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ABSTRACT

This thesis in six chapters develops an efficient wavelet operational matrix approach
for solving various types of nonlinear partial differential equations and partial integro
differential equations. While operational matrix wavelet methods have been studied earlier
by Celik, Hariharan, Lepik, Mittal, Ray, Razzaghi, Rehman, Siraj, Yin, Yousefi and many
others, our work majorly concentrates on discretizations exclusively based on wavelet
methods associated with quasilinearization including differential and integral equations
with more than two variables. This thesis also contributes theoretically an interesting
unification of quasilineariztaion and independent existence and uniqueness theorems for

g-initial and ¢-boundary value problems.

To make the thesis self-contained, Chapter 1 gives a brief introduction to the basic
concepts of wavelets and its development as a powerful tool in the area of numerical anal-

ysis. A short literature survey is also done to demonstrate its demand and effectiveness.

Chapter 2 deals with numerical methods based on quasilinearization Haar wavelets
and Legendre wavelets to solve a class of semi-linear parabolic initial boundary value
problem. Through an appropriate illustration of the numerical scheme, it is shown that
the proposed scheme is robust and easy to apply. This chapter also provides an interesting

unification of quasilinearization in the abstract space setting.

Two different approaches based on Haar and Legendre wavelets are studied in Chap-
ter 3 to solve a class of two dimensional parabolic integro-differential equations that arises
in nuclear reactor models and population models. A comparative numerical study is done

to show the efficiency of the proposed schemes.



In the first part of Chapter 4, new numerical techniques are proposed for solving
nonlinear Klien/ Sine Gordon equation with initial and boundary conditions. The quasi-
linearization technique is carefully combined with Chebyshev and Legendre wavelet based
collocation methods and numerical results obtained suggests that the proposed scheme is
better than the methods available in the recent literature. The last and second part of
this chapter, extends the previous section to a coupled sine-Gordon equation with initial

and boundary conditions.

Chapter 5 is a new attempt to solve a fourth order elliptic equations with nonlocal
boundary conditions by coupling with two iterative procedures including quasilineariza-
tion and Legendre wavelets. The efficiency of the proposed scheme is illustrated through

a comparative numerical study with the literature.

The existence and uniqueness theorems for a ¢—initial and ¢—boundary value prob-
lem is obtained in Chapter 6 using classical Newton’s method. A Legendre wavelet
technique is proposed to solve the equations numerically that produces higher accuracy

and is straightforward to apply.

KEYWORDS: Chebyshev wavelet, Collocation method, Coupled sine-Gordon equation,
Fisher equation, Haar wavelet, Huxley equation, Initial boundary value
problem, Klein-Gordon equation, Legendre Wavelet, Monotone iterative
technique, Newell - Whitehead - Segal equation, Parabolic partial differ-
ential equation, Partial integro-differential equation, g-boundary value
problem, g-initial value problem, Quasilinearization, Sine-Gordon equa-

tion.
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CHAPTER 1

INTRODUCTION

1.1. Literature on wavelets

In the field of applied mathematics, wavelets turned out to be a recent revolutionary
advancement. It was initially found in the areas of digital signal processing and geophysics
and was considered to be an efficient alternative to the classical Fourier analysis on a later
stage. Arens, Daubechies, Fourgeau, Giard, Grossmann, Mallat, Meyer and Morlet are
some who contributed during its initial developments. Wavelets appeared in diverse fields
such as signal processing, image processing, quantum mechanics, fractals and numerical
analysis [102]. Referring to its wide applicability in computer imaging, animation and
encoding fingerprint databases, its future in the areas like breast cancer diagnosis, weather

prediction and internet traffic description can be highly anticipated [43].

It was in 1990s that wavelets gained its attention in the area of numerical analysis
[88]. One of the major areas in numerical analysis is developing numerical techniques to
solve nonlinear differential equations. Nonlinear differential equations frequently appear
in mathematical modeling to resolve problems that commonly arise in the field of business,
engineering, science and technology. Even after giving consideration to the qualitative and
quantitative properties like existence and uniqueness, it is rarely possible to derive the
explicit solutions for these nonlinear differential equations. Developing numerical schemes
to find approximate solutions of nonlinear equations is one of the most important research
area in mathematics. Numerical methods can be broadly classified into two groups; say

methods that

e approximate corresponding governing equations. Example: Finite difference type

schemes.



e approximate solution and then substitute it into the equations. Example: Spectral

methods.

In recent years, developing efficient numerical techniques for various types of differential
equations using wavelets have attracted several researchers. This is due to the following

reasons:

e The favorable properties such as orthogonality, multiresolution analysis, vanishing
moment and compact support.

e Accuracy in approximations of functions and operators.

e Development of operational matrices of integration and differentiation associated
to each wavelets. This simplifies implementation of numerical (wavelet) schemes

considerably.

In contrast to the spectral methods, basis elements of wavelet based methods combine
the advantages of being infinitely differentiable yet having small compact support. Con-
sequently, wavelet based methods not only have spectral accuracy but also have good
localization. Thus the differentiation and integration matrices of the spectral collocation
are dense, while they are sparse in the case of wavelet approximation. Developing numer-
ical solution of differential equations via wavelet is based on one of the following three

approaches [100]. Approximating the unknown solution of the differential equation

e by suitable known function and its translation called scaling function [79].
e by suitable known function and its dilation as well as translation known as “wavelets”
[87].

e by wavelet transform instead of scaling function or wavelets [60].

The following subsections provide a short literature review on the recent developments
of differential equations based on various types of wavelets. [43, 44, 88| and [100] provide
reviews on wavelet based schemes that are available in the literature. Though there are

many aspects of wavelets like Wavelet-Galerkin method that are used to solve differential

2



equations, the following subsections concentrate only on methods based on operational

matrices.

1.1.1. Haar Wavelet

One of the simplest wavelets ever introduced is Haar wavelet which was used by Alfred
Haar in 1910 [43]. The Haar wavelet family on the interval [0, 1) is a collection of functions

{hi(z) : 1 € N} defined by

1 ifze|0,1)

0  otherwise
and

1 ifzel0,?)
(1.2) ho(z) = ¢ -1 ifze[},1)

0 otherwise.

Rest of the members in Haar wavelet family are defined on subintervals of [0,1) by

1 ifzé€ln,f)
(1.3) hi(x) =4 —1 ifx€[B,7)

0 otherwise,

where o = £ 5 = 8805 o = MLy — 23 2M, m =21, j =0,1,...,J, is the dilation
parameter and k£ = 0,1, ..., m — 1, is the translation parameter. The relation between i, m
and k can expressed as ¢ = m + k + 1. J denotes the maximal level of resolution. It is
interesting to observe that other than the scaling function hq, all the remaining wavelets
are generated from the mother wavelet hy(x) by the operations of dilation and translation.
The Haar wavelet functions are orthogonal to each other, i.e.,

0 ifisj

5 ifi=j.

(1.4) /0 hi(x)h;(z)dx =

The Haar wavelets’ operational matrix of integration was first derived by Jin-Sheng

Guf and Wei-Sun Jiang [36] and its applicability was demonstrated by solving a linear
3



time invarying system

(1.5) 0.252—1; S —

where u(t) is the unit step function and y(0) = 0. Later the most followed Haar wavelets’
operational matrix was developed by C.F. Chen and C.H. Hsiao [24] for systematically
handling lumped and distributed-parameters dynamic systems. This technique was fur-
ther extended by U. Lepik [81] to solve higher order ordinary differential equations with
initial and boundary conditions which was also used to solve a linear heat equation.
In [82], Haar wavelet was expanded for solving a nonlinear ordinary integro-differential
equation. By discretizing space domain completely by wavelets and time domain by finite
difference, various parabolic and hyperbolic partial differential equations were studied ex-
tensively by several researchers including Lepik [81], Mittal [104], Siraj [58], Hariharan
[48], Celik [23], Esen [111]. It has to be noted that authors generally assumed even the
terms with order greater than that of the highest derivative term [8, 59, 85, 151, 171]
in the governing equation to be belonging in L?[0,1] space. But it is shown in [10], to
get better accuracy it is sufficient to assume only up to highest derivative term in the
governing equation need to in L?[0, 1]. Availing block pulse function, the operational ma-
trix for fractional integration was obtained by J. Wu and C. Chen in [173] and was used
for solving fractional order differential equations. Some interesting Haar wavelet methods
were employed in [8, 9, 55, 74, 83, 84, 122, 130, 137, 138, 149, 170, 171, 191] to
deal with various other types of equations. The applicability of Haar wavelet techniques
was further enlarged by handling irregular domains [191], singular differential equations
[66] and problems arising from stochastic calculus [105] also. See [43, 44] for the review

articles on various developments of Haar wavelet based numerical techniques.

1.1.2. Legendre Wavelet

Though Haar wavelets are very simple and easy to implement, more members from
its family are required to approximate smooth functions efficiently. Wavelets based on

orthogonal polynomials were then utilized by researchers to overcome this drawback of

4



Haar wavelets. One of such wavelets that was very frequently used in the literature was

Legendre wavelets.

The Legendre wavelet family on the interval [0, 1] can be defined using the well known
Legendre polynomial L,,(z) defined on [—1, 1], where m denotes the degree of the poly-

nomial. The Legendre wavelets family is given by

MIE

m+ 3

sLn(2bz —n) if x e [, B

(1.6) Pmn() =

2
0 otherwise,

where m,n,k € N, n =1,2,...2¥ 1 and 7 = 2n — 1. The following well known recurrence

relation is used to find the Legendre polynomials. For m =1,2,3,...

(1.7) Lo(@) = 1, Li(z) =z
(1.8) Lona(z) = (ngjll)mm(x)—(ml“> Lons(2).

The above (1.6) also can be written as a more simplified form
m+ 3L,(2%z —n) ifze ["2—21, ”2—421)

2
0 otherwise,

where n = 1,2,---281 m = 0,1,2,--- and i = n + 2*'m. Using the orthogonal
property of Legendre polynomial it is easy to verify that the Legendre wavelets family
form an orthonormal basis for L?(0,1). Consequently, any square integrable function f(z)

can be approximated as

N
(1.10) flz) =) ahi(z) = ATU(2),
i=1
where A and ¥(z) are N = (28"1M) column vectors with AT = [a3,ay...,ay] and
UT(x) = [Y1(x),¥2(2) ..., ¥n(z)]. Using the operational matrix of integration, one can

approximate the indefinite integral of the vector ¥(z) as

(1.11) /x\IJ(t)dt ~ PU(z),

5



where P is an operational matrix of integration that can be explicitly represented as

L F F F
O L F F
P = : O L F
F
O O ... O L
L 4 NxN
with
_ 1 _
1 e 0 0 0 0
V3 V3
-2 0 E 0 0 0
V5 V5
0 -3 0 % 0 0 0
_ VT
L= 0 0 —7 0 ,
0 —__Vv2M-3 0 __VeM-3
(2M —3)v2M -5 (2M—3)v2M -1
0 0 ——v2MZl 0
i (2M—1)v2M—3 IEYIY:
2 0 0 0 00 O 0
00 0 ... 0 00 O 0
F=| o and O =
00 ... 0 O 00 ... 0 O
L d MxM L d MxM

The pioneer work using Legendre wavelets’ operational matrix for integration was led
by M. Razzaghi and S. Yousefi [133, 135] by solving the linear time invarying system (1.5)
and Bessel differential equation. Subsequently, M. Razzaghi and his collaborators handled
various types of differential equations arising from radiative transfer [131], optical control
problems [132, 134], variational problems [135] and Volterra-Fredholm integral equations
[17, 180] using Legendre wavelets. By discretizing time domain using finite difference
and approximating space domain using Legendre wavelets, various partial differential
equations were solved in [58, 95, 122, 179]. By deriving Legendre wavelets’ operational
matrix for classical derivative, F. Mohammadi and M. M. Houseini [106] solved two point
boundary value problems. Later the Legendre wavelets’ operational matrix for fractional

derivatives was derived by F. Mohammadi, M. M. Hosseini and S. T. Mohyud-Din [107]
6



to solve Bagley-Torvik boundary value problem. Depending on the operation matrix
of differentiation for Legendre wavelets, F. Yin, J. Song and F. Lu [177] introduced a
technique to solve the Sine-Gordan equation with initial condition by approximating both
space and time domains by Legendre wavelets. This was achieved by suitably coupling
Legendre wavelet with Laplace transform. Later Hariharan et. al.[42, 46, 125] applied

this approach to different types of parabolic initial value problems.

As in the case of Haar wavelets, it is interesting to note that some authors consider
all the terms involved in the given governing equation to fall in L?[0,1] space [10, 51]
whereas some assume even the higher order terms to belong in that space [49, 53, 176].
Usually the methods based on the first approach produce better accuracy. Different
types of well known partial differential equations were successfully handled by various re-
searchers including advection problems [161], Allen-Cahn equation [42], Burgers Poisson
equation [178], Cauchy problem [165], Convective-diffusive fluid problem [4], diffusion
equation [58, 176], oscillatory elliptic boundary value problem [10], film- Pore diffu-
sion model [41, 121], Fisher’s equation [95, 125, 169], Fitzhugh-Nagumo equation[47],
inverse problem [122], Helmoltz equation [10], Huxley equation [169], Klien Gordon
equation [168, 177, 179], Newwell-Whitehead equation [42, 169], Poisson’s equation
[10, 176], reaction-diffusion equation [46, 95|, regular long wave equation [178] and
Sine-Gordon equation[168, 179]. By employing different approaches using Legendre
wavelets, research workers also treated various other equations like partial differential
equations with complex coefficients [52], stochastic differential equations [54], Fredholm
1, 17, 35, 64, 96, 97, 98, 101, 143, 144, 163, 180, 184, 190] and Volterra integral
equations [7, 16, 17, 50, 97, 101, 143, 145, 152, 162, 164, 180, 182, 190] and
integro-differential equations of Fredholm [64, 101, 143] and Volterra [7, 16, 50, 101,
143, 152, 162, 164] types.

1.1.3. Chebyshev Wavelet

One of the wavelets that was studied as an effective alternative for Legendre wavelets

in the literature is Chebyshev wavelets. The Chebyshev wavelet family on the interval
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[0, 1] is defined by

[\o}
[

anT (2kx —n) if e [,
R N

e}

otherwise,

where

1 form=20

V2 m >0

ayy =

and 7}, denotes the Chebyshev polynomial of degree m with m,n,k € N, n =1,2,...2F1,

n=2n—1,m=0,1,2,--- and i = n+2*"1m. Clearly the orthogonal property of Cheby-
shev wavelets family guarantees that it forms an orthogonal set in L?(0,1). Consequently,

any square integrable function g(x) can be approximated as
Ny

(1.12) g(x) =Y bihi(x) = B (x)
i=1

where B and ¥(z) are Ny = (2¥"1M) column vectors with BT = [by,by...,by,] and
UT(z) = [1(x), () ..., YN, (z)]. The indefinite integral of the vector ¥(z) can be

approximated as

(1.13) / " W(t)dt = PU(x)

using the operational matrix of integration P of Chebyshev wavelets given by

_L F F F-
O L F F
P = O L F
F
_O o ... O L-N1><N1



with

1
1 7 0 O 0 0
V2 1
I 0 3 0 0 0
V2 1 1
L=2* : R . :
V2 (=Dt (=t 1 1
T( r—1 41 ) 0 0 ... T 2(r—1) 0 2(r—1)
2 1 M-—2 —1 M
i é((z\/f)—z _(M) ) 0 0 0 _m 0 4 mrxom,
[ 2 0 ... 0]
0 0 .0 B 7
L 0 0 00 O 0
3
i ] ) _ 0 0 O 0
F=2 : ol and O =
V2 1=ttt 1—(—1)“1) 0 0
2 (o -t 00 .. 00
L d MxM
V2 1=(=D)M 1 (M2
RG-S 0 o)

forr=2,3,...M — 1.

E. Babolian and F. Fattahzadeh were the ones who proposed a new numerical method
for Bessel differential equation of order zero with Chebyshev wavelets [11, 12]. In the
literature, many researchers solved different types of differential equations with Cheby-
shev wavelet methods in the same way as that of Legendre wavelet methods. Fractional
order delay differential equations [139], fractional fifth-order Sawada—Kotera equation
[38], fractional order nonlinear integro-differential equation [139], fractional pantograph
equation[139], fractional Volterra- integro differential equation [139], Fredholm differ-
ential equation [2, 11], Sine-Gordon equation [38], time-varying delay system [34] and
Volterra integral equation [11] are a few among them. In [34], Ghasami et. al. derived
derivative operational matrix with delay for solving linear time-varying delay system and

[139] proposed a modified Chebyshev wavelet for different types of fractional differential
9



equations including fractional Volterra- integro differential equations. There is no major
difference between Chebyshev and Legendre wavelets in terms of accuracy while solving
differential equations and the order of the error is always same [12, 150]. If the solu-
tion space is polynomial, then one can obtain the desired numerical solution with lesser

coefficients using both Chebyshev and Legendre wavelet methods.

1.1.4. Other Wavelets

Other than the above three wavelets there are many other wavelets in the literature
that are being used by researchers for solving differential equations. Some of the impor-
tant wavelets like Daubechies, Lemarie-Meyers and Mallat wavelets cannot be expressed
in closed form even though they are widely used in various applications. On contrary,
wavelets based on trigonometric functions and orthogonal polynomials like Bernoulli,
CAS, Euler and Gauss Laguerre are very handy when it comes to solving differential
equations due to its explicit representations. In this direction, B. Fischer and J. Prestin
proposed a unified approach for the construction of wavelets based on orthogonal poly-

nomials [33].

Bernoulli wavelet [68]:

Bernoulli wavelet family on the interval [0,1) is defined by

25 Bu(2F ' — ) if o €[5, BEL)

(1.14) Umn(z) = _
0 otherwise
with
B 1 for m=20
Fim(z) = ! Bo(x)  m>0,

\/%m
wheren =1,2,...28~1,m=0,1...M —1and 7 = n— 1. Here 3,,(x) is the well known

Bernoulli polynomial of order m
(@) =3 (7 Jams

10



where «;, © = 0,1... are the Bernoulli numbers. These numbers are a sequence of signed
rational numbers which arise in the series expansion of trigonometric functions and can

be defined by the identity

x N
er—1 - Z azﬁ
i=0
E. Keshavarz et al. derived operational matrix for Bernoulli wavelets [68] from Bernoulli
polynomial for solving fractional order differential equations. Further same wavelet tech-

nique is modified for solving delay fractional optimal control problems [126], Singular

Lane-Emden equation [15] and Volterra integro-differential equation [141, 142].

Cos and Sine wavelet [181]:
S. Yousefi and A. Banifatemi [181] defined CAS wavelet family on the interval [0, 1) as

follows:

2§CASm 2kr —n) ifre[n, ntl
(1.15) Vmn(T) = ( ) # > )
0 otherwise,

where CAS,,(r) = cos(2mnz) + sin(2mnz), n = 0,1,...2" —Tand m = 0,1... M — 1.
Based on the above definition, H. Danfu and S. Xufeng [27] derived operational matrix
of integration for CAS wavelets. [3, 94, 140] are some of the works done by researchers

using CAS wavelets.

Euler wavelet [183]:
Euler wavelet family on the interval [0, 1] is defined by

k—1 =
27 B,(2 e —n+1) ifzre [zl ot
L16) ) = | ) e
0 otherwise,
with
) 1 form =0
Em(ZL’) = 1

—— E,(x) m > 0.
\/% Fams1(0)

Here n = 1,2,...2F — 1, k is assumed to be any positive integer, m is the degree of the

Euler polynomials and E,,(z) is the well known Euler polynomial of order m which can

11



be defined by means of the following generating functions [183]:

11 7nz::() Em —' S| < 7'(').
In particular, the rational numbers £, = 2™E,, ( ) are called the classical Euler numbers.
Also, the Euler polynomials of the first kind for £ = 0,...,m can be constructed from
the following relation:
" /m
Z (k)Ek(x) + Ey(x) = 22™
k=0
where (’g) is the usual binomial coefficient. In [183], the Euler wavelet is first presented

and an operational matrix of fractional-order integration is derived for solving nonlinear

Volterra integro-differential equations.

1.2. Basic results from linear algebra

The major advantage of operational matrices is that they convert differential equations
into set of algebraic equations. Consequently one require certain basic definitions and
results in the matrix theory to handle the resultant algebraic equations. This subsection
provides the basic results from Linear Algebra that are used in the following chapters.

This section is based on the book and one can refer to [154, 159] for more details.

Definition 1.2.1. A m xn matriz A is a linear operator from R™ to R™ and it is denoted

A= (a;;) wherei=1,2,....mand j =1,2,....n

Definition 1.2.2. For two matrices, X,Y of the same dimension, m X n, the Hadamard

product, X oY, is a matrix, of the same dimension as the operands, with elements given
T X

by (XoY)y = (X)W FX=| " ™ andy =" |, then Xov =

To1 T22 Y21 Y22

T11Y11 T12Y12

T21Y21 T22Y22

Lemma 1.2.1. [159, P. 576] Some of the important properties of Hadamard product are

(1)) AoB=BoA
12



(11) Ao(BoC)=(AoB)oC
(1ii) Ao (B+C)=AoB+AoC
(iv) (Ao B)T = AT o BT = BT 0 AT

for any arbitrary matrices A, B and C' of same size.

Definition 1.2.3. Let X be a matriz of size m x n and Y be a p X ¢ matriz. Then the
Kronecker product of X andY is a matriz of size (mp) x (qn) and the matriz is defined by

Y Y - 1,Y
X 2 $21Y iL'QQY : " . l’gnY
mnly anY T xnnY

Remark 1.2.1. Sometimes the Kronecker product is also called as direct product or tensor

product.

Lemma 1.2.2. [154, Section 2.2] Some of the important properties of Kronecker product

are

(i) (tkA)® B=aA® B
(i) (A® B)T = AT @ BT
(iii) (A+B)®(C+D)=A®C+A@D+B®C+B®D
J(A+B)@C=AC+B®C
) ( ) X

A® B) x (C® D) = (AC) ® (BD)

(1w
(v
for any arbitrary matrices A, B, C' of same size and for any real number «.

Definition 1.2.4. Vectorization of a matriz (X) is defined as writing all the columns of

a matriz in a row form as shown below

T11
11 T12 T12
X = ; vec(X) =
To1 22 T21
- 1’22 =

13



Lemma 1.2.3. [159, P.577] Some of the important properties of Vectorization are

) vec(A+ B) = vec(A) + vec(B)
i) vec(A o B) = wvec(A) ovec(B)
(ii1) vec(ABC) = (CT @ A) x vec(B)
w) vec(Ao (B x X x () =diag(A) x (CT ® B) x vec(X)

for any arbitrary matrices A, B,C' and X of same size.

1.3. Outline of thesis and chapter summaries

Functional equations are generally solved by assuming the unknown solution of the
problem by linear combination of the basis functions which can be orthogonal or non-
orthogonal. Depending upon the problems under study the orthogonal functions can
be chosen according to their specific characteristics. Thus approximation by orthogo-
nal families of basis functions was found to be useful in several science and engineering
applications. Many researchers came up with different approaches to solve differential
equations using wavelets. It is also observed that the operational matrix wavelet methods
for the nonlinear partial differential equations in the recent literature fall into two groups;
methods for initial value problems and methods for initial-boundary value problems. By
assuming the existence and uniqueness of solution as well as the convergence of the quasi-
linearization scheme, classical quasilinearization based operational matrix wavelet method
for various types of ordinary and partial differential equations are studied in the recent
literature. For the time dependent nonlinear partial differential equations with initial
and boundary conditions, most of the wavelet based techniques are used only for ap-
proximating derivatives with respect to space variables. The time derivatives are always
approximated using finite difference approach. After Chapter 1, the thesis is organized

as follows.

In Chapter 2, efficient numerical schemes based on Haar and Legendre wavelet are
proposed to solve a class of semi-linear parabolic initial boundary value problems. The

proposed scheme here approximates even the derivatives with respect to time using wavelet

14



techniques. The main advantage is that the performance of the proposed approach is far
more better than that of the wavelet methods that used finite difference approximation
in combination with wavelet techniques. This chapter also provide convergence analysis
to an interesting generalization of Quasilinearization in the abstract space setting. As
an application of the main theorem an existence and uniqueness result through mono-
tone wuasilinearization method is obtained for the following semi linear parabolic initial

boundary value problem(SPIBVP):

ou  0*u .
(1.17) 5 = g2 TMaty) @, uleg =9,

with initial and Dirichlet boundary conditions, where @@ = (0,1) x (0,7) and 0,() =
OQ\((0,1) x {T}) denotes the parabolic boundary of Q. Here h : Q x R — R is continuous
and ¢ is the restriction of u on 9,Q where ® € C%1(Q). Let ayp, 3y be a classical lower and

upper solution for (1.17). Define m = min {«ap, 5y} and M = max {«y, 5o} respectively.
(z,t)eQ (z,1)€Q

Theorem 1.3.1. If u — fu(z,t,u) and u — g,(x,t,u) are increasing and decreasing
respectively for uw € [m, M|, then the SPIBVP (1.17) has a unique solution in [, Bo).

Moreover, the sequences (a,,) and (B,) generated by

2
011 _ 0 rpq1

h(z,t, o) + fulz,t, o) (01 — o)

ot ox?
(1.18) + gu(@ b, B)(nrn —an);  anilo,g = ¢
0B 0?8,
/88;_1 - 86I2+1 — h(xy t, Bn) + fu(g:’ ta an)(ﬁn-l-l - ﬁn)
(1'19) + gu(x, t7 /Bn)(ﬂn—i—l - ﬁn)a 6n+1|8pQ = ¢§

are well-defined and converge to the unique solution monotonically and quadratically.

In Chapter 3, iterative methods based on Haar and Legendre wavelets are presented
to solve a class of two dimensional partial integro differential equations numerically of the
form

ou  0%u  O%u t
1.20 —:—+—+au—bu2—cu7/ux, ,s)ds + g(x,y,t
(1.20) o 0 | oy O(y) g(w,y,1)
15



with initial and Dirichlet boundary conditions, where a, b, ¢, v are non-negative constants.
This equation arises from the mathematical modeling of nuclear reactor theory and pop-
ulation. Two different approaches are studied to develop numerical methods based on
Haar and Legendre wavelets. In the first approach, time domain is approximated with
the help of forward finite difference approach. In the second approach, both time as well
as space domains including integral terms are approximated by wavelets. Appropriate
examples are solved using these methods and the obtained results are compared with the
methods available in the recent literature. A detailed comparison study between the two

approaches are also presented in this chapter.

In Chapter 4, wavelet techniques are modified to solve the following hyperbolic

equation using Chebyshev and Legendre wavelets’ operational matrix method of the form

(1.21) U (2, 1) — U (2, 8) + g(u) = f(z,t), 0<2 <1, t >0,

with initial and Dirichlet boundary conditions. For different choice of nonlinear term g(u),
one can deduce important equations such as Sine-Gordon, Sinh-Gordon, Liouville, Dodd-
Bullough-Mikhailov and Tzitzeica-Dodd-Bullough from Eq (1.21). In this work, numerical
method based on wavelets combined with classical quasilinearization for Klein-Gordon
equation is proposed. To produce better accuracy, the time derivatives of the Klein
Gordon equation is also approximated using Chebyshev / Legendre wavelets. Comparison
of the numerical results with various schemes shows that the results obtained are better
than those in some of the recent literature and are in good agreement with the exact
solution. The proposed technique is also extended for coupled nonlinear sine Gordon

equation using Chebyshev wavelets of the form

(1.22) Ugp — Ugy = —02sin(u — w) + f(z,t)

Wi — Wy = sin(u — w) + g(z, t)

with initial and Dirichlet boundary conditions, where ¢, § are non-negative constants.

16



Further in Chapter 5, two iterative schemes are proposed to solve the following

fourth order elliptic equation with nonlocal boundary conditions:

A%y —boAu+cou = flo,u) x € Q,

(1.23) w(z) = /Q B, p)u(x)dz + ¢V (2 € O9),

(Au)(z) = / B(a!, z) (Au)(z)dz — gO(') (2! € B9,

where Q) is bounded domain in R™ with boundary 02 (n = 1,2...), by and ¢y are con-
stants with by > 0 and f(z,u), 3(2’,2) and g (2')(I = 0,1) are continuous functions in
their respective domain. The function S(z’,x) is non-negative on 92 x . In the first
approach, classical quasilinearization is coupled with Legendre wavelet for solving fourth
order elliptic differential equation (1.23) with nonlocal boundary conditions. In the second
approach at each step of the iterative scheme the fourth order equation approximated by
solving two linear second order equations. This approach reduce the size of the resultant

matrix. A detailed comparison study is also provided.

In Chapter 6, by utilizing the classical Newtons method, existence and uniqueness
theorems for g-initial and ¢- boundary value problems are studied. Another important
contribution is the development of a wavelet based numerical method to solve the q-

difference equations numerically. The main theorem in this chapter is given below. Con-

sider the ¢-initial and g-boundary value problems:
(1.24) D,z(t)] = f(t,z(t)), z(0) =ap, t €[0,T]
(1.25) Dilu(t)] = g(t,u(t)), u(0) =0, u(1) =0, t €[0,1].
Theorem 1.3.2. Let ug € C[0,1] and B(ug,r) C C[0,1]. Define the constants m* and
my by
m* =max{u(t) : t € [0,1];u € B(ug,7)}
and
m, = min{u(t) : t € [0,1};u € B(up,7)}.
Assume further that

(i) for some 6 >0, g, g2 € C([0,1] x [m, —§,m* + §],R);
17



(i) there exist constants My, My and My such that ||ug|| = My, ||g(t,ue(t))|| < My for
allt € [0,1] and |g2(t, s)| < My for all (t,s) € [0,1] X [m, — §, m* +9];
(iii) for some L > 0,|ga(t, s1) — go(t, s2)| < L|s1 — saf;

: Ln n SLK (1 + q)n? y
K=—5——<landr > — h = Mo+~ K

) R +q) T I Y @RI g = L e = Moty
1_4(]1\/1—th1) (mdM2 <4(1+q)

Then the boundary value problem (1.25) has a unique solution in B(ug,r). Moreover, the

quasilinearization scheme
Dﬁunﬂ = g(t,un) + go(t, Un) (Uns1 — Un), Un41(0) = upy1(1) =0

is well defined, u,, € B(ug, ) for all n and the (u,) converges quadratically and uniformly

to the unique solution of (1.25). For each n € N, the following error estimate holds

=l < (s ) e — w1

The final chapter summarizes the whole work by stating various merits of the proposed

methods.
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CHAPTER 2

SEMI-LINEAR PARABOLIC INITIAL BOUNDARY VALUE
PROBLEMS (SPIBVP)

In this chapter!, numerical methods based on quasilinearization, Haar wavelets and
Legendre wavelets are presented to solve a class of semi-linear parabolic initial boundary

value problem.

2.1. Introduction

This chapter discusses the numerical method based on wavelet for semi-linear para-

bolic initial boundary value problem(SPIBVP)

ou  0%*u

(2.1) 5 = g Th@tw mQ ube=9,

where @ = (0,1) x (0,7 and 0,Q = 9Q\((0,1) x {T'}) denotes the parabolic boundary
of Q. Here h : Q x R — R is continuous and ® is the restriction of u on 9, where
® € C*'(Q). Eqn (2.1) represents various mathematical models in mathematical biology,
plasma physics and quantum mechanics, to name a few. Considerable attention has been
directed towards the development numerical scheme for partial differential equation using
operational matrix wavelet methods [10, 23, 45, 58, 85, 93, 124, 171, 172, 177].
This method has been systematically studied for linear partial differential equations
(10, 85, 93, 171, 172], however very few works have been done to solve nonlinear partial
differential equations [23, 45, 58]. It is also observed that the operational matrix wavelet
methods for the nonlinear partial differential equations in the recent literature fall into
two groups: methods for initial value problems [124, 177] and the methods for initial
and boundary value problems [23, 45, 58, 62, 130, 137]|. By assuming the existence
and uniqueness of solution as well as the convergence of the quasilinearization scheme,

! This chapter forms the paper by V.A. Vijesh and K.H. Kumar in Journal Applied Mathematics and
Computation, 266 (2015), 1163-1176.



classical quasilinearization based operational matrix wavelet method for various types of
ordinary and partial differential equations are studied in [65, 66, 67, 137, 136, 138] and
[23, 58, 62, 74, 130], respectively. For the time dependent nonlinear partial differential
equations, with initial and boundary condition, most of the wavelet based techniques are
used only for approximating derivatives with respect to space variables. The time deriva-
tives are always approximated using finite difference approach. In the present chapter, a
new numerical scheme to solve a class of SPIBVPs is proposed with systematic conver-
gence analysis for quasilinearization. However, in contrast to the methods discussed in
(23, 58, 62, 74, 130], the new scheme approximate even the derivatives with respect
to time using wavelet techniques. Two numerical schemes have been developed by com-
bining classical quasilinearization with two types of wavelets, namely Haar and Legendre
wavelets. Numerical simulations shows that the proposed approach obtain better accu-
racy than the results in recent literature. The convergence analysis for quasilinearization
generalises a recent result of Lakshmikantham etal [77] as well as simplifies the result of

Buica and Precup [22].

The organization of this chapter is as follows. In Section 2.2, we provide a generalised
version of the recent result of Lakshmikantham et al [77]. This section also provides the
existence and uniqueness of the solution of SPIBVP and the convergence of the gener-
alised quasilinearization method. Section 2.3 explains the extension of Haar and Legendre
wavelet collocation methods in combination with quasilinearization for SPIBVP. The
proposed methods have been illustrated in Section 2.4 by applying to various examples
including Fisher and Newell-Whitehead-Segal type equations. The obtained numerical
results are also compared with other numerical results obtained in [130, 166, 186] using
finite difference based Haar wavelet method(FHWM), variational iterative method(VIM),
uniform cubic B-spline (UCBS), extended cubic uniform B-spline (ECBS), Trigonometric
cubic B-spline (TCBS) and differential quadrature method. We conclude the discussion
in Section 2.5, by stating the merits of the proposed method.

2.2. Quasilinearization

In this section, we generalise the proof of an existence and uniqueness theorem as

well as convergence analysis of [77], for the SPIBVP. Throughout this chapter we assume
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that E = (E,<,|| - ||) is an ordered Banach space with order cone E.. In [77], Laksh-
mikantham et.al studied an interesting version of fixed point theorem for the operator
equation Tx = x where T' : E — FE, via quasilinearization and its application to SPIBVP.
The result presented in [77] is based on the assumption that the operator u — T/ v is
increasing in u for all v € E,. However, in the present work, quadratic convergence of
the iterative procedure has been proved by relaxing the monotonicity condition assumed
in [77]. Throughout this chapter, 7" is decomposed as sum of the continuous operators F
and G defined on E. The generalised version of Lakshmikantham etal [77] result can be

stated as follows.

Theorem 2.2.1. Let E be an ordered Banach space with a normal order cone E. Assume

that T : E — E satisfies the following hypotheses

1. F,G : [vg,wo] = E are compact; 3 vg,wg € E such that vy < Ty, Twy < wy and
Vo < Wo;
2. The Frechet derivative F,, and G, exist for every u € [vg, wo]; v — Flv and u —

3 G!v are increasing and decreasing, respectively, on [vy, wy| for allv € E;

(2.2) Fuy— Fuy < F, (ug — uw) whenever vy < ug < uy < w.

(2.3) Gug— Guy < G, (ug — uy) whenever vy < ug < uy < wy.

4. (I — F, — G!)™! exists and it is a bounded positive operator for all v,w € [vg, wp).

Then for n € N, relations
U1 = To,+ (F, + G, ) (Unt1 — vn)
Wpy1 = Tw, + (F’L/)n + G;un)(wn+1 — wp)

define an increasing sequence (v,) and a decreasing sequence (w,) which converges
to the solutions of the operator equation Tx = x. These fixed points are equal if

Tuy — Tug < up — ug for all vg < uy < up < wy.

Proof: We first prove that v, w, exists for all n € N and satisfy

(2.4) vg <vp <o Sy KWy Swpoy <o <wy <



We prove this by induction. For n = 1, from the definition of v;, we have v; = (I — F] —
G,,) (T — F — G, )vg. Hence vy exists. Similarly it is easy to verify that w; exists.

We will show vy > vy. Let p = v; — vg.

P = T’UO -+ F;U(Ul - Uo) + Giy()(’l)l - Uo) — Vo
(I-F,—-G,)p > 0.

Thus p > 0. We get v; > vy. Similarly it can be shown that w; < wy. Let p = v; — w;y.
Then

p = Tvy—Twy+ F, (v1 — vy — wy + wp)
+ Gy, (V1 — vo — wy + wo)
(I—Fvy—G)p = Fuvg— Fuwy+ Gug — Gwg + F, (wo — vo)
+ G, (wo — o)
(I = Flvoy—G)p < F(vo—wo) + Gy (vo — wo) + F (wo — o)
+ G, (wo — )
Thus p < 0. Hence v; < w;. Suppose now that v;, w; exist for some j > 0 and that
(2.5) o<V < S Sw; Swjig < < wyp < wy
We have vjy1 = Tv;+(F, +G, ) (vjs1—v)). Thus v = (I-F, —G,, )" (T—F, G, )v;.
Consequently v, exists. Similarly we can show that w;; exists. Let p = v; — vj41.
p = Tvjy—Tvj+(F,_ +G,,_)(v; —vj-1)
— (I, + G (Wi — )
(I — Flv; — Giuj)p = Fuvj_y — Fv; + Fqﬁj,l(%’ —vj_1) + Guj_y — Gu;

+ G, (v —vj-1)

< B (01 =) + G (v — o) + (05 — vj1)
+ G, (v —vj-1)
< (G, , —G)(v —vj1)

wj—1

(I-F,-G,)p <0
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Thus p < 0. Hence v; < vj44. Similarly it can be shown that w;; < w; and vj1; < w;yq.

Hence (2.4) is true for all n € N. Note that v, can be rewritten as

U”"Fl = (I - F’li() - G/ )_I(T(U"l) - (F’lio _I_ G;]O)Un)

wo
+(I = F, = G (B, + GL) = (B + Gl)) (Ungr — vn)
Using hypothesis (2), one can conclude that

For each n € N, define v, = (I — F) — G.,,)) ' (F},, + G.,) — (F), + G))vn. It is
easy to see that +, is an increasing sequence. The compactness property of the operators
F, F, .G, and G, ensures that 7, has a convergent sub-sequence. The normality of
the cone together with the monotonicity of v, guarantee that -, is a convergent sequence.
Consequently (I—-F) -G\, )" ((F, +G,, )—(F},+Gl,))(Vns1—v,) — 0 as n — co. Hence
v, has a convergent sub-sequence. Once again using the normality of the cone together
with the monotonicity of v, guarantee that v, is a convergent sequence. Similarly w, is

a convergent sequence. Let v and w be the limit of v, and w, respectively. From the

construction of v, and w,, v < w. Note that
T/U — Un+1 Z (F’L:() + G'/wo)(v - Un) - (Féo + Gi}o)(vn"rl - Un)
T/U — Un+1 < (F’:UO + G’/U())(U - Un) - (Féo + Giuo)(vn+1 - Un)

Hence v and w are solutions of the operator equation Tx = x. If v < w then w — v =

Tw —Tv < w — v, which is a contradiction. Hence the uniqueness is proved.

Proposition 2.2.1. Let T satisfy all the hypotheses of Theorem 2.2.1 and

L |F = F!|| < Li|lu—v|| and |G}, — G, || < Lo||u—v]| for all u,v € [vy, wy] for some
Ly and Ly > 0.
2. M = sup{[|(I — F}, = G})7"[| - u,v € [vo, wol} < o0,

Then the sequences (v,) and (w,) converge quadratically to the same fixed point of T.
Proof: Let v be the fixed point of 7. Define r,, = v—uv,, and v, = w,—v,n =1,2,---.
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rn = TW)—T(v,_q)—(F, + Gy, ) (Un — Vn1)

Un—1

(Il 4Gl Jre < (FL— Fy s + (Gl — Gl ey

Un—1 Un—1 Wn—1

Thus 0 < r, < (I—-F, -G, V' F,-F  +G,_
normal, then by definition, 3 a positive constant N such that ||r,41]] < NM||pa|||lrn-1ll,

pn = ||F,—F, +G, =G, | Simplifying further, ||r,|| < MN {(Ll + %Lg)||||7‘n_1||2

— G, )rp—1. Since Ey is

1 1 1

+%2||r/_1||*}. A similar error estimate can be obtained for 77,.

We conclude this section, by obtaining an existence and uniqueness as well as the
convergence of the generalised quasilinearization for the SPIBVP (2.1) from Theorem
2.2.1, which is a key step for the proposed numerical scheme. Throughout this chapter
assume that h can be decomposed as f+g where f and g are convex and concave functions,

respectively.

Throughout this section we made the following assumptions:

(A1) Let ag and By in C*'(Q) be the lower and upper solution of the SPIBVP (2.1).
The constants m and M are defined by m = min {ay, o} and M = max {«o, 5o}
respectively. e e

(A,) For some § > 0, f,g : Q X [m — 6, M + §] — R is continuous and continuously
differentiable with respect to u.

(As) The function v — f,(z,t,u) and uw — g¢,(z,t,u) are Lipschitz continuous for u €
[m, M].

Theorem 2.2.2. If u — fu(z,t,u) and v — g,(z,t,u) is increasing and decreasing
respectively for u € [m, M], then the SPIBVP (2.1) has a unique solution in [, Bo).

Moreover the sequences (o) and (B,) generated by

2
8a”+1 — 8 Xnt1 = h(l‘, t7 Oén) + fu('x7t7 an)(an—I—l - an)

ot Ox?
(26> + gu(l‘7 t, ﬁn)(an—s—l - an)7 an+1|8pQ = ¢7
0B 0%,
ﬁa;_l - aﬁx;_l = h(xataﬁn) +fu(x7t7an)<ﬁn+l _ﬁn)
(27) + gu(xa ta Bn)(BnJrl - Bn)v ﬂnJrl‘@pQ = ¢;
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are well-defined and converge to the unique solution monotonically and quadratically.

Proof: It is enough to prove this theorem for SPIBVP with homogeneous initial condition

(2.8) % =Au+ h(z,t,u) inQ, wulspg=0.

From Remark 3.3 of [77], ap and fy are ordered that is oy < 3y in ). Now we will convert
this problem as a fixed point problem in Banach space C(Q). Choose A > 0 such that
fulz,t,a) + gu(z,t,8) + X >0 for all (z,t) € Q and «, B € [ag, By]. Then SPIBVP (2.8)

is equivalent to

(2.9) % = Dudu = h(z,tu) + e inQ, ulgq =0,

Define an operator T : [ag, o] C C(Q) — C(Q) by T(u) = v where v is the solution of
the linear SPIBVP

(2.10) % —Av+ A v =h(z,t,u)+ A u inQ, vlpg=0

From Theorem 9.2.5 of [174] the operator T is well defined. Clearly the solution of Tz = z
is the solution of the SPIBVP (2.8). Define an operator F : [ag, fo] C C(Q) — C(Q) by
F(u) = v where v is the solution of the linear SPIBVP

(2.11) %—AU‘I')\U:f(.T,t,U)_‘_)\U in Q, vlge=0

Define another operator G : [ay, 5] C C(Q) — C(Q) by G(u) = v where v is the solution
of the linear SPIBVP

(2.12) % —Avt+ =gz, t,u) nQ, vlge=0

Once again using Theorem 9.2.5 of [174] the operators F' and G are well defined. Tt is
easy to verify that T' = F' + (G. Now all the hypothesis of Theorem 2.2.1 verified easily
using the Remark 3.3 and Lemma 3.1 of [77]. From [77] the operators F' and G are

compact and the the Frechet derivative exist for all u € [ag,By]. For h € C(Q), the

Frechet derivative of F' at u is given by F(h) = z where z is the solution of

(2.13) % — Az 4+ Az = (fulz, t,u) £ A)h inQ,  zlgq =0.
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For h € C(Q), the Frechet derivative of G at u is given by G’,(h) = z where z is the

solution of

0z

(2.14) 5

— Az + Xz = gu(z,t,u)h inQ, z|go=0.

From Lemma 3.1 of [77], u — F!v is increasing on [ay, fo] for all v € E,. Similarly
u — Gl is decreasing on [ag, fp] for all v € E,. There exits an equivalent norm such
that [|F}, + G|l < ¢ < 1 for all v and f in [a, Bo]. Consequently (I — F), — G;)~" exists
and is a bounded positive operator for all a and § in [ag, fp]. For the choice ay = ug and
Bo = wy all the hypotheses of Theorem 2.2.1 and all the hypotheses of Proposition 2.2.1
are verified. Hence the operator equation Tx = x has a unique solution. Moreover the

iterative procedure

(2.15) np1 = T(on) + F, (angr — o) + G (ang1 — )

(216) 5n+1 = T(ﬁn) + F(;n (5714—1 - 571) + G/n(ﬁn-&-l - Bn)

converges to the solution of the equation Tr = z monotonically and uniformly. Equiv-
alently the SPIBVP (2.8) has a unique solution in [ag, fp] and the generalised quasilin-
earization (2.6) and (2.7) converges monotonically and uniformly to the unique solution

of the SPIBVP (2.8).

2.3. Wavelets Collocation Method

The following functions are used throughout the following sections: p; 1 ( fo
piz(x) = [) pia(t)dt and Ciy = fo pia(t)dt. Using (1.1), (1.2) and (1.3) the eXpllclt rep-

resentations of p;; and p; o are given by

r—a ifz€la,p),
(2.17) pii(z) =< v—x ifxc[B ),

0 otherwise.

%(ac—oz)2 if x € [o, B),
(2.18) pi2(@) =9 1= —i(y—x)? ifze[B,n),
0 otherwise.
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In this section we will discuss the Haar wavelet collocation method. The approach is
similar for Legendre wavelet collocation method. For further details on Legendre wavelet
operational matrix method one can refer [10, 134]. Theorem 2.2.2 guarantees that the
partial derivatives of the linear as well as nonlinear problems can be expressed as Haar

wavelets series. Consequently, they can be approximated by
0?u

(2.19) 2 Zzaj,ihi(x)hj(t)
ou

Throughout this chapter, the set {(x;,t;) : z; = t; = i;]?f’, 1 <i4,j <2M} are the set

of points that are used for collocation. The following equations are obtained respectively

from (2.19) and (2.20).

(2.21) u(z,t) = Zzaj,i(pi,g(x) — 2Ci1)h;(t)
+(u(1,t) — u(0,t))x + u(0,t)
(2.22) w(z,t) = Zij,ihi(x)pi,l(t) + u(z,0)

By equating (2.21) and (2.22), for each collocation point, we obtain 4M? equations.
Another 4M? equations are obtained by substituting the expressions of u(z,y) and its
partial derivatives into given differential equation. These two sets of equations are solved
simultaneously for the unknown Haar coefficients a;;’s and b;;’s. Then the solution can

be obtained by substituting these coefficients in (2.21) or (2.22).

2.3.1. Numerical Implementation

Let ag, By be the lower and upper solutions of SPIBVP 2.1. Let the initial condition
be u(x,0) = fi(z), and the boundary conditions be u(0,t) = ¢1(t) and u(1,t) = go(t). Let
AT denotes transpose of the matrix A. Using the collocation points and the Eqns (2.21)

and (2.22), a4 can be written as
(2.23) a1 (2,1) = ¢T A1 Py = ¢T Ap Fi + Q1 — Q2 + Q3

(2.24) Upy1(1,t) = PIBojéd+Qy
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where Q1 = x;g2(t;), Q2 = wig1(t;), Qs = q1(t;), Qs = fi(w), AL, = [a], By, =
bjil.0 = [hi(t))], P = [pia(t;)], Po = [pi2(t;)], F1 = z;Ciq and {(x;,t;) : @ = t; =

22M ,1 <i,j <2M}. Here Ay and By are obtained from the lower solution «p. Again

using the collocation points and the Eqns (2.21) and (2.22), 5,41 can be written as

(2.25) Buyi(z,t) = ¢TCri1 Py — ¢ Crt Fi + Q1 — Q2 + Q3

(2.26) Brs1(z,t) = PI'Dpi1¢+ Q4

Here Cy and Dy are obtained from fy. Equating (2.23) and (2.24), (2.25) and (2.26) we

get,
(2.27) ¢T A1 Py — T Ayt Fy — Pl B = —Q1+ Q2 — Q3+ Q4
(2.28) ¢TCri1 Py — ¢ Cri1Fit — Pl Dp1p = —Q1+ Q2 — Q3+ Qy

where CL, | = [¢;;], D}, = [d; ;]. From equations (2.6) and (2.7) and using the collocation

points we have

(2-29) ¢TBn+1¢ - ¢TAn+1¢ — @50 (P1TBn+1¢) = Qg
(2-30) ¢TDn+1¢ - ¢Tcn+1¢ — @50 (PlTDanb) = Q7

where Qs = (fu(@i, 1, an (i, 1)) + gu(is 1y, Pu(i: 1)), Qs = [h(i, 1y, a3, )] — @5 0
Qs + Qs 0 Qu, Q7 = [h(w, by, Bu(wi,15))] — Q5 0 Qo + Q5 0 Qu, Qs = alwi,ly), Qo =
B(z;,t;) and o denotes the Hadamard product. At each step, we have four unknown
matrices A,41, Bpy1, Cny1 and D4 and four equations (2.27), (2.28), (2.29) and (2.30).
Using vectorization technique, equations can be brought into LX = b and LY = b,
where the elements of L are from ¢, P, P, F, Q1-Qg, Qs and the elements of L, are from
o, P, Py, F,Q1-Q5, Q7, Q9 and the elements of X are from A, 1, B,.1 and the elements of
Y are from C),.1, D,;1 and the elements of b, b; are from )1-Q9. This system LX = b can
be solved by any standard procedure to obtain A,,.1 and B,,.1. Similarly solve L1Y = b,
to obtain C,41 and D,1;. Then the numerical solution can be obtained by substituting
these coefficients in any of these (2.23), (2.24), (2.25) and (2.26) equations. In all the

numerical experiments ||a, 1 — a,|| < 107% is used as the stopping criteria.
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2.4. Numerical Examples

In this section, the wavelet based quasilinearization method is illustrated by success-
fully applying to different examples including Newell-Whitehead-Segel equation. Since
some important partial differential equation models including Fisher equation, Allan-
Cahn equation and FitzHugh-Nagumo equation are of the form u; = u,, +au+bu™ + cu™,
m,n € RT the present approach has been tested for various values of a, b and ¢ with suit-
able initial and boundary conditions. For each example the existence and uniqueness of
the solution and convergence of the proposed method has been verified using Theorem
2.2.2. To solve the examples numerically, at each iteration, the corresponding linear initial
value problem has been solved using Haar and Legendre wavelets as discussed in Section

2.3. Throughout this chapter the following abbreviations have been used,

1. HWQM - Haar Wavelet Generalized Quasilinearization Method.
2. LWQM - Legendre Wavelet Generalized Quasilinearization Method.
3. J denotes the resolution of Haar wavelet and N denote the number of Legendre

Wavelets.

Example 2.4.1.

The following example, known as Huxley problem, has been solved numerically using
finite difference based Haar wavelet method (FHWM) in [130] the problem can be defined
as

ou  O*u
(2.31) % 92 +u(l —u)(u—1)

with the initial and boundary conditions: u(z,0) = 3+1 tanh(ﬁi), 0 <z <landu(0,t) =
3 — gtanh(3), w(l,t) = 3 + jtanh(;05(1 — J5)) ¢ > 0. For the choice g(t,7,u) =
—u3, f(t,r,u) = 2u® —u ap = 0 and By = 1 all the hypotheses of Theorem 2.2.2 is sat-
isfied. Hence the initial boundary value problem (2.4.1) has a unique solution in [ay, 5]
and the generalised quasilinearization defined by (2.6) and (2.7) converges uniformly to
the unique solution of (2.4.1). The numerical results obtained using the proposed scheme

(Figure (2.1)) has been compared with the numerical schemes FHWM [130] and VIM

[130]. Table 2.1 and 2.2 show that the HWQM and LWQM both performs extremely well
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compared to FHWM and VIM methods. Besides that, though the HWQM (Figure (2.6))
and FHWM][130] take same number of wavelets (J = 3), results obtained using HWQM
is more accurate than that obtained using FHWM. This shows the advantage of wavelet

method independent of finite different based time discretization.

Example 2.4.2.

In [186], the following Fisher’s equation has been solved using various numerical based
on Spline interpolation, Consider the Fisher equation with initial and boundary conditions

given below.

@—@_‘_ _ 2
ot o2 T

with the initial and boundary conditions: u(0,z) = (1 + e(%))_Q, u(t,0) = (1 +e~8))~2
and u(t,1) = (1 —i—e(%_%))_? For the choice g(t,z,u) = u—u? ag =0 and By = 1 all the

(2.32)

hypotheses of Theorem 2.2.2 is satisfied. Hence the initial boundary value problem (2.4.2)
has a unique solution in [ap, fg] and the generalised quasilinearization defined by (2.6)
and (2.7) converges uniformly to the solution. Table 2.4 gives a comparison of various
methods based on splines as well as present wavelet based HWQM and LWQM (Figure
(2.2)). Though the problem has been solved on same grid for all methods, LWQM (Figure

(2.7)) outperforms spline based schemes in terms of accuracy.

Example 2.4.3.

Consider the following Newell-Whitehead-Segel Equation discussed in [186]

ou  0%u
2.33 — = — +2u—3u’.
(2:33) ot 0x? e S
with the initial and boundary conditions: u(0,x) = A, u(t,0) = % and u(t,1) =
%. Numerical solution of (2.4.3), has been discussed using uniform cubic B-

spline (UCBS), extended cubic uniform B-spline (ECBS) and Trigonometric cubic B-
spline (TCBS) in [186]. For the choice g(t,x,u) = 2u — 3u?, ag = 0 and By = 1 all the
hypotheses of Theorem 2.2.2 is satisfied. Hence the initial boundary value problem (2.4.3)
has a unique solution in [ag, fy] and the generalised quasilinearization defined by (2.6)
and (2.7) converges uniformly to the solution. Table 2.7 gives a comparison of various

methods based on splines as well as present wavelet based HWQM (Figure (2.8)) and
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LWQM ( Figure (2.3)). Though the problem has been solved on same grid for all methods,

LWQM outperforms spline based schemes in terms of accuracy.

Example 2.4.4.

Consider the following Newell-Whitehead-Segel Equation discussed in [186]
(2.34)

with the initial and boundary conditions: u(t,1) = (3 tanh(%( — )+ %))%, u(0,z) =
3

V10
————7 and u(t,0) = (3 tanh(%(—%) + 5))3. Numerical solution of (2.4.4), has

(1-{-6@)

been discussed using uniform cubic B-spline (UCBS), extended cubic uniform B-spline
(ECBS) and Trigonometric cubic B-spline (TCBS) in [186]. For the choice g(t,z,u) =
u—u*,ap = 0 and By = 1 all the hypotheses of Theorem 2.2.2 is satisfied. Hence the
initial boundary value problem (2.4.4) has a unique solution in [«yg, 5] and the generalised
quasilinearization defined by (2.6) and (2.7) converges uniformly to the solution. Table
2.8 gives a comparison of various methods based on splines as well as present wavelet
based HWQM and LWQM (Figure (2.4)). Though the problem has been solved on same
grid for all methods, LWQM (Figure (2.9)) outperforms spline based schemes in terms

of accuracy.

Example 2.4.5.

Consider the following Fisher’s type Equation discussed in [166] using differential
quadrature method

ou  *u
T @—ku(u—a)(l—u)

with the initial and boundary conditions u(z,0) = 1 + fa+ (1 — 1a) tanh(c; + 2v2(—1+
a)(x)),u(0,t) = 3 + 3a+ (3 — 3a) tanh(cs + %(—1 +a)(—mt)), u(1,t) =+ + ta+ (3 —

(2.35)

za)tanh(cs + ‘/Ti(—l + a)(1 — mt)) where m = “—}21 and cs is an arbitrary constant.
Numerical solution of (2.4.5), has been discussed using differential quadrature method
in [166] various choices of ¢z and a. For the choice g(t,z,u) = —au — u?, f(t,z,u) =
u? 4+ au? ap = 0 and By = 1 all the hypotheses of Theorem 2.2.2 is satisfied. Hence the
initial boundary value problem (2.4.5) has a unique solution in [ayg, 5] and the generalised
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quasilinearization (Figure (2.5)) defined by (2.6) and (2.7) converges uniformly to the
unique solution of (2.4.5). The results given in Table 2.10 show that wavelet based scheme

(Figure (2.10)) perform better than the differential quadrature method discussed in [166].
Remark 2.4.1.

1. In all the examples considered above (Examples 2.4.1 to 2.4.5), it is interesting
to note that g, is not a non-decreasing function, which is a crucial condition in
[77]. Hence the quasilinearization technique discussed in [77] cannot ensure the
convergence of the iterative procedure as well as the existence and uniqueness of
solutions of these example problems.

2. Another observation is that as the value of ”"n” is increased in the equation u; =
Uz + au + bu™, Haar wavelet method requires more number of wavelets to produce
high accuracy. This may be due to the fact that to approximate a polynomial using
step functions, large number of step functions are required.

3. It is also observed from Tables 2.3, 2.5, 2.6, 2.9 and 2.11 that though Legendre
wavelet based solutions are more accurate than their Haar wavelet counterparts,
computational time required by Legendre wavelets are high when compared to Haar
wavelets.

4. All the numerical experiments were performed on a Intel Core i5 CPU 2.5 GHz

laptop with 4 GB RAM, Windows 8 (64 bit) MATLAB R2010b.

2.5. Conclusion

In this chapter, numerical methods based on wavelets and generalised quasilineariza-
tion methods for SPIBVP are proposed. While approximating the derivatives, both time
and space derivatives are discretized using wavelets techniques, unlike in any other wavelet
based methods in the recent literature. To illustrate the proposed method, numerical ex-
amples are provided including Fisher equation, Huxely equation, Newell-Whitehead-Segal
equation. It is seen through these examples that the performance of the new approach
is far more efficient than the methods that used finite difference approximation in com-
bination with wavelet techniques. Thus the results obtained using the quasilineariza-

tion approach along with wavelets are better than those in some of the recent literature
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[130, 166, 186] and are in good agreement with the exact solutions as discussed in

Section 2.4.

TABLE 2.1. Comparison of errors in the solution of Example 2.4.1 for J = 3

and N = 8 at t = 0.4 between present schemes and the scheme discussed

in [130].

x VIM[130] Haar[130] HWQM LWQM
0.09375 8.87¢~ 07 5.30e 8.14¢708 9.68¢~ 11
0.28125 3.27¢% 3.78¢703 2.84e707 3.83¢ 1
0.46875 6.45¢ 0 9.97¢703 3.38¢707 2.09¢~ 1
0.65625 9.40e~9 1.91e792 3.64¢707 1.93¢~ 11
0.84375 1.20e7% 3.12¢7%2 4.47e707 9.43¢~ 11

TABLE 2.2. Comparison of errors in the solution of Example 2.4.1 for J = 3

and N = 8 at ¢ = 0.6 between present schemes and the scheme discussed

in [130].

x VIM([130] Haar[130] HWQM LWQM

0.15625 5.90e~% 2.23¢703 1.65e7°7 6.11e~ 1!
0.34375 7.95¢7 % 9.19¢793 4.14e707 6.76¢~12
0.53125 1.50e93 2.08¢702 4.90e707 8.91e 12
0.71875 2.16e793 3.71e792 4.15e707 3.37e 1!
0.90625 2.75¢793 6.14¢792 4.19¢707 1.27¢10

TABLE 2.3. Example 2.4.1 comparison between HWQM and LWQM for

the number of wavelets used and required number of iterations

Method No. of wavelets | No. of Iterations | Time(s)
HWQM 16 ) 0.24
LWQM 8 7 1.61
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TABLE 2.4. Comparison of errors for Example 2.4.2 for various points and
time between present schemes ( J = 3 and N = 10) and the schemes

discussed in [186].

(z,1) UCBC/[186]| TCBC[186] | ECBC[186]| HWQM | LWQM
(0.2,0.2) | 2.810e7%* | 2.716¢7°* | 6.909¢ % | 1.679¢% | 1.265¢ 2
(0.2,0.4) | 3.030e7* | 3.249¢% | 6.760e % |2.917¢% | 1.291¢ 12
(0.2,0.6) | 2.480¢7* | 2.341¢7% | 5.184¢ ™ |3.832e%% | 6.298¢ 713
(0.4,0.2) | 4.270e7% | 4.126e7* | 1.056e % | 6.544e %4 | 2.233¢713
(0.4,0.4) | 4.740e7* [ 4.551e | 1.059¢ % | 1.083¢ % | 1.536¢ 12
(0.4,0.6) | 3.970e79% | 3.764¢% | 8.328¢ 0% | 1.462¢% | 7.052¢ 13
(0.6,0.2) | 4.380e70% | 4.247¢7%* | 1.085¢ % | 5.094¢7% | 2.765¢ 12
(0.6,0.4) | 4.910e7%* | 4.723¢% | 1.099¢% | 1.096e% | 8.002¢ 13
(0.6,0.6) | 4.180¢7* |3.972¢% | 8.799¢ % | 1.506e % | 3.089¢ 12

TABLE 2.5. Example 2.4.2 comparison between HWQM and LWQM for

the number of wavelets used and required number of iterations

Method No. of wavelets | No. of Iterations | Time(s)
HWQM 16 4 0.08
LWQM 10 4 3.40

TABLE 2.6. Example 2.4.3 comparison between HWQM and LWQM for

the number of wavelets used and required number of iterations

Method No. of wavelets | No. of Iterations | Time(s)
HWQM 16 4 0.08
LWQM 10 4 3.41
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TABLE 2.7. Comparison of errors at various points and time for Example
2.4.3 with A = 0.1: Present methods( J = 3 and N = 10) and the methods
discussed in [186].

1) UCBC[186]| TCBC[186] | ECBC[186]| HWQM | LWQM

(

( ) 8.323¢% | 8.295¢ % | 6.068¢7% |2.258¢7%5 | 3.682¢ 10
( )| 110179 | 1.007e7% | 6.800e%4 | 7.191e% | 2.766¢ 0
( )| 8581 | 8514¢ ™ | 54760 |1.263¢7% | 2.450e%
( ) 1.226e7% | 1.222¢7% | 9.013¢"% [ 1.713¢7% | 1.843¢ %
(0.4,0.4) | 1.520e79 | 1.514¢7% | 1.023¢% | 5.163¢ % | 1.664¢
( )| 1.302¢7% | 1.202¢% | 8.289¢70 | 1.650e7%5 | 2.029¢%
( )| 1.226e% | 1.222¢% | 9.013¢™ [ 1.713¢7% | 1.843¢"%
( )| 1.520e™% | 1.514¢% | 1.023¢79 [5.163¢7% | 1.664¢ %
( )| 1.302¢7% | 1.202¢% | 8.289¢~% | 1.650e7% | 2.029¢%

TABLE 2.8. Comparison of errors at various points and time for Example
2.4.4: Present methods( J =4 and N = 10) and the methods discussed in
[186].

1) UCBC|[186] TCBC[186] | ECBC[186]| HWQM | LWQM

) | 3.800e7% | 3.951e7% 9.673¢79 | 4.215¢7% 2.484¢e7%
) | 8.190e7% | 8.362¢7% 1.900e7% | 1.362¢7% 2.314e%
)| 1.112e79 | 1.130e7% 2.446e79 | 2.367e™ 1.707¢7%
) | 4.230e7% | 4.448¢7% 1.159¢79 | 8.345¢% 1.604¢e10
0.4,0.4) | 1.111e7% | 1.137¢™ % 2.641e7%3 | 2.708¢~% 1.750e~%
) [1.613¢79 | 1.640e7% 3.587¢7% | 5.430e~% 1.441e7%
) [2.890e7% | 3.111e™ 8.863¢7% | 8.107¢7% 4.167¢7%
)| 1.008e™% | 1.034e7%3 2.444e7% | 1.648¢% 2.954¢710
) | 1.569e79 | 1.596¢7%3 3.512¢7% | 4,184~ ™ 5.312¢7%
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TABLE 2.9. Example 2.4.4 comparison between HWQM and LWQM for

the number of wavelets used and required number of iterations

Method No. of wavelets | No. of Iterations | Time(s)
HWQM 32 4 2.85
LWQM 10 4 3.41

TABLE 2.10. Comparison of L., errors for Example 2.4.5 at t for c3 = 1
with method discussed in [166]

t | a=05 HWQM LWQM |a=15 HWQM LWQM

[166] J=5 N=6 |[166] J=5 N=6
0.2 |2.412e7% 86279 1.115¢710|2.105¢-%  3.046e %7  1.199¢ 1
0.5|2.227¢7% 7.800e%7 9.539¢~'1 | 1.736e~%  2.241¢%  1.305¢%

TABLE 2.11. Example 2.4.5 comparison between HWQM and LWQM for

the number of wavelets used and required number of iterations

Method No. of wavelets | No. of Iterations | Time(s)
HWQM 32 6 10.01
LWQM 6 6 0.87
10’ 10”
L e 10 \ |
10" S10°-
w
10715 10'87
——HWQM ~—HWQM
L Lwam ~LWQM
Yo 5 10 15 20 2 3 35 Yo s 10 15 20 25 80 85
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CHAPTER 3

CLASS OF PARTIAL INTEGRO DIFFERENTIAL
EQUATIONS

This chapter! discusses the numerical method based on wavelets for a class of partial

integro differential equations.

3.1. Introduction

It is evident from the literature that differential equations with nonlocal integral terms
can model certain physical situations more accurately than classical differential equation
(109,110,112, 113, 114, 153, 157]. Recently, finite difference based numerical methods
[20, 21, 155] were studied for a two dimensional parabolic integro differential equation
(TDPIDE). In this paper, efficient wavelet based numerical methods for the following
parabolic type TDPIDE is proposed.

au aQU 32u t
31 _— = — _ — b 2 — Y d t
( ) It 922 + 0 + au U cu /0 u(x,y, 3) s —I—g(a:,y, )

where a,b and ¢ are non-negative constants. If the effect of temperature feedback is
taken into consideration, Equation (3.1) represents the neutron flux in the nuclear reactor
dynamics [112, 113, 114, 146, 147, 156] for the choice of b = 0 and v = 1. For the
choice ¢ = 0, equation (3.1) reduces to the well known Fisher’s equation. Equation (3.1)
is also considered as the partial differential equation version of the well known Volterra

population model.
(3.2) u'(t) = au(t) — bu*(t) — cu(t)/o u(s)ds

!This chapter forms the paper by K.H. Kumar and V.A. Vijesh in Journal Computers and Mathe-

matics with Applications, Article in press.



where a,b and ¢ are non-negative constants and represents the coefficient of birth rate,
intra-species competition and the toxicity respectively. The term cu(t) f(f u(s)ds denotes

the influence of toxin accumulation on the species [157].

Developing numerical methods for two dimensional partial integro differential equa-
tion (TDPIDE) is a tedious job as one has to handle the integral terms together with
two dimensional partial derivatives simultaneously. It is interesting to note that a large
collection of numerical methods, including wavelet methods, are available in the literature
for the ordinary integro-differential equation (3.2) (see [29, 69, 117, 118, 119, 120] and
the reference therein). However, the techniques for handling the TDPIDE numerically
are very limited. Though the operational matrix methods with various type of wavelets
developed extensively to solve different type of partial differential equation, methods for
the two dimensional partial integro differential equation are not much available in the
literature. The present work attempts to develop a new numerical technique for solving
TDPIDE (3.1) based on wavelets. In this chapter an iterative method coupled with two
type of wavelets is presented to solve TDPIDE with Dirichlet boundary condition nu-
merically. In the first approach, a finite difference wavelet method is proposed, in which
time domain is approximated by forward finite difference approach and space variables are
approximated by wavelets. Though the accuracy obtained by this method is decent, for
obtaining better accuracy one has to go for small time step. Consequently, this method
requires more grid points too. To avoid this issue, similar to other published studies
[10, 49, 59, 75, 149, 151, 169] both time as well as space domains are approximated
by wavelets. The full utilization of wavelets ensures that, it produces better accuracy
with less number of grid points. Though this generalization may seem to be simple, the
effectiveness of the proposed scheme involves effective numerical implementation. In case
of one dimension, after approximating time and space domain by wavelets one need to
deal with a system of matrix equations. However, direct extension to the two dimensional
case will produce an equation involving multidimensional matrix equations. This com-
plex implementation issue is successfully and efficiently handled by using tensor [13] and
vectorization. Moreover, the extension of the proposed approach to higher dimension is

straight forward. For the future reference, this approach will be termed as fully wavelet
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method. Though this approach produces a higher order accuracy with a coarser grid, it
suffers from either memory issue or ill-conditioning problems as the grid becomes finer.
Consequently, implementation of the algorithm demands a sophisticated system with a

large memory.

The organization of this chapter is as follows. Section 3.2 provides a detailed ex-
planation of numerical implementations of the proposed schemes. The proposed iterative
methods based on wavelets is illustrated in Section 3.3 by applying it to various examples.
The numerical results thus obtained are compared with other numerical methods using
finite difference approach [21, 123]. We conclude the discussion in Section 3.4 by stating
the merits of the proposed methods.

3.2. Wavelet Method

This section describes the numerical algorithms for the problem 3.1. More specifically,
both of these approaches are explained using Haar wavelet for two dimensional partial
integro differential equation. It is straightforward to replace Haar wavelet with Legendre

wavelet in these methods.
3.2.1. Finite Difference based wavelet method

The following scheme of linear two dimensional partial differential equation is obtained
after applying classical quasilinearization to the two dimensional partial differential equa-
tion (3.1).

8un—i—l 82Ufn—i—l a2un—|—1 df(un)

(33) 8t = 8[E2 + 8y2 + f(un> + g(x, Y, t) + du (un-l-l - un)

t t
_CUZ/ un(x, Y, S)dS - CW“Z_I / Un(xa Y, 5>d5(un+1 - un)
0 0

¢ ¢
—cuZ(/ Ups1(z,y, s)ds — / up(z,y,8)ds) n=0,1,2,---
0 0

where f(u) = au — bu®. In this approach, to solve the linear differential equation in the
iterative procedure (3.3), finite difference technique and wavelets are used to approximate
the time and space derivatives respectively. First, the time derivative of the problem is
discretized as follows
du ~ U([L‘, Y, 1+ h) - U(ZE, Y, t)
ot h

41

(3.4)



where h is the step size. After time discretization the linear partial differential equation

in (3.3) becomes

Ups1(T,y,t + h) Uy 0y 11
. = g @utth)+ o (z,y,t +h) + flun(2,y,t +h))
gz, y,t +h) + f'(un(2,y,t + h) (unsr (2,9, + h) — up(z,y,t + h))
t t+h
% + yeu) (x,y,t 4 h) / un(,y, s)ds
0

t+h
syt + e ) [ s
0

t+h
(3.5) el (.t + h) / s (2,1, 5)ds
0

where n =0,1,2---. Clearly (3.5) is a partial differential equation in two variable x and
y. In this section, the method discussed in [10, 49, 59, 75, 149, 151, 169] for partial
differential equation is extended for partial integro differential equation. At time step
t + h, other than the term M rest of the terms are evaluated at the same time
step t + h. This approach can be explained by assuming that the partial derivatives as

well as other functions arising in the linear partial differential equation (3.5) are square

integrable functions. Thus

Pu(x,y,t+h MM

(3. VLRSS i)y ) = HY (1) AH ()
i=1 j=1
2M 2M

(3.7 TULVIED 57 hehylo) = () B,

i=1 j=1

where A = [a;;],B = [b; ], H(() = [hi(¢)]. The following equations are obtained by
integration from (3.6) and (3.7).

u(z,y,t +h) = Pl (x)AH(y) — DixAH(y) 4+ u(0,y,t + h)
(3.8) +(u(l,y,t +h) —u(0,y,t + h))x,
u(z,y,t +h) = HY(2)BPj(y) — H" (x)BDyy + u(x,0,t + h)

(3.9) +(u(z, 1,t + h) —u(z,0,t + h))y
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The integral term in the equation (3.5) is approximated by
t+h t+h
[ wwpons = [ (B@aRE) - DaAtG) + 0.9
0 0
(3.10) +@KLQJ)—UmJAQW§d&

Pi(Q) = [pi1(Q)], P2(C) = [pi2(¢)] and Dy = fol pi1(€)d¢ for 1 < i < 2M. For collocation,

the points in the set {(z;,y;) : z; = y; = 55,1 <4, j < 2M} are considered.

By equating (3.8) and (3.9) one can get 4M? equations. Another 4M? equations can be

obtained by substituting the expressions (3.6)—(3.10) of .y, uy,, v and th

o ulz,y,s)ds

in the given linear partial integro differential equation (3.5). The resulting system needs
to be solved for Haar coefficients a; ;’s and b; ;’s. Then the solution u(z,y,t + h) can be

obtained from (3.8) or (3.9).

3.2.1.1. Numerical Implementation. Using the collocation points in equations

(3.6)—(3.10) we obtain,

a2un+1 (il?', Y, t+ h)

(3.11) o = ¢' A0

(3.12) aQU"“(;;f T B

(3.13) Uni1(z,y,t +h) = PlA 16— Fl A0+ G

(3.14) Uni1(z,y,t +h) = ¢' B Py — ¢" BpyrFy + Gs

(3.15) [ s = 4 D Ao~ F Avad) + Gy

where A1 = [aij], Bny1 = [bijl, ¢ = [H(zy)] = [H(t))], Fo» = D1 X, F, = (1 X,
X =[], G1 = mu(1,yj,t + h) — z;u(0,y5,t + h) +u(0,y;,t + h), Go = y;u(x;, 1,t+h) —
yju(x;,0,t + h) + u(x;,0,t + h), G5 = JHL (J:iu(l,yj, s) — x;u(0,y;,s) + u(0,y;, s))ds,
Py = [Py(z;)] = [Pa(y;)] and {(zi,y5) @ i = y; = ’;?/[‘5, 1 <i,5 <2M}. Here Ay, By are

obtained from the initial approximation wuy.

The following is obtained by equating (3.13) and (3.14).

(3.16) Py Ani1¢p— Fy Api1¢p— ¢" B Po+ ¢" By Fy = Gy
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where G4 = Gy — (1. Using collocation points the discretized version of equations (3.5)

can be written as

Prdnnd _ BAd _ 6T A6+ 67 Byt + Gra + Ghg
(3.17) +(Gs — Gio— (t + h)G11) o (Pf A1 — Ff Api19)
+%+G1O (GS_GIO) —G30G —G50Gg+ Gy oGy

G5 = un(2,y5,t), G = up(zi,y5,t + h), fo un(x;,y;5, 5)ds, Gs = f'(un(x;, yj,t +
h), Gy = cyul (i, y;t + h), Gio = Go o Gz, Gui = vyeul(wi,yj,t + h), Gia =
g(zi,y;,t + h), Gis = f(x;,y5,t + h) and "o’ denotes the Hadamard product. This re-
sults in two equations (3.16) and (3.17) in two unknown matrices A,.; and B,y1. By
using vectorization the above equations can be brought into the form L0, = b; with 6,
having the entries A, 1 and B, ;. Finally, the solution for the two dimensional partial

integro differential equation is obtained by using one of the equations (3.8) or (3.9).

3.2.2. Fully wavelet method

In this section we propose a method for solving the linear two dimensional partial
integro differential equation at each step of the iteration (3.3). Though few authors studied
operational matrix method for two dimensional partial differential equation [58, 149, 170|
the proposed approach is different from all of these. In this approach, we approximate
both time and space derivatives using wavelets to solve the linear integro differential
equation (3.3) in the iterative procedure. Assume that the partial derivatives as well as

other functions arising in (3.3) are square integrable functions in their respective domain.

Thus

0u(z, y, 1) 2M 2M 2M
i=1 j=1 k=1
02u(z, .t 2M 2M 2M

(3.19) % = Y 3> bigkhi(@)h;(y)hi(t)
=1 j=1k=1
8U($,y,t) 2M 2M 2M

(3.20) a5 DN cirhi(x)hi(y)hi(t).
=1 j=1k=1
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We define d;; = fol R

C)dfa Di1 =

)d¢ and Pi2 = fotpm(g

Jo i<

and (3.19) with respect to = and y leads to

)d¢. Integrating (3.18)

ulr.y.1) 2M 2M 2M
(3.21) —o = Y D ) aigw(pia (@) — dia)hy(y)hi(1)
i=1 j=1 k=1
+U’<17 Y, t) o U(O, Y, t)
dulz.y.1) 2M 2M 2M
(3.22) = DN bigrhi(x)(pia(y) — dia)he(t)
Y i=1 j=1 k=1
+u(x,1,t) — u(z,0,t)

respectively. Further integrating (3.21),(3.22) and (3.20) with respect to z, y and ¢ leads

to
2M 2M 2M
u(z,y,t) = Zzzai,j,k(pm(ﬂﬁ) — diax)hi(y)hi(t)
i=1 j=1 k=1
+(u(17 Y, t) - U(O, Y, t)).’L’ + U(O, Y, t)
2M 2M 2M
(3.23) u(@,y,t) = > 3 bijkhi(x)(piay) — ydja)h(t)
i=1 j=1 k=1
+(U(£L’, L, t) - U(SL’, 0, t))y + U(I, 0, t)
2M 2M 2M
u(x,y,t) ZZZQ]IJZ pk 1( ) +U($7?/70)
=1 j=1k=1

Using (3.23), the integral term in the governing equation is approximated by

/Ot (7,9, 5)

2M 2M 2M

= 22D wnlpial@)

i=1 j=1k=1

# [ 0l =00 )ads+ [ al0.p.5)ds

— di,lx)hj (Y)pra(t)

(3.24)

After collocation, from (3.23) one gets 8M? equations by equating any of the two expres-
sion of u/s. Another set of 8M? equations can be obtained by substituting the expressions
of Uy, Uyy, us, w given in equations (3.18)—(3.20), (3.22) and (3.24) respectively in the
corresponding linear TDPIDE. This system needs to be solved for Haar coefficients a; ; 1’s,
bijx's and ¢; ;x’s. Then the solution u(z,y,t) can be obtained from any of the u’s from

(3.23).
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3.2.2.1. Numerical Implementation. Tensor is an efficient tool to handle multi
index data. In fully wavelet method, a third order tensor is used to represent the unknowns
as well as the knowns. All the tensors are brought to matrix representation using a third

order frontal slice [13] as shown in Figure 3.1.

|
I/l 1
Hrg
| [
FIGURE
3.1. Frontal
slice A(:,:, k)
Hence the equation (3.18) can be represented as
0y s 2M 2M
B ZZ aijihi(2)h;(y)hi(t) + aijohi(z)h;(y)ha(t)
i=1 j=1
(3.25) +a;j3hi(x)hi(y)hs(t) + - + aijonhi(@)h;(y) han (1))
Equation (3.25) can be written as
54 2M
n+1 1
(3.26) or (nk) = Y (0T AL 0)0(k, k)
ki=1
after using the collocation points. Similarly,
u 2M
n+1
(3.27) g k) = D (6" Bld)é(k, k)
k=1
o 2M
n+1 1
(3.28) 5 (onk) = D (6TCL0)o (ke )
ki1=1
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Hence (3.26), (3.27) and (3.28) leads to

2M

(3'29)un+1(:v :’k) = Z ((PTAkl—i-le)Qb(kl? ) (FTAkl-Hgb)gb(klv )) + Hl(:7 :71{7)
k1=1

(330)una(5,k) = Y (0" B Pa)g(kn, k) — (0" Byt  Fa)(kr, k) + Ha(:,:, k)

(B30t (55, k) = Y ("CRL @) Pk, k) + H(:, 5, k).

k1=1

t 173
Let v,41 = / Ups1(z,y, s)ds. Thus V,11(:,:, k) = / Upt1(z,y, s)ds.
0 0

(3.32) Vi (k) = > ((PYARL @) Pk, k) — (F AL ¢) Pk, k)
ki=1
+Hy(:, 5 k)

where ¢ denotes the Haar matrix [86], P; denotes the first order integral of Haar matrix
and P, denotes the second order integral of Haar matrix, F, = D1 X, Fy, = C1 X, X =
(], Hi(s0, k) = @u(l, y;,tk) — zu(0, y5, tk) + w(0,y;, t), Ha(:, k) = yyulzi, 1,6) —
yju(zs, 0, tg)+u(x;, 0,t), Hs(:y 1 k) = u(ws, y;,0), Ha(cy 1 k) = fot’“ (zu(1,y;, 8)—zu(0,y;, s)
+u(0, 95, 8))ds. gty = [aigu]s Bply = bigim)s Oy = leiga] and {(zs,y5,t0) 1 2 =y, =
t; = 12](\)45,1 < i,7,k < 2M} represents the set of collocation points. Here A’gl, Bgl, C’gl

are obtained from the initial approximation ug. Equating (3.29) and (3.31) one can get

2M

3.33) 2 (L AR 0)olin, ) = (F] 43,00, )

(qu }l-lgb)Pl(kllak)) :H5(:7:7k>
Similarly equating (3.30) and (3.31) one can get

2M

(3.34) S (6" BE Pk, k) — (67 BE, Fo)o(ky, k)
' ki=1

_<¢T0511¢)P1(k1a k)) = HG(:a 5 k)
where Hs(:,:, k) = Hs(:,:, k) — Hi(5, 1, k), He(:,:, k) = Hs(:,:, k) — Ha(:, :, k). Using collo-

cation points, the discretized version of (3.3) can be written as for k =1,2,---2M.
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2M 2M 2M

(Z((bTC?]fb}H )(b(kl? k)) - Z((bTAn—H )¢(k17 k) - Z(QSTB?I-H )¢(k17k)

k1=1 k1=1 k1=1

(3.35)
—Ho(:, 0 k) o Hy (5,0, k) 4+ (Hq (0, k) o (Has(z, 5, k)
+(Hs(:, 0, k) o (Hua(:, 5, k) = Hiz (e, 1, k)
where Hy (1, k) = > (P AR 6)(kn, k) — (FY AR 0)d(ki, k), Hs(:, k) =)
k=1 k=1

(P By 10) Pi(k1, k) = (FY By @) Pi(ki, k), Ho(o,:, k) = wn (2,95, t), Hiol:, o k) =

JoE un (@i, 8)ds, Hyy = f'(un(xi,y5, 1)), Hio(s 0 k) = eyul ™ (@i, ;. 1), His(, 0 k) =
Huo(:, 0 k) o Hio(s, 0, k), Huals, k) = yeud(zi, ys,te), His(k) = g(@i,y5, ), Hie(s:
k) = flun(zi,yj,te)) and Hiz(s, 1, k) = His(c, k) + Hig(cy 5 k) + (Hio(sy 5 k) o Hig(s,
k) +Hi (s k) o (Hit (5,0, k) — Has(s, 0, k) — Ha(sy 1 k) o Hua(s 1 k) — (Ho (5,5, k) o Hua (1, k).
Hence from equations (3.33), (3.34) and (3.35), one can obtain 8 M? equations with 8/?
unknown matrices A}, A2, .. A2 B B2 B2 Y C2 L CEYL Using
vectorization, these equations are written in the form L.0y = by , where the unknown
0> contains the matrix entries in the order A}, ,,..., A2, Bl . ..., B2} and C,,,,
C2,,...C2Y% . Finally, the numerical solution of the two dimensional partial integro
differential equation can be obtained by substituting the unknowns in (3.29) or (3.30) or
(3.31).

3.3. Numerical Experiments

In this section, the proposed quasilinearization based wavelet method for two dimen-
sional integro differential equation are tested with appropriate examples. Throughout this

section the following abbreviations and notations are used.

FHWM- Fully Haar wavelet method.

HWFDM- Haar wavelet finite difference method.
FLWM- Fully Legendre wavelet method.

LWFEFDM- Legendre wavelet finite difference method.

A

J denotes the resolution of Haar wavelet and N denotes number of Legendre

wavelets.
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Example 3.3.1.

For the choice of a = b =1, ¢ = 0 and g(z,y,t) = 0, consider the two dimensional

Fisher’s equation 3.1. The initial and boundary conditions are taken from the exact

solution
u(z,y,t) = %tanh((—y_z—i_gt) —log\/§> +%.
Hence
u(z,y,0) = %tanh ((y;x) —1og\/§> +%
uw(—20,y,t) = %tanh<(20+i+3t) -1 \/5) —|—%
u(20,y,t) = %tanh ((y—22+3t) —log\/ﬁ) +%
u(z,—20,t) = %tanh((gt_z_%) —log\@) —|—%
u(z,20,t) = %tanh <(—20 — jf i 3t) —log \/5) + %

Using explicit finite difference method (FDE) and implicit finite difference method (FDI),
two dimensional Fisher equation is solved numerically in [123]. Table 3.1 and 3.2 provide
the comparison between all the proposed methods and methods discussed in [123] for
different grid points at time ¢ = 1. Table 3.1 and 3.2 show that the proposed FHWM,
HWFDM and LWFDM perform better than the methods studied in [123]. The highest
accuracy obtained by FDI [123] is 6.5993 x 10~* for the grid size 80 x 80 x 103, where as
the LWFDM produces better accuracy of 8.7785 x 107° using a grid of size 40 x 40 x 100.
Among the proposed methods, Haar wavelet based method performs better than Legendre
wavelet based method in terms of accuracy as well as grid size. Moreover, in case of
methods based on Legendre wavelet, the finite difference approach LWFDM gives better
accuracy than the fully wavelet approach FLWM. Between Haar wavelet based methods,
both FHWM and HWFDM produce same accuracy. However HWFDM requires more
grid points. As grid size increases, the condition number of the linear system in the fully
wavelet approach also increases. Among both the wavelet methods,the condition number

of resultant matrix of FLWM increases much faster than that of FHWM. This leads to
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a poorer performance of methods based on Legendre wavelets. Figure 3.2 represents the

HWEFDM numerical solution in the interval z,y € [—20,20] at ¢ = 5.

Example 3.3.2.

For the choice of b = 1, ¢ = =1, a = v = 0 and g(z,y,t) = sinmrsinmy +

2_1t2

5 (sin 7z sin my), consider the two dimensional Volterra

272t sin 7w sin wy+ (¢ sin 7 sin y)
integro partial differential equation 3.1 with the initial and boundary conditions all are
zero. It is easy to verify that u(z, y,t) = tsin wa sin 7y is the exact solution of the problem.
Using implicit difference scheme two dimensional Volterra differential equation is solved
numerically. Table 3.3 gives the comparison between the proposed methods (HWFDM
and FLWM) and the implicit difference scheme (IDS). Accuracies for the remaining meth-
ods (LWFDM and FHWM) are not provided in the table because in the case of FHWM,
for obtaining better accuracy, one needs to go for higher grid sizes leading to system mem-
ory issues. For LWFDM, the condition number of the final system increases rapidly for
each iteration due to initial and boundary conditions due to which the coefficient matrix
becomes ill conditioned. One can easily observe that our proposed methods (HWFDM
and FLWM) able to achieve the better results than the method discussed in [21] with
lesser grid points. The highest accuracy obtained by IDS [21] is 8.265¢ % for the grid size
512 x 512 x 512, where as one of the proposed method FLWM produces better accuracy of
2.0044e~% using grid of size 7 x 7 x 7. Unlike in Example 3.3.1, in this example Legendre
wavelet methods performs better than Haar wavelet due to smooth initial and boundary

conditions.

Example 3.3.3.

For the choice of a = b =c =~ =1 and ¢ = 1, consider the two dimensional popu-
1

lation model (3.1) with initial and boundary conditions as follows, u(x,y,0) = To ot
el’

—1 1, ——1 0,y,t ——1
1+€x+t’ U(ZE, ) ) U( 7y7 )_ 1+€y+t’

1 + elty+t’
. o 1
and g(x,y, t) is adjusted such that exact solution is u(z,y,t) = [T From Table 3.4

one can easily observe that methods based on Legendre wavelets (FLWM and LWFDM)
performs better than the methods based on Haar wavelets (FHWM and HWEFDM). An-

u(m,O,t) = u(layat)

] + elty+t’

other observation is that out of all the proposed methods, FLWM outperforms in terms
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of grid size and accuracy due to smooth initial and boundary conditions. Figure 3.3

represents the numerical solution (FLWM) for a fixed values = and y with ¢ € [0, 20].
Remark 3.3.1.

1. In all the examples, the condition |[u, 1 — u,|| < 1075 is used as stooping criteria
and initial guess uy = 0 is used for the proposed wavelet based iterative scheme.

2. All the numerical examples are tested with Chebyshev wavelet also, the order of
the error is same as Legendre wavelet.

3. All the numerical experiments are carried out using MATLAB R2010b.

3.4. Conclusion

In this work, numerical methods based on wavelets are combined with an iterative
method for solving two dimensional partial integro differential equation. While approxi-
mating the derivatives, two different approaches are proposed for two dimensional prob-
lems. In the first approach, finite difference scheme and wavelets are used for approxi-
mating the time and space domains respectively. In second approach, both time as well
as space domains are approximated using wavelets. The advantage of fully wavelet method
is that it requires very less number of grid points to produce higher accuracy. The ad-
vantage of finite difference based wavelet approach is that it is more stable as well as it
requires less memory than the fully wavelet method. It is seen through the examples that
the proposed methods are efficient than the ones in the recent literature [21, 123] and
are in good agreement with the exact solutions as discussed. Furthermore, extensions of

the proposed schemes to higher dimensions is possible.
TABLE 3.1. L errors for Example 3.3.1 at ¢t = 1.

Grid FDE[123] | FDI[123] Grid LWFDM Grid FLWM
8% 8x 2 1.4384e= 01 | 1.4336e~ 0! 5x5x2 1.1696e 01 5x5x5 1.0406e 01
20 x 20 x 10 | 4.8655e792 | 4.8591e792 | 10 x 10 x 10 | 2.4131e~02 8x8x8 | 6.7239¢702
40 x 40 x 2 | 2.4212¢792 | 1.6159¢792 | 12 x 12 x 50 | 8.8108¢793 | 14 x 14 x 14 | 2.9488¢02

TABLE 3.2. L errors for Example 3.3.1 at ¢t = 1.

Grid FDE[123] | FDI[123] Grid HWFDM Grid FHWM
8x8x2 1.4384¢701 | 1.4336e 01 | 2x2x 10 | 6.075e793 2x2x2 | 87724702
20 x 20 x 10 | 4.8655¢702 | 4.8591e¢792 | 4 x4 x20 | 1.7134e792 4x4x4 | 4310802
40 x 40 x 2 | 2.4212e792 | 1.6159e702 | 16 x 16 x 20 | 7.7795¢793 | 16 x 16 x 16 | 1.0049~02
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TABLE 3.3. L errors for Example 3.3.2 at t = 1.

Grid IDS[21] Grid HWFDM Grid FLWM
4x4x16 | 4.751e792 | 4x4x1 | 1.916e=02 4x4x4 | 1.353¢02
8x8x64 |1.149e792 | 8x8x1 | 564803 8x8x8 | 8.153e06

32 x32x32 | 2104e792 | 16 x 16 x 1 | 1.469¢~93 9x9x9 1.404e97
64 x 64 x 64 | 8.069¢7%% | 32 x 32 x 1 | 3.709¢7%4 | 10 x 10 x 10 | 5.896e08

TABLE 3.4. L errors for Example 3.3.3 at ¢t = 1.

for Example 3.3.1 with
J =4and h = 1079 at

t=5.

52

Grid HWFDM Grid FHWM Grid LWFDM Grid FLWM
4x4x102 | 4.8012e %% | 2x2x2 | 2.0723¢ 94 | 3x3x 102 | 1.1563e 9% | 4 x 4 x 4 | 3.2791e~ 04
8 X 8x 102 | 4.1202e795 | 4 x4 x4 | 2.4197e79 | 3 x3x 103 | 9.9001e= % | 6 x 6 x 6 | 4.2918¢97
4x4x103 | 2.0666e9 | 8 x 8 x 8 | 4.6801e= 9 | 5x 5x 103 | 9.9091e=% | 8 x 8 x 8 | 7.1410e~99

—u(0.1,0.1,1)
—u(0.1,0.9,%)
—u(0.3,0.1,t) A
—u(0.3,0.7,1)
-20 -20 t
Ficure 3.2. HWFDM FIGURE 3.3. FLWM so-

lution for Example 3.3.3
with N 10 and t €
[0, 20].



CHAPTER 4

HYPERBOLIC EQUATIONS

In this chapter! wavelet based numerical method is modified for two different equa-
tions namely nonlinear Klien/Sine Gordon equation and nonlinear coupled sine-Gordon
equation. In the following section, wavelet based numerical method is modified for non-

linear Klien/Sine Gordon equation.

4.1. Nonlinear Klien/Sine Gordon equations
4.1.1. Introduction

This section discusses on the numerical method based on quasilinearization and wavelet

for the nonlinear Klein-Gordon equation of the form
(4.1) U (2, 1) — Uga (2, ) + g(u) = f(2,t), 0< <1, t>0,

with initial conditions u(x,0) = fi(x), u(z,0) = fo(z), 0 < z < 1 and boundary condi-
tions w(0,t) = g1(t), u(1,t) = go(t), t > 0. Eq (4.1) plays a key role in mathematical
physics. As mentioned in [28], for different choices of nonlinear term g(u), one can de-
duce important equations such as sine-Gordon, Sinh-Gordon, Liouville, Dodd-Bullough-
Mikhailov and Tzitzeica-Dodd-Bullough from Eq (4.1). For example, for the choices

3 —w and g(u) = sinu, Eq (4.1) reduces to the well known generalized phi-four

g(u) = u
equation and sine-Gordon equation respectively. Eq (4.1) arises in various mathematical
models such as nonlinear optics, solid state physics, propagation of fluxons in Josephson-
Junctions, fluid flow, quantum field theory, quantum mechanics, condensed matter physics
to name a few. Developing numerical solutions for nonlinear Klein Gordon equation has
attracted much attention. Various numerical methods such as finite difference method

! This chapter forms the papers by V.A. Vijesh and K.H. Kumar in Journal of Combinatorics, Infor-
mation and System Sciences, 40 (1) (2015), 225-244 and Journal of Computational Nonlinear Dynamics,
12(1), 011018, 05 pages.



[128], different types of radial basis function collocation methods [28, 30, 56], Jacobi
collocation method [19], different type of Spline methods [70, 76, 103, 127, 192] were
studied to solve Klein Gordon equation. In this direction, recently operational matrix
based wavelet methods are used to solve Klein Gordon equation with initial condition in
[177] and with initial and boundary condition in [179]. This approach converts the par-
tial differential equations into system of algebraic equations using wavelet approximation
and by solving the algebraic equation, one can get the numerical solution of the partial
differential equation. To get a simplified algebraic system, in most of the wavelet methods
[23, 58, 62, 130, 137, 179], wavelets were used to approximate only the spatial deriva-
tives and these methods use finite difference approach for time derivatives. Though this
approach produces a simple set of algebraic equations, it compromises on the accuracy
and increases the cost of computation due to the necessity in using very small time step. It
is interesting to note that by coupling Laplace transform with wavelet, for the initial value
problem [177], time discretization using finite difference can be avoided. In this chapter
an efficient wavelet based numerical schemes are proposed to solve Klein Gordon equation
with initial and boundary conditions. This method produces better accuracy than the
recent techniques available in the literature. More specifically, the time derivative of Klein
Gordon equation is discretized using wavelets independent of Laplace transform. The re-
sulting system of coupled matrix equations are solved using vectorization. Moreover, the
iterative method used in [177, 179] are successive approximations and hence the order
of convergence is linear. In the proposed scheme, classical quasilinearization is combined
with Chebyshev and Legendre wavelets to produce two different numerical techniques.
The aim of this work is to develop an efficient wavelet based quasilinearization method to
solve Klein Gordon equation with initial and boundary condition which is independent of

finite difference method and Laplace transform.

The organization of this section is as follows. Section 4.1.2 explains Chebyshev and
Legendre wavelet collocation methods in combination with classical quasilinearization for
Klein Gordon equation. Section 4.1.3 gives the details of the numerical implementations
of the proposed numerical schemes. The proposed quasilinearization methods based on

wavelets are illustrated in Section 4.1.4 by applying them to various examples including
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Phi four equation and sine-Gordon equation. The numerical results thus obtained are
compared with Jacobi collocation method(JCM) [19], radial basis function collocation
method (RBF) [28, 30, 56], B-spline collocation method [70, 76, 103, 127, 192], finite
difference method [128] and Legendre Wavelet [177, 179] . The discussion is concluded
in Section 4.1.5, by stating the merits of the proposed methods.

4.1.2. Wavelets Collocation Method

This section describes the Chebyshev wavelet collocation method for solving linear
hyperbolic partial differential equation. The same procedure can be followed for the
Legendre wavelet collocation method also. During the discussion of collocation method,
the following notations are used; p; i( fo YPi(t)de, pia(x fo pia(t)dt and C;p =
fo pi1(t)dt. Assume that all the partlal derivatives appears in the linear partial differential

equation can be expressed by Chebyshev wavelets series. Consequently,

(4.2) axQ ZZ“ Wiz

7j=11=1
N1 N

(4.3) Zzbl iz

j=11:=1

Throughout this discussion, the following points in the set {(z;,t;) 1 z; = t; = 5221 <
i,7 < N} are chosen for collocation. From (4.2) and (4.3), one can get u(x,t) in two ways

and they can be represented as follows.

N1 Np

(4.4) ue,t) = DY ais(pia(e) —2Cia)is(1)

j=11i=1

+(u(1,t) — u(0,t))x + u(0,t)

N1 M
(4.5) u(z,t) = Zszﬂ/zz z)pio(t) + us(z, 0)t + u(x,0)
Jj=11i=1
Equating (4.4) and (4.5), at each collocation point, we obtain 2N? set of equations.
Similarly 2N? set of equations are derived from the linear hyperbolic partial differential
equation using the expressions of u(x,y). These two sets of equations are to be solved,
to obtain the unknown Chebyshev coefficients a; ;s and 0; ;’s. The solution can be easily

obtained by substituting these coefficients i any one of the Eqns (4.4) and (4.5).



4.1.3. Numerical Implementation

The classical quasilinearization iterative procedure for the Klein Gordon equation
(4.1) is given by

0%u,, %u, ,
(46) at;rl - 81';1 + g(un) +9g (un)(un+1 - un) = f(l’, t) n= Oa ]-7 ARE

with initial conditions u,1(z,0) = fi(z), ups1,(2,0) = fo(x), 0 < z < 1 and boundary

conditions u,41(0,t) = ¢1(t), ups1(1,t) = ¢2(t), t > 0. Some interesting convergence
results can be found in the monograph [78]. This section provides how to implement
the classical quasilinearization method to solve Klien Gordon equation. Let X7 denotes
transpose of the matrix X. Using the collocation points, and the eqns (4.4) and (4.5),

can be written as

(4.7) Uni1(z,t) = VX, P —UI'X, ( Fy 4+ W — Wy + Wy

(4.8) Uni1(z,t) = PIY, U+ W, + Ws

where Wy = xz‘gz(tj)a Wy = xigl<tj>7 W3 = gl(tj)a W, = f2(xi)tj, Ws = fi(x:), er;rl =
[ig], Vi = WiV = [i(t))], Po = [pia(ty)], Fr = 2;Ciy and {(i,t;) @ 2 = t; =

1—0.5
N

Equating (4.7) with (4.8) we get,

1 <i,7 <2M}. Here Xy and Yj are obtained from the initial approximation uy.

(4.9 VX, P —VT'X,  F—PIY, U = W+ W, — Ws+ W, + Ws.
After using collocation points, the equation (4.6) can be written as
(4.10) VY, U —UTX, U+ Wo (P Y, V) = Wy

where Wy = ¢'(up (24, t5)), Wz = =Weo(Wy+Ws)+ f(z4, t;) — g(un(zi, ;) — Weou, (2, t5)
and o denotes the Hadamard product. To get u,1 one can solve (4.9) and (4.10) with the
initial guess uy. Using vectorization, (4.9) and (4.10) can be brought into L = b where
0 = [vec(Xpi1) Vec(Yn’H)]T and b = [vec(Ws) vec(Wy)]",

Pl @uT - Fl' @ T —vT @ P
9T @ o7 T @ T — Wy(VT @ PT)
where Wy = —W; + Wy — W3 + W4 + Wi, “vec” represents vectorization of a matrix, ®

denotes Kronecker product and Wy is a diagonal matrix that contains elements of Wy in
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it’s diagonal position. Then the numerical solution of the Klein Gordon equation can be

obtained by substituting these wavelet coefficients in one of the equations (4.7) and (4.8).

4.1.4. Numerical Experiments

In this section the proposed iterative based wavelet schemes for Klein Gordon equation
are tested on various choices of example problems including Phi-four and sine-Gordon
equations and their performance in terms of accuracy is compared. Throughout this

section the following abbreviations are used.

1. CWM- Chebyshev wavelet quasilinearization method.
2. LWM- Legendre wavelet quasilinearization method.
3. N7 denotes the number of Chebyshev wavelets and N denotes the number of Le-

gendre wavelets.

Example 4.1.1.

Consider the nonlinear Klein-Gordon equation discussed in [185]
(4.11) Ug — Ugy + u? = 6xt(2? — t2) + 2545,

The initial and boundary conditions of the problem (4.1.1) are taken from [30]. This
equation is solved numerically using different types splines in [76, 128] and different
types of radial basis functions (RBF) in [30, 56]. The numerical results obtained using
quasilinearization based wavelet method is compared with the numerical methods mixed
finite difference and collocation method (MFDCM) [76], collocation method (CM) [76],
Tension Spline [128], various radial basis functions thin plates splines(TPSRBF) [30],
Gaussian (GA) [56] and multi quadraic (MQ) [56]. Table 4.1 and 4.2 show that the pro-
posed iterative methods based on wavelets perform extremely better than all the methods

in [30, 56, 76, 128].
Example 4.1.2.
Consider the nonlinear Klein-Gordon equation discussed in [30, 103, 128, 179]

(4.12) Uy — Uge +u + 150> =0
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The initial and boundary conditions of the problem (4.1.2) are taken from [103]. This
equation is solved numerically using different type of splines [103, 128], Finite difference
based Legendre wavelet method (FLWM) [179] and radial basis functions (RBF) [30].
The numerical results obtained using the quasilinearization based wavelet method are
compared with the numerical methods using finite difference based Legendre wavelet
method [179], cubic B-splines (CBS) [103], tension spline [128], radial basis functions
thin plates splines(TPSRBF) [30]. Table 4.3 shows that the propsed iteartive method
based on wavelets performs extremely better than all the methods in [30, 103, 127, 179].
It is interesting to note that though the LWM takes less number of wavelets (N = 12)
than FLWM (N = 24), LWM produces more accurate results than FLWM. This shows the
superiority of the discretization purely based on wavelets (both time and space derivatives)
which is a key benefit of the proposed scheme. More over, LWM uses only 12 x 12 grids
whereas FLWM uses 24 x 10000 grids.

Example 4.1.3.

Consider the nonlinear Klein-Gordon equation discussed in [70]
(4.13) Ut — Uy + U2 = —xcost + x2 cos® t

The initial and boundary conditions of the problem (4.1.3) are taken from [192]. This
equation is solved numerically using various types of splines [70, 192], as well as various
types of radial basis functions (RBFs) [56]. The numerical results obtained using the
quasilinearization based wavelet methods are compared with the numerical methods using
cubic B splines (CBS) [70], hybrid cubic B-spline (HCuBS) [192], multi-quadric radial
basis functions (MQ) and Gaussian radial basis functyion [56]. Table 4.4 and 4.5 show
that the proposed iterative method based on wavelets performs extremely better than all

the methods in [56, 70, 192].

Example 4.1.4.

Consider the nonlinear Klein-Gordon equation discussed in [70]

2
(4.14) Upp — Ugpy + %u + u? = 22 sin? gt
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The initial and boundary conditions of the problem (4.1.4) are taken from [70]. In [70],
this equation is solved numerically using cubic B-splines in (CBS) [70]. The solution
obtained using present algorithms are compared to cubic B-splines. Table 4.6 shows that
the propsed iteartive method based on wavelets performs extremely better than that
obtained using CBS. Further, it is interesting to note that LWM and CWM took only 10
x 10 grids, while CBS require 5 x 100 grids.

Example 4.1.5.

Consider the non-linear Phi-four equation discussed in [19]
(4.15) Upp — Uy +u° —u =0

The initial and boundary conditions of the problem (4.1.5) are taken from [19] This
equation is solved numerically using spectral method in [19]. The numerical results ob-
tained using the quasilinearization based wavelet methods are compared with the spectral
method [19]. Table 4.7 shows that the propsed iteartive method based on wavelets per-
forms extremely better than that in [19]. Moreover, it is interesting to note that LWM

and CWM took same number of grids as spectral method.

We will conclude our discussion in this section by solving the following sine-Gordon

equation.

Example 4.1.6.

Consider the nonlinear sine-Gordon equation discussed in [179]
(4.16) Ugg — Upy + sinu = 0

The initial and boundary conditions of the problem (4.1.6) are taken from [179]. The exact
solution is given by u(z,t) = 4tan~!(tsechx). Table 4.8 presents the comparison between

the proposed schemes by varying the number of wavelets used to solve the problem.
4.1.5. Conclusion

In this chapter, numerical methods based on wavelets combined with classical quasi-
linearization methods for Klein-Gordon equation are proposed. To produce better accu-
racy, time derivatives of the Klein Gordon equation is also approximated using Cheby-

shev / Legendre wavelets. Comparsion of the numerical results with various schemes
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shows that the results obtained are better than those in some of the recent literature
[19, 30, 56, 70, 76, 103, 128, 179, 192] and are in good agreement with the exact
solution. From Figure 4.7 one can observe that Chebyshev wavelet produces better accu-
racy when compared to Legendre wavelet in Example 4.1.1. Legendre wavelet produces
better accuracy than the Chebyshev wavelet in Example 4.1.2 which can be seen in Figure
4.8. Figures 4.8 to 4.12 assures that in the remaining Examples 4.1.3 to 4.1.6, both CWM

and LWM produce almost same accuracy.

TABLE 4.1. Comparison of L., errors obtained using CWM and LWM of
Example 4.1.1.

CM [76] | MFDCM[76] | CWM | LWM

t | M=4 M=4 Ni=4| N=4
0.1 | 5.3¢79° 5.3e~10 4.1e717 | 4.4e=17
0.2 | 5.7¢7 095 9.4e709 4.2e717 | 6.6e717
0.3 | 4.1¢795 5.5¢~08 5.6e~17 | 7.7e"17
0.4 | 5.6e795 3.8¢707 7.5¢=17 | 1.1e~16
0.5 | 4.5¢709° 5.6e~97 6.6e~17 | 1.1e~16
0.6 | 5.9¢70° 7.1e797 5.9¢717 | 9.0e~17
0.7 | 5.9¢70° 7.0e=97 9.4e=17 | 1.1e~16
0.8 | 4.5¢795 8.6e~07 1.7¢716 | 1.4~ 16
0.9 | 6.3¢70° 7.9¢797 3.3¢716 | 2.5¢16

TABLE 4.2. Comparison of L, errors obtained using CWM and LWM of
Example 4.1.1 at t = 1.0

TPSRBF GA MQ CM MFDCM | CBS | Method-1 | Method-2 | CWM LWM
t [30] [56] [56] [76] [76] [127] [128] [128] N=4 | Ny=4
1.0 | 1.1e793 3.2e794 | 916704 | 4679 | 8.2¢707 | 5.6e"14 | 1.1 08 1.5e799 | 3.3¢716 | 4.6e—16

TABLE 4.3. Comparison of L, errors obtained using CWM and LWM of
Example 4.1.2 for N =12, Ny = 12

TPSRBF | CBS CBS | Method-1 | Method-2 | FLWM | CWM LWM
t=10 (30] [103] [127) [128] [128] [179]

c=0.5 | 599¢ 9 | 3.57e705 | 2.69¢=98 | 1.45¢797 | 1.74e=10 | 6.12e796 | 5.20e—12 | 3.56e~12

c=0.05| 3.64e797 | 3.65¢ 96 | 1.20e08 | 1.45e797 | 1.74e=10 | 1.08¢707 | 2.03e12 | 1.78¢ 12
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TABLE 4.4. Comparison of L., errors obtained using CWM and LWM of
Example 4.1.3.

CWM | LWM | CWM | LWM

0.16.3¢797 | 4.8677 | 2.3¢7%9 | 2.0e7%
0.2 8579 6.3¢7°7 | 1.6 | 1.6
0.3]7.8¢79 [ 7.1e797 | 1.0e7%9 | 8.9¢10
0.416.8¢79 [ 4.6e7°7 | 1.0e7%9 | 9.7¢710
0.5]6.2¢77 | 4.7¢7°7 | 1.2e7%9 | 1.0e7%
0.6 [4.1e7%7 | 4.1e7°7 | 1.0e7%9 | 9.4¢710
0.7]8.8¢797 | 6.5e797 | 8.9¢719 | 8.5¢71°
0.8 5479 [ 4.9¢77 | 1.4¢799 | 1.4
0.911.2e79 [9.8¢797 | 1.6e7%9 | 1.7¢7%

TABLE 4.5. Comparison of L., errors obtained using CWM and LWM of
Example 4.1.3 at t = 1.0.

N =41 MQ[56] 1.0e=04
N=41 GA[56] 2.5¢~03
h=0.1,k = 0.005 B-Spline [70] 2.8¢7 01
h =0.04,k = 0.001 B-Spline [70] 4.6e7%
- HCuBS[192] 4.7
N=38 CWM 1.7¢7%
N, =8 LWM 2.1e7%

61




TABLE 4.6. Comparison of L., errors obtained using CWM and LWM of
Example 4.1.4.

0.0
0.01
0.02
0.10
0.50
1.00

T T T T3 Ty Ts Max|Error| | CWM | LWM
0.0/ 02 | 04 | 06 | 08 | 1.0 [70] | N, =10|N =10
0.0 0.0 0.0 0.0 0.0 0.0 0.0 6.7¢710 | 9.0e710
0.0 { 0.0031 | 0.0063 | 0.0094 | 0.0126 | 0.0157 6.5e 07 5.4e710 | 6.3¢710
0.0 { 0.0063 | 0.0126 | 0.0188 | 0.0251 | 0.0314 2.7¢7% 4.2e710 | 4.2¢710
0.0 { 0.0313 | 0.0626 | 0.0939 | 0.1251 | 0.1564 1.7¢7% 9.9¢ 1 | 9.5¢ 71!
0.0 1 0.1414 | 0.2828 | 0.4243 | 0.5657 | 0.7071 2.3¢7 %3 3.8¢710 | 3.4e 1
0.0 { 0.2000 | 0.4000 | 0.6000 | 0.8000 | 1.0000 2.0e% 1.8e7% | 2.0e7%

TABLE 4.7. Comparison of absolute errors obtained using CWM and LWM
of Example 4.1.5.

Spectral[19] | CWM | LWM Spectral[19] | CWM | LWM
x t N =12 Ni=12| N=12 | t N =12 Ni=12| N=12
0 0.1 1.97¢7% 2.32¢710 12346719 1 0.2 1.12¢710 2.87¢710 | 2. 75710
0.1 0.1 6.05e~ 11 5.44e712 ] 6.20e712 | 0.2 1.49¢~10 3.58¢712 | 4.80e~12
0.2 0.1 6.21e=10 2.27e 121 1.33¢712 0.2 6.11e"10 1.59¢712 | 5.09¢13
0.3 0.1 5.64¢10 2.85¢ 12 | 1.73e712 | 0.2 6.01e 10 1.65e712 | 6.45¢ 13
04 0.1 1.04e7% [ 1.39e712|6.57e 13 0.2 8.29¢710 |2.00e712]|1.59¢ 12
0.5 0.1 8.99¢~10 8.42¢713 | 7.24e713 | 0.2 1.08¢~% 3.30e712 | 2.14¢712
0.6 0.1 1.31e7% 2.44e 12 | 1.70e712 | 0.2 1.03e7% 3.04e712 | 2.04e712
0.7 0.1 1.18e~% 2.78¢712 1 2.03e712 | 0.2 1.33e7% 1.20e712 | 1.20e12
0.8 0.1 1.42¢7% 3.0le712 | 2.48¢712 | 0.2 7.60e10 4.34e713 | 4.87¢713
0.9 0.1 7.16e 10 5.90e712 | 5.28¢e712 | 0.2 2.35¢10 3.61e 13 | 2.06e 12
1.0 0.1 7.89¢7 11 1.89¢ 11 | 2.18¢71 | 0.2 4.47e 12 7.33¢7 11| 6.23e7 1!
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TABLE 4.8. Comparison of L., errors obtained using CWM and LWM of

Example 4.1.6.

CWM LWM CWM LWM
t N, =8 N =8 Ny =12 N =12
0.1 5.3~ 5.8e70¢ 6.5~ %8 6.3e708
0.2 6.5e 06 6.7~ 7.8 %8 8.1e %8
0.3 1.0e7% 9.8¢% 9.8¢7%8 9.7¢7%
0.4 1.0e7% 1.0e7% 9.9¢7%8 9.8¢7%8
0.5 9.0e~¢ 9.1e7%¢ 8.9¢7%8 9.0e7%8
0.6 8.4e70¢ 8.7~ 1.0e707 9.8¢7%8
0.7 8.7~ 9.0e~%¢ 9.9¢7%8 9.7¢7%
0.8 7.8 7.9¢% 8.5e % 8.5¢ %
0.9 5.4¢7% 5.2¢7% 6.3¢7% 6.2¢7%8
1.0 2.2¢7% 3.1e7% 1.1e707 1.3e797
08
06
%04
30.2

FiIGURE 4.1. Numerical

solution of wu(z,t) of Ex-

ample 4.1.1 for N; =8
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FiGUrRE 4.2. Numerical

solution of wu(z,t) of Ex-
ample 4.1.2 for N =8,¢c =
0.05




Error

FIGURE 4.3. Numerical

solution of w(z,t) of Ex-

ample 4.1.3 for N; =8

FIGURE 4.5. Numerical

solution of wu(z,t) of Ex-

ample 4.1.5 for Ny =8
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FIGURE 4.4. Numerical

solution of w(z,t) of Ex-

ample 4.1.4 for N =8

FIGURE 4.6. Numerical
solution of u(z,t) of Ex-

ample 4.1.6 for N =8
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The following section provides the wavelet based numerical method for coupled non-

linear sine-Gordon equation.



4.2. Coupled nonlinear sine-Gordon equations
4.2.1. Introduction

In this section, a new numerical scheme based on quasilinearization and Chebyshev

wavelet is proposed for the coupled sine-Gordon equation of the form

_ — —52¢i _
(4.17) Uy — Ugy d*sin(u —w) + f(x,t)

Wiy — Wy = sin(u — w) + g(z, 1)

with initial conditions u(z,0) = fi(z), ui(z,0) = fo(z), w(z,0) = f3(x), w(z,0) = fi(x)
and boundary conditions u(0,t) = g1(t), u(1,t) = ga(t), w(0,t) = g3(t), w(l,t) = ga(t).
The coupled equation (4.17) was studied [71] to model one dimensional nonlinear wave
process in two-component media as it plays a vital role in describing the open states
in deoxyribonucleic acid DNA [187]. Many attempts were made to solve the coupled
sine-Gordon equation numerically as well as analytically. For example, Adomian decom-
position method [129], radial basis functions (RBF) [57], simplest equation method [189)]
and variational iteration method [18] have all been successfully applied to solve coupled
sine-Gordon equation. Very recently, an interesting numerical technique based on radial
basis function together with finite difference method was developed to handle the coupled
sine-Gordon equation with initial and boundary conditions[57]. In this approach, the time
domain was discretized using finite difference approach, while the space domain was dis-
cretized using radial basis function. The nonlinearity in the coupled sine-Gordon equation
was handled by successive approximation that only gives a linear convergence. Though
this approach produces decent accuracy due to the usage of finite difference, it requires
more grid points. The aim of this section is to provide a new numerical technique which
can produce higher accuracy with less number of grids. Due to the better approximation
property of wavelets, wavelet based techniques were widely used now a days for solving
different types of differential equations [23, 37, 38, 39, 58, 62, 65, 74, 130, 137]. It is in-
teresting to observe that as in the RBF method discussed, most of the wavelet methods for
partial differential equations are based on finite difference method [23, 58, 62, 74, 130|
for time domain discretization. A finite difference free method based on wavelets was
studied for nonlinear Klein Gordon equation [168]. As this approach discretizes both the

domains using wavelets, it produces higher accuracy with less number of grid points. This
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approach is extended to coupled sine-Gordon equation in this chapter and is compared
with RBF based scheme. More specifically, a wavelet method is proposed in which both
time and space domain are discretized using wavelets. Consequently, the present approach
produces better accuracy than the RBF based scheme [57] with almost one third of total
grid points. Moreover, the nonlinearity in the coupled sine-Gordon equation is handled by
the quasilinearization method, which has quadratic convergence in contrast to the linearly

convergent successive approximation used [57].

The organization of this section is as follows. Section 4.2.2 explains the Cheby-
shev wavelet collocation methods in combination with quasilinearization for coupled sine-
Gordon equation. The details of the numerical implementations procedure for the pro-
posed numerical method is presented in Section 4.2.3. The proposed quasilinearization
method based on wavelets is illustrated in Section 4.2.4 by applying it to various examples
as described by Ilati et.al. [57]. Concluding remarks on the proposed scheme is made in

Section 4.2.5.

4.2.2. Wavelet Collocation Method

After applying quasilinearization to the given nonlinear coupled equations, one has
to solve a linear partial differential equation at each iteration. This section provides
the collocation method for linear coupled partial differential equations using Chebyshev
wavelets. With the assumption that the partial derivatives as well as other functions

arising in the linear coupled partial differential equations are members of L?((0,1) x (0, 1)).

Therefore,

(4.18) % = ZZaj,iwi(:c)wj(t):\IJT(t)A\I/(x)
(4.19) % = ZZ@,M(:{;)%@):@T(t)B\y(a;)
(4.20) = Y @) = ¥ (O
(421 T = Y dalas () = V(DY)
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where AT = [ay,), BT = [by,], €T = [e), DT = [ds ], W(a) = [i(a)]T and W(e) = [;(0))"
for 1 <,j7 < N;. For collocation, the points in the set {(z;,t;) : x; = t; = ijvof‘,l <

i,j < N} are chosen. Using (4.18) and (4.19) one can obtain u(z,t) in two different

representations as shown below.

(4.22)  u(z,t) = VI)AP*V(z) — VT () AC1z + (u(1,t) — w(0,t))x + u(0,1)

(4.23)  u(z,t) = V) (P?BY(z) + tuy(x,0) + u(z,0),

Similarly, using (4.20) and (4.21), w(x,t) can be represented in two different ways as
follows.

(4.24) w(z,t) = V'()OP*U(x) — U (1) CCx + (w(l,t) — w(0,t))x + w(0,t)

(4.25) w(z,t) = W) (P)?DY(x) + tw(x,0) + w(x,0)

where P is the operational matrix for integration [11, 12] and C} = P fol U(t)dt. From
(4.22) - (4.25) we get 4N} equations. Another 4N? can be obtained by substituting the
expressions of wy, Wy, U, W, Uy, and w,, given by (4.19) ,(4.21), (4.22), (4.24), (4.18) and
(4.20) respectively in the corresponding linear PDE. This system needs to be solved for

Chebyshev coefficients a; ;’s, b; ;’s, ¢; ;’s and d; ;’s. Then the solutions u(z,t) and w(zx,t)

can be obtained from (4.22) or (4.23) and (4.24) or (4.25) respectively.

4.2.3. Numerical Implementation

The following scheme of linear coupled partial differential equations are obtained after
applying classical quasilinearization to the coupled sine-Gordon equation (4.17).

9%u,, o%u,,
Untl O Unl 82 (Wnp1 — wy) €o8(Up — Wy) 4 02 (Un, — Upyy) cOS(Un — W)

ot? 0z?
(4.26) —6%sin(u, — wy) + f(x,t), n=0,1,2---
O*wy, D*wy,
;;;1 —c g;;l = (wy — Wya1) cos(ty, — wy) + (Upy1 — Uyp) cos(u, — wy,)
(4.27) +sin(u, —wy,) + g(z,t), n=0,1,2---

with initial conditions wu,i1(z,0) = fi(z), uns14(x,0) = fo(x), wpii(z,0) = f3(2),

wn+1t(xa0) = f4(l’) and boundary conditions un+1(07t) = gl<t)7 un+1<17t> = 92<t)7
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wn+1(0,t) = g3(t), wpe1(1,t) = g4(t). This section explains how to couple the classical
quasilinearization method with Chebyshev wavelet collocation method to solve coupled
sine-Gordon equations. Let us assume that B’ denotes transpose of the matrix B. Using

the collocation points, the equations (4.22) - (4.25) can be rewritten as

(4.28) Uni1(2,t) = T Ap 1Py — ¢T A1 Fy+ Ky — Ky + K
(4.29) Upyi(7,t) = Py Bpid+ Ky + Ks

(4.30) Wit (2,1) = ¢TCpi1 Py — ¢T O Fy + K — K7 + Ky
(4.31) W1 (2,t) = PIDpii¢+ Ko+ K

where Ay = [ai;], B,y = [bigl, Cryy = leig], Dnr = [dig], ¢ = [¥(a)] = [¥(E)], P> =
P20 (z;) = P2U(t)), Fr = O1X, X = [ai], , K1 = miga(t)), K2 = zign(t), Ks = gu1(t;),
Ky = tjfa(wi), Ks = fi(z:), Ko = miga(ty), Kr = migs(ty), Ks = g3(t;), Ko = t;fa(x),
Ko = f3(z;) and {(z;, ;) : 2, = t; = 17\[01‘5,1 < i,7 < N1}. Here Ay, By, Co, Dy are ob-
tained from the initial approximations ug and wy. Equating (4.28),(4.29) and (4.30),(4.31)

we get,
(4.32) ¢TAn+1P2 — ¢TAn+1F1 - PQTB’rH-1¢ = Kn
(4.33) qf)TCn-HPQ — ¢T0n+1F1 - P2TDn+1¢ = K

where KH = K4 + K5 — Kl + KQ — Kg and Klg = Kg + K10 — K@' + K7 — Kg. After using

collocation points, (4.26) and (4.27) can be rewritten as
(4.34) ¢ Bus1¢ — &' Api1p — 6°Ku3 0 (Py D1 9) + 0° Kz 0 (Py Buy19) = K
(435) "D = T Cod + Kig 0 (P Dua) = Kiz 0 (P Buy16) = Kis

where Ki3 = cos(Ki6 — Ki7), Kis = sin(Kys — Ki7), K6 = un(24,t;), Kir = wy (24, t5),
K = f(xi,tj) — 0°Kis+ 6* K130 (K16 + Ko+ K19 — K17 — Ky — K;) and K5 = g(x;, ;) +
Kig+ Kyz30 (K7 + Ky + K5 — K16 — K9 — Ky9) with "o’ denoting the Hadamard product.
Now, one will end up with four known equations (4.32), (4.33), (4.34), (4.35) and four
unknown matrices A, 11, Bni1, Cni1, Dni1. By using vectorization the above equations
can be brought into the form L# = v where the entries of A, 1, Byui1, Chy1, Dyyq, form

the vector 6. The numerical solution of the coupled sine-Gordon equation can be obtained
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by using either equation (4.22) or (4.23) for v and similarly by using either equation (4.24)
or (4.25) for w.

4.2.3.1. Convergence and error analysis. A function u(x,t) € L*((0,1) x (0,1))

can be expanded using Chebyshev wavelets as

(4.36) u(a,t) =Y Y crai(x)(t)

j=11i=1

The following theorem guarantee convergence of the Chebyshev wavelet series.

Theorem 4.2.1. If a function u(z,t) € C([0,1]x[0,1]) has a bounded second order partial

derivatives, then the Chebyshev wavelet method converges uniformly to u(x,t).

Proof. The estimation follows that is similar to the proof as published previously [2, 93].

2nL
l¢jal < T ;o m>1
(2n1)2(2n)2(m? — 1)
212 L
el € — 1 m=1
(2n)2(2n1)>
where | 2| < L and |a“] < Ly, n,m depends on ¢ and ny, m; depends on j as mentioned
in the definition. Hence (4.36) is absolutely convergent. [

Theorem 4.2.2. If a function u(x,t) € C([0,1] %[0, 1]) has a bounded second order partial

deriwative, then we have the following accuracy estimation.

[SIE

N1 N>

A2 L2
|lu(x,t) chﬂfﬂz ) < Z Z 2n) 2ny) (mZ — 172 ;o om>1
i=1 j=1 1=Nip;= 2k1
1
N1 N 00 472
||u z, t ZZCJZ¢Z | S Z Z am gn ) m = 1.
i=1 j=1 i=Nip;= 2k1 1

2 . . .
where |%| <L and |%| < Ly, n,m depends on i and ny,m; depends on j as mentioned

in the definition.

Proof. The proof is similar to the proof referenced in previous studies [93, Theorem 7|. [
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4.2.4. Numerical Experiments

This section provides results of the numerical experiments done on various test prob-
lems as described by Ilati et.al.[57] using the proposed Chebyshev wavelet based method
(CWM). The solutions, corresponding errors and the number of required grid points com-
pared to recently published RBF based scheme [57] was used to prove the efficiency of

the proposed scheme. N; indicates the number of Chebyshev wavelets.

Example 4.2.1.

Consider the coupled sine-Gordon equation

Uy — Upy = —sin(u—w)+ f(x,t)
Wy — Wy = sin(u—w)+g(x,t), —2<x<2 0<t<T
where f(z,t) = 2sin(z) + t*sin(z) — sin(¢? cos(x) — t* sin(x))
g(x,t) = 2cos(w)+ t* cos(x) + sin(t* cos(z) — t* sin(w))

with the initial conditions u(x,0) = w(z,0) = w(x,0) = wi(x,0) = 0 and Dirichlet
boundary conditions u(—2,t) = t?sin(—2), u(2,t) = t*sin(2), w(—2,t) = t* cos(—2) and
w(2,t) = t*cos(2). Tt is easy to verify that u(z,t) = t*sin(z), w(x,t) = t>cos(x), =z €
[—2,2], 0 < t < T are the exact solution. The numerical solutions of Example 1 in
[57] are obtained by methods based on the radial basis functions, Gaussian (GA) and
multiquadrics (MQ) coupled with QR factorization. Table 4.9 gives the comparison be-
tween the GA-RBF-QR, GA-RBF and CWM in terms of accuracy and grid points. It is
interesting to note that GA-RBF-QR produces higher accuracy for the grid size 204800,
where as CWM enhances accuracy just by using 128 grid points. Table 4.10 gives the
comparison between the MQ-RBF-QR and CWM in terms of accuaracy and grid points.
It is interesting to note that MQ-RBF-QR produces higher accuracy with a grid size of
204800, where as CWM produces better accuracy by just using 128 grid points. Figure
4.13 represent the graphs of the numerical and analytical solutions at time ¢ = 2 in the

interval —6 < x < 6.
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Example 4.2.2.

Consider the coupled sine-Gordon equation
Uy — Upy = —sin(u —w)

Wy — Wy = sin(u—w), 40<z<70,0<t<T

with the initial conditions u(z,0) = cos(ax), w(x,0) = 0, ui(x,0) =0, w(z,0) =0 and

Dirichlet boundary conditions

1 1 1
u(40,t) = cos(40a) — §oz2t2 cos(40a) — 5252 cos(40a) + ﬂoft‘l(az + 1) cos(40cv)

1
+ ﬂt4(2 + a?) cos(40a)
1 1 1
u(70,t) = cos(70a) — 5042152 cos(70a) — §t2 cos(70a) + ﬁa2t4(a2 + 1) cos(70cv)

1
+ —t*(2+ a?) cos(70a)

24
L, L 94 Loy o
w(40,t) = =t“cos(40a) — —a’t" cos(40a) — —t"(a” + 2) cos(40a)
2 24 24
1 1 1
w(70,t) = 5752 cos(70a) — ﬂoft4 cos(70a) — ﬁt4(2 + a?) cos(70a)

where o« = 1.6. Though the exact solutions are infinite series

1 1 1
u(z,t) = cos(ax) — 5042152 cos(ax) — 5752 cos(ax) + ﬂoﬂt‘l(az + 1) cos(ax)
1
+ ﬂt‘l(a2 + 2) cos(ax) + - - -
w(z,t) = 1252 cos(aur) — icy2t4 cos(ax) — i754(oz2 +2) cos(ax) 4 - - -
’ 2 24 24

we consider the following approximate solution as exact solution for preparing the error

tables.
L 9o L, L9 o
u(z,t) = cos(ax) — 5 t* cos(aux) — Et cos(ax) + 1% t*(a® + 1) cos(ax)
1
+ ﬂt4(oz2 + 2) cos(ax)
w(x,t) = 1252 cos(azx) — ioz2154 cos(ax) — i154(042 + 2) cos(ax)
’ 2 24 24

The numerical solutions of Example 2 [57] are obtained by methods based on the multi-
quadric RBF coupled with QR factorization. Table 4.11 shows the comparison between

the MQ-RBF-QR and CWM in terms of accuracy and grid points. It is interesting to
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note that CWM produces higher accuracy for almost one third of the grid size compared
to MQ-RBF-QR. Figure 6.1 represent the graphs of the numerical and analytical solution
at time £ = 0.3 in the interval 40 < x < 70.

4.2.5. Conclusion

In this study we have discussed in detail, an efficient numerical method based on
Chebyshev wavelet combined with quasilinearization method for coupled sine-Gordon
equation with initial boundary conditions. The proposed wavelet based scheme produces
higher accuracy with lower number of grid points than the radial basis function (RBF)
based method. In order to handle the nonlinearity as seen with RBF based scheme

[57] that uses successive approximation, our proposed wavelet based scheme incorporates

quasilinearization. Consequently, the proposed wavelet based iterative scheme converges

faster.
TABLE 4.9. L., errors for t = 1 for Example 4.2.1
Grid GA RBF-QR[57] GA RBF[57] Grid CWM
Uerr Werr Uerr Werr (NL Nl) Uerr Werr
(20,20) 2.4865¢ 702 2.4879¢~92 1.6141e1? 2.9515¢20 (6,6) 6.8047¢70%4  2.5910¢793
(20,40) 1.2175¢=92 1.2159¢—02 1.8609¢37 3.9877¢36 (7,7 3.3363¢ %% 1.0296e—%4
(20,80) 6.0175¢~93 6.0072¢793  4.0760e'%¢  3.8883¢!%6 (8,8) 8.7614e7 96  4.4558¢705
(20,160) 2.9906¢~93 2.9850e792  5.5694e'88  1.9918¢!83 (9,9) 4.5432¢706  1.3230e~06
(20,5120) 9.2891e~05 9.2712¢ 795 NaN NaN (10,10)  8.1446e~98  5.0900e~°7
TABLE 4.10. L errors for ¢t = 1 for Example 4.2.1
Grid  MQ RBF-QR[57] Grid CWM
Uerr Werr (Nla Nl Uery Werr
(20,10) 2.8620e 92 2.4687¢ 92 | (5,5)  1.5923¢7%2 5.3623¢7%
(20,40) 7.7483¢703 1.1674¢7%2 | (6,6)  6.8047e"** 2.5910e~%3
(20,160) 3.6067¢7 4.4709¢~93 (7,7) 3.3363e7%  1.0296e~
(20,640) 7.3924¢% 7.4249¢ % (8,8)  8.7614e7 4.4558¢7%°
(20,5120) 9.2352¢% 9.2622¢7% | (9,9)  4.5432¢7% 1.3230e
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TABLE 4.11. L errors at different times ¢ for Example 4.2.2

Method MQ RBF[57] CWM
Grid (15,1000) (72,72)
t Uerr Wery Uerr Werr
0.1 2.8175e~ % 5.3129¢7% | 3.1351e™% 4.2048e~"7
0.2 1.1133e™% 1.9834e7% | 1.1127¢79  8.8512¢7%
0.3 2.4543¢793 3.8742¢7%4 1 9.0672e" 2.2674e%
0.4 4.2658¢793 5.2184e7% | 5.6136e~" 1.7233e~%
0.5 6.5513¢793 5.9676e7% | 6.7713e7%  4.0033e~%
0.6 9.4133e793 5.2000e=% | 1.1260e"%  3.7948¢~%

FIGURE 4.13. Numerical and exact solutions of u(x,t) and w(z,t) at t = 2

for Example 4.2.1
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CHAPTER 5

FOURTH ORDER ELLIPTIC EQUATION WITH
NONLOCAL BOUNDARY CONDITIONS

This chapter® discusses about wavelet methods for fourth order elliptic equations with

nonlocal boundary conditions.

5.1. Introduction

Fourth order elliptic equations with various boundary conditions find relevance in the
study of traveling waves in suspension bridges [26, 80, 99] and static deflection of a
bending beam [14, 40, 188|. Very few works can be found in the literature that deal

with fourth order elliptic equation

(5.1) A2u(z,y) — boAu(z,y) + cou(x,y) = f(x,y, u(x,y)),

where a < x < band ¢ < y < d with nonlocal boundary conditions u(x, 1) f f
u(w,y)dady + g0 (z,01), ulis,y) = [* [ Bz, y)ulz,y)dedy + gD (is,y), Au(z, 21) =
f f (x,y)Au(z,y)dzdy — g(o)(x i1), Aulia,y f f (z,y) Au(z, y)doedy — g (ig, y)
where i1 = ¢, d, iy = a, b, by and ¢y are constants with by > 0 and f(x,y,u), f(x,y) and
gW(z")(I = 0,1) are continuous functions in their respective domains. To solve this prob-

lem numerically, interesting finite difference iterative schemes are developed in [89, 115].

The present article proposes numerical techniques based on two different iterative
schemes using Legendre wavelets for solving (5.1). Numerical schemes based on Legendre
wavelets are recently reported in the literature for solving different types of differential
equations like ordinary differential equation [108], delay differential equation [137], par-
tial differential equation [75, 169]| and g-difference equation [167]. Though there are

considerably many methods based on wavelet techniques for different types of differential

'This chapter forms the paper by K.H. Kumar and V.A. Vijesh, under review



equations, very few works are available for linear second order elliptic partial differen-
tial equations [8, 10] with Dirichlet, Neumann and mixed boundary conditions. In the
literature, some methods are reported for integral equations and ordinary integro differ-
ential equations. [1, 7, 17, 50]. Recently in [9], Islam et al. proposed a new numerical
method based on Haar wavelets for third and fourth order ordinary differential equation
with nonlocal boundary conditions. In this direction, a Haar wavelet method is proposed
for a second order linear elliptic partial differential equation with one nonlocal boundary
condition in [59]. One of the drawbacks in its approach is that it demands even the fourth

order derivatives to be existing and belonging to L?[0, 1].

In the present article, two numerical methods based on Legendre wavelets are de-
veloped for (5.1). In the first approach, classical quasilinearization is combined with
Legendre wavelets for solving the fourth order elliptic equation with nonlocal boundary
conditions. Though the accuracy obtained by this method is decent enough, it is found
to produce considerably insignificant accuracy for a certain class of solutions. Moreover,
as the number of wavelets increases, the size of the resultant matrix increases rapidly.
To overcome this issue, another iterative method is also proposed where the nonlinear
fourth order elliptic equation (5.1) with nonlocal boundary conditions is transformed to
a coupled second order differential equation with nonlocal boundary conditions. Later
with the help of an iterative scheme discussed in [89], the coupled equation is linearized
and solved for its numerical solution. It was observed that depending on the nature of
the solutions, one of the two iterative procedures will outperform the other. The main

contributions of this study are

e Two efficient iterative schemes are proposed to solve (5.1) numerically.

e The second scheme also supplies an effective method for solving second order elliptic
equation with nonlocal boundary conditions.

e In contrast to [59], this scheme requires only the second order derivative to be

existing in L?[0, 1].

The organization of this chapter is as follows.Two different Legendre wavelet colloca-

tion methods in combination with iterative schemes are provided in Section 5.2 for two
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dimensional fourth-order nonlinear elliptic equations with nonlocal boundary conditions.
The proposed methods are illustrated in Section 5.3 by applying it to different examples.
The obtained numerical results are compared with an existing numerical method based

on finite difference scheme (FD) [115]. The discussion is concluded in Section 5.4.

5.2. Wavelets collocation method

This section gives descriptions on two iterative methods based on Legendre wavelets
for solving (5.1) numerically. More specifically, discussions on solving linear problems aris-
ing at each iteration of the procedures proposed are detailed. Throughout the discussion,

the following most frequently used definition of Legendre wavelets is adopted [169].

5.2.1. Legendre Wavelet

The Legendre wavelet family on the interval [0, 1] is defined as

25 /m 4L, (2Fx — 7)) ifz e [Agl AL
52 (o) = o el A
0 otherwise
where n = 1,2,---21 m = 0,1,2,---, i = n+ 2¥"'m and L,,(z) is the well known

Legendre polynomial of degree m. To generate Legendre polynomials the following recur-

rence relation is used.

(5.3) Lo(z) = 1, Li(x)==x
2m +1 m
(5.4) Lyp(z) = ( o ) x Ly (z) — (m—-i—l) Ly 1(2)
for m = 1,2,3---. From the orthogonal property of Legendre polynomial, it can be

easily seen that Legendre wavelet is an orthonormal subset of L?(0,1). Consequently, the

Legendre wavelet family forms a basis for L?(0,1). Hence, any member f of L*(0,1) can

be expressed as an infinite sum of Legendre wavelets, i.e. h(z) = Z a;i(x).
i=1

5.2.2. Method 1

In the first approach, classical quasilinearization is coupled with Legendre wavelets for

solving fourth order elliptic differential equation (5.1) with nonlocal boundary conditions.
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With the help of classical quasilinearization, the problem is linearized first and then all
the terms in the governing equation and the kernal §(z,y) in the boundary conditions
are approximated using Legendre wavelets. At each step of the iteration, one has to solve

the following linear fourth order elliptic equation with nonlocal boundary conditions.

(55) AQunJrl (LC, y) - boAun+1(l‘, y) + CounJrl(Q:? y) = f(&?, Y, ’U,n(ﬂi, y)) + f/(un)(un+1 - un)

with the boundary conditions

1 pl
wntavi) = [ [ By (e)dady + 90,
Un+1 1,y / / ﬁ T,y Un+1(l’ y)dxdy—i—g(l (Zlay)7
At (z,d1) —/ / B(xa?/)AunH(Ia?/)dl’dy—9(0)(x,i1),

AUn+1 1,y / / 5 T,y Aun—i—l(x y)dxdy 9(0)(21;y>

where ¢; = 0 and 1. Using the Legendre wavelets, the following approximations are made

for (5.5).

MUy (2, y n
(5.6) Pnnilzy) S a (ei(y) = U (@) A ()
i=1 j=1
MUy (2, y "
(5.7) % = ZZZ) Ly y) = VT (2) BV (y).
i=1 j=1

Bla,y) = U (2)K¥(y), Ptna(@y) _ U (2)Cr1 VU (Yy), tnga(z,y) = ¥ () Do U(y),

Oz
Py (z,
% = UT(2) Epi ¥(y) where A,y = [ali vwn, Brar = [0 v, K =

[ v, C = [ v, D = [diH vwy and E = [ ] vy . The following is obtained
by integrating (5.6)

Pn (2, y)

(5.8) T = V(@) P AT (y) + Galy)

(59 Pentl00) 7 ()P A, 0(0) + Cal0) + Galy)
aun+1($a y) 3 x?

(5.10) — 2 = U (2) PT A Y (y) + Gi(y) 5 + Ga(y)z + Gs(y)

ox 2
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x3 x?

(5.11)  wppi(w,y) = U1 (@) PT Ay U(y) + Gl(y)g + G2(y)3 + Gs(y)z + Ga(y)

Similarly after integrating (5.7), one can get the following equations

a3U'n-|-1 (1’, y)

(5.12) K = VT (2)B, 11 PY(y) + Gs(z)

(5.13) %’g—;gx’y) = U7 (2)B, 1 P>V (y) + yGs(x) + Gs()

(5.14) 81‘%35‘“/) W (2) By PRU(y) + %2G5(a:) 4 yGo(w) + Ga(a)

(5.15) Uni1(z,y) = U1 (2) B,y PPV (y) + %305(:(:) - y;GG(a:) + yGq(x) + Gs(z).

Using the given boundary conditions, the unknown G;’s(i = 1,...8) can be obtained

O*upny1(0
as follows. Gu(y) = un41(0,7), Gs(z) = upt1(2,0), Ga(y) = O un+1(0,y) and Gg(z) =

Ox?
2
Mng—lgx,o). Further integrating (5.8), (5.10),(5.12) and (5.14), one can obtain the re-
Y

maining G;’s(i = 1,3,5,7). More specifically,

a2un+l<17 y) o 62unJrl (Oa y)

Gl (y) = 61'2 axz - IITPTATH-lqj(y)
0y (z, 1 i1 (2,0
Gs(z) = 5;5 ) _ 5;§ ) _ U7 (2)B, 41 P

G G
Gs(y) = Unp1(1,y) — uns1(0,9) — If A PPU(y) — 16<y) B 22(y)

G G
Crle) = (1) — s (2,0) — W () By P — D) Col)

1
where [} = / U(¢)d¢. The simplification of one of the boundary conditions is demon-

0
strated below.
1 1
516)  wa(0) = [ [ o ey)dedy + 00
0 0
1 1
= [ [ V@KUY () D )dady + g0 (,0)
0 0

1 1
= [ [ V@ vdedy + o0 w0
0 0

(517)  upa(2,0) = ITK} 1+ gW(x,0)
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K}, is obtained as follows K , = inv(¢?)K?2, inv(¢) , K2, = K*o K2,,, K* =
pTKp, K2, = ¢"D,11¢ and ¢ is Legendre matrix [175]. Similarly, w,1(z,1) =
I K$+111+g(1)(fr 1), tns1(0,y) = I Ky ik g™ (0, ), wna(Ly) = ITKG Lt (L y),
Aty (z,0) = ]T(K4+1 + K2+1)]1 —g° )(%0)’ Aupir(z,1) = ]T<K4+1 + Kn+1)] -
9(0) (z,1), Aupy1(0,y) = [T(K4+1+K2+1)11—9(0)(0>?J)a Aupia(l,y) = IT(K4+1+Kn+1)]1_

Uy i1 (2, y) O y1(2,y)
0 . n+1\+) n+1\+4)

g( )(1,y) Usmg T and a—yz
to that of K} ;. Using the collocation points {(z;,y;) : @, = y; = 2,1 < i, < N} in

K, ., and K}, can be obtained similar

equations 5.6—5.15 one can obtain

84un+1 (.’13, y) 84un+1 (IE, y)

(5.18) — i = T A, o ¢" Bpi1¢

(5.19) W — ¢"PT A 0+ HLHy + HT H,

(5.20) 82“"5—;9’3/) ¢" B,1P?¢ + HI Hy3 + H{ Hy

(5.21) Unsi(z,y) = ¢TPT A+ HLH, + HL Hy + HY Hy + HU H,
(5.22) Uny1(2,y) = ¢ BoP'o+ HsHL, + H ' Hys + H Hys + HY Hy

where Hy = G1(y;), Ha = Ga(y;), Hz = G3(y;), Hy = Guly;), Hs = G;S(ilfi)a Hg - Ge(y),

T T
H; = G?(xi) G8<IZ> [17 1,1, ‘]NxN, Hyy =z, H = —Z, Hyy = —Z, Hys =

2 6
3
yj, Hiy = Z’:a—j, Hys = %9 and P is operational matrix of integration [133]. Finally one will

end up with five unknown matrices A, 1, Bni1, Cni1, Dny1 and E, 1 at each iteration
along with five matrix equations obtained from (5.18) to (5.22) and (5.5) given by
¢" (An—i-l + Bpy1 — 0oCrv1 — boEny1 + CoDn+1>¢ — M o (¢TDn+1¢> = M
6" P* Apird+ HgHy + Hi Hy — ¢"Crin = 0
¢" By 1P?¢+ HI His+ Hi Hy— ¢ Epd = 0
TP A, 16+ HLH, + HYHy + Hy Hy + HUHy — ¢" Dy = 0
¢" B P'o+ HI Hyy + H{ His — HI Hi3 + Hi Hy— ¢" D,y 16 = 0
where M = (70,5 tn(r2,5,)) s — My o Mo, My = (20 (s, v,

My = [un (24, y;)|nxn. By using vectorization one can easily find out the unknown matri-

ces.
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5.2.3. Method 11

Though the accuracy obtained by the above method is decent enough, the size of the
resultant matrix gets very high as the number of wavelets increases. Consequently, to
reduce the size of the resultant matrix, the fourth order elliptic equation with nonlocal
boundary conditions is transformed to a coupled nonlinear second order differential equa-
tion with nonlocal boundary conditions [89, 116]. Later, an iterative scheme is proposed
to solve the problem numerically. At each step of the iteration instead of solving a fourth
order linear elliptic equation, two second order linear elliptic equations are solved one
after the other. As a result, the size of the resultant matrix is reduced by half. At first,
equation (5.1) can be written as [89, 116]

—Au(z,y) + pu(z,y) = v(z,y),

(523) —AU(ZL’, y) + ,U+U<I', y) = EU({E, y) + f(fL’, Y, u(x, y)))
0<z<1and0<y<1with the boundary conditions
1 1
u(z,iy) =/ / Bz, y)u(z,y)dady + ¢ (z, 1)
0 0
1 1
u(i, y) —/ / Bz, y)u(z,y)dady + ¢ (i1, y)
0 0
1 1
v(w,41) :/ / Bz, y)v(z, y)dzdy + g (z, ;)
0 0
1 1
(i1, ) :/ / Bz, y)v(z, y)dzdy + g (i1, y)
0 0

where iy =0, 1, p+ p* = by, ™ =c*, ¢ =cy+¢ ¢ > maa:{—%, af <u < pr)
>0, —4c* >0, ¢ =g + ugW, (u,v) = (u, pu + Au) for x € [a,b],y € [c,d], *
and * being the lower and upper solutions of (5.23) [89, 116|. The iterative procedure
proposed to solve (5.23) is as follows [89]. The above problem (5.23) can be linearized[89]

as follows

_AunJrl(xa y) + /JlunJrl (iL’, y) = Un(xa y)a

(5.24) A" Nz y) + pto" (2 y) = ez, y) + fx,y, " (3 y)



with the boundary conditions

1 1
W (i) = / / Bz, y)u (v, y)dedy + ¢ (x, 1)
0 0
1 1
u" (i1, ) :/ / Bz, y)u" (2, y)dzdy + W (i, y)
0 0
1 1
P (i) = / / Bla, ) (2, y)dedy + ¢ (z,iy)
0 0

1 1
iy ) = / / Bla, g™ (2, y)dady + O (i1, ).
0 0

All the terms in the governing equation (5.24) and the kernel function S(z,y) in the

boundary conditions can be approximated using Legendre wavelets as

82un+1($7y) o n+1 T

(5.25) T = 3y ) (y) = V@) Qun ()
Pupy1(z,y) ; ];

(5.26) e = DD @) = V@) R ()
v, 11 (2, y) ; ]_V

(5.27) TEE = 3N s ) (y) = V(@) S V()
v, i1 (2, y) ; ;7

(5.28) T = DA ) = V(@) 2 V().

i=1j=1

Bla,y) = V(@) KU(Y), unsr(x,y) = O (@)W1 U(y), vnra(z,y) = U (2) Va1 ¥(y), where
@nt1 = [QZH]NxN, Ry = [TZ+1]NXN7 Spt1 = [S%—H]NxNa Znt1 = [Z%+1]N><Na K =
[l{;fjJrl]NxN, W = [ yun, V = [0 vyn. The following are obtained by integrating

(5.25) — (5.28).

aun—l-l (.Z', y)

(5.29) — o = V@P Q)+ Ay
(5.30) unii(wy) = O (@) PT Qui¥(y) + Fiy)r + Fo(y)
(5.31) &‘%ﬁy) = UT(2)R,1PY(y) + F3(z)
(5.32) unir(2,y) = UH(@) Ry PPU(y) + yFs(x) + Fi(x)
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aUn—i—l (ZL‘, y)

(5.33) — = V(@P' STy + Fy)
(5.34) vnpa(w,y) = O ()PS0 U (y) + Fs(y)r + F(y)
(5.35) az’%ﬁ”’y) = U(2)S, 1 PY(y) + Fr(x)
(5.36) Vn1(z,y) = W (2)S,11 P2U(y) + yFr(x) + Fy(x)

Using the given boundary conditions, the unknown F;’s(i = 1,...8) can be obtained as

fOHOWS‘ FQ(y> = un+1(07y)7 F4($) = ’U,n+1<$, 0)7 F6<y> = Un+1(0,y), FS(:C> = Un+1(l', 0)7
Fl (y) - un+1(17 y) - un—l—l(o’ y) - IIITPTQ’IL-H\I/(y)
Fy(z) = uppa(z,1) = uppa(z,0) — ‘IJT(x)RnHPh

F5(?J) = Un—l—l(lay) - Un—i-l(an) - ]1TPTSn+1‘I/(?J)

Fr(z) = vppi(w,1) — v (2,0) — O (2)Z, 1 PL
The simplification of one of the boundary conditions is demonstrated below
1,1
(537) un+1(x7 0) - / / B/(xa y)un—l-l(x? y)dl’dy + g(l) (I7 0)
0o Jo
1,1
(5.38) = [ @K @)W vg)dedy + g(,0)
0o Jo

(5.39) = /O /0 O (2)LL, Y (y)dedy + gM (2, 0)

(5.40)  upp(2,0) = ITLE 1 +¢"W(z,0)

L}, is obtained from [175] as follows L}, = inv(¢")L2, inv(¢) , L2, = L* o L},
LP = ¢"K¢, L}, = ¢"W,1¢ and ¢ is Legendre matrix. Similarly, w,q(z,1) =
Ly g™ (1), w1 (0,9) = I Ly I+ 900, 9), woga (Ly) = I Ly hi+g™M (1, y),
0t (,0) = TTLL g (2,0), (1) = T L Fi—g (. 1), w1 (0,) = TTLL T
990,9), vur1(L,y) = IFLL I — g (1,y). Using the same set of collocation points used
for Method—1, equations (5.25)—(5.36) can be expressed as

PUpi1(z,y) *un i1 (2, y)

(541) 8I2 = ngQ’rH-le ) 8y2 - ¢TRTZ+1¢
*vp4q(z,
(5.42) % @' Sni1¢)
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82’Un+1 (]"7 y)

(5.43) 0 - O Zi1dh

(5.44) U (2,y) = TP Quiid + I Js + JT U,
(5.45) Uni1(2,y) = ¢ Ry PO+ JL T+ JL Ty
(5.46) Vi1 (,y) = STPT2Spiid+ JETr + JL g
(5.47) Vpi1(2,y) = ¢ Znp1P2o+ JE T+ T ds

Where Jl = Z;,, Jz = [1, 1, 1.. -]NxNa J3 = Fl(yj)a J4 = Fg(yj), J5 = Fg(l'i), JG = F4(Ii),
Jr = F5(y;), Js = Fs(y;), Jo = Fr(x;), Jio = Fs(x;), Ji1 = y;. The following set of equa-
tions are obtained from (5.44), (5.45) and (5.24).
—0"Qui10 — " Ry10 + " W = M
6P Quirg = " Wono = —J[ Ty — Ji i
¢ Rup1 PO — 9" Wopi¢ = —J5Ju—Jg J
At each iteration one has to solve for the unknowns @, 1, R,+1 and W, with the help
of vectorization. The following set of set of equations can be obtained from (5.46), (5.47)
and (5.24) by updating u,1 in the second equation for v, 1,
¢ Sp10 = ¢ Zps1d+ pTO Voo = Mo
6" P18 0i10 — 6" Vind = —JL T — J] s
O Zn1 P20 — 0" Viiad = —Jg Ju = Jig s
where My = v,(x;,y;) and My = cuyiq (2, y;) + f(2i, 95, u" ™ (2:,9;)). By solving the

above set of equations, v, can also be obtained.

Remark 5.2.1. One can easily observe that for each iteration in method—1I, a set of 6 N>
equations need to be solved simultaneously, where as in method—I1, one needs to solve

only 3N? equations twice.

5.3. Numerical Experiments

In this section, Legendre wavelet based methods &1 are illustrated by applying it

to the two dimensional fourth order elliptic differential equation with nonlocal boundary
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conditions. The advantages of the proposed methods are shown by comparing it with the

recent literature [115]. The following abbreviations and notations are used in this section.

1. "LWM—1" denotes Legendre wavelet classical quasilinearization method.
2. "LWM—IT1" denotes Legendre wavelet iterative scheme.

3. N denotes the number of Legendre wavelets.

Example 5.3.1.

Consider the fourth order elliptic equation (5.1) for the choice of by = 10 and ¢y = 1 with

the following initial and boundary conditions:

2 1 2 1
u(z,0) :/ / zyu(z,y)dedy + 61,  u(x, 2):/ / zyu(z,y)dzdy + 64
o Jo 0o Jo
2 1 2 1
U(O,y)=/ / zyu(z,y)dedy + 01, U(Ly)=/ / zyu(z, y)dzdy + 0,
o Jo o Jo
2 1 2,1
Au(z,0) :/ / ryAu(z,y)dedy — 0,  Au(z,2) :/ / ryAu(z, y)dedy — 0,
o Jo
2 1
u(0,y) / / ryAu(z,y)dedy — 0y,  Au(l,y) :/ / ryAu(z,y)dedy — 0y
o Jo

where 6, = 2, Oy = 5a, a = (A3 + boAg + o)~ and Ny = %. The exact solution for

the above problem is u(x,t) = 1 — asin 7z sin From Table 5.1, it is clear that the

7.
proposed methods LWM—1 and LWM—11 can achieve better results than FD [115] with
lesser number of grid points. Both the proposed methods perform better than the scheme
(FD) in [115] in terms of grid size and accuracy. Out of the both proposed methods,

LWM—1 performs better that LWM—11. Figure 5.1 represents the plot between number
[tn1 — |
|un — wl3
represents the LWM—1 solution for N = 10.

of iterations and r = which shows the quadratic convergence. Figure 5.2

Example 5.3.2.

Consider the fourth order elliptic equation (5.1) for the choice of by = 5 and ¢y = 2 with

the following initial and boundary conditions:
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2 1 2 1

ww0)= [ [ ayute ey, ue2) = [ [ eyt gy

u(0,y) = //:L’yu:cydxdy, u(l,y) = //:Cyuxydxdy
2)

Au(x,0) = —2x(1 —x), Au(zr,2)=—2z(1 —2)
Au(0,y) = =2y(2—y),  DLu(l,y) = -2y(2~y)

The exact solution of the above problem is u(z,t) = 1 + 2y(1 — z)(2 — y). From Table
5.2, it is clear that the proposed method LWM—IT is able to achieve better results than
the FD [115] with lesser number of grid points. From Table 5.2 it can be observed that
LWM—T fails to produce the desired results. The error fluctuation shown in Table 5.3 is
due to the nature of the solution. Figure 5.3 represents the LWM—1I1 solution for N = 5.

Remark 5.3.1.

1. In all the examples, the condition ||, 11—ty |ls < 107% for Method—Tand [Ju, 1 —
Unlloo + [[Vns1 — Unlloo < 107% for Method—IT are used as stopping criteria and
initial guess (ug, v9) = (0, 0) is used for the proposed wavelet based iterative scheme.

2. All the numerical examples are tested with Chebyshev wavelet method also and
the order of the error is same as Legendre wavelet method.

3. All the numerical experiments are carried out on a Intel Core i7 CPU 3.4 GHz

desktop with 8 GB RAM, Windows 7 professional MATLAB R2010b.

5.4. Conclusion

In this work, numerical methods based on Legendre wavelets are applied for the
fourth order elliptic equation with nonlocal boundary conditions. A comparison is made
between classical quasilinearization method, iterative scheme and exact solution for the
three examples in Section 4 and compared with other recent method [115] based on finite

difference approach.
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TABLE 5.1. Results of Example (5.3.1)

FD[115] | LWM-I | LWM-II
Grid 100 x 100 | 11 x 11 | 11 x 11

(@i, y5)
(0.00,0.50) | 1.694e7°7 | 2.343e~1* | 1.182¢~10
(0.25,0.50) | 3.795¢7°7 | 1.503e12 | 1.182¢~10
(0.50,0.50) | 4.634e7°7 | 1.893¢ 1% | 1.182¢~ 10
(0.75,0.50) | 3.795¢7°7 | 1.503e712 | 1.182¢ 710
(1.00,0.50) | 1.694e797 | 1.821e7'4 | 1.182¢71°

TABLE 5.2. Results of Example(5.3.2)

(xiﬂyj)

FD[115]

LWM-I

LWM-II

Grid

100 x 100

10 x 10

)

(0.00,0.50)
(0.25,0.50)
(0.50,0.50)
(0.75,0.50)
(1.00,0.50)

4.700e7%
4.700e%
4.600e%
4.700e~%
4.700e™%

1.2915e2
2.5748¢~
3.5456¢ 01
2.5978¢ 1
1.2915¢72

1.937¢710
3.345¢~10
3.745¢710
3.345¢710
1.937¢~19

TABLE 5.3. Numerical results of proposed methods for Example (5.3.2)

Grid LWM-T (t100) LWM-IT (ups0)
3x3 1.0735¢ 1.2637¢02
5 x5 5.5771e % 3.9772¢ 10
Tx T 3.9295¢ 02 3.9537¢10
9x9 1.2075¢ 02 3.9516¢~10
11x 11 |4.9695¢702 3.9514¢~10
13x13 | 1.1104e~2 3.9515¢ 10
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TABLE 5.4. Number of iterations

LWM-I LWM-II
Example-5.3.1 4 7
Example-5.3.2 7 9

1.001

1.0005¢ 1

» 0.9995+ —

0.999¢ 1

0.9985¢ 0

0.998 : ; : :

F1GURE 5.1. Plot for Example 5.3.1

1.002

u(x.y)

0.998

0.996..
2

FIGURE 5.2. LWM-T FiGure 5.3. LWM-I7]

solution for Example 5.3.1 solution for Example 5.3.2
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CHAPTER 6

q-DIFFERENCE EQUATIONS

A Legendre wavelet technique based on quasilinearization is proposed in this chapter!

to solve g-difference equations.

6.1. Introduction

This chapter studies the existence and uniqueness, as well as develops a numerical

technique to solve the following g¢-initial and ¢-boundary value problems respectively.
(6.1) Dolz(t)] = [f(t,2(t), ©(0) = ao, t €[0,T]
(6.2) D2u(t)] = glt,u(t)), u(0) =0, u(1) =0, ¢ € [0,1]

where f € C([0,T] x R,R) and g € C([0,1] x R,R). Equivalently, we are dealing with

the following ¢-difference equations
x(t) — z(qt) = hi(t,x), 2(0) = ap
u(t) + aju(qt) + asu(g®t) = ho(t,u), w(0) =0, u(1) =0

where hy(t) = (1 — @)tf(t,z(t)), hao(t) = (1 — q)*t%g(t,u(t)), a; = —1%;" and ay = 5. The
study on g-analysis started during the nineteenth century. This has been developed into
a multidisciplinary subject that plays a vital role in several fields, especially in physical
sciences since it provides powerful tools for studying and solving many physical problems
[32, 160]. Further, it has a wide range of application in many mathematical areas such

as basic hypergeometric functions, number theory, orthogonal polynomials and combina-

torics, to name a few [31, 61, 72, 73].

Recently many authors [5, 6, 148, 158| obtained existence and uniqueness theorems
for various type of g-initial and g-boundary value problems using different fixed point

! This chapter forms the paper by V.A. Vijesh, L.A. Sunny and K.H. Kumar in Journal of Difference
Equations and Applications, 22 (4) (2016), 594-606.



theorems. Though various classical tools such as the Leray-Schauder degree theory and
the Krasnoselskii’s fixed point theorem were utilized to prove the existence and uniqueness
theorem for problems in (6.1) and (6.2), theorems using the classical Newton’s method for
these problems are not much seen in the literature. The advantage of this method is that
it not only guarantees the existence and uniqueness of the solution, but also produces a
quadratically convergent iterative scheme to approximate the solutions. In this chapter,
the idea of the classical Newton’s method is used for proving the existence and uniqueness
theorems for (6.1) and (6.2). Recently, the numerical solution of g-difference equations
on a certain time scale has been studied using differential transformation method [90],
variational iteration method [91] and series solution method [92]. Recently many authors
developed numerical methods for various types of differential equations using wavelets
(133, 137, 169]. For example, Razzaghi and Yousefi [133] developed Legendre wavelet
based numerical method for ordinary differntial equations. This chapter extends the
same technique [133] to g-initial and ¢g-boundary value problems. More specifically, the
Legendre wavelet is coupled with quasilinearization to solve the g-initial and g-boundary

value problems, respectively.

This chapter is organized as follows. In Section 6.2, we provide some preliminaries and
notations that are used in this chapter. Using the classical Newton’s method, we prove
the existence and uniqueness theorems for the g-initial and g-boundary value problems in
Section 6.3. Section 6.4 introduces Legendre wavelet collocation method in combination
with quasilinearization technique to solve both the problems and Section 6.5 discusses
the numerical implementations of the proposed scheme. Numerical examples are given
in Section 6.6 to illustrate the proposed quasilinearization method based on wavelets.
The numerical results thus obtained are compared with the exact solution. We close our

discussions with some concluding remarks about the proposed method in Section 6.7.

6.2. Preliminaries

In this section we recall some basic concepts of ¢g-Calculus based on the discussions

in [63] to make this chapter self contained.
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Definition 6.2.1.

For 0 < ¢ < 1, we define the g-derivative of a real valued function f as

f(t) — flqt)

, Def(0) = lltl_r)% Dy f(t).

Definition 6.2.2.

The higher order g-derivatives are defined inductively as
Dyf(t) = f(t), Dgf(t) = DyDy~" f(t), n € N.

Definition 6.2.3.

The g-integral of a function f defined in the interval [a, ] is given by

[ 104, =Y a1 - 00 lefea®) - af @), o € a1

and for a = 0, we denote

= [ ot =31 - 9o e,
n=0

/abf(t)dqt = /Ob f(t)d,t — /Oa f(t)dgt

As the limit ¢ — 1, the above results correspond to their counterparts in standard calculus.

then

Throughout this chapter the following notations are used.

e Cla,b] ={f :[a,b] = R; f is continuous} with ||z|| = sup |z(t)|

o B(zo,r) = {x € C[0,T] : ||z — wo|| < 7} e

e B(zg,r) ={r € C[0,T]: ||z — xo|| <7}

e fo(t,x) and g¢o(t,z) denote the partial derivatives of f and g with respect to the

second variable, respectively.

Lemma 6.2.1. Let A(t) and f(t) be continuous on [0,T]. Then the q-difference equation

(6.3) D,x(t) = At)x(t) + f(t), z(0)=ap, 0<g<1
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has a unique solution in C[0,T), provided MT < =, M being sup |\(s)].

(1=q)’ s€0,1]

Proof: The ¢- difference equation (6.3) can be written as

(%) :a0+/Ot/\(s)x(s)dqs—l—/otf(s)dqs

Define a map 7" : C[0,7] — C[0,T] by
Ta(t) = a0t [ A@alsdys+ [ 161y
| A6 — ),

IN

t
/0 M)l [21(5) — 2a(s)ldys
||T$1—TZL‘2|| S MtHZL'l—JTQ”

MFEtH|| 2y — o
A+ +q+¢) - (T+qg+¢+--+g 1)

Assume that ||[T%z; — T*x,|| <
1,2,---,n—1. Now

, for k =

("1 — Traa)t] = ‘ JENS) (T g — T 1a) (s)dys
M" ||z — xo|

<
B ) O o ) R O R o R o L)
M" ||z — o]

<

Tt (L gt )
M"T"||xy — xo|

1+l +qg+¢>) - A+qg+P+---+qgY

Hence T™ is a contraction for sufficiently large n. By Contraction Principle, T" has a

t
-1
t" dys

S~

8

(1 —q)gt" g

HTniCl — Tnl'QH S

unique fixed point. Equivalently the g-difference equation (6.3) has a unique solution.
Remark 6.2.1.

The above lemma holds for ¢ > 1, without having any additional condition on M and 7.
Lemma 6.2.2. The boundary value problem

(6.4) D3[u(t)] = g(t,u(t)), u(0) =0, u(1) =0, t €[0,1]

where g € C([0,1] x R, R) is equivalent to u(t) = — fol G(t,s)g(s,u(s))dys where
t(l—gs), 0<t<s<1
Gt s) = (1 —gs)

gs(l1—1t), 0<s<t<1.
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Lemma 6.2.3. Let A(t) and g(t) be continuous on [0,1]. Then the q-difference equation
(6.5) Dglu(t)] = A(tyu(t) + g(t), u(0) =0, u(1) =0

has a unique solution in C[0,1] provided M < 4(1+ q), M being sup |A(s)].
s€[0,T

Proof: The ¢-difference equation (6.5) can be written as
1
u(t) =~ [ Gt Auls) + 9(5))dys
0
Define a map T': C|0, 1] — C0, 1] by

Tu(t) = —/0 G(t, s)(A(s)u(s) + g(s))d,s

|(Tuy — Tug)t| = /0G(t,s))\(s)(ul(s)—ug(s))dqs
< / Gt $)ACS) s () — as)|d,s
| Ty — Tus| < mMuul—uzu

Since M < 4(1+ ¢q), T is a contraction. By Contraction Principle, 7" has a unique fixed

point. Equivalently the g-difference equation (6.5) has a unique solution.

6.3. Main Results

This section provides results for the existence and uniqueness of the solution of the
nonlinear ¢-difference equations (6.1) and (6.2) and guarantees the convergence of the
quasilinearization iterative procedure, which is an important step in the proposed numer-
ical scheme. The proof of the main theorems are inspired by the proof of Kantorovich

Theorem on classical Newton’s method [25].

Theorem 6.3.1. Let zy € C[0,T] and B(xzg,r) C C[0,T]. Define the constants m* and
my by m* = max{z(t) : t € [0,T];z € B(zo,7)} and m, = min{z(t) : t € [0,T];z €
B(xg,r)}. Assume further that

(i) for some 6 >0, f, fo € C([0,T] x [myx — 9, m* +6],R);
(i) there exist constants My, My and My such that ||ag — xo|| < Mo, || f(t,x0)| < My
for allt € [0,T) and | f2(t, s)| < My for all (t,s) € [0,T] x [m, — 0, m* + ],
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(iii) for some L > 0,|fa(t, s1) — fa(t, s2)| < L|sy — sal;

. LTn n 4(1 — M,T)?
K=—"—/——<landr> h =

(iv) 21— T =TT TR T ITR( = MyTR) — Loy e
Mo + T M, and MyT < 1.

Then the initial value problem (6.1) has a unique solution in B(xq,r). Moreover the

quasilinearization scheme
(6.6) Dytnir = f(t,zn) + f2(t, 20) (Tns1 — 20),  201a(0) = ag

is well defined, x,, € B(xo,r) for all n and the (x,) converges quadratically and uniformly

to the unique solution x of (6.1). For each n € N, the following error estimate holds

LT

WHJJ—%HQ-

[ = Znia || <

Proof: Using Lemma 6.2.1, one can conclude that the linear g-difference equation
Dyxy = f(t,20) + fat, 20)(21 — 20), 21(0) = ap
has a unique solution. Consequently x; satisfies

z1(t) = ap +/0 f(s,zo(s))dys —i—/o fa(s, zo(s))(x1 — x0)d,s.

Note that

z1(t) —xo(t) = ap— x0 —|—/0 f(s,zo(s))dys —|—/0 fa(s,zo(s))(x1 — zo)dys

t t
n(t) = ault)] < Jao—aul+ [ If(s.za(sDldes + [ Ifalsian() e = zoldys
0 0
S M0+TM1+M2TH~T1_$OH
Ui
1 — ol < 1—M2T<T

Hence ||z1 — zo]] < r. Consequently, 1 € B(xzg,r). Assume that z; exist for all k =

1,2,---,n—1, xx € B(xg,r) and

(6.7) o — 21 ]| < —2 n_\" i
‘ PR = 90— MoT) \1 = MoT '
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Using the hypothesis (iv), z, exists and

rul®) = 0a(t) = [ (701 (5)) = S ma(s)ldys

" / o5, 201 (8)) (@ — Tt) — Fo5: Tnos(s)) (Tnor — Tno)ldys

t 1
() — 201 ()] < / / £, 81 (5) + (1 — 0)n_o(8)) (201 — n_]dbd,s
0 0
t
" / o5, Tt () — Tut) — fol, Tas(5)) (Tat — Tnos)ldys
0
t 1 t
< / / L0le, —x“\?dequ/ a5, 1 ()] [ — 2na|dys
0 0 0
tL t
< [ Sl =P [ s maes(s) o0 = maildes
0 0
LT
|a7n(t) - xn—l(t” < THxn—l - xn—2l|2 + MQT”xn - $n—1||
LT
[2n = znal < m”xn—l — nal|?
4
g LT LT ? U Fe2E-2)
= 20— 7)) \20 =7y ) \T= 0T
(6.8) [ — s ]] < = b 1Y e
‘ noom =00 - M) \1 = MT ‘

Note that,

LT 2n—1 LT 27 -2
lon — zol| < —— + 7 LY/
1— M,T ~ 2(1— M,T) \1 - MT ) & |2(1 — MyT)2

B n__ LT n LTn 2 E LTn 2
T 1= MT " 2(1 - MT) \1=M,T) |2(1 — MyT)? — | 2(1 = MyT)?

n 2 — LTn J
< —_— -
— 1-MT * LT ; [2(1 - MQT)Z}

4(1 — MyT)?

1— M,T ' LT(2(1 — MyT)?) — LTy’
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Thus z,, € B(zg,r) for all n. Now consider

|Thrm — 2ell < loe = Trgrl] + | Trg1 — T2l + -+ [ Trgm-1 — Thgm|

LT n 2 k k41 k+m—1
< K? -2 K? —2 L. K2 —2
S 3= MLT) (1—M2T) L et
LT n S
< K2
< st (her) S
LT n > K%
— <
lowem =2l < 53— (1 - MQT) 1 - K2

Since K < 1, ||Zk4m — xk|| — 0 as k — oo. Thus the (z,) is a Cauchy sequence and
converges to x € B(xg,r). Using uniform convergence we can conclude that z is the

solution of (6.1). Now to obtain the rate of convergence consider,

o(t) = wa(t) = [y £(5,2())dgs = fy F(5,201(5))dgs = J5 fols, @n1(9)) (T — 1)dys
< fo fo f2 s,0x(s) + (1 — 0)xp_1(5))(z(s) — xn_1(s))dbd,s
— Jy ol 0 1(9)) (@n = w1)dygs
< fot fol LH\:U 8) — xp_1(s)*dbd,s + f(f fa(s,p_1(8))(x(s) — 2,(s))dys
< fo Bla(s) — 2ar(5)Pdys + | i fols 2am1(5))(@(5) — 2a(s))dys
|(t) — za(t)] < Ellx — T [P+ MoT ||z — 2|

|z — 2| < 1—MQTH$ S |

Hence the convergence is quadratic.

Theorem 6.3.2. Let ug € C[0,1] and B(ug, ) C C[0,1]. Define the constants m* and m.,
by m* = max{u(t) : t € [0,1];u € B(ug,7)} and m, = min{u(t) : t € [0,1];u € B(ug,)}.
Assume further that

(i) for some 6 >0, g, g» € C([0,1] X [m, — 3§, m* + J],R);
(ii) there exist constants My, My and My such that ||ug|| = My, ||g(t,ue(t))|| < My for
all t € [0,1] and |ga(t, s)| < My for all (t,s) € [0,1] X [m, — 6, m* + 4];
(iii) for some L > 0,|ga(t, s1) — go(t, s2)| < L|s1 — saf;

, Ln n 8LK1(1+ q)n?
K=—mgt—<landr>—- here 1) = M,

) K = Satirg <> K s g - o here 1= Mot iy
Ky =1- 4%y and My < 4(1+q).
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Then the boundary value problem (6.2) has a unique solution in B(ug,r). Moreover the

quasilinearization scheme

DgunJrl = g(ta un) + 92(t7 un)(unJrl - Un), Up+1 (O) = unJrl(l) =0

is well defined, u,, € B(ug,r) for all n and the (u,) converges quadratically and uniformly

to the unique solution of (6.2). For each n € N, the following error estimate holds

o= wall < (s ) o = vl

Proof: Using Lemma 6.2.3, one can conclude that the linear ¢-differnce equation
Diuy = g(t,uo) + ga(t, uo)(ur — ug), u1(0) =0,ui(1) =1

has a unique solution u;. Consequently u; satisfies

w = = [ Gt~ [ Gt smls () —u)dys

Note that
1 1
)= uo(®) = —u(0)+ [ Gt s)ats (s + [ Glto)mls,u0(s)) 1 — o)y
0 0
M, M,
t) — ] < My+ + —
)= w0 < Mo+ 1 o]
1 M1 n
o= woll < T Mo+ o] =
Hence ||u; — upl| < 7 and u; € B(ug,r). Assume that uy exist for all k =1,2,--- ,n—1

and ug € B(ug,r). Also

L 77 2 21@—172
6.9 — U || < ——+ | — | K
(6:9) o = il < g ()

Using the hypothesis (iv), u, exists and proceeding like the previous proof, one can

conclude that

() — s (1)) < 2

8(1+q)

M,
4(1+ q)

| tn—1 — un72H2 + l|tn — tp—1 ||
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L

tn — tpa|| < |tn—1 — uanHQ

I I 2 n 4 Ln 2(2n—2-2)
8K1(1+q) <8K1(1+Q)> (E) {8Kf(1+q)]
(6.10) |[tn — tp_1| < L (0 2K2”‘1*2
‘ o T 8K (14 q) \ K,y
Hence
77 77 2 n—1 27 -2
— < L _
|y, — uo| K, +8K1 (1+q) (Kl) [81{2 1+q)}

=1

.

—2n—1 27
_ 77 Ln
K 8K1 (1+q) 8K 1 8KZ(1+q) 8KZ(1+q)

oy — | < 8LE (1 + q)n’
O =K T 64K (1 4 )2 — L2

=1

.

Thus u,, € B(u,,r) for all n. Similar to the previous proof using (6.9) for any k € N,

|trpm — uel < g = wpgr || 4 [|urgr — a2l + -+ [[Urgm—1 — Ut

L n\> K?
- < = (X)) =
[t = el < 8K (1+ ) (Kl) 1— K7

Since K < 1, ||ugym — ugl] = 0 as k — oo. Thus the (u,) is a Cauchy sequence and
converges to the unique solution u € B(ug, ). Using uniform convergence we can conclude

that w is the solution of (6.2). Note that,

jun(t) —u(t)] < G(t,5)g2(s, Ouls) + (1 = O)un—1(s))(u(s) — un-1(s))dfd,s

+ i G(t, 5)g2(8, Un—1(5))(Un — un—1)dys

< /0 1 /0 10 Gt 9)[u(s) — 11 (5)200d, 5

_|_

| G915 s (o)) ) = (5))ds

0

|un () — u(?)]

IA

/ LGt $)[u(s) = w1 (s)2dys




L
8(1+q)

L
Ju—un|| < lu = a2
8(1+q) — 2M,

Hence the convergence is quadratic.

My

u(t) — un—1(t)]* + 1(+q)

[un(t) —u(t)] < (|

6.4. Wavelet based collocation methods

In this section, the work of Razzaghi and Yousefi [133] on Legendre wavelet method
for ordinary differential equation has been suitably extended for solving the g-difference
equations numerically. From Theorem 6.3.1 and 6.3.2, g-derivatives of the solution of the

linear equations in the iterative methods can be expressed by Legendre wavelets series.

Consequently
N
(6.11) Dgx(t) = buhi(t) = BU(t)
i=1
N
(6.12) Du(t) =) “dupi(t) = DU(t)
i=1
where B = [b;], D = [d;] and ¥(t) = [¢(t)]'. Throughout this study, the points in
the set {t; : t; = i_]3'5,1 < i < N} are chosen for collocation to obtain the matrix

representation. From (6.11), the solution of the linear equations in the iterative methods

can be represented as follows.
N

(6.13) w(t) = ) bpia(t) + z(0)
i=1

(6.14) u(t) = Zdipw(t) - tzdicm + [u(1) — u(0)]t + u(0)

From (6.13) or (6.14), at each collocation point, we obtain N? set of equations. Similarly
another N? set of equations are derived from the given g¢-initial or g-boundary value
problems using the expressions of x(¢) or u(t). Solving these two sets of equations, we
obtain the unknown Legendre coefficients b;’s or d;’s respectively. The solution can be

easily obtained by substituting these coefficients in (6.13) or (6.14).
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6.5. Numerical Implementation

This section provides the numerical implementation procedure for the iterative method
to solve the g-initial value problem. The procedure is similar for the g-boundary value

problem as well. We choose M = 3 and k = 2. i.e., N = 6. Thus we have from [133],

( )

Ui(t) = V2
(6.15) Yo(t) = V6(4t — 1) 0<t< %
| ¥s(t) = VIO(G(4t —1)* — 3) |
( Va(t) = V2 \ ,
(6.16) Vs (t) = V6(4t — 3) 5 St<l

| vo(t) = VIO (4t~ 32 - }) |

On ¢-integrating, we obtain the following functions, respectively, for 1,19,13,94,15,1s,

Vot L 0<t<i
I (t) =
VBt (L 1) 0<t<}
VB (5 -3) b<i<t
VIO (2 22 40) 0<t<]

Iye (t) =

I+g+g®  1+g
Ls(t) = /0 1+q3+qz—1i+q+%> L<t<a
Iha(t) = X 70St<%
Va(t—3) .pst<lL
[q%(t): 2 ’Ogt<%
%(%—375+21<1++33>> pst<l

qu’ﬁ(t) =

3
I+q+q®  1+q l+g+q* ' 1+q¢ 2

VIO (72 — 352 1131 -

After using collocation points the equation (6.6) can be written as
(6.17) B, 1 = (Pl Chy1) oG+ H

where @ = [U(t))], P = [pia(t))], G = fa(ty, 2a(t;)), H = f(t5,2u(t;)) — (fo(tj, 2a(;))) ©
(n(t;) — 2(0)), where o denotes the Hadamard product and 7" denotes the transpose of
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the matrix. We used the well known function fsolve in matlab to solve above equation
with initial guess. The stopping condition is ||z,11 — x| < 107%. By substituting the
Cnt1 in (6.13), we obtain the approximate numerical solution of z(¢). The same procedure

can be followed for g-boundary value problem also.

6.6. Examples

In this section the proposed quasilinearization method is demonstrated by solving
Riccati type g-difference equation numerically. Throughout this section the following

abbreviations have been used.

1. LWM- Legendre wavelet quasilinearization method.

2. N; denotes the number of Legendre wavelets.

Example 6.6.1.

Consider the following Ricatti type ¢- initial value problem

22 1t

(6.18) z(t) = z(qt) + (1 — q)t (x2 + 1759 5) , 2(0) = —.

When ¢ = 0.5, My = 0, M, = 12—5,M2 = %, all the conditions of the Theorem 6.3.1 are

satisfied and thus 6.18 has a unique solution z(t) = 1 — % in B(z,r) where zy = 1
and r > 1.5. Table 6.1 provides the comparison between exact solution and the numerical
solution using LWM. The solutions obtained for various values of ¢ has also been provided
in the table. Figure 6.2 shows the plot of the exact solution, LWM solution for various

values of ¢ and z(t) at different values of q.

Example 6.6.2.

Consider the following Ricatti type ¢-boundary value problem

(6.19) qu(t) = (1+q)u(qt) —u(g’t) + q(1—q)*t* (u* —4t* + 8> — 4t — 3)

u(0) = 0, u(l)=0.
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When My, = 0,M; = 2q + 2,M, = 1, all the conditions of the Theorem 6.3.2 are

satisfied and thus (6.19) has a unique solution in B(ug,7) where uy = 0 and r >
4 2 . .

2351;23) + (3481:)%1(12(41&21)2‘ When ¢ = 0.5, the exact solution of (6.19) is u(t) = 2t — 2t

where My =0, M; =3, My =1 and r > 0.67. Table 6.2 provides the comparison between

exact solution and the numerical solution using LWM. The solutions obtained for various
values of ¢ has also been provided in the table. Figure 6.3 shows the plot of the exact

solution, LWM solution for various values of ¢ and z(t) at different values of q.

6.7. Conclusion

In this chapter, by utilizing the classical Newton’s method, existence and unique-
ness theorems for g-difference equations with initial and boundary conditions have been
studied. Consequently, a set of sufficient conditions to ensure the quadratic convergence
of quasilinearization scheme to approximate the solutions of ¢-difference equations have
been proved. Another important contribution of this work is the development of a wavelet

based numerical method to solve the g-difference equations numerically.

TABLE 6.1. Solution of Example (6.6.1) for various values of ¢.

Exact(g = 0.5) | LWM(N = 6) | LWM(N = 6) | LWM(N = 6) | LWM(N = 6)

t x(t) x(t) qg=0.3 q=0.7 qg=0.9

0 0.2000 0.2000 0.2000 0.2000 0.2000
0.1 0.1967 0.1967 0.1961 0.1971 0.1974
0.2 0.1867 0.1867 0.1845 0.1883 0.1896
0.3 0.1700 0.1700 0.1650 0.1737 0.1766
0.4 0.1467 0.1467 0.1377 0.1533 0.1585
0.5 0.1167 0.1167 0.1026 0.1272 0.1353
0.6 0.0800 0.0800 0.0601 0.0951 0.1068
0.7 0.0367 0.0367 0.0108 0.0570 0.0730
0.8 -0.0133 -0.0133 -0.0453 0.0126 0.0337
0.9 -0.0700 -0.0700 -0.1076 -0.0382 -0.0115
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TABLE 6.2. Solution of Example (6.6.2) for various values of ¢.

Exact(q = 0.5) | LWM(N = 6) | LWM(N = 6) | LWM(N = 6) | LWM(N = 6)

t u(t) u(t) q=0.3 q=0.7 q=09
0 0.0 0.0 0.0 0.0 0.0
0.1 0.1800 0.1800 0.2072 0.1603 0.1446
0.2 0.3200 0.3200 0.3688 0.2851 0.2574
0.3 0.4200 0.4200 0.4856 0.3743 0.3382
0.4 0.4800 0.4800 0.5583 0.4276 0.3867
0.5 0.5000 0.5000 0.5877 0.4449 0.4027
0.6 0.4800 0.4800 0.5696 0.4264 0.3862
0.7 0.4200 0.4200 0.5040 0.3724 0.3374
0.8 0.3200 0.3200 0.3889 0.2832 0.2566
0.9 0.1800 0.1800 0.2218 0.1589 0.1440

04025 50 55

FIGURE 6.1. Numerical and exact solutions of u(x,t) and w(z,t) at t = 0.3

for Example 4.2.2
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0.2
015 1
0.1r 1
0.05 1
g o ]
+ LWM solution at ¢ = 0.5
-0.051 Exact solution at ¢ = 0.5
---LWM solution at ¢ = 0.3 NN
<011 i LWM solution at g = 0.7 \\\ A
---LWM solution at ¢ = 0.9 \\\ h
-0.15 N
02 \ . \ .
0 0.2 0.4 0.6 0.8 1

FicUuRE 6.2. Exact solution at ¢ = 0.5 and LWM solution at ¢ =
0.3,0.5,0.7,0.9 for Example (6.6.1).

0.7 T ; : T

u(t)

+ LWM solution at g =0.5
—Exact solution at ¢ = 0.5
---LWM solution at ¢ =0.3
i LWM solution at g = 0.7
}7{ " -=LWM solution at g = 0.9

0 0.2 0.4 0.6 0.8 1

FIGURE 6.3. Exact solution at ¢ = 0.5 and LWM solution at ¢ =
0.3,0.5,0.7,0.9 for Example (6.6.2).
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