13. Let A = (a;;) € M,,(H),n > 2 with a; € R and let v € [0,1]. Then
G(4) € G(A),
where G(A) and G(A) are defined in Theorem 2.4 and Theorem 2.11, respectively.

Proof. The proof is immediate from the proof method of Theorem 2.12 and by applying
Theorems 2.4 and 2.11. W
The following example verifies Theorem 2.13 for complex right eigenvalues of a matrix

A= (a;;) € M,(H) with a;; e RVi(1 <i<n).

3 l1+i+j—k 2+3j—3k
Example 2.14. Let A = |54 v/2j+ 3k -2 3j + 4k . Substituting
4+ 3 2 i %k 5

v=1/41in (2.9), we get the following three discs:
E(A) = {zeC:|z—3| <9.4533},
E(A) = {z€C:|z+2| <6.0894},

E(A) = {z€C:|z+5| <8.7389}.

Similarly, let v = 1/4 in (2.14), we get the following three ovals of Cassini:

Fi2(A) = {z€C:|z—3||z+ 2| <57.5649},
F31(A) = {z€C:|z+5]||z— 3| <82.6108}.

In this example, there are six complex right eigenvalues A; (1 < j < 6) which are shown
in FIGURE 2.1. The set F(A) := Fi2(A) U Fa3(A) U F31(A) is represented by shaded
region in FIGURE 2.1. From FIGURE 2.1, it is clear that F(A) C £(A), where £(A) :=
E(A)U&E(A)UE(A).

For A := (a;j) € M,,(H), define

3=

n(A) = ( > \az’j|p> (1 <i<n)pe(l,00)

j=1,j#i
We are now ready to derive the following localization theorem for left eigenvalues of

a quaternionic matrix.
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Faz(A)

Y-axis

FIGURE 2.1. Location of complex right eigenvalues of A (Example 2.14) as +.

Theorem 2.15. Let A := (a;;) € M,(H) and let v € [0,1]. Then all the left eigenvalues

of A are contained in the union of n generalized balls
. . = (p) 1- : .
Bi(A) = {z EH: |z —au| < (n—1)7 r(A) (0P (A)) v} (1<i<n), ie.,

Ai(A) € B(A) == U™, B(A),

for any p,q € (1,00) with % —I—%: 1.

Proof. Let p be a left eigenvalue of A. Then there exists some nonzero x € H" such
that Az = pz. Let = := [xq,... ,xn}T € H"™ and let x; be an element of z such that

|z:| > |z;| Vi (1 <i<n). Then from Ax = ux, we have

n
Qe + E Qi;T; = [y,
=1t

this implies

n

< Y agl ).

=1, 57t

(2.18) | — ag] || =

n
E : QtjTj

j=1,j#t

Applying the generalized Holder inequality to (2.18), we have

n % n %
1 — ayl|r| < <Z ’@tj‘p> <Z ’$j|q) :
J=1,j#t J=1,j#t
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Since |z > |x;|V i (1 < i < n), we have

1
= awllz] < 0P (A) ((n—1)|z]9)7 ,ie.,

(2.19) 1= au| < nf(A) (n — 1)1

Similarly, using |z¢| > |z;| Vi (1 < i <n) in (2.18), we get

n

(2.20) = aul < D ay| = ri(A),

=1,

Combining (2.19) and (2.20) for v € [0, 1], we have

(2.21) i — aw' ™ < (0P (AN (0 — 1) 7 and |p — aw|” < 1(A)7, ie.,

= aul < (n—1)"7 (0P (A) T (A). W

Now, we present the following results from the literature:

e Assuming p = ¢ = 2 and v = 1 in Theorem 2.15. We obtain that all the left
eigenvalues of A := (a;;) € M,(H) are contained in the union of n Greschgorin

balls B;(A) :={z € H: |z —ay| <r;(A)} (1 <i<n), ie.,
A(A) € B(A) .= U Bi(A).

This can be found in [62, Theorem 6].

e Assuming p = ¢ = 2 and v = 0 in Theorem 2.15. We obtain that all the left
eigenvalues of A := (a;;) € M, (H) are contained in the union of n balls B;(A) :=
{z ceH: |z —ay < (n-— 1)%712(2)(/1)} (1 <i<n), ie,

Ai(A) € B(A) == U, By(A).

This can be seen in [60, Theorem 1].

We present a generalization of [62, Theorem 7] and [63, Theorem 3.1] by applying
the generalized Holder inequality over the skew field of quaternions. For a general matrix
A = (a;;) € M,(H) , all the right eigenvalues may not lie in the union of n generalized
balls B;(A) (1 < ¢ <n). On the other hand, we show that every connected region of the

generalized balls B;(A) (1 < i < n) contains some right eigenvalues of A.
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Theorem 2.16. Let A := (a;;) € M,(H) and let v € [0,1]. For every right eigenvalue p
of A there exists a nonzero quaternion (3 such that 3~ *uB (which is also a right eigenvalue)

1s contained in the union of n generalized balls

Bi(A)i={z € H: |2 = aul < (0= 1) 7 (A (nP(A)' 7} (1<i<n), e,

{z7 'z 0# 2 e Hy NUL, B;(A) # 0,
g1 1
where p,q € (1,00) with st =1
Proof. Let u be a right eigenvalue of A. Then there exists some nonzero x € H" such that

Ar = xp. Let z := [11,...,2,]7 € H" and choose z; from x as given in Theorem 2.15.

Consider p € H such that x;u = pz;. Then we have

n
E : Q5T 5

j=1, j#t

n

< Z |ag;| |z].

j=1,j#t

(2.22) |p — ayl|z:] =

Now from the proof method of Theorem 2.15, we have
=2 (p) 1-
p—au| < (n—1)"7 (0, (4)) " (A). W

We can see the following results from the literature:

e Substituting p = ¢ = 2 and 7 = 1 in Theorem 2.16, we obtain
{27z 04 ze HYNUL {z € H: |z — ay| < ri(A)} # 0.
This can be seen in [62, Theorem 7).
e Substituting p = ¢ = 2 and 7 = 0 in Theorem 2.16, we get
{z7'uz:0# 2 € H} NUL, {z EH: |z —ay <vVn—1 nZ@)(A)} # 0.

This can be found in [63, Theorem 3.1].

We next present a sufficient condition for the stability of a matrix A € M,,(H) for the

case of a continuous-time quaternionic system.

Proposition 2.17. Let A := (a;;) € M,(H) and let v € [0,1]. Assume that

1—

(2.23) Re(ai) + (n— 1) 7 ry(AY (P (A7 <0 Vi(l<i<n),

where zla + % =1 with p,q € (1,00). Then the matriz A is stable.
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Proof. Let A € A.(A). Then from Theorem 2.16 there exists 0 # p € H such that p~'\p €
U, B;(A). Without loss of generality, we assume p~\p € Bi(A), i.e.,

1=y
0 A — au| < (n — 1) ry(A) (0P (A))1.

Consider A := A\ 4+ Aol + A3j + Mgk and ay := a; + bji + ¢;j + dik. Then from (2.23), we

obtain
(2.24) |\ — @)+ (p"Xaip — bii) + (p~ " Asip — aif) + &1| < —Re(ay) = —ay,

where & = p~'A\kp — djk. (2.24) is possible when \; < 0, i.e., Re()\) < 0, hence A € H™.
This shows that the matrix A is stable. W
When all the diagonal entries of a matrix A € M, (H) are real, then we have the

following theorem.

Theorem 2.18. Let A := (a;;) € M,(H) with a;; € R and let v € [0,1]. Then all the

right eigenvalues of A are contained in the union of n generalized balls
&M%:&GHJ%WMSW—D%%MWWWMWﬂ}(Mggnﬁmv

A (A) € B(A) == U™, B,(A),

where p,q € (1,00) with 110 + é =1.

Proof. Let \ be a right eigenvalue of A. Then there exists some nonzero z € H" such
that Ar = x\. Let x := [xy,...,7,]7 € H" and let z; be an element of x such that

|z| > |x;] Vi(1 <i<n). Then |x;] > 0. Thus from Az = x\, we have

n
ATy + E Q4T = ilft)\.
=10t

Since a; € R, so ayxy = xia. Then from the proof method of Theorem 2.15, we have
A= aul < (=17 (P (4)) Tr(A). W

The above result has great significance as Hermitian and n-Hermitian matrices have
all real diagonal entries. In general, n-Hermitian matrices arise widely in applications
[17,55,56]. To that end, we state the following proposition when all diagonal entries of
A € M, (H) are real. In particular, this result gives a sufficient condition for the stability

of a matrix A € M,,(H).
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Proposition 2.19. Let A := (a;;) € M, (H) with a;; € R and let v € [0,1]. Assume that
i + (n—1) 7 (A (P (A)7 <0 Vi(l <i<n),
where p,q € (1, co) with % + % = 1. Then the matrixz A is stable.

From Theorem 2.18, all the complex right eigenvalues of a matrix A = (a;;) € M, (H)

with all real diagonal entries lie in the union of n-discs

Di(A) ={z€C: |z —au| < (n— 1) 7 (A (P (AN} 1<i<n), ie.,

(2.25) A(A) C D(A) == U, Di(A).

However, if diagonal entries are from C \ R, then it is not necessary that all the complex
right eigenvalues of A are contained in the union of n-discs D;(A) (1 < i < n) as the
following examples suggest.

1—-2i j k
Example 2.20. Let A := 0 —2i  —i | . Then the set of complex right eigenval-

0 k 3+i
ues of A is given by

AC(A) = {)\la )\Qa )\3a )\4a )\5a )\ﬁ}a
where A} = —0.0164 + 2.00831, Ay = —0.0164 — 2.00831, Ay = 1+ 2, A\, = 1 — 2i, Ay =
3.0164 + 1.0324i, and \¢ = 3.0164 + 1.0324i. For v = 1 in (2.25), the discs D;(A), Dy(A),

and D3(A) are given as follows:

Di(A) = {2ze€C:|z—-1+2i <2},
Dy(A) = {2€C:|z+2i <1}, and
D3(A) = {2ze€C:|z—-3—1i <1}

From FIGURE 2.2, it is clear that Aj, A3, and Ag lie outside of the discs D;(A), Da(A),
and D3(A).

—4 L+j+v2k
Example 2.21. Let A = i+] —10 2j — k| . In this example, there
i—2j+2k v3+2j—3k -8
are six complex right eigenvalues A; (1 < j < 6) which are shown in FIGURE 2.3.
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Y-axis

FIGURE 2.2. Location of complex right eigenvalues of A (Example 2.20) as +.

Substituting v = 1 in (2.25), then all the complex right eigenvalues of the matrix A are
contained in the union of three discs Dy(A), Dy(A), and D3(A), where

Di(A) = {ze€C:|z+4]| <3},
Dy(A) = {zeC:|2410| <V2+ 5}, and

D3(A) = {z€C:|z+8| < T}
From FIGURE 2.3, the standard right eigenvalues of A are \;, A3, and A5. Thus
Ar(A) = MU As] U [As].
Also, from FIGURE 2.3, we observe that Re(\;) € H™ (i =1, 3,5). Hence
Re(\1) = Re(p ' Aip), Re(Az) = Re(77 A7), Re(A3) = Re(v ' \sv) Vp,7,v € H
Thus the matrix A is stable.

In general, similar quaternionic matrices may not have the same left eigenvalues,

see, [62, Example 3.3]. However, the following result is true.

Proposition 2.22. Let A € M,,(H) and let W be any invertible real matriz. Then A and

W AW ™! have the same left eigenvalues.
39



FIGURE 2.3. Location of complex right eigenvalues of A (Example 2.21) as +.
Proof. Let X\ be a left eigenvalue of A. Then there exists some nonzero x € H"™ such that
Ax = Ax. Let W be an invertible real matrix. Then

WAx = Whxr = \Wx.

Now, WAW ~'Wa = A\Wz. Putting Wa = y. Then WAW 1y = \y. R
Let A := (a;;) € M,(H). Suppose W = diag(wy, wa, ..., w,) with w; € R* (1 <i <
n). Then

WLAW = (w) and A(A) = Ay(WTAW).
Wi
Define
woay L N~ el woay L N~ lailw :
T (A)—Z i and ¢; (A)—Z " (1<i<n).
J=1,j#i J=1, j#i J

Applying Theorem 2.3 to W tAW, we get the following theorem which may be
sharper than Theorem 2.3 depending upon the choice of W.

Theorem 2.23. Let A := (a;;) € M, (H). Then all the left eigenvalues of A are contained

in the union of n balls

TV(A) :={z € H: |z —az| < (r}V(A)) (V' (A)} (1<i<n), e,

[ % 7

A(A) = AN(WTTAW) C TV (A) .= UL TV (A).
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Since the above theorem holds for every W = diag(wy, ws, ..., w,), where w; € RT,

we have

ANA) = AWTAW)C N TV(A) = T9(A),

T WeM,(S)
where M, (S) is a set of invertible real diagonal matrices and T(A) is called the minimal
Ostrowski type set for the matrix A.
Substituting 7 = 1 in Theorem 2.23, we obtain the following.

(a) Au(A) = M(WTHAW) € 0" (A) == Uy (A),

where 9V (A) :={z € H: |z — ay| < r}V(A)} . Now from here, we get

_ -1 - W(A) = S
A(A) =MW AW>_W€]\O[7L(S)7] (A) =" (A),

where 7°(A) is called the first minimal Gerschgorin type set for the matrix A.
For v = 0 in Theorem 2.23, we have the following.
(b) Ai(A) = M(WTTAW) € Q7 (A) == UL, ¥ (4),

where QV(A) := {z € H: |z — a;| < " (A)}. Then

ANA) =AWTAW)C N QV(A) = Q%(A),

T WeM,(S)

where Q°(A) is called the second minimal Gerschgorin type set for the matrix A.

Equivalently, applying Theorem 2.8 to W™t AW, we get the following theorem.

Theorem 2.24. Let A := (a;;) € M,,(H) and let v € [0,1]. Then all the left eigenvalues
of A are contained in the union of@ ovals of Cassini K}J (A) == {z € H: |z —ay| |2—
aj;] < (r"(A4)" (AP (e (AN (AN (<0 <mi ), dee,
A(A) = N(WTAW) € KV (A) == U, K] (A).
i#]
Since Theorem 2.24 holds for every W = diag(wy, ws, ..., w,) with w; € RT. Then

A(A) = N(WHAW) C el (S)KW(A) =: K%(A),

K*®(A) is called the minimal Brauer type set for the matrix A.
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ik  2j+5k
Example 2.25. Let A= |0 i+k +/2i+j— k]| . Substituting v = 1 in Theorem 2.3,

0 0 2—1i
we have the following three Gerschgorin type balls:

Gi(A) = {zeH:|z-]j| <4},
Go(A) = {ze€H:|z—i-k| <2}, and
G3(A) = {zeH:|z—-2+1i] <0}

If W = diag(wy, we, w3) with wy = 8, we = 4, w3 = 1. Then by (a), we have the following
balls:

m'(A) = {z€H:|z—j| <7/8},
ny (A) = {z€H:|z—i-k|<1/2}, and
ny (A) = {z€H:|z—2+i| <0}.

Hence it is clear that ;" (A) C G1(A) and 7}/ (A) C Go(A).

For v = 1, Theorem 2.8 gives the following ovals of Cassini:

Ki5(A) = {zeH:|z—-j||z—1—-k| <8},
KyA) = {z€eH:|z—i-k||]z—2+1i] <0}, and
K31 (A) = {zeH:|z—-2+1i]|z—]j| <0}

Consider W = diag(w;, we, w3) with w; = we = 6, and w3 = 1. Then by Theorem 2.24

with v = 1, we obtain the following ovals of Cassini:

KY(A) = {z€H:|z—j|lz—i-k| <1/2},
KY(A) = {z€H:|z—i—-k||z—2+i] <0}, and
KY(A) = {z€H:|z—2+i||z—j| <0}

Hence K1Y (A) C K12(A). B
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2.3. Bounds for the zeros of quaternionic polynomials

First, in this section, we present bounds for the zeros of quaternionic polynomial p;(z)
as follows, which is an extension of the result given in [15] for the case of the zeros of

complex polynomials.

Theorem 2.26. Let pi(z) be a simple monic polynomial over H of degree m. Then every

zero Z of pi(z) satisfies the following inequality:
1

(fg?g(n (T;(qu)’y C;<qu)l_7)> < |Z] £ max (Tg(cpz)7 C;(sz)l_’y) )

for every v € [0, 1].

Proof. From Proposition 1.36, zeros of p;(z) and left eigenvalues of C,, are same. Thus, if
Z is a zero of py(z), then Z is a left eigenvalue of C),. By applying Theorem 2.3 (Ostrowski

type theorem) to C,, we obtain

1z < 12%}5@ (7"2(0171)7 C;(sz)liw) .

Proof for lower bounds: We use the respective upper bounds for the zeros of the simple

monic reversal polynomial ¢;(z) for the desired lower bounds for the zeros of p;(z). W

Corollary 2.27. Let p;(z) be a simple monic polynomial over H of degree m. Then every

zero Z of pi(z) satisfies the following inequalities:
|90l
max L lao + o

1<i<(m—

1. < 2l < | _max Aol 1+ [ail}-

1<i<(m—

max {|qo[, 1 + Z?:ll g}~

Proof. Substituting v = 0,1 in Theorem 2.26, we obtain the desired results. B

| < maX{l,Zﬁ_ol |CIz|} .

Next, we derive the following lemma which gives a better bound than G. Opfer’s

bound [42, Theorem 4.2] for |go| > 1.

Lemma 2.28. Assume that |qo| > 1. Then o < T, where o := | Jnax {laol, 1 + |@i|} and
T :=max {1, St la;| } -

Proof. Case 1: If |go| = 1, then

a = max 1{\q0\, 1+ g} = 15%%2(71{1 + |q|} . Also

1<i<m—

43



m—1 m—1 m—1
T := max {17 > im0 |QZ|} = max {17 0] + D21 |QZ|} =1+>0 lal-
Case 2: If |go| > 1, then

o= max ){|qo|, 1+ ql} = |go| or | nax {1+ g} and

1<i<(m—1 <i<

T o= max{1, 75" |g:|} = max {1, ]go| + 75" @l } = laol + 275 |ail. Thus @ < 7.
This completes the proof. W

On the other hand, if |go| < 1, then @ < T or a > T follows from a simple monic
polynomial pj(2) := 2% + (i + 2j + 2k)2? — 2kz + 0.5k. Then a = 4 and T = 5.5. Hence
a < T and further, if we consider p}(z) = 23 ++0.5j22+(0.21+0.3j) 2 +0.51i. Then a = 1.5
and 7 = 1.36. Hence o > T.
Theorem 2.29. Let w; € RT (1 < i < m) and let v € [0,1]. Then every zero Z of the
simple monic polynomial pi(z) satisfies the following inequality:

-1
wx (W C, Wy e, WY <l <

where £ = max {ri(WC, W= i(WC,, W17} and W := diag(wq, wa, . . ., wy,).

Proof. The companion matrix of p;(z) is given by

1 m—1
mo | 0 \ I
Cpl =
1 —qo ‘ [—(h cee meﬂ
Then
1 m—1
. ml 0 ‘ diag (%1, ce w;”*)
WC, W= = 2 m
1 — 4o ‘ —NEQL -~ Gt

By Proposition 2.22, C,, and W, W' have the same left eigenvalues. Rest of the proof
follows from the proof method of Theorem 2.26. B

Corollary 2.30. Let pi(z) be a simple monic polynomial over H of degree m. Then every

zero Z of pi(z) satisfies the following inequalities:

- -1
1. | max {(|q0|w]+wm|Qm—]|)}:| <)z £ max {L@‘W}, where wo =

0<j<m—1 |90l dj+1 - 0sismel Wi

[ W, = w | - w; = w 4
) Ly L < max 45

1<j<m—1 | wjpq p— |q0|wl+1 1<j<m—1 | Wjyq i—0 Wi



Proof. Substituting v = 0,1 in Theorem 2.29, we get the desired results. B
Let w; = w|gj| (1 < j <m —1) in the part (1) of Corollary 2.30. Then we obtain

b

This is called the Kojima type bound for the zeros of the simple monic polynomial p;(z).

0
q1

d;j
dj+1

12| < max { ,2

1<j<m—1

Bounds for the zeros of quaternionic polynomial p,.(z) : For computation of

bounds of the zeros of p,.(z), we define the following polynomial:

n(z) = p.(Z) = Zq_jzj.

Now, we discuss the following theorem which shows relation between the zeros of p,(z)

and py(2).

Theorem 2.31. Let A € H. Then X is a zero of the simple monic polynomial p,(z) if and

only if X is a zero of the simple monic polynomial ni(z).

Proof. The corresponding companion matrices of p,.(z) and p;(z) are given by
T H
Cp. = C,, and Cy :=C,,

respectively. By Lemma 2.1, if A is a left eigenvalue of C), , then A is a left eigenvalue of
Cg = Cy,. By Propositions 1.36 and 1.37, the left eigenvalues of C), and Cj, imply the

zeros of p,(z) and py(2), respectively. Hence if ) is a zero of p,(2), then X is also a zero of

ﬁl(z). -

Remark 2.32. Similar results can be obtained for the quaternionic polynomial p,.(z) as

well.

Bounds for the zeros of quaternionic polynomials by using the powers of com-
panion matrices: First, we present some preliminary results for the powers of companion
matrices C), and C,, . In general, if X is a left eigenvalue of a quaternionic matrix A, then

A? is not necessarily a left eigenvalue of A? follows from the following quaternionic matrix
A=

Then

M(A) = {p:p=a+pj+rka®+ 5 +72=1}.
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Now, we have

2 1 O 2
A% = . . So A(A?) = {1}.

Here, j is a left eigenvalue of A. However, j2 is not a left eigenvalue of A2

Now, we prove the following result for left eigenvalues of €, and C’;l (t is a nonzero

integer).

Proposition 2.33. If X\ is a left eigenvalue of C,, with respect to the eigenvector x €

n t . . . . t .
H", then X' (t is a nonzero integer) is a left eigenvalue of C}, corresponding to the same

eigenvector v € H".

Proof. Case (a): When t is a nonzero positive integer. Let A be a left eigenvalue of C),.

Then, there exists 0 # 2 := [1, A\, A2,..., A"!]" € H" such that C,,z = Az. Therefore,

Clx = Cp(Cpa) = Chal =z

Clx = CLl(Cpa)=Cllad ==z = Na.

Thus, \* is a left eigenvalue of matrix C} corresponding to the same eigenvector x € H".
Case (b): When ¢ is a negative integer. From Case (a), we have Cp,x = zA. This
implies €, Ly = 2A71. Therefore,

Clr = C;(Cp_lla:) = C’p_llx)\_l =2\ 2

Y2

Cle = CUTI(CTe)=CIMaa™ = =2\ = Na.

)2 Y2

Thus, ! is a left eigenvalue of C;l with respect to the same eigenvector x € H". B
Next, we state the following result for left eigenvalues of C), and C;T (t is a nonzero

integer).

Proposition 2.34. If X\ is a left eigenvalue of C,. with respect to the eigenvector x €

H", then \' (t is a nonzero integer) is a left eigenvalue of C’;T corresponding to the same
ergenvector x € H".
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Proof. Case (a): When ¢ is a nonzero positive integer. Let A be a left eigenvalue of
C,,. Now from Lemma 2.1, X is a left eigenvalue of C’g . Then there exists 0 # x :=

[1,A, (V)2 ..., (A)™] € H" such that Cz = Az = z\. This gives

(€22 = CH(Clae) = CllaX = 2(V)?

Pr p

(C)'e = ()T (Gl = (G) T ad =+ =

Thus, (A)! is a left eigenvalue of (Cg )t. Then by Lemma 2.1, A\ is a left eigenvalue of
cl.

Case (b): When ¢ is a negative integer. From Case (a), we have Cllz = Az = 2.

This implies (C)~'z = z(X)~'. Thus

(Co) " = (G H(G) et = (C) e ()T = 2(N) 7

pr

(Co)lw = (GG e} = (G a7 =+ =2(N) = (V)'a

Thus, (M) is a left eigenvalue of (cH )t. Then by Lemma 2.1, X’ is a left eigenvalue of
t
c,. n
Further, we present a framework to find the powers of the companion matrix C,
which can be derived in a simple procedure as follows, keeping in view that quaternions

do not commute.

Theorem 2.35. Consider Cp, =

1 Ch, (m, 1) ‘ C, (m,2:m)
(a) If t < m is a positive integer, then

(2.26) Cl =



(b) if t > m, then

[ C'f;l_(m_l)(m,l 2 m)
cpm=2 (m,1:m)

(2.27) C) = : :
Ci-t(m,1:m)
cl(m,1:m) | o
where
Cl(m,1) = C. ' (m,m)Cp(m,1),
Cl(m,2:m) = Cy'(m,1:m—1)4Cy ' (m,m)Cy(m,2:m),
Cp,(m,1:1) Cp(m,t+1:m)
o C’zl(m‘,l 1 1) and D= C]fl(m,t.jL 1:m)
¢ : ¢ :
_sz (m,1: t)_ o _Cpl(m,t+ 1: m)_ -

Note that Cp,(k,1: m) denotes the k-th row of the matriz C,,.

Proof. Assuming ¢t = 1, then (2.26) becomes

1 m—1
m—1 0 ‘ 1
Cp, = ’
v Culm1) | Gum,2:m)
where Cp,(m, 1) :== —qo,Cp(m,2 : m) := [—q1 ... — ¢pn—1]. Thus the theorem is true for

t = 1. Now, let us consider C), as

m—k k
k A B’
Cp = , where
m—k C/ D/

A =C,1:k1:m—k),B =Cy(k+1:mm—-—k+1:m),C":=C,(k+1:m,1:
m—k), D' :=Cp(k+1:mm—k+1:m). Fort =k =3, we get

2 m—2 m—2 2 m—2 2
5 m—2 | 0 I 2 A B’ m—2 C’ ‘ D’
c? = -
i > |C| D |m2| C | D s | CA+DC' | CB' +DD
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Note that in each step, size of the identity matrix I reduces by order 1 and the size of
matrix C' increases by order 1. Similarly, the matrix D increases by 1 row and decreases

by 1 column. Finally, after rearranging and separating 0 and I matrices we get

where C' and D are of size 3 x 3 and 3 x (m — 3), respectively. Assuming that the theorem

is true for ¢ = k. Then we have

m—k k k+1 m—k—1
ka1 k m—k Cl ‘ D/ m—k—1 O ‘ I
Cpl = szcpl = , , , , = ’
« | ca+DC | ¢B + DD i | 0| D

where the corresponding C' and D matrices are given in the statement of the theorem.
Similarly, we can prove for t > m. B
In the case of quaternionic matrix, C,, = CJ but C} # (C%)" for t > 2. It follows

from the following example.
Example 2.36. Consider the following simple monic polynomials over H :
p() =2 — ke 4 (k= )z 4 (i) and pr(2) = 2 — 22k 4 2(k— ) + (i + ).
The corresponding companion matrices of p;(z) and p,(z) are given by
1 2
2 0

I
Cpl - ‘
1| Cp(3,1) ‘ Cp(3,2:3)

and C, = CT

P’

respectively, where C,(3,1) = —i —j and C},(3,2 : 3) := [j — k, k|. Then

0 0 1 0 —i—j j—i
C:=|-i—-j j—k k and C2 = |0 j—k  1—]j
i—j 1-2i—j j—k-—1 1 k j-—k-1

This shows that C2 # (C2)".

Hence, we can write the similar algorithm to Theorem 2.35 for the case of C’;T, t> 2.
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Theorem 2.37. Consider C,,. =
o | T T aimm

(a) If t < m is a positive integer, then

m—t t
’ ¢ 0 C
(2.28) Cp, = ,
m—t 1 D
(b) if t > m, then
Cho=| GV mm) O imm) L G (L imem) CL(Limm) |
where
C = [Cpr(l t,m) Cp(1:t,m) ... C(1:t,m)|,
D = [Cpr(t—l— 1:m,m) C;T(t—i- L:m,m) ... Cl(t+1: m,m)] )
G, (Lm) = G, (1,m) 7 (m,m), and
Cl(2:m,m) = CIY1:m—1,m)+C,(2:m,m) CL ' (m,m).

Proof. The proof follows from the proof method of Theorem 2.35. B

Now from Example 2.36, we write
n(z) =p,(2) =2+ k2 + (j—k)z 4+ (=i —j), and
pr(2) = (@) = 22 + 2%k + 2(j — k) — (i+]).
Thus the companion matrices corresponding to p;(z) and p,(z) are given by
Cs = C,, and G5, = C,,,

respectively. Next,

0 0 1 0 i+j j—i
C2 =li+j —j+k -k |andC: =0 —j+k 1+2i+]
i—j 1+j k-j—1 1 -k -1-j+k
Then
(a) max [(F(C2))M?] =2.3655 and max [(F(C2))Y?] = 1.9656.
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(b) max [(r‘ (C2 ))1/2] = 1.9319 and max [(r}(C%))"/?] = 2.1355.

1<i<3 tATPr 1<i<g b P

Now, we have

max [(r}(C))"?] # max [(r}(C2))"/?] and

Tziss 1<i<3
1/2
12525 [(7"2 (€.) } # max [(r(C2))?] .

Hence, we have the following bounds for the zeros of p;(z) and p,(z) for v € [0, 1].

Theorem 2.38. Let pi(z) and p.(z) be the simple monic polynomials over H of degree
m and let C} and C}, (t > 2) be the t-th power of the companion matrices Cp, and C,,,
corresponding to pi(z) and p.(z), respectively. Then, for v € [0,1]

1. bounds for every zero Z of pi(z) satisfies the following inequalities:

(a) (&) <2 <&,

where
& = mas ()" (@)
& = max _(r;. (C;l))y/t (c; (Cél))(1*7)/t]7
& = (01 (@),
6 = s [04(C0) " (4 05)

2. bounds for every zero Z of p.(2) satisfies the following inequalities:

@ (g [0 @) < <e

1<i<m

&3 = max
1<i<m L

1<i<m L

{4 = max
1<i<m L

(
& = max [(]

(

(

£, = max
1<i<m |




Proof. 1(a). Let X be a left eigenvalue of C,,. Then by Proposition 2.33, \* (¢t > 2 is

positive integer) is a left eigenvalue of C’;l. Hence by applying Theorem 2.3, we get the

desired result.

1(b). By Lemma 2.1, X is a left eigenvalue of Cj;, and by Proposition 2.34, (\)* is a left

eigenvalue of (Cy.)". Then from Theorem 2.3, we get the desired result.

For 2(a) and 2(b), the proofs are similar to the proof methods of 1(a) and 1(b), respectively. B
Substituting t = 2 and v = 1 in Theorem 2.38, we have the following corollary.

Corollary 2.39. Let pi(2) and p.(2) be the simple monic polynomials over H of degree

m. Then

1. bounds for every zero Z of pi(2) satisfies the following inequalities:

1
a) — < 1z| < ay,
(a) 5 <[z <
(0 < |3l <
— Z Q,
Ba =2
where
m—1 1/2 m—1 1/2
ap = max{ 1, (Z |qj|> ) (Z |qm_1Qj - Qj—1|) )
§=0 =0
oy = 2<1;¥1<€}31<_1 { (lgo| + |70 qm—1|)1/2 | + 17 Gt — %|)1/27

L+ g + 1T Gt — G },

m—1 /2 /g 1/2
fi = maxq1, (Z |qo‘1qj|> ,(Z\qo‘lqlqo‘lqm_j—qalqm_j+1\> :

j=1 J=0
-1 a1 —1 1/2 -1 -1 -1 -1 1/2
B2 = max ) <|q0 | + |q0 d19p |> ) <|Qm—1qO | + |Qm—1CI0 9199 — Yo |> )

2<j<m—

1/2
(1 + 1 @m— i@ | + lam—ito " gy’ — qm_j+1q61|> };

2. bounds for every zero Z of p.(z) satisfies the following inequalities:



where

{ (g0l + |20 gm—1])""?, (lqu] + @1 Gm-1 — 0

_ _ _ 1/2 _ _ _ _
{(|qol|+|qo1 0o )" (lgmaas ™| + lgmrae 0ty " — @5

Y

’)1/2

(14 |as] + |gj Gm-1 — a5- 1|)1/2}
1/2

—C]j1|> )

-1 4j

1 )1/2’

_ _ 1/2
(1 + ’C.ImijO 1’ + |mequ ! Cth — Gm—j+190 ’) / }>

a3 = max
2<j<m—1
m—1 1/2 m—1
ay = max{ 1, (Z ]qﬂ) , (Z 7
j=0 J=0
= max
& 2<j<m—1
By =

q-1 = 0= dm+1,9m = 1.

1/2
s (zmo %> (zmo P i \) |

Proof. The proof follows from Theorem 2.38 and APPENDIX-A. B

Example 2.40. Consider the following polynomials p;(z) and p,(z) over H:

n(z)

pr(2) = 28+ 251+ 3k) + 2 (3 +j) + 23(5i +

O+ (i+3Kk)2°+ (3+j)z" + (51 + 15k)2® + (=4 + 5j)2° + (6i + 18k)z + (6j — 12),

15k) + 2%(—4 + 5j) + (61 + 18k) + (6j — 12).

The zeros of p;(z) are given in [50]. Moreover, we find the zeros of p,(z) by Niven’s

algorithm [41].

Zu(pi(z)) = 21 Abs(z)
—i—2k 2.2361
[iv/3] 1.7321
[iv/2] 1.4142
—0.6i — 0.8k 1

Zy(p-(2)) =: 20 Abs(z9)
—0.4i — 22k  2.2361
[iv/3] 1.7321
[iv/2] 1.4142

—k 1

TABLE 2.1. The zeros of p;(z) and p,(z) and their absolute values.

21 := the set of zeros of p;(2), 22 := the set of zeros of p,(z),

Denote LB:= Lower Bound, UB:= Upper Bound.
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Example 2.40 LB UB
Corollary 2.27 (1) 0.4142 19.9737
Corollary 2.27 (2)  0.2766 60.9201

Theorem 2.26, v = 1/4 0.3744 8.1415

TABLE 2.2. Lower and upper bounds for the zeros of p;(z) and p,(2).

Example 2.36 LB UB
Corollary 2.39 1(a)  0.6156  2.3655
Corollary 2.39 1(b)  0.6078  1.9656
Corollary 2.39 2(a)  0.6078  1.9319
Corollary 2.39 2(b)  0.6436  2.1355

TABLE 2.3. Lower and upper bounds for the zeros of p;(2) and p,(2).
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CHAPTER 3

LOCATION OF ZEROS OF POLYNOMIALS OVER A
QUATERNION DIVISION ALGEBRA

In this chapter, inclusion regions for the left and right eigenvalues of quaternionic ma-
trices are derived. The location of zeros of quaternionic polynomials is discussed via left
eigenvalues of the companion matrices. The present investigation shows that the obtained
ovals of Cassini are smaller than the existing ovals of Cassini for polynomials over the

complex field under certain conditions.

3.1. Introduction

The work carried out in this chapter is based on Theorems 2.3, 2.4, 2.8, and 2.11. In this
work, we discuss a theory for polynomials with quaternion coefficients. Thereafter we
move to study similar results for polynomials with complex coefficients. Then, inclusion
regions for the left and right eigenvalues of a quaternionic matrix are derived. Further,
the location of zeros of the quaternionic polynomials p;(z) and p,(z) (defined in (1.20)
and (1.21)) is discussed. The present work also focuses on inclusion regions for the zeros
of the quaternionic polynomials p;(z) and p,.(z) by applying Theorem 2.3 and Theorem
2.8. Tt is found that Theorem 2.3 and Theorem 2.8 give two sets; the first one describes
the union of two balls and the second one is the union of a ball and an oval of Cassini.
These sets can be reduced into smaller sets which depend on a parameter v € [0, 1]. By
considering w(z) = 2z? + ¢,_12, where ¢,,_1,2 € H, we present two ovals of Cassini and
each contains all the zeros of the quaternionic polynomials p;(z) and p,(z). We show that
the inclusion regions obtained in the present work are comparatively smaller than the

inclusion regions developed in [37] under certain conditions.



3.2. Inclusion regions for left eigenvalues of quaternionic com-

panion matrices

The corresponding companion matrices to the simple monic polynomials p;(z) and p,(2)

are given by

0 1 0
Cpi=| ' and C,, = CF,
0 0 1
—qo —q1 ... —Q4m-1

respectively. Left eigenvalues of C), are the zeros of the simple monic polynomial p;(z).
Also, left eigenvalues of C),, are the zeros of the simple monic polynomial p,(z). However,
right eigenvalues of C), need not be zeros of the simple monic polynomial p;(z). Now

define w(z) as:

(3.1) w(z) = Z ;27
jes
where o,z € K, K € {R,C,H}, and S is defined as the set of integers when A € M, (K)
is invertible; otherwise S is the set of nonnegative integers. Throughout this chapter we
consider the following three cases:
Case 1: when o,z € H, and A € M, (H),
Case 2: when o; € R,z € H, and A € M, (H),
Case 3: when o,z € C, and A € M,(C).

In general, if A is a left eigenvalue of a matrix A € M,,(H), then A? is not necessarily a
left eigenvalue of A%, If \ is a left eigenvalue of the quaternionic matrix A with correspond-
ing eigenvector z € H”, then \7! is a left eigenvalue of A~!. However its corresponding
eigenvector may be different to x. On the other hand, if A is a left eigenvalue of C),
with corresponding eigenvector y € H”, then M is a left eigenvalue of C’;fl with the same
eigenvector y, where k is a nonzero integer. The above argument follows from Proposition
2.33. Now, we take Case 1 for the development of our theory.

Case 1. We consider w(z) as:

(3.2) w(z) == Zajzj,

jeSs
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where o,z € H and S is defined as the set of integers when A € M, (H) is invertible;

otherwise S is the set of nonnegative integers. Then we have the following result.

Lemma 3.1. Let C,, be a companion matriz of the simple monic polynomial p;(z) and

let w(z) be defined in (3.2). If X is a left eigenvalue of C,,, then w(X) is a left eigenvalue
of w(Cp,).

Proof. Let A be a left eigenvalue of C,,. Then C,,xz = Az for some nonzero x € H". So

w(Cp)x = (ZO‘?CIZ1> x.

jes

From Proposition 2.33, we obtain

w(Cp)r = (Z aj)\j> r=wNz. R

jes
We next present a generalization of Theorems 2.3 and 2.8 for a quaternionic companion

matrix as follows.

Theorem 3.2. Let C), = (¢;;) € M,(H) be a companion matriz of the simple monic
polynomial pi(z) and let v € [0,1]. Then all the left eigenvalues of C,, are located in the
union of n sets Bi(Cpy,w) = {z € H : |w(z)— (w(Cy))iil <77 (w(Cy,)) ¢ M(w(Cy))} (1<

)

i<n),ie.,

AZ<CP1> - B(prw) = U?:lBi<CPHw)7

where w(z) is defined in (3.2).

Proof. Let X be a left eigenvalue of C,. Then from Lemma 3.1, w(\) is a left eigenvalue
of w(C},). Then there exists some nonzero x € H" such that w(C),)z = w(A)xz. Let
T = [x1,...,2,]7 € H" and let x; be an element of z such that |x;| > |z;| Vi (1 <i <n).
Then |z;| > 0. From the t-th equation of w(C), )z = w(A)z, we have

n

> w(Cyyr; = w(MNz.
j=1
Since |z| > |x;] Vi (1 <i <mn), then

n

(3:3) W) = w(Cylul < D (Gl = re(w(Cy))-
J=1,j#t
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From Lemma 2.1, A is a left eigenvalue of A” and hence w()\) is a left eigenvalue of
(w(Cp,))H. Similarly, we have

n

W) =@l < D (Gl

J=1,j#t
This implies
(3.4) W) —w(Cpul < D WGl = c(w(Cy)).
J=1,j#t
Then for any v € [0, 1], (3.3) and (3.4) give
(3.5) w(A) —w(C)ul” < rl(w(Cy)),
as well as
(3.6) W) = w(CplulT < @ (W(Gy)).

Combining (3.5) and (3.6), we obtain
W) = w(Cy)ul <17 (@(Cn)) e (W(Cyy). M

From Theorems 2.3 and 3.2, it is clear that all the left eigenvalues of C,, are contained

in T(C,,) N B(Cy,,w).

Theorem 3.3. Let C,, := (¢;;) € M,(H) be a companion matriz of the simple monic
polynomial pi(z) and let v € [0,1]. Then all the left eigenvalues of C,, are located in
the union of " sets Py(Cyy,w) = {z € H : |w(2) — (@(Cp))iil [w(2) — (@(Cp))] <
] (W(Cp)) T (W(Cy) & T (w(Cy))) ¢ T (w(Cy))} (1<4d,5 <myi#7), ie.,
Al(cpz) - P(sz’w) = UZj;Alpij(prw)a
i#]
where w(z) is defined in (3.2).

Proof. Let A\ be a left eigenvalue of C),,. Then by Lemma 3.1, w()) is a left eigenvalue
of w(Cp,). Then there exists some nonzero x € H" such that w(C),)r = w(A)x. Let
T = [x1,...,2,]7 € H" and let 2, be an element of x such that |z,| > |z;| Vi (1 <i < n).

Then |z4] > 0. Clearly, if all the other elements of  are zero, then the result holds.
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Now, suppose that there are at least two nonzero elements of z, and let x; be an
element with second largest absolute value, i.e., |z5| > || > || Vi (1 <@ < mn,i # s),

and x; # 0 # x;. From the s-th equation of w(C),,)r = w(X\)x, we have

n

Y w(Cp)siws = wN)s,

j=1

which implies

Thus

(3.7) W(A) = w(Cp)ss| < (w rs(w(Cp))-

]

Similarly, from the ¢-th equation of w(C),)r = w(A)z, we obtain

(35) o) = Gl < (121 e

Combining (3.7) and (3.8), we have

(3.9) W(A) = w(Cy)ss| [w(X) = w(C )| < 7s(w(Cy)) re(w(Cyy))

(1<s,t<n,s#t).

Now, from Lemma 2.1, X is a left eigenvalue of C}fl[ and hence w(\) is a left eigenvalue

of (w(Cy,)). Similarly, we can obtain
(3'10) |w<)‘) - W(CPL)SS| |w<)‘) - W(sz)tt| < CS(W(CPL)) Ct(w(opz))

(1<s,t<n,s#t).
For any v € [0, 1], (3.9) and (3.10) yield

(3.11) W(A) = w(Cp)ss|” [w(A) = w(Cp)ue|” < 7w (Cp))) 7 (w(Chy)),
and
(312) |w(A) = w(Cp)ss 7 Jw ) = w(Cr)ael ™ < e (@ (Cp)) e (W(Cp))-
Combining (3.11) and (3.12), we obtain
(W) = w(Cp)ss| [w(A) = w(Cp)ul < 17 (w(Cp)) 17 (W(Cp)) a7 (W(Cp)) & (w(Ciy)).

Hence, all the left eigenvalues of A are located in the union of @ sets P;;(Cp,,w) (1 <
ij<n, i) ®
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From Theorems 2.8 and 3.3, we conclude that all the left eigenvalues of C), are con-
tained in K(Cp,) N P(Cp,,w).

In general, similar quaternionic matrices may not have the same left eigenvalues,
see, [62, Example 3.3]. However, if A € M, (H) and W is any invertible real matrix, then
A and WAW ! have the same left eigenvalues (proved in Chapter 2).

Also, in general, w(WAW ™) # Ww(A)W =1, where W is any quaternionic invertible

matrix. For example, let

j 0
where W = | and W1 = . Suppose w(z) = 2? + (j + k)z. Then

w(WAW ™) #£ Ww(A)W
However, if W is any invertible real matrix, then we have the following proposition.

Proposition 3.4. Let A € M, (H) and let W be a real invertible matriz. Then w(WAW ') =
Ww(A)YW L where w(z) be defined in (3.2).
Proof. We have
WWAW™) = > a;(WAW '),
jes
Since a;IWW =Wa,; Vj(0<j<m), aogWW ™ =WaoW ! and (WagW 1) = WaiW!

(t is a nonzero integer), we obtain

wWAW™) = W (Z ajAf) Wl=Ww AW i
j€S

Remark 3.5. From Proposition 2.22, we observe that left eigenvalues of quaternionic

matrices A and WAW ™! are same, where W is any invertible real matrix. Applying

Theorems 2.3 and 2.8 to W AW ~! instead of A, we obtain different and potentially smaller

inclusion regions.

Remark 3.6. By applying Theorems 3.2 and 3.3 to w(WC, W) = Ww(C,, )W in-

stead of w(C),), we obtain different and potentially sharper inclusion regions.

Remark 3.7. Similar results can be obtained for the quaternionic companion matrix C),,

as well.
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3.3. Inclusion regions for right eigenvalues of quaternionic ma-

trices

Case 2. We consider w(z) as:
(3.13) w(z) == Z ;2

jes
where o; € R, z € H and S is defined as the set of integers when A € M,,(H) is invertible;
otherwise S is the set of nonnegative integers. Thus, an extension of the Gerschgorin type
theorem [62, Theorem 7] for right eigenvalues of a quaternionic matrix to the quaternionic

matrix w(A) is as follows.

Theorem 3.8. Let A = (a;;) € M,(H). For every right eigenvalue \ of A there exists
a nonzero quaternion 3 such that S~ w(\)B (which is a right eigenvalue of w(A)) is

contained in the union of n sets

Bi(A,w) = {z € H: |w(z) — (w(A))a| <mi(w(A))} (1 <i<n), e,

{z7'w(N)z:0# 2z € HY NUL,Bi(A, w) # 0,

where w(z) is defined in (3.13).

Proof. Let A be a right eigenvalue of A. Then, w()\) is a right eigenvalue of the matrix
w(A), so that there exists some nonzero x € H" such that w(A)z = zw(A). Let x :=
[z1,...,7,]7 € H" and let z; be an element of x such that |z;| > |z;| Vi (1 < i < n).

Then |z;| > 0. Thus from w(A)x = zw(\), we have

(@(A)uze+ Y (@W(A))yz; = zw(N).

=1, 57t
Since z; # 0, consider p € H such that ;A = pz;. Then z,N = p’x;, where j € S; the set
of integers when A € M, (H) is invertible; otherwise S is the set of nonnegative integers.

Thus
(w(A))uz: + Z (W(A))yz; = wlp)ae,
J=1,j#t

which implies



Since |z;| > |x;| Vi (1 <7 < n), we obtain

n

[w(p) = (@A)l < D WAyl = ri(w(A)). B

=1, j#t
Remark 3.9. It is known that if X is a right eigenvalue of A € M, (H), then A\* (k is an
integer when A is nonsingular, whereas k is a nonzero positive integer when A is singular)
is a right eigenvalue of A*. Thus similar results to Theorems 3.2 and 3.3 can be obtained
for right eigenvalues of A = (a;;) € M, (H), where (w(A));; € R for all i (1 < i < n)
with w(z) as defined in (3.13). Since similar quaternionic matrices have the same right
eigenvalues. Thus we can obtain potentially sharper inclusion sets by applying similar
results to the matrix WAW ™ or w(WAW™!) = Ww(A)W !, where W is any invertible

real matrix.

3.4. Inclusion regions for zeros of quaternionic polynomials

Inclusion regions for zeros of the simple monic polynomials p;(z) and p,(z) are discussed

in this section. We first define the following notation:

€)= largest element of the set

{laol™ X+ @)™, (L + [gm—al) 7}

féw := second largest element of the set

{|QO|1_W’ (1 + |q1|)1—v’ B (1 + |Qm—2|)1_7}7

m—2 v m—3 R
&) = (Z mﬂ) cand &7 = (Z rm) :
j=0 j=0
where v € [0, 1].
Then by applying Theorems 2.3 and 2.8 to C),, we have the following result.

Theorem 3.10. Let p(z) be a simple monic polynomial over H of degree m and let

v € [0,1]. Then all the zeros of pi(z) are contained in each of the following sets:

TO = {zeH:|z| <MV U{zeH: |2+ gni| <Y, and
KO = {zeH: |2 < EEP ULz € B J2] |2+ guoa| < £760).
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Each of sets T is the union of two balls, whereas the set K for each v € [0,1] is
the union of a ball and an oval of Cassini. Also, K" C T V¥~ € [0, 1] which was proved
in Theorem 2.12.

Case 1. We consider w(z) as:

(3.14) w(z) = Zajzj,

jes
where o,z € H and S is defined as the set of integers when A € M, (H) is invertible;

otherwise S is the set of nonnegative integers. Now, we take w(z) as follows:
w(z) == 22 + gm_12.

To find w(C),), we first construct C?;

P’
[0 0 1 |
2 _
Cpl = 1
—dqo —q1 —q2 e —Gm-1
|dm—190 dm-191 — 40 dm-192 —q1 - .- Q72n—1 — dm—2
Therefore, we obtain
[ 0 qm—1 1 |
0 0 qm—1
0 0 0 1
CI?I + qulcpl =
qm—1 1
—q —¢@1 —G2 - —Qm-—2 0
0 =@ —@¢ - —Gm-3 —Qm2]

Throughout this chapter for v € [0, 1], we adopt the following notation.

D= ol (U fgnea),

N . 1= (1 gl

2 = (Joo| + la| + [gm-1]) (1 + |gm-1])",

B = (|ggoal + |gj-1] + [gmt] + D A+ |gma]); <G <m—2),
B = €D (Igmea| + lgmes| + 1O,
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np) and ngy) be the largest and second largest elements of a set S,
(3.15) where S .= {87, g0 g0},
ns’ =3 (Iqm_2| + \/!qm_2|2 + 4779)55;)1) ,

By applying Theorem 3.2 to w(C,,), we have the following theorem which derives inclusion

regions for zeros of p;(z).

Theorem 3.11. Let p(z) be a simple monic polynomial over H of degree m and let

v € [0,1]. Then all the zeros of pi(z) are contained in Q@ U ggﬂ, where

D= zeH: )| <},

)= {z € Helw(e) +gnsl < B4,
and w(z) = 2% + qu_12 with z, ¢, € H.

Proof. Applying Theorem 3.2 to w(C),,) and using 779) and @(721, we have the desired
result. W
The union of QY’) and g§”> can easily be enclosed in one of the two ovals of Cassini

which is as follows.

Theorem 3.12. Let p/(z) be a simple monic polynomial over H of degree m and let

v € [0,1]. Then all the zeros of p)(z) are contained in each of the following ovals of

Cassini:
K7 = {z €H: 2] 24 gnoa| < max{n”, [gms| + 571},
ICS) = {z€eH: |Z2 + Gm-12 + qm—2| < max{|gn 2| + 779)7 7(721}}

Proof. To prove the theorem, we prove the following conditions:
{’Y) U gév) C Icg“/) and gi’)’) U géV) C ICgY).

Clearly Q@ C ICY). Consider z € gé”) implies |22 + ¢n_12 + ¢m_2| < 57(311 Then |22 +
G172 < |gm_o2| + BY),. This implies z € K. Hence 5" € K. Thus from the above,
we have G UGl c kK.

For the 2nd part: It is clear that G" C K. Let z € G. Then |22 + gp_12| < 5\
This shows that [22 + ¢n_12 + @m_2| — |gm_2| < n@. This implies [22 + ¢n_12 + @m_2| <

|Gm—2| + 779). Hence z € IC?) implies g{”) - /Céw . Therefore, gf” U gg”) C IC;W). [
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We give the following example to illustrate our theory.
Example 3.13. Consider the following quaternionic polynomial p;(2):
m(z) =20 +j2° + i — 22 —jz —i.
The zeros of p;(z) are given in [19] as follows:
L1 .. 1 ..
ZH(pl> - {17 -1, [1]7 5(1 —1=]— k)v 5(_1 t1—=]— k)}

The corresponding companion matrix to p;(z) is given as

0100 0 O
0010 0 O
0001 0 O
sz =
000O0 1 O
0000 0 1
i j 10 —i j
We have the following expressions:
(316) 5%’7) — 277
(317 B — 7 = A7 = oY =51,
(318) 6:57) — ng'Y) — 4177 27’

1
(3.19) =3 [1 VIt 3.

Substituting v = 1/2 in Theorem 3.12, then we have the following ovals of Cassini:

KW = {2 eH: |z |2 +]j| < 3.4495},
K2 = {2 eH: |22 +jz+i| < 3.8284}).

From the above, it is clear that all the zeros of p;(z) are contained in the ovals of Cassini
K2 and K2,
We now present the following inclusion regions for zeros of p;(z) by applying Theorem

3.3.
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Theorem 3.14. Let p/(z) be a simple monic polynomial over H of degree m and let

v € [0,1]. Then all the zeros of pi(z) are contained in Fﬁ” U I’g) U ng), where

IV = {zeH:|w(z)] < n” )},
I = {z €H:|w(z) + gmosl <& V/BIY,
Y = {zeH: |w(2)| |w(z)+ gms| <7801

and w(z) = 2% + qm-_12 with z,qy,_1 € H.

Proof. Applying Theorem 3.3 to w(z), where w(z) = 2% + ¢,,_12 and from the definitions
of 77@, 779),5 , and 6 ’ |, we have the desired result. W
Before deriving next inclusion regions for the zeros of the simple monic polynomial

pi(z), we require the following lemma.

Lemma 3.15. Let 11, Yo, and Y3 be the three sets such that
T, = {z€eH:|: ||Z+a| <0}, Toi={z € H:[2]* —a| |z] < 0}, and
Ty = {ze€H: |a| ++/]al? +49)}

where a € H and 6 > 0. Then T C Ty := T3.

Proof. Consider z € Ty. Then, |z||z + a| < § implies |z|? — |a||z] < d. Hence z € Ty. This

shows T; C Ty. Next, we assume that z € Ty < |2]? — |a||z| < 4, then

3200 |kl= g (lol+ VRFFD)] 1ol - 5 (ta - VRFF D) | <o.
Since |z| > 3 <|a\ —+/|a|®> + 45) , then from (3.20), we have
2l < 5 (ol + ViaF + ).

Hence z € T5. Thus To = T3. R

We give the following inclusion sets for the zeros of the quaternionic polynomial p;(z).

Theorem 3.16. Let p/(z) be a simple monic polynomial over H of degree m and let
€ [0,1]. Then all the zeros of pi(z) are contained in each of the following ovals of

Cassini:

O = {z € H: [2] |2+ g | < max{y/ 008, 05, |gmo| + 1/ B4},
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v) = {Z cH: |Z2 + gm—12 + C]m—2| < maX{‘Qm—2| + V 7]57)779)777?)7 57(311}}7

where 77@,7]2 , and 7737) are defined in (3.15).

Proof. To prove the theorem, we prove the following conditions:
ruri?ury c ol and T T UL C Q.

Clearly T\ € Q. Consider z € T\, this implies |22 + gm_17 + @m_2| < B%,. This
shows that |2% + ¢n_12] < |gm_2| + 57(721 Then z € Qy’). Hence Fm C Q(V)

Next we assume z € F?). This implies |w(2)| |w(z) + Gm_2| < 77 ﬂ . Hence
(lw(2)[2 = |w()||gm-2]) < 7B, Now, from Lemma 3.15, we obtain |w(z )\ < v,
Hence z € Q). Thus from the above, we have IV uTS? UT{” c QY

On the other hand, it is clear that T C Q. Considering z € T\ it implies

122 + gr12] < /058, Then we write |22 + gu_12 + gm_2 — qm_2| < /05" This

Shows |22 + G172 + Gm—2| < |gm—s| + \/1'n5" which implies z € Q. Thus I € Qf

Now, let z € T, Then |w(2)] |w(2) + gm_2| < 7" 8Y,. Thus
(|0(2) + Gm—s| = |gm—2])|w(2) + gm_s] <85,

From the above discussion and by Lemma 3.15, we have

|w(2) 4+ gm-2| < 7]§7)~

Thus, we obtain z € Q. Therefore T UT? UTY) C Q). =
To illustrate Theorem 3.16, we take Example 3.13. Substituting v = 1/2 in Theorem

3.16, we have the following ovals of Cassini from Example 3.13:
(1/2) _ : :
07 ={z€H:|z| |z+]] <6.1723}, and

O = {2 eH: |2 +jz+i| < 7.1723}.

Here it is also clear that all the zeros of p;(z) (defined in Example 3.13) are located in the
ovals of Cassini le/Q) and le/g).

Theorems 3.12 and 3.16 give the following corollary.

Corollary 3.17. Let pi(z) be a simple monic polynomial over H of degree m. Then all
the zeros of pi(z) are contained in ovals of Cassini ICY’) HQSV) Vv € [0,1] and also in ovals
of Cassini /Céw Ny vy e 0, 1].
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Inclusion regions for the zeros of the quaternionic polynomial p,(z) : Since left
eigenvalues of C’Z; = (), are the zeros of the simple monic polynomial p,(z). We also need
some machinery for the development of inclusion regions for the zeros of p,(z). Now, let

us take w(z) as
w(z) = 2" + Tt 2,

where z, ¢,—1 € H. To find ws(C,,), we first construct C’_pl2 :

0 0 1
——2
Cp = 1
—qo —q1 —q2 - —Gm—1
T 1@ T A T~ @ T a1 — @ - Gm-1> — Gm—2]
Thus, we have
[ 0 qm—1 1 |
0 0 dm—1
. - 0 0 0 1
sz + Gm—1 sz =
qm—1 1
—Q @ —q —Qm—2 0
| —q0 —q1 —Gqm-3 —qm-2]

It is known from Lemma 2.1 that if A is a left eigenvalue of a quaternionic matrix A,
then \ is a left eigenvalue of A¥. Thus if \ is a left eigenvalue of the companion matrix

C,,, then A is a left eigenvalue of C’g = C_pl. Therefore X~ + Gt A s a left eigenvalue of

_2 _
sz + Gm—1 sz’

Remark 3.18. Almost similar results can be obtained for the zeros of the simple monic
polynomial p,(z) with w(2) := 22+ @,_1 2z by using the ideas given in this section for the

zeros of the simple monic polynomial p;(z).

3.4.1. Inclusion regions for zeros of complex polynomials

Case 3. Let us consider w(z) as:

(3.21) w(z) = Zajzj,

jeSs
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where o,z € C and S is defined as the set of integers when A € M, (C) is invertible;
otherwise S is the set of nonnegative integers. Throughout this section, we use the
polynomial w(z) (defined in (3.21)).

We take p;(z) and p,(z) over the complex field. Then p;(z) = p,.(2) = p(2) (say).

Hence the complex polynomial is defined as

(3.22) p(2) = @n2™ + o1 2™+ @2+ Qo

where ¢;, z € C (0 < j < m). The polynomial (3.22) is called monic if ¢, = 1. Then, the

corresponding companion matrix of the monic polynomial p(z) is given by

0 1 0
C, =
0 0 1
—q —q1 --- —Qqm-1

Remark 3.19. Similar results to Theorems 2.3 and 2.8 can be obtained in the case of

complex matrices.

Remark 3.20. Similar results to Theorems 3.2 and 3.3 can be obtained in the case of

complex matrices with w(z).

Remark 3.21. Similar results to Theorems 3.10, 3.11, 3.12, 3.14, and 3.16 can be obtained

for the zeros of the complex monic polynomial p(z).

Now, we have the following corollary for the zeros of complex polynomials from Corol-

lary 3.17.

Corollary 3.22. Let p(z) be a monic polynomial over C of degree m. Then all the zeros
of p(z) are contained in oval of Cassini ICY) N QY) Vv € 10,1] and also in oval of Cassini
Kol vy e [0,1).

We now state the following results from the above remarks which are available in the

literature.
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e Assuming v = 0 in Theorem 3.10 for the case of complex monic polynomial p(z),

we observe that all the zeros of p(z) are contained in each of the following sets:
() — . (0) )
TV = {ze€C:|z|<§MU{zeC: |z 4+ ¢n| <1},
KO = {zeC:|2| < /&% u{z e C: 2] |24 gms| < Y

This can be seen in [37, Theorem 3.1].
e Substituting v = 0 in Theorem 3.11 for the case of complex monic polynomial p(z),

we obtain that all the zeros of p(z) are contained in Qfo) U Qéo), where

Vi={zeC:|w)| <}, 67 :={z€C:|w(2) + gms| < B}

with w(z) := 22 + ¢n_12, ¢m_1,2 € C. This can be found in [37, Theorem 3.2].
e Let v =0 in Theorem 3.12 for the case of complex monic polynomial p(z), we see

that all the zeros of p(z) are contained in the oval of Cassini defined by
V= {z € Ctlel |2 + guoa| < max{nl”, lgm—a| + 813},
and also in the oval of Cassini defined as
IC ={2€C: 2%+ @12 + 2| < max{|gm_ 2|—|—n B9

This can be seen in [37, Theorem 3.3].
e Assuming v = 0 in Theorem 3.14 for the case of complex monic polynomial p(z),

we obtain that all the zeros of p(z) are contained in T\” UT{” UT{”, where

r¥ = {zeC:lwE) < yn® ),
O = {2eC:|w(z)+ gmos| < /B9,},
IO = {zeC:|w®)| |wz)+gnol < 71V89,}

with w(2) := 22 + ¢u_12, ¢m_1,2 € C. This can be found in [37, Theorem 3.4].
e Assuming v = 0 in Theorem 3.16, then all the zeros of the complex monic polyno-

mial p(z) are contained in the oval of Cassini defined as

Q _{ZGC ’Z’ |Z+qm 1’ <maX{ 771 775 7773 7‘Qm 2‘+ @(73)_1}}’

and also in the oval of Cassini given by

Q(O) ={2€C: 2%+ gm12 + Gm_z| < max{|gm_ 2‘_‘_‘/%0)7]50)77]3 ’ (0)1}}
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where néo) =1 (\qmzy + \/]qm,QP + 47750)67(73)_1) . This is stated in [37, Theorem
3.5].

Comparisons with the existing results: The inclusion regions 7, K, Ggo), Ggo),
ngO), ngO), Fgo), Fgo), Fgo), QSO), ng) are also given in [37]. Now, we compare these inclusion
regions with 70, G, G5 kK k& 1 15 15000 08 vy € [0,1], under certain

conditions which are as follows:

(a) Let & < 1y €[0,1]. Since &7 < €9 vy € [0,1], then TO € TO vy € [0, 1].
Further, we have seen that 59)5?) <& and & <V vy e [0,1], then K C
KO vy e0,1].

(b) I 1+ |gm_1] < 7, then n\" < 5 w € [0,1]. Further, if £ < 1V~ € [0, 1],
then 8, < g\ . Consequently, G c G and ¢ c 6% v~ € [0, 1].

(¢) Considering 1 + |gm_1| < 7\ and € < 1 ¥y € [0,1], then max{n", |gm_o| +
B} < max{n\”, g2l + 851}, and max{|gn_| + 0", 8571} < max{|gn_o| +
', 89 Vv~ e10,1]. Thus £ € £ and £ € £ v € [0, 1].

) thenn§)<771 andn

| /\

(d) Supposmg L+ |gm]| < 77 ) and 1 + |gm—1] < 19
’Y) (0),(0)
772 V*y € [0,1] . Consequently, \/771 < \/n ny’ Vv €10,1]. Also if 54 <
1y € [0, 1), then £74/85), < /89, and 4850, < 5”8, Hence Y C
r% 9 cr® and 1Y) c 0¥ \m e [0,1].
() If 1+ |gms| < n'”, then n\ < n{?. Similarly, if £ <1V~ €[0,1], then 8,
B ’ ;. Consequently, n§ v 77§ ). Hence 2 € 0% and Q) c Q¥ vy € 0,1].

/\

IN

We see the following observations:
o If 1+ |gm_y| <7\” and £ <1 vy € [0,1], then £ C £V, £ c k£, o
Q% and Q0 c QY vq e o, 1].
o If 5(7) < (14p)? Vv € (0,1], then our inclusion regions K Vv € (0, 1] are sharper

N

than the inclusion region K [37, Theorem 3.1].
o If & < (14 kp)Y Vv € (0,1): k = 2,3, then ovals of Cassini K N Q" vy € (0,1]
and K nQY Wy € (0, 1] are sharper than the ovals of Cassini [37, Corollary 3.1].

Finally, we compare our results with A. Melman’s results given in [37]. Then each of
the sets T and K (for the case of complex polynomials) can be shown that they

are smaller than the sets 7@ and K© respectively. For example, consider the complex
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polynomial

(3.23) p(2) = 2% + (7 — 15i)2* 4+ (14 4 7i) 2% 4+ 322 + 352 + 2 + 3.

TO = {2€C:|2 <35} U{z€C:|z+7—15i] <1},
KO = {2eC:|z] </(35)(16.6526)} U {z € C : |2| |z + 7 — 15i| < 35},

TO = {2eC:|2| <35} u{zeC: |24 7—15i| < (58.2580)},

KO = {2€C:|z < /(3517 (16.6526)17} U {z € C: |z| |2 + 7 — 15i| < x},

where x = (35)'77 (58.2580)".

) w 5T

-15

_20l

s -3‘0 3‘0

(a) m TO, m 7. (b) M KO, K1/2).
the sets T and TW/?) are the sets K© and K1/
shaded in green and blue are shaded in magenta and
color, respectively.  The yellow color, respectively.
white dots are the zeros of The star symbols are repre-
p(2). sented as the zeros of p(z).

FIGURE 3.1. Location of zeros of p(z).
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CHAPTER 4

LOCALIZATION THEOREMS FOR QUATERNIONIC
MATRIX PENCILS

In this chapter, a general framework for defining and analyzing the generalized right eigen-
values of a quaternionic matrix pencil are developed. Inclusion regions for the generalized

right eigenvalues of a quaternionic matrix pencil and their applications are presented.

4.1. Introduction and preliminaries

Quaternionic matrix pencils and their corresponding canonical forms have been derived
in [46,47]. In this chapter, we derive localization theorems for generalized right eigenvalues
of a quaternionic matrix pencil with some properties. Location of zeros of quaternionic
polynomials is presented.

Throughout this chapter, we adopt the following basic facts: Let L; (M, (H)) be the

space of matrix pencils over a quaternion division algebra. Ly € Ly (M, (H)) is defined as
(4.1) Li(\) := A+ AB,

where A, B € M,,(H) and A commutes with the quaternionic matrices. This matrix pencil
over a quaternion division algebra can be found in [33,46-48].
Now we define generalized right eigenvalue of L; € L, (M, (H)) of the form (4.1) which

is as follows.

Definition 4.1. Let L; € L;(M,(H)) be as in (4.1) and let 4 € H. Then pu is called a

generalized right eigenvalue of the matrix pencil L; if
Ax = Bxp

for some nonzero x € H". Here x is called the right eigenvector corresponding to the
generalized right eigenvalue p. The set of generalized right eigenvalues of L; is called

right spectrum of Ly, denoted by A, (Ly).



Regular matrix pencil over a quaternion division algebra is defined as follows.

Definition 4.2. Let Ly € L, (M, (H)) be as in (4.1). Then the matrix pencil L, is called

regular if there exists a € R such that A 4+ « B is an invertible matrix.

Let Py (M3, (C)) be the space of complex matrix pencils. P, € IPy(Ms,(C)) is defined
as
(42) Pi(p) = W+ 0,

where A, B € M,(H) and p € C.

4.2. Location of generalized right eigenvalues

We give the following theorem with the help of the complex adjoint matrix.

Theorem 4.3. Let Ly € Ly (M, (H)) be as in (4.1). Then the matriz pencil Ly is a reqular
if and only if Py € Py(Ms,(C)) is a regular complex matriz pencil.

Proof. Consider L; € L;(M,(H)) is a regular matrix pencil, then there exists a € R
such that Li(a) = A + aB is an invertible matrix pencil. Now from Theorem 1.12, the
corresponding complex matrix pencil Wy, (o) = W4 +aW¥p is an invertible complex matrix
pencil. Thus, P;(u) is a regular complex matrix pencil.

Conversely let P;(11) be a regular complex matrix pencil, then
det[Py(n)] # 0 for some n € C, i.e.,

det[W4 +nWUg| # 0.

Thus, there exists a real number \q (say) such that
det[W4 + Ao¥p] # 0,

e, Wyu+ AVUp = Wiarrp) is an invertible complex pencil. Then by Theorem 1.12, the
matrix pencil A + A\gB is invertible. Hence L; € L(M,(H)) is a regular quaternionic

matrix pencil. W

Proposition 4.4. Let Ly € Ly(M,(H)) be as in (4.1) and let p € H be a generalized right
eigenvalue of the matriz pencil Ly. Let 0 # p € H. Then p~‘up is a generalized right

eigenvalue of L.
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Proof. Suppose p is a generalized right eigenvalue of the matrix pencil L; corresponding

to an eigenvector x € H", then
(4.3) Az = Bxp.
If p € H\ {0}, then from (4.3), we have

Azp = Bp(p~ up).

Thus p~tup is also a generalized right eigenvalue of the matrix pencil L; corresponding
to an eigenvector zp. M

Complex matrix pencils: Let A, B € M, (C). Let £(z) := A — zB be complex matrix
pencil. The complex eigenvalue problem L(A)z = 0, is called the generalized complex
eigenvalue problem. Denote the set of n x n matrix pencils by £ (M,(C)). £ € L
(M, (C)) is said to be regular if det(L()\)) # 0 for some A € C. The spectrum of a regular

matrix pencil £ is given by
A(L) :={\ € C: Az = ABx = Bz for some nonzero z € C"}.

We define generalized standard right eigenvalue of a regular matrix pencil L; € L, (M, (H))

as follows.

Definition 4.5. Let L; € L;(M,)(H) be as in (4.1). Then we define the set of the

generalized standard right eigenvalues of a regular matrix pencil L; as
As(L) :={a € Cy : Az = Bza, 0# z € H", ¥(a) > 0}, where Co, = CU {o0}.

The above definition generalizes the definition of standard right eigenvalues of a single
quaternionic matrix [5,27].

It is known that if B is not invertible, then Wy is not invertible. Hence Pj(u) =
U4 + pu¥p has an infinite eigenvalue. Consequently, L;(A) = A+ AB has an infinite right
eigenvalue. However, if B is an invertible matrix, then P;(u) = U4 4 p¥ g has exactly 2n
finite eigenvalues. Then, L;(\) = A+ AB has exactly 2n finite complex right eigenvalues.

Thus, we have the following observations:

e If L; is regular, then L; has 2n right eigenvalues in C.

e If B is an invertible matrix, then L; has exactly 2n finite complex right eigenvalues.
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We now present the Gerschgorin-type localization of eigenvalues of complex matrix

pencils as follows.

Theorem 4.6. [25] Let £ € L (M,(C)) be a complex regular matriz pencil. Then all the

eigenvalues of L are contained in the union of n regions

n

gl(ﬁ) = {Z c C: ‘Zb“ — CL““ S Z |0Jij — Zbij|} (1 S 1 S n),i.e.

=1,

A(L) C U™, Gi(L).

Similarly, we define n regions over the skew field of quaternions as follows.

n

=1, j#i
where Ly (\) :== A+ AB is defined in (4.1).
But, in the case of quaternionic matrix pencil, a generalized right eigenvalue is not

necessarily contained in the union of n regions G;(L;) as the following example suggest.

Example 4.7. A generalized right eigenvalue is not necessarily contained in a region.

Consider the quaternionic matrix pencil Li(\) = A + AB, where

0 1 10
and A commutes with A and B. For finding generalized right eigenvalue, let
det[pVp — V4] =0,

where p € C. Then (p+ 2i)(p — 2i) = 0 has two zeros corresponding to the values u = 2i
and —2i with multiplicity 1. From (4.4), we have the following regions:

Gi(Ly) = {z€eH:|z-2i <0}, and
Go(Ly) = {zeH:|-1] <1}

In particular, —2i is a generalized right eigenvalue of L;. However it is not contained in

any regions G;(Ly), 1 =1,2.

Moreover, we present the generalized Gerschgorin type theorem for a quaternionic

matrix pencil as follows.
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Theorem 4.8. (Generalized Gerschgorin type theorem for generalized right eigenvalues)
Let Ly € Ly(M,(H)) be a quaternionic regular matriz pencil. For every generalized right
eigenvalue p of Ly there exists a nonzero quaternion o such that o 'pa (which is also a

generalized right eigenvalue) is contained in the union of n regions
Di(Ly) :={z € H: |biiz — aiy| < |z|r(B) +ri(A)} (1 <i<n), te,

{27z 0# 2z € HY NUL, D;(Ly) # 0.

In particular, when  is real, then it is contained in the union of the regions D;(Ly).

Proof. Let X be a generalized right eigenvalue of the quaternionic matrix pencil L;. Then
Ax = Bxp for some nonzero x = [xy,...,x,]T € H". Let ; be an element of z such that

|z| > |2;] V¢ (1 <i<mn). Then |z;| > 0. From the ¢-th equation of Ax = Bz, we have
2w = ) by
j=1 j=1

a4y + Z Qg5 = bttxtu—i- Z btj'rj/vb-

J=1,5#t J=1,j#t

Since x; # 0, let xu = &y, i.e., € is similar to p. Then

n n
apry — by, = E btjﬂUjM - E Q5T

J=1,j#t Jj=1,j#t
n n
(att - bttf)wt = E btjfﬂj,u - E At g,
J=1,j#t Jj=1,j#t

which yields, by the triangle inequality,

n

|aw — bullze] = | Z bijxjp — Z a5

J=1,j#t j=1,j#t
n n
< Y b+ Y layg]
=Lt J=1, gt

n

|y — buéllz] < Z (bej el + lags])|;]
J=1,57#t

n

lag — bul| < Z (’btj/i’ + ’atj|)

Jj=1,j#t
|att - btt§| < |M|7“t(B) +Tt(A)'
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Note that £ is also a generalized right eigenvalue of Ly and |u| = |£]. Hence, & lies in the

union of n regions D;(L;). W

Theorem 4.9. Let Ly € Ly(M,,(H)) be a quaternionic reqular matriz pencil and let all
the diagonal entries of quaternionic matrices A and B are real. Then all the generalized

right eigenvalues of Ly are contained in the union of n regions
which means

A (L)) C U™, Dy(Ly).

Proof. The proof is immediate from the proof method of Theorem 4.8 by using the fact
that ab =ba Va € R and Vb € H, so we skip the proof. B
Before going to locate the zeros of quaternionic polynomials, we first recall the quater-

nionic polynomials p;(z) and p,(z) from (1.20) and (1.21) as follows.
(4.5) pi(z) = @™+ G2 @2 o
(4.6) pr(2) = 2w+ 2" ey o 201+ o,

where ¢;, z € H, (0 < j <m). The polynomial p;(z) is associated with the quaternionic

matrix pencil
(4.7) Ti(\) == A\E = C,,,

where A commutes with the quaternionic matrices

0 1 0 1 0 ... 0

Cp, = . ' and F =
0 0 1 0O ... 1 0
—qo —q1 -+ —Gm-1 0 ... ... Gm

This is known as a linearization of p;(z). We now turn to find the relation between the

zeros of p;(z) and generalized right eigenvalues of the quaternionic matrix pencil 77 (\) =

AE — C,,.

Theorem 4.10. Let T1(\) be a quaternionic matriz pencil as in (4.7). For every gener-
alized right eigenvalue p of Ty there ewists a nonzero quaternion (3 such that S~ufB is a

zero of the quaternionic polynomial py(z).
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Proof. Let i be a generalized right eigenvalue of 77. Then, there exists some nonzero

x € H" such that Cp,xz = Exp. Let x := [z1,...,2,]" € H". Then

T2 - T2
(4.8) | = p
0 0 1 : O ... 1 0
—q —q@1 - —Gm-1| |Tm 0 ... ... gm| |7Zm

(4.8) gives the following system of linear equations

T2 = Iif,
Tr3 = 1'2/1,7
Ty = Tm—1M,
—qor1 — q1X2 — @23 — *** — dm—-2Tm—-1 — qm—1Tm = GmImH.
By solving the above system of linear equations, we obtain
(49)  —qor1 — @ — @ pi® = - = Gt " = Gz " = g™

Since = cannot be the zero quaternionic vector, z,, # 0 and hence multiplying by ;' on

the both sides of (4.9), we obtain

1 m—2, —1 m—1, —1 m, . —1
— T gm—2T1 Ty — dm-1T1H Ty — gmTip Ty = 0.

—qo — e pxy ' — gy iy
Putting z1puz; " = p, we obtain

Qo+ qp+ P+t Gu2p™ A+ Guerp" T+ gp™ = 0.

Hence p is a zero of p;(z). A
Let Cp, := (ci;) € M, (H) and let E := (e;;) € M,,(H). We define the following regions.

Di(Th) :={z € H: |esz — cu| <|z|mi(E) +1:(Cp)} (1 <i<n),

where T1(\) := AE — C,, with A commutes with the quaternionic matrices. Now, we have

the following observations:
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e From Theorem 4.10, if p is a generalized right eigenvalue of the quaternionic matrix
pencil T} (associated with p;(2)), then 37 'uB (0 # 8 € H) is a zero of p;(z). From

Theorem 4.8, we obtain
BB € UL Di(Th), ie.,
{7z 04 2z e HyNUL, Di(Th) # 0.
e Let ¢, qn-1 € R and let u be a generalized right eigenvalue of 77. Then from

Theorem 4.9, u as well as 71y (zero of p;(z)) are contained in the union of n

regions D;(1}).

Remark 4.11. Similar results can be obtained for p,(z) as well.
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CHAPTER 5

BOUNDS FOR EIGENVALUES OF MATRIX
POLYNOMIALS OVER A QUATERNION DIVISION
ALGEBRA

In this chapter, the definitions of the left and right eigenvalues of quaternionic matrices
are extended to quaternionic matrix polynomials. Localization theorems are discussed for
the left and right eigenvalues of a quaternionic block matrix. Furthermore, bounds for the
absolute values of the left and right eigenvalues of quaternionic matrix polynomials are
devised and illustrated for the matrix p-norm, where p = 1,2, 00, and F' (Frobenius). The
above bounds generalize the bounds on the absolute values of the eigenvalues of complex
matrix polynomials which give sharper bounds to the existing bounds for the case of 1, 2,

and oo matrix norms.

5.1. Introduction and preliminaries

The bounds for the absolute values of the eigenvalues of complex matrix polynomials
have been described in [15]. The location of the eigenvalues when computed with an
iterative method, see e.g. [54], is of pivotal importance. The applications on matrices,
matrix pencils, and matrix polynomials over a quaternion division algebra are discussed
in [44,47,48]. The literature available on the theory of quaternionic matrix polynomials
is limited [43,44] and are restricted to the stability of various systems with quaternionic
matrix coefficients. Therefore, it is of prime significance to carry out further research on
quaternionic matrix polynomials to characterize the stability of systems with quaternionic
matrix coefficients. The stability analysis of a given system depends on the behavior of
right eigenvalues of quaternionic matrix polynomials. For understanding the stability of
a given system it is required to analyze the location of the right eigenvalues of quaternion
matrix polynomials. There are two types of eigenvalues for the case of matrix pencils and

matrix polynomials over a quaternionic division algebra. In view of these facts, in this



chapter, we have extended the ideas developed in Chapter 2 to obtain a general framework
for matrix polynomials over a quaternion division algebra. A systematic procedure for
finding the left and right eigenvalues and their corresponding eigenvectors for matrix
polynomials over a quaternion division algebra is derived.

Besides, bounds for the absolute values of the left and right eigenvalues are obtained
for quaternionic matrix polynomials which generalize bounds for the absolute values of the
eigenvalues of complex matrix polynomials for 1, 2, and oco-matrix norms. Specifically,
bounds for the absolute values of the left and right eigenvalues of quaternionic matrix
polynomials are presented by using localization theorems for the left and right eigenvalues
of a quaternionic block matrix.

Some of the results (given in Subsection 5.3.2) directly generalize the bounds for
the zeros of the right quaternionic polynomials. In this work, we show that some of
our bounds for the absolute values of the eigenvalues of complex matrix polynomials
are sharper than the bounds given in [15, Lemma 2.3 (2.1), Corollary 2.4 (2.5) (2.6)].
Moreover, we develop an algorithm to derive the above results for the powers of the block
companion matrices which give better and sharper results than the bounds obtained
via block companion matrices for the left and right eigenvalues of quaternionic matrix
polynomials. Our bounds so obtained via the powers of block companion matrices are
better than the bounds illustrated in [15, Lemma 2.3].

Throughout this chapter, we adopt the following notation and terminology: For
A, B € M,,(H), Kronecker product of A and B is defined as

Let A € M,(K), K :={R,C,H}, be partitioned into k x k complex/quaternionic blocks

All A12 PR Alk
Ay Agp ... Ay

(51) A= (Azj) = : : . : s
A Are .. A o

where A; j € My, xn, (K), (1 <4,j < k), is the (i, j) block of A such that ny+---+n; = n.
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Let us define

k k

Tl(p)(A) — Z ||Aij||p, cgp)(A) = Z ||Aji||p7
=1, j#i J=1 57

RP(A) = rP(A) + [ Aullp, CP(A) = P (A) + | Asllp,

where p = 1,2 and co.

5.2. Inclusion regions for the eigenvalues of quaternionic block

matrices

We first derive inclusion regions for the left and right eigenvalues of a quaternionic block

matrix.

Theorem 5.1. Let A := (A;;) € M,,(H) be a block matriz as in (5.1). Then all the left

and right eigenvalues of A are contained in ball € == N EWP where

p=1,2,00
(5.2) P = Uk &P with £ .= {z e H: |2| < RP(A)},

similarly, all the left and right eigenvalues of A are contained in ball F := ﬂpzl’zm}"(p),

where
(5.3) FO = U FP with FP .= {z e H: |2| <CP(A)},
p=1,2,00and (1 <i<k).

Proof. The proof of the first part is similar to that of the complex case , for p = 1,2 and
0.

Second part: For p =2, let X\ be a right eigenvalue of the quaternionic block matrix A.
Then from [47, Corollary 2.7], A is also a right eigenvalue of A”. Thus A7y = y\ with
nonzero y = [y{,yd ..., yl]" € H", where y; € H". Let y; be an element of y such that
lyellz > |lyill2 for all i (1 <4 < k). Then A7y = y\ implies

Z A]tyj = YA
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Taking 2-norm and applying ||y||2 > ||yill2 for all i (1 <i < k), | Ag”2 = || Aj¢ll, , we

obtain
k
AL 1Al -
j=1

Similar proofs can be obtained for p = 1 and oo.
Let X\ be a left eigenvalue of a quaternionic matrix A. Then from Lemma 2.1, X is a

left eigenvalue of A¥. Now analogue proof can be obtained for the desired results. H

Theorem 5.2. Let A := (A;;) € M, (H) be a block matriz as in (5.1) and let v € [0, 1].

Then all the left and right eigenvalues of A are contained in ball T := N T®) where

p=1,2,00
T® = U TP with TP = {z € H: |2| < RP(4) cP(4)'},
p=1200and (1 <i<k).
Proof. The proof is immediate from Theorem 5.1, so we skip the proof. B
We now state an inclusion region for the left and right eigenvalues of a general quater-

nionic matrix which follows immediately from Theorem 5.2. Thus we have the following

corollary.

Corollary 5.3. Let A = (a;;) € M,(H) and let v € [0,1]. Then all the left and
right eigenvalues of A are contained in the union of n-balls G;(A) == {z € H : |z] <
HAY A (L<i<n), de.

Ai(A), Ar(A) € G(A) == UL1Gi(A),
where 7i(A) and c;(A) are defined in (1.16).

Now, we present a sufficient condition for the stability of the discrete-time quaternionic

system
w(t+1) = Aw(t),
where w: R — H, t € R and A € M, (H).
Proposition 5.4. Let A = (a;;) € M,(H). Assume that
wi(A) (AT <1Vi(1<i<n).

Then A is stable.
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Proof. The proof is immediate from Corollary 5.3 and Definition 1.25. B
It is known that all the right eigenvalues of a quaternionic Hermitian matrix A are

real. Thus A\;(A) = A,.(A). By applying this argument, we have the following result.

Theorem 5.5. Let A = (a;;) € M,,(H) be a Hermitian matriz. Then

trace(A) = zn:)\i(A)
i=1
where \; € A (A), (1 <i<n).
Proof. Let A be a quaternionic Hermitian matrix. Then from Theorem 1.29, we have
A=VDVH,

where V' € M, (H) is an unitary matrix and D is a diagonal matrix with the standard

right eigenvalues \; (1 <i <n) of A. Applying mapping ¥ and taking trace, we obtain
trace (U 4) = trace (Vypyn) = trace (VW pWyn) = trace (Vp).

If all the diagonal entries of A € M, (H) are real, then trace(V ) = 2trace(A). R

Lemma 5.6. Let A = (a;j) € M,(H). Then [|A]l2 < ||Allp.

Proof. By the definition of matrix 2-norm and from Theorem 5.5, we have

1Al = pr(AAT) < 3 A(AAT) = trace(AAT) = A7 B

i=1

Lemma 5.7. Let A = (a;;) € M,,(H). Then
pi(A), pr(A) < || Allp.

Proof. The proof is immediate from [62, Theorem 3| and Lemma 5.6, so we skip the

proof. W
Lemma 5.8. Let A= (a;j) € M,,(H). Then
Al = A7, = 4% A, = a4"],.

Proof. By the definition of the operator norm of A

I1A|5 = pr (AT A) = p (V(4n 1)) = \/P (amay U ama)) = \/p (P amayata))

14115 = Vo, (ATA)(ATA)) = | AT AJlo.
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Analogue proof can be derived for the remaining parts. W

Theorem 5.9. Let A = (A;;) € M,(H) be a block matriz as in (5.1). Then

1<i<

o\ 1/2
pu(A), pr(A) < <|\Allfm— {maxm( )~ &(AT)I] ) :

where &;(A Z | Asjl| -

Jj=1,j#i
Proof. We prove the equivalent statement
T 2 1/2 .
p(A), pr(4) < [IA15 - (J6(4) - &AD)*] T <<,
Let &(A) # 0, &(AT) # 0 and let W, = diag([y,. .., i1, Wi, Lis1, ..., 1) with
W; = diag(w, w, ..., w),

where 0 # w € R, in the i-th position. By [63, Lemma 2.3] and Proposition 2.22, we
have

pr(WwAWujl) = pr(A) and pl(WwAqul) = P (A)

Then by Lemma 5.7, we obtain the following.
(5.4) (AP [or(A) < [[W AW = [[ANl7 — &(A)? = &(AT)? + @y,

where ®, = w?&;(A)2+w2&(AT)2. Suppose f(w) = ||A||%—&(A)? —&(AT)? 4w (A) >+
w2&(AT)?, then its first and second derivatives are given by f'(w) = 2w&;(A)?—2w ™3¢, (AT)?
and f"(w) = 2&(A)? + 6w (AT)?, respectively. Then f'(w) = 0 yields
A AT)
w® =+ [&( ] ,
&i(A)

and f”(w) = +ve. Hence f(w) has minimum value at w? = [gg,((AAT))} . Therefore

a(A), pr(4) = [I41E — (&(4) - ()] m

Corollary 5.10. Let A := (a;;) € M,,(H). Then

o\ 1/2
p(A), pr(4) < <||A||§— |4 >—Mi<AT>|D ,

" 1/2
where M;(A) == ( Z ]aij|2> .
Jj=
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5.3. Quaternionic matrix polynomials

Let P,,(M,(C)) be the space of complex matrix polynomials. P € P,,(M,(C)) is defined
by

(5.5) PA) =Y NA,

where A; € M,(C) (0 <i <m) and A € C. Then the eigenvalue problem P(\)z = 0 is
referred as a complex polynomial eigenvalue problem. The polynomial P € P,,(M,(C)) is

said to be regular if det(P())) # 0 for some A € C. The spectrum of a regular polynomial
P is denoted by A(P), and is defined by

A(P) :={A e C:det(P()\)) =0}.

The above space of complex matrix polynomials can be extended to the space of matrix
polynomials over a quaternion division algebra. Quaternionic matrix polynomials are
derived in [44,46-48], but for the case of right eigenvalues, where the matrix coefficients
commutes with the variable identity of quaternionic matrix polynomial. Now in this
section, we define a general framework for matrix polynomials over a quaternion division
algebra to discuss the left and right eigenvalues of quaternionic matrix polynomials.

Let ] (M,,(H)) be the space of matrix polynomials over a quaternion division algebra.

L' e L (M,(H)) is defined as
(5.6) L'(¢) =) & A,

where A; € M,(H) (0 < i < m) and £ € H. Throughout this chapter we consider the
following three cases:

Case 1: when £ € R and A; € M,,(H) (0 <i <m),

Case 2: when £ € H and A; € M,,(H) (0 <7 < m),

Case 3: when £ € C and A; € M,(C) (0 <i <m).

Case 1. Let L,,(M,(H)) be the space of matrix polynomials over a quaternion division

algebra. L € L,, (M, (H)) is defined as

(5.7) L()\) = zm: AN
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where A; € M,(H) (0 < i < m) and A\ commutes with the quaternionic coefficients of
the matrix polynomial. This polynomial over a quaternion division algebra can be found
in [46-48).

Now we turn to define the right eigenvalue of L € L,,,(M,,(H)) of the form (5.7) which

is as follows.

Definition 5.11. Let L € L,,(M,(H)) be as in (5.7) and let g € H. Then p is called a
right eigenvalue of L if

Ao + Ay + Aszp® + -+ Apzp™ =0

for some nonzero x € H". Here x is called the right eigenvector corresponding to right
eigenvalue ;. The set of right eigenvalues of L is called right spectrum of L, denoted by
Ay (L).

Case 2. We define the left eigenvalue of L' € L] (M,,(H)) which is as follows.

Definition 5.12. Let L’ € L (M, (H)) be of the form (5.6) and let ;1 € H. Then p is

called a left eigenvalue of L/ if
Aoz + pAyx + Az + -+ " Ay =0

for some nonzero x € H". Here z is called the left eigenvector corresponding to left
eigenvalue p. The set of left eigenvalues of L' is called left spectrum of L', denoted by
Ay ().

5.3.1. Right eigenvalues of quaternionic matrix polynomials and their bounds

In this subsection, first we give the linearization form of the quaternionic matrix poly-
nomial L (defined in (5.7)) by using the standard linearization technique given in [10] for

the right and left eigenvalues of L.

e For the right eigenvalues: The polynomial L € LL,,,(M,(H)) be as in (5.7) can

be written in the form:

CL + /\X,
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where Cr,, X € M,,,(H) are of the forms

0 I, 0 0 L, 0 0 0
o 0 I, 0 0 I, 0 0
Cpi=| i o | X=]0 0 1, 0
0 0 0 I,
|—Ay —Ay —Ay .. —An ] (0 0 0 ... A,

and A commutes with the quaternionic coefficients of the matrix polynomial. When
Ay, = I, the identity matrix, then the matrix polynomial (5.7) is said to be monic

matrix polynomial and linearization form of it is given by
CL + A\E, where F .= 1I,,,,.

Let P,,(Ms,(C)) be the space of complex matrix polynomials. P € P,,(Ms,(C)) is
given by

(5.8) P(u) =3 Wan',

where A; € M,,(H), ¥4, € M5,(C) (0 <i<m) and p € C,

Theorem 5.13. Let L € L,,(M,(H)) be as in (5.7) and let (Cy,X) be a matriz pencil

obtained from the linearization of L. Then they have the same right eigenvalues.

Proof. Let u € H be a right eigenvalue of the quaternionic matrix pencil (Cp,, X), then

there exists x := [¢7, 22, ... 2|7 € H* with z; € H*, i = 1,2,...,m such that
[0 5, o ... o |[=xn] [n oo 0 [ a1 ]
0 0 I, 0 T 0 I, O 0 T
(5.9) =10 0 I, 0 Do
0 0 0 I, Tm—1 Tin—1
-4 —Ar Ay 0 —Ap] | T (0 0 0 ... An] | Tm |
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then (5.9) implies

Ty = T,

T3 = T/,

Tm = Tm—1HM,
_onl - Ale — Am—1$m = Amxmﬂ'

Consecutive substitutions of the (m — 1)* system of equations give

(5.10) zp=ayd T §=2,3,...,m.

Substituting (5.10) in the last system of equation and solving, we obtain
Aoty + Arzipi 4 -+ Aoz pf™ 2+ App_1z ™+ A ™ = 0.

Hence p is a right eigenvalue of the quaternionic matrix polynomial L. B
Regular matrix pencil over the quaternion skew filed has been defined in [33] and now,

we extend it for matrix polynomial over the quaternion skew field.

Definition 5.14. Let L € L,,(M,,(H)) be as in (5.7). Then the matrix polynomial L is
called regular if there exists o € R such that Ag+a A; +---+ a™ A,, is an invertible

matrix.

Theorem 5.15. Let L € L,,,(M,(H)) be of the form (5.7). Then the matriz polynomial
L is a regular polynomial if and only if P € P, (Ms,(C)) is a regular complex matriz

polynomial.

Proof. Consider L € L,,,(M,,(H)) is a regular matrix polynomial, then there exists a € R
such that L(«) = Ag+aA;+- - -+a™A,, is an invertible matrix polynomial. From Theorem
1.12, the corresponding complex matrix polynomial Wy, = W, +aWy, + -+ a™Wy,
is an invertible complex matrix polynomial. Thus, P(u) is a regular complex matrix
polynomial.

Conversely, let P(u) be a regular complex matrix polynomial, then
det[P(n)] # 0, for some n € C, i.e.,

det[Wa, +nWa, + - +0"Wy,] #0.
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Thus, there exists a real number A\ (say) such that
det[\IJAO + AWy, +---+ )\gl\IfAm] # 0,

Le, Wa, +AWa, + -+ ATWa, = Y(ag1r04;+-+274,,) 18 an invertible complex matrix
polynomial. Then by Theorem 1.12, the matrix polynomial Ay + MgA1 + -+ AJ'An
is an invertible quaternionic matrix polynomial. Hence L € L,,(M,(H)) is a regular

quaternionic matrix polynomial. W

Proposition 5.16. Let L € L,,,(M,,(H)) be as in (5.7) and let u € H be a right eigenvalue
of L. Assume that 0 # p € H, then p~*up is also a right eigenvalue of L.

Proof. Suppose z is a quaternionic eigenvector of the matrix polynomial L corresponding

to the right eigenvalue i of the matrix polynomial L, then
(5.11) Az + Ayzp+ Asap® + - + Apep™ = 0.
If p € H\ {0}, then from (5.11), we have

Agzp + Avep(p~ pp) + Agxp(p™ 12p) + -+ - 4 App(p~ 1" p) = 0.

Thus p~up is also a right eigenvalue of the matrix polynomial L corresponding to an

eigenvector zp. M
Theorem 5.17. Let L € L,,,(M,,(H)) be as in (5.7). Then

(5.12) AL)NC = A(P),

(5.13) ALYy = {plupeH:peA(P), 0+#pcH}.

Proof. Consider A; € M,(H) for i = 0,1,...,m and = € H". We write A; and = as
A=A/ +Alj,0 <i<mand x = 2 + oj, where A;, A, € M,(C) and z,,z, € C". If
p € A, (L)NC, then there exists z € H" such that Aoz + Ajxp+ Aszp® +- -+ Apxp™ = 0
which is equivalent to the complex system. Hence from Theorem 1.12, we obtain

A” T All Alll T T

o tp| Tt o ™ By —0,

o

(5.14)

o~
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where &, = . and also
A, AT | AL AT | A;n A;/n T
DO T | S T e I =0

thus p, @we A(P).

Conversely, suppose 1 € A(P), then there exists z := [T, 22]7 € C*" such that

Aé) A” T A,1 Alll T A T
- Tl - S R ol ZA N =0,
_AO AO T2 _Al A1/ ) —A;;,L A;n i)

1

o

which is equivalent to the following systems

—Agzy + Ayry — pAT Ty + pAYTs + - — " AT+ Ay = 0,
Suppose that = x;—75 j, then (5.15) is equivalent to Agz+A;zu+Aszp®+- - -+ A zpu™ =
0, hence p € A, (L) N C.

For (5.13), consider p € A (V¢ ,¥x) = A(P), then for every 0 # p € H, it is clear
that p~'up € A.(CL, X) = A, (L). Conversely; consider A € A,.(Cp, X) = A, (L), then
by [5, Lemma 9], there exists 0 # p € H such that pup™ = u; € A, (CL, X)NC. Applying
(5.12), we have p; € A(P) and also = p~'pyp. B

We now state two corollaries to Theorem 5.17 which are also available in [33].

Corollary 5.18. Let L € Ly (M,,(H)) be of the form L(X) := A+ AB, where A\ commutes
with the quaternionic matrices and let P € P1(Mas,(C)) be of the form P(u) := Yo+ uVp,
where € C. Then

(5.16) {AT(LmCzA(P),

A(L)={pAp: A€ A(P), 0# peH}

Proof. Assume that m = 1 in Theorem 5.17, then we have the desired result. W

Also we give another corollary of Theorem 5.17 which can be found from [33].

Corollary 5.19. Let A € M,(H). Then
A(ANC = A(Uy),

A(A) = {p " AeA(T,), 0#pcHL
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Proof. Assume that B = I, in Corollary 5.18, we have the desired result. B

Remark 5.20. From (5.14), it is also clear that u € H is a right eigenvalue of the
quaternionic matrix polynomial L if and only if det(P(u)) = 0.

Let P,,,(M3,(C)) be the space of complex matrix polynomials of degree (< m), and
let P € P,,(M,(C)) be of the form (5.8). If A,, is invertible, then P has 2mn finite
eigenvalues, i.e., L does not have any infinite (co) right eigenvalue as there is one one
correspondence between the space of matrix polynomials of degree m over a quaternion
division algebra and the space of its conjugate matrix polynomial P of degree m over
the complex field. Also, if A,, is not invertible, then P has at least one infinite (co)
eigenvalue. In general, if A,, is not invertible, then the quaternionic matrix polynomial L
has at least one infinite right eigenvalue, whereas if Ag is not invertible, then 0 is a right
eigenvalue of the quaternionic matrix polynomial L. Therefore, for upper bounds of the
absolute values of the right eigenvalues of L require A,, to be invertible and the lower
bounds of the absolute values of the right eigenvalues of L require Ay to be invertible.
Hence, now onwards, we assume Ay and A,, are invertible quaternionic matrices.

Let d be the degree of det[P(u)], where u € H. Then the d zeros of det[P(u)] are
called the finite eigenvalues of P. If d < 2mn, then we say that P(u) has 2mn — d
infinite eigenvalues. Let L € L,,(M,(H)) be a regular polynomial and if A,, is not
invertible, then the corresponding adjoint complex matrix W, _ is not invertible. Thus,
the complex matrix polynomial P(u) has at least one infinite (00) eigenvalue and hence

the quaternionic matrix polynomial L has at least one infinite (co) right eigenvalue.

Example 5.21. Consider the quaternionic matriz pencil L(X\) = A + AB, where A com-

mutes with the quaternionic matrices and A, B € M, (H) of the forms

i+j 24k 0 j+k
A= | B=1
1—j 3—1—]j 0 0
Since B is not invertible, hence Vg is also not invertible. The complex matriz pencil
Ua+ puVp, € C has at least one infinite (co) eigenvalue. Hence L has an infinite (co)

right eigenvalue. In this case, the set of right eigenvalues of L is {[—1 4 2.54951], 00} .

Now, consider A,, is invertible. Then from [5,27] the block companion matrix Cy

has exactly mn right eigenvalues which are complex numbers with non-negative imaginary
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parts. Also, we observe that if A,, is not invertible and L is regular, then P € P,,(M3,(C))
has the corresponding matrix polynomial has exactly mn right eigenvalues which belong
to Co := CU {oo} with non-negative imaginary parts. Those right eigenvalues are said
to be the standard right eigenvalues of L. Thus, we define the standard right eigenvalues
of L € L,,(M,(H)) as follows.

Definition 5.22. Let L € L,,(M,,)(H) be as in (5.7). Then we define the set of standard

right eigenvalues of a regular matrix polynomial L as
As(L) :={a € Cy : Agz + Ajza+ -+ Apza™ =0, 0 £ 2 € H", S(a) > 0},
Coo = CU {o0}.

The above definition generalizes the definition of standard right eigenvalues of a single
quaternionic matrix [5,27].
Now, we state a framework to find bounds for the right eigenvalues of quaternionic

matrix polynomials.

e To find bounds of the right eigenvalues of the quaternionic matrix polynomial
L € L,,(M,(H)), we introduce two new quaternionic matrix polynomials associated

with L € L,,,(M,(H)) :
(5.17) Ly(A) = A", + Y X'V,
where V; := A 1A;, 1 =0,1,...,m — 1, so that L(\) = A4,,Ly()\), and

(5.18) Ls(A) t= A"L, + > Sid™ ™,

i=1
where S; 1= Ag'A;, i = 1,...,m, now A;'A"L(1/A\) = Lg()\). The polynomials
L and Ly have the same right eigenvalues, whereas the right eigenvalues of the
polynomial Lg are the reciprocal of the right eigenvalues of the polynomial L.
The block companion matrices Cy and Cg corresponding to the monic matrix

polynomials Ly and Lg are given by

n n(m—1) n n(m—1)
n(m—1) 0 ‘ 1 n(m—1) 0 ‘ 1
Cy = and Cg = ,
N v | S | —As



respectively, where Ay, Ag € My xpnm—1)(H) are of the forms
AV - |:‘/1 Vé vm_1i| s AS - [Sm—l Sm_g Sl .

Moreover, the right eigenvalues of the monic matrix polynomials Ly (\), Lg(\) and

the right eigenvalues of the block companion matrices Cy,, Cs are same, respectively.

Bounds for the right eigenvalues of quaternionic matrix polynomials: Now

onwards, we define
V= ‘/0 Vi .. V| € Mnxmn<H>7 S = Sm Smfl s Sl] = Mnxm"(H)’
where V;, S; € M,(H), (0<i<m—1), (1 <j<m).

Theorem 5.23. Let L € L,,(M,,(H)) be as in (5.7). Then for any right eigenvalue p of

the polynomial L satisfies the following inequalities:

1
(5.19) = < uf <o,
Io
1
(5.20) = < |pl < a,
B2
1
(5.21) = < |pl < as,
B3
where v € [0, 1],
o o= i fonae (Il 1+ e (30 )},

e

A

o = min {m (1, > ||vj||p) } ,
(1

By = min

b= min { s (RO(7 cPico) |



Proof. The proofs are immediate from Theorems 5.1 and 5.2, so we skip the proofs. W
It is known that similar quaternionic matrices have the same right eigenvalues. There-
fore, we can apply a similarity transformation to obtain different and potentially tighter

bounds. So, we now define the following matrices.

Cl, =WOW™ Coi=WCsW L Wi=wl, W L, =ul,® - &wyl,,

W' = diag(walp, w3l,, ..., wyl,), where w; are positive integers. The matrix C{, can

also be written as

(5.22) Cl, =WCyWw!
(m—1) n n(m—1) n
, . ¢ | . o | oo
with W := and W1 .= ,
n(m—1) Cy ‘ Cg n(m—1) Oé ‘ Oé
where
Cy = [wlln 0 0, C1= [willn 0 0},
0 wsl, 0 0 oI 0
Cy = 0 |, Cy:= 0o |,
0 O O wmflln 0 O 0 w'r::—l n
0 0 0 0 0 0 0 0
0 0
0 , 0
Cs:= , and Cf =

By using above arguments and, Theorems 5.1 and 5.2, we have the following bounds.
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Theorem 5.24. Let w; € RT, (1 < j < m), with w,, = 1. Then for any right eigenvalue

wof L€ L, (M,(H)) satisfies the following inequalities:

1
(5.23) — < |pl| < o,
B
1
(5.24) = < |pl < as,
B2
1
B3
where v € [0, 1],
oo = g foc (Wil (2, LYY
p=1,2,00 w1 1<5<m—1 Wj41 Wj1
S A S,
i foe (Ul e (2 USelh)))
p=1,2,00 w1 1<j<m—1 \ Wj41 Wjt1
m—1
. ( w; ) [Villp
Qg min < max max , ,
p=1,2,00 1<5<m—1 U)j+1 =0 Wi1
m—1
j Sm—z
Py = min {(max| ma ( ] ), | I» )
p=1,2,00 I<js<m—1 \ Wj41 iy Witl
o {00ty i) . o
_ . (p) A% (P) ! 1—7>
Bs pi’?}%}m{%ﬁ (RZ (Cs)” Ci7(C%) }

Proof. The block companion matrix of the monic matrix polynomial Ly (\) is given by

n n(m—1)
n(m—1 0 ‘ 1
Gy o "
N
Now (5.22) yields
Ci, = WCyW™!
(m—1) n n n(m—1) n(m—1) n
n(m—1) 02 ‘ Cg n —VE) ‘ —AV n(m—1) Cé ‘ Cé
(m—1) n
| oo | o
Cl, = ! , where Cf = [0 “, 0 0} ;
(m—1) Y ‘ CY v
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0 0 wr, 0o ... 0 [0 ]
0 w, 0 0
Cé/ = . 0 ) and Cé/ =
0 0 0 0 w2y, wmoig,
_TU_T 0 _1:]0—"2” —1:]0—"; _TU_T% . _w’l::il m—2 —Vm—1]

Upper bounds of the right eigenvalues of the matrix polynomial L are obtaine<_i by applying
Theorems 5.1 and 5.2 to the matrix Cj,.

Also, lower bounds of the right eigenvalues of the matrix polynomial L are obtained
by applying Theorems 5.1 and 5.2 to the matrix C;. B

Substituting w; = ||V}, (p = 1,2, 00), in the part (1) of Theorem 5.24 , we obtain

Ve V;
(5.26) l¢] < min {max (” O”p, 2 max 1V;lly )} :
p LS Wil 1555 Wl
Now we discuss the different bounds for the right eigenvalues of quaternionic matrix

polynomials.

Theorem 5.25. Let L € L,,,(M,(H)) be as in (5.7). Then for any right eigenvalue p1 of
L satisfies the following inequality:

where

57 1/2
nCe = HCaH%—{max !fi (Cy) — & (Cg)’} ] yae{V, S}

1<i<m

Proof. The proof is immediate from Theorem 5.9, so we omit the proof. B

Theorem 5.26. Let L € L, (M, (H)) be as in (5.7). Then for any right eigenvalue p of
L satisfies the following inequality:

< |ul <0, where

nCs
1/2

noe = [Hcan% - {mm M, (Co) — M, (GS)!} ] e {v.sh

Proof. The proof is immediate from Corollary 5.10, so we omit the proof.
Next, we give upper bounds for the left and right spectral radius of quaternionic

matrices in term of quaternionic matrix norms.
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Theorem 5.27. Let A € M,(H). If ||.|ls, (5 =1,2,00, F), are the quaternionic matriz

norms, then

pi(A), pr(A) < ||Alls

Proof. The proof is similar to that of the complex case. B
By applying Theorem 5.27, we extend bounds for the eigenvalues of a complex matrix
polynomial [15] to bounds for the right eigenvalues of a quaternionic matrix polynomial

which are as follows.

Theorem 5.28. Let L € L,,(M,,(H)) be as in (5.7). Then for any right eigenvalue p of

L satisfies the following inequalities:

-1

Lo (0oL e (1)) <l < oo (I¥all 1+ e (Vi) )
2. max (1, |]) ™ < 1] < max (1, V),

3. (I + 8S%112) ™" < [pul < (|11 + VVH|])

1/2

Proof. The first two bounds are follows from Theorem 5.27 ( for 5 = 1,00 ). Now for the
third bound, applying Theorem 5.27 ( =2 ), we have

(ICsll2)™" < [ul < ICv]fa-

To find ||Cy||2, we write

0 1, 0 ... 0 O 0 0 ... 0

00 I, 0 0o 0 0 0
M:=1|: + + " ‘|l andN :=

0 0 0 I, 0O 0 0 0

0 0 0 0 Vo -1 -V, Vi1

Then MPN = N M = 0. Thus by Lemma 5.8, we have
ICvIz = ICVCvllz = (M + N)*(M + N)|l2 = || MM + NN
< |Nn + NEN ||y = || Lnn + NN||o = ||, + VVE|5.

For finding ||Cs||2 analogue proof can be given, so we skip the proof. W

Theorem 5.29. Let w; € R, (1 < j <m), with w,, = 1. Then for any right eigenvalue
w of L € L,,(M,(H)) satisfies the following inequalities:
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Sm j Sm_ i -t V . V
T ) P T
1<j<m—1 Jnax

Y B )
w1 Wiy Wit1 I<j<m—1 w1 Wjiq Wjt1
2 1< <«
B1 |M| 1y
where
o w; ‘/O Vm—2 v
aq - 1<II1<3X 1 ’ I ) y Vm—1 )
sysm—1 \ W41 | W1 Wm—1 0
wj -Sm SQ
b = Jnax Al —, -, , S .
sysm—1 \ W41 | W1 Wm—1 0o

1/2

3

Il
=)

_ -1/ _
w2\ = [Sm2 w? A
J m—712 Vi 212
1< S ( 2 ) * Z w? < vl = 1< St (w2 ) + w?

Wit1 =0 Wi+t +1 J j+1

Proof. The proofs are immediate from the proof method of Theorem 5.28 and using

Lemma 5.27 on the matrices Cf, and C. B
The following theorem is a direct application of Corollary 5.3 which gives bounds for

the right eigenvalues of quaternionic matrix polynomials.

Theorem 5.30. Let L € L,,(M,,(H)) be as in (5.7) and let v € [0,1]. Then for any right
eigenvalue p of L satisfies the following inequality:
-1

max {7i(Cs)"#(Cs)' 7} < |u| < max {rj(Cv) c{(Cy)' 7}

1<i<mn 1<i<mn

By the definition of the right spectral radius, we have for any A € M,,(H)

IA[l5 = pr (AT A) < ||AT A,

IN

1A%, 1AL

1Al; < [l All. AL

Now, we have two cases as follows.

Case 1: If Ay < [|Alloc, then [[Al, <Al -

Case 2: If || ]l < [|A], then [|A], < [[A] .

Thus if A € S := { symmetric, skew symmetric, Hermitian, skew-Hermitian, n-Hermitian,

n-anti-Hermitian}, then we have

[A[ly < 1Al = [[Al, -
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It is clear that if V; (0 < j < m —1) € S, then [|[Vj|2 < [[Vi|l4 (8 = 1,00). Thus from

Theorem 5.23, we obtain

min {maX (Ilvollp,1+Kr]n%_l(”vj”p))} — max (HVOHQ,1+1<1;11<%<_1(||X/}||2)>,

p=1,2
m—1 m—1
pznll,iQI,loo {max (17 Z; ||V}||p) } = max (1, Z ||VJ||2) 5
J= J=

min {max (REID)(CV)V Ci(p)(CV)17>} = max (REQ)(CV)’Y Ci(Q)(Cv)kV) :

p=1,2,00 | 1<i<m 1<i<m

Other bounds can also be written in reduced form for the above structured matrices.

Bounds for the right eigenvalues of quaternionic matrix polynomials using
powers of block companion matrix: We first define the colon notation. Let A :=
(A;;) € M,(H) be a block matrix as in (5.1), then A[s, :] designates the s block row of

the block matrix A as in (5.1) as follows:
A[S, :] = Asl R Ask:| € Mnxnk’(H)v
and the s block column of the block matrix A as in (5.1) is specified by

Als

where 1 < s < k. Consider the integers p, ¢, r satisfy 1 <p < q <k, 1 <r < k. Define
Alr,p:q] = Ay oo Arq] € Muxn(g—pt+1)(H).

Similarly if 1 <p <q <k, 1 <c¢ <k, then we define

Now, we present a framework to find the powers of the quaternionic block companion

matrix Cp, with the help of above colon notation as follows.
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n(m—1 0 ‘ I
Theorem 5.31. Consider Cy, = =y and let t < m be a positive
T [V N
integer, then
nt (m—t)
n(m—t 0 I
(5.27) c— """
nt C D
If t > m, then

(5.28) Ci = :
Ctm,1:m)]
Cyim,1:m] | §
where _ ) ) )
Crlm, 1 : ] Crim,t+1:m]
o— Ci[m,1: ] p- C’%[m,t%l:m] |
¢ : ¢ :
_CL [m’ L t]_ ntxnt _CL[m7 bl m]_ ntxn(m—t)
A= [Al Ay ... A, CLm,1] = CEm,m]CLIm, 1], and
Cim,2:m] == Ct m,1:m — 1]+ CL [m, m]CL[m, 2 : m].

Proof. The proof is similar to the proof method of Theorem 2.35 and by using above
notation. W
We can now derive the following results similar to the complex case. Consider A €
M,,(H), then
pr(A) = po (A <A < As, t=1.2,.

where .|| is any quaternionic matrix norm. Also we have

pr(A) = lim HAtHl/t.

t—o00 B

The following bound for the right eigenvalues of a quaternionic matrix polynomial is

derived by using powers of the corresponding quaternionic block companion matrices.
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Theorem 5.32. Let L € L,,,(M,(H)) be as in (5.7) and let v € [0,1]. Then for any right
eigenvalue i of L satisfies the following inequality:

1
P S |/’L| Sgh
1

& o= pi%?oo{l%% ((Rﬁp)(ctv)y/t <c§p>(ctv))ln>},

@ = i L ((r0€0) " (ew) 7))

Proof. The proof follows from Theorem 5.2, so we skip the proof. l

where

Next, we derive bounds for the right eigenvalues of quaternionic matrix polynomials
by using the matrix 1,2 and oo-norms and powers of corresponding quaternionic block

companion matrices which are as follows.

Theorem 5.33. Let L € L,,,(M,(H)) be as in (5.7). Then for any right eigenvalue p1 of
L satisfies the following inequality:

(5.20) (IC51) ™ < lul < (ISt 1) ",
(5.30) (IC5 1) ™" < lul < (I 1)
(5.31) (IC412) ™" < lul < (ICH12)™"

Proof. Consider ) is a right eigenvalue of the block companion matrix Cy,, then \* (¢ > 2
is a positive integer) is a right eigenvalue of the matrix C{,. Thus by proof method of

Theorem 5.27, we have
(5:32) pr(Cv) < ICVIF",  (8=1,2,00).
Similarly, we have also for Cyg
(5.33) pe(Cs) < |ICKIIE", (B =1,2,00).
Thus, from (5.32) and (5.33), we have the required results. B
Now, we define
U=ty U0 oo U]y £= L0 Loy o 1],

where Uj = Vm_ﬂ/j _‘/j—l and £j+1 = 515j+1 —Sj+2, (0 S ] S m— ].) with V_l = Sm+1 =
0.
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Substituting ¢t = 2 in Theorem 5.33 and applying APPENDIX-B, we obtain the

following corollaries.

Corollary 5.34. Let L € L,,,(M,,(H)) be as in (5.7). Then for any right eigenvalue p of

L satisfies the following inequalities:

1
(5.34) = < |pl < ay,
A
535 max (LS 1€l < Jul < max (1 [V, [U])"2,
where
1/2
av = [ (I¥all + 106l Vil + 10301+ ame (Vi o+ 1300) |
1/2
i max (Sl + Dol DSl + 1ol 1+ e (Ui + 160 )|

Corollary 5.35. Let L € L,,,(M,(H)) be as in (5.7). Then for any right eigenvalue p of
L satisfies the following inequality:

-1/4

(H2n+T77),) ™" < 11t < (|20 + DD™) "

V 0 S 0
where D = and T =
0 U 0 L

Proof. Let us consider P = C% = X +Y + Z, where

r 7 r T 0 0 I, 0
0o 0 ... 0 0 0o ... 0
X = Y = Z:=10 0 0 I,
0o 0 ... 0 -V Vi ... =V,
00 0 ... 0
Uy Ui ... Up- 0 0o ... 0
- - - - 00 0 ... O]

Now, we have [|XY 1], = X2, = [V X"], = [y 2]}, = || 2", = | 2Y" ], = 0. T

1P1l; = (| PPl

IN

| XX" + YY"+ 227,

IN

Hmn + XX+ YY |, = [T+ DD,

1Py < (|| fa + DD™||) "
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If 1 is any right eigenvalue of Cy, then

1/2
2

1/4

ul < [[G5[l," < (17an + DDH],)

Analogue proof can be given for the lower bound. W

We give the following example to illustrate our theory.
Example 5.36. Consider the quaternionic matrix polynomial L € Ly(M;(H)) of the form
L(A) := A\* + Aj A + Ay, where

14+i 1+i ) 11+2i+3j+k 7+3i—j+8k ) 24i 2—i

AOZ ) 1= , 419 =
1 1—1 1-8i—-3j—7k 945i+j—k 2 1—1
Then
. 05—-05b1 1—2i
—05+051 —2+1
—55—1351—4j—13k 4-+9i+2j—6k
Vo= A51A1: 3| J
—3.5+155i—7j+ 12k 7 —6i—8)+ 5k
3+1—4)+4k 12 —6i+ 7k
S, = AjA = !
3.5 —5.5i+6j —5k —T7+4i+ 3.5] — 2.5k
o 2—1i 1—2i1
Sy = Ay A=
—0.5+051 —0.5+0.51

The right spectrum of L(\) is
A, (L) = [1.5719+23.2242i] U [—3.0550 +4.1765i] U [—0.0806 — 0.0730i] U [0.0637 4 0.04211].

Also max |\ =23.2773 and min |)\;| = 0.0764.
Ai€A-(L) Ai€Ar(L)

Let LB:= Lower Bound, UB:= Upper Bound. Thus Theorem 5.23 is verified.

Also we have verified our results for the case of the 1-norm, 2-norm and the oo-norm.

5.3.2. Left eigenvalues of quaternionic matrix polynomials and their bounds

In this subsection, we state that if the variable of a matrix polynomial is a quaternion
identity, then we always be able to find the bounds for the left eigenvalues of quaternionic

matrix polynomials. So, if we consider any left matrix polynomial L’ as given in (5.6)
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Example 5.36

LB

UB

Theorem 5.23
(5.19)
(5.20)

(5.21), y=1/4

0.0464
0.0419
0.0452

34.7804
36.9768
35.3178

Theorem 5.25

0.0469

34.1084

Theorem 5.26

0.0608

24.2378

Theorem 5.28
(1)
(2)
(3)

0.0412
0.0383
0.0480

42.0443
35.7120
33.9391

TABLE 5.1. Lower and upper bounds for right eigenvalues of L(\).

including the one define in (5.7), then the similar bounds as in the previous section for

the right eigenvalues of L can be derived for the left eigenvalues of L.

Let L' € I',,(M,(H)) of the form (5.6). Then, we have the following linearization

form of the matrix polynomial L.

e For the left eigenvalues: The matrix polynomial L' € L! (M, (H)) of the form

(5.6) can be written in the linearization form:

CL/ +

£X,

where £ € H, Cr, X € M,,,(H) are of the forms

0

0

0

0 ... —A

0o ... =4

]n _Am—Q
[n _Amfl_

I, 0 0 0
0 I, 0 ... 0
, X=10 0 I, 0
(0 0 0 A

When A,, = I, the identity matrix, then the matrix polynomial L' € I',,, (M, (H))

of the form (5.6) is said to be monic matrix polynomial and the corresponding

linearization form of it is given by

Cy +E&F, where F := I,,,.

10
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Theorem 5.37. The quaternionic matriz polynomial L of the form (5.6) and the pencil

(Crr, X) have same left eigenvalues.

Proof. Let u € H be a left eigenvalue of the quaternionic matrix pencil (Cy/, X). Then

there exists x := [z, 22, ... 2T |7 with 2; € H", i = 1,2,..., m such that
(0 0 0 ... —A|[ =] (1, 0 0 01 = ]
I, 0 0 ... =—A T o I, 0 ... O T
(5.36) S 5 Cl=ulo 0 I, 0 .
0o 0 I, —Apm_o| |Tma Do IR L1
0 0 ... I, —A,1| | Tm | (0 0 0 ... Ay] | om |

then (5.36) implies

—Aory, = pan,

vy — A1y, = o,

Ty — Asxy, = paTs,
xm—Z_Am—me = UTm—1,
xm—l_Am—lxm - ,MAmmm~

By solving the m® system of equations, we obtain
Aoy + A T + 12 Aoy + - 4+ W™ Ay, = 0.
Hence p is a left eigenvalue of the quaternionic matrix polynomial L’. W

Theorem 5.38. Let L' € L,,,(M,(H)) be of the form (5.6). Then p € H is a left eigen-
value of L' if and only if det[V ag1pa, 4 tpma,)] = 0.

Proof. Consider p is a left eigenvalue of L, then there exists a nonzero x € H" such that

Aoz + pAyx + p?Asx + - + p™ A,z = 0. Applying the mapping ¥, we have

‘IJ(A0+/J,A1++/L7”Am)\IjI - 0

It follows that u is a left eigenvalue of L if and only if

det[\II(Ao-i-uAl-ﬁ-"'-&-umAm)] =0. 1
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We now state a framework to find bounds for the left eigenvalues of quaternionic

matrix polynomials.

e To find the bounds of the left eigenvalues of the quaternionic matrix polynomial

L', we again introduce the new quaternionic matrix polynomials associated with

L :

m—1
(5.37) V(&) ="+ > &V

1=0

where V" := A,A 1 i =0,1,...,m — 1, so that L'(£) = Lj,,(§)A,,, and
(5.38) (€)= €M T+ Y _€mSY,
i=1

where S/ := A Ay, i =1,...,m, now £mL/(1/€)Ay" = L, (€). The matrix poly-
nomials L and L{,, have the same left eigenvalues, whereas the left eigenvalues of
the matrix polynomial L, are the reciprocal of the left eigenvalues of the matrix
polynomial L/. The block companion matrices Cy» and Cg» corresponding to the

monic matrix polynomials L{,, and L, are given by

n(m—1) n n(m—1) n
. o | -w " 0o | s
CV// = and CS” = s
n(m—1) 1 ‘ —AVH n(m—1) 1 ‘ —AS//

respectively, where

T

N [V{/T T 77,;—1T:| € Mum—-1)xn(H),
T

AS” = |:S’;T,”L—1T S;vlw—ZT Si’T:| eMn(m—l)X'ﬂ(H)'

Moreover, the left eigenvalues of the monic matrix polynomials L, (§), L, (£) and
the left eigenvalues of the block companion matrices Cy, Cs» are same, respec-

tively.
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e |-
Theorem 5.39. Consider Cp, = and let t < m be a positive
n(m—1) 1 ‘ —A
integer, then
n(m—t) nt
nt 0 O

(5.39) Ci =
n(m—t) I D

If t > m, then we write
Ct, = [ CEm I mm] P imym] o CEML i mym] CL[L:m,m) } :

where C}, are nm X nm matrices,

T
A= AT AT AT Co=eulinm) CRlLitm) L CLltm)
D = [C’L/[t—l—l:m,m] Cilt+1:m,m] ... ﬂ[t—l—l:m,m]],
Chl,m] = Cu[l,m] CL ' m,m], and
Cyl2:m,m] = Cp'L:m—1m]+Cr[2:m,m] Cf [m,m].

Proof. The proof is similar to the proof method of Theorem 2.37 and by using colon
notation of Subsection 5.3.1. W

Remark 5.40. Similar results can be obtained for the left eigenvalues of the quaternionic

matrix polynomial L' € L., (M,,(H)).
Next, we define the right quaternionic polynomial as
(5.40) pr(z) = 2"qm + Zm_l(Im—l + -+ 2q1 + qo,

where z, ¢; € H (0 < j < m). The polynomial (5.40) is called monic if ¢,, = 1. Then we

write the following remark.

Remark 5.41. If we take n = 1, then the quaternionic matrix polynomial L' will be

reduced into the right quaternionic polynomial p,(z).

Now we have the following observations.
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e By Remark 5.41, Theorems 5.25 and 5.26 for left eigenvalue of the matrix polyno-
mial L’ yield the bounds for the zeros of the right monic quaternionic polynomial
pr(2).

e Theorem 5.30 for left eigenvalue of the matrix polynomial L’ yields the bounds for
the zeros of the right monic quaternionic polynomial p,(z) which can be found in

Theorem 2.26 for the zero of the right monic quaternionic polynomial p,(2).

The following corollary is a particular case of Theorem 5.28 for the bounds of the left
eigenvalues of the quaternionic matrix polynomial L € I/ ,,(M,,(H)) which generalizes the
bounds for the zeros of right quaternionic polynomials and these can be seen in Corollary

2.27.

Corollary 5.42. Let L' € I,,,(M,,(H)) be as in (5.6). Then for any left eigenvalue pu of

L’ satisfies the following inequalities:
—1
1 1
(5.41) (1+ max ) < bl <1 g 1V
m -1 m—1
||5£’Hoo> < |p] < max (1, > ||W||oo>>

—1 i=0

m ~1/2 S 1/2
(5.43) (1 + ZHS{’H%) < |ul < (1 + ZIIW!I%) ~

i=1

=0

2

(5.42) max (1,

5.4. Bounds for eigenvalues of complex matrix polynomials

We show that the bounds obtained in Subsections 5.3.1 and 5.3.2 for the left and right
eigenvalues are similar to the bounds for the eigenvalues of complex matrix polynomials.
Our framework for the bounds of the eigenvalues of quaternionic matrix polynomials are
same with the bounds on the eigenvalue of complex matrix polynomials. That is the
bounds for the left and right eigenvalues of quaternionic matrix polynomials are same
with the bounds for the eigenvalues of a complex matrix polynomial. Bounds for the
eigenvalues of a complex matrix polynomial and their applications are given in [4,15,38].
If A,, is not invertible in the matrix polynomial P € P,,(M,(C)) given in (5.5), then
P(z) has an infinite eigenvalue. While if A, is not invertible, then 0 is an eigenvalue of

the matrix polynomial P(z). Therefore, for upper bounds of the absolute values of the
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eigenvalues of P(z) require A,, to be invertible and lower bounds of the absolute values
of eigenvalues of P(z) require Ay to be invertible.

For finding the upper and lower bounds for the absolute values of the eigenvalues of
the complex matrix polynomial P(z), we state the following remarks from Section 5.2 and

Subsection 5.3.1.

Remark 5.43. It is seen that Theorems 5.1 and 5.2 are true for the eigenvalues of
complex block matrices. Then Theorems 5.23 and 5.24 are true for the eigenvalues of

complex matrix polynomials.

From Remark 5.43, it is clear that bounds (5.19) and (5.20) for the absolute values of
the eigenvalues of complex matrix polynomials are tighter than the bounds given in [15,
Lemma 2.3 (2.1), Corollary 2.4 (2.5) (2.6)]. Now we have the following observations from
Section 5.2 and Subsection 5.3.1.

e From Remark 5.43 it shows that Theorems 5.32 is true for the eigenvalues of com-
plex matrix polynomials.

e Theorem 5.33 is true for the eigenvalues of complex matrix polynomials for 1,2
and oco-matrix norms over the complex field.

e It is obvious that Theorem 5.9 is also true for complex block matrices. Hence
Theorem 5.25 holds for the eigenvalues of complex matrix polynomials.

e It is also seen that Corollary 5.10 is true for complex matrices. Hence, Theorem

5.26 is valid for the eigenvalues of complex matrix polynomials.

If we take bounds for the absolute values of the eigenvalues of complex matrix polynomials
by using powers of block companion matrix, then the bounds (5.29), (5.30) and (5.31) for

complex matrix polynomials are sharper than the bounds given in [15, Lemma 2.3].

Example 5.44. Consider the complex matrix polynomial
P(Z) = A5Z5 + A4Z4 + A323 + A222 + Alz + Ao,

where

2+1 13 —2¢ 231 7+ 30
AO = 7A1:
=2+ 13 4 —7+3t 3141
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2 1+2¢ 1 9—-"T:
AQ = aA3: )
1—-2¢ 23 7T+ % 2
T+1 3 11+2¢ 104 &
A4 = 7A5:
3 25 8—10¢ 6—171

The spectrum of P(z) is given by

A(P) = {3.3319 —1.0719¢,1.0701 — 1.33667, —0.6994 — 1.0580%, —1.3205 + 0.05744,
—0.8939 + 0.53487,0.1973 + 1.16577, 0.7705 — 0.5866¢, 0.2632 + 0.6958¢,

0.4865 + 0.0727¢, —0.4532 + 0.01662’},

max |\;| =3.5001, and min |\ = 0.4535.
MEA(P(2) MEA(P(2)

As we have already explained in this section that Theorems 5.23, 5.32 and 5.33 are true
for the eigenvalues of complex matrix polynomials. Thus we now give the following tables

for the absolute values of the eigenvalues of (P(z)).

Example 5.44 LB UB
Theorem 5.23
(5.19) 0.2962 | 8.6818
(5.20) 0.1105 | 23.1505
(5.21) , vy =1/40.2280 | 7.6143

TABLE 5.2. Lower and upper bounds for eigenvalues of P(z).
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Example 5.44 LB UB
[15, Lemma 2.3]
(2.1) 0.2501 | 8.7210
(2.2) 0.1049 | 23.0150
(2.3) 0.2407 | 11.3218
Theorem 5.33, t=2
(5.29) 0.3299 | 6.0610
(5.30) 0.2304 | 9.3571
(5.31) 0.3473 | 6.6054
Theorem 5.33, t=3
(5.29) 0.3528 | 5.2268
(5.30) 0.2954 | 6.9081
(5.31) 0.3709 | 5.4567
Theorem 5.33, t=4
(5.29) 0.3853 | 4.7508
(5.30) 0.3315 | 5.8152
(5.31) 0.4086 | 4.8856

TABLE 5.3. Lower and upper bounds for eigenvalues of P(z).
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CHAPTER 6

PERTURBATION BOUNDS FOR RIGHT EIGENVALUES OF
QUATERNIONIC MATRICES AND THEIR APPLICATIONS

This chapter deals with the concept of perturbation bounds for right eigenvalues/generalized
right eigenvalues of a quaternionic matrix/quaternionic matrix pencil. In particular,
Bauer-Fike type theorems for right eigenvalues/generalized right eigenvalues of a diagonal-
izable quaternionic matrix/diagonalizable quaternionic matrix pencil are derived. Other
perturbation bounds for right eigenvalues of a quaternionic matrix are discussed. Further-
more, the location of standard right eigenvalues of a quaternionic matrix and a sufficient
condition for the stability of a perturbed quaternionic matrix are given. Perturbation
bounds for the zeros of quaternionic polynomials are derived. Finally, we give numerical

examples to illustrate our results.

6.1. Introduction

The goal of this chapter is to derive Bauer-Fike type theorems for right eigenvalues/generalized
right eigenvalues, perturbation analysis for quaternionic matrices, location of right eigen-
values of perturbed quaternionic matrices, and perturbation bounds for the zeros of
quaternionic polynomials.

Bauer-Fike theorems are the standard results in the perturbation theory over the
complex field. The applications of the Bauer-Fike theorems over the complex field are
given in [7,11,35,36,51]. In general, quaternionic matrix similarity is meaningless for left
eigenvalues. However, there are many literatures on matrix similarity and diagonalization
for right eigenvalues of a quaternionic matrix. Many results, like the Jordan canonical
form, Schur decomposition, singular-value decomposition, diagonalizable of a quaternionic
matrix have been extended from the complex field to the skew field of quaternions by
different authors. For instance, see [9,21,46,49,61]. However, an extension of Bauer-Fike

theorem, perturbation analysis on quaternionic matrices, perturbation analysis of zeros of



quaternionic polynomials have not yet been studied. Perturbation analysis over the skew
field of quaternions is important in quantum physics, control theory, and mechanics (see,
for example, [1,26,43,49]).

In this chapter, we extend the Bauer-Fike theorems over the complex field to the
skew field of quaternions. Specifically, Bauer-Fike type theorems for right eigenval-
ues/generalized right eigenvalues of a diagonalizable quaternionic matrix/diagonalizable
quaternionic matrix pencil are derived. Other perturbation results for right eigenvalues of
a quaternionic matrix are given via Jordan canonical form and block diagonal decomposi-
tion of a quaternionic matrix. Meanwhile, localization theorems for right eigenvalues of a
quaternionic matrix and a sufficient condition for the stability of a perturbed quaternionic
matrix are derived. Perturbation bounds for the zeros of the quaternionic polynomials

pi(z) and p,(z) (defined in Subsection 1.2.4) are given.

6.2. Perturbation analysis on quaternionic matrices

We derive the following lemmas for the development of our theory.
Lemma 6.1. Let a,b € C*. Then |a —b| < |a—b|.
Proof. Suppose a = x + iy and b = p + iq, where z,p € R and y,q € R™ U {0}. We have

(6.1) ja —b] = |z +iy — (p+iq)| = [(x — p) +i(y — ¢)|, and

(6.2) @ —bl =z —iy = (p+ig) = |(z—p)+ily + 9l
It is known that if y,q € R* U {0}, then y + ¢ > y — ¢. Hence from (6.1) and (6.2), we

have |[a —b| <|a—0|. B

Lemma 6.2. Consider ag, By, v € R, (k = 1,2), such that o} + 8% + v = 1 and o3 +
B2 +~3=1. Then

g + P12 + 7172 < 1.
Proof. We have that

(1 —a2)®+ (81— B2)* + (11— ) = 2—2(maz+ Bife+m7) >0, de.,

(031D ‘f‘BlﬁQ + vy < 1. 1
116



Lemma 6.3. Let A\, u € C™ and let 0 # p,n € H. Then
A —pl < |p7"Ap—n" ).

Proof. Consider X = XN + MN'i, p = pu' + p"i, p~tip = aii + Bij+ 1k, and n7lin =
Qi + Boj + Yok, where ag, fr, e € R (k= 1,2) with of + B+ = ai + 85 +v5 = 1.
Then
(63) P = ‘)\ _ M’Q — ()\/ o ,LLI>2 + ()\//)2 + (M//)Q o 2)\///11//.
Also, Q@ = [p Ap—n~pnl* = (N =)+ (N aa —p"aa)* + (NP =" B2)* + (X' = p"2)* =
(X = 1) + (N'2[03 + 32 + 93] 4+ ("2l + 33 + 18] — 2V "oz + By By + 7172]. From
Lemma, 6.2, we have
arag + B1B2 + 1y < 1.

Thus P < Q, i.e.,

X —pl <|p~ Ap—n"tpun|. M
Lemma 6.4. Let A € M,(H) such that A® = 0,, for any positive integer t, where 0,, is

the n X n zero matriz. Then WYy = 0y,, where 0, is the 2n X 2n zero matriz.

Proof. Consider A € M,,(H) such that A* = 0, for any positive integer ¢. Then by taking
the complex adjoint matrix of A® = 0,, and by applying Theorem 1.12, we have

Wae = \I/()n = \Ilil = (y,. W

Lemma 6.5. Let T € M, (H) be partitioned as follows:

p q
TP Ty Tio
q 0 T

Define the linear transformation ¢ : My ,(H) — M,y ,(H) by
(X)) =T X — X,

where X € My (H). Then ¢ is invertible if and only if A.(T11) N A (Taa) = 0. If ¢ is
invertible and Y € M, (H) is defined by

I, Z
0 I,

Y = ¢(2) = =T
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then Y_lTY = diag(TH, T22>.

Proof. Let X € M,y,(H). Then singular value decomposition of X is given by

T q—r
P20

(6.4) UXV = :
p—r | 0 0

where ¥, = diag(c;) and r =rank(X). Assuming ¢(X) = 0 for X # 0. Substituting (6.4)

into the quaternionic matrix equation 711X = X7T5y, we have

A Ap >, 0 X, 0| |Bu DB

Ay Ag 0 0 0 O] [Ba1 Ba

where UAT,U := (A;;) and VHTyV := (By;). By comparing blocks we see that Ay = 0,
Bia =0, and A.(A11) = A(B11). Consequently,

0 # A (A1) = Ar(Bi) € A(Th) NA(Tye).
On the other hand, if A € A.(T11) N A, (T%2), then there exist nonzero z,y € H" such that
The =zX,  Thy =y

Then y7 Ty, = Ay and hence ¢(zy”) = 0. Finally, if ¢ is invertible, then the quaternionic

matrix Z exists and

I —Z| |Tnw Tw| |I Z

Y-ITY =
0o I 0 Ty| [0 [
B Ty TuZ — ZTy + T B Ty 0 -
0 TQQ O T22

We next establish block diagonal decomposition of a quaternionic matrix.

Theorem 6.6. (Block diagonal decomposition) Suppose

TH T12 e qu
0 Ty ... T
UhAU =T=| % “
00 Ty
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is a Schur decomposition of A € M, (H) and assume that the Tj; are square. If A,.(T;) N
A, (T};) = 0 whenever i # j, then there exists an invertible matriz Y € M, (H) such that

(QY)TA(QY) = diag(Thy, . .., Tyy)-
Proof. The proof is immediate by applying Lemma 6.5 and induction. B

6.2.1. Bauer-Fike type theorem for the right eigenvalues

We first derive Bauer-Fike type theorem for diagonalizable quaternionic matrices which

is as follows.

Theorem 6.7. Let A € M,(H) be a diagonalizable matriz, i.e., A = YAY ™1 A =
diag(A1, ..., An), where \; are the standard right eigenvalues of A and Y be an invertible
quaternionic matriz. Let AA € M,(H). If p is a standard right eigenvalue of A + AA,
then

dist(u,AS(A)) = Aigisf(lA) {‘)\z - M’} < K(Y) |AA]f.

Moreover, we have

ist (€A (A)) = it {ln €1} < Ka(Y) | AA],

njeAr(A
where §& € A.(A+ AA) and Ky(-) is the condition number with respect to the matriz

2-norm.

Proof. Let \; # p for any 7. Since p is a standard right eigenvalue of A+ AA, then there
exists x # 0 € H" such that (A + AA)x = zu. This system is equivalent to the complex

system
Varaas = by
which implies
(Vayan — plan)he = 0.
From this we have

(U + Vps — piday) 1 = 0.

The above system can be written as (uls, — Vypy-1), = Waath,. Further we can write

qjy(,ufgn — \I/A)\Ify—liﬁz = \I}Awa- Then (,UJQn — \I’A)(\I/y)ill/)m = (\I/y)fl\I/AAQﬁz. Thus
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(Uy) My = (pulop — W) H(Wy) P WA4 Uy | (Py) 1ep,. Taking matrix 2-norm (operator
norm) on both sides, we get
1(Wy) M halla < [(dan — Wa) iz [[(Uy) 7 CanTy]ll2 [(Ty) 2
1< l(d2n — W) 2 102y) 7 1Waallz 19y

1 1 _
max { , = } 1(Ty) M2 1Paallz [Ty
i€As(A) | |

1
i =l N = pl

IN

From Lemma 6.1, we have

1
1 < max < [(@y) 2 [®anllz [y
{|)\z‘—ﬂ|}

1
1 < — Ky (Uy) [ Waall
min (A){|A — pl}
ieAs
mln {|)\ —LL|} < Ko (Uy) |[Paale-

Now from Lemma 1.13, we obtain

Lmin {3 = pl} < Ka(V) DA

Thus Lemma 6.3 yields

mln {\)\ —pl} = eijfxllf(A){‘Uj =&}

Ai€AS( un

where £ € A,.(A+ AA). Hence

it {lny = €} < Ka(Y) [AA]. @

In particular, when A € M, (H) is normal, Theorem 6.7 leads to the following corollary.

Corollary 6.8. Let A € M,(H) be a normal matriz and let p be a standard right eigen-
value of the perturbed quaternionic matriz A+ AA. Then

dist(pe.Au(4) = min {|\ =} < A4l

Moreover, we have

dist (&, A, (A)) := H/l\H(lA {In; — €I} < N1AA]l,

where £ € A (A+ AA).

We next have the following theorem for a relative perturbation bound.
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Theorem 6.9. Let A € M, (H) be diagonalizable and invertible, i.e., A =YAY ! A =
diag(\1, ..., A\n), where \; are the standard right eigenvalues of A and 'Y be an invertible
quaternionic matriz. Let AA € M,(H). If p is a standard right eigenvalue of A+ AA,
then

dist (s, Ay(A)) = min {%}g[@(w |ATLAA[,.

Moreover, we have

: . n; — ¢ _
dist(e A () = int e SIS

where § € A (A+ AA) and Ko(Y) = ||[Y|]2[|[Y |2 4s the condition number of Y with

respect to the matriz 2-norm.

Proof. Let \; # p for any 7. Since p is a standard right eigenvalue of A+ AA, there exists
x # 0 € H" such that (A+ AA)x = zu. This system is equivalent to the complex system

Varanae = i)y
Since A is an invertible matrix, multiplying by —W 4-1 from left, we obtain
—Wr (Wa+ Van) e = —p¥ 419,
(—L2p = Va-1a4) Yo = —pVg-1¢,

(¥ a1 — Ioy) = W 41047

The matrix A is diagonalizable, i.e., A = YAY !, we obtain
(1Wyp-1y-1 = Iop)the = W g-104%0

Uy (W p—1 — L)Wy 19, = W p-1a 47,

Thus by calculation, we get

(Uy) M = (¥p-1 — L) H(Uy) "W 4m1 a4 Ty (Ty) 1,

By applying the proof method of Theorem 6.7, we have

. . |)\i - ,u| _
dist (1. Au(4)) = min { <m0 s

As well as

(e ) = e {2 < janaap,

where £ € A,(A+ AA). R
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Before going to present a localization theorem of standard right eigenvalues of the
perturbed quaternionic matrix A + AA. We see that a right eigenvalue of the perturbed

quaternionic matrix A + AA is not necessarily contained in the union of n-discs
(6.5) Q(A) :={z€C:|z—N| <KyY) ||[AA]2} (1 <i<n),

where A is diagonalizable, i.e., A = Ydiag(\)Y ! and \; € A,(A). For example, con-

) o ) 1+i 0 e 0O
sider a quaternionic matrix A = . Let AA = .Then A + AA =
0 i 0 €
l1+i4+e 0
and ||AA|s = €. Since A is normal, K»(Y) = 1. We set ¢ = 1073,
0 i+e

From (6.5), we get the following two discs:
Q(A)={z€C:]z—1-i|<10°}and Qs(A) = {2 € C: |z —i| < 107%}.

The perturbed quaternionic matrix A + AA has two standard right eigenvalues 1 +1i+ ¢
and i+ e. In particular, 1 — i+ € is also a right eigenvalue of A + AA. However it is not
contained in any discs. Fortunately, we can show that all the standard right eigenvalues

of A+ AA are contained in the union of n-discs §2;(A) which is as follows.

Theorem 6.10. Let A € M,(H) be a diagonalizable matriz, i.e., A = YAY ™1 A =
diag(A1, ..., A\n), where \; are the standard right eigenvalues of A and Y be an invert-
ible quaternionic matriz. Let AA € M,(H). Then all the standard right eigenval-
ues of the perturbed matrix A + AA are contained in the union of n-discs ;(A) =

{zeC:lz—X| < Ka(Y) [[AA]} (1 <i<n), ve,
As(A+ AA) CQA) = UL, (A).
Proof. The proof follows direct from Theorem 6.7. W

The following result is a sufficient condition for the stability of the perturbed quater-
nionic matrix A + AA.

Proposition 6.11. Let A € M,,(H) be a diagonalizable, i.e., A =YAY ™ A = diag(\y, ...

where \; are the standard right eigenvalues of A and'Y be an invertible quaternionic ma-

triz. Let AA € M, (H). Assume that
(6.6) Re(\) + Ko(Y) |[AAll; <0 Vi(l <i<n).

Then the perturbed quaternionic matriz A + AA is stable.
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Proof. Let A be any standard right eigenvalue of A. Then
Re()\) = Re(p ' \p) V¥ p € H,

i.e., the real part of the standard right eigenvalue A\ and the real part of corresponding
non standard right eigenvalues are same. Thus, the proof follows from the proof method
of Proposition 2.17 and using Theorem 6.10 with Definition 1.24. B

We next turn to prove the Bauer-Fike type theorem for central closed matrices.

Theorem 6.12. Let A € M,(H) be a central closed matriz, i.e., A = YAY™! A =
diag(A1, ..., An), where \; are the standard right eigenvalues of A. Let AA € M, (H). If
1 is a standard right eigenvalue of A+ AA, then

dist(p, A, (4)) 1= min {N = pl} < KalY) DA

Moreover,

dist(§ A, (A4)) = | inf{IN = €[} < KoY DA

where & is a right eigenvalue of A+ AA and Ky(-) is the condition number with respect

to the matriz 2-norm.

Proof. Let \; # u for any i. Then it is not trivial. Since p is a standard right eigenvalue
of A+ AA, there exists  # 0 € H" such that (A + AA)x = zu. By the proof method of

Theorem 6.7, we have

U< [[(udon = %a) 2 [08y) 2 (1 aall2 @yl

From Definition 1.8, \; (1 < ¢ < n) are real. Hence

1
1 < Uy )| (| W U
< AEQA){M M} [(Ty) 7 2 [Waallz [Py

1

1 < Ky (Py) ||
= i (%) 2(Uy) |1V aall2
Ai€As(A)
mln {|)\ —ul} < Ka(Py) [[Paall.

Xi€As(

By Lemma 1.13, we obtain

AglAH(IA){IA pl} < Ko (Y) [|AA,
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Since [N\, — p| = |A\i — p~tup|, 0 # p € H. Hence

inf ; — < Ky(Y) ||[AA
Lt (N =l < Ka(Y) A

where n € A, (A+ AA). R

The following theorem is a direct consequence of Theorem 6.12 .

Theorem 6.13. Let A € M,(H) be a central closed matriz, i.e., A = YAY™! A =
diag(A1, ..., An), where \; are the standard right eigenvalues of A. Let AA € M, (H).

Then all the right eigenvalues of A+ AA are contained in the union of n-balls G;(A) :=
{z e H: [z =N < K(Y) [|AA[l2} (1 <7 <n) e,

A(A+ AA) C G(A) == U Gi(A).

Proof. The proof follows from Theorem 6.12. W
Since real numbers commute with quaternions. Therefore, real left eigenvalues of
a matrix A € M,(H) are also right eigenvalues of A and vice versa. By applying this

argument, we have the following result.

Theorem 6.14. Let A € M, (H) be a Hermitian matriz. For some fi € R and & € H" with
|Z||2 = 1, define residual vector r = AT — fux. Then | — p| < ||r]le for some pu € A.(A).

Proof. Since u € A.(A), u € Aj(A). Now if i ¢ A,.(A), then i ¢ Aj(A). Hence (A—fl,) ™"

exists. So we can write r = Az — 2 as follows:
= (A—pl,) 'r.

Since A is a Hermitian matrix. Therefore, from Theorem 1.29, A is unitarily diagonal-
izable, i.e., VTAV = diag(p;) (1 < i < n), where V is a quaternionic unitary matrix.
Now, by applying the proof method of Theorem 6.7, we have the required result

' = V< [lrll,. W
Mglsr(lA){lu wil} < |7l

6.2.2. Perturbation bounds for non-diagonalizable quaternionic matrices

First, in this subsection, we derive a perturbation result on quaternionic matrices via

block diagonal decomposition of quaternionic matrices.
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Theorem 6.15. Let A € M,(H). Consider A = YTY ', T = diag(Vy,..., Vi), where
Vi = Ni+N; € M, (H) is upper triangular, A; is diagonal and N; is strict upper triangular
for i = 1,2,... k. If p is a standard right eigenvalue of A + AA, then there exists
Aj € N(A) such that

IA; — pf < max (y,x"™),

where x = ||[Y TAAY [|o S0 0 I |G, and N7 = 0p, with N;”fl # On,;.
Proof. Let pn ¢ Ag(A). Since p is a standard right eigenvalue of A + AA, there exists

x # 0 € H" such that (A+ AA)x = zu. Then from the proof method of Theorem 6.7, we

have
(6.7) 1 < |[(pdon — Up) Mo Y TTAAY .

We have that

1 1 1
6.8 = = .
R e 1 R R [ T
Define
1 1
6.9 T = = = |,u — X
(6.9 (RS 70 S ra—— i
|)u‘_)\j" |/Jz—)\]‘

Since N;Lj = 0, from Lemma 6.4, we have U} = 0. As N, is a strict upper triangular
J
quaternionic matrix, Wy, is also a strict upper triangular. Hence (ILLIan - v Aj) Uy, =

Uy, (ulgn]. — \IIAj) . Therefore,
[ 7 I 7 )

Consequently, we get

n;i—1
_ J _ ¢ B
(6.10) (”I%j_\l[vj) = (_1)t [<'u]2nj_\pf\j) 1\I[NJ} (MI%J‘_\IIAJ') 1
t=0
Then, we have
1 1112
6.11 Lom — U)o = || (itlan, — Ty) s < = L1EhF] 10
611) 1l — Ur) " 2 = || (o, — W) ”2—72[ ’

t=0
If 7 > 1, then

nJ—l

(6.12) I (1don, — Uy;) " [l < Z 115
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From (6.7), (6.9), and (6.12), we obtain

n;—1
13 _
(6.13) 1<- DN (YT AAY o).
t=0
n;—1
Setting x = [V TTAAY Y ||N;]l4. Thus 7 < x.
t=0
If 7 <1, then
1 n;—1
— —1
(6.14) I (1o = Og) " la = || (1dan, = Uy;) " |l2 < o >IN
t=0

Hence, (6.7), (6.9), and (6.14) yield

(6.15) L< =) N5 (YT AAY ).

t=0

1
Thus 7% < y and hence 7 < x™ . From the above it is clear that

1A — pl < max (x,x"/™).

'I’L]'—l
where y = [V TTAAY [|p Y[V [l4.

t=0
Next, we present a perturbation result on quaternionic matrices via the Jordan canon-

ical form of a quaternionic matrix.

Theorem 6.16. Let A € M, (H) with Y 'AY = J = diag(J,,,(\;)), where J,,.(A\;) (1 <
i <t) are Jordan blocks of A. Let AA € M,(H). If u is a standard right eigenvalue of
A+ AA, then

1 1
min ,——— < Ky (Y) [|[AA]-,
lsz-ﬁ{uumm—m»—lna H(Jmiuz-)—wmi)—wb} () A4

where Ky(+) is the condition number with respect to the matriz 2-norm.
Proof. 1f 11 is not a standard right eigenvalue of any Jordan block matrices J,,,()\;) , then

it is not trivial. Since p is a standard right eigenvalue of A+ AA, there exists z # 0 € H"”
such that

(A+AA)x = zp,
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and this system is equivalent to the complex system

Upiaate = phs & (Vagan — ptlon)the = 0 & (Vo + Wau — plon)h, = 0.

Since A has a Jordan canonical form via the invertible quaternionic matrix Y. Hence

(,U/]2n_\IIYdiag(Jmi()\i))Yfl)wm = \IIAAqu
Uy (1lon — Vdiag(sm, 0))) Yy-102 = Vaat,

(1lon = Waing(s, 0)) (Py) b = (Vy) " Wpnt,.

This implies that (Uy) ™", = (lon — Ydiag(sm,0)) " [(Vy) ' Waa Uy ](Ty) ',

Taking matrix 2-norm on both sides of the above equation, we obtain

1)l < 1 (1hon = Paiag(rn,00) ™ ll2 1[(Ty) T CanCy]llz [[(Ty) " a2

—
IN

(i T2n = Caiag(rm, ) N2 102Y) " Hl2 [Waallz 10y |2

U< max{[|(Jm, (A) = L)~ Hlzs [T, (Ae) = L)~ 23 [1(2y) " 2l Paallz [Py [l2

1<i<t

max {[|(Jin, (Ai) = f1Ln,) ™" 2o [|(Tony (A) = L) Iz} 1(Ty) " 2 [P anllz [yl

1<i<t

—_
IN

The above inequality can be rewritten as
1

1 — < 18 Wl 12y
max {11 (Jon, (A) = 1L, ) = oo | (Fons ) = sl 2}

1 1
1<ist { 1(Tms (A = 1) "Ml ™ | (Ton, (M) = L)l

} < Ko (Py) [[Waalle-

Then, from Lemma 1.13, we have

. 1 1
min {ll(Jmi(Ai)—uIm,->—1||2’ H(m_u[mi)%} < Ky(Y) |AAl,. =

Remark 6.17. Obviously from Lemma 5.6, all the results in the 2-norm (operator norm)

imply that for the Frobenius norm.

We give the following localization theorem for standard right eigenvalues of the per-

turbed quaternionic matrix A + AA when A is not a diagonalizable matrix.
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Theorem 6.18. Let A € M,(H) with Y *AY = J = diag(Jm, (\;)), where Jn,,(Ni) (1 <
i <t) are Jordan blocks of A. Let AA € M,(H). Then all the standard right eigenvalues
of A+ AA are contained in the union of t-sets P;(A) := T;(A) U K;(A), where

T(A) = {z€C: | (Jm(N) = nln) "l < Ka(Y)|AA]},
K(A) = {z€C: (T — uln) 7" < KaY) A}, dce.
A(A+AA)C PA) = (UL Ti(A) U (U Ki(4)).

Proof. The proof follows from Theorem 6.16. B

6.3. Perturbation bounds for the zeros of quaternionic polyno-

mials

Theorem 6.19. Let pi(z) = 2™+ ZZZ:_OI qw2" be a quaternionic simple monic polynomial.
Let C,, = Ydiag(Vy,Va,..., Vi)Yt with V; = A; + N; € M, (H) is upper triangular,
A; is diagonal and N; is strict upper triangular for i = 1,2,... t. Assume that p)(z) =
zm+2?;)1 qr2* is a perturbation of p(2) with @ = qr + Aqr, |Aqe| <€, (0 <k <m—1).
Then for any complex zero 2, € Zc(pi(2)), there exists a complex zero z; € Zc(pi(2)) such

that
’aﬂ - Z]" < maX(Xaxl/nj)a
where x = ||[Y'AC, Y| St |N;lla, and AC,, := —en[Aqo, ..., Agm-1] with e, =

n=0
0,...,0,1]T € R™,

Proof. Let us consider the corresponding companion matrix C), to the simple monic poly-

nomial p;(z) such that C,,, = Ydiag(Vy, Va, ..., V,)Y 1. Since AC,, = —eu[Aqo, - - -, AGm_1],

therefore
(0 1 0 0 |
0 0 1 0
Cp, +AC, =
0 0 0 1
|~ ~@ B - —Gm1]




It is known that the left eigenvalues of C,, and the zeros of p;(z) are same. Also the left
spectrum of C), falls in the right spectrum of C,,. Thus by the proof method of Theorem
6.15, we get the desired result. H

Theorem 6.20. Let pi(z) = 2™ + ZZ"”:_Ol q:2" be a quaternionic simple monic polyno-
mial and its companion matriz C,, = YDY 1 D = diag(A1,..., Am), At € As(A),t =
1,2,...,m. Assume that pj(z) = 2™ + ZZ:Ol Q2" is a perturbation of p/(z) with ¢ =

qk + Aqr, |Ag] <€, (0<k <m—1). Then the zeros of pi(z) and p;(z) can be given as

inf % — 2| < K(Y) [AG, |2,

zieZu(pi(z))
2;€Zu(p1(2))

where AC), := —en[Aqo, - - -, Agym_1] with e, :=[0,...,0,1]T € R™.

Proof. By applying Theorem 6.7 and the proof method of Theorem 6.19, we get the desired
result. W

Remark 6.21. Similar results can be obtained for the zeros of p,(z) as well.

6.4. Bauer-Fike type theorem for generalized right eigenvalues

Let L; (M, (H)) be the space of matrix pencils over a quaternion division algebra. L; €

Ly (M, (H)) is defined as
(6.16) Li(\) = A+ \B,

where A, B € M,(H) and A\ commutes with the quaternionic matrices. The generalized

right eigenvalue of Ly € Ly (M, (H)) of the form (6.16) is defined as follows.

Definition 6.22. Let Ly € L (M, (H)) be as in (6.16) and let x € H. Then p is called a

generalized right eigenvalue of L if
Ax = Bzxpu

for some nonzero x € H". Here x is called the right eigenvector corresponding to the
generalized right eigenvalue p. The set of generalized right eigenvalues of L; is called

generalized right spectrum of Ly, denoted by A, (Ly).

Definition 6.23. Let L; € L;(M,(H)) be as in (6.16). Then the matrix pencil L; is

called regular if there exists o € R such that A + o B is an invertible matrix.
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Next, we give the definition of generalized standard right eigenvalues of quaternionic

matrix pencils.

Definition 6.24. Let L; € L;(M,,)(H) be as in (6.16). Then we define a set of generalized

standard right eigenvalues of a regular matrix pencil L; as
As(Ly) :={a € Cy : Az = Bza, 0 # 2z € H", (a) >0}, Ci = CU {o0}.
We have the quaternionic generalized right eigenvalue problem
Ax = Bxp.
If B is an invertible matrix, then B~' Az = zu. Moreover, AB™'(Bz) = (Bx)u. Putting
Bx =y € H*, AB~'y = yu. Hence,
A(Ly) = A (A7'B) = A (AB™Y).

Theorem 6.25. Let A+ AB (defined in(6.16)) be a quaternionic matriz pencil and let
1 € H be a generalized right eigenvalue of A + AB with eigenvector x € H". Then u is

also a generalized right eigenvalue of the quaternionic matriz pencil P?AQ + A\PYBQ

with eigenvector Q™ x € H", where P,Q € M, (H) are invertible matrices.

Proof. Let 1 be a generalized right eigenvalue of the quaternionic matrix pencil A + AB.
Then

(6.17) Ax = Bxu

for some nonzero x € H". If P and @ are invertible quaternionic matrices, then (6.17) is

equivalent to the following generalized right eigenvalue problem
PTAQ(Q™'2) = P"BQ(Q™'z)p. M

Theorem 6.26. Let Ly € Ly (M, (H)) be a quaternionic matriz pencil such that A and
B are Hermitian matrices and B be a positive definite. Then there exists an invertible

quaternionic matriz Q such that Q¥ AQ = diag(u;) with u; are the generalized standard
right eigenvalues of Ly and QP BQ = I,,.

Proof. Let X be a generalized right eigenvalue of L;. Then there exists some nonzero

x € H" such that

(6.18) Az = Bz
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Since B is a Hermitian positive definite matrix, B has a positive definite square root
B:. Then the generalized right eigenvalue problem (6.18) is equivalent to the following

quaternionic eigenvalue problem.
(6.19) B 2AB 3y = yA,

where y = (B’%x) € H". Also, we can see that

1

(B~ 2AB 2)" = (B 2)7 A" (B 2)" = B2 AB 2.

Hence B~2AB™: is a Hermitian matrix. From Theorem 1.29, there exists a unitary

matrix V' € M, (H) such that
B 2AB % = Vdiag(u;)V",

where ; € A (B2 AB™2). Setting Q = B2V, Q¥ AQ = diag(y;) and Q¥ BQ = I. Thus
from (6.19) and Theorem 6.25, we have the required result.
Now, we develop Bauer-Fike type theorem for diagonalizable regular quaternionic

matrix pencils.

Theorem 6.27. Let Ly € Ly(M,(H)) be a diagonalizable regular quaternionic matriz
pencil with Ag(Ly) = {u1, po, .o pin}, e, Li(A) := A+ AB = P(D + \,,)Q, where
P,Q € M,(H) are invertible matrices, D = diag(p1, o, - - -, ln) and A commutes with
the quaternionic matrices. If p is a standard generalized right eigenvalue of the perturbed

quaternionic matriz pencil Ly + ALy € Ly(M,,(H)), then

. . — < Pfl —1 E ,
oin =l < P 1R 1

where (Ly + AL )X := (A+ AA)+ A(B+ AB) and E := pVUap — Yaa.

Proof. If u € A4(Ly), then the result follows. Assume that p ¢ Ag(L;). Since p €
As(Ly + ALy), there exists 0 # = € H" such that

(A+ AA)x = (B+ AB)zp.
This system is equivalent to the complex system
\I/A+AA¢1 - N\IJB+AB¢36

(Wa—p¥p)Y, = (W¥ap — Yaa),

OI]PDQ - N‘I’Pan)Qﬁz = (u¥ap — Vaa)t,
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Up(¥p — /szn)‘I’me = (u¥ap — Van)Y,
(Up — pudon) VoW, = U5 (uWap — Wau)t,
Vot = (Up — pulon) W5 (Wan — Waa) Vo' (Vo).

Taking the matrix 2-norm on both sides, we have

1qualla < 1D — plan) 2 15 12 (1P ar — Taa)llz 195 2 [Pl

1 1
v o {ot I lan — an)le 106!
weno(@) e — ol [m—pl J 77 “
By Lemmas 1.13 and 6.1 and putting £ := pWap—VYa 4, we have the following expression.
1
1< — P72 1Q7 2 £l
miny, en, ) {|m — pl}

min {[u; — pul} <[P 1Q7 2 [ Ello. ™
pi€As (L)

Numerical Examples: Here, we give some numerical examples to illustrate our results.

Example 6.28. Let us consider a quaternionic matrix

2 -2 j+k
A=|-kx 2 -1
i 1-i 1

Then the complex adjoint matrix of A is

21 0 0 0-2 1+i |

0 2 1 =i 0 0

0 1—i 1 1 0 0
U, =

0 2 —14i -2 0 0

i 0 0 0 |

10 0 0 1+i 1|

Since the complex adjoint matrix W 4 is diagonalizable, from Theorem 1.12, the matrix A
is diagonalizable. The standard right eigenvalues of A are 1,1 4 1i and 1 4 i. Hence from
Theorem 1.32, there is an invertible quaternionic matrix Y such that
14+i i i
Y=1j j o0
-k -k —j
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Here Aj(A) = {1,1 + i}, where 1 +1i is with multiplicity 2. Then

Y 'AY = diag(1,1 +i,1+1).

0 00
Suppose a perturbation matrix AA= [0 0 ¢|.Takee = 1071 Then
€ € €
2i 9 j+k
A+AA=| —k 2 —1+e
—j+e 1—i+e 1+e€

Therefore |AA|s = ey/(14+v/2) and A (A+AA) = {1+1.0001i, 1.0001+0.9999i}, where
1 4 1.0001i is with multiplicity 2. The condition number of the quaternionic matrix Y is

K5(Y) = 10.2193 and

i A — = inf i — = 0.0001.
)\igll\lsr(lA){’ pl} m-eAr(A),lgéAr(A-l-AA){m 3
1 i -j k |
. - . i 1 -2k
Example 6.29. Consider a quaternionic matrix A = . Then the
j 2k 7 —i
-k —j i 1]
complex adjoint matrix of A is
(1 i 0 0 0 0 -1 i
i 1 0 O 0 0 2—-i1
o o0 7 —-i 1 2 0 0
0 0 i 1 —-i -1 0 0
Uy =
0o 0 1 i 1 i 0 0
0 0 -2 -1 —i 1 0 0
-1 2 0 0 0 O 7 i
-1 0 0 0 0 —i 1]

The set of standard right eigenvalues of A is
Ay(A) ={-1,1,2,8}.

Since ¥ 4 is Hermitian, from Theorem 1.12, A is Hermitian. Also from Theorem 1.29, the
matrix A is unitarily diagonalizable, i.e., UP AU = diag(—1,1,2,8), where U € M, (H)
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is an unitary matrix. Since A is Hermitian, so As;(A) = A,(A). Consider a perturbation

matrix
[0 0 0 0] [ 1 i - k|
0 0 0 € 4 i 1 -2k j+e
AA = .Takee = 107°. Then A + AA =
0 0 € € j 2k TH4e —iHe
€ € € €] |—k+e¢ —j+e it+e 1+¢€ |

Therefore ||AAl|2 = 0.0024 and
As(A+ AA) = {1.0003 + 0.0001i, 2.0005 + 0.0005i, —0.9997 + 0.00034i, 8.0009}.

Since the matrix A is unitarily diagonalizable, K5(Y') = 1. Moreover, it is clear that A is

also a central closed as well as a normal matrix.

Example 6.30. Define t, := 2i, t; := j, t2 := k. Then from [42], the quaternionic

Vandermonde matrix is defined as

1 1 1 1 1
A= to t1 ta| = | 21 j k
21t -4 -1 -1

The complex adjoint matrix of A is

1 1 1 0 0 0
260 0 0 1 i
4 -1 -1 0 0 0
Uy =
0 0 0 1 1 1
0 -1 i -2 0 0
0 0 0 -4 -1 -1

The eigenvalues of ¥ 4 are 0.80144-1.70007i, 0.8014—1.70007i, —0.4552+1.9952i, —0.4552—
1.9952i, —0.3462 + 1.0469i, —0.3462 — 1.0469i. Hence the complex adjoint matrix W, is
diagonalizable. Then from Theorem 1.12, A is diagonalizable. The set of standard right
eigenvalues of A is given as Ag(A) = {0.8014 + 1.70007i, —0.4552 + 1.9952i, —0.3462 +
1.0469i}. Then there exists an invertible matrix Y € M, (H) such that

Y LAY = diag(0.8014 + 1.70007i, —0.4552 + 1.9952i, —0.3462 + 1.0469i).
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Suppose a perturbation matrix

00 0 N
AA= 10 0 0|.Takee =102 Then A+ AA = 2i J k
e 0 € —44+e -1 —1+4¢€

Therefore [|AA|]; = 1.4 x 1073 and
Ay(A+ AA) = {0.8016 + 1.7009i, —0.4549 + 1.9950i, —0.3457 + 1.0470i}.

The condition number of the invertible matrix Y is K»(Y) > 1. Also

in {|\ —puly= inf . — £} = 0.0002.
A1_3151({4)“ ol O {Im: = &I}
EeA(AF+AA)

Fo(V)||AA|l, > 0.0014.
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CHAPTER 7

CONCLUSIONS AND SCOPE FOR FUTURE WORK

We have derived localization theorems for the left and right eigenvalues of a quaternionic
matrix. In particular, we have presented the Gerschgorin, Ostrowski, and Brauer type
theorems for the left and right eigenvalues of a quaternionic matrix. Thereafter we have
given a sufficient condition for the stability of a continuous-time quaternionic system.
Furthermore, we have derived bounds/location of zeros of quaternionic polynomials.

We have developed various properties of a quaternionic matrix pencil. We have derived
localization theorems for generalized right eigenvalues of a quaternionic matrix pencil and
their applications.

The definitions of the left and right eigenvalues of quaternionic matrix polynomials
have proposed. We have given a sufficient condition for the stability of a discrete-time
quaternionic system. We have presented bounds for the absolute values of the left and
right eigenvalues of quaternionic matrix polynomials and illustrated for the matrix p-norm,
where p = 1,2, 00, and F (Frobenius).

Next, we have developed the concept of perturbation bounds for right eigenval-
ues/generalized right eigenvalues of a quaternionic matrix/quaternionic matrix pencil. In
particular, Bauer-Fike type theorems for right eigenvalues/generalized right eigenvalues
of a diagonalizable quaternionic matrix/diagonalizable quaternionic matrix pencil have
derived. We have provided a relative perturbation bound for right eigenvalues of an in-
vertible diagonalizable quaternionic matrix. We have discussed perturbation bounds for
the zeros of quaternionic polynomials.

Finally, we have given the perturbation theory on matrices and polynomials over the
skew field of quaternions. Specifically, the Bauer-Fike type theorems for right eigenval-
ues/generalized right eigenvalues of a diagonalizable quaternionic matrix/diagonalizable
quaternionic matrix pencil have derived. In addition, perturbation bounds for right eigen-
values of a quaternionic matrix are discussed via block diagonal decomposition and Jordan

canonical form of a quaternionic matrix. The location of right eigenvalues of a quaternionic



matrix and a sufficient condition for the stability of a perturbed quaternionic matrix have
given. We have introduced perturbation bounds for zeros of quaternionic polynomials.
In the future work, we extend some of the localization theorems of Chapter 2 for the
left and right eigenvalues of quaternionic block matrices. Another open question is inves-
tigate modified Gerschgorin and Ostrowski balls for the zeros of quaternionic polynomials
by applying the localization theorems (proved in Chapter 2). One can think about the
backward error for right eigenvalues and right eigenvector of structured quaternionic ma-
trix polynomials. Bauer-Fike type theorem for quaternionic matrix polynomials is left for
future investigation. As we have developed a general framework for quaternionic matrices
and quaternionic matrix polynomials. Consequently we can be extended many results

from the complex field to the skew field of quaternions.
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APPENDIX-A

In this appendix, we find the powers of quaternionic companion matrices. Substituting

t = 2 in Theorem 2.35, we have the following expressions:

2 m—2
m—2 | 0 1 C,(m,1:2 — —
Cgl = , where C' = n ) = 0 N
C D C,?l (m,1:2) dm-190 dm-1491 — 4o
and
D Cp(m,3:m) - —42 —q3 e —Gm-1
C2 (m,3:m) Gm-1G2 = @1 Gm-1G3 — @1 -+ (Gm-1)> = Gm—2
2 m—2
m—2 | 0 1 Cs(m,1:2 —qo —q1
C’;l , where C' = nl ) = o o
2 ¢ D C;%'l(m? L: 2) qm—-1 9 Gm-1 @1 — Qo
and
D o_ Cp(m,3:m)| —@ ) —Gm-1
ngil (m7 3: m) Gm—1 92— @ Gnu-1qG—q .. (Qm—1)2 — gm-2
2 m—2
m—2 0 1 —q;! —qgt —
C’; = , where C' = IQO . ) qi) fm=1 )
2 | C | D db O o Ny Im—1 — do
and
D - o G2 e 4o '@
W% 0% G2 — @0 Gm1 - (@0 1) — @
2 m—2 — —
_q_ _q_ qm—1
9 m—2 0 I 0 0
C; = , where C' =
2 C D

o'aw' o'aa o —q!



and

— 4o Gm—2 . —¢5 ' ¢

2
@&'a @ Gz — G G - (qo_lql) — 45 '@

By Theorem 2.37 for ¢t = 2, we obtain the following expressions:

m—2 2
o 2 0 C
Pr ?
m—2 [ D
where
—q qoqm—
C=|c,(1:2,m) C2(1: 2,m)] — |
—q1 q19m-1 — Qo
and

—q2 q29m-1 — 1
—q3 q3q9m—-1 — g2

—qm-—1 (Qm71)2 - Qm72_

m—2 2
2 0 C —0 G0 G
C;T = , where C' = o 1o fm=1 and
m—2 I D —ﬁ ﬁ qm—1 — %

2 @2qm-1—qQ

D — —?3 q3 me.l — Q2

—Adm-1 (qm—l) — dm—2
m—2 2

2 0 C —qt . -1

qur = , where C' = T . %1 Q1q01 ) and
m—2 | [ D —Gm-199 " Gm-190 0199 — Go
—Gm—20y" Gm-200 Oy — Gm-140 "

D = :

—qqp (150 ") — q200 "
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C?

qr

2

—q5! o ag’

2 0 C
, where C' =
m—2 [ D
—Gm—20) " Gm—20 " 014y — Gm-14y
=) 1 2 1
—q19 <(J1qO ) — 429,

141

10 GGy Gy — o

and
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APPENDIX-B

In this appendix, we find the powers of the quaternionic block companion matrices C',

and Cyg. Hence from Theorem 5.31 for ¢ = 2, we have the following expressions:

2n n(m—2)
n(m—2 0 I C m, 1:¢ —Vi %
Cl = (=2 , where C' = vl ] = 0 !
2n C D Cim,1: VieiVo VinaaVi — Vo
Cylm,t+1:m -V -V Vi
and D = vl ] = ? 2 !
Cilm,t+1:m)] VineitVo = Vi Vi1 Vs — V5 V2 =V
Also we have
2n n(m—2)
n(m—2 0 1 Cglm,1:t S, — S
C: = =2 , where C' = sl | = !
2n C D Cg[m, 1: t] SlSm SlSm_l — Sm
Csm,t+1:m —S_ — S -5
and D = 51 | = ? ° !
C’g[m, t+ 1: m] Slsm_g — Sm—l Slsm_g - Sm_g e 512 — SQ
Now the powers of C, and Cg are given as follows.
0 0 I, 0 0 0 I, 0
C:=1| o 0 0 ... I, andC%:= | 0 0 0 R
_Vb _‘/1 _‘/2 e T Vm—1 _Sm —Om—1 “TOm-2 .- _Sl
Uy Ui Uy ... Upn Ly Lo Lm—o ... L1

where Uj = Vm,1% — V},l and [’j+l = Slsj+1 — Sj+2, j = O, 1, oo, — 1 with V,1 =
Smi1 = 0. Define

U= Uy U oo Unt|s £= Lo Lor oo L]



144



BIBLIOGRAPHY

Adler S.L., (1995) Quaternionic Quantum Mechanics and Quantum Fields, Oxford
Press, New York.

Aslaksen H. (1996), Quaternionic determinants, Math. Intell., 18, 57-65.

Baker A. (1999), Right eigenvalues for quaternionic matrices: a topological approach,
Linear Algebra Appl., 286, 303-3009.

Bini D.A., Noferini V., Sharify M. (2013), Locating the eigenvalues of matriz poly-
nomials, STAM J. Matrix Anal. Appl., 34(4), 1708-1727.

Brenner J.L. (1951), Matrices of quaternions, Pacific. J. Math., 1, 329-335.
Bunse-Gerstner A., Byers R., Mehrmann V. (1989), A quaternion QR algorithm,
Numer. Math., 55, 83-95.

Chu E.K.-W. (2003), Perturbation of eigenvalues for matriz polynomials via the
Bauer-Fike theorems, SIAM J. Matrix Anal. Appl., 25(2), 551-573.

Conway J.H., Smith D.A., (2002) On Quaternions and Octonions: Their Geometry,
Arithmetic, and Symmetry, A K Peters, Natick.

Farenick D.R., Pidkowich B.A.F. (2003), The spectral theorem in quaternions, Lin-
ear Algebra Appl., 371, 75-102.

Gohberg 1., Lancaster P., Rodman L., (1982) Matriz Polynomials, Academic Press,
New York.

Golub G.H., Van Loan C.F.; (1996) Matriz Computations, Third ed. The Johns
Hopkins University Press, Baltimore, MD.

Gordon B., Motzkin T.S. (1965), On the zeros of polynomials over division rings,
Trans. Amer. Math. Soc., 116, 218-226.

Hankins T.L., (1980) Sir William Rowan Hamilton, The Johns Hopkins University

Press, Baltimore.



[14]

[19]

[20]

[21]

[22]

[27]

Hassan M.A., (2004) Inequalities and bounds for the zeros of polynomials using
Perron-Frobenius and Gerschgorin theories, Proceedings of American Control Con-
ference, Boston, Massachusetts, 3, 2745-2750.

Higham N.J., Tisseur F. (2003), Bounds for eigenvalues of matrix polynomials, Lin-
ear Algebra Appl., 358, 5-22.

Horn R.A., Johnson C.R., (1985) Matriz Analysis, Cambridge University Press,
Cambridge.

Horn R.A., Zhang F. (2012), A generalization of the complex Autonne-Takagi fac-
torization to quaternion matrices, Linear Multilinear Algebra, 60, 1239-1244.
Huang L., So W. (2001), On left eigenvalues of a quaternionic matriz, Linear Alge-
bra Appl., 323, 105-116.

Janovska D., Opfer G. (2010), A note on the computation of all zeros of simple
quaternionic polynomials, STAM J. Numer. Anal., 48(1), 244-256.

Janovska D., Opfer G. (2010), The classification and the computation of the zeros
of quaternionic, two-sided polynomaials, Numer. Math., 115, 81-100.

Jiang T. (2005), Algebraic methods for diagonalization of a quaternion matriz in
quaternionic quantum theory, J. Math. Phys., 46, 052106.

Junliang W., Limin Z., Xiangping C., Shengjie L. (2008), The estimation of eigen-
values of sum, difference, and tensor product of matrices over quaternion division
algebra, Linear Algebra Appl., 428, 3023-3033.

Kalantari B. (2013), Algorithms for quaternion polynomial root-finding, J. complex-
ity, 29, 302-322.

Kamberov G., Norman P., Pedit F., Pinkall U.; (2002) Quaternions, Spinors, and
Surfaces, Contemporary Mathematics, Amer. Math. Soc., 299, Province.

Kostic V., Cvetkovic L.J., Varga R.S. (2009), Gersgorin-type localizations of gener-
alized eigenvalues, Numer. Linear Algebr. Appl., 16(11-12), 883-898.

Kuipers J.B., (2002) Quaternions and Rotation Sequences: A Primer with Applica-
tions to Orbits, Aerospace, and Virtual Reality, Princeton University Press, Prince-
ton.

Lee H.-C. (1949), Eigenvalues and canonical forms of matrices with quaternion co-

efficients, Proc. Roy. Irish Acad. Sect., 52A, 253-260.

146



[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Leo S.D., Ducati G. (2001), Quaternionic differential operators, J. Math. Phys., 42,
2236-2265.

Leo S.D., Ducati G. (2003), Solving simple quaternionic differential equation, J.
Math. Phys., 43, 2224-2233.

Leo S.D., Ducati G., Leonardi V. (2006), Zeros of unilateral quaternionic polyno-
mials, Electron. J. Linear Algebra, 15, 297-313.

Leo S.D., Scolarici G. (2000), Right eigenvalue equation in quaternionic quantum
mechanics, J. Phys. A, 33, 2971-2995.

Leo S.D., Scolarici G., Solombrino L. (2002), Quaternionic eigenvalue problem, J.
Math. Phys., 43(11), 5815-5829.

Liping H. (1996), The matriz equation AXB-GXD =E over the quaternion field,
Linear Algebra Appl., 234, 197-208.

Loring T.A. (2012), Factorization of matrices of quaternions, Expo. Math., 30(3),
250-267.

Mehrmann V., Xu H. (1996), An analysis of the pole plecement problem 1. The
single-input case, Electron. Trans. Numer. Anal., 4, 89-105.

Mehrmann V., Xu H. (1997), An analysis of the pole placement problem 1I. The
multi-input case, Electron. Trans. Numer. Anal., 5, 77-97.

Melman A. (2013), A single oval of Cassini for the zeros of a polynomial, Linear
Multilinear Algebra, 61(2) ,183-195.

Melman A. (2013), Generalization and variations of Pellet’s theorem for matriz
polynomials, Linear Algebra Appl., 439, 1550-1567.

Mukundan R., (2002) Quaternions: From classical mechanics to computer graphics,
and beyond, In Proceedings of the 7th Asian Technology Conference in Mathematics.
Nebe G. (1998), Finite quaternionic matriz groups, Represent. Theory, 2, 106-223.
Niven I. (1941), Equations in quaternions, Amer. Math. Monthly, 48, 654—661.
Opfer G. (2009), Polynomials and Vandermonde matrices over the field of quater-
nions, Electron. Trans. Numer. Anal.; 36, 9-16.

Pereira R., (2006) Quaternionic Polynomials and Behavioral Systems, PhD Thesis,
University of Aveiro.

Pereira R., Rocha P. (2008), On the determinant of quaternionic polynomial matri-

ces and its application to system stability, Math. Methods Appl. Sci., 31, 99-122.

147



[45]

[46]

[47]

[48]

[50]

[51]

[52]

[53]
[54]

[55]

[56]

[57]
[58]

[59]

[60]

[61]

Pogorui A., Shapiro M. (2004), On the structure of the set of zeros of quaternionic
polynomials, Complex Var. and Elliptic Funct., 49, 379-389.

Rodman L. (2007), Canonical forms for mized symmetric-skewsymmetric quater-
nion matriz pencils, Linear Algebra Appl., 424, 184-221.

Rodman L. (2008), Pairs of hermitian and skew hermitian quaternionic matrices:
canonical forms and their applications, Linear Algebra Appl., 429, 981-1019.
Rodman L. (2012), Stability of invariant subspaces of quaternion matrices, Complex
Anal. Oper. Theory, 6(5), 1069-1119.

Rodman L., (2014) Topics in Quaternion Linear Algebra, Princeton University
Press, Princeton (NJ).

Serodio R., Pereira E., Vitéria J. (2001), Computing the zeros of quaternion poly-
nomials, Comput. Math. Appl., 42, 1229-1237.

Shi X., Wei Y. (2012), A sharp version of Bauer-Fike’s theorem, J. Comput. Appl.
Math., 236, 3218-3227.

So W. (2005), Quaternionic left eigenvalue problem, Southeast Asian Bull. Math.,
29, 555-565.

Study E. (1920), Zur Theorie der linearen Gleichungen, Acta Math., 42, 1-61.
Tisseur F., Higham N.J. (2001), Structured pseudospectra for polynomial eigenvalue
problems with applications, STAM J. Matrix Anal. Appl., 23(1), 187-208.

Took C.C., Mandic D.P. (2011), Augmented second-order statistics of quaternion
random signals, Signal Processing, 91, 214-224.

Took C.C., Mandic D.P., Zhang F. (2011), On the unitary diagonalisation of a
special class of quaternion matrices, Appl. Math. Lett., 24, 1806-1809.

Varga R.S., (2004) Gersgorin and His Circles, Springer, Berlin.

Ward J.P., (1997) Quaternions and Cayley Numbers, Mathematics and Its Applica-
tions, Kluwer Academic Publishers, Dordrecht, the Netherlands, 403.

Wolff L.A. (1936), Similarity of matrices in which the elements are real quaternions,
Bull. Amer. Math. Soc., 42, 737-743.

Wu J.L. (2008), Distribution and estimation for eigenvalues of real quaternion ma-
trices, Comput. Math. Appl., 55, 1998-2004.

Zhang F. (1997), Quaternions and matrices of quaternions, Linear Algebra Appl.,
251, 21-57.

148



[62] Zhang F. (2007), Gersgorin type theorems for quaternionic matrices, Linear Algebra
Appl., 424, 139-155.

[63] Zou L., Jiang Y., Wu J. (2012), Location for the right eigenvalues of quaternion
matrices, J. Appl. Math. Comput., 38, 71-83.

149



